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Abstract

The search for semi-realistic supergravity models, seen as the low-energy limit

of superstring theory, strongly motivates the study of gauged supergravities and

flux compactifications. Outstanding problems in this context are supersymmetry

breaking, moduli stabilization and the generation of a small positive vacuum energy

density. Whilst spontaneously broken N=1 supergravity is the only phenomeno-

logically viable possibility in four dimensions, its vast arbitrariness is significantly

reduced when considering consistent truncations of extended supergravities or, more

generally, effective theories of flux compactifications. In this thesis we explore some

aspects of supersymmetry breaking for which the constrained theoretical frameworks

of extended supergravities and of flux compactifications play an important role. We

begin by reviewing the basic structure of four-dimensional supergravities and of

flux compactifications of the higher-dimensional ones. We then describe some orig-

inal work on Fayet-Iliopoulos (FI) terms and de Sitter (dS) vacua: we introduce a

novel distinction between genuine FI terms and impostors; we formulate a simple

anomaly-free model with a genuine FI term, a classically stable dS vacuum and no

global symmetries; we explore the relations between N=1 FI terms and their coun-

terparts in extended supergravities, by discussing suitable truncations of the latter.

We continue with other original work on the relation between M-theory compacti-

fications with geometrical and non-geometrical fluxes, gauged N=8 supergravity in

four dimensions and consistent N=1 truncations of the latter. In particular: we dis-

cuss the quadratic constraints on general fluxes in M-theory, relating them with the

conditions on the embedding tensor that defines the gauged N=8 theory; we identify

the fluxes generating four-parameter supersymmetry breaking à la Scherk-Schwarz,

and comment on the one-loop stability of the resulting Minkowski background.



Sommario

La ricerca di modelli semi-realistici di supergravità, visti come limite di bassa

energia delle teorie di superstring, motivano fortemente lo studio delle teorie di su-

pergravità con gruppi di gauge non banali e delle compattificazioni con flussi. In

questo contesto, problemi ancora aperti sono la rottura di supersimmetria, la stabi-

lizzazione dei moduli e la generazione di densità di energia del vuoto piccola e posi-

tiva. Nonostante la supergravità N=1 con supersimmetria spontaneamente rotta sia

l’unica possibilità fenomenologicamente valida in quattro dimensioni, la sua vasta

arbitrarietà viene significativamente ridotta quando si considerano troncazioni con-

sistenti di supergravità estese o, più in generale, le teorie efficaci di compattificazioni

con flussi. In questa tesi si esplorano alcuni aspetti della rottura di supersimmetria

in cui un ruolo importante è giocato dalla struttura teorica vincolata delle super-

gravità estese e delle compattificazioni con flussi. Si inizia con una breve rassegna

sulle strutture basilari delle supergravità in quattro dimensioni e delle compattifi-

cazioni con flussi di modelli di supergravità formulati in dimensione più alta. Suc-

cessivamente si descrive del lavoro originale sui termini di Fayet-Iliopoulos (FI) ed i

vuoti di de Sitter (dS): si introduce una nuova distinzione tra termini di FI genuini

e ’impostori’; si formula un semplice modello senza anomalie con un termine di FI

genuino, un vuoto di dS classicamente stabile e senza simmetrie globali; si analizzano

le relazioni tra i termini di FI N=1 e le loro controparti nelle supergravità estese,

discutendo opportune troncazioni di queste ultime. Si prosegue poi con dell’altro

lavoro originale sulla relazione tra le compattificazioni di M-teoria con flussi geo-

metrici e non-geometrici, le teorie di supergravità N=8 in quattro dimensioni con

gruppi di gauge non banali e le troncazioni consistenti di queste ultime a N=1. In

particolare: si discutono i vincoli quadratici su tutti i flussi in M-teoria, collegandoli

con le condizioni sul tensore di embedding che definisce la teoria di gauge N=8; si

identificano i flussi che generano la rottura di supersimmetria à la Scherk-Schwarz

con quattro parametri, e si commenta sulla stabilità a un loop del risultante vuoto

di Minkowski.
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Introduction

Simple and extended supergravity theories in four dimensions have been exten-

sively studied in the last decades. There are two ways of studying supergravity,

either by constructing it directly from the field content and the symmetries of the

action, or by obtaining it from higher dimensions by dimensional reduction. Super-

gravity theories obtained by dimensional reduction from ten- or eleven-dimensional

supergravity can be seen as the effective low-energy limit of some superstring or M-

theory compactification. From this point of view, the study of supergravity theories

can provide important insight on the fundamental string theory.

The construction of (semi)realistic models becomes, in this context, a funda-

mental issue. An outstanding problem is supersymmetry breaking. In fact, if su-

persymmetry is of any relevance in Nature, it must be realized in the broken phase,

and, since supergravity is a theory with local supersymmetry, this breaking must be

spontaneous. Supergravity models with broken supersymmetry are however more

involved than those with exact supersymmetry, because the stability of the critical

points is not guaranteed by supersymmetry and has thus to be checked case by case.

In particular, compactifications of superstring theories to four-dimensional su-

pergravities produce a number of scalar fields, namely the moduli of the compacti-

fication. Their stabilization is related to the presence of a suitable scalar potential,

strongly constrained by the compactification scheme. String compactifications with

background fluxes provide a simple framework in which the stabilization of the mod-

uli fields can be discussed in a controlled and natural way.

From a cosmological point of view, it is especially important to understand mod-

uli stabilization at a positive potential energy, either to obtain local de Sitter min-

ima, so as to describe the present accelerated cosmic expansion, or in inflationary

potentials. The search for de Sitter vacua has thus become an important problem

in supergravity.

Spontaneously broken N = 1 supergravity rightly deserved special attention,

since it is the only possibility to construct phenomenologically viable models in four
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dimensions. However, its vast arbitrariness makes it more difficult to estabilish a

precise correspondence with superstring/M-theory and to determine what N = 1

models can eventually find such an embedding. For this reason, it is useful to study

also models with N > 1 and their N = 1 truncations, whose more constrained

structure makes such a discussion easier.

This thesis is organized as follows. The first chapter is devoted to a brief overview

of simple and extended supergravity in four space-time dimensions. It is focused on

the scalar manifold, the scalar potential and the gaugings, notions that will be useful

for the rest of the thesis.

In the second chapter, we present a summary of some flux compactification

scenarios, from type II and M-theory. The fluxes turned on are both geometric and

non-geometric, giving the most general setup in this framework.

In chapter three, some original work on Fayet-Iliopoulos (FI) terms and de Sitter

vacua is presented [1]. We concentrate on constant FI terms, associated with the

gauging of an R-symmetry, and explain how we should distinguish between genuine

FI terms and impostors. We then present some simple examples of N = 1 models,

with either a genuine FI term or an impostor, paying also attention, in the first case,

to the anomaly cancellation conditions. The chapter ends with the analysis of the

truncation to N = 1 of the only known extended supergravity models with stable

de Sitter vacua, for which one of the necessary ingredients is a FI term.

The fourth chapter contains other original work [2]. Here we analyze the rela-

tion between M-theory compactifications with geometric and non-geometric fluxes,

gauged N = 8 supergravity in four dimensions and its consistent truncations to

N = 4 and N = 1. In particular we discuss the complete set of quadratic constraints

on general fluxes in M-theory, or equivalently the Jacobi identities on the embedding

tensor that defines the gauged N = 8 theory. We then discuss the embedding in

M-theory of some examples analyzed in the recent literature and identify the set of

fluxes generating four-parameter supersymmetry breaking à la Scherk-Schwarz.



Chapter 1

Four-dimensional supergravities

This chapter is a short review of some features of four-dimensional supergravities.

It is not intended to be self-consistent and complete, but it focuses on some aspects

that will be useful later in this thesis. Supergravity here is considered in its own

right, independently of its rôle in superstring theory, and fields occur in the action

up to two derivatives.

Particular attention is given to the scalar fields, which determine the vacua of the

theory and define a geometry, the so-called scalar manifold, the structure of which

sets a large part of the full action. Emphasis will be given also to the symmetries

of the theory, both global and local. The gauge group has to be a subgroup of the

global symmetry group and the invariance under this local group, if any, induces

further modifications to the supergravity action. Full Lagrangians are not given here,

however in this chapter there are some details about the scalar potential, since the

latter is fundamental in the study of the vacua of the theory and of supersymmetry

breaking.

Four-dimensional supergravities with ascending number of supersymmetries are

considered: section 1.1 is devoted toN = 1, section 1.2 toN = 2, section 1.3 toN =

4 and section 1.4 to N = 8 supergravity. The structure of each section is more or

less the same: first of all the matter content is specified in terms of supermultiplets,

than there are some considerations about global and local symmetries and at the

end some details are given about supersymmetry transformations of the fermionic

fields, scalar potential and supersymmetry breaking. The formalism used in the

literature is different in each theory, but in the following the notation will be unified

as much as possible and the links between different formalisms will be emphasized.
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1.1 N = 1 supergravity

N = 1 supergravity was initially proposed in 1976 [3, 4] as pure supergravity. In

more than 30 years, many developments have occurred, summarized in many books

and reviews (see for example [5, 6]).

In supergravity theories there is always at least the supergravity multiplet, pos-

sibly coupled to matter multiplets. In N = 1, the former is made up of a spin-2

boson (graviton) eαµ and a spin-3/2 fermion (gravitino) ψµ. It can be coupled to

chiral or vector multiplets. A chiral multiplet contains a spin-1/2 Weyl fermion χ

and a complex scalar field z. A vector multiplet contains a vector boson Aµ and a

spin-1/2 fermion (gaugino) λ.

Given the number of chiralNC and vectorNV multiplets, the theory is completely

defined once some ingredients are given, namely

• the Kähler potential K(z, z̄), a real function that determines the geometry of

the scalar manifold Mscalar;

• the holomorphic superpotential W (z), which encodes the self-interactions of

the chiral multiplets;

• the holomorphic gauge kinetic function fΛΣ(z) (Λ,Σ = 0, 1, ..., NV ), related to

the kinetic terms of the vector multiplets;

• the action of the gauge group onMscalar, specified by the holomorphic Killing

vectors Xm
Λ (z) (Λ = 0, 1, ..., NV , m = 1, ..., NC) and the corresponding Killing

prepotentials PΛ(z, z̄);

• the Fayet-Iliopoulos terms ξΛ (Λ = 0, 1, ..., NV ), which might be non-zero only

for Abelian gauge group factors.

In the following, the rôle of these ingredients in constructing the N = 1 supergravity

action, and in particular the scalar potential, is explained in more detail. We will

use the standard supergravity notation, in which the reduced Planck mass MP is

set equal to one (see Appendix A for more details).

1.1.1 Scalar manifold and Kähler transformations

The NC complex scalar fields zm (m = 1, ..., NC) span a Hodge-Kähler manifold,

a complex manifold such that the metric can be defined by the Kähler potential as

gmn̄ = ∂m∂n̄K, (1.1)
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up to Kähler transformations

K(z, z̄) −→ K(z, z̄) + h(z) + h̄(z̄), (1.2)

with h(z) an holomorphic function and ∂m = ∂/∂zm, ∂m = ∂/∂zm. The total action

is invariant under these transformations if accompanied by chiral rotations of the

fermions and an appropriate transformation of the superpotential

ψµ → e−i(Imh)γ5/2ψµ, λΣ → e−i(Imh)γ5/2λΣ, χm → ei(Imh)γ5/2χm,

W → e−hW. (1.3)

The bosonic fields, on the other hand, do not transform. Kähler transformations are

local U(1) symmetries of the theory with gauge parameters θ(x) = Imh[z(x)] and

the corresponding gauge field, denoted by Aµ, is a composite field, which depends

on the scalars as

Aµ =
i

2
(∂µz

m∂mK − ∂µz̄m̄∂m̄K). (1.4)

We assume, for the moment, the absence of Fayet-Iliopoulos terms, which will be

introduced later when gaugings will be switched on.

It is easy to show that Aµ transforms with the derivative of the gauge parameter

under a Kähler transformation

δKAµ =
i

2
(∂µz

m∂mh− ∂µz̄m̄∂m̄h̄) = −∂µ(Imh) = −∂µθ(x). (1.5)

Moreover, all covariant derivatives for the fermionic fields that appear in the

Lagrangian are covariant under the Kähler transformation

∂̂µψν = · · ·+ i

2
Aµγ5ψν , ∂̂µλ

Σ = · · ·+ i

2
Aµγ5λ

Σ, ∂̂µχ
m = · · · − i

2
Aµγ5χ

m. (1.6)

1.1.2 Gauge group

For NV > 0, the N = 1 supergravity action is always invariant under a local

symmetry group G0. The trivial case is G0 = U(1)NV , under which

δAΣ
µ = ∂µε

Σ, (1.7)

where εΣ are the corresponding gauge parameters and all the other fields are invari-

ant. N = 1 supergravity with only this trivial local invariance is called ungauged. It

is possible to switch on a more general gauge group than U(1)NV , and in this case the

supergravity is called gauged. The gauge group has to be a subgroup of the isometry
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group of the scalar manifold Iso(Mscalar), which is the set of the transformations of

the scalar fields that leave the metric gmn invariant up to a Kähler transformation.

The dimension of the non-Abelian part of G0 is at most NV , but it is convenient to

include also trivial U(1) transformations, in order to have always dimG0 = NV . AΛ
µ

are the vector bosons related to the gauge group generators tΛ in the fundamental

representation of G0. The action of the gauge group on the scalar fields is given by

the Killing vectors Xm
Λ (z) and does not mix zm and z̄m̄

δzm = Xm
Σ ε

Σ, δz̄m̄ = X
m

Σ ε
Σ. (1.8)

Note that, if Xm
Σ = 0 for every m, the vector AΣ

µ is related to a trivial U(1) factor.

The Killing vectors are holomorphic functions such that there exist real functions,

the Killing prepotentials PΛ, related to the Killing vectors by

igmn̄X
m
Λ = ∂n̄PΛ. (1.9)

Gauge transformations should leave the Kähler potential invariant up to a Kähler

transformation, i.e.

δΛK = Xm
Λ ∂mK +Xm̄

Λ ∂m̄K = rΛ(z) + r̄Λ(z̄),

δΛW = ∂mWXm
Λ = −rΛ(z)W, (1.10)

with rΛ(z) any holomorphic function. As as consequence of (1.10) and of gmn̄ =

∂m∂n̄K and ∂n̄X
m
Λ = 0, the Killing prepotentials defined in (1.9) have the following

form

PΛ = i [Xm
Λ ∂mK − rΛ(z)] = i [Xm̄

Λ ∂m̄K + r̄Λ(z̄)]

=
i

2
(Xm

Λ ∂mK −Xm̄
Λ ∂m̄K − [rΛ(z) + r̄Λ(z̄)]). (1.11)

The last equality is due to reality of the prepotential, PΛ = P∗Λ. If we pick the

Kähler potential to be invariant under gauge transformations, then rΛ + r̄Λ = 0 and

therefore, if W is also gauge invariant, the PΛ reduce to

PΛ = iXm
Λ ∂mK. (1.12)

For a linearly realized gauge symmetry,

i ∂mKXm
Λ = −∂mK (tΛ)mnz

n ,
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and we recover the standard expression of [7] for the D-terms. For example, in

the case of canonical Kähler potential, and fields zm with definite charges qm with

respect to a single U(1) gauge factor

K =
∑
m

|zm|2 , Xm = i qm zm , (1.13)

and the prepotential (with an implicit lower index) reads

P = −
∑
m

qm |zm|2 . (1.14)

For an axionic realization, Xm
Λ = i qmΛ , where qmΛ is a real constant, and we obtain

what are often called, with an abuse of language, field-dependent FI terms. A classic

example [8], which often arises in string compactifications, is

K = − log(S + S) , XS = i qS , (1.15)

which leads to

P =
qS

S + S
. (1.16)

If W is not gauge invariant, the only freedom left is

iXm
Λ

∂mW

W
= ξΛ, (1.17)

so that the gauge non-invariance of W can be at most an overall phase with real

parameter ξΛ, for the Abelian factors U(1)Λ, as one can see from the equivariance

condition

Xm
Λ ∂mPΣ +Xm̄

Λ ∂m̄PΣ = f Γ
ΛΣ PΓ. (1.18)

The constants ξΛ correspond to gaugings of R-symmetries, and give rise to the

supergravity expression for the prepotential [5]:

PΛ = i ∂mKXm
Λ + ξΛ . (1.19)

The most general definition of the Killing prepotential in N = 1 supergravity is

PΛ = iXm
Λ ∂mK + ξΛ = iXm

Λ (∂mK +
∂mW

W
) = iXm

Λ

DmW

W
, (1.20)

where DmW = ∂mW + W∂mK. For example, in the linear case of eq. (1.13) and

assuming q1 = −ξ, the superpotential

W = M2 z1 (1.21)
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gauges a suitable U(1) R-symmetry, modifying the prepotential into

P = ξ −
∑
m

qm |zm|2 . (1.22)

Similarly, in the non-linear case of eq. (1.15) and assuming qS = ξ, the superpotential

W = W0 e
−S , (1.23)

where W0 is a non-vanishing S-independent factor, also gauges a U(1) R-symmetry,

and modifies the D-term into

D = ξ

(
1 +

1

S + S

)
. (1.24)

The presence of Fayet-Iliopoulos terms for U(1) factors also modifies the field

(1.4) as

Aµ =
i

2
(∂µz

m∂mK − ∂µz̄m̄∂m̄K) + AΛ
µPΛ. (1.25)

1.1.3 Scalar potential

The N = 1 scalar potential is the sum of three different contributions:

V = VF − VG + VD, (1.26)

where

VF = eKgmn̄(DmW )(Dn̄W ) (1.27)

is the one that comes from the chiral auxiliary fields,

VD =
1

2
(Re f)−1 ΛΣPΛPΣ (1.28)

is the one that comes from the vector auxiliary fields and

VG = 3eK |W |2 (1.29)

is related to the gravitino mass.

F- and D-terms give positive semidefinite contributions, while the term related

to the gravitino mass is negative semidefinite. It obviously means that, unlike the

global supersymmetry case, the scalar potential might be positive, negative or zero.

Moreover F- and D-terms are related.
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There is another useful way of writing down the potential. It exploits the fact

that supersymmetry relates the scalar potential and the supersymmetry transfor-

mations of the fermionic fields. This relation is extremely important because it

generalizes to higher number of supersymmetries and also to higher dimensions.

The supersymmetry transformation rules for the fermions of the theory are

δψµL = ∂µεL + γµSLRεR + · · · ,
δχmL = NmεL + · · · ,
δλΛ

L = NΛεL + · · · , (1.30)

where ε, the supersymmetry transformation parameter, is a Majorana spinor and the

dots stand for terms that depend on fermions, scalar derivatives and vector bosons.

Here SLR is the gravitino mass term

SLR =
1

2
eK/2W, (1.31)

while the shift of the fermions in the chiral multiplets is

Nm = −1

2
gmn̄eK/2DnW (1.32)

and the shift of the gaugini is

NΛ =
i

2
PΛ, (1.33)

where vector indices Λ are lowered and raised by the gauge kinetic function and its

inverse.

The scalar potential is given by

V = −12SLRS̄
RL + 4gmn̄NmN̄ n̄ + 2(Re f)ΛΣN

ΛN̄Σ. (1.34)

Also from this formula it is evident that matter fields always give positive contribu-

tions, while the gravitino variation may give a negative contribution.

Critical points of the potential are those values of the scalar fields for which

∂mV = 0. A critical point is a (meta)stable vacuum if the squared scalar masses are

all equal or greater than zero in Minkowski and de Sitter backgrounds, or greater

than 3
4
〈V 〉 in Anti de Sitter background [9]. At a critical point, and in particular at

a vacuum, supersymmetry is preserved if and only if the supersymmetry variations

of the fermionic matter and gauge fields vanish

δχm = δλΛ = 0. (1.35)
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This requires both

Nm = 0 ⇐⇒ DmW = 0 (1.36)

and

NΛ = 0 ⇐⇒ PΛ = 0, (1.37)

but there is no condition on the gravitino mass SLR. The vacuum expectation value

of the scalar potential might be only negative or zero. If 〈W 〉 = 0, then 〈V 〉 = 0

and the vacuum is Minkowski. The condition of unbroken supersymmetry becomes

〈W 〉 = 〈∂mW 〉 = 0. If 〈W 〉 6= 0, the supersymmetric vacuum has 〈V 〉 < 0 (Anti de

Sitter). Supersymmetry is broken if one or both (1.36) and (1.37) are not satisfied

in the vacuum. The vacuum expectation value of the potential might be in this case

positive (de Sitter), negative (Anti de Sitter) or zero (Minkowski). No conditions as

simple as in the supersymmetric case can be given in this case to characterize the

vacuum.

1.2 N = 2 supergravity

In this section, some basic features of N = 2 supergravity are given, following

more or less the same structure of the previous section. N = 2 supergravity displays

a high degree of complexity and very involved geometrical structures, however, for

the purpose of this thesis we can focus only on a particular framework, extensively

studied in the literature [10] – [13]. The interest in this framework is related to the

fact that here the only (meta)stable de Sitter vacua in extended supergravity have

been found [14]. For a general and comprehensive review and the full Lagrangian,

a useful reference is [15].

The first step is to point out the matter content of the theory. There is the

N = 2 supergravity multiplet, made up of a spin-2 boson (graviton) eαµ, two spin-

3/2 fermions (gravitini) ψaµ (a = 1, 2) and a spin-1 boson (graviphoton) A0
µ. It can

be coupled to vector multiplets and hypermultiplets. An N = 2 vector multiplet

contains a spin-1 boson Bµ, two spin-1/2 fermions λa and a complex scalar field y.

An N = 2 hypermultiplet contains two spin-1/2 fermions ζa and four real scalar

fields qu (u = 1, . . . , 4).

Given the number of vector multiplets nV and hypermultiplets nH , the super-

gravity action is completely specified by fixing a suitable scalar manifold and a gauge

group.
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In the case we are interested in, the scalar manifold is(
SU(1, 1)

U(1)
× SO(2, nV − 1)

SO(2)× SO(nV − 1)

)
︸ ︷︷ ︸

SK[nV ]

×
(

SO(4, nH)

SO(4)× SO(nH)

)
︸ ︷︷ ︸

QK[nH ]

, (1.38)

where SK[nV ] is a special Kähler manifold with complex dimension nV and QK[nH ]

is a quaternionic manifold with real dimension 4nH . The description of these geo-

metrical structures would be beyond the aim of the thesis, and the reader interested

in this aspect is referred to [15]. The aim of this section is to give the ingredients to

write down the Lagrangian and the supersymmetry transformation rules, without

explaining their geometrical meaning.

Before proceeding, it is useful to summarize, once and for all, one important

feature that characterizes many field theories with vector and scalar fields and has

a prominent rôle in extended supergravity, since vector and scalar fields are related

by supersymmetry: it is the so-called symplectic covariance.

1.2.1 Symplectic covariance

Symplectic covariance is a covariance of any Abelian theory in four dimensions

[16]. We consider here a theory with n vector bosons, arranged in n 1-forms

AΛ = AΛ
µdxµ, (1.39)

m real scalars φI (I = 1, ...,m) that span an m-dimensional scalar manifold endowed

with a metric gIJ(φ), and a kinetic Lagrangian written as

Lkin = −γΛΣ(φ)FΛ
µνFΣµν +

1

2
θΛΣ(φ)εµνρσFΛ

µνFΣ
ρσ +

1

2
gIJ(φ)∂µφ

I∂mφJ , (1.40)

where FΛ = 1
2
(∂µA

Λ
ν − ∂νAΛ

µ) are field strengths and γ, θ are symmetric matrices.

Introducing the dual field strengths

GµνΛ =
1

2

∂L
∂FΛ

µν

(1.41)

and the (anti)self-dual field strengths

F± =
1

2

(
F ± 1

2
εµνρσFρσ

)
, G± =

1

2

∂L
∂F±

, (1.42)

the vector kinetic Lagrangian becomes

Lvec = i
(
F−TNF− −F+TNF+

)
, (1.43)
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with N = θ − iγ and N = θ + iγ symmetric matrices, and the equations of motion

and Bianchi identities are

∂µImF±Λ
µν = 0, ∂µImG±Λ

µν = 0. (1.44)

In terms of the 2n column vectors

V± =

(
F±
G±

)
, (1.45)

with

G+ = NF+, G− = NF−, (1.46)

the transformation is

V± ′ = ΛV±, (1.47)

with Λ =

(
A B

C D

)
∈ Sp(2n,R), in order to preserve the relation (1.46) between

G and F .

While the duality rotation (1.47) is performed on the field strengths and their

duals, also the scalar fields are transformed by the action of some isomorphism of the

scalar manifold ξ ∈ Iso(Mscalar) and as a consequence also the matrix N transforms.

In other words, we assume that there exists a homomorphism

ιδ : Iso(Mscalar) −→ SL(2n,R), (1.48)

so that for every ξ ∈ Iso(Mscalar) there exists

ιδ(ξ) =

(
Aξ Bξ

Cξ Dξ

)
∈ Sp(2n,R). (1.49)

Using such a homomorphism, we can define the transformation

ξ :


φ→ ξ(φ)

V± → ιδ(ξ)V±

N (φ)→ N ′(ξ(φ)) = (Cξ +DξN (φ))(Aξ +BξN (φ))−1

. (1.50)

This transformation is not a symmetry of the Lagrangian in the Abelian, ungauged

case, but only of the set of field equations and Bianchi identities. When some

non-trivial gauge group is switched on and electric charges are assigned, symplectic

transformations cease to yield physically equivalent theories. Gaugings break sym-

plectic covariance and the choice of the correct symplectic frame becomes a physical

issue.
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1.2.2 Scalar manifold and symplectic embedding

The scalar manifold (1.38) we are interested in is the product of two factors, a

special Kähler manifold SK[nV ] and a quaternionic manifold QK[nH ]. The former

is spanned by the scalar fields of the vector multiplets, while the latter is spanned

by the scalar fields of the hypermultiplets.

The special Kähler manifold SK[nV ] has a complex coordinate, the axion-dilaton

S, which spans the SU(1, 1)/U(1) factor, and nV −1 coordinates yi (i = 1, ..., nV −1),

called Calabi-Vesentini coordinates, which span the SO(2, nV−1)/(SO(2)×SO(nV ))

factor. These coordinates can be arranged in a useful way into the holomorphic

section

Ω =

(
XΛ

FΛ

)
, (Λ = 0, 1, · · · , nV ), (1.51)

where

XΛ =


1
2
(1 + y2)
i
2
(1− y2)

y0

yi

 , FΛ = −i Sη(2,2)
ΛΣ XΣ =


− i

2
S(1 + y2)

1
2
S(1− y2)

i S y0

i S yi

 , (1.52)

with y2 =
∑

i(y
i)2and η(2,2) = diag(+ + −−) metric of SO(2, 2). The Kähler

potential is then defined by

K = − log(i
〈
Ω|Ω̄

〉
) = − log(i(X̄ΛFΛ − F̄ΛX

Λ)), (1.53)

where the symbol i 〈|〉 stands for the symplectic product

i
〈
A|B̄

〉
= AT · C · B̄, (1.54)

where C =

(
O INV
−INV O

)
is the metric of Sp(2NV + 2,R). Explicitly:

K = K1(S, S̄) +K2(y, ȳ), (1.55)

K1 = − log(S + S̄), K2 = − log

(
1

2
Y

)
,

with Y = 1− 2yiȳi + |yiyi|2.

The Kähler potential allows to endow the special Kähler manifold with a metric

g =

(
gSS̄

gī

)
, gSS̄ =

1

(S + S̄)2
and gī =

∂

∂yi
∂

∂ȳ ̄
K2. (1.56)
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The metric is defined from the Kähler potential up to a Kähler transformation

K −→ K + h+ h̄, (1.57)

as in N = 1 supergravity. Under Kähler transformations the holomorphic section

transforms as

Ω −→ e−hΩ. (1.58)

We can then define a covariant non-holomorphic section

V =

(
LΛ

MΛ

)
= eK/2Ω (1.59)

that satisfies i
〈
V |V̄

〉
= 1. The relation between LΛ and FΛ,

MΛ = NΛΣL
Σ, (1.60)

defines the so-called period matrix NΛΣ(S, y), which is nothing else than the gauge

kinetic function.

The quaternionic manifold

QK[nH ] =
SO(4, nH)

SO(4)× SO(nH)
(1.61)

has 4nH coordinates given by the real scalar fields qu (u = 1, ..., 4nH). Since this is a

coset manifold, it is useful to introduce a coset representative L(q) ∈ SO(4, nH). Luv
is a (4+nH)× (4+nH) matrix, such that LTη(4,nH)L = η(4,nH), where the SO(4, nH)

metric is η(4,nH) = diag(+1,+1,+1,+1,−1, ...,−1), and its indices can be split into

m,n = 1, ..., 4, vector indices of SO(4) and s, t = 1, ..., nH , vector indices of SO(nH).

