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Abstract

The use of diagnostic tests to discriminate between disease classes is becoming more and more
popular in medicine, which leads to the urgent need for assessing accuracy of diagnostic tests
before their implementation. To do that, a common tool is receiver operating characteristic (ROC)
analysis. More precisely, the ROC curve and the area under the ROC curve (AUC) are commonly
employed when two disease classes (typically, non-diseased and diseased) are considered, whereas
the ROC surface and the volume under the ROC surface (VUS) are frequently used when the
disease status has three categories (e.g., non-diseased, intermediate and diseased). In estimating
such parameters, we assume that the true disease status of each patient can be determined by means
of a gold standard test. In practice, unfortunately, the true disease status could be unavailable
for all study subjects, due to the expensiveness or invasiveness of the gold standard test. Thus,
often only a subset of patients undergoes disease verification. Statistical evaluations of diagnostic
accuracy of a test based only on data from subjects with verified disease status are typically
biased. This bias is known as verification bias. Various methods have been developed to adjust
for verification bias in estimation of the ROC curve and its area for tests with binary or ordinal or
continuous results. For the ROC surface and its volume, verification bias correction methods exist
for tests with ordinal responses, but not for continuous tests. In this thesis, we propose several
bias—corrected methods for estimating the ROC surface and the VUS of continuous diagnostic tests
in presence of verification bias. In particular, these methods are constructed based on imputation
and re-weighting techniques, and work well when the missingness mechanism of the true disease
status is missing at random or missing not at random. The asymptotic behaviors of the estimators
are also studied. To illustrate how to use the methods in real applications, two datasets dealing
with epithelial ovarian cancer are considered. To support researchers in carrying out the ROC
surface analysis in presence of verification bias, an R package and the corresponding Shiny web

application have been created.
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Sommario

L’uso corrente di test diagnostici per discriminare tra diverse malattie o classi di malattia
pone l'accento sulla necessita di una valutazione attenta e fondata della loro accuratezza. Gli
strumenti pit comunemente impiegati a tal scopo sono basati sulla cosidetta receiver operating
characteristic (ROC) analysis. Si utilizzano, in particolare, la curva ROC e l’area sotto la curva
ROC (AUC) quando la diagnosi prevede due possibili esiti (tipicamente, non malato e malato),
e la superficie ROC e il volume sotteso (VUS) quando la diagnosi si articola su tre classi (ad
esempio, sano, stadio iniziale di malattia, stadio avanzato di malattia). Tali strumenti assumono
che la vera diagnosi possa essere stabilita per ciascun paziente con certezza utilizzando un test
gold standard. Nella pratica, purtroppo, la vera diagnosi potrebbe non essere acquisibile tramite
un gold standard per tutti i soggetti coinvolti in uno studio, a causa per esempio del costo o della
invasivita del gold standard. Cosi, spesso, la verifica della diagnosi tramite gold standard viene
condotta solo per un sottogruppo di pazienti. La valutazione statistica dell’accuratezza diagnostica
di un test costruita solo utilizzando i dati dei soggetti con stato di malattia verificato & in genere
distorta. Tale effetto € noto come distorsione di verifica. Esistono vari metodi per correggere tale
distorsione nella stima della curva ROC e della area sottesa, sia per test diagnostici binari, che
ordinali, che continui. Per quanto riguarda la superficie ROC ed il volume sotteso, esistono metodi
di correzione della distorsione solo per test diagnostici ordinali. In questa tesi, si propongono
diversi metodi per la correzione della distorsione di verfica per la stima della superficie ROC e
del VUS per test diagnostici continui. Tali metodi sono costruiti su strategie di imputazione
e riponderazione, e sono sviluppati per meccanismi di mancanza del vero stato di malattia sia
casuali che non ignorabili. Viene fornito il comportamento asintotico degli stimatori. A titolo
illustrativo, 'applicazione dei metodi € mostrata su due insiemi di dati relativi al cancro ovarico
epiteliale. Per garantire applicabilita dei metodi, viene fornito un pacchetto R e I’applicazione web

Shiny corrispondente.
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Chapter 1

Introduction

1.1 Overview

Nowadays, diagnostic tests are commonly used to detect medical conditions, and hence, they play
an important role in medical care. The diagnostic tests are often inexpensive, non-invasive and
applied on a large population. A good diagnostic test not only contains medical informations
about patients, but also affects the health care provider’s plan for managing the patient. However,
different diagnostic tests differently distinguish between healthy individuals and diseased subjects.
Therefore, assessing accuracy of diagnostic tests before they enter in the clinical practice is crucial
and required.

In order to assess the accuracy of a diagnostic test, the comparison between the true disease
status and the test results could be performed. To ascertain the true disease status, a perfect test
is employed, which is called gold standard (GS) test. When the disease has two classes (typically,
diseased and healthy), the receiver operating characteristic (ROC) curve and the area under the
ROC curve (AUC) are commonly used for assessing accuracy of diagnostic tests (Pepe, 2003; Zhou
et al., 2009). The ROC surface and the volume under the ROC surface (VUS), a generalization
version of the ROC curve and of the AUC, have been useful in three—class diagnostic problems
(Scurfield, 1996; Mossman, 1999; Dreiseitl et al., 2000). There are some methods for estimating
ROC curves and AUCs, for example empirical, parametric, semi-parametric and nonparametric
approaches, see Pepe (2003) and Zhou et al. (2009) as general references. These methods have
been generalized to ROC surfaces and VUSs (Nakas and Yiannoutsos, 2004; Nakas, 2014; Kang
and Tian, 2013; Li and Zhou, 2009; Li et al., 2012; Xiong et al., 2006).

In some situations, however, some subjects do not have the true disease status verified even
when they have the test results. This basically comes from the fact that some gold standard tests
are too expensive or invasive to be applied to all subjects. Thus, often only a subset of study
subjects undergoes a gold standard evaluation and the decision to send a subject to verification
typically depends on the test results and other subject’s characteristics. Statistical evaluation of
diagnostic accuracy based only on data from subjects with verified disease status usually gives
biased results. This is known as verification bias (Begg and Greenes, 1983) or work—up bias
(Ransohoff and Feinstein, 1978).

Correction for verification bias in two—class diagnostic testing is already discussed in the sta-
tistical literature. The available methods are developed on the basis of the type of diagnostic test
result (e.g. binary, ordinal and continuous) and the missingness mechanism. Among the others,
we cite the papers by Adimari and Chiogna (2015, 2016); Alonzo et al. (2003); Alonzo and Pepe
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(2005); Fluss et al. (2009, 2012); He and McDermott (2012); He et al. (2009); Kosinski and Barn-
hart (2003); Liu and Zhou (2010); Rotnitzky et al. (2006); Zhou and Castelluccio (2003, 2004);
Zhou and Rodenberg (1998). However, the issue of correcting the verification bias in the estimation
of ROC surfaces and VUSs is very scarcely considered in the ROC analysis context. For example,
Chi and Zhou (2008) deal with an ordinal diagnostic test, but there are no methods developed to
correct for verification bias in assessing accuracy of a continuous diagnostic test when there are
three disease status. This thesis aims to fill in this gap. We develop several methods for estimating
ROC surfaces and VUSs of continuous diagnostic tests in presence of verification bias.

