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Abstract

Morrey spaces were introduced by Charles Morrey in 1938. They are a useful
tool in the regularity theory of partial differential equations, in real analysis
and in mathematical physics.

In the nineties of the XX century an active study of general Morrey-type
spaces characterized by a functional parameter has started to develop. A
number of results on boundedness of classical operators in general Morrey-
type spaces were obtained.

At the beginning of the XXI century there were new active developments in
this area. In the last decade many mathematicians do research on smoothness
spaces related to Morrey spaces. Among these spaces the Sobolev-type spaces
play an important role.

In the thesis Sobolev spaces built on Morrey spaces are studied, which are
also referred to as Sobolev Morrey spaces. These are spaces of functions which
have derivatives up to certain order in Morrey spaces.

We analyze some basic properties of Morrey spaces and of Sobolev Mor-
rey spaces. Then we consider the embedding and multiplication operators
in Sobolev Morrey spaces. Finally, the dissertation provides a study of the
composition operator in Sobolev Morrey spaces.

The results presented in the thesis have been obtained under supervision

of Professors V.I. Burenkov and M. Lanza de Cristoforis.
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Sunto

Gli spazi di Morrey sono stati introdotti da Charles Morrey nel 1938. Essi sono
uno strumento utile nella teoria della regolarita per equazioni differenziali alle
derivate parziali, in analisi reale ed in fisica matematica.

Negli anni novanta del XX secolo ha iniziato a svilupparsi un attivo stu-
dio degli spazi di Morrey di tipo generalizzato che sono caratterizzati da un
parametro funzionale. E stato ottenuto un cero numero di risultati sulla limi-
tatezza degli operatori classici negli spazi di Morrey di tipo generalizzato.

All'inizio del XXI secolo ci sono stati nuovi e attivi sviluppi in questa area.
Nell'ultima decade molti matematici hanno svolto ricerche su spazi funzionali
relativi agli spazi di Morrey. Tra questi spazi gli spazi di tipo Sobolev giocano
un ruolo importante.

Nella tesi si studiano Spazi di Sobolev costruiti su spazi di Morrey, anche
detti spazi di Sobolev Morrey. Questi sono spazi di funzioni che hanno derivate
fino ad un certo ordine negli spazi di Morrey.

Si analizzano alcune proprieta di base degli spazi di Morrey e degli spazi
di Sobolev-Morrey. Poi si considerano operatori di immersione e di moltipli-
cazione negli spazi di Sobolev Morrey. La terza parte della tesi presenta uno
studio degli operatori di composizione negli spazi di Sobolev Morrey.

I risultati presentati nella tesi sono stati ottenuti sotto la supervisione dei

Professori V.I. Burenkov and M. Lanza de Cristoforis.
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Introduction

This dissertation is devoted to Sobolev spaces built on Morrey spaces, also
referred to as Sobolev Morrey spaces, i.e., to the spaces of functions which
have derivatives up to a certain order in Morrey spaces.

In the first part of the dissertation we analyze some basic properties of

Morrey spaces and of Sobolev Morrey spaces. In particular,

(i) We characterize the functions in a Morrey space which can be approxi-
mated by smooth functions, as the functions which belong to a specific

subspace of the Morrey space, which we call the ‘little’ Morrey space.

(ii) Contrary to the classical Sobolev spaces built on the L, spaces with
p < oo, the Sobolev spaces built on Morrey spaces are not separable
spaces even if p < oo and we cannot expect that the set of C"*° functions
of a Sobolev Morrey space be dense in a Sobolev Morrey space. However,
we show that the functions in a Sobolev space built on little Morrey

spaces can be approximated by C'* functions.

In the second part of the dissertation we consider the embedding and mul-

tiplication operators in Sobolev Morrey spaces. Namely,

(i) We prove a Sobolev Embedding Theorem for Sobolev Morrey spaces.
The proof is based on the Sobolev Integral Representation Theorem and
on a recent results on Riesz potentials in generalized Morrey spaces of
Burenkov, Gogatishvili, Guliyev, Mustafaev [14] and on estimates on the
Riesz potentials contained in the dissertation. We mention that a Sobolev
Embedding Theorem for Sobolev Morrey spaces had been proved by
Campanato [19, Thm. I1.2, p. 75], for a subspace of our Sobolev Morrey

space which corresponds to the closure of the set of smooth functions in
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Introduction

our Sobolev Morrey space. The methods of the present dissertation are

considerably different from those of Campanato.

(ii) We prove a multiplication Theorem for Sobolev Morrey spaces which ex-
tends to Sobolev Morrey spaces a known result of Zolesio [61] for classical

Sobolev space (see also Valent [58], Runst and Sickel [51]).

Both the Sobolev Imbedding Theorem of (i) and the multiplication Theo-
rem of (ii) have been proved for bounded domains with the cone property. We
believe that one could prove the same type of results for unbounded domains
with the cone property and in particular for the entire space.

Then in the third part of the dissertation, we consider the composition
operator in Sobolev Morrey spaces, and as a first step we do so for Sobolev
Morrey spaces of the first order. Let 2 be a bounded open subset of R™ with
the cone property. Let W}*(Q) be the Sobolev space of functions with deriva-
tives up to order 1 in the Morrey space MI;\(Q) with exponents A € [0,n/p],
p € [1,+o0].

Let 1 be a bounded open subset of R. Let WI}’A(Q, 1) denote the set of
functions of W*(€2) which map © to Q.

Let C%1(£2;) denote the space of Lipschitz continuous functions from ;
to R. Let r be a natural number. Let C"({);) denote the space of r times

continuously differentiable functions from Q; to R.

Then we prove the following results.

(j) We prove that if f € C%'(Q;) and if g € W}*(Q) has values in Qy, then
the composite function f o g belongs to Wpl”\(Q) and the norm of fog
can be estimated in terms of the norms of f and of g. We note that in
case A = 0, which corresponds to a classical Sobolev space such a result

is well known (see Marcus and Mizel [35]).

(ji) We exploit an abstract scheme of Lanza de Cristoforis [30] and prove
that if (1 + ) > n/p, then the composition map T from C™+(Q;) x
Wpl”\(Q, 1) which takes a pair (f,g) to the composite function f o g is
r-times continuously Fréchet differentiable. We note that in case A\ =0

the result of the present dissertation improves a corresponding result of

Valent [58] for case r = 1.



Introduction

(jij) We prove that if f € CIZ’CI(R) and if (1 + \) > n/p, then the map which
takes g to fog is Lipschitz continuous on the bounded subsets of WPM(Q).
For a related result in the Besov space setting, we refer to Bourdaud and

Lanza de Cristoforis [9].

We believe that our sufficient conditions on f of (j), (jj), (jjj) are optimal,
just as they have been shown to be optimal in the frame of Sobolev spaces,
which corresponds to case A = 0 (see Appell and Zabreiko [4, Ch. 9], Runst
and Sickel [51, Ch. 5], Bourdaud and Lanza de Cristoforis [9].)

We believe that by proving the Sobolev Imbedding Theorem of (i) and the
multiplication Theorem of (ii) above for unbounded domains with the cone
property, one could prove also the results of (j)—(jjj) for unbounded domains
with the cone property and in particular for 2 = R".

The composition operator has been considered by several authors. For
extensive references, we refer to the monographs of Appell and Zabreiko [4,
Ch. 9], of Runst and Sickel [51], of Dudley and Norvaisa [23], and to the
recent survey paper Bourdaud and Sickel [11]. In particular, the continuity,
the Lipschitz continuity and the higher order differentiability of f o g has a
function of both f and ¢ has long been investigated.

In the Sobolev space setting, we mention in particular Marcus and
Mizel [34]-[40], Adams [3], Szigeti [56], [57], Valent [58], [59], Gol’dshtein and
Reshetnyak [26], Drédbek and Runst [22], Musina [41], Bourdaud and Meyer
[10], Bourdaud [6], [7], Bourdaud and Kateb [8], Sickel [53]. As far as con-
sidering the differentiability of the composition operator when both the func-
tions f and g belong to a Sobolev space, we mention a paper of Brokate and
Colonuis [12], and of Lanza de Cristoforis [32].

The results of this dissertation will appear as joint work with the supervi-

sors V.I. Burenkov and M. Lanza de Cristoforis.






Notation

N denotes the set of all natural numbers including 0. Throughout the paper,
n is an element of N\ {0}.

As usual, R is the set of all real numbers, R” is the n-dimensional Euclidean
space, and

N*"=Nx---xN
—_———

is the set of multi-indices.

P(R™) — the linear space of polynomials with real coefficients and n real
variables.

B(z,r) — the open ball of radius r > 0 centered at the point = € R™.

v, — the volume of the unit ball in R".

supp f — the support of a function f.

f(D) — f-preimage of a set D.

_ geattany
- Bz?l...az%"

D~ — the (ordinary) derivative of the function f of order «,
and

D¢ = (%) — the weak derivative of the function f of order a.
T oz ),

For an arbitrary nonempty set 2 C R™ we shall denote by:

diam €2 — the diameter of 2,

Q or cl(Q2) — the closure of €,

Xq — the characteristic function of 2, i.e. xq(§) =1if £ € Q and yq(§) =0
if ¢ e R™\ Q,

C°(Q) — the space of functions continuous on §2,

CP(€) - the Banach space of functions continuous and bounded on € with
the sup norm in €2,

CY (Q2) — the Banach space of uniformly continuous and bounded functions

>



Notation

on () with the sup norm in €,
C™(2) (m € N) — the Banach space of m-times continuously differentiable
functions on €2,
C>®(Q) = ﬂN C™(2) — the space of infinitely continuously differentiable
me

functions on 2,

C(2) — the space of functions in C*°(Q2) with compact support.

For a measurable nonempty set {2 C R™ we shall denote by:
L,(Q) (1 < p < oo) — the Banach space of functions f measurable on €2

such that the norm

1z, = /|f(x)|”dx < 0.
Q

L+ (£2) — the Banach space of functions f measurable on {2 such that the

norm

17ty = esssup |/ ()] < oc.
xe

For an open nonempty set {2 C R™ we shall denote by:

Lec(Q) (1 < p < 00) — the set of functions f defined on Q such that for
each compact K C Q f € L,(K),

B(Q) ={f: Q— R: fis bounded},

M(Q)={f: Q= R: [ is measurable},

M (2) — the factor space M(Q2)/©(Q2), where ©(12) is the set of all functions
defined on €2 which are equal to 0 almost everywhere on €2,

C™(§2) — the subspace of C™(Q) of functions f such that f and its deriva-
tives Df of order || < m can be extended with continuity to €,

C>(Q) — the set of functions f from Q to R such that there exist an open
neighborhood U of € and a function F' € C*(U) such that the restriction of

F to Q coincides with f.

Definition 0.1. Let Q) be a bounded open subset of R™. We denote by C™*({2)
the subspace of C™(Q2) whose functions have mth order derivatives that are

Hélder continuous with exponent o € (0, 1].
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Notation

Definition 0.2. By definition, a function f belongs to C*°(Q)) if f € C>*(Q)

and for all x € 02 and for all « € N" there exists the limat

lim D f(y).

y—x

yeN

(By definition D f(x) = lim D f(y).)

yeN
Definition 0.3. Let p € [1,+0o0]. Let A > 0, and m, k be two natural numbers
such that m < X\ < m +k. Then f € H) (Nikolskii space) if and only if
feL,and

sup A" AED |1, < +oo.
la=m, |10

This space does not depend on the choice of the integers k, m satisfying
the inequality m < A < m + k. We recall that H;‘ is also known as the Besov

space By .
Definition 0.4. Let V,Q be open subsets of R™. We write
VccQ

if V.CV CQ and V is compact, and say that V is compactly embedded in ).

Definition 0.5. Let X and Y be normed space. By L(X,Y) we denote the
normed space of the continuous linear maps of X to Y equipped with the topol-

ogy of uniform convergence on the unit sphere of X.






Chapter 1

Morrey and Sobolev Morrey

spaces

1.1 General Morrey spaces

Definition 1.1. Let Q) be a Lebesgue measurable subset of R™. Let 0 < p <
+oo and let w be a measurable function from |0, +oo[ to |0,+o0[. Denote by

M;f(')(Q) the space of all real-valued measurable functions on Q for which
£l vz ) = 59w ()l ppre e 0,000 < 00
Definition 1.2. Let 0 < p < +00. Denote by A, the set of all measurable

functions w from |0, +oo[ to |0, +oo[ which are not equivalent to 0 such that

[w(0) || oo (1,00) < 00, [[w(p)p7|Lo0,1) < 00

In [15], [18] it is proved that, if w is a non-negative measurable function
from ]0, 00| to |0, +oo[ which are not equivalent to 0, then the space MEV(Q)
is non-trivial, i.e. consists not only of functions f equivalent to 0 on €2 if, and

only if, w € A, «.

-
Y 6 07 1 Y
Definition 1.3. If wy(p) = P p €0, 1] , then we set
L, p=1,

A — w
M3 (Q) = /\/lp*(Q)
and the condition wy € A, o means that 0 < X\ < %.

9



1. Morrey and Sobolev Morrey spaces

Note that

Lemma 1.4.

£ lazp (@) = max {Sup sup 9| fllz, (B0, HfHLp(Q)} . (L)
e 0<p<l

We find convenient to set

[ flowpe = sup [N Fllzpenmall,, o, ¥ €O, +o0l

and

|f|p,)\,p,Q = |f|P,w)\7P»Q

for all measurable functions f from Q to ]0, +oo[ and for all functions w from

10, +00] to |0, 4+o0[. Clearly, |f|jwpa € [0, +00].
Definition 1.5. Let Q2 be an open subset of R™. Let p € [1, +00].

(1) Let w be a function from |0,4o0[ to |0, +oo]. Then we define as gener-

alized little Morrey space with weight w and exponent p the subspace
w,0 — w . —
M2(@) = {1 € M) tim |l =0
of M3 (€2).

(ii) Let A € [0,400]. Then, in particular, the little Morrey space with expo-

nents A, p is the subspace
A0 — A B H _
M, Q) = {fGMp(Q) : ll)1_r>r(1)|f\p,,\,p7g—0}

of M)Q).

Example 1.6. Let 0 < A < n/p. Then
1) The function |z|* € M)(B(0,1)) if and only if o > X — >
2) The function |z|* € M)*(B(0,1)) if and only if oo > X — 2.

Lemma 1.7. Let Q be an open subset of R". Let p € [1,4+00]. Let w € Ay .
Then MY(Q2) is a closed proper subspace of MY ().

Proof. Let f € MY(Q). Let {f;}jen be a sequence in M¥*(Q) which converges
to f in M2 (). We want to prove that f € M¥0(Q).

