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Abstract

The Helicon Plasma Thruster is a space propulsion system composed of a Heli-
con plasma source, with a properly designed magnetic nozzle. Itis a very attrac-
tive concept due to the expected range of specific impulse and thrust-to-weight
ratio, the scalability of the design, and the simplicity of construction; moreover,
it is electrode-less and has no moving parts, and hence it can be expected to

have an extended lifetime.

Although Helicon plasma sources have been used for decades in laboratories for
producing high density plasmas, they are not fully understood yet. In fact, de-
spite the simple geometry, a whole range of physical phenomena take place in
the source: atomic physics, fluid kinetics, electrostatics and electromagnetism

must be taken into account, and they are strongly interconnected to each other.

As a result, a Helicon plasma source is a very complex system to model, and to
the author’s knowledge, there is no reliable set of predictive tools for the design

and optimization of such a source.

This thesis work focusses on Helicon plasma sources for space propulsion ap-
plications, and more precisely, it studies the configuration proposed in the
HPH.com project (Helicon Plasma Hydrazine. COmbined Micro), in the Seventh
Framework Programme of the European Union. The plasma source under study
is small (approximately 15 cm in length), and the thruster is expected to provide
just about 2 mN of thrust with 50 W of electric power consumption; as such, it

is intended for use in the attitude control system of micro-satellites.

In order to optimize the computational resources available, a hybrid model is
preferred to a monolithic model. In the former approach, the physical system
is decomposed into subsystems, and each of these is simulated by a dedicated

submodel, which (ideally) would use the most appropriate level of detail.



As no extensive theory on hybrid modeling exists, part of this thesis is dedicated
to the investigation of the ‘best way’ to construct a hybrid model. An original
approach is proposed, which is based on constructing submodels which rely on
many different levels of detail, instead of just ‘the best one’. This approach is

natural, and it is believed to provide flexibility, robustness and physical insight.

According to the ideas above, a series of increasingly complicated models have
been developed. Since the detailed and self-consistent simulation of the whole
plasma source falls way beyond the scope of a single PhD thesis, most of the
effort has been put into understanding the coupled dynamics of electrons and

neutrals, which has not been throughly investigated yet.

In order to assess the ionization efficiency of the source, 0D and 1D analytic
models of the neutral depletion process are presented. The comparison of the
two models show the regimes where a higher level of detail is necessary, and the

conditions under which the 1D model asymptotically recovers the 0D solution.

Subsequently, the neutral dynamics is coupled to the electron dynamics, by
means of a semi-analytic 0D model which assumes Maxwellian electrons. The
solution obtained gives a first estimate of the plasma parameters in the source,
so that proper ranges for the characteristic lengths and time-scales of the var-
ious physical processes are calculated. Those results are essential to the pre-
liminary design of a bounce averaged electron kinetic model, which is still 0D
in space, but which calculates the electron energy distribution function self-

consistently with the various processes.

After that, the 0D-1V electron kinetic model is designed in detail, including the
effect of electromagnetic heating and various collisional processes. Accelerated
convergence to the self-consistent steady-state is obtained by means of time-
scale separation, fixed-point iteration, implicit time integration with Newton’s
solver and variable time-step, and a reduced auxiliary model. The neutral den-

sity in the source is obtained from the aforementioned 1D analytic model.

When the necessity for a detailed kinetic model for neutrals was realized, a 3D-
3V semi-Lagrangian Convected Scheme was developed, which solves the Boltz-
mann equation in six-dimensional phase-space, plus time. Being the first im-

plementation of the Convected Scheme to be 3D in space, several computa-



tional problems arose, and new solutions had to be found. For this reason, a
considerable part of this thesis work had to deal with a new method for im-
plementing diffuse boundary conditions, a new injector model, a new mass-,
momentum- and energy-conserving collision operator for the Bhatnagar-Gross-
Krook model, and a new angular mesh. Moreover, a novel third-order positivity-

preserving remapping method with low numerical diffusion was developed.

Note on the originality of this work

The bulk of this dissertation consists of completely original work. Obvious ex-
ceptions are Chapter[l, which is an introduction to the thesis work, and Chapter
[2 which is a collection of bibliographic research. The models presented in the
successive chapters have been developed, written, implemented, tested and run
by the author, under the scientific supervision of Prof. W.N.G. Hitchon at the Uni-
versity of Wisconsin-Madison.

Occasionally, formulas, theories and experimental data are employed, which come
from other sources. In such cases, references are given to the original work, to the
best of the author’s knowledge. Moreover, short reviews of the state-of-the-art are
given, where appropriate for clarifying the subject under discussion; again, such

reviews come with an extensive bibliography.






Sommario

Un propulsore al plasma di tipo Helicon € un sistema di propulsione spaziale
composto da una sorgente Helicon e da un ugello magnetico appositamente
progettato. Tale tipo di propulsore attrae molto interesse per via dell’intervallo
atteso per 'impulso specifico ed il rapporto spinta-su-peso, nonché per la sca-
labilita del concetto e la semplicita costruttiva. Inoltre, un propulsore Helicon &
privo di elettrodi e di parti in movimento, dunque ci si aspetta una lunga durata

di funzionamento.

Malgrado le sorgenti Helicon siamo stata impiegate per decenni per produrre
plasmi ad elevata densita, il loro funzionamento non € ancora del tutto com-
preso. Infatti, sebbene la geometria sia semplice, una vasta gamma di fenomeni
fisici convivono all'interno della sorgente: vanno presi in considerazione la fi-
sica atomica, la cinetica dei fluidi, I'elettrostatica e I'elettromagnetismo, e tutti

questi sono strettamente interdipendenti.

La sorgente Helicon & dunque un sistema molto complesso da modellare e, a
conoscenza dell’autore, non € ancora stato sviluppato un sistema di strumenti

per la progettazione e I'ottimizzazione di tale tipo di sorgente.

Il lavoro svolto all'interno di questa tesi si concentra sullo studio di una sor-
gente Helicon da applicarsi nella propulsione spaziale e, piti precisamente, sul-
lo studio della configurazione proposta del progetto HPH.com (Helicon Plasma
Hydrazine. COmbined Micro), nel settimo Framework Programme dell’Unione
Europea. La sorgente di plasma considerata & di piccole dimensioni (circa 15
cm in lunghezza), e ci si aspetta che il propulsore fornisca circa 2 mN di spin-
ta a fronte di 50 W di potenza elettrica fornita. Con queste caratteristiche, il

propulsore € pensato per I'utilizzo nel controllo d’assetto di micro-satelliti.

Con il fine di ottimizzare le risorse computazionali a disposizione, un modello

ibrido risulta preferibile rispetto ad un modello monolitico. Secondo il primo



approccio, il sistema fisico ¢ decomposto in sotto-sistemi, ed ognuno di essi €
simulato da un sotto-modello dedicato, che (idealmente) dovrebbe utilizzare

un livello di dettaglio appropriato.

Non esiste alcuna teoria esaustiva su come sviluppare modelli ibridi, e par-
te di questa tesi e dedicata ad investigare la 'via migliore’ di costruire un mo-
dello ibrido. Viene qui proposto un approccio originale, basato sulla costru-
zione di sotto-modelli che si affidano a diversi livelli di dettaglio, invece che
semplicemente sul miglior modello possibile. Tale approccio e naturale, e ci si
aspetta che sia flessibile, robusto e che fornisca una migliore comprensione del

fenomeno fisico.

Seguendo tale metodologia, € stata sviluppata una serie di modelli via via pid
complessi. Poiché una simulazione dettagliata ed autoconsistente dell’intera
sorgente non pud essere completata in una singola tesi di Dottorato, la maggior
parte di questo lavoro si concentra sulla comprensione della dinamica accop-
piata di elettroni e neutri, che in questo sistema non & mai stata approfondita-

mente investigata.

Per valutare I'efficienza di ionizzazione all'interno della sorgente, modelli ana-
litici 0D e 1D del processo di deplezione dei neutri sono presentati. Il confronto
dei due modelli suggerisce i regimi in cui e necessario un livello di dettaglio pit
elevato, e mostra le condizioni in cui il modello 1D converge asintoticamente

alla soluzione 0D.

Successivamente, la dinamica dei neutri & accoppiata alla dinamica degli elet-
troni, per mezzo di un modello semi-analitico 0D che assume che gli elettroni
abbiano una distribuzione Maxwelliana. La soluzione ottenuta fornisce valori
preliminari per i parametri di plasma all'interno della sorgente, dai quali & pos-
sibile valutare un intervallo di lunghezze caratteristiche e di scale temporali che
caratterizzano i diversi processi fisici. Questi risultati sono essenziali per la pro-
gettazione preliminare di un modello cinetico per gli elettroni mediato su un
elevato numero di oscillazioni all'interno della sorgente (“bounce averaged”); ta-
le modello rimane 0D nello spazio, ma esso calcola la distribuzione energetica

degli elettroni in modo autoconsistente con i vari processi.



Successivamente, un modello 0D-1V cinetico per gli elettroni & stato progetta-
to nel dettaglio, includendo l'effetto del riscaldamento elettromagnetico e dei
diversi processi collisionali. La convergenza a regime stazionario é stata accele-
rata attraverso la separazione delle diverse scale temporali, iterazioni di punto
fisso, integrazione implicita con un solutore di Newton a passo temporale va-
riabile, ed un modello ausiliario ridotto. La densita dei neutri nella sorgente e

ottenuta dal modello analitico 1D sopra citato.

Quando si é ritenuto necessario un modello dettagliato dei neutri, & stato svi-
luppato un modello cinetico 3D-3V, che impiega un solutore semi-Lagrangiano
chiamato Convected Scheme. Questo modello risolve '’equazione di Boltzmann
nello spazio nelle fasi a sei dimensioni, piu il tempo. Trattandosi della prima
implementazione del Convective Scheme in tre dimensioni spaziali, si sono in-
contrati diversi problemi di natura computazionale, per i quali & stato neces-
sario trovare soluzioni innovative. Per questa ragione, una parte consistente
di questo lavoro di tesi e stata dedicata ad implementare nuove condizioni al
contorno diffusive, un nuovo modello di iniettore, una nuova mesh angolare ed
un innovativo operatore collisionale per il modello di Bhatnagar-Gross-Krook
che conservi esattamente massa, quantita di moto ed energia. Inoltre, € stato
sviluppato un metodo innovativo di rimappatura, accurato al terzo ordine, che

preserva la positivita della soluzione e possiede bassa diffusione numerica.

Nota sull’originalita del lavoro

Il corpo di questa tesi e basato su lavoro completamente originale. Ovvie ecce-
zioni sono rappresentate dal Capitolo|[l} che e introduttivo al lavoro di tesi, ed il
Capitolo[2, che presenta una collezione di ricerche bibliografiche. I modelli pre-
sentati nei capitoli successivi sono stati sviluppati, scritti, implementati, testati
ed utilizzati dall'autore, sotto la supervisione scientifica del Prof. W.N.G. Hitchon

alla University of Wisconsin-Madison.

In alcune occasioni, sono stati utilizzati formule, teorie e dati sperimentali prove-
nienti da altri fonti. In questi casi, sono stati forniti i riferimenti ai relativi lavori
originali, al meglio delle conoscenze dell’autore. Sono inoltre presenti delle bre-
vi recensioni sullo stato dell’arte, dove appropriato per chiarificare 'argomento

discusso; tali recensioni sono accompagnate da un'approfondita bibliografia.






Acknowledgments

At the end of this PhD, I am completing a 25-year journey in the Italian public
educational system. It is certainly a system with many flaws, that needs ren-
ovation and investments. But it worked for me, it rewarded my merits, and it
supported me financially when I could not afford being a student. And most
important, every single teacher taught me something that I will carry with me

for the rest of my life. I was lucky being part of this.

I want to thank my supervisor at CISAS, Dr. Daniele Pavarin, and the Faculty
Board of my PhD School, for giving me the opportunity to spend abroad a sub-
stantial part of my PhD program. And I am in debt to the ECE Dept. at UW

Madison for hosting me during that period.

I must express my gratitude to my supervisor at UW Madison, Prof. Nick Hitchon,
for all the time he has spent in helping me out with this thesis work: the long
morning discussions at the coffee shop, the many emails at any time of the day,
his patience when we were in disagreement, his helpfulness whenever bureau-
cracy was ominous on the horizon. And I really appreciated his endless efforts
in fulfilling his self-appointed and hopeless mission of teaching me how to write

perfect English. Thank you for everything, Nick!

I would also like to thank Prof. James Rossmanith of the Math Dept. at UW
Madison for his lessons on Numerical Methods; his suggestions were always
precious, and I really appreciated his eagerness to help on any numerical issue

I presented to him.

Of course, I have had a long series of computer problems. For the solution of
these, I must acknowledge the valuable help of Dr. Marco Manente at CISAS,
Milad Fatanejad at FLASH Center in Chicago, Matt Terry at Berkeley National
Lab, Stefano Suman at WHOI in Woods Hole, and the whole group ‘The Hacker



Within’ at UW Madison. I would also like to thank Stefano for his help in many

other everyday problems, and for his amazing ragu.

Yes, we Italians are very picky about food, and we cannot help it, I guess. Fortu-
nately, Faical created the Mediterranean Café, a ‘food oasis’ in Madison. Friday
lunch with all our Italian and Brazilian friends was something just great. Thank

you guys for the happy time we have spent together. I already miss it.

I am grateful to my family and my closest friends for all the support they have
given me during the whole PhD, and particularly during the period abroad. It
means a lot to me, to know that the people Ilove respect so deeply my decisions,

even when such decisions take me so far from them.

But I cannot think of all this being possible, if not because of an extraordinary
person who has always been next to me, my beloved Sara. Every day, she was
the one who listened to my small difficulties, helping me finding out solutions
and giving me plenty of useful suggestions. Moreover, most of my bibliographic
research on Helicon plasma sources builds on Sara’s previous efforts.

If I were an artist, Sara would be my inspiring Muse.



Introspection

It comes the time to say “this is it”, to stop adding paragraphs to a document
that will neither be as clear, nor as extensive as [ would like it to be.. and admit

to myself that I did my best.

This thesis work has had a complicate evolution throughout the 3 years and
a half of my PhD. Plans had to change, the title itself changed twice since the
start, and I had many difficult times that made me question my capacities, my
inclination, and ultimately what I wanted my future to be. But I did not give up,

thanks to the support from the wonderful people around me.

And now that it is almost done, I stop and think for a second. So I realize that
the most important thing I have learnt during this PhD is the incredible extent
to which scientific research can be frustrating: whenever one is trying some-
thing new, there is just no way to tell how it will end up, to guess whether any

interesting result will come up at all.

When [ started this long journey, I thought it was the new discovery, however
small, that would make me happy and give me the energy to go on. Never mind

how difficult the path, because the nice part of researching is finding, of course!

It was difficult to realize that I was completely wrong, instead. With such an
attitude, I had a very hard time whenever luck was not on my side: how could I
be happy if nothing worked as expected? And if | am not happy, my mind is not
focussed, I get easily distracted, doing a good job becomes more difficult, and

ultimately the situation gets worse.

Eventually, I understood that I had to love what I was doing every day, regardless
of the results I was obtaining. Because, only if I love doing research, and not the
result of research, there is a chance to become a good researcher: a peaceful

mind works better, and the good results come spontaneously.

Well, I cannot tell how to love doing research. But I am looking for my way to go.






Contents

List of Figures
List of Tables
Glossary XXVil
1 Introduction il
1.1 Motivationand Background . . . . . ... ... . ... ... . L o ...
1.1.1 Helicon Plasma Thruster . . ... ... ... ...« ... .....

1.1.2 Characterization . .. . ... .. ... ...t R]

1.1.3 Modular Numerical Environment . . ... .................. [

1.2 DissertationQutline . . ... ... ... ... ... ... ...

2 Review of Helicon Thruster Research rd
2.1 Introduction to Rocket Propulsion and Electromagnetic Thrusters . . . . . . . . 8
2.1.1 Performance Parameters . .. ........... .. ... .. ....... 8

2.1.2 ElectricPropulsion . . . . .. ... ... .. [T

2.2 The Helicon Double Layer Thruster (HDLT) Concept . . . . ... ... ...... 12
2.2.1 HeliconPlasmaSource. . . ... ... ... ... ... ... ... I3l

2.3 Wave Energy DepositionintheSource. . . . . .. ... .. ... ... ......
2.3.1 TheoryofHeliconandTGModes ... .................... 15l

2.3.2 Power Deposition Mechanisms . . . . . .................... 17

2.3.3 Numerical Simulation of the Electromagnetic Fields . . . ... ... ... 24

2.4 Transport ProcessesintheSource . .. ........................ 24
2.4.1 Fruchtman’sfluidmodel . . . . .. ... ... .. ... ... ... .... 23]

242 Ahedosfluidmodel. . . ... ... ... ... .. .. . 27

2.5 Plasma Acceleration in the MagneticNozzle . . ... ... ... .......... 29
2.5.1 Semi-analyticFluidModels . . .. ... .... ... ... ....... 29

252 NumericalModels . .. ... ... ... ... ... . . B3l

2.6 Complex NumericalModels . . . . ... ... .. ... ... .. ... ..., B7

3 Large Scale Simulations of Plasmas (45
3.1 PurposesofModeling . ... ...... ... .. ... .. ... 45]
3.2 HybridModels . . . . . . .. .. 46l

3.2.1 Levels of Description of the Physical Components of a Plasma Source . .




CONTENTS

3.2.2 Iteration and Data Exchange in a Hybrid Model

4 The Use of a Simple Global Model in Creating a Hybrid Model

4.1

4.2

Preliminary AnalyticModeling . . ... ... .. ... ... ... ... ... ...
4.1.1 Neutral Dynamics and Propellent Utilization .. ..............
4.1.2 The Coupled Dynamics of Neutrals and Electrons . . . . .. ... .....
4.1.3 lonDynamics . . . ... ... ... . e
Suggested Detailed Modeling . . . .. ... ... ... ... .. ... ... .. ...
4.2.1 Non-Maxwellian Electron Energy Distribution Function

4.2.2 RF heating as a random-walk process

4.2.3 Ion Loss Rate

5 Detailed Electron Model

5.1

5.2

5.3

5.4

5.5

Theory for the 0D-1V Kinetic Description of Electrons . . . . ... ... ... ..
5.1.1 BoltzmannsEquation . ... ............. ... ... .. .....
5.1.2 Bounce-Averaged KineticModel . . . . .. ... .. ... ... .......
5.1.3 Time Evolution of the Normalized EEDF . ... ...............
5.1.4 ElectromagneticHeating . ... ........... ... ... .....
Collisional Processes

5.2.1 Electron-Electron Coulomb Collisions

5.2.2 Electron Impact Excitation

5.2.3 ElectronImpactlonization . ... ... ... ... ..............
Semi-Discrete Formulation . . .. ... .. ..... ... ... .. ... .. ...
5.3.1 Integral Formulation: Method of Lines . . . ... ... ...........
5.3.2 RFHeatingMatrix ... ... ... ... . ... .
53.3 e-eCoulombMatrix . ........ ... ... ... ... . ...
5.3.4 Excitation Matrix . . . . ... .. ...
5.3.5 IonizationMatrix . . . . . .. ... .. ..
IntegrationinTime . . . . . . . .. ... . e
5.4.1 An ODE system for the normalized EEDF . . . . . ... ...........
5.4.2 Time-Scale Separation for Accelerated Convergence to Steady State . . .

Simulations . . . . . . . ... e

79
80l
8¢

xviii



CONTENTS

6 Detailed Neutral Model
6.1 Motivation for a 3D-3V Kinetic Simulation . ... ... ............... 125
6.2 The Convected Scheme: aReview . .. ... ... ... ...... ... ...... [126]
6.3 Development of a High Order RemappingRule . ... ............... 130

6.3.1 The Convected Scheme as an advection equationsolver . . . . ... ... 132]
6.3.2 Modified EquationAnalysis . . . . .. ... ... ... .. .. .. .. ... [136]
6.3.3 Third order remappingmethod . ... ... ... ... .. ......... 138
6.3.4 3Danalysis. . . ... ... e 139
6.3.5 Monotonicvariations . .. ... ... ... . L o oo
6.3.6 1D and 2D numericaltests . ... ... ... ... . ... .. ... 145
6.4 Computational Domain . . ... ... ... .. ... ..., 1511
6.4.1 SpatialMesh . . .. ... ... . . . .. [157]
6.4.2 VelocityMesh . ... ... ... .. .. .. .. . 152
6.5 Collision Operator . . . . . . . . . o i vttt e e e e [154]
6.6 BoundaryConditions. . . . .. ... .. ... ... .. [156]
6.6.1 PeriodicPlanes . ... ... ... ... .. . ... .. 157
6.6.2 Diffusely reflecting adiabaticwalls . . . .. .. .... ... .. ...... [157]
6.6.3 Injector . . . . . . . ... 158
6.6.4 FreeSpace . . . . . . v vt it it i e e el
6.7 Simulations . . . . . .. .. ... e 162

7 Conclusions and Outlook [169]
7.1 Rationale . . .. .. .. ... 169
7.2 SUMMATY . . . o o o o e e e e e e e e e e e e e e e e [170]
7.3 Status of the Numerical Implementation . .. .................... 71
7.4 Recommendations for FutureWork . . ... ... ... ... ... ... .. ..., 1Al

References 173







List of Figures

1.1 Main components of a Helicon Plasma Thruster. . ... ..............
2.1 Dispersion relation for whistler waves: k| vs k; and const phase surfaces. . . .
2.2 Helicon source geometry for electron heatingmodel. . . . . .. ... ....... 201
2.3 Sketch of the different plasma regions in the domain.. . . . ... ... ... ... 28l
2.4 Normalized particle flux in the chamber vs hot electron normalized density

and hot to cold electrons temperature. Regions for the formation of a Double

Layer are highlighted [29]. . . . . . . ... ... ... ... . . . . . . .. ... BTl
2.5 Representation of the influence of a second species of electrons: normalized

potential and density vs the normalized spatial coordinate, for different values

ofhotelectrondensities [29]. . . ... ... ... ... ... ... ... ... BTl
2.6 Propulsion coefficients vs hot electron normalized density, for different hot to

cold electrons temperatures and nozzle configurations [29]. . . . . . . ... ... 32]
2.7 Density and potential vs. position in the helicon source, as results from [37].

Plasma expansion is simulated by subtracting particles with loss frequency

profileinthesource. . ... .. .. ... . ittt B4
2.8 Experimental and numerical configurationusedin [37]. . . . ... ... ... .. 36]
2.9 Profile of potential, charge density and ion Mach number in the helicon cham-

ber, as obtained form the hybrid code PPDL [40] in [41]. . . . ... ........ 3]
2.10 Contours of the power deposition density and electron density in the plasma

chamber for different values of the magnetic field in the self-consistent model

developed by [42] . . . . . . . . . . e 40|
2.11 Information flow in the Hybrid Plasma Equipment model, in the implementa-

tion used for the simulation of a Helicon plasma source, as described in [45]. 42]
2.12 Set up of the Trikon PMT MORI helicon source used in the simulation in [46].

Plot of the on axis value of the electron density as a function of static magnetic

field with and without the collisional Landau dampingterm. . .. ... ... .. 43l
4.1 Ionization efficiency predicted by the 1D analytic model, as a function non

dimensional parameters. The 0D result can be asymptotically recovered. . . . . 59l
4.2 Rate coefficient for electron impact ionization in Argon gas vs electron tem-

PEerature . . . . . . . . e e e e e e e e e 64]




LIST OF FIGURES

4.3

Comparison between collisional energy loss per electron-ion pair created in

Ar vs electron temperature, ionization energy, and energy loss neglecting the

contribution of elasticcollisions. . . . . .. ....... ... ... . 0. 65
4.4 Bohm velocity in Argon gas, as a function of the electron temperature 7. . 66l
4.5 Confinement potential in Argon gas, as a function of the electron temperature

7 /R 66!
4.6 The LHS and RHS of Eq.[4.36]vs electron temperature, evaluated for the nom-

inal operating parameters of the Helicon plasma thruster under analysis. The

intersection of the two curves gives an equilibrium temperature of 15.8 eV. . . . [67]
4.7 Steady state average densities of electrons and neutrals, for a wide range of

values of fo =ne (L) /{Me). .« o o v o i e e e e 68
5.1 Electron impact cross-sections for the excitation of Ground State neutral Ar-

gon atoms to the energy levels 1 to 6 (defined in Table[5.1). . ... ........ OT]
5.2 Electron impact cross-sections for the excitation of Ground State neutral Ar-

gon atoms to the energy levels 7 to 12 (defined in Table[5.I).. . . . ... ... .. 92]
5.3 Electron impact cross-sections for the excitation of Ground State neutral Ar-

gon atoms to the energy levels 13 to 18 (defined in Table[5.1). . . . .. ... ... 93]
5.4 Electron impact cross-sections for the excitation of Ground State neutral Ar-

gon atoms to the energy levels 19 to 24 (defined in Table[5.1). . . . .. ... ... 94
5.5 Electron impact cross-sections for the excitation of Ground State neutral Ar-

gon atoms to energy level 25 (defined in Table[5.1). . . ... ............ 95
5.6 Cross-section data for electron impact ionization of Ground State neutral Ar-

o0 8 L0 4 0 - TS 97
5.7 Non-dimensional energy distribution function of ejected electrons after an

ionizing collision with an Argon neutral atom vs the reduced incident energy

u and the reduced ejected energy x. . . . . .. .. .. ... ... oL 99
5.8 Excitation process on a discrete energymesh. . . ... .. ... ... .......
5.9 Example of ionization process on a discrete energymesh. . . . .. ... ... .. 110
5.10 Schematic of the global architecture of the 0D1V electron kinetic model. . . . .
5.11 Schematic of the iterative procedure used to find the self-consistent steady-

state solution ?]ss = {ng, Ne, Py, f}ss .......................... 017

xxii



LIST OF FIGURES

5.12 Fluxes of electrons in energy space due to RF heating and electron-electron
Coulomb collisions. Fluxes are in [s71], as they represent the net number of

electrons crossing a given energy, per unit time, divided by the total number

ofelectronsinthesystem. . . . . ... ... ... .. .. ... ... . ... 119
5.13 Sources and sinks of electrons in energy space, due to ionization and excita-

tion collisions. For an energy axis in [eV], the source terms have dimensions

of [eVls ] L 1201
5.14 Example of a steady-state normalized EEDE obtained for a given operating

point {ne, ng}, and for a tentative value of the confinement potential . . . . . 121
5.15 Loss rates for electrons and ions, at a given operating point {n,, ng}, as a func-

tion of the confinement potential ®,,. . . . . . .. ... ... . ... ... 1221
6.1 1D advection with Gaussian initial profile: final solution at time 7 = 1.0 for

increasing number of spatial subdivisions. . . ... ... ... ... ... ..... 47
6.2 Convergence analysis for 1D advection with Gaussian initial profile. . . . . . . . (148
6.3 1D advection with rectangular initial profile: final solution at time 7 = 1.0 for

increasing number of spatial subdivisions. . . ... ... ... ... 0L [149]
6.4 Convergence analysis for 1D advection with rectangular initial profile. . . . . . [150]
6.5 Convergence analysis for 2D advection with rotating velocity field. . . . . . . . . 152
6.6 Spatial mesh used in the 3D-3V kinetic model for neutrals. . ........... 153
6.7 Angular mesh used in the 3D-3Vmodel forneutrals. . ............... 154
6.8 Normalized 1D distributions ¢ (v): nominal sonic drift-Maxwellian and uni-

lateral distribution loaded in the injector ghostregion. . . . . . .. ... ... .. 161l
6.9 Steady state density distribution for the low-Kn test case: comparison between

the 1%7 order result, and the 3"? orderresult. . . ... ................ 165
6.10 Steady state temperature distribution for the low-Kn test case: comparison

between the 15! order result, and the 3"% orderresult. . . . . . . . .. ... .... [165]
6.11 Steady state Knudsen number distribution for the low-Kn test case: compari-

son between the 1%7 order result, and the 3" orderresult. . . ... ........ 166l

6.12 Steady state distribution of the y component of the velocity vector for the low-

Kn test case: comparison between the 157 order result, and the 3" order result.

6.13 Steady state density distribution for the high-Kn test case: comparison be-

tween the 1°¢ order result, and the 3" orderresult. . . . . .. ... ........ 167

xxiii



LIST OF FIGURES

6.14 Steady state temperature distribution for the high-Kn test case: comparison
between the 1°/ order result, and the 3" orderresult.. . . . . ... ........ 167
6.15 Steady state Knudsen number distribution for the high-Kn test case: compar-
ison between the 15’ order result and the 3" orderresult. . .. .......... 168
6.16 Steady state distribution of the y component of the velocity vector for the high-

Kn test case: comparison between the 1%/ order result, and the 3”4 order result.

xxiv



List of Tables

1.1 Helicon Plasma Thruster: parameters of the configuration under study (HPH.com

5.1

5.2

6.1

project-EUFP7). . . . . .. . e

Energy levels of electronic excitation for Argon [56]. Levels 1 and 3 are metastable,

all other levels are transitory (also called ‘resonant states’), i.e. they can de-
excite by spontaneous photon emission. Levels 10, 14, 18, 19, 22 and 25 are
the combination of two or more quantum states; since such states have en-
ergies very close to each other (the difference being < 0.01 eV), and similar
collisional behavior, it is practical to treat them as a unique energy level. . . . .
Parameter b(u) for the Gaussian fit of the (normalized) energy distribution

function of ejected electrons; data for Argon from [57]. . . . . . .. ... ... ..

Relative errors on the net fluxes of the odd-power moments of the Unilateral
Maxwellian, with respect to the nominal values. The errors depend on the
Mach number only; £; corresponds to the error on the momentum flux. For

M =1 (sonic injector) the errors are smaller than3%. . ..............

90







BC

BTE

CCSL

CFL

CS

DL

EEDF

EM

FSL

HDLT

LDLR

Glossary

Boundary Condition

Boltzmann’s Transport Equation
Cell-Centered Semi-Lagrangian
Courant-Friedrichs-Lewy

Convected Scheme

Double Layer

Electron Energy Distribution Function
Electro-Magnetic

Forward-trajectory Semi-Lagrangian
Helicon Double Layer Thruster

Local Double Logarithmic Reconstruc-

tion

LOD

LTE

LVB

MC

MEA

MOL

ODE

PDE

RF

SL

TG

Level of Detail

Local Truncation Error
Local Variation Bounded
Moving Cell

Modified Equation Analysis
Method of Lines

Ordinary Differential Equation
Partial Differential Equation
Radio Frequency
Semi-Lagrangian
Trivelpiece-Gould

Total Variation Bounded

xxvii






Introduction

Large scale simulations of complex physical systems frequently require "hybrid’ simulation
techniques, where the hybrid consists of a coupled set of sub-models, each of which de-

scribes an aspect of the physical system.

In this document strategies are discussed for the development of a hybrid model, em-
phasizing the use of multiple physical levels of description of each aspect of the physical
system. The importance of using descriptions of the components of the system which em-
ploy different degrees of detail is that first, testing of the models is best done by comparing
the predictions of these different descriptions. Second, while detailed descriptions are es-
sential for many purposes, such as obtaining accurate predictions, it is the simplest descrip-
tions (once tested versus detailed models) which provide an understanding of the behavior
of the system and which tend to be most effective in estimating the sensitivity of measurable
quantities to other variables in the system. Third, simplified models often offer an improved
interface in the hybrid between detailed models describing different aspects of the overall

system. The use of simplified models in the hybrid will be described in what follows.
This approach s illustrated in application to a hybrid model of a Helicon Plasma Thruster.

Section [1.1] gives the motivation of this thesis work and it places it into a context: the
configuration of the Helicon plasma source under study is described, the meaning of the
term ‘characterization’ is given, and a rationale for the modularity of the numerical frame-

work is presented.

Section|[1.2]gives an outline of the various chapters of this dissertation.




1. INTRODUCTION

1.1 Motivation and Background

1.1.1 Helicon Plasma Thruster

The Helicon plasma thruster is composed of a few basic components, as shown in Fig.
* agas feeding system (usually Neon, Argon, Xenon, or Nitrogen),
* acylindrical quartz tube, open on one end,
* aHelical antenna that is wound around the tube,
* a RF power supply (usually at a frequency of 13.56 MHz),

* asystem of coils (or permanent magnets) to impose a static axial magnetic field which

permits the propagation of Helicon waves, when plasma is present in the source.
magnet

X antegna
lasma

m
. quartz .

tube

neutral
gas

Figure 1.1: Main components of a Helicon Plasma Thruster.

The configuration under study is for the attitude control of micro-satellites, as proposed
in the HPH.com project in the Seventh Framework Programme of the European Union (EU
FP7). The main parameters are summarized in Table[1.1}

The physics of the Helicon Plasma Thruster is described in detail in Ch. 2| The basic

working principles are outlined here:

* The electrons play a fundamental role:




1.1 Motivation and Background

Propellent:  Argon Thrust: 2mN
Source size: 2x12cm | Exhaustvelocity: 20km/s
Total mass:  1.5kg Power available: 50 W

Table 1.1: Helicon Plasma Thruster: parameters of the configuration under study (HPH.com
project - EU FP7).

the electrons are strongly magnetized, in the sense that their trajectories are he-
lices with radius much smaller than the source radius (r; < R), and hence they

are radially confined in the source,

— the helical antenna excites Helicon waves (i.e. confined Whistler waves), which

propagate in the presence of a magnetized plasma, in a certain frequency range,

- Electromagnetic power is coupled from the Helicon wave to the electrons (through
various processes), and these can ionize the neutral gas to produce other plasma

(ions + electrons);

— the electrons are much faster then the ions (because m, << M; and T, > T;), and

hence they diffuse easily along the axis of the source,

- to preserve charge, in steady state the electron flux equals the ion flux; for this to
happen, a potential drop must exist (a Double Layer), which confines the elec-

trons;

* The potential drop accelerates the ions to an energy several times kg T, so that a su-

personic ion beam is created, which flows out of the source through the exit section;

* The ion inertia and the divergent configuration of the magnetic field cause the elec-
trons to detach from the magnetic field lines, so that electrons and ions are unbound

and free to leave the system, and a net Thrust is obtained.

1.1.2 Characterization

In the context of this thesis work, the term ‘characterization’ basically means the determi-
nation the propulsive parameters of the thruster (i.e. Thrust, Specific Impulse, Propulsive
Efficiency), and also to estimate an uncertainty, if possible, of the results. Moreover, the

numerical models may be used for the indirect measurement of quantities that cannot be
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directly measured, and to provide the kind of physical insight needed to set up an optimiza-

tion process. The use of a classical ‘black box’ approach is not sufficient here, because:

1. it may be necessary to determine how a certain quantity inside the system affects the

propulsive parameters;

2. non-linear effects are often very important in plasma physics, and they are not ad-

dressed by a linear sensitivity analysis;

3. different physical processes may be involved at the same time.

Instead, a bottom-up approach is used in the thesis: the starting point is the simplest
possible description that takes into account the different concurrent phenomena; some-
what drastic hypotheses are necessary, and some free parameters are introduced. Using
such a model, the orders of magnitude of the important quantities are obtained, and the
free parameters can be varied to get a confidence range. Usually, the estimates suggest a

more complicated model, which relaxes some of the hypotheses introduced.

1.1.3 Modular Numerical Environment

The set of numerical models required for the characterization of the Helicon Plasma Thruster
under study is modular both horizontally and vertically.

Horizontal modularity is required because:

* the system is conceptually decomposed into smaller problems,

¢ each problem is simulated in a separate numerical module.
Vertical modularity is required because:

 foreach phenomenon, different models are built, which have different Level-Of-Detail
(LOD);

* the most ‘cost-effective’ description can be sought for each problem.

When designing a modular numerical environment, it is natural to investigate the ‘best’
way to make modules interact. In fact, this is done in Ch. |3} where it is argued that simple
models (e.g. a fitted curve, an analytic expression, etc.) may provide a flexible interface
between more detailed models. According to this point of view, the driver is the sensitivity
of the module with respect to the parameters passed: one should always avoid passing a

parameter on which the module is highly sensitive.
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1.2 Dissertation OQutline

Chapter 2| presents extensive bibliographic research on the various models that have been
applied to the simulation of a Helicon Plasma Thruster, and more generally to Helicon plasma
sources.

Chapter [3 discusses the ‘large scale simulations’ of complex physical systems, which
frequently require ‘hybrid’ simulation techniques, where the hybrid consists of a coupled
set of sub-models, each of which describes an aspect of the physical system. An original
approach is proposed, which emphasizes the use of multiple physical levels of description
of each aspect of the physical system.

Chapter [4| shows how a simple global model can be used in the preliminary design of
a hybrid model. First, 0D and 1D analytic models of the neutral depletion process are pre-
sented. Then, the neutral dynamics is coupled to the electron dynamics, by means of a
semi-analytic 0D model which assumes Maxwellian electrons. The solution obtained gives
a first estimate of the plasma parameters in the source, so that proper ranges for the charac-
teristic lengths and time-scales of the various physical processes are calculated. Those re-
sults suggest a bounce averaged electron kinetic model, which is still 0D in space, but which
calculates the electron energy distribution function (EEDF) self-consistently with the RF
heating, the various collisional processes, and the hypothesis of quasi-neutrality.