In the matrix

L−1dL =

(
θmn Emt

(ET )tm ∆st

)
, (1.62)

the diagonal blocks are the SO(4) and SO(NH) connections θmn and ∆st and the

off-diagonal blocks are the vielbein 1-form Emt = Emt
u dqu and its transpose.

The quaternionic manifold QK[nH ] is endowed with a metric

ds2 = huvdq
udqv =

1

2

∑
m,t

EmtEmt (1.63)

and three complex structures

(Jx) v
u = Emt

u (Jx) n
m Ev

nt, (1.64)
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with Ev
nt the inverse vielbein and

J1 =



0 1 0 0

−1 0 0 0

0 0 0 1

0 0 −1 0


, J2 =



0 0 −1 0

0 0 0 1

1 0 0 0

0 −1 0 0


, J3 =



0 0 0 1

0 0 1 0

0 −1 0 0

−1 0 0 0


. (1.65)

To make the notation more explicit, we can consider a useful example, the

quaternionic manifold QK[nH = 2], parametrized by solvable coordinates q =

(a1, a2, a3, a4, b1, b2, h1, h2). The coset representative is a 6 × 6 matrix that can be

written in block form as

Lsolv =

(
Asolv Bsolv

Csolv Dsolv

)
, (1.66)

with

Asolv =


1 0 −a4e

−h1 −b2e
−h2

0 1 −a3e
−h1 −b1e

−h2

a4 +
√

2a1b2 a3 +
√

2a1b1 c+ coshh1
1√
2
(a1e

h2 − a2e
−h2)− d

b2 b1
1√
2
(a2 − a1)e−h1 coshh2 − 1

2
b2e−h2

 ,

Bsolv =


a4e
−h1 b2e

−h2

a3e
−h1 b1e

−h2

sinhh1 − c 1√
2
(eh2a1 + a2e

−h2) + d
1√
2
(a1 − a2)e−h1 1

2
e−h2b2 + sinhh2

 ,

CT
solv =


a4 +

√
2a1b2 b2

a3 +
√

2a1b1 b1

sinhh1 + c 1√
2
(a1 + a2)e−h1

1√
2
(a1e

h2 − a2e
−h2)− d sinhh2 − 1

2
b2e−h2

 ,

Dsolv =

(
coshh1 − c d+ 1√

2
(eh2a1 + a2e

−h2)

− 1√
2
(a1 + a2)e−h1 1

2
e−h2b2 + coshh2

)
, (1.67)

and b2 = b2
1 + b2

2, c = 1
2
e−h1(2a1a2 − a2

3 − a2
4), d = e−h2(a3b1 + a4b2 + 1√

2
a1b

2).

It is easy to show that

Emt =


e−h1(da4 +

√
2b2da1) e−h2db2

e−h1(da3 +
√

2b1da1) e−h1db1

dh1
1√
2
e−h2(eh1da1 + e−h1A2)

1√
2
e−h2(eh1da1 + e−h1A2) dh2

 , (1.68)
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with A2 = da2 + b2da1 +
√

2(b1a3 + b2da4). The metric is then given by

2huvdq
udqv = e−2(h1+h2)aijdaidaj + e−2h2((db1)2 + (db2)2) + (dh1)2 + (dh2)2 (1.69)

with

aij =


(e2h2 + b2)2 b2

√
2b1(e2h2 + b2)

√
2b2(e2h2 + b2)

b2 1
√

2b1

√
2b2√

2b1(e2h2 + b2)
√

2b1 e2h2 + 2b2
1 2b1b2√

2b2(e2h2 + b2)
√

2b2 2b1b2 e2h2 + 2b2
2

 , (1.70)

and also the other objects can be calculated from these vielbeins and coset repre-

sentatives.

1.2.3 Gauge group

As we have already seen in the N = 1 case, also in N = 2 supergravity the non-

trivial transformations of the scalar fields that leave the action invariant are the

isometries of the scalar manifold, i.e. those transformations that leave the metric

g =

(
g

h

)
(1.71)

invariant (up to a possible Kähler transformation in the special sector). The group of

local symmetries can be trivially an Abelian U(1)nV +1, which transforms the NV +1

vector fields as

δAΣ
µ = ∂µε

Σ (1.72)

and leaves all the other fields invariant.

It is possible to have a gauge group G0 less trivial than U(1)nV +1. This gauge

group has to be a subgroup of the isometry group of the scalar manifold and its

dimension is at most nV +1. We can however incorporate also in this case the trivial

U(1) factors to have always dimG0 = nV + 1. The vector fields AΛ
µ (Λ = 0, 1, ..., nV )

are associated to the generators tΛ of G0. Among these vector fields there is also

the graviphoton, whose field strength is

Tµν = 2i(ImN )ΛΣL
ΣFΛ

µν + · · · , (1.73)

where the dots stand for contributions that depend on fermions.

We consider from now on the gauge group analyzed in [14],

G0 = SO(2, 1)×G1 × · · · ×Gr, (1.74)
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with Gk SO(3) or U(1) factors with dimension dk such that
∑r

k=1 dk = nV − 2.

Let tΛ be the generators of the algebra of G0, where tx (x = 1, 2, 3) are the ones of

the simple non-compact factor SO(2, 1), tx+3 are the generators of one SO(3) factor

(the generalization to more SO(3)’s is easy) or tΛ� the generator of a U(1) factor.

The structure constants of the gauge algebra are given by

[tΛ, tΣ] = f Γ
ΛΣ tΓ, (1.75)

namely

[tx, ty] = e0 εxyz (η(2,1))zwtw, (1.76)

where η(2,1) = diag(+1,+1,−1) is the metric of SO(2, 1) and e0 the coupling con-

stant. Also

[tx+3, ty+3] = e1εxyztz+3, (1.77)

where e1 is the coupling constant for this gauge factor. The other commutators are

all zero.

The symplectic embedding of the adjoint representation of G0 in the fundamental

representation of Sp(2nV + 2,R) is realized by

G0 3 tΛ ↪→ TΛ =

(
tΛ 0

0 −tTΛ

)
∈ Sp(2nV + 2,R). (1.78)

Different factors in the gauge group can be embedded in Sp(2nV +2,R), rotated with

respect to each other by means of some angles θk, the so called de Roo-Wagemans

angles, which define a rotation matrix R(θ) ∈ SL(2nV +2,R)/(SU(1, 1)×SO(2, nV −
1)) such that R(θ)−1G0R(θ) = G0. This matrix rotates the symplectic section V as

V −→ R(θ)V. (1.79)

In the case considered above G0 = SO(2, 1)×G1 × · · · ×Gr, dimGk = dk,

R(θ) =



I3

cos θ1Id1 sin θ1Id1
. . . . . .

cos θrIdr sin θrIdr
I3

− sin θ1Id1 cos θ1Id1
. . . . . .

− sin θrIdr cos θrIdr


. (1.80)
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For example for nV = 3 and G0 = SO(2, 1)× U(1),

R(θ) =


I3 O3

cos θ sin θ

O3 I3

− sin θ cos θ

 (1.81)

and XΛ becomes

XΛ =


1
2
(1 + y2)
i
2
(1− y2)

y0

y1(cos θ − S sin θ)

 . (1.82)

To describe the action of the gauge group on the scalar manifold we can write down

the Killing vectors such that

δtI = εΛXI
Λ(t), δqu = εΛXu

Λ(q), (1.83)

with tI = (S, ya) (I = 1, ..., nV ), which are related to the so-called moment maps.

Some kind of moment map has been introduced in the previous section and called

Killing prepotential. Here there is one moment map for the special Kähler sector

P0
Λ = eK

〈
Ω̄|TΛΩ

〉
, (1.84)

such that

XI
Λ = igIJ̄∂J̄P0

Λ, (1.85)

and three for the quaternionic sector PxΛ, such that

2Xu
ΛΩx

uv = ∂vPxΛ + εxyzωyvPzΛ. (1.86)

They should also satisfy an equivariance relation,

2Xu
ΛX

v
ΣΩx

uv − εxyzP
y
ΛP

z
Λ = f Γ

ΛΣ PxΓ, (1.87)

and

Xu
Λ∂uX

v
Σ −Xu

Σ∂uX
v
Λ = −f Γ

ΛΣ Xv
Γ. (1.88)

In the absence of hypermultiplets, the equivariance condition (1.87) reduces to

−εxyzPyΛP
z
Λ = f Γ

ΛΣ PxΓ (1.89)
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and PxΛ are constants which are differ from zero only for SO(3)

Pxy+3 = −e1δ
x
y (1.90)

and U(1) factors

Px� = (a, b, c), a, b, c ∈ R and a2 + b2 + c2 = 1. (1.91)

These objects are analogous to the constant Fayet-Iliopoulos terms in N = 1 super-

gravity.

1.2.4 Scalar potential and supersymmetry breaking

The scalar potential is the sum of three different contributions,

V1 = gIJ̄k
I
Λk

J̄
ΣL̄

ΛLΣ,

V2 = 4huvk
u
Λk

v
ΣL̄

ΛLΣ,

V3 = (UΛΣ − 3L̄ΛLΣ)PxΛPxΣ, (1.92)

where

UΛΣ = gIJ̄fΛ
I f̄

Σ
J̄ = −1

2
(ImN )−1 ΛΣ − L̄ΛLΣ (1.93)

and

fΛ
I =

(
∂I +

1

2
∂IK

)
LΛ. (1.94)

By definition, the contributions V1, V2 are positive definite and the only term that

might involve negative contributions is V3.

In N = 2 supergravity there is an extension of (1.34). Given the fermionic

supersymmetry transformation rules,

δψµα = ∂µεα + iSαβγµε
β + · · ·

δλIα = W Iαβεβ + · · ·
δζA = Nα

Aεα + · · · (1.95)

where the dots stand for the terms that depend on fermions, vector bosons and

derivatives of the scalar fields, the scalar potential can be written as

δαβV = −12S̄αγSγβ + gIJ̄W
I αγW J̄

βγ + 2Nα
AN

B
β , (1.96)
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in terms of the fermionic shifts

Sαβ =
i

2
(σx)

γ
α εβγPxΛLΛ,

W Iαβ = εαβkIΛL̄
Λ + i(σx)

β
γ ε

γαPxΛgIJ̄ f̄Λ
J̄ ,

Nα
A = 2Eα

Auk
u
ΛL̄

Λ, (1.97)

where σx are the Pauli matrices and Eα
Au a vielbein analogous to Emt

u , where in this

case the vector index u is split in α = 1, 2 and A = 1, ..., 2nH .

1.3 N = 4 gauged supergravity

This section is devoted to N = 4 gauged supergravity. The basic reference is

[17], where references to earlier works can be found, the notation is fixed and the

bosonic Lagrangian is given. Here we summarize the ingredients to write down the

scalar potential.

The starting point is again the N = 4 supergravity multiplet, made up of a spin-

2 boson (graviton) eαµ, four spin-3/2 fermions (gravitini) ψiµ (i = 1, 2, 3, 4), six spin-1

bosons (graviphotons) Amµ (m = 1, ..., 6), four spin-1/2 fermions χi and a complex

scalar field S. It can be coupled to n vector multiplets, each of them made up of a

spin-1 boson Aµ, four spin-1/2 fermions λi and six real scalar fields zm.

1.3.1 Scalar manifold

The 6n+ 2 scalar fields of the theory span the scalar manifold

Mscalar =
SU(1, 1)

U(1)
× SO(6, n)

SO(6)× SO(n)
, (1.98)

which is the product of two coset manifolds. The first has complex dimension one

and is spanned by the axion-dilaton S, while the second has real dimension 6n and

is spanned by the other scalars. As usual in the case of a coset manifold G/H, one

can introduce a coset representative L ∈ G such that gL = Lh for every g ∈ G

and h ∈ H. In this case, for the SU(1, 1)/U(1) factor, a coset representative is a

complex SU(1, 1) vector, namely

Lα =
1√
ImS

(
S

1

)
, (α = ±), (1.99)
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from which one can also define a symmetric positive-definite matrix

Mαβ = Re(LαL
∗
β) =

1

ImS

(
|S|2 ReS

ReS 1

)
. (1.100)

For the SO(6, n)/(SO(6)×SO(n)) factor, the coset representative L N
M ∈ SO(6, n),

M,N = 1, ..., 6 + n, is a (6 + n)× (6 + n) matrix whose row index is related to the

adjoint representation of SO(6, n), while the column underlined index is related to

the adjoint representation of SO(6)× SO(n). The column index can be split in the

vector index m = 1, ..., 6, of SO(6) and the vector index a = 1, ..., n of SO(n), such

that

L = (LmM , L
a
M). (1.101)

Since L ∈ SO(6, n), it has to be LTηL = η, i.e.

ηMN = −LmMLmN + LaML
a
N , (1.102)

where η = diag(+1,+1,+1,+1,+1,+1,−1, ...,−1) is the SO(6, n) metric. From

the coset representative it is possible to define a symmetric positive-definite scalar

metric

MMN = LLT = LaML
a
N + LmML

m
N , (1.103)

and a completely antisymmetric tensor

MMNPQRS = εmnpqrsL
m
ML

n
NL

p
PL

q
QL

r
RL

s
S. (1.104)

1.3.2 Gauge group

The global symmetry group is the group of the isometries of the scalar manifold,

namely

Gglobal = SU(1, 1)× SO(6, n). (1.105)

The gauge group G0 has to be a subgroup of Gglobal with dimension at most 6 + n.

It can be parametrized by two real constant tensors fαMNP and ξαM , where α = ±
and M = 1, ..., 6 +n are vector indices of SU(1, 1) and SO(6, n) respectively and its

dimension is at most 6 + n. One should construct from these tensors the structure

constants of the algebra of the gauge group

XPMN = XPγ
MαNβ = δγβf

P
αMN

+
1

2
(δPMδ

γ
βξαN − δ

P
Nδ

γ
αξβM − δ

γ
βηMNξ

P
α + εαβδPNξδMε

δγ). (1.106)
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The curly indices M,N ,P are composite indices and stand for a vector index of

SO(6, n) and one of SU(1, 1), i.e. VM = VMα for every SU(1, 1)× SO(6, n) vector

V . These structure constants satisfy the following linear constraints

X
Q

M[N ΩP]Q = 0, X
Q

(MN ΩP)Q = 0, (1.107)

with ΩMN = ΩMαNβ = ηMNεαβ. We can define the generators of the gauge algebra

(XM) P
N = X P

MN with the following commutation relations

[XM, XN ] = −X P
MN XP , (1.108)

and then the Jacobi identities impose quadratic constraints on the structure con-

stants. In terms of f and ξ they are:

ξMα ξβM = 0,

ξP(αfβ)PMN = 0,

3fαR[MNf
R

βPQ] = 0,

εαβ(ξPα fβPMN + ξαMξβN) = 0,

εαβ(fαMNRf
R

βPQ − ξRα fβR[M [PηQ]N ] − ξα[MfN ][PQ]β + ξα[PfQ][MN ]β) = 0.

(1.109)

One may note that the number of generators XM is twice what we expect. However,

imposing linear (1.107) and quadratic constraints (1.109), there are at most 6 + n

independent generators. Each generator is associated to a vector boson, AMµ = AMα
µ .

In the ungauged case, only AM+
µ , the electric ones, appear in the Lagrangian, while

the magnetic ones AM−µ are introduced only from the equations of motion. When

some gauge group is switched on, the magnetic vectors can appear into covariant

derivatives if the associated generators are non-zero, but they have no kinetic terms

and so via their equations of motion they eventually turn out to be dual to the

electric vector fields. Thus the number of degrees of freedom remains unchanged as

compared to the ungauged theory.

It can be shown that as a consequence of the constraints (1.109), for every

consistent gauging one can perform a symplectic rotation such that only the electric

vectors fields serve as gauge fields [18]. The pure electric gaugings are those for

which f−MNP = 0 and ξαM = 0, thus only f+MNP does not vanish. None of the pure

electric gaugings admit a ground state with non-vanishing cosmological constant,

therefore de Roo and Wagemans introduced a further deformation of the theory

[19]. Starting from a semi-simple gauging, they introduced a phase for every simple

group factor as additional parameters in the description of the gauging.
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To explain this idea, one can consider the case of non zero f±MNP and ξαM = 0.

The gauge group one wants to deal with is product of K factors G0 = G1× ....×GK

with f
(i)
MNP being the structure constants of the i-th factor, each of them satisfying

the Jacobi identities separately. The solutions of the constraints (1.109) are then

given by

fαMNP =
K∑
i=1

w(i)
α f

(i)
MNP , w(i)

α = (w
(i)
+ , w

(i)
− ) = (cosαi, sinαi), (1.110)

where w
(i)
α are arbitrary SU(1, 1) vectors which we could restrict to have unit length,

without loss of generality. The αi ∈ R (i = 1, ..., K) are the so called de Roo-

Wagemans angles, analogous to those introduced for N = 2 in the previous section.

If K = 1 we find f+MNP and f−MNP to be proportional and this case is equivalent

to the case of purely electric gauging.

1.3.3 Scalar potential

The scalar potential depends on the generalized structure constants as follows

V = 1
16

{
fαMNPfβQRSM

αβ
[

1
3
[MMQMNRMPS −

(
2
3
ηMQ −MMQ

)
ηNRηPS

]
− 4

9
fαMNPfβQRSε

αβMMNPQRS + 3ξMα ξ
N
β M

αβMMN

}
. (1.111)

It is also possible to write it by using its relation with the fermionic shifts

Aij1 = εαβ(Lα)∗LM[kl]L
[ik]
N L

[jl]
P f NP

βM ,

Aij2 = εαβLαL
M
[kl]L

[ik]
N L

[jl]
P f NP

βM +
3

2
εαβLαL

ij
Mξ

M
β ,

A j
2ai = εαβLαLMaL

N
[ik]L

[jk]
P f P

βMN − 1

4
δjiLαL

M
a ξβM , (1.112)

which appear in the supersymmetry transformation rules for the fermionic fields:

δψiµ = ∂µε
i − 2

3
Aij1 γµεj,

δχi = −4

3
iAji2 εj,

δλia = 2iA i
2aj ε

j. (1.113)

The relation between the scalar potential and the fermionic shifts is the following:

−1

4
δjiV =

1

3
Aik1 Ā1jk −

1

9
Aik2 Ā2jk −

1

2
A k

2aj Ā
i

2a k. (1.114)
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Here the coset representative of SO(6, n)/(SO(6)×SO(n)) is written as (L
[ij]
M , LaM),

where [ij] instead of m as row index of the first element denote the antisymmetric

representation of SU(4) ∼ SO(6).

1.4 N = 8 gauged supergravity

In this section, some elements of the maximal supergravity theory in four dimen-

sions [20, 21] are given, with emphasis on the formalism of the embedding tensor

[22], introduced here for the first time in this thesis but useful also for the other

gauged supergravity theories described above.

N = 8 supergravity in four dimensions has eight supercharges, the maximal

number of supercharges allowed in four-dimensional theories with local supersym-

metry. The theory has only the supergravity multiplet, made up of a graviton eαµ, 8

gravitini ψmµ (m = 1, ..., 8), 28 vector bosons AΛ
µ (Λ = 1, ..., 28), 56 spin-1/2 fermions

χ[mnp] and 70 scalar fields φ[mnpq]:

(eαµ, ψ
m
µ , A

Λ
µ , χ

[mnp], φ[mnpq]). (1.115)

The 70 scalars span a coset manifold

Mscalar = E7(7)/SU(8), (1.116)

where E7(7) is the isometry group of the scalar manifold. The indices m,n, ... denote

the transformations of the fields under the group SU(8). Vector bosons AΛ
µ and

their magnetic duals AµΛ, which do not appear in the ungauged Lagrangian, are in

the 56 representation of E7(7).

1.4.1 Gauge group and embedding tensor

Despite the presence of only the supergravity multiplet, the N = 8 ungauged

Lagrangian is not uniquely defined in four dimensions and alternative Lagrangians,

not related by local field redefinitions, can be obtained via electric-magnetic du-

ality relations. These transformations constitute the symplectic group Sp(56,R).

Lagrangians related by electric-magnetic duality do not share the same symmetry

group and therefore they may allow different gaugings. It means that, once the

charges are switched on, the possibility of performing electric-magnetic duality are

severely restricted and electric charges cannot be converted into magnetic ones via

local field redefinitions. The largest subgroup of E7(7) under which the Lagrangian is
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invariant and all the fields, including the gauge fields, transform, is called electric du-

ality group Ge ⊂ E7(7). Examples of possible electric duality group are SL(8,R) and

its subgroups SL(7,R)×SO(1, 1), E6(6)×SO(1, 1) and SL(2,R)×SO(1, 1)×SL(6,R)

which is exactly (E6(6) × SO(1, 1)) ∩ SL(8,R).

The gauge group G0 has to be a subset of the electric duality group Ge and

then of E7(7). This means that it can be defined by selecting a subset of generators

{XM}M=1,...,56 within the algebra {tα}α=1,...,133 of E7(7), given by

XM = Θα
M tα. (1.117)

The constant 56× 133 tensor Θα
M is the so-called embedding tensor, which describes

the explicit embedding of the gauge group G0 into the global symmetry group E7(7).

The index M runs over both electric and magnetic charges, but consistency of the

gauging requires the rank of Θ to be not grater than 28. This bound is satisfied

because an admissible tensor is subjected to linear and quadratic constraints, which

ensure that one is dealing with a proper subgroup of E7(7) (quadratic constraints)

and that the supergravity action remains supersymmetric (linear constraints). The

linear constraints

(tα) N
M Θα

N = 0,

(tβt
α) N
M Θβ

N = −1

2
Θα
M (1.118)

imply that Θ trasforms under 912 ∈ 56× 133.

The quadratic constraints are obtained by requiring the closure of the algebra

[XM , XN ] = −X P
MN XP , (1.119)

where X P
MN = Θα

M(tα) P
N are generalized structure constants and can be written

in a useful equivalent way as

Θα
M Θβ

N ΩMN = 0, (1.120)

with ΩMN = ΩMN =

(
0 I28

−I28 0

)
. These constraints ensure that there always

exists a symplectic rotation acting on the index M as a consequence of which all the

vectors associated with the generators XΛ=1,...,28 are all electric (or all magnetic).

1.4.2 Scalar potential

Also in N = 8 supergravity, gauging some subgroup of the electric duality group

induces a scalar potential in the Lagrangian. It can be written in terms of the
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embedding tensor and the scalar fields arranged in a positive definite 56×56 matrix

M, defined by

M = LLT , (1.121)

where L is the coset representative of the scalar manifold. The scalar potential is

then

V =
(
X R
MN X S

PQ M
MPMNQMRS + 7X Q

MN X N
PQ M

MP
)
. (1.122)

As in all the supergravity theories seen above, the scalar potential can be also written

in terms of the fermionic supersymmetry transformations (see e.g. [23])

δψi = ∂µε
i +
√

2Aij1 γµεj + · · · ,
δχijk = −2Aijk2,l ε

l + · · · , (1.123)

as

V = −3

4
|A1|2 +

1

24
|A2|2. (1.124)

As usual, the only negative contribution comes from the gravitini.

The search for critical points of the scalar potential is very involved, since the

minimization conditions are complicated functions of 70 scalar fields. One interest-

ing approach [24] – [26] that will be useful for later purposes consists in reversing the

problem: one can search for what embedding tensor the theory has a minimum at the

origin of the scalar manifold, where all the scalar fields are zero. The minimization

conditions are now quadratic in the embedding tensor. Of course other difficulties

arise, because the embedding tensor has to satisfy the linear and quadratic con-

straints, but now the problem is computationally very simplified and this approach

can be usefull to classify all possible gaugings. On the other hand, this approach

may seem very restrictive, since apparently only vacua at the origin of the σ-model

can be found. However one can actually have the advantage of the properties of

coset spaces and of different ways in which a particular choice of the gauge group

can be embedded into E7(7) to recover information on the vacia of all the rest of the

scalar manifold.



Chapter 2

Flux compactifications of

higher-dimensional supergravities

Supergravity theories are usually regarded as low-energy effective limits of string

theory or M-theory. The latter are naturally defined in ten or eleven dimensions, as

well as their field-theory limits in supergravity. However, if we want to construct

(semi)realistic models, we need a procedure to obtain four-dimensional descriptions.

Up to now, there are more possible four-dimensional supergravity realizations than

those explained by string theory reduction, but the higher-dimensional origin of

four-dimensional supergravity models is especially important if we want to make

contact between string theory and phenomenology.

There are several ways of obtaining four-dimensional supergravities from higher-

dimensional, string-derived models. Compactifications on group manifolds, or cer-

tain coset spaces, give effective four-dimensional actions that not only reproduce the

original vacuum around which the theory was expanded, but also take into account

certain deformations of the geometry of the internal space in a potential for the

scalar fields. In these models, part or all of the gauge group of the effective theory

is related to the symmetry group of the internal manifold. Other approaches lead-

ing to gauged supergravities are Scherk-Schwarz reductions [27, 28], which can be

re-interpreted as compactifications on twisted tori [29], and flux compactifications

(see e.g. [30, 31, 32]).

In this chapter we summarize some results in flux compactifications that will

be useful for later purposes. We start in section 2.1 with a quick overview of ten-

and eleven- dimensional maximal supergravity, then we recall in section 2.2 some

important aspects of Scherck-Schwarz reductions, which are historically the first

attempt to perform dimensional reduction in supergravity with a special non-trivial
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dependence of the fields on the internal coordinates. Flux compactifications are

reviewed both in type II theories (section 2.3) and in M-theory (section 2.4), with

emphasis on the effective four-dimensional superpotential that emerges after the

compactification when geometric and non-geometric fluxes are turned on.

2.1 Supergravities in ten and eleven dimensions

As shown by Nahm [33], supergravity theories can live at most in eleven dimen-

sions, because in more than eleven dimensions the supermultiplets always contain

states with helicity greater than two. In this section, a short summary of the maxi-

mal supergravity theories in eleven and ten dimensions is given. In eleven dimensions

the maximal supergravity is N = 1 and it is summarized in subsection 2.1.1. In

ten dimensions one can have either N = 1 and N = 2 supergravity theories. The

former allows for the inclusion of the supergravity multiplet and of vector multi-

plets. Due to the appearance of several supermultiplets, non-maximal supergravity

in ten dimensions is not unique. In the following we will concentrate on the maximal

case, which contains two supercharges, which are Majorana-Weyl spinors of certain

chirality. This allows for two different theories with spinors of either opposite or

the same chirality, type IIA and IIB supergravity respectively. These two cases are

inequivalent and are summarized in subsection 2.1.2.

2.1.1 Supergravity in eleven dimensions

Eleven-dimensional supergravity [34] contains only the supergravity multiplet.

It is made up of an elfbein eAM , a Majorana spin-3/2 fermion ψM and a completely

antisymmetric tensor AMNP . Here M,N, ... are the eleven-dimensional world in-

dices, while A,B, ... are the eleven-dimensional tangent space indices. The degrees

of freedom are 256, equally divided between bosons and fermions as required by

supersymmetry, in particular the elfbein has 44 degrees of freedom and the antisym-

metric tensor has 84.

The Lagrangian, up to four-fermion terms, is

e−1L = −1

4
eR− i

2
ψ̄Mγ

MNPDNψP −
1

48
FMNPQF

MNPQ

+
1

96
(ψ̄Mγ

MNPQRSψN + 12ψ̄PγQRψS)FPQRS

+
2

1442
εM1...M4N1...N4PQRFM1M2M3M4FN1N2N3N4APQR, (2.1)
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where FMNPQ = 4∂[MANPQ] and DMψN = (∂M + 1
4
ωABM γAB)ψN . This Lagrangian

is invariant under general coordinate and local Lorentz transformations. It is also

invariant under the local supertransformations

δeAM = −iε̄γAψM , δAMNP =
2

3
ε̄γ[MNψP ],

δψM = DMε+
i

144
(γABCDM − 8γPQRδNM)εFNPQR + (3-fermion terms), (2.2)

with supersymmetry transformation parameter ε, and under the Abelian gauge

transformation

δAMNP = ∂MζNP + ∂NζPM + ∂P ζMN , (2.3)

where ζMN = −ζNM , which leaves all the other fields invariant.

2.1.2 Type IIA and IIB supergravities

There are two inequivalent extended supergravity theories in ten dimensions.