10



1.1 General Morrey spaces

Let € > 0. Since f; = f as j — oo, there exists N; € N such that

g
|f - fk:|-|—oo,w,p7(2 < 5 \V/ k? Z Nl'

By definition 1.5, there exists ¢ > 0 such that if p €]0,d[, then

3

|fN1|p7w7p1Q < 5'

Since f = f — fn, + fn,, we have

13 15
|f|p,w,p,Q < |f - fN1|+oo,w,p,Q + |fN1|p,w7p,Q < 5 + 5 =&

for all p €]0,4]. O

Lemma 1.8. Let Q2 be a bounded open subset of R™. Let p € [1,+00]. Then
MIHQ) = M (). Moreover, the quasi-norm

p

_ —A
11l gy = 5022 ey Vf € M2 ()

zEQ
p>0

18 equivalent to the quasi-norm

[ fllanp @) = Sup lwx(P)1f |2, (B.p) | Loc (0,.00) =

= supwx(P) | f ||, By VS € M)(Q).

e
p>0

Proof. A simple calculation shows that

11y gy < I Narzcon

Indeed, p=* < wy(p) for all p €]0, +oo[ and thus

o> oy = sup M LyBEpne <

L L
< sup  wA(PIf L, Banne) = [1fllpe)-

(z,p)€2x]0,4-00]
Conversely,
[fllap) = sup wa(P)fllL,Bpne) <

(w,p)EQX}O,—&—oo[

< SUP{ sup pi)\”fHLp(B(ac,p)ﬂQ); sup Hf”Lp B(z,p)NQ) } =

(z,p)€02x]0,1] (z,p)EQX]1,400]

11



1. Morrey and Sobolev Morrey spaces

= sup { sup /Oi)\HfHLp(B(x,p)ﬁQ)a sup Hf”Lp (z,p)NN) }
(z,p)€02x]0,1] (z,p)€2X]1,400]

Now we estimate

sup | fllz,B@pne)-
(2:)€RxX]1+ o]

If 1 < p < diam¢2, then

1F Iz, (B pney < (diam Q)* (diam Q)| |z, (5 pne) <

< (diam Q)* sup P MLy Bapne <
(z,p)€Qx]1, diam Q[
< (dam Q) sup P f s pne) = (dam QM F o o
(z,p)EQX}O,—&—oo[

If p > sup{1, diam Q}, then

I fllz,Bamne) = I fllL@ <

< (diam Q) (diam Q) | £, (B(z, diam 2)n) <

< @m0 sup Sl = (dam Qs
(z,p)€Q2%]0,400[ P

Therefore,

I fllaspiey < max{L, (diam QP 1], o5

and proof is complete. O

Lemma 1.9. Let Q be an open subset of R™. Let 1 <p < 400, 0 < A < n/p.
Then M} (Q) C L,y(Q).

Proof. Let f € M) (£2). We note that

AP llyoemnm < If e < 0o for all (z, p) € 2x]0, +ool.

Since wy(p) = 1 for p > 1, we obtain

1|z, B@oane) < [1fllap@ < oo forall (z,p) € Qx [l +oof.

By taking supremum in p > 1 we get

1z, @) < ||f||M,¢(Q)-

12



1.1 General Morrey spaces

Lemma 1.10. Let €2 be an open subset of R". Let 0 < p < 00, 0 < A < %.
Then

My(Q) & Ly*(%)
for any q > p.

Proof. Without loss of generality, we can assume that 0 € 2 and B(0,1) C €.
Let

(26, ze B(0,1)\ B (0,

0, otherwise.

£@) L_9-kp=p 1)k eN,
X

Note that

) (pr)|=n () -2 s

1 n—1
< nuw, (E) 2 k=l — 5 ok Ap=2 (1.2)

where v,,, 0, respectively, is the volume, the surface area respectively, of the
unit ball in R™. Similarly, since % — 2 kA=l ﬁ,

1 1
‘B (0, E) \B (0, E — 2_k]€_>\P—1)’ > 21_n0n2—kk—n—>\p—2.

By using inequality (1.2) and the inequality

S (143

1
—, where a >0, a > 1,
P a) a

(1.3)

we get that for any 0 <r <1 and z € R"”
IAIZ s < IFIZ, 5o =
k1.n—1 1 1 —k71.—p—1
> 2R B (0,2 )\ B (0, — 27k <

1—2=kk=Ap-1<r
<o Z L<c7 1+i AP AP
k>

If r>1and x € R", then

LY
1AL, By < WL, B0 = 1L, B01) = on (1 + rp> 2

Therefore, f € M}(Q).

13



1. Morrey and Sobolev Morrey spaces

On the other hand, by (1.3) for any ¢ > p
n—1y4 1 1 o
17117, 50,y = D_(2"K"71)7 | B (07 E) \ B <0, o2tk 1)’ >
EST

17— 2
>21 no_n§ :2k (n— n—A\p— — 50.

k>1
—_Tr

Hence, f ¢ Ly°(Q). O

Corollary 1.11. Let €2 be an open subset of R™. Let 0 < p < oo, 0 < A < %.

Then
H;(Q) C M;(Q)

and this inclusion s strict.

Proof. The above inclusion was proved in [29] for n = 1 and in [49] for n > 1.

The strictness of the inclusion follows since by the embedding theorem [48]

H)(Q) C LY(Q)

with ¢ = 5 > p. Hence, the function f constructed in the proof of the
n—Ap
previous Lemma belongs to M}(Q) but does not belong to H,(Q). O

Lemma 1.12. Let Q2 be a Lebesgue measurable subset of R", m, () < oo.

Let p € [1,+00[. Then the following statements hold.
(i) If A <2, then Loo(Q) € M(Q).
(i) If X <2, then Loo(Q) € M (Q).
Proof. (i) Let f € L>(2). Then we note that
1 zpmerne < (ma(Bla,r) 0 D)# [l

and

1flag ) = sup sup wr(p)|| fllz,(B@pne) <
zeQ p>0

1
< max{sup sup o (0ap™) P || f i)
zeQ) 0<p<Ll

sup sup(rm, (0 >>i||f||Lw<m} _

z€Q p>1

e {uf 0 (@)% | 1t

14



1.1 General Morrey spaces

(ii) Let f € L>(Q2). Then for all p €]0, 1] we consider the norm

|f|p,w)\,p,Q = sup w)\(T)HfHLp(B(x,T)ﬂQ) <
(z,r)€Qx]0,p[

< swp wn () (ma(B@,r) M) | f] o) <

(z,r)€2x]0,p[

1
< osup (B, )7 | flleg) <
(Z‘,T)EQX]Ovp[

1
< sup 12 R ||fllpe@ — 0 as p— 0.
(z,r)€Qx]0,p[

Hence, we obtain that f € M°(9Q).
[

Corollary 1.13. Let Q2 be a Lebesque measurable subset of R™. Let p €
[1,4+00[, A € [0,n/p]. If f € L>=(Q2) and supp f is compact, then f € MI;\(Q)

Proof. Let f € L*(Q). Then

||f||M,§(Q) = ilelg i;l%) WP f1 2, (B@p)ne) <

1
< sup sup w(p) (mn(B(z,7) Nsupp f))7 || fllro@) <
zeQ p>0

1
< max {sup sup p_’\(UnPn)” [f o)
zeQ 0<p<l1

1
sup sup(m, (supp f))prHLoom)} =
zeQ p>1

B =

_ max{vé, (55D 1)) } TS
[]

Corollary 1.14. Let Q be an open subset of R". Letp € [1,4o00], A € [0,n/p].
Then C°(Q) C M) ().

Next we state a known result for Morrey spaces. For the sake of complete-

ness we also give proofs.

Theorem 1.15. Let Q) be a bounded open subset of R". If 1 < p < +o0 then
the following statements hold.

(i) My(Q) = Lp();
(1) If A =3, then M) () = Loo(2) both algebraically and topologically;

15



1. Morrey and Sobolev Morrey spaces

(iii) If 2 < A < 400, 1 < p < 400, then M (Q) = {0}.

(iv) Let 0 <p<gq<+4o0and 0 <A<2 0<v<2 [f2—py<
v A
MY (Q) < MNQ).

Proof. (i) Let us take f € MJ(Q) and consider its norm in this space

| fllar0) = sup wo(P) fllz,Bpne) = sup | fllz, e = 1fllz@-
P P

(ii) If A =2, then by the Lebesgue Theorem

[ 1f@)Pdy\ v

_n 1 B(z,p)NQ2
n = su = vf su >
HfHMg,(Q) Sup p P12, B@pnn) = vn up o >
p>0 p>0

i 1
> vy esssup | f(x)| = i || fll o)

where v, is the volume of the unit ball in the space R™.

Suppose now that f € M7 (Q) and f ¢ Lo(Q). Since f ¢ Loo(Q), i.e.
| fll 2o () = 00, then for every K > 0 the set

S(f, K) ={z e Q: [f(2)] > K}

has positive measure.

Denote by A the set of all points x € 2 for which

@l = B )

| 1rwpd.

B(z,p)
Thus, AN S(f, K) has a positive measure.

Ifx e ANS(f, K), then

1

lip s [ Pay = 1P > K.

B(z,p)NQ2

From this fact it easy to see that for every K > 0 there exists p such

that
1

oy | Vwras

B(z,p)NQ2
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1.1 General Morrey spaces

and, thus,

B =

1 -1 _n -1 _n
Kv <wv,"p » / f)lPdy | < vn?supp # || fllL,(Bap)n0)-

zEQ
B(z,p)NQ piO
So we have ||f HM%(Q) = oo. This contradicts the assumptions that
p

e M Q).
Now let f € Lo(2). For every ordered pair (z, p) € 2x]0, +oo[ we have

P

i [ wra | <ol [ | il <

B(z,0)NQ B(z,p)N$2

1

1, 1
< p i p7 [ fllLe@) = vn 1 fllLeoi@) Vo €]0, +00].

Thus,

1
n < .
1715 gy < VI et

From this inequality follows the continuity of the identity operator

I: Lo(Q) = M7 (Q).
(iii) Let f € MIQ\(Q), then exploiting the Lebesgue Theorem we obtain

1 lap) = sup = f ll2pB@pne) =

zeQ
p>0
1
AN
—supp "Tr GLCCIT— DTN f(x) =0 a.e.
zeQ pn

p>0

17



1. Morrey and Sobolev Morrey spaces

(iv) Let f € MY(€2), then

171l gy = SUP P M Ly Bapne) <
S0

< sup p my,(B(z, p) NQ)]»~
550

Q=

1FllzaB.pn0) <

1_1
SmaX{ sup_ p M ma(B(@, )7 | fll Ly Beone)
(2,0)€02x]0,1]

'@\H
-Q\H

sup  p M mu ()P
(2,p)€Q X1, 400

||f||Lq(B(w,p)ﬂQ) } <

_1
AtnR_n
Smax{ sup vl o | fll Ly(Bap)ne)s

(2.0)€2x]0,1]

ma (775 sup w(p) | f ]|y }g

(2,p)€Qx[1,400]

1

gmax{w}q,[mn< Q)]s 3}||f||Mv

where v, is the volume of the unit ball in the space R™.

]

Theorem 1.16. Let Q) be an open subset of R™. Let py1, ps € [1,+00] be such
that pil + piz = ]l). Let A\, Ay € [0,400[, A = A\ + \o. Then the pointwise
multiplication is bilinear and continuous from M) () x Mp2() to M)} (Q)
and maps M) () x M)2(2) to M)O(Q) and M) (Q) x M)>°(€) to M)(2)

Remark 1.17. This statement proves the Holder inequality for Morrey space
O -
M (€2).

1ol < Ul @llall ey ¥ (Fr0) € M(Q) x M(Q).
Proof. Note that

p~, pe€l0,1], p~ M p €0, 1],
w,\(p) = = - w>\1<p)w>\2(p)'
L, p=>1, 1, p>1,

Then, by Holder inequality, we have

| f9lprpa = sup wA(T)HngLp(B(x,r)mQ) <
(z,r)€Qx]0,p[

< sup  wa()fllz,, B9, B <
(z,r)€Q2x]0,p[

18



1.1 General Morrey spaces

< sup o wn (D)fllL, Benne)  sup - wr(M)lgllL,, Benne) =
(z,r)€Qx]0,p[ (z,r)€Qx]0,p[

= |f|ﬁ7/\1,p1,9|g|P,)\2,p2,Q for all P E]O, +OO]'

Therefore, by taking p = 400, we deduce that fg € MI;\(Q) when
(f,9) € MyH(Q) x Mpz(Q).

By letting p — 0, we deduce that fg € M}°(Q) when (f,g) € M}*°(Q) x
M2 ().

The case when f € M1 (Q) and g € M)>°(Q2) can be analyzed in the same

way. O

Theorem 1.18. Let Q2 be an open subset of R™. Let p € [1,400]. Let

A € [0,n/p]. Then the pointwise multiplication is bilinear and continuous

Jrom M) () X Loo() to M) and maps M)*(Q) x Leo(2) to M}MO(Q).

Proof. We show that if f € M}(2), g € Lo(€2), then

[ f9lprpe = sup wA(T)HngLP(B(x,r)mQ) <
(z,r)€Qx]0,p[

< HQHLOO(Q) Sup wA(p)HfHLp(B(x,r)mQ) =
(z,r)€Qx]0,p[

= l9llzw@florpo forall p €0, +od].

Hence, by taking p = +oo, we deduce that fg € M}(Q) when
(f.9) € MN9) X L),

By letting p — 0, we deduce that fg € M(€2) when (f,g) € M}°(Q) x
Loo(92). O

Lemma 1.19. Let A C R™ be a measurable set. Let €2 be an open subset of R™.

Let p € [1,+00|. Let A € [0,n/p|. Suppose that f is a measurable from A x Q

toR. Let f(-,y) € M)(Q) for almost ally € A and [ 1G9 ) dy < +oo.
A p

Then for almost all x € Q the integral [ f(z,y)dy makes sense and Minkowski’s
A

inequality for Morrey spaces

[rewas|) < (1l ds
A M}MQ) A

holds.

19



1. Morrey and Sobolev Morrey spaces

Proof. By Minkowski’s inequality for the Lebesgue spaces and by the imbed-
ding of M) () into L,(Q) we know that for almost all z € Q the integral
[ f(x,y)dy makes sense and defines almost everywhere a function of L,(€2).
Then by applying the Minkowski’s inequality for the Lebesgue spaces in
(B(z,p) N Q) x A for all p €]0,+o0[, we obtain the following inequality

/f(',y)dy = sup /f <
4 (z,0)EQX] 0+oo

M () Lyp(B(z,0)"9)

< s wp) / 1) ey 4 =
A

(2,p)€2x]0,400]

,p)EQ2%]0,400]

=[ s )y mnn / 1) o
A(xp)

1.2 Approximation by C**° functions in Morrey
spaces
Definition 1.20. If ¢ € L'(R") and t €]0,+oo[, we denote by ¢4(-) the func-
tion from R™ to R defined by
Oi(z) =t "Pp(x/t) VreR™
By the formula of change of variables in integrals, we conclude that
/gzﬁt(az)da: _ /(b(a:)dx V1 €]0, 400,
R" 0
whenever ¢ € L'(R"™).
Lemma 1.21. Letp € [1,400[, 0 S A< % and f € M)(R™). Then
lm fxpor = f in My(R").
Proof. Consider for 0 < p <1 the norm
X0k — fllapeny = sup lwx(P) [ fxBox) = FllLaBEm)Lw@©00) =
= sup [[wa(") || fll 2, (BB Lo 0,00) <

reR”™
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1.2 Approximation by C*° functions in Morrey spaces

< sup [ wa(Mf11 5, B@m) | L 0,p) + max{p™, 1| fllz, @\ Box) =

rER™

= |Florprn + 07 fllz, @ Bom)-
Let k — oo, then since f € L,(R™) (by Lemma 1.9) and p < co we have
Jim [ 1]z, @m0 = 0.
Therefore, for all 0 < p <1
S ([ fxsor = fllap@y < [floapen
By passing to the limit as p — 0, since f € M»°(R"), we have
,}LIEOH]CXB(O,k) — sy =0,

or equivalently

khf;o 1 xB0k) = fllap@n = 0.