ChapterE] describes the 0D-1V electron kinetic model in detail, starting from the model
equation and the experimental data, and going on to the semi-discrete formulation of the
various terms (an accurate implementation is shown to conserve particle number and en-
ergy on the discrete energy mesh), resulting in a system of Ordinary Differential Equations
(ODEs). Due to their different time-scales, the evolution of the electron density (which is the
first moment of the EEDF) is separated from the evolution of the normalized EEDF (which is
the ‘shape’ of the EEDF): a new ODE system, derived from the one above, describes the evo-
lution of the normalized EEDE while a global energy balance is used to evolve the electron
density.

Chapter [6] describes a 3D-3V semi-Lagrangian Convected Scheme for the detailed ki-
netic modeling of neutrals. Such a scheme solves the Boltzmann equation in six-dimensional
phase-space, plus time. Several novelties in the numerical model are also discussed, like a
new method for implementing diffuse boundary conditions, a new injector model, a new

mass-, momentum- and energy-conserving collision operator for the Bhatnagar-Gross-Krook
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model, and a new angular mesh. Moreover, a novel third-order positivity-preserving remap-

ping method with low numerical diffusion is carefully described.




Review of Helicon Thruster Research

Although the use of Electromagnetic thrusters is widespread in modern space propulsion
systems [1], the Helicon Plasma Thruster is a fairly new concept (the first prototype was
built in 2002), which has not had the chance to fly yet.

For decades, Helicon plasma sources have been used in laboratories and industry for
creating high density plasmas, both in the low and high pressure ranges, for a variety of
applications. (According to the common jargon in the low temperature plasma community,
here ‘density’ refers to the plasma density, while ‘pressure’ refers to the neutral pressure.)
Accordingly, there is now a body of experience in the use of Helicon plasma sources, and a
great effort has been put into modeling several of the processes that take place in a Helicon
plasma source, providing considerable insight into the underlying physics.

Regardless, there is still a lack of reliable models capable of predicting and quantify-
ing the experimental results, not just of qualitatively reproducing them after tuning; such
models would require coupling self-consistently the small models, or developing dedicated
multi-physics codes. Only a few attempts have been made in this sense, but none of them
has addressed all of the physical processes relevant to a Helicon Plasma Thruster.

This Chapter aims at collecting information about the modeling effort that has been
ongoing for the past decades, and wherever possible, it tries to relate such a research to the
space propulsion application.

Section[2.1] gives an introduction to the fundamentals of rocket propulsion, and it dis-
cusses the most important performance parameters; electric rocket propulsion is presented
and classified, highlighting the differences from chemical rocket propulsion.

Section [2.2] presents the Helicon Double Layer Thruster (HDLT) concept, its working

principles and its main subsystems.
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Section|2.3]reviews the mechanisms of power deposition from the Electromagnetic (EM)
waves emitted by the antenna to the plasma. A simple linear theory of the normal modes of
EM propagation in the plasma is discussed first, which introduces the Helicon (i.e. confined
whistler waves) and Trivelpiece-Gould (quasi-electrostatic surface waves) modes. Since the
basic theory based on linear (collisional) electron heating does not correctly reproduce the
experimental results, a variety of other processes are discussed. Finally, a numerical code
specifically designed to simulate the wave-plasma energy deposition is presented. In all
these models, the plasma density profile is given.

Section[2.4]discusses the transport processes in the plasma source, i.e. the transport of
particles, momentum and energy that determine the steady state profiles of electron, ion
and neutral densities. A couple of simplified fluid models are presented, which are valid
outside the range of applicability of ambipolar diffusion models. In all these models, the
power deposition process is not taken into account.

Section [2.5]is more specific to space propulsion, as it describes the acceleration of the
plasma beam through a magnetic nozzle. Both semi-analytical and numerical models are
presented, which are based on different model equations, and which use the upstream
plasma properties as given boundary conditions. Even though those models cannot pro-
vide a complete description of the beam acceleration, they give interesting insight into the
phenomenon.

Finally, Section[2.6]describes the attempts at building ‘complex numerical models’ of a
Helicon plasma source, where the term ‘complex’ is used to indicate that different physical

processes are coupled together in the same multi-physics model.

2.1 Introduction to Rocket Propulsion and Electromagnetic Thrusters

2.1.1 Performance Parameters

Thrust From the conservation of momentum, the total thrust force T provided by a rocket
propulsion system is:
T= w +(pE— pa)Aph = ritc 2.1)
momentum thrust pressure thrust
where 1 is the mass flow rate, v is the mean (relative) velocity of the exhaust fluid, p, and
pE are the pressure of the ambient and of the fluid at the exit of the rocket, Ag is the noz-

zle area at the exit (with normal unit vector fi), and c is the effective exhaust velocity, i.e.
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the velocity of the fluid downstream of the nozzle when it has reached the ambient pres-
sure. For in-space conditions, p, = 0. When an electric thruster is considered, the exhaust
fluid is composed of charged particles (ions and electrons) plus neutral particles, and the

momentum flux should really be expressed as the sum of three different contributions,
v = MeNeVe + M; N;jv; + MyNyvy , (2.2)

where m,, M; and M, are the masses, and N,, N; and N, are the particle fluxes, of elec-
trons, ions and neutrals respectively. If only singly charged positive ions exist in the system,
for each ion produced in the source exactly one electron is produced, which means that
N, = Nj; in steady state. Since m, <« M; and v, = v; in most cases, the contribution of elec-
trons to the momentum thrust term is negligible for all practical purposes. Moreover the
neutrals, which are a small number anyway if the source has a great efficiency, usually have
an average velocity ||vo || < [Iv;|l. (There are accelerated neutrals due to the charge-exchange
collisions, but these are a negligible percentage.) Hence, it can be said that only the ions
make a contribution to the momentum thrust.

As concerns the pressure thrust, the fluid pressure is the sum of the contribution of the
three species, pg = pe + pi + po, and each contribution can be reasonably approximated by
the ideal gas law py = nqKpT,. Since in most cases n, = n; > ngy, and T, > T; = Ty, only
the electrons give contribution to the pressure thrust. Anyway, the electron pressure term is

usually much smaller than the ion momentum term.

Specific Impulse The total impulseis the integral of thrust in time, as given by

Tend
Lot = f IT@de, (2.3)
To

and this thrust is created by expelling outboard the total exhaust mass
Tend
mp = m () dr. (2.4)
%)
A measure of ‘how efficiently’ the propellent is used for providing thrust is usually given in
terms of the average specific impulse (Is,), which is defined as the ratio of I to the total

exhaust weight (at sea level):

Lot _ ST @) de .
mpgo gy [y (1) dt

(Isp> = (2.5)
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which is given in seconds. If (T) represents the average value of || T (¢) || over time, and (ri1)

is the average value of 1 (¢), then (2.5) can be rewritten as

<Isp> = ﬂ . (2.6)
() go

By extension, the instantaneous specific impulse I, (1) is defined from (2.6), using the in-

stantaneous values of the thrust magnitude and mass-flow

T :@ 2.7)
mg & '

Isp (n=

and as such, it represents a measure of the specific kinetic energy of the exhaust flow. From
(2.7) it looks clear that the effective exhaust velocity c(t) [m/s] is a parameter completely
equivalent to the specific impulse, and in fact it is often preferred to it in the Electric Pro-

pulsion community.

Efficiency The overall efficiency is the ratio of the jet power P; to the input power P;;, (i.e.

the power used by the propulsion system):

P;  1/2mc*  T?/2m
1’]: _— = = (2'8)
Py Pin Pin

For a Helicon Plasma thruster the overall efficiency 7 can be given as the product of several

efficiencies:
N =7RrFNuMp (2.9)
. s 2 2
P; m; MicoU; T
NRE=—) Mu=—, fp=—ot® = — (2.10)
Prp m 2Piy 2MjooPin

where: ngr is the RF generator efficiency, n, is the propellant utilization efficiency, 7, is
the propulsive efficiency, m; is the downstream plasma flow, u;o, = T/11; is the effective
exhaust velocity and Pgr is the power given to the RF circuit.

Thus, in order to be competitive, a helicon thruster should fulfill three basic achievements:

i Good antenna coupling, in terms of transfer of the antenna wave energy into plasma

internal energy, (i.e. NgF)
ii High ionization efficiency of the injected gas inside the chamber, (i.e n,,),

iii An efficient conversion of the plasma internal energy into directed axial kinetic en-

ergy, (i.enp)

10



2.1 Introduction to Rocket Propulsion and Electromagnetic Thrusters

2.1.2 Electric Propulsion

In-space propulsion greatly differs from boost-phase propulsion: the latter consists of tak-
ing an object from the Earth surface to orbit and is characterized by the need for a great
amount of thrust to overcome the gravitational force. Thus, the boost phase rocket will be
able to give an enormous thrust for a short time period. For in-space situations, on the
other hand, the object in orbit or in deep space will have to execute various kinds of ma-
neuvers and it will need a thruster able to expel propellant into the vacuum environment,
where the gravitational forces are negligible, at high velocities. For chemical thrusters the
thrust is due to the expansion of the heated gases in the nozzle and the limitation on the
thrust they can deliver is linked to the chemical energy available between fuel and oxidant
and to thermodynamical considerations. Exhaust velocities of the order of a few thousands
of meters per second can be achieved. In electric thrusters, instead, the thrust is given by
the acceleration of the propellent gases by means of electrical heating (and then thermody-
namic expansion) or by electromagnetic forces acting directly on the particles. For chemical
thrusters the energy is stored in the fuel/oxidant chemical bond and then the energy limita-
tion is determined by the quantity of propellent on board. For electrical thrusters the energy
limitation is determined by the on-board power supply, thus they can achieve high specific
impulse, but low thrust.

Based on the prevalent mechanism of energy storage and conversion, electric propul-

sion concepts can be put into three main categories:

Electrostatic thrusters: so called because thrust is given by the electrostatic pressure. Once
the propellent is ionized, the ions are accelerated alone, and the beam is then neutral-

ized with electrons. Examples are:

Gridded ion thruster,

Hall-effect, also called Stationary Plasma Thruster (SPT),

Field Emission Electric Propulsion (FEEP),

Colloid thruster.

Electromagnetic thrusters: so called because the thrust is given by the magnetic pressure.
The propellant is ionized and then all the charged particles are accelerated by the

Lorentz force (or the J x B force in the MHD case). Examples are:

11
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Magneto-Plasma-Dynamic (MPD) thruster,

Electrode-less plasma thruster,

Pulsed Inductive Thruster (PIT),

VAriable Specific Impulse Magnetoplasma Rocket (VASIMR).

Electrothermal thrusters: here the thrust is given by the kinetic pressure in general, which
may be predominantly given by neutrals or by electrons. Examples are:
* Resistojet,
* DC arcjet,

* Microwave arcjet;

Pulsed Plasma Thruster (PPT),

Helicon Double Layer Thruster;

where the first three concepts given are somewhat closer to chemical propulsion in
that the propellant, although heated electrically (for example by means of resistors or
electric arcs), then expands thermodynamically and is accelerated in a conventional

nozzle.

This classification is by no means exhaustive, and some concepts may fall into more than
one category. Many other classifications are also possible: for example, based on the type
of propellent, or on the mechanism of power deposition into the propellent fluid, or on the

frequency of the electromagnetic fields (e.g. DC, pulsed, RE Microwave).

2.2 The Helicon Double Layer Thruster (HDLT) Concept

The need for miniaturized propulsion systems for micro spacecraft together with the ad-
vances in research on Helicon plasma sources and current free Double Layers drive the in-
terest on Helicon Plasma Thrusters, a particular type of electromagnetic thrusters. In a He-
licon Plasma Thruster, the high density plasma is produced by an helical Radio Frequency
antenna and it is confined by a magnetic field externally applied. The Helicon waves allow
an almost full ionization of the propellant gas and deposit their energy into the plasma by
heating the electrons. Ions and electrons, thus, are accelerated and ejected into free-space

through a diverging magnetic field. The thermal energy of the plasma is converted into

12
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the directed kinetic energy of the supersonic beam through an ambipolar electric field, the
beam is current free and there is no need of an external electrode to neutralize the exhaust.

In recent years, Charles and Boswell have reported the observation of current free Dou-
ble Layers obtained in an expanding plasma created by a Helicon source [2,(3]. Their results
suggest the application of this kind of thruster to in-space propulsion because of the po-
tential high efficiency of the Helicon source and of the supersonic beam produced in the
expansion zone.

The physics of this device consists of the following stages: (1) power coupling from the
wave to the plasma in the source region, (2) neutral depletion and plasma dynamics in the
chamber, with possibility of formation of a current free double layer, (3) supersonic expan-
sion in the divergent magnetic nozzle. All these phenomena are strongly coupled to each
other, and this is why the theoretical understanding and numerical modeling of a Helicon
Plasma Thruster represent a big challenge. This section tries to conduct a survey of what is
known up to now and what still needs to be investigated in order to make this concept of

thruster feasible.

2.2.1 Helicon Plasma Source

Helicon plasma sources have a cylindrical geometry and a DC magnetic field applied along
the longitudinal axis. In an Helicon plasma source the gas is first weakly ionized in the an-
tenna region by electrostatic fields, then, when it enters a region where a DC magnetic field
is induced along the longitudinal axis of the cylindrical chamber, it is further ionized by the
wave-particle interaction. It is not clear how the high ionization percentages are obtained,
but it is thought the ionization is aided by a wave mode conversion (from Helicon waves
to Trivelpiece-Gould waves) at the boundaries or by non linear wave-particle interactions.
Anyway, in the DC magnetic field zone, the Helicon waves penetrate the core of the plasma
column and they are not limited by a skin depth. According to [4], Helicon sources present

the following advantages over other plasma sources:

* High Density: in Argon gas the plasma density obtained with 1-2 kW of RF power
has an average of 10'? m~3, which is two orders of magnitude higher than the values

obtained with the usual methods;

13
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High Efficiency: Helicon sources produce more plasma at a given power and the den-
sity has a ‘jump’ at the transition from a RF non-resonant discharge to a Helicon wave

mode;

Low magnetic field: the imposed magnetic field aims at confining the electrons in
the radial direction, but not the ions, and thus a value between 100-300 G is usually

sufficient (compared with the 875 G in Electron Cyclotron Resonance ECR sources);

No internal electrodes: the antenna lies outside the vacuum chamber and it does not

release impurities in the plasma;

Low pressure operations: non-collisional electron heating can be sufficient to sustain

the discharge, thus this source can operate at a low neutral gas pressure.

This characteristics are particularly important when dealing with thrusters where the lim-

iting power is set by weight issues and efficiency is of the greatest importance. Following

from the above considerations, the Helicon Plasma Thruster has several advantages over

other existing in space propulsion systems:

* The plasma jet is neutral: ions and electrons are accelerated together through a mag-

netic nozzle, thus there is no space charge buildup on the thruster. Instead, in Ion en-
gines and Hall Effect thrusters only the ions are accelerated and thus these thrusters

require an external cathode, susceptible to erosion, for beam neutralization.

The magnetic radial confinement of the plasma in a Helicon Plasma Thruster mini-
mizes wall losses and surface erosion, allowing for increased efficiency and lifetimes.
This is true only in the radial direction, as concern the surface perpendicular to the
axis on the side where neutrals are injected (i.e. in contact with the spacecraft), the
plasma is not confined at all. This suggests the necessity to revisit the initial project
with the insertion, for example, of a magnetic mirror. The low magnetic field require-
ment is important because low fields need low powers to be maintained and have less
problems, they do not need a cooling apparatus and have few interference problems

with the on-board instrumentation.

The use of an helicon source allows the almost complete ionization of the neutral gas,
i.e. the propellant, insuring a high ionization efficiency. The use of a RF antenna adds,

anyway, to the complexity of the thruster’s power processing unit.

14
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2.3 Wave Energy Deposition in the Source

2.3.1 Theory of Helicon and TG Modes

According to the usual theoretical interpretation, the waves excited in a source are the eigen-
values of a plasma column. In these terms, the first calculation was performed in 1984 by
Boswell [5] for both conducting and non conducting boundaries, taking into account the
electron inertia. Boswell showed that the eigenmode is a combination of a Helicon wave
(electromagnetic) and a Trivelpiece Gould wave (quasi-electrostatic). However, the result
agreed with the experimental data [6] only if one of these two assumptions is valid: a con-
ducting layer arises at the interface between the quartz tube and the plasma, or there is
an anomalously high rate of electron collisions. Several theoretical models have been de-
veloped which neglect electron inertia, but it is now clear that the electron inertia must be
taken into account. As a matter of fact, neglecting the electron inertia causes the wave elec-
tric field parallel to the external magnetic field to vanish, corresponding to the TE (trans-
verse electric) approximation. In this approximation, the root corresponding to the TG
mode disappears [7].

The necessity for the TG root to exists appears evident when the boundary conditions
are applied: the plasma is bounded by a non conducting wall, thus the radial RF current
has to vanish on the surface. This is possible only for a combination of helicon and TG
waves, not for a helicon wave by itself [8], thus helicon and TG waves are strongly coupled
in a plasma with non conducting boundary conditions and cannot be treated with a TE
approximation.

Following Shamrai in ref. [8], the typical range of frequencies for helicon waves is: w.; <«
W < 0 K Wee K Wpe , and the refractive index is n) = kjc/w > 1 or equivalently vy =
w/k) > c. The effect of electron temperature described with by parameter kjvs./w is
usually negligible (kjc/w > 1), thus the cold plasma treatment can be applied. Also the
ion motion can be neglected because the wave frequency w is well above the lower hy-
brid frequency. This imposes a restriction on the external magnetic field applied: wypy =
Wpiy/1+ (a),,e/wce)2 R \/Weeci = el Byy/mem; < w, thus for the Ar plasma with wave fre-
quency of 13.56 MHz By < 1.3kG=0.13 T.

Using the Krook model to take into account the electron collisions, in the helicon fre-
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2. REVIEW OF HELICON THRUSTER RESEARCH

quency range, the cold plasma dispersion relation becomes:

2
pe

= 2.11
w? w(wecosl—w—iv) @11

k2 c? w

where v is the collision frequency of electrons against neutrals and ions, k* = ki + kﬁ is the
total wave number, 6 is the angle between the constant magnetic field By = BpZ and k. Note
that through all this section ‘longitudinal’ (parallel) and ‘transverse’ (perpendicular) will be
with respect to the direction of By. Here the fields have been taken to vary as exp(—i(wt —

k-r)). The solution of the dispersion relation gives the frequency:

2¢? v
W = WceCcos0 1-1i 2.12
° whe + k2 c? ( Wee cosQ) (2.12)

In the limits of “long” (k < wp./¢) and “short” (k > wp./c) waves, two types of waves satisfy
the dispersion relation: the helicon waves

2.2

W = (WeeCOSH — V) k<wpelc (2.13)

2 )
Wpe
and the TG waves

W =wWceCOSO —iv, k> wpelc (2.14)

The factor ¢/wp, that defines the boundary for the two limits can be seen as an anomalous
skin depth. When the wavelength is of the order of this skin depth, the different types of
wave merge. The helicon waves are oblique whistler waves, they are long scale and weakly
damped across the magnetic field, while the TG waves are quasi electrostatic waves that
disappear in the limit of m./m; (i.e. the TE approximation). They are short and strongly
damped across the magnetic field. For a fixed ratio w../w (depending on the antenna and
the external magnetic field), the plasma density defines three regions for the propagation of

the helicon and TG waves [9]:

en, €0Me
_ ==

ebg
Wee=—<Wpe = w.,<n 2.15
ce me pe E()me 92 ce e ( )
By \? n
:>( 0 ) < e (2.16)
103G 1017m—3

After defining the following quantities:

2k2 2k2
€M, o e O .
ne = o2 Weer Niowlky) = nca)_F' nhigh(k)) = ncé_lw_ (2.17)

2
ce

The regions are:
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2.3 Wave Energy Deposition in the Source

* Propagation of both helicon and TG waves: wc./w < (ck; /w,ge)‘2 < (weel/w)?14, that is

Niow < Ne < Npigp. The energy absorption is maximum,

« Evanescence of helicon waves, propagation of strongly damped TG waves: (w¢e/w)?/4 <

(ck”/wpe)_z, thatis n, < njyy.
» Evanescence of both helicon and TG waves: (ck; /a)pe)_2 < Wcelw, thatis ne > npjigh.

Moreover the kinetic energy can be written in terms of the magnetic energy as [10]:

k?c?

Wie=——Wp (2.18)

Whe
This relation gives the following information, depending on the anomalous skin depth ¢/we:
helicon waves have their energy concentrated in the magnetic field (Wj, << Wg), while the
TG have energy mainly in the kinetic component (W, > Wpg). Thus helicon waves are
weakly damped because only a small kinetic part of their energy is accessible to be dissi-
pated by collisions. On the other hand, the TG wave energy is concentrated in the electron
motion.

In ref. [11] Degeling et al. launched in the WOMBAT large volume helicon source test
waves from a small disk antenna into a pre-existent, weakly magnetized cylindrical plasma
in order to investigate the conditions under which the electrostatic nature or the electro-
magnetic nature of the wave was dominant.

Fig. shows the dispersion relation for whistler waves. TG modes are located on the
extreme left and right, next to the dashed asymptote. The group velocity, as underlined by
Stix, is always perpendicular to the k surface. For a given kj, there are two values of k; : the
higher k; corresponds to the TG wave and the smaller k; corresponds to the helicon wave.

Fig.[2.1b|shows the surface of constant phase. Two cusp points can be observed: these
points correspond to the inflection points in the helicon part of the k surface of Fig.

Finally, Degeling et alter observed that the transition from electrostatic (TG like) to elec-
tromagnetic (helicon like) happens at a threshold electron density n;. This value decreases

with magnetic field and decreases strongly with increasing collisionality.

2.3.2 Power Deposition Mechanisms

The relevant Maxwell’s equations are

0B ) oD
VxE=—-—, VxB=pugj+ o

— 2.19
ot ot ( )
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Figure 2.1: The variation of k (a) and surface of constant phase (b) with 6, for w/w¢, = 0.1 with
wWpe! vV (w(wee —w)) = 100. The phase and group velocity resonance cone angles are indicated by
dashed lines.

Where j is the external current density due to the antenna. Starting from this equations,
in order to find the fields, some assumptions are to be made. The first strong assumption,
made by many authors (Chen and Arnush in Refs. [7, 12} [I3], Cho and Lieberman in Refs.
[T4H16], Shamrai and Taranov in Refs. [I0] and related) is that the plasma has a uniform
density. Then, the boundary conditions have to be chosen. For the plasma thruster case,
the pertinent ones are: insulating boundary for a finite size plasma column, as in [10] and
[14]. Chen and Arnush deal with the case of an infinitely long system, that is not pertinent
to a thruster set up. Following both [10] and [14], the fields are written as a double Fourier

series in azimuthal m = +1, +3 and longitudinal k; = Iz/L (where L is the system length and
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2.3 Wave Energy Deposition in the Source

[=1,2,..) modes.

E=) (E.(r)sin(k)z) + E;(r) cos(k 2)z)e'? (2.20a)
I,m

D= (D, (r)sin(k2) + D, (r) cos(kz)2)e"? (2.20b)
IL,m

B=) (D, (r)cos(kyz) + B;(r)sin(k; 2)z)e'? (2.20¢)
L,m

where the z direction is the direction of the constant magnetic field By = ByZ, and the trans-
verse components of the fields are E| () = E, (r)t + E@(r)é and the phase factor ¢ = mf —
wt.The cold plasma approximation, together with the Krook model to handle collisions, al-

lows us to relate the E and D fields using the dielectric tensor
i €xx €xy O
€= |—€xy €xx O], (2.21)
0 0 €z

where the elements are

2 .
Whe (L +1V/w)

€xx =1+ (2.22a)
o w2, —w? (1+iviw)?
2
W5 ,Weel W
pe ce
€xy=— (2.22b)
Vw2, —w?(1+iviw)?
2
w
pe
=1-— 2.22
€z w? (1+iv/w) (2.22¢)
Accordingly, D(r) = é-E(r) results in
Dy = €xxEy +exyEp (2.23a)
Dy = —€xyEr +€xxEp (2.23b)
D, =¢,,E, (2.23¢)
Analogously, the external current is written as:
i=Y Go(r)sin(ky2)0 + j,(r) cos(ky2)z)e'® (2.24)
Im
and the amplitudes of the Fourier modes of the antenna current are [17]:
Jo(r) =—=i(lg/mmL)sin(kya)o(r - ro) (2.25a)
Jj2(r) = —i(I4/m*1ro) sin(ky @) (r — ro) (2.25b)
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2. REVIEW OF HELICON THRUSTER RESEARCH

where I, cos(wt) is the RF current carried by the single loop antenna, a is the antenna length,
ro is the antenna radius. Up to now the different theoretical models agree, the differences
start when the boundary conditions are posed.

In Shamrai Taranov [10] the helicon source is a cylindrical metal cavity of length L and ra-
dius R partially filled by a cold uniform plasma of density n and radius ry < R. The waves
in the cavity are excited by a straight single-loop antenna which is located on the surface of

the plasma column as in figure Noticing that the antenna current j is a surface current

R ro
4 I R
A VR N P B I

T 9
\/

Figure 2.2: Helicon source geometry used by Shamrai and Taranov in [10]

located at r = ry, they proceed in solving Maxwell’s equations with j = 0 in vacuum (r > r)
and in plasma (r < ry) and then joining the solutions for r = r( (i.e. on the antenna surface),
where the symmetry of the antenna allows one to join the solutions for each mode sepa-
rately. Once the linear response of the plasma cavity to the external RF current is found, the
resonances of the cavity are found by solving the eigenvalue problem, which corresponds to
solving the dispersion relation. Now, a fundamental distinction between wide and narrow
vacuum gap d = R — rp is made: narrow gap corresponds to a conducting boundary, while
a wide gap means that the conducting boundary is far from the antenna and the plasma
column, thus an insulating boundary condition is reproduced. The condition for the wide
gap results in

d>d =FPR g Qe oz (2.26)

2\m|’ Whew

The second fundamental parameter is the strength of the external magnetic field (with fixed
collision frequency) that distinguish between strongly (By > B*) and weakly (By < B*) damped

TG waves.

., Mecw? 1
B” = —_—— (2.27)
e v ko

The relevant results of the paper can be summarized as follows:
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2.3 Wave Energy Deposition in the Source

e The antenna excites helicon modes only that are converted linearly into TG modes
near the edge of the plasma column, when the gap is wide (d > d*, i.e. insulating

boundary).

* When looking for resonances (i.e. the amplitude of a certain mode increases sharply),
all eigenmodes are hybrid, and the pure helicon resonance disappears. When By > B*
and the collisions are taken into account, no resonances are obtained, because of the
dissipative broadening that causes the resonances of different modes to overlap and

thus destroy each other.

* A helicon plasma source can manifest an anti-resonant regime of operation, where
one of the wave contributions (Helicon or TG) is negligible. (Remember that a finite
system that is forced by an external small-amplitude periodic source responds linearly
with an oscillation that is a superposition of different modes; in this case, each mode
is given by contributions from Helicon and TG waves.) The fundamental result found
by Shamrai and Taranov is that the TG anti-resonance condition in the wide gap limit
(d > d*) coincides with the resonance condition for a conducting boundary: the field
structure of the TG anti-resonance mode is the same as that of the eigenmode with

conducting boundary.

* The TG are strongly damped and disappear in a narrow surface layer in the plasma,
but when the TG waves are suppressed, due to an anti-resonance mode, the power
input is directed to the helicon waves that are weakly damped and can penetrate into
the bulk of the plasma, depositing their power. This explains the good agreement be-
tween the experiments (with an insulating boundary) and the calculation performed
with a conducting boundary: the TG modes disappear as they did in the TE approxi-

mation.

* The collisionless Landau damping is excluded because the parallel phase velocities

are high w/ k| > vy, with vy, the thermal velocity of the electrons.

* In conclusion, this model permits one to explain both the field profiles in the plasma
bulk as being attributed to the anti-resonance TG regime and the high absorption
efficiency as originating from the strong damping of the helicon waves due to their

linear conversion into TG waves near the plasma edge.
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2. REVIEW OF HELICON THRUSTER RESEARCH

Even though their derivation was based on the hypothesis of an infinitely long cylinder,
Chen and Arnush confirmed in [12] that, when the electron mass is included in the anal-
ysis, the power absorption of helicon waves is mainly due to the mode conversion to TG
waves at the plasma boundary, followed by a strong damping of the TG waves.

The most crucial blanks in these models are the hypothesis of uniform density and the
justification of the power deposition in the core of the plasma. An explanation in response
to the latter point was given using the argumentation that TG waves are in an anti-resonance
regime: when the TG mode disappears, more power is deposited in the bulk plasma due to
the absorption of the helicon waves only; as a result, the volume absorption is enhanced,
provided the total power input is fixed. But while this gives a satisfactory explanation for
the reduction of power coupled to TG waves, it remains unclear how this should relate to an
increased capacity of the (almost non-collisional) Helicon waves to deposit power into the
plasma.

In fact, Krdmer’s group claimed that, for sufficiently high densities, mode conversion is
unlikely to play a role for energy dissipation and heating in the core of the plasma. In ref.
[18], motivated by the observations of turbulent electrostatic fluctuations in helicon plas-
mas, Aliev and Kriamer studied the parametric decay instabilities in the Helicon regime, in
particular they investigated the parametric decay of Helicon waves into ion sound waves
and TG waves, which are highly damped. They started deriving the kinetic dispersion rela-
tion in the helicon frequency range (w.; < W < w¢,) taking into account both the ion and
the electron contributions. This way they are able to take into account the non uniformity of
the plasma. Then, they noticed that the linear mode conversion of electromagnetic waves is
not the only mechanism for exciting longitudinal (i.e. electrostatic, TG waves) in a plasma:
anon linear transformation due to the excitement of parametric instabilities may occur and
explain the anomalous heating in the plasma bulk. In the long wave limit (kjrz. < 1 where
rre is the electron Larmor radius) the parametric decay instability excites low frequency ion
sound and high frequency TG waves and the threshold for this instability, rather large in the
dipole approximation, becomes lower when the finite wavenumber of the driving wave is
considered: the parallel wave numbers of the driving wave and of the decay waves become
comparable and the three wave parametric instability can occur. The decay of the TG waves
contributes mainly in the dissipation of the Helicon wave energy: the anomalous Helicon
wave absorption can be described by an effective collision frequency, which is sufficiently

high to account for the observed strong power absorption in the plasma bulk.
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2.3 Wave Energy Deposition in the Source

More recently these results were confirmed in ref. [19]: they reported that there is a close
relationship between the excitation of electrostatic fluctuations due to the parametric decay
of Helicon waves into ion sound waves and TG waves, and the helicon waves absorption in
the bulk of the plasma column. It is still not clear whether the majority of the RF power is
actually transferred to TG waves.

The occurring of anti-resonance modes and of parametric instabilities are only two of
the most recent power coupling mechanisms proposed. Borg and Kamenski [20] proposed
that the dominant collisionless wave-particle interaction mechanism is the electron accel-
eration by the parallel component of the electric field, while the heating of electrons by wave
damping is dominant in the far field. In support for this thesis, they showed that, for low val-
ues of the magnetic field, the response of the electron energy distribution near the antenna
indicates a strong wave electron interaction. Landau damping has also been proposed by
Chen in ref. [7] as a mechanism responsible for the efficient heating. Landau damping is
responsible for trapping and acceleration of electrons by the helicon wave, in this fashion
energetic primary electrons are produced and are responsible for the ionizing collisions. Af-
ter these collisions, the electrons slow down and become low energy secondaries that are
reaccelerated by the wave. In support of this hypothesis are, for instance, the observations
by Gui and Scharer [21], who found that trapped electrons appeared as the magnetic field
amplitude is increased and that the electron energy distribution displayed a bunching of
particles with energies higher than the ionization potential of the gas. Other measurements
by Degeling and Scharer in ref. [22] showed a good correlation between the emitted radi-
ation and the phase velocity of the helicon wave. These observations imply that resonant
electrons are trapped in the wave reference frame. Anyways, collisions have a strong effect
on reducing the wave particle trapping and interaction by affecting the wave particle phase
coherence and so these effects should be less pronounced at higher pressures. In fact, Chen
and Blackwell [23] found that the number of phased fast electrons might not be enough to
account for the majority of the ionizing collisions.

While the debate is still open about which is the main process that drives power ab-
sorption into the plasma, it is largely recognized that linear (collisional) heating alone does
not give a satisfactory explanation of the experimental observations. The role of non-linear
processes, in particular under and near the antenna at low electron densities, cannot be

neglected.
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2. REVIEW OF HELICON THRUSTER RESEARCH

2.3.3 Numerical Simulation of the Electromagnetic Fields

The ANTENA code Mouzouris, Scharer et al. (ref [24] and following) developed the AN-
TENA code to calculate the 3D electromagnetic fields due to helical RF antennas (m=0 Stix
coil and a m=1 Nagoya type-III ) in a 1D cylindrical hot magnetized plasma, with uniform
magnetic field in the axial direction. The model also gives a profile for the radial power de-
position. The inputs to the code are the plasma density and plasma temperature, which can
be considered functions of the radius because their radial variation is approximated using
a stratified model. Ions and electrons are assumed to have a Maxwellian velocity distribu-
tion, and the collisions are handled using a Krook collision operator. Also, the code is able
to simulate Landau and collisional damping of the RF fields. The m=0 Stix coil was more
efficient in coupling the power to the plasma than the m=+1 Nagoya type-III for the radial
plasma profiles under study: the m=0 coil excites negligible amounts of the higher order
(m>3) modes, which raise the reactance of the source and increase the edge heating effects.

The m=0 coil also provides an improved directionality of the spectrum.

2.4 Transport Processes in the Source

Transport processes in a Helicon plasma source exhibit a quite complicated set of features,
and this is especially true if the source is designed for space propulsion applications. There
is little theory on the subject, and the zero-dimensional global models applied to common
plasma sources usually employ the following procedure: if the electrons are highly colli-
sional (that is, the frequency of electron-neutral elastic collisions is the highest frequency
in the system), then it is assumed that electrons have a Maxwellian distribution, and hence
they can be described by their density and temperature only. Moreover, if the ions are also
collisional (that is, an ion undergoes several collisions with neutrals during its lifetime), then
the charged particle transport is driven by ambipolar diffusion.

In this setting, the electron temperature is usually obtained from particle conservation,
balancing the electron production by ionization with the electron loss at the walls (where
recombination occurs); this requires knowledge of the (normalized) density profile in the
source, which comes from the solution of an ambipolar diffusion equation (in simple do-
mains, this is usually obtained by separation of variables). Once the temperature is known,

the electron density is obtained from energy conservation, balancing the input power (e.g.
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2.4 Transport Processes in the Source

from the antenna, the electrodes, or a laser) with the losses by inelastic collisions, ioniza-
tion, and recombination at the wall.

The following sections provide an overview of two more sophisticated semi-analytical
models, which take into account the presence of a magnetic field capable of magnetizing
the electrons, and which do not require ambipolar diffusion to be the predominant trans-
port mechanism. In this regard, they will give useful insight into the physics of the Helicon

plasma thruster.

2.4.1 Fruchtman’s fluid model

In 2004 Fruchtman et al. [25] developed a steady-state fluid model for a two-dimensional
magnetized cylindrical plasma source, and by means of that model they studied the typical
configuration of a Helicon plasma source. Such a model is based on the continuity and
momentum equations for electrons and ions, which are treated as two separate fluids. The

main hypotheses are:

* the plasma is in steady state, it is axially-symmetric, and it is contained in a closed
cylindrical chamber; this is not very realistic in the case of a thruster (which is open at

one end);
 the magnetic field is aligned with the axial direction, and it is uniform everywhere;

¢ the electron fluid has a uniform temperature T,, which is determined from a global

energy balance;
* theions are ‘cold), i.e. their thermal motion is neglected (7; = 0);

e the plasmais quasi-neutral (i.e. n; = n, everywhere exceptin the sheaths), with bound-

ary conditions that must match the pre-sheath requirements;

* the electron inertia is neglected, i.e. m, — 0 (hence, in principle, this model does not

apply to the range v, > w;p);

¢ the neutral gas is modeled as a uniform background with given density and tempera-

ture, which is only reasonable in a weak ionization regime (not relevant to thrusters);
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Following from the quasi-neutrality and the negligible electron inertia, the electric potential
¢ is determined from the electron momentum equation. This in turn gives the ambipolar
electric field, which strongly influences the ion dynamics. Particular attention was paid
to the modeling of ion-neutral charge-exchange collisions: they derived an approximated
general form for the resulting drag force on ions, a form that retains the nonlinear drag for
high ion speeds, as well as the effect of the neutral motion for low ion velocities.

Usually the variable separation technique is used within the diffusion approximation;
Fruchtman et al. extended the use of a variable separation beyond the diffusion approxima-
tion to cases in which ion inertia is retained. Accordingly, the two-dimensional equilibrium
was analyzed by solving two separate sets of ordinary differential equations for the axial
and for the radial directions, not only in the collisional regime, but also in the collisionless
regime (in which the ion inertia is dominant). The two sets of equations are decoupled ex-
cept for two parameters (one of them the electron temperature) which are present in both
sets. Upon imposing boundary conditions, the two parameters turn into eigenvalues of the
problem, which are solved using a global energy balance.

At a subsequent step, the axial and radial profiles are solved independently. The axial
model retains the full non-linear form of the ion drag force; an analytical solution shows
three asymptotic regimes depending of the ion Knudsen number: collisionless, linear dif-
fusion and nonlinear diffusion. The radial model uses a linearized drag force and neglects
the effect of ion inertia; to solve for the electron cross-field transport, the equations are in-
tegrated numerically.