The physical states of the two theories belong to different multiplets of SO(8), the

group whose representations label helicities of massless states in 10 dimensions. One

of the theories, called IIA, contains two inequivalent gravitino multiplets (opposite

chirality) and can be obtained by dimensional reduction of eleven dimensional super-

gravity [35]. The theory has an overall left-right symmetry as a consequence of the

non existence of Weyl spinors in eleven dimensions. The other, called IIB, contains

two gravitinos of the same chiraity and cannot be formulated in higher dimensions.

We are interested here in summarizing the matter content of these theories and

their Lagrangian. The supergravity multiplet is different in both cases. The common

bosonic subsector, called Neveu-Schwarz (NS) bosonic subsector, contains the viel-

bein eAM , a rank-two potential BMN and a dilaton φ, with M = 0, 1, ..., 9 space-time

indices and A = 1, ..., 10 flat indices. The remaining bosonic part is called Ramond-

Ramond (RR) bosonic subsector and only contains rank-d potentials, where d is odd

in IIA and even in IIB. For the fermionic sector, in the IIA case the fermions are

real and consist of two minimal spinors of both chiralities, while in the IIB case they

are complex and contain two minimal spinors of the same chirality.

In the standard formulation, the RR potentials have d = 1, 3 for IIA, d = 0, 2, 4

for type IIB, and the bosonic field content is

IIA : {eAM , BMN , φ, C
(1)
M , C

(3)
MNP},

IIB : {eAM , BMN , φ, C
(0), C

(2)
MN , C

(4)+
MNPQ}. (2.4)
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The field strength of the IIB rank-4 potential C(4)+ satisfies a self-duality constraint,

halving the number of degrees of freedom. There is also a special formulation of IIA

and IIB supergravity [36] that emphasizes the equivalence of dual R-R potentials by

including all the odd or even R-R potentials. The bosonic field content of IIA and

IIB supergravity reads, in this ’democratic’ formulation:

IIA : {eAM , BMN , φ, C
(1)
M , C

(3)
MNP , C

(5)
M1...M5

, C
(7)
M1...M7

},

IIB : {eAM , BMN , φ, C
(0), C

(2)
MN , C

(4)
MNPQ, C

(6)
M1...M6

, C
(8)
M1...M8

}. (2.5)

To get the correct number of degrees of freedom, one must by hand impose duality

relations between the field strengths of rank-d and rank-(8 − d) potentials, which

read

G(d+1) = (−1)[(d+1)/2]e(d−4)φ/2 ? G(9−d), G(d+1) = dC(d) −H ∧ C(d−2), (2.6)

for vanishing fermions and H = dB. The bosonic action is then

e−1L = R− 1

2
(∂φ)2 − 1

2
e−φH ·H −

∑
d

1

4
e(4−d)φ/2G(d+1) ·G(d+1), (2.7)

subject to the duality relations (2.6). Note that one can include a a 9-form potential

C(9) in (2.5), which carries no degrees of freedom but it is very natural from the

point of view of R-R equivalence. The corresponding field strength trivially satisfies

the Bianchi identity. Its Hodge dual is a rank-zero field strength, which has no

corresponding potential nor a field equation. Its Bianchi identity implies that it is

a constant. Thus we have effectively introduced a mass parameter in the theory,

given by

G(0) = e−5φ/2 ? G(10). (2.8)

The corresponding action is given by (2.7) with the field strengths

G(d+1) = dC(d) −H ∧ C(d−2) +
1

(d+ 1)/2
G(0)B ∧ ... ∧B. (2.9)

Coming back to the standard (and massless) formulation, the bosonic Lagrangian

becomes

e−1LIIA = R− 1
2
(∂φ)2 − 1

2
e−φH ·H −

∑
d=1,3

1
2
e(4−d)φ/2G(d+1) ·G(d+1)

−1
2
? (dC(3) ∧ dC(3) ∧B) (2.10)
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for type IIA supergravity, and

e−1LIIB = R− 1
2
(∂φ)2 − 1

2
e−φH ·H −

∑
d=0,2,4

1
2
e(4−d)φ/2G(d+1) ·G(d+1)

+1
2
? (C4 ∧ dC(2) ∧H), (2.11)

supplemented with the self-duality relation (2.6) for d = 4 for type IIB. Note that,

with respect to the action in the democratic formalism, the kinetic terms have as

canonical coefficient 1/2 instead of the 1/4 in (2.7) and there are now explicit Chern-

Simons terms (the last line in (2.10) and (2.11)).

2.2 Scherk-Schwarz compactifications

As we have already discussed, if one is interested in (semi)realistic models, the

ten- or eleven-dimensional supergravity theories must be reduced to four-dimensional

supergravity by means of some dimensional reduction mechanism. An interesting

mechanism of coordinate-dependent dimensional reduction in supergravity was in-

troduced by Scherk and Schwarz in the seminal papers [27, 28], where they provide

an elegant solution to the problem of spontaneous breaking of supersymmetry in

extended supergravities. In fact, for simple supergravity the mechanism for spon-

taneous supersymmetry breaking could consist of coupling simple supergravity to

a scalar multiplet such that spin-1/2 field is absorbed by the gravitino, yielding a

super-Higgs effect. This solution is not applicable to the extended supergravities

with N > 4, for which no matter multiplets exist.

The basic idea of dimensional reduction is to consider the space-time manifold

in D+E dimensionsMD+E as the product of a D dimensional space-timeMD and

an E-dimensional internal space KE

MD+E =MD ×KE. (2.12)

We are interested in the case with maximally symmetric MD, which means that it

could be only Minkowski, MkwD, or de Sitter, dSD, or Anti-de Sitter, AdSD. The

most general (D+E)-dimensional metric consistent with four dimensional maximal

symmetry is

ds2 = e2A(Y )g̃µνdX
µdXν + gmndY

mdY n, (2.13)

where Xµ (µ = 0, 1, ..., D − 1) are four-dimensional space-time coordinates, Y m

(m = 1, ..., E) are internal coordinates, A(Y ) is called warp factor, g̃µν(X) is a

MkwD, dSD or AdSD metric and gmn(X) is any six internal metric.
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One important point in this context is the identification of the compact space.

Some of its properties are fixed by requirements on the reduced theory, in particular,

requiring a residual local supersymmetry in four dimensions fixes the holonomy

group of the manifold. The simplest case is the torus TE, with trivial holonomy.

Other interesting cases are given in this table:

Manifold K dim(K) Hol(K)

TE E I
CYn 2n SU(n)

KG2 7 G2

(2.14)

Dimensional reduction of type II theories or M-theory on T6 gives rise respectively

to N = 8, D = 4 and N = 8, D = 5 supergravity; compactifications of type II

theories on Calabi-Yau manifolds of complex dimension n = 3 give N = 2, D = 4

supergravities and compactifications of M-theory on seven-dimensional manifolds

with G2-holonomy giveN = 1, D = 4 supergravity. For the moment we will consider

the case of N = 8 four-dimensional effective theories, obtained by compactifying on

a torus or a twisted torus, and in the next section we will analyze the effective N = 1

theories.

2.2.1 Generalized dimensional reduction

In the simplest case of dimensional reduction, all the fields and transformation

laws in the original theory are independent of the internal coordinates Y m

φ(XM) = φ(Xµ). (2.15)

The vielbein eAM , where M,A are respectively the (D + E) dimensional space-time

and flat space indices, reduces in D dimensions, after an ordinary dimensional re-

duction, to

eAM(x, y) =

(
δ−1/(D−2)eαµ(x) 2Amµ (x)Φa

m(x)

0 Φa
m(x)

)
, (2.16)

where δ = det Φ and the space-time indices M split into the D-dimensional space-

time indices µ and the internal space indices m, while the flat space indices A splits

into α = 1, ..., D and a = 1, ..., E. The bosonic content of the reduced theory is

then the four-dimensional vielbein eαµ, E vector fields Amµ and E2 scalar fields Φa
m,

of which only 1
2
E(E + 1) correspond to propagating particles.

Under general coordinate transformations, in (D + E) dimensions

δeAM = ξN∂NV
A
M + ∂Mξ

NV A
N , (2.17)
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with ξM infinitesimal parameter. Assuming that ξM is Y -independent, the trans-

formations in the reduced D-dimensional theory are the usual general coordinate

transformations with infinitesimal parameter ξµ, while for ξm(X)

δeαµ = δΦa
m = 0, δAmµ =

1

2
∂µξ

m, (2.18)

which is (U(1))E invariance.

A limitation of this approach is that, starting from a massless theory, the re-

sulting reduced theory is also massless (aside from possible masses due to the Higgs

mechanism or topological excitations). Also, it is exactly invariant under the ex-

tended supersymmetry algebra, which needs to be broken to describe the real world.

A generalization of this method, formulated by Scherk and Schwarz in [27, 28],

makes it possible to obtain a theory with mass parameters and spontaneously broken

supersymmetry. The new ingredient is to allow the fields and transformation laws

to depend upon the internal coordinates Y in a well-defined fashion and must satisfy

a number of criteria. First of all, it should be possible to define a limit in which

the fields become Y -independent and the results of the ordinary case are recovered.

This implies that the number of physical modes is unchanged. Moreover, the Y -

dependence of fields and transformation laws must be of a simple factorisable form

that can be factored out of the transformation laws. Finally, the reduced theory

should contain no ghost particles.

The generalized reduction is uniquely specified by choosing the Y dependence

of the infinitesimal parameter ξM(X, Y ). The choice should be made in such a way

as to describe the general coordinate transformations in D-dimensional space-time

and local transformations such that the Amµ (X) are gauge fields for as a general Lie

group as possible. If we set

ξµ(X, Y ) = ξµ(X),

ξm(X, Y ) = (U−1(Y ))mnξ
n(X), (2.19)

then we recover the results of the ordinary case in the limit in which the non-singular

E × E matrix U approaches unity.

This translates into a modification of the internal metric gmn(X) as g′m′n′(X, Y ) =

Um′
m(Y )Un′

n(Y )gmn(X) and

ds2 = e−A(Y )g̃µνdX
µdXν + g′mnη

mηn, (2.20)

with ηm the new vielbein 1-form. These vielbeins describe a space that is a defor-

mation of the original torus TE and for this reason this reduction is also known as
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compactification on a twisted torus. The vielbein ηm satisfies the relation

dηm = −1

2
ωmnpη

nηp, (2.21)

with ωmnp constant. This kind of compactification induces a gauge group on the

reduced theory, with an algebra defined by

[Zm, Zn] = ωpmnZp, (2.22)

The constants ω are the structure constants of the gauge group and can be

written in terms of the U ’s as

ωmnp = (U−1)n
′
n(U−1)p

′
p(∂p′Un′

m − ∂n′Up′m). (2.23)

The essential point is that the U ’s must have the property that the Y -dependence

cancels in (2.23) to give ω’s that are constants. Another condition over the U ′s,

related to the request of the invariance of the D-dimensional Lagrangian under the

ξm(x, y) transformations, essential for decoupling ghost components of the vector

fields

∂m((U−1)mnU) = 0, (2.24)

with U(y) = detUm
n(y). It is easy to see that (2.24) is equivalent to

ωmmn = 0. (2.25)

For all the other D-dimensional fields one has

eαµ(X, Y ) = eαµ(X),

Amµ (X, Y ) = (U−1(Y ))mnA
n
µ(X),

Φa
m(X, Y ) = Um

n(Y )Φa
n(X), (2.26)

and the transformation laws become

δΦa
m(X) = ωpmnξ

n(X)Φa
p(X),

δΦm
a (X) = ωmnpξ

n(X)Φp
a(X),

δAmµ (X) =
1

2
∂µξ

m(X) + fmnpξ
n(X)Apµ(X),

δeαµ(X) = 0. (2.27)

Thus the Amµ (X) are gauge potentials for the gauge group G with structure constants

ωmnp.
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After the reduction we recover a D-dimensional scalar potential, which depends

on the scalar fields via gmn = Φa
mδabΦ

b
n, a positive-definite metric for the internal

space. Aside from a positive coefficient, it is explicitly given by

V (h) = 2ωmnpω
n
mqg

pq + ωmnpω
m′

n′p′gmm′g
nn′gpp

′
. (2.28)

Whenever G is a semisimple group this potential is unbounded from below, and then

this possibility has to be abandoned. Requiring that V be a non-negative function

which vanishes for gmn = ηmn, we have further conditions for the structure constants

V0 = 2ωmnpω
n
mp + ωmnpω

m
np = 0,

∂V

∂gmn

∣∣∣∣
0

= 2ωm
′

n′mω
n′

m′n + 2ωm
′

n′mω
m′

n′n − ωmm′n′ωnm′n′ = 0,

V (h) ≥ 0. (2.29)

The groups whose structure constants satisfy these further conditions are called flat

groups. Examples of flat groups can be generated by a technique that was suggested

by Scherk and Schwarz in [27, 28]. In particular, these authors analyzed the case

in which eleven-dimensional supergravity is reduced to four-dimensional N = 8

supergravity, The fields and transformation laws depend only on Y 1. Setting

Un
m(Y ) = (expMY 1)mn , (2.30)

where M is an antisymmetric traceless 7× 7 matrix with zeros in the first row and

column. Substituting this expression in (2.23) gives

ωpmn = Mp
mδ

1
n −Mp

nδ
1
m. (2.31)

In other worlds, the algebra is given by

[Z1, Zm] = −Mn
mZn, [Zm, Zn] = 0, m, n 6= 1. (2.32)

The potential expressed in terms of M is now

V (h) = 2g11Tr(M2 −MgMg−1)− 2Mm
n M

m′

n′ gmm′g
n1gn

′1. (2.33)

2.2.2 Scherk-Schwarz breaking with three parameters

As a specific example, we consider eleven-dimensional supergravity and its di-

mensional reduction to four dimensions. The flat group is specified by a simple
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matrix M having rank 6. By an orthogonal transformation, which represents no

restriction on the theory, M can be brought to the canonical form

M =



0 0

0

0 m1

−m1 0
0 0

0
0 m2

−m2 0
0

0 0
0 m3

−m3 0


. (2.34)

We can then calculate the spectrum of the theory. Note that all masses have the

same field dependence, via a universal scaling factor associated to flat directions of

the scalar potential. Qualitatively,

Mi(φ) =
µi
φ
, (2.35)

where φ can be read from the D = 4 Lagrangian. In the following, such a field

dependence will be always understood, unless otherwise stated. The mass spectrum

is given by [27, 28]

spin mass degeneracy
Number of

real fields

2 0 1 1
3
2

1
2
|m1 ±m2 ±m3| 2 8

0 4 4

1 mi 4 12

|mi ±mj| 2 12
1
2

∣∣1
2
|m1 ±m2 ±m3| ±mi

∣∣ 2 48

0 8 8

mi 4 12

0 2mi 2 6

|mi ±mj| 2 12

|m1 ±m2 ±m3| 2 8

2.2.3 Scherk-Schwarz breaking with four parameters

An interesting improvement of these results is the introduction of a fourth param-

eter. The basic idea is to start from eleven-dimensional supergravity, first reduce
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it to five dimensions by ordinary dimensional reduction, then perform a general-

ized dimensional reduction from five to four dimensions, in such a way that one

can introduce four parameters mi that give masses to the fields. We start with

the eleven-dimensional supergravity as in the previous section. The bosonic matter

content is

EA
M(X), AMNP (X), (2.36)

with M = 0, 1, ..., 10 space-time index and A = 1, ..., 11 flat space index. In the

ordinary dimensional reduction the index M splits into the five-dimensional space-

time index µ̂ = 0, 1, ..., 4 and the internal space index α̂ = 2, ..., 7, while A splits into

m̂ = 1, ..., 5 and â = 2, ..., 7. All the fields and transformation laws do not depend

on all the eleven space-time coordinates XM but only on the five-dimensional ones

x̂µ̂, while the internal coordinates ŷα̂ do not appear in the Lagrangian. The vielbein

becomes

EA
M(x̂, ŷ) =

(
δ̂−1/3eα̂µ̂(x̂) 2Bm̂

µ̂ (x̂)Φâ
m̂(x̂)

0 Φâ
m̂(x̂)

)
, (2.37)

where δ̂ = det Φ, eα̂µ̂(x̂) is the five-dimensional vielbein, Bm̂
µ̂ (x̂) are six gauge fields

and Φâ
m̂(x̂) are 36 scalar fields, of which only 21 are independent. The three form

AMNP (X) splits into

Aµ̂ν̂ρ̂(x̂), Aµ̂ν̂p̂(x̂), Aµ̂n̂p̂(x̂), Am̂n̂p̂(x̂), (2.38)

where the last ones are 20 scalar fields, Aµ̂n̂p̂ are six gauge fields and Aµ̂ν̂ρ̂, Aµ̂ν̂p̂
are one three-form and six two-forms whose duals are respectively a scalar field

Ã and six gauge fields Ãµ̂m̂. Summarizing, the five-dimensional theory obtained

by dimensional reduction from eleven-dimensional supergravity contains as bosonic

fields the vielbein eα̂µ̂, (6+15+6) = 27 gauge fields (Bm̂
µ̂ , Aµ̂n̂p̂, Ãµ̂m̂) and (20+21+1) =

42 scalar fields (Φâ
m̂, Am̂n̂p̂, Ã). This is the theory constructed by Cremmer, Scherk

and Schwarz in [37] and further studied in [38, 39]. One can note that the isometry

group of the scalar manifold is E6(6) and its maximal compact subgroup is Sp(8),

which has rank 4. We can write all the fields in terms of representations of Sp(8):

eα̂µ̂ is a singlet, the eight gravitini ψiµ̂ are in an octet, the 27 gauge fields Aijµ̂ are in

the 27, the 48 spin-1/2 fermions χijk are in the 48 and the 42 scalars φijkl are in the

42 representations of Sp(8). They are written as in the four-dimensional case but

the number of real fields and the group under which they transform changes. Since

Sp(8) is symplectic, all the fields have to be symplectic traceless

ΩijA
ij
µ = Ωijχ

ijk = Ωijφ
ijkl = 0, (2.39)
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where Ωij is the antisymmetric metric of Sp(8).

In the dimensional reduction from five to four dimensions, the five-dimensional

space-time coordinates µ̂ can split into four-dimensional coordinates xµ (µ = 0, 1, 2, 3)

and the internal coordinate y. To perform a generalized dimensional reduction one

could define the following element of the group Sp(8)

U i
j(y) = (expMy)ij, (2.40)

where M is an 8× 8 matrix of the Sp(8) algebra given, in a particular basis, by

M =


m1ε

m2ε

m3ε

m4ε

 , with ε =

(
0 1

−1 0

)
. (2.41)

Then, the y-dependence of the fields is given by

eα̂µ̂(x, y) = eα̂µ̂(x),

ψiµ̂(x, y) = U i
i′(y)ψi

′

µ̂ (x),

Aijµ̂ (x, y) = U i
i′(y)U j

j′(y)Ai
′j′

µ̂ (x),

χijk(x, y) = U i
i′(y)U j

j′(y)Uk
k′(y)χi

′j′k′(x),

φijkl(x, y) = U i
i′(y)U j

j′(y)Uk
k′(y)U l

l′(y)φi
′j′k′l′(x). (2.42)

We also have that

eα̂µ̂ =

(
e−ϕ/

√
3eαµ 2e2ϕ/

√
3Bµ

0 e2ϕ/
√

3

)
, (2.43)

and

ψµ̂ = (ψijµ , ψ
ij
5 ), Aijµ̂ = (Aijµ , A

ij
5 ). (2.44)

Summarizing, the field content of the reduced theory is a vielbein eαµ, 8 gravitini

ψijµ , 27 + 1 = 28 gauge fields Aijµ +Bµ, 48 + 8 = 56 spin-1/2 fermions χijk + ψi5 and

42 + 27 + 1 = 70 scalar fields φijkl + Aij5 + ϕ. The model is a N = 8, d = 4 gauged

supergravity, which was already described previously. The fields can be rewritten

as eαµ, ψ
I
µ, A

IJ
µ , χ

IJK , φIJKL, where now the indices I, J, ... = 1, ..., 8 are related to

representations of SU(8) rather than Sp(8). The algebra of the gauge group is now

U(1) n T 24 as described in (2.32).

We can calculate the spectrum of the theory. As in the previous subsection, we

will ignore the universal field-dependence of the masses along the flat directions of
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the potential, unless otherwise stated. Without giving the details, the spectrum of

the theory is given by

spin mass degeneracy
Number

of fields

2 0 1 1
3
2

|mi| 2 8

1 0 4 4

|mi ±mj| 2 24

0 (8) (8)
1
2

|mi| 4 16

|mi ±mj ±mk| 2 32

0 0 6(30) 6(30)

|mi ±mj| 4 24

|m1 ±m2 ±m3 ±m4| 2 16

(2.45)

where here i < j or i < j < k and there are 24 would-be Goldstone bosons associated

with the 24 massive vectors, and 8 would-be Goldstinos associated with the 8 massive

gravitinos.

2.3 Type II flux compactifications

The ωpmn constants that define the twisted torus can be reinterpreted as particular

fluxes, called geometric, in the more general framework of flux compactifications.

The idea here [2] is to consider the most general case of flux compactifications, with

geometric and non geometric fluxes, and to find consistent choices of fluxes that

may give compactifications a la Scherk-Schwarz. In this section we consider type-II

compactifications to D = 4 supergravity, paying attention to the reduction to N = 1

supersymmetry.

The key point in string compactification is the breaking of supersymmetry. Al-

though we wish it to be broken, it is important that at least part of it survives at

energy lower than the string scale, in order to have supergravity as effective field

theory. For these reasons we constrain ourselves to theories which preserve at least

one supersymmetry at scales below the string scale. There are several ways to break

supersymmetry in string compactifications, by considering more involved structures

than simple tori. For example we can think of filling the space with some solitonic

objects, namely D-branes and O-planes. Dp-branes are (p+1)-dimensional, dynam-

ical, BPS objects, that usually fill the whole four-dimensional space-time and wrap
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(p − 3)-cycles in the internal space. They are also sources for RR (p + 1)-forms.

It means that, since only odd (even)-rank RR forms are present in type IIA (IIB)

string, only p even (odd) Dp-branes will present.

We can also consider singular spaces, called orbifolds, obtained from a manifold

such as a six-torus T6 by modding out the action of a non-freely-acting discrete group.

The discrete group has a non-trivial action on the internal coordinates and on the

supersymmetry charges, with consequent reduction of supersymmetry. Examples

of orbifold are T6/Z2 × Z2, T6/Z3 and T6/Z6. Orbifold fixed points are singular

points, but these singularities have to be understood as a singular limit of a smooth

manifold. For instance, many toric orbifold can be seen as a special limit of Calabi-

Yau manifolds .

In type II theories it is also possible to have orientifold compactifications. In this

case the discrete symmetry Ω which exchanges left- and right-movers, is gauged.

Field parities under Ω are

Ω = + : GMN , Φ, C(2), C(6), C(3), C(7),

Ω = − : BMN , C(0), C(4), C(8), C(1), C(5), C(9). (2.46)

In general Ω can be accompanied also by a target-space involution σn, which acts

as an inversion of n coordinates. The full orientifold parity thus reads

O = Ωσn[(−1)F][n/2], (2.47)

where [n/2] is the integer part of n/2 and (−1)F is the fermionic counting operator,

which is +1 for the NSNS sector and -1 for the RR sector.

The orientifold can also be combined with orbifolds. In this case, the orientifold

reduction can be visualized geometrically in terms of (10 − n)-dimensional, non-

dynamical objects, called Op-planes (p = 9 − n), sitting in the fixed planes of the

orbifold and having negative tension and RR charge.

For better understanding, we may concentrate on a single example, used in some

papers, for example [40]. We consider a six-torus factorized in three sub-tori T2
I

(I = 1, 2, 3):

T6 = T2
1 × T2

2 × T2
3, (2.48)

each of them with coordinates (ya, yi), with a = 2I − 1 and i = 2I. To fix the

conventions, we denote with a, b, c the odd indices, with i, j, k the even indices, and

(a, i), (b, j), (c, k) denotes the indices of the coordinates of the sub-torus I, J,K.
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A basis of closed 3-forms is then

α0 = dy1 ∧ dy3 ∧ dy5 ; β0 = dy2 ∧ dy4 ∧ dy6 ,

α1 = dy1 ∧ dy4 ∧ dy6 ; β1 = dy2 ∧ dy3 ∧ dy5 , (2.49)

α2 = dy2 ∧ dy3 ∧ dy6 ; β2 = dy1 ∧ dy4 ∧ dy5 ,

α3 = dy2 ∧ dy4 ∧ dy5 ; β3 = dy1 ∧ dy3 ∧ dy6 ,

with normalization
∫

T6 αI ∧ βJ = −δIJ . The closed 2-forms and their dual 4-forms

have basis:

ωI = −dya ∧ dyi ; ω̃I = dyb ∧ dyj ∧ dyc ∧ dyk ; a 6= b 6= c, i 6= j 6= k . (2.50)

Notice that
∫

T6 ωI ∧ ω̃J = −δIJ .

The orbifold T6/Z2×Z2 can be obtained by imposing two discrete Z2 symmetries,

under which the y’s have parities

Z2 : {− − − − + +} ,
Z′2 : {+ + − − − −} . (2.51)

We then combine this orbifold with an orientifold

O = Ωσn[(−1)F][n/2], (2.52)

for which the involution σn is

IIA : σ3 = {− + − + − +} ,
IIB : σ6 = {− − − − − −} . (2.53)

These cases are allowed to have D3-branes and O3-planes in IIB and D6-branes and

O6-planes in IIA. The theory that emerges is N = 1 supergravity.

The moduli fields have a different realization in terms of ten-dimensional degrees

of freedom. In type IIA, S is as axion-dilaton, the real parts of TI are Kähler moduli

and the real parts of UI are complex structure moduli, while in IIB the rôle of UI and

TI is exchanged. In the ordinary dimensional reduction on a Calabi-Yau manifold

they are all massless, however one can consider more involved backgrounds which

induce some scalar potential. In particular the internal components of the p-form

field strengths may have non-zero vacuum expectation values. Upon integrating
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the field strength over a (p+ 1)-dimensional manifold Σp+1 without a boundary the

charge has to be integer
1

lps

∫
Σp+1

Fp+1 ∈ Z. (2.54)

This integer is called flux and has to satisfy various constraints, already known and

summarized in various papers (see, for example, [40] –[44]).

In IIA, H3, F2, F6 are odd under the orbifold involution, while F0, F4 are even,

thus the allowed fluxes are

H135 = h0, Hajk = hI ,

F0 = −m, Fai = qI , Faibj = eK , F̄6 = F123456 = −m. (2.55)

In IIB, the allowed fluxes are

H135 = h0, Hibc = −aI , Hajk = −āI , H246 = h̄0,

F135 = −e0, Fibc = eI , Fajk = −qI , F246 = −m, (2.56)

where both H3 and F3 are odd under involution.

In the type IIA case, the orientifold involution allows also for the so called geo-

metric fluxes, which are deformations of the original manifold and appear naturally

in the context of Scherk-Schwarz solutions. They are equivalent to compactifications

on a twisted torus defined by

dηm = −1

2
ωmnpη

n ∧ ηp, (2.57)

where ηm are the tangent 1-forms. The geometric fluxes are the ωmnp, antisymmetric

in the lower indices. The algebra of the isometries of the twisted torus is generated

by some generators Zm, such that

[Zm, Zn] = ω p
mn Zp, (2.58)

and then the geometric fluxes have to satisfy the Jacobi identities

ωs[mnω
q
p]s = 0 (2.59)

and the linear constraint

ωmnn = 0. (2.60)

The presence of geometric fluxes modifies the differential operator d → d̃ = d + ω,

but the formal identity d̃2 = 0 continues to hold.
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The geometric fluxes are even under the orientifold involution and then in IIA

they can be of the form

ωibc = aI , ωijk = −bII , ωabk = bIJ , (2.61)

while they are not present in type IIB compactifications.

