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Abstract

The search for semi-realistic supergravity models, seen as the low-energy limit
of superstring theory, strongly motivates the study of gauged supergravities and
flux compactifications. Outstanding problems in this context are supersymmetry
breaking, moduli stabilization and the generation of a small positive vacuum energy
density. Whilst spontaneously broken N=1 supergravity is the only phenomeno-
logically viable possibility in four dimensions, its vast arbitrariness is significantly
reduced when considering consistent truncations of extended supergravities or, more
generally, effective theories of flux compactifications. In this thesis we explore some
aspects of supersymmetry breaking for which the constrained theoretical frameworks
of extended supergravities and of flux compactifications play an important role. We
begin by reviewing the basic structure of four-dimensional supergravities and of
flux compactifications of the higher-dimensional ones. We then describe some orig-
inal work on Fayet-Iliopoulos (FI) terms and de Sitter (dS) vacua: we introduce a
novel distinction between genuine FI terms and impostors; we formulate a simple
anomaly-free model with a genuine FI term, a classically stable dS vacuum and no
global symmetries; we explore the relations between N=1 FI terms and their coun-
terparts in extended supergravities, by discussing suitable truncations of the latter.
We continue with other original work on the relation between M-theory compacti-
fications with geometrical and non-geometrical fluxes, gauged N=8 supergravity in
four dimensions and consistent N=1 truncations of the latter. In particular: we dis-
cuss the quadratic constraints on general fluxes in M-theory, relating them with the
conditions on the embedding tensor that defines the gauged N=8 theory; we identify
the fluxes generating four-parameter supersymmetry breaking a la Scherk-Schwarz,
and comment on the one-loop stability of the resulting Minkowski background.



Sommario

La ricerca di modelli semi-realistici di supergravita, visti come limite di bassa
energia delle teorie di superstring, motivano fortemente lo studio delle teorie di su-
pergravita con gruppi di gauge non banali e delle compattificazioni con flussi. In
questo contesto, problemi ancora aperti sono la rottura di supersimmetria, la stabi-
lizzazione dei moduli e la generazione di densita di energia del vuoto piccola e posi-
tiva. Nonostante la supergravita N=1 con supersimmetria spontaneamente rotta sia
I'unica possibilita fenomenologicamente valida in quattro dimensioni, la sua vasta
arbitrarieta viene significativamente ridotta quando si considerano troncazioni con-
sistenti di supergravita estese o, pit in generale, le teorie efficaci di compattificazioni
con flussi. In questa tesi si esplorano alcuni aspetti della rottura di supersimmetria
in cui un ruolo importante e giocato dalla struttura teorica vincolata delle super-
gravita estese e delle compattificazioni con flussi. Si inizia con una breve rassegna
sulle strutture basilari delle supergravita in quattro dimensioni e delle compattifi-
cazioni con flussi di modelli di supergravita formulati in dimensione piu alta. Suc-
cessivamente si descrive del lavoro originale sui termini di Fayet-Iliopoulos (FI) ed i
vuoti di de Sitter (dS): si introduce una nuova distinzione tra termini di FI genuini
e 'impostori’; si formula un semplice modello senza anomalie con un termine di FI
genuino, un vuoto di dS classicamente stabile e senza simmetrie globali; si analizzano
le relazioni tra i termini di FI N=1 e le loro controparti nelle supergravita estese,
discutendo opportune troncazioni di queste ultime. Si prosegue poi con dell’altro
lavoro originale sulla relazione tra le compattificazioni di M-teoria con flussi geo-
metrici e non-geometrici, le teorie di supergravita N=8 in quattro dimensioni con
gruppi di gauge non banali e le troncazioni consistenti di queste ultime a N=1. In
particolare: si discutono i vincoli quadratici su tutti i flussi in M-teoria, collegandoli
con le condizioni sul tensore di embedding che definisce la teoria di gauge N=8; si
identificano i flussi che generano la rottura di supersimmetria a la Scherk-Schwarz
con quattro parametri, e si commenta sulla stabilita a un loop del risultante vuoto
di Minkowski.
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Introduction

Simple and extended supergravity theories in four dimensions have been exten-
sively studied in the last decades. There are two ways of studying supergravity,
either by constructing it directly from the field content and the symmetries of the
action, or by obtaining it from higher dimensions by dimensional reduction. Super-
gravity theories obtained by dimensional reduction from ten- or eleven-dimensional
supergravity can be seen as the effective low-energy limit of some superstring or M-
theory compactification. From this point of view, the study of supergravity theories
can provide important insight on the fundamental string theory.

The construction of (semi)realistic models becomes, in this context, a funda-
mental issue. An outstanding problem is supersymmetry breaking. In fact, if su-
persymmetry is of any relevance in Nature, it must be realized in the broken phase,
and, since supergravity is a theory with local supersymmetry, this breaking must be
spontaneous. Supergravity models with broken supersymmetry are however more
involved than those with exact supersymmetry, because the stability of the critical
points is not guaranteed by supersymmetry and has thus to be checked case by case.

In particular, compactifications of superstring theories to four-dimensional su-
pergravities produce a number of scalar fields, namely the moduli of the compacti-
fication. Their stabilization is related to the presence of a suitable scalar potential,
strongly constrained by the compactification scheme. String compactifications with
background fluxes provide a simple framework in which the stabilization of the mod-
uli fields can be discussed in a controlled and natural way.

From a cosmological point of view, it is especially important to understand mod-
uli stabilization at a positive potential energy, either to obtain local de Sitter min-
ima, so as to describe the present accelerated cosmic expansion, or in inflationary
potentials. The search for de Sitter vacua has thus become an important problem
in supergravity.

Spontaneously broken N = 1 supergravity rightly deserved special attention,
since it is the only possibility to construct phenomenologically viable models in four
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dimensions. However, its vast arbitrariness makes it more difficult to estabilish a
precise correspondence with superstring/M-theory and to determine what N = 1
models can eventually find such an embedding. For this reason, it is useful to study
also models with A/ > 1 and their N' = 1 truncations, whose more constrained
structure makes such a discussion easier.

This thesis is organized as follows. The first chapter is devoted to a brief overview
of simple and extended supergravity in four space-time dimensions. It is focused on
the scalar manifold, the scalar potential and the gaugings, notions that will be useful
for the rest of the thesis.

In the second chapter, we present a summary of some flux compactification
scenarios, from type II and M-theory. The fluxes turned on are both geometric and
non-geometric, giving the most general setup in this framework.

In chapter three, some original work on Fayet-Iliopoulos (FI) terms and de Sitter
vacua is presented [1]. We concentrate on constant FI terms, associated with the
gauging of an R-symmetry, and explain how we should distinguish between genuine
FI terms and impostors. We then present some simple examples of A" = 1 models,
with either a genuine FI term or an impostor, paying also attention, in the first case,
to the anomaly cancellation conditions. The chapter ends with the analysis of the
truncation to N = 1 of the only known extended supergravity models with stable
de Sitter vacua, for which one of the necessary ingredients is a FI term.

The fourth chapter contains other original work [2]. Here we analyze the rela-
tion between M-theory compactifications with geometric and non-geometric fluxes,
gauged N/ = 8 supergravity in four dimensions and its consistent truncations to
N =4 and N = 1. In particular we discuss the complete set of quadratic constraints
on general fluxes in M-theory, or equivalently the Jacobi identities on the embedding
tensor that defines the gauged N’ = 8 theory. We then discuss the embedding in
M-theory of some examples analyzed in the recent literature and identify the set of
fluxes generating four-parameter supersymmetry breaking a la Scherk-Schwarz.



Chapter 1

Four-dimensional supergravities

This chapter is a short review of some features of four-dimensional supergravities.
It is not intended to be self-consistent and complete, but it focuses on some aspects
that will be useful later in this thesis. Supergravity here is considered in its own
right, independently of its role in superstring theory, and fields occur in the action
up to two derivatives.

Particular attention is given to the scalar fields, which determine the vacua of the
theory and define a geometry, the so-called scalar manifold, the structure of which
sets a large part of the full action. Emphasis will be given also to the symmetries
of the theory, both global and local. The gauge group has to be a subgroup of the
global symmetry group and the invariance under this local group, if any, induces
further modifications to the supergravity action. Full Lagrangians are not given here,
however in this chapter there are some details about the scalar potential, since the
latter is fundamental in the study of the vacua of the theory and of supersymmetry
breaking.

Four-dimensional supergravities with ascending number of supersymmetries are
considered: section 1.1 is devoted to N = 1, section 1.2 to N' = 2, section 1.3 to N =
4 and section 1.4 to N’ = 8 supergravity. The structure of each section is more or
less the same: first of all the matter content is specified in terms of supermultiplets,
than there are some considerations about global and local symmetries and at the
end some details are given about supersymmetry transformations of the fermionic
fields, scalar potential and supersymmetry breaking. The formalism used in the
literature is different in each theory, but in the following the notation will be unified
as much as possible and the links between different formalisms will be emphasized.
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1.1 N =1 supergravity

N = 1 supergravity was initially proposed in 1976 [3, 4] as pure supergravity. In
more than 30 years, many developments have occurred, summarized in many books
and reviews (see for example [5, 6]).

In supergravity theories there is always at least the supergravity multiplet, pos-
sibly coupled to matter multiplets. In A/ = 1, the former is made up of a spin-2
boson (graviton) ef; and a spin-3/2 fermion (gravitino) ¢,. It can be coupled to
chiral or vector multiplets. A chiral multiplet contains a spin-1/2 Weyl fermion x
and a complex scalar field z. A vector multiplet contains a vector boson A, and a
spin-1/2 fermion (gaugino) A.

Given the number of chiral N and vector Ny multiplets, the theory is completely
defined once some ingredients are given, namely

e the Kdhler potential K(z,Zz), a real function that determines the geometry of
the scalar manifold M q10r;

e the holomorphic superpotential W(z), which encodes the self-interactions of
the chiral multiplets;

e the holomorphic gauge kinetic function fys(z) (A, =0,1, ..., Ny), related to
the kinetic terms of the vector multiplets;

e the action of the gauge group on Mu.r, specified by the holomorphic Killing
vectors X)'(z) (A=0,1,..., Ny, m =1,..., N¢) and the corresponding Killing
prepotentials Pa(z, Z);

e the Fayet-Iliopoulos terms £y (A = 0,1, ..., Ny), which might be non-zero only
for Abelian gauge group factors.

In the following, the role of these ingredients in constructing the A" = 1 supergravity
action, and in particular the scalar potential, is explained in more detail. We will
use the standard supergravity notation, in which the reduced Planck mass Mp is
set equal to one (see Appendix A for more details).

1.1.1 Scalar manifold and Kahler transformations

The N¢ complex scalar fields 2™ (m =1, ..., N¢) span a Hodge-Ké&hler manifold,
a complex manifold such that the metric can be defined by the Kahler potential as



1.1 N = 1 supergravity 7

up to Kahler transformations

K(z,2) — K(z,2) + h(z) + h(Z2), (1.2)

with h(z) an holomorphic function and 9,, = 9/0z™, 05 = 0/0z™. The total action
is invariant under these transformations if accompanied by chiral rotations of the
fermions and an appropriate transformation of the superpotential

wu N efi(lmh)'yg)/Zwu’ )\Z N efi(lmh)'y5/2>\27 Xm N ei(Irnh)'yg)/ZXm7

W — e "W. (1.3)

The bosonic fields, on the other hand, do not transform. Ké&hler transformations are
local U(1) symmetries of the theory with gauge parameters 6(x) = Im h[z(x)] and
the corresponding gauge field, denoted by A, is a composite field, which depends
on the scalars as

A, = %(@zmamK — 8,70 ). (1.4)

We assume, for the moment, the absence of Fayet-Iliopoulos terms, which will be
introduced later when gaugings will be switched on.

It is easy to show that A, transforms with the derivative of the gauge parameter
under a Kéhler transformation

S A, = %(@zm&mh — 8,5 0h) = —,(Tm h) = —0,0(x). (1.5)

Moreover, all covariant derivatives for the fermionic fields that appear in the
Lagrangian are covariant under the Kéhler transformation

A 1 A 1 A 1
Db, =+ §AW5¢V, 3u)\2 — .4 5AM%)\E’ D™ = — EAM%X’”. (1.6)

1.1.2 Gauge group

For Ny > 0, the N' = 1 supergravity action is always invariant under a local
symmetry group Go. The trivial case is Gy = U(1)™, under which

SAY = 0,€”, (1.7)

where €”

are the corresponding gauge parameters and all the other fields are invari-
ant. N/ = 1 supergravity with only this trivial local invariance is called ungauged. It
is possible to switch on a more general gauge group than U(1)Vv, and in this case the

supergravity is called gauged. The gauge group has to be a subgroup of the isometry
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group of the scalar manifold Iso(M cqiar ), Which is the set of the transformations of
the scalar fields that leave the metric g,,, invariant up to a Kahler transformation.
The dimension of the non-Abelian part of G is at most Ny, but it is convenient to
include also trivial U(1) transformations, in order to have always dim Gy = Ny. Aﬁ
are the vector bosons related to the gauge group generators t, in the fundamental
representation of Gy. The action of the gauge group on the scalar fields is given by
the Killing vectors X}'(z) and does not mix 2™ and z™

62 = Xe™, 62" = Yzmez. (1.8)

Note that, if X§' = 0 for every m, the vector A7 is related to a trivial U(1) factor.
The Killing vectors are holomorphic functions such that there exist real functions,
the Killing prepotentials Py, related to the Killing vectors by

(G X = O P (1.9)

Gauge transformations should leave the Kéhler potential invariant up to a Kahler
transformation, i.e.

V= X}(‘&mK + Xﬁ&mK = TA<Z) + fA(E),

AW = 0, WX = —rp(2)W, (1.10)

with r5(z) any holomorphic function. As as consequence of (1.10) and of g,m =
OmOn K and 0; X" = 0, the Killing prepotentials defined in (1.9) have the following
form

Py = i[XQOuK —ra(2)] = i[XT0nK +7a(2)
- %(X;camK—XTamK— [ra(2) +7a(2)))- (1.11)

The last equality is due to reality of the prepotential, Py = Px. If we pick the
Kahler potential to be invariant under gauge transformations, then r, + 7, = 0 and
therefore, if W is also gauge invariant, the P, reduce to

Pr =1 X}'0, K. (1.12)
For a linearly realized gauge symmetry,

0K X = —0, K (t)™2"
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and we recover the standard expression of [7] for the D-terms. For example, in
the case of canonical Kéahler potential, and fields 2™ with definite charges ¢ with
respect to a single U(1) gauge factor

K=", X"=iq"2", (1.13)
and the prepotential (with an implicit lower index) reads

’P:_qu|zm|2, (114)

For an axionic realization, X' = i ¢}', where ¢}’ is a real constant, and we obtain
what are often called, with an abuse of language, field-dependent FI terms. A classic
example [8], which often arises in string compactifications, is

K=—log(S+9), X%=i¢°, (1.15)
which leads to
¢
P = — (1.16)
S+S
If W is not gauge invariant, the only freedom left is
oW

X = 1.17

so that the gauge non-invariance of W can be at most an overall phase with real
parameter £y, for the Abelian factors U(1),, as one can see from the equivariance
condition

X710, Ps + XT0mPs = fas' Pr. (1.18)

The constants &, correspond to gaugings of R-symmetries, and give rise to the
supergravity expression for the prepotential [5]:

Pr =10, K X"+ & (1.19)

The most general definition of the Killing prepotential in N” = 1 supergravity is

m m O W om DPmW

where D,,W = 0,,W + WJ,,K. For example, in the linear case of eq. (1.13) and
assuming ¢! = —¢, the superpotential

(1.20)

W =Mz (1.21)
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gauges a suitable U(1) R-symmetry, modifying the prepotential into
P=E=) q" "7 (1.22)

Similarly, in the non-linear case of eq. (1.15) and assuming ¢° = &, the superpotential
W =Wye ™, (1.23)

where Wy is a non-vanishing S-independent factor, also gauges a U(1) R-symmetry,
and modifies the D-term into

D:§<1+?1§> . (1.24)

The presence of Fayet-Iliopoulos terms for U(1) factors also modifies the field
(1.4) as

A, = %(@zm&mK — 8,2"9K) + AMPy. (1.25)

1.1.3 Scalar potential

The N = 1 scalar potential is the sum of three different contributions:
V=Vr—=Ve+Vp, (1.26)

where

Vi = g™ (D, W)(DyW) (1.27)

is the one that comes from the chiral auxiliary fields,
Vp = %(Re £ PPy (1.28)
is the one that comes from the vector auxiliary fields and
Vo = 3 |W 2 (1.29)

is related to the gravitino mass.

F- and D-terms give positive semidefinite contributions, while the term related
to the gravitino mass is negative semidefinite. It obviously means that, unlike the
global supersymmetry case, the scalar potential might be positive, negative or zero.
Moreover F- and D-terms are related.
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There is another useful way of writing down the potential. It exploits the fact
that supersymmetry relates the scalar potential and the supersymmetry transfor-
mations of the fermionic fields. This relation is extremely important because it
generalizes to higher number of supersymmetries and also to higher dimensions.
The supersymmetry transformation rules for the fermions of the theory are

0y, = Ou€r +VuSLrER+ -+,
X = NTept e
S\ = Nhep 4+, (1.30)

where €, the supersymmetry transformation parameter, is a Majorana spinor and the
dots stand for terms that depend on fermions, scalar derivatives and vector bosons.
Here Sy g is the gravitino mass term

1
Sir = §eK/2I/V, (1.31)
while the shift of the fermions in the chiral multiplets is
1 _ -
N™ = —§gm”eK/2DnW (1.32)

and the shift of the gaugini is .
Ny = %PA, (1.33)

where vector indices A are lowered and raised by the gauge kinetic function and its
inverse.
The scalar potential is given by

V = —12Sp ST + 4gun NN + 2(Re f) s N* N>, (1.34)

Also from this formula it is evident that matter fields always give positive contribu-
tions, while the gravitino variation may give a negative contribution.

Critical points of the potential are those values of the scalar fields for which
OV = 0. A critical point is a (meta)stable vacuum if the squared scalar masses are
all equal or greater than zero in Minkowski and de Sitter backgrounds, or greater
than 2(V') in Anti de Sitter background [9]. At a critical point, and in particular at
a vacuum, supersymmetry is preserved if and only if the supersymmetry variations
of the fermionic matter and gauge fields vanish

5™ =\ =0. (1.35)
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This requires both
N™"=0 < D,W=0 (1.36)

and

NY=0 < Py =0, (1.37)

but there is no condition on the gravitino mass Syg. The vacuum expectation value
of the scalar potential might be only negative or zero. If (W) = 0, then (V) =0
and the vacuum is Minkowski. The condition of unbroken supersymmetry becomes
(W) = (0, W) = 0. If (W) # 0, the supersymmetric vacuum has (V) < 0 (Anti de
Sitter). Supersymmetry is broken if one or both (1.36) and (1.37) are not satisfied
in the vacuum. The vacuum expectation value of the potential might be in this case
positive (de Sitter), negative (Anti de Sitter) or zero (Minkowski). No conditions as
simple as in the supersymmetric case can be given in this case to characterize the
vacuum.

1.2 N =2 supergravity

In this section, some basic features of N = 2 supergravity are given, following
more or less the same structure of the previous section. A/ = 2 supergravity displays
a high degree of complexity and very involved geometrical structures, however, for
the purpose of this thesis we can focus only on a particular framework, extensively
studied in the literature [10] — [13]. The interest in this framework is related to the
fact that here the only (meta)stable de Sitter vacua in extended supergravity have
been found [14]. For a general and comprehensive review and the full Lagrangian,
a useful reference is [15].

The first step is to point out the matter content of the theory. There is the
N = 2 supergravity multiplet, made up of a spin-2 boson (graviton) e, two spin-
3/2 fermions (gravitini) 4% (a = 1,2) and a spin-1 boson (graviphoton) AY. It can
be coupled to vector multiplets and hypermultiplets. An A = 2 vector multiplet
contains a spin-1 boson B,,, two spin-1/2 fermions A* and a complex scalar field y.
An N = 2 hypermultiplet contains two spin-1/2 fermions (* and four real scalar
fields ¢* (u =1,...,4).

Given the number of vector multiplets ny and hypermultiplets ng, the super-
gravity action is completely specified by fixing a suitable scalar manifold and a gauge

group.
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In the case we are interested in, the scalar manifold is

( U1) ~ SO@) x SOV(nV ~ 1)) X\<50(4) » SO(nH))/’ (1.38)
sKlnv] oK)

where SK[ny] is a special Kéhler manifold with complex dimension ny and QK[ny]
is a quaternionic manifold with real dimension 4ng. The description of these geo-
metrical structures would be beyond the aim of the thesis, and the reader interested
in this aspect is referred to [15]. The aim of this section is to give the ingredients to
write down the Lagrangian and the supersymmetry transformation rules, without
explaining their geometrical meaning.

Before proceeding, it is useful to summarize, once and for all, one important
feature that characterizes many field theories with vector and scalar fields and has
a prominent role in extended supergravity, since vector and scalar fields are related
by supersymmetry: it is the so-called symplectic covariance.

1.2.1 Symplectic covariance

Symplectic covariance is a covariance of any Abelian theory in four dimensions
[16]. We consider here a theory with n vector bosons, arranged in n 1-forms

AN = Alda, (1.39)

m real scalars ¢! (I =1, ..., m) that span an m-dimensional scalar manifold endowed
with a metric gr;(¢), and a kinetic Lagrangian written as

1 1
Liin = =18 (O)Fu T + 50an(@)e™ F Fop + 5915(6)0,0'07 67, (1.40)

where FA = 1(9, A0 — &,Aﬁ) are field strengths and v, 6 are symmetric matrices.
Introducing the dual field strengths

1 oL
== 1.41
9h =5 OFR, (141)
and the (anti)self-dual field strengths
1 1 1 0L
sl (pyle e +_ - 9% 1.42
ya 2(]: 2eup]:>, g 5 9FE (1.42)

the vector kinetic Lagrangian becomes

Loee =i (FINF = FTINFY), (1.43)
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with AV = 0 — iy and N = 6 + iy symmetric matrices, and the equations of motion
and Bianchi identities are

HMImF,;t =0,  O"ImG,." =0. (1.44)

In terms of the 2n column vectors

+
VE = ( ]g:i ) : (1.45)
with
Gr=NF", G =NF, (1.46)
the transformation is
VE! = AVE (1.47)
: A : :
with A = < c D > € Sp(2n,R), in order to preserve the relation (1.46) between
G and F.

While the duality rotation (1.47) is performed on the field strengths and their
duals, also the scalar fields are transformed by the action of some isomorphism of the
scalar manifold ¢ € Iso(M ) and as a consequence also the matrix A transforms.
In other words, we assume that there exists a homomorphism

ts + Iso(Meatar) — SL(2n,R), (1.48)

so that for every & € Iso(M eqiar) there exists

15(€) = ( é‘z gz ) € Sp(2n,R). (1.49)

Using such a homomorphism, we can define the transformation

¢ — &(9)
£ vE S vE . (1.50)
N(8) = N'(&(¢)) = (Ce + DeN(9))(A¢ + BeN(¢)) !

This transformation is not a symmetry of the Lagrangian in the Abelian, ungauged
case, but only of the set of field equations and Bianchi identities. When some
non-trivial gauge group is switched on and electric charges are assigned, symplectic
transformations cease to yield physically equivalent theories. Gaugings break sym-
plectic covariance and the choice of the correct symplectic frame becomes a physical
issue.
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1.2.2 Scalar manifold and symplectic embedding

The scalar manifold (1.38) we are interested in is the product of two factors, a
special Kéhler manifold SK[ny| and a quaternionic manifold QK [ng]. The former
is spanned by the scalar fields of the vector multiplets, while the latter is spanned
by the scalar fields of the hypermultiplets.