The outline of the thesis is as follows. In Chapter 2, we give a quick review on ROC curves
and AUCs, and on ROC surfaces and VUSs. Beside that, the definition and impact of verification
bias in estimation of ROC curves and their area underneath are also mentioned. Some existing
bias—corrected methods for ROC curve analysis of a continuous diagnostic test are also reviewed.
We develop some bias—corrected estimators for the ROC surface in Chapter 3. These methods
are constructed based on imputation and re-weighting techniques and are suitable in cases where
the missingness mechanism of disease status is missing at random. We establish large—sample
properties of the proposed estimators based on estimating functions and multivariate delta method.
Simulation studies are organized to evaluate the performance of the proposed estimators in both
small and large sample size situations. To illustrate the applications of the methods, two distinct
data sets, both dealing with epithelial ovarian cancer (EOC), are used. In Chapter 4, by using
a numerical technique and repeating the ideas used in Chapter 3, we develop some methods for
correcting for verification bias in estimation of the VUS. Consistency and asymptotic distribution
of the estimators are also studied. Simulation studies are conducted to evaluate the performance of
the bias—corrected VUS estimators. In analogy with Chapter 3, the two data sets on EOC study are
used to illustrate the application of the bias—corrected VUS estimators. In Chapter 5, we consider
the case in which the true disease status is missing not at random. Based on a likelihood-based
approach, we propose the correction methods for VUS in presence of verification bias. We also
demonstrate that the proposed estimators are consistent and asymptotically normally distributed.
Simulation studies are designed to assess the accuracy of the estimators corresponding to the
distinct values of VUS (from low to high value). In Chapter 6, we present an R package and the
corresponding Shiny web application, which implement all bias—corrected methods for estimation
of ROC surfaces and VUSs under missing at random assumption. Finally, Chapter 7 contains the

main conclusions drawn from this project up to date and possible directions for future research.

1.2 Main contributions of the Thesis

Main contributions of the thesis can be summarized as follows:

1. Development of bias—corrected methods for estimation of the ROC surface and the VUS
based on the existing methods for the ROC curve analysis, applicable in situations when the

true disease status is missing at random.

2. Application to the prediction of patient’s response to chemotherapy in advanced—-stage ep-

ithelial ovarian cancer (EOC).

3. Definition of the approaches to correct for verification bias under missing not at random

when disease status has three categories.
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4. Creation of an R package and web interface to support researchers in carrying out the ROC
surface analysis in presence of verification bias, i.e., when the true disease status is missing
at random. This package is freely available for downloading from CRAN-The Comprehensive

R Archive Network, and easy to use.



Introduction




Chapter 2

Assessing the accuracy of a
diagnostic test

In this chapter, definitions of some popular tools used to evaluate of a continuous diagnostic test
will be given. The impact of verification bias when estimating the accuracy of a diagnostic test is
discussed through a hypothetical example. A quick review of the existing bias—corrected methods

for assessing the accuracy of a continuous diagnostic test is also given.

2.1 Measure of accuracy for diagnostic tests

Most medical studies consider a dataset, which often contains a medical diagnostic test and the
true binary disease status (diseased and non-diseased) determined by the GS test. The diagnostic
test can yield a binary, ordinal or continuous result, for which its accuracy could be determined
by various ways and depends on the type of test result.

In case of binary tests (positive or negative), the accuracy of the test under study is usually
evaluated by the true positive rate (TPR) and false positive rate (FPR), see Zhou et al. (2009) and
Pepe (2003). The TPR is the probability that a diseased person is classified as diseased, whereas
the FPR is the probability that a normal person is classified as diseased. In the study, a perfect
diagnostic test has TPR = 1 and FPR = 0. On the other hand, a useless test has TPR = FPR,
i.e., there are no connection between disease and the test outcome.

If the diagnostic tests are measured on ordinal or continuous scales, then they can be di-
chotomized in practice by using a cut point (also called threshold value) and thus the TPR and
FPR could still be applied for measuring the accuracy of the tests. However, in such situations,
each different choice of the cut point possibly yields different values of TPR and FPR, and, hence,
the evaluation of the diagnostic test changes. Usually, the cut point is varied in the range of the
test results, and the entire set of possible values of TPR and FPR is called the receiver operating
characteristic (ROC) curve of the test. More specifically, the ROC curve is a plot, on the unit
square, of the FPRs on x—axis versus the TPRs on y—axis, for each cut point. Usually, the ROC
curve is monotone and lies in the upper triangle of the unit square, which consists of three vertices
(0,0),(0,1) and (1,1). The shape of ROC curve allows to evaluate the ability of the test. For
example, a ROC curve overlapping with a straight line joining points (0,0) and (1, 1) represents a
diagnostic test which is a random guess. A perfect test has a ROC curve that is along the left and
upper borders of the positive unit quadrant. A commonly used summary measure that aggregates

performance information of the test is the area under the ROC curve (AUC). According to the
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property of the ROC curve, reasonable values of AUC range from 0.5, suggesting that the test is
no better than chance alone, to 1.0, which indicates a perfect test. However, AUC can take a value
less than 0.5, which indicates an accuracy worse than random guessing of the diagnosis.

In summary, the TPR, FPR, ROC curve and AUC are, currently, the best—developed statistical
tools for measuring the performance of the diagnostic tests. The estimation of these quantities are
presented in the context of Pepe (2003) and Zhou et al. (2009).

There are some medical studies, where the disease status involves three categories. For exam-
ple, the clinical assessment of the presence of HIV-related cognitive dysfunction (AIDS Dementia
Complex—ADC, Nakas and Yiannoutsos, 2004); the study of pancreatic cancer (Leichtle et al.,
2013); the cohort study for the detection of Glycan biomarkers for liver cancer (Ressom et al.,
2008); the study of Alzheimer’s Disease (Xiong et al., 2006; Chi and Zhou, 2008). In such sit-
uations, the ROC surface is a popular tool for describing the ability of the medical tests having
ordinal or continuous results. The ROC surface is defined by plotting three true class fractions
(TCE’s) by varying the cut point (¢1,c2) in the unit cube, with ¢; < co. From a theoretical point
of view, the ROC surface is a generalization of the ROC curve in three dimensions. The ROC
surface will be the triangular plane with vertices (0,0, 1), (0,1,0), and (1, 0,0) if all of three TCF’s
are equal for every pair (c1,c2). In this case, we say that the diagnostic test is the random guess.
In practice, one can imagine that the graph of ROC surface lies in the unit cube and above the
plane of the triangle with three vertices (0,0, 1),(0,1,0), and (1,0,0). A summary of the overall
diagnostic accuracy of the test under consideration is the volume under the ROC surface (VUS)
which can be seen as a generalization of the AUC. The VUS varies from 1/6 to 1.0, ranging from
bad to perfect diagnostic tests. More details related to the ROC surface analysis will be discussed

in Section 2.4.