This model splitting is very useful for acquiring a sound understanding of the qualita-
tive behavior of the 2D transport processes, before solving more accurate models. More-
over, this 2D model was used to interpret the experimental results, and in particular the
correlation between the imposed increase of the magnetic field intensity and the observed
increase in plasma density. Their results suggested that explaining such a density increase
as due to better radial confinement, implies that the electron collisionality should be much
larger than expected from electron-ion and electron-neutral collisions. When Bohm diffu-
sion was assumed, good agreement between theory and experiment was found; but since
the collisionality which would be required to cause Bohm diffusion is anomalously high in
their case, they suggested a different explanation: the increase in density may be due to an

improvement in the plasma wave interaction with the increased magnetic field.
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Regardless, the biggest deficit in this analysis is the assumption of constant neutral den-
sity. In fact, neutral density variation plays an important role in the Helicon discharge, as
measured by Denning et alter in ref. [26]: downstream of the antenna the almost complete
absence of neutrals causes the plasma density to remain constant when the coupled RF

power is increased. The power goes instead into the heating of the electrons.

2.4.2 Ahedo’s fluid model

Ahedo in ref. [27] addresses specifically the assessment of the propulsion parameters in
a Helicon plasma thruster, which is modeled as a cylindrical chamber open at one end to
vacuum. Although specifically interested in the axial variation of the physical quantities
(and ultimately with the ion speed at the exit section), Ahedo underlines the necessity of
using a 2D model in order to take into account the effect of the radial density gradient on
the overall transport processes. In particular, such a model handles the 2D effects caused by
the expansion of the geometrical area and the divergence of the magnetic field. Following
the example of Fruchtman et al. in [25], this model is based on the decoupling of the radial
and axial dynamics making use of an approximate variable-separation technique; again,
the electron temperature T, is constant and is determined from a global energy balance. (It
should be stressed that a reliable solution for T, could be found only from a self consistent
model of the plasma waves coupling, because the electron temperature depends heavily on
the spatial distribution of the absorbed power.)

The main novelty of this model with respect to the previous one is the self-consistent
inclusion of the depletion of the injected neutral gas while it diffuses along the axis of the
source.

Defining the velocity as u + ug0, with (u = 1,2+ u,t), the continuity equation reads
V- (neu;) = V- (nju;) = =V (npuy,) = nenpRion - (2.28)

The momentum equation for ions and electrons along the longitudinal (z+#) and azimuthal

directions respectively (é):

mineu;-vVu; = —en .V —m;n;(viu; +v;yuy) (2.29)
U2
0=-T,Vn,+en,Vo —en,BolgeZ+ men, (veue +Veillj + ﬂi‘) (2.30)
r
UgelUre
MeNeUe - VUge = eNeBolre — MeNe | Vellge + (2.31)
r
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2. REVIEW OF HELICON THRUSTER RESEARCH

where the collision frequencies for electrons and ions are written as: v¢(r,2) = Vign + Ven +
Vei and v;(1,2) = Vign + Vin + Veime/m;. The model takes into account the contribution
from ionization v;o, = n,R;0n(Te), electron-neutral collisions v, = n,Re; (1), ion-neutral

collisions v;; = nyR;,(lu; — uyl) and electron-ion collisions v,; = n.R.;(T,, ne). Now the

Debye sheaths inertial layer

___________________ e S

Figure 2.3: Sketch of the different plasma regions in the domain as in Ref. [27].

radial and axial dynamics are analyzed separately. The radial model considers the dynamics
of a magnetized plasma in an infinite cylinder, assuming longitudinal current ambipolarity

(ue = u;). The main results are the following:

* in the magnetized regime, the radial quasineutral structure consists of a bulk diffusive
region plus a thin inertial layer, of thickness equal to about a local electron gyroradius;
the transition between the two regions occurs when the electron azimuthal velocity is

of the order of the electron thermal velocity;

* the plasma pressure in the bulk region is balanced by the magnetic confinement force,

whereas the electric force is much smaller;
¢ the ion azimuthal drift is always negligible;

e the inertial layer, where electron inertia effects are dominant, provides the correct
value of the electron azimuthal energy that is later lost at the wall by the collected

electrons;

As concerns the axial dynamics, a model is obtained as the radially-averaged approximation
to the 2D fluid equations, in order to have z be the only independent variable. The density,

for example, becomes:

2 R
Ne(z) = ﬁfo rne(r,z)dr (2.32)
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where n,(r, z) comes from the radial model. The model starts from the axial fluid equations
of motion and the continuity equations, and introduces a set of normalized variables. Sim-
ilarly to the findings in the radial model, the i-n collisions only have a marginal role in the
plasma axial dynamics and can be safely disregarded in the analysis of the axial plasma re-
sponse. Nevertheless, i-n collisions can still be important for the neutral dynamics, which
are not taken into account.

Finally, a global energy balance is carried out in order to determine 7, and the total
ionization current in the form I, = em/m;, valid for singly charged ions. If lateral-wall
losses can be neglected (an assumption that is reasonable because there can be very good
radial confinement with only a small amount of electron azimuthal current), then, for a
given absorbed power, a trade-off has to be made between the injected mass-flow and the
plasma temperature, which mirrors the well-known trade-off between thrust and specific
impulse.

While the radial losses are negligible for high enough values of the magnetic field in-
tensity (higher than about 600 G), there is instead no confinement at all near the rear wall.
These high losses seem to place the internal efficiency below 40%. The article, therefore,

suggests a design modification: to create a magnetic mirror near the rear wall.

2.5 Plasma Acceleration in the Magnetic Nozzle

The last step is the investigation of the acceleration of a collisionless plasma jet with a large

radial gradient of the plasma density.

2.5.1 Semi-analytic Fluid Models

Ahedo et Al.

In 28] Ahedo and Merino extended to two dimensions the 1D fluid model developed by
Ahedo in [29]. In the nozzle of a Helicon Plasma Thruster, due to the plasma expansion,
the ambipolar electric field induces a supersonic ion beam; since this beam is current free,
there is no need for an external electrode to neutralize the exhaust. Ahedo [29] analyzes
the influence of the formation of a Current-Free Double Layer (CFDL) in a de Laval (i.e.,
convergent-divergent) nozzle on the propulsion parameters. In 2009, Ahedo and Sanchez
[30] presented a model of the formation of a stationary CFDL in a collisionless 3-species

plasma expanding through a de Laval nozzle. There are two electrons species following the
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Boltzmann relation at the temperatures T}, (hot) and T, (cold), but the ion density is found
by imposing the continuity and energy equations. More recently in 2011 [31], the same
analysis was specialized to a HDLT, and the propulsive parameters were assessed.

Three species are considered, as in the older model by Sato and Miyawaki [32], but the
ion properties are found as in the model by Andrews and Allen [33], where four particle

groups were considered. The densities are written as:

T T,
Nep = ne,hoee(p/k by Nec= ne,cOee¢/k ¢
G; (2e¢)‘“2 (2.33)
n:= = |22
! A\ m;

where G; is the mass flowin [1/s], the area A varies along the axis according to the convergent-
divergent design of a de Laval nozzle: A(z)/Ar=0— (0 — l)e‘zzle, where 0 = Ag/Ar, At is
the area at the throat section, A is the area at the exit section. The densities and the area
function are used in Poisson’s equation.

The non-dimensional particle flux (in each quasineutral region) is studied as a function

of the variables:

el }’lo ) ] \/W) Te, nO ) TC
where ny = npg + nep.
gW) = fieit; = 2yl — a)e? + ae V'] (2.34)

In the three species plasma, g() presents from one to three local extrema depending on
the parameters « (the density ratio of the hot electrons to the total) and 7 (the ratio between
the hot and the cold electron species), as reported in fig. For T, > (5+ V24 T, ~99T,,
two maxima appear at —e¢ ~ T,/2 and —e¢ ~ Tj,/2. For some values of a = nyy/ngy a quasi
neutral solution does not exist: in the interval « (1) < @ < a27 no fully quasineutral plasma
expansion is possible.

The influence of the second species of electrons is shown in fig. where the potential
drop and the energy beam increase as a increases, which is expected because the energy
stored in the upstream plasma increases too. But when nyy/ny ~ 0.46 something happens:
the potential profile has the maximum steepening and the potential value at the sonic point
changes from ~ T./2e to ~ Ty/2e, relative to the upstream plasma. In addition, the energy

of the ion beam increases very little after this value.

30



2.5 Plasma Acceleration in the Magnetic Nozzle

0.5 . . T T
Fully quasineutral expansion
0.4r 1
i S o
e
* s _ DL in convergent side
0.3¢ sy _ 1
3 DL atthrogt. === .:(E; -
&y
0.2r 1
DL in divergent side
0.1 \ 1
Fully quasineutral expansioﬁ\
0 L L L . S
5 10 15 20 25 30
T

Figure 2.4: Normalized particle flux g(y) vs hot electron normalized density a and hot to cold
electrons temperature 7. Between the solid lines the DL will form: between «; and a3 the DL
appears in the divergent zone, while between a4 and @, the DL is on the convergent side. From
129].
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Figure 2.5: Representation of the influence of a second species of electrons: normalized poten-
tial and density vs the normalized spatial coordinate, for different values of hot electron densi-
ties. Profiles for Ty, =9T,, Ap = 3Ar, for several nyg = ng. From [29].

The value of @, moreover, defines the position of the DL, but DLs have different char-
acteristics when they are in the convergent or divergent zones. From Ahedo’s analysis, the

simple monotonic DL will exist only in the divergent nozzle.
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The thrust and the specific impulse are:
T= G,-Ml-uiE+peEAE, Isp =T/m;G; (2.35)

where G; is the ion flux, u;g is the exhaust velocity and p, = Tyny + Tcn is the electron
pressure. The relative dimensionless parameters are the thrust coefficient and the specific
impulse coefficient (a measure of the exhaust velocity compared to the sound speed at Tgy):
F c Isp&o
=, (=
peOAT VTeo!mj

where gy is the gravity acceleration and all 0 values refer to upstream conditions.

CF (2.36)
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Figure 2.6: Propulsion coefficients vs hot electron normalized density «, for different hot to cold
electrons temperatures 7 and nozzle configurations o. From [29].

The conclusions which can be drawn from the analysis of figure[2.6]are:

* Introducing a second species always means a gain in the specific impulse, the gain is

bigger than the one due only by the increasing internal energy.

* The maximum propulsion gain can be increased either by increasing the temperature
of the electrons (ref. [34]) or by increasing the magnetic field strength (i.e. the nozzle

expansion area [35]).

* There are both gains and losses in cg/crg depending on a, 7, 0.
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2.5 Plasma Acceleration in the Magnetic Nozzle

e The DL has no role in the propulsion gains, only the presence of the hot electrons
does. The DL formation is just a consequence of the expansion of the three species

plasma.

When the plasma jet, at the entrance of the magnetic nozzle, is uniform, current-free,
with no swirling (i.e. ion rotation) and no Hall current, the 1D model is valid for predicting
the variation of the biggest part of the relevant physical quantities, however, 2D effects are
more important for quantities that experience large radial variations, such as the plasma
density and the ion current density.

When the focused nature of the plasma jet is taken into account, the radial structure of a
plasma produced inside a cylindrical dielectric vessel of radius R with a strong applied axial
magnetic field By, parallel to the vessel, is represented as a bulk diffusive region and two thin
layers (a quasineutral inertial layer and the Debye sheaths). The main differences between
the uniform and focussed jet cases are in the radial profiles of the plasma density and related
magnitudes. These quantities have a big impact on the efficiency of the ion acceleration
process along the nozzle: the efficiency is higher for the focussed jet case, because of the
concentration of most of the plasma near the axis, where radial forces are small. As a matter

of fact, the radial expansion of the plasma jet reduces the thrust efficiency.

2.5.2 Numerical Models

Winglee et al.

In [36] Winglee et al. develop 3D fluid simulations to investigate the effect of magnetic
nozzles near the source and the far field characteristics of the plasma stream that expands
into free space. In particular, the ability of a magnetic nozzle system to provide collimation
of a plume from a plasma thruster is fundamental in increasing the propulsive efficiency
that accounts for the conversion of the thermal energy in axial ion velocity. The simula-
tions also do not include neutral interactions, since the hypothesis of collisionless expan-
sion is reasonable when looking at the expansion of the plasma into free space. Moreover,
the code does not treat the physical processes within the source region itself (i.e. plasma
wave coupling and ionization), so that the plasma properties upstream the nozzle are given
as a boundary condition.

It is shown that the magnetic nozzle can be very important in shaping the characteris-

tics of a plasma plume. Most important is the result that the plasma can be guided by the
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magnetic nozzle without having to be strictly tied to the magnetic field lines. Successful op-
eration of the nozzle (i.e. improved plasma efficiency through the use of the nozzle) can be
achieved if the plasma enters the nozzle with a velocity less than the Alfven speed and with

alow Beta (that is, the ratio of the thermal pressure to the magnetic field pressure).

Meige et al.

In [37] Meige, Boswell et al. developed an hybrid code for the simulation of a current-free
DL in an expanding plasma. The ions are treated kinetically as macroparticles, while the
electrons as a fluid following the Boltzmann relation: n, = ny e??!koTe) \where the reference
density ng(?) is found by imposing the equality of electron and ion flux at the boundaries of
the domain. The model takes into account the ion-neutral charge exchange and elastic col-
lisions; both kinds of collision are modeled taking into consideration the three-dimensional
velocity of the ion that experiences the collision.

In order to achieve the steady state, the ions that leave the system are reloaded into the
system with a Maxwellian distribution. The effect of the plasma expansion is simulated by

removing the particles from the system at a frequency that depends on the particle position,
as sketched in Fig.
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Figure 2.7: On the left: particle loss frequency vs position in the source; this allows the simula-
tion of plasma expansion in [37]. On the right: density and potential vs position, as observed in

[37]; a potential drop of 14 V over a few Debye lengths is observed, and suggests the formation
ofaDL.

Due to the expansion, a sharp drop in the electron density is created and, as a con-

sequence of the resulting potential drop, a supersonic ion beam is observed downstream of
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the DL. A novelty presented in this paper is the way the inductive heating is simulated, with-

out solving electromagnetic field equations. The heating is modeled by using experimental

data taken from the Chi Kung helicon system, shown in figure[2.8)when an RF electric field

Ey atw/2m =10 MHz is applied in the source region in the direction normal to the z axis. The

control parameter in the code is the current density amplitude Jy, which is uniform in the

source region. Jy determines the electric field amplitude and avoids electrons overheating.

The heating mechanism described appears not to introduce any anomalous spatial varia-

tion of the potential, and thus is particularly suitable for the modeling of the ion acceleration

in the Chi Kung system.

Summarizing, the relevant features of this paper are:

* The density profile determines a potential profile that shows a drop compatible with
the formation of a current-free double layer. As expected, the formation of this current-
free double layer is subject to the choice of the loss frequency imposed, i.e. the expan-

sion rate, as shown in Fig.

The simulation shows a high energy ion beam downstream of the DL structure.

On the other hand, the electrons are in Boltzmann equilibrium everywhere in the sys-
tem, at the same temperature.

These results agree with some theories and are in contrast with others. In 1970 An-
drews and Allen in [33] investigated the formation of a 'double sheath’ (later called
DL) in an expansion zone in a gas discharge tube. The species considered in this work
are four: thermal electrons, accelerated electrons, thermal ions and accelerated ions.
More recently, this same procedure was followed by Lieberman in ref [38]. In that
work, however, the accelerated electron distribution is considered to be near half-
Maxwellian, rather than monoenergetic.

In 1981 Perkins in [39] introduced the definition of the ‘current free double layer’
(CFDL). Perkins makes the hypothesis of the existence of a single electron species at
constant temperature: the CFDL forms without the need for two different electron
temperatures. Finally, in 1992 Sato and Miyawaki in [32] showed the formation of a
CFDL in a two electron temperature plasma (cold downstream and hot upstream).
Recently this set up has been improved by Ahedo and Sanchez in [30].

The simulations conducted by Meige [37] seem to confirm that a single electron pop-

ulation in Boltzmann equilibrium is sufficient for realizing a CFDL.
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Figure 2.8: On the left: experimental and numerical configuration used in [37]. The numerical
model is 1D in space, as all calculated quantities depend on the longitudinal position in the
chamber (x axis). The electron heating in the numerical model relies on experimental data
from the Chi-Kung horizontal helicon system, and is due to a uniform RF electric field at 10
MHz that lies in the yz plane. The plasma expansion in the diffusion chamber is modeled with
a loss process that removes charged particles at a given loss frequency.

On the right: plasma potential as a function of the axial position, obtained for the different loss

frequencies, at a pressure of 1 mTorr.

This model seems to be fast and to address all the issues of the helicon thruster except
the plasma detachment from the magnetic field lines. However, the electron heating re-
produces specifically the experimental Chi-Kung apparatus, and thus is not suitable for the
description of other systems. Moreover, PIC codes are known to have some weaknesses:
to have a good statistical sample, the simulation requires a large number of particles, thus

strong gradient regions, e.g. a DL, are not easily addressed.

PPDL

Very similar to the model proposed by [37] is PPDL (“Padua Plasma Double Layer”): an
electrostatic hybrid code with PIC ions and Boltzmann electrons, developed by Carlsson
and Manente [40]. The main novelty of PPDL is the implementation of an implicit Poisson
solver, that embeds the charge conservation. This feature guarantees numerical stability
for time steps longer than the electron plasma period and cell sizes larger than the Debye

length.
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The goal of this code is the simulation of a current free double layer in an expanding
magnetic field, thus PPDL does not include an electron heating module. However, even with

these limitations, the potential drop and the supersonic ion beam are observed (figf2.9).

2.6 Complex Numerical Models

In the mechanism of the coupling of the helicon waves to the plasma, the plasma response
to the energy deposition plays an important role. In fact, the plasma response is contained
in the conductivity tensor that appears in the wave equation, and in the self induced elec-
trostatic fields. Thus, power coupling and plasma dynamics are intrinsically coupled and
have to be modeled in a self consistent way. The main numerical models that allow for this

self consistent treatment are summarized here.

Bose et al.

Bose et al. [42] numerically simulate the wave propagation and plasma transport in a two-
dimensional axisymmetric plasma. Solving the plasma transport equation together with the
Maxwell equations self-consistently, they are able to study the profile of the power deposi-
tion versus the radius in a relatively high-pressure (10 mtorr) helicon discharge.

As concerns the plasma transport equations, the electron motion is assumed to be col-
lisional and diffusive, and the ion motion is taken to be independent of the magnetic field.
As concerns the wave equations, the fields and currents are split into constant and time-
varying terms, where time harmonic variation is assumed. The ion response to the time-
varying fields is neglected and the electrons are assumed to have a Maxwellian distribu-
tion. The antenna is considered only in an azimuthal symmetric configuration (mode m=0).
Under these hypotheses the sinusoidal steady state version of Maxwell’s equations, Ohm’s
law and the charge transport equation are integrated numerically using the semiconductor
equipment modeling software (SEMS) developed at NASA Ames [43].

The self consistent model consists of two modules implemented in SEMS: the first im-
plements the plasma transport and heating, along with the equations for the compress-
ible gasdynamics of neutrals; the second implements Maxwell’s equations in a dispersive
lossy media, and is dedicated to the wave propagation and power deposition. The self-
consistency between the two modules is obtained by exchanging relevant pieces of infor-

mation at every time step. The power profile averaged over the RF period is obtained from
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Figure 2.9: On the top: In red is potential vs position, in green relative difference between den-
sities of ions and electrons; a deviation from quasi-neutrality can be observed corresponding to
the jump in the potential profile. On the bottom: Ion Mach number vs position; the supersonic
ion beam due to the acceleration in the DL is visible. The simulation is run with the following
parameters: 19 = 10'> m3, T; = 0.1 eV, T, = 10 eV, according to [41]. The exit in space is located
at the left of the domain, the spacecraft wall is on the right.

the wave model and it is used in the energy equation for electrons:
1 *
Peyy = Euw ‘Eyl
J

0 (3 5
E EnekBTe +V- EnekBTeIe =-=V-qe+ Pext+ Pchem
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here J. = n.u, is the particle flux, P,y is the electron energy lost or gained due to elec-
tron impact inelastic and chemical reactions, P, is the power deposition into the plasma
by the antenna, J,, is the complex conjugate of the wave current amplitude and E,, is the
wave electric field amplitude. In turn, the conductivity tensor o is obtained from the plasma
module from the plasma density and temperature, and it is used in the solution of the wave
equation.

The results obtained for pure Argon gas at 10 mtorr pressure, flowing at 100 Atm cm3/min,

with a total discharge power deposition of 500 W, can be summarized as follows:

* the wave propagation occurs via two modes: the large wavelength helicon mode and
the short wavelength TG mode. For low imposed magnetic fields (B < 10G), the he-
licon waves are evanescent and only the TG waves can reach the plasma core. Con-
versely, for high values of the imposed magnetic fields (B > 10G), the TG waves are
strongly damped at the plasma periphery, whereas the helicon waves reach the plasma

core.

* According to what was predicted by Shamrai and Taranov in [10] and [8], the radial
current amplitude falls to zero near the surface, whereas the axial current has a peak.
The latter current is converted into displacement current, appearing as a space charge
wave (i.e. the TG mode) that rapidly drops away from the surface due to an efficient

damping.

* The figure on the left of2.10|shows the contours of the power deposition in the cham-
ber. In the unmagnetized case, the power deposition occurs in the skin layer near
the antenna coils. As the magnetic field is turned on, a volumetric power deposition
is observed, even if a consistent portion of the power is still absorbed via collisional
damping of the TG waves next to the surface. In the 100 G case, two power absorp-
tion peaks can be distinguished: one occurring next to the axis and the second next to
the chamber wall. The first peak is due to the power deposition by the helicon waves,
while the second peak is due to the damping of TG waves near the plasma periphery.
Finally, at 400 G, the power profile is highly peaked near the surface, where almost all
of the power deposition occurs. These results agree with the theoretical predictions

made by Arnush and Chen in [12] and [13].
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¢ The figure on the right of[2.10]shows the contours of the electron density in the cham-
ber. As the B field is increased, the peak in the density profile moves into the larger
volume chamber, away from the helicon source, because of an increased volumet-
ric power deposition. The peak density does not significantly increase with magnetic

field, as one would expect. This is because the effective plasma volume also increases.
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Figure 2.10: On the left: contours of power deposition density. On the right: contours of the
electron density. Simulation is for pure Argon gas at p = 10 mtorr pressure, flow rate of 100 Atm
cm?/min, and total discharge power deposition of 500 W.

The main weakness of this model is the use of a fluid approach for the plasma dynamics.
The fluid approach does not describe the evolution of the electron distribution function,

that is a fundamental issue in the investigation of trapping and collisionless wave-particle
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interactions. Moreover, this model lacks a description of the plasma acceleration in the

magnetic nozzle.

Kushner et al.

In 2009, Kushner published a review paper [44] describing the Hybrid Plasma Equipment
Model, which can be considered the most complete set of tools for the simulation of low
temperature plasmas. This hybrid model combines different modules which address differ-
ent physical phenomena; different versions of the same module use different computational
algorithms, which aim to best match the operating conditions.

Indeed, this hybrid model allows one to address a wide range of physical and technolog-
ical phenomena. According to [45], a proper selection of the modules should permit one to

simulate a Helicon plasma source in detail. The relevant modules used in [45] are:

* Electromagnetic Module (EMM):
This module solves the following wave equation for high frequency sinusoidal steady
state, neglecting the ion current:
V(lV-E)—V-(lVE)—wzeEz—iw(la+j(r)) (2.37)
K H
here J, is the antenna current density. In particular, in the implementation in [45],
the EMM returns a 3D field solution for an azimuthally symmetric applied magnetic
field, and the azimuthal antenna current for a m=0 mode. As input, the material prop-
erties at the boundaries are given, as well as the plasma current j(r), as a function of
the position r. (In the cases where electron heating is local, i.e. the electron energy
relaxation length is much smaller than the system dimensions, a warm conductivity

tensor is used to find j = G E, instead.)

* Electron Energy Transport Module (EETM)
This module solves the Boltzmann equation and its moments given the fields E(r),
B(r) and Bsatic(r), and the species density 7(r). In particular, being interested in the
non-local heating mechanisms, the EETM is used in the configuration that imple-
ments the Electron Monte Carlo Simulation. This module provides j(r) as a “phase
derived integral of electron trajectories” [44], which contains the past history of elec-
tron acceleration by the fields E(r) and B(r).

The outputs of this model are the electron distribution function f,(g,r), the electron
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impact rate coefficients k. (r), and the source terms for electron impact processes (i.e.

collision frequency per atom or molecule) S,(r).

¢ Fluid Kinetics Poisson Module (FKPM)
Finally, the FKPM module, in the so called fully hydrodynamical version, implements
the fluid equations of continuity, momentum and energy to evaluate the densities
n;(r), the fluxes I'; (r) and the temperatures T (r) of charged particles and neutrals.
Due to the tight coupling of the electrostatic fields and the densities of charged parti-
cles, this module implements the Poisson’s equation to evaluate the electric potential

¢(r) and hence the electrostatic field Egagic (1).

The flow chart describing the information flow among the various modules is shown figure
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Wave frequency w = 13.56 MHz with currents 180° out of phase
Ar gas at pressure 10 mTorr, flowing at 50 sccm

Power deposition of 1 kW

Figure 2.11: Information flow in the Hybrid Plasma Equipment model, in the implementation
used for the simulation of a Helicon plasma source, as described in [45].

In [46], the objective is to investigate the coupling of electromagnetic waves to the plasma
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and their effects on the Electron Energy Distribution Function. In order to study the non lo-
cal power deposition due to the helicon mode downstream of the antenna, the TG mode
propagation is suppressed setting the term V- E to zero (i.e. quasi neutrality is imposed).
The magnetic field is allowed to vary between 20 and 300 G. As a result of the self-consistent
simulation, the Landau damping term accounted for at most 15% of the total collision fre-
quency, and resulted to be most influential in the low electron density or high magnetic
field regimes. Under these conditions, the increase in the effective collision frequency due
to Landau damping can shift the position of the peak power deposition to higher magnetic
fields, as shown in Fig. However, the Landau damping effect has only a minimal effect

on the power deposition efficiency.
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Figure 2.12: On the left: The Trikon PMT MORI helicon source: experimental geometry used in
the simulation in [46]. Simulation parameters: Argon gas at 10 mTorr, 1 kW power deposition.
RF coils are operated 180° out of phase at 13.56 MHz.

On the right: on axis value of electron density as a function of static magnetic field in solenoidal
geometry with and without the collisional Landau damping term.

Increasing the magnetic field, the electric field propagation progressively follows the
magnetic field lines and significant power can, indeed, be deposited downstream. The tails
of the EEDFs are enhanced in the downstream region, indicating some amount of electron
trapping and collisionless acceleration by the axial electric field for electrons having long

mean free paths.
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By including the divergence term in the solution of the wave equation, the TG modes
are also included in the wave equation solution. The results indicate that the effect of the
TG mode is to redistribute the power deposition near the coils. The propagation of the heli-
con component is little affected, particularly at large magnetic fields, when the TG mode is
damped: for the m= 0 excitation, the TG mode does not significantly contribute as a heating
mechanism.

More recently in [47], the Electromagnetic Module was upgraded in order to account for
the three dimensionality of the power coupling in the helicon source, for the m # 0 cases. As
a first case, the electrostatic terms are excluded from the solution of Maxwell’s equations in
order to reproduce the transition from the inductive coupling to the helicon wave mode for
an m = +1 plasma source. It was shown that plasma sources may have helicon-like waves but
still operate in a dominantly inductively coupled mode. Secondly, the electrostatic terms are
included in the solution of Maxwell’s equations. The results show that the biggest fraction of
the power is deposited at the periphery of the source and that the helicon damping length
is shortened.

The Hybrid Plasma Equipment Model, in the configuration proposed in [47], is clearly
the most complete description of the plasma evolution in a Helicon source. The model is
very complicated and allows one to treat the most disparate cases, but it was not designed
for the simulation of a Helicon thruster, thus a more specific version should be developed

in order to address properly thruster performance.
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In this chapter we discuss some of the issues arising as we attempt to define the most appro-
priate approach to modeling a complex physical system. The later chapters employ a variety
of types of model, and in this chapter we lay the groundwork which determines which types
of model are most effective. As we shall see, we need different types of models in differ-
ent circumstances. Some of the models employed in this thesis are very detailed indeed,
some are relatively simplified, and yet both are necessary to understand the system we are

studying, as we shall see.

3.1 Purposes of Modeling

In Computational Physics, a useful and reliable numerical model builds upon several im-

portant features:
1. purpose for modeling;
2. selection of the important physics;
3. mathematical models;
4. numerical methods of solution;
5. code implementation;
6. testing procedure;
7. error analysis and limits of validity;

8. proper use of the code to run Numerical Experiments;
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9. analysis of the results.

It should be stressed that each of the points above is related to the others, and better so-
lutions may come up during the development process. As a result, several iterations may
be necessary. Evidently, it takes a considerable effort to overcome all difficulties, especially
because unspotted errors committed in any of the points above may jeopardize the whole
project.

In the field of Plasma Physics, despite the amount of energy and skill devoted to develop-
ing sophisticated numerical models, these models have not led to important breakthroughs
so far. There are probably many concurrent reasons why this happens, and in particular,
points 1 and 2 in the list above appear to be often underestimated or overlooked. So, what

are the purposes of modeling?

* theoretical investigation, i.e. verifying whether a physical theory correctly describes a

specific phenomenon;
* gaining insight into complex physical phenomena;
* design and optimization;

* indirect measurement, i.e. using the model to obtain estimates about certain physical

quantities that cannot be measured otherwise.

3.2 Hybrid Models

It has become common practice to employ large scale computational models consisting of
several essentially unconnected pieces, in many fields of physics and elsewhere. The pieces
which form the components of the overall model are typically intended to describe subsys-
tems within an overall physical system. So, for example, in plasma physics separate models
are often employed for ions, electrons and neutrals, as well as for the electromagnetic fields
which the charged particles experience. There may also be separate models for external cir-
cuits, surface interactions, and so on. If all of these subsystems were described in the same
level of detail (a concept that cannot be defined here) and in a seamless way, then the term
‘multiphysics model’ is perhaps the most appropriate to use. However, in addition to there

being a need to include different physical subsystems, there is often motivation to separate
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those systems in order to simplify the computational task, and when the parts of the physi-
cal system are separated one may find that including more or less detail about the individual
components is more appropriate. Then, for example, a fluid model can be used to describe
the ions, but a kinetic model to describe the electrons. This combination of different types
of model for different subsystems is referred to as a ‘hybrid model’.

The natural questions which arise include, how should the most appropriate types of
submodels be chosen? This issue is discussed in section[3.2.1} where the possibilities avail-
able in plasma modeling are outlined. In this section it is argued that many hybrid models
use inappropriate combinations of levels of description, so that effort put into describing
one subsystem is wasted because of the lack of accuracy in the description of other subsys-
tems.

There is another issue associated with the different levels of description of physical sys-
tems that are available. It is a general opinion of the author that the testing of any large
scale simulation requires the use of as many different types of calculation, employing dif-
ferent levels of detail, as possible. A High Level of Detail (LOD) simulation will presumably
include all the physical effects considered relevant, and thus will often make use of three
spatial dimensions, and so on. Unfortunately, a high-LOD simulation is computationally
expensive and typically its predictions are difficult to understand, which may imply that the
model is difficult to test. On the other hand, a low-LOD calculation is generally not likely to
be accurate enough to provide satisfactory simulation results, but it may be straightforward
to solve and to understand. As will be described later on, the comparison of these different
models may be one of the rather limited set of options available for testing the components
of the overall hybrid model.

Section [3.2.2] describes the iteration of the hybrid model. It is probably conventional
to employ the highest-LOD submodels available, in an iteration scheme that takes a point
value from submodel 1 and passes that data to submodel 2, which then is run until it finds a
solution consistent with the input it was given. It then passes point data to submodel 3, and
so on. A schematic of this process accompanies many papers on the subject, and consists
of a number of large boxes representing the high-LOD submodels, passing information be-
tween them. It is opinion of the author that this approach is often suboptimal, and at least
should be considered more carefully. An example employing a simple plasma system will be
considered. Where possible, it is preferable to pass data based on a physical understanding

of the likely behavior of the submodel. In other words, if it is understood that the electron
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behavior reflects that they have a certain temperature, then the data passed from the elec-
tron submodel should reflect that, rather than simply passing values for (say) the electron
density, which is then seen to be a derived quantity which depends on the temperature and
the voltage. If the information which is passed in this example is the temperature, then the
other submodels can perform a much more robust iteration than if the information which
is passed is the density. In some cases the above considerations will mean that low-LOD
models provide a more meaningful basis for passing information between high-LOD mod-
els than the use of point data. The low-LOD model in the example will suggest the use of
the temperature, to be used in the Boltzmann expression for the electron density, as a more
meaningful quantity to pass than values of the electron density obtained by the electron

model for a given set of point values of other quantities.

3.2.1 Levels of Description of the Physical Components of a Plasma Source

A question that arises naturally when one begins to set up a hybrid model is: How should
the appropriate level of detail (LOD) for each submodel be chosen? One can easily define an

‘ideal approach’, which is probably very close to the following:
1. first, one should identify the quantities of interest, and define the required tolerances,

2. then, the sensitivity of each quantity with respect to various parameters should be

assessed,

3. parameters on which the sensitivity is high require a high precision, and hence a high-
LOD model,

4. parameters on which the sensitivity is low can be evaluated with less precision, and

hence a low-LOD model suffices.

Unfortunately, point 2 in the approach above is very demanding. In fact, in order to directly

evaluate those sensitivities, there are just two options:

1. obtaining the sensitivities experimentally; this requires one to set up an experiment
with the capability of measuring the quantities of interest and the parameters which
influence them, and to run a huge test campaign where each of those parameters
is varied within a prescribed range; even if a factorial design may reduce the total

number of tests, this is clearly an overkill approach;
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2. obtaining the sensitivities numerically; this can be done if a detailed multi-physics
model is already available; assuming that this is the case, and assuming that the code
is fully tested and validated, such a huge campaign of simulations is extremely com-

putationally expensive, slow, and error prone.

It should be pointed out that there is no real error underlying the ‘ideal approach’ pro-
posed, but the question may be ill-posed: defining a-priori the LOD of the submodels re-
quires more information than is usually available. As another way to put it, the detailed
a-priori definition of the LOD of the submodels does not appear to be an effective proce-
dure. In fact, most often it is the accumulated experience on the system under study that
suggests the modeling approach to be employed in each subsystem.

As it is extremely common in numerical modeling, an alternative approach may rely on
iterations: for each subsystem, different submodels should be created, which use a different
LOD. Comparing the results obtained with a high-LOD and a low-LOD model, may provide
an order of magnitude for the required sensitivities, or it may suggest a different subdivision

into submodels, so that the process is started over again.

3.2.2 Iteration and Data Exchange in a Hybrid Model

Another fundamental question that arises early in the design of a hybrid model is: what is
the best way to exchange data between the different submodels?

The standard approach is to pass point values: the data to be exchanged lie on a mesh
on which two submodels (called A and B) have access, submodel A keeps a set of data D,
constant (e.g. the electron density) while it updates another set of data D, (e.g. the elec-
tric field); submodel B does the exact contrary (i.e., in this example it changes the electron
density while maintaining the electric field constant). There are several ways to couple sub-

models that exchange point values:

explicit coupling: here simply submodel A updates D;, then B updates D, and so on by
marching forward in time; this method can be employed in the simplest cases, by
staggering in time the discrete states of the two data sets, or by employing operator
splitting; it may require time-steps exceedingly small due to accuracy or stability re-

quirements.
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implicit coupling: here D; and D, are updated together, i.e. their new state is computed
self-consistently; in order to do this, one of the following iterative methods are em-

ployed:

1. Picard algorithm: this is an extension of the explicit coupling, where A corrects
the state of D;, and B corrects the state of Dy, alternately, until the corrections
fall below a prescribed tolerance; this method lacks of a theory for convergence,

and even when it converges, it may converge too slowly or to the wrong solution;

2. Newton algorithm: this method is much more robust than the above, and it is
guaranteed to converge if the first guess is sufficiently close to the solution; as a
drawback, it requires the calculation of the Jacobian matrix of the coupled sys-

tem, and such a matrix must be updated at each time step;

3. quasi-Newton Jacobian-free algorithm: this approach is a simplification of the
Newton method, in that it uses a difference approximation for Jacobian-vector
products, as occurs in iterative solvers algorithms such as GMRES; it has the ad-

vantage that the Jacobian matrix does not have to be computed explicitly.

Whatever the coupling method used, passing point values may not be the most cost-
effective way to exchange data between submodels.

An alternative approach may be suggested, which uses the low-LOD versions of the sub-
models to exchange data between the high-LOD counterparts. The low-LOD models may
be coupled with each other using one of the aforementioned standard algorithms, perhaps
passing point values of the ‘most stable’ quantities; if the level of description is sufficiently
low, one could even pass fitted curves or surfaces, obtaining a further speedup. Within the
same subsystem, submodels at different LOD would interact with each other two-ways:
from high-LOD to low-LOD, we employ model reduction; from low-LOD to high-LOD, we
employ extrapolation, which should use data from the previous detailed solution.