The special Kéhler manifold SK[ny] has a complex coordinate, the axion-dilaton
S, which spans the SU(1,1)/U(1) factor, and ny —1 coordinates y* (i = 1, ...,ny—1),
called Calabi- Vesentini coordinates, which span the SO(2,ny—1)/(SO(2)xSO(ny))
factor. These coordinates can be arranged in a useful way into the holomorphic

section
XA
Q—(FA>, (A=0,1,--+ ,ny), (1.51)
where
s(1+97) —5S(1+v?)
(1 — o2 151 — 2
xh = | 2 y0y> . FEv=—iSnxE=| 2 ESyOy) o (152)

with 42 = > .(y")%and n?? = diag(+ + ——) metric of SO(2,2). The Kihler
potential is then defined by

K = —1log(i (Q|©)) = —log(i(X " Fy — FxX™)), (1.53)
where the symbol i (|} stands for the symplectic product
i(A|B) =A"-C- B, (1.54)

0 Iy,

where C = ( Sy, O

) is the metric of Sp(2Ny + 2,R). Explicitly:

- 1
Ky =—log(S+Y95), K,=—log <§Y) :

with Y =1 — 2y'%* + |y'y'|>.
The Kéhler potential allows to endow the special Kahler manifold with a metric

= S — T - =4 d T = ——_K . 1
9 ( s ) » 98§ (S +23) and - g By’ 0 2 (1.56)
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The metric is defined from the Kahler potential up to a Kahler transformation
K — K+h+h, (1.57)

as in N/ = 1 supergravity. Under Kahler transformations the holomorphic section
transforms as

Q — e Q. (1.58)

We can then define a covariant non-holomorphic section

LA
V= ( M, ) — K20 (1.59)

that satisfies i<V|V> = 1. The relation between L* and F},
My = Nas L=, (1.60)

defines the so-called period matriz Nys(S,y), which is nothing else than the gauge
kinetic function.
The quaternionic manifold

SO(4,ng)
SO(4) x SO(ng)

OK[ny] = (1.61)
has 4ny coordinates given by the real scalar fields ¢* (u = 1, ...,4ny). Since this is a
coset manifold, it is useful to introduce a coset representative L(q) € SO(4,ny). L,
is a (44+ng) x (4+ny) matrix, such that LTn*"#) [, = nn#) where the SO(4, ng)
metric is n*"#) = diag(+1,+1,+1,4+1,—1,..., —1), and its indices can be split into
m,n = 1,...,4, vector indices of SO(4) and s,t = 1, ..., ny, vector indices of SO(ng).
In the matrix

(1.62)

mn mt
L—ldL:( i E )

( ET)tm Ast
the diagonal blocks are the SO(4) and SO(Ng) connections ™" and A and the
off-diagonal blocks are the vielbein 1-form E™ = E™dq" and its transpose.

The quaternionic manifold QX [ny] is endowed with a metric

1
ds? = hydgtdg® = 5 > B (1.63)

m,t

and three complex structures

(). = B3, E

nt’

(1.64)

n
m
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with £, the inverse vielbein and

0 1 0 0 0 0 -1 0 0 0 01
Il = -1 0 0 O 32— 0 0 0 1 3P — 0O 0 10 (1.65)
0 0 0 1 1 0 0 0 0 -1 0 0
0 0 -1 0 0 -1 0 0 -1 0 0 0
To make the notation more explicit, we can consider a useful example, the
quaternionic manifold QK[ny = 2|, parametrized by solvable coordinates ¢ =
(a1, a9, as, aq, by, ba, hy, hy). The coset representative is a 6 x 6 matrix that can be

written in block form as

Asolv Bsolv
Lso v — 5 1.66
: ( Csolv Dsolv ) ( )
with
1 0 —age™M —byeh2
. 0 1 —aze™ M —bje 2
solv = s+ V2a1by az + V2a1by ¢ + cosh hy %(ale’“ —aze ) —d |’
by by \%(ag —ap)e ™ cosh hy — $b%e ™"
ase” M byeh2
B ase~™ bie 2
solv = sinhh; — ¢ \%(eh?al +aze ™) +d |’
\/Lﬁ(al —ag)e ™™ se 2% 4 sinh hy
as +V/2a1b ba
or as + V2a,b by
solv sinh hy + ¢ \%(al + ag)e ™ ’
\%(aleh? —age™™) —d sinhhy — %bQG_hQ
coshh; — ¢ d+ L (e"ay + aze™
Doty = 1 ' _h 1 \/Eh( 2 ' ? ) s (167)
—7§(G1 + ag)e ™ 3€7"2b% 4 cosh hy
and b? = b2 + b3, c = e (2a1a2 — @} — a}), d = e7"2(ashy + asby + \%allﬁ).
It is easy to show that
e~ (dCL4 + \/ibgdal) 67h2db2
eM(dag + v2bda eMdb
Em = (dag + v2hidan) 1 —ha(h o ; (1.68)
dhl 756 2(6 1dCL1 +e 1A2)

\%e’h? (eMday 4+ e Ay) dhy
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with Ay = dag + b*day + V/2(byag + byday). The metric is then given by

2hupdqidg, = e 2t g, dayda; + e722((dby)? + (dby)?) + (dhy)? + (dhy)? (1.69)

with
(€22 4+ 022 b2 V2bi(e2h2 + %) V2by(e*2 + %)
G — b2 1 \/§b1 \/§b2 (1 70)
T V2bi (22 +1?) V2 e*he 4207 2b1by ’ ‘
\/§b2(62h2 -+ b2) \/§bg lebg €2h2 + Zb%

and also the other objects can be calculated from these vielbeins and coset repre-
sentatives.

1.2.3 (Gauge group

As we have already seen in the A" = 1 case, also in N/ = 2 supergravity the non-
trivial transformations of the scalar fields that leave the action invariant are the
isometries of the scalar manifold, i.e. those transformations that leave the metric

g:(g h) (1.71)

invariant (up to a possible Kéhler transformation in the special sector). The group of
local symmetries can be trivially an Abelian U(1)"V ™, which transforms the Ny +1
vector fields as

SAY = 0,e” (1.72)

and leaves all the other fields invariant.

It is possible to have a gauge group Gy less trivial than U(1)"*!. This gauge
group has to be a subgroup of the isometry group of the scalar manifold and its
dimension is at most ny 4+ 1. We can however incorporate also in this case the trivial
U(1) factors to have always dim Gy = ny +1. The vector fields A} (A =0,1,...,ny)
are associated to the generators t) of Gy. Among these vector fields there is also

the graviphoton, whose field strength is
Ty = 2i(ImN )z L¥F), + - -+, (1.73)

where the dots stand for contributions that depend on fermions.
We consider from now on the gauge group analyzed in [14],

Go=50(2,1) x Gy x --- x Gy, (1.74)
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with G, SO(3) or U(1) factors with dimension dj such that >, _, di = ny — 2.
Let t5 be the generators of the algebra of Gy, where t, (z = 1,2,3) are the ones of
the simple non-compact factor SO(2,1), t, 3 are the generators of one SO(3) factor
(the generalization to more SO(3)’s is easy) or ¢, the generator of a U(1) factor.
The structure constants of the gauge algebra are given by

[t ts] = fas'tr, (1.75)

namely
[tﬂw ty] = €0 €xyz (n(Q,l))zwtw’ (176)

where 1 = diag(+1, +1, —1) is the metric of SO(2,1) and ey the coupling con-
stant. Also

[tz+37 ty+3] = elexyztz+37 (177)

where e; is the coupling constant for this gauge factor. The other commutators are
all zero.

The symplectic embedding of the adjoint representation of G in the fundamental
representation of Sp(2ny + 2, R) is realized by

t
GoBtA;)TA:(A 0

- ) € Sp(2ny +2,R). (1.78)
A

Different factors in the gauge group can be embedded in Sp(2ny +2, R), rotated with
respect to each other by means of some angles 6y, the so called de Roo-Wagemans
angles, which define a rotation matrix R(0) € SL(2ny+2,R)/(SU(1,1)xSO(2,ny —
1)) such that R(0)"'GoR(#) = Gy. This matrix rotates the symplectic section V' as

V — ROV (1.79)
In the case considered above Gy = SO(2,1) X Gy X -+ X G, dimGy, = dy,

I3
cos 0114, sin 6114,

r ind,l
R(9) = cos 0,14, sinfrla, | (1.80)

—sin tq 14, cos 0114,

—sind,ly, cosO,lg,
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For example for ny = 3 and Gy = SO(2,1) x U(1),

15 O;
0 iné
R(9) = Cos sin (1.81)
O3 I3
—sinf cos
and X* becomes
s(1+9%)
i 2
XM = 2(1y0 v) . (1.82)

y'(cos @ — S'sin f)

To describe the action of the gauge group on the scalar manifold we can write down
the Killing vectors such that

ot' = XL (1), 0q" =" X}(q), (1.83)

with ¢/ = (S,y*) (I = 1,...,ny), which are related to the so-called moment maps.
Some kind of moment map has been introduced in the previous section and called
Killing prepotential. Here there is one moment map for the special Kéhler sector

PR = " (QTAQ), (1.84)

such that
X1 =1ig"" 0Py, (1.85)

and three for the quaternionic sector Py, such that
2X3Q, = 0, Py + €"*wiPy. (1.86)
They should also satisfy an equivariance relation,
XX, — €V PLP; = fas' PE, (1.87)

and
X30,XE — XEDX = — [T XE. (1.88)

In the absence of hypermultiplets, the equivariance condition (1.87) reduces to

— eV PIPE = fas' PE (1.89)
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and P} are constants which are differ from zero only for SO(3)
i3 = —€10, (1.90)
and U(1) factors
PZ = (a,b,c), a,b,ceR and a®+b*+c =1. (1.91)

These objects are analogous to the constant Fayet-Iliopoulos terms in A' = 1 super-
gravity.

1.2.4 Scalar potential and supersymmetry breaking

The scalar potential is the sum of three different contributions,

i = gljk'zlxk’gZALE,
Vo = 4hy kYKL L L™,

Vs = (UM —3LAL)PPE, (1.92)
where )
UM = gl A Y = —§(Im/\/)*1AE —IAL* (1.93)
and
1
= (31 + §3IK) L. (1.94)

By definition, the contributions Vi, V5, are positive definite and the only term that
might involve negative contributions is Vj.

In N' = 2 supergravity there is an extension of (1.34). Given the fermionic
supersymmetry transformation rules,

MWya = Ou€a + iSagvueﬁ 4+
6>\Ia — Wlaﬁeﬁ_}_”'
0Ca = Nieq+--- (1.95)

where the dots stand for the terms that depend on fermions, vector bosons and
derivatives of the scalar fields, the scalar potential can be written as

33V = —1257S.5 + g ;W TW + 2N§NE, (1.96)
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in terms of the fermionic shifts

Sap = %(ax)a%g,ﬂLA,
wleb  — eo‘ﬁkili/\—i—i(ax)fempﬁgljf?,
N$ = 2ES kYL, (1.97)

where o, are the Pauli matrices and E, a vielbein analogous to E™, where in this
case the vector index u is split in a =1,2 and A =1, ..., 2ny.

1.3 N =4 gauged supergravity

This section is devoted to N' = 4 gauged supergravity. The basic reference is
[17], where references to earlier works can be found, the notation is fixed and the
bosonic Lagrangian is given. Here we summarize the ingredients to write down the
scalar potential.

The starting point is again the N' = 4 supergravity multiplet, made up of a spin-
2 boson (graviton) e, four spin-3/2 fermions (gravitini) ¢y, (i = 1,2, 3, 4), six spin-1
bosons (graviphotons) Ay (m = 1,...,6), four spin-1/2 fermions x* and a complex
scalar field S. It can be coupled to n vector multiplets, each of them made up of a
spin-1 boson A, four spin-1/2 fermions A\* and six real scalar fields 2.

1.3.1 Scalar manifold

The 6n + 2 scalar fields of the theory span the scalar manifold

SU(L, 1) SO(6,n)
U1) SO x SO(n)’

Mscalar = (198)

which is the product of two coset manifolds. The first has complex dimension one
and is spanned by the axion-dilaton .S, while the second has real dimension 6n and
is spanned by the other scalars. As usual in the case of a coset manifold G/H, one
can introduce a coset representative L. € G such that gL = Lh for every g € G
and h € H. In this case, for the SU(1,1)/U(1) factor, a coset representative is a
complex SU(1, 1) vector, namely

LQZL(f), (0= ), (1.99)
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from which one can also define a symmetric positive-definite matrix

i 1 SI? ReS

For the SO(6,n)/(SO(6)x SO(n)) factor, the coset representative L, € SO(6,n),
M,N=1,..,64+n,is a (6+n) x (6 + n) matrix whose row index is related to the
adjoint representation of SO(6,n), while the column underlined index is related to
the adjoint representation of SO(6) x SO(n). The column index can be split in the
vector index m = 1, ..., 6, of SO(6) and the vector index a = 1, ...,n of SO(n), such

that
L= (L™, L%). (1.101)

Since L € SO(6,n), it has to be LTnL = n, i.e.
nun = =Ly Ly + Ly Ly, (1.102)

where n = diag(+1,+1,+1,+1,+1,+1,—1,...,—1) is the SO(6,n) metric. From
the coset representative it is possible to define a symmetric positive-definite scalar
metric

My = LLY = L%, L% + LT L7, (1.103)

and a completely antisymmetric tensor

MMNPQRS = Emnpqrer]\T}LnNL%LqQL%Lg (1104)

1.3.2 (Gauge group

The global symmetry group is the group of the isometries of the scalar manifold,
namely

Gglobal = SU(L 1) X SO(6,n) (1.105)

The gauge group Gy has to be a subgroup of G gpe With dimension at most 6 + n.
It can be parametrized by two real constant tensors foynvp and &,pr, where a = +
and M = 1,...,6 +n are vector indices of SU(1,1) and SO(6,n) respectively and its
dimension is at most 6 + n. One should construct from these tensors the structure
constants of the algebra of the gauge group

P — Py 57 P
XMN - XMaNﬁ - 6ﬁfaMN

1
+§(5ﬂ5§é"aw — OnOLEan — O3nunEs + €*PoNEsne™).  (1.106)
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The curly indices M, N, P are composite indices and stand for a vector index of
SO(6,n) and one of SU(1,1), i.e. Vg = Vi, for every SU(1,1) x SO(6,n) vector
V. These structure constants satisfy the following linear constraints

Q Q
Xw 210 =0, X 5 Q)0 =0, (1.107)

with Qv = Qarang = NTuneas. We can define the generators of the gauge algebra
(X)) " = X" with the following commutation relations

(X, Xn] = =X on” Xp, (1.108)

and then the Jacobi identities impose quadratic constraints on the structure con-
stants. In terms of f and ¢ they are:

EN Epnr = 0,
f@fﬁ)PMN =0,
3fo¢R[MNf5pQ]R =0, (1.109)
(&L fapun + Eanpn) = 0,
P (farinrfopg ' — X farprpnan — Sa fnipais + Eap fainins) = 0.

One may note that the number of generators X, is twice what we expect. However,
imposing linear (1.107) and quadratic constraints (1.109), there are at most 6 + n
independent generators. Each generator is associated to a vector boson, Aﬁ’l = Afy o,
In the ungauged case, only Afy *, the electric ones, appear in the Lagrangian, while
the magnetic ones Ai‘f ~ are introduced only from the equations of motion. When
some gauge group is switched on, the magnetic vectors can appear into covariant
derivatives if the associated generators are non-zero, but they have no kinetic terms
and so via their equations of motion they eventually turn out to be dual to the
electric vector fields. Thus the number of degrees of freedom remains unchanged as
compared to the ungauged theory.

It can be shown that as a consequence of the constraints (1.109), for every
consistent gauging one can perform a symplectic rotation such that only the electric
vectors fields serve as gauge fields [18]. The pure electric gaugings are those for
which f_ynvp = 0 and .3y = 0, thus only fi/nvp does not vanish. None of the pure
electric gaugings admit a ground state with non-vanishing cosmological constant,
therefore de Roo and Wagemans introduced a further deformation of the theory
[19]. Starting from a semi-simple gauging, they introduced a phase for every simple
group factor as additional parameters in the description of the gauging.
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To explain this idea, one can consider the case of non zero fiynp and &,y = 0.
The gauge group one wants to deal with is product of K factors Go = G; X .... x G
with fM v p being the structure constants of the i-th factor, each of them satlsfymg
the Jacobi identities separately. The solutions of the constraints (1.109) are then
given by

Jamnp = Zw MNP, w? = (wi), (’)) (cos a;, sin ;) (1.110)

where v are arbitrary SU(1, 1) vectors which we could restrict to have unit length,

without loss of generality. The a; € R (i = 1,..., K) are the so called de Roo-
Wagemans angles, analogous to those introduced for N = 2 in the previous section.
If K =1 we find fiynyp and f_pnp to be proportional and this case is equivalent
to the case of purely electric gauging.

1.3.3 Scalar potential

The scalar potential depends on the generalized structure constants as follows

V= g5 {farnpfoars M [JMMOMNEMPS — (3nM@ — MM@) nNFiyPS]
— 2 farinp faqrse®® MMNPQRS o 3eMEN NP Ny (1.111)

It is also possible to write it by using its relation with the fermionic shifts

i ik il
AT = (L )t L[kl]L[ ]L[]]fﬁMNP7
g 3 g
A = L LRI fon™ +§6“BLaL§é[§£4,
. . 1 .
A2ai] = L LMaL[Zk]L[jk]fﬂMNP - Z(SgLaLiwgﬁM, (1112)

which appear in the supersymmetry transformation rules for the fermionic fields:

. 2
0, = Oy — gAljyﬂej,
5XZ = _§ZA2 €55
SN, = 2iA,,'¢ (1.113)

The relation between the scalar potential and the fermionic shifts is the following:

1 . 1 . - J - 1 T
_Z@?V:§Al1kA1jk_§AzzkA2jk—‘A F Ay (1.114)

9 2aj
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Here the coset representative of SO(6,n)/(SO(6) x SO(n)) is written as (Lgfj], LS,
where [ij] instead of m as row index of the first element denote the antisymmetric
representation of SU(4) ~ SO(6).

1.4 N =8 gauged supergravity

In this section, some elements of the maximal supergravity theory in four dimen-
sions [20, 21| are given, with emphasis on the formalism of the embedding tensor
[22], introduced here for the first time in this thesis but useful also for the other
gauged supergravity theories described above.

N = 8 supergravity in four dimensions has eight supercharges, the maximal
number of supercharges allowed in four-dimensional theories with local supersym-
metry. The theory has only the supergravity multiplet, made up of a graviton ey, 8
gravitini ¢ (m = 1, ..., 8), 28 vector bosons A;/} (A =1,...,28), 56 spin-1/2 fermions
™l and 70 scalar fields ¢l™r4:

(e, wpt, Al x Il glmnwdl) (1.115)

The 70 scalars span a coset manifold
Mscalar = E7(7)/SU(8)7 (1116)

where Er(7) is the isometry group of the scalar manifold. The indices m,n, ... denote
the transformations of the fields under the group SU(8). Vector bosons Ai} and
their magnetic duals A, x, which do not appear in the ungauged Lagrangian, are in
the 56 representation of Er 7).

1.4.1 Gauge group and embedding tensor

Despite the presence of only the supergravity multiplet, the N' = 8 ungauged
Lagrangian is not uniquely defined in four dimensions and alternative Lagrangians,
not related by local field redefinitions, can be obtained via electric-magnetic du-
ality relations. These transformations constitute the symplectic group Sp(56,R).
Lagrangians related by electric-magnetic duality do not share the same symmetry
group and therefore they may allow different gaugings. It means that, once the
charges are switched on, the possibility of performing electric-magnetic duality are
severely restricted and electric charges cannot be converted into magnetic ones via
local field redefinitions. The largest subgroup of E77) under which the Lagrangian is
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invariant and all the fields, including the gauge fields, transform, is called electric du-
ality group G C Er(7). Examples of possible electric duality group are SL(8,R) and
its subgroups SL(7,R)x.SO(1, 1), Eg)xSO(1,1) and SL(2,R)xSO(1,1)x SL(6,R)
which is exactly (Eg@) x SO(1,1)) N SL(8,R).

The gauge group Gy has to be a subset of the electric duality group G, and
then of E7(7). This means that it can be defined by selecting a subset of generators
{Xnm}a=1,.. 56 Within the algebra {t,}a—1,.. 133 of Er(7), given by

X = 0% ta. (1.117)

The constant 56 x 133 tensor O, is the so-called embedding tensor, which describes
the explicit embedding of the gauge group Gy into the global symmetry group E;7).
The index M runs over both electric and magnetic charges, but consistency of the
gauging requires the rank of © to be not grater than 28. This bound is satisfied
because an admissible tensor is subjected to linear and quadratic constraints, which
ensure that one is dealing with a proper subgroup of Er(7) (quadratic constraints)
and that the supergravity action remains supersymmetric (linear constraints). The
linear constraints

(ta)MNG?V = 07
1
(tst®),, N O5 = —50% (1.118)

imply that © trasforms under 912 € 56 x 133.
The quadratic constraints are obtained by requiring the closure of the algebra

[(Xar, Xn] = —Xyn' Xp, (1.119)

where X, = 0%,(to) " are generalized structure constants and can be written
in a useful equivalent way as

0%, 07 QMN — ¢, (1.120)

0 g
—ls O
exists a symplectic rotation acting on the index M as a consequence of which all the

with Quy = QMY = ( ) These constraints ensure that there always

vectors associated with the generators X_; o5 are all electric (or all magnetic).

1.4.2 Scalar potential

Also in N = 8 supergravity, gauging some subgroup of the electric duality group
induces a scalar potential in the Lagrangian. It can be written in terms of the
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embedding tensor and the scalar fields arranged in a positive definite 56 x 56 matrix
M, defined by
M=LL", (1.121)

where L is the coset representative of the scalar manifold. The scalar potential is
then

V = (XX g "M MY M + TX 1, O X g MY (1.122)

As in all the supergravity theories seen above, the scalar potential can be also written
in terms of the fermionic supersymmetry transformations (see e.g. [23])

oYt = 0,6 + V2AV e+
Sk = _QAQ{fel e (1.123)

as 3 1
V= —Z|A 1>+ — A% 1.124
4| 1| 24‘ 2| ( )

As usual, the only negative contribution comes from the gravitini.

The search for critical points of the scalar potential is very involved, since the
minimization conditions are complicated functions of 70 scalar fields. One interest-
ing approach [24] — [26] that will be useful for later purposes consists in reversing the
problem: one can search for what embedding tensor the theory has a minimum at the
origin of the scalar manifold, where all the scalar fields are zero. The minimization
conditions are now quadratic in the embedding tensor. Of course other difficulties
arise, because the embedding tensor has to satisfy the linear and quadratic con-
straints, but now the problem is computationally very simplified and this approach
can be usefull to classify all possible gaugings. On the other hand, this approach
may seem very restrictive, since apparently only vacua at the origin of the g-model
can be found. However one can actually have the advantage of the properties of
coset spaces and of different ways in which a particular choice of the gauge group
can be embedded into E7(7) to recover information on the vacia of all the rest of the
scalar manifold.



Chapter 2

Flux compactifications of
higher-dimensional supergravities

Supergravity theories are usually regarded as low-energy effective limits of string
theory or M-theory. The latter are naturally defined in ten or eleven dimensions, as
well as their field-theory limits in supergravity. However, if we want to construct
(semi)realistic models, we need a procedure to obtain four-dimensional descriptions.
Up to now, there are more possible four-dimensional supergravity realizations than
those explained by string theory reduction, but the higher-dimensional origin of
four-dimensional supergravity models is especially important if we want to make
contact between string theory and phenomenology.

There are several ways of obtaining four-dimensional supergravities from higher-
dimensional, string-derived models. Compactifications on group manifolds, or cer-
tain coset spaces, give effective four-dimensional actions that not only reproduce the
original vacuum around which the theory was expanded, but also take into account
certain deformations of the geometry of the internal space in a potential for the
scalar fields. In these models, part or all of the gauge group of the effective theory
is related to the symmetry group of the internal manifold. Other approaches lead-
ing to gauged supergravities are Scherk-Schwarz reductions [27, 28|, which can be
re-interpreted as compactifications on twisted tori [29], and flux compactifications
(see e.g. [30, 31, 32]).

In this chapter we summarize some results in flux compactifications that will
be useful for later purposes. We start in section 2.1 with a quick overview of ten-
and eleven- dimensional maximal supergravity, then we recall in section 2.2 some
important aspects of Scherck-Schwarz reductions, which are historically the first
attempt to perform dimensional reduction in supergravity with a special non-trivial
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dependence of the fields on the internal coordinates. Flux compactifications are
reviewed both in type II theories (section 2.3) and in M-theory (section 2.4), with
emphasis on the effective four-dimensional superpotential that emerges after the
compactification when geometric and non-geometric fluxes are turned on.

2.1 Supergravities in ten and eleven dimensions

As shown by Nahm [33], supergravity theories can live at most in eleven dimen-
sions, because in more than eleven dimensions the supermultiplets always contain
states with helicity greater than two. In this section, a short summary of the maxi-
mal supergravity theories in eleven and ten dimensions is given. In eleven dimensions
the maximal supergravity is N' = 1 and it is summarized in subsection 2.1.1. In
ten dimensions one can have either N' =1 and N' = 2 supergravity theories. The
former allows for the inclusion of the supergravity multiplet and of vector multi-
plets. Due to the appearance of several supermultiplets, non-maximal supergravity
in ten dimensions is not unique. In the following we will concentrate on the maximal
case, which contains two supercharges, which are Majorana-Weyl spinors of certain
chirality. This allows for two different theories with spinors of either opposite or
the same chirality, type ITA and IIB supergravity respectively. These two cases are
inequivalent and are summarized in subsection 2.1.2.

2.1.1 Supergravity in eleven dimensions

Eleven-dimensional supergravity [34] contains only the supergravity multiplet.
It is made up of an elfbein ef,, a Majorana spin-3/2 fermion 5, and a completely
antisymmetric tensor Aynp. Here M, N, ... are the eleven-dimensional world in-
dices, while A, B, ... are the eleven-dimensional tangent space indices. The degrees
of freedom are 256, equally divided between bosons and fermions as required by
supersymmetry, in particular the elfbein has 44 degrees of freedom and the antisym-
metric tensor has 84.