2.2 Verification bias

If all study subjects for which the new diagnostic test is available ultimately have their true
disease status verified via the GS test, then ROC curves and also AUCs could be easily estimated.
In practice, unfortunately, there are many drawbacks to the use of the GS test, which can be too
expensive, or too invasive, or both for regular use. Usually, only a subset of subjects undergoes
disease verification and the decision to send a patient to verify the disease status is often based
on the test result and other patient characteristics. Then, only data from patients with verified
disease status are used to estimate the ROC curve and AUC. This typically leads to a distorted
evaluation of the ability of the diagnostic tests. This bias is known as verification bias (Begg and
Greenes, 1983) or work-up bias (Ransohoff and Feinstein, 1978). In this paragraph, we present an
example to see the impact of verification bias when estimating the accuracy of diagnostic test.

Let us consider a hypothetical medical study that concentrates on a new diagnostic test to
detect an illness having probability of disease equal to 0.2. A sample having 1000 subjects randomly
selected from population is considered. On the basis of the GS test, the number of diseased and
non—diseased subjects are ascertained as 200 and 800, respectively. Of 200 diseased subjects,
160 have a positive test result and the remaining 40 subjects have a negative test result. In the
800 non—diseased people, 80 individuals give a positive and 720 individuals negative test result,
respectively. The complete data are presented in Table 2.1.

For the full data, the TPR and FPR are easily obtained as % = 0.8 and 80 = 0.1, respec-

800
tively. Now, suppose that the GS test in this study is inherently dangerous and also its cost is
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Table 2.1: Full data for hypothetical example.

Test result
Positive Negative Total

Diseased 160 40 200
Non-Diseased 80 720 800

expensive. Thus, only 75% of patients with a positive test and 10% with a negative test undergo

the verification process. The verified sample is showed in Table 2.2.

Table 2.2: Data from subjects that selected to undergo the GS test.

Test result
Positive  Negative Total

Diseased 120 4 124
Non-Diseased 60 72 132
. . . N . . 120
The estimation based on the verified data give rise to the estimate of TPR is 191 = 0.968 and of

FPR is % = 0.454. This shows that the estimation on the verified subjects yields overestimation
for the TPR (0.968 vs. 0.8) and FPR (0.454 vs. 0.1). Generally speaking, if the subjects having
positive test results are more likely to be verified for disease than those having negative test results,
then the bias in the estimation based on verified sample usually increases TPR and FPR (Pepe,
2003; Zhou et al., 2009).

2.3 Existing methods for correcting the ROC curve and
AUC of a continuous test

Consider a study with n subjects, for whom the result of a continuous test 7' is available. The
patient’s true condition (or disease status), D, is defined by a GS test. D is a binary variable, that
is 0 if the subject is non—disease and 1 in case of disease. Further, let V' be a binary verification
status of a patient, such that V' =1 if he/she is underwent the GS test, and V' = 0 otherwise. In
practice, some information, other than the test results, can be obtained for each patient. Let A be
a covariate vector for a patient, that may be associated with both D and V.

In order to deal with verification bias, the existing methods usually make an assumption about
the mechanism for the missingness of disease verification. In particular, there are three assumptions
that are commonly used. The first is missing completely at random (MCAR), which occurs when
the verification status V' does not depend on any observed measurements (i.e., test result T, the
covariates A) and unobserved measurements (i.e., the true disease status D). In other words,
the mechanism is MCAR if missing values are randomly distributed across all observations. In
medical studies, the selection for disease verification is not controlled by design (i.e., the MCAR
assumption usually does not hold); instead, it is often decided by the physician on the basis of
test results and other observed covariates. In such situations, we can assume that the verification

status V' and the response D are mutually independent given the test result 7' and covariates A,
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ie, Pr(V =1|T,A) = Pr(V = 1|D, T, A) or, equivalently, Pr(D = 1|T, A) = Pr(D = 1|V, T, A).
This assumption is known as the missing at random (MAR) assumption. However, in some cases,
the MAR assumption is not realistic, because the decision to send a patient to verification may
also depend on some hidden information related to disease status, which can not be determined
by the observed measurements. Thus, the missing mechanism is neither MCAR, nor MAR, and is
known as missing not at random (MNAR).

Under a technical point of view, MCAR and MAR are usually qualified as ignorable missing
data mechanisms, whereas MNAR is referred as nonignorable (NI) mechanism. In fact, for dealing
with the missing values, we do not need to take into account the missingness mechanism under
MCAR or MAR assumption. But, in order to deal with MNAR, a joint model for the data and
the missingness mechanism is necessary to conduct valid inferences. The bias—corrected estimation
methods for the ROC curve and AUC under MAR assumption are shortly reviewed in Section
2.3.2, whereas the methods for adjusting for NI verification bias is quickly presented in Section
2.3.3.

2.3.1 Full data estimation

When all subjects are verified by the GS test, we have a full (or complete) data set. For a given
cut point ¢, TPR and FPR are

Pr(T>c¢,D=1) B

TPR(c) = Pr(T>c|D=1)= B D=1~ 8 (2.1)
FPR(c) = Pr(T>¢D=0)= Pr(g r(ZDC,:DO)z 0) _ 16700.

Then, one can employ empirical estimators Bo, Bl and 6 to obtain the nonparametric estimators of
TPR and FPR

- B Z I(TZ Z C)DZ . B Z I(Tz 2 C)(]' - Dz)
TPR(g) =7 = = o FPR(e) = 7 = . (22
7,; Dl 7';(1 - Dz)

where I(+) is the indicator function.
The AUC is expressed in the following formula (Bamber, 1975; Hanley and McNeil, 1982)

1

for i # j from 1 to n. The empirical estimator of AUC is the Mann-Whitney U-statistic, i.e.,

Zl > Lij(1 = D;)D;
1= Z‘:l
AUC = — 72 : (2.3)
21 > (1 - Di)D;
i=1j=1
i

where L;; = I(T; < T;) + 11(T; = Tj).

If not all patients have their disease status verified, the nonparametric estimators (2.2) and
(2.3) can be applied after removal of all missing values. The resulting estimators are called Naive
estimators. However, they only perform well when the missing mechanism is MCAR. Under MAR
or MNAR, if one tries to use the Naive estimators, i.e., the expressions (2.2) and (2.3) based only

on verified subjects, then one gets biased and inconsistent estimates.