This multi-LOD approach to hybrid modeling is believed to have several interesting

characteristics:

1. it combines the advantages of the high-LOD models, which can address the relevant
physics, but are computationally intensive and difficult to test, with the advantages of
the low-LOD models, which are not accurate enough, but they are an agile tool to use

and couple with each other, and they are easy to test against analytic results;
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2. within each subsystem, different LOD models can be tested against each other;

3. coupled low-LOD models often make it possible to assess the sensitivity matrix for the
relevant quantities, which is obtained from the Jacobian matrix; hence, there is better

control of the errors and the uncertainties produced in the simulation;

4. if high-LOD submodels can be restarted ‘smoothly’ at each iteration, faster conver-
gence and better robustness is expected, especially in steady-state problems, for two

main reasons:

(@) low-LOD submodels run much faster than their high-LOD counterparts,

(b) the coupled low-LOD submodels effectively cut-off the high-frequency and lo-
calized phenomena that would effect the high-LOD solution.
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The Use of a Simple Global Model in Creating a
Hybrid Model

4.1 Preliminary Analytic Modeling

Characteristic quantities in cold plasmas may vary by several orders of magnitude. Hence,
it is critical to make zeroth-order analytical estimates of such quantities, providing some
preliminary understanding of the phenomenon at hand. Most important, a well designed
analytical model can usually suggest which facet of the physics needs more insight, and it

can easily be a useful guide in the set up of a more detailed model.

Section discusses the effect of neutral dynamics on the plasma production in the
source, and ultimately on the propulsion parameters of the thruster. In order to simplify the
notation and to give sufficient generality to the results, non-dimensional parameters will
be introduced where appropriate, and a relation between these parameters will be derived,

which describes the most relevant physics.

Section couples the neutral and electron dynamics via the simultaneous solution
of three 0D global balances, providing useful order-of-magnitude estimates of the average
neutral and electron density in the source, and of the electron temperature. The introduc-
tion of two free parameters permits one to determine a wide range of acceptable solutions,
which will need further investigation. Characteristic mean-free-paths for the main colli-

sional processes are then obtained, enabling the formulation of a more detailed model (Sec.

4.2).
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4.1.1 Neutral Dynamics and Propellent Utilization

The most fundamental requirement of a thruster is its capacity to use all the propellent. In
the case of a plasma thruster, this is equivalent to the capability of ionizing all the neutral
gas that is injected into the source: ideally, no neutral molecule should escape from the
source without being ionized and subsequently accelerated. Focusing on the particles that
are escaping from the source through the exit section, the ratio of the number of ions to the
total number of particles (flowing per unit time) is called the ionization efficiency:

[N;]o%

—_— 4.1)
[Nioe]o

Niz=

In steady-state, the definition above can be expressed as a function of the neutral gas pa-

rameters only, as
[Ng] out

[Ng]in

Niz=1- ) (4.2)

where [Ng] in js the number of neutral gas molecules introduced per second into the source
through the injector, and [Ng]‘”” is the number of neutral gas molecules that escape per
second from the source without being ionized.

The production of plasma in the source is due to the ionization of neutral gas by electron
impact. The efficiency of this process depends linearly on the product of the neutral and
electron densities, and it depends non-linearly on the electron temperature (or more gen-
erally, on the average kinetic energy of the electrons; strictly the dependence is even more
complex than this). A simple global balance equation can be set up for the total number of
neutral particles in the source,

ng N7 1in iz rec \7 1out
— 5 = [N — [S] " + 851" ~ [Ng] ™", 4.3)

where [Sg] iz is rate of production of particles per unit volume due to ionization, which can

be written as

[Sgl™® = Kiz(ng)(ne) Vs, (4.4)

where (ng) and (n,) are the average densities of neutrals and electrons respectively, and V;
is the volume of the plasma source; Kj, is the rate coefficient for electron impact ionization,
which depends on the ionization cross section g, (¢) and on the Electron Energy Distribu-

tion Function (EEDF) by means of the following integral:

K;, :f oi,(€)v(e)F(e) de. (4.5)
0
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Here, F (¢) is normalized according to [;° F (¢) de = 1. Being the focus of this section on
the neutral dynamics, the ionization frequency v;; = K;z{n.) will be used to simplify the
notation.

In Eq. the source term [Sg]"*¢ reflects the creation of neutrals by means of recombi-
nation; many processes may lead to recombination, but for a small plasma source wall re-
combination is always the dominant effect. Wall recombination is extremely inconvenient
for a thruster, as it drives a considerable amount of energy into heating the walls, and hence
it causes the overall efficiency to drop. In the following treatment wall recombination will
be neglected, under the assumption that the final design of any reasonable space thruster
must reduce such ‘wall losses’ well below the level of accuracy of the analyses carried out
here.

Since the gas is expanding into vacuum, it is reasonable to assume that the sonic speed
is reached at the exit section. The actual value of the speed at the exit section depends on
the type of thermodynamic process the gas has undergone along the source (e.g., adiabatic,
isothermal, or isobaric); here it will be simply addressed as u to indicate the location z = L
along the source. Under the assumption of sonic flow, [Ng]‘”” can be expressed in terms of
known quantities and Eq. 4.3|can be used to evolve the average neutral density (recall that
(ng) = Ng!Vy), according to

d(ng) .
Vit = INgl ™ =iz (ng) Vs — ur(ng) A, (4.6)
which has the steady state solution
[N ]in
(ng) = ——= (4.7)

Vi Ve+urAs
It is easy to determine the ionization efficiency of the source predicted by this model: ac-
cording to Eq.

uL(ng)As B Viz<ng>Vs Viz Vs

———— = = , (4.8)
[Ng]'" urng) As+viz{ng)Vs  upAs+viz Vs

Niz=1-
an expression that can be rewritten in terms of a single non-dimensional parameter

§=— (4.9)

as
mAa=1 . (4.10)
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As expected, n7;, — 0 for v;, — 0 (that is, no ionization occurs), and n;, — 1 for v;, — oo (i.e.
all the gas is ionized before reaching the exit section).

Using Eq.[4.10} the expression for the average density (Eq. can be manipulated to get
[Ng] in
VizVs

(ng) = iz , 4.11)

an expression that will be discussed later on in this section.

The 0-dimensional description presented so far does not take into account the fact that
the density decreases along the source as a result of the ionization itself. In fact, the neutral
density at the exit section can be considerably lower than the average density in the source,

%Ul can be much less than what was used here. As a result,

and hence the flux of particles [Ng]
Eq. considerably underestimates the ionization efficiency 7;, of the plasma source, and
also the average neutral density (according to Eq.[4.11).

To overcome such limitations a more detailed description of the gas dynamics along
the source is needed. As a first attempt, a 1D diffusive analytic model is presented hereafter,
capable of shedding light on the phenomena that the 0D model failed to describe, and at the
same time being useful for investigating what parts of the physics will need further analysis.

The average neutral density obtained from the 0D model suggests that the gas can be
treated as a rarefied gas with long mean free path (i.e. the Knudsen number is > 1). This
approximation gets more reasonable as the gas is ionized along the source, while it may
not be sufficiently accurate in the region close to the injector. Due to the slender geometry
of the source, i.e. a cylinder with L/R > 10, it is reasonable to assume that the mean axial
momentum of the particles injected into the source is completely transferred to the walls
after essentially all the gas has collided with the walls, that is, after the gas has travelled a
few ‘mean free paths‘ along the axis. This picture suggests that the neutral particles escape
from the system by performing a random walk along the cylinder axis, with step size of the
order of the radius R. Such a random walk is naturally described by a diffusion process, with

a diffusion coefficient

Dg=cRug, 4.12)

where c is a non-dimensional constant that comes from the proper averaging of the angle

of bouncing off the wall, and vy 1, is the thermal speed of the neutrals.
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Assuming that this diffusion process holds along the whole length of the source, and

that D¢ can be effectively treated as constant, the 1D steady-state model equation is

d? ng
—DgWZ—ijng, (413)
with inflow boundary condition at z = 0 (non-homogeneous Neumann BC), and sonic bound-

ary condition at z = L (homogenous mixed BC):

ddz AsDyg (4.14)
ng ur,

——=-—ng atx = L.

It is useful to introduce two new quantities, the characteristic length

Dg
Lo=1/=8 (4.15)
Viz

uc=1/DgViz, (4.16)

which permit one to define two new non-dimensional parameters:

and the characteristic speed

Uc L

X=u—L 1//=L—C-

(4.17)
These parameters permit the solution to Eq. with boundary conditions (4.14) to be writ-
ten in the following compact form:

[Ngl™ e=#/Le

1+aqe 203/l 4.18
Asue 1—aff? [ | (4.18)

ng (2) =

where « and f are non-linear bounded functions of y and y:

_X_l _ 2y
al)=\py  Plw)=e (4.19)

According to the definitions above, a € [-1,1] and f € [0,1]. Analogously to the procedure
used for the 0D model, the ionization efficiency of the source can now be obtained from Eq.
observing that [Ng]°%! = [Ng]i" (1-n):

inXB(1+a)

[Ng1"" = Asurng (L) = [Ny] 1-ap® ’

(4.20)
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which gives (1-7) = [y (1 +a)] /(1 - af?). After some algebra it is possible to get rid of «,
obtaining the final expression for 7;, as predicted by the 1D model:

. 1 2p
niz(Hw)=1 OOk (4.21)

It would be interesting to compare the just obtained expression for the ionization effi-

ciency with the results from the 0D model, but unfortunately Eq. and Eq. make use
of different non-dimensional parameters. In order to recover a unique set of variables, one
should note that the product of y and vy gives the non-dimensional parameter ¢, which was

used in the 0D analysis:

Viz LVlz Viz Vs
— D = = . 4.22
= LC \/ visDg) | p° = = (4.22)

At this point one might want to introduce a non-dimensional parameter { that is in some

way ‘orthogonal’ to ¢, in order to use ¢ and ¢ to describe the behavior of the system, instead

of y and y. A good candidate for this purpose is the ratio of y over ¥, which gives

X _ U Le _ vVizDg [Dg _ - (4.23)
- B Vig uLL ’

v ur L urL

From Equations and it is easy to recover y and y as functions of ¢ and ¢

x=V¢E v=v<IC, (4.24)

and it is equally simple to rewrite the ionization efficiency in the new variables:

niz(,0)=1- 2¢ VK . (4.25)
\/ﬁ(l—e‘z g(/()+(1+e‘2 5/()

As expected, in the limit of { — 0 (that is, vanishingly small ionization frequency), the

efficiency n;, — 0 as well. Similarly, n;, — 1 for £ — co. More interesting is the behavior of
the ionization efficiency with respect to the new parameter {; when the diffusion coefficient
is reduced (e.g. because the source has a very small radius R), the neutral particles need
more time to perform the random walk along the source axis, and hence they are more likely

to be ionized. In fact, Eq.[4.25|yields

0
li iz(6,)=1———=1. 4.2
Him 73z (,¢) 071 (4.26)
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For increasing values of the diffusion coefficient, the particles can more easily escape from

the source, but the ionization efficiency does not go to zero as { — co. Instead
2 2 ¢

lim 7;,(5,{) = 1- =l-—0—"F=—,
{—o0 \/ﬁ(z f/()+2 26+2 1+€

and the expression given by Eq. obtained from the 0D analysis is recovered. This result

(4.27)

is not surprising, because in the limit of { — oo the density in the source becomes uniform,
and hence the flux of particles escaping from the source is effectively given by u;(ng) A as
in the 0D model.

1.0

< — (¢=0.02
N — ¢=0.04
S — (¢=0.08
| — ¢=0.16|]
— (¢=0.32
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| — ¢=1.281]
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| | | — (=512
0.3 ; ; ; ; ;

Figure 4.1: Ionization efficiency predicted by the 1D analytic model (Eq. , as a function of
¢ (in abscissa) and { (parametric). For increasing values of { the 0D result (Eq. [4.10) is asymp-
totically recovered (thick line).

It is interesting to note that an expression for the average density similar to Eq. can
be obtained by integrating Eq. from 0 to L, yielding
[Ng] in
(ng) = DRTARLL (o (4.28)

1zVvVs
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4.1.2 The Coupled Dynamics of Neutrals and Electrons

The most important quantities in a cold plasma are the neutral density, the electron den-
sity and the electron mean kinetic energy. From these quantities most of the other plasma
properties may be estimated. In a Helicon thruster the neutral gas is expected to be mostly
ionized while flowing through the source, and hence one should solve for the average neu-
tral density self-consistently with the electron properties. This section aims at finding the
steady-state solution ({(ng),(n.),(T,)) to the system of three 0D global balance equations
(where the whole source is the control volume): neutral particle balance, electron particle
balance and electron energy balance. It is important to stress the fact that the following

analyses will rely on four major hypotheses:

1. quasi-neutrality holds within the plasma source, so that there is no need to solve for

the average ion density (n;) = (n.),
2. the normalized Electron Energy Distribution Function (EEDF) is Maxwellian,
3. wall recombination is negligible,
4. 50 W of RF power are coupled to the electrons.

The first hypothesis is based on the observation that appreciable charge separation hap-
pens in regions much smaller then the system size, with a spatial-scale of the order of a few
Debye lengths. Regions of charge separation (usually sheaths, but also Double Layers) build
up on the system boundaries because of the huge difference between the electron and ion
diffusivities. The potential drop created in those regions tends to confine electrons while ac-
celerate ions, up to the point where electron and ion fluxes are equal. Similarly, in the bulk of
the plasma the equality of the electron and ion fluxes is reached because of a local ambipo-
lar electric field, due to the fact that the local electron density is just slightly lower than the
local ion density; from this comes the term “quasi-neutrality”. The assumption (n;) = (n,)
necessarily holds in steady-state, but it will be also used in time-dependent calculations, by
assuming that quasi-neutrality is reached on a time-scale smaller than any other transitory
phenomena under study.

The second hypothesis is really only needed for making the problem manageable, so that
order-of-magnitude estimates of the most important physical quantities can be obtained.

In fact, a Maxwellian EEDF is completely determined by a single parameter, the electron
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temperature T,. As a consequence, the rate coefficients for the various electron-neutral col-
lisions will be functions of T, alone (neutrals are effectively ‘immobile’ from the point of
view of the energetic electrons). Once order-of-magnitude estimates have been obtained,
they will permit one to understand whether the hypothesis of a Maxwellian EEDF was phys-
ical, and if not, they will suggest a better description of the physics.
The third hypothesis is an intrinsic requirement for a plasma thruster, because wall recom-
bination penalizes the propulsive efficiency to the point that the feasibility of the thruster
itself becomes questionable; for a Helicon plasma thruster, wall recombination mainly hap-
pens on the closed end of the cylinder, where theoretically an ion flux as large as the one
on the open end could reach the wall. It is believed that the creation of a ‘magnetic mirror’
would permit the designer to mitigate the problem by drastically reducing the electron axial
diffusivity to the back wall. Also, high neutral densities in the region just in front of the wall
may help in that ion-neutral charge-exchange collisions would transfer momentum from
the ion particles to the neutral particles, and from these to the back wall, increasing the net
thrust delivered by the thruster. However, the usefulness of a high neutral density is not
clear-cut because it would also increase the electron-neutral collisionality, reducing the ef-
fectiveness of the magnetic mirror.
The fourth hypothesis effectively decouples the following analyses from the EM power cou-
pling chain, which involves a complex interaction between the RF power supply system, the
transmission line, the antenna, and the plasma response. Broadly speaking, this is equiva-
lent to disregarding the physics of power coupling altogether at this stage. This approach is
justified in that it leaves complete freedom in the design of the most effective antenna and
RF power supply, together with the proper choice of axial magnetic confinement field, once
the plasma parameters are estimated with a sufficiently high confidence.

The 0D neutral particle balance reads

d{ng)
Sodt

= [Ng] i Viz,g{Ng) Vs —ng (L) urAs, (4.29)

where v, ¢ = K; (Te) (ne) is the ionization collision frequency for neutrals. It is convenient
to write ng (L) = fg(ng), where f; can be regarded as a free non-dimensional parameter with
values in [0, 1], which generalizes the standard 0D formulation (where f; = 1). The effect of

varying f will be investigated once a closed form solution is obtained; at this stage, it is not
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clear that the introduction of fg is useful. The steady-state solution to Eq. is

[Ng] in
(ng) = : (4.30)
Kiz (Te) (ne) Vs + fgur As
The 0D electron particle balance equation is
d{ne)
s dte = Vige(ne) Vs — ne (L) ug Ay, (4.31)

where v;; . = K;; (T,) (ng) is the ionization collision frequency for electrons, and up (T¢) is
the Bohm velocity, reached by the ions at the end of the quasi-neutral bulk region (here sup-
posed to be at the exit section). The last term is to be interpreted as the loss rate to the wall,
found by setting the electron loss rate equal to the ion loss rate, in the hypothesis of quasi-
neutrality. Eq. [4.31]is making use of the major hypothesis of neglecting wall recombination:
electrons (and ions) can only flow out of the system through the exit section. Again, it is
convenient to write n, (L) = fe(ne), with f, < 1; the effect of varying f, will be investigated

using the final solution. The steady-state solution to Eq. is
(ng)Kiz (Te) Vs = up (Te) feAs, (4.32)

where (n,) is not present because it has been factored out. At this point, if the neutral den-
sity could be held constant somehow, Eq. [4.32) would decouple from Eq. becoming a
non-linear equation in the single variable T, which could be easily calculated. In fact, this
is often the case for a high pressure plasma source.

The 0D electron energy balance equation is

d(ne)(e) 2m
v, el po Viz,efiz"'zv(e‘fc),e‘g(e?c)+V€ly€ () | (ne) Vs
dt a M;

—Ne (L) up ge Py As

(4.33)

where () =3/2- kg T, is the average electron kinetic energy, P, is the power coupled by the
RF antenna to the electron fluid, €; is the energy loss due to an ionizing collision, sff)? is
the energy loss due to collisional excitation from the Ground Level to the a-th energy level,
Vel,e 18 the electron collision frequency for elastic collisions, ¢, is the electron charge, and
¢w (T,) is the confinement potential (i.e. the electrostatic barrier that must be overcome by

an electron that is escaping from the plasma source). It is common practice to rewrite the
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terms between the parentheses in a more compact form:

2m
a a e
Viz,egiz+§ V(ex),eggzx) tVele M

a l

K9 (T, Kei (Tp) 2m
= (Ng)Kiz (To) |€iz+ )~ el 22 °
a Kiz(Te) Kiz(Te) Mi

= <ng>Kiz (Te)ec (Te)

(e) =

(4.34)

&) =

where €. (T,) is the collisional energy loss per electron-ion pair created. Using Eq. and
the usual expression n, (L) = f.(n.), the steady-state solution to Eq. is

Py
<ng>Kiz (Te)ec (Te) Vs + up (Te) fe ge pw (Te) As ’

(ne) = (4.35)

If Eq. is substituted into Eq. and then this is substituted into Eq. after some
algebra one gets

- P, _ fguLAs .uB(Te)feAs
[Ng]in (Ec(Te) + qe()bw(Te)) [Ng]invs Kiz (Te)

(4.36)

which can be solved for Te. Then, (ng) is obtained from Eq.and (ne) from Eq. The
various quantities in Eq.[4.36|that depend on T, are shown in the following figures. The only
quantity that depends linearly on T is the confinement potential ¢,,.

Equating the LHS and RHS of Eq. permits one to find the electron temperature, as
shown in Fig.

Fig. might suggest that there is more than one solution to Eq. in the case of
fefe — 0, and in fact there are 3 solutions for fg f, < 0.001. While it is not uncommon to have
fe = 0.1 in general, the 1D analytic model for neutrals suggests that a value of fg ~ 0.01 can
be obtained only for ionization efficiencies higher than 99.9 %. At a temperature T, <2 eV,
this extremely high ionization efficiency requires an electron density higher than 2-102! m~3,
orders of magnitude bigger than the density found from the solution to the three coupled
balance equations. Under different operating conditions it is possible that such solutions
could correspond to physical low-temperature regimes.

The steady-state values of the electron density (n.) and neutral density (ng) are not very
sensitive to fg (due to the extremely high ionization efficiency of the plasma source), but
they are extremely sensitive to f;, as shownin Fig. Nevertheless, since K;; (T,) (ne){ng) Vs
is the number of ionization events per second in the source, which is roughly equal to the

number of neutral particles injected per second through the injector (due to the extremely
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Figure 4.2: Rate coefficient for electron impact ionization in Argon gas, as a function of the
electron temperature T.

high ionization efficiency of the source), then the product of the two densities is approxi-
mately constant, as (n.)(ng) ~ [N]im/ (K;,Vs) = const.

From the point of view of electrons, the higher the neutral density, the higher the colli-
sion frequency. The highest value of the neutral density in Fig. is(ng) ~1.4- 10 m~3,
which gives an average electron mean-free-path for elastic collisions (A¢; ¢) = Koy g/ V1,0 =
9.8 m, and a mean-free-path for inelastic collisions (i) = (Kiz +Xa Ké‘;)) nglvip,e = 33
m. Under these conditions, an average electron will bounce approximately 80 times along
the axis of the source before colliding elastically with a neutral particle, and approximately
every 3 elastic collisions an inelastic collision will occur. Since these mean-free-paths are
obtained with the maximum possible neutral density, they can be considered a lower bound

estimate to the real values; hence, it can be safely stated that
Aeter Aine > L (4.37)

where L= 0.12 m is the system length.
Clearly, electrons bounce in the plasma source only if they have a kinetic energy asso-

ciated with their motion along the field line lower than the confinement potential ¢, i.e.
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Figure 4.3: Collisional energy loss per electron-ion pair created in Argon gas, as a function of
the electron temperature T, (solid line). For comparison, the ionization energy ¢;, is shown by
a dashed line. The dot-dashed line represents the result that would be obtained by neglecting
the contribution of elastic collisions: for T, > 2 eV, the energy loss in elastic collisions can be
safely disregarded for all practical purposes.

only if they are electrostatically confined in the source. A Maxwellian EEDF decreases as
exp[—¢/ (kp Te)] for € < kp T, but still there is a number of highly energetic electrons with
€ > ¢.¢, which are responsible for a non-negligible fraction of all the ionization events.
Such unconfined electrons are usually produced in the bulk plasma and they diffuse toward
the boundary, where they can escape from the source, unless they have lost their excess
energy (€ - gew); hence, they can play a role only if the chances are high that they can

undergo an inelastic collision in their residence time inside the source.

In the situation at hand, for the maximum average neutral density (ng) ~1.4-10' m3,

unconfined electrons have an elastic mean-free-path A¢; = 1/ [ng 0,1 (ge )] = 34 m, and
an inelastic mean-free-path Ae; = 1/[ng 0z (e dw) + Lo 0% (ge Pw)] = 20 m. Clearly, un-
confined electrons have an extremely small chance to undergo an inelastic collision before

escaping from the system; because of this, it is perfectly reasonable to assume that the EEDF
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Figure 4.4: Bohm velocity in Argon gas, as a function of the electron temperature 7.
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Figure 4.5: Confinement potential in Argon gas, as a function of the electron temperature T.
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Figure 4.6: The LHS (solid line) and RHS (dashed line) of Eq. as functions of the electron
temperature, evaluated for the nominal operating parameters of the Helicon plasma thruster
under analysis. The intersection of the two curves gives an equilibrium temperature of 15.8
eV. Here f; = f. = 1 was used, but T, is not very sensitive to these parameters, at least for the
operating conditions studied; in fact, if fg fo — 0, then RHS — 0 and T, = 15.5 eV is found.

is vanishingly small for energies higher than the confinement potential energy:
F)=0 fore > qedhyy - (4.38)

Accordingly, the EEDF can be at most a truncated Maxwellian, and this fact already invali-
dates part of the analysis carried out so far. More important, it is even questionable whether

the EEDF has any similarity at all to a Maxwellian distribution.

4.1.3 Ion Dynamics

An Argon atom has mass M 4, = 39.948 AMU, while an electron at rest has mass m, = 1/1823 AMU,

which gives an ion to electron mass ratio

MAr

=~ 72825. (4.39)

Mme

Several phenomena are affected by this huge mass ratio:
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Figure 4.7: Steady state average densities of electrons and neutrals, for a wide range of values
of fe = n. (L) /{ne). It should be noted that (n,) varies as 1/ f,, and (ng) varies as f,; in fact the
product (n.) - {(ng) is mostly insensitive to f.

1.

2.

3.

the thermal velocity of the electrons is much higher then the thermal velocity of ions,

v M [T, T
the _ Ar 28 o 070,/ 28, (4.40)
Uth,i me \| T; T;

even when ions and electrons are thermalized, i.e. T, = T;; as a consequence, elec-

since

trons diffuse much faster toward the boundaries of the system;

when a high frequency oscillating electric field is applied (‘high frequency’ meaning
that the oscillation frequency is higher than the total momentum transfer collision
frequency), the electric current carried by electrons is (Ma,/m,) times the current

carried by ions; in fact, Helicon waves couple energy primarily to electrons;

electron-ion Coulomb collisions are not efficient in heating the ions, because the frac-
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tion of kinetic energy that is transferred from the impacting electron to the target ion

is only 2m,/ My, on average.

Electron-Ion collisions

According to [48], the cross-section for Coulomb collisions can be written in a general form
as
8
o012 = —biInA  [m?], (4.41)
/4
where by is the impact parameter for a 90°deflection,

Qg2

= mj, 4.42
0 ameq Wi (m] ( )

and Wr, is the impact energy in the center-of-mass reference frame:
1 2
Wg = 3 MRVR U1, (4.43)

with mg = mymy/(m; + my) being the reduced mass [kg], and vy the relative velocity [m/s].

In Eq.

AD
A= —, 4.44
bo (4.44)
where
KpT
Ap=y [ m) (4.45)
Rede
is the Debye length.

In order to understand whether electron-ion Coulomb collisions can heat the ions in the

1

source, the collision time 7;_, = v;_, [s] of momentum transfer for ions, due to collisions

with electrons, should be compared to the typical residence time of the ions in the system,

conf

T

T;_e is the average time required to cumulatively deflect an ion by 90°, by effect of Coulomb

collisions with electrons. According to [49], the relation
Vie = —Vei  [s7] (4.46)
holds, which permits one to obtain 7;_, from an estimate of v,_;, as
Ve—i = NeOe—iVthe (4.47)

where the quasi-neutrality relation n, = n; was used. Eq. is to be evaluated with the
highest electron density expected in the source. Unfortunately, Section showed that n,
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strongly depends on the coefficient f, (see Fig.[4.7), which cannot be easily estimated. Prior
experience in low pressure discharges suggests that f, = 0.1, and hence the lower bound is

chosen here. Using
ne=2-10"9 m3,
T,=15.5¢€V,

in the formulas above yields:
Ap=65-10"°m, by=6.2-100"m, InA=12, g, ;=12-10"° m?
and since v, =2.9- 108 m/s, one gets

Ve_i =7.0-10° Hz,
Vi—e =96 Hz,

and the collision time for ion-electron Coulomb collisions is
Ti—¢=0.01s.
conf

i

travel with the thermal velocity of neutrals v;j, ¢ ~ 430 m/s, so that

An upper bound to the ion residence time 7°™ is obtained by assuming that the ions

L .
<~ x28.107s.
Vth,g

From the above estimates it is clear that T‘l?onf <« Tj_, is a condition that is always satis-
fied, and hence electron-ion Coulomb collisions do not have time to deposit energy from
electrons to ions. For this reason, ions are ‘cold’ in the Helicon plasma source under study,

ie. Te>»> T; = Tg.

Ion-neutral collisions

When ions are accelerated by the electrostatic E field, they deliver momentum to neutrals
via charge-exchange and elastic collisions. The ion dynamics is heavily affected by those two
processes, and the quantity of interest is the ratio of the ion mean-free-path to the system
length, A._¢/L. According to [48], one can distinguish several regimes, in order of decreasing

collisionality:

* When A‘—L’g < %, the ion dynamics is properly described by an ambipolar diffusion

model, where the natural ion diffusivity is enhanced by the ambipolar electric field
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(electrons diffuse much faster than ions, and the quasi-neutrality condition requires
an electric field); the electrons transfer energy to the ions via the ambipolar E field,
and the ions deliver kinetic energy to the neutrals: neutrals and ions are thermalized
in the bulk, with a temperature usually considerably higher than the neutral injection
temperature. In this situation the ions cannot pick up much kinetic energy in one
mean-free-path, and so the impact velocity v; = vy, ; is constant in most of the source:
if the neutral density is constant as well, this leads to a constant mobility diffusion

model.

Ai- A . . L . . .
e When Tg pe %, the situation is similar to the point above, but with the difference
that in one mean-free-path the ions can pick up a kinetic energy greater than the ion
thermal energy: the impact velocity v; = u; and the ion dynamics can be described by

a variable mobility ambipolar diffusion model.

Aie . . . . . .
* When —* > 1, the ions are essentially collisionless, and ion-neutral collisions can
be disregarded altogether; this is the situation that is preferable in a Helicon plasma

thruster.

According to [50], the combined effect of charge-exchange and elastic collisions be-
tween ions and neutrals can be described by a single formula that well reproduces the liter-

ature results for Argon:

Ai—g (viyng) = L [m] (4.48)

Ng0oy\/ vg + vl?
where 09 = 107® m? and vy = 550 m/s. A lower bound to A;_ g is obtained for the maximum
value of ng =1.4- 10'8 m3 and a minimum velocity v; = vy, yielding Ai—g 2 0.5m, so that

ions are in the collisionless regime ;¢ > L.

Ion-ion collisions

Now that ion-electron and ion-neutral elastic collisions have been ruled out, it is also im-
portant to estimate the importance of ion-ion Coulomb collisions. In fact, when the mean-
free-path for such collisions is much smaller than the system dimensions, 1;_; < L, the ion
velocity distribution has time to relax towards a drift-Maxwellian; in such a situation, a fluid
description of ions is most often appropriate. On the other hand, if 1;_; > L, the motion of

each ion is essentially uncorrelated from each other, and a kinetic treatment is necessary.
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The picture just given is somewhat complicated by the fact that the Coulomb cross-
section has a strongly non-linear dependence on the relative impact velocity, ;_; l/}_?4 .
Ions are created with a velocity v; = vsj,¢, and they accelerate in the z direction due to the
electrostatic E field. In proximity of the exit section, it is assumed that ions enter a very small
positively charged region, the double layer, with an average velocity u; equal to the Bohm
velocity ug > vy q.

Clearly, ions created in the bulk region collide with each other with a relative velocity
of the order of the thermal velocity, so that vg = vyp,g: due to the low impact velocity, we
expect UE?H?‘ to be a large cross-section. On the other hand, ions created in proximity to
the exit section collide with an ‘ion beam’ having velocity close to the Bohm velocity, so
that vr = ug: we expect this cross section to be (v,fh'(g,/z,q;)4 = (3T;/T,)? times smaller than

bulk

ioi - Moreover, the ion production rate per unit volume is proportional to the local neutral

density ng(z), which decreases exponentially along the source axis (see Section4.1.1), so it

g

is reasonable to assume that most ions are created in a small region close to the inlet region.
For all these reasons, the residual ions produced in the rest of the source are a small fraction
of the total that does not interact appreciably with the main ion beam.

For the bulk ions one gets:

— 4
mp=Mpyu,/2 buk 8 d; InA .49
_ o _ [k % T 982 g2 (4.49)
VR = Vih,i =\/ 1, 72 e (kpTi)
In order to evaluate an upper bound for the mean-free-path All?fi.k =1/ (niall?fz.k) , one needs

to use the lowest ion (electron) density and the highest ion temperature foreseen in the

source. Using the values
n;=1-10%m3,
{ T; = 600K,
one finds that
APk <24.10%m « L.

-1 —
Accordingly, the thermal ions in the bulk of the plasma source are highly collisional; hence,

the ion velocity distribution function is a drifting Maxwellian.

Conclusions

Summarizing, the coupled analytic model permitted us to estimate the mean free path (or
the collision frequency) for the various collisional processes of ions. In turn, those estimates

yielded the following information about the ion dynamics:
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1. EM fields primarily heat the electrons, and electron-ion Coulomb collisions are not
effective in heating the ions; as a consequence, the ion temperature is much lower
than the electron temperature, and it is expected to be close to the temperature of

neutrals, i.e. Te > T; = Tg;

2. ion-neutral elastic collisions (including both the scattering and the charge-exchange
events) are negligible; hence, the ions are essentially drag-free, and they can be thought

of as being free-falling down the electrostatic ‘potential hill’;

3. ion-ion collisions are predominant in the small region where most ions are created by

ionization; therefore, the ion velocity distribution is a drifting Maxwellian.

4.2 Suggested Detailed Modeling

4.2.1 Non-Maxwellian Electron Energy Distribution Function

The actual shape of the EEDF is determined by a number of concurrent phenomena:

1. inelastic collisions, which tend to deplete the high energy tail of the EEDF while they
replenish the low energy bulk;

2. Coulomb collisions, which relax the EEDF toward the aforementioned truncated Maxwellian

(but with F (€) — 0 as € — gethy);

3. RF electromagnetic heating, which in general tends to push electrons ‘smoothly’ to-

ward higher energies;

4. balance of electron and ion fluxes: Coulomb collisions and EM heating make hot elec-
trons ‘jump out’ of the electrostatic potential that confined them, so that they can
escape quickly form the source; in order to ensure quasi-neutrality, the loss-rate of

electrons must equal the loss-rate of ions.

To obtain an EEDF that is consistent with these phenomena, a ‘kinetic approach’ is nec-
essary: the EEDF should come from the steady state solution of the Boltzmann Equation,
in the hypothesis of isotropic velocity distribution function. Hence, the problem at hand
becomes 0D-1V, since F (¢) lies in a one-dimensional velocity space, and the complexity of

the methods involved in the numerical solution dramatically increases. Moreover, since the

73



4. THE USE OF A SIMPLE GLOBAL MODEL IN CREATING A HYBRID MODEL

various phenomena depend on r, and ng, one should solve for the EEDF consistently with
those two quantities, with a procedure similar to the Maxwellian case already described.
Unfortunately, solving directly for the self-consistent steady-state (1., ng, F (¢)) turns out to
be a difficult task; instead, integrating the equations in time has been demonstrated to be a
robust procedure.

It should be pointed out that integration in time is a delicate matter, as several transitory
phenomena exist, which are coupled to each other and have widely different characteristic

time-scales (in mathematical jargon, this is called a “stiff system”):

* ambipolar relaxation (electrostatic phenomenon, steady-state sheaths are created which

equalize ion and electron fluxes);

* electron energy relaxation (normalized EEDF relaxes towards its steady state, higher

moments relax faster);

* particle density relaxation (production and losses of neutrals, electrons and ions mu-

tually balance each other).

An accurate analysis of the ambipolar relaxation process would involve the simultaneous
kinetic solution of the ion and electron dynamics, coupled to Poisson’s equation; but this is
clearly beyond the scope of the present analyses. Therefore, unless otherwise specified, it
will be assumed that ambipolar relaxation has already taken place, so that the net fluxes of
ions and electrons are identical.

The big issue in the solution for F (¢) is the fact that ¢, is unknown: this means that the
domain of F (¢) is not completely defined. Such a problem is solved by integrating F (¢) in
time while keeping ¢, n. and ng constant: once F (¢) has relaxed to its ‘artificial’ steady-
state, the electron loss rate can be evaluated. The ion loss rate is also evaluated (as it de-
pends non-linearly on F (¢)), but it will not equal the electron loss rate. Hence, the same
procedure is repeated for different values of ¢, without changing n, or ng, until the elec-
tron and ion loss rates are equal: the F (¢) so obtained takes self-consistently into account
the 4 phenomena of interest, but it is defined for a specific operating point (n,, ng). The elec-
tron and neutral densities are then integrated in time while keeping the EEDF constant, and
when one of the two densities has changed by more than a prescribed relative tolerance, the

EEDF is recalculated using the aforementioned procedure.
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It may seem unclear which equation, particle balance or energy balance, should be used
for evolving the electron density. Here, the energy balance equation is preferred because, for
a fixed antenna power Py, it admits a steady-state solution, and hence it has better stability

properties when used in the iterative method just described.

4.2.2 RF heating as a random-walk process

Correctly describing the effect of the RF electromagnetic heating on the EEDF is a formidable
task, which falls way beyond the scope of the present analysis. With sufficient generality it
is possible to describe the RF heating as a random walk in velocity space, and as such it can
be considered a diffusion process. Most likely, the Diffusion Coefficient in velocity space
D, depends on the kinetic energy, and hence an electromagnetic module would be needed,
with the specific purpose of providing the profile D, (¢). Still, there would be the problem of
coupling exactly 50 W to the electrons, as this was one of the immutable assumptions made
at the onset of the present analysis.

If a diffusion coefficient D, uniform in energy is used, there is no need for a dedicated
electromagnetic module, and it is also extremely easy to impose P, = 50 W. In fact, for each

velocity component, the flux in velocity space is

_ 5 of_ .
r,= D”av =fwo), (4.50)

where v (v) is the mean rate of change of the velocity for a particle having velocity v. Ac-

cordingly, the mean rate of change of the kinetic energy of an electron with velocity v is

é(v)—i(lm vz)—m vo=—-myD Kﬂ (4.51)
Cde\27 )T T T T F o '

from which the power coupled per electron P can be evaluated as the average value of & (v)

over the electron distribution function:

+00 +00 af
P::f é(v)f(v)dv:—meva vadv. (4.52)
Integration by parts gives
+00 o +00
f vg—]l:dv=[yf(v)]i —f fdv=0-1=-1, (4.53)

so that P; = m.D,. In 3D velocity space, the contribution of each of the velocity compo-
nents sums up to

P: :SmeDy. (4.54)
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4.2.3 Ion Loss Rate

It may seem unclear how the ion loss rate may be estimated without using a 1D ion model
coupled to the electron model. Consistently with the level of detail of the suggested detailed
model (0D in space), it is argued hereafter that a semi-analytical 0D description of ions can
be efficaciously employed.