The Lagrangian, up to four-fermion terms, is

1 1

7 -
e 'L = 4€R - §¢M’VMNPDN¢P ~ 18 wmnpo MNP

1 - _
_i_%(wM,}/MNPQRSwN + 122/}P7QR¢S)FPQRS

+ 2 EMl...M4N1.

1442 “N4PQRFM1M2M3M4FN1N2N3N4APQR, (2.1)
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where Fynpg = 40 Anpg) and Dyoy = (Om + iwﬁBWAB)wN. This Lagrangian
is invariant under general coordinate and local Lorentz transformations. It is also
invariant under the local supertransformations

deqy = —iey by, SAunp = §EV[MN¢P],

0Ym = Due+ ﬁ(’yABCDM — 8yPRRsN Ve Fxpor + (3-fermion terms),  (2.2)

with supersymmetry transformation parameter e, and under the Abelian gauge
transformation

dAmNP = OuCnp + OnCrar + OPCun, (2.3)

where (yyny = —Cnar, which leaves all the other fields invariant.

2.1.2 Type ITA and IIB supergravities

There are two inequivalent extended supergravity theories in ten dimensions.
The physical states of the two theories belong to different multiplets of SO(8), the
group whose representations label helicities of massless states in 10 dimensions. One
of the theories, called ITA, contains two inequivalent gravitino multiplets (opposite
chirality) and can be obtained by dimensional reduction of eleven dimensional super-
gravity [35]. The theory has an overall left-right symmetry as a consequence of the
non existence of Weyl spinors in eleven dimensions. The other, called IIB, contains
two gravitinos of the same chiraity and cannot be formulated in higher dimensions.

We are interested here in summarizing the matter content of these theories and
their Lagrangian. The supergravity multiplet is different in both cases. The common
bosonic subsector, called Neveu-Schwarz (NS) bosonic subsector, contains the viel-
bein e4;, a rank-two potential By, y and a dilaton ¢, with M = 0,1, ...,9 space-time
indices and A =1, ..., 10 flat indices. The remaining bosonic part is called Ramond-
Ramond (RR) bosonic subsector and only contains rank-d potentials, where d is odd
in ITA and even in IIB. For the fermionic sector, in the ITA case the fermions are
real and consist of two minimal spinors of both chiralities, while in the IIB case they
are complex and contain two minimal spinors of the same chirality.

In the standard formulation, the RR potentials have d = 1,3 for I[IA, d = 0,2,4
for type IIB, and the bosonic field content is

IIA : {ed, Bun, ¢, C](\}),Cz(\j)zvp )
IB:  {efy, Bun. 6, CO,Coy. Ciinrol- (2.4)
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The field strength of the IIB rank-4 potential CY* satisfies a self-duality constraint,
halving the number of degrees of freedom. There is also a special formulation of ITA
and IIB supergravity [36] that emphasizes the equivalence of dual R-R potentials by
including all the odd or even R-R potentials. The bosonic field content of ITA and
IIB supergravity reads, in this ’"democratic’ formulation:

1 3 5 7
A : {edr Bun: 6, C57 Ciinps CAo vty Ot e
2 4 6 8
1B : {eJ\A/h BMNJ ¢7 C(O)’ C](M)NJ C'J(\/I)]\IPQ? C](\/[i.‘.Mf;? C](Wz...Mg}' (2'5)

To get the correct number of degrees of freedom, one must by hand impose duality
relations between the field strengths of rank-d and rank-(8 — d) potentials, which
read

GUHD — (L)@ ld=95/2  qO~d) Gl — go@ _ | A 0@ (2.6)

for vanishing fermions and H = dB. The bosonic action is then

1 1 1
e 'L=R-— 5(8(;5)2 — ie"z’H -H — Z 16(4’d)¢/2G(d+1) - GUD (2.7)
d

subject to the duality relations (2.6). Note that one can include a a 9-form potential
C® in (2.5), which carries no degrees of freedom but it is very natural from the
point of view of R-R equivalence. The corresponding field strength trivially satisfies
the Bianchi identity. Its Hodge dual is a rank-zero field strength, which has no
corresponding potential nor a field equation. Its Bianchi identity implies that it is
a constant. Thus we have effectively introduced a mass parameter in the theory,
given by

GO = ¢759/2 5 U0, (2.8)

The corresponding action is given by (2.7) with the field strengths

1
G — go@ _ [ A 042 4 2G<O>B A...\B. (2.9)

(d+1)/

Coming back to the standard (and massless) formulation, the bosonic Lagrangian
becomes

e 'Lur= R-— %(a¢)2 — %e“f’H CH— Zd:l,S %6(4—d)¢/2(;(d+1) .G+

1 (dC® A dC® A B) (2.10)
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for type ITA supergravity, and

e 'Lyp= R-— %(3@2 — %e—¢H CH— Zd:O,QA 56(4—d)¢/2g(d+1) . Gd+1)
+1x (CYANdCP AN H), (2.11)

supplemented with the self-duality relation (2.6) for d = 4 for type IIB. Note that,
with respect to the action in the democratic formalism, the kinetic terms have as
canonical coefficient 1/2 instead of the 1/4 in (2.7) and there are now explicit Chern-
Simons terms (the last line in (2.10) and (2.11)).

2.2 Scherk-Schwarz compactifications

As we have already discussed, if one is interested in (semi)realistic models, the
ten- or eleven-dimensional supergravity theories must be reduced to four-dimensional
supergravity by means of some dimensional reduction mechanism. An interesting
mechanism of coordinate-dependent dimensional reduction in supergravity was in-
troduced by Scherk and Schwarz in the seminal papers [27, 28], where they provide
an elegant solution to the problem of spontaneous breaking of supersymmetry in
extended supergravities. In fact, for simple supergravity the mechanism for spon-
taneous supersymmetry breaking could consist of coupling simple supergravity to
a scalar multiplet such that spin-1/2 field is absorbed by the gravitino, yielding a
super-Higgs effect. This solution is not applicable to the extended supergravities
with V' > 4, for which no matter multiplets exist.

The basic idea of dimensional reduction is to consider the space-time manifold
in D + E dimensions MP+¥ as the product of a D dimensional space-time MP? and
an F-dimensional internal space Kg

MPHE = MP x K. (2.12)

We are interested in the case with maximally symmetric MP?, which means that it
could be only Minkowski, Mkwp, or de Sitter, dSp, or Anti-de Sitter, AdSp. The
most general (D + F)-dimensional metric consistent with four dimensional maximal
symmetry is

ds* = Vg, dX"dXY + gundY™dY™, (2.13)

where X* (u = 0,1,...,D — 1) are four-dimensional space-time coordinates, Y
(m = 1,...,E) are internal coordinates, A(Y') is called warp factor, g, (X) is a
Mkwp, dSp or AdSp metric and g,,,,(X) is any six internal metric.
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One important point in this context is the identification of the compact space.
Some of its properties are fixed by requirements on the reduced theory, in particular,
requiring a residual local supersymmetry in four dimensions fixes the holonomy
group of the manifold. The simplest case is the torus TZ, with trivial holonomy.
Other interesting cases are given in this table:

Manifold I | dim(K) | Hol(K)
TF E |
2.14
cy, 2n SU(n) (2.14)
Ke, 7 Gy

Dimensional reduction of type II theories or M-theory on T gives rise respectively
to N =8 D =4 and N = 8, D = 5 supergravity; compactifications of type II
theories on Calabi-Yau manifolds of complex dimension n = 3 give N = 2, D = 4
supergravities and compactifications of M-theory on seven-dimensional manifolds
with Gy-holonomy give N' = 1, D = 4 supergravity. For the moment we will consider
the case of N' = 8 four-dimensional effective theories, obtained by compactifying on
a torus or a twisted torus, and in the next section we will analyze the effective N' = 1
theories.

2.2.1 Generalized dimensional reduction

In the simplest case of dimensional reduction, all the fields and transformation
laws in the original theory are independent of the internal coordinates Y™

P(XM) = p(X"). (2.15)

The vielbein ef;, where M, A are respectively the (D + E) dimensional space-time
and flat space indices, reduces in D dimensions, after an ordinary dimensional re-
duction, to
~1/(D-2) ,a m a

e A S B (216)
where 0 = det & and the space-time indices M split into the D-dimensional space-
time indices p and the internal space indices m, while the flat space indices A splits
intoa =1,...,D and a = 1,..., E. The bosonic content of the reduced theory is
then the four-dimensional vielbein e}, E vector fields A" and E? scalar fields ®¢
of which only %E (E + 1) correspond to propagating particles.

Under general coordinate transformations, in (D + E) dimensions

Sey = ENON Vi 4 O NV, (2.17)
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with €M infinitesimal parameter. Assuming that ¢V is Y-independent, the trans-
formations in the reduced D-dimensional theory are the usual general coordinate
transformations with infinitesimal parameter &, while for £™(X)

[0} a m 1 m
dep = 005, =0, AT = Z9.E™, (2.18)

which is (U(1))¥ invariance.

A limitation of this approach is that, starting from a massless theory, the re-
sulting reduced theory is also massless (aside from possible masses due to the Higgs
mechanism or topological excitations). Also, it is exactly invariant under the ex-
tended supersymmetry algebra, which needs to be broken to describe the real world.

A generalization of this method, formulated by Scherk and Schwarz in [27, 28],
makes it possible to obtain a theory with mass parameters and spontaneously broken
supersymmetry. The new ingredient is to allow the fields and transformation laws
to depend upon the internal coordinates Y in a well-defined fashion and must satisfy
a number of criteria. First of all, it should be possible to define a limit in which
the fields become Y-independent and the results of the ordinary case are recovered.
This implies that the number of physical modes is unchanged. Moreover, the Y-
dependence of fields and transformation laws must be of a simple factorisable form
that can be factored out of the transformation laws. Finally, the reduced theory
should contain no ghost particles.

The generalized reduction is uniquely specified by choosing the Y dependence
of the infinitesimal parameter £ (X,Y’). The choice should be made in such a way
as to describe the general coordinate transformations in D-dimensional space-time
and local transformations such that the A}'(X) are gauge fields for as a general Lie
group as possible. If we set

¢XY) = (X)),

EMXY) = (UTH(Y)"ag"(X), (2.19)
then we recover the results of the ordinary case in the limit in which the non-singular
E x E matrix U approaches unity.

This translates into a modification of the internal metric g,,,,(X) as ¢/,,.,,(X,Y) =
U™ (Y ) U™ (Y) g (X)) and

ds* = e "G, dX"dX" + g, nm™n", (2.20)

with n™ the new vielbein 1-form. These vielbeins describe a space that is a defor-
mation of the original torus T¥ and for this reason this reduction is also known as
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compactification on a twisted torus. The vielbein n™ satisfies the relation

m 1 m n
dn™ = —gwyn" 1, (2.21)

with wyy, constant. This kind of compactification induces a gauge group on the
reduced theory, with an algebra defined by

(Zms Zn) = Wb, 2, (2.22)
The constants w are the structure constants of the gauge group and can be

written in terms of the U’s as

w = (U_l)n/n(U_l)p/p(ap/Un/m — ﬁn/Up/m). (2.23)
The essential point is that the U’s must have the property that the Y-dependence
cancels in (2.23) to give w’s that are constants. Another condition over the U’s,
related to the request of the invariance of the D-dimensional Lagrangian under the
£ (x,y) transformations, essential for decoupling ghost components of the vector

fields
O (UH™,U) =0, (2.24)

with U(y) = det U,,"(y). It is easy to see that (2.24) is equivalent to
W™ = 0. (2.25)

For all the other D-dimensional fields one has

en(X,Y) = en(X),
ANXY) = (UTH(Y)"ALX),
o0 (X,Y) = U,"(Y)Ps(X), (2.26)

and the transformation laws become

SBL(X) = WP (X)B(X),

SEI(X) = W€ (X)B(X),

SAT(X) = S0.E7(X) + 7y (X)AL(X),
(x)

de

.

= 0. (2.27)

=Q

Thus the A,T(X ) are gauge potentials for the gauge group G with structure constants

m
W np-
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After the reduction we recover a D-dimensional scalar potential, which depends

on the scalar fields via ¢,,, = ®¢ 5ab(I> a positive-definite metric for the internal

n’

space. Aside from a positive coefficient, it is explicitly given by
V(h) = QwZ;,wfnquq + wnpwn p’gmm’gnnlgpp/' (228)

Whenever G is a semisimple group this potential is unbounded from below, and then
this possibility has to be abandoned. Requiring that V' be a non-negative function
which vanishes for g,,, = mn, We have further conditions for the structure constants

Vo = 200w +wlw! =0,

np mp np*np
oV /
= 2wnm mn+2wnm nn_wz’n’w%’n’ :07
agmn
V() > o. (2.29)

The groups whose structure constants satisfy these further conditions are called flat
groups. Examples of flat groups can be generated by a technique that was suggested
by Scherk and Schwarz in [27, 28]. In particular, these authors analyzed the case
in which eleven-dimensional supergravity is reduced to four-dimensional N = 8
supergravity, The fields and transformation laws depend only on Y. Setting

U, (Y) = (exp MY!)™, (2.30)

where M is an antisymmetric traceless 7 X 7 matrix with zeros in the first row and
column. Substituting this expression in (2.23) gives

wh = MPst — MPSE (2.31)
In other worlds, the algebra is given by
(21, Zm| = =M Z,,, [Zm, Zn) =0, m,n# 1. (2.32)
The potential expressed in terms of M is now

V(h) = 29" Te(M? — MgMg™") — 2M™ M e g™ g™ . (2.33)

2.2.2 Scherk-Schwarz breaking with three parameters

As a specific example, we consider eleven-dimensional supergravity and its di-
mensional reduction to four dimensions. The flat group is specified by a simple
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matrix M having rank 6. By an orthogonal transformation, which represents no
restriction on the theory, M can be brought to the canonical form

0 0
0 ma
0 0
—1m 0
M- 2.34
0 0 0 Mo 0 ( 3 )
—TMmMo 0
0 ms
0 0
—1ms 0

We can then calculate the spectrum of the theory. Note that all masses have the
same field dependence, via a universal scaling factor associated to flat directions of
the scalar potential. Qualitatively,

Mi(¢) =", (2.35)
¢
where ¢ can be read from the D = 4 Lagrangian. In the following, such a field

dependence will be always understood, unless otherwise stated. The mass spectrum
is given by [27, 28]

spin mass degeneracy Number of
real fields
2 0 1 1
3 Tlma £ mo £ my| 2 8
0 4 4
1 m; 4 12
|m; £+ my]| 2 12
% ’%]mlimgimg\imi‘ 2 48
0 8 8
m; 4 12
0 2m; 2 6
|m; £ m;| 2 12
|my + ma + myg| 2 8

2.2.3 Scherk-Schwarz breaking with four parameters

An interesting improvement of these results is the introduction of a fourth param-
eter. The basic idea is to start from eleven-dimensional supergravity, first reduce
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it to five dimensions by ordinary dimensional reduction, then perform a general-
ized dimensional reduction from five to four dimensions, in such a way that one
can introduce four parameters m; that give masses to the fields. We start with
the eleven-dimensional supergravity as in the previous section. The bosonic matter
content is

Ef(X), Aunp(X), (2.36)

with M = 0,1, ..., 10 space-time index and A = 1,...,11 flat space index. In the
ordinary dimensional reduction the index M splits into the five-dimensional space-
time index o = 0, 1, ..., 4 and the internal space index & = 2, ..., 7, while A splits into
m=1,...,5and a = 2,...,7. All the fields and transformation laws do not depend
on all the eleven space-time coordinates X but only on the five-dimensional ones
2", while the internal coordinates §* do not appear in the Lagrangian. The vielbein

)13l (5) 2BR(3) Pl (4
B (i.1) - (6 ) 2L >), 237

becomes

where § = det @, e (&) is the five-dimensional vielbein, Bj*(#) are six gauge fields
and ®2 () are 36 scalar fields, of which only 21 are independent. The three form
AMNP(X) SphtS into

Apop(2), Apop(2), Apap(2), Amap(2), (2.38)

where the last ones are 20 scalar fields, A;;; are six gauge fields and A;z5, Auop
are one three-form and six two-forms whose duals are respectively a scalar field
A and six gauge fields flﬂm. Summarizing, the five-dimensional theory obtained
by dimensional reduction from eleven-dimensional supergravity contains as bosonic
fields the vielbein e, (6+15+6) = 27 gauge fields (B, Auap, Aup) and (204-21+41) =
42 scalar fields (0%, Asqp, A). This is the theory constructed by Cremmer, Scherk
and Schwarz in [37] and further studied in [38, 39]. One can note that the isometry
group of the scalar manifold is g and its maximal compact subgroup is Sp(8),
which has rank 4. We can write all the fields in terms of representations of Sp(8):
eg is a singlet, the eight gravitini 1/)2 are in an octet, the 27 gauge fields A;f are in
the 27, the 48 spin-1/2 fermions x*/* are in the 48 and the 42 scalars ¢“/* are in the
42 representations of Sp(8). They are written as in the four-dimensional case but
the number of real fields and the group under which they transform changes. Since
Sp(8) is symplectic, all the fields have to be symplectic traceless
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where 2;; is the antisymmetric metric of Sp(8).

In the dimensional reduction from five to four dimensions, the five-dimensional
space-time coordinates /i can split into four-dimensional coordinates z* (1 = 0, 1,2, 3)
and the internal coordinate y. To perform a generalized dimensional reduction one
could define the following element of the group Sp(8)

Uj(y) = (exp My);, (2.40)

J

where M is an 8 x 8 matrix of the Sp(8) algebra given, in a particular basis, by

mie
M = mac . with e= < 0 1 ) . (2.41)
mse -1 0
mye€
Then, the y-dependence of the fields is given by
eq(z,y) = ex(x),
XF(@y) = U)UL UL (y)x"7™ (),
¢z, y) = Ubw)UL()U(y)Ui(y)¢" 7" (). (2.42)
We also have that
a e—?/V3ea 9020/V3 R
eﬂ == ( 0 6250/\/5 ; (243)
and
Vp = ( ;3]7 éj)v Ajlj = (AL77A§)])' (2.44)

Summarizing, the field content of the reduced theory is a vielbein e}, 8 gravitini
Wi, 27 + 1 = 28 gauge fields A + By, 48 + 8 = 56 spin-1/2 fermions x“* + 14 and
42 4+ 27 + 1 = 70 scalar fields ¢“* + AY + . The model is a N = 8,d = 4 gauged
supergravity, which was already described previously. The fields can be rewritten
as eﬁ,@bi,Aﬁ‘] YK p!TEL wwhere now the indices I,.J,... = 1,...,8 are related to
representations of SU(8) rather than Sp(8). The algebra of the gauge group is now
U(1) x T?* as described in (2.32).

We can calculate the spectrum of the theory. As in the previous subsection, we
will ignore the universal field-dependence of the masses along the flat directions of
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the potential, unless otherwise stated. Without giving the details, the spectrum of
the theory is given by

spin mass degeneracy Number
of fields
2 0 1 1
3 || 2 8
1 0 4 4
|m; £ m;| 2 24 (2.45)
0 (8) (8)
: || 4 16
|m; £ mj £ my| 2 32
0 0 6(30) 6(30)
|m; = m;| 4 24
|mq 4+ mg £ mg 4+ my| 2 16

where here 7 < j or i < 5 < k and there are 24 would-be Goldstone bosons associated
with the 24 massive vectors, and 8 would-be Goldstinos associated with the 8 massive
gravitinos.

2.3 Type II flux compactifications

The w?, constants that define the twisted torus can be reinterpreted as particular
fluxes, called geometric, in the more general framework of flux compactifications.
The idea here [2] is to consider the most general case of flux compactifications, with
geometric and non geometric fluxes, and to find consistent choices of fluxes that
may give compactifications a la Scherk-Schwarz. In this section we consider type-II
compactifications to D = 4 supergravity, paying attention to the reduction to N/ =1
supersymmetry.

The key point in string compactification is the breaking of supersymmetry. Al-
though we wish it to be broken, it is important that at least part of it survives at
energy lower than the string scale, in order to have supergravity as effective field
theory. For these reasons we constrain ourselves to theories which preserve at least
one supersymmetry at scales below the string scale. There are several ways to break
supersymmetry in string compactifications, by considering more involved structures
than simple tori. For example we can think of filling the space with some solitonic
objects, namely D-branes and O-planes. Dp-branes are (p+ 1)-dimensional, dynam-
ical, BPS objects, that usually fill the whole four-dimensional space-time and wrap
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(p — 3)-cycles in the internal space. They are also sources for RR (p + 1)-forms.
It means that, since only odd (even)-rank RR forms are present in type ITA (IIB)
string, only p even (odd) Dp-branes will present.

We can also consider singular spaces, called orbifolds, obtained from a manifold
such as a six-torus T® by modding out the action of a non-freely-acting discrete group.
The discrete group has a non-trivial action on the internal coordinates and on the
supersymmetry charges, with consequent reduction of supersymmetry. Examples
of orbifold are T%/Z, x Zy, T9/Z3 and T¢/Zs. Orbifold fixed points are singular
points, but these singularities have to be understood as a singular limit of a smooth
manifold. For instance, many toric orbifold can be seen as a special limit of Calabi-
Yau manifolds .

In type II theories it is also possible to have orientifold compactifications. In this
case the discrete symmetry €2 which exchanges left- and right-movers, is gauged.
Field parities under {2 are

Q=+ : Gun, ®, C? cO® cB O
Q=—": Buyn, CO cW c® cW c® cO, (2.46)

In general 2 can be accompanied also by a target-space involution o,, which acts
as an inversion of n coordinates. The full orientifold parity thus reads

O = Qo,[(—1)F"2, (2.47)

where [n/2] is the integer part of n/2 and (—1)¥ is the fermionic counting operator,
which is 41 for the NSNS sector and -1 for the RR sector.

The orientifold can also be combined with orbifolds. In this case, the orientifold
reduction can be visualized geometrically in terms of (10 — n)-dimensional, non-
dynamical objects, called Op-planes (p = 9 — n), sitting in the fixed planes of the
orbifold and having negative tension and RR charge.

For better understanding, we may concentrate on a single example, used in some
papers, for example [40]. We consider a six-torus factorized in three sub-tori T2
(I=1,2,3):

TO=T] x T; x T3, (2.48)
each of them with coordinates (y%,y’), with a = 2I — 1 and 7 = 2I. To fix the

conventions, we denote with a, b, ¢ the odd indices, with i, j, k the even indices, and
(a,i), (b,7), (¢, k) denotes the indices of the coordinates of the sub-torus I, J, K.
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A basis of closed 3-forms is then
ap = dy' ANdyP Ady® 0 By =dy? Adyt A dy®
ar = dy' ANdyt Ady® o B =dyt AdyP A dy® (2.49)
ay = A ANdPEAdYS By =dy' Adyt AdyP
as = dy ANdy* ANdy® o By =dyt AdyP A dy®

with normalization fTG ar A\ By = —dry. The closed 2-forms and their dual 4-forms
have basis:

wr=—dy* Ndy'; Or=dy Ndy NdyANdy"; aAbFEc i#j# k. (2.50)

Notice that [, w; A@y; = —dp.
The orbifold T6/Z,x Z5 can be obtained by imposing two discrete Z, symmetries,
under which the y’s have parities

Zy: {_ - ++}a
ZL: [+ 4 — — ——}. (2.51)

We then combine this orbifold with an orientifold
O = Qo,[(—1)F]"/2, (2.52)
for which the involution o,, is

HA: o3={—-+ — + — +},
IB: o6={— - — — — — }. (2.53)

These cases are allowed to have D3-branes and O3-planes in IIB and D6-branes and
O6-planes in ITA. The theory that emerges is N’ = 1 supergravity.

The moduli fields have a different realization in terms of ten-dimensional degrees
of freedom. In type IIA, S is as axion-dilaton, the real parts of T are Kahler moduli
and the real parts of U; are complex structure moduli, while in IIB the role of U; and
Tt is exchanged. In the ordinary dimensional reduction on a Calabi-Yau manifold
they are all massless, however one can consider more involved backgrounds which
induce some scalar potential. In particular the internal components of the p-form
field strengths may have non-zero vacuum expectation values. Upon integrating
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the field strength over a (p + 1)-dimensional manifold ¥,,; without a boundary the

charge has to be integer

1

- / FeZ. (2.54)
s JEpp

This integer is called fluz and has to satisfy various constraints, already known and
summarized in various papers (see, for example, [40] ~[44]).

In ITA, Hs, F5, Fg are odd under the orbifold involution, while Fj, F; are even,
thus the allowed fluxes are

Hizs = ho, Hgaji = hy,

Fo=-m, Fu=qi, Faibj = €K, FG = Flogus6 = —m. (2-55)

In IIB, the allowed fluxes are
Hizs = ho, Hpe= —a;, Hujy=—ar, Hys= ho,

Fizs = —eo, Fuye=-¢er, Fojr = —qr, Fous=—m, (2.56)

where both H3 and F3 are odd under involution.