Then we have the following result of approximation by convolution.

Theorem 1.22. Let ¢ € CX(R™), [ ¢(x)dz = 1. Then the following state-
R

ments hold.

(i) Letp € [1,4+00], A € [O, } If f € M;(]R") and € > 0, then the function

n
p

f* ¢ from R™ to R defined by
[ o = /f(x —y)d(y)dy VaxeR"
Rn
belongs to M) (R™) N C*(R") and
1S * @:llanp@ny < N@llca@mll fllapy@n ¥ € My (R™).

(i1) Let p € [1,4+00], A € [O, %} If f € M})*(R™) and e > 0, then f * ¢,
belongs to M)°(R™) N C>=(R™).

(iii) Let p € [1,+ool. If f € M)}O(R"), then f * ¢. belongs to M)*(R™) N
C>(R™) N CY% (R™) for all € €]0, +o0[ and

lim f+ ¢ = in M) R™). (1.4)
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1. Morrey and Sobolev Morrey spaces

(iv) Let p € [1,400[. Then

clypaen) CE(R™) = MpO(R™). (1.5)

Proof. (i) Let f € M)(R") and & > 0, then

W (D)1 * el ey < walp) / F(6 — v)é-(v)dy <
Rn L

p.&(B(z.p))

< w(p) / 1FE = 9)lln, Byl = (v) dy =
E)

y€B(0,e)

B(0
— wr(p) / Ge@)ldy | sup [1£E = 9)llL, B =

= wx(p) / lpWldy | sup [ f(2)lL,(B—y.p) =

y€B(0,¢)

— ws(p) / 6@y | sup 11l <

z€B(z,€)

z€R™

< wx(p) /\d)(y)!dy sup || fllz,(B(zp)) for all p €]0,+o0l.

Thus, we have
1F % Bellan e < / 6ldz | flaeny ¥ F € MARD).

(i) Let f € M)°(R") and ¢ > 0. In the proof of statement (i) we have

proved that
WA(T) || f * ¢ell L, (Bay) <
wa(r) /|¢($)|d5€ sup | fllL,(B@ry forall r€l0,+o0].
xeR™

Moreover,

WA fllz,B@r) < | flpapre Yz €R", 17 €]0,p],

and thus, by taking the supremum on x € R", we have

UJ)\(T’) SeuRE% HfHLp(B(x,r)) < |f|p,>\,p7R" Vr G]O,p[.
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1.2 Approximation by C*° functions in Morrey spaces

(i)

Hence,

r€]0,p]

sup wa(r)|IS * Bellz, (mey) < /wmm FIR—
and
| f o+ Gclpppmn =0 ¥ f € MM (R™).

Let n > 0. Since f € M];\’O, there exists p, > 0 such that
-1

florsze < [ 1+ [lowlay | Yo elo.p)
Rn

Then we have

sup  wa(r)||f — f * 0=l (B <
(z,r)ER™%]0,p5[

< sup  wa(")|| fll,(B@r) + sup WM f * Gellr,Ber) <
(z,m)ER™ x]0,p5| (z,r)ER™ Xx]0,p5 [

< f gz + / 16@)Idy | 171 rpir =

ZUme1+/WW@ <, (1.6)
RTZ

for all e €]0, +o0.

Further, we have

sup WA f = [ * @l By <
(2,7 ER™ X [p+00]

< ( sup w,\(r)) |f — f * dell,mny forall > 0.

7€[pn;+00[

Since f € L,(R") (by Lemma 1.9) and p € [1,+oo[ and [ [¢(y)|dy = 1,
R

standard properties of approximate identities of convolution imply that
li — wy = 0.
i [|f = f * @cllr, @ = 0

Thus, there is exists €, > 0 such that

( sup wAU’)) 1f = f*¢ell,my <n Ve €]0,e,].

r€lpy,+oo]
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1. Morrey and Sobolev Morrey spaces

So, we obtain

sup WA f = f* bl By <1 Ve €]0,8,). (1.7)
(z,7) ER™ X [py,+00]

By combining inequalities (1.6) and (1.7), we have
sup WA f = [ * el Bery) <n Ve €]0,&).

(z,r)ER™ % [0,400]

Hence,

lim f ¢ = f in M) (R™).

Clearly, C*(R") is contained in M(R™). Since M*(R") is closed in
A(TRn :
M3 (R") (by Lemma 1.7), we obtain

clypam) CE(RY) C clypy@ny M0 (R™) = MO (R™).
Now let f € M)-°(R"). Then for all k € N
IXBOKk) * ¢% € CP(R").
Next, using (i) of Theorem 1.22, we obtain

I X B0k * ¢1 — Fllany@ny <
< Ixson =) * ot + 1 %01 = fllagen <

< I xsow = fllay@s ol @ + [1f %01 = fllap@n).

By Lemma 1.21
;}EI; IFxBoK = fllap@s =0,

and by (iii) of Theorem 1.22
I}g]folo If *d1 = fllapwny = 0.
So, we obtain that

dim [LFxBom * 01 = flanen = 0.

Thus, f € clyy@enCe®(R") and equality (1.5) holds.
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1.2 Approximation by C*° functions in Morrey spaces

Remark 1.23. The limiting relation (1.4) does not hold for all f € M)(R").

For example,
|'r|/\_%XB(O,1) % ¢5 —+> |ZL’|>\_%XB(071) ZTL M;(Rn) (18)

as e — 0.

Indeed, function |$|/\_%XB(0,1) * ¢ belongs to C°(R™). If

then by (iv) of Theorem 1.22 |x|*~ pXBOl) € chpenClR") = MO (R™),

which is not true (see Example 1.6).

Lemma 1.24. Let €2 be an open subset of R". Let Eq be the extension operator
from M() to M(R™) defined by

f, in §Q,
0, nR"\Q,

EQf =

Let p € [1,400], A € [0,n/p]. Then for all f € M} ()
|EQf|p,w)\,p7]R" < 2>\|f|2p,w>\,p,Q (19)

for all p €]0,400] and

1B fllapny < 2Mfllasy - (1.10)
In particular, Eq maps M)(Q) to M} (R™) and M}°(Q) to M°(R").
Proof. Let p €]0, +0c]. Then we have

|Eoflpuwrprr = sup  wx(r)||[Eafllr, o
(z,r)ER™ X]0,p[

= sup sup wA(")||fllr,B@rnne) =
0<r<p z€R"

= sup sup  wy(r )||f||Lp B(z,r)NQ)-
0<r<p zER™
B(z,r)NQ#2

If (x,r) € R"x]0, p[ and B(z,r)NQ # &, then there exists {(z) € B(x,r)N
Q2. By the triangle inequality, we have
B(z,7)NQ C B(&(x),2r) N,
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1. Morrey and Sobolev Morrey spaces

hence,

‘Eﬁﬂp,wx,p,R" < sup sup  wa(r )”fHLp B(&(z),2r)nQ) <
0<r<p zERN
B(z,r)NQ#2

< sup sup wx(r)||fllL,(Bn2rn0)-
0<r<p neq

We also note that
wx(p) < 2Mwn(2p) Vp € [0, 400l
Therefore,

|Eﬂf|p,w,\7p7R” < 2* sup sup wA(QT)HfHLp(B(n,ZT)ﬂQ) = 2>\|f|2p,wx7p,ﬂ-
neQ 0<r<p

Inequality (1.10) follows by inequality (1.9). O

Theorem 1.25. Let 2 be an open subset of R™. Let p € [1,4+00[. Then the

following statements hold.
(i) gy (M) N E=(Q) N1 CY(@)) =

= chy @) (M) N C=(Q) N Cpy()) = M)O(5).

(1) If mn(2) < 00 and if A < %, then CO () C L>(2) € MM(Q) and

lagziey (C=(Q) N CQ)) = clagyioy (C=(Q) N CE(Q)) = M),

(111) If 2 is bounded and if A < o, then
C2(Q) € O=(Q) € Cu(Q) © LX(Q) € Mp°(Q)

and

CIMQ(Q)C(%(Q) = CIM]?(Q)COO(Q) = Mp)"O(Q)
Proof. (i) First we observe that the sets M)°(Q) N C>(Q) N CY%(Q) and
MM(Q) N C=(2) N CY,(Q) are contained in M)0(Q).
By Lemma 1.7 M*°(Q) is a closed subspace of M ().

Then the closure of the set MM (Q) N C(Q) N C%(Q) is contained in
MM(Q).
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1.2 Approximation by C*° functions in Morrey spaces

(i)

Similarly, the closure of the set M*(Q) N C> () N CY,(Q) is contained
in M)0(9).

Let now f € M-°(Q). Then, by Lemma 1.27, there exists a bounded
linear extension operator Eq : M)0(€2) — M)} (R") such that Eq f| = f
for all f e M)(Q).

Thus, we can approximate Fqf by smooth functions, which are, by def-

inition, functions from C*(€).

Therefore, Fq f, as a limit, belongs to

o) <MA’0(Q) N C=(Q) N Cgb((z)) _

p

= ClMg‘(Q) (M;’()(Q) N COO(Q) N Cgb(Q)) .

Let f € C%(€), then f is bounded and, thus, it is essentially bounded,
i.e. f € L>®(Q) and hence

Co() C L™().

Then by Lemma 1.12 (ii) we have L>(Q) € M°(Q2). Hence,
Mp°(Q) N C=(Q) N Cyy(Q) = C*(Q) N Cyy ()
and
M) NC™(Q) N CoL(Q) = C=(Q) N Co(Q).
Therefore, from (i) we obtain

e (C(0) N CHO)) = claryiay (CF(0) N CHEO)) = M),

Let f € C*(Q). By definition there exist an open neighborhood U of Q

and a function F' € C*(U) such that F|g = f. Then f € C>(Q).
Now let f € C*°(Q). Then f is continuous.

Since  is bounded and ) is closed, then, by Cantor’s Theorem, f is

uniformly continuous. In this case f is also bounded. Thus, f € C% (Q).
Hence, we have
C=(Q)NC%Q) =C>®(Q) and C®(Q)NC%(Q) =C=(Q).
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1. Morrey and Sobolev Morrey spaces

From (ii) we get

CIMI%(Q)CYOO<Q) = CIMI;\(Q)COO(Q) = Mp>\’0<Q)

1.3 Preliminaries on integral operators

Lemma 1.26. Let f € LY(R"). If there exists R €]0,+oo| such that
f|Rn\B (0.R) is essentially bounded, then for each € > 0 there exists & > 0
such that

/If\dmnge VE € L,, my(E)<d.

E
Proof. Since f ’Rn\ Bo(0.R) is essentially bounded, we have f € L,,(R™\ B, (0, R))
and f € L1(B,(0, R)).

We set

Ey = ENB,(0,R), Ey=E\B,0,R), forall E€L,.

Now let € > 0. Then, by absolute continuity of the Lebesgue integral, there
exists d1(¢) > 0 such that

€

dm,, < —

/!f| Mn < 5
Ey

whenever m,,(E;) < 01(¢).
Next we suppose that

3

do(e) = ,
T P ——

then for Fy satisfying m,,(FE>) < d2(g) we obtain

/ Fldmn < 1 o @m0,y mn(Ez) < 1] da(e) =
E>
8 —_

171 -
— Loo(R™"\ By (0,R - 5
ENB O @ m0m) 2

Therefore,

[istam = [11dms [isiam, <55 e
E Eq Eo
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1.3 Preliminaries on integral operators

Lemma 1.27. Let n € N\ {0}. Let A €]0,n[. For each ¢ > 0 there exists
0 > 0 such that

1
E

for all £ € R™.

Proof. Setting &€ —n = z, we have
1 d
/—A dn = _Z,\
€= 2|
E ¢—E

Function ﬁ € L1(B(0,1)) and ﬁ € Loo(R™\ B,(0,1)).
Then, by applying the previous lemma, we complete the proof. O]

Theorem 1.28. Let n € N\ {0}. Let a €]0,n[.Let Q2 be an open subset of R"
of finite measure. Let Q1 be an open subset of R". Let

Do,xao ={(z,y) € Uy x Q:z=y}.

Let k be a function from (1 xQ)\ Dg, xq to R such that k(x,-) is measurable
in Q\ {x} for all z € Q. Assume that there exists ¢ €)0,4o00[ such that

|k(z,y)| < V(z,y) € (1 x Q) \ Da,xq.

| —y|"e
Assume that if ¥ € €y, there exists a subset Nz of measure 0 of Q such that
T ¢ Q\ Nz and such that the function k(-,y) from Qy \ {y} to R is continuous
at T for ally € Q\ N;.
If f € L>(Q), then the function H[f] from Qy to R defined by

HIf)(x) = / ko) fy)dy Vo e

Q

1S continuous.

Proof. Let x € ;. Clearly,

C

k(2 y) f ()] < I fllze @) (1.11)

‘ZII _ y‘nfa
for almost all y € €. Since m is integrable in y € €2, we deduce that

k(z,y)f(y) is integrable in y € .
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1. Morrey and Sobolev Morrey spaces

Now let € 1. In order to prove the continuity of H[f] at ¥, we want to
apply the Vitali Convergence Theorem
By inequality (1.11), we have

/rkxy \dy<CHf||Loo/ <
=

dy
< || fllze(o Sup/,x—

reR” - y’nfa’

for all z € Q;. Now let € > 0. Lemma 1.27 implies that there exists § > 0

such that

d
/ Y < d it B e L, m(E)<d, xcR"
J [z —y|" T 1+ fllr~@

Then we have

/|k: z,y)f(y)ldy <e it E€ L, m,(E) <0, z€ Q. (1.12)

Now let {z;};en be a sequence in Q; \ {Z} which converges to Z in . Let

Nz be a subset of measure 0 of {2 as in assumptions. Then we have

lim k(z;,y) = k(Z,y) Vye Q\ Nz, (1.13)

j—)OO

and, in particular, for almost all y € Q. Then (1.12) and (1.13) and the Vitali

Convergence Theorem imply that

lim H{f](x;) = H[f](Z).

j—)OO

Hence, H[f] is continuous at Z. O

Let f € L*°(R"). Consider the Riesz potential

x):/ﬂdy, 0<a<n.
Syl

In [14], in particular, the following statement is proved generalizing the results

of [1], [17], [42], [47], [27] and [16].