Due to the very low collision frequency for elastic electron-neutral and electron-ion en-
counters, it is possible to use the well-known results of the collisionless sheath theory for
planar electrostatic probes. According to such a theory, the ions enter the sheath with a
mean velocity ug, called the Bohm velocity, which in general depends on the distribution
functions of ions and electrons [51]. At the sheath boundary quasi-neutrality still holds,

ne = N; = Ng, so that the ion flux is
_ 2 -1
I'; = nsug [m=s™]. (4.55)

For collisionless ions, the value of the density ng is generally obtained from a relation of the
kind n, (@), which relates the electron density n,.(z) to the local potential drop ®(z). The
form of n, (®) is related to the shape of the electron distribution function, i.e. it depends on
the normalized EEDE

In the case of a Maxwellian EEDF with temperature T,, the Boltzmann’s relation for elec-

trons holds, that is

e (®) = n,(0) exp(— Ije? ) (4.56)
Ble

A generalization of the last relation that holds for non-Maxwellian EEDFs is given by Amemiya

[52] as
qePy qe® 1 [o© qe®
1- F(e)de + —f 1- F(e)de]|, (4.57)
Ge® £ 2Jg.0, £

where the first integral on the r.h.s. is taken over all the confined electrons, and the sec-

ne (P) = n.(0)

ond integral is taken over all unconfined electrons. Confined electrons are reflected by the
potential drop ®,, and hence they give a contribution to the density that is twice the con-
tribution given by unconfined electrons; accordingly, the pre-integral factor is 1 instead of
1/2. For a Maxwellian F (¢), Eq.[4.57reduces to Eq.[4.56in the limit as ®,, — co.

According to the considerations in Section[4.1.2} the EEDF is negligibly small for values

of the electron kinetic energy ¢ higher than the confinement potential ®,,. Therefore the
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contribution of the unconfined electrons to the electron density at the sheath boundary is

neglected, and the following simplified relation is used,

qePuw 0}
ng = (ng) 11— 9°®S pe) de, (4.58)
Cfeq)s £

where the approximation 7, (0) = (n,) is introduced. In Eq.[4.58} @ is related to up by energy
conservation for ions:

1
EMA,ug = qoDs (4.59)

In order to use Eq.|[4.55] it remains to relate the Bohm velocity (or equivalently, the sheath
potential ®g) to the ion and the electron distribution functions. In [51], Baalrud and Hegna
suggest a kinetic Bohm criterion based on positive-exponent velocity moments of the Boltz-

mann equation. In the case of T, > T; and Ap <« A;, their criterion reduces to

2 (&)
Uj s = Ug = g M, , (4.60)
r

where (¢) is the average electron energy:

(g) :f eF(e)de. (4.61)
0

Equivalently, it can be stated that, in a cold collisionless plasma, the ions enter the sheath
(or the double layer) with a directional kinetic energy that is one third of the average electron
kinetic energy:

&

1 2
SMartf = qo®s = —- (4.62)

It is worth pointing out that, while traveling through the sheath (or the double layer),
the ions will pick up a kinetic energy corresponding to the whole confinement potential
®,,, which is usually more than twice (€)/q.. The power flux that goes into accelerating the

ion beam is therefore P} =T g, ®,, [W/m?].
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Detailed Electron Model

The main purpose of the numerical model described in this chapter is to further investi-
gate the coupled dynamics of electrons and neutrals in the source, which were preliminarily
studied in Sec.[4.1.2] by relaxing the incorrect hypothesis of a Maxwellian EEDF as suggested
in Sec. The other simplifying hypotheses employed in Sec. still hold, that is, quasi-
neutrality, negligible wall recombination, and 50 W of RF power coupled to electrons.

Section [5.1] presents the model equation that describes the time evolution of the aver-
age Electron Energy Distribution Function in the source. The model equation is a balance
equation in energy space, consisting of a Partial Differential Equation (PDE) in the indepen-
dent variables ¢ (the electron kinetic energy) and ¢ (time). Since the resulting model retains
no information about the location of the electrons in physical space, and it only uses one
dimension in velocity space (i.e., the kinetic energy), it will be referred to as a ‘0D-1V kinetic
model.

Section 5.2|gives a mathematical description of the role of the various collisional pro-
cesses in the aforementioned balance equation. The effect of electron-electron Coulomb
collisions will be described as the partial derivative with respect to energy of a properly de-
fined flux function; although such a formulation appears to be local in energy space, it will
be shown that the flux function itself is non-local, as it describes the effect of the interac-
tions of electrons having different velocities. Inelastic collisions (excitation and ionization)
will be described by non-local (integral) operators. The experimental data employed in the
model are also shown, in the form of tables and fitted curves.

Section [5.3| presents the first important step toward the numerical solution of the elec-
tron kinetic equation: by subdividing the energy axis in small intervals [€;-1/2,€+1/2], and
integrating the model PDE over each of those intervals, a set of N rate equations are ob-

tained for the time evolution of the number 7; of electrons with energy in [€;-1/2,€j+1/2];
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suitable finite-difference approximations are then introduced, resulting in a linear system
of N first-order Ordinary Differential Equations (ODEs), which is the semi-discrete formu-
lation of the model PDE. Particular emphasis is posed on the proper formulation of each
process (heating, Coulomb collisions, and inelastic collisions) in a matrix form, because
such a form considerably simplifies the numerical implementation, and it permits one to
define simple criteria for the enforcement of particle (and energy) conservation; moreover,
the matrix form proves to be useful in combination with implicit time-stepping.
Section[5.4shows how the system of ODEs is integrated in time. By means of time-scale
separation, the evolution of the electron density is separated from the evolution of the nor-
malized EEDF. Since the confinement potential ®,, is one of the unknowns, it is assumed
that the correct value of @, ensures that the electron and ion fluxes going out of the system
are identical. An iterative scheme is used: given ®,,, the normalized EEDF is run to steady-
state, and the two fluxes are evaluated; if their difference is bigger than a prescribed toler-
ance, a feedback mechanism changes ®,, and the procedure is repeated until convergence.
Once the normalized EEDF and the confinement potential are self-consistently obtained,
the electron density is evolved in time by means of a 0D power balance, and the neutral

density is obtained from the 1D analytic model developed in Section[4.1.1}

5.1 Theory for the 0D-1V Kinetic Description of Electrons

5.1.1 Boltzmann’s Equation

In low density gases, particles spend most of their time without interacting with the sur-
rounding fluid. Interactions happen occasionally, and they are limited to an extremely short
time-scale: such impulsive events are called collisions. Under these conditions of ‘low cor-
relation’, the one-particle phase-space density function f (¢,x,v) satisfactorily describes the
state of the system. Specializing to electrons, the function f (¢,x,v) is more commonly called
the ‘electron distribution function’, and its time evolution is described by Boltzmann’s equa-
tion,

ﬂ+v.ﬁ+£.ﬂ_[ﬁ 5.1)

ot ox me OV at]w,,’
where F(t,x,v) is the force field acting on a single electron having mass ni,.

The r.h.s. of Eq. describes the effect of collisions; by definition, collisions are events
during which the Boltzmann description does not attempt to follow the dynamics deter-

ministically. Of course, such a ‘collision term’ would be of little interest unless it could be
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5.1 Theory for the 0D-1V Kinetic Description of Electrons

specified from the one-particle distribution functions f and f; (the latter being the distri-
bution function of the target particles). In fact, Boltzmann demonstrated that, taking into
account only two-body collisions between particles that are assumed to be uncorrelated

prior to the collision, the collision term can be written as a velocity-space integral over the

product of f and f;:
[% = #B(v—v’) [f(txv+V) fi(t,x,v—V) - f(t,xv) fi (t,x,V)]dVdv, (5.2)
coll

where B (v—V') is the Kernel function of the collision operator, which depends on the rela-
tive velocity of the two colliding particles. The expression in Eq.[5.2is called the Boltzmann
Collision Integral; usually, further simplifications must be introduced in order to evaluate

the integral explicitly.

5.1.2 Bounce-Averaged Kinetic Model

According to the preliminary estimates in Section[4.1} an average electron bounces at least
80 times in the source before undergoing an elastic collision with a neutral, and sufficiently
energetic electrons undergo an inelastic collision only once every three elastic collisions.
This is quite a typical situation for low-pressure plasma sources. As a consequence, if one
wants to integrate Eq.[5.1|for several ionization collision times while resolving the full elec-
tron dynamics, the length of the simulation may easily become unmanageable.

A natural simplification is averaging the electron motion over many bounces in the po-
tential well that is confining them in the source. This leads to a family of so-called ‘bounce-
averaged’ kinetic models, which attempt to solve for the spatially-averaged electron distri-
bution function.

Moreover, a rigorous ‘nonlocal’ approach has been developed (see [53] and references
therein), which permits one to take a spatial average directly from Eq. Such a method
usually focuses on the isotropic part of the distribution function only, and by making use of
the difference between electron momentum and energy relaxation rates it reduces the in-
dependent variables from (,x,V) to (t, 50), where e? = e+ g.P (x) is the total electron energy,
the sum of the kinetic energy plus the potential energy. This way, the spatial dependence of
the solution is still present, but only indirectly via the plasma potential ® (x) encapsulated in

€Y. A space-averaged kinetic equation is then obtained by averaging over the volume V (°),
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which is limited by the “turning-point surface” S (¢°) where €° = g,® (x) and the electron ki-
netic energy vanishes. Such a procedure evidently requires knowledge of the potential spa-
tial profile @ (x), which can be obtained by additionally solving Poisson’s equation together
with a kinetic equation for the ions.

Instead, a simpler approach is used in the following analysis, which is less rigorous but
allows for the introduction of more detail at a subsequent stage. The idea is to completely
drop the dependence of the total kinetic energy of a single electron on space, or equivalently
to assume that ® = 0 everywhere in the source.

The collisional processes depend on the local electron kinetic energy, not on the total
kinetic energy. But if one can assume that collisions happen mostly in a small spatial region
where the potential is quite flat and close to its maximum, i.e. ® = 0, then it is reasonable
to use ¢ as the independent variable instead of £°. In fact, this is the approach used in the
following analysis. (Accordingly, the terms ‘energy’, ‘kinetic energy’ and ‘total energy’ will be
used interchangeably in this section.)

The (non-normalized) electron energy distribution function f (¢, t) is defined saying
that f (¢, f) de is the number density of electrons having energy between € and ¢ + de, at
time t. As such, f (g, ) has the units of [m'3 /]] and its zeroth-order moment gives the elec-

tron density

Emux(t)
ne(t) = f fle,nde  [m?]. (5.3)
0
Similarly, the first-order moment of f (¢, t) gives the average electron energy
1 Emax (1) d
ey (n = f ef(e,t)de  [J]. (5.4)
ne (1) Jo !

In the last two equations, £;,4x (¢) is the maximum kinetic energy of trapped electrons, i.e.

the energy associated with the confinement potential @, ():
Emax (1) = qeDy (1) (5.5)

According to Rockwood [54], the time evolution of f (¢, ) can be written in flux conser-

vative form as

0fe,) _ 0Jrr 0Jer O0Je-e Oe-i , Y, (5.6)
i

ot Oe Oe O0e oe

where each of the terms on the right-hand side describes a different process:

* Jrr is the particle flux in energy space driven by the applied electric field,
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* J.;is the particle flux in energy space due to elastic collisions with neutrals,
* Je—e is the particle flux in energy space due to electron-electron Coulomb collisions,
* J.—;is the particle flux in energy space due to electron-ion Coulomb collisions,

» §S; are source terms due to inelastic collisional processes (excitation, deexcitation, ion-

ization, recombination).

Elastic collisions of electrons with massive neutrals and ions are effective in isotropizing the
distribution function, but have very little effect on the energy distribution; this is due to the
fact that in an elastic collision the fraction of kinetic energy transferred from the electron
to the massive particle is on average only 2m,/ M4, = 1.4-107°. Accordingly, in the present
analysis the effects of J,; and J._; will be disregarded altogether.

On the other hand, Coulomb collisions between electrons may exchange kinetic energy
effectively, and they have the overall effect of driving f (¢, f) toward a (truncated) Maxwellian
distribution. The momentum-transfer cross-section for e-e Coulomb collisions is propor-
tional to T, 2, and it is only slightly dependent on the electron density via the logarithm of
the Debye length. Accordingly, the average collision frequency for e-e Coulomb collisions is

(Ve—e) = Ne{0 e—eVrh,e), and therefore
(Vee) o n T, 3%, (5.7)

that is, this process is important at high electron densities and low electron temperatures.
It is unclear whether Coulomb collisions really need to be included in this model, espe-
cially because a fairly high 7 is expected, according to Section[4.1.2] Nevertheless, the wide
range of variability of n, given by the same estimates, together with the effectiveness of e-e
Coulomb collisions on the EEDF dynamics whenever (v._.) becomes comparable to other
processes, suggests that it would be unsafe to neglect this phenomenon a-priori. Therefore,
the numerical model will include electron-electron Coulomb collisions.

With regards to the source terms, the effect of collisional deexcitation and recombina-
tion will not be taken into account. The justification for this is in the small dimensions of
the plasma source and in the very low neutral density: once produced, the excited species
will either de-excite by spontaneous photon emission (transitory states) or by collisions with
the walls (metastable states). In fact, there is little chance that an emitted photon may im-

pact a neutral particle before escaping from the source (optically thin plasma), and there
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is a similarly little chance that a metastable neutral may be ionized by an electron before
reaching the wall. (Penning ionization, i.e. the production of an ion after the collision of
two metastable neutrals, is neglected for the same reason.) Overall, the aforementioned as-
sumptions about inelastic collisions permit one to considerably simplify the model, as there
is no need to determine the densities of the excited levels of Argon in the source.

As a consequence of the hypotheses just introduced, Eq.|5.6|can be simplified to

af(é‘, 1) _ _a]RF _a]e—e
or  Oe o€

+ Sex + Siz, (5.8

where S, is the source term due to electron impact excitation, and S;; is the source term

due to electron impact ionization.

5.1.3 Time Evolution of the Normalized EEDF

Section [4.2| pointed out that the relaxation of the normalized Electron Energy Distribution
Function (EEDF) is a process much faster than the relaxation of the electron density n,(t)

towards its steady-state value 7, ss. The normalized EEDF is simply defined as

F(e, 1) = fe,n [, (5.9)

Ne(1)

and it has the same normalization property as a probability density function:
Emux
f F(e,t)de = 1. (5.10)
0

Accordingly, F (e, t) retains no information about the actual particle number, but it only gives
information about how the kinetic energy is distributed among electrons. Given F(g, t), the

average kinetic energy is simply obtained as
Emax
ey = f eF(g, t)de. (5.1
0

Following the time evolution of f (¢, t) is equivalent to separately following the time evo-
lution of F(g, t) and n.(¢); the latter option is in fact preferred to the direct solution of Boltz-
mann’s Equation, for a number of reasons. The main advantage of distinguishing the dy-
namics of F(g, t) from the evolution of n,(t) is that it permits to accelerate the convergence
to steady-state by means of a time-scale separation method, which will be described in de-

tail in Section
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The time evolution of n,.(¢) is given by a 0D global balance equation (e.g. the particle
number or the energy balance may be used). An equation for the time evolution of F (g, t) is
obtained by differentiating Eq.[5.9|with respect to time:

OF(g, 1) 1 0f(€,t)_ 1 dne(?)

ot ne(r) ot @ dr e (5.12)

where n,(t) is given (it will also be assumed constant during the time integration), the in-
stantaneous value of 0 f /0t is evaluated using Eq. and dn,/dt is estimated by taking the

integral over energy space of the same expression.

5.1.4 Electromagnetic Heating

The heating of electrons by interaction with the EM fields emitted by the RF antenna is mod-
eled as arandom-walk process in velocity space with a diffusion coefficient D, (¢, 1) [m? /s3].
As such, the corresponding particle flux in energy space is

of(w, 1)

-3
3 [m™/s], (5.13)

Jre(e,t) = 4mv? [=Dy(e, t)

where f (v, f) is the 3D velocity distribution function of electrons [53 / m6] , which is assumed
to be isotropic and hence depends on the velocity magnitude v only. The normalization

property of the isotropic f (v, t) is
Umax
f f, t)4m/2dv = e, (5.14)
0
which can be compared to the normalization property of the EEDF f (¢, 1),
Emax Emax 1
Ne = fle, )de = f f(zmevz,t) mevdv, (5.15)
0 0
to obtain a relation between f (v, t) and f(¢, ):
Fw,0) = 2% fle,0). (5.16)
4mv

Differentiating the last equation with respect to v one gets

ofw,t) _ 0 [me _ o me me 0f (g, 1)
ov  dv [47wf(£’ t)] T 4mp? fen+ 4wty Ov .17
But
ofen _ofende _ofen, . (5.18)

ov 0e dv Oe
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so that
ofw,t) _  me 2 0f (&, 1)
ov Amv? 0€
Substituting Eq. into Eq. and noticing that m,v? = 2¢, one gets the following ex-
pression for the particle flux in energy space due to RF heating:
fle,n) Of(e, t))
2¢ oe )’

Eq. completely describes the effect of the Electromagnetic heating on the EEDE

. (5.19)

f(£: t) —meV

(5.20)

Jre(g, 1) = 2emeDy (g, 1) (

provided that the coefficient of diffusion in velocity space D, (¢, t) is fully characterized.
Nevertheless, the detailed evaluation of D, (¢, ) is beyond the scope of this thesis work, as
it would require a sophisticated EM model, which should couple the RF feeding circuit to
the emitting antenna, and the antenna to the plasma response, in order to evaluate the EM
fields in the plasma. Ultimately, D, (¢, t) would depend on the EEDF itself, and on external
parameters like the operational frequency, the circuit impedance, the axial magnetic field,
the geometry of the source, the antenna configuration, etc..

If the details of power coupling are neglected, one may easily impose 50 W of RF power
coupled to electrons by assuming that the coefficient of diffusion in velocity space is uni-
form over the whole energy axis, so that D, (¢, t) = D, (t) V €. In fact, the power per unit vol-
ume [W/m?] due to RF heating is just the integral over the energy axis of the corresponding

particle flux:

€m

ofte, v de.
€

(5.21)

Pre(d) = f " Jrete, D de = mf “Dule, 0 f(e, 1) de — 2mef " Dye, t)e
0 0 0

Introducing the hypothesis of uniform D, (¢), the last equation can be simplified to

Pre(t) = moDy(t) (f " fle,nde - zf m“gaf(i’ 2 ds),
0 0

(5.22)

where the first integral on the r.h.s. simply equals n,(¢), while the second integral can be

integrated by parts:

f maXf(e, fde
0

Emax a
f € o1 n de
0 o¢e

Substituting Egs. into Eq.[5.22} a very simple expression is obtained for the power per

ne(1) (5.23a)

[sf(E, t)]zm“— fo " e, 0de = 0-no(t) = —ne(H).  (5.23b)

unit volume coupled from the RF antenna to the electrons through the EM fields:

Prr() = 3m.D,(t)n(t)  [W/m?]. (5.24)
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Since the total power must be 50 W, it is sufficient to require that Prg (1) Vs = 50 W, where Vg
is the volume of the plasma source [m3] where electrons are contained: the required value
of the diffusion coefficient is then

50 W

Di(t) = ————
() 3meVsne(t)

[m?/s°] . (5.25)

5.2 Collisional Processes

5.2.1 Electron-Electron Coulomb Collisions

Each electron interacts through a long-range electrostatic field with all the other electrons
that are within a region approximately equal to a Debye sphere. The Fokker-Planck theory of
e-e interactions [55] postulates that small velocity variations are the most probable, so that
the Boltzmann collision integral can be expanded in Taylor series. A second hypothesis is
that all but the lowest-order terms of the series contribute negligibly to the collision integral;
this leads to a Fokker-Planck equation with two free parameters to be determined.

Another assumption is that changes in velocity result from two-particle interactions, or
collisions during which spatial correlation effects (polarization effects or multiple collisions)
are unimportant: this hypothesis is usually valid for all under-dense plasmas where the
Boltzmann Equation holds in the first place. With this last assumption, the Fokker-Planck
collision integral can be completely specified.

An important result of this theory is that ‘grazing’ collisions (i.e. events causing small
deflections) have a dominant effect over large-angle collisions, so that one can imagine
the target electron being ‘continuously’ accelerated (or decelerated) by the interaction with
other electrons, without undergoing ‘jumps’ in energy. As a consequence, even though the
Coulomb collision operator is not local in energy-space, its net effect does depend on the
local shape of the EEDE Therefore, it is possible to write the Coulomb collision operator in
flux conservative form, but the corresponding flux function will depend on the whole EEDE

According to the derivation in [54], the flux in energy space due to Coulomb collisions
between electrons can be written as

[ of(n
2¢ Oe

Je—e(&,1) = a(t) | P (e, t)(

- Q1) f (g, t)] [m3/s], (5.26)
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where P (¢, t) and Q (g, t) are integral quantities obtained from f (¢, 1):

€ o0 !
P(e,1) = % fo e fe, nde +2¢ fe I (\j;) de’ [m™1°°], (5.27)
Qle, 1) = % fo f,de [m3/7%]. (5.28)

a (1) is a parameter that depends weakly on the first two moments of f (¢, 1)

q. |2
a(f) = ——~=/—mA@  [Jm®/s] (5.29)
2471’60 Me

where ¢, is the electron charge [C], m, is the electron mass [kg], €¢ is the vacuum permittiv-

ity [F/m], and A is a non-dimensional parameter defined as
Ap

A .
bz
2

(5.30)

where Ap is the Debye length [m],

€okTe 2 [ege)(1)
Mo = - ’ 5.31
? \/qgne(t) \/3ne(t)\/ 7 (5.31)

and b% is the impact parameter for a 90 deg deviation [m]:

;. 1 q

br = e = — : (5.32)
* Amegzmevy 4T €o(E) (1)
Finally, the following expression is obtained for A:
3
2 I
At = amy | —— | 2O (5.33)
3n.(t) e

5.2.2 FElectron Impact Excitation

Describing the excitation of Ground State neutrals by electron impact is rather straightfor-
ward, the only complication being the fact of having quite a large number of excited states
to take into account. Each excited state p is characterized by a threshold energy 8(3? and
a cross-section U(eﬁ? (€). An electron with energy € > e(e’,? has a non-zero probability of ex-
citing a Ground State neutral to level p; if this happens, then the electron loses exactly the
threshold energy and its residual kinetic energy drops to € — e(e’f.

In order to determine the Source term S, (¢, t) [m™/s] that appears in Eq. instead
of following a single electron, one should focus on a certain energy €* and quantify the
instantaneous effect of the excitation process on the number density of particles at that

energy, i.e. f(¢*)de. For each energy level p, there are two different contributions:
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1. apositive contribution of electrons (previously) having energy * +£f£c), which lose the

energy Eﬁff in an excitation event and fall to the energy £*;

2. anegative contribution of electrons having energy £*, which excite a neutral and fall

to the energy £* — 5(6’;).

Clearly, the positive contribution from higher energy is only present if £* + e(eljc) < €max- Sim-

ilarly, the negative contribution towards lower energy is only present if £¢* = e(e’i). Since S«
describes the interaction between points in energy space that have a distance Eff,? from each

other, it is a non-local operator. It can be written as

Sex(e,1) = Y | H(emax—ek =€) v (e+el) fle+edi 1) ~H(e—eE)vE () f (e, 1) | 5:39)

p

where v(e’? (¢) is the excitation collision frequency to level p for electrons having energy ¢:

vl (&) = ngol@v(e) . (5.35)

In Eq. ‘ ng is the average density of neutral particles in the source m3], aé’? (¢) is the
cross-section [m?] for excitation from Ground State to the excited level p,and v(e) = v2e/me

is the electron velocity [m/s]. To simplify the notation, the common Heaviside step function
is used in Eq.

1 ifx=0,
Hx) = i (5.36)
0 otherwise.

Table[5.1] collects the set of energy levels of electronic excitation of Argon (suggested by

Hayashi [56]), which are implemented in the numerical model. The corresponding cross-

sections are shown in Figs.
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Level No. | Energy (eV) | Paschen notation | Racah notation
1 11.55 1s5 4s[3/2],
2 11.62 1s4 4s[3/2];
3 11.72 1s3 4s'11/2]
4 11.83 1sp 4s'11/2];
5 12.91 2p10 4p[1/2];
6 13.08 2pg 4p[5/2]3
7 13.09 2ps 4p[5/2],
8 13.15 2p7 4p[3/2]
9 13.17 2ps 4p[3/2],
10 13.27 2ps, 2pa4 4p[1/2]o, 4p'(3/2];
11 13.03 2p3 4p'[3/2],
12 13.33 2ps 4p'11/2]
13 13.47 2p1 4p'(1/2]
14 13.84 3dg, 3ds 3d[1/2]p, 3d[1/2];
15 13.90 3ds 3d[3/2],
16 13.98 3df1 3d[7/2]4
17 14.01 3dy 3d[7/2]3
18 14.06 3d'1', 285 3d[5/2],, 5s[3/2]»
19 14.09 3d/, 2s4 3d[5/2]3, 5s[3/2];
20 14.15 3d, 3d[3/2];
21 14.21 381" 3d'[5/2],
22 14.23 38’1", 38’1', 2s3,2sp | 3d'[5/2]3,3d'[3/2]2, 58'[1/2]g, 5s'[1/2];
23 14.30 35’1 3d'[3/2];
24 14.71 4ds 4d[1/2];
25 15.20 4p,, 4py, 4p3 6p’[1/2]y, 6p’[3/2]1, 6p(3/2]2

Table 5.1: Energy levels of electronic excitation for Argon [56]. Levels 1 and 3 are metastable, all

other levels are transitory (also called ‘resonant states’), i.e. they can de-excite by spontaneous

photon emission. Levels 10, 14, 18, 19, 22 and 25 are the combination of two or more quantum

states; since such states have energies very close to each other (the difference being < 0.01 eV),

and similar collisional behavior, it is practical to treat them as a unique energy level.
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Figure 5.1: Electron impact cross-sections for the excitation of Ground State neutral Argon
atoms to the energy levels 1 to 6 (defined in Table[5.I). The kinetic energy ¢ of the impacting
electron (in abscissa) is limited to the range of interest 0 < £ < 200 eV. The cross-section values
(in ordinate) make use of the same logarithmic scale for all energy levels. The cross-sections
reported in this figure belong to a consistent dataset suggested by Hayashi [56]; the dots repre-
sent the experimental data, while the solid line is the linear piecewise interpolation curve used
in the numerical model.
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Figure 5.2: Electron impact cross-sections for the excitation of Ground State neutral Argon

atoms to the energy levels 7 to 12 (defined in Table[5.1). The kinetic energy ¢ of the impacting

electron (in abscissa) is limited to the range of interest 0 < € < 200 eV. The cross-section values

(in ordinate) make use of the same logarithmic scale for all energy levels. The cross-sections

reported in this figure belong to a consistent dataset suggested by Hayashi [56]; the dots repre-

sent the experimental data, while the solid line is the linear piecewise interpolation curve used

in the numerical model.
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Figure 5.3: Electron impact cross-sections for the excitation of Ground State neutral Argon
atoms to the energy levels 13 to 18 (defined in Table[5.1). The kinetic energy ¢ of the impacting
electron (in abscissa) is limited to the range of interest 0 < £ < 200 eV. The cross-section values
(in ordinate) make use of the same logarithmic scale for all energy levels. The cross-sections
reported in this figure belong to a consistent dataset suggested by Hayashi [56]; the dots repre-
sent the experimental data, while the solid line is the linear piecewise interpolation curve used

in the numerical model.
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Figure 5.4: Electron impact cross-sections for the excitation of Ground State neutral Argon

atoms to the energy levels 19 to 24 (defined in Table[5.1). The kinetic energy ¢ of the impacting

electron (in abscissa) is limited to the range of interest 0 < € < 200 eV. The cross-section values

(in ordinate) make use of the same logarithmic scale for all energy levels. The cross-sections

reported in this figure belong to a consistent dataset suggested by Hayashi [56]; the dots repre-

sent the experimental data, while the solid line is the linear piecewise interpolation curve used

in the numerical model.
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level 25 - Eth=15.20 eV
T T T

0 50 100 150 200
e [eV]

Figure 5.5: Electron impact cross-sections for the excitation of Ground State neutral Argon
atoms to energy level 25 (defined in Table[5.1). The kinetic energy ¢ of the impacting electron
(in abscissa) is limited to the range of interest 0 < € < 200 eV. The cross-section values (in ordi-
nate) make use of the same logarithmic scale used in Figs. The cross-sections reported
in this figure belong to a consistent dataset suggested by Hayashi [56]; the dots represent the
experimental data, while the solid line is the linear piecewise interpolation curve used in the
numerical model.
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5. DETAILED ELECTRON MODEL

5.2.3 Electron Impact Ionization

The ionization of a Ground State neutral particle by electron impact is a process similar to
excitation, but it is definitely more complicated to model. An electron with kinetic energy
€ > €;, the ionization energy, has a non-zero probability of ionizing a Ground State neutral
upon collision. If this happens, the impacting electron is called the ‘primary’ electron, and
anew ‘secondary’ electron is obtained after ionization.

After ionization, it is not practical to distinguish between the primary and the secondary
electrons, and such a separation is not even useful for the present modeling purposes; hence,
the electron that causes ionization will be called the ‘incident electron’, and the two elec-
trons obtained after ionization will be called ‘ejected electrons’ with no distinction.

Similarly to the excitation process, the residual kinetic energy after collision is € — ¢;,
but this is shared between the two ejected electrons in a non-deterministic way. A common
statistical approach in dealing with this problem is to introduce the energy distribution of
ejected electrons g (€,€;), where € > ¢;, is the energy of the incident electron and &; is the
energy of the ejected electrons. g (¢,¢5) de; is the probability of finding ejected electrons
with energy between ¢ and ¢; + de;, produced after an electron impact ionization event
with incident energy ¢. Clearly, the energy of the ejected electrons is bounded by 0 < ¢ <

€ — €;z. The normalization property of the energy distribution of ejected electrons is

E—Ejz
[ gle,e5)deg = 2, (5.37)
0

because two ejected electrons correspond to one incident electron. Since the sum of the
kinetic energy of the two ejected electrons necessarily equals € — ¢;;, it follows that for each
ejected electron at energy € there is exactly one ejected electron at energy (¢ —€;;) — €;. As
a consequence, the energy distribution of ejected electrons is symmetrical with respect to
(e—€iz) /2.

Following the same procedure described in Sec. one should focus on a certain
energy £ on the energy axis in order to quantify the instantaneous effect of ionization on

the number density f(¢*)de. Again, two different contributions can be distinguished:

1. a positive contribution of ejected electrons produced at energy €*, due to ionization

impacts in the whole range of incident energies between €* + ¢;, and €,4x;

2. anegative contribution of incident electrons having energy £*, which ionize a neutral

and produce ejected electrons at lower energies 0 < e; < e* — €.
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Accordingly, the ionization Source term can be written as:

Emax
i) = Hlemas—eiz=) [ via(e) £(£01) g(e'e) de’ = Hle—er) viale) e
E+Ejz
(5.38)
where v;,(€) is the ionization collision frequency for electrons having energy &:
Viz(€) = ngoiz(e)v(e). (5.39)

As in Eq. ng is the average density of neutral particles in the source m3], and v(e) =
v2elm, is the velocity of the incident electron [m/s]. o, (¢) is the ionization cross-section
[m?] from Ground State. In Eq. H{(-) is the Heaviside step function defined by Eq.
Fig. reports the cross-section data for o;;(¢) used in the model, as collected by Hayashi
156].

3.0 le—20

20

15 : : + + experimental data
' i ; — linear interpolation

[m?*]

R .

i i
O'OO 50 100 150 200

g leV]

Figure 5.6: Cross-section data for electron impact ionization of Ground State neutral Argon
atoms; experimental data are shown [56], together with the piecewise linear interpolation curve
used in the model. The Argon ionization energy used in the model is €;, = 15.76 eV.

Itis rare to find in the literature an explicit expression for the ejected energy distribution
g (g, €5); instead, experimentalists usually measure the energy of ejected electrons in order to
provide the energy differential cross-section g, (g, €;) for electron impact ionization [m2/]],
which results in the usual ionization cross section upon integration over the half-range of

ejected energies:

E—Ej,

Oiz(€,€5)des = 05(€) . (5.40)
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5. DETAILED ELECTRON MODEL

The following identity holds,
0iz(€,&5) = 0iz(€) g(€,&) , (5.41)

which can be used as a definition for obtaining g (¢, ;) from the available energy differential
cross-section data available in the literature.

Eq. shows how the energy differential cross-section o, (g, €;) retains information
about the probability of causing ionization, and about the energy distribution of the ejected
electrons, at the same time. Since reliable data for energy differential cross-sections are
quite difficult to find, and they are usually given for a small set of values of the incident
energy ¢, in this thesis work the energy differential cross-sections for Argon are only used
to construct the function g (g,€). Consistently, the calculation of the ionization frequency
(Eq.[5.39) makes use of the data shown in Fig.[5.6]for the Argon total ionization cross-section
Oiz(€).

It is worth pointing out that most often the energy differential cross-section is given as a

function of two non-dimensional variables [57]: the reduced incident energy

€
u=— (5.42)
Eiz
which must be > 1 for ionization to occur, and the reduced ejected energy

Es
X =

O0=<x<1), (5.43)
E—E&jz

which is usually limited to values in [0,0.5], taking advantage of the symmetry property.
Using the two new variables, o, (i, x) is now the quantity of interest, which can be found

plotted as a function of x, parametric in u. Fang et al. [57] suggest the use of the Gaussian fit
i (U, x) = ae?05, (5.44)

where the two parameters a(u) and b(u) are related to the size and shape of the energy
differential cross-section, respectively. Accordingly, the non-dimensional parameter b(u)

uniquely defines the normalized G(u, x) as
Glu,x) 1= (e £i2) g (UEiz, x(e— i) = o0, (5.45)

where ¢y is just a normalization constant that ensures f00'5 G(u,x)dx=1.
Table[5.2 contains the parameter b(u) for Argon, as reported in [57]; the corresponding
Gaussian fits are displayed in Fig.[5.7]
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u| 1.125 1.50 225 3.00 5.00 750 10.00
b | 0118 1.10 3.64 5.83 10.00 13.35 15.51

Table 5.2: Parameter b(u) for the Gaussian fit of the (normalized) energy distribution function

of ejected electrons; data for Argon from [57].

G(u,x)

0.0 0.1 0.2 0.3 0.4 0.5

Figure 5.7: Non-dimensional energy distribution function of ejected electrons after an ionizing
collision with an Argon neutral atom (Eq. , as a function of the reduced incident energy u
(Eq.[5.42) and of the reduced ejected energy x (Eq.[5.43). Curves are obtained using the Gaussian
fitin Eq. with b(u) given in Table according to [57].
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5.3 Semi-Discrete Formulation

5.3.1 Integral Formulation: Method of Lines

Several numerical methods exist that permit one to find an approximate solution to the
PDE given by Eq. In order to ensure a correct implementation of conservation of the
number of particles, an integral formulation is employed. As a first step, the energy axis
is discretized into N cells C; (j € [0, N — 1]) having central energy ¢; and extension Ac ;
each cell C; coincides with the energy interval [e j-1€jrl ] (Since the time variable is not
discretized instead, this method is called ‘semi-discrete’.) Then, one should note that the

integral of f (¢, t) over one cell is just the particle number density in that cell:
f fle,t)de = nj(1). (5.46)
G

Hence, the integration of Eq.[5.8|over each cell gives a system of N balance equations for the

number densities in each cell:
U~ legp) o ey )] el ) el ]

€,+l £.+l
+f "2s, . (€, 0 de +f " 8.6, 00de  (je[0,N—1])
ol £

j-

(5.47)

D~

j-

o=

It should be pointed out that no approximation was introduced in deriving Eq. which
is in fact exact.

In order to proceed with a numerical solution, the terms on the right hand side must be
approximated as functions of the N values n;(r). A simple procedure is to assume that the
energy axis is discrete, i.e. the kinetic energy of an electron can only assume one of the set
of N values ¢, which correspond to the center of (or another pre-determined location in)
the mesh cells earlier described. As another way to look at it, one can think of the electron
energy distribution function as a sum of N Dirac deltas of amplitude n;(¢):

N-1
fle,t) = > be—€ep)nj(). (5.48)
=0

Accordingly, the source terms can be rewritten as
E..1
/ 725, (e, ) de
E.
i

£j+l
f > Si.(e, ) de
ol

j-

Sex,j(1) A€ (5.49a)

[N

Sl'z,]'(l’) A&‘j . (5.49Db)

N~
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As described in Section|5.1.4} Jrr is a linear operator.
If we assume that the flux J at the interface between two neighboring cells depends lin-

early on the values of f(¢) in those cells, then it is possible to write

](Ej%) = ajnj—bj1nju

J(E;)

(5.50)

aj-1nj-1 — bjnj

where a; and b; are coefficients having dimension of [s1]. a j may be interpreted as the
frequency with which electrons having energy ¢ are accelerated to ¢, 1; similarly, b; is the
frequency of deceleration for electrons from ¢; to €. The difference between the right

and left fluxes in Eq. gives the following net contribution to cell j:
— [](£j+%) —](é‘j_%)] = aj-1nj-1 — (dj + bj) nj+ bj+1nj+1 . (5.51)

Denoting by 7i (¢) the vector of N values n;(t), Eq. can be rewritten in matrix form as

dn .

a7 =Mn. (5.52)
Eq. is a system of ODEs, which can be integrated in time using the most appropri-
ate time integrator, chosen among a great variety of options: semi-analytic or discrete, ex-
plicit or implicit, single-step or multi-step, fixed-step or adaptive-step, etc. Indeed, the
widespread use of this method, the so-called Method of Lines (MOL), is mostly due to its
ample set of possible choices for the time integration, which makes it a flexible tool for the
solution of complex PDEs.