The NS fluxes in type IIA must satisfy the Bianchi identity

ω ·H3 = 0 , (2.62)

with the contraction defined by

(ω ·X)LMN1...Np−1 = ωA[LMXN1...Np−1]A . (2.63)

The fluxes also induce RR tadpoles. In this IIA orientifold there are C7 tadpoles,

taking into account the coupling to O6-planes and stacks of D6-branes wrapping

factorizable 3-cycles

Πa = (n1
a,m

1
a)⊗ (n2

a,m
2
a)⊗ (n3

a,m
3
a) , (2.64)

and the corresponding orientifold images wrapping ⊗i(nia,−mi
a). Here nia (mi

a)

are the wrapping numbers along the xi (yi) torus directions. The O6-planes wrap

⊗i(1, 0). We obtain then∑
a

Nan
1
an

2
an

3
a + F0H246 + 3Fx[2ω

x
46] = 16 (2.65)

and ∑
a

Nan
1
am

2
am

3
a + F6Hibc + 3Fx[iω

x
bc] = 0 . (2.66)

In type IIB orientifold, there is a C4 tadpole induced by the fluxes. There are also

contributions from O3-planes and a stack of ND3 D3-branes. Substituting the fluxes

and including the sources we obtain the tadpole cancellation condition

ND3 +
1

2
(F135H246 + F246H135 + FibcHajk + FajkHibc) = 16 . (2.67)

2.3.1 N = 1 effective potential with geometric fluxes

In the N = 1, D = 4 effective theory obtained by the T6/(Z2×Z2×Z2) orbifold

and orientifold, the Kähler potential for the seven main moduli is given by

K = − log(S + S̄)−
∑
α

log(Uα + Ūα)−
∑
α

log(Tα + T̄α), (2.68)
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both in type IIA and IIB compactifications. Turning on the fluxes above, we recover

a superpotential. Its explicit expression is, in type IIA

W = P1(T ) + iSP2(T ) + i

3∑
α=1

UαP3α(T ), (2.69)

where

P1(T ) = e0 + i
∑
α

eαTα −
1

2

∑
α 6=β 6=γ

qαTβTγ + imT1T2T3,

P2(T ) = h0 + i
∑
α

aαTα,

P3α = −hα +
3∑

β=1

bβαTβ. (2.70)

In type IIB it is

W = P1(U) + iSP2(U), (2.71)

where

P1(U) = e0 + i
∑
α

eαUα −
1

2

∑
α 6=β 6=γ

qαUβUγ + imU1U2U3,

P2(U) = h0 + i
∑
α

aαUα +
1

2

∑
α 6=β 6=γ

āαUβUγ + ih̄0U1U2U3. (2.72)

2.3.2 Non-geometric fluxes

At this point, it is easy to note that the superpotential (2.71) in type IIB com-

pactifications does not stabilize all the moduli, because it does not depend on Tα.

This observation suggests that the analysis of flux compactifications cannot stop at

this point. New input came from string dualities, which can be invoked to construct

an effective four-dimensional theory in which the superpotential depends on all the

moduli. To achieve this one can promote T-, S- and U-duality to symmetries of the

four dimensional theory.

T-duality

T-duality in its simplest form identifies a theory compactified on a circle of radius

R with a theory compactified on a circle of radius α′/R and exchanges momenta

and winding modes. When compactifications are performed in a more general back-

ground, T-duality is enhanced to a particular orthogonal group. Without entering
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in the details, in our particular case of compactifications on the six torus, one can

perform a T-duality transformation for each of the six directions. In particular, the

duality between type IIA and type IIB orbifold compactifications, the so called mir-

ror symmetry, is obtained by performing three T-duality transformations, one for

each y-directions of the sub-tori. The effect of this kind of transformations on the

moduli is the exchange of U ’s and T ’s, while S is left invariant. At the level of fluxes,

in the NS sector each T-duality Tm transformation raises (lowers) the m-index and

leaves all the others invariant. In the RR sector, the Buscher rules [45] hold

Fmn1...np
Tm←→ Fn1...np . (2.73)

It is clear that the IIA and IIB theories described above are dual under the mirror

symmetry. In order to restore this symmetry a new set of fluxes were introduced

in [46] (for an early attempt along these lines, see also [47]). T-duality was used to

connect the H3 fluxes with geometric and non-geometric fluxes through the chain

−Hmnp
Tm←→ ωmnp

Tn←→ Qmn
p

T p←→ −Rmnp. (2.74)

Under a single T-duality, the H-flux is mapped into a geometric flux ω, associated

to the twist in the torus topology. Another T-duality transformation leads to dual

torus, which is locally geometric but which cannot be described globally in terms

of a fixed geometry. The last T-duality produces another kind of flux, the highly

non-geometric R. Under the involution σ, H,Q fluxes are odd while the ω,R fluxes

are even. It means that in type IIB there are only H,Q fluxes, while in type IIA

there are H,Q fluxes with a triplet of indices mnp of the type 135, ajk and ω,R

fluxes with a triplet of indices mnp that could be 246, abk. Starting from the H

and Q fluxes in type IIB, we have also geometric and non-geometric fluxes in type

IIA as shown in the following table, where the dualities are emphasized

IIB IIA flux

H135 H135 h0

Hibc −ωibc −aα
Hajk −Qjk

a −āα
H246 R246 h̄0

Qjk
a −Hajk −hα

Qjk
i ωijk −bαα

Qka
b ωabk bαβ

Qbc
a Qbc

a −b̄αα
Qci
j Qjc

i b̄αβ
Qbc
i −Ribc −h̄α

(2.75)
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and the conventions on the indices are specified above.

The superpotential with these new fluxes becomes, in type IIB notation:

W = P1(U) + iSP2(U) +
3∑

α=1

TαP3α(U), (2.76)

with

P1(U) = e0 + i
∑
α

eαUα −
1

2

∑
α 6=β 6=γ

qαUβUγ + imU1U2U3 ,

P2(U) = h0 + i
∑
α

aαUα +
1

2

∑
α 6=β 6=γ

āαUβUγ + ih̄0U1U2U3 ,

P3α = −hα + i
3∑

β=1

bβαUβ +
1

2

∑
β 6=γ 6=δ

b̄βαUγUδ − ih̄αU1U2U3. (2.77)

The same holds in type IIA with Ti ↔ Ui, because the mirror symmetry is restored

at the level of the effective four-dimensional theories.

S-duality

There is another duality, S-duality, which we can take in consideration. In par-

ticular, type IIB is self-dual under this duality. Here Tα, Uα moduli do not transform

under S-duality transformations, while S transform as

S −→ aS − ib
icS + d

, ad− bc = 1, (2.78)

and the 3-form fluxes rotate as doublets.(
F3

H3

)
−→

(
a b

c d

)(
F3

H3

)
. (2.79)

In the presence of Q fluxes, the S-duality is not preserved, unless one adds new kind

of fluxes, denoted by P np
m , which form an SL(2,Z) doublet with Q fluxes(

Q

P

)
−→

(
a b

c d

)(
Q

P

)
. (2.80)
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The new P fluxes and their T-duals in IIA are given in the following table

IIB IIA flux

P jk
a X i

a −fα
P jk
i Zii −gαα

P ka
b W jai

b gαβ
P bc
a θaa −ḡαα
P ci
j f j,jck ḡαβ

P bc
i X̃ i

a −f̄α

(2.81)

and generate new terms in the type IIB superpotential (and its T-dual in IIA):

WP = −
3∑

α=1

STαP4α(U), (2.82)

where

P4α(U) = fα − i
3∑

β=1

gβαUβ −
1

2

∑
β 6=γ 6=δ

ḡβαUγUδ + if̄αU1U2U3. (2.83)

U-duality

To conclude, by further demanding the four dimensional effective theory to be

invariant under SL(2,Z)7, new primed fluxes must be incorporated in type IIB [48].

In fact, the complete underlying theory is invariant under the SL(2,Z)7 transfor-

mations corresponding to the seven main moduli. The general flux induced super-

potential will then be a polynomial of degree seven on the moduli MI = (S, Tα, Uα)

and at most linear in any of them

W =
7∑

N=0

D(N)
m1...mN

Mm1 ...MmN , (2.84)

where D(N) are integer coefficients associated to generalized fluxes. The components

of D(N) are

(
7

N

)
and all the possible fluxes are

∑7
N=0

(
7

N

)
= 27. They are all

summarized in type IIA, IIB and M-theory in table 2.1.

The superpotential in type IIB formalism can be obtained from the following

table, where in all the entries there are the coefficients (fluxes) of the terms obtained

by multiplying the row and column labels. On the right-hand side there is the kind
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of flux in IIB that generates these terms in the superpotential.

1 iUα −UαUβ −iU1U2U3 IIB

1 e0 eα −qγ −m F3

iS h0 aα −āγ −h̄0 H3

iTα′ −hα′ bαα′ −b̄γα′ h̄α′ Q

−STα′ fα′ −gαα′ ḡγα′ −f̄α′ P

−Tα′Tβ′ −h′γ′ b′αγ′ −b̄′γγ′ −h̄′γ′ Q′

−iSTα′Tβ′ f ′γ′ −g′αγ′ −ḡ′γγ′ −f̄ ′γ′ P ′

−iTα′Tβ′Tγ′ −e′0 −e′α q′γ m′ F ′3
STα′Tβ′Tγ′ −h′0 a′α ā′γ h̄′0 H ′3

(2.85)

In the above table, α 6= β 6= γ and α′ 6= β′ 6= γ′.

The superpotential obtained is now rather generic, but its parameters are strongly

constrained by consistency requirements, such as Bianchi identities and anomaly

cancellation conditions. By T-duality, it has to be possible to find some fluxes (ge-

ometric and non-geometric) which have to turned on in order to recover the same

full superpotential (with U and T exchanged) in type IIA. We can read those fluxes

from table 2.1.

2.4 M-theory compactifications

The effective theory describing the low-energy dynamics of M-theory on a seven

torus T7 is an ungauged N = 8, D = 4 supergravity. The manifest global symmetry

GL(7,R) is associated with the T7 compactification. At the level of the equations of

motion and Bianchi identities, the global symmetry group is enhanced to E7(7). The

higher-dimensional origin of the various four-dimensional fields can thus be recovered

by branching the corresponding E7(7) representation with respect to GL(7,R) ∼
SL(7,R)×O(1, 1).

Relevant representation of E7(7) are the fundamental 56 and the adjoint 133

representations, whose branchings are

56 −→ 7−3 + 21−1 + 21+1 + 7+3, (2.86)

133 −→ 7+4 + 35+2 + 480 + 10 + 35−2 + 7−4. (2.87)

The 28 vector bosons and their duals are in the fundamental representation and the

branching (2.86) allows us to identify 7−3 with the vectors Amµ (m = 1, ..., 7) coming

from the metric, the 21−1 with the Aµmn obtained from the eleven-dimensional
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scalar combination fluxes IIB IIA M-theory

1 e0 −F135 −F123456 −g7

iUα eα Fibc Fbjck gbjck
−UαUβ −qγ Fijc Fck ω7

ck

−iU1U2U3 −m F246 F0 ξ77

iS h0 H135 H135 g1357

−SUα aα −Hibc ωibc ωibc
−iSUβUγ −āk Hijc −Qij

c −R7ij
c

SU1U2U3 −h̄0 H246 R246 f 7,7246

iTα −hα Qjk
a −Hajk gajk7

−TαUα bαα −Qjk
i ωijk ωijk

−TαUβ bβα Qbk
a ωbka ωbka

−iTαUαUβ −b̄γα −Qbk
i −Qk

ib −R7ib
k

−iTαUβUγ −b̄αα Qbc
a Qa

bc R7bc
a

TαU1U2U3 h̄α −Qbc
i Ribc f 7,7ibc

−STα fα P jk
a X i

a ωi7a
−iSTαUα −gαα P jk

i Zii ξii

−iSTαUβ −gβα P bk
a W ibj

a Ribj
a

STαUαUβ ḡγα P jc
i f i,iabk f i,iabk

STαUβUγ ḡαα −P bc
a θaa θaa

iSTαU1U2U3 −f̄α P bc
i X̃ i

a Qi7
a

−TαTβ −h′γ Q
′k
ab Xc

k ωc7k
−iTαTβUβ b′βγ Q

′k
aj W bjc

k Rbjc
k

−iTαTβUγ b′γγ Q
′c
ab Zcc ξcc

TαTβUαUβ −b̄′γγ Q
′k
ij θkk θkk

TαTβUβUγ −b̄′αγ Q
′c
aj f c,cbj f c,cbj7

TαTβU1U2U3 h̄′γ Q
′c
ij X̃c

k Qc7
k

−iSTαTβ f ′γ P
′k
ab R̃ijc Rijc

STαTβUβ −g′βγ P
′k
aj f j,jaib f j,jaib

STαTβUγ −g′γγ P
′c
ab f c,cijk f c,cijk

iSTαTβUαUβ ḡ′γγ P
′k
ij Q̃jk

i Qjk
i

iSTαTβUβUγ ḡ′αγ P
′c
aj Q̃jc

a Qjc
a

−STαTβU1U2U3 −f̄ ′γ P
′c
ij H̃ ijc hijc7

−iT1T2T3 −e′0 F
′246 R̃135 R135

7

T1T2T3Uα −e′α F
′ajk fa,aibc fa,aibc

T1T2T3UαUβ q′γ F
′abk Q̃ab

k Qab
k

T1T2T3U1U2U3 m′ F
′135 H̃135 h1357

ST1T2T3 −h′0 H
′246 F̃0 θ77

ST1T2T3Uα a′α H
′ajk F̃ ai Qai

7

ST1T2T3UαUβ ā′γ H
′abk F̃ aibj haibj

ST1T2T3U1U2U3 h̄′0 H
′135 F̃6 g̃7

Table 2.1: Relation between fluxes of M-theory, type IIA and type IIB compactifications

and superpotential terms if these fluxes are turned on.
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1+7 g7 (140 + 7)+3 τmnp + δmn τp 28−1 θ′(mn)

1−7 g̃7 (140 + 7)−3 Qnp
m + δnmQ

p 28+1 ξ
′(mn)

35−5 hmnpq 224−1 fmnpq 21−1 θ[mn]

35+5 gmnpq 224+1 Rnpq
m 21+1 ξ[mn]

Table 2.2: Flux representations under the GL(7,R) decomposition of E7(7).

three-form, and the remaining representations with the corresponding magnetic dual

vector potentials.

The generators tα (α = 1, ..., 133) of the algebra e7(7) are in the adjoint rep-

resentation. The branching (2.87) distinguishes between tm, t
mnp in the 7+4 and

35+2 respectively, tm, tmnp in the 7−4 and 35−2 and tm
n, t =

∑
m tm

m, generators of

gl(7,R), in the 480 + 10. Their commutation relations can be found for example in

[49] and are given in Appendix B for completeness.

In this setup, the presence of fluxes induces non-Abelian gauge symmetries in

the four-dimensional theory. The four-dimensional Lagrangian has a gauge group

G, whose generators can be written in a E7(7) invariant way as XM. According to

the branching (2.86), there are ZM , Z
M generators associated to 7+3 and 7−3 rep-

resentation respectively and WMN ,WMN generators, associated to 21+1 and 21−1.

Since G is a subgroup of E7(7), its generators can be expanded in a basis {tα}α=1,...133

of E7(7) generators, through an embedding tensor

XM = Θα
Mtα. (2.88)

The most general gauging is encoded in the embedding tensor Θα
M transforming in

the 912 ∈ 56× 133. Its branching

912 −→ 1−7 + 1+7 + 35−5 + 35+5 + (140 + 7)−3 + (140 + 7)+3

+21−1 + 21+1 + 28−1 + 28+1 + 224−1 + 224+1 (2.89)

distinguishes different M-theory fluxes, associated to each representation of the

branching as in the table below [50] The component g7 is the flux of the 7-form

field strength across T7, while g̃7 represents the four-dimensional space-time compo-

nents of the 4-form field strength. The internal flux of the 4-form field strength is

gijkl, while τij
k is the twist of the torus. All the components in table 2.2 are part
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of a single irreducible representation of E7(7) and therefore are mapped into one an-

other by string/M-theory dualities. We can also see that many new “non-geometric”

fluxes may appear.

Each representation in the branching of 912 defines a different set of entries of Θ

which can be switched on independently of the others and lead to a specific gauging.

It is useful to arrange the above representations in a table as follows:

7+3 21+1 21−1 7−3

7+4 1+7 35+5 (140 + 7)+3 28+1 + 21+1

35+2 35+5 (140 + 7)+3 21+1 + 224+1 21−1 + 224−1
480 (140 + 7)+3 21+1 + 28+1 + 224+1 21−1 + 28−1 + 224−1 (140 + 7)−3
10 7+3 21+1 21−1 7−3

35−2 21+1 + 224+1 21−1 + 224−1 140−3 35−5
7−4 21−1 + 28−1 (140 + 7)−3 35−5 1−7

The first row and column contain the representations in the branchings of 56

and 133 respectively, while the bulk contains representations in the branching of

912. The table specifies the origin of the latter representations in the branching of

the product 56× 133.

The embedding tensor also satisfy quadratic constraints, given by (1.120). Tak-

ing

ΩMN =


Ωm,p Ω p

m, Ω pq
m, Ωm,pq

Ωm,
p Ωm,p Ωm,pq Ωm,

pq

Ωmn,
p Ωmn,p Ωmn,pq Ωmn,

pq

Ωmn,p Ω p
mn, Ω pq

mn, Ωmn,pq

 =


0 δpm 0 0

−δmp 0 0 0

0 0 0 δmnpq
0 0 −δpqmn 0

 ,

(2.90)

the equations (1.120) become

Θα
mΘmβ −ΘmαΘβ

m + ΘmnαΘβ
mn −Θα

mnΘmnβ = 0. (2.91)

The quadratic constraints on the embedding tensor translate into bilinear equations

for the M-theory fluxes. Those equations can be made explicit by writing Θα
M as

a matrix (see table II) with entries given according to table I. The most general

embedding tensor that one can write in M-theory reductions on a seven-torus is

then
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Θα
M Zm Wmn Wmn Zm

tp a1 g7δ
p
m b1 ε

mnpr1...r4gr1...r4
c5 ω

p
mn

+c′5 ω[mδ
p
n]

d5 ξ
mp

+d′5 ξ
′mp

tp1p2p3 a2 gmp1p2p3 b2 ω
[m
[p1p2

δ
n]
p3]

c4 ξ
rsεmnrsp1p2p3

+c′4R
r1r2r3
[m εn]r1r2r3p1p2p3

d4 θ[p1p2δ
m
p3]

+d′4 f
m
p1p2p3

tpq

a3ω
q

mp

+a′3ωpδ
q
m

+a
′′

3ωmδ
q
p

b3ξ
q[mδ

n]
p

+b′3ξ
′q[mδ

n]
p

+b
′′

3R
mnp
q

+b
′′′

3 ξ
mnδqp

c3θp[mδ
q
n]

+c′3θ
′
p[mδ

q
n]

+c
′′

3f
p
mnq

+c
′′′

3 θmnδ
q
p

d3Q
mq

p

+d′3Q
qδmp

+d
′′

3Q
mδqp

tp1p2p3
a4 ξ

[p1p2δ
p3]
m

+a′4R
p1p2p3
m

b4 θrsε
mnrsp1p2p3

+b′4f
[m
r1r2r3ε

n]r1r2r3p1p2p3
c2Q

[p1p2
[m δ

p3]
n] d2 h

mp1p2p3

tp
a5 θmp

+a′5 θ
′
mp

b5Q
mn
p

+b′5Q
[mδ

n]
p

c1 εmnpr1...r4h
r1...r4 d1 g̃7δ

m
p

where in the first row and column there are the branchings of the E7(7) and G

generators tα and XM, and in the bulk there are the components of the embedding

tensor Θα
M. The coefficients a, b, c, d’s are constants, which in principle can be

redefined by a redefinition of fluxes. Here we leave all of them unfixed. The quadratic

constraints on fluxes can be read from (1.120). Their explicit form is given in

Appendix B.



Chapter 3

Fayet-Iliopoulos terms and de

Sitter vacua in simple and

extended supergravity

After several decades of extensive studies on simple and extended four -dimensional

supergravities, and on the rôle of these theories as effective low-energy theories of

superstring or M-theory compactifications, the theoretical status of Fayet-Iliopoulos

(FI) terms [51] in supergravity [52] - [55] and its possible ultraviolet completions is

still under discussion (for some recent literature, see e.g. [56] - [61]).

Several N = 1 supergravity models with a gauged U(1) R-symmetry, associ-

ated with a constant FI term, have been formulated [62] - [72], typically leading

to Minkowski or de Sitter (dS) vacua with a massive vector boson associated to

the spontaneously broken U(1) R-symmetry. Quantization of the FI parameter in

supergravity was inferred in [73] and discussed in more detail in [59] - [61].

In this chapter we clarify some pending issues, keeping the formalism at a mini-

mum and using a number of explicit models for illustration, following our paper [1].

We refer to chapter 1 and Appendix A for the notation.

In section 3.1 we present some novel insight on FI terms. We do not consider

the so-called field-dependent FI terms, which do not involve the gauging of an R-

symmetry and are nothing else than U(1) D-terms for a gauge symmetry that does

not act linearly on the fields. We concentrate instead on constant FI terms, asso-

ciated with the gauging of an R-symmetry, and explain how we should distinguish

between genuine FI terms and impostors. This point is a direct consequence of the
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general structure of supergravity and may be known to some1, but to the best of our

knowledge an explicit and general supergravity formulation was never given in the

literature. We conclude the section by recalling the anomaly cancellation conditions,

which are essential for quantum consistency.

In section 3.2 we present three simple examples. First, we display a model with

a FI impostor. Second, we present an anomaly-free model with a genuine FI term, a

classically stable dS vacuum and no exact global symmetry. Depending on the choice

of the parameters, the vector field can be either massless or massive on the vacuum.

The scalar potential is positive definite and supersymmetry is always broken, except

when the superpotential is trivial. As our last example, we consider a model with a

genuine FI term which admits a supersymmetric AdS solution [74].

Objects analogous to the N = 1 FI terms do also exist in N = 2 [14] and N = 4

[17],[75] - [78] supergravity: they play a crucial rôle in the construction of the only

known classically stable dS vacua in extended supergravity [14], [79], [80], whilst

no stable dS vacuum has been found so far in N > 2 supergravity. In section 3.3,

we dicuss some consistent N = 1 truncations of the N = 2 models of [14], adding

to the discussion of the first model given in [1] also the discussion of the other two

models of [14].

3.1 Known and less known facts on FI terms in

supergravity

In chapter 1 we have summarized N = 1 supergravity in the standard approach,

but it can be also useful to recall some features of the superfield approach. The

generic superfield expression of the N = 1 supergravity Lagrangian with a gauged

U(1) R-symmetry2 is, in the compensator formalism (see, e.g. [81]):

L =
[

Φ0Φ0 e
−K/3]

D
+
([

Φ3
0W

]
F

+ [fWW ]F + h.c.
)
. (3.1)

In the above expression: Φ0 is the chiral compensator superfield, transforming as

Φ0 → Φ′0 = Φ0 exp(ξΛ/3); K = K0 − ξ V , where K0 is a real and gauge-invariant

function of the chiral superfields Φ, of their conjugates Φ and of the real gauge vector

1See, e.g., the example discussed in section 4.5 of [58], which is closely related to the example

we will discuss in section 3.1. We thank K. Dienes and B. Thomas for bringing their example to

our attention.
2We neglect here additional gauge group factors, possible generalized Chern-Simons terms and

constant numerical factors that are not important for the present considerations.
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superfield V , the latter transforming as V → V ′ = V −Λ−Λ; W is now an analytic

function of the chiral superfields Φ, transforming as W → W ′ = W exp(−ξΛ);

f is the gauge kinetic function (with implicit lower indices), analytic in the chiral

superfields Φ;W is the chiral supersymmetric field strength of V . Notice that having

a FI term ξ corresponds to giving charge ξ/3 to the compensator field Φ0 under the

gauged U(1) R-symmetry.

In most of what follows it will suffice to think of G, fab and Xa as functions

of the complex scalars zi rather than the superfields Φi (as done, for example, in

Appendix G of [5]). However, whenever needed we will turn to superfield notation.

3.1.1 Genuine FI terms and impostors

Here we show how, in theories where the gauge boson of the U(1) R-symmetry

is massive everywhere in field space, the FI term associated with such vector field is

not well defined and can always be redefined away—a genuine FI term, whose value

cannot be shifted continuously, exists only when the theory allows the gauged U(1)

R-symmetry to be restored at least in one point in field space.

The general argument is quite simple and follows from the supergravity formalism

reviewed above. The supermultiplet of a massive vector contains the degrees of

freedom of a chiral supermultiplet besides those of a massless vector multiplet. In

particular, the superfield of a massive vector Vm can always be decomposed into

Vm = V + S + S , (3.2)

with a massless vector superfield V and a chiral superfield S transforming as

V → V ′ = V − Λ− Λ , S → S ′ = S + Λ . (3.3)

The l.h.s. of eq. (3.2) can be thought of as the vector superfield in the unitary gauge

S = 0, while the r.h.s. is the gauge-invariant combination obtained from the unitary

gauge via the Stückelberg trick.

In theories where the vector field is massive everywhere in field space, the field

S is globally defined, since it corresponds to the superfield multiplet of the longitu-

dinal mode. On the other hand, in theories where the gauge symmetry is restored

somewhere in field space, S is not globally defined. In the points where the vector

mass vanishes, the would-be S field is not dynamical (there is no kinetic term) and

corresponds to a pure gauge.

Consider a supergravity model with a non-vanishing FI term ξ, associated to

a vector superfield V gauging an R-symmetry that is broken everywhere in field
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space. In this case there exists a globally defined chiral superfield S transforming as

in eq. (3.3). We can now perform a Kähler transformation using such field, namely

K ′ = K + α (S + S) , W ′ = We−αS (3.4)

with α an arbitrary real constant3. In terms of K ′, the formula for the D term (1.19)

now reads

D = iKiX
i + ξ = iK ′iX

i + α + ξ ≡ iK ′iX
i + ξ′ , (3.5)

from where we can see that in the new frame the FI term has been redefined. If

we choose α = −ξ, the FI term can be shifted away—in this theory the FI term is

not well defined. We obtain the same conclusion by looking at the superpotential.

Indeed the charge of the new superpotential W ′ will be shifted into −ξ−α, because

of the extra contribution from the S field. When α = −ξ, W ′ will be invariant,

which again corresponds to no FI term4.

Notice that, since this FI term can be shifted by an arbitrary amount, it will not

be subjected to quantization conditions. Since theories of this type are equivalent

to one with a massive vector not associated to the R-symmetry, in this case we are

not allowed to speak of genuine FI terms—such FI terms are impostors.

On the contrary, in theories where there are points in field space where the

gauged R-symmetry is restored, we cannot use the field S to redefine the FI term.

Only in this case a proper FI term can be defined, we call such terms genuine FI

terms.

3.1.2 Anomaly cancellation conditions

For a consistent effective theory, all gauge and gravitational anomalies associated

with a gauged U(1) must vanish: in particular, the cubic (AU(1)3), the gravitational

(AU(1)) and the mixed-gauge anomaly (AU(1)G2) if the full gauge group is U(1)×G.

To fix the notation, we assign the U(1) charges as

Q[θ] = Q[λa] = Q[ψµ] = −ξ/2 , Q[W ] = −ξ , Q[zi] = qi , Q[ψi] = qi + ξ/2 ,

(3.6)

3In general, the Kähler transformation may be anomalous. However, we assume that the vector

superfield V is associated to an anomaly-free U(1) R-symmetry. Such symmetry can be exploited

to redefine the fields and make the full “Kahler transformation + field redefinition” anomaly-free.
4In the compensator formalism of eq. (3.1), the Kähler fransformation (3.4) corresponds to the

redefinition Φ0 → Φ′0 = Φ0 e
−αS/3, which shifts the compensator charge by α/3 and the value of

the FI term accordingly.
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where θ is the anticommuting coordinate and ψµ is the gravitino.

In the above conventions, the fermionic contributions to the cubic and gravita-

tional anomalies are:

Tr Q3 = 3 (Q[ψµ])3 +
∑
a

(Q[λa])3 +
∑
i

(Q[ψi])3 , (3.7)

Tr Q = −21 Q[ψµ] +
∑
a

Q[λa] +
∑
i

Q[ψi] , (3.8)

see [82, 83] for the gravitino contributions. These contributions must either vanish

or cancel possible Green-Schwarz (GS) contributions [84] coming from the variation

of Im fΛΣ. All the resulting conditions are model dependent, in particular: all of

them depend on the matter content; the GS contribution to AU(1) depends on higher

derivative terms (R2); AU(1)G2 depends also on the details of G and its representa-

tions. However, there are in principle strong combined constraints on the possible

matter content and on the U(1) charges.