2.8 Existing methods for correcting the ROC curve and AUC of a continuous test 9

2.3.2 Bias—corrected estimators under M AR assumption

In presence of verification bias, Alonzo and Pepe (2005) proposed four partially parametric esti-
mators to assess the continuous diagnostic (or screening) tests under the MAR assumption. In
particular, the authors constructed the estimates based on imputation and re-weighting techniques
(Roberts et al., 1987; Reilly and Pepe, 1995; Horvitz and Thompson, 1952; Robins et al., 1995),
i.e., full imputation (FI), mean score imputation (MSI), inverse probability weighting (IPW) and
semiparameter efficient (SPE) estimators. The FI estimators of TPR(c) and FPR(c) are

- 3 Uiz A > UL =o)L = pi)
TPRyi(c) = 0}’“ ==L , FPRpi(c) = 2L — =1
FI

NE
b)
—_
|
>
&
NE
i
=
|
=}
NS

i

i=1 =1

Here, the estimates p; of p; = Pr(D; = 1|T;, A;) are obtained by using some suitable parametric
model (e.g., logistic regression model) estimated on verified subjects. The MSI estimators only

impute the disease status for subjects who did not undergo the GS test, resulting to be

. ST, > o) {ViDs + (1= Vi)ps}

TPRysi(c) = ﬁ},MSI _i=1 , (2.4)
st i {ViD; + (1 = V;)p;}
i=1
) ST = ) Vil — Di) + (1= Vi)(1 — i)}
F/PT%MSI(C) _ /30,11/131 =
1 — st SHV(A=Dy) + (1 —Vy)(1—py)}
i=1

The TPW method weights each verified subject by the inverse of the conditional verification
probability m; = Pr(V; = 1|T;, A;) (i.e. the probability that the subject is selected for verification).

Therefore, the estimators are

Biipw =1

Tﬁlpw(c) = = - r ) (25)

Orpw S ViDi

i=1
n

4 S I(T; > o) Vi(1 - Dy)a;
FPRlpw(C) = O’IAPW = =1 Py

b few > Vi(l = Doyt

i=1

The estimates 7; need to be obtained by using parametric regression models such as logistic or
probit models. Finally, the SPE estimators are defined as follow

n

S UT; 2 o) {ViDiir; ' — (Vi — i) pit; '}

TPRepp(c) = LLSPB _ =l : (2.6)

3

OspE {ViDifri_l —(V; — ﬁi)ﬁiﬁi_l}
i=1
) ST > 0) {Vill = Dy)it — (Vi — #)(1 = i) )
@SPE(C) _ Pospr _ =
1 —bspg S AVi(l = Dy)a;t — (Vi — #) (1= py); '}

i=1

Alonzo and Pepe (2005) showed that SPE estimators are doubly robust because they are consistent

if either the 7;’s or the p;’s are consistently estimated. However, it is worth noting that SPE esti-
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mates may not be range-respecting, i.e., they could fall outside the interval (0,1). This happens be-
cause the quantities {Vi(l — Di)fr;l —(Vi—m)(A —pi)7 1} or {VDﬂr — (Vi — /) pimt; } can
be negative.

The four bias—corrected methods mentioned above perform well if and only if the parametric
models are correctly specified (the disease and/or verification model). A wrong specification of
such parametric models can negatively affect the behavior of the estimators, that are no longer
consistent. To reduce the impact of misspecified models, He and McDermott (2012) proposed
to use propensity score stratification; however, this method only applies to a binary diagnostic
test. For a continuous test, a fully nonparametric framework is suggested by Adimari and Chiogna
(2015). Specifically, the authors employed K nearest-neighbor (KNN) imputation (Ning and Cheng,
2012; Cheng, 1994) to obtain the bias-corrected estimators for the ROC curves. In fact, the KNN

estimators are

R zn: (T; > c){ViD;i + (1 = Vi) ps, i }

TPRian(c) — B},KNN _ i1 , (2.7)
OxNN ﬁ: {ViDi + (1 = Vi)pi,x }
: SST = 6) (Vi1 — D) + (1= Vo)1 - prse)}
@KNN(C) _ 50,IfNN _ i=1 _
1= B > AVi(1 = D)+ (1= V)(1 = pixe)}

Here, p; i is the estimate of p; obtained by using KNN imputation.

For each of the above methods, an estimated bias-corrected ROC curve can be obtained by
plotting rFf?%*(c) versus Fﬁ*(c) for all cut points ¢, where the star * indicates FI, MSI, IPW,
SPE and KNN. Note that, the SPE estimate of the ROC curve could be non monotone, because
of its behavior. Therefore, the authors suggest to use isotonic regression (Robertson et al., 1988),
to force the SPE ROC curve to be monotone.

Based on the bias—corrected ROC curves described above, one can employ the trapezoidal rule
(Bamber, 1975) to get empirical estimators of the AUC. This solution is supported by Alonzo
and Pepe (2005), who suggest to use the bootstrap resampling method to obtain the asymptotic
variance. On the other hand, based on U-statistics and IPW, He and colleagues derived the closed-

form expressions for directly estimating the AUC (He et al., 2009). In fact, they assume that the

verification process m; = Pr(V; = 1|T;, A;) were known and define
> Y NI < T)UD; < Dy)ViVym; 'y !
AUCpg = =207 (2.8)
> Y UDi < Dy)ViVym; ta;t
i=1j=1,i#j

However, in practice, the verification probabilities are unknown, hence, in such situations, the
authors suggest to use consistent estimates 7;. Therefore, the direct estimation (2.8) can be
referred to as parametric framework, in the sense that it requires a parametric model (e.g., logistic
regression) to estimate w. Hence, it also could suffer from the effect of misspecification. The
nonparametric estimators for the AUC in the setting of verification bias is proposed by Adimari
and Chiogna (2016). In fact, the authors used KNN imputation, again, like in the method for the
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ROC curves. The KNN estimator for the AUC is

> f: T, < Ty)(1 - D) D;

AUCkny = =LA — , (2.9)
> 2. (1-Dy)D;
i=1j=1,i#]

where D; = V;D; + (1 — Vi)pix -

2.3.3 NI verification bias

As we already mentioned in the beginning of this section, the MNAR assumption may be suitable
in some situations. Many publications deal with NI verification bias, for instance, Baker (1995);
Zhou and Castelluccio (2003, 2004); Zhou and Rodenberg (1998); Kosinski and Barnhart (2003)
focus on the binary and ordinal diagnostic test. For the continuous test, Rotnitzky et al. (2006);
Fluss et al. (2009); Liu and Zhou (2010) developed various methods for adjusting for the verification
bias.

In principle, we need to define a joint model of the data and missingness mechanism. According
this idea, Rotnitzky et al. (2006) used the untestable selection model

o {Pr(V = 0|T, A, D)

Pr(V =1[T, 4, D)} = h(T,A) +q(T, A)D,

where ¢(T, A) is an arbitrary specified function and h(7, A) is an arbitrary unknown function.
Under this model, the missing mechanism is MAR if ¢(T, A) = 0 for all T and A; otherwise, it is
NI. Using this model, doubly robust estimators of the AUC and the ROC curves are derived by
Rotnitzky et al. (2006) and Fluss et al. (2009), respectively. However, a drawback of this model
is the fixedness of (T, V). To cope with this problem, the authors recommend using a sensitivity
analysis by repeating the estimation of AUC (and also TPR and FPR) under a variety of reasonable
choices of ¢(T, A). This may work well, but in the general cases, we might face troubles related to
the range of ¢(T, A), which can be large, and to the computation, which can be heavy.
On the other hand, Liu and Zhou (2010) suggested to use the verification model

B ~exp(h(T, A; B) + AD)
Pr(V =1|T,4,D) = +exp(h(T, A; B) + AD)

Here, h(T, A; B) is an linear predictor; and A is an unknown parameter called the nonignorable
parameter. To estimate the parameters, Liu and Zhou used a likelihood-based approach, together
with a disease model for the whole sample

exp(m(T, A; 7))
1+ exp(m(T, A;7))’