In the present case, the semi-discrete model given by Eq. was obtained using an
integral approach; as a consequence, the discrete variables n;s are not point values as in a
standard finite-difference scheme, but they represent integral quantities on the cell: they are
in fact particle numbers per unit volume in physical space. The main advantage of this fact
is that integral properties of the original PDE, like particle and energy conservations, can
be easily enforced on the semi-discrete model, at the time when the matrix M in Eq. is
constructed. To achieve this, matrix M is written as the sum of the separate contributions
from EM heating, electron-electron Coulomb collisions, and electron-neutral excitation and

ionization,

M = Mpgr + Me—e + Mex + Mz, (5.53)
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so that each matrix on the r.h.s. of Eq. can be constructed to satisfy the aforementioned
integral conservations. The matrices Mgr and M,_, are tri-diagonal, and according to Eq.

[.51]they have the form given in the following 5x5 example:

—dag b1 0 0 0
ap —(a; + by) by 0 0
M= =1 0 a —(az + by) bs 0 (5.54)
0 0 ay —(as + bg) by
0 0 0 as —(aq + by)

In Eq. the sum of the terms on each column (apart from the last column) equals zero,
meaning that the rate of variation of 7; is correctly balanced by the rates of variation of n;_;
and nj,1; that is, electrons are neither created nor destroyed by the EM fields or the e-e
Coulomb collisions, but they can only move from one cell to a neighbor cell. The matrix in

Eq. implicitly contains two Boundary Conditions (BCs):
* ahomogeneous Neumann BC at € = 0, i.e. no-flux at zero energy (because by = 0);
* ahomogeneous Dirichlet BC at € = gy, i-€. f (Emax) = 0.

The sum of the terms in the last column in Eq. is not zero because electrons flow out
of the system whenever they ‘jump’ to an energy higher than &,,4. This is one of the major
differences with respect to the model described in [54].

In general, the flux matrices Mrr and M,_, are completely defined by their vectors of
coefficients @ and 79) ; in the case of electron-electron Coulomb collision, each coefficient

depends on 7 (itis a non-linear operator).

5.3.2 RF Heating Matrix

On a discrete energy mesh, the flux function Jgr (€, #) given by Eq. needs to be evaluated

at the cell interfaces (see Eq.|5.47). The functional dependence of Jgr (E j+b t) on the vector

7i () can be obtained from Eq. @ by introducing suitable numerical approximations to
the terms that appear on the r.h.s.

The value f (E j+b t) of the distribution function at the interface between cell C; and cell
Cj+1 can be obtained by linear interpolation of the adjacent cell center values, so that

Ej+1 =€)l Ejsl—Ej

J*3
E 1, = |—— Eit) + | ———— Eirlr L
f( I*2 ) (£j+1_£j )f(] ) (£j+1—£j)f( J+t )
(€f+1—€f+;) @ (%;—ff) nje1(0)
Ag;

(5.55)

~
~

Ejr1—Ej €jv1—€j) Agji
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Consistently with the linear interpolation above, the partial derivative of the EEDF with re-

spect to energy, evaluated at the same cell interface ¢ ; j+b is

af( ’t):f(fju,f)—f(gj,t)N 1 (nj+1(t)_nj(t)). (5.56)

Oe Ej+1—Ej - Ej+1—€j \ Agjq Agj
The substitution of Egs. and into Eq. yields a finite-difference approxima-

tion to the ﬂUX]RF( Ejrl) t)

Ej41+E;
1 (]+1 j+i

1 (5j+; tTEj
Ae,

€ ,t)~mD t
]RF(]+% eD, (1) e

)nj(t) - )nj+1(t)]. (5.57)
Ej+1=Ej Ej+1~Ej

Eq./5.57|can be written in the form ](£j+%) =ajnj—bji1njs1 (see Eq.[5.50), with

m, €j+1tE€; 1
afF (1) = D*(1) IEARRRELS I (5.58a)
v

] A{:‘j Ej+r1—€j

Ej 1+€]')

A€jyy Ej41—€j

(5.58b)

b (1) = D (r)(

It remains to verify whether the discrete formulation above ensures that 50 W are cou-

pled to the electrons. The total EM power coupled to electrons in the discrete model is

N-1 N-1
Pre(t) = Z()]RF(Ej+%rt) (ejr1—¢j) = Zo(aan] bjflnj+l) (ej+1—¢5) =
j= j=
N-1 ) N- )
= D:(t)me Z (L_Zanj—b}?flnj+1) D, (O me ao no Z( aRr bRF) j+b113]Fl’lN
j=0 j=1
(5.59)
where
e _ ST cpp _ iy T E
atF = — 10 pRF - T2 o (5.60)
J Aé‘j J A£j+1

Substituting the formula for Dj;(¢#) (Eq.[5.25) into Eq.[5.59} and noticing that ny = 0 be-

cause homogeneous Dirichlet BCs are applied at €y = £max, One gets

50 W/ Vg

Prr(t) = 3000
e

(5.61)

~RF _RF _ 7 RF
0”0+Z( b)j’

so that, in order to ensure that Pgr(#) Vs = 50 W, the terms within the square brackets must
sum up to exactly 3n.(t). It is easy to demonstrate that such a requirement is satisfied only

if:

1. the energy mesh has uniform spacing Ae,
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2. the first cell Cy has central energy €g = 0 and an extension Agy = Ae/2.

In fact, in such a case

_RF E1+E05 1.5A¢
a —

0 Aeg  05Ae
(5.62)
_RF _fRF _ (£j+1_£j*1)+(£j+%_£j—%) _ 2Ae+Ae
a’-b'" = = = 3,
1 1 Ae Ae
so that
RF N= ~RF _ [.RF g N
g Z (af"=BEF)n; | = 3n0+ Y 3n; =3 % n; = 3n.(0). (5.63)
j=1 j=1 j=0
Q.E.D.

5.3.3 e-e Coulomb Matrix

Making use of Egs.|5.55|and[5.56), Eq.|5.26|can be expressed as

Jeelejist) = “(”{(SL;/AEJ)' [P(ejep1) Uy - Q(ejesst)]-min -
_(S;+%/Agj+1)' [P(£f+%’t) u; i+ + Q( J+ ’ )] 'njH(t)}’

where a(f) is a parameter that depends weakly on 7 (f) according to Eq. In Eq.[5.64}

(5.64)

the following notation was introduced:

Eiz1—€;,1 E..1—E&j
JHL 7€+ _ j+3 €
st = — =22 §T ., = —2—, (5.65)
+1 +1
Jt3 Ej+1—E&j Jt3 Ej+1—Ej
and
+ 1 0.5 _ 1 0.5
ul,, = + , U1 = — . (5.66)
J*3 €f+1_£j+% £]~+% Jt3 £]-+%—£j £j+%

Eq.p can be written in the form J,_ e(£]+1) =ajnj—bj1nj; (see Eq. , with

/Ag,) (P (e 1) ut w,y - Q(eju11)] (5.67a)
/A£J+1) [P (ejrrt)ur,y + Qlegant)] (5.67b)

2

aj(t) =

|
S
—
~
=
/—\

bj+1(t) =

|
S
—
~
=
/—\

It is possible to evaluate all the coefficients @ (¢) and 75([) defined by Eq. by a simple

matrix-vector multiplication. To achieve this, the integrals in Eq. should be written as a
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function of the values 7 (#); this is easily obtained by making use of Eq.|5.48} so that

2 J N-1 nk(t)
Ple;,1,t| = Y ern(t) + 26,1 Y. , (5.68a)
( J*t3 ) /€j+% o ]+2k:j+1 VEL
3 J
Q(£j+;,t) ~ S ne(n) . (5.68b)
2 € '+l k=0
\V /T2
At this stage it is useful to introduce the discrete Heaviside step function
0 ifj<k(e k>j)
Hjr = B . (5.69)
1 ifj=k(ie k<))
so that the sums in Egs. can run over the whole range of mesh cells:
N-1 2.1
2£k Jjt3
Ple. . 1,t] = Hij + (1-Hjp) — | ni (1), (5.70a)
( Jt3 ) k;() J €]+l ( J ) \/a
N-1 3
Q(£j+;, r) ~ Y | Hji n(t) . (5.70b)
2 k=0 5]'+l

Substituting Eqgs. into Eqgs.[5.67, one can finally obtain a matrix expression for the coef-

ficients:

a = alt)-An (1) (5.71a)

D) = aln)-BR(D) (5.71b)
where the constant matrices A and B are defined as
_ +
o = [514/30)

Bjerk = (57,1 /Bejn)

Hire .
ik j

1 1

Lo .
5 (2uj.+%£k—3) + (1-Hp)ej (Zuj ekz)] . (5.72a)
1

e 2
H]k£j+

_1
%(2u;+%£k+3) + (1—ij)ej+;(2u;+;ek2)] . (5.72b)

Now that the coefficients @ () and Z(t) can be obtained from Egs. together with
Egs. one can evaluate the matrix M,_, in the form given by Eq. At each time-
step, though, the matrix M,_, has to be updated by reevaluating a(¢) and performing the
matrix-vector multiplications in Egs. that lead to the new values of @ () and Z(t).

According to Rockwood [54], the matrix elements A jk (in this case, multiplied by a(?))

may be interpreted as the rate [m3/s] for acceleration of electrons from & j to €41 while
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electrons at &4 go to £x_. Similarly, Bj; represents the rate of deceleration from ¢; to €1
while electrons at € go to €. Since electrons cannot be decelerated below ¢y, it follows
that Ajo=0Vj, and By =0 Vk.

The considerations above are consistent with the fact that electron-electron Coulomb
collisions make electrons exchange energy between each other, so that the EEDF relaxes
towards its ‘most probable’ configuration, i.e. a (truncated) Maxwellian distribution. It is
extremely important to point out that this process conserves the total energy of the collid-
ing electrons, unless one takes into consideration the radiation cooling due to the Brems-
strahlung phenomenon, which can be safely neglected for the range of electron density and
temperature under study (in fact, the Bremsstrahlung power per unit volume flowing out of
the system is Pg, ox n2T2?).

In order to ensure the correct numerical implementation of e-e Coulomb collisions, it
helps to consider an idealized system where e-e Coulomb collisions are the only process
that affects the time evolution of the EEDE If such a system is closed, i.e. all electrons are
confined, e-e Coulomb collisions do not change the total kinetic energy, sum of the kinetic
energy of all the electrons in the system; this is an important property that must be retained
by the discrete formulation.

It is more interesting to consider an idealized system that is open instead, as in the nu-
merical model under study: those electrons that reach an energy € > €4, are not confined
by the electrostatic potential well, and are assumed to flow out of the system almost instan-
taneously. In this situation, e-e Coulomb collisions cause energy to be transported out of
the system by the flux J2" of escaping electrons, which are assumed to have exactly the

confinement energy €y = €max: the corresponding power flux per unit volume is
PO = O ey [W/mP]. (5.73)

By global energy balance, the escaping power above must equal the time derivative of the

total electron energy in the system, E(#) [J/m3]:

dE  d (N=! ) N=t
—_— = — einil| = EiNn;. (5.74)
dr dt(j;) I Jgo T

There is no reason to believe that the power balance PS"., = dE/dt is exactly satisfied by the
discrete expressions derived so far. Nevertheless, it is quite easy to modify the definitions
given by Eq. in order to enforce energy conservation. In fact, the physical interpreta-

tion of the elements of the matrices A and B as rate coefficients suggests a detailed energy
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balance: when electrons are accelerated from ¢; to €11 by means of decelerating electrons

from € to €;_1, the rate of acceleration is

Vace = aOAjeni  [s], (5.75)
while the rate of deceleration is

Vdec = @()Bijn;  [s7]. (5.76)

In a unit time, the energy gained by the n; accelerating electrons must equal the energy lost

by the nj decelerating electrons,
N Vace' (€j41 =€) = NiVdec* (€x—€k-1)  [Jm3s], (5.77)
which gives the condition that must be satisfied for energy conservation:
Ajk (ej+1—€j) = Brjex—€k-1) - (5.78)

After having calculated the A matrix by means of Eq. Eq. should be used in
place of Eq. in order to correctly implement energy conservation for electron-electron

Coulomb collisions.

5.3.4 Excitation Matrix

Fig.[5.8|shows how the excitation process is modeled on a discrete energy mesh: a fraction
of the electrons having energy € undergo an excitation collision, i.e. they excite neutral par-
ticles from Ground State to energy level p. From energy conservation, those electrons lose
an amount of kinetic energy 52’?, and their residual energyis e, = € - séﬁ?, but this does not
correspond to one of the allowed values ¢; on the mesh. In order to conserve energy, it is
necessary to share the just-collided electrons among two or more cells, some with an en-
ergy higher than ¢,, and some with an energy lower than ¢,. The simplest choice, which
causes the minimum numerical diffusion, is to share the just-collided electrons between
two neighbor cells, as shown in Fig. The fractions a and § of electrons going to the
lower energy and to the higher energy cell, respectively, are determined by imposing the

simultaneous conservation of number and energy:

a+f =1
{ @) (5.79)

aeg+Pep = e—¢€, .
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Figure 5.8: Excitation process on a discrete energy mesh.

The structure of the ‘excitation matrix’ for the energy level p, in the case of a mesh with 7

energy cells and E(e’;) lying between &, and €3, is

0 0 O0|agvs O 0 0
0 0 0] B3vs ayvy 0 0
0 0 O 0 ,641/4 a5Vs 0
MPN=D 10 0 0| vy 0 PBsvs asve |, (5.80)
0 0 O 0 —V4 0 ﬁe\/s
0 00| O 0 -vs 0
00 0| O 0 0 -

where v; = V(JJ? (¢;) is defined by Eq. The total excitation matrix M, is the sum of the
single excitation matrices:

My = Y MP. (5.81)
p

5.3.5 Ionization Matrix

When an electron having energy €* > €;, undergoes an ionization collision with a (Ground
State) neutral Argon atom, it extracts a secondary electron from the neutral. In this process
the impacting electron supplies the secondary electron with an amount of energy equal to
the bound energy €;, (the ionization energy), plus some kinetic energy. From energy con-
servation, the sum of the kinetic energies of the two ejected electrons (primary + secondary)
is equal to the residual impact energy €, = €* — £;,. The energy of the two ejected electrons
can assume any value € € [0, &,], and it is statistically described by the energy distribution
function of the ejected electrons g(e*, ¢). But for a fixed €*, g(e*, €) is still a continuous func-
tion of the ejected energy ¢, while the energy mesh is discrete in the numerical model: as

shown in Fig. only a finite set of energy values ¢ are available to the ejected electrons.
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In general, the available energies are the center values of those cells that are at least partially
allowed to the ejected electrons.

In order to describe the ionization process on an energy mesh, the quantity of interest
is v, that is the average number of ejected electrons reaching energy ¢, per impacting elec-
tron. The evaluation of the coefficients y; is a delicate issue, as one should exactly conserve
the particle number and the kinetic energy, which results in the two following constraints:

jmax
2 vi=2
j=0
(5.82)

]Z yj€j = € —¢€iz.
j=0

In order to satisfy Eq. at least two allowed energies are necessary. Therefore, if only
go is available, then &, should be considered allowed too. With two available energies, the
conservation of particles and energy can be easily enforced, in the same fashion as for the
excitation case (see Eq.[5.79), by solving the linear system
{YO =2 (5.83)

Yo€o+Yié1 = € —Eiz.
When three or more energies are available, one can use the information given by g(e*, €), but
a careful procedure should be applied in order to ensure particle and energy conservation.
There is no unique solution of course, but a simple procedure recommended for numerical

implementation is the following:

1. evaluate the y;s by estimating the shaded areas in Fig. (a numerical quadrature

algorithm like the trapezoidal rule is sufficient), so that
Yj = f g(e*,e)de; (5.84)
Cj

2. rescale the ;s in order to ensure that particles are conserved, i.e. 3. ;y; = 2; this is

accomplished by multiplying all y ;s by the same constant factor:

2
Yi =Y (Zij); (5.85)

3. reduce Yo and increase yj, . by the same amount Ay (with sign), in order to ensure
that energy is conserved, i.e. }_ jYi€j= &* — g;; this correction is just

1

Ay = : (5.86)

(6" —€iz) = )_vjej
gjmax ]
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and accordingly:

Yo = Yo—Ay
ijux = ijax +A,}/ *

(5.87)

Points 2 and 3 in the procedure above are ‘small corrections’, which become smaller as the

energy mesh is progressively refined.

Finally, the structure of the ‘ionization matrix’ in the case of a uniform mesh with 7 en-

ergy cells and ¢;, lying between ¢ and €3, is

0 0 0[yvs Yva 7yivs
0 0 0|y3vs Yyva 7Yivs
0 00| O 0 Yivs
Mi;=|000|-vs 0 0
000 0 =-v4i O
000/ 0 0 —vs
000 0 ©0 O

YgVe
YéVa
Y%VG
Y%VG
0
0
—vg

) (5.88)

where v = v;,(¢;) is defined by Eq.[5.39} In Eq.[5.88, the notation yy;, is used, where m is the

energy index of the impacting electron, and # is the energy index of the ejected electrons.

opop ¥

- iz

of T8 T e T il e |
€
< 1Z

\d
)

7
kg

Figure 5.9: Example of ionization process on a discrete energy mesh. For each electron at en-

ergy € that undergoes an ionizing collision, a secondary electron is produced. The energy of

the primary and secondary electrons after the collision is treated statistically: the energy distri-

bution of the ejected electrons is g(eg, €), which is depicted by the shaded area on the low energy

side of the energy axis. On the given mesh, only a discrete set of energies €y, €1, €2, and €3 are

available to the ejected electrons; for each impacting electron, g, y1, Y2 and y3 are the average

number of electrons that reach the aforementioned energies.
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5.4 Integration in Time

5.4.1 An ODE system for the normalized EEDF

Eq. describes the time evolution of the normalized EEDE F(¢); a discrete formulation
can be obtained as a system of ODEs for the unknowns Fs, defined as the average values of
F(¢) in each cell C;:
Fj = L F(e)de. (5.89)
Aej Jc;
Recalling that n; = fcj f(e)de and F(¢e) = f(g)/n,, one gets the simple relation
I’lj = I’leAEij, (5.90)

which can be put in matrix form as

—

n =nDF, (5.91)
where D is a diagonal matrix having the array of cell sizes Aé on the main diagonal:
D;j = 8ijA¢g;j. (5.92)

With common notation, the symbol §;; in Eq. is the Kronecker operator:

1 ifi= ],
ij=4 TP (5.93)
0 otherwise.

Substituting Eq. into Eq.[5.52} one gets
dF
dt

- (D‘lMD L dne
B ne dt

1) F (5.94)

where I is just the identity matrix (I;; = §;;). In order to numerically integrate the system of
ODEs defined by the last equation, the term 1/n, dn./dt should be expressed in terms of the

solution vector F. In fact, this can be done by means of a simple algebraic reformulation:

dne d dn

d —
- (o) - - |

= M7, = ne
1

MDF ||1 , (5.95)

where the notation | - ||, represents the L1-norm in RY space; the linearity property of such

a norm, when applied to a positive-valued vector, was used. If Eq. is substituted into

Eq. one gets
dF

— = [D‘IMD—”MDFHIIF. (5.96)
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At this stage it is useful to define the matrix
C = D"'MD, (5.97)

so that
||MDFH1 - ||Dc?||1 - A¢!CF, (5.98)

where X Ty = c € Ris the inner (scalar) product between vectors in RY. Finally, a compact
matrix expression for the time evolution of the (discrete) normalized EEDF is given by the
following first-order system of ODEs:
dF — =y 1=
o= |c- (8" cF)1| F. (5.99)
It should be pointed out that Eq. above still depends on 7., but only indirectly, through
matrix C = D"'MD. In fact, according to Eq. matrix M is the sum of the matrices for
each contribution (EM heating, electron-electron Coulomb collisions, electron-neutral ex-
citation and ionization), which explicitly depend on n, or ng; in turn, ng depends on n,
through the average ionization collision frequency for neutrals, and through the ionization
efficiency of the plasma source (see Eq.[4.28).
It is useful to rewrite the various matrices in order to show the dependence on n, and
ng. The EM heating matrix may be rewritten as

1
Mgr(1) = e My (5.100)

where M;}F is a constant coefficient matrix with units [m'3s'1]. The e-e Coulomb matrix
may be rewritten as

Me—e(t) = a(t) ne()M,_, (1) (5.101)

where M?_, (1) is a tri-diagonal square matrix with diagonals [Ti*, —(a@*+b*), b *] The
arrays a* and b * are related by a matrix-vector multiplication to the discrete normalized
EEDF:

() = ADF ()
b*(t) = BDFE(1)

where A and B are the constant matrices given by Egs. Both the excitation and ioniza-

tion matrices are directly proportional to the neutral density:

Mex(8) = ng(t)szy M;.(¥) = I’lg(t)MiF (5.103)

iz’
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where M, and M}, are constant matrices with units [m*s™*|. Finally, one gets

1
M(p) = WMj:eF + a(t) ne(HM;_ (1) + ng(r) (M;, +M],), (5.104)
Ne
where the constant matrices My, Mg, M7, A, B and D need only be evaluated once, in

preprocessing.

5.4.2 Time-Scale Separation for Accelerated Convergence to Steady State

The 0D-1V kinetic model for a Helicon plasma source describes the average state of the

system with a state vector

—

U = {ne, ng, ®u, F}, (5.105)

where all quantities depend on time, and the actual dimension of the array F depends on
the energy resolution Ae (chosen in preprocessing and constant throughout the simulation)
and on the confinement potential .

The purpose of the model is to properly evolve ?](t), starting from given Initial Condi-
tions 50, to a self-consistent steady state solution U ss- The method of solution proposed
here is based on time-scale separation: n,(t) and ng(t) have the largest characteristic time
scales and they are therefore integrated together in time, while ?(t) has a very short time
scale and hence it is assumed that during this evolution the normalized EEDF is always in
equilibrium, together with @, (t).

The complete iterative procedure, capable of accelerating the convergence to steady-

state, is the following:

1. Given the coupled analytical solution {(ng>, (Ne), Te} calculated in Section the

initial state vector is obtained as follows:

n (ng)
ni (ne>
= | Kk My, , (5.106)
o, o [1+in ()|
Fol, |&%/eneel-mrn

where the discrete F is obtained from its continuous counterpart F(g) by truncating
it at émax = Py, by sampling it at the discrete energies ¢, and by renormalizing in

order to ensure that }_ ; Fj = 1.
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2. While keeping ng and n, frozen, cycling to find the discrete EEDF F and the corre-
sponding potential confinement ®,, that ensure the balance of the electron and ion

losses (i.e. quasineutrality):

(a) given ®,, finding the steady-state EEDF by means of a pseudo-transient time

integration; calculating the electron flux I'; = J (emax) at steady-state;

(b) given the steady-state EEDE calculating the ion flux I'; = ns up according to the
kinetic Bohm criterion and planar sheath theory (Section|4.1.3);
(c) comparingI', toI';:
if (IT, —T';| < TOL) then
STORE F and @,
EXIT from the cycle
elseif (', <TI';) then
DECREASE @,
elseif (', > I';) then
INCREASE @,

end if
the feedback mechanism controlling ®,, ensures fast convergence;

(d) calculating the new initial conditions 750 as a discrete Maxwellian having the
same mean energy of the ‘old’ EEDE but truncated at the new value of ®@,,; iter-

ating from point (a).

3. Given the self-consistent coupled solution for the EEDF and the confinement poten-

tial, calculating the integral quantities required to evolve the densities:

Emax
) =f eF(e)de (7] (5.107a)
0
Ki: = f 0@ ve) Fle) de [m?/s] (5.107b)
Kl = f ol e Fle)de [m® /s] (5.1070
B 2 (&)
ug = 3 [m/s] (5.107d)

8max
sq= 18 f \/1—@1;(5) de (5.107¢)
Ne ()13 3¢
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4. Evolving n,(t) and ng(t) while keeping F and ®,, constant (hence, all the quantities
above are kept constant); the 0D balance equation for the total kinetic energy in the

system is used,

dn. _ 1 |Pq » () A
r = E A (K,-Z Eiz+ ;Kex Eox )ngne - V(MB smaxés)ne , (5.108)
together with the 1D analytic solution for the average neutral density,
ng = N e (5.109)
& Kiznevnlz ,. ’

When n, (or ng) has changed by more than a prescribed relative margin (e.g. 10%),

storing the new values of n, and ng and going back to the EEDF solver (point 2); iter-

dne
a: =0.

ating until steady-state is reached
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Source data
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Figure 5.10: Schematic of the global architecture of the 0D1V electron kinetic model.
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Figure 5.11: Schematic of the iterative procedure used to find the self-consistent steady-state

solution U = {

ng, e, @y, F} .
ss
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5.5 Simulations

Fig. shows the fluxes of electrons in energy space due to RF heating and electron-
electron Coulomb collisions. At a given energy €*, the flux is the difference between the
number of electrons that increase their energy above £* (coming from lower energies), and
the number of electrons that decrease their energy below £* (coming from higher energies),
in the unit time. Since those values are calculated from the normalized EEDE which re-
tains no information about the electron density (and hence the electron number), the fluxes
shown are normalized with respect to the total number of electrons in the system, and they
arein [s1].

The integral in energy of a flux in energy (which coincides with the total signed area
under the curve) is the average energy given to the electrons by the corresponding process,
per unit time and unit density; i.e., it is the power coupled per electron. In the case of e-e
Coulomb collisions, this area is nearly zero, but it is slightly negative: in fact, on average
the electrons are cooling, because of the flux of the high energy electrons that are escaping
from the source at € = e,¢. In the case of RF heating, the area is definitively positive; in
fact, it was show in Sec.[4.2.2]that the power coupled per electron is known a-priori when a
constant velocity diffusion coefficient is used (see Eq. .

Since the velocity diffusion coefficient is chosen according to Eq. 50 W are coupled

to the electrons in the source. This power goes into 3 main processes:
1. plasma creation (i.e. ionization collisions);
2. excitation collisions;
3. ion beam acceleration.

The third point may seem obscure, but it can be easily explained. Those electrons that jump
out of the potential well where they were previously confined are assumed to have a kinetic
energy equal to emgay; in physical reality, they will have a kinetic energy just slightly larger
than enmax, which permits them to escape from the source with a non-zero velocity, but for
all practical purposes this can be neglected. Hence, the electrons exit the system with vir-
tually no kinetic energy, while the ions are accelerated by the same potential profile that
was confining the electrons: this is a statement of energy conservation, because when an

electron-ion couple is created, the electron has a negative potential (electrostatic) energy,
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while the ion has a positive potential energy. As a conclusion, it is correct to state that some
of the power coupled to the electrons goes into accelerating the ions; and in fact, in a Heli-
con plasma thruster it is desirable that most of that power goes to the ion beam.

The various processes sum up to 50 W only when steady-state is reached. If their sum is
less than 50 W, power goes into increasing the electron density; if it is more than 50 W, the
electron density decreases. Accordingly, a simple global balance equation is used, in order
to evolve the electron density (see Eq.[5.108).

5.0e+05 ; ; . ;
: : — RF heating

Coulomb collisions

4.0e+05

2.0e+05 LN

flux [1/s]

1.0e+05

0.0e+00

-1.0e+05 5 L 5 L
%0 10 20 30 40 50
E [eV]

Figure 5.12: Fluxes of electrons in energy space due to RF heating (solid line) and electron-
electron Coulomb collisions (dashed line). The energy axis is in [eV]; the fluxes are in [s'l], as
they represent the net number of electrons crossing a given energy, per unit time, divided by the
total number of electrons in the system.

Fig. shows the (signed) source terms due to ionization and excitation. At a given
energy, the net effect of such collisional processes is calculated as the difference between
the positive contribution (in green) and the negative contribution (in red). Clearly, the con-
tribution from excitation is zero, as the green and red areas coincide. The contribution from
ionization is positive, as two electrons are put back onto the mesh for each electron that
undergoes ionization; in fact, the positive area is twice the negative area. At the ‘correct’
steady state, the electron production rate exactly balances the electron loss rate due to the

outgoing flux at emax = oDy -
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Figure 5.13: Sources (in green) and sinks (in red) of electrons in energy space, due to ionization
collisions (top) and excitation collisions (bottom). The signed integral of the source terms gives
the net number of electrons produced per second, divided by the total number of electrons
in the system. Accordingly, since the energy axis is in [eV], the source terms have dimensions
of [eV1s!]. The vertical dashed lines identify the ionization energy (15.76 eV) and the first
excitation energy (11.55 eV).

For a specific operating point {rn, ng}, the normalized EEDF must be calculated self-
consistently with the confinement potential ®,,, which defines the maximum energy al-
lowed to electrons, as emax = . P . Hence, the confinement potential defines the limit of
the energy axis itself, i.e. the domain on which the normalized EEDF is computed. To find
the value of @, the energy axis is truncated at epmax = g Py, and the normalized EEDF
is run to steady-state on the given domain; then a new @, is calculated and the process is

repeated, until the loss rates for electrons and ions differ by less than a prescribed tolerance.

If a constant mesh spacing is used, than e, can be chosen between the allowed dis-
crete energy values, the energy axis remains the same (it is just shortened), and there is no

need to recompute the constant matrices M7, ,, M

* . .
e Mex, M7, A, B and D at each iteration (see

Sec.|5.4.1): it is sufficient to use a reduced number of rows and columns.

The self-consistent confinement potential ®, is obtained by matching the (normalized)
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40 50

E [eV]

Figure 5.14: Example of a steady-state normalized EEDE obtained for a given operating point
{ne, ng}, and for a tentative value of the confinement potential ®,,. The energy axis is in [eV],
while the normalized EEDF is in [eV "!]; due to normalization, the area under the curve is strictly
equal to one. The vertical dashed lines identify the first excitation energy (11.55 eV) and the
ionization energy (15.76 eV).

outgoing fluxes of electrons and ions [s™1], also called loss rates, which are obtained as

" 1
I, = n_[]RF (Emax) + Je—e (Emax)];

e
- nsupA _ OsupA (5.110)
N A

where A is the area of the exit section, and V is the volume of the plasma source. In Eq.[5.110}
6 = ng/ n, is the ratio of the density at the sheath boundary to the average electron density
(Eq.[5.107¢), while up is the Bohm velocity (Eq.[5.107d). Many of the quantities above (i.e.
JRF, Je—e, 05 an up) depend on the steady-state normalized EEDE which in turn depends on
the imposed value of ®,,.

As an example, Fig. shows the profile of I'; (®,,) and T’} (®,,) for a given operating
point {n,, ng}: since the two fluxes are decreasingly and increasingly monotonic, respec-
tively, an intersection point is easily found, which defines the value ®;, which is consistent

with the hypothesis of quasi-neutrality in the plasma source.
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Figure 5.15: Loss rates for electrons (solid lines) and ions (dashed lines), at a given operating
point {rn, g}, as a function of the confinement potential ®,,.
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Detailed Neutral Model

The neutral dynamics strongly influences the spatial distribution and strength of the source
term for ions, which in turn affects the plasma density and potential, and hence the kinetic
energy available to the confined electrons for ionization of the neutral particles. For the
purpose of hybrid modeling, this strongly coupled system needs to be tackled one piece at
a time: so far, the models presented were spatially averaged or purely analytic, so the next
logical step is to resolve at least one spatial dimension, and possibly two.

To allow for the large average mean-free-path expected in the source for neutral-neutral
collisions, a 1D analytic model based on a random walk argument was proposed earlier in
Chapter |4} Such a model had three main limitations: first, in the experiment there is no
barrier to the neutral motion in the axial direction except drag from the sidewalls, and so it
is legitimate to suspect that the gas may maintain a considerable mean axial velocity after
injection into the source, while the analytic model does not include a mean velocity; second,
the neutral density in front of the injector can still be sufficiently high to have a mean-free-
path much smaller than the source radius or than the mean-free-path elsewhere, while the
model assumes a constant mean-free-path; and third, the gas expansion upon injection into
the source is definitely two dimensional.

In this Chapter, a novel code dedicated to the neutral dynamics is presented, which is
kinetic, in the sense that it evolves in time the velocity distribution function of the neutral
particles on a phase-space domain. Such a model is 3D-3V; i.e. it resolves three dimensions
in space, and three components in velocity. Section[6.1]gives a detailed argument in favor of
this six-dimensional kinetic model, explaining why it is regarded as necessary for the better
understanding of the dynamics of the rarefied neutral gas in the source.

Section[6.2)reviews past research on the Convected Scheme for the kinetic simulation of

cold plasmas and rarefied gases. Several versions of the Convected Scheme are discussed,
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and the advantages and downsides of the different approaches are assessed, on the basis of
the accumulated experience of use at UW Madison.

In Section [6.3] computational considerations motivate the selection of a cell-centered
semi-Lagrangian (CCSL) version of the Convected Scheme, in which the Moving-Cells (MCs)
are remapped back to the fixed mesh at the end of each time-step. To compensate for the
conspicuous and anisotropic numerical diffusion inherent in this particular method, a novel
high-order remapping procedure is developed, which is based on the application of small
corrections to the final position of the MC upon remapping. The new ‘ballistic operator’
maintains the desirable properties of the original scheme (i.e. global and local mass con-
servation, and positivity preservation), while drastically reducing the undesired numerical
diffusion. A few non-oscillatory variations on the new scheme are also given, which may be
particularly useful in the presence of sharp density gradients.

In Section [6.4] the computational domain is shown to be subdivided into a ‘physical
domain’, where the velocity distribution function of the neutral gas is calculated on a phase-
space mesh and evolved at each time-step, and a ‘ghost region’ that lies beyond the bound-
aries and is used for implementing the various types of boundary conditions. The geometry
under consideration is simply a cylinder open to vacuum to one end and with a small circu-
lar hole (the injector) to the other end, which is otherwise closed. The phase-space mesh is
also discussed: this is obtained as the Cartesian product of the spatial and velocity meshes,
which are separately described.

The effect of collisions between like particles on the velocity distribution function is de-
scribed by the Collision Operator, which is discussed in Section[6.5} the current implemen-
tation is an integral formulation of the Bhatanagar-Gross-Krook relaxation model. The exact
conservation by the Collision Operator of local integral quantities, like the particle number,
momentum and kinetic energy, is explicitly enforced on the discrete mesh by applying ‘small
corrections’ to the nominal distribution function of the just collided particles.

Section [6.6] describes the Boundary Conditions (BCs) employed in the model, which
are of different kinds. Periodic planes permit one to simulate only half the domain, taking
advantage of the symmetry of the phase-space mesh. All the physical walls are assumed
adiabatic and diffusely reflecting, so that there is no heat exchange between the gas and the
wall, but there is friction due to the transfer of parallel momentum. The injector is assumed

to be sonic with a given temperature and mass-flow, and its implementation enforces the
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exact nominal quantity of particles and kinetic energy to be injected in a time-step. Free-
space BCs are simulated by the use of a layer of perfectly absorbing ghost cells.
Finally, Section [6.7] shows the results of a campaign of 3D-3V simulations, which have

mainly test and validation purposes.

6.1 Motivation for a 3D-3V Kinetic Simulation

The choice of a 3D-3V model was made because the geometry of the thruster requires at
least 2D (cylindrical) geometry in space. When using two spatial dimensions, the corre-
sponding components of velocity are needed to describe particle motion, and the third
component of velocity must also be taken into account since it acts as a reservoir for en-
ergy. That energy is transferred into the other directions when collisions occur. Thus 2D-3V
was necessary.

For the purposes of this thesis work, a 3D-3V model was developed instead, because it
is more general and slightly easier to code, although it uses more memory and is somewhat
slower to run.

Kinetic in this context means that the system is described at a level where the distribu-
tion of the particles with respect to independent variables including both space and veloc-
ity is obtained: the scalar field f (¢,x,v) is solved for, which is the particle number density
in phase space and has dimensions of [m%s%]. The kinetic description is necessary be-
cause the hypothesis of local thermal equilibrium is not applicable, and hence the form of
f (t,x,v) for any point in space cannot be obtained from local integral properties of the fluid,
like density, mean velocity and temperature. Local thermal equilibrium is not reached be-
cause the mean free path is comparable with the system dimensions; or, as another way to
put it, the collision time is comparable with the time needed to traverse the system.