3.2 Examples

3.2.1 A model with a FI impostor

Consider a free massive vector superfield with the usual kinetic F-term and a

mass term appearing in the Kähler potential as

K =
1

2
M2 V 2

m or K =
1

2
(S + S +MV )2 , (3.9)

where the first expression refers to the unitary gauge (a discussion of this model,

in global supersymmetry and in the unitary gauge, can be found in section 4.5 of

[58]), whilst the second uses the Wess-Zumino gauge for V , with the longitudinal

components of the massive vector contained in the chiral superfield S. With respect

to eq. (3.2), we have reabsorbed the factor M in S, to have the latter superfield

canonically normalized. For definiteness, we can take a constant gauge kinetic func-

tion f0 = 1/g2 and a constant superpotential W0, but we are allowed to take the

limit W0 → 0 at the end of the calculations. Under gauge transformations:

V → V − Λ− Λ , S → S +M Λ . (3.10)

The action described above corresponds to a massive Abelian vector superfield, with

no FI term.
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We now perform a trivial field redefinition of the chiral superfield S,

S = T − ξ

2M
, (3.11)

where ξ is a real constant and T transforms as S under gauge transformations. The

Kähler potential now reads

K =
1

2
(T + T +MV )2 − ξ

M
(T + T +MV ) +

ξ2

2M2
, (3.12)

and after a Kähler transformation we have

K =
1

2
(T + T +MV )2 − ξV , W = W0 e

ξ2

4M2 e−
ξ
M
T . (3.13)

This is a theory of a massive vector superfield with a FI term, which consistently

appears both as a linear term in V in the Kähler potential and as a gauge non-

invariance of the superpotential. As a check of the equivalence of the two theories,

we can look at the expressions of the prepotentials in the two frames:

(i) P = iKS X
S = −M (S + S) , (3.14)

(ii) P = iKT X
T + i

WT

W
XT = ξ −M (T + T ) , (3.15)

which coincide after using eq. (3.11).

Of course the presence of other interactions and charged fields does not affect

the proof. The argument above can be run backwards, to show that the FI term

can be reabsorbed via a field redefinition and a Kähler transformation. Notice that

the FI term generates from the mass term (1/2)M2V 2
m in the Kähler potential.

Equivalently, a FI term can be reabsorbed by a field redefinition and a Kähler

transformation only when such term is present.

3.2.2 An anomaly-free model with genuine FI term

We formulate now an explicit model that provides an existence proof of theories

with the following properties: (i) presence of a genuine FI term; (ii) cancellation of

all gauge anomalies; (iii) existence of a locally stable vacuum with all scalar field

stabilized at tree level; (iv) absence of exact global symmetries; (v) all physical

masses and energy densities parametrically small with respect to the Planck scale,

even when the FI term is assumed to be quantized in Planck mass units. The chosen

example has also the following features: the vacuum has positive energy; the gauged
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U(1) R-symmetry can be chosen to be either broken or unbroken on the vacuum;

there exists a limit where also supersymmetry is recovered on the vacuum.

The model contains one vector supermultiplet, associated with the U(1) R-

symmetry that generates the constant FI term ξ, and 24 chiral supermultiplets,

transforming linearly under the gauged U(1): one (Φ+) with charge q+ = +ξ and

23 (Φi=1..23
− ) of charge q− = −ξ. The corresponding fermions have then charges

Q[ψ+] = 3 ξ/2 and Q[ψi−] = −ξ/2. It is immediate to check that the anomaly

cancellation conditions of eqs. (3.7) and (3.8) are identically satisfied.

We discuss first the model with canonical Kähler potential,

K0 = |z+|2 +
23∑
i=1

∣∣zi−∣∣2 , (3.16)

‘minimal’ superpotential with the appropriate charge5,

W0 = M2 z1
− , (3.17)

where M is a real mass parameter, and constant gauge kinetic function,

f0 =
1

g2
. (3.18)

In such a case, the D-term of eq. (1.19) reads

D = ξ

(
1 +

23∑
i=1

∣∣zi−∣∣2 − |z+|2
)
. (3.19)

The scalar potential has

VF = eK0 M4

[
1 +

∣∣z1
−
∣∣2( 23∑

i=1

∣∣zi−∣∣2 + |z+|2 − 1

)]
, (3.20)

and

VD =
g2 ξ2

2

(
1 +

23∑
i=1

∣∣zi−∣∣2 − |z+|2
)2

. (3.21)

Notice that VF ≥ M4 and D ≥ 0. For M = 0, VF is identically vanishing and VD
can relax to a supersymmetric Minkowski vacuum with unbroken supersymmetry

5In the case of a general linear superpotential, W0 =
∑23
i M2

i z
i
−, we can always move to the

form of W0 given in eq. (3.17) by a suitable rotation in the space of the zi− fields, which leaves K0

and f0 invariant.
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and spontaneously broken U(1) gauge symmetry. For M 6= 0, the full potential V

is strictly positive definite and always admits classically stable dS vacua.

For g ξ < M2, the U(1) gauge symmetry is unbroken, 〈W0〉 = 〈z+〉 = 〈zi−〉 = 0,

the vacuum energy density is 〈V 〉 = M4 + g2 ξ2/2 and the squared masses for the

scalar fields (z1
−, z

2...23
− , z+) are (g2ξ2, M4 + g2ξ2, M4− g2ξ2), respectively. They are

all positive and of the order of the Hubble scale.

For g ξ > M2, the U(1) gauge symmetry is spontaneously broken, the field z+

develops a VEV v satisfying the equation M4 ev
2

= g2 ξ2 (1 − v2). In this case the

vacuum energy is 〈V 〉 = 1
2
g2ξ2(1−v2)(3−v2), which is always positive except forM =

0 where it vanishes. The squared masses for the scalar fields (z1
−, z

2...23
− ,Re z+) are

all positive and given by (g2ξ2(1− v2), 2g2ξ2(1− v2), 2g2ξ2v2(2− v2)), respectively,

while Im z+ is eaten by the vector boson, which has a mass
√

2gξv. The masses are

again of the order of the Hubble scale, except in the supersymmetric limit (M → 0

and v → 1), where the de Sitter curvature goes to zero while the vector superfield

remains massive, eating the chiral superfield Φ+ in a supersymmetric way.

The simple model described above has a large amount of global symmetries,

since the canonical Kähler potential K0 is invariant under U(24) × U(1)R, gauge

interactions break U(24) to U(23)×U(1)×U(1)R, superpotential interactions in W0

break U(23) × U(1) × U(1)R into U(22) × U(1) × U(1)′R. However, it is relatively

simple to break all the residual global symmetries by introducing higher-dimensional

operators into the Kahler potential (K = K0 + ∆K) and the superpotential (W =

W0 + ∆W ), with modifications such as ∆K = aī z
i
− z

̄
− |z+|2 and ∆W = bij z

i
− z

j
−z+.

Since all the scalar fields have positive squared masses at tree level, the presence of

the higher-dimensional operators does not destabilize the vacuum if their coefficients

are small enough, aī, bij � 1.

All the physical masses and energy densities are controlled by the two parameters

M2 and gξ. Even if we assume that the FI term ξ is quantized in units of the

Planck mass, by choosing small values for M and g the spectrum of the theory is

parametrically below the Planck scale. Interestingly for ξ ∼ O(1) in Planck units

the relevant mass scale gξ matches the cut-off scale expected from the weak gravity

conjecture (WGC) of [85]. The model above avoids violating the sharp bound from

the WGC since it always contains at least one charged particle with mass m . gMPl.

However the absence of an hierarchy between the relevant mass scale of the model

and the expected cut-off may signal some deep inconsistency at the quantum gravity

level and explain the absence of explicit string theory constructions with genuine FI

terms. Alternatively, new physics at the scale gξ may act as an innocuous spectator,

leaving the supergravity Lagrangian with the FI term as a consistent truncation of
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the whole theory. We are not aware of sharp arguments against any of the two

possibilities.

Notice finally that our model is not in conflict6 with the results of ref. [57], since

in the rigid limit none of the matter fields is charged under the gauged U(1): the

interactions of the gauged U(1) are a supergravity phenomenon, as in many other

examples of gauged supergravity theories.

3.2.3 Model with a genune FI term and supersymmetric

AdS vacuum

As our last example, we want to find a supergravity model with a genuine FI

term which admits a supersymmetric AdS vacuum. It can be obtained by slightly

modifying the model of the previous subsection. To simplify the discussion, we

consider only the restriction of the field content to a single z+ and a single z−. The

Kähler potential, the Killing vectors and the gauge kinetic function are, as in the

previous example, and the superpotential is modified as follows:

W = M2 z−(1 + α z+ z−), (3.22)

where α is a constant. The model admits a supersymmetric AdS solution if there

is a critical point of the potential, i.e. a point such that 〈∂±V 〉 = 0, for which the

following equations are satisfied:

〈W 〉 6= 0,

〈D+W 〉 = 〈∂+W +W ∂+K〉 = 〈M2z− (z+ + αz−(1 + |z+|2))〉 = 0,

〈D−W 〉 = 〈∂−W +W ∂−K〉 = 〈M2 (1 + |z−|2 + αz+z−(2 + |z−|2))〉 = 0,

(3.23)

where ∂± means ∂/∂z±. Imposing these conditions, 〈∂±V 〉 = 0 are automatically

satisfied. (3.23) are solved by

α2 =
ρ2 + 1

ρ2(ρ2 + 2)2
,

〈z+〉 = −
√
ρ2 + 1 ei φ, 〈z−〉 = ρ e−i φ,

(3.24)

with the modulus of z−, ρ, greater than zero. It is easy to see that the model has a

supersymmetric vacuum and that the energy density at (3.24) is

V0 = −3M4e2ρ2+1 ρ2

(ρ2 + 2)2
< 0. (3.25)

6We thank Z. Komargodski for discussions on this point.
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It is possible to extend this model by adding all the 23 zi− necessary to cancel the

anomalies.

3.3 N = 1 truncations of N = 2 models with clas-

sically stable dS vacua

The only known models with extended supersymmetry and classically stable

dS vacua are the N = 2 models constructed by Fré, Trigiante and Van Proeyen

(FTVP) in [14] and some simple N = 2 extensions based on the same ingredients

[79, 80]. One of their crucial ingredients is the presence of a N = 2 FI term,

corresponding to an arbitrary constant in the moment map. It is interesting to study

the features of the N = 1 models obtained from the FTVP models by consistent

truncations, to understand the relation between FI terms in N = 2 and N = 1

supergravity. We will focus on the three FTVP examples, the first one with gauge

group G0 = SO(2, 1)×U(1) without hypermultiplets and the other two with gauge

group G0 = SO(2, 1) × SO(3) with or without hypermultiplets. In the consistent

truncated theories there is always a U(1) factor in the gauge group, which comes

from the non compact SO(2, 1) factor of theN = 2 gauge group and gives a constant

FI term. The compact factors of the N = 2 gauge group give contributions either to

the F-term and D-term factor but are not always associated to FI terms (contrary

to what happens in N = 2).

3.3.1 G0 = SO(2, 1)× U(1) without hypermultiplets

Following [14] and using the same notation as in section 2.1, we consider N =

2 gauged supergravity with three vector multiplets and no hypermultiplets. The

three complex scalar fields in the vector multiplets parameterize the special Kähler

manifold
SU(1, 1)

U(1)
× SO(2, 2)

SO(2)× SO(2)
. (3.26)

For a suitable choice of field coordinates (S, y0, y1), the Kähler potential reads as in

(1.55)

K = − log(S + S)− log

(
Y

2

)
, Y = 1− 2(|y0|2 + |y1|2) +

∣∣y2
0 + y2

1

∣∣2 . (3.27)

The gauge group is G0 = SO(2, 1)×U(1). We denote by e0 the coupling constant of

the non-compact non-Abelian factor SO(2, 1), and by e1 the parameter controlling
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the N = 2 FI term of the compact U(1) factor: it will not be restrictive to take

both of them positive.

Denoting with AΛ
µ the four vector bosons [Λ = 1, 2, 3 for SO(2, 1), Λ = 4 for

U(1)], the components of the four Killing vectors along the three complex scalar

fields are:

XS
1 = XS

2 = XS
3 = XS

4 = 0 , (3.28)

Xy0
1 = − i

2
e0 (1 + y2

0 − y2
1) , Xy0

2 =
1

2
e0 (1− y2

0 + y2
1) , Xy0

3 = i e0 y0 , Xy0
4 = 0 ,

(3.29)

Xy1
1 = −i e0 y0 y1 , Xy1

2 = −e0 y0 y1 , Xy1
3 = i e0 y1 , Xy1

4 = 0 . (3.30)

InN = 2 supergravity, the object that plays the rôle of FI term is the triholomorphic

momentum map PxΛ (x = 1, 2, 3), which is constant in the absence of hypermultiplets.

In this model, it is zero for Λ = 1, 2, 3 directions, while Px4 is a constant tri-vector

with modulus e1.

In the absence of hypermultiplets, the scalar potential (1.92) can be written as the

sum V = V1 +V3, where V1 and V3 are related with the square of the supersymmetry

transformation of the gauginos and of the gravitinos, respectively. Explicitly, the

two contributions to the scalar potential read:

V1 =
e2

0

2ReS

P+
2 (y)

P−2 (y)
, V3 =

e2
1

2ReS
| cos θ + i S sin θ|2 , (3.31)

where

P−2 (y) = Y , P+
2 (y) = 1− 2|y0|2 + 2|y1|2 +

∣∣y2
0 + y2

1

∣∣2 , (3.32)

and the angle θ is the de Roo-Wagemans phase, that describes the magnetic rotation

of one gauge group factor with respect to the other. In the following, it will not be

restrictive to assume 0 < θ < π/2. The potential is minimized for

〈S〉 =
e0

e1

1

sin θ
+ i cot θ , 〈y0〉 undetermined , 〈y1〉 = 0 , (3.33)

and the vacuum energy density is independent of 〈y0〉 and given by

V0 ≡ 〈V 〉 = e0 e1 sin θ = e2
1 sin2 θ 〈ReS〉 > 0 . (3.34)

On the vacuum, two of the four vector fields, associated with the two non-compact

generators of SO(2, 1), become massive, absorbing two Goldstone degrees of freedom

from the scalar field y0, and the other two vectors remain massless.

The spectrum is most easily computed around the vacuum with 〈y0〉 = 0. In

such a case, the massive vectors are precisely (A1
µ, A

2
µ), with mass m2

V = V0/4, whilst
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the massless vectors are (A3
µ, A

4
µ). The two physical complex scalars S and y1 have

masses m2
S = 2V0 and m2

1 = V0, and we are in the presence of a classically stable dS

vacuum, with completely broken N = 2 supersymmetry and vanishing Lagrangian

mass terms for the gravitinos.

The rules for consistently truncating gauged N = 2 supergravities to N =

1 can be found in [86, 87]. We must set to zero one of the two supersymmetry

transformation parameters, and project out from the N = 2 gravitational multiplet

one of the two gravitini and the graviphoton, to obtain the N = 1 gravitational

multiplet. Each of the three vector multiplets of N = 2 contains one vector boson,

two spin-1/2 fermions and one complex scalar, and can be truncated to either a

N = 1 chiral multiplet or to a N = 1 vector multiplet.

Starting from three vector multiplets in N = 2, and applying the rules of [86],

we find that there are two different consistent truncations to N = 1: the first with

nV = 1 vector multiplets and nC = 2 chiral multiplets; the second with nV = 2

vector multiplets and nC = 1 chiral multiplets. Truncations with nV = 0, nC = 3

and nV = 3, nC = 0 are inconsistent, because the massive vector bosons (including

the graviphoton) associated with the two non-compact generators of SO(2, 1) must

be always truncated away, and their Goldstone degrees of freedom are contained

in the complex scalar y0. We now discuss the two consistent truncations in turn:

because of the spontaneously broken non-compact gauge invariance, it will not be

restrictive to concentrate for simplicity on the vacuum with 〈y0〉 = 0. We will see

that the FI term of the truncated N = 1 theory is associated, in the N = 2 theory,

to the linear combination of the generator of the compact subgroup of SO(2, 1), if

gauged, and the component of the N = 2 FI terms that survive the truncation, if

any. On the other hand, the other components of the N = 2 FI terms, if present,

produce superpotential terms in the truncated theory.

Truncation with nV = 1 and nC = 2

The first possibility for a consistentN = 1 truncation preserves oneN = 1 vector

multiplet, containing the vector A3
µ associated with the compact SO(2) ∼ U(1)

generator inside SO(2, 1), and two N = 1 chiral multiplets, containing the scalar

fields S and y1. The Kähler potential is obviously the one of eq. (3.27) evaluated

for y0 = 0. The N = 1 gauge kinetic function is f = S, as can be read directly

from the N = 2 theory. For consistency, the scalar potential of the N = 1 theory

must also coincide with the scalar potential of eqs. (3.31) and (3.32), evaluated for

y0 = 0. An interesting feature of the truncated N = 1 theory is how such a potential
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is generated as the sum of an F-term contribution and a D-term contribution,

V = VF + VD , VF = V3 , VD = V1|y0=0 , (3.35)

generated by the superpotential (defined as usual up to an irrelevant constant phase

factor)

W = i e1 y1 (cos θ + i S sin θ) . (3.36)

It is curious that the N = 2 FI term associated with the U(1) factor of the N = 2

gauge group and with the constant e1 is mapped into the N = 1 F-term potential,

whilst the N = 2 potential term associated with the non-compact SO(2, 1) factor

and with the non-Abelian gauge coupling constant e0 generates a N = 1 FI term

ξ = −e0 in the prepotential:

P3 = iKy1 X
y1
3 + i

Wy1

W
Xy1

3 = −e0
1 + |y1|2

1− |y1|2
. (3.37)

As expected, the N = 2 vacuum and (truncated) spectrum are reproduced also in

the standard N = 1 formalism: supersymmetry is broken on a dS background but

the U(1) gauge boson has vanishing mass.

Truncation with nV = 2 and nC = 1

The second and last possibility for a consistent N = 1 truncation preserves

two N = 1 vector multiplets, containing A3
µ and A4

µ, and only one N = 1 chiral

multiplet, the one containing S. This time the N = 1 Kähler potential is just

K = − log (S + S), and the N = 1 superpotential vanishes, W = 0. Instead, the

gauge kinetic function, which again can be read directly from the N = 2 theory,

takes the non-trivial form:

fΛΣ =

 S 0

0
S

cos θ (cos θ + i S sin θ)

 , (Λ = 3, 4) . (3.38)

Again, the scalar potential of the N = 1 theory must coincide with the scalar

potential of eqs. (3.31) and (3.32), evaluated for y0 = 0 and y1 = 0. This time, the

N = 1 potential is generated entirely as a D-term contribution:

V = VD = V3 + V1|y0=0 =
1

2ReS

(
e2

0 + e2
1 |cos θ + i S sin θ|2

)
, (3.39)

thanks to a N = 1 FI term associated with each of the two U(1) factors:

P3 = −e0 , P4 = −e1 . (3.40)
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In other words, both the N = 2 FI term, associated with U(1) and the constant e1,

and the other N = 2 potential term, associated with the non-compact SO(2, 1) and

the constant e0, generate constant N = 1 FI terms, ξ3 = −e0 and ξ4 = −e1. As

required by the consistency of the truncation, the N = 2 vacuum and (truncated)

spectrum are reproduced also in the standard N = 1 formalism, in particular su-

persymmetry is broken on a dS background but the two U(1) gauge bosons have

vanishing masses.

Anomalies in the truncated theory

While the original N = 2 theory does not contain chiral fermions, thus all

anomaly-cancellation conditions are automatically satisfied, truncating it to N = 1

may give rise to an anomalous fermion spectrum. Indeed, we can easily check that

this is the case for both truncations considered in the previous subsections.

In the first case, we have a single U(1) and two chiral multiplets (S, y1) with

charges qS = 0 and qy1 = e0, thus Q[ψS] = −e0/2, Q[ψ1] = e0/2 and

Tr Q3 =
1

2
e3

0 6= 0 , T r Q = −10 e0 6= 0 . (3.41)

In the second case, the only chiral multiplet S is neutral under both U(1) factors,

thus the anomalies are the same for both and are again proportional to those in

eq. (3.41).

Inspired by orbifold string constructions, where potential anomalies of the trun-

cated theories are cancelled by twisted sectors localized at the orbifold fixed points,

we may think of supplementing the field content of the truncated theories by addi-

tional charged multiplets, to achieve anomaly cancellation while keeping the same

vacuum. A simple addition that recovers anomaly freedom while keeping the same

vacuum consists of n2 = 5 chiral multiplets Φi
2 of charge qi2 = 0 and n3 = 125 chiral

multiplets Φi
3 of charge qi3 = (3/5) e0.

3.3.2 G0 = SO(2, 1)× SO(3) without hypermultiplets

We consider now an N = 2 gauged supergravity with five vector multiplets

and no hypermultiplets. The five complex scalar fields in the vector multiplets

parameterize the special Kähler manifold

SU(1, 1)

U(1)
× SO(2, 4)

SO(2)× SO(4)
. (3.42)
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For a suitable choice of field coordinates (S, y0, yx), x = 1, 2, 3, the Kähler potential

reads as in (1.55)

K = − log(S + S)− log

(
Y

2

)
, Y = 1− 2(|y0|2 +

3∑
x=1

|yx|2) +

∣∣∣∣∣y2
0 +

3∑
x=1

y2
x

∣∣∣∣∣
2

.

(3.43)

The gauge group is G0 = SO(2, 1)×SO(3). We denote by e0 the coupling constant

of the non-compact non-Abelian factor SO(2, 1), and by e1 the coupling constant of

the compact SO(3) factor: it will not be restrictive to take both of them positive.

Denoting with AΛ
µ the six vector bosons [Λ = 1, 2, 3 for SO(2, 1), Λ = 4, 5, 6 for

SO(3)], the components of the six Killing vectors along the five complex scalar fields

are:

XS
Λ = 0 , (3.44)

Xy0
1 = − i

2
e0 (1 + y2

0 − y2
x) , Xy0

2 =
1

2
e0 (1− y2

0 + y2
x) , Xy0

3 = i e0 y0 , Xy0
x+3 = 0 ,

(3.45)

Xyx
1 = −i e0 y0 yx , Xyx

2 = −e0 y0 yx , Xyx
3 = i e0 yx , Xyz

x+3 = e1εxwzyw . (3.46)

InN = 2 supergravity, the object that plays the rôle of FI term is the triholomorphic

momentum map PxΛ (x = 1, 2, 3), which is constant in the absence of hypermultiplets.

In this model, it is zero for Λ = 1, 2, 3 directions, while Pxz+3 = −e1δ
x
z .

In the absence of hypermultiplets, the scalar potential (1.92) can be written as

the sum V = V1 + V3. The expression is more involved than the previous case

V = − 1

S + S̄

(
e2

1| cos θ + i S sin θ|2P
(1)
4 (y)

Y 2
+ e2

0

P
(0)
4 (y)

Y 2

)
(3.47)

with P
(0)
4 , P

(1)
4 polynomials of holomorphic degree four in y, such that

∂yxP
(0)
4

∣∣∣
y=0

= ∂yxP
(1)
4

∣∣∣
y=0

, P
(0)
4

∣∣∣
y=0

= 1, P
(1)
4

∣∣∣
y=0

= 3. (3.48)

The angle θ is the de Roo-Wagemans parameter, which describes the magnetic

rotation of one gauge group factor with respect to the other. In the following, it will

not be restrictive to assume 0 < θ < π/2. The potential is minimized for

〈S〉 =
e0

e1

1√
3 sin θ

+ i cot θ , 〈y0〉 undetermined , 〈yx〉 = 0 , (3.49)

and the vacuum energy density is independent of 〈y0〉 and given by

V0 ≡ 〈V 〉 =
√

3e0 e1 sin θ = e2
1 sin2 θ 〈ReS〉 > 0 . (3.50)
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On the vacuum, two of the four vector fields, associated with the two non-compact

generators of SO(2, 1), become massive, absorbing two Goldstone degrees of freedom

from the scalar field y0, and the other vectors remain massless.

The spectrum is most easily computed around the vacuum with 〈y0〉 = 0. In

such a case, the massive vectors are precisely (A1
µ, A

2
µ), with mass m2

V = V0/4. The

four physical complex scalars S and yx, x = 1, 2, 3 have masses m2
S = 2V0 and

m2
x = V0, and we are again in the presence of a classically stable dS vacuum, with

completely broken N = 2 supersymmetry and vanishing Lagrangian mass terms for

the gravitinos.

Truncation to N = 1

Starting from five vector multiplets in N = 2, and applying the rules of [86],

we find that there is only one consistent truncation to N = 1 with nV = 2 vector

multiplets and nC = 3 chiral multiplets.

A consistent N = 1 truncation preserves two N = 1 vector multiplets, one

containing the vector A3
µ associated with the compact SO(2) ∼ U(1) generator inside

SO(2, 1) and one containing the vector A6
µ associated with the U(1) generator inside

SO(3), and three N = 1 chiral multiplets, containing the scalar fields S and y1, y2.

The Kähler potential is obviously the one of eq. (3.43) evaluated for y0 = y3 = 0.

The N = 1 gauge kinetic function takes the non-trivial form:

fΛΣ =

 S 0

0
S

cos θ (cos θ + i S sin θ)

 , (Λ = 3, 4) . (3.51)

The superpotential (defined as usual up to an irrelevant constant phase factor) is

W = e1 (y1 − i y2) (cos θ + i S sin θ) . (3.52)

and the prepotentials along the directions Λ = 3, 6 are

P3 = −e0
1− (y2

1 + y2
2)(ȳ2

1 + ȳ2
2)

Y
, P6 = −2i e1

ȳ1 y2 − ȳ2y1

Y
+ e1, (3.53)

with Y = 1− 2y1ȳ1− 2y2ȳ2 + (y2
1 + y2

2)(ȳ2
1 + ȳ2

2). Now the N = 2 FI term associated

with the SO(3) factor of the N = 2 gauge group and with the constant e1 is

mapped partially into the N = 1 F-term potential and partially into the D-term

generated by P6, whilst the N = 2 potential term associated with the non-compact

SO(2, 1) factor and with the non-Abelian gauge coupling constant e0 generates a
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N = 1 FI term ξ = −e0 in the prepotential, as in the previous cases. As expected,

the N = 2 vacuum and (truncated) spectrum are reproduced also in the standard

N = 1 formalism: supersymmetry is broken on a dS background but the U(1) gauge

bosons have vanishing masses.

Anomaly cancellation conditions

Also in this case we have an anomalous fermion spectrum. Redefining Y1 =

y1− i y2 and Y2 = y1 + iy2, the Killing vectors are in the diagonal form XY1
3 = i e0Y1,

XY1
6 = i e1Y1 and XY2

3 = i e0Y2, XY2
6 = −i e1Y2 and the charges for the fermionic

fields are

Q3[ψµ] = Q3[λ3] = Q3[λ6] = −Q3[ψS] = Q3[ψY1 ] = Q3[ψY2 ] = e0/2 (3.54)

and

Q6[ψµ] = Q6[λ3] = Q6[λ6] = −Q6[ψS] = Q6[ψY1 ] = e1/2, Q6[ψY2 ] = −3e1/2. (3.55)

The traces for Q3 and Q6 charges are then

Tr Q3
3 =

3

4
e3

0 6= 0 , T r Q3 = −9 e0 6= 0 (3.56)

and

Tr Q3
6 = −11

4
e3

1 6= 0 , T r Q6 = −11 e1 6= 0 . (3.57)

Again we may think of supplementing the field content of the truncated theories

by additional charged multiplets, to achieve anomaly cancellation while keeping the

same vacuum. A simple addition that recovers anomaly freedom while keeping the

same vacuum consists of n3 = 1 chiral multiplets Φi
2 of charge q3i

3 = −e0, q
3i
6 =

−23e1/40 and n4 = 21 chiral multiplets Φi
4 of charge q4i

3 = e0, q
4i
6 = 43e1/40.

3.3.3 G0 = SO(2, 1)× SO(3) with hypermultiplets

In this last case the special sector does not differ from the previous case. What

changes is the hypersector and the triholomorphic momentum map. The quater-

nionic manifold is now
SO(4, 2)

SO(4)× SO(2)
, (3.58)

spanned by eight real scalar fields qu=1,...,8. A suitable choice of coordinates is the

solvable coordinates, introduced in chapter 1. The gauge group is G0 = SO(2, 1)×
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SO(3) which is embedded in the SO(2, 4) subgroup of both the isometry group of the

special Kähler and the quaternionic manifold. Being e0, e1 the coupling constants of

the non-compact and compact factor of the gauge group respectively, we now couple

the quaternionic scalars with factors r0e0, r1e1, where r0, r1 can be 0 or 1, indicating

whether the corresponding geometry is gauged or not.

The triholomorphic momentum map here is not a constant but depends on the

scalars qu and can be calculated using the formulas in chapter 1. An important

property is that in q = 0 it is

PxΛ=1,2,3

∣∣
q=0

= 0, PxΛ=z+3

∣∣
q=0

= −r1e1δ
x
z , (3.59)

which is, if we set r1 = 1, the analogue of the SO(3) FI term which in the model

without hypermultiplets was introduced by hand.