Pr(D = 1|T, A) =

where m(T, A; ) is an arbitrary linear predictor. After that, the authors employed the imputation
and re-weighting techniques to correct the ROC curve and the area underneath, i.e., FI, MSI,
IPW and pseudo doubly robust (PDR) estimators. Unfortunately, this strategy requires both
the disease model and the verification model exactly specified and a large sample size (may be
several thousands). To construct verification and disease models, the authors recommend selecting
covariates based on scientific knowledge in the literature. A small sample size may occur in some
medical studies, because of the cost or other difficulties. In such situations, Liu and Zhou suggest
to use the MAR assumption, instead. But, we have to be careful with this option, because a

distorted result may be generated.
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2.4 The ROC surface analysis

In a three—class diagnostic problem, the ROC surface analysis is frequently used for the evaluation
of diagnostic markers. The theoretical construction of the ROC surface and VUS was introduced for
the first time by Scurfield (1996). However, this article did not provide any application on real data.
After that, in an independent study, Mossman (1999) proposed a similar construction and gave two
applications on window-rating data and psychiatric data. Based on the Mossman’s construction,
Dreiseit] et al. (2000) proposed the three-way ROC surface and derived a nonparametric estimate
of variance for the VUS. The ROC surface construction for a continuous diagnostic test is provided
by Nakas and Yiannoutsos (2004), as a direct generalization of the ROC curve to three—class
diagnostic problems.

We model the disease status by a trinomial random vector D = (D;, Da, D3), where Dy, is a
binary variable that takes 1 if the subject belongs to class k, k = 1,2,3. Without loss of generality,
we assume that the subjects from class 3 tend to have higher test results than subjects in class 2
and the latter tend to have higher test results than subjects in class 1, i.e., T|Dy < T|Dy < T|Ds.
This implies that the disease classes are ordered with respect to the test result, a condition often
referred to as monotone ordering. For given a pair of cut points (c1,ca), with ¢1 < cq, subjects
are classified into class 1 if T' < ¢y; class 2 if ¢y < T < ¢o; and class 3 otherwise. The true class

fractions of the test T at (c1,c2) are defined as

TCF1(c1) = Pr(T <ecfclassl) =1—Pr(T > ¢1|D1 =1),
TCFs(c1,¢2) = Pr(e; < T < ¢glclass2)
= Pr(T>c1|Da=1)—Pr(T > co|Dy = 1),
TCF3(c2) = Pr(T > cofclass3) = Pr(T > co|D3 = 1).

The plot of (TCF;, TCF4, TCF3) by varying the pair (¢1, ¢2) produces the ROC surface of T' in the
unit cube. Figure 2.1 shows the ROC surface of a given diagnostic test and the triangular plane of
the random guess. According to this figure, the projection of the ROC surface to the plane defined
by TCF5 versus TCF; yields the ROC curve between classes 1 and 2. Similarly, on projecting the
ROC surface to the plane defined by the axes TCFy and TCF3, the ROC curve between classes 2
and 3 is produced (see also Nakas (2014)).

The general formula of the VUS of the diagnostic test T, say pu, is defined as (Nakas and
Yiannoutsos, 2004)

noo= Pr (Tz <Ty, < TT|D1¢ =1,D9p=1,D3, = 1)
1
+ §PI‘ (Tz <Ty = Tr‘Dli =1,D9=1,D3, = 1)

1

+ EPI‘ (Tz =T, < TT‘Dli =1,D9=1,D3, = 1)
1

+ 6PI‘ (Tz = T( = Tr‘Dli = 1,D2g = 17D3r = 1)

or, equivalently,
E (D1;D2¢ D3, 1ie,)

= . QAL 2.10
H= TE(Dy;DyDs,) 77 (2.10)

where Ty, = I(T; < Ty < T,) + ATy, < Ty = T) + 31T, = Ty < T,) + (T = T, = T;) and

I(-) is the indicator function. Under correct ordering, a suitable value of p lies between 1/6 to

1. More specifically, © = 1/6 indicates the classification rule is uninformative, while the value 1
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* Actual Test
* Random Guess
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1 TCF3

Figure 2.1: An example of the ROC surface

indicates the perfect diagnostic test. Moreover, it is worth noting that the VUS is invariant under
monotonically increasing data transformations (Nakas and Yiannoutsos, 2004).
When all subjects are verified, the nonparametric estimators of the true class fractions and

VUS are given by

ﬁl(cl) = 1- i=1 n s
Z Dli
=1
. 2 AT = 1) = I(T; = )} Do
TCFQ(Cl, 02) = =1 Py s (211)
Z D22
i=1
o > UTi =2 c2)Ds;
TCFg(CQ) = i=1 o s
Z D3z
i=1

and

n n
z Z Z IiZTDliDQZDST
i=10=14#i r=1
r#£l,r#i

(2.12)

In recent years, many methods have been developed for estimating the ROC surface and VUS in
absence of verification bias. Nakas and Yiannoutsos (2004) and Nakas (2014) gave some interesting
results about the ROC surface analysis. In their context, the ROC surface is formulated by a
functional form and a nonparametric approach for the VUS estimation is also provided. Conversely,
parametric estimation of VUS is given in Xiong et al. (2006), where the assumption of normality
distribution was used, whereas Li and Zhou (2009) tackled the nonparametric and semi-parametric

estimation of the ROC surface. Li et al. (2012) proposed a regression approach to ROC surface, and
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in Kang and Tian (2013) a kernel smoothing based approach for estimation of VUS is employed.
Like the case of two—class diagnostic problem, verification bias occurs when we try to use the
estimators (2.11) for TCFs and (2.12) for VUS when the missing mechanism is MAR or MNAR.
The issue of correcting for the verification bias in ROC surface analysis is very scarcely considered
in the statistical literature. Until now, only Chi and Zhou (2008) discussed about the issue.
The authors proposed maximum likelihood estimates for ROC surface and VUS under the MAR

assumption. However, these results only concern ordinal diagnostic tests.



Chapter 3

Bias—corrected methods for
estimating the ROC surface

ROC surfaces are the 3D plots of true class fractions (TCF;(c1), TCFa(c1, ¢2), TCF3(c2)) by varying
the cut points (¢1,c¢a). Thus, correcting for verification bias a ROC surface boils down to bias-
corrected estimation for TCFs.

Recall that the disease status is presented as the trinomial vector D = (D;, Do, D3) such that
D;. = 1 if the subject is belong to class k with k = 1,2, 3. Thus, Dy, is a Bernoulli random variable
having mean 0, = Pr(Dy = 1), k =1,2,3, with 61 + 02 + 65 = 1. Let B = Pr(T > ¢;, D, = 1)
with j = 1,2 and k£ = 1,2, 3. In this notation,

Pr(T > c1,D1 =1
TeR(e) = 1-PZ =D B
Pr(T'>c¢y,Dy=1) —Pr(T > cp,D2 =1 B2 — B
TCFy(c1,¢c2) = ( L QPI()D2:1() 22 )= 1202 22, (3.1)
Pr(T > cy,D3=1) fa3
TCFs(e2) Pr(Ds =1) 65

Thus, our goal is find bias—corrected estimators of the quantities 61,05, 811, 812, B22 and Ba3.