In the type IIA case, the orientifold involution allows also for the so called geo-
metric flures, which are deformations of the original manifold and appear naturally
in the context of Scherk-Schwarz solutions. They are equivalent to compactifications
on a twisted torus defined by

m 1 m n
" = =S A, (2.57)

m
np?

in the lower indices. The algebra of the isometries of the twisted torus is generated

where 1™ are the tangent 1-forms. The geometric fluxes are the W, antisymmetric

by some generators Z,,, such that
(Zm, Zn) = Wi Zy, (2.58)

and then the geometric fluxes have to satisfy the Jacobi identities

Wiy, = 0 (2.59)
and the linear constraint
w™ = 0. (2.60)

The presence of geometric fluxes modifies the differential operator d — d = d + w,
but the formal identity d? = 0 continues to hold.
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The geometric fluxes are even under the orientifold involution and then in ITA
they can be of the form

A % a
Wpe = Ay, wjk = —b[], Wy = b[], (261)

while they are not present in type IIB compactifications.
The NS fluxes in type ITA must satisfy the Bianchi identity

w-Hy=0, (2.62)

with the contraction defined by

(W X)Lun,.N,oy = WQMXNl...Np,l]A . (2.63)

The fluxes also induce RR tadpoles. In this ITA orientifold there are C'; tadpoles,
taking into account the coupling to O6-planes and stacks of D6-branes wrapping
factorizable 3-cycles

o = (g, mg) @ (ng,mg) @ (ng, my) | (2.64)

a

and the corresponding orientifold images wrapping ®;(n’, —m?). Here n’ (m?)

are the wrapping numbers along the z* (y*) torus directions. The O6-planes wrap
®;(1,0). We obtain then

> " Nanhnind + FyHy + 3F,pwiy = 16 (2.65)
and
> Nangmim$ + FsHype + 3Fywpy =0 . (2.66)

In type IIB orientifold, there is a C4 tadpole induced by the fluxes. There are also
contributions from O3-planes and a stack of Np3 D3-branes. Substituting the fluxes
and including the sources we obtain the tadpole cancellation condition

1
Nps + §<F135H246 + FaaeHuss + FincHaje + Fojripe) = 16 . (2.67)

2.3.1 N =1 effective potential with geometric fluxes

In the N' = 1, D = 4 effective theory obtained by the T/(Z, x Zy x Z5) orbifold
and orientifold, the Kahler potential for the seven main moduli is given by

K = —1log(S+S5) =) log(Us + Us) — Y log(Ty + T.). (2.68)
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both in type ITA and IIB compactifications. Turning on the fluxes above, we recover
a superpotential. Its explicit expression is, in type ITA

W =Pi(T)+iSP(T) +i Y _ UaPsa(T), (2.69)

where

: 1 :
P1 (T) =eg+1 Z eaTa — 5 ;& an5T7 + ZmT1T2T3,
@ e o

Py(T) =ho+i)_anT,

«

3
Pyo = —ho+ Y bgaTy. (2.70)
B=1
In type IIB it is
W =P (U)+iSP(U), (2.71)

where

. 1 ‘
PU)=eo+i) ealla—5 D aaUsUy+imlhUsls,

By
. 1 _ -
Po(U) =ho+1) aala+ 5 7% a@oUsU,, + ihogUrUsUs. (2.72)
a a o

2.3.2 Non-geometric fluxes

At this point, it is easy to note that the superpotential (2.71) in type IIB com-
pactifications does not stabilize all the moduli, because it does not depend on T,.
This observation suggests that the analysis of flux compactifications cannot stop at
this point. New input came from string dualities, which can be invoked to construct
an effective four-dimensional theory in which the superpotential depends on all the
moduli. To achieve this one can promote T-, S- and U-duality to symmetries of the
four dimensional theory.

T-duality

T-duality in its simplest form identifies a theory compactified on a circle of radius
R with a theory compactified on a circle of radius o//R and exchanges momenta
and winding modes. When compactifications are performed in a more general back-
ground, T-duality is enhanced to a particular orthogonal group. Without entering
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in the details, in our particular case of compactifications on the six torus, one can
perform a T-duality transformation for each of the six directions. In particular, the
duality between type ITA and type IIB orbifold compactifications, the so called mir-
ror symmetry, is obtained by performing three T-duality transformations, one for
each y-directions of the sub-tori. The effect of this kind of transformations on the
moduli is the exchange of U’s and T"s, while S is left invariant. At the level of fluxes,
in the NS sector each T-duality 7,, transformation raises (lowers) the m-index and
leaves all the others invariant. In the RR sector, the Buscher rules [45] hold

Fonsny < Fryon,. (2.73)

It is clear that the ITA and IIB theories described above are dual under the mirror
symmetry. In order to restore this symmetry a new set of fluxes were introduced
in [46] (for an early attempt along these lines, see also [47]). T-duality was used to
connect the Hs fluxes with geometric and non-geometric fluxes through the chain

—Hopp 5 0 &5 Qi s — R, (2.74)

Under a single T-duality, the H-flux is mapped into a geometric flux w, associated
to the twist in the torus topology. Another T-duality transformation leads to dual
torus, which is locally geometric but which cannot be described globally in terms
of a fixed geometry. The last T-duality produces another kind of flux, the highly
non-geometric R. Under the involution o, H, () fluxes are odd while the w, R fluxes
are even. It means that in type IIB there are only H, () fluxes, while in type ITA
there are H, () fluxes with a triplet of indices mnp of the type 135, ajk and w, R
fluxes with a triplet of indices mnp that could be 246, abk. Starting from the H
and @ fluxes in type IIB, we have also geometric and non-geometric fluxes in type
ITA as shown in the following table, where the dualities are emphasized

1B | TTA | flux

QiF | —Haj | —ha (2.75)
sz wji']g baa
b W bas
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and the conventions on the indices are specified above.

The superpotential with these new fluxes becomes, in type IIB notation:
3
W =Py(U) +iSPy(U) + Y TuPsa(U), (2.76)
a=1

with

. 1 .
P(U)=eo+i) el — 5 ;ﬁ; 4aUsU, + imUUyUs
« « Y

. 1 _ -
PoU) =ho+i) aalat 5 D, alsUy +iholiUzUs,

« aFEBFEY
3 1 ~ _
Py = —hg + i Z bsalUs + 5 Z bgaU,Us — ih U UsUs. (2.77)
B=1 B#YF4

The same holds in type IIA with T; <> U;, because the mirror symmetry is restored
at the level of the effective four-dimensional theories.

S-duality

There is another duality, S-duality, which we can take in consideration. In par-
ticular, type IIB is self-dual under this duality. Here T, U, moduli do not transform
under S-duality transformations, while S transform as

aS —ib

W =W A —be=1 2.
ieS+d TS (2.78)

and the 3-form fluxes rotate as doublets.

(ffi)*(ifz)(fg) (2.79)

In the presence of ) fluxes, the S-duality is not preserved, unless one adds new kind
of fluxes, denoted by P}?, which form an SL(2,Z) doublet with @ fluxes

()= (%) oo
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The new P fluxes and their T-duals in ITA are given in the following table

IIB | ITA | flux
ng X(Z _fa
szk Zu —Yaa
PF L W | gags (2.81)
P(fc Gaa _gaa
P | 9] G

Pibc Xé _fa

and generate new terms in the type IIB superpotential (and its T-dual in ITA):

3
Wp==> ST.Pu(U), (2.82)
a=1
where
3
. 1 _ .
Pio(U) = fo =1 _ gsals — 3 > GoalUsUs + i folh UnUs. (2.83)
p=1 BF#Y#S
U-duality

To conclude, by further demanding the four dimensional effective theory to be
invariant under SL(2,Z)7, new primed fluxes must be incorporated in type I1B [48].
In fact, the complete underlying theory is invariant under the SL(2,Z)7 transfor-
mations corresponding to the seven main moduli. The general flux induced super-
potential will then be a polynomial of degree seven on the moduli M; = (S, T,,U,)
and at most linear in any of them

7
W =Y D\ . My, ..My, (2.84)

N=0

where D) are integer coefficients associated to generalized fluxes. The components

of D) are ( ;[ > and all the possible fluxes are 31 _, < ]Zf ) = 27. They are all

summarized in type ITA, IIB and M-theory in table 2.1.

The superpotential in type IIB formalism can be obtained from the following
table, where in all the entries there are the coefficients (fluxes) of the terms obtained
by multiplying the row and column labels. On the right-hand side there is the kind
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of flux in IIB that generates these terms in the superpotential.

| 1 | iU, | -UsUs | —ilhUaUs || IIB

1 €o Ca —Q~ —m F3

1.8 ho Qg — EL,Y — ho H 3

iTo/ - ho/ baa’ _B'Yo/ Ba’ Q
_SToc’ fa’ —YJaa’ g’yoc’ _fa’ P (285)

_TO/ Tﬁl _hfy/ b;é’)’, _b{)/')// _h_fyl Q/

. / / —/ ! /

—ZSTQITB/ f,y/ _ga,Y/ _g,y,y/ _f’}// P

—iTa/ TB/ T’Y' —66 —6; q:{ m’ Fé

STa’TB/T'y/ —h6 a; C_l{y iL{] Hé

In the above table, o # 5 # v and o/ # 3’ #£ +/.

The superpotential obtained is now rather generic, but its parameters are strongly
constrained by consistency requirements, such as Bianchi identities and anomaly
cancellation conditions. By T-duality, it has to be possible to find some fluxes (ge-
ometric and non-geometric) which have to turned on in order to recover the same
full superpotential (with U and T" exchanged) in type IIA. We can read those fluxes
from table 2.1.

2.4 M-theory compactifications

The effective theory describing the low-energy dynamics of M-theory on a seven
torus T7 is an ungauged N' = 8, D = 4 supergravity. The manifest global symmetry
GL(7,R) is associated with the T” compactification. At the level of the equations of
motion and Bianchi identities, the global symmetry group is enhanced to Er7). The
higher-dimensional origin of the various four-dimensional fields can thus be recovered
by branching the corresponding FE7(7) representation with respect to GL(7,R) ~
SL(7,R) x O(1,1).

Relevant representation of Er(7) are the fundamental 56 and the adjoint 133
representations, whose branchings are

56 — 7 3+21 4 +21,; + 7,3, (2.86)
133 — 74_4 + 35+2 + 48y + 1o + %_2 + 7_4. (287)

The 28 vector bosons and their duals are in the fundamental representation and the
branching (2.86) allows us to identify 7_3 with the vectors A (m=1,...,7) coming
from the metric, the 21_; with the A, obtained from the eleven-dimensional
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scalar combination ‘ fluxes ‘ I1B ‘ ITA M-theory
1 €o —Fiss5 | —Fla3as6 —3gr
Wa Ca Eipe Fpjen Gbjck
—Ua Uﬂ —qy Fijc Fo ka
—1U UyUs -m Foug Fy ¢
i ho Hiss Hiss 91357
—SUa Qo — Hipe Wy, Whe
—1SURU,, —ay | Hije —Q¥ —RTi
SU,U,Us —ho Hoye R246 FTT246
o ~ha szk —Haj Gajk
T | b | GF | | e
LUy | e | Q| |
—1T,UUg —l_)m — QU —Qk —RTi
—1T,UgU, —boa | Q% a RTbe
T, U,UsUs e _ i?c Ribe FToTibe
—5T, Ja PI¥ X! Wi,
—iST,U, e | P* Zii git
—1ST,Up —9pa | P JVibi Riti
ST, U,Ug e pijc firiabk fiiabk
STaUpU, Joo | =P | baa Oaa
iST, U UsUs —fa pbe X i7
ST T R
—11,TpUp b, ;’; W,fjc RZJC
—i1,TRU, bll , ;% e gee
TaTsUaUs —b, 25 O Ok
T, TsUgU, -0, , a ‘ fescbi fechiT
T, 15U, UsUs 71’7 ;; X}g 7
—1ST,Tp ; palg Riic Rijc
ST, T3Ug g’ﬂ,y Pc:f fagaib g
ST, 13U, —g,’w PL;EC) fc:c%]k fc,c'zjk
STLUUs | 8, | By | @ | QF
iSTaTgU5U7 _/Oq P;; ~ZLC ZLC
_STaT5U1U2U3 — ’/Y [)Z/jc Hijc hijc7
—i 11 T5T5 —ep 246 R135 RIS
TV 15T5U,, —eg Faik fa,aibc fa,aibc
TVT513U,Up q/w [ abk A Zb ib
TV T, T5U, Uy Us m’ F'135 7135 1357
STT>T; —hly | H?1 Fy .
ST\ T,T3U, a, I ik Frai ai
STVT,T3U,Up a, J'abk [raibj paibi
STYT,T5U,UyUs hg, H'135 Fy 7

Table 2.1: Relation between fluxes of M-theory, type IIA and type IIB compactifications

and superpotential terms if these fluxes are turned on.



52 Flux compactifications of higher-dimensional supergravities

Lz | gr || (14047) 5 | 70 +007, || 281 | 0/,
Lo | gr | (140+7)5 | Qi +06,Q" || 284 | €™
35_5 | hmwa 224, m 21 1 | Oy
3545 | Gmnpg 224, Rpa 20, | &l

Table 2.2: Flux representations under the GL(7,R) decomposition of Er(z).

three-form, and the remaining representations with the corresponding magnetic dual
vector potentials.

The generators ¢, (o = 1,...,133) of the algebra ez are in the adjoint rep-
resentation. The branching (2.87) distinguishes between t,,,t™" in the 7., and
35, respectively, t™, 1., in the 7_4 and 35 5 and t,,",t = > m tm™, generators of
gl(7,R), in the 48, + 1;. Their commutation relations can be found for example in
[49] and are given in Appendix B for completeness.

In this setup, the presence of fluxes induces non-Abelian gauge symmetries in
the four-dimensional theory. The four-dimensional Lagrangian has a gauge group
G, whose generators can be written in a Fr7) invariant way as X . According to
the branching (2.86), there are Z,;, ZM generators associated to 7,3 and 7_3 rep-
resentation respectively and WMY W), n generators, associated to 21, and 21_;.
Since G is a subgroup of Er(7), its generators can be expanded in a basis {ts }a=1,..133
of E7(7) generators, through an embedding tensor

Xy = 0% ta. (2.88)

The most general gauging is encoded in the embedding tensor ©%, transforming in
the 912 € 56 x 133. Its branching

912 — 1 ;+1,7+35 5+35,5+ (140+7)_5+ (1404 7)43
+21_,+21,,+28 ; +28,, +224_; + 224, (2.89)

distinguishes different M-theory fluxes, associated to each representation of the
branching as in the table below [50] The component g; is the flux of the 7-form
field strength across T7, while §; represents the four-dimensional space-time compo-
nents of the 4-form field strength. The internal flux of the 4-form field strength is
Gijkl, while Tijk is the twist of the torus. All the components in table 2.2 are part
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of a single irreducible representation of E7) and therefore are mapped into one an-
other by string/M-theory dualities. We can also see that many new “non-geometric”
fluxes may appear.

Each representation in the branching of 912 defines a different set of entries of ©
which can be switched on independently of the others and lead to a specific gauging.

It is useful to arrange the above representations in a table as follows:

L [ 7s ] 214 21, IEEN
Tia 1., 35,5 (140 + 7) 43 28,1 +214
35,5 35,5 (140 + 7). 3 21, +224,, 21_; +224_,
48, (140 +7)y3 | 2147 +28,1+224,; |21 1 +28 1+224 ;| (140+7)_3

1o 713 21, 21 4 7_3
35 5 || 21,1 +224,, 21_;+224_, 140_5 35_5
T4 || 21, +28 (140 +7)_3 35_5 1.,

The first row and column contain the representations in the branchings of 56
and 133 respectively, while the bulk contains representations in the branching of
912. The table specifies the origin of the latter representations in the branching of
the product 56 x 133.

The embedding tensor also satisfy quadratic constraints, given by (1.120). Tak-

ing
Qmp QP Qg 0 & 0 0
Qpo = Qm,oameooqmeeqm || =6 0 0 0 ’
Qmr Qmme Qmerd Qe 0O 0 0 d,
an,p an? an%)q an,pq 0 0 _571’7nqn 0
(2.90)
the equations (1.120) become
02 e™ —emef L oMl o ™ =, (2.91)

The quadratic constraints on the embedding tensor translate into bilinear equations
for the M-theory fluxes. Those equations can be made explicit by writing ©%, as
a matrix (see table II) with entries given according to table I. The most general
embedding tensor that one can write in M-theory reductions on a seven-torus is
then



54 Flux compactifications of higher-dimensional supergravities

’ %/[ H Zm wmn Winn zm
C5 Whn, ds §™P
p mnpriy...r.
tp ay g75m b1 € 1 497‘1‘.-7”4 +C/5 w[mag} +d/5 é_lmp
Cyq gTsemnrs d4 0[ om
tP1p2p3 a b w[m 5"] P1P2P3 P1P2" p3)
2 Jmp1p2ps 2% [p1p2"ps] +CZLR;I2T3Gn]rlrzrsmpzps +d) p1paps
q b3£q[m6;l] 63019[7”5:]7,] mq
aswmp ' ¢'alm n) X% 5q de P
P / q +b3£ 511 +c3 p[m~n] 1 g sm
tq +G/3WP6m " mnp 12 p +d3Q 617
" q +b3Rq +83-fmnq " ~m q
+a3wm5p 11 17 +d3Q 5p
+by £ +C Opn Y
ay g[p1p25pm?»] by 0,.4€MNTSP1P2Ps T .
tpipaps / ; plm nlrirer C2 Q[m 6n] da h
+a4 Rfﬁpzps +b4fr1r2r3€ |rirer3pip2ps
as gmp b5 an ~
" Oy b Qi) 1 Exnpry.ry 7 1 gy

where in the first row and column there are the branchings of the Err7) and G
generators t, and X, and in the bulk there are the components of the embedding
tensor ©%,. The coefficients a,b,c,d’s are constants, which in principle can be
redefined by a redefinition of fluxes. Here we leave all of them unfixed. The quadratic
constraints on fluxes can be read from (1.120).
Appendix B.

Their explicit form is given in



Chapter 3

Fayet-Iliopoulos terms and de
Sitter vacua in simple and
extended supergravity

After several decades of extensive studies on simple and extended four -dimensional
supergravities, and on the role of these theories as effective low-energy theories of
superstring or M-theory compactifications, the theoretical status of Fayet-Iliopoulos
(FI) terms [51] in supergravity [52] - [55] and its possible ultraviolet completions is
still under discussion (for some recent literature, see e.g. [56] - [61]).

Several N' = 1 supergravity models with a gauged U(1) R-symmetry, associ-
ated with a constant FI term, have been formulated [62] - [72], typically leading
to Minkowski or de Sitter (dS) vacua with a massive vector boson associated to
the spontaneously broken U(1) R-symmetry. Quantization of the FI parameter in
supergravity was inferred in [73] and discussed in more detail in [59] - [61].

In this chapter we clarify some pending issues, keeping the formalism at a mini-
mum and using a number of explicit models for illustration, following our paper [1].
We refer to chapter 1 and Appendix A for the notation.

In section 3.1 we present some novel insight on FI terms. We do not consider
the so-called field-dependent FI terms, which do not involve the gauging of an R-
symmetry and are nothing else than U(1) D-terms for a gauge symmetry that does
not act linearly on the fields. We concentrate instead on constant FI terms, asso-
ciated with the gauging of an R-symmetry, and explain how we should distinguish
between genuine FI terms and impostors. This point is a direct consequence of the
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general structure of supergravity and may be known to some!, but to the best of our
knowledge an explicit and general supergravity formulation was never given in the
literature. We conclude the section by recalling the anomaly cancellation conditions,
which are essential for quantum consistency.

In section 3.2 we present three simple examples. First, we display a model with
a FI impostor. Second, we present an anomaly-free model with a genuine FI term, a
classically stable dS vacuum and no exact global symmetry. Depending on the choice
of the parameters, the vector field can be either massless or massive on the vacuum.
The scalar potential is positive definite and supersymmetry is always broken, except
when the superpotential is trivial. As our last example, we consider a model with a
genuine FI term which admits a supersymmetric AdS solution [74].

Objects analogous to the N' = 1 FI terms do also exist in N’ = 2 [14] and N = 4
[17],[75] - [78] supergravity: they play a crucial role in the construction of the only
known classically stable dS vacua in extended supergravity [14], [79], [80], whilst
no stable dS vacuum has been found so far in A/ > 2 supergravity. In section 3.3,
we dicuss some consistent AN/ = 1 truncations of the N/ = 2 models of [14], adding
to the discussion of the first model given in [1] also the discussion of the other two
models of [14].

3.1 Known and less known facts on FI terms in
supergravity

In chapter 1 we have summarized N' = 1 supergravity in the standard approach,
but it can be also useful to recall some features of the superfield approach. The
generic superfield expression of the N/ = 1 supergravity Lagrangian with a gauged
U(1) R-symmetry? is, in the compensator formalism (see, e.g. [81]):

L= [Dg0ge "+ ([®§W], + [f WW],+hec) . (3.1)

In the above expression: ®q is the chiral compensator superfield, transforming as
Dy — O = Dy exp(éA/3); K = Ky — £V, where K is a real and gauge-invariant
function of the chiral superfields ®, of their conjugates ® and of the real gauge vector

!See, e.g., the example discussed in section 4.5 of [58], which is closely related to the example
we will discuss in section 3.1. We thank K. Dienes and B. Thomas for bringing their example to
our attention.

2We neglect here additional gauge group factors, possible generalized Chern-Simons terms and
constant numerical factors that are not important for the present considerations.
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superfield V, the latter transforming as V. — V' =V — A — A; W is now an analytic
function of the chiral superfields @, transforming as W — W' = W exp(—£A);
f is the gauge kinetic function (with implicit lower indices), analytic in the chiral
superfields ®; W is the chiral supersymmetric field strength of V. Notice that having
a FI term & corresponds to giving charge £/3 to the compensator field ®y under the
gauged U(1) R-symmetry.

In most of what follows it will suffice to think of G, f,, and X, as functions
of the complex scalars z° rather than the superfields ®' (as done, for example, in
Appendix G of [5]). However, whenever needed we will turn to superfield notation.

3.1.1 Genuine FI terms and impostors

Here we show how, in theories where the gauge boson of the U(1) R-symmetry
is massive everywhere in field space, the FI term associated with such vector field is
not well defined and can always be redefined away—a genuine FI term, whose value
cannot be shifted continuously, exists only when the theory allows the gauged U(1)
R-symmetry to be restored at least in one point in field space.

The general argument is quite simple and follows from the supergravity formalism
reviewed above. The supermultiplet of a massive vector contains the degrees of
freedom of a chiral supermultiplet besides those of a massless vector multiplet. In
particular, the superfield of a massive vector V,,, can always be decomposed into

V=V +S5+58, (3.2)
with a massless vector superfield V' and a chiral superfield S transforming as
VsV =V-A-A, S— S =8+A. (3.3)

The Lh.s. of eq. (3.2) can be thought of as the vector superfield in the unitary gauge
S = 0, while the r.h.s. is the gauge-invariant combination obtained from the unitary
gauge via the Stiickelberg trick.

In theories where the vector field is massive everywhere in field space, the field
S is globally defined, since it corresponds to the superfield multiplet of the longitu-
dinal mode. On the other hand, in theories where the gauge symmetry is restored
somewhere in field space, S is not globally defined. In the points where the vector
mass vanishes, the would-be S field is not dynamical (there is no kinetic term) and
corresponds to a pure gauge.

Consider a supergravity model with a non-vanishing FI term &, associated to
a vector superfield V' gauging an R-symmetry that is broken everywhere in field
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space. In this case there exists a globally defined chiral superfield .S transforming as
in eq. (3.3). We can now perform a Kéhler transformation using such field, namely

K=K+a(S+5), W =We®* (3.4)

with o an arbitrary real constant®. In terms of K, the formula for the D term (1.19)
now reads
D=iK;X'+¢(=iK X' +a+&=iK X +¢, (3.5)

from where we can see that in the new frame the FI term has been redefined. If
we choose @ = —¢&, the FI term can be shifted away—in this theory the FI term is
not well defined. We obtain the same conclusion by looking at the superpotential.
Indeed the charge of the new superpotential W’ will be shifted into —¢ — «, because
of the extra contribution from the S field. When a = —¢§, W’ will be invariant,
which again corresponds to no FI term?.

Notice that, since this FI term can be shifted by an arbitrary amount, it will not
be subjected to quantization conditions. Since theories of this type are equivalent
to one with a massive vector not associated to the R-symmetry, in this case we are
not allowed to speak of genuine FI terms—such FI terms are impostors.

On the contrary, in theories where there are points in field space where the
gauged R-symmetry is restored, we cannot use the field S to redefine the FI term.
Only in this case a proper FI term can be defined, we call such terms genuine FI
terms.

3.1.2 Anomaly cancellation conditions

For a consistent effective theory, all gauge and gravitational anomalies associated
with a gauged U(1) must vanish: in particular, the cubic (Ay1)s), the gravitational
(Au@)) and the mixed-gauge anomaly (Ay)gz2) if the full gauge group is U(1) x G.