Theorem 1.29. Let condition

1 1
l<p<oo, 0<g<o0 and n|{-—-) <a<n, (1.14)
P q/,
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or

1
p=1 0<¢g< andn(l——) <a<n, (1.15)
1/ +
or
1 1
l<p<g<+o0 andazn(———) (1.16)
p q

be satisfied. Let also u € Ap o, v € Ny oo and

= a—2-1
I(u,v) = v(t)tg/s—ds < 00. (1.17)
f [l £ (5,00)

Loo (0,00)

Then the operator I, is bounded from MAY(R™) to MEO(R™).
Moreover, if condition (1.15) is satisfied, then condition (1.17) is necessary

and sufficient for the boundedness of I, from MZ(')(R") to MZ(')(R").

Theorem 1.30. Let n € N\ {0}. Let 1 < p < g < +oo. Let0§A§y<§.

Let
az(y—g)—(A—%). (1.18)

Then the following statements hold.
(i) If X < v, then the operator I, is bounded from /\/l;fA (R™) to M "(R™).

(i) If X\ = v and if 1 < p < q, then I, is bounded from M;d(R”) to
M(R™).

(1) If X\ =v and if 1 < p < q, then I, is bounded from M;‘(R”) to MY(R™).

Remark 1.31. If v = A =0, then a = n (% — %), and this is the classical

Hardy-Littlewood-Sobolev theorem.
Proof. (i) We recall that

¢, ift >0,
0, ift<0.

t+:

Sincepgq,wehaven(l—l> :n<l_l>'
poa), P a

Assumptions A < v and (1.18) imply

A<, v—A>0,

31
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(i)

(i)

Therefore,

G-3)
nl-—-|]<a<n,
P 4q

and thus either condition (1.14) or (1.15) satisfied.

Now we want to prove that

Indeed,

t t

ety n\
:3————i;77— = —v + — < OQ.
_y —_—
q

By Theorem 1.29, operator [, is linear and continuous from M;fA(R”)

to M; " (R").
If \=v,thena=n <% — é) and, hence, condition (1.16) satisfied.

Now we prove that inequality (1.17) holds with u(¢) = v(t) = ¢t~*. In-
deed,

o (o)
At A—2_1 At A—2_1
t +q/sa+ p ds =t +q/s ¢ ds =
t t
t—A+%+A—% (
—n pr—
)\-I—q

-1
-+ 2) < 0.
q

Hence, Theorem 1.29 implies that I, is continuous from M;_A(R”) to

My (R?).

If \=v,thena=n <% — %) and, therefore, condition (1.16) satisfied.

We want to prove that

a—2—1
n S
I(wy,wy) = supwy(t)ta /—ds < 0.
>0
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1.3 Preliminaries on integral operators

Let first ¢ €]0,1]. Then

00 1 o)

t—)\-l-q/sa-i-)\—p—lds _ t—A+q/S>\—q—1dS+t—)\+q /S)\—q—lds _

t t 1

Now let t > 1. Then wy(t) =1 and

[e.e] o0

ta /so‘_g_lds —ta /S_Z_lds _4 < 0.
n

t t

Thus, (1.17) holds and Theorem 1.29 implies that 1, is continuous from
A(TRN V(RN
M3 (R") to My(R").
[

Lemma 1.32. Let p € [1,4o00[, a €]0,n[, A € [0,n/p]. Let q € [1,p] be such
that (v + A) > 2. Let

1
Huw,,q = Max 1, m . (119)

q

Then we have

[ o

’.CU _ y’nfa —
ENBy,(z,1)

1.1 -1 n
< ma(B)s 7 fluy g (n+2 = a)on || fllupeny ¥ f € Mp(R™), (1.20)
for all measurable subsets 2 of R™ of finite measure, and for all x € R".

Proof. The arguments of this proof are in part based on a development of the
ideas of Campanato [19].

If f € M)(R"), then we know that f}Bn(w)E L,(B,(z,7)) C Li(B,(x,7))
for all + € R™ and r €]0, +o00|. In particular, (XEf)|]En(x,r)€ Ly(B,(z,r)) for
all z € R™ and r €]0, 400 and for all measurable subsets E of R™.

Now we fix z € R" and a measurable subset £ of R" of finite measure.
The almost everywhere defined function from |0, 4+o00[ to [0, +oo[ which takes

s €]0,4+oc[ to [ xg|f|do is integrable in |0, for all r €]0,4o00[. Then
OB, (x,s)
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1. Morrey and Sobolev Morrey spaces

by the Fundamental Theorem of Calculus, the function Ag, from [0, 4o00[ to

[0, +00[ defined by

p

Aeap)= [ [ xelfldods Vo€ ool

0 OB, (z,s)

is locally absolutely continuous and

Ap . (p) = / xelfldo,

OB (w,p)

for almost all p € [0,400] (cf. e.g., Folland [25, 3.35]). By the Monotone

Convergence Theorem, we have

/ [f)ldy
|z —y|r

ENB,,(z,1)
_ / xeWIfFWldy _ . / xeWIf()ldy
oy o =yl
B (z,1) B (z,1)\Bn (z,e)

(1.21)

Now let £ €]0,1[. Then we have

/ xeWf(y)ldy _
|z =yl
By (z,1)\Bn (z,£)
1 1

—/s”*a / XE|f\dads—/s"*aA’EJ(s)ds. (1.22)

5 OB, (x,s) €

Then by integrating by parts, we obtain

1
/s"*aA']m(s)ds =

1

= [3_”+°‘AE7$(S)K — /(—n +a)s " A L (s)ds, (1.23)

£

(cf. e.g., Folland [25, ex.35 p.108]). Then the Holder inequality and inequality
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1.3 Preliminaries on integral operators

(1.19) imply that

|Ap2(p)| < ma(ENBy(, )7 || FllL, (s, ) =

= mn(E N Bu(2, )77 ma(ENBa(z,0)" | fll2, 508, (0) <

1
-1 n

U P T LB e <
1—-1 n

11 n—o —nta , n—_  —
<mu(E)s v un p"p " " aw M (p)wa(0) | flIn, B <

D=

< my(E)i~

_1 n
q 0=

—a 11 no_
< p" ma(E)a o * " awi (p)|| fllagp ey <
—« 11 1-¢ o -n
< P ma(BYEF g £y (1.24)
for all p €]0, 1[. Then by the second last line of inequality (1.24), we have
1
/(—n +a)sT" T A L (s)ds| <
3

1

1-1 §
Sm"(Eﬁ Un quHMg(Rn) /(—n+a)s‘"+0‘—13n—a3(a+A)qu <

hSAl

£

1

-3 a _n_

€

3 =

< my(E)i~

Sl

= ()5 (1-¢) =

1-1
on "I llasn (= @) oy —

1

_1 1—5
v (n = a)vn iy gl [ fllarp ey (1 = €). (1.25)

Q=

= my(E)

Then by combining (1.22)—(1.25), we deduce that

ey | [ e
[ S| [t <

IEBn(agl)\]Bn(m,a) £
1
< [ Apa(1)] + ™ Ap ()] + / (—n+ a)s~ ™ Ap ,(s)ds| <
IS5
n—« 111 (a+N)—n/
< 1" mp(E)a P o, 1 Nl azy my+

1-1
q

femtegna (BYiTE 5(“”_”/‘1||f||M1§(R")Jr

11 1-1
My (E)a7 7 (0 — a)vn gl fllay@n (1 —€) <

1 1-=

< (B)T  ptyqn Iy L+ 1+ (0 — @) (1 = €)].

Then the limiting relation (1.21) immediately implies the validity of inequality
(1.20). O
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1. Morrey and Sobolev Morrey spaces

Corollary 1.33. Let p € [1,+00[, a €]0,n[. Let A € [0,n/p]. Let a+ A > 2.
Let 2 be an open subset of R™. Then the following statements hold.
If f e M;‘(R”) and if [|f|dz < oo, then the function from R™ to R which
Q

takes x € R™ to
/ f(y)dy
|z — y[n
Q

1s bounded, and satisfies the following inequality

d
oy [ Wl
wGR"Q |x _yln—a

< max{1, (A +a) = (n/p) "'} +2 — @) ||fHM>\ Rr) /\f!dfv (1.26)

If Q has finite measure, then the map I, q from MI;\(Q) to B(R") defined
by

a Qf / —y Ve Rn
|z =yl
Jor all f € M)Q) is linear and continuous.

Proof. By applying Lemma 1.32 with £ = ), we deduce that

f@ldy - _ / 1f(y)ldy . / 1f(y)ldy
‘x_y‘na— ’x_y’na ’x_y’na—
QNBy (z,1) By (z,1)

Q=

O\By, (,1)
< frupg(n+2 = @)on | Fllagy ey + (/vux

for all x € R™. Hence, inequality (1.26) follows. O

1.4 Sobolev spaces built on Morrey spaces

Definition 1.34. A domain Q C R"™ is called star-shaped with respect to the
point y € Q if for all x € Q the segment [z,y] C Q. A domain Q C R" is
called star-shaped with respect to a point if for some y € ) it is star-shaped

with respect to the point y.
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1.4 Sobolev spaces built on Morrey spaces

Definition 1.35. A domain Q2 C R" is called star-shaped with respect to the
ball B C Q if for all y € B and for all x € Q we have [x,y] C Q. A domain
Q C R" is called star-shaped with respect to a ball if for some ball B C ) it is

star-shaped respect to the ball B.

Definition 1.36. [f 0 < d < diam B < diam ) < D, we set that Q) is star-

shaped with respect to a ball with the parameters d, D.

Definition 1.37. We call the set

Vo=V = |J(2,9)

yeB

a conic body with the vertex x constructed on the ball B.

A domain (2 star-shaped with respect to a ball B can be equivalently defined
in the following way: for all x € €2 the conic body V, C (2.

Definition 1.38. Ifr, h €]0,+o0], then we define the cone K(r,h) as follows

K(r,h) = {(:L",xn) cR: |7| < % Ty < h},

ifn>1, and
K(r,h) =0, ],
ifn=1.

We denote by O(n) the orthogonal group, i.e., the set of n x n matrices R
with real entries such that RR' = I = R'R.

Definition 1.39. Let Q) be an open subset of R™.

(i) Let v, h €]0,+oo[. We say that Q0 satisfies the cone property (or con-
dition) with parameters r, h provided that for each x € € there exists
R, € O(n) such that

zr+ Ry (K(r,h)) C Q.

(ii)) We say that Q satisfies the cone property (or condition), provided that
there exists r, h €0, +o0[ such that Q satisfies the cone property (or

condition) with parameters r, h.
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1. Morrey and Sobolev Morrey spaces

Lemma 1.40. 1. A bounded open set 2 C R™ satisfies the cone condition if,
and only if, there exist s € N and bounded domains §., which are star-shaped
with respect to the balls By, C B, C Q,, k=1,...,s, such that Q) = LSJ Q.

2. An unbounded open set 2 C R"™ satisfies the cone condition Zf,kzazd only
if, there ezist bounded domains Q, k € N\ {0}, which are star-shaped with
respect to the balls B, C B, C Q, k € N\ {0}, and are such that

1) Q= U Q,
k=1

2) 0 < inf diam B, < sup diam ) < oo,
keN\{0} keN\{0}

3) the multiplicity of the covering X({Q}32,) is finite.
(cf. e.g., Burenkov[13, Ch. 3.2])

Lemma 1.41. Let mg € N\ {0}, 1 <p1,...,Pmy,q < 00, A E [O, ﬁ], for all

m=1,...,mg, 0 <v <7 Let Q= |J Q, where s € N\{0} and @ C R" are
k=1

bounded open sets. Furthermore, let f,,, m =1,...,mq, and g be measurable

functions on 2.

Suppose that there exists o,, > 0 such that

mo
HgHMZ_D(Qk) S Z_lo-mem|’Mzm>‘(Qk)7 (127)
forallm=1,...,mg.
Then
mo
1
1560 < 2°5% 3 omllnl g o (1.28)

Proof. Let ¢ < 0.

I+ @y = S22 2™ N9NZ, 50 0y =
p>0
= sup p " / l9(y)|*dy < sup > p / l9(y)|*dy <
€N z€EQ
p§0 B(z,p)NQ2 Pio k=1 B(z,p)N

< 25wl oy < D59 0~ Nl me e

e zER™
k=1 ;S0 k=150

Ifx e Qk, then
PquHg”qu(B(m,p)ka) = f;lﬂp piyq”g”qu(B(m,p)ﬂQk) - Hg“j\/(g‘”(gk)'

K
p>0
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1.4 Sobolev spaces built on Morrey spaces

Let » € R"\Qy. If B(x,p) N Q = @, then p~"|g|z,(B@.pn0,) = 0. Thus,
we can assume that B(z, p) N Qy # &.

Let & € B(x, p) N . By the triangle inequality, we have

B(z,p) N Q. C B(£,2p) N Q.

Hence,
—v q 12 12 v q
P quHLq(B(x,p)ﬂQk) <2 qSEUQIz(QP) qu” B(£,20)NQ%) — = 2" 9] Q)
p>0

By (1.27) and the Minkowski inequality it follows, that

1 1
s q s mg a9\ ¢

k=1 \m=1

IN

1

1

mo s q mo s q

<2 ( m||Jm - > =2 m m “ o .
<2y ( Tnll ol ) 2.0 (;Hf ||M§mxmk)>

m=1 =1
Then

1

(Z!\meq ) (ermeq )ZS‘?Hfm”M;;wm

and inequality (1.28) follows.

The case in which some p,, = oo is treated in a similar way with suprema
replacing sums.

The case ¢ = oo is trivial and the statement holds for 2 = |J ;, where I

i€l
is an arbitrary set of indices:

191la1z, @) = supsup p~* || gl Loc (B(w.p)n02) <Zam||fm||w

i€l zeQ
p>0 m=1

]

Definition 1.42. Let Q@ C R™ be an open set. Let | € N, p € [1,+00]| and
P [0, %] Then we define the Sobolev space of order | built on the Morrey
space M) (), as the set

WAQ) = {feM)Q):Dyf € M)(Q)Vae N, o <1},

where Dy, f is the weak derivative of f.
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1. Morrey and Sobolev Morrey spaces

Then we set

1 llwirey = D 1Pef ey Y F € WAQ).

o<l

In particular, WNQ) = M)(Q) and WIO(Q) = Wi(Q), where W)(Q)
denotes the classical Sobolev space of exponents I,p in €. It is obvious that

WIAQ) € WH(Q).

Since M;‘(Q) is a Banach space, one can exploit standard properties of the

weak derivatives and prove the following.

Theorem 1.43. Let Q be an open subset of R". Let p € [1,400] and
A€ [O, %} Then <WI§”\(Q), I| - ||W£,A(Q)> is a Banach space.

Then we have the following remark, which provides a family of equivalent

norms in W)A(Q).

Remark 1.44. Let Q2 be an open subset of R". Letl € N, p € [1,+00]| and
A€ [0, %} Let ¢(l) be the number of multi indexes o € N™ such that |o| < I.
Let ¢ be a norm on R°W. Then the map Gyt () from WANQ) to [0, +oc]
which takes u to qWIg,A(Q)(u) =q <(||D,f;uHM3(Q))|a‘§l> is an equivalent norm in
WiAQ).

f
In particular, (Z ||D3)u||’§\/@(m) fort € [1,400[ and max D5 ullar @)

lal <t ol <t

are all equivalent norms on WA(€).