In this chapter, we propose five bias—corrected approaches, which work under MAR, assumption
and can be seen as an extension of estimators reviewed in Subsection 2.3. In expressions (2.1) and
(3.1), we note that parameters 6 and 0, so as 51 and f,, play, in essence, a similar role. Therefore,

estimators of ) and B; can be obtained by mimicking what was done in the two-class problem.

3.1 Parametric methods

3.1.1 Full imputation

For each j = 1,2 and k = 1,2, 3, the FI estimators of 0, and (3,5 are obtained as
Oprr = Pr(D Zpku (3.2)

Bjk,FI = iD\lf(T >c¢j,Dp=1)

:\'—‘

ZI T; > ¢;)pri, (3.3)
i=1

where py; is an estimate of pg; = Pr(Dy; = 1|T;, A;) given by some suitable model, such as the

multinomial logistic or probit regression model, applied to the verified sample units. Note that in
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what follows we will perform estimation within the framework of maximum likelihood. Therefore,

the full imputation estimators I{C\FLFI(Q), T/ﬁ‘g’pl(cl, c2) and ’I‘/C\F‘S’FI(CQ) are

o Z: U(T; > c1)pri
TCFl,FI(Cl) = 1- z*n—,
Z: i
. > le T < ea)pai
TCFypi(c1,c0) = = - ,
> P
i=1
n ~
- Z I(T; > c2)psq
TCF?,’FI(CQ) = =1 T
Z [)31
i=1

It is worth noting that estimators 6 pr and B 1 in (3.2) and (3.3) are the solutions of the

estimating equations

> (pri—0k) = 0, (3.4)

Z {UT: > ¢j)pri — Bjy = 0. (3.5)

=1

3.1.2 Mean score imputation

By inspection of (2.4), we get the MSI estimators of 6y, k = 1,2, 3, as follows
. —~ 1 — .
O st = Pr(Dy =1) = — > [ViDyi + (1= Vi)pril
i=1
The estimators of j; are given by

ZI (T; > ¢;) [ViDpi + (1 — Vi) pra) -
=1

SM—‘

Bjk,MSI PI‘(T > cj, Dy = 1

Then, the MSI estimators of TCFy(c1), TCFa(c1,c2) and TCF3(cp) are :

. > UTi > 1) [ViDyi + (1 = Vi) pui)
TCFl,MSI(Cl) = 1- =1 - ,
> [ViD1i + (1 = V3)p14)
i=1

- Z I(c; <T; < ¢2) [ViDai + (1 — V;) pai]
TCFomsi(c1,02) = 4 — ,
Z [ViDa; + (1 — V;)pa)

TCFsysi(c2) = -
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Again, we can obtain 0, and Bjk as solution of the estimating equations

Y AVilDri = 0k) + (1= Vi) (o — &)} = 0, (3.6)
S {Vil(T: 2 ¢)Dyi — ) + (1= VT, 2 e — B)} = 0. (3.7

i=1

3.1.3 Inverse probability weighting

From the IPW estimators of 51 and 6 in (2.5), we derive, by analogy,

ék,IPW = ﬁ(Dk = 1) = i:].ni;
> Vidy !
i=1
n
ST, > ¢;)Vic; ' Dy
Bjk,IPW = Pr(T'>c¢j,Dp=1)= i=1 §
> Vid !
=1

The estimates 7; are obtained in the same way as in the two-class case, i.e, by using paramet-
ric regression models such as logistic or probit models. Again, in what follows we will employ
maximum likelihood estimation. Then, the IPW estimators T/C\FLIPW(Q),T/(E‘QJPW(CMCQ and
T/C\Fngw(Cg) are

TCFypw(c1) = 1- =2 - ,
S Viw; Dy
i=1
Y I(er < T < o) Vit ' Dy
TCFypw(ci,c2) = =1 - )
> Vidr, " Da;
=1
- > UT: = co)Vitt; ' D3y
TCF3pw(cy) = =2 - )
> Vid; ' D3
=1

and the estimating equations corresponding to ékaW and Bjmpw are

S Vi (Du—6) = 0. (33
=1
> Viw N (T, > ¢;)Dyi — Bjx) = 0. (3.9)

i=1

Note that the IPW estimators only use verified subjects.
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3.1.4 Semiparametric efficient

Similarly to three previous cases, the SPE estimators of 5,5, and ), are derived in analogy to Bl,SPE

and Ospg in (2.6), i.e,

5 1~ [ViDri  pri(Vi — 7
OpspE = — Z{ ﬁ_yk Sy ( , )}7 (3.10)
K3 K3

n 4 e
=1

ViDi  pri(Vi — i) } . (3.11)

Bjk,SPE = - ZI(Tl > Cj){ A
i—1

4w T

Therefore, we obtain

ST > 1) {ViPu _ ﬁli(‘{i*ﬁ'i)}
TCF; gpp(c1) = 1-=8

n ~ ~
E ViDy; _ pri(Vi—3)

1o <7y < e {0 i)
TCFyspr(ci,c2) = =L

n ~ “
S ViDo;  p2i(Vi—s)
: s s

Zn: I(Ti > Cg) {Vipgi - ﬁsi(‘{i—fri)}
TCFsspp(c) = = - -

S {ViPsi _ Psi(‘{i*m)}

=1 L i

b

)

The estimators ék7spE and Bjk,spE solve the estimating equations

Z {YZ [I(T; > ¢j) Dy — Bjr] — Vi _ﬁl (T; > ¢;)pri — 5jk]} = 0, (3.12)

T s
i—=1 1 [

n

Z{%(Dmek)vﬁf“ (ﬁkiok)} = 0 (3.13)

5 ur
i=1 ~° ’

The SPE estimators are also known to be doubly robust estimators, in the sense that they are
consistent if either the pg;’s or the m;’s are estimated consistently. However, SPE estimates could
fall outside the interval (0,1). This happens because the quantities Vkaiﬁ'i_l — (Vi — ﬁ'i)fri_l

can be negative.

3.1.5 Asymptotic distribution theory

The parameters of interest TCF(¢1), TCF2(c1, ¢2) and TCF3(c2) are functions of 61, s, 811, B12,
Ba2, faz and 7 = (7, 7,1)7T
p=(p{,ps)", or m, or both. Let us denote a = (01,02, 311, B12, B22, B3, 7' ). The estimators

(FI, MSI, IPW, SPE) of « are obtained by solving suitable estimating equations. Hence, we use

, where 7 is the vector of parameters of the models used to estimate

results in Alonzo et al. (2003) and Alonzo and Pepe (2005) to give consistency and asymptotic
normality of the proposed bias—corrected estimators.