The scalar potential is now the sum of three contributions V = V1 + V2 + V3,

where V1, V2, V3 are the square of the supersymmetry transformations of the gaugini,

hyperini and gravitini, respectively. The expression of the potential at the origin of

the quaternionic manifold is

V0 = V |y=q=0 = − 1

S + S̄

(
3r2

1e
2
1| cos θ + i S sin θ|2 + e2

0(1 + 2r2
0)
)
, (3.60)

the same as the one found in the second model except that, if the SO(2, 1) isometry

is gauged there is a rescaling in the SO(2, 1) coupling e2
0 → 3 e2

0.

As shown in [14], there is a de Sitter critical point at q = y = 0 and S = S(0) =
e0
√

1+2r20√
3r1e1 sin θ

+ i cot θ. Note that it requires r1 6= 0 and then from now on we set r1 = 1.

The spectrum of the theory is, in case of r0 = 0,

2V0, V0 (×3),
2

3
V0(×3), 0(×2), (3.61)

where there are two massless complex modes from which one is the Goldstone boson,

y0. In case of r0 = 1 there is a mixing between the scalar of the special Kähler and

quaternionic manifold and the sperctrum is

2V0,
2

3
V0,

4

3
V0 (×3), 0(×4). (3.62)

with four massless complex modes from which only one is a Goldstone boson.

Truncation to N = 1

The truncation of the special Kähler sector is the same as the second case: there

are two vector multiplets and five chiral multiplets. The vector bosons that survive
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after the truncation are A3
µ and A6

µ and the scalar fields are S, y1, y2. The truncation

of the quaternionic sector requires a separate discussion. First of all, the consistency

of the truncation is guaranteed only if r0 = 0 and then the hypermultiplets are

neutral under SO(2, 1). The truncation of an hypermultiplet may give one or no

chiral multiplets. The case with no chiral multiplets is the same as the case without

hypermultiplets and so we don’t repeat the discussion here. The interesting case

is when from two hypermultiplets one obtains two chiral multiplets. The surviving

scalar fields are a3, b2, h1, h2 which can be conveniently arranged into two complex

scalar fields Y1 = eh1 − i a3, Y2 = eh2 − i b2. The origin of the quaternionic manifold

is then in Y1 = Y2 = 1.

The Kähler potential is

K = − log(S + S̄)− log

(
Y

2

)
− 2 log

(
Y1 + Ȳ1

2

)
− 2 log

(
Y2 + Ȳ2

2

)
(3.63)

and the superpotential is

W = e1 Y2

(
y1 Y1 −

i

2
y2(1 + Y 2

1 )

)
(cos θ + i S sin θ), (3.64)

which becomes (3.52) in the origin of the quaternionic manifold. The Killing vectors

are

XS
3 = XS

6 = 0, XY2
3 = XY2

6 = 0,

Xy1
3 = ie0y1, Xy1

6 = −e1y2,

Xy2
3 = ie0y2, Xy2

6 = e1y1,

XY1
3 = 0, XY1

6 =
i

2
e1(1− Y 2

1 ),

XY2
3 = XY2

6 = 0. (3.65)

Under the transformation along the third direction the Kähler potential is invariant

and W → W (1 + i e0), while under the transformation along the sixth direction

K → K + i e1 (Y1 − Ȳ1), W → W (1− i e1Y1). (3.66)

It means that there is no constant FI term for the second U(1) factor with coupling

constant e1 and we have prepotential

P6 = −2i e1
ȳ1 y2 − ȳ2y1

Y
+ e1

2− Y 2
1 − Ȳ 2

1

2(Y1 + Ȳ1)
+ e1

Y1 + Ȳ1

2
. (3.67)
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For the first U(1) factor, conversely, we have a FI−e0, as in all the previous truncated

models and the prepotential is

P3 = −e0
1− (y2

1 + y2
2)(ȳ2

1 + ȳ2
2)

Y
. (3.68)

As expected, also in this case the N = 2 vacuum and (truncated) spectrum are

reproduced also in the standard N = 1 formalism: supersymmetry is broken on a

dS background but the U(1) gauge bosons have vanishing masses.



Chapter 4

On the vacua of M-theory

reductions to 4-dimensions

As we have already seen in chapter 2, the effective theory describing the-low

energy dynamics of M-theory compactified on a seven-torus with fluxes (but without

localized sources) is gauged N = 8, D = 4 supergravity. In spite of the fact that

N = 8 models cannot be used to obtain realistic phenomenology, understanding the

conditions for the occurrence of interesting vacua with spontaneously broken N = 8

supersymmetry from different points of view (the one of gauged D = 4 supergravity

and the one of generalized flux compactifications of M-theory) may shed light on

the difficulties in reproducing them in the context of string compactifications.

The N = 8 theory can be usually consistently truncated to theories with a lower

amount of supersymmetry, where we can write the full scalar potential and study

the stabilization of the moduli in a more familiar theoretical framework. Here, we

focus on the truncations to N = 1, D = 4 supergravity, for which we give the full

superpotential and the quadratic constraints. These theories, while non realistic, are

much more constrained than genericN = 1 theories, and can be used as playgrounds

for the exploration of part of the moduli space of their ’mother’ theories.

This chapter is organized as follows. In section 4.1 we analyze a definite trunca-

tion of N = 8 gauged supergravity to N = 1 supergravity, seen as a special case (the

singular case) of a G2 reduction of the eleven-dimensional theory and formulated in

terms of just seven chiral N = 1 superfields, corresponding to the seven main moduli

of the internal space. We also write down explicitly all the constraints on the fluxes

that survive after the truncation. In section 4.2 we give the form of the full superpo-

tential corresponding to the most general set of geometric and non-geometric fluxes

compatible with the N = 1 truncation. In section 4.3 and section 4.4 we discuss
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the embedding in M-theory of examples of N = 8 gauged supergravity and their

truncation to N = 1. In particular in section 4.3 we discuss the models studied in

[26] and in section 4.4 we consider the case of flat gaugings and we find a way to

recover the Scherk-Schwarz models with four parameters by turning on geometric

and non-geometric fluxes.

4.1 The N = 1 truncation

Our starting point is the singular limit of compact G2-holonomy1 manifolds,

corresponding to toroidal orbifolds of the form X7 = T7/(Z2 × Z2 × Z2), following

the construction of [88].

The (Z2)3 action on the coordinates yI (I = 1, . . . , 7) on T7 is

Z2(yI) = {−y1,−y2,−y3,−y4, c+ y5, y6, y7},

Z′2(yI) = {a1 − y1, a2 − y2, y3, y4, c− y5, c− y6, c+ y7},

Z′′2(yI) = {a3 − y1, y2, a4 − y3, y4, a5 − y5, c+ y6,−y7},

(4.1)

where the coefficients ai and c can be either 0 or 1/2. This orbifold has singularities

that can be either blown-up or eliminated by turning on c and a4 simultaneously.

Then the orbifold action becomes free and produces a smooth 7-manifold. We work

here with the case where the ai’s and c are all zero.

The orbifold action (4.1) preserves a G2-structure, given by the G2 invariant

combination of the 7 surviving 3-forms. In terms of vielbeins eI = RIdy
I (I =

1, . . . , 7), with RI the radii of the 7 circles composing T7, the associated 3-form Φ

reads

Φ = e1∧e2∧e7−e3∧e4∧e7−e5∧e6∧e7+e1∧e3∧e6−e2∧e3∧e5+e1∧e4∧e5+e2∧e4∧e6.

(4.2)

The effective 4-dimensional theory obtained by compactification on X7 can be recast

in the form of an N = 1 supergravity coupled to matter. The effective theory for

the bulk fields contains only the N = 1 graviton multiplet and 7 chiral multiplets

TI (I = 1, ..., 7), while there are no vector multiplets.

The chiral multiplets contain some of the moduli of the theory . The imaginary

parts τI of these moduli come from the reduction of the M-theory 3-form potential

1To be precise, these orbifolds have a discrete holonomy group Z2 × Z′2 × Z′′2 ⊂ G2. Only the

manifolds obtained after blowing up the singularities have G2-holonomy.
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on the internal manifold:

C = τI(x)φI(y), (4.3)

where φI(y) is a basis of closed three forms

φ1 = −dy1 ∧ dy2 ∧ dy7, φ2 = dy3 ∧ dy4 ∧ dy7, φ3 = dy5 ∧ dy6 ∧ dy7,

φ4 = dy2 ∧ dy3 ∧ dy5, φ5 = −dy2 ∧ dy4 ∧ dy6,

φ6 = −dy1 ∧ dy3 ∧ dy6, φ7 = −dy1 ∧ dy4 ∧ dy5. (4.4)

The real parts tI are associated with the internal metric components and parametrize

the volumes of the seven surviving 3-cycles:

Φ = tI(x)φI(y). (4.5)

The holomorphic combinations TI = tI + i τI can be thought of as expansion param-

eters of a “complexified” G2-form

C + iΦ = i TI(x)φI(y). (4.6)

This is analogous to the complexification of Kähler moduli in type II string theories.

In our notation, T1,2,3 correspond to U1,2,3 in IIB, T4,7,6 correspond to T1,2,3 in IIB

and T5 is the S modulus in IIB.

In terms of the the radii RI we have

|t1| = R1R2R7, |t2| = R3R4R7, |t3| = R5R6R7, |t4| = R2R3R5,

|t5| = R2R4R6, |t6| = R1R3R6, |t7| = R1R4R5. (4.7)

Obviously not all the fluxes survive under the (4.1) identifications. We denote

with aI , bI , cI the indices that appears in φI ,

(aI , bI , cI) = {(1, 2, 7), (3, 4, 7), (5, 6, 7), (2, 3, 5), (2, 4, 6), (1, 3, 6), (1, 4, 5)}, (4.8)

and by iI , jI , kI , lI the dual indices,

(iI , jI , kI , jI) = {(3, 4, 5, 6), (1, 2, 5, 6), (1, 2, 3, 4),

(1, 4, 6, 7), (1, 3, 5, 7), (2, 4, 5, 7), (2, 3, 6, 7)}.
(4.9)

The fluxes which survive are those in table 4.1.

The seven moduli parametrize the coset [SU(1, 1)/U(1)]7. This follows from the

reduction of the generators of the duality group E7(7): of the 133 generators only
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Representation flux name
independent

components

1+7 g1234567 1

35+5 giIjIkI lI 7

28+3 ωcIaIbI , ω
aI
bIcI

, ωbIcIaI 21

7+3 – 0

28+1 ξ′mm, m = 1, . . . , 7 7

21+1 – 0

224+1 RjIkI lI
iI

, RkI lI iI
jI

, RjI lI iI
kI

,RiIjIkI
lI

28

28−1 θ′mm, m = 1, . . . 7 7

21−1 – 0

224−1 f iIjikI lI , f
jI
iIkI lI

, fkIiIjI lI , f
lI
iIjIkI

28

140−3 QaIbI
cI

, QcIbI
aI

, QaIcI
bI

21

7−3 – 0

35−5 hiIjIkI lI 7

1−7 g̃1234567 1

Table 4.1: M-theory fluxes in the truncated N = 1 theory.

21 survive after the truncation, namely taIbIcI , tm
m, taIbIcI . We can define EI =

2taI
aI + 2tbI

bI + 2tcI
cI − 24

7
t in order to have the sl(2) algebra

[EI , taIbIcI ] =
60

7
taIbIcI ,

[
EI , t

aIbIcI
]

= −60

7
taIbIcI ,

[
taIbIcI , t

aIbIcI
]

= EI .

(4.10)

There are no vector bosons and thus no gauge group surviving after the trunca-

tion. However there are some quadratic constraints that survive after the truncation

and which have to be taken into account in order to consider models compatible with

M-theory compactifications. These constraints can be read from those in N = 8

and, considering the fluxes that survive after the truncation as in table 4.1, we can

identify which constraints are non-trivial. A discussion can be found at the end of

Appendix B.
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4.2 The N = 1 superpotential

The reduced N = 1 theory inherits a scalar potential from the parent N = 8

supergravity. Since in N = 1 there is no gauge group, the residual scalar potential

does not have a D-term component and can be written in terms of a Kähler potential

and a superpotential. The Kähler potential is the usual

K = −
∑
I

log(TI + T̄I). (4.11)

The form of the superpotential could be inferred directly from the scalar potential,

but it would be an involved calculation. However, we can construct the superpo-

tential also from the integration of suitable combinations of the fluxes of table 4.1

and the G2-invariant form Φ and the M-theory 3-form potential C over the internal

space. The geometric fluxes appear from

Wgeom =

∫
X7

(
g7 + (C + iΦ) ∧ g +

1

2
(C + iΦ) ∧ ω · (C + iΦ)

)
, (4.12)

where ω acts as a differential

ω · φI = ω · dya ∧ dyb ∧ dyc φIabc = ωa[deφ
I
bc]a dy

d ∧ dye ∧ dyb ∧ dyc. (4.13)

Explicitly, the superpotential depending only on geometric fluxes is

Wgeom = g7 + i (−T1g3456 + T2g1256 + T3g1234 + T4g1647

−T5g1357 − T6g2457 + i T7g2367)− (−ω7
56T1T2 − ω7

34T1T3

+ω7
12T2T3 + ω6

13T3T5 + ω6
24T3T6 − ω6

75T5T6 + ω5
23T3T7 + ω5

14T3T4

−ω5
67T4T7 + ω4

51T2T5 + ω4
62T2T7 − ω4

73T5T7 + ω3
61T2T4 − ω3

52T2T6

−ω3
47T4T6 + ω2

46T1T4 − ω2
35T1T5 + ω2

71T4T7 +−ω1
45T1T6 +−ω1

36T1T7 +−ω1
27T6T7).

(4.14)

We can construct a similar action for the other fluxes. Each of the fluxes contributes

to the superpotential by contracting (C + iΦ)n/2, where n is given by 7 minus the

charge under the O(1, 1) classifying the representations. It depends on the fact

that the superpotential has charge 7 under O(1, 1) and the moduli have charge

2. The geometric superpotential Wgeom is at most quadratic in the moduli. The

non-geometric fluxes on the other hand give contributions up to order three in the

moduli fields. For instance, ξ′ and R fluxes have charge +1 under O(1, 1) and then
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we expect they generate some terms in superpotential of order three in the moduli.

Explicitly,

W3 = −i (R357
1 T2T3T4 −R467

1 T2T3T5 −R234
1 T2T4T5 −R256

1 T3T4T5 +R367
2 T2T3T6

+R457
2 T2T3T7 −R143

2 T2T6T7 −R165
2 T3T6T7 +R276

3 T1T3T5 +R517
3 T1T3T7

−R124
3 T1T5T7 +R456

3 T3T5T7 +R275
4 T1T3T4 −R176

4 T1T3T6 −R213
4 T1T4T6

+R653
4 T3T5T6 +R247

5 T1T2T5 +R137
5 T1T2T6 −R126

5 T1T5T6 +R346
5 T2T5T6

+R237
6 T1T2T4 −R147

6 T1T2T7 −R152
6 T1T4T7 +R354

6 T2T4T7 +R326
7 T4T5T6

+R254
7 T4T5T7 +R315

7 T4T6T7 −R264
7 T5T6T7) + i (ξ′11T1T6T7 + ξ′22T1T4T5

+ξ′33T2T4T6 + ξ′44T2T5T7 + ξ′55T3T4T7 + ξ′66T3T5T6 + ξ′77T1T2T3)
(4.15)

The quartic terms come from θ′- and f -fluxes:

W4 = −(θ′11T2T3T4T5 + θ′22T2T3T6T7 + θ′33T1T3T5T7

+θ′44T1T2T4T6 + θ′55T1T2T5T6 + θ′66T1T2T5T7 + θ77T4T5T6T7)

+(f 1
357T1T5T6T7 + f 1

647T1T4T6T7 + f 1
234T1T3T6T7 + f 1

256T1T2T6T7

+f 2
637T1T4T5T7 + f 2

547T1T4T5T6 + f 2
143T1T3T4T5 + f 2

165T1T2T4T5

+f 3
267T2T4T6T7 + f 3

517T2T4T5T6 + f 3
124T2T3T4T6 + f 3

456T1T2T4T6

+f 4
257T2T5T6T7 + f 4

167T2T4T5T7 + f 4
213T2T3T5T7 + f 4

653T1T2T4T7

+f 5
427T3T4T6T7 + f 5

137T3T4T5T7 + f 5
126T2T3T4T7 + f 5

346T1T3T4T7

+f 6
327T3T5T6T7 + f 6

417T3T4T5T6 + f 6
521T2T3T5T6 + f 6

543T1T3T5T6

+f 7
326T1T2T3T7 + f 7

245T1T2T3T6 + f 7
315T1T2T3T5 + f 7

146T1T2T3T4)

(4.16)

Finally, the terms of order 5, 6 and 7 are obtained from Q-, h- and g̃7-fluxes, which

are the duals of g7, g and τ fluxes. Their contribution to the superpotential is given



4.2 The N = 1 superpotential 81

by

W567 = −ig̃7T1T2T3T4T5T6T7 − (h3456T2T3T4T5T6 + h1256T1T3T4T5T6T7

+h1234T1T2T4T5T6T7 + h1647T1T2T3T5T6T7 + h1357T1T2T3T4T6T7

+h2457T1T2T3T4T5T7 + h2367T1T2T3T4T5T6) + i (Q56
7 T3T4T5T6T7

+Q34
7 T2T4T5T6T7 +Q12

7 T1T4T5T6T7 +Q13
6 T1T2T4T6T7 +Q24

6 T1T2T4T5T7

+Q75
6 T1T2T3T4T7 +Q32

5 T1T2T5T6T7 +Q14
5 T1T2T4T5T6 +Q67

5 T1T2T3T5T6

+Q51
4 T1T3T4T6T7 +Q62

4 T1T3T4T5T6 +Q73
4 T1T2T3T4T6 +Q61

3 T1T3T5T6T7

+Q25
3 T1T3T4T5T7 +Q47

3 T1T2T3T5T7 +Q46
2 T2T3T5T6T7 +Q53

2 T2T3T4T6T7

+Q71
2 T1T2T3T5T6 +Q45

1 T2T3T4T5T7 +Q36
1 T2T3T4T5T6 +Q27

1 T1T2T3T4T5)

(4.17)

The full superpotential is then given by

W = Wgeom +W3 +W4 +W567. (4.18)

We summarize in the following table how the fluxes appear in the superpotential.

Note that I 6= J 6= K 6= ... is always understood.

Scalar combination flux

1 g1234567

TI giIjIkI lI

TJTK ωaIbI
cI , where cI appears in φJ and φK

TITJTK ξ′ii, where i is the common index between φI , φJ , φK

TITJTK RjLkLlL
iL

, associated to φIjLkL•φ
J
lLkL•φ

K
jLlL•

TITJTKTL θ′ii, associated to all φ’s without the index i

TITJTKTL f iIjIkI lI and J,K, L don’t contain the index iI

T 5 QaIbI
cI

, where we select T I and those without the index cI

T 6 hiIjIkI lI , all but TI

T 7 g̃1234567
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4.3 Some new vacua

What we have pointed out in the previous section allows us to determine the

M-theory embedding of various examples of N = 1 supergravity with seven main

moduli. In this section we consider some examples of N = 8, D = 4 vacua discussed

in [26] and we give their embedding in M-theory and their truncation to N = 1.

4.3.1 Choice of a symplectic frame

As we have already seen in chapter 1, in 4 dimensions vector fields are dual

to other vector fields. This means that in maximal 4-dimensional supergravity the

same gauge group could be gauged by minimal electric couplings to the 28 vector

fields in the Lagrangian before gauging or also by (some of) the dual magnetic

fields. The choice of symplectic frame (i.e. which vectors are electric and which are

magnetic) provides important information on the description of the gauging and

therefore also on the vacua of the theory. The split of the vectors into electric

and magnetic ones is related to the splitting of the fundamental representation of

E7(7), 56, into two distinct sets of 28 vector fields: AMµ = (AΛ
µ , AµΛ) (M = 1, ..., 56,

Λ = 1, ..., 28), where AΛ
µ transform in some definite representation of the group G0 of

global symmetries of the Lagrangian. For any choice of the gauge group Gg, there is

at least one electromagnetic frame in which Gg (modulo Abelian ideals) is realized as

a subgroup of G0. This is the electric frame, where we can consistently set ΘΛα = 0

and the quadratic constraint (1.120) is automatically satisfied. Imposing ΘΛα = 0

or any other specific choice, however, would generally be a too strong restriction.

A natural choice for the symplectic frame is one that allows for a direct compar-

ison of the results with already known ones, in particular those related to the vacua

of the CSO(p, q, r) gaugings. We can use the so-called SL(8,R) basis, where the

E7(7) generators are decomposed according to the embedding of one of its SL(8,R)

subgroups. As usual it is useful to consider the branching of relevant representations

of E7(7), here with respect to SL(8,R), in particular

56 −→ 28 + 28′, (4.19)

133 −→ 63 + 70, (4.20)

912 −→ 36 + 420 + 36′ + 420′. (4.21)

The 56 electric and magnetic vector fields split into 28 electric AABµ and 28′ mag-

netic fields AµAB (A,B, ... = 1, ..., 8) and the 133 generators of E7(7) split into 63
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generators tA
B and 70 generators tABCD. Finally, the 912 embedding tensor com-

ponents, given by the tensor product of the 56 and 133 representations of E7(7), are

decomposed as

28 28′

63 36 + 420 36′ + 420′

70 420′ 420

Since only one 420 representation appears in the branching of the 912, the two 420

representations in the table must coincide, and so must the 420′ representations.

This implies that, if ΘM
α had a contribution in the 420, it would describe a coupling

of the gauge fields to the generators in the 70, but also, at the same time, induce a

coupling of the dual gauge fields to the generators in the 63 of SL(8,R). In the case of

purely electric gaugings, this analysis restricts the allowed embedding tensor to just

the ΘAB
C
D components. Actually, electric gaugings are described by a symmetric

tensor in the 36′ representation of SL(8,R), which is called θAB [89]. Also, the

embedding tensor is completely specified by

ΘAB
C
D = δC[A θB]D, (4.22)

while all the other components are set to zero. The quadratic constraint (1.120) is

obviously identically satisfied for such gaugings, hence any symmetric real matrix

θAB defines a consistent gauging, even in the case of a non-invertible matrix.

While all entries could be non-vanishing, the gauge groups resulting from θ 6= 0

depend only on the number of positive (p), negative (q) and zero (r) eigenvalues.

In the search for extrema of the scalar potential in this framework, it should be

possible to restrict our analysis to the case of diagonal θ. In fact, the condition to

get an extremum of the scalar potential is invariant under similarity transformations

θ → PθP−1. Moreover, it is also independent on rescalings, so that we are left with

7 parameters:

PθP−1 ∝ diag(λ1, λ2, λ3, λ4, λ5, λ6, λ7, 1) . (4.23)

The electric gaugings in such a frame are restricted to the SO(p, q) groups when

r = 0, defined as the finite SL(8) transformations g that leave θ invariant: gθgT = θ.

When r 6= 0 one obtains the group contractions CSO(p, q, r) [90, 91]. The actual

gauge group in this case is SO(p, q) n T r(8−r), with T r(8−r) the group of r(8 − r)

translations. The total number of inequivalent gaugings is 24, which is calculated
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taking into account that the gauge group does not change if we just permute the

eigenvalues between them, nor if we change an overall sign (which would correspond

to exchanging p and q). The permutations modify the embedding of the gauge

group in E7(7), but in a completely trivial way that does not affect in any way our

discussion of the stationary points.

In our analysis we will also consider gaugings where the 36 representation is

turned on. We will describe the corresponding gauging parameters by the symmetric

tensor ξAB [26]. Following once more the decomposition of the embedding tensor

representations presented above, these parameters turn on the magnetic components

of the embedding tensor:

ΘABC
D = δ

[A
D ξ

B]C
. (4.24)

Choosing ξ 6= 0 while θ = 0 is just a relabeling of the vector fields and brings

us back to the previous discussion. However, when both θ and ξ are turned on,

the quadratic constraint is not identically satisfied anymore and one gets new and

interesting situations. The quadratic constraint gives the relation

δDE ξ
ABθBC = ξDBθBE δ

A
C , (4.25)

from which also ξABθBC = 1
8

Tr(θξ) δAC follows. From this we see that we have only

two options. Whenever the matrix θ is invertible, the constraint is solved by

ξ = c θ−1, c ∈ R, for det θ 6= 0. (4.26)

On the other hand, if θ is not invertible it has a non-trivial kernel. In this case the

setup solving (4.25) is given by taking ξ non-zero only in the subspace defined by

the kernel of θ.

4.3.2 M-theory embedding and reduction to N = 1

The models introduced above areN = 8, D = 4 supergravity theories with global

symmetry group SL(8,R). We may ask if they could be embedded in M-theory.

The M-theory embedding is specified by the branching of relevant transformations

of E7(7) with respect to the global symmetry group GL(7,R) ∼ SL(7,R)× O(1, 1).

Since it is a subgroup of SL(8,R), it is simple to find the embedding of the gaugings

in M-theory in this basis, by considering the branching of relevant representations

of SL(8,R) with respect to SL(7,R)×O(1, 1).

For instance, the 28 electric vector fields AABµ split into 21 vector fields Amnµ and

7 Am8
µ = Amµ , where the index A = 1, ..., 8 index has been split in m = 1, ..., 7 and 8.
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The same is true for the 28′ dual vectors, which split into 21 Aµmn and 7 Aµm. The

generators of E7(7) are tA
B, that split in tm

n, tm
8 = tm and t8

m = tm, and tABCD,

that split in tmnp8 = tmnp and tmnpq = εmnpqr1r2r38tr1r2r3 .

The embedding tensor components we are interested in are those in the 36′ and

36. The branching of the former with respect to SL(7,R)×O(1, 1) is

36′ −→ 28−1 + 7+3 + 1+7, (4.27)

which means that θAB gives the 28 θmn = θ′mn, the 7 θm8 = ωm and the singlet

θ88 = g7. The same happens for the 36 ξAB:

36 −→ 28 + 7 + 1, (4.28)

where 28 correspond to ξ′ (mn), 7 to ξm8 = Qm and 1 to ξ88 = g̃7. The symmetric

matrices θAB, ξ
AB can be arranged as

θ =

(
θ′mn ωm
ωn g7

)
, ξ =

(
ξ′mn Qm

Qn g̃7

)
. (4.29)

The quadratic constraints on the fluxes can be read from (4.25), or equivalently

from the explicit equations in Appendix B. If θ 6= 0 and ξ 6= 0, they are

g7g̃7δ
p
q − θ′mqξ′mp +Qmδqpωm −Qpωp = 0,

d′3g7Q
qδpr + d′′3g7Q

pδqr − (a′3 − 1
2
b′3)ωrξ

′ qp − (a′′3 + 1
2
b′3)ωmξ

′mpδqr = 0,

a′3g̃7ωqδ
r
p + a′′3 g̃7ωpδ

r
q − (d′3 − 1

2
c′3)Qrθ′qp − (d′′3 + 1

2
c′3)Qmθ′mpδ

r
q = 0,

a′3d
′
3(ωpQ

sδqr − ωrQqδsp) + (a′3d
′′
3 − d′3a′′3)(ωpQ

qδsr − ωrQsδqp)

+1
2
b′3c
′
3(ξ′ qmδspθ

′
rm − ξ′ smδqrθ′pm) = 0.

(4.30)

We have set some of the coefficients to one by a suitable redefinition of the fluxes.

Of course, if ξ = 0 or θ = 0 all the equations are identically satisfied.

Following section 4.1 we can reduce this model to N = 1. With this choice of

fluxes, the reduction is very simple. The fluxes that survive after the truncation are

θ(mm), ξ
(mm) and g7, g̃7. The quadratic constraints are now only

g7g̃7 − θmmξmm = 0. (4.31)
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As we expect, no vector bosons survive after the reduction and the scalar potential

is only F-term. The superpotential has the following general form:

W = g7 + θ11T2T3T4T5 + θ22T2T3T6T7 + θ33T1T3T5T7 + θ44T1T3T4T6

+θ55T1T2T5T6 + θ66T1T2T4T7 + θ77T4T5T6T7

+i (g̃7T1T2T3T4T5T6T7 + ξ11T1T6T7 + ξ22T1T4T5 + ξ33T2T4T6

+ξ44T2T5T7 + ξ55T3T4T7 + ξ66T3T5T6 + ξ77T1T2T3).

(4.32)

4.3.3 θ 6= 0 and ξ = 0

The first scenario we consider is the simple instance where the gauge group of

the N = 8 theory is contained in the SL(8,R) electric frame, which means that

we are considering vacua of the CSO(p, q, r) gaugings. The fluxes we turn on are

thus θ′(mn), τm, g7. In N = 1 supergravity, we automatically restrict our analysis to

diagonal θ matrices, i.e. we work with only θ′mm and g7 fluxes.