Definition 1.45. Let Q@ C R™ be an open set. Letl € N, p € [1,+00] and
A E [0, %] Then we define the Sobolev space of order | built on the little
Morrey space M)°(2), as the set

WA(Q) = {f € My(Q): D3f € M}*(Q) Vo €N, Ja] <1}

Since M(2) is a closed subspace of M)(Q), we can easily deduce the

validity of the following.

Theorem 1.46. Let Q be an open subset of R™. Let | € N, p € [1,400] and
A€ [0, %} . Then WEhM(Q) is a closed proper subspace of WA (€2).
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1.4 Sobolev spaces built on Morrey spaces

Proof. Let u € WJQ). Let {ug}ren be a sequence in W(€) which con-
verges to u in W)(€2). We want to show that u € Wi(Q).

Since u, — u in WA (Q) as k — oo, we have
D3uy — Diu Y|a| <1 in M)

as k — o0.

We know that M»°(Q) is a closed subspace of M (). Therefore,
Dou e M}M(Q) Y| <1,
and, thus, u € W} (Q). O

Lemma 1.47. Let | € N\ {0}. Let m € N, m < [. Let 1 < p,q < +o0,
0 <AL %, 0<v< %. Suppose that for each bounded domain G C R™
star-shaped with respect to a ball there exists ¢y > 0 such that for each € N"
satisfying |B] < m and for all f € Wé’)‘(G)

IDGf iz ) < eall Fllwin -

Then for each open bounded set Q2 C R™ satisfying the cone condition there

exists co > 0 such that

||D5f\|M;(Q) < CQHfHWIl),A(Q)
for each B € N™ satisfying |5| < m and for all f € Wé,A(Q>‘

Proof. Let () satisfy the cone condition with the parameters r h. By
Lemma 1.40

Q=%
k=1
where s € N and (), are bounded domains star-shaped with respect to the
balls B, C Bk C Q.
Then
HDngMqV(Qk) < Cl(Qk)HfHW;ﬂ(Qk)a k=1,...s.

Hence, by Lemma 1.41

.....
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Chapter 2

The embedding and
multiplication operators in

Sobolev Morrey spaces

2.1 The Sobolev Embedding Theorem

First we introduce the following notation.
Definition 2.1. Let p € [l,4o0], I,n € N\{0}, m € N, m < [,
A, v € [0,4o0l. Let I+ A—m—v#2. Then we set

(n/p) —(l+X—m—v)

q*(l’ m7 n7p7 A? V) =

If \ = v =0, then ¢*(I, m,n,p, \,v) equals the classical Sobolev limiting ez-
ponent. If \,v € [0, 400, then the exponent ¢*(I,m,n,p, \,v) can be obtained
from the classical one by replacing I by | + X\ and m by m + v.

We note that if [+ X —v # %, then the equality which defines

q*(1,0,n,p, \,v) is equivalent to the equality

n '
I=(v- (A=),
(V q*(l,O,n,p,A,V)) ( p)

We also note that

*(1,0 A [+ X>v,
¢"(,0,n,p, A, v) > 1 whenever

p [+A—v <2,

43



2. The embedding and multiplication operators in Sobolev Morrey spaces

and

q*(l —m, O7n7p> )‘7 V) = q*(l7manap7 )‘7 V)'

Remark 2.2. Before we prove an analogue of the Sobolev Embedding Theorem,

we recall the following:
(i) M) (R™) is continuously embedded into ./\/l;;_A (R™).

(i) If Q is a bounded domain, then we have M;_A(Q) = M}(Q) with equiv-

alent norms.
We are now ready to prove the following Sobolev Embedding Theorem.

Theorem 2.3. Let p € [1,+o0[, ,n e N\{0}, me N, m <[, A e [0, %] Let
Q be a bounded open subset of R™ which satisfies the cone property. Then the

following statements hold.

(i) Letl—m+ X <. Letv €]A, (I—m)+A]. Then WIANQ) is continuously
embedded into Wy o\ ) (€2).

(it) Letl—m+ X <2. Ifp>1, then WANQ) is continuously embedded into
m,A
W *(1,m,n,p,\,\) (Q>

(iii) Letl—m~+X> 2. Then WIAQ) is continuously embedded into W ().

Proof. (i) First let m = 0.
Let © be a bounded domain star-shaped with respect to the ball B =

B(xg,7), B C Q. Then by Sobolev’s integral representation there exists M; >0

7@)| < My /|f|d+2/| LY

lal=t v,

such that

for almost all z € Q for each (cf. e.g., Burenkov [13, Ch.3 p.112]).

Hence,

A1 g

q*(1,0,n,p,\,v)

o < | [ 17l 1]

B

@

*(zo DA,D)

+2 /!x y!”l ’
R~

laf=l v
M (lOnpAV)( )

44



2.1 The Sobolev Embedding Theorem

Dgf(y), if yey
0, it yé¢Q.

where ®,(y) =

Note that

Mt @ = S22 S22 W00 P <

xeQ) 0<p<(diam ) p>(diam Q)

*% 4 nm 1
— max {U;{ (0mp, A, v) mn(Q) Y F o) , mn(Q) Y F o) < 0.

By Theorem 1.30 there exists ¢ > 0 depending only on n, [, p,
q*(1,0,n,p, \,v) such that

®a(y)
dy < || ®all 2 gy <
R[ |z —y[n! My (R

—v
M (1,0,m,p,0,0) B™)

< 26| DG fll g @) < 2ell D5 Fllary o

By Holder inequality f |fldy < mn(B)ﬁ ||f||LP(Q).
B
Therefore, there exist My > 0 and M3 > 0 such that

1 f 1|2z (@) < max{1, (diam Q)" }|[f 4~ <

a*(1,0,mn,p,\,v) a*(10,mp A () =

< max{L, (diam @)} /]y,

o <
5 (1,0,mpaw) B") =

VAN

Pu(y)
<My | 1 f iy + D /Wdy
|a|=l

R —-v
M’(II‘* (Rn)

< Ms | | Fllape + D ID5 @ | = Ml fllwirgy, ¥ F € WpAQ).

laf=l

Hence, by Lemma 1.47, the statement of Theorem 2.3 follows.
Now let v : || = m. Then DS f € Wy A Q) = W} =mA(€2). Hence, there
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2. The embedding and multiplication operators in Sobolev Morrey spaces

exists a constant ¢; > 0 such that

fllwee = D IDSF Iy (@ =

laj<m

= 1D a2y g (@) < 1 > 1D% Flly-ma gy <

lo|<m lo|<m

<a Z Z 103 fllap ) <

laf<m |y|<l-m

<a ) IDs ) = allflwtrgy ¥ F € WA Q).

lal<i
(ii) This case can be analized as case (i) by replacing ¢*(I,m,n,p, \,v) by
¢ (l,m,n,p, \, \).
(iii) Now [ —m + A > 2. Let  be a bounded domain star-shaped with
respect to the ball B = B, (£,79), B C Q. Then by Sobolev’s integral repre-

sentation there exists ¢ > 0 such that

polse| [ oinaee Y [RED0L ) e

n(€,m0) M=t v,
for almost all z € Q and for all f € Wh(Q2), and where V, denotes the conical
body based on B, (&, o) and with vertex z (cf. e.g., Burenkov [13, Ch.3 p.112]).
We first consider case m = 0. So we now assume that [+ > %. We plan to

estimate the supremum of |f| by exploiting inequality (2.1). Since [ |f|dz
Bn(gﬂ‘o)
is a constant, it defines an element of CP(Q2) C L (Q2). Next we prove that

the sum in the right hand side of (2.1) is bounded if f € W)A(Q).

We plan to treat separately case [ < n and case [ > n.

Let [ <n. Since [+ A\ > %, we can invoke Corollary 1.33 and conclude that
I10 is linear and continuous from M, () to B(R™).

Since V,, C Q for all x € ), we deduce that
h
[ 20y <t veeq
J |z —y["

for all h € M) (). By the continuity of the restriction operator in Morrey
spaces and by the above mentioned continuity of [; o, we deduce that the map

Jio from M) (Q) to B(Q) defined by

h
Ve
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2.1 The Sobolev Embedding Theorem

for all h € M, (R") satisfies the inequality

[ Jioh(@)| < [La(lh) (@) < [Hallemmp@.s@mllHA] @ <

< [ellcpny @ seopyllbllye Ve, (2.2)

for all b € M) (£2). Then we deduce that

f@i<e| [ Ifldet Y LhalDin@)] | <

n(.0) Ivl=t

_1
<[ [ma@Bu(&ro) ? 1 fll Ly + 1ellcan@.sey D 1IDL hpe | <

lvI=l
< ¢ (Imu B (&r )] + [l coposen) [ lyog. (23
for almost all x € Q and for all f € Wli”\(Q).

We now consider case [ > n. The embedding of M}(Q) into L,(Q2) and
inequality (2.1) and the Holder inequality imply that

@) <c / flde+ Y / (D)W g | < (2.4)

n— l
) =t ~ul

< e [ ma@Ba& o) # 1 Flp@ + Y DY f e (diam Q)= | <

lv|=t

< e | ma(Ba(& ro)] 7 | Fll 2,00 + (diam Q) (] Y [DLfllry | <

[v|=t

< ¢ ([ma(Ba(&,ro)))' 7 + (diam Q) fma (D] ) £l

for almost all z € Q and for all f € W)*(Q). By Lemma 1.47, by the inequality
(2.3) for case [ < n and by the inequality (2.4) for case [ > n, we deduce the
validity of statement (iii) in case m = 0.

Next we prove the statement (iii) in case m > 0. If f € W}*(Q), then
D2 f € W= (Q) for all || < m. Now by assumption, we have (I—m)+X > 5
Hence, case m = 0 with [ replaced by I —m implies that W/ ™*(Q) C Lo ()

and that there exists ¢; > 0 such that

9l < cillgllp-maqy Vg €W, ™).
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2. The embedding and multiplication operators in Sobolev Morrey spaces

Hence, D2 f € L,.(Q) for all 3 € N such that |3| < m, and

1 llwmey < Y 1D5 flliw@) <

|BI<m

< a Z HD&f”W}:W*(Q) <a Z Z HDl—i—ﬁfHMg\(Q) <

|Bl<m |BI<m |y|<l—m
<ol X 2 1) Il
|BI<m |y|<l—m

for all f € W)*(€2). Hence, the proof of statement (iii) is complete. O

2.2 Approximation by C* functions in

Sobolev Morrey spaces

First we state a known Leibnitz formula for Sobolev spaces. For the proof one

can see for example [24, 5.2.3]

Theorem 2.4. Letl € N. Let 1 < p < 400. Let ) be a bounded open subset
of R". Let u € W)(Q) and |a| < 1. If ( € CL(S), then (u € W)(Q) and

D(Cu) =3 Z Do¢DL P, (2.5)
BLa

aQ |
(o]

where = % __
B!(a—p)!
&

Proposition 2.5. Let Q C R" be an open set, | € N. Letu,v € L*°(Q). More-
over, assume that for any B € N™ satisfying |5| <1 there exists 1 < pg < o0
such that Dju € Lp¢(Q) and Djv € L;O;:(Q) for ally € N @ |y| < 1—18].
Then for any o € N satisfying |a| <1 the weak derivative D2 (uv) ezists and
the Leibnitz formula holds:

a
Do (uwv) = Z DPuD Py, (2.6)
0<p<a \ B
Proof. Let u € C*°(Q) and v € L*°(Q) be such that D)v € LY(Q). Then
o)
Do (uv) = Z DPuD% Py,
0<B<a ﬁ
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2.2 Approximation by C* functions in Sobolev Morrey spaces

Now let u be as in formulation, i.e. D2u € L;Z’C(Q). Let also
w(x) = u(r) * oy () VEEN,

where gpi(x) as in definition 1.20 with ¢ = §.

Then, by Theorem 2.4, we have

a
D& (upv) = Z DPu D> Py =
0<p<a \ B

o
= E DPlu* @1]D* Py,
k
0<B<a \ B

Properties of mollifiers imply that
up — u in L;%C(Q),
DPup — DPu in LL‘;C(Q),
as k — oo. Thus,

a
D (uwv) = Z DPuD Py,

0<p<a \ B
L]

Theorem 2.6. Let | € N. Let 1 < p < 400, 0 < A < %. Let Q be a
bounded open subset of R™. Then for u € Wé”\’O(Q) there exist functions u,, €
C=(Q) NW}ANQ) such that

U —u in WANQ).

Proof. We have 2 = (J Q;, where

=1

Q;:= {xEQ: dist(z, 02) > 1} (i=1,2,...).

1

Write ‘/; = Qi+3 — Qi—i—l-
oo
Choose also any open set V; CC Q so that Q = [J V;. Now let {¢;}3%,
i=0
be a smooth partition of unity subordinate to the open sets {V;}:2,; that is,

suppose
0<G <1, GelxVy)

G=1 on Q.
i=0
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2. The embedding and multiplication operators in Sobolev Morrey spaces

Next, choose any function u € Wé”\’O(Q). By Theorem 2.4 we know that

a
Dg(uG) = Y DPuDYP¢;.
0<B<a
Since Diu € M)°(Q), D3¢ € Loo(Q), by Theorem 1.18 DSuDg ¢ €
M)0(Q). Therefore, Dg(u¢;) € M0(Q) for all |a| < 1. Since W}A(Q) is a
closed subspace of Wé’)‘(Q), we have (u € Wé”\’o(R”) and supp (Gu) C V;
Fix § > 0. Choose then ¢; > 0 so small that ¢., % (;u) satisfies

H¢51 * (C’Lu) - C'LuHWZI,”\(Q) < 21-(_;..1, (Z = O, 1, .. )
supp [¢e, * (Gu)] € Wi (i=1,...),

forW':QZH—Q DV, (i=1,...).
Write v: = Z ¢e, * (Gu). This function belongs to C*°(2), since for each
open set V CC Q there are at most finitely many nonzero terms in the sum.

Since u = Y, (;u, we have for each V' CC Q
i=0

00 0 1
l|lv — uHWz A Z |pe, * (Gu CiuHWIl,”\(Q) < 62 9irl 0.
P i=0

Take the supremum over sets V. CC €, to conclude [Jv — ullying <96 O
p

2.3 Multiplication Theorems for Sobolev Mor-

rey spaces

Next we prove the following multiplication result which follows by the Holder

inequality.

Proposition 2.7. Let Q be a bounded open subset of R". Let | € N. Let
p, ¢, v € [1,+00] be such that 1 = %—F%. Let also 0 <A <2, 0< A < 4,
0< A2 A= XN+ X Then if u € WN(Q) and v € Wi(Q), we have
w € WH(Q).

Moreover, there exists ¢ > 0 such that

vl gy < cllullyin gl Y (u,0) € W (@) x Wik (@)

lwiea)
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2.3 Multiplication Theorems for Sobolev Morrey spaces

Proof. By Proposition 2.5, we know that the D{ weak derivative of u is de-
livered by the Leibnitz rule. Using Holder’s inequality for Morrey spaces, we

obtain

[uollyyer ) = Z | Dg (uv) | a2 ) <

W
(0%
= Z Z HDi_ﬁ“ngHMTA(Q) <
o<t 181<a \ B
(6%
< Z Z HDT%HMQW) ”DgUHM;?(Q) <
o<t [8<a \ O

S CHuHW;Al(Q)||U||W5’A2(Q)'

O

We now extend a known multiplication result for Sobolev spaces of Zolesio

[61] (see also Valent [58], Runst and Sickel [51]).