According to equations (3.4), (3.5), (3.6), (3.7), (3.8), (3.9), (3.12) and (3.13), let G%(a) =
zn: gff*(a) and G2 (a) = i glﬁi’“ (a) be the estimating functions for 65 and S5, with k =1,2,3, s
2a:nld j =1,2, for one of thelfzolur previously introduced approaches (the star indicates FI, MSI, IPW,

SPE). We assume that 7 is the solution to a classic set of estimating equations of the form G™(a) =
n

> g7 (a) = 0. Specifically, we will employ classic score equations derived from: a multinomial
i=1
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logistic regression model for estimation of the disease process; and from a logistic regression model

for estimation of the verification process. The estimate &, of « is then obtained by solving G.(a) =
z gi-(0) = 0, where gi..(a) = (904(0), 9/2(0), 92 (0), 9722 (@), 97 (@), 972 (), g7 () T )
Let ag = (910, 010, B110, B120, B220, B230, Ty ) be the true value of a. We assume that
(A1) D is missing at random (MAR);
(A2) the data (D;,T;, A, V;)T are i.i.d;
(A3) (T,AT)T is a bounded random vector;
(A4) E [827 gi«(ag)] is negative definite;
(A5) pi; and m; are bounded away from 0.
We consider also the following standard regularity conditions.
(C1) g;.(ap) are i.i.d and E{g; «(ao)} = 0.

(C2) Elements of G («)
Ns (o).

9_@, (), and

’ aaT

8a8a +G () exist in a bounded d-neighborhood of ay,

(C3) gi (), a(%gi,*(a), and %gi,*(a) are uniformly bounded in Ns(ap).

Under the assumptions (A1)-(A5) and conditions (C1)—(C3), we obtain the asymptotic results

summarized in the following theorem.

Theorem 3.1.1. Let TCFyg(c1), TCF20(c1, c2), TCF30(c2) be the true parameter values. The FI,
MSI, IPW or SPE bias-corrected estimators ﬁl,*(cl),ﬁ27*(cl,62) and ﬁ37*(02) are con-

sistent. Furthermore,

ﬁl *(Cl) TCFlo(Cl) 0 T
" oh oh
\/ﬁ TCFQ’*(CI7 62) - TCF20(017 02) _d> NB 0 ) 8(04T0)Z (—Crm) ) (314)
= TCFy0(cs) 0 e O
TCF37* (CQ) 30(C2

.
where h(a) = (1 - %1, 13129—2522’ 1,({2192)) and

2= [ef 2egan}] " Covigen(ao)) E{ 00} N

Proof. We apply Theorem 1 and Theorem 2 of Alonzo et al. (2003). Under assumptions (Al)-
(A5) and conditions (C1)—(C3), G is consistent and v/n (&, — ag) 4 N(0,%). Thus, T/C\FL*(cl) =
1= B11/61, TCFa. (c1, ¢2) = (P12 — Ba2) /0> and TCFy . (cs) = Bas/(1 — (61 +05)) are consistent for
the true TCF1g(c¢1), TCFag(c1, ¢2) and TCF30(c2) and, by and application of the multivariate delta
method, result (3.14) follows. In next parts, we check conditions (C1)—(C3) for each estimator, i.e.,
FI, MSI, IPW and SPE, under assumptions (A1)—(A5). This is done when a multinomial logistic
regression model is used for the estimation of the disease process and a logistic regression model

or a probit model is used for the estimation of the verification process. O

The above theorem gives a general result for all estimates, i.e., FI, MSI, IPW and SPE. In the
last part, the explicit form of the asymptotic variance—covariance matrix is obtained. In practice,

the variance—covariance matrix ¥ is replaced by a consistent estimate

YS=n [; &f-rgz*(d)‘| [Z 9i, * gz * ‘| [Z o ng * ] :
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It is worth noting that SPE estimators of 0, and 5, in (3.10) and (3.11), will inherit the double
robustness property of éSPE and BI,SPE in (2.6). That is, é]“SPE and Bjk’SPE remain consistent if
only one of the disease model Pr(Dy = 1|T', A) or the verification model Pr(V = 1|T, A) is correctly
specified in the estimation process; they are inconsistent if both models are misspecified. Clearly,
this property also holds for the estimators 'I/‘C\FLSPE(Cl), T/‘(j\Fg,SPE(C]_, ¢2) and T/‘C\F:;,SPE(CQ>.

Next, we discuss validity of conditions (C1), (C2) and (C3) for the proposed estimators. The
discussion covers first the elements of the estimating functions corresponding to the parameter 7.
Then, we pass on to the elements of the estimating functions corresponding to the parameters
01,805,011, B12, B2z, Ba3, specializing the discussion to the various methods. Finally, we give the
explicit form of the variance-covariance matrix in Theorem 3.1.1. Recall that ag denotes the true
value of a.

Parameter 7. Note that estimators FI, MSI and SPE require a multinomial logistic or probit
regression model to estimate the disease probabilities py; = Pr(Dy; = 1|13, A;) with k = 1,2,3.
In the following, we adopt the multinomial logistic model, but arguments similar to those given
below also hold for the multinomial probit model, despite the rather more complex algebra (see
Daganzo 1979, Chap. 3, as a general reference).

T T)T 7

The estimating function for the nuisance parameter 7 = 7, = (Tpl 2 Tpo

T . ™ T
G (a) = (G (a)T,G2(a)T) = (Z;,;mm)) (Zg?”(a)) ;

is obtained as the first derivative of the log likelihood function. With the multinomial logistic

model, we get

T

G (a) = (Z ViU (D1 — Pu)) ) (Z ViUi(Da2; — P2i)> ,

i=1 i=1

where U; is an arbitrary regressor; for simplicity, we take U; = (1,7}, A} )". Under assumption
(A2), condition (C1) trivially holds. Moreover, we get

6%1 9?1 (@) =-=V;U;U;" pri(1 — p1i), 8%2 g;”l () = ViUU; pripai,
(3.15)

af,jz 9, (a) = =ViU;U; pai(1 = pai), 3%1 9.7 (@) = V,U;U;" pripais

and 8%59;" (@) =0, ﬁg:” (o) = 0 for each s, j,k. The second-order partial derivatives can be
easily derived. Hence, for G (), condition (C2) holds and, by assumption (A3)—(A5) condition
(C3) also holds.