Gg
~λ Λ

SO(8) (1, 1, 1, 1, 1, 1, 1, 1) AdS

(5, 1, 1, 1, 1, 1, 1, 1) AdS

SO(3,5) (−3,−3,−3, 1, 1, 1, 1, 1) dS

SO(4,4) (−1,−1,−1,−1, 1, 1, 1, 1) dS

CSO(2,0,6) (1, 1, 0, 0, 0, 0, 0, 0) Mink.

Table 4.2: Possible θ = diag(λ1, . . . , λ8), up to normalization, which give rise to a critical

point of the scalar potential at the origin of the moduli space. In the third column we

indicate the type of vacuum arising from these solutions and in the first column the gauge

group of the N = 8 model.

The N = 1 superpotential in this case is

W = g7 + θ′11T2T3T4T5 + θ′22T2T3T6T7 + θ′33T1T3T5T7 + θ′44T1T3T4T6

+θ′55T1T2T5T6 + θ′66T1T2T4T7 + θ′77T4T5T6T7

(4.33)

and we can assign in principle arbitrary values ~λ = (λ1, λ2, ..., λ8) to the fluxes. We

want to find the values of ~λ such that there is a critical point at the origin of the

scalar manifold, i.e for Ti = 1. We do not care about which of those values are
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assigned to g7 or θ′mm because the minimization conditions are invariant under the

exchange of any two of these λ’s.

For the simple case ~λ = (a, 1, 1, 1, 1, 1, 1, 1), with a real constant, we find that

a could be only 1 or 5. All the λ’s are in this case positive, thus these models

correspond to an SO(8) gauging in N = 8. The value of the scalar potential is

negative in both cases, so we have AdS extrema. The first case, in particular, is

a supersymmetric AdS vacuum. All the squared scalar masses are −2
3
|V0| and the

Breitenlohner–Freedman bound |m2/V0| ≤ 3/4 is of course satisfied, thus the vacuum

is stable. The second case is not supersymmetric and there are six directions in the

moduli space that do not satisfy the Breitenlohner–Freedman bound |m2/V0| = 4
5
>

3
4
.

In case of ~λ = (a, b, 1, 1, 1, 1, 1, 1) we found only already known solutions. Leav-

ing three parameters free, we found that there is another critical point if ~λ =

(−3,−3,−3, 1, 1, 1, 1, 1), which corresponds in N = 8 to an SO(3, 5) gauging. It

has a positive scalar potential at the origin of the moduli space (dS vacuum), but

it is not stable because there are two negative squared scalar masses, −2
3
|V0| and

−2|V0|.
To conclude the cases with all the λ’s different from zero, we consider ~λ =

(a, b, c, d, 1, 1, 1, 1). In this case we recover all the solutions previously found and

one more given by a = b = c = d = −1, which corresponds in N = 8 to an SO(4, 4)

gauging. The vacuum for these values of the fluxes is again dS and again it is

unstable, because there is a scalar field with squared scalar mass given by −|V0|.
Finally, we can consider the cases in which r of the λ’s are zero, which correspond

to CSO(p, q, r) gaugings in N = 8. We find that there is a vacuum only in the case

r = 6, which corresponds to the gauging CSO(2, 0, 6) in N = 8. This last case

gives a stable Minkowski vacuum and its spectrum coincides with the one of the

Scherk-Schwarz model with the four mass parameters which are equal.

In table 4.3 we give the masses for the scalar fields both in the N = 1 truncated

theory and in the underlying N = 8 supergravity [26]. It is easy to note that all the

masses in N = 1 are also present in the spectrum of N = 8, as we expect. Moreover

the flat directions of N = 8 are all projected out in N = 1, except for the last case.

4.3.4 θ 6= 0 and ξ 6= 0

There is another similar setup that not only allows us to reproduce some other

N = 8 vacua of the SO(8) theory, but also to reveal new stationary points and new

gauge groups embedded in SL(8).
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Gg in N = 8 m2
(multiplicity) in N = 1 m2

(multiplicity) in N = 8

SO(8) −2
3 (14) −2

3 (70)

SO(8) 2(1), −4
5 (6), −2

5 (7) 0(7), 2(1), −4
5 (27), −2

5 (35)

SO(3,5) 4(2), −2(1), 2(6),
4
3 (4), −2

3 (1) 0(15), 4(5), −2(1), 2(30),
4
3 (14), −2

3 (5),

SO(4,4) 1(4), 2(9), −2(1) 0(16), 1(16), 2(36), −2(2)

CSO(2,0,6) 0(9),
1
2 (4), 2(1) 0(48),

1
2 (20)

, 2(2)

Table 4.3: Values of the scalar masses in units of the cosmological constant (except in

the Minkowski case), both in N = 1 and N = 8 models.

A priori we are considering a setup where 72 parameters of the embedding tensor,

namely the fluxes g7, g̃7, θ′mn, ξ
′mn, Qm, τM are turned on, although only half of them

are independent after we impose the quadratic constraints (4.30). The fact that we

can restrict to diagonal θ and ξ without loss of generality is therefore an important

simplification. Unfortunately, even after such simplifications, and even if we work in

N = 1 supergravity, the equation determining the vacua is not anymore quadratic in

the θ parameters, because of the presence of the inverse matrix ξ ∝ θ−1. Therefore,

we cannot find analytic solutions for the general case. However, we can still find

analytic solutions by varying 1 or 2 eigenvalues. Denoting again the g7 and θ′mm
values with ~λ = (λ1, . . . , λ8), we can chose

~λ = (r s)−1/8diag(r, s, 1, 1, 1, 1, 1, 1). (4.34)

In addition to r = s = 1, which corresponds to the N = 8 AdS supersymmetric

vacuum, we found two more solutions

i. r = 1, s = (7− 3
√

5)/2, which corresponds to the SO(7)− vacuum2.

ii. r = 3 + 2
√

2, s = 1/r, which corresponds to the N = 8 SU(4)− ' SO(6)

vacuum found in [92], with Λ/g2 = −8.

By relaxing the conditions on θ and ξ, other vacua and other gauge theories are

identified. We therefore consider the general solution of the quadratic constraint for

2The ± symbol differentiates the two SO(7) vacua found so far in the N = 8 theory. These are

related by a Z2 symmetry.
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# Gauging ΘM
α Λ

i SO(8) θ = ξ−1 = a⊕ 17 AdS

ii SO(8) θ = ξ−1 = (a, 1/a)⊕ 16 AdS

iii SO(7,1) θ = ξ = −1⊕ 17 AdS

iv SO(7,1) θ = ξ−1 = (b1, b2)⊕ 16 AdS

v SO(7,1) θ = ξ−1 = −1⊕ 15 ⊕ (c, 1/c) AdS

vi SO(6,2) ' SO∗(8) θ = ξ = (−12 ⊕ 16)/2
√

2 Mink

vii SO(5,3) θ = ξ = −13 ⊕ 15 dS

viii SO(7) n T 7 θ = 0⊕ 17, ξ =
√

5⊕ 07 AdS

ix SO(7) n T 7 θ = 4⊕ 16 ⊕ 0, ξ = 07 ⊕ 2
√

2 AdS

x SO(6) × SO(1,1) n T 12 θ = 16 ⊕ 02, ξ = 06 ⊕ (
√

2,−
√

2) AdS

xi SO(6) × SO(1,1) n T 12 θ = 3⊕ 15 ⊕ 02, ξ = 06 ⊕ (
√

3,−
√

3) AdS

xii SO(4) × SO(2,2) n T 16 θ = 14 ⊕ 04, ξ = 04 ⊕ 12 ⊕−12 Mink

xiii SO(2)2 n T 20 θ = (12 ⊕ 06)
√

2, ξ = (02 ⊕ 12 ⊕ 04)
√

2 Mink

Table 4.4: N = 8 vacuum solutions found for θ, ξ 6= 0. The SO(8) case is also included

here, although with a different normalization. Minkowski solutions are normalized to easily

compare their mass spectra (see Table 4.5). a = 3 + 2
√

2; b1 = 1/2(−1 +
√

2)(−1 +
√

5),

b2 = −1/2(1 +
√

2)(−1 +
√

5); c = 2 +
√

3.
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case m2
(multiplicity) in N = 1 m2

(multiplicity) in N = 8

i 2(1), −4
5 (6), −2

5 (7) 2(1),−4
5 (27),−2

5 (35), 0(7)

ii 2(2), −1(5), −1
2 (4), 0(3) 2(2),−1(20),−1

4 (20), 0(28)

iii 2(1), −4
5 (6), −2

5 (7) 2(1),−4
5 (27),−2

5 (35), 0(7)

iv 2(2), −1(5), −1
2 (4), 0(3) 2(2),−1(20),−1

4 (20), 0(28)

v 2(3), −4
3 (4),

2
3 (1), 0(6) 2(3),−4/3(14), 2/3(5), 0(48)

vi 2(1),
1
2 (4), 0(9) 2(2),

1
2 (20), 0(48)

vii −2(1), 4(2), 2(6),
4
3 (4), −2

3 (1) −2(1), 4(5), 2(30), 4/3(14),−2/3(5), 0(15)

viii 2(1), −4
5 (6), −2

5 (7) 2(1),−4
5 (27),−2

5 (35), 0(7)

ix 2(2), −1(5), −1
2 (4), 0(3) 2(2),−1(20),−1

4 (20), 0(28)

x 2(2), −1(5), −1
2 (4), 0(3) 2(2),−1(20),−1

4 (20), 0(28)

xi 2(3), −4
3 (4),

2
3 (1), 0(6) 2(3),−4/3(14), 2/3(5), 0(48)

xii 4(2), 2(2), 1(4), 0(6) 4(4), 2(12), 1(16), 0(38)

xiii 4(2), 2(2), 1(4), 0(6) 4(4), 2(12), 1(16), 0(38)

Table 4.5: Mass spectra for the new vacua both in the N = 1 and in the N = 8 case.

When Λ 6= 0, masses are normalized with respect to it.

these fluxes, namely

g̃7 =
1

g7

, ξ′mm =
1

θ′mm
or g7g̃7 − θ′ ξ′ = 0. (4.35)

In the first case, the resulting N = 8 gauge algebra is still so(p, q), with p + q = 8,

however the gauge connection now also involves the “magnetic” vector fields AµAB.

Contractions to cso(p, q, r) are no more allowed, because they would violate the

quadratic constraint. We can, however, consider the case g7g̃7 + θ′ ξ′ = 0. Both

θ = (θ′, g7) and ξ = (ξ′, g̃7) must have a non-empty kernel, which corresponds in

N = 8 supergravity to gauge groups that can be considered as “superpositions”

of two cso(p, q, r) ones, where the two semisimple factors commute with each other

(because of the quadratic constraint), while some of the nilpotent generators are in

common between the groups and others add up to form a bigger abelian algebra.
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The generic form of these gaugings is

(SO(p, q)× SO(p′, q′)) n T (8−r)r+(8−r′)(r′+r−8) (4.36)

where p+ q + r = p′ + q′ + r′ = 8. They can be defined as different contractions of

SO(p+ p′, 8− p− p′).
Again, finding all solutions analytically is difficult, but several new results can

already be obtained by varying only a subset of the eigenvalues of θ and ξ. The

results of [26] are summarized in Table 4.4.

Inspecting Table 4.4, we see that θ and ξ have no fixed normalization. This con-

trasts with the analysis presented previously. When only θ 6= 0, we can obviously

change the values of θ to move on the parameter space associated to the moduli

space, but we can also rescale the gauge coupling constant to define equivalence

classes of gaugings. In particular, we have seen that once we normalize the value

of the cosmological constant for a specific vacuum of a given gauging, we can keep

consistent normalizations by using rescalings that do not change the determinant of

θ. On the other hand, when ξ = c θ−1 for c 6= 0, there are three parameters that

can be tuned: the proportionality constant c, the determinant of θ, and the gauge

coupling constant g. Moreover, a rescaling of the coupling constant acts in the same

way on θ and ξ, while a rescaling of det θ acts inversely on ξ. Introducing equiva-

lence classes of gaugings for different parameterization is therefore more subtle. For

instance, in addition to the vacua in Table 4.4, there is also an SO(4,4) vacuum in

this class, whose cosmological constant can be normalized to the same value as the

one of the vacuum obtained with only θ 6= 0. In fact we can show that this new

vacuum constructed with both θ 6= 0 and ξ 6= 0 is equivalent to the previous one.

In table 4.5 we display the mass spectra of the scalar fields for the new vacua,

both in N = 1 and N = 8. Note that there are some cases in which the mass

spectrum coincides, not only at the level of N = 1, but also in N = 8. A possible

explaination of these facts is given in [26].

4.4 Flat gaugings and flux interpretation

4.4.1 Flat gaugings

We want here to find realization in terms of M-theory fluxes of the theory formu-

lated by Cremmer-Scherk-Schwarz [37] via generalized dimensional reduction from

five dimensions, already discussed in chapter 2. The Scherk-Schwarz twist is chosen

in the global symmetry group E6(6) of the five dimensional theory, so, in order to
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discuss these gaugings, we have to chose an electric subgroup of E7(7) which con-

tains E6(6). In the context of maximally supersymmetric supergravity theories, the

resulting 4-dimensional models are N = 8 gauged supergravities with a gauge group

that has the following structure:

[X0, Xu] = Mu
vXv,

[Xu, Xv] = 0.
(4.37)

Here u, v = 1, . . . 27 are related to the 27 dimensional representation of E6(6) and in

fact, the electric frame for such models is the one that follows from the decomposition

of E7(7) under E6(6):

e7(7) = e6(6) + so(1, 1) + 27−2 + 27′+2, (4.38)

where pq denotes the corresponding representations of e6(6) +so(1, 1). In the explicit

representation of the gauge algebra above, Xλ is in the 27′+2 and X0 is a generic

Cartan generator of usp(8) ⊂ e6(6). The gauge group is then a semidirect product

of two abelian factors

G = U(1) n T n, n ≤ 24 (4.39)

and the matrix Mu
v gives a representation of the U(1) ⊂ USp(8) ⊂ E6(6).

The branchings of the relevant E7(7) representations with respect to E6(6)×O(1, 1)

are given below (the subscript refers to the SO(1, 1) weight),

56 = 27−1 + 1−3 + 27+1 + 1+3 ,

133 = 780 + 27+2 + 27−2 + 10 ,

912 = 351−1 + 351+1 + 27−1 + 27+1 + 78−3 + 78+3 . (4.40)

In this basis the 28 electric vectors fields are AΛ
µ = (Auµ, A

0
µ), where Auµ (u = 1, .., 27)

are the dimensionally reduced five-dimensional vectors in the 27−1 of E6(6)×O(1, 1)

and A0
µ is the Kaluza-Klein vector in the 1−3 of the same group, the embedding

tensor has just electric components Θα
Λ and the gauge generators read:

XΛ =

{
X0 = Θ0,u

vtv
u

Xu = Θu
vtv

,

Θ0,u
v = Θu

v = Mu
v ∈ E6(6), (4.41)

where Mu
v is the twist matrix depending in general on 78 parameters, tu

v are the

E6(6) generators, and tu are E7(7) generators in the 27+2, according to the branching

of 133. Generically the matrix M has three zero eigenvalues and 24 eigenvalues
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equal to the linear combinations ±mi ± mj with i > j taking the values 1, . . . , 4.

Just as before, we can conveniently summarize the branchings of (56× 133) ∩ 912

in a table,

27−1 1−3 27+1 1+3

780 351−1 + 27−1 78−3 351+1 + 27+1 78+3

27−2 78−3 351−1 + 27−1 27+1

27+2 351+1 + 27+1 27−1 78+3

10 27−1 27+1

(4.42)

Again equivalent representations in this table must coincide, since the 912 contains

just a single copy of each. With a similar reasoning as above, it follows that viable

gaugings involve the gauge fields (in the 27−1 +1−3 representation) coupling to E7(7)

generators belonging to the 780 + 27+2 representation and the corresponding em-

bedding matrix is contained the 78+3 representation (we recall that the embedding

matrix is assigned to the representation that is conjugate with respect to one to

which the gauge fields have been assigned).

This completely determines all possible gaugings in this basis. The gauge field in

the 1−3 representation couples to an element of the adjoint representation of E6(6),

whereas (part of) the gauge fields in the 27−1 representation couple to generators

in the 27+2 representation of E6(6) × SO(1, 1). This gauging is not new and has an

interpretation as a Scherk-Schwarz reduction from d = 5 maximal supergravity [89].

Also this gauging can be represented in the SL(8,R) frame upon an appropriate

identification of the common representations. In order to do this, we should compare

this with the 56 → 28 + 28′ decomposition under SL(8,R). We can do it by con-

sidering the common GL(6, R) subgroup. The SL(8,R) representations decompose

as

28→ 15 + 2× 6 + 1, 28′ → 15′ + 2× 6′ + 1, (4.43)

while the E6(6) ones branch as

27→ 15′ + 2× 6, 27→ 15 + 2× 6′. (4.44)

This means that in order to represent the Scherk–Schwarz gauging in the SL(8,R)

electric frame one needs to turn on 13 electric couplings Θ78
α, ΘI7

α, ΘI8
α and 15

magnetic ones ΘIJ α. Here we split the SL(8) index as A = I, 7, 8, where I = 1, . . . , 6

is the GL(6) index.

By performing our analysis in the SL(8) frame we obviously recovered the known

results on the vacua. However, as we will show, our analysis also provided some
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additional insight on how to perform the partial supersymmetry breaking described

by the Scherk–Schwarz mechanism. We then used this insight to discuss the possible

embedding of Scherk–Schwarz reductions with 4 parameters in M-theory [26].

As shown in (4.37), the Scherk–Schwarz gaugings depend on 4 parameters em-

bedded in the U(1) charge matrix M . This means that there is a large class of models

that show a Minkowski vacuum at the origin of the moduli space in the proper em-

bedding. In order to recover all such models we proceed in steps. The first step is

in N = 8 theory. First of all we analyzed simpler instances where only some param-

eters are turned on, looking at vacua that also preserved some supersymmetry. We

then superimpose such solutions to obtain the most general supersymmetry-breaking

solution in our parameterization. In fact, we can show that one can superimpose

the U(1) charge matrices corresponding to different Scherk–Schwarz vacua and still

obtain a consistent Minkowski vacuum. In order to simplify the discussion let us

turn back to the E6(6)×SO(1, 1)nT 27 electric frame. In this frame the 28 generators

of the flat gauge group are

Xu =


027×27 0 Mu

vdvst 0

−(Mu)
t 0 0 · · · 0 0

027×27 0 027×27 (Mu)
s

0 · · · 0 0 0 · · · 0 0

 , X0 =


Ms

t 0 027×27 0

0 0 0 0

027×27 0 −Mt
s 0

0 0 0 0

 . (4.45)

Here u, v, s, t are indices in the 27 or 27′ of E6(6) and M is an element of the

usp(8) ⊂ e6(6) algebra that specifies the action of the U(1) generator on the 27. This

form of the embedding tensor automatically satisfies the vacuum conditions, for any

M ∈ usp(8). This means that, given two flat gaugings with a Minkowski vacuum at

the origin, parametrizd by M and M ′ as above, it is automatically guaranteed that

M ′′ = M + M ′ ∈ usp(8) also defines a flat gauging with a Minkowski vacuum at

the origin. Of course M ′′ defines a different flat gauging and may break a different

amount of supersymmetry with respect to M or M ′. Considering the mass matrices

A1, A
′
1 of the gravitini, the mass matrix of the gravitini when we have M ′′ is the

sum of these two: A′′1 = A1 + A′1. If we find two N = 2 solutions given by

M → A1 = diag(m1ε,m2ε,m3ε, 0, 0), M ′ → A′1 = diag(0, 0,m′2ε,m
′
3ε,m

′
4ε),

(4.46)

where ε = ( 0 1
−1 0 ) then A′′1 has in general no vanishing eigenvalues and the gauging

defined by M ′′ gives a N = 0 Minkowski vacuum.

Following [24, 26], in order to find the minima of the potential, rather than fixing

the gauging and then performing a scan of all possible critical points of the scalar
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potential, one can simply solve a set of quadratic conditions on the embedding tensor

and then read the resulting values of Θ which define at the same time the original

gauge group, the value of the cosmological constant and the masses at the critical

point. The scalar potential at the origin is proportional to

V ∝ Tr(XMX
T
M) + 7 Tr(XMXM). (4.47)

By taking the above expressions for M ∈ e6 one finds 3 that the potential vanishes

if and only if M ∈ usp(8), namely:

V ∝ Tr[M(M +MT )] = 0 ⇔ M ∈ usp(8). (4.48)

We can also check that this point is a critical point of the potential, by computing

the derivative of the scalar potential in the origin of the scalar manifold:

V ′ ∝ Tr(δ XMX
T
M) + 7Tr(δ XMXM), (4.49)

where δ XM denotes the infinitesimal variation under some isometry- E6(6)×SO(1, 1)n
T 27 has exactly 70 non-compact isometries, therefore cover the whole scalar mani-

fold. Variations with respect to T 27 turn out to vanish because of the invariance of

dλσγ: M(λ
ρdσγ)ρ = 0. With respect to SO(1, 1), the embedding tensor has grading

+3 as one can see from the form of the SO(1,1) generator in the E6 basis

tSO(1,1)M
N = diag(+127,+3,−127,−3), (4.50)

and therefore, as we will explain more in detail later, its variation is proportional to

the potential itself: δSO(1,1)V ∝ V . Finally variations with respect to E6(6) can be

taken to act directly on Mλ
σ:

δE6(6)
V ∝ Tr

(
[tE6(6)

,M ](M +MT )
)

(4.51)

and it also vanishes if M ∈ usp(8). In conclusion, given two flat gaugings with a

Minkowski vacuum at the origin, parametrized by M and M ′, it is automatically

guaranteed that M ′′ = M+M ′ ∈ usp(8) also defines a flat gauging with a Minkowski

vacuum at the origin and since M ′′ defines a different flat gauging than the previous

ones, generically it will break a different amount of supersymmetry with respect to

M or M ′. Actually, the mass matrix of the gravitini in the new gauging is also

3The normalization of the E6(6) cubic invariant is fixed so that dusr = dusr, dustd
vst = 10δvu.
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the superposition of the ones in the previous embeddings: A′′1 = A1 + A′1. Hence,

supposing that we find two N = 2 solutions given by

M → A1 = diag(m1ε,m2ε,m3ε, 0, 0), M ′ → A′1 = diag(0, 0,m′2ε,m
′
3ε,m

′
4ε),

(4.52)

where ε = ( 0 1
−1 0 ) then A′′1 has in general no vanishing eigenvalues and the gauging

defined by M ′′ gives a N = 0 Minkowski vacuum.

Let us conclude this discussion with the observation that the analysis we per-

formed at the origin of the moduli space is exhaustive for such gaugings. We can

actually see that there are no other vacua for flat gaugings than the one connected

to the origin of the moduli space. As already noted previously, E6(6)×SO(1, 1)nT 27

contains all the 70 non-compact isometries needed to cover the whole scalar mani-

fold. Therefore we can compute the whole orbit of the embedding tensor and show

explicitly that there are no other vacua. The action of SO(1, 1) at most rescales the

embedding tensor and hence we can neglect it. E6(6) sends M → t ∈ e6(6) which

in general will not belong to the usp(8) subalgebra anymore and therefore would

introduce a positive contribution to the scalar potential, which is not allowed at

the vacuum because of the SO(1, 1) grading argument. Finally, the action of the

T 27 also leaves XMN
P invariant, as can be seen explicitly by computing a finite

transformation parametrized by xµ:

T =


127×27 0 xσdσµν xσxλdσλµ/2

−xν 1 xσxλdσλν/2 xσxλxρdσλρ/6

027×27 0 127×27 xµ

0 0 0 1

 (4.53)

and applying it to XMN
P . In conclusion, we have a single vacuum connected to

the origin of the scalar manifold for gaugings parametrized by (4.45), with at least

28 flat directions (the T 27, some of which correspond to Goldstone bosons, and the

SO(1,1)).

4.4.2 One-loop stability

The spectrum of the four-parameter gauging of [37] was discussed in section

2.2.3, we recall here its main features. The spin-2 graviton is of course massless.

The masses of the 8 spin-3/2 gravitini are | ±mi|, thus the residual supersymmetry

can beN = 0, 2, 4, 6, 8, depending on the choice of the 4 parameters. In the following,

we will be interested in the N = 0 case, corresponding to mi 6= 0 for i = 1, 2, 3, 4.
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The 8 massive gravitinos absorb 8 spin-1/2 fermions (which are otherwise massless)

via the super-Higgs mechanism. Of the remaining 48 physical spin-1/2 fermions, 16

have masses | ±mi| and 32 have masses | ±mi ±mj ±mk| (i < j < k). Of the 28

spin-1 bosons, 24 have masses |±mi±mj| (i < j), whilst 4 have zero mass. Finally,

of the 70 spin-0 bosons, up to 24 are absorbed by the massive vectors, otherwise

they have zero mass. Of the remaining 46 scalars, 24 have masses | ± mi ± mj|
(i < j), 16 have masses | ±mi ±mj ±mk ±ml| (i < j < k < l), and the remaining

6 are massless.

The stability of the Minkowski vacuum with fully broken supersymmetry can

be examined by considering the one-loop effective potential, as a function of the 3

complex moduli. It is known that the one-loop effective potential can be expressed

in terms of the supertraces of the field-dependent mass matrices,

StrM2k ≡
∑
i

(−1)2Ji (2Ji + 1)M2k
i (φ) . (4.54)

It was already observed in [37] that in the model under considerations StrM2k = 0

for k = 0, 1, 2, 3: this holds true for any background value of the 3 complex moduli

of the classical vacuum. The one-loop contribution to the effective potential is then

automatically finite (but field-dependent, a point overlooked in [37] but correctly

identified in [93]) and reads

∆V1 =
1

64 π2

∑
i

(−1)2Ji (2Ji + 1)M4
i (φ) logM2

i (φ) ≡ 1

φ4
f(m1,m2,m3,m4) .

(4.55)

It is easy to check that the function f(m1,m2,m3,m4), explicitly defined by the

above equation and independent of the 3 complex moduli of the classical vacuum,

vanishes for any of its four arguments going to zero, in agreement with the fact that

all supertraces identically vanish if there is at least one unbroken supersymmetry.

The other intriguing feature of f(m1,m2,m3,m4), which emerges from numerical

inspection but we were unable to prove analytically, is the fact that it is negative

semi-definite, and vanishes only in the supersymmetric limit discussed above.

4.4.3 Flux interpretation and N = 1 truncation

We are now ready to identify the flux configurations that must be switched

on to reproduce the four-parameter flat gauging, and to specify the corresponding

truncated N = 1 theory. The most geometric configuration we can find corresponds
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to the following fluxes:

ω2
71 = −ω1

72 = M1, ω4
73 = −ω3

74 = M2,

ω6
75 = −ω5

76 = M3, g7 = −θ′77 = M4.
(4.56)

Note that in this case we have turned on the ωpmn geometric fluxes, which generate

the original Scherk–Schwarz models with only three mass parameters. The new

result is that the fourth parameter is related to g7 and to the non-geometric flux θ′77.

With this choice of fluxes, the components of the embedding tensor different

from zero are

Θm
m = g7 = M4, m = 1, ..., 7, Θ7,7 = θ′77 = −M4, (4.57)

some of the ΘM,N
P = ωPMN , explicitly

Θ1,7
2 = −Θ2,7

1 = Θ7,2
1 = −Θ7,1

2 = −M1,

Θ3,7
4 = −Θ4,7

3 = Θ7,4
3 = −Θ7,3

4 = −M2,

Θ5,7
6 = −Θ6,7

5 = Θ7,6
5 = −Θ7,5

6 = −M3,

(4.58)

some of the ΘMN,
PQR = 2ω

[M
[PQδ

N ]
R] ,

Θ1m,
72m = −Θ2m

71m = −αM1 for m = 3, 4, 5, 6,

Θ3m,
74m = −Θ4m

73m = −αM2 for m = 1, 2, 5, 6,

Θ5m,
76m = −Θ6m

75m = −αM3 for m = 1, 2, 3, 4,

(4.59)

some of the ΘMN,
P = ωPMN , explicitly

Θ17,
2 = −Θ27,

1 = −M1,

Θ37,
4 = −Θ47,

3 = −M2,

Θ57,
6 = −Θ67,

5 = −M3,

(4.60)

and

Θ7m,7
m = M4, m = 1, ..., 7. (4.61)

Here The quadratic constraints are all identically satisfied in this case and thus we

have that the four parameters are all independent.

The superpotential we obtain by performing this compactifications is

W = M1(ST1+T2T3)+M2(ST2+T1T3)+M3(ST3+T1T2)+M4(1+ST1T2T3). (4.62)
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The model is of course a no-scale model and it has flat directions along U1, U2, U3, so

we have an extremum of the potential in S = Ti = 1 for every value of Ui = ui+ i νi.