Theorem 2.8. Let €2 be a bounded open subset of R™. Letl € N. Letp, q, r €
[1,4+00], and let 0 < A\ < %, 0< )\ < %, 0 <A< 2 Assume that Q has the

cone property, and p > r, ¢ > r and

Mom>A—o -S> a-l (2.7)
p r q r
[+M+d—A 1 1 1
ThathmA L D 2 (2.8)
n p q r
l 11
- (2.9)

n q r

1
p
Then if u € Wzﬁ”\l(Q) and v € Wé’M(Q), we have wv € W (9Q).

Moreover, there exists a positive number ¢ such that

[uv]l i) < CHUHWZl),Al(Q)HUHWL,Ag(Q) YV (u,v) € WM (Q) x W22 (). (2.10)

q

Proof. Let o € N", |a| <[. Then we set

«
Qalu,v] = Z 5 D PuDBy  for all (u,v) € Wé”\l(Q) X Wé”\Q(Q).
B<o

We want to prove that (), defines a bilinear and continuous map from
LA LA A

WA (Q) x W,22(82) to M2 S2).
It is sufficies to show that if 5 < «, |a| <, then
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2. The embedding and multiplication operators in Sobolev Morrey spaces

(A) the map from Wé_‘a_m”\l(Q) x Wi lolAe () to M2 (2) which takes (u,v)

to wv is bilinear and continuous.

Before we perform the proof in several steps, we remark the following:

If either Wj l*7” |’AI(Q) or Wil |’AQ(Q) is continuously embedded into
Lo (€2) then (A) is true.
Indeed, if W 1“2 Q) < Loo(Q), we know that

I—|B],A A A
WA (Q) — M2 (Q) — MM Q)

and the product
Loo() x MNQ) — MM(Q)

1S continuous.

Now we split the proof into several steps:

(2) max {I = o — B+ M — 2,1 = |8+ Xo = 2} > 0;

(b) max{Z—\a—mHl—g,Z—\51+A2—”}<o;

q
(c) max{l— la =B+ = 21— \5’4—)\2—%} =0.
We begin by considering the case (a). Assume that

max{l—]a—ﬁ\Jr)\l—%,l—lﬂH—)\z—g}:l—\a—6|+)\1—g>O.

Then Theorem 2.3 (ii) implies that Wy lep "’\1(9) is continuously embedded
into Loo(2). Thus, by remark above (A) follows.
If

max{l—]a—ﬁ\—l—)\l—%,l—]ﬁ]—i—)\g—g}:l—\ﬂ\—i—)\g—g>O,

then by similar way we see that Wé_w "’\2(9) is continuously embedded into
L+ (€2) and accordingly the truth of (A) follows.
Our next step will be proving of the case (b).

Here we distinguish the following cases

(b1) 1 —|a— B =0; (b3) 1—18]=0;
b2) 1—|a—p|>0. (b4) 1—|B| > 0.
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2.3 Multiplication Theorems for Sobolev Morrey spaces

Before we continue the proof we note that in case (b1)
l=la—-p0| <o <le|al=1]5]=0, (2.11)

and in case (b3)

=18 <la|<lea=8

So we can conclude that (b1) and (b3) cannot be both true.
We start from the case (b1)-(b4). Thus, we have Wé_‘a_ﬁl’)‘l(ﬁ)
WOA(Q) = MM (Q) and by (2.11) Wy "*2(Q) = Wi (Q).

We now choose v €| \g, \a+1], then we set ¢; = 7 Since \y+1 < %,

ng
n—q(l4+X2—v

Theorem 2.3(i) implies the following embedding
1,A2 v
W, (Q) = M, (2)

Next we define r; € [1,400] such that % = i + qil.

Using Holder’s inequality for Morrey spaces, we get that the pointwise
product is bilinear and continuous from M (Q) x MY (Q) to MX(Q).

Now we want to prove that M} (Q) < M»(2). This embedding holds

provided the following two conditions.

1 1 1 1 n—ql+Xx—v) 1 2=(U+X—-v) 1
=y =4 q( 2 ):_+q §_7
rnoop @ p ng P n r

and

Mtv 1oh 1L
n 1 nor
Mtv 1 %—U+ArﬂO>A 1
n D n n o
I+ M 4+d—A_ 1 1 1
m  Zptgw

So we have the two conditions

Lide—vs 1,1 1
n+ n Zp_{—q r?

I 14+ —A > 1 + 1 _ 1
n — D q r’

By assumptions (2.8), (2.9) we can choose v sufficiently close to Ay such

that the above inequalities hold as strict inequalities.
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2. The embedding and multiplication operators in Sobolev Morrey spaces

Therefore, by Theorem 1.15(iii) M **(Q) is continuously embedded into
MM (). Hence, uv € M} Q). Moreover, there exists ¢ > 0 such that

luvllasa o) < cllullyon g 0llyisey ¥ (ur0) € ML (Q) x WE(Q).

q

Case (02)-(b3) can be analyzed as case (b1)-(b4) by switching roles of
Wy Q) and of Wy ().

Finally, we consider the case (52)-(b4).
As above we choose v €]\, A\ + 1] and pu €]Ag, Ay + {]. Then we have the

following embeddings

I—|a—pB|,A
Wile=BlA () — ML (Q),

and
1—|B8IA
WA () o A (9),
* np * ng
where p* = T =y € e

Next we define r* such as Ti = ]% + q%.

Holder’s inequality for Morrey spaces implies that the pointwise product is
bilinear and continuous from M. (Q) x ME(Q) to MLH(Q).

Now if we recall Theorem 1.15(iii), we see that the embedding

MTH(Q) < M) holds provided that

n n
r<r (v—l—u)—r—*z)\—;. (2.12)

As before, we can rewrite this conditions as

111
- T T
A

_n—Mﬁﬁa—ﬂ+Ardw+n—ﬁﬁﬂﬂ+&—w)

np ng
1,10 ] Mer N 1
P g n n n n r
I l—]o] M—v X-—p_1 1 1
Lytmlelyhmy oo 1,11
n n n n p q T
Iol—lal M= d—p_ 1 M—v M- 11
Lytmlal imy ooy Dydimy oo 1,1 L
n n n n n n n p q T
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and
SR SO
y+p o1 A1
N
A N S S U el (41 IV e A Bl (ANPA S
n P q n n n n n r
L+ —=la]) + A+ A — A 1+1_1
n p q
l+(l—|a|)+/\1+)\2—)\>l+/\1+/\2—/\ 1_'_1_1
n n p o oq T

As before, by assumptions (2.8), (2.9) we can choose v and p sufficiently
close to A; and A, respectively such that the above inequalities hold as strict

inequalities. Thus, we finish the case (b).

Next we will see case (c). We consider the following three separate cases
(cl) I=la—=Bl+ M —=2<0, I—[B]+X—2=0;
(2) I =la=Bl+ M —=2=0, I—[B[+X—2<0;

(¢3) I —a—fl+ A —2=0, |—|B]+ X~

e
I
o

We start with case (c1).
If I —[B] = 0, then Ay = o and W(ﬁ_w’/\z(Q) = Lo(2). Therefore, our

remark implies (A).

If I —|B| > 1, we consider separately
(cll) ¢ > 1;
(c12) Ay > 0;
(c13) Ag=0,¢=1.

Let first [ — |8] > 1, ¢ > 1. Then we choose ¢ €]1, q[ so close to g so that

l+)\1+)\2—)\>1 1 1 l 1 1 1
n p ¢ r n_ p q r

Since ¢ < g we have

Ao 1<, if I —|a—B| =0,
No+1— 1B <2, ifl—]a—f]>1.
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2. The embedding and multiplication operators in Sobolev Morrey spaces

But we have already proved such case (see cases (bl)-(b4) and (b2)-(b4)).
Thus (A) is true.
Now we see case (c12): [ —|5] > 1, Ay > 0. Then we choose 7 €]0, Ao[ so

close to Ay so that

l+M+0—-X 1 1 1
>+ -— -
n p q T
Since U < Ay we have
ﬂ+l<%, ifl —|a—pl=0,

pHl—|fl <2 ifl—]a—p>1.

But we have already proved such case (see cases (bl)-(b4) and (b2)-(b4)).
Thus (A) is true.

Finally we consider case (c13). Since Ay =0, ¢ = 1, we have
Wil () = Wi (@),
Condition [ — || = n implies that
WP Q) < Lo ().

Hence, by our remark (A) follows.

Case (c2) can be analyzed as case (c1) by switching roles of W;f'a_m”\l(Q)
and of W;_w‘”\Q(Q).

Now we consider case (c3).

Ifl—Ja—pB]=0o0rl—|[B] =0, then \; = 2 or Ay = 7 respectively
and Wy 1 P21(Q) = L (Q) or Wi P2(Q) = Lo (). Therefore, our remark
implies (A).

Thus we can assume that

min{l — |a — 8,1 - 8]} > 1.

In such a case, we can split the proof of case (¢3) into the following five
cases.

(c3l) p>1,qg>1;
(€32) p> 1, Ag > 0;
(€33) A1 >0, ¢ > 1;
(c34) Ay >0, A2 > 0;
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2.3 Multiplication Theorems for Sobolev Morrey spaces

(035) either (p7)\1) = (170) or (Q7 >\2) = (170)
In case (¢31) we choose p €]1,p| so close to p and ¢ €]1, ¢[ so close to ¢ so
that

l—l—/\1+)\2—)\>1 1 1 l 1
n p q T m p q T
Since p < p, ¢ < ¢ we have
MAl—la—p| <
)\2+l—|ﬂ]<%.

=3

But we have already proved such case (see case (b)). Thus (A) is true.
Now we see case (¢32): p > 1, Ay > 0. Then we choose p €]1, p| so close to

p and U €]0, Ay so close to Ay so that

[+ +0—A
>

1 1
n D r’

1
+_
q

Since p < p, 7 < Ay we have
)\1+l—’06—ﬁ| <%,
v+l—|Bl <2
But we have already proved such case (see case (b)). Thus (A) is true.

Case (¢33): Ay > 0, ¢ > 1. Then we choose 5 €]0, A\1] so close to A\; and

q €]1, q[ so close to ¢ so that

I+59+X—X 1 1 1 [
>—-—+=-——, =
n p q T n

Since ¢ < q, ¥ < A1 we have

’3/+l—|0[—6| < %7
Ao +1—|B| < %.
But we have already proved such case (see case (b)). Thus (A) is true.
Case (c34): A1 > 0, Ay > 0. We choose 7 €]0, ;] so close to A\; and
v €]0, \z] so close to Ay so that
l++0v—-X2_1 1 1
R e
n p q

Since 7 < Ay, 7 < Ay we have

’3/+l—’06—ﬁ|<%,
v+l—|Bl <2
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2. The embedding and multiplication operators in Sobolev Morrey spaces

But we have already proved such case (see case (b)). Thus (A) is true.
Case (¢35): either (p, A1) = (1,0) or (¢, A\2) = (1,0). By Sobolev embedding

theorem we have either
wile=flh () = Wi lQ) — Lo ().

or

Wé—\ﬁlm(g) — Wll—lﬁ\(Q) <5 Loo().

Hence, by our remark (A) follows.

We now show that if & € N” and |a| <, then
D (uv) = Qulu,v] Y(u,v) € Wzﬁ”\l(Q) X Wé”\Q(Q),
an equality which implies the validity of the Leibnitz rule. To do so, we take

b1 € [Lp]a p1 < 00, q1 € [LQL q1 < 00,

such that
p=1 0-2>0-n
@1 0-2>0-1
and
[+0+0-0 1 1 1
— >+ — =
n o 1

Then we note that
LA LAz ! ! ! !
Wp (Q) x Wq (Q) — Wp(Q) X Wq(Q) s Wpl(Q) X qu(Q).

Let now u;, and vy, be sequences in C*(Q) W/ (Q) and C=(Q) W, (Q)
respectively such that wu; converges to u in W;I(Q) and v, converges to v in
Wk ().

Next we observe that the pointwise product from W' (Q)x W, (Q) to L1()
is continuous.

Indeed, we know that wv = D2 (uv) = Qpu,v] is continuous from
W (Q) x W () to Li(€2). Since the pointwise product is bilinear and con-
tinuous from L;(Q) x L () to L1(Q2) we conclude that

/ukkaagodx — /uvD“gpdw.
Q Q
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Then

/uvDagodx = klim /ukkaggodx = lim /Qa[uk,vk]godx.
—00

k—o0
Q Q Q

Since Q4 is continuous from W' () x W, (Q) to L1(Q), we have

k—o0

lim Qa [ulm Uk]Sde = Qa[u7 U}¢dx7
[ e |

and therefore

/unggodx: /Qa[u,v]godx.

Q Q
[l

Corollary 2.9. Let ) be a bounded open subset of R™ which satisfies the cone
property. Let p,q € [1,4+00]. Let | € N\{0}. Let \y € [0,n/p], A2 € [0,n/q],

p q
and
n
> —. 2.14
’ (2.14)

Then the pointwise product from Wi (Q) x Wl*(Q) to Wl (Q) is bilinear
and continuous and the Leibnitz rule (2.6) holds.

Proof. 1t suffices to choose r = ¢, A = Ay in Theorem 2.8. We note that for
such a specific choice of the exponents, condition (2.9) implies the validity of

condition (2.8). O

Then we have the following immediate consequence of the previous corol-

lary.

Corollary 2.10. Let ) be a bounded open subset of R™ which satisfies the cone
property. Let p € [1,4+00]. Let | € N\{0}. Let \; € [0,n/p],

n
[>—. 2.15
p (2.15)

Then the pointwise product from Wi (Q) x WA(Q) to WA(Q) is bilinear
and continuous and the Leibnitz rule (2.6) holds.

Proof. 1t suffices to choose p = ¢, Ay = A; in the previous corollary. O
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2. The embedding and multiplication operators in Sobolev Morrey spaces

We now prove in case [ = 1 the following stronger result.

Proposition 2.11. Let Q be a bounded open subset of R™ which satisfies the
cone property. Let p € [1,400]. Let X € [0,n/p],

1+A> 2. (2.16)
p
Then the pointwise product from W (Q) x WA (Q) to WNQ) is bilinear and

continuous and the Leibnitz rule (2.6) holds.