To fix the notation, we assign the U(1) charges as

QY] = QN = Qv = =¢/2, QW]=-¢, QlZl=4¢", QW=q¢+¢/2,
(3.6)

3In general, the Kahler transformation may be anomalous. However, we assume that the vector
superfield V' is associated to an anomaly-free U(1) R-symmetry. Such symmetry can be exploited
to redefine the fields and make the full “Kahler transformation + field redefinition” anomaly-free.

“In the compensator formalism of eq. (3.1), the Kihler fransformation (3.4) corresponds to the
redefinition ®y — ®) = ®ge~*%/3, which shifts the compensator charge by /3 and the value of
the FI term accordingly.



3.2 Examples 59

where 0 is the anticommuting coordinate and 1), is the gravitino.
In the above conventions, the fermionic contributions to the cubic and gravita-
tional anomalies are:

Tr@* = 3 (Q[wu])3+Z(Q[A“])3+Z(QW])3, (3.7)
TrQ = =21 Q)+ Q)] +Z@W]7 (3.8)

see [82, 83] for the gravitino contributions. These contributions must either vanish
or cancel possible Green-Schwarz (GS) contributions [84] coming from the variation
of Im fpx. All the resulting conditions are model dependent, in particular: all of
them depend on the matter content; the GS contribution to Ay 1) depends on higher
derivative terms (R?); Ay1)g2 depends also on the details of G and its representa-
tions. However, there are in principle strong combined constraints on the possible
matter content and on the U(1) charges.

3.2 Examples

3.2.1 A model with a FI impostor

Consider a free massive vector superfield with the usual kinetic F-term and a
mass term appearing in the Kéahler potential as

1
K=-MV? o K=

5 (S+S+MV)?, (3.9)

N | —

where the first expression refers to the unitary gauge (a discussion of this model,
in global supersymmetry and in the unitary gauge, can be found in section 4.5 of
[58]), whilst the second uses the Wess-Zumino gauge for V', with the longitudinal
components of the massive vector contained in the chiral superfield S. With respect
to eq. (3.2), we have reabsorbed the factor M in S, to have the latter superfield
canonically normalized. For definiteness, we can take a constant gauge kinetic func-
tion fo = 1/¢g? and a constant superpotential Wy, but we are allowed to take the
limit Wy — 0 at the end of the calculations. Under gauge transformations:

VsV-A-A, S—S+MA. (3.10)

The action described above corresponds to a massive Abelian vector superfield, with
no FI term.
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We now perform a trivial field redefinition of the chiral superfield S,

§

S=T-_->
2M’

(3.11)

where £ is a real constant and 7" transforms as S under gauge transformations. The
Kahler potential now reads

1 = s & = &
K—§(T+T—|—MV) _M(T+T+MV)+W’ (3.12)
and after a Kahler transformation we have
1 o 2
K=-(T+T+MV)?2—¢€V, W=Wyenre nl, (3.13)

2

This is a theory of a massive vector superfield with a FI term, which consistently
appears both as a linear term in V' in the Kahler potential and as a gauge non-
invariance of the superpotential. As a check of the equivalence of the two theories,
we can look at the expressions of the prepotentials in the two frames:

i) P=iK¢X®=-M(S+59), (3.14)

(ii) P:iKTXT+i%XT:§—M(T+T), (3.15)

which coincide after using eq. (3.11).

Of course the presence of other interactions and charged fields does not affect
the proof. The argument above can be run backwards, to show that the FI term
can be reabsorbed via a field redefinition and a Kahler transformation. Notice that
the FI term generates from the mass term (1/2)M?V? in the Kihler potential.
Equivalently, a FI term can be reabsorbed by a field redefinition and a Kéahler
transformation only when such term is present.

3.2.2 An anomaly-free model with genuine FI term

We formulate now an explicit model that provides an existence proof of theories
with the following properties: (i) presence of a genuine FI term; (7i) cancellation of
all gauge anomalies; (7ii) existence of a locally stable vacuum with all scalar field
stabilized at tree level; (iv) absence of exact global symmetries; (v) all physical
masses and energy densities parametrically small with respect to the Planck scale,
even when the FI term is assumed to be quantized in Planck mass units. The chosen
example has also the following features: the vacuum has positive energy; the gauged



3.2 Examples 61

U(1) R-symmetry can be chosen to be either broken or unbroken on the vacuum;
there exists a limit where also supersymmetry is recovered on the vacuum.

The model contains one vector supermultiplet, associated with the U(1) R-
symmetry that generates the constant FI term &, and 24 chiral supermultiplets,
transforming linearly under the gauged U(1): one (®) with charge ¢, = +£ and
23 (®=1+2) of charge ¢ = —&. The corresponding fermions have then charges
Q] = 3£/2 and Q'] = —£/2. Tt is immediate to check that the anomaly
cancellation conditions of eqs. (3.7) and (3.8) are identically satisfied.

We discuss first the model with canonical Kahler potential,

23
i 12
Ko=|=P+> ||, (3.16)
i=1
‘minimal’ superpotential with the appropriate charge®,

Wo = M?2" (3.17)

where M is a real mass parameter, and constant gauge kinetic function,
1
? .

Jo= (3.18)

In such a case, the D-term of eq. (1.19) reads

23
D=¢ <1+Z‘zi‘2—|z+|2> . (3.19)
i=1
The scalar potential has

VF = GKO M4

L[ [ (Z\zih 2 - 1)] , (3.20)

i=1

and )
2 #2 23
g°§ P2 2
Vp =" <1+ §_1 22" = [24] ) : (3.21)

Notice that Vy > M* and D > 0. For M = 0, Vy is identically vanishing and Vp
can relax to a supersymmetric Minkowski vacuum with unbroken supersymmetry

°In the case of a general linear superpotential, Wy = 272‘5 M? 2% | we can always move to the
form of Wy given in eq. (3.17) by a suitable rotation in the space of the z¢ fields, which leaves Ko
and fy invariant.
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and spontaneously broken U(1) gauge symmetry. For M # 0, the full potential V/
is strictly positive definite and always admits classically stable dS vacua.

For g& < M?, the U(1) gauge symmetry is unbroken, (Wp) = (z,) = (2*) = 0,
the vacuum energy density is (V) = M* + ¢*¢£%/2 and the squared masses for the
scalar fields (2!, 222, 2, ) are (g2€2, M* + €2, M* — g¢?), respectively. They are
all positive and of the order of the Hubble scale.

For g& > M?, the U(1) gauge symmetry is spontaneously broken, the field z,
develops a VEV v satisfying the equation M*e*” = ¢2£2 (1 — v?). In this case the
vacuum energy is (V) = £¢*¢*(1—v?)(3—v?), which is always positive except for M =
0 where it vanishes. The squared masses for the scalar fields (z!,2%+?% Rez,) are
all positive and given by (¢?€2(1 —v?), 2¢°€2(1 —v?), 2¢%€?v?(2 —v?)), respectively,
while Im 2, is eaten by the vector boson, which has a mass v/2gév. The masses are
again of the order of the Hubble scale, except in the supersymmetric limit (M — 0
and v — 1), where the de Sitter curvature goes to zero while the vector superfield
remains massive, eating the chiral superfield ®, in a supersymmetric way.

The simple model described above has a large amount of global symmetries,
since the canonical Kéhler potential K is invariant under U(24) x U(1)g, gauge
interactions break U(24) to U(23) x U(1) x U(1)g, superpotential interactions in W}
break U(23) x U(1) x U(1)g into U(22) x U(1) x U(1)%,. However, it is relatively
simple to break all the residual global symmetries by introducing higher-dimensional
operators into the Kahler potential (K = Ky + AK) and the superpotential (W =
Wo 4+ AW), with modifications such as AK = a;; 2* Z_ |z, |> and AW = by; 2% 27 2.
Since all the scalar fields have positive squared masses at tree level, the presence of
the higher-dimensional operators does not destabilize the vacuum if their coefficients
are small enough, a;, b;; < 1.

All the physical masses and energy densities are controlled by the two parameters
M? and ¢g€. Even if we assume that the FI term ¢ is quantized in units of the
Planck mass, by choosing small values for M and g the spectrum of the theory is
parametrically below the Planck scale. Interestingly for & ~ O(1) in Planck units
the relevant mass scale g matches the cut-off scale expected from the weak gravity
conjecture (WGC) of [85]. The model above avoids violating the sharp bound from
the WGC since it always contains at least one charged particle with mass m < gMp.
However the absence of an hierarchy between the relevant mass scale of the model
and the expected cut-off may signal some deep inconsistency at the quantum gravity
level and explain the absence of explicit string theory constructions with genuine FI
terms. Alternatively, new physics at the scale g€ may act as an innocuous spectator,
leaving the supergravity Lagrangian with the FI term as a consistent truncation of
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the whole theory. We are not aware of sharp arguments against any of the two
possibilities.

Notice finally that our model is not in conflict® with the results of ref. [57], since
in the rigid limit none of the matter fields is charged under the gauged U(1): the
interactions of the gauged U(1) are a supergravity phenomenon, as in many other
examples of gauged supergravity theories.

3.2.3 Model with a genune FI term and supersymmetric
AdS vacuum

As our last example, we want to find a supergravity model with a genuine FI
term which admits a supersymmetric AdS vacuum. It can be obtained by slightly
modifying the model of the previous subsection. To simplify the discussion, we
consider only the restriction of the field content to a single z, and a single z_. The
Kéhler potential, the Killing vectors and the gauge kinetic function are, as in the
previous example, and the superpotential is modified as follows:

W=Mz(1+az z), (3.22)

where « is a constant. The model admits a supersymmetric AdS solution if there
is a critical point of the potential, i.e. a point such that (0.V) = 0, for which the
following equations are satisfied:

(W) #0,
(D W)Y=(0, W+ WO,K)=(M*~2_(z; +az_(1+1z4]?))) =0, (3.23)
(DWY=((O_-W+WOI_K)=(M*(1+|z_|>?+az,z_(2+|2_*)) =0,

where J; means 0/0zy. Imposing these conditions, (0+V) = 0 are automatically
satisfied. (3.23) are solved by

2 PP+l

Q" = 75>
P+ 27

(z1) = —V/p*+ 1% (2) =pe™?,

with the modulus of z_, p, greater than zero. It is easy to see that the model has a

(3.24)

supersymmetric vacuum and that the energy density at (3.24) is

2
Vo= —3Mie P 3.5
R &2

6We thank Z. Komargodski for discussions on this point.
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It is possible to extend this model by adding all the 23 2z necessary to cancel the
anomalies.

3.3 N =1 truncations of N/ = 2 models with clas-
sically stable dS vacua

The only known models with extended supersymmetry and classically stable
dS vacua are the NV = 2 models constructed by Fré, Trigiante and Van Proeyen
(FTVP) in [14] and some simple N/ = 2 extensions based on the same ingredients
(79, 80]. One of their crucial ingredients is the presence of a NV = 2 FI term,
corresponding to an arbitrary constant in the moment map. It is interesting to study
the features of the N/ = 1 models obtained from the FTVP models by consistent
truncations, to understand the relation between FI terms in NN = 2 and N = 1
supergravity. We will focus on the three FTVP examples, the first one with gauge
group Gy = SO(2,1) x U(1) without hypermultiplets and the other two with gauge
group Gy = SO(2,1) x SO(3) with or without hypermultiplets. In the consistent
truncated theories there is always a U(1) factor in the gauge group, which comes
from the non compact SO(2, 1) factor of the N’ = 2 gauge group and gives a constant
FI term. The compact factors of the N' = 2 gauge group give contributions either to
the F-term and D-term factor but are not always associated to FI terms (contrary
to what happens in N = 2).

3.3.1 Gy=S50(2,1) x U(1) without hypermultiplets

Following [14] and using the same notation as in section 2.1, we consider N =
2 gauged supergravity with three vector multiplets and no hypermultiplets. The
three complex scalar fields in the vector multiplets parameterize the special Kahler

manifold
SU(1,1) SO(2,2)

U1) 502 % S0(2)
For a suitable choice of field coordinates (S, yo,y1), the Kédhler potential reads as in
(1.55)

(3.26)

_ Y
K:—log<s+s>—1og(§), V= 1= 2ol + ) + 2+ 2. (327)

The gauge group is G = SO(2,1) x U(1). We denote by ey the coupling constant of
the non-compact non-Abelian factor SO(2,1), and by e; the parameter controlling
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the A/ = 2 FI term of the compact U(1) factor: it will not be restrictive to take
both of them positive.

Denoting with Al‘} the four vector bosons [A = 1,2,3 for SO(2,1), A = 4 for
U(1)], the components of the four Killing vectors along the three complex scalar

fields are:
XP=X=X=X]=0, (3.28)
) 1 .
X' =—ge(l+y—u), X3 =gel-yw+y), X =icy, Xi"=0,
(3.29)
X%ﬂ = —1eyYo Y1, Xé/l = —€Y Y1, Xgl =ie Y1, Xziﬂ =0. (330)

In N = 2 supergravity, the object that plays the role of FI term is the triholomorphic
momentum map Py (x = 1,2, 3), which is constant in the absence of hypermultiplets.
In this model, it is zero for A = 1,2, 3 directions, while P} is a constant tri-vector
with modulus e;.

In the absence of hypermultiplets, the scalar potential (1.92) can be written as the
sum V = V; 4+ V3, where V} and V3 are related with the square of the supersymmetry
transformation of the gauginos and of the gravitinos, respectively. Explicitly, the
two contributions to the scalar potential read:

& By ‘i

= = 0 + 4 S sin 6> 3.31
9ReS Py () 3= JReg |CosO +1SsmO, (3.31)

1

where
_ 2
Py(y)=Y,  Pf(y)=1-=2yl +2nl*+ |y + vi|

and the angle 6 is the de Roo-Wagemans phase, that describes the magnetic rotation

: (3.32)

of one gauge group factor with respect to the other. In the following, it will not be
restrictive to assume 0 < 6 < 7/2. The potential is minimized for
€o

1 , .
(5) = e +icotf, (yo) undetermined, (y;) =0, (3.33)

and the vacuum energy density is independent of (yy) and given by
Vo= (V) =epe; sinf = e? sin?f (Re S) > 0. (3.34)

On the vacuum, two of the four vector fields, associated with the two non-compact
generators of SO(2, 1), become massive, absorbing two Goldstone degrees of freedom
from the scalar field gy, and the other two vectors remain massless.

The spectrum is most easily computed around the vacuum with (yy) = 0. In
such a case, the massive vectors are precisely (A, A”), with mass m§, = Vj/4, whilst
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the massless vectors are (Af’“ Aﬁ). The two physical complex scalars S and y; have
masses m% = 2V, and m? = V;, and we are in the presence of a classically stable dS
vacuum, with completely broken A/ = 2 supersymmetry and vanishing Lagrangian
mass terms for the gravitinos.

The rules for consistently truncating gauged N' = 2 supergravities to N' =
1 can be found in [86, 87]. We must set to zero one of the two supersymmetry
transformation parameters, and project out from the N’ = 2 gravitational multiplet
one of the two gravitini and the graviphoton, to obtain the NV = 1 gravitational
multiplet. Each of the three vector multiplets of N/ = 2 contains one vector boson,
two spin-1/2 fermions and one complex scalar, and can be truncated to either a
N =1 chiral multiplet or to a N' = 1 vector multiplet.

Starting from three vector multiplets in A/ = 2, and applying the rules of [86],
we find that there are two different consistent truncations to N/ = 1: the first with
ny = 1 vector multiplets and no = 2 chiral multiplets; the second with ny, = 2
vector multiplets and nc = 1 chiral multiplets. Truncations with ny = 0,nc = 3
and ny = 3,nc = 0 are inconsistent, because the massive vector bosons (including
the graviphoton) associated with the two non-compact generators of SO(2,1) must
be always truncated away, and their Goldstone degrees of freedom are contained
in the complex scalar 9. We now discuss the two consistent truncations in turn:
because of the spontaneously broken non-compact gauge invariance, it will not be
restrictive to concentrate for simplicity on the vacuum with (yo) = 0. We will see
that the FI term of the truncated A/ = 1 theory is associated, in the N' = 2 theory,
to the linear combination of the generator of the compact subgroup of SO(2,1), if
gauged, and the component of the N' = 2 FI terms that survive the truncation, if
any. On the other hand, the other components of the N = 2 FI terms, if present,
produce superpotential terms in the truncated theory.

Truncation with ny =1 and ng = 2

The first possibility for a consistent A/ = 1 truncation preserves one N' = 1 vector
multiplet, containing the vector A% associated with the compact SO(2) ~ U(1)
generator inside SO(2,1), and two A = 1 chiral multiplets, containing the scalar
fields S and y;. The Kéhler potential is obviously the one of eq. (3.27) evaluated
for yo = 0. The N = 1 gauge kinetic function is f = S, as can be read directly
from the N’ = 2 theory. For consistency, the scalar potential of the N’ = 1 theory
must also coincide with the scalar potential of egs. (3.31) and (3.32), evaluated for
yo = 0. An interesting feature of the truncated N’ = 1 theory is how such a potential
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is generated as the sum of an F-term contribution and a D-term contribution,

V=Vr+Vp, Ve =V3, Vp = Wi (3.35)

yo=0 7

generated by the superpotential (defined as usual up to an irrelevant constant phase
factor)
W =ie ys (cosf@+1iS sind). (3.36)

It is curious that the N/ = 2 FI term associated with the U(1) factor of the N' = 2
gauge group and with the constant e; is mapped into the N’ = 1 F-term potential,
whilst the A/ = 2 potential term associated with the non-compact SO(2,1) factor
and with the non-Abelian gauge coupling constant ey generates a N’ = 1 FI term
& = —eq in the prepotential:

1+ [y ]?
1 - ‘91’2 '

As expected, the N’ = 2 vacuum and (truncated) spectrum are reproduced also in

W,
Py =iy, XP +i L XY = ¢

o (3.37)

the standard N/ = 1 formalism: supersymmetry is broken on a dS background but
the U(1) gauge boson has vanishing mass.

Truncation with ny =2 and nc =1

The second and last possibility for a consistent N/ = 1 truncation preserves
two N = 1 vector multiplets, containing Ai and Ai, and only one N' = 1 chiral
multiplet, the one containing S. This time the N/ = 1 Kahler potential is just
K = —log (S + S), and the N' = 1 superpotential vanishes, W = 0. Instead, the
gauge kinetic function, which again can be read directly from the A/ = 2 theory,
takes the non-trivial form:

S 0
cosf (cos@ +i .S sinf)

Again, the scalar potential of the N/ = 1 theory must coincide with the scalar
potential of egs. (3.31) and (3.32), evaluated for yp = 0 and y; = 0. This time, the
N =1 potential is generated entirely as a D-term contribution:

V=Vp=Vs+ Vi es + el |cosf +i S sin9|2) , (3.39)

1
w=0 " 9ReS (
thanks to a N’ =1 FI term associated with each of the two U(1) factors:

7)3 = —€p, P4 = —e€1. (340)
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In other words, both the ' = 2 FT term, associated with U(1) and the constant ey,
and the other A/ = 2 potential term, associated with the non-compact SO(2,1) and
the constant eg, generate constant N = 1 FI terms, & = —ep and £ = —e;. As
required by the consistency of the truncation, the A/ = 2 vacuum and (truncated)
spectrum are reproduced also in the standard N’ = 1 formalism, in particular su-
persymmetry is broken on a dS background but the two U(1) gauge bosons have
vanishing masses.

Anomalies in the truncated theory

While the original N/ = 2 theory does not contain chiral fermions, thus all
anomaly-cancellation conditions are automatically satisfied, truncating it to N' =1
may give rise to an anomalous fermion spectrum. Indeed, we can easily check that
this is the case for both truncations considered in the previous subsections.

In the first case, we have a single U(1) and two chiral multiplets (S,y;) with
charges ¢° = 0 and ¢* = ey, thus Q[¢°] = —ey/2, Q[!] = ey/2 and

1
TrQ3:§eg7éo, TrQ=—10ey #0. (3.41)

In the second case, the only chiral multiplet S is neutral under both U(1) factors,
thus the anomalies are the same for both and are again proportional to those in
eq. (3.41).

Inspired by orbifold string constructions, where potential anomalies of the trun-
cated theories are cancelled by twisted sectors localized at the orbifold fixed points,
we may think of supplementing the field content of the truncated theories by addi-
tional charged multiplets, to achieve anomaly cancellation while keeping the same
vacuum. A simple addition that recovers anomaly freedom while keeping the same
vacuum consists of ny = 5 chiral multiplets @} of charge ¢, = 0 and n3 = 125 chiral
multiplets ®% of charge ¢} = (3/5) eq.

3.3.2 Gy=50(2,1) x SO(3) without hypermultiplets

We consider now an N = 2 gauged supergravity with five vector multiplets
and no hypermultiplets. The five complex scalar fields in the vector multiplets
parameterize the special Kéahler manifold

SU(1,1) SO(2,4)
U1) ~ SO@) x 50(4)

(3.42)
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For a suitable choice of field coordinates (S, yo,y.), © = 1,2, 3, the Kéhler potential
reads as in (1.55)

3 2
RN
=1
(3.43)
The gauge group is Go = SO(2,1) x SO(3). We denote by ¢, the coupling constant
of the non-compact non-Abelian factor SO(2,1), and by e; the coupling constant of
the compact SO(3) factor: it will not be restrictive to take both of them positive.
Denoting with Af} the six vector bosons [A = 1,2,3 for SO(2,1), A = 4,5,6 for
SO(3)], the components of the six Killing vectors along the five complex scalar fields

3

_ Y

K = log(S+5) — log (5) oY =12+ S ) +
=1

are:

Xy =0, (3.44)

X" = —%eo I+ —v), X3= %‘90(1_3/(2)"‘%%)’ X3 =ieoyo, XJ3=0,

(3.45)

X" =—ieoyoys, X3"=—Coyols, X" =tieo¥s, Xiz=e1€uw:Yu. (3.46)

In N = 2 supergravity, the object that plays the role of FI term is the triholomorphic

momentum map Py (x = 1,2, 3), which is constant in the absence of hypermultiplets.

In this model, it is zero for A = 1,2, 3 directions, while P 5 = —e107.

In the absence of hypermultiplets, the scalar potential (1.92) can be written as

the sum V = Vj 4+ V5. The expression is more involved than the previous case

1 p(l) P(O)
V = = <e%|cos€+i3 sin 9?2 v) + e 4 ) (3.47)

S+ S Y2 Y?
with P4(0)7 P4(1) polynomials of holomorphic degree four in g, such that

=1, PV

y=0

y=0 y=0

=3, (3.48)

y=0

The angle 6 is the de Roo-Wagemans parameter, which describes the magnetic
rotation of one gauge group factor with respect to the other. In the following, it will
not be restrictive to assume 0 < § < w/2. The potential is minimized for

€0 1
e1v/3siné

and the vacuum energy density is independent of (yy) and given by

(S) = +icoth, (yo) undetermined, (y,) =0, (3.49)

Vo= (V) =V3epe; sinf = e? sin?f (Re S) > 0. (3.50)
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On the vacuum, two of the four vector fields, associated with the two non-compact
generators of SO(2, 1), become massive, absorbing two Goldstone degrees of freedom
from the scalar field yy, and the other vectors remain massless.

The spectrum is most easily computed around the vacuum with (yo) = 0. In
such a case, the massive vectors are precisely (A}, A2), with mass mi, = Vy/4. The
four physical complex scalars S and y,, * = 1,2,3 have masses m% = 2V, and
m?2 = Vp, and we are again in the presence of a classically stable dS vacuum, with
completely broken A/ = 2 supersymmetry and vanishing Lagrangian mass terms for
the gravitinos.

Truncation to N =1

Starting from five vector multiplets in N' = 2, and applying the rules of [86],
we find that there is only one consistent truncation to A" = 1 with ny = 2 vector
multiplets and ne = 3 chiral multiplets.

A consistent N/ = 1 truncation preserves two N = 1 vector multiplets, one
containing the vector A% associated with the compact SO(2) ~ U(1) generator inside
S0(2,1) and one containing the vector A% associated with the U(1) generator inside
SO(3), and three N' = 1 chiral multiplets, containing the scalar fields S and yy, ys.
The Kéhler potential is obviously the one of eq. (3.43) evaluated for yy = y3 = 0.
The N = 1 gauge kinetic function takes the non-trivial form:

S 0
he=1 S : (A =3,4). (3.51)
cosf (cosf +i.S sinf)

The superpotential (defined as usual up to an irrelevant constant phase factor) is
W =e;(y1 —iyz) (cosf +iS sinf). (3.52)
and the prepotentials along the directions A = 3,6 are

1— (v +v3) (98 + 3) 736:_22.613?13/2—3723/1 Yo

with Y = 1= 24151 — 2y292 + (v + v3) (5 + ¥3). Now the N = 2 FI term associated
with the SO(3) factor of the N' = 2 gauge group and with the constant e; is
mapped partially into the N' = 1 F-term potential and partially into the D-term
generated by Pg, whilst the N' = 2 potential term associated with the non-compact
SO(2,1) factor and with the non-Abelian gauge coupling constant e, generates a
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N =1 FI term £ = —e¢y in the prepotential, as in the previous cases. As expected,
the AN/ = 2 vacuum and (truncated) spectrum are reproduced also in the standard
N =1 formalism: supersymmetry is broken on a dS background but the U(1) gauge
bosons have vanishing masses.