The mass of the scalar fields are thus zero for the U ’s moduli. The other scalar

fields have masses for both the dilatons (s, t1, t2, t3) and the axions (σ, τ1, τ2, τ3). For

the dilatons we have

1

2
M2

1 for (s+ t1 − t2 − t3),

1

2
M2

2 for (s− t1 + t2 − t3),

1

2
M2

3 for (s− t1 − t2 + t3),

1

2
M2

4 for (s+ t1 + t2 + t3), (4.63)

while for the axions

1

8
(M1 +M2 +M3 −M4)2 for (σ + τ1 + τ2 + τ3),

1

8
(M1 +M2 −M3 +M4)2 for (σ − τ1 − τ2 + τ3),

1

8
(M1 −M2 +M3 +M4)2 for (σ − τ1 + τ2 − τ3),

1

8
(−M1 +M2 +M3 +M4)2 for (σ + τ1 − τ2 − τ3). (4.64)

The gravitino has squared mass

m2
3/2 =

1

32
(M1 +M2 +M3 +M4)2, (4.65)

and the goldstino

ζ = −1

2
(χU1 + χU2 + χU3) (4.66)

is of course removed from the physical spectrum, since it provides the ±1/2 helicity

components to the massive gravitino. The other two orthogonal combinations of

χU
1
, χU

2
, χU

3
have squared masses equal to

1

32
(M1 +M2 +M3 +M4)2. (4.67)
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The spin-1/2 fields associated to S, Ti have squared masses given by

1

32
(M1 +M2 +M3 − 3M4)2 for (χS + χT1 + χT2 + χT3),

1

32
(−3M1 +M2 +M3 +M4)2 for (χS + χT1 − χT2 − χT3),
1

32
(M1 − 3M2 +M3 +M4)2 for (χS − χT1 + χT2 − χT3),

1

32
(M1 +M2 − 3M3 +M4)2 for (χS − χT1 − χT2 + χT3). (4.68)

In terms of the parameters Ma, the gravitino masses of section 2.2.3 are

m1 =
−M1 +M2 +M3 −M4

4
√

2
, m2 =

M1 −M2 +M3 −M4

4
√

2
,

m3 =
M1 +M2 −M3 −M4

4
√

2
, m4 =

M1 +M2 +M3 +M4

4
√

2

where m4 is the mass of the gravitino that survives in the N = 1 truncation.

4.4.4 Other duality frames

The choice of fluxes described in the previous subsection is the most geometric

one we can perform in order to reproduce the four-parameter flat gauging. However

there are other possible choices that one can make and which give again a no-scale

model with four independent mass parameters. At first sight we could think that

all possible choices of the type

W̃ (φ) = M1(1 + φaφbφcφd) +M2(φaφg + φcφd)

+M3(φaφc + φbφd) +M4(φaφd + φbφc),
(4.69)

with φa = (S, Ti, Ui) and a 6= b 6= c 6= d, are equivalent to the one seen above.

However it is not true, because some of these combinations are related to fluxes

which have non-trivial quadratic constraints, and only seven possible configurations

allow for no-scale models with four mass parameters.

They are those with a superpotential given by

i. W = W̃ (S, T1, U2, U3), ii. W = W̃ (S, T2, U3, U1), iii. W = W̃ (S, T3, U1, U2),

iv. W = W̃ (T2, T3, U2, U3), v. W = W̃ (T1, T3, U1, U3), vi. W = W̃ (T1, T2, U1, U2),
(4.70)

and of course the case already analyzed o. W = W̃ (S, T1, T2, T3).
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The fluxes in all these cases are

M1 −M1 M2 −M2 M3 −M3 M4 −M4

o. g7 θ′77 ω2
71 ω1

72 ω4
73 ω3

74 ω6
75 ω5

76

i. g7 θ′11 ω2
71 ω7

12 ω4
51 ω5

41 ω6
13 ω3

16

ii. g7 θ′33 ω4
73 ω7

34 ω6
13 ω1

63 ω2
35 ω5

32

iii. g7 θ′55 ω6
75 ω7

56 ω2
35 ω3

25 ω4
51 ω1

54

iv. g7 θ′22 ω7
12 ω1

72 ω3
62 ω6

42 ω5
23 ω3

25

v. g7 θ′44 ω7
34 ω3

74 ω6
24 ω2

64 ω1
45 ω5

41

vi. g7 θ′66 ω7
56 ω5

76 ω2
46 ω4

26 ω2
61 ω1

63

and they evidently satisfy identically the quadratic constraints

ωiIm[jI
ωmkI lI ] = 0,

ω
[q
[p1p2

δ
r]
p3]θ

′
qq = 0.

(4.71)



Chapter 5

Conclusions and outlook

In this thesis we addressed some problems that arise in the search for inter-

esting supersymmetry-breaking vacua in simple and extended four-dimensional su-

pergravities, seen as the low-energy effective theories of flux compactifications of

higher-dimensional supergravities, in turn related to superstring theory.

We first presented some original results on Fayet-Iliopoulos terms in four-dimensional

N = 1 supergravity. We pointed out that there is a substantial difference between

FI terms in models where the restoration of the gauged U(1) R-symmetry never

happens in field space, which can be redefined away (we called them ’impostors’),

and FI-terms in models where such gauge symmetry is restored at least at one point

in field space, which have a gauge-invariant meaning. We produced some represen-

tative examples to illustrate the point and to better understand the range of validity

of some ‘folklore theorems’ on FI terms. In particular, we constructed a model with

a genuine FI-term, a classically stable de Sitter vacuum, no anomalies and no ex-

act global symmetries. We also discussed the consistent N = 1 truncations of the

only known models of four-dimensional extended supergravity with stable de Sitter

vacua, which happen to be N = 2 models with N = 2 FI terms. We pointed out

that the N = 2 FI terms do not necessarily become FI terms in the N = 1 truncated

theory, and viceversa.

The other original results presented in this thesis concern the gauged N = 8 su-

pergravity theories obtained from M-theory compactifications with geometrical and

non-geometrical fluxes, and their N = 1 truncations. We found the configurations

of fluxes that describe the uplift to M-theory of known examples of gauged N = 8

supergravities, and the corresponding N = 1 truncations. In particular, we were

able to identify the fluxes that reproduce the N = 8 no-scale model with Minkowski

vacuum, partially or totally broken supersymmetry and four independent mass pa-
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rameters, observing that it can be reproduced, in its most geometrical description,

by a compactification of eleven-dimensional supergravity that involves only fluxes

with a well-understood geometrical interpretation, apart from a non-geometrical

flux θ′77. Also in this case, we obtained a consistent N = 1 truncation. We further

studied the one-loop stability of the Minkowski vacuum with totally broken super-

symmetry, noticing the curious fact that the one-loop corrections to the effective

potential always lead to unstable configurations with negative vacuum energy.

While the work on FI terms is complete, the work on N = 8 gauged super-

gravities, their origin from flux compactifications and their truncations to a lower

number of supersymmetries is still in progress. One of the open questions is whether

at least some locally geometrical interpretation of the four-parameter model with

supersymmetry-breaking Minkowski vacuum could be given. Also, we are planning

to study further N = 4 truncations and additional N = 8 models with broken

supersymetry on a flat background.



Appendix A

Notation and Conventions

Maximal symmetric spaces

The supergravity theories in D dimensions we are interested in have a maximal

symmetric space-time, endowed with a metric gµν(x) such that ds2 = gµνdx
µ dxν

(µ, ν = 0, 1, ..., D − 1 space-time indices). The maximal symmetric space could be

Minkowski

MkwD : ds2 = −(dx0)2 +
D−1∑
i=1

(dxi)2, (A.1)

for which the metric is the flat metric ηµν = diag(−1, 1, ..., 1), de Sitter (dSD) or

Anti de Sitter (AdSD)

ds2 = −(dx0)2 +
D∑
i=1

(dxi)2, (A.2)

where −(dx0)2 +
∑D

i=1(dxi)2 = α2 in the de Sitter case and −(dx0)2 +
∑D

i=1(dxi)2 =

−α2 in Anti de Sitter, with α real constant.

Planck mass

The reduced mass Planck is defined by

MP =

√
~c

8πG
= 2.44 · 1018GeV, (A.3)

where c is the light velocity, ~ is the reduced Planck constant, and G is the Newton

constant. Apart from when it is explicitly specified, we set MP to 1.
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Dimensions Spinors Components

2, 10 Majorana-Weyl 2D/2−1

3, 9, 11 Majorana 2(D−1)/2

4, 8, 12 Majorana or Weyl 2D/2

5, 7 Dirac 2(D+1)/2

6 Weyl 8

Table A.1: Fermions in diverse dimensions and their minimum number of components.

Spinors

The spinor fields that appear in supergravity theories in D dimensions transform

under the fermionic representation of the Lorentz group SO(1, D−1). It is the Dirac

representation and its generators are given by [Γµ,Γν ], where the gamma matrices

Γµ satisfy the Clifford algebra

{Γµ,Γν} = 2ηµν . (A.4)

The dimension of this representation of the Clifford algebra is 2[D/2]+1, where [D/2]

is the integer part of D/2.

In certain dimensions the Dirac representation is reducible, allowing one to im-

pose conditions preserved under Lorentz symmetry. For instance, in even dimensions

one can impose the following chirality condition to define a left or right handed Weyl

spinor:

Γ∗ψL,R = ±ψL,R, (A.5)

with Γ∗ = iD/2+1Γ0Γ1...ΓD−1. It could be also possible in some cases to impose a

reality condition:

ψ∗ = αBψ (A.6)

where α is an arbitrary phase and B is a matrix such that

Γ∗µ = ηBΓaB
−1 (A.7)

for both η = ± in even dimensions, for only η = (−1)
D+1
2 in odd dimensions. A

Majorana spinor thus furnishes a complete representation of the Lorentz algebra

and has only half as many degrees of freedom as an unconstrained complex Dirac

spinor. In some dimensions, the Majorana and the Weyl condition can be imposed

simultaneously. This reduces the number of independent degrees of freedom to one

quarter relative to an unconstrained Dirac spinor.



Appendix B

Useful formulae in N = 8

supergravity

E7(7) group

The group of the isometries in N = 8 supergravity is E7(7). Its algebra, e7(7) is

one of the semisimple algebras. The subscript 7 in parenthesis denotes the difference

between the 70 non compact generators tABCD and the 63 compact ones tBA (A,B =

1, ..., 8). Following [21], the 133 generators of the algebra e7(7) in the fundamental

56 representation are matrices

T =

(
δ

[C
[AtB]

D] tABEF

tCDGH −δ[G
[E tF ]

H]

)
, (B.1)

with

tABCD =
1

24
εABCDEFGHt

EFGH . (B.2)

We can rewrite the generators and the corresponding algebra using a SL(7,R) ×
O(1, 1) basis. In this case, the compact generators are tm

n, t =
∑

m tm
m, tm, t

m, and

the non compact ones are tmnp, t
mnp. The commutation relations then read

[tm
n, tp

q] = δnp tm
q − δqm tpn ,

[tm
n, tp1p2p3 ] = −3 δ[p1

m tp2p3]n +
5

7
δnm t

p1p2p3 ,

[tm
n, tp] = δnp tm +

3

7
δnm tp ,
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[tn1n2n3 , tp1p2p3 ] = εn1n2n3p1p2p3q tq ,

[tm
n, tp1p2p3 ] = 3 δn[p1 tp2p3]m −

5

7
δnm tp1p2p3 ,

[tm
n, tp] = −δpm tn −

3

7
δnm t

p ,

[tn1n2n3 , tp1p2p3 ] = εn1n2n3p1p2p3q t
q ,

[tn, tm] = tm
n +

1

7
δnm t ,

[tm, tn1n2n3 ] = −1

6
εmn1n2n3p1p2p3 tp1p2p3 ,

[tm, tn1n2n3 ] = −1

6
εmn1n2n3p1p2p3 t

p1p2p3

[tm1m2m3 , t
n1n2n3 ] = 18 δ

[n1n2

[m1m2
tm3]

n3] − 24

7
δn1n2n3
m1m2m3

t , (B.3)

where t ≡ tm
m.

N = 8 quadratic constraints

The quadratic constraints on fluxes can be read from (1.120). Here we will give

all of them exlicit.

• εmnpqrs1s2Θs1
M Θs2

N ΩMN = 0:

a1d5g7ξ
s1s2εmnpqrs1s2 + 4 · 5! b1c5τ

s
[mngpqr]s + 2 · 5! b1c

′

5τ[mgnpqr] = 0 (B.4)

• εmnpqrs1s2ΘMs1 ΘN s2 ΩMN = 0:

a5d1g̃7θs1s2ε
mnpqrs1s2 + 4 · 5! b5c1Q

[mn
[s hpqr]s + 2 · 5! b′5c1Q

[mhnpqr] = 0 (B.5)

• Θp
M ΘNp1p2p3 ΩMN = 0:

a1d4g7θ[p1p2δ
p
p3] + a1d

′
4g7f

p
p1p2p3

+ 24 · 32 b1c4ξ
mngmn[p1p2δ

p
p3]

−a2d
′
5gmp1p2p3ξ

′(mp) − b2c5τ
p
m[p1

τmp2p3] − b2c
′
5τmτ

[m
[p1p2

δ
p]
p3]

+23 · 32 b1c
′
4(2Rm1m2m3

[p1
δpp2gp3]m1m2m3 + 3Rpmn

[p1
gp2p3]mn)

−(a2d5 + 25 · 3 b1c4)gmp1p2p3ξ
[mp] = 0

(B.6)
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• ΘMpΘ
p1p2p3
N ΩMN = 0:

a4d1g̃7ξ
[p1p2δ

p3]
p + a′4d1g̃7R

p1p2p3
p + 24 · 32 b4c1θmnh

mn[p1p2δ
p3]
p

−a′5d2h
mp1p2p3θ′(mp) − b5c2Q

m[p1
p Q

p2p3]
m − b′5c2Q

mQ
[p1p2
[m δ

p3]
p]

+23 · 32 b′4c1(2f
[p1
m1m2m3δ

p2
p h

p3]m1m2m3 + 3f
[p1
pmnhp2p3]mn)

−(a5d2 + 25 · 3 b4c1)hmp1p2p3θ[mp] = 0

(B.7)

• Θp
M Θr

N q ΩMN = 0:

a1d3g7Q
pr
q + a1d

′
3g7δ

p
qQ

r + a1d
′′
3g7δ

r
qQ

p

−a3d5ξ
mpτ rmq − a

′
3d5τqξ

rp − a′′3d5τmξ
mpδrq

−a3d
′
5ξ
′mpτ rmq − a

′
3d
′
5τqξ

′rp − a′′3d
′
5τmξ

′mpδrq

−b3c5ξ
rmτ pmq − b

′
3c5ξ

′rmτ pmq − b
′′
3c5R

mnr
q τ pmn − b

′′′
3 c5ξ

mnτ pmnδ
q
r

−b3c
′
5ξ
r[mδ

p]
q τm − b

′
3c
′
5ξ
′r[mδ

p]
q τm − b

′′
3c
′
5R

mpr
q τm − b

′′′
3 c
′
5ξ
mpτmδ

r
q

−b1c3ε
mprabcdgabcdθqm − b1c

′
3ε
mprabcdgabcdθ

′
qm

+b1c
′′
3ε
mnpabcdgabcdf

r
mnq + b1c

′′′
3 ε

mnpabcdgabcdθmnδ
r
q = 0

(B.8)

• ΘMp Θq
N r ΩMN = 0:

a3d1g̃7τ
q
pr + a

′
3d1g̃7δ

q
pτr + a

′′
3d1g̃7δ

q
rτp

−a5d3θmpQ
mq
r − a5d

′
3Q

qθrp − a5d
′′
3Q

mθmpδ
q
r

−a′5d3θ′mpQ
mq
r − a

′
5d
′
3Q

qθ′rp − a
′
5d
′′
3Q

mθ′mpδ
q
r

−b5c3θrmQ
mq
p − b5c

′
3θ
′
rmQ

mq
p − b5c

′′
3f

q
mnrQ

mn
p − b5c

′′′
3 θmnQ

mn
p δrq

−b′5c3θr[mδ
q
p]Q

m − b′5c
′
3θ
′
r[mδ

q
p]Q

m − b′5c
′′
3f

q
mprQ

m − b′5c
′′′
3 θmpQ

mδqr

−b3c1εmprabcdh
abcdξqm − b′3c1εmprabcdh

abcdξ
′qm

+b
′′
3c1εmnpabcdh

abcdRmnq
r + b

′′′
3 c1εmnpabcdh

abcdξmnδqr = 0

(B.9)
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• Θp
M Θp1p2p3

N ΩMN = 0:

a1d2g7h
pp1p2p3 − b1c2Q

[p1p2
m εp3]mpabcdgabcd

−a4d5ξ
[p1p2ξp3]p − a4d

′
5ξ

[p1p2ξ
′p3]p

−a′4d5R
p1p2p3
m ξmp − a′4d

′
5R

p1p2p3
m ξ

′mp

−b4c5ε
mnabp1p2p3θabτ

p
mn − b

′
4c5f

m
abcε

nabcp1p2p3τ pmn

−b4c
′
5θabτmε

mpp1p2p3ab − b′4c
′
5f

[m
abcε

p]abcp1p2p3τm = 0

(B.10)

• ΘMp ΘMp1p2p3 ΩMN = 0:

a2d1g̃7gpp1p2p3 − b2c1τ
m
[p1p2

εp3]mpabcdh
abcd

−a5d4θ[p1p2θp3]p − a
′
5d4θ[p1p2θ

′
p3]p

−a5d
′
4f

m
p1p2p3

θmp − a
′
5d
′
4f

m
p1p2p3

θ′mp

−b5c4εmnabp1p2p3ξ
abQmn

p − b5c
′
4R

abc
m εnabcp1p2p3Q

mn
p

−b′5c4ξ
abQmεmpp1p2p3ab − b

′
5c
′
4R

abc
[m εp]abcp1p2p3Q

m = 0

(B.11)

• Θp
M ΘN q ΩMN = 0:

a1d1g7g̃7δ
p
q + 24 · 3 b1c1(gabcdh

abcdδpq − 4gabcqh
abcp)

−a5d5θmqξ
mp − a5d

′
5θmqξ

′mp − a′5d5θ
′
mqξ

mp − a′5d′5θ′mqξ
′mp

−b5c5Q
mn
q τ pmn − b5c

′
5Q

mp
q τm − b′5c5Q

mτ pmq − b′5c′5Q[mτmδ
p]
q = 0

(B.12)

• ΘMp1p2p3 ΘN q1q2q3 ΩMN = 0:

a2d4θ[q1q2gq3]p1p2p3 + a2d
′
4gmp1p2p3f

m
q1q2q3

− b2c4τ
m
[p1p2

εp3]mabq1q2q3ξ
ab

−b2c
′
4τ

m
[p1p2

δnp3R
abc
[m εn]abcq1q2q3 − (p1p2p3 ↔ q1q2q3) = 0

(B.13)

• Θp1p2p3
M Θq1q2q3

N ΩMN = 0:

a4d2ξ
[q1q2hq3]p1p2p3 + a′4d2h

mp1p2p3Rq1q2q3
m − b4c2Q

[p1p2
m εp3]mabq1q2q3θab

−b′4c2Q
[p1p2
m δp3n f

[m
abcε

n]abcq1q2q3 − (p1p2p3 ↔ q1q2q3) = 0
(B.14)
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• ΘMP1P2P3 ΘR
NQ ΩMN = 0:

a2d3gmp1p2p3Q
mr
q + a2d

′
3gqp1p2p3Q

r + a2d
′′
3gmp1p2p3Q

mδrq

−a3d4θ[p1p2τ
r
p3]q − a′3d4τqθ[p1p2δ

r
p3] − a

′′
3d4τ

p3]
[p1p3

δrq

−a3d
′
4τ

r
mqf

m
p1p2p3

− a′3d′4τqf rp1p2p3 − a
′′
3d
′
4τmf

m
p1p2p3

δrq

+b2c3τ
[m
[p1p2

δ
r]
p3]θqm + b2c

′
3τ

[m
[p1p2

δ
r]
p3]θ

′
qm

+b2c
′′
3τ

m
[p1p2

f rp3]qm + b2c
′′′
3 θm[p1τ

m
p2p3]δ

r
q

−b3c4ξ
rmξabεmabqp1p2p3 − b3c

′
4ξ
rmRabc

[m εq]abcp1p2p3

−b′3c4ξ
′rmξabεmabqp1p2p3 − b′3c′4ξ

′rmRabc
[m εq]abcp1p2p3

−b′′3c4R
mnr
q ξabεmnabp1p2p3 − b

′′
3c
′
4R

mnr
q Rabc

m εnabcp1p2p3

−b′′′3 c4ξ
mnδrqξ

abεmnabp1p2p3 − b
′′′
3 c
′
4ξ
mnδrqR

abc
m εnabcp1p2p3 = 0

(B.15)

• ΘP1P2P3
M ΘQ

NR ΩMN = 0:

a3d2h
mp1p2p3τ qmr + a′3d2h

qp1p2p3τr + a
′′
3d2h

mp1p2p3τmδ
q
r

−a4d3ξ
[p1p2Q

p3]q
r − a4d

′
3Q

qξ[p1p2δ
p3]
r − a4d

′′
3ξ

[p1p3Qp3]δqr

−a′4d3Q
mq
r Rp1p2p3

m − a′4d′3QqRp1p2p3
r − a′4d

′′
3Q

mRp1p2p3
m δqr

+b3c2Q
[p1p2
[m δ

p3]
r] ξ

qm + b′3c2Q
[p1p2
[m δ

p3]
r] ξ

′qm

+b
′′
3c2Q

[p1p2
m r

p3]qm
r + b

′′′
3 c2ξ

m[p1Q
p2p3]
m δqr

−b4c3θrmθabε
mabqp1p2p3 − b4c

′
3θ
′
rmθabε

mabqp1p2p3

−b′4c3θrmf
[m
abcε

q]abcp1p2p3 − b′4c′3θ′rmf
[m
abcε

q]abcp1p2p3

−b4c
′′
3f

q
mnrθabε

mnabp1p2p3 − b′4c
′′
3f

q
mnrf

m
abcε

nabcp1p2p3

−b4c
′′′
3 θmnδ

q
rθabε

mnabp1p2p3 − b′4c
′′′
3 θmnδ

q
rf

m
abcε

nabcp1p2p3 = 0

(B.16)
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• ΘMp1p2p3 Θq1q2q3
N ΩMN = 0:

a2d2gmp1p2p3h
mq1q2q3 + b2c2ω

m
[p1p2

δnp3]Q
[q1q2
[m δ

q3]
n]

−a4d4ξ
[q1q2δ

q3]
[p1
θp2p3] − a4d

′
4ξ

[q1q2f
q3]
p1p2p3

−a′4d4R
q1q2q3
[p1

θp2p3] − a′4d′4Rq1q2q3
m fmp1p2p3

−23 · 3 b4c4(θabξ
abδq1q2q3p1p2p3

+ 6θa[p1δ
[q1q2
p2p3]ξ

q3]a + 3θ[p1p2δ
[q1
p3]ξ

q2q3])

+22 · 32 b4c
′
4(Rq1q2q3

[p1
θp2p3] + 3θabδ

[q1q2
[p1p2

R
q3]ab
p3] + 6θa[p1δ

[q1
p2 R

q2q3]a
p3] )

−22 · 32 b′4c4(f
[q1
p1p2p3ξ

q2q3] + 3ξabδ
[q1q2
[p1p2

f
q3]
p3]ab + 6ξa[q1δq2[p1

f
q3]
p2p3]a)

−2 · 33b′4c
′
4(f

[q1
abcδ

q2q3]
[p1p2

Rabc
p3] + 6f

[q1
ab[p1

δq2p2R
q3]ab
p3] + 3f

[q1
a[p1p2

R
q2q3]a
p3] ) = 0

(B.17)

• Θq
Mp Θs

N r ΩMN = 0:

a3d3ω
q
mpQ

ms
r + a3d

′
3ω

q
rpQ

s + a3d
′′
3ω

q
mpQ

mδsr

+a
′
3d3ωpQ

qs
r + a

′
3d
′
3ωpQ

sδqr + a
′
3d
′′
3Q

qωpδ
s
r

+a
′′
3d3ωmQ

ms
r δqp + a

′′
3d
′
3ωrδ

q
pQ

s + a
′′
3d
′′
3ωmQ

mδqpδ
s
r

+b3c3ξ
q[mδ

s]
p θrm + b3c

′
3ξ
q[mδ

s]
p θ′rm + b3c

′′
3ξ
qmf smpr + b3c

′′′
3 ξ

qmθmpδ
s
r

+b′3c3ξ
′q[mδ

s]
p θrm + b′3c

′
3ξ
′q[mδ

s]
p θ′rm + b′3c

′′
3ξ
′qmf smpr + b′3c

′′′
3 ξ
′qmθmpδ

s
r

+b
′′
3c3R

msq
p θrm + b

′′
3c
′
3R

msq
p θ′rm + b

′′
3c
′′
3R

mnq
p f smnr + b

′′
3c
′′′
3 R

mnq
p θmnδ

s
r

+b
′′′
3 c3ξ

msθrmδ
q
p + b

′′′
3 c
′
3ξ
msθ′rmδ

q
p + b

′′′
3 c
′′
3ξ
mnf smnrδ

q
p + b

′′′
3 c
′′′
3 ξ

mnθmnδ
s
rδ
q
p

−(pq ↔ rs) = 0
(B.18)

Truncation to N = 1

We conclude by commenting on the identification of the constraints that remain

non-trivial after the truncation to N = 1 discussed in section 4.1. The fluxes that

survive after the truncation can be read from table 4.1. We can see that equations

(B.4) and (B.5) are identically satisfied, whilst there are non-trivial constraints such

as (B.12) when the two free indices are equal. The constraints (B.8) and (B.9)

are not identically satisfied only if the free indices p, q, r correspond to one of the

combinations in (4.8). The equations (B.6,B.7,B.10,B.11) that are non-trivial in
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the reduced case are those in which the four free indices p, p1, p2, p3 correspond to

one of the combinations in (4.9). From (B.18) only those equations with the four

free indices p, q and r, s such that m, p, q and m, r, s are two combinations from

(4.8) for some m = 1, ..., 7 survive. Finally, the constraints (B.11,B.14,B.17) are

non-trivial if the two triplets of free indices p1, p2, p3 and q1, q2, q3 together with the

same m = 1, ..., 7 correspond to two distinct combinations of (4.9); (B.15,B.16) are

non-trivial if q, r and p1, p2, p3 together with some m = 1, ..., 7 form respectively a

combination of those in (4.8) and one of those in (4.9) .

Explicitly, the quadratic constraints in the reduced theory are

a1d
′
4g7f

iI
jIkI lI

−a2d
′
5giIjIkI lIξ

′iI iI+23·33 b1c
′
4R

iImn
[jI

gkI lI ]mn−b2c5ω
iI
m[jI

ωmkI lI ] = 0, (B.19)

a′4d1g̃7R
jIkI lI
iI
−a′5d2h

iIjIkI lIθ′iI iI+23·33 b′4c1f
[jI
iImn

hkI lI ]mn−b5c2Q
m[jI
iI

QkI lI ]
m = 0, (B.20)

a1d3g7Q
bIcI
aI
− a3d

′
5ξ
′bIbIωcIbIaI + b1c

′
3ε
aIbIcImnpqgmnpqθ

′
aIaI

+b1c
′′

3ε
bImnpqrsgpqrsf

cI
mnaI

− b′3c5ξ
′cIcIωbIcIaI − b

′′

3c5R
mncI
aI

ωbImn = 0, (B.21)

a3d1g̃7τ
aI
bIcI
− a′5d3θ

′
bIbI

QbIaI
cI

+ b′3c1εaIbIcImnpqh
mnpqξ

′aIaI

+b
′′

3c1εbImnpqrsh
pqrsRmnaI

cI
− b5c

′
3θ
′
cIcI

QcIaI
bI
− b5c

′′

3f
aI
mncI

Qmn
bI

= 0, (B.22)

a2d1g7h
iIjIkI lI + b2c1Q

jIkI
m εlI ]iImabcdgabcd

−a′5d′4R
jIkI lI
iI

ξ
′iI iI − b5c

′
4f

m
abcε

nabcjikI lIωiImn = 0, (B.23)

a1d2g̃7giIjIkI lI + b1c2ω
m
jIkI

εlI ]iImabcdh
abcd

−a′4d′5f
iI
jIkI lI

θ′iI iI − b
′
4c5R

abc
m εnabcjikI lIQ
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