Proof. We want to prove that if u, v € W}*(Q), then uv € WA(9Q).
To do so, we observe that Vj € {1,...,n}

(UV); = Ug, U + UL,

Uy, € MZ;\(Q), Vg, € Mz;\<Q)

Since 1+ A > %, Theorem 2.3 (iii) implies that WAQ) is continuously
embedded into L. (€2). Then by Theorem 1.18 the pointwise product is bilinear
and continuous from M) (Q2) X Lu(€2) to M} () and from Lu(€2) x M} () to
M (€2). Thus,

(ug,v) € M) (Q), (uvy,;) € M) (),

and, therefore, (uv),, € M} () for all j € {1,...,n}. O
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Chapter 3

The composition operator in

Sobolev Morrey spaces

3.1 Composition operator in Morrey spaces

Lemma 3.1. Let Q be an open subset of R™. Let 1 be a subset of R. Let
y € Q. Let f be a Lipschitz continuous map from € to R. Let g € M(Q) be
such that g(x) € Qy for almost all x € Q. Then

[f(g(@))] < Lip(f)lg ()] + Lip(F)lyl + [ ()] (3.1)

for almost all x € €.

Proof.

|f(g(@)| < |f(g(x)) = fy)| + |f(y)| < Lip(f)lg(x) —y| +[f(y)] <
< Lip(f)lg(x)| + Lip(f)[y] + [ f(y)]

for almost all x € Q. O

Lemma 3.2. Let Q) be a bounded open subset of R". Let p € [1,400]. Let
e [0, ﬂ} Then 1 € MX(Q).
) p

Proof. If p = +o0, then we have A = 0 and accordingly M}(Q) = L,(Q) =
Loo(€2) and 1 € Loo(2) = M ().
Now let p € [1,400[. Then we have
WA 2y Ba@ryne) < wa(r) (ma (B (2, 7) 0 Q))»
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3. The composition operator in Sobolev Morrey spaces

for all z € 2 and r €]0, +o00[. Hence,

1, 1
wA(M) 11| 2, B (@r)ne) < vn TP A<

for all z € Q and r €]0, 1] and
1
WAL, B0 @ayne) < (ma(€2))7

for all z € Q and r €]1, +oo[ and accordingly 1 € M) (£2) and

b

B =

12z < sup { (ma(©)
]

Now we consider the case of Morrey spaces and we introduce the following

sufficient condition.

Proposition 3.3. Let 2 be a bounded open subset of R™. Let €2y be a subset
of R. Lety € Q. Letp € [1,+00]. Let A € [O, %} Let g € MI;\(Q) be such
that g(x) € Qy for almost all x € Q). Let f be a measurable function from 4
to R. Assume that there exists a,b > 0 such that

[fW)l <alyl+b, ye. (3.2)
Then fog € M;‘(Q) and for any y €
1f o gllanp) < allgllanye) + 0llLl 2z @)- (3.3)
Proof.
|fo gHMg(Q) < [lalg| + bHMg(Q) < @HgHMg(Q) + bHU\M,&(Q)-
]

Remark 3.4. If f is a Lipschitz continuous function on €y, then Lemma 3.1
implies that condition (3.2) is satisfied with a = Lip(f), b = Lip(f)|y|+|f ()]
Hence, by Proposition 3.3 for any y €

| fo QHM;(Q) < Lip(f)HgHMg(Q) + HlHM;(Q)(LiP(f)’Z/‘ +1f(y)). (3.4)
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Corollary 3.5. Let conditions of Proposition 3.3 are satisfied. If also 0 € €

and f is a Lipschitz continuous function on 1, then

1f o gllany) < Lin(H)llgllan @) + 1 £(0)] '||1||M3(Q)‘

Corollary 3.6. Let conditions of Proposition 3.3 are satisfied. If also 0 € €y,

f(0) =0 and f is a Lipschitz continuous function on Qy, then

1f 0 gllary 0y < Lin(f)llgllary -

Corollary 3.7. Let Q2 be a bounded open subset of R™. Let p € [1,+00]. Let
A€ [0, %} Let f be a locally Lipschitz continuous function from R to itself.
Then

Ty [M () N Loo(2)] € M) (2) N Lo (2).
(Note that in general M) () € Loo(S2)).

Proof. Let g € M) ()N Loo(2). Weset Q1 = [—|lgllz@), [19]l 2]~ Since

is a finite segment, f is Lipschitz continuous on €2;. Hence, by Corollary 3.5

1f 0 gllany ) < +oo.

We also have

1o gllLai@) < IfllLan) < +00,

So, fog e MNQ) N Luo(9). O

3.2 Composition operator in Sobolev Morrey

spaces

Next we try to understand whether the Lipschitz continuity of a function f of
a real variable is enough to ensure that T([W,*(Q)] € W}*(Q) under suitable
conditions on the exponents. To do so, we face the problem of taking the
distributional derivatives of the composite function f o g, and we expect to

prove that
Di(fog)=(f"og)Djg Vje{l,....n}.
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3. The composition operator in Sobolev Morrey spaces

However, it is not clear what f’og should mean. Indeed, f’is defined only up to
a set of measure zero Ny and ¢ (Ny) may have a positive measure, and even fill
the whole of Q, and (f’ o g)(x) makes no sense when = € g (NNy). Classically,
one circumvents such a difficulty by introducing a result of de la Vallée-Poussin
which states that both D;(f o ¢g) and D,g vanish on g (Ny). Accordingly, it
suffices to define (f' o g)(z) when z € Q\ g* (Ny), and to replace (f'og)(x) by
0in g* (Ny). We find convenient to introduce a symbol for the function which
equals (f" o g)(x) when z € Q\ g (Ny) and 0 elsewhere. Then we introduce
the following.

Definition 3.8. Let ) be an open subset of R™. Let €y be a measurable
subset of R. Let g be a measurable function from ) to R. Let the set Ny =
{z € Q: g(z) & 1} have measure zero.

Let H be a Borel subset of €21 of measure zero. Let h be a Borel measurable

function from Q\ H to R. Let hdg be the function from Q to R defined by

hag = 0, ifxe g™ (H)UN, (3.5)
(hog)(z), ifzeQ\ (9™ (H)UN,).

By definition, the function hog is measurable. Next we note that the fol-

lowing holds.

Lemma 3.9. Let 2, 1, h, H be as in Definition 3.8. Let g, g1 be a measurable
functions from ) to R such that g(z), gi(xz) € Qp for almost all x € Q. If
g(x) = gi(x) for almost all x € Q, then (hdg)(x) = (hdgy)(z) for almost all

z € .

Proof. Let N be a measurable subset of measure zero of () such that
g(x) = ¢gi(z) and g(x), gi(x) € O for all z € Q\ N. Since N has mea-
sure zero, it suffices to show that (hdg)(x) = (hdgy)(x) for all z € Q\ N.

Ifz e (Q\N)Ng* (H), then g;(z) = g(x) € Hand z € (Q\N)Ng*“ (H), and
accordingly (hog;)(x) = 0 = (hdg)(x). If instead x € (Q\ N) N (2\ ¢* (H)),
then g1(z) = g(x) ¢ H and accordingly x € (Q\ N) N (Q\ ¢*(H)) and
(h3g1)(x) = (ho g1)(x) = (o g)(x) = (h3g)(x). Hence, (hdg:)(z) = (h3g) ()
for all z € Q\ N. O

By the previous Lemma, it makes sense to introduce the following.
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3.2 Composition operator in Sobolev Morrey spaces

Definition 3.10. Let 2, )y, h, H be as in Definition 3.8. If G is an equiv-
alence class of measurable functions g from Q to R such that g(x) € Qy for
almost all x € ), then we define hoG to be the equivalence class of measurable
functions from €2 to R which are equal to hog almost everywhere for at least a

geq.

If © be an open subset of R™. We say that g € LI°°(2) is zero on a subset A
of Q provided that g(z) = 0 for almost all z € A, for at least a representative

g of g (and thus for all representatives of g).

Remark 3.11. Let g1, go € LY(Q). Let g1 = go almost everywhere in Q. If

A is a subset of R, then the symmetric difference gi (A)Ags (A) has measure
zero. Indeed, g7 (A)Ags (A) C{z € Q: gi1(x) # g2(x)}.

Then we have the following n dimensional form of a result of de la Vallée-

Poussin [21]. For a proof, we refer to Marcus and Mizel [34].

Theorem 3.12. Let ) be an open subset of R". Let g € WII’IOC(Q) and if N
is a subset of R of measure zero, then (D1g,...,D,g) =0 on g~ (N) for any

representative g of g.

Then we introduce the following form of the chain rule (see Marcus and

Mizel [34]).

Proposition 3.13. Let €2 be an open subset of R™. Let €}y be an interval of
R. Let f be Lipschitz continuous function from 1 to R. Let

Wll’loc(Q, ) ={ge Wll’IOC(Q): g(x) € Qq for almost all x € Q

for all representatives g of g}.

Let Ny be the subset of Qy such that Q0 \ Ny is the set of points of 4 where
f is differentiable. Let g € W'°°(Q,Qy). Let f'dg be defined as in Definition
3.10 (with h = f', H = N¢). Then the chain rule

D;(f o g) = (f"39)D;g. (3.6)
holds in the sense of distributions in S for all j € {1,...,n}.
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3. The composition operator in Sobolev Morrey spaces

Then we introduce the following sufficient condition for Sobolev Morrey

spaces of order one.

Proposition 3.14. Let Q be a bounded open subset of R™ which satisfies the
cone property. Let Q0 be an interval of R. Let p € [1,4+00]. Let \ € [O, ﬂ

Let f be Lipschitz continuous function from €2y to R. Let

WA Q) = {g € WaNQ): G(z) € Qy for almost all x € Q

for all representatives g of g}.

Then
Tr WA Q, Q)] € WA Q).

Let Ny be the subset of 0y such that Qy \ Ny is the set of points of 0y where
[ is differentiable. Let g € W;’A(Q,Ql). Let f'dg be defined as in Definition
3.10 (with h = f', H = Ny). Then f'dg € Loo(S2) and the chain rule formula
(5.6) holds in the sense of distributions in 2 for all j € {1,...,n}. Moreover,

||f09HWI}v*(Q) <
< ALip(Nyl + [F W) + Lip(F) 3 (9llwrr @) + 1) (3.7)

Jor all g € WIANQ, Q) and for all y € Q.

Proof. By Remark 3.4, we know that inequality (3.4) holds for all
g€ WiANQ, Q) C M)Q) and for all y € .
Now let g € Wpl’A(Q, ;). Let g be arepresentative of g. Let IV; be a subset

of measure 0 of €2 such that
§ S Ql Ve \ Ng.

If 2 € Q\ (N3 UG (Ny)), then

Since f'6g = 0 for all x € G (Ny), we conclude that

(f'59)(x)| < Lip(f) a.e. in Q.
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3.2 Composition operator in Sobolev Morrey spaces

and accordingly that f'6g € L (£2) and that || f'og||L o) < Lip(f) < +oo.
Then by the multiplication Theorem 1.18 and by the membership of D;g in
M (£2), we have (f'0g)D;g € M) () and

("0 9)Djgllazy < Lip(H)IID;glla e (3.8)

for all j € {1,...,n}. Thus the right hand side of equality (3.6) belongs to
A A
M)(Q) for all g € WNQ).
By the formula (3.6) for the chain rule, the inequalities (3.3), (3.8) imply
that

If OgHWI}’)‘(Q) =|If O.QHM;*(&)) + Z H(flag)DjQHMg(Q) <

J=1

< Lin(N)lgllap @) + 1Ly TipCHlyl + [ F@)) + D Lin(F)IDigllpe) <
j=1

< A{Lip(NHlyl + [F»)]) + Lip(f)}Ngllyrg) + 1Mhpe),  (39)

for all g € W*(2) and y € Qy, and thus inequality (3.7) holds true.
[

Corollary 3.15. Let Q) be a bounded open subset of R™ which satisfies the cone
property. Let p € [1,4+00]. Let A € [0, %] . Let f be a function from R to itself.
Then the following statements hold.
(i) If (14+A) > 2 and if f 1s locally Lipschitz continuous, then TiWMNQ)] C
WA Q).

(i) If (1 +A) < 2 and if f is Lipschitz continuous, then Ty [WyMNQ)| C
WA 9Q).

Proof. We first consider statement (i). The Sobolev Embedding Theorem im-
plies that TW}*(Q) is continuously embedded into Lo (€2). Thus if g € W, (Q),
there exists a bounded subset 2; of R such that g(x) € € for almost all
x € Q. Since f |Ql is Lipschitz continuous, Proposition 3.14 implies that
fogeWiNQ).

Statement (ii) is an immediate consequence of Proposition 3.14 with

2, = R
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3. The composition operator in Sobolev Morrey spaces

We summarize in the following statement some facts we need in the sequel
in case (1+ \) > % and which are immediate consequence of Proposition 2.11
and Proposition 3.14.
Corollary 3.16. Letp € [1,400], A € [O, ﬂ, (14+X) > . Let Q be a bounded
open subset of R™ which satisfies the cone property. Let €y be a bounded open
interval of R. Then the following statements hold.

(i) WpA(2) is a Banach algebra.

(it) If (f,g) € COHQy) x WA (2, ), then fog € WiANQ). Moreover, there

exists an increasing function v from [0, +o00[ to itself such that

1 © gl < I loos @ lglliang) (3.10)

fOT all (f? g) S CO,l(Ql) X WZJL)\(Qle)'

3.3 Continuity of the composition operator in

Sobolev Morrey spaces

Corollary 3.16 shows that if (1 +A) > 2 the composition T maps COL(€) x
WIAQ, Q) to W (). Now we want to understand for which f’s the com-
position operator T} is continuous in W)*(€2, ). By following [31],[30], the
idea is that if f is a polynomial, then T} is continuous in W]}’)‘(Q). Indeed,
for (1 4+ X) > > the space W]}”\(Q) is a Banach algebra. Then we exploit
inequality (3.10) to show that if f is a limit of polynomials, then T} is contin-
uous. Actually, such a scheme can be applied in a somewhat abstract general
setting, which we now introduce. Let X be a Banach algebra with unity. Let
m € N\{0}. In the applications of the present notes we are interested in the
specific case m = 1, but here we present a more general case, which can be
applied to analyze vector valued functions of Sobolev Morrey.

We first note that if p belongs to the space P(R™) of polynomials in m

real variables with real coefficients, then it makes perfectly sense to compose
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3.3 Continuity of the composition operator in Sobolev Morrey spaces

p with some = = (x1,...,x,,) € X™. Namely, if p is defined by the equality

p(flv"'agm) =
> gl g, witha, €R, (&,...,&) €R™, (3.11)

In|<deg p, nEN™
then we set
— m —
T,[z] = g apxlt..xm, Vo= (2, ,T) € AT, (3.12)
In|<deg p, neN™

where the product between the z;’s is that of &', and where we understand
that 2° is the unit element of X, for all x € X. Next we state the following
result of [30, Thm. 3.1].

Theorem 3.17. Let || - ||y be a norm on P(R™). Let Y be the completion of
P(R™) with respect to the norm || - ||y. Let X be a real commutative Banach
algebra with unity. Let X be a real Banach space. Assume that there exists a
linear continuous and injective map J of X into X. Let A be a subset of X™.

Assume that there exists an increasing function v of [0, +00) to itself such that

1T [p(z1s )]l < llplly @ (s - ) llam) (3.13)

for all (p, (z1,...,2m)) € P(R™) x A. Then there exists a unique map A of
Y x A to X such that the following two conditions hold

(i) Alp,z] = Jlp(x)], for all (p, ) € P(R™) x A.