The time evolution of the distribution function f (z,x,v) of a set of identical particles is
described by Boltzmann’s equation, whose general form is:

of \y.Of (B of_Tor

ot coll

. 6.1
at Vox m ov ©.1)

where F (t,x,v) is the force field acting on each particle, and the term on the right-hand side
is the Boltzmann collision integral, which describes the effect of collisions among parti-

cles. Equation (6.I) is expressed in an Eulerian form, and 7 scalar independent variables are
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present. Equivalently, one can focus on a Lagrangian trajectory (x(¢),v(¢)) in phase space,
defined as:

)

— =V

dt

dv lF(t ) (6.2)
— =—F(,x,V

dt m

with initial conditions (xg,Vvp) at ¢ = fy. Substituting (6.2) into (6.1), the /.h.s. can be identi-
fied as the total derivative of f, and (6.1) is rewritten as
Df _[of

- i 63
Dt ot coll ©€3)

which states that the time rate of change of the distribution function along the trajectory
is only determined by the collision operator. Hence, in the absence of collisions f
is constant along each phase-space trajectory. This is equivalent to saying that the fluid
motion in phase-space is incompressible.

For the simulation of neutral Argon gas expansion inside the thruster, the force field
F(¢,x,v) can be safely set to zero: the domain is small enough to permit neglect of the grav-
itational force, and the frame of reference is considered to be inertial. Accordingly, Boltz-
mann’s equation can be simplified as

o .9

ot ox |ot

ﬁ] ) (6.4)
coll

where the Boltzmann collision integral on the right hand side of the equation takes into
account two-body short-range interactions between like particles. Additionally, the effect
of electron impact ionization can be easily taken into account, as it is a negative source

term proportional to the local phase-space density f (t,x,V).

6.2 The Convected Scheme: a Review

The neutral model employs a straightforward and easily implemented scheme for solution
of the Boltzmann equation (or similar kinetic equations) with a number of desirable
properties. The starting point is a solution of the kinetic equation in integral form, which
uses the method of characteristics to take an initial cell and propagate it forward in time un-
til it is remapped onto the phase space mesh. Such a scheme is called ‘Convected Scheme’
(CS) to reflect the fact that it focusses on describing the convective motion of the fluid [58].
More recently a terminology has arisen that would call this a ‘forward semi-Lagrangian’

scheme.
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Semi-Lagrangian schemes (as well as fully-Lagrangian schemes) do not suffer of time-
step restrictions based on the mesh size (i.e., the well known Courant-Friedrichs-Levy limit
that affects explicit Eulerian methods). Hence, such schemes are particularly well suited
to kinetic simulations, where the highest and lowest speed on the grid may be different by
some orders of magnitude. Accordingly, in the CS the selection of the time-step size is based
on physical considerations (usually At is a small fraction of the collision time), and the mesh
size can be chosen to match the required spatial resolution.

The benefit of moving the initial cell forward in time, compared to tracing back a tra-
jectory starting from the successive time-step (as most Semi-Lagrangian schemes do), is
essentially that it allows one to focus on the conservation of various quantities associated
with a single initial cell (number, energy, momentum) when the contents of that cell are
remapped to the phase space mesh. Particular attention was paid in plasma simulations to
handling the ballistic motion near the points at which particles bounce, and in the vicin-
ity of the zero energy cell, which turns out to be a little difficult to handle while conserving
energy [59,60].

The Convected Scheme solves Boltzmann’s equation using a natural time-splitting

procedure:

1. first, the distribution function is evolved for one time step according to the collision
operator only

0_f = [O_f (6.5a)

ot | ar

coll
2. then, the updated distribution function is advected for one time step along the char-
acteristic trajectories, according to the collisionless equation

BI o

Ds (6.5b)

Whether to execute the steps above in this order or not is really an arbitrary choice, since it
only depends on the definition of time-step. The collision operator invariably involves the
flux of particles in velocity space, but it is usually totally local in physical space. As such, step
1 is naturally solved on the phase-space mesh. As concerns step 2, the Convected Scheme
really uses the integral form of (6.5b), with a single phase-space cell as the control-volume
att=ty:

f f(t,x,v) dxdv = ff f (t0,X9, Vo) dxodvy (6.6)

C(1) Co
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where the rh.s. is just the total number of particles contained in cell Cy at instant #,, and
C(?) is the control-volume that evolves from Cj by means of the map defined by (6.2). For
obvious reasons, C(f) is called a Moving Cell (MC). The meaning of is clear: it is merely
a statement of mass conservation for a MC, during the ballistic motion. But to understand
the practical utility of (6.6), a suitable discretization of the variables must be introduced.

The total number of particles in the initial phase-space cell Cy is
No = fij (to) T'ij = Nij (%) (6.7)

where f; (1) is the average value of the distribution function in the phase-space cell centered
at point (x;,v;), and I'; is the corresponding volume in phase-space of the cell. It is evident
from the last expression that the Eulerian phase-space mesh is needed not only to solve the

collisional step, but also to give proper initial conditions to the ballistic operator:
Nf\]/-[c(t) = Njj (to) t=1p. (6.8)

At the end of the time step, the particles in the MC are remapped back onto the Eulerian
mesh, where the collision operator is applied next.

Alternatively, it is possible to evaluate the fraction of particles in the MC that have un-
dergone a collision, and this permits one to remap to the mesh only those particles. In such
cases, one can let the MC move for more than one time step, until the number of particles
contained is a tiny fraction of the initial number, or until the geometrical distortion of the
MC will require remapping to preserve accuracy. The application of the aforementioned
ideas led to the Long-Lived Moving Cell (LLMC) version of the CS [61}62]. The LLMC op-
tion considerably reduces the numerical diffusion of the scheme, and hence it is particularly
suited to the simulation of low-collisional systems. But in order to follow the same trajec-
tories for multiple time-steps, it is necessary to store the position and velocity of each MC,
together with the number of particles they contain. Hence, the memory requirements of the
LLMC-CS can be prohibitive for multi-dimensional simulations.

In any case, the exact time evolution of the MC can be evaluated analytically only in a
few situations, and important approximations must be introduced regarding the following

points:
1. parametrization of the profile of the distribution function f in the MC,

2. parametrization of the shape of the MC in phase-space,
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6.2 The Convected Scheme: a Review

3. definition of the Lagrangian trajectories that are to be traced for each MC.

Evidently, the choices made about the points above must be compatible with each other.
As concerns point 1, while the MC is always assumed to have a uniform density profile in
physical space, it is usually considered to be a Dirac delta in velocity space.

As concerns point 2, the MC is usually obtained from the Cartesian product of a convex
polyhedron in physical space and a convex polyhedron in velocity space. This is always the
case when dealing with more than one dimension in physical space. Moreover, the MC is
usually not deformable in velocity space, but it can usually undergo expansion/contraction
and distortion in physical space. Remembering that the flow is incompressible in phase-
space, the MC must have a phase-space volume constant in time.

As concerns point 3, there are three ways of handling the motion of the cell, that have been
employed: first, one can move the cell center and assume the cell shape does not change;
second, one can move the centers of cell faces and assume that each face does not change
its orientation; third, one can move vertices of cells. In any case, a single initial velocity,
equal to the central velocity v;, is given to the trajectories.

At the end of the ballistic move, particles must be placed back on the phase-space mesh
according to the Convective Scheme remapping rule; for a domain in R, this consists in
depositing the particles from the Moving Cell onto the overlapped fixed cells C;, according
to the m-dimensional integral over C;:

N; = N; +f nycX) dx = N; +f nycX) dx (6.9)
C; CinMC

where n)c(x) is the m-dimensional density in the Moving Cell (MC). Since np;c is assumed

uniform in the MC, the above rule can be simplified to

N;+= nMcf dx = nyc Ve,nmc =
C;NMC

(6.10)
Veinmc

Vmc

nyc Vvuc = Numc Fi

where the symbol V is used to denote the volumes in R, and F; is called the "overlapping
fraction". The notation N;+ = (...) means N; = N; + (...); hence, (6.10) denotes the contribu-

tion to N; due to a given MC. Obviously, the sum of all the overlapping fractions is one:

Ve, %
S F = Z( C”‘Mc) = MC _ 6.11)
i i Vmc Vmce
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In its application to rarefied neutral gas simulations, the Convected Scheme solves the
integral form of using a time-splitting procedure, i.e. by successively applying a ballis-
tic operator and a collision operator. Such a mesh-based method has important advantages
over particle approaches like the Direct Simulation Monte-Carlo [63], e.g. the absence of
statistical noise, a more uniform resolution in velocity space, and reduced memory require-
ments for a given accuracy level. As a downside, the application of the Convective Scheme

to neutral simulations poses a number of challenges:

—

. reducing the numerical diffusion in space introduced by the ballistic operator,
2. approximating the Boltzmann collision integral with an efficient collision operator,
3. treating generic boundary conditions in a semi-Lagrangian framework,

4. reducing spurious coupling effects between spatial and velocity meshes (e.g. the ‘ray

effect’ in the presence of sharp gradients).

The reduction of numerical diffusion (point [I) is treated in detail in Section |6.3} where a
third-order remapping procedure is derived, and the results are compared to the standard
first-order version. The successive Sections and|[6.4.2] describe the computational do-
main, the spatial mesh and the velocity mesh employed. Points[2|and [3|are treated after-
wards (in Sections and respectively), since they are strictly related to the velocity
mesh set-up. Point [4] has not been thoroughly investigated yet, and it is a major topic for
future research (but see also [64] where particles were allowed to travel within rays of finite

angular extent).

6.3 Development of a High Order Remapping Rule

Due to the high dimensionality (3D-3V) required by the neutral gas model, computational
efficiency is of paramount importance. Therefore, the simplest version of a Convected Scheme
was selected for implementation, where the MCs are rigidly translated according to the mo-
tion of their center, and hence the density in each MC is uniform and constant during the
time step. In the semi-Lagrangian version at hand, the MCs are fully remapped onto the
mesh at the end of each time-step. This scheme will be referred to as the Cell-Centered

Semi-Lagrangian Convected Scheme (CCSL-CS).
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The CCSL-CS has many desirable properties: it is fast and efficient, it is conservative, it
preserves positivity, and it has very low phase-error (usually negligible). On the other hand,
the accuracy of the scheme is only 1° order in space, the leading error being a strong nu-
merical diffusion term which has a non-linear dependence on the Courant parameter. In a
3D simulation, this means that diffusion is anisotropic, and hence the ballistic operator can
introduce unphysical geometrical distortion wherever the density gradient is not aligned
with the mesh axes.

In the earlier work on the Convected Scheme, the order of the scheme was not consid-
ered to be of great concern, since the methods were integral methods and the number of
remappings per collision time (which is often the critical physical time period) or even dur-
ing the entire simulation was small. The remapping errors were thus believed to be modest.
Unfortunately, the system at hand presents very low gas collisionality and very high den-
sity gradients, conditions in which numerical diffusion can be a serious problem. Hence, if
the desirable properties of the scheme can be retained in a higher order version, this would
represent a major improvement.

In order to increase the accuracy of the scheme, two different approaches can be used:
1. allowing for a non-uniform density in the MC;

2. given an a priori estimate of the remapping error, applying a small correction to the

final position of the MC to compensate for it.

The former option complicates significantly the evaluation of the integral in Eq. since
Eq.[6.10|is not applicable. Seeking a more numerically efficient method, the latter option is
investigated hereafter.

The remainder of this section reports a simple set of modifications (essentially a small
correction to the final position of the MC upon remapping) which changes the order of the
spatial move from first to third. (While a similar procedure can certainly be applied to the
energy/velocity move, its effects on energy conservation mean that its desirability is less
clear cut. In this work the focus is on neutral particle kinetics, where the velocity is con-
stant.) The basic CS is unchanged by this modification, in that conservation laws can be
built into the scheme as before. The ease of implementation is similarly basically unaf-

fected.
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6.3.1 The Convected Scheme as an advection equation solver

In this section attention is focused on the ballistic move. It is shown that for a neutral ki-
netic simulation the CCSL-CS is an advection equation solver, and a simple 1D version with
‘small steps’ is recast as a finite-difference scheme. The modified equation analysis (MEA) is
introduced as a tool to demonstrate the first-order accuracy of the original CCSL-CS, and to
analyze the form of the local truncation error (LTE). Important analogies to the Donor-cell
scheme are pointed out, and the MPDATA algorithm is considered for the compensation of
the first and second order terms of the LTE. Subtle differences between the two methods
are discussed in detail, which cause the aforementioned approach to fail. (In the following
section this analysis is extended to a general velocity field, and it is shown how the CS can
be made third order accurate.)

For a neutral gas simulation, if the physical coordinates are fixed in an inertial reference
frame and the gravitational force is neglected, then F = 0 in Boltzmann'’s equation (6.1), and
the particles move in straight trajectories. In this situation, the velocity of the MC does not
change during the time-step, and no remapping is needed in velocity space. Hence, for each
velocity one passive advection equation with uniform velocity is solved.

For the sake of clarity, a one-dimensional domain with uniform spatial mesh spacing Ax
is considered. On this domain, the 1D density function n(x, t) is convected with a uniform

velocity u. Hence the simple advection equation

6_11 + u@_n =0 (6.12)

ot 0x
is to be solved over the domain. In order to be able to compare the analysis here with
the more common finite-difference schemes, a small A¢ is chosen, so that a MC cannot
travel more than one cell before being remapped. (We would point out, however, that these
choices are for ease of explanation, since in fact we prefer to think we are solving a method
of characteristics in an integral form, rather than a PDE; and that no CFL criterion actually
applies to the methods we shall employ.) As another way to put it, At will temporarily be

said to satisfy the relation

ult
—1<(U:—)<+1 (6.13)
AXx

which is the Courant-Friedrichs Limit for finite-difference schemes.
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If the following notation is introduced:

1
U+:§(U+|U|) >0 (6.14)

U_=%(U—|U|) <0 (6.15)

the 1D CCSL-CS algorithm can be recast as a simple finite-difference single-step scheme
with a 3-point stencil:

it = nk Ut + nfa-up - nf L un (6.16)

i i+1

where i is the index over space, and k is the index over time. The last expression is equivalent
to a Donor-cell scheme, but with the important difference that the velocity here is not defined
at the cell edges, but at the cell centers. This consideration will be most important when high-
order corrections are applied to the scheme.

A detailed Modified Equation Analysis (MEA) of for a generic velocity field will
be performed in the next section. This will provide a means to make the CS third order
accurate. Instead, at this stage it is instructive to consider the velocity to be uniform over the
domain: in such a situation retains no information about the location of the velocity
on the grid, and the local truncation error (LTE) of the 1D CCSL-CS is identical to the 1D
Donor-cell scheme. According to the analysis performed in [65], the expansion of all terms
in to 3% order in Taylor series about the point nf = n(x;, ) gives a second order

expression for the Modified Equation of the scheme:

o} 0 Ax?
n u_n — —x(IUI—Uz)

s #n  Ax3 Bn
ot dx  2At

3
-zt @(—U+3|U|U—2U )@+H.O.T., (6.17)

which holds for the Donor-cell, and hence for the CCSL-CS, given the hypothesis that u =
const. The expression in Eq. is the Modified Equation that is solved by the scheme,
whenever the density is a smooth function that can be differentiated at least three times with
respect to space. The r.h.s. of[6.17, which would be zero if the advection equation was solved
exactly, is the local truncation error of the scheme. The first term on the r.h.s. is a 1°7 order
error linearly proportional to the second derivative of n(x), and it has the form of a Numer-

ical Diffusion:

0 on Ax?
& =—|D— D=—(|U|-U? 6.18
! 6x( Ox) 2At(l | ) ( )
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The second term on the r./.s. is a 2% order error linearly proportional to the third derivative

of n(x), and it has the form of a Numerical Dispersion:

0 ( Gzn) Ax®
K

= |k K=——(-U+3lUlU-2U3) (6.19)

&
2 6AL

It should be noted that in this particular 1D case with uniform velocity u, the local trun-
cation error of the CCSL-CS as given by Eq. is exactly identical to the error of the Donor-
cell scheme. Nevertheless, as is common for semi-Lagrangian schemes, the CCSL-CS is by

no means limited by the Courant-Friedrichs-Lewy condition. In fact, when

ult

Ax

>1, (6.20)

the displacement of the MC is split into two parts: the first part is an integer multiple of Ax,

and the second part is a fractional step < Ax:
Sy = ulAt = [Ax+ S, lel. (6.21)

It is to this latter fractional step that the truncation analysis above can be applied, by chang-

ing the definition of U:
Ss
U=—
Ax

To construct a 3" order version of the CCSL-CS algorithm, the first two terms (&; and

-1<Ux<1 (6.22)

&») of the local truncation error must be compensated. Of course, now that the form of these

terms is known, the "compensation" issue consists of two points:
1. finding a suitable estimate of & and &»;
2. using an efficient strategy to compensate for the two terms.

It is important to note that the two points above will introduce new numerical errors,
which will be different in nature and magnitude depending on the choices that are made.
In particular, the desirable properties that are common to the Donor-cell scheme and the
CCSL-CS should not be altered:

* exact mass conservation;
* preservation of positivity;

* low phase error;

134



6.3 Development of a High Order Remapping Rule

¢ monotonic behavior for uniform u.

Of the above requirements, only the monotonicity can be sacrificed at this stage, since many
strategies exist to deal with that problem alone. In any case, the task implied by the other
requirements is not trivial.

The correct way to solve this problem for the Donor-cell scheme (which is, up to this
point, completely equivalent to the CCSL-CS) was explained by Smolarkiewicz in 1984 [66].
There he demonstrated that the compensation stage should use the same Donor-cell scheme,
and he suggested an iterative procedure to achieve this. In fact, the errors &; and &, can be

rewritten as the first spatial derivatives of convective fluxes:

0, . . Don

éal = a (Ltl I’l) ul = ;a (6238)
0, . . Kod*n

&> = Py (u3 n) Uy =— =3 (6.23b)

where uj and u; are the effective diffusive velocity and effective dispersive velocity, respec-
tively. As a consequence, the equation solved by the 1D CCSL-CS and Donor-cell schemes

can be recast as:

3 Linys L e nor e
ot ox ax ! x 2 .

In [66], the error terms are not compensated directly, but an iterative algorithm is advised
instead. Such an algorithm, called "MPDATA" [67], consists of doing a first Donor-cell step
with the physical velocity u, followed by some corrective Donor-cell steps that use the nu-
merical velocities u} and u;. The iterative method is shown to converge to the full compen-
sation of the &) +&> errors after N > 3 steps. In [65] the sum of the successive approximations
is computed analytically to find a single numerical velocity that represents the effects of an
arbitrary number of passes; this procedure permits a 50 % computational saving for a third
order scheme.

It is important to note that the equivalence between the 1D Donor-cell scheme and the
1D CCSL-CS does not hold when the velocity is not uniform. This is simply because of the
different location of the velocity on the grid for the two schemes. Now, even if u is uniform
over the domain, Eq. shows that the numerical velocities ui‘ and u;‘ are not uniform for
a generic density function n(x). Hence, the two schemes are equivalent only to first order. As
a confirmation of the difference between the two schemes, the application of the MPDATA
procedure to the CCSL-CS has turned out to be unstable.
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6.3.2 Modified Equation Analysis

The last section emphasized that the 1D versions of the CCSL-CS and Donor-cell scheme
are not equivalent because of the different location of the velocity on the grid. Nevertheless,
when a uniform velocity field is considered, the two methods have the identical LTE, and
this fact suggested that a high-order version of the CCSL-CS could be obtained using multi-
pass corrections, as was done in MPDATA. But such a strategy fails since the two schemes
have a different behavior during the anti-diffusive step.

Starting from the aforementioned considerations, in this section the analogy with the
Donor-cell scheme is dropped, and a detailed third order MEA is performed for a general
velocity field. As a starting point, the equation to be solved is now the 1D continuity equa-
tion

0n+0,(un)=0 (6.25)

where the velocity u(x, t) is not constrained to be constant in time or uniform in space.
Nevertheless, for the sake of clarity, it will be assumed that u > 0 unless otherwise stated. In

this situation, the 1D CCSL-CS is

it = Uk k4 (1-Uf)nk (6.26)

1

which is, after substitution of the 3"% order Taylor expansions about the point (xi, tk),

At AP
(At0t+ 76%[ + ?ain) n+ O(AIA) =
6.27
Ax? , AX® 4 A 6.2
~[ax0x— S0k + =0, | Wm + O (ax?)

where n = nf andU=U lk . As afirst step, the time derivatives of n are eliminated by means

of the substitution:

niAt=—(Un)yAx+& At (6.28)

where & is the (1! order) local truncation error (LTE) of the scheme. An expression for 7n;;
can be obtained by differentiating the above with respect to time, multiplying by A¢, and

using (6.28) wherever the n; term appears:

N A2 = UUR) o Ax? + Uy (Un) y AX? — (Urn)  AXAt— (U E) y AxAt+ & A?  (6.29)
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where the last two terms on the r.h.s are third order since they contain the LTE itself. The

same procedure can be repeated to get an expression for the third time derivative:

Repr AL = — U? (UN) yx AXS +

2U;— —3UUy | (Un)xx Ax
AXx

At
- (ZUxtA— ~Uz- UUxx) (Un) X (6.30)
X

+ U (Us )y AX*At + Uy (U 1) AX>At — (Uzs 1) AxAt? + H.O.T.

where the H.O.T. come from the terms containing the LTE, which are now fourth order.
Substituting (6.28), (6.29) and (6.30) into (6.26), one gets:

Ax? At
ne+(un), = AL [(1— U)(Un)xx—Ux (Un)x + (U; n)xA—

Ax3

* 5aT (U =1) (Un) yxx +

At
3UUx—2U[—)(Un)xx
Ax
At At
(U2+2Uxx 2Uxt )(Un)x U(Utn)xxA_x (6.31)

At At)?
_Ux(Utn)x +(Uttn)x( ) ]
Ax
+ 3 [(Ué")xAx—é‘}At] +0(Ax%)

where the rh.s. is the truncation error. The fact that the expression for the LTE is formally
implicit does not mean the problem is insoluble. In fact, since the LTE is first order, the last
term in brackets on the r.h.s. is second order. This implies that the leading-term (first order)

of the LTE is already known at this stage, and it is just the first term on the r.A.s. of (6.31):

& —A—xz[(l—U)(U) -U,(Un)x+Usn) ﬂ (6.32)
l_ZAt n)xx X n)x tnxAx .

The second order term of the LTE can be obtained by substituting & = & into (6.31). Ac-

cordingly, the space and time derivatives of the LTE are approximated as

Ax? At
8y~ (1 U) (Un) yxx - 2Ux(Un)xx—Uxx(Un)x+(Utn)xx—] (6.33)
271 Ax
and
PR (U?-U) WUn) +((3U 2) Uy 20, 2L )(Un)
t~ 2At2 XXX X tA XX

+((U—1) Uxx+U 2UxtA )(Un)x (6.34)

At At At
+(1-0) (Utn)xx Ux(Utn)x +(Uttn)x(Ax) ]
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where the approximation n;At = — (Un), Ax was used instead of the full (6.28). The modi-
fied equation of the 1D CCSL-CS, subject to the hypothesis u > 0, is obtained by substituting
(6.32) for &, (6.33) for &, and (6.34) for &; into (6.31):

Ax? At
ng+(un)y = AL [(1_U)(Un)xx_Ux(Un)x+(Utn)xA_x

Ax® 5
v (BU-2U"—1)(Un) xxx +

9 At
—U,—6UUx+U;— | (UN) xx
2 Ax

At (6.35)

3 , At 3
+ EUxx—ZUUx—ZUx-FUxtE (Un), + 2U—5 (U[n)xxa

2 ( ) ! — —1 (U ) (_t)z O(A 3)
+2U,(Usn), — n + X)) .
X t1)x A 2 ttft) x A

Eq. (6.35) shows that, for a given velocity field u (x, £), the PDE that is really solved by the
scheme (6.26) approximates the continuity equation n; + (un), = 0 only to first order. In
fact, (6.35) contains the spurious terms &; = O(Ax) and &, = O(AX?).

6.3.3 Third order remapping method

In the following treatment a novel approach is used in order to devise a third order version
of the CCSL-CS. From a Lagrangian view-point, the basic idea is to apply a correction to
the position of the Moving-Cell before it is remapped. Since a correction to the position is
6x =06uAt, one can think of a correction to the velocity as well.

Itis important to consider that the velocity field u (x, ) need not be the physical velocity

field, which is called ug (x, t) from now on. In fact, it is assumed that
u=up+uy+u, or U=Uy+U;+U (6.36)

where Uj < Ax and U, oc Ax? will be evaluated by requiring (6.35) be a third order approxi-

mation to the ‘physical’ continuity equation:
ne+uon), = 0(Ax%). (6.37)

In other words, without changing the remapping rule on which the CS is based, a third order
scheme can be obtained by applying first and second order corrections (u; and u,) to the
physical velocity field 1. Such a method is direct (i.e. non iterative), and guarantees the
compensation of both &, and &> for sufficiently smooth density profiles. After some algebra,
the substitution of (6.36) into (6.35) gives (6.37) only if

Ax 1
U, = > (1—U0)E(Uon)x+U0t

At

— 1, 6.38
Ax (6.38)
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Ax? oy 1
Uy = — (1—3U0+2U0);(U0n)xx +

At 1
2U0U0x—3U0x—4U0t—) — (Uon)y
Ax) n

) (6.39)
1 At At
+(6-5Up) — Uyt )y — + 2Upy¢
n Ax Ax

The expressions and formally contain the exact space and time derivatives of Uy
and n, but for any practical situation, such derivatives will be evaluated numerically. For
to hold, both U; and U, must be estimated with third order accuracy; accordingly, the
finite difference schemes must be second order accurate in (6.38), and first order in (6.39).
With the proper approximations for U; and U, the scheme that results from using the
velocity expansion in the 1D CCSL-CS remapping rule is third order accurate,
conservative, sign preserving, and it has an extremely low phase error. When the velocity 1
is constant and uniform, formulas and are further simplified: in such a situa-
tion, Cartesian 2D and 3D versions of the algorithm are obtained straightforwardly by ap-
plying independent corrections to each component of the velocity vector, resulting in a very
compact and numerically efficient method. In fact, all these properties make this approach

particularly suitable for application to neutral gas kinetic simulations.

6.3.4 3D analysis

One might wonder whether the above procedure could be used to obtain a third order
scheme for the advection equation in three dimensions, for a generic flow field. In fact,
that would open the possibility to apply the CCSL-CS to the multi-dimensional solution of
generic hyperbolic conservation equations (for example, Navier-Stokes). Such an applica-
tion is beyond the scope of this work, and it is opinion of the authors that a complete third
order analysis in 3D can be carried on only with a considerable amount of algebra. Never-
theless, for completeness, a brief outline of the procedure to obtain a second-order scheme
in 3D is given hereafter.

The equation to be solved is now the 3D continuity equation
0tn+0x(un)+0y(vn)+0,(wn) =0, (6.40)

where u, v, and w are respectively the x, y, and z components of the velocity vector. For the
sake of clarity, it will be assumed that u, v, and w are all > 0, and that
ulAt VAt wAt

U:_<1, V: <1r W:
Ax Ay Az

<l1. (6.41)
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Under the hypothesis above, if a Cartesian grid with uniform spacing over each direction is

considered, the 3D CCSL-CS can be written as a finite-difference scheme,

m+l _ _m _yrm _yym _ m
Nijk = ”i,j,k(l Ui,j,k)(l Vi,j,k)(l Wi.j,k)
m m m m
ik Yisnjk (1 - Vi—l.j,k) (1 - Wi—l,j,k)

m m m m
Tk (1 - Ui,j—l,lc) Vij-1k (1 - Wi,j—l,k)

+ (1 —ym ) (1 _ym ) wm
i,j,k—1 i,j,k—1 i,j,k—1 i,j,k—1
j j J j (6.42)
m m m m
+ 0y ik Uisy ok Viey -1k (1 - Vvi—l,j—l,k)
m m m m
TG k-1 (1 - Ui,j—l,k—l) Viictk=1 Wij—1k1
m m m m
+ -1 Uin k-t (1 - Vi—l,j,k—l) Wil1,j k=1
m m m m
+ 1y i1k Uinyjoni-1 Vienj—1,60-1 Wishj-1k-1

where i, j, and k are the indices over the three spatial directions, and m is the index over

time. A 2" order Taylor series expansion about the point (xi, ¥ 2k ™) gives:

ntAt+(nU)xAx+(nV)yAy+(nW)ZAz =

2 Ax? Ay? AZ?

At
—n”T+O(At3)+(nU)xxT+(nV)nyy+(nW)ZZT (6.43)
+ (nUV)xyAxAy+ (nVW)yz AyAz+(nWU)xAzAx+ O(Asg),

where As = /AxZ +Ay2 + Az2.

As usual, an expression for n;; is obtained by differentiating the equality
niAt=—(nU)xAx—(nV), Ay —(nW),Az+E At (6.44)

with respect to time. Seeking a second order scheme, the term containing the local trun-
cation error & can be neglected, since it contributes to higher order terms only. After some

algebraic manipulations, this gives:

nu A = U (nU) Ax+nVU, Ay+nWU; Az—nU;At| Ax
X

+ [V(nV)yAy+nWVZAz+nUVxAx—thAt]yAy 615

+ [W(nW)ZAz+ nUVy Ax+nVW, Ay - nWtAt] Az
Z

+ 2(nUV)xyAxAy+2(nVW)yZAyAz+2(nWU)ZxAzAx.
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6.3 Development of a High Order Remapping Rule

The substitution of into leads to the modified equation (to 2”4 order) for the 3D
CCSL-CS:

Ax

ng+(un)y+ (vn)y+(wn), = A7

[(A-U) (nU)xAx + nVU, Ay + nWU, Az + nU At]
Ay
oA [(A-V)(nV), Ay + nWV Az + nUV,Ax + thAt]y

A
+Izt [(A=W) (nW) Az + nUW AX + nVW, Ay + nW; At],

+ H.O.T.
(6.46)

At this point it can assumed that u, v and w are obtained by a first order perturbation to the

physical velocity:
u=1uy+u U=Uy+U;
V=1p+ 1 or V=VW+W (6.47)
w=wy+ W=Wy+W

so that, after substitution into (6.46), the corrections are obtained by imposing the compen-
sation of the first order errors. For the general case with no restriction on the sign of the

velocity components, one gets:

_ oy (nUp)y | Ax Ay Az At
U= | (10l - Uf) = o ]7+[V0on]7+[WOUOZ]?+[U(” = (6.482)
(nVo)y] A Az Ax At
- _y2 Yy Ay az ax al
vi= (Vo= 8) = ] > + [WoVhs > + [UgVou | > + [Vor . (6.48b)
_ o (MWh), | Az Ax Ay At
Wi= (W0l - W§) = pE | 5+ |Uo Wox | 5+ [VoWoy | S | Wo| 5 (6480

and the correction to be applied to the final position of the MC is simply

ox Ui Ax
or = |6y| = | 1Ay |. (6.49)
0z WiAz

When the velocity field and the density are smooth functions of space and time, the correc-
tions above lead to a simple and efficient 2% order version of the 3D CCSL-CS, for a generic

velocity field. As usual, the scheme is conservative and positivity preserving.

6.3.5 Monotonic variations

For a constant velocity field ug, the first order version of the 1D CCSL-CS guarantees the
solution 7 (x, t) will conserve the monotonicity of the initial conditions. Unfortunately, this

is not true for the third order version. In fact, wherever the advected function n(x) happens
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6. DETAILED NEUTRAL MODEL

not to be differentiable in space, the finite difference approximations in and
become meaningless and the estimates for U; and U, are incorrect. At best, the accuracy
of the scheme drops to first order; more likely, U; and U, are overestimated and O(1). As a
consequence, Gibbs’ oscillations would appear, with an amplitude that does not decrease
on refining the mesh. In such a situation the scheme would probably retain a first-order

accuracy in the L, norm, but it cannot converge to the correct solution in the Lo, norm.

Limiters Inorder to make the third order CCSL-CS monotonic, i.e. non-oscillating, it should
be noticed that the spurious oscillations are due to the corrections U; and U,. Hence, a
natural approach is to reduce the magnitude of these corrections with a limiter function
wherever the conditions are favorable for spurious oscillations to arise. Basically, in order to
preserve monotonicity, the limiter function is supposed to reduce the scheme to first order
in the proximity of a discontinuity in n,. In practice, it happens that U; and U, are reduced
also in regions where no such limiting is needed: a typical long-time effect is the artificial
flattening of smooth local maxima and minima. Several limiter functions were obtained by
adapting the flux limiters commonly used in high order Total Variation Diminishing (TVD)
schemes [68H71]. Here, the general implementation is based on the slight modification of
into

U=Uy+¢(r) Ui+ Ul (6.50)

where ¢ (r) is the limiter function and r is the ratio of successive gradients on the solution

mesh, with a slightly modified definition in order to assure that -1 <r < 1:

. | Ri—Nj-1 Njy1— N
r =min R . (6.51)
niy1—n; nj—nj—

In the tests performed so far, the best results were obtained using the Superbee limiter de-
signed by Roe [72] in 1986
¢ (r) =max|[0,min (2r,1)], (6.52)

where the original simple formula is further simplified here because r < 1.

Non-oscillating reconstructions Taking a slightly different point of view, the finite differ-
ence approximations in (6.38) and (6.39) are evaluated from a local quadratic polynomial
interpolation of the discrete function {rn;} between three equally spaced grid points: once

that the reconstructed polynomial is obtained, it is analytically differentiated in order to give
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6.3 Development of a High Order Remapping Rule

an approximation for the first and second derivatives of n (x) at the center point. In general,
it is well-known that polynomial interpolations are not suited to reconstruct ‘non-smooth’
functions on a uniform grid, and hence there is no surprise that spurious oscillations are
triggered whenever there is a discontinuity in the solution.

Following naturally from these considerations is the idea of using non-polynomial func-
tions for local interpolation. In [73] a third order non-oscillating reconstruction technique
is outlined, which uses only three grid points (resulting in an ideally compact stencil), and
that does not need limiters. Such a method is based on a Local Double Logarithmic Recon-

struction (LDLR) of the form
ro(x) = A+ Blog(x+C)+ Dlog(x+E), (6.53)

within cell Cy. As described is more detail later on, the five parameters in last equation
are obtained by imposing conservation, formal third order accuracy, symmetry, and Local

Variation Boundedness (LVB). The complete form of the reconstructing function is

_ 1
70 () =T + o (1)~ =~ fc o () dE (6.54)

where 7 is the average value of n (x) within cell Cy, and ﬁ

Jc, o (&) dg represents the mean
value of the function ¢ (x), which is defined as:

5[
X— X0 > a

dAx

log . (655

== 5 2-1)
S

A
o (x) = —% log

For any choice of the coefficients a, b, ¢ and d, the reconstruction (6.54) is conservative,
since

1
— | rox)dx=ny. (6.56)
x Jg,

The requirement of third order accuracy requires the reconstruction to match the second

order finite difference approximations to the derivative v’ (x) at the cell faces:

Ax ﬁo—ﬁ_l
o (x B )= =5, 6.57a
o[~ Ax L ( )
r xO+—Ax) _mti 5 6.57b)
2 Ax

which permits to solve for the parameters ¢ and d as functions of a, b, 6; and dp:
o= (a-1)[02(1—-Db)—061]
b-a ’
d=06;-c. (6.59)

(6.58)
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The reconstruction should be symmetric, in the sense that if r(’) (xo—Ax/2)=— r(’) (xo+Ax/2),

then r{ (xo) should be zero. This permits to find b as a function of a,
p=-2_ (6.60)

and hence all the 3 parameters b, ¢ and d that show up in (6.55) are univocally determined
once that a is known. To construct a reconstruction procedure of sufficiently low variation

Marquina’s concept of Local Variation Boundedness is used:

Definition 6.3.1 (Local Variation Bounded [74]). The local variation of a function f (x) in a
cell C; is given by LV (i) = TV (f)Ic,. The function is Local Variation Bounded (LVB) in C;
if LV (f;) = O(Ax), where Ax is the cell size.

An expression for a (61, 52) which ensures that the reconstruction (6.55) be a well defined
smooth LVB function is [73]

21611916,]9 + TOL
161129 + 52|29 + TOL ) ’

a(61,82) = (1-TOL) |1+ TOL- (6.61)

where TOL = 0.1Ax% and g = 1.4. Once that a is determined from (6.61), b, ¢ and d are
obtained from (6.60), (6.58) and (6.59), respectively. For the purposes of the third-order
CCSL-CS, the first and second derivatives of the reconstruction (6.54) are needed,

() = b () = cAx/a B dAx/b , (6.622)
Ax (2 Ax (2
(x—xo)—T(;—l) (X—xo)—?(g—l)
PN P cAx/a dAx/b
o (X) = ¢y (x) = (2 5+ (2 5 (6.62b)
(x—xo)—7(5—1) (x_xO)_?(E_l)
which only need to be evaluated for x = x, giving the following compact formulas:
, 2¢c 2d
Ty (JC()) = m + m , (6.63a)
r{)’(xo)z—L dac  4bd ] : (6.63b)
Ax|[@2-a?® @-b)

The most demanding part of the algorithm is the evaluation of the coefficient a by means
of (6.61), since it requires the exponentiation of |§;| and |8;| by the real power ¢, operation
which is usually much slower than taking the natural logarithm or exponential. The number
of exponentiations can be reduced to one if the smoothness parameter 0 is used,

_ Ax min (|611,162]) + TOL
%~ Axmax(16,],182]) + TOL

(6.64)
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where TOL is in this case a small number that depends on the machine precision €. In the
numerical simulations run for this thesis, TOL = ¢3/4, The expression for a can be reformu-
lated as a function of 8, alone,

2007

a@y)=01-TOL)(1+TOL- ———,
(60) = ( ) R

(6.65)

so that only one exponentiation to real power is required. In the kinetic code for neutrals,

considerable speedup is obtained by creating a look-up table for a (6y) in preprocessing.