Anomaly cancellation conditions

Also in this case we have an anomalous fermion spectrum. Redefining V; =
y1 — 1Yo and Yy = y; + iy, the Killing vectors are in the diagonal form X; ' =1iegY],
Xg/l = 4e1Y; and X?E/Q = iegYo, ng2 = —ie Yy and the charges for the fermionic

fields are

Qs[tu] = Qs[N’] = Qs[A°] = —Qs[v°] = Qs[™] = Qs[¢"?] = €o/2 (3.54)

and

Qs[tu] = Qs[N] = Q6[X°] = —Qs[v°] = Qs[¥"'] = €1/2, Qo[v"?] = —3e1/2. (3.55)

The traces for (Y3 and Qg charges are then

3
Tngzzeg%o, TrQs=—9ey#0 (3.56)

and

11
Tng:—Zei’;éO, TrQs=—1le; #0. (3.57)

Again we may think of supplementing the field content of the truncated theories
by additional charged multiplets, to achieve anomaly cancellation while keeping the
same vacuum. A simple addition that recovers anomaly freedom while keeping the
same vacuum consists of ng = 1 chiral multiplets ®} of charge ¢’ = —eg, ¢2' =
—23e1/40 and ny = 21 chiral multiplets @’ of charge ¢3° = ey, gg' = 43e;/40.

3.3.3 Gy=50(2,1) x SO(3) with hypermultiplets

In this last case the special sector does not differ from the previous case. What
changes is the hypersector and the triholomorphic momentum map. The quater-
nionic manifold is now

SO(4,2)
SO(4) x SO2)°

1.,

(3.58)

spanned by eight real scalar fields ¢“=!++®. A suitable choice of coordinates is the

solvable coordinates, introduced in chapter 1. The gauge group is Gy = SO(2,1) X
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SO(3) which is embedded in the SO(2, 4) subgroup of both the isometry group of the
special Kahler and the quaternionic manifold. Being eg, e; the coupling constants of
the non-compact and compact factor of the gauge group respectively, we now couple
the quaternionic scalars with factors rgeq, re1, where rg, r; can be 0 or 1, indicating
whether the corresponding geometry is gauged or not.

The triholomorphic momentum map here is not a constant but depends on the
scalars ¢* and can be calculated using the formulas in chapter 1. An important
property is that in ¢ = 0 it is

PX:1,2,3‘[1:0 =0, 77/9{:2+3|q:0 = —rie10;, (3.59)

which is, if we set 7, = 1, the analogue of the SO(3) FI term which in the model
without hypermultiplets was introduced by hand.

The scalar potential is now the sum of three contributions V = V; + V5 + V3,
where V7, V5, V3 are the square of the supersymmetry transformations of the gaugini,
hyperini and gravitini, respectively. The expression of the potential at the origin of
the quaternionic manifold is

B 1
y==0 " G5 1§ (
the same as the one found in the second model except that, if the SO(2,1) isometry

Vo =V]| 3riei| cosf + i Ssinf|* + ef(1+2r5)) (3.60)

is gauged there is a rescaling in the SO(2,1) coupling e — 3 2.
As shown in [14], there is a de Sitter critical point at ¢ =y = 0 and S = S© =
eo/ 1+2r§

\/57"1 e1 sinf
The spectrum of the theory is, in case of rqg = 0,

+icot 0. Note that it requires r; # 0 and then from now on we set r; = 1.

W, Vi (x3), ;VO(XS), 0(x2), (3.61)

where there are two massless complex modes from which one is the Goldstone boson,
Yo. In case of ryg = 1 there is a mixing between the scalar of the special Kéahler and
quaternionic manifold and the sperctrum is

2 4
2V, gVO, gVO(X?))a 0(x4). (3.62)

with four massless complex modes from which only one is a Goldstone boson.

Truncation to N =1

The truncation of the special Kahler sector is the same as the second case: there
are two vector multiplets and five chiral multiplets. The vector bosons that survive
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after the truncation are A% and A and the scalar fields are S, y1, yo. The truncation
of the quaternionic sector requires a separate discussion. First of all, the consistency
of the truncation is guaranteed only if ro = 0 and then the hypermultiplets are
neutral under SO(2,1). The truncation of an hypermultiplet may give one or no
chiral multiplets. The case with no chiral multiplets is the same as the case without
hypermultiplets and so we don’t repeat the discussion here. The interesting case
is when from two hypermultiplets one obtains two chiral multiplets. The surviving
scalar fields are as, bo, hy, ho which can be conveniently arranged into two complex
scalar fields Y; = e —ias, Yo = €2 —iby. The origin of the quaternionic manifold
istheninY; =Y, = 1.
The Kahler potential is

K = —log(S + S) — log (g) — 2log (Yl—gyl) —2log <Y2_2FY2) (3.63)

and the superpotential is

W=eY, (y1 Y — %yg(l + Yf)) (cos@ +1iS sinb), (3.64)

which becomes (3.52) in the origin of the quaternionic manifold. The Killing vectors
are

X{=X{=0  X=X*=0,
XY = iegys, X§ = —e1ys,
XY =iegyo, X¢ = ey,
XP=0,  XP=la0-v),
X2 =X =0. (3.65)

Under the transformation along the third direction the Kahler potential is invariant
and W — W (1 + iep), while under the transformation along the sixth direction

Ko K+ieg(Yi—Y)), W—=W(1—ieY). (3.66)

It means that there is no constant FI term for the second U(1) factor with coupling

constant e; and we have prepotential

» Y1 Y2 — Yol 2-Y2-Y? Yi+Y
1 .

Ps = —2 -
6 1 % +61 2(}/1_'_}/1) —|—61 5

(3.67)
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For the first U(1) factor, conversely, we have a FT —eg, as in all the previous truncated
models and the prepotential is
1— (42 + 2\ (@2 + 72
(vi +v2) (W1 + 0) (3.68)

7)3 = —€p % .

As expected, also in this case the N' = 2 vacuum and (truncated) spectrum are
reproduced also in the standard N/ = 1 formalism: supersymmetry is broken on a
dS background but the U(1) gauge bosons have vanishing masses.



Chapter 4

On the vacua of M-theory
reductions to 4-dimensions

As we have already seen in chapter 2, the effective theory describing the-low
energy dynamics of M-theory compactified on a seven-torus with fluxes (but without
localized sources) is gauged N = 8, D = 4 supergravity. In spite of the fact that
N = 8 models cannot be used to obtain realistic phenomenology, understanding the
conditions for the occurrence of interesting vacua with spontaneously broken A/ = 8
supersymmetry from different points of view (the one of gauged D = 4 supergravity
and the one of generalized flux compactifications of M-theory) may shed light on
the difficulties in reproducing them in the context of string compactifications.

The N = 8 theory can be usually consistently truncated to theories with a lower
amount of supersymmetry, where we can write the full scalar potential and study
the stabilization of the moduli in a more familiar theoretical framework. Here, we
focus on the truncations to N' = 1, D = 4 supergravity, for which we give the full
superpotential and the quadratic constraints. These theories, while non realistic, are
much more constrained than generic N' = 1 theories, and can be used as playgrounds
for the exploration of part of the moduli space of their 'mother’ theories.

This chapter is organized as follows. In section 4.1 we analyze a definite trunca-
tion of N/ = 8 gauged supergravity to N’ = 1 supergravity, seen as a special case (the
singular case) of a G5 reduction of the eleven-dimensional theory and formulated in
terms of just seven chiral N = 1 superfields, corresponding to the seven main moduli
of the internal space. We also write down explicitly all the constraints on the fluxes
that survive after the truncation. In section 4.2 we give the form of the full superpo-
tential corresponding to the most general set of geometric and non-geometric fluxes
compatible with the N' = 1 truncation. In section 4.3 and section 4.4 we discuss
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the embedding in M-theory of examples of N' = 8 gauged supergravity and their
truncation to A/ = 1. In particular in section 4.3 we discuss the models studied in
[26] and in section 4.4 we consider the case of flat gaugings and we find a way to
recover the Scherk-Schwarz models with four parameters by turning on geometric
and non-geometric fluxes.

4.1 The N =1 truncation

Our starting point is the singular limit of compact Gy-holonomy! manifolds,
corresponding to toroidal orbifolds of the form X; = T7/(Zy x Zy x Z3), following
the construction of [88].

The (Z3)? action on the coordinates y' (I =1,...,7) on T is

ZQ<yI) = {_y17 —3/27 _y37 _y47 c—+ 3/5> y67 y7}7
Zy(y") = {ar—yta -yt yth e — vt e — S ey}, (4.1)
Z/2/(y1) = {a3 _yl)y27a4_y37y4aa5 _y57c+y67_y7}7

where the coefficients a; and ¢ can be either 0 or 1/2. This orbifold has singularities
that can be either blown-up or eliminated by turning on ¢ and a4 simultaneously.
Then the orbifold action becomes free and produces a smooth 7-manifold. We work
here with the case where the a;’s and c are all zero.

The orbifold action (4.1) preserves a Go-structure, given by the Gy invariant
combination of the 7 surviving 3-forms. In terms of vielbeins e/ = R;dy’ (I =
1,...,7), with Ry the radii of the 7 circles composing T7, the associated 3-form @
reads

d =e'neNe"—ePnetAe” —eP Nl e el AeP AP —e? AeP e el Aet Ae® e et Aeb
(4.2)
The effective 4-dimensional theory obtained by compactification on X7 can be recast
in the form of an A/ = 1 supergravity coupled to matter. The effective theory for
the bulk fields contains only the N’ = 1 graviton multiplet and 7 chiral multiplets
T; (I =1,...,7), while there are no vector multiplets.
The chiral multiplets contain some of the moduli of the theory . The imaginary
parts 77 of these moduli come from the reduction of the M-theory 3-form potential

!To be precise, these orbifolds have a discrete holonomy group Z, x Z x Z4 C Go. Only the
manifolds obtained after blowing up the singularities have Gg-holonomy.
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on the internal manifold:
C = 11(2)¢' (y), (4.3)
where ¢!(y) is a basis of closed three forms
o' =—dy' Ndy? Ndy',  ¢F =dy Ndy* Ndy',  ¢° = dy® Ady® Ady,
ot =dy? NdyP Ndy®,  ¢° = —dy? Ndy* A dy®,
#% = —dy* A dy® A dy®, ¢ = —dy' Ady* A dyP. (4.4)

The real parts t; are associated with the internal metric components and parametrize
the volumes of the seven surviving 3-cycles:

® = t(z)¢' (y). (4.5)

The holomorphic combinations 17 = t; +i 77 can be thought of as expansion param-
eters of a “complexified” Ga-form

C+i®=iT(z) o' (y). (4.6)

This is analogous to the complexification of Kahler moduli in type II string theories.
In our notation, 7} 23 correspond to U; o3 in IIB, T} 76 correspond to T} 93 in 1IB
and T3 is the S modulus in IIB.

In terms of the the radii R; we have

[ti] = RiRoRy, |to| = R3RyRy, |ts| = RsReRy, |ta] = RoR3 R,
lts| = RoR4Rs, |ts| = RiR3Rs, |[t7| = RiR4Rs. (4.7)

Obviously not all the fluxes survive under the (4.1) identifications. We denote
with ay, by, c; the indices that appears in ¢/,

(ar,br,cr) ={(1,2,7), (3,4,7), (5,6,7), (2,3,5), (2,4,6), (1,3,6), (1,4,5)}, (4.8)
and by iz, jr, k7, [; the dual indices,

(ir,J1, k1, 71) = {(3,4,5,6), (1,2,5,6), (1,2,3,4),

(4.9)
(1,4,6,7), (1,3,5,7), (2,4,5,7), (2,3,6,7)}.

The fluxes which survive are those in table 4.1.
The seven moduli parametrize the coset [SU(1,1)/U(1)]". This follows from the
reduction of the generators of the duality group Er): of the 133 generators only
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ind dent

Representation flux name Independen

components
L7 91234567 1
35+5 Girjrkrly 7
28+3 wgﬁbl’ nglcﬂ ngaf 21
713 - 0
2_8+1 flmm’ m:l)__.77 7
214, N 0
224+1 Rg;kflf, R?;lli17 RglﬂlaRlijjlkl 98
2871 G;nm’ m = 1’7 7
21_4 _ 0

U 7 E I

%_1 fjilklll’ Z'Ilkzlﬂ iIIjIlIa fiIIjIkI 28
1%0,3 gIIbI7 QZIIbI7 QZIICI 21
7_3 _ 0
35 5 hiirkrl 7
1, 1234567 1

Table 4.1: M-theory fluxes in the truncated N' =1 theory.

21 survive after the truncation, namely talblcl,tmm,t“fbfcf. We can define F; =
2ta, " + 2ty," + 2t.,“T — 2t in order to have the s[(2) algebra

60

[EI7 taIb[cl] - 7 ta1b1617

[EI taIbICI] — _@ talblcl

7 ; [ta,b,c,,talblcl} = Fy.

(4.10)

There are no vector bosons and thus no gauge group surviving after the trunca-
tion. However there are some quadratic constraints that survive after the truncation
and which have to be taken into account in order to consider models compatible with
M-theory compactifications. These constraints can be read from those in NV = 8
and, considering the fluxes that survive after the truncation as in table 4.1, we can
identify which constraints are non-trivial. A discussion can be found at the end of
Appendix B.
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4.2 The N =1 superpotential

The reduced N' = 1 theory inherits a scalar potential from the parent NV = 8
supergravity. Since in A/ = 1 there is no gauge group, the residual scalar potential
does not have a D-term component and can be written in terms of a Kahler potential
and a superpotential. The Kahler potential is the usual

K== log(T; +Ty). (4.11)

The form of the superpotential could be inferred directly from the scalar potential,
but it would be an involved calculation. However, we can construct the superpo-
tential also from the integration of suitable combinations of the fluxes of table 4.1
and the Go-invariant form ® and the M-theory 3-form potential C' over the internal
space. The geometric fluxes appear from

1
Weom =/ <g7+ (C+i®)Ag+ ) (C+iP) ANw - (C+z’<1>)) , (4.12)
X7

where w acts as a differential

w- ¢l =w-dy* Adyb Ady© ¢l wf‘deqblfc]a dy? A dy® A dy® A dy©. (4.13)

abc —

Explicitly, the superpotential depending only on geometric fluxes is

Woeom = g7 + i (—T1 93456 + Tog1256 + 1391231 + TuG1r6a7
—T591357 — ToGoasr + i Trgazer) — (—w§6T1T2 - W§4T1T3
FwlyToTs + WS T3Ts + w§ TsTs — WS T5Te + w3, T3 Ty + w3, 13T}
—we TyTr + Wi ToTs + wgy ToTr — Wi Ts Ty + wi ToTy — wi, ToTe

—wi TyTs + wigThTy — wiT1Ts + w2 TyTr + —wi Ty Ts + —wis TV Ty + —wi T6Tr).

(4.14)
We can construct a similar action for the other fluxes. Each of the fluxes contributes
to the superpotential by contracting (C' + i <I>)”/ 2 where n is given by 7 minus the
charge under the O(1,1) classifying the representations. It depends on the fact
that the superpotential has charge 7 under O(1,1) and the moduli have charge
2. The geometric superpotential W, is at most quadratic in the moduli. The
non-geometric fluxes on the other hand give contributions up to order three in the
moduli fields. For instance, £’ and R fluxes have charge +1 under O(1,1) and then
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we expect they generate some terms in superpotential of order three in the moduli.
Explicitly,

W = —i (R, T3Ty — RS T Ty — RBYTLTYTs — RESTSTWTs + RTTL T3 Ty
LRSI T, — RMSTYTET, — RYSTS T Ty + RIST\ T3 Ty + REVIVTL T,
—RIPT\TSTy 4+ R¥STL LT, + RISV 3Ty — RYST T Ty — R2ST T Ty
FREST TS Ty + RV Ty + RISTTY T Ty — RIST Ty Ts + RESTL T3 T,
FRBTTY Ty — RWYTV Ty T, — RV TA Ty + RPVTZTYT: + R3T Ty T,
+RPVTTST: + REST Ty Ty — REVTSTLTY) + i (VT T Ty + €221 T T

HEBTYTY Ty + EWTTTs + EP T Ty + ESTTLTs + 7T ToTs)
(4.15)

The quartic terms come from 6'- and f-fluxes:

Wy = —(0, T2 5Ty Ts + 04, Ty T5TeTr + 05, TV T5T5T7
+0 TV TyTs + 0L TV T TsTs + O T ToT5T7 + 07Ty T5T6T7)
+(fasr N TsT6Tr + four TV TWT6Tr + foay T TeTr + fossTh T2 T6Tr
+ I T TVTS T + f2 T TTTs + [T TS TUTs + flos TV T T
+ o T TS Tr + 31, T TSTs + [y T3 TaTe + fise T T2ThTs (4.16)
+ fost DT TeTr + [l ToTW T Ty + [T T3T5Tr + fass TA T2 Tu Ty
+ [ DT T T + [ia TsTATsTr + Lo T T3TyTr + [TV T5T4 Ty
+ [5or T T5T6 Ty + [, T3y T5Ts + 25, ToTsT5Ts + [T TsT5T
+ VDT Tr + fLs T T Ty + fL T T Ts + [l T T TsTy)

Finally, the terms of order 5, 6 and 7 are obtained from -, h- and gr-fluxes, which
are the duals of g7, g and 7 fluxes. Their contribution to the superpotential is given
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by

Wser = —igr Ty Ty Ts To Ty — (WO TLT5Ts + W T T T5T6T;
+MB LT T T Ty + WY T LT T T Ty + R T Ty T Ty T T
TSIV TS Ty + W3 T TSTY T3 Te) + i (QF T Ty T T T

+OI T TETET: + QP T TS T Ty + QP TV TV TS T + QF VT Ty T3 T

+QPNTTTITy + QPT T TE Ty + QU T T T Ts Ty + QS Ty Ty TS T5 T

+QV TN TS T T Ty + QP T TS T T Ts + QP TV TT)Ts + QS Ty I3 T5 16T+

TP T TTL T Ty + QS Ty T T5Ty + QP To T T Ts Ty + QP Ty Ty Ty Te Ty

+QF TVIYTsT5Ts + QP Ty TyT5 Ty + QT Ts Ty T T + QY Ty T T3 T4 T)

(4.17)

The full superpotential is then given by
W - Wgeom -+ W3 -+ W4 —|— W567. (418)

We summarize in the following table how the fluxes appear in the superpotential.
Note that I # J # K # ... is always understood.

Scalar combination flux
1 91234567
Ty Girjrkils
T;Txk Wa,b, T, where c; appears in ¢/ and ¢F
T/T;Tx ¢ where 7 is the common index between ¢!, ¢/, &
ikl .

TiT;Tk RIF"M associated to ¢f ¢ ¢ 0
T;T;TkTy, 0!,, associated to all ¢’s without the index ¢
T/T,TxTy, e, and J, K, L don’t contain the index i

T° Q! b where we select T! and those without the index c;
TS hitirkils a]l but T}

T7 §1234567
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4.3 Some new vacua

What we have pointed out in the previous section allows us to determine the
M-theory embedding of various examples of N’ = 1 supergravity with seven main
moduli. In this section we consider some examples of N = 8, D = 4 vacua discussed
in [26] and we give their embedding in M-theory and their truncation to N' = 1.

4.3.1 Choice of a symplectic frame

As we have already seen in chapter 1, in 4 dimensions vector fields are dual
to other vector fields. This means that in maximal 4-dimensional supergravity the
same gauge group could be gauged by minimal electric couplings to the 28 vector
fields in the Lagrangian before gauging or also by (some of) the dual magnetic
fields. The choice of symplectic frame (i.e. which vectors are electric and which are
magnetic) provides important information on the description of the gauging and
therefore also on the vacua of the theory. The split of the vectors into electric
and magnetic ones is related to the splitting of the fundamental representation of
E7(7), 56, into two distinct sets of 28 vector fields: Aﬁ/t = (Aﬁ, An) M =1,...,56,
A=1,..,28), where Aﬁ transform in some definite representation of the group Gg of
global symmetries of the Lagrangian. For any choice of the gauge group G, there is
at least one electromagnetic frame in which G, (modulo Abelian ideals) is realized as
a subgroup of Gy. This is the electric frame, where we can consistently set ©4¢ = 0
and the quadratic constraint (1.120) is automatically satisfied. Imposing 4% = 0
or any other specific choice, however, would generally be a too strong restriction.

A natural choice for the symplectic frame is one that allows for a direct compar-
ison of the results with already known ones, in particular those related to the vacua
of the CSO(p, ¢, r) gaugings. We can use the so-called SL(8,R) basis, where the
E7(7) generators are decomposed according to the embedding of one of its SL(8,R)
subgroups. As usual it is useful to consider the branching of relevant representations
of Er(7y, here with respect to SL(8,R), in particular

56 —» 28+ 28 (4.19)
133 — 63+ 70, (4.20)
912 — 36+ 420 + 36" + 420'. (4.21)

The 56 electric and magnetic vector fields split into 28 electric Al/jB and 28" mag-
netic fields A, a5 (A, B,... = 1,...,8) and the 133 generators of Er(7) split into 63
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generators t 4% and 70 generators t*B¢P . Finally, the 912 embedding tensor com-
ponents, given by the tensor product of the 56 and 133 representations of Er(7), are
decomposed as

\ 28 28’
63 | 36 - 420 36’ + 420
70 420 420

Since only one 420 representation appears in the branching of the 912, the two 420
representations in the table must coincide, and so must the 420" representations.
This implies that, if © ,,“ had a contribution in the 420, it would describe a coupling
of the gauge fields to the generators in the 70, but also, at the same time, induce a
coupling of the dual gauge fields to the generators in the 63 of SL(8,R). In the case of
purely electric gaugings, this analysis restricts the allowed embedding tensor to just
the ©45%p components. Actually, electric gaugings are described by a symmetric
tensor in the 36’ representation of SL(8,R), which is called 645 [89]. Also, the
embedding tensor is completely specified by

©4°p = 5[?4 1D (4.22)

while all the other components are set to zero. The quadratic constraint (1.120) is
obviously identically satisfied for such gaugings, hence any symmetric real matrix
04 defines a consistent gauging, even in the case of a non-invertible matrix.
While all entries could be non-vanishing, the gauge groups resulting from 6 # 0
depend only on the number of positive (p), negative (¢) and zero (r) eigenvalues.
In the search for extrema of the scalar potential in this framework, it should be
possible to restrict our analysis to the case of diagonal . In fact, the condition to
get an extremum of the scalar potential is invariant under similarity transformations
0 — POP~!. Moreover, it is also independent on rescalings, so that we are left with
7 parameters:
POP™! oc diag( A1, Ao, Az, A, As, Ag, A7, 1) (4.23)

The electric gaugings in such a frame are restricted to the SO(p, ¢q) groups when
r = 0, defined as the finite SL(8) transformations g that leave 6 invariant: gfg” = 6.
When r # 0 one obtains the group contractions CSO(p, ¢,r) [90, 91]. The actual
gauge group in this case is SO(p,q) x T"®~") with T"®~") the group of r(8 — )
translations. The total number of inequivalent gaugings is 24, which is calculated
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taking into account that the gauge group does not change if we just permute the
eigenvalues between them, nor if we change an overall sign (which would correspond
to exchanging p and ¢). The permutations modify the embedding of the gauge
group in Er(7), but in a completely trivial way that does not affect in any way our
discussion of the stationary points.

In our analysis we will also consider gaugings where the 36 representation is
turned on. We will describe the corresponding gauging parameters by the symmetric
tensor €48 [26]. Following once more the decomposition of the embedding tensor
representations presented above, these parameters turn on the magnetic components
of the embedding tensor:

OABC, = sl P, (4.24)

Choosing ¢ # 0 while # = 0 is just a relabeling of the vector fields and brings
us back to the previous discussion. However, when both 6 and ¢ are turned on,
the quadratic constraint is not identically satisfied anymore and one gets new and
interesting situations. The quadratic constraint gives the relation

0 050 = £"P0pR 65, (4.25)

from which also 480z = %Tr(@ﬁ’ ) 64 follows. From this we see that we have only
two options. Whenever the matrix 6 is invertible, the constraint is solved by

E=cO', ceR, for deth#0. (4.26)

On the other hand, if # is not invertible it has a non-trivial kernel. In this case the
setup solving (4.25) is given by taking £ non-zero only in the subspace defined by
the kernel of 6.

4.3.2 M-theory embedding and reduction to N =1

The models introduced above are N' = 8, D = 4 supergravity theories with global
symmetry group SL(8 R). We may ask if they could be embedded in M-theory.
The M-theory embedding is specified by the branching of relevant transformations
of Er(7) with respect to the global symmetry group GL(7,R) ~ SL(7,R) x O(1,1).
Since it is a subgroup of SL(8,R), it is simple to find the embedding of the gaugings
in M-theory in this basis, by considering the branching of relevant representations
of SL(8,R) with respect to SL(7,R) x O(1,1).