(ii) For all fivzed z = (x1,...,Tm) € A, the map y — Aly,z] is continuous
from Y to X.

Furthermore, the map fl[-, x| of (i) is linear, and A is continuous from Y X
AtoX, andify € Y,y =1lim; ,op; inY, p; € PR™), & = (x1,...,2m) € A,
then

(iti) A[ywx] = lim; o0 j[p](x)] mn X;
() [Aly, 2]l% < lylly ¢ (lllxn)-

We shall call fl[y,m] the “abstract’ composition of y and x.
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3. The composition operator in Sobolev Morrey spaces

We now turn to apply the above theorem to the case of Sobolev Morrey

spaces. To do so, we need the following.

Proposition 3.18. Let ; be a nonempty bounded open interval of R. Then
CH () is a completion of the space (P(R), || - [|coaay))-

Proof. We first note that

sup |f'| =Lip(f) VfeC ().

Then we have

1 fllcr@ny = I llco@ny + 1 Nleo@ny = I llco@ny + Lin(f) = || fllcoran)

for all f € C1(€;). Hence,

[fllcor@y = lfllcr@y  Vp € P(R).

Since C'(€);) is a Banach space and the restriction map from P(R) to C(€;)
which takes p € P(R) which takes p to p|§21 is a linear isometry from (P(R), || -

lcrayy) to ({p‘QI: pe PR}, - ||01(Ql)> it suffices to show that {p‘QI: pE
P(R)} is dense in C*(Qy). Let f € C1(Q). Let 29 € Q. Then

f(x) = f(z0) +/f’(t)dt Ve .

Now by the Weierstrass approximation Theorem, there exists a sequence

{¢;}jen in P(R) such that
lim ¢; = f' uniformly in Q.
j—N

Then if we set .

pi(x) = f(xo) + /Qj(t)dt VreR,

o
for all j € N, we have

T

1 = pyllesan, < sup / ' — a)dt| + 1 — gyllooy) <

.ZEQl
zo
< mi(Q)I = gilleony + 1L = gilleoy) <
< (T +mi Q)" = gilleo@ny Vi €N,

and accordingly lim || f — p;llc1a,) = 0. n
Jj—00
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3.4 Lipschitz continuity of the composition operator in Sobolev Morrey spaces

Then by applying Theorem 3.17, we obtain the following.

Theorem 3.19. Let p € [1,4+00]|, A € [O, ﬂ, (L4+A) > 2. Let 2 be a
bounded open subset of R™ which satisfies the cone property. Let Q1 be a
bounded open interval of R. Then the composition operator T is continuous
Jrom CH(y) x WMQ, Q1) to WA Q).

Proof. We set || lly = || - coanys & = & = WiNQ), A = WAQQ), T
equal to the identity map, m = 1. As we have shown, C'(€);) is a completion
of (P(R), | - llcoa(ay)- By Corollary 3.16, W,*(2) is a Banach algebra and
there exists a function ¢ as in (3.10). Then by Theorem 3.17, there exists a
unique map A from C*(Q) x WA (€, Q1) to WA(Q) such that the following

two conditions hold
(i) le[p, g] = 1,[g] for all (p,g) € P(R) x A.

(ii) For each fixed g € W}*(€, ), the map from C* () to W*(Q) which

takes f to f o g is continuous.

Moreover, A is continuous. Clearly, T satisfies (i), and inequality (3.10) implies

that T satisfies (ii). Hence, we must necessarily have
Alf,g) = TIf,9] V(f,9) € CH{h) x Wy (Q, Q).

As a consequence, T is continuous on C*(Qy) x WA(, ). O

3.4 Lipschitz continuity of the composition

operator in Sobolev Morrey spaces

Next we prove a Lipschitz continuity statement for the composition opera-
tor. For related results in Besov spaces, we refer to Bourdaud and Lanza de
Cristoforis [9].

n
p

open subset of R"™ which satisfies the cone property. If f € Cl’l(R), then T}

loc

Theorem 3.20. Letp € [1,+0o0], A € [O, }, (1+X) > . Let Q be a bounded

maps Wpl)‘(Q) to itself and Lipschitz continuous on the bounded subsets of
WA Q).
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3. The composition operator in Sobolev Morrey spaces

Proof. Let B be a bounded subset of W,*(Q). Since W*(Q) is continuously
embedded into L. (2), the set B is a bounded subset of L. (2) and there exists
a closed interval B of R such that

[—ll9lle@) 19l Liy] € B Vg eB.
Now let g1, go € B. Since f is continuously differentiable, we can write
(fog)(x) = (fog)(x) =

= /f’[gl(x) +t(g2(x) — g1(x)))(g2(x) — g1 (x))dt YV € Q.

Next we fix z € Q, r €]0, +oo[. By the Minkowski inequality for integrals, we

have
wA(r)||f o g2 — [ o g1l L, @B (zr)) <
1
/w)\ N 191+ t(g2(-) = g1 (N)(92(-) = 91 (DI, @B @) <
0
1
< / wn(r)sup £ 92 = 0l 075, o) <
0
< sup 1 llg2 = g1llap o
Hence,

1fog2—foaglapa < SUP’f [ lg2 — g1lla - (3.14)
P

Next we fix j € {1,...,n} and we try to estimate
1(Dj)w{f o g2 = fogblla = (3.15)
= 1F"(92)(Dj)w g2 = f'(91)(Dj)w 91}l ap 0 <
<If 092 = [ 0 gillre I(P)w g2llrry 0y +

Hf 0 gillLae@ 1(P)w g2 = (Dj)w g1l g0y <

< Lip(f'| )llg2 = g1ll i) Sup 9llwrr ) + sup [f1 g2 = gullypia gy <
g

< {Lip(f/‘B)H]Hg(Wpl’A(Q),Loo(Q)) ilelg ||g||W;7)\(Q) + Sl};p |f’|} ||92 - ngWI}v)\(Q).
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3.5 Differentiability properties of the composition operator in Sobolev Morrey
spaces

By inequalities (3.14) and (3.15), we conclude that
1700~ ol < { (1 msup 7+

+nLip(f/‘B)||]||L(W;*A(Q),LOO(Q)) ilég ||9||W1}v*(9)} g2 — 91||w;»A(Q)'

]

3.5 Differentiability properties of the compo-

sition operator in Sobolev Morrey spaces

Next we turn to the question of differentiability, and by following [30], we note
that the following holds.

Lemma 3.21. Let X be a commutative real Banach algebra with unity 1x.
Let P(R™) be the set of real polynomials in m real variables. Let p € P(R™)
be defined by

p(n) = Z ayxlt ook Y= (.. nm) € R™.
[y|<degp

The map 1, of X™ to X defined by setting

mn m
g a ! ooatm s Y(xy,.,x,) € XM,

[v|<degp

with the understanding that z° = 1y, for allx € X, is of class C"(X™, X), for

TplT1s .o T

all 7 € NU {o0}. Furthermore, the differential of 7, [] at of = (2%, ... 2t ) is

delivered by the map

X™ 3 (he,. .., hy) = Ta%[xﬂ] xh; € X.
i=1
Once more, we plan to proceed by approximation and show that T% is of
class C" if f is a limit of polynomials with an appropriate norm. As we shall
see, it turns out that a right choice for the norm is the following

Iply. = > IDplly, VpePE®R™). (3.16)

[y|<r, yEN™
Then we define ), to be the completion of the space (P(R™), |- ||y, ). Asis well
known, ), is unique up to a linear isometry, and we always choose ), C ).

Then we have the following obvious
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3. The composition operator in Sobolev Morrey spaces

Remark 3.22. Ifr,s e N, s <r, then

YV, CVs, y

Vs S ||y||yr’ vy E y?"‘
Now we have the following (cf. Lanza de Cristoforis [30, Thm. 2.4]).

Theorem 3.23. Let r,s € N, v € N™, r —|y| = s. Let | - ||y be a norm
on P(R™), and let || - ||y, be the norm defined in (3.16), and let Y, be the
completion of (P(R™),|| - ||ly.). Then there exists one and only one linear
and continuous operator of YV, to Vs which coincides with the ordinary partial
derivation of multi index v on the elements of P(R™). By abuse of notation,
we shall denote such operator by D7, just as the usual partial derivative of

multi index . We have
D7y = lim D7p; in )Ys, whenever lim p; =y in Y, (3.17)
J—o0 J—o0

and

llly, = > 1Dplly, YyeD.

[y|<r, yeN™

With analogy with the wusual derivations, Dy denotes the matrix

(Dry, .-, Dmy).
Then we state the following result of Lanza de Cristoforis [30, Thm. 4.1].

Theorem 3.24. Let r € N\{0}. Let || - ||y be a norm on P(R™). Let Y, be
the completion of P(R™) with respect to the norm || - ||y, defined in (3.16). Let
X be a real commutative Banach algebra with unity. Let X be a real Banach
space. Assume that there exists a linear continuous and injective map J of X
into X. Let (-)  (-) be a continuous and bilinear map of X x X to X. Let %’

satisfy the following condition:
Jx1] * xg = T[x1, 23], V1,29 € X. (3.18)

Let A be an open subset of X™. Assume that there exists an increasing function
¥ of [0, +00) to itself satisfying condition (3.13), for all (p,x) € P(R™) x A.
Then the restriction of the map A of Theorem 3.17 to Y, x A is of class C”
from Y, x A to X. (Note that Y, C Yo, and that Yy equals the space Y defined
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3.5 Differentiability properties of the composition operator in Sobolev Morrey
spaces

in. Theorem 3.17.) Furthermore, the differential of A at each (y#,1%#) € Y, x A
s given by

(u,0) —

nMs
p
NS
Iﬁ:
%~2
:ﬁ:
*
&

for all (u,v) = (u, (wy,...,wy)) €V, x X™. (For the definition of Dyy¥, see
Theorem 3.23)

Now that we have introduced the above result on the r times differentiabil-
ity of A, we introduce a formula for the differentials d*A of order s = 1,...,r

of A of [30, p. 932]

Proposition 3.25. Let all the assumptions of Theorem 3.2/ hold. Letr,s € N,
1 < s < r. The differential of order s of A at (y*,2%) € Y. x A, which can
be identified with an element of L&) (Y, x X™, 22), is delivered by the formula

d*Aly*, 2# (v, wiy), - (v, wiy)) =

3

_ 3 {A[Dzs---l/?z---Dzlvm,x#]} b (wap, W Wiy, ) +

+ Z_ {A[Dls - Dy, x#]} * (Wsy, -+ - Wiy ), (3.19)

for all (v, wy = (w1, ..., wjn)) € Ve x X, j =1,...,5. In (3.19), the

symbols ly, ..., ls denote summation indexes ranging from 1 to m.

Next we return to the applications to Sobolev Morrey spaces, and we prove

the following.

Proposition 3.26. Let r € N\{0}. Let 0y be a nonempty bounded interval of
R. Then C™(Qy) is a completion of the space (P(R, || - ||y,), where

Z Hdtlp

If f € C™Y(Q) and if {p;}jen is a sequence of P(R) which converges to f in
the || - ||y, -norm and if L € {0,...,r}, then

Vp e P(R).

CO1(Qy)

l l
dleimd

@ Fare @pj, (320)

m CT_H_I (ﬁl) .
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3. The composition operator in Sobolev Morrey spaces

Proof. As we have already pointed out

[ fllcoa@y = I fllcr@y V€ C'(Q).

Hence,
dl+1
plly, = lo(WMP mn+LM“pcmm> Vp e P(R),
and
Ipllorsi@yy < IPllye < 2lplorii@,y  Vr € P(R).
Hence, the norm || - [y, is equivalent to the norm || - [lcr1g,) on P(R).

Since C"1(€);) is a Banach space and the restriction map which takes
p in P(R) to p‘@ in C™1(Q,) is linear isometry of (P(R),]| - ler+1@y))
onto ({p‘ﬁl: pe PR} - |]Cr+1(§1)), it suffices to show that for each f €

C™+1(€)y), there exists a sequence of polynomials {p;};en in P(R) such that

f=lim p]‘ﬂl in C"H(Q),

j—00
i.e., {plﬁlz p € P(R)} is dense in C"1(Q;). We already know that such a
statement is true for r = 0. We now assume that the statement holds for r
and we prove it for r + 1.
By inductive assumption, there exists a sequence of polynomials {g;};en
such that
Jlijgo%ﬁ: foin C7().

Now let 2o € ;. Then
f(x) = f(xo) +/f’(t)dt Ve .

Then we set N

Dj Ef(%)‘i‘/%(t)dt Ve Q.

Zo

= f uniformly in €, the

Clearly, p; € P(R) for all j € N. Since lim ¢;|5 =
j—o0 1

inequality

[f(@) = pi(@)] < ma(Q)IIf" = gillooa,) <

< mi ()|l - Gller@y V€ Q,
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3.5 Differentiability properties of the composition operator in Sobolev Morrey
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shows that lim [|f" — pjllceq,) = 0. Hence,
J—00

d' d’
at! = ) g, ="

Co(n)

: /!
jlggo 1" = pjllco@y) + ;
and accordingly
. / _
jlggo If = pj||cr+1(§1) =0
Equality (3.20) is a well-known corollary of the theorem on passing to the limit

under the differentiation sign. m

Remark 3.27. Under the assumptions of the previous theorem, the oper-
ator D7 defined by (3.17) coincides with the ordinary D?-differentiation in
CrH().

Theorem 3.28. Letp € [1,+00], \ € [O, %} ; (L+A) > 2. Let €2 be a bounded
open subset of R™ which satisfies the cone property. Let €)1 be a bounded open
interval of R. Then the composition operator T from C™1(Qy) x WA, )

to Wy NQ) defined by
Tlf.gl=fog V(f.g) € C™ () x W, (Q, )

is of class C". If (fo, g0) € CT () x WA, 1), then the first order differ-
ential of T at (fo, go) is given by the formula

dT'[fo, go] (v, w) = v o go + f'(go)w

Jor all (v,w) € C™FHQy) x WA, Q).
If s e {1,...,r}, then the s-th order differential of T at (fo, go) is given by

the formula

dsT[fm 90][(0[1],711[1]), S (U[s]> w[s])] =

= Zﬂ ° gowpy - - @ﬁ c W)+ " Jo O gowpy] - - - Wiy
dts—1 ! dts ’

f07’ all (0[1], w[l]), Cey (’UM, w[s}) S CT'H(Ql) X Wpl’A(Q, Ql).

Proof. We set | - lly, = || - [lonrn), & = & = WIA(Q), A= WNQ,0,), T
equal to the identity map, m = 1. As we have shown, C"1(£);) is a completion

of (P(R),]| - [ly,)- By Corollary 3.16, W)*(Q) is a Banach algebra and there
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3. The composition operator in Sobolev Morrey spaces

exists a function ¢ as in (3.10). As we have already proved in the proof of
Theorem 3.19, the abstract composition A of Theorem 3.17 coincides with 7.
Then we can invoke Theorem 3.24 and Proposition 3.25 conclude that T is
of class C” from Y, x A = C™" () x WIAQ, Q) to WAQ) and that the
formulas for the differentials hold. O
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