6.3.6 1D and 2D numerical tests

The Modified Equation Analysis that was carried out in the preceding sections was based
exclusively on the Local Truncation Error (LTE), which is the difference between the model
equation and the modified equation of the scheme. Accordingly, a scheme is labeled as ‘first
order’ or ‘third order’ depending on the form of the LTE. This can be misleading, because
it is important to approximate to high order not just the model equation, but the solution
itself. In fact, the Modified Equation that is solved by the numerical scheme is a singular
perturbation to the model equation, and as such it may lead to ‘spurious’ features that were
not present before. Whether or not such features are triggered depends mainly on the initial
density profile and on the boundary conditions.

Following from the above considerations, the primary purpose of this section is to as-
sess the Global Error (GE) of the scheme, which is the actual difference between the exact
solution and the approximated solution. The GE is quantified a-posteriori in the Lo, Ly or
L, norm, depending on what is more appropriate, and convergence analyses are performed
by successively decreasing the mesh size. A limited number of test-cases are considered,

both in 1D and 2D.

1D advection equation As the simplest test case, the third order CCSL-CS is applied to the
solution of the equation

ng+un,=0, (6.66)

where the velocity u is uniform in space and constant in time. The solution n(x,) > 0 is
sought over the domain (x, t) € [0,L] x [0, T] with periodic boundary conditions in space
n(0,t) = n(L, t), and initial conditions n (x,0) = ny (x). As a consequence, n (x, t) = n(x — kL, 1),

with k € Q, and the analytic solution to isn(x, 1) =ng(x—ut).
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For the sake of generality, the independent variables are normalized with respect to L and
T, introducing ¢ = x/L and 7 = t/T. Moreover, the simulation time is chosentobe T = L/u
so that the final solution coincides with the initial conditions: n(x, T) = ng (x — L) = ng (x).

Under these assumptions, the normalized equation
nr+ng:=0 (6.67)

will be numerically solved on the domain (&, 7) € [0,1] x [0, 1]. The analytic solution to

isn,1)=no—1).

The application of the third order CCSL-CS to comes from the usual CS remapping
rule, which is used after moving the cell a distance UA¢, where U = Uy + U; + U,. With the
new variables, now Uy = uAt/Ax = At/A¢, and it will be imposed here that |Uy| < 1. The
first and second order corrections in the case of uniform and constant (but not necessarily

positive) Uy are:

A n
v =2 (1ol - U2) = (6.68a)
2 n
AE2 n
Uy = 1—2 (Up - 31Uo|Up +2U3) =% (6.68b)
n

which will be approximated using the finite difference expressions

10n 0 (logn) 1 (ni+1) 2
- -~ °/ =—1lo + O(A& (6.69a)
o lee, 08 e, A& P\mis (a5")
16°n 4 nig—2n;+ni 2
— = +0(A 6.69b
no& ez, A% mipg+2ni+ni (8¢%) ( )

but different choices can be made, as long as a second order approximation is used for

and a first order approximation is used for (6.69b).

As a first test case, a Gaussian profile centered at £ = 0.5 is given as initial condition,

(6.70)

6—0.5)2

n(&,0) =0.1+exp(— o1

and then evolved in time for 7 € [0,1]. A Courant parameter Uy = 0.3 is chosen. The final
solution obtained with the third order CCSL-CS is compared qualitatively with the original
first order version in Fig. for different numbers N of subdivisions in space (A = 1/N).
The L, and L, norms of the error for the third order scheme are also computed by dou-

bling the number of subdivisions up to 3200 cells. The results are summarized by Fig.
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which confirms that the error of the scheme decreases as (A¢)® in both the norms; it is most
noticeable that the asymptotic convergence behavior of the scheme is reached very soon,

starting from N = 30.

N=13 N =25
1.2 T T T 1.2 T T T
: : — exact 5 5 — exact
1.0b e o \ o o I1storder | | L \ o o I]storder |
: ‘ 0 o 3rd order : ; 0 O 3rd order

0.2 0.4 0.6 0.8 1.0
N =50 N = 100
1.2 T T T 1.2 T T T
3 3 exact 3 3 = exact
1.0k S ) o o 1storder | N — L , ] o o 1storder |
' ‘ ‘ y |0 o 3rd order ' : ‘ o o 3rd order

Figure 6.1: 1D advection with Gaussian initial profile: final solution at time 7 = 1.0 for increasing
number of spatial subdivisions.
As a second test case, a rectangular profile is given as initial condition:

1.1 if0.25<¢<0.75,
n(,0) = { (6.71)

0.1 otherwise.

As before, T € [0,1] and Uj = 0.3, and a series of identical simulations is performed using
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Figure 6.2: Convergence analysis for 1D advection with Gaussian initial profile.

an increasingly fine mesh. Since the initial density profile is not ‘smooth’, the 3"¢ order
CCSL-CS undergoes non-physical oscillations in the regions close to the discontinuities.
This effect does not compromise the positive-definiteness of the scheme, which is inher-
ited from the CS remapping rule, but it considerably deteriorates the solution. Hence, the
non-oscillatory option described in Section is implemented here, and Fig. gives
a qualitative picture of the improvement upon the standard 1°! order scheme. As is com-
mon practice in the case of discontinuous solutions, a convergence analysis based on the
Ly norm of the error is presented in Fig. as expected, both schemes exhibit sub-linear
convergence [75].

)%5, a result obtained a-priori in

The GE of the (nominally) 1°/ order scheme goes as (A&
[76] (pg. 121). The GE of the (nominally) 3"¢ order scheme is proportional to (A¢)%8, which
is slightly better than the expected (A¢ 19-75 for the non-limited case: in fact, in [75] the order
of convergence for unlimited stable schemes is established as (A&)P/ (P+1) where p is the

order of the approximation for smooth flows.

2D continuity equation with rotating velocity field As a test case with non-uniform ve-

locity, the continuity equation is solved on a square domain with a given rotating velocity
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Figure 6.3: 1D advection with rectangular initial profile: final solution at time 7 = 1.0 for in-
creasing number of spatial subdivisions.

field. The equation to be solved is:
0;n+0x(un)+0y(vn)=0 (6.72)

on the square domain (x, y) € [0, L] x [0, L] and in the time interval ¢ € [0, T]. The two com-

ponents of the velocity vector are

u=-ow(y-L/2) (6.73a)

v=+w(x-L1L/2), (6.73b)
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Figure 6.4: Convergence analysis for 1D advection with rectangular initial profile.

where w =27/ T [rad/s] is the angular frequency of the rotating field. After normalization of

the spatial and temporal variables with respect to L and T, one gets:

0rn+0:(un)+0,(vn)=0 (6.74)

where (f ,TI) €[0,1] x [0,1], T € [0, 1], and the normalized velocities were introduced:

N|
I

uT/L=-2n(n-0.5) (6.75a)

v=vT/L=+2n(£{-0.5) . (6.75b)

The application of the second order CCSL-CS to comes from the usual CS remapping
rule, which is used after moving the cell a distance Ar = [UAE, VAn|, where U = Uy + Uy
and V = V + V;. With the new variables, now Uy = uAt/Ax =uAt/A¢ and Vy = vAt/Ay =
VAt/An. The same number of subdivisions is employed along both the x and y axes, so

that An = Aé. The corrections U; and V; are evaluated using second order finite difference
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approximations to (6.48):

(nUY)i+1,j — (nUp) -1,

Mit1,j+ Ni-1,j

1
+ Z(Vo)i,j [(UO)i,j+1 —(UO)i,j—l]

(6.764a)

1
(Ui, E[Sign(UO)i,j_(UO)i,j]

(nVo)i,j+1— (M V)i j—1

N j+1+ 14, j-1

1
+ 1 Uv)i,; [(Vo)i+1,j _(VO)i—l,j]

(6.76b)

1
W) = 3 [Sign(vﬂ)i,j_(v())i,j]

The maximum Courant parameter in the domain is fixed at 0.8, i.e. |Up|pax = | Umax AT/ AE | =
0.8, and | Vplmax = |3maXAT/ A17| = 0.8. According to (6.75), the time step is also fixed:

0.8
At =—A¢. (6.77)
T
The system is evolved for a time 7 € [0,0.25], which means that the bell performs one quar-
ter (7/2) of a full rotation (27), during the whole simulation. A ‘compressed’ Gaussian bell
profile is given as initial condition:

exp [—tan2 (g%)] if r <R

n(&n,0)= (6.78)

otherwise

where r = \/ E—&)%+(n- 176)2 is the distance from the center (¢.,7.) of the bell, and R is
the ‘radius’ of the bell. The density profile given by is preferable over the more com-
mon cosine bell because it is co-many times differentiable over the whole domain, and it is
thus a perfectly ‘smooth’ function suitable for convergence analysis. In the following sim-
ulations, the center is chosen at the point ((fc,nc) = (0.5,0.75), and a radius R = 0.2 is used.
The results are shown in Figure where it appears difficult to determine an asymptotic
order of convergence; nevertheless, the use of the 2" order scheme considerably improves

the solution upon the original 1%’ order method.

6.4 Computational Domain

The computational domain is subdivided into a ‘physical domain’, where the velocity distri-
bution function of the neutral gas is calculated on a phase-space mesh and evolved at each
time-step, and a ‘ghost region’ that lies beyond the boundaries and is used for implementing
the various types of boundary conditions.

The phase-space mesh is obtained as the Cartesian product of the spatial mesh (Sec.
6.4.1) and the velocity mesh (Sec.[6.4.2).
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Figure 6.5: Convergence analysis for 2D advection with rotating velocity field. A ‘compressed’
Gaussian bell is given as the initial density profile. The L2 norm of the error at the end of the

simulation (7 = 0.25) is shown for an increasing number of subdivisions in x and y.

6.4.1 Spatial Mesh

The geometry under consideration is simply a cylinder open to vacuum on one end and
with a small circular hole (the injector) on the other end, which is otherwise closed.

A uniform Cartesian mesh is employed in space, with the z axis aligned with the cylinder
axis of symmetry; the mesh spacing is Ax = Ay # Az. The curved boundaries are approx-
imated with a staircase approach, which is believed to give satisfactory results due to the

integral formulation of the BCs (see Section[6.6).

6.4.2 Velocity Mesh

The velocity mesh is the Cartesian product of a uniform mesh in speed and a mesh in the
solid angle; accordingly, the velocity grid is a double-indexed list of discrete velocity vectors,
v;j =1f; vj, where i is the index labeling directions, and j is the index labeling speeds.

The unit vectors ii; must be chosen carefully in order to maximize the uniformity of

their angular spacing; in order to accomplish this, the surface of a unit sphere is first subdi-
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Figure 6.6: Three-slice projection showing the salient features of the spatial mesh used in the

3D-3V kinetic model for neutrals: a uniform Cartesian grid is employed, the computational do-
main is surrounded by a ghost region, and the curved surface is approximated with a ‘staircase’
approach. The open end of the cylinder is on the left, the closed end (with the injector) is on the
right.

vided into 20 identical triangles (spherical icosahedron), then each triangle is refined into 4
smaller triangles by connecting the midpoints of their sides by great circles. This refinement
is repeated recursively, until the required angular resolution is obtained: each vertex on the
unit sphere identifies a unit vector fi;, with a solid angle AQ; associated with it (Fig.[6.7).

The calculation of AQ; requires the creation of the dual mesh of the given triangular
mesh: such a dual mesh is composed of hexagons, plus 20 pentagons, and the areas of those
spherical polygons numerically coincide with the solid angles required (Fig.[6.7d).

The speed axis v is discretized in concentric spherical shells of uniform thickness Av;,
and we let v; be the center radius of the shell. The volume of the cell (i, j) in velocity space
[m3s73] can be evaluated as

47 Av;j 3 uan Av;j 3
—\vj+—| ——=|vi-——
3 2 3 2

_AQ;

,, 0
= = AQ;Av; v+ ] (6.79)

J
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(a) (b)

() (d)

Figure 6.7: Procedure for the construction of the angular mesh. Each face of the icosahedron
(a) is subdivided into 4 triangles by connecting the midpoints of each arc, to obtain a refined
mesh (b); the procedure is repeated to the required level of refinement, where the coordinates
of the vertices of the spherical polyhedron (c) identify the unit vectors fi;; the corresponding
solid angles AQ; coincide with the areas of the spherical polygons obtained from the dual mesh
(d).

6.5 Collision Operator

In an ‘operator split’ environment, the Collision Operator evolves the distribution function

for one time-step At according to (6.5a). The effect of the Boltzmann Collision Integral
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on the R.H.S. is approximated using an integral formulation of the Bhatnagar-Gross-Krook

(BGK) model [77], which is implemented in two steps, both local in space:

1. the number of particles that scatter out of each phase-space cell during the time-step

At, due to collisions against the background gas, is:
ANout = Ny [1-exp (—vAD], (6.80)

where N is the number of particles inside the phase-space cell at the beginning of the

time-step, and v (v,) is the total collision frequency;

2. all the particles that have undergone a collision in the same spatial cell are put into a
drift-Maxwellian distribution .# (v), which gives the number of particles that scatter
into each phase-space cell:

ANjpn =M (V) - Ve, (6.81)

where V. is the volume of the cell in phase-space [m°s73].

Both the aforementioned steps give rise to numerical problems. As a first issue, the formula

for v (v,) is a three-dimensional integral over velocity-space:
vwvo= [ Ive=violve=vi) f@ d'v, 682

where o (|v. — v||) is the cross-section [m?] for elastic collisions between like particles. In the
context of the BGK approximation, is a waste of computational effort. In order to ap-
proximate the integral on the RHS, an average value (o) is used (justified because the cross
section for elastic collisions of non-excited Ar does not change appreciably in the range of
velocities of interest). Moreover, the real distribution f (v) is approximated by a suitable

analytic distribution function f* (v):

fW)=f )= 4n”v2T Sp(Iv—ull - vy), (6.83)

where n, u and vt are the density, mean velocity and thermal velocity of the original f(v),
respectively, and 6 p is the Dirac delta function. Substituting (6.83) into (6.82), introducing
n2
)

the random velocity v/ = v—u, and using the identity d°v' = (v')2dQ dv', one gets:

v(ve) = %ﬁ \/(vé)2 + v% —2vl.vrcosh dQ, (6.84)
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which is solvable using dQ = cos8df d¢. Consistently with the approximations already
introduced, can be further simplified by neglecting the cos@ dependence inside the

square root, leading to a very easily manageable formula for the total collision frequency:

V(ve) = noy/ (vp)? + v (6.85)

A second issue is that (6.81) does not ensure mass, momentum and energy conservation

on a finite grid: to satisfy such a requirement, one should compute exactly
AN = f M W) XAV = (M) Ve # MV Ve, (6.86)
c

but this is extremely difficult, due to the complicated shape of the domain in velocity space.
As an efficient alternative to computing the exact integral of the exact Nominal Maxwellian
(NM) distribution function .# (v), one can still use (6.81), but substituting the NM with a
Discrete Conservation-Corrected Maxwellian (DCCM), 4 * (v). The DCCM is constructed
by applying small corrections to the NM that ensure explicitly all the aforementioned con-
servation rules on the grid. Among other possible choices, we write A f(v) as a first-order
correction to the original Maxwellian: each value of the sampled Nominal Maxwellian is

written as a function of the parameters to be conserved,

3
3 )2 lve —ull?
nu,c =n( ) exp|———— |, 6.87
fa ( ) 4me! 4¢e'/3 ( )
and A fy is the first order term of the Taylor series of f;,
0 fa 0fa 0fa 0fa Ofa \ 4
Afy=—An+ Auy+ —Au,+ —Au,+ —NA¢€" . 6.88
fa on ou, Ouy Y ou, ¢ o€ ( )
What we have obtained is a 5-term expansion in the basis functions %, with unknown coef-

ficients [An, Auy, Auy, Auz, Ae']. These 5 coefficients are uniquely determined by requiring

the combination of all the A f,, s to satisfy the 5 scalar conservation equations.

6.6 Boundary Conditions

For a semi-Lagrangian scheme such as the Convected Scheme, boundary conditions (BCs)
are applied to the characteristics that come off the wall, and no modification is made due to
the wall on the characteristics that go towards the wall. As a consequence, BCs must be han-
dled in a way that satisfies causality, and this is a considerable advantage when compared to
Eulerian schemes. On the other hand, the outgoing characteristics must be correlated with
the incoming characteristics, explicitly for each case, and this may be a non-trivial problem

where quantities like mass or energy are to be exactly conserved.
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6.6.1 Periodic Planes

The use of periodic planes enables the simulation of an axially-symmetric geometry using
only half (or one quarter) of the computational domain. Implementing periodic planes is
straightforward: when a part of a MC crosses the plane, its position and velocity are trans-
formed by a rotation about the symmetry axis. Issues concerning this procedure take place
wherever the transformed velocity does not coincide with one of the discrete values of the
velocity mesh: in such cases, it is necessary to remap the velocity vector onto two or more
vectors, and this fact introduces numerical diffusion in velocity space (although only in di-
rection, and not in energy). Another possible side-effect is the late-time creation of non-
physical density bumps in the region close to the axis, which take place essentially because
of the asymmetries in the particle fluxes. The angular mesh used in the current version of
the code is symmetric with respect to each of the three principal planes, and this property

permits one to simulate only one half of the cylinder without incurring the above drawbacks.

6.6.2 Diffusely reflecting adiabatic walls

Since in the CS no random numbers are generated, diffuse adiabatic reflection is imple-
mented in an integral fashion, which permits us to model any geometry of the wall (a stair-

case approach is used here) by using a thick layer of ghost-cells:

1. the MCs coming from the domain pass seamlessly through the boundary wall, and
they remap onto the ghost-cells by applying the same volume-rule that is used inside

the domain;

2. the ghost-cells gather the incoming particles on an energy basis, so that the informa-
tion about the angular direction is lost, but mass and kinetic energy can be exactly

conserved;

3. for every ghost cell and for each speed, a list of the spatial cells in the domain which
are ‘visible’ from that cell is constructed. Equal densities are launched into equal solid
angles, for those cells in the list. This rule guarantees that an initially uniform isotropic

distribution retains those properties after bouncing off the wall.

For any finite mesh-size, the implementation above guarantees that mass and total kinetic
energy of the colliding particles are exactly conserved, while their average parallel momen-

tum is transferred to the wall. Moreover, such an algorithm isotropizes the distribution
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function without introducing any diffusion in energy space, and it has the overall effect of
converting directional kinetic energy into random kinetic energy: as a consequence of the
friction against the wall (no-slip condition), the temperature of the gas locally increases in

an irreversible thermodynamic process.

6.6.3 Injector

This section treats the issues related to the modeling of an injector in a kinetic simulation,
with a particular focus on the realization of the nominal mass and energy fluxes going into
the system (at least, as far as roundoff errors permit in a finite precision calculation). In a
semi-Lagrangian framework, a satisfactory implementation of this kind of boundary condi-
tion needs particular care; henceforth a discussion on the problem is given, and an elegant
and versatile solution is developed thereafter.

There is no unique way to model an injector. Here the injector is modeled as a device
capable of imposing the flux of the particles across the inlet section, which is a portion of
the 2D boundary surface. According to this point of view, in a fluid simulation the injector
would impose the fluxes of mass, momentum and energy. In the kinetic simulation at hand,

instead, the injector imposes the flux function T’ (x,v), which is defined as
rx,v)=fxvv-k, (6.89)

where k is the unit vector normal to the surface, and x must lay on the surface itself. It
should be noticed that the flux function I (x,v) is signed, according to the normal velocity
v-k = vcosf: assuming that k points toward the system, I" > 0 for particles that are flowing
into the system, and I' < 0 for particles that are going out.

The form of Eq. suggests that the required flux function can be obtained by impos-
ing Dirichlet BCs on the distribution function.

Since the flow upstream of the inlet section is highly collisional, one can safely assume
that local thermal equilibrium is reached; moreover, due to the low pressure in the source,
the flow is assumed to be sonic at the inlet section. (A supersonic injector could also be
designed, but such a case is not considered here.) Hence, the distribution function at the
inlet section is a drift-Maxwellian .# (v) (having density n, mean velocity u and temperature
T evaluated a priori) in sonic flow conditions (i.e. [[u|| = v/5/3KgT/M).

Unfortunately, Eq.[6.89cannot be directly used in this regard, because f (x,v) is defined

at the cell centers, while I' (x,v) must be imposed on the cell faces. Related to this problem
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is the question: what happens if f (x,v) is not smooth across the plane? In such a situation,
the flux function will depend on the values of f (v) on the two opposite sides of the plane,
f~(v) and f* (v). Moreover, the flux function can be decomposed in two contributions of

opposite sign, which depend on only one of the two values:

D=T(ff7)=T"(F)+I ("), (6.90)

where the positive flux is due to particles that cross the plane in the direction of k (i.e. v-k >
0), while the negative flux is due to particles that cross the plane in the opposite direction
(v-k<0):

Ifom=fwmv->o0

(6.91)
Irm=f"wv <o0.
In Eq. the following notation was introduced:
+ v-k ifv-k>0, 3 v-k ifv-k<0,
vt = v = (6.92)
0 otherwise. 0 otherwise.

If a numerical test-case is set up with Riemann initial conditions, (i.e. f (x,v) is uniform
in each of the two semi-spaces defined by the plane .#), where the discontinuity plane .%# is
aligned with the cartesian mesh and does not cut through the cells, then it can be shown that
after one time-step the first-order CCSL-CS will have moved the correct amount of particles
through the plane, with the correct velocity. This is to say that if Riemann initial conditions
are given to the first-order CCSL-CS, this will compute the exact flux function at the plane.

Hence, a possible solution for controlling the flux through the inlet section is to solve the
corresponding Riemann problem in preprocessing, in order to construct a ‘map’ (to be used
during the simulation), which would take into account the effect of the injector. Basically,
the map would tell how many particles should be added or removed from a certain phase-
space cell, at each time-step. Unfortunately, such a map should contain absolute values,
and hence it may ask to remove, say, 10 particles from a phase-space cell that only contains
9 particles. As a consequence, this ‘map’ implementation of the Injector could not ensure
positivity of the solution. As an aside, using the map would have another drawback: it would
be much more difficult to implement a time-varying flux.

An alternative procedure was used instead, which ensures positivity and permits a greater
flexibility in the time profile of the flux. The basic idea is to control only the positive flux

I'* while letting '™ = 0: the number and velocity of the particles flowing into the system
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through the injector are imposed explicitly, while no particle is allowed to flow upstream.
This is implemented by loading the ghost cells immediately behind the inlet section uni-
formly with a certain distribution function, and launching the particles into the domain
using the usual ballistic mover. From the point of view of the gas contained in the cylinder,
the injector behaves like a wall, i.e. the back wall of the cylinder does not contain any ‘holes’
at all. As a result, such an injector model is also consistent with the fact that information
carried by pressure waves is not supposed to travel upstream through the sonic injector.
The distribution function to be loaded in the injector (ghost) region is found by requiring
that the mass and energy fluxes going into the system exactly match the fluxes from the

sonic drift-Maxwellian .# (v). For the mass flux, this means

[[[r 0 yav= [[[ reavas. 653
The integral on the RHS is

+00 +00
fﬂ(v)vzdg‘v:f dvxf dvy

where the first integral in brackets can be rewritten by making a substitution of variable

0 (o)
f MV Vv, dv, +f MV v dvy |, (6.94)
—00 0

/

Uz

= —v,. Using the basic properties of integrals one gets:

fﬂ(v) Vg d®v =

+00 +00 0
f_ dvx/_ dvyfo [ (vs, vy, v7) = M (Vx, vy, —V2) | V2 d U,

and as long as the term in square brackets is > 0 (which is always the case for a drift-

(6.95)

Maxwellian distribution having mean velocity u = u,z with u, > 0), the Unilateral Maxwellian
(UM) distribution function to be loaded on the upstream side of the injector is:

M (v, vy, vz) — M (v, vy, —V;) ifv;>0,

(6.96)
0 otherwise.

F (vn ){

It should be remarked that the application of the same procedure to exact matching of
the energy flux would have led to the same form of f~ (v) as defined in Eq. In fact, such
a distribution function ensures that the fluxes of all its even-power moments are exactly
identical to the drift-Maxwellian counterparts.

Asregards the odd-power moments, the Unilateral Maxwellian underestimates the exact
values by less than 3% in the simulations (due to the fact that [T || > ||T~ || for a sonic drift-
Maxwellian). Such an error is partially compensated by the reflection of the particles inside

the domain: this effect gives a net positive flux for all odd-power moments.
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Figure 6.8: Normalized 1D distributions ¢ (v). Solid line: nominal sonic drift-Maxwellian.

Dashed line: unilateral distribution loaded in the injector ghost region.

As explained in Section|6.5, once a Nominal Maxwellian (NM) is loaded onto the mesh,

its moments over phase-space do not coincide anymore with the nominal values, because:

1. the velocity axes do not extend to +oo,
2. particles in a phase-space cell are given the central velocity v,.

For this reason, a Discrete Conservation-Corrected Maxwellian (DCCM) 4 * (v) should be

used in place of the NM in Eq.
It should be stressed here that, due to the uniform Cartesian spatial mesh employed in
the simulations, the injector is modeled in a very simplified way, using just a few cells. A
detailed analysis of the region close to the injector would require a high local resolution,

using an unstructured grid as in [78], or an adaptive multi-grid approach.

6.6.4 Free Space
At the open end of the cylinder, perfect absorption is implemented: all particles that cross

the exit section are simply absorbed. This approximation is believed to give quite reason-
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Mach £ €3 €5 €7 &9
0.25 | 5.3e-01 4.0e-01 3.2e-01 2.6e-01 2.2e-01
0.50 | 2.2e-01 1.2e-01 7.1e-02 4.5e-02 3.0e-02
0.75 | 8.3e-02 3.1e-02 1.4e-02 6.9e-03 3.7e-03
1.00 | 2.9e-02 7.6e-03 2.6e-03 1.0e-03 4.6e-04
1.25 | 9.4e-03 1.8e-03 4.7e-04 1.5e-04 5.5e-05
1.50 | 2.9e-03 4.1e-04 8.3e-05 2.1e-05 6.6e-06

Table 6.1: Relative errors on the net fluxes of the odd-power moments of the Unilateral
Maxwellian, with respect to the nominal values. The errors depend on the Mach number only;
€1 corresponds to the error on the momentum flux. For M =1 (sonic injector) the errors are
smaller than 3%.

able results, based on geometrical considerations: because of the high Knudsen number,
it is quite improbable that a particle leaving from the exit section will undergo a series of
collisions that will direct it back into the domain.

The implementation first checks whether, at its final position, the Moving Cell (MC) is
beyond the exit plane (at least partially). If so, the MC trajectory in the last time step is
reconstructed in order to understand if the cell center has actually crossed the exit section
(a circle) or if it has crossed the lateral wall. In the former case, the MC (or the part of it
outside the cylinder) is just ‘forgot’ and no remapping is necessary; in the latter case, the
MC (or a part of it) is remapped onto the ghost cells so that diffuse reflection at the wall can

be applied.

6.7 Simulations

A 3D-3V kinetic simulation of neutral gas expansion is shown hereafter, as part of the hy-
brid simulation of a Helicon Plasma Thruster. Argon gas at ambient temperature is injected
through a small injector into a slender quartz tube; on the other end, the tube is open to
vacuum.

In the following test-cases no plasma is present, and only Ar-Ar hard-sphere elastic col-
lisions are considered. Accordingly, there is no negative source term due to ionization, and
hence the gas density along the axis of the cylinder decreases less steeply than it does in the

nominal operational regime of the thruster. In order to test the behavior of the scheme for
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high Knudsen numbers (Kn > 1), an additional simulation with reduced injected mass-flow
isrun. A 3D version of the third-order CCSL-CS (see Sec. is used as the ballistic operator
of the scheme, and the results are compared to the standard first-order version.

The simulation domain is a half cylinder (cut on the meridian plane) of diameter d =
20 mm and length L = 80 mm, open on one end to vacuum (perfectly absorbing bound-
ary), and closed on the other end by a plane wall with a small orifice (the injector) at the
center. All material walls are assumed adiabatic. The spatial mesh is a uniform Cartesian
grid with the z coordinate aligned along the symmetry axis of the cylinder. The cell size is
Ax =Ay=0.833 mm and Az = 1.000 mm; a total of 17920 spatial cells is used. The curvature
of the external wall of the cylinder is approximated with a ‘staircase’ approach. The velocity
mesh is obtained by the independent discretization of the magnitude and the direction of
the velocity vector: the speed axis ||v|| extends from 0 to 1200 m/s, with 15 subdivisions; the
unit vector v/ [|v]| can assume 642 different directions, which are obtained by a hierarchical
subdivision of the unit sphere (see Appendix for more details). Accordingly, the whole veloc-
ity space is discretized into 9630 cells. The phase-space mesh is obtained by the Cartesian
product of the spatial mesh and the velocity mesh, for a total of approximately 173 million
phase-space cells. Since two double-precision values of the distribution function are stored
for each phase-space cell, the simulation requires about 2.6 GB of RAM.

Different kinds of boundary conditions are employed in the model, as described in Sec.
adiabatic diffuse reflection at the material walls, periodic boundary conditions at the
meridian plane yz (so that only half of the cylinder is simulated), perfect absorption at the
open end of the cylinder, and critical (sonic) flow at the injector (mass-flow and gas proper-
ties are imposed).

The distribution function at the inlet section is assumed to be a drifting Maxwellian.
As such, its free parameters are the density n, the mean velocity u and the temperature T,
which are uniquely determined from the total temperature T, = 300 K, mass-flow 72 = 3-10'8
part/s, section area A = 3.33 mm?, and Mach number Ma = 1. The collision operator is
based on a simplified Bhatnagar-Gross-Krook (BGK) model [77], as described in Sec.

Figures show the steady-state results for the simulations that use the nominal
inlet mass-flow 72 = 3-10'8 part/s: due to the low values of the Knudsen number realized
in the domain (see Figure[6.11), such a situation is labeled as a ‘low-Kn’ test case. Figures
6.13 show the steady-state results for the simulations that use a reduced inlet mass-

flow 72 =1-10'8 part/s (‘high-Kn'’ test case, see Figure [6.15). Two different simulations are
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run for each test case: one uses the standard first-order ballistic operator, and the other uses
the new third-order algorithm. The results are compared in each figure and, as expected, the
third order algorithm gives the sharpest results.

Most noticeable are the differences in the region close to the injector, where the high
density gradients enhance the effects of numerical diffusion: in both regimes most of the
density drop between the injector and the exit section is concentrated just in front of the
injector, and this effect is better captured by the third order algorithm (see Figures|6.9|and
[6.13). As a result of the higher average density obtained in both regimes, the first-order
scheme appears to overestimate the temperature by 10-20 K over the whole domain (Figures
[6.10]and|[6.14). Moreover, in the low-Kn regime, an annular recirculation region appears just
next to the injector, and such a phenomenon is much better resolved by the third order
scheme (see Figure[6.12).

In the high-Kn test case the recirculation region vanishes as expected, and the low nu-
merical diffusion of the third order scheme makes it possible to observe the spurious ‘ray-
effect’ due to the combination of highly divergent flow field, Dirac-delta velocity mesh, and
low collisionality (bottom of Figure[6.16); such an effect can be mitigated by increasing the
number of directions in the angular mesh (but memory requirements are prohibitive for
such a run). In the same conditions, the standard first order algorithm gives artificially

smooth results instead (top of Figure[6.16), due to the numerical diffusion.
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7.1 Rationale

Anovel hybrid approach to the simulation of a Helicon plasma source has been investigated,
which is based on the use of multi-LOD (Level-Of-Detail) submodels.

In what can be defined as the ‘standard’ hybrid approach, a computational grid is de-
fined a priori and the various submodels exchange data directly on the grid. The interfaces
between the submodels are defined by the quantities that lie on the mesh, and the required
spatial resolution is determined by the mesh size Ax. Most often, even for steady-state prob-
lems, the solution is sought by time-marching, and the time-step size At is determined by
the fastest of the phenomena (usually a CFL criterion must be satisfied, so that At o< Ax).

For the above reasons, ‘standard’ hybrid models can be very computationally demand-
ing, unless a set of speedup strategies are applied, including subcycling, multigrid, and
implicit time-stepping. While interfacing the different submodels on the same grid, such
speedup procedures may introduce errors that are difficult to spot, and that may propagate
and grow unpredictably, as no extensive theory exists. Accordingly, ‘standard’ hybrid mod-
els may be very difficult to build, test, and run, and this negatively affects their practical
usefulness.

The multi-LOD hybrid approach aims at addressing this operative shortcoming specif-
ically, and it is based on the idea that, whenever possible, one should avoid exchanging
point-data between the submodels; instead, ‘more efficient” interfaces should be investi-
gated. Possibly, if each high-LOD submodel exchanged data to a reduced model (low-LOD),
the low-LOD models would be easier to couple together, they would run faster, and they
might permit one to easily assess a sensitivity matrix of the whole hybrid model. Broadly

speaking, submodels may pass to each other a fitted curve, an analytic expression, a set of
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coefficients, and so on. This approach is natural, and it is believed to provide flexibility,
robustness and physical insight.

The multi-LOD approach is first of all a ‘philosophy’, and a collection of quite generic
guidelines; it may become a concrete methodology only through accumulated experience.
This thesis work is intended to be the first step in that direction, and the simulation of a

Helicon plasma source is a challenging test-bed.

7.2 Summary

According to the ideas above, a series of increasingly complicated models have been devel-
oped. Since the detailed and self-consistent simulation of the whole plasma source falls way
beyond the scope of a single PhD thesis, most of the effort has been put into understanding
the coupled dynamics of electrons and neutrals, which has not been throughly investigated
yet.

In order to assess the ionization efficiency of the source, 0D and 1D analytic models of
the neutral depletion process are presented. The comparison of the two models show the
regimes where a higher level of detail is necessary, and the conditions under which the 1D
model asymptotically recovers the 0D solution.

Subsequently, the neutral dynamics is coupled to the electron dynamics, by means of a
semi-analytic 0D model which assumes Maxwellian electrons. The solution obtained gives
a first estimate of the plasma parameters in the source, so that proper ranges for the char-
acteristic lengths and time-scales of the various physical processes are calculated. Those
results are essential to the preliminary design of a bounce averaged electron kinetic model,
which is still 0D in space, but which calculates the electron energy distribution function
self-consistently with the various processes.

After that, the 0D-1V electron kinetic model is designed in detail, including the effect of
electromagnetic heating and various collisional processes. Accelerated convergence to the
self-consistent steady-state is obtained by means of time-scale separation, fixed-point iter-
ation, implicit time integration with Newton’s solver and variable time-step, and a reduced
auxiliary model. The neutral density in the source is obtained from the aforementioned 1D
analytic model.

When the necessity for a detailed kinetic model for neutrals was realized, a 3D-3V semi-

Lagrangian Convected Scheme was developed, which solves the Boltzmann equation in
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six-dimensional phase-space, plus time. Being the first implementation of the Convected
Scheme to be 3D in space, several computational problems arose, and new solutions had
to be found. For this reason, a considerable part of this thesis work had to deal with a new
method for implementing diffuse boundary conditions, a new injector model, a new mass-,
momentum- and energy-conserving collision operator for the Bhatnagar-Gross-Krook model,
and a new angular mesh. Moreover, a novel third-order positivity-preserving remapping

method with low numerical diffusion was developed.

7.3 Status of the Numerical Implementation

While this dissertation is being printed, the models described are undergoing tests and fur-
ther development. As new results are obtained and insight is gained in the physics and the
numerical methods used, it is natural to constantly improve the modular numerical envi-
ronment.

As concerns the 0D-1V kinetic electron model, the solver for the normalized EEDF is
fully operational and mostly validated, and the self-consistent confinement potential is cal-
culated in a few iterations. The numerical integrator for the energy balance equation, which
describes the evolution of the electron density in the source, is under completion. The de-
sign of the interface mechanism between the normalized EEDF solver and the density solver
is complete; implementation and testing is under way. The 0D-1V kinetic electron model is
expected be fully operational soon, so that it will be possible to conduct an extended simu-
lation campaign.

As concerns the 3D-3V kinetic model for the neutrals, it has been tested in the final con-
figuration, that includes elastic and ionization collisions. Currently, the best method to in-
terface this neutral kinetic model to the kinetic electron model is under investigation. A
method for performing a re-start of the simulation, so that the quantities are allowed to

evolve smoothly, is being addressed as well.

7.4 Recommendations for Future Work

In future work, it is planned that a higher level electron model will be developed, which
incorporates at least one spatial dimension and two velocity dimensions. The results from
this model will be compared with those from the 0D-1V electron model. The use of both of

these in conjunction with each of the different neutral models will be explored, with a view
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to finding the optimal strategy for hybrid modeling of the helicon thruster system. This
is intended to form a worked example of how to optimize a general hybrid model. When
combined with other models such as the detailed EM models and PIC models of ions being
developed at CISAS, this should provide the capability to model the thruster in detail and to
obtain results while having a high degree of confidence in their validity. That confidence will
be based in part on testing using models with a lower level of detail, which provide physical

understanding of how the thruster system functions.
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