For instance, the 28 electric vector fields A;‘B split into 21 vector fields AP and
7 AZLS = A}, where the index A =1, ..., 8 index has been split in m = 1,...,7 and 8.
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The same is true for the 28" dual vectors, which split into 21 A, and 7 A,,,,. The
generators of Ey(7) are t4”, that split in ¢,,", t,,® = t,, and tg™ = t™, and tABCP,
that split in ¢™"8 = ¢mP and ¢mnpd = emeparirarsSy

The embedding tensor components we are interested in are those in the 36" and

36. The branching of the former with respect to SL(7,R) x O(1,1) is
36/ — 28_1 + 7+3 + 1+7, (427)

which means that 0,5 gives the 28 0,,, = ¢ . the 7 0,5 = w,, and the singlet

mn’

0ss = g7. The same happens for the 36 ¢45:
36 — 28+ 7+ 1, (4.28)

where 28 correspond to &) 7 to €™ = Q™ and 1 to % = §;. The symmetric

€48 can be arranged as

6:<95nn wm)7 gz(f’m” Q’”) (4.20)

Wn g7 Q" g7

matrices 045,

The quadratic constraints on the fluxes can be read from (4.25), or equivalently
from the explicit equations in Appendix B. If 6 # 0 and £ # 0, they are

919705 — O™ + QM 0jwn — QPw, = 0,

dyg7QI6P + diyg: QP — (aly — %bg)w,,gfqp — (af + %bg)wmg’mpég =0,

o : o 4.30
Al rogd, + aliino, O] — (dy — 1)@, — (& + seyqan, or =0, (430)

asdy(wpQ*0f — w, Q165) + (azds — dsay)(wpQI0; — w,Q°0])
(TR, — € mE8,) =0

We have set some of the coefficients to one by a suitable redefinition of the fluxes.
Of course, if £ =0 or § = 0 all the equations are identically satisfied.

Following section 4.1 we can reduce this model to N' = 1. With this choice of
fluxes, the reduction is very simple. The fluxes that survive after the truncation are
Omm), & (mm) and g7, §7. The quadratic constraints are now only
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As we expect, no vector bosons survive after the reduction and the scalar potential
is only F-term. The superpotential has the following general form:

W = g7 + 00 TYI3T,T5 + O T T3T6T7 + 03311 T3T5T7 + 0,4 TV T3T,T6
055 TV T5T5T6 + Ose T T2 Ty T7 + 077 Ty T5T6 17
+i (G LT T T 15Ty + EMTVTET; + E2 T T Ts + P T T3 T
+EUTYTET; + E°TSTY Ty + T T T + €TV TR T5).

(4.32)

4.3.3 0#0and £=0

The first scenario we consider is the simple instance where the gauge group of
the N/ = 8 theory is contained in the SL(8,R) electric frame, which means that
we are considering vacua of the CSO(p, ¢,r) gaugings. The fluxes we turn on are
thus H(mn),
diagonal # matrices, i.e. we work with only ¢/ and g; fluxes.

Tms g7. In N = 1 supergravity, we automatically restrict our analysis to

G, X A
SO(8) | (1,1,1,1,1,1,1,1) AdS
(5,1,1,1,1,1,1,1) AdS
SO(3,5) | (=3,-3, 3,1,1,1,1,1) ds
(-1
(

SO(4,4) ~1,1,1,1,1) | dS

CSO(2,0,6) 1,1,0 0,0,0,0,0) Mink.

Table 4.2: Possible § = diag()\q, ..., Ag), up to normalization, which give rise to a critical
point of the scalar potential at the origin of the moduli space. In the third column we
indicate the type of vacuum arising from these solutions and in the first column the gauge
group of the N' = 8 model.

The N = 1 superpotential in this case is

W = g7 + 01, 15 T5T0Ts + 050, Ty T5T6Tr + 05 TV T5T5T7 + 04, ThT5T, T

(4.33)
0L T Ty Ts Ty + O TV Ty Ty Ty + 0. Ty T T T

and we can assign in principle arbitrary values X = (A1, Az, ..., Ag) to the fluxes. We
want to find the values of A such that there is a critical point at the origin of the
scalar manifold, i.e for T; = 1. We do not care about which of those values are
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assigned to g; or 0/ because the minimization conditions are invariant under the
exchange of any two of these \’s.

For the simple case X = (a,1,1,1,1,1,1,1), with a real constant, we find that
a could be only 1 or 5. All the X's are in this case positive, thus these models
correspond to an SO(8) gauging in N/ = 8. The value of the scalar potential is
negative in both cases, so we have AdS extrema. The first case, in particular, is
a supersymmetric AdS vacuum. All the squared scalar masses are —§|VO| and the
Breitenlohner-Freedman bound [m?/Vy| < 3/4 is of course satisfied, thus the vacuum
is stable. The second case is not supersymmetric and there are six directions in the

moduli space that do not satisfy the Breitenlohner—Freedman bound |m?/V;| = % >
3

T

In case of X = (a,b,1,1,1,1,1,1) we found only already known solutions. Leav-
ing three parameters free, we found that there is another critical point if X =
(—3,-3,-3,1,1,1,1,1), which corresponds in N' = 8 to an SO(3,5) gauging. It
has a positive scalar potential at the origin of the moduli space (dS vacuum), but
it is not stable because there are two negative squared scalar masses, —§|VO| and
Al

To conclude the cases with all the \’s different from zero, we consider X =
(a,b,c,d,1,1,1,1). In this case we recover all the solutions previously found and
one more given by a = b = ¢ = d = —1, which corresponds in N' = 8 to an SO(4,4)
gauging. The vacuum for these values of the fluxes is again dS and again it is
unstable, because there is a scalar field with squared scalar mass given by —|V;].

Finally, we can consider the cases in which r of the \’s are zero, which correspond
to CSO(p, q,r) gaugings in N/ = 8. We find that there is a vacuum only in the case
r = 6, which corresponds to the gauging C'SO(2,0,6) in N' = 8. This last case
gives a stable Minkowski vacuum and its spectrum coincides with the one of the
Scherk-Schwarz model with the four mass parameters which are equal.

In table 4.3 we give the masses for the scalar fields both in the N/ = 1 truncated
theory and in the underlying N' = 8 supergravity [26]. It is easy to note that all the
masses in N = 1 are also present in the spectrum of N' = 8, as we expect. Moreover
the flat directions of AV = 8 are all projected out in A/ = 1, except for the last case.

4.3.4 0+40and £ £0

There is another similar setup that not only allows us to reproduce some other
N = 8 vacua of the SO(8) theory, but also to reveal new stationary points and new
gauge groups embedded in SL(8).
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G,in N =38 m%multiplicity) in N =1 m%multiphcity) in N =8
SO(8) —2 (1) —30)
SO(8) 21), =56 —3() Oy 21, —5(20; —3(35)
SO(3,5) 42), =21 26)> 34 —21) | 0ws)s 45y —21)5 2(30)s 3(14)s —3(5)s
SO(4.4) Ly, 29), —2q) Oe)s Lae), 2(36), —22)
C50(2,0,6) 00), 504 201 0@as); 30> 20

Table 4.3: Values of the scalar masses in units of the cosmological constant (except in
the Minkowski case), both in A' =1 and N/ = 8 models.

A priori we are considering a setup where 72 parameters of the embedding tensor,
namely the fluxes g7, g7, 0/

mn?

gmn Q™ 1y are turned on, although only half of them
are independent after we impose the quadratic constraints (4.30). The fact that we
can restrict to diagonal 6 and & without loss of generality is therefore an important
simplification. Unfortunately, even after such simplifications, and even if we work in
N = 1 supergravity, the equation determining the vacua is not anymore quadratic in
the § parameters, because of the presence of the inverse matrix & oc #~1. Therefore,
we cannot find analytic solutions for the general case. However, we can still find
analytic solutions by varying 1 or 2 eigenvalues. Denoting again the g; and 0.,
values with X = (A1, ..., As), we can chose

X = (rs) diag(r,s,1,1,1,1,1,1). (4.34)

In addition to r = s = 1, which corresponds to the N' = 8 AdS supersymmetric
vacuum, we found two more solutions

i. r =1, 5= (7—3+5)/2, which corresponds to the SO(7)_ vacuum?.

ii. 7 = 3+ 2v/2, s = 1/r, which corresponds to the N’ = 8 SU(4)_ ~ SO(6)
vacuum found in [92], with A/¢g? = —8.

By relaxing the conditions on 6 and &, other vacua and other gauge theories are
identified. We therefore consider the general solution of the quadratic constraint for

2The =+ symbol differentiates the two SO(7) vacua found so far in the N = 8 theory. These are
related by a Z, symmetry.
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# Gauging O A
i SO(8) f=¢('=a®l, AdS
ii SO(8) 0=¢"1=(a,1/a)® 1 AdS
iii SO(7,1) 0=¢(=-101; AdS
iv SO(7,1) 0=¢1=(by,by) @ 1g AdS
v SO(7,1) =¢1=-101®(c,1/c) AdS
vi SO(6,2) ~ SO*(8) 0=¢=(-1.016)/2V2 Mink
vii SO(5,3) 0=¢=-1301; ds
viii SO(7) x T7 =001, =500 AdS
ix SO(7) x T7 0=4®130, =0, D22 AdS
x | SO(6) x SO(1,1) x T2 | § =138 0,, &£ =04 (V2, —V2) AdS
xi | SO(6) x SO(1,1) x T2 | =3® 15 @0y, £ =06 (vV3,—V3) AdS
xii | SO(4) x SO(2,2) x T | § =1, 804, £ =0, 01, —1, Mink
xiii SO(2)% x T 0= (1,®06)v2, &€= (0,81, 04)v2 | Mink

Table 4.4: N = 8 vacuum solutions found for §,& # 0. The SO(8) case is also included
here, although with a different normalization. Minkowski solutions are normalized to easily
compare their mass spectra (see Table 4.5). a = 3 +2v/2; by = 1/2(=1 + v2)(=1 +V5),
by =—1/2(14+ v2)(-1+5); c=2+ /3.
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case || M (multiplicity) 0 N =1 M (multiplicity) 10 N = 8

i 21), —3(6)) —3(7) 2(1), =521, — 3, 0

ii 2(2, —L5), —30 03) 2(2), —L20), —1(20), Os)

iii 2a1), —%0), —3) 241, — 50, — 265, 0

iv || 2@, —1e), —30, 0 2(2), —120), —5(20), O2s)

v 23), =34 21) Oe) 28, —4/304 2/36) 048

vi 20, 5, Ow) 22150, 0s)

vil || =20y, 42), 26, 300), —2q1) | —2(1,40) 260 47304 _2/36) 0015
viii 2(1); —§6), —3() 21, —51), ~33), 0

ix | 2@, —1e), —30, 0 2(2), —L20), —§(20), 02s)

X 22, —L5), —30 03) 2(2), —L20), —1(20), Oas)

xi 23), —3(4), 2(1)> O¢e) 203) 4 /304 2/30) (18)

xii 402y, 2(2), L1y, Oge) 4@ 2(12) 11(16) ((38)

xiii 402y, 2(2), L(a), Oge) 44 2012) 1(16) ((38)

Table 4.5: Mass spectra for the new vacua both in the N’ = 1 and in the N’ = 8 case.
When A # 0, masses are normalized with respect to it.

these fluxes, namely

=—— or g;g-—0'¢=0. (4.35)

In the first case, the resulting N’ = 8 gauge algebra is still so(p, q), with p+ ¢ = 8,
however the gauge connection now also involves the “magnetic” vector fields A, 4p.
Contractions to cso(p,q,r) are no more allowed, because they would violate the
quadratic constraint. We can, however, consider the case g;g; + #'¢’ = 0. Both
0 = (0,g7) and & = (£, g7) must have a non-empty kernel, which corresponds in
N = 8 supergravity to gauge groups that can be considered as “superpositions”
of two ¢so(p, q,r) ones, where the two semisimple factors commute with each other
(because of the quadratic constraint), while some of the nilpotent generators are in
common between the groups and others add up to form a bigger abelian algebra.
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The generic form of these gaugings is
(SO(p,q) x SO(p', ¢')) x TE=IrHE=r)E"+r=8) (4.36)

where p+q+1r=p + ¢ +r' =8. They can be defined as different contractions of
SO(p+p,8—p—1p).

Again, finding all solutions analytically is difficult, but several new results can
already be obtained by varying only a subset of the eigenvalues of # and £&. The
results of [26] are summarized in Table 4.4.

Inspecting Table 4.4, we see that € and £ have no fixed normalization. This con-
trasts with the analysis presented previously. When only 6 # 0, we can obviously
change the values of # to move on the parameter space associated to the moduli
space, but we can also rescale the gauge coupling constant to define equivalence
classes of gaugings. In particular, we have seen that once we normalize the value
of the cosmological constant for a specific vacuum of a given gauging, we can keep
consistent normalizations by using rescalings that do not change the determinant of
6. On the other hand, when £ = ¢! for ¢ # 0, there are three parameters that
can be tuned: the proportionality constant ¢, the determinant of 8, and the gauge
coupling constant g. Moreover, a rescaling of the coupling constant acts in the same
way on 6 and &, while a rescaling of det # acts inversely on £. Introducing equiva-
lence classes of gaugings for different parameterization is therefore more subtle. For
instance, in addition to the vacua in Table 4.4, there is also an SO(4,4) vacuum in
this class, whose cosmological constant can be normalized to the same value as the
one of the vacuum obtained with only # # 0. In fact we can show that this new
vacuum constructed with both 6 # 0 and £ # 0 is equivalent to the previous one.

In table 4.5 we display the mass spectra of the scalar fields for the new vacua,
both in N' = 1 and A/ = 8. Note that there are some cases in which the mass
spectrum coincides, not only at the level of A/ = 1, but also in /' = 8. A possible
explaination of these facts is given in [26].

4.4 Flat gaugings and flux interpretation

4.4.1 Flat gaugings

We want here to find realization in terms of M-theory fluxes of the theory formu-
lated by Cremmer-Scherk-Schwarz [37] via generalized dimensional reduction from
five dimensions, already discussed in chapter 2. The Scherk-Schwarz twist is chosen
in the global symmetry group Egg) of the five dimensional theory, so, in order to
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discuss these gaugings, we have to chose an electric subgroup of E7(7) which con-
tains Eg). In the context of maximally supersymmetric supergravity theories, the
resulting 4-dimensional models are N = 8 gauged supergravities with a gauge group
that has the following structure:

[XO> Xu] = Muv Xva

Xox) o (4.37)

Here u,v = 1,...27 are related to the 27 dimensional representation of Eg(g) and in
fact, the electric frame for such models is the one that follows from the decomposition
of E7(7) under E6(6):

e7(7) = €6(6) T 50(1, 1) + 27 o+ 27;2, (438)

where pq denotes the corresponding representations of eg() +s0(1,1). In the explicit
representation of the gauge algebra above, X is in the 27/, and X, is a generic
Cartan generator of usp(8) C eg). The gauge group is then a semidirect product
of two abelian factors

G=U(1)xT", n <24 (4.39)

and the matrix M," gives a representation of the U(1) C USp(8) C Egg).
The branchings of the relevant E7(7) representations with respect to Eg) x O(1,1)
are given below (the subscript refers to the SO(1,1) weight),

56 = 27_+1.34+27,+1.3,
133 = T8, +27,0+27 5+ 1g,
912 = 351_, +351,, +27 1+ 27,1 +78 5+ 78,3. (4.40)

In this basis the 28 electric vectors fields are Al) = (A%, A7), where A% (u =1, ..,27)
are the dimensionally reduced five-dimensional vectors in the 27_; of Eg) x O(1,1)
and Ag is the Kaluza-Klein vector in the 1_3 of the same group, the embedding
tensor has just electric components ©% and the gauge generators read:

XO = @0 uvtvu
Xy = ,
A { Xu = ®uvtv ’

@(]7uv = @uv = Muv € E6(6)7 (441)
where M," is the twist matrix depending in general on 78 parameters, ¢," are the

Eg(s) generators, and ¢, are Er(7) generators in the 27,5, according to the branching
of 133. Generically the matrix M has three zero eigenvalues and 24 eigenvalues
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equal to the linear combinations £m; £ m; with ¢ > j taking the values 1,...,4.
Just as before, we can conveniently summarize the branchings of (56 x 133) N 912
in a table,
I 27 [ 1s ] 2T [l |

78 || 351 1 +27_; | 78 3| 351, +27,, | 78,3

27, 78 3 351, +27 | 274, (4.42)

27,5 || 35141 + 274 | 27,4 78,43

1 27, 27,

Again equivalent representations in this table must coincide, since the 912 contains
just a single copy of each. With a similar reasoning as above, it follows that viable
gaugings involve the gauge fields (in the 27_; +1_3 representation) coupling to E7(
generators belonging to the 78, + 27, representation and the corresponding em-
bedding matrix is contained the 78,3 representation (we recall that the embedding
matrix is assigned to the representation that is conjugate with respect to one to
which the gauge fields have been assigned).

This completely determines all possible gaugings in this basis. The gauge field in
the 1_3 representation couples to an element of the adjoint representation of Eg ),
whereas (part of) the gauge fields in the 27_; representation couple to generators
in the 27, representation of Ee) x SO(1,1). This gauging is not new and has an
interpretation as a Scherk-Schwarz reduction from d = 5 maximal supergravity [89].

Also this gauging can be represented in the SL(8,R) frame upon an appropriate
identification of the common representations. In order to do this, we should compare
this with the 56 — 28 + 28’ decomposition under SL(8,R). We can do it by con-
sidering the common GL(6, R) subgroup. The SL(8,R) representations decompose
as

28 - 15+2x6+1, 28 — 15" +2x 6'+1, (4.43)

while the Eg) ones branch as
27 — 15" +2 x 6, 27 - 15+2x 6/, (4.44)

This means that in order to represent the Scherk—Schwarz gauging in the SL(8,R)
electric frame one needs to turn on 13 electric couplings O73%, O, O;s* and 15
magnetic ones O/, Here we split the SL(8) index as A = I,7,8, where [ =1,...,6
is the GL(6) index.

By performing our analysis in the SL(8) frame we obviously recovered the known
results on the vacua. However, as we will show, our analysis also provided some
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additional insight on how to perform the partial supersymmetry breaking described
by the Scherk—Schwarz mechanism. We then used this insight to discuss the possible
embedding of Scherk-Schwarz reductions with 4 parameters in M-theory [26].

As shown in (4.37), the Scherk—Schwarz gaugings depend on 4 parameters em-
bedded in the U(1) charge matrix M. This means that there is a large class of models
that show a Minkowski vacuum at the origin of the moduli space in the proper em-
bedding. In order to recover all such models we proceed in steps. The first step is
in NV = 8 theory. First of all we analyzed simpler instances where only some param-
eters are turned on, looking at vacua that also preserved some supersymmetry. We
then superimpose such solutions to obtain the most general supersymmetry-breaking
solution in our parameterization. In fact, we can show that one can superimpose
the U(1) charge matrices corresponding to different Scherk—Schwarz vacua and still
obtain a consistent Minkowski vacuum. In order to simplify the discussion let us
turn back to the Egg) x SO(1,1) x T?" electric frame. In this frame the 28 generators
of the flat gauge group are

O27x27 0 M, dys 0 Mg 0 Ogrxor O
(M) 0 0---0 0 0 0 0 o0

X, = Xy = 4.45
Ourxzr 0 Ogpyar (M) Ll T VA R
0---0 0 0---0 0 0 0 0 0

Here u,v,s,t are indices in the 27 or 27’ of Ege) and M is an element of the
usp(8) C egs) algebra that specifies the action of the U(1) generator on the 27. This
form of the embedding tensor automatically satisfies the vacuum conditions, for any
M € usp(8). This means that, given two flat gaugings with a Minkowski vacuum at
the origin, parametrizd by M and M’ as above, it is automatically guaranteed that
M" = M + M’ € usp(8) also defines a flat gauging with a Minkowski vacuum at
the origin. Of course M" defines a different flat gauging and may break a different
amount of supersymmetry with respect to M or M’. Considering the mass matrices
Ay, Al of the gravitini, the mass matrix of the gravitini when we have M” is the
sum of these two: A} = A; + A}. If we find two N = 2 solutions given by

M — A; = diag(mqe, mae, m3e, 0,0), M’ — A} = diag(0, 0, mye, mye, mje),
(4.46)
where € = ( % ) then A/ has in general no vanishing eigenvalues and the gauging
defined by M"” gives a N' = 0 Minkowski vacuum.
Following [24, 26], in order to find the minima of the potential, rather than fixing
the gauging and then performing a scan of all possible critical points of the scalar
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potential, one can simply solve a set of quadratic conditions on the embedding tensor
and then read the resulting values of © which define at the same time the original
gauge group, the value of the cosmological constant and the masses at the critical
point. The scalar potential at the origin is proportional to

Voo Tr( Xy Xap) + 7Te( X X)) (4.47)

By taking the above expressions for M € ¢ one finds 3 that the potential vanishes
if and only if M € usp(8), namely:

Vo Tr[M(M+M")]) =0 < M cusp(8). (4.48)

We can also check that this point is a critical point of the potential, by computing
the derivative of the scalar potential in the origin of the scalar manifold:

V' o Tr(6 Xpr X3p) + 7TTe(8 Xar X ), (4.49)

where § X, denotes the infinitesimal variation under some isometry- Egg)xSO(1,1)x
T?7 has exactly 70 non-compact isometries, therefore cover the whole scalar mani-
fold. Variations with respect to 7?7 turn out to vanish because of the invariance of
droy: Mz dgr), = 0. With respect to SO(1,1), the embedding tensor has grading
+3 as one can see from the form of the SO(1,1) generator in the Eg basis

tsoanm” = diag(+1a7, 43, —1a7, —3), (4.50)

and therefore, as we will explain more in detail later, its variation is proportional to
the potential itself: dgo(1,1)V o V. Finally variations with respect to Ege) can be
taken to act directly on M,7:

5}36(6)‘/ o Tr ([tEG(G), M(M + MT)> (4.51)

and it also vanishes if M € usp(8). In conclusion, given two flat gaugings with a
Minkowski vacuum at the origin, parametrized by M and M’ it is automatically
guaranteed that M” = M+ M’ € usp(8) also defines a flat gauging with a Minkowski
vacuum at the origin and since M” defines a different flat gauging than the previous
ones, generically it will break a different amount of supersymmetry with respect to
M or M'. Actually, the mass matrix of the gravitini in the new gauging is also

3The normalization of the Egg) cubic invariant is fixed so that dys = d**", dysd"** = 1063.
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the superposition of the ones in the previous embeddings: A7 = A; + A]. Hence,
supposing that we find two N = 2 solutions given by

M — A; = diag(mqe, mae, m3e, 0,0), M — A} = diag(0, 0, mye, mye, mje),
(4.52)
where € = ( % ) then A/ has in general no vanishing eigenvalues and the gauging
defined by M"” gives a N' = 0 Minkowski vacuum.

Let us conclude this discussion with the observation that the analysis we per-
formed at the origin of the moduli space is exhaustive for such gaugings. We can
actually see that there are no other vacua for flat gaugings than the one connected
to the origin of the moduli space. As already noted previously, Ege) x SO(1, 1) x T2
contains all the 70 non-compact isometries needed to cover the whole scalar mani-
fold. Therefore we can compute the whole orbit of the embedding tensor and show
explicitly that there are no other vacua. The action of SO(1,1) at most rescales the
embedding tensor and hence we can neglect it. FEge) sends M — t € ege) which
in general will not belong to the usp(8) subalgebra anymore and therefore would
introduce a positive contribution to the scalar potential, which is not allowed at
the vacuum because of the SO(1,1) grading argument. Finally, the action of the
T?" also leaves X' invariant, as can be seen explicitly by computing a finite
transformation parametrized by z*:

127><27 0 xgdauu xeAdUAu/Z
T —z¥ 1 292M,y, /2 272 2Pd,), /6 (4.53)
O27x27 0 Lo7yor xt
0 0 0 1

and applying it to Xy;x". In conclusion, we have a single vacuum connected to
the origin of the scalar manifold for gaugings parametrized by (4.45), with at least
28 flat directions (the 727, some of which correspond to Goldstone bosons, and the

SO(1,1)).

4.4.2 One-loop stability

The spectrum of the four-parameter gauging of [37] was discussed in section
2.2.3, we recall here its main features. The spin-2 graviton is of course massless.
The masses of the 8 spin-3/2 gravitini are | & m;|, thus the residual supersymmetry
canbe N =0, 2,4, 6, 8, depending on the choice of the 4 parameters. In the following,
we will be interested in the N = 0 case, corresponding to m; # 0 for ¢« = 1,2, 3, 4.
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The 8 massive gravitinos absorb 8 spin-1/2 fermions (which are otherwise massless)
via the super-Higgs mechanism. Of the remaining 48 physical spin-1/2 fermions, 16
have masses | = m;| and 32 have masses | & m; = m; £ my| (i < j < k). Of the 28
spin-1 bosons, 24 have masses | +m; £m;| (i < j), whilst 4 have zero mass. Finally,
of the 70 spin-0 bosons, up to 24 are absorbed by the massive vectors, otherwise
they have zero mass. Of the remaining 46 scalars, 24 have masses | £ m; £ m;]|
(i < j), 16 have masses | £ m; £ m; £ my £ my| (i < j < k <), and the remaining
6 are massless.

The stability of the Minkowski vacuum with fully broken supersymmetry can
be examined by considering the one-loop effective potential, as a function of the 3
complex moduli. It is known that the one-loop effective potential can be expressed
in terms of the supertraces of the field-dependent mass matrices,

Str M =3 "(=1)* (20, + 1) M (¢) . (4.54)

%

It was already observed in [37] that in the model under considerations Str M?* =0
for k = 0,1,2,3: this holds true for any background value of the 3 complex moduli
of the classical vacuum. The one-loop contribution to the effective potential is then
automatically finite (but field-dependent, a point overlooked in [37] but correctly
identified in [93]) and reads

1

A p—
Vi 64 72

S 1 (20,4 1) M (6) log M) = 5 f(ma,mayma, ).

Z (4.55)
It is easy to check that the function f(my, mg, m3, mys), explicitly defined by the
above equation and independent of the 3 complex moduli of the classical vacuum,
vanishes for any of its four arguments going to zero, in agreement with the fact that
all supertraces identically vanish if there is at least one unbroken supersymmetry.
The other intriguing feature of f(mq,ms, mg, my), which emerges from numerical
inspection but we were unable to prove analytically, is the fact that it is negative

semi-definite, and vanishes only in the supersymmetric limit discussed above.

4.4.3 Flux interpretation and N = 1 truncation

We are now ready to identify the flux configurations that must be switched
on to reproduce the four-parameter flat gauging, and to specify the corresponding
truncated N = 1 theory. The most geometric configuration we can find corresponds
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to the following fluxes:

2 _ 1 _ 4 _ 3
. ; (4.56)
— — — [—

Note that in this case we have turned on the w? = geometric fluxes, which generate
the original Scherk—Schwarz models with only three mass parameters. The new
result is that the fourth parameter is related to g; and to the non-geometric flux 67,.

With this choice of fluxes, the components of the embedding tensor different
from zero are

@mm = g7 = M4, m = 1, ceey 7, (“)777 = 9,77 == —M4, (457)
some of the Oy n7 = why, explicitly

@1,72 = —92,71 = @7,21 = —07,% = —M,
@3,74 = —@4,73 = @7,43 = —O73t = =M, (4.58)
@5,76 = —@6,75 = 67,65 = —O75% = —Ms,

(M (V]
PQOR|

some of the @MY pop = 2w
Oy = =02 = —a M; form = 3,4,5,6,
@3m,74m = _@4m73m = M2 form = 1, 2, 5, 67 (459)

@5m,76m = —@6m75m = —OéMg form = 1, 2, 3, 4,
some of the Oy = wh;y, explicitly

O17° = =0y = =M,
O37,' = =047 = — M, (4.60)

and
@7m77m = M4, m = 1, ceey 7. (461)

Here The quadratic constraints are all identically satisfied in this case and thus we
have that the four parameters are all independent.
The superpotential we obtain by performing this compactifications is

W = My (ST +ToT3)+ Mo(STo+T1T5)+ Ms(ST3+T1To) + My (1+ STV T5T3). (4.62)
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The model is of course a no-scale model and it has flat directions along Uy, Us, Us, so
we have an extremum of the potential in S = T; = 1 for every value of U; = u; +1 v;.

The mass of the scalar fields are thus zero for the U’s moduli. The other scalar
fields have masses for both the dilatons (s, t1, ts, t3) and the axions (o, 11, 79, 73). For
the dilatons we have

1
§M12 for (S+t1 —tz—tg),
1
§M22 for (S - tl + t2 - t3),

1
QM?? for (8 — tl - t2 + tg),

1
§M42 fOl" (S —|— tl —|— tg —I— tg), (463)
while for the axions

1
§<Ml + My + Mz — My)* for (0 + 71 + 70 +T73),
1
g(M1+M2—M3+M4)2 fOI' (0—71—72+Tg>,
1
g(Ml — M2 + M3 + M4)2 fOI‘ (O' — 71 +T2 — Tg),

1
g(_Ml + My + Ms + My)? for (0 + 11 — 70 — 73). (4.64)
The gravitino has squared mass
1
m§/2 = 3_2(M1 + My + Mz + My)?, (4.65)

and the goldstino
1
C=—50" + 7 +x%) (4.66)
is of course removed from the physical spectrum, since it provides the £1/2 helicity

components to the massive gravitino. The other two orthogonal combinations of
XUI, XUQ, XUS have squared masses equal to

1
5 (M + My + My + My)*. (4.67)
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The spin-1/2 fields associated to S, T; have squared masses given by

%(Ml + My + Ms — 3My)* for (x% + X" + x™ +x™),
3%(—3]\41 + My + My + My)® for (x™ +x™ —x™ = x™),
3—12(M1 — 3My + Mz + My)? for (x% — x™ + x™ — x™),
3—12(M1 + My — 3M;z + My)* for (x* —x™ —x" +x™). (4.68)

In terms of the parameters M,, the gravitino masses of section 2.2.3 are

m_—M1+M2+M3—M4 m_Ml—M2+M3—M4
1 4\/§ ) 2 4\/§ )
m My + My — Mz — M, My + Ms + M3 + My
3 =

) my =
12 ! 12

where my is the mass of the gravitino that survives in the N' = 1 truncation.

4.4.4 Other duality frames

The choice of fluxes described in the previous subsection is the most geometric
one we can perform in order to reproduce the four-parameter flat gauging. However
there are other possible choices that one can make and which give again a no-scale
model with four independent mass parameters. At first sight we could think that
all possible choices of the type

W(6) = My (1 + Gudrpeda) + Ma(duty + detda)
+M3(¢a¢c + ¢b¢d) + M4(¢a¢d + ¢b¢c)a

with ¢, = (S,T;,U;) and a # b # ¢ # d, are equivalent to the one seen above.
However it is not true, because some of these combinations are related to fluxes

(4.69)

which have non-trivial quadratic constraints, and only seven possible configurations
allow for no-scale models with four mass parameters.
They are those with a superpotential given by

0. W =W(S,Ty,Us,Us), ii. W =W(S,Ty,Us, U), iii. W =W(S,Ts,Uy,Us),

w. W =W(Ty, T3, U, Us), v. W =W(Ty,Ts,Uy,Us), wvi. W =W(Ty, Ty, Uy, Us),
(4.70)
and of course the case already analyzed o. W = W (S, Ty, T3, T3).
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The fluxes in all these cases are
My | =My || My | =My || Ms | —Ms || My | —M,
7 2 1 1 3 6 5
0. || 97 77 || Wi | Wi || Wrg | Wiy || Wrs | Wrs
: / 2 7 1 5 6 3
L. gt 11 W7y | Wig || W51 | Wa1 || W13 | Wig
¥ 7 Z 7 6 1 2 5
|| g7 33 || Wrg | W3q || Wig | Wes || W35 | W3
/ 6 7 2 3 4 1
.| gr 55 || Wrs | Wse || W35 | Was || W51 | Wsy
: / 7 1 3 6 5 3
. || g7 29 Wig | Wrg || Wy | Wy || Wag | Wag
/ 7 3 6 2 1 5
v. g7 44 Wag | Wry || Wog | Weg || Was | Wy
; 7 7 5 2 4 2 1
vl || g7 66 || Wse | Wre || Wae | Was || We1 | Wes
and they evidently satisfy identically the quadratic constraints
i m
wr w =0
mljrkrlr] )
(4.71)

l

o

=0.

Yp1p2Pps)Yag =



Chapter 5

Conclusions and outlook

In this thesis we addressed some problems that arise in the search for inter-
esting supersymmetry-breaking vacua in simple and extended four-dimensional su-
pergravities, seen as the low-energy effective theories of flux compactifications of
higher-dimensional supergravities, in turn related to superstring theory.

We first presented some original results on Fayet-Iliopoulos terms in four-dimensional
N = 1 supergravity. We pointed out that there is a substantial difference between
FI terms in models where the restoration of the gauged U(1) R-symmetry never
happens in field space, which can be redefined away (we called them ’impostors’),
and FI-terms in models where such gauge symmetry is restored at least at one point
in field space, which have a gauge-invariant meaning. We produced some represen-
tative examples to illustrate the point and to better understand the range of validity
of some ‘folklore theorems’ on FI terms. In particular, we constructed a model with
a genuine Fl-term, a classically stable de Sitter vacuum, no anomalies and no ex-
act global symmetries. We also discussed the consistent A/ = 1 truncations of the
only known models of four-dimensional extended supergravity with stable de Sitter
vacua, which happen to be N/ = 2 models with N' = 2 FI terms. We pointed out
that the NV = 2 FI terms do not necessarily become FI terms in the A" = 1 truncated
theory, and viceversa.

The other original results presented in this thesis concern the gauged NV = 8 su-
pergravity theories obtained from M-theory compactifications with geometrical and
non-geometrical fluxes, and their A/ = 1 truncations. We found the configurations
of fluxes that describe the uplift to M-theory of known examples of gauged N = 8
supergravities, and the corresponding A/ = 1 truncations. In particular, we were
able to identify the fluxes that reproduce the N’ = 8 no-scale model with Minkowski
vacuum, partially or totally broken supersymmetry and four independent mass pa-
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rameters, observing that it can be reproduced, in its most geometrical description,
by a compactification of eleven-dimensional supergravity that involves only fluxes
with a well-understood geometrical interpretation, apart from a non-geometrical
flux 0%,. Also in this case, we obtained a consistent A" = 1 truncation. We further
studied the one-loop stability of the Minkowski vacuum with totally broken super-
symmetry, noticing the curious fact that the one-loop corrections to the effective
potential always lead to unstable configurations with negative vacuum energy.

While the work on FI terms is complete, the work on N' = 8 gauged super-
gravities, their origin from flux compactifications and their truncations to a lower
number of supersymmetries is still in progress. One of the open questions is whether
at least some locally geometrical interpretation of the four-parameter model with
supersymmetry-breaking Minkowski vacuum could be given. Also, we are planning
to study further N/ = 4 truncations and additional N' = 8 models with broken
supersymetry on a flat background.



Appendix A

Notation and Conventions

Maximal symmetric spaces

The supergravity theories in D dimensions we are interested in have a maximal
symmetric space-time, endowed with a metric g,, () such that ds* = g, da* dz”
(u,v =0,1,..., D — 1 space-time indices). The maximal symmetric space could be
Minkowski

)

Mkwp : ds® = —(dz®)* + ) (dz')?, (A1)

1

)

for which the metric is the flat metric 7, = diag(—1,1,...,1), de Sitter (dSp) or

Anti de Sitter (AdSp)
D

ds® = —(da®)’ + > (da')?, (A.2)

i=1

where —(dz°)? + 3.2 (dz")? = a? in the de Sitter case and —(dz°)? + .2 (dz')? =
—a? in Anti de Sitter, with « real constant.

Planck mass

The reduced mass Planck is defined by

B he B 18
Mp =4/ vl 2.44 - 10™°GeV, (A.3)

where c is the light velocity, h is the reduced Planck constant, and G is the Newton
constant. Apart from when it is explicitly specified, we set Mp to 1.
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Dimensions H Spinors Components
2, 10 Majorana-Weyl 2D/2-1
3,9, 11 Majorana 2(D-1)/2
4,8, 12 Majorana or Weyl 2D/2
5,7 Dirac 2(D+1)/2
6 Weyl 8

Table A.1: Fermions in diverse dimensions and their minimum number of components.

Spinors

The spinor fields that appear in supergravity theories in D dimensions transform
under the fermionic representation of the Lorentz group SO(1, D—1). It is the Dirac
representation and its generators are given by [I',,I',], where the gamma matrices
I',, satisfy the Clifford algebra

{T,, T} =2n,,. (A.4)

The dimension of this representation of the Clifford algebra is 2(°/2+1 where [D/2]
is the integer part of D /2.

In certain dimensions the Dirac representation is reducible, allowing one to im-
pose conditions preserved under Lorentz symmetry. For instance, in even dimensions
one can impose the following chirality condition to define a left or right handed Weyl
spinor:

I'wpr.r = £Y1 R, (A.5)

with T, = i?/2*11I';..Tp_1. It could be also possible in some cases to impose a
reality condition:

V" = aBi (A.6)

where « is an arbitrary phase and B is a matrix such that

* —1
I =BT, B (A7)

for both n = =+ in even dimensions, for only n = (—1)%

in odd dimensions. A
Majorana spinor thus furnishes a complete representation of the Lorentz algebra
and has only half as many degrees of freedom as an unconstrained complex Dirac
spinor. In some dimensions, the Majorana and the Weyl condition can be imposed
simultaneously. This reduces the number of independent degrees of freedom to one

quarter relative to an unconstrained Dirac spinor.



Appendix B

Useful formulae in N = 8
supergravity

E7(¢7y group

The group of the isometries in N = 8 supergravity is Er). Its algebra, ez is
one of the semisimple algebras. The subscript 7 in parenthesis denotes the difference
between the 70 non compact generators t2“P and the 63 compact ones t5 (A, B =
1,...,8). Following [21], the 133 generators of the algebra e7(7) in the fundamental
56 representation are matrices

SCtmPl ¢
with
tapcp = ﬁGABCDEFGHtEFGH- (B.2)

We can rewrite the generators and the corresponding algebra using a SL(7,R) x
O(1,1) basis. In this case, the compact generators are ¢,,",t = > ¢, tp,t", and
the non compact ones are ,,,;,, t™"?. The commutation relations then read

[tm"s 1] = 6) t® — 61 tp"
[tmn7 tplpzps] — 3 glp1 4p2psln + §5n {Pp2ps.

3
[tn"s 5] = 0y b + = 0ty
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[tmmng tP1P2P3] — €n1n2n3P1P2P3q t
Y

[tmn’ tplpzp:s] - 35” P2p3 7 5:711 p1p2p3 »

tm™, t7] = —6P ¢ — 3 gn t
[ ] " = O

— q
[tn1n2n37 tplmpg] - 671171271317117217311t )

1
"t =t ort
[7 ] +7m7

1
[tm, tnlnzna] — _6 mnin2n3pi1p2ps tP1P2P3 ,
1 .
[tms tningns] = 6 Emningnapipaps t o
24
[tm1m2m3’ tmmns] 185:1117;212 m3]n3} - 7 5?111133%3 13 (B3)

where t = t,,”.

N =8 quadratic constraints

The quadratic constraints on fluxes can be read from (1.120). Here we will give
all of them exlicit.

o Comparsiss Ol O52 QM — (;

15 978" " Emnparsysy + 4+ 51 01C5 T Gparls + 2 51 D1Cs TimGnpgr) =0 (B.A)

° 6mnpqrslszG)/Vtﬁ @N82 QMN =0:

a5dy G705, s, € P2 4 4 5] b561QEnnhpqr}s +2-5! bgle[mh"W] =0 (B.5)

® O Onppops QM = 0:

a1d4g70[171p25§3] + aldilg7f£1p2p3 +21- 32 blc4§mngm"[p1p25§3}
_GQd;gmplmpsg( — bacsTy m(p1 p2p3] b2c’57m7[[;,:p26£l]

+23.32 b1C£;(2R53m2m35£29p3]m1m2m3 + 3Rfmn p2p3]mn)
_(a2d5 + 2°.3 blc4)gmplp2p3£[mp} =

(B.6)
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Useful formulae in N/ = 8 supergravity

o ORI QMN =

a1y GoEP P28+ alydy G REP2PS 24 - 32 by O P25
—aldo b e, QR QR — e, Qi
+23 - 8201 (2 f it mams O hPelmmams 3 flEL, papaln)
—(asdy +2° -3 b4cl)hmp1p2p30[mp} =0

° @]}\4 @j\/q QMN = (:

a1d3g; Q0" + a1ds g8 Q" + ardy g7 00 QP

! "
—azds§™PT), — a3dsT " — azdsT, PO,

i

o /lmp r . ! / /Tp_ /mp r
azds§ Tmg a3ds 74§ agdsTiné 5q

/ ’ " "
—b3esM T, — Uses§ T Th — byes R TE, — by es§MTh 07 (B.8)

’ /s "ol

—baCs €M EE 7, — by chE TG T, — by Cy RIPT Ty, — by ChE P07

bed / bed !
_blcgempra © gabcdeqm - blc3empra ¢ gabcdgqm

" "
+b103 emnpabcdgabcdf;;nq + b163 Emnpadegabcdemnég =0

o Ouy 0%, QMY =

azd1 g7} + aéd1§7537r + a3 dy1§7097,

—a5d30,p Q™ — a5d3Q%0,, — a5dy Q0,08

—a5ds0rmpQ — a5dy Q90 — agdy Q™00

bl QT — byl QM — bcly £ QT — by O QNG (B.9)

ron

~ 530,y Q™ — b33l O @™ — b5Cs [, Q™ — sy 0y Q08

r[m”p]

bed / bed &'
_b3616mp7’ab0dha ¢ Sqm - bSClemprabcdha ¢ é%qm

"

"
‘|—b3 CIEmnpabcdhadeR;nnq + b3 Cl€mnpab5dhab6d£mn5g =0
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° @5’\4 @ﬁ}l’zps QMN =0:

i @Mp 6Mp1p2p3

ydagrhPPPRPs — by ) QIP? epslmpabed g
_a4d5§[p1pz§p3]p _ a4d’5§[p1p2§’p3}p

—ayds RPp2pagmp — a’4d’5 Rpip2ps £'mp
_b4c56mnabp1p2p3 Qabﬂfm _ b;c5fggcenab0p1pzp3 Trl;m
_b4c’5gab7-m6mpp1pzp3ab _ b;C;f(E’ZZEP]abcmpzp:aTm =0

QMN = (:

~ m abed
a2dlg7gpp1p2p3 - bQClT[p1p2 Epg}m]{)abcdh

—as d49[P1p2 9103]17 - ai’) d46[P1p2 0

/
p3lp

! fm "7 orm /
_&5d4fp1p2p3 emp - CL5d4 4

pip2p3~mp

abymn ! Dabc mn
_b5c4€mnabp1p2p3€ Qp - b5C4Rm Enabcmpzp:st

/ abym ! pabc m __
—b5C48"° Q™ €mppypapsab — b5C4R[m €plabepipops @™ = 0

o 0%, Opy MV =0

a1d197§7(55 +924.3 bicy (gabcdhade(Sg _ 4gabcqhabcp)

! / I 3.0 /T T
55 0mg ™ — a5 dyOngE ™ — alydsbl, £ — by, E T

mn ! Om / m /] m v
—bscs QY Th, — b5 QP T — bsesQ™Th  — biscs 7, 0h =0

MN _ (.
i @MPIPQPS @Nt]wz% Q =0

! m m ab
a2d40[Q1ngQB}p1p2P3 + a2d4gmp1p2p3 fq1q2q3 - b2C4T[p1p26p3]mabQ1q2Q3§

m

n

p1p2 psR([lrlr)zcen]aquwwa - (p1p2p3 A QIQ2QS) =0

° @'I;\zpzm @31\1[112113 OMN — -

a4d2€[qw2 h431P1p2p3 + aﬁld2hmp1p2p3 R%qumB _ b402Q7[]%1p2 Eps}mabqus@ab

_bZCQQ

[p1p2
m

ors f iﬁﬁn}abcqm% — (p1p2ps <> q1G2q3) =0

(B.10)

(B.11)

(B.12)

(B.13)

(B.14)
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L] @Mp1p2p3 @/I\%/Q QMN =0:

mr U r " m ST
a2d3gm}?1p2p3Qq +a2d39qz71p2p3c2 +a2d39mp1p2p3Q 0
T
a3d47' 1p3(5q

r / r
—a3d40[p1p27p3]q — a3daTqbp, py 0 —
! m / T
a3d p1p2p3 CL3d Tq p1p2p3 CL3 4Tm P1P2p35q
[m 7] [m r]

+b2C3T[P1p2 fpa]qm + b2c§” em[Pl p2p3]5r

—bacalmEY €mabgpipaps — b3cgfrmRinc€q]ab6p1p2P3
_béc4€/rm€ab€mabqp1p2p3 - 645 rm ([lmceq]abcplpzps
b§C4RZnnT€ab€mnabp1p2p3 - b” /RmnTRabcenabq?popd
—me gmn(srgabemnabplznp?) o ”’ lgmnérRabcenabcplpng =0

elibbs g8 L QMN — (.

"
agdzhmmm’paTgw + anghqmmpaTr + asg thmplmpaT 04

—a4d3§[p1?’2@$3]‘1 _ a4deq§[p1p25gs] _ a4d§£[”1p3QP3]6g

—ald3QMI RPIP2P3 — g, db Q9 RP1P2P — ¢, dem RP1P2P3 54
+b30 Q[P1p25p3 gqm + b/ C2Q[p1p25p3]5 qm
/// gm[plQpﬂOS

—f-b c Q[PlPQ ps]qm
—b4c30m9abemabwzps — byc,0!, Oapemabapipaps

— bjc

10! f - ™ cqlabepipaps

—b,c30,m f[zn gdlabepipaps
aoc
bycy f4 fm ¢nabepipaps

1"
_6403 fnqmreabemnabplpzm _

" 12
_5403 an5 gabemnabplmm _ b mn(SQf

enabepipaps — ()

(B.15)

(B.16)
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* O pippapy OLLH QM = 0

202 Gimp, pops N PP+ bacowyy 000 Q) %ﬁqz (52]3]
—aydy e 5551} Opops) — agd €l gf;?zps

) q19293 _ o' A R9192q93 fm
a4d4R[p1 Opaps) — aydy R

p1p2p3
—2% - 3044 (0 P08 2 4 604, 5};@;‘35%@ + 3011 ps 5};%;}5%%1) (B.17)
+22 32 byc (RIP% 0,1 + 300" 2 RO + 60,1, 0,0 RET)
—22 - 3By folhaps €2 4 BEPOE f 4 6610612 £ )
=2 3 (Fub O B + 6}y OB TN + 310, B) = 0

.« 0%, O, PNV =0

ms U s " mss
azdzwl,, Q7 + azdswl, Q° + azdswi, Q™0

’ /!

+ 33w, Q% + a3daw, Q67 + aydyQIw,d?

+aydswn Q0% + aydyw, 61Q° + aydyw, Q™ 616%

AbaCaEU 50,y + b€} 0L, 4 byc €T [+ baCy €700, 0
Oy Ca€ U G304 UK E WSO A Bn€ T[54 By € 0,,0

n"on i

b33 R0, + by R0, + bycg RIMfS 4 bycy R0,

" " / mnron nrn

+by 3™ 0rm 0] + by 3™, 00 + by c3E™" [0 08 4 by 3§ 06,0

—(pg <> 1s) =0
(B.18)

Truncation to N =1

We conclude by commenting on the identification of the constraints that remain
non-trivial after the truncation to N’ = 1 discussed in section 4.1. The fluxes that
survive after the truncation can be read from table 4.1. We can see that equations
(B.4) and (B.5) are identically satisfied, whilst there are non-trivial constraints such
as (B.12) when the two free indices are equal. The constraints (B.8) and (B.9)
are not identically satisfied only if the free indices p, g, correspond to one of the
combinations in (4.8). The equations (B.6,B.7,B.10,B.11) that are non-trivial in
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the reduced case are those in which the four free indices p, p1, p2, p3 correspond to
one of the combinations in (4.9). From (B.18) only those equations with the four
free indices p,q and r,s such that m,p,q and m,r, s are two combinations from
(4.8) for some m = 1,...,7 survive. Finally, the constraints (B.11,B.14,B.17) are
non-trivial if the two triplets of free indices p1, p2, p3 and ¢, g2, g3 together with the
same m = 1,...,7 correspond to two distinct combinations of (4.9); (B.15,B.16) are
non-trivial if ¢, and py, ps, p3 together with some m = 1,...,7 form respectively a
combination of those in (4.8) and one of those in (4.9) .
Explicitly, the quadratic constraints in the reduced theory are

ald4g7f][k[l1 a2d5glm1kﬂ[£””+23 3°D C4R”mngk‘111]m”_b2c5w:'7€[j1w17€r;lﬂ =0, (B'lg)

a;d1§7Rgfk” —aj, d hZI]IkIlIQ’ +23'33 bZC f[][ hk[l[]mn bsc Qm[]IQl:r{ll} =0, (B20)

Z[l[ 1rmn

bre 1 ¢'brb / _arbreymn /
a1d397Q el — as d g ! Iwbla + b10 o pqgmnpqe

arag
" _brmnpqrs
+by c € Gpgrs fo)

/ crer, by mncy, by __
nay — U3Cs § Wela, = bgc5RaI wl =0, (B.21)

~ _ar / / bra mn "ara
a3d1g77—b[0[ - a5d3 bIbIQ . + b3016a1b101mnpqh qu o

"
pgrs mnary _ crar _ mn __
+b5C1 €0 mnpgrsh R bsc50 CICIQ b503 mnCIQ =0, (B.22)

a2d197hz]]]k1l[ + b 1 Qj]k] l]]nmabcdgabcd

1 pirkilr ¢'igi m nabejikily jir
—agdy RV T — bscl fape Byt =0, (B.23)

~ m abed
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