The IPW and SPE estimators require estimates of m; = Pr(V; = 1|T;, A;). With T and A as
covariates, we can use the logistic or probit models to this end. In these cases, conditions (C1)-(C3)

are satisfied by the score functions

n

G (@)=Y g7 () =Y Ui(Vi —m)
i=1

i=1

or

" A TTTF 2 ‘TT7r
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where ¢(-) and ®(-) are the density function and the cumulative distribution function of the stan-
dard normal random variable, respectively. Recall that 7, is the component of the nuisance pa-

rameter 7 corresponding the model for estimating 7. The first-order derivatives are

angF (@) = ~UU mi(1 = mi), (3.16)
or
s  VUUS U ) U (U ) — $(U )]
oy (@) = - (U 7,)
T T T T _ T
o V)UU AU 1) (U 72 (@(U 1) — 1) + o(U; T,,)]_ (317

[1— U, 7))

FI and MSI estimators. According to equations (3.4), (3.5), (3.6) and (3.7), the estimating

functions G% (a) for FT and MSI estimators can be presented in the form

Glg (o) Zgzm Z{v — 0+ (L —m)psi] + (1= Vi) (psi — 05)}

with s = 1,2. Similarly,
it (a) ngia = {w [MI(T; > ¢;)Dii — Bk + (1 — m)I(T; > ¢;)pi]
=1

+ (1 =V) [I(T; > ¢;)pri — Bj) },

for j =1,2 and k = 1,2,3. Here, the notation IE means “imputation estimator”. The estimating
function corresponds to the FI estimator if m = 0, to the MSI estimator if m = 1. Using the

conditional expectation and the assumption (A1), E [gf*‘iE(ao)} equals

Ep, 7.4 [E |oi(00) T, A
= Ep,, 1.4, [E[{Vi[mDs — 050 + (1 — m)ps;] + (1 = Vi) [psi — Os0]} | T3, Ai]]
= Ep,, 14 [1i [ME [Dy|T;, Ai] — 050 + (1 —m)psi] + (1 — ) (psi — 0s0)]
= Ep,, 1.4 [mi[mpsi— 00+ (1 —m)pg] + (1 — 73)(psi — b50)]
= Ep.,14 [mi(psi — 0s0) + (1 — ) (psi — b50)]
[

= Ep,, 1.4, [psi — 0s0] = 0.
Similarly, we compute the expected value of the estimating function components g; IE(ozo) as follows
Ep,,1;,4; [E [inﬁ(aoﬂTi,AiH
= Ep,, 1,4 |:E|:{‘/z (mI(T; > ¢;)Dyi — Bjro + (1 — m)I(T; > ¢;)pri
+ (1 —=V;) [I(T; > ¢;)pri — Bjko) } Tqu‘”
= Epua, [mi [mI(Ti = ¢;)pri — Biko + (1 = m)I(T; = ¢;)pri] + (1 = m) (T = ¢;)pri — Bjwo)]

= Ep,, 1,4, [m(I(T: > ¢;)pri — Bjro) + (1 — m))(I(T; > ¢;)pri — Bjko)]
= EDM,TnAz‘ [I(TZ > Cj)sz‘ - Bjko] = 0.

Hence, under assumption (A2), condition (C1) holds for G¥(a) and Gfék ().
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We now verify conditions (C2) and (C3). The partial derivative of G% (o) with respect to B;x

equals 0 for all j, k. Moreover,

0

0. {Vz [mDsi —0s + (1 - m)psi] + (1 - Vz) [Psi - 93]}

I(s" =s){-Vi—(1-V;)} = —nl(s' = s)

i=1
and .
0 O co.n) (9 o)
—GYs — GYs , — QY%
or, (@) ((87',;1 IE(Q)> or,, (@)
For each [ = 1,2 and s = 1,2, we have
0 - 0
75— Gi(a) = ) (1—mVi)5—psi.
01y, IE ; 07y,
Recall that, under the multinomial logistic model,
il 1,2 (3.18)
si — 5 s =1,4. .
P 1+ eUz'T"'m + eUiT"'pz
Thus, we obtain
%Pu = Uip1i(1 — p1i), %pu = —U;p1ip2i,
(3.19)
%Pzi = Uip2i(1 — p2i), %Pzi = —Uiprip2i-

The derivatives of GL2* (a) are

9 ?
a6, Ce (V=0

Gt () = —nl(j'k' = jk)

and
Gﬁjk(a) — n:( _m‘/)I(Z >C') Pki
87'pl e ! ! J 37’;)1 v

i=1

where 6 ~Psi isin (3.19). Hence, we have the explicit form of the partial derivatives of both G?ﬁ(a)

and Gf}f]k( ). The only not null elements of the second-order partial derivative of G% (a) and
52 +GJ2 (a). These elements
involve the derivatives with respect to 7 of quantities in (3.19). It follows that conditions (C2) and
(C3) hold for G¥ () and Gﬁf]’“ (o) for each s, j, k.

IPW estimator. Recall that the estimating function for 6y is

n
V
0,
Grpw (o Zgz pw ( Z — - s=1,2,
=1 i

and for the parameter j3;;, is

Gfé’“ (cv) are those corresponding to the matrices aT%%GfE( ) and

n n
. Vi .
Gy (a) = Z!th@w Z; (Ti > ¢j)Dri — Bji)  j=1,2; k=1,2,3.

3 i=1 ¢

We show that these estimating functions are unbiased under assumptions (A1) and (A2). In fact,
we get
E[Vir; ' (Dsi —0s0)] = Ep,ma[E(Vir; ' (Dsi = 0s0) |, T3, Ay)]
= Ep, 7.4 [17'E VT, A) (psi — 0s0)]
= Ep, r.alpsi—0s0] =0,
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]

and
ik Vi
Ep,., 1,4, [E [gfiéw(aoﬂThAl}} = Ep,, 1.4, []E |:{ . T = C])Dki ﬂjkO) }

= EDki7Ti7Ai [I(TZ > Cj)pik - Bjko} =0

Therefore, condition (C1) holds for G?ﬁw(a) and Gﬁ%’{,\,(a), all s, j, k.

Next, we obtain the partial derivatives

0(? ) GfPW Z agjk G?ﬁw(a) =0,
5 121 5 n s
8 GIP%V( ) =0, aﬁ?/k, GIPJJI{N Z 771 /k/ = jk),
i=1 "t
and, for the logistic model (used to estimate the verification process)
~ V;(Dsi — 95)(]z B - ‘/;(I(Tz > C')Dki - B'k)Uz
8 Gwa( ) = _Z—eUfn ) = GIP]’I{N( ) = _Z eriTTW ’
i=1 i=1
or the probit model
0 0 . W(Dsi - 95)U1¢<UTT7T)
70 s — _ 7
r, Cew(©) ; (U )
o s "~ Vi(I(T; > ¢;)Dii — Bji)Usp(U; 7x)
Y B _ J J
o7 w (@) ; @Q(UTTﬂ)

The computation of the second-order derivatives is similar and the results imply that the conditions
(C2) and (C3) hold.
SPE estimator. Recall that
~ [V Vi —
GgSPE(O‘):Z{(Dsi_QS)_ (psi_QS)}y s=1,2,
i=1

Ux Us

" [V Vi—mi ;
Gipp(a) = Z{ (T3 > ¢;)Dri — Bjw] — (T > ¢j)pri — /6jk]} , J=1,2 k=123

TG T,
i=1 v g

Under assumption (Al), E [gf,kspE(O‘O)] equals

Ep, 7.4, |[E [ofspe(c0)|Ts, 4]
Vi Vi—m;
= Ep,, 1,4, {E Hz (Dsi — 0s0) — — (psi — 50)} |T;, A ”
T Uy
= Ep..1.4 [W;1 [E [Dsi|T;, Ai] — 050] Wi] - ﬂ-;lEDsi,Ti,Ai [E[(Vi = mi)(psi — 0s0)|Ts, As]]
= ]EDsi’TixAi [pSi - 930] - wzlEDshTi’Ai [(psi - GSO)IE [(Vvl - Wz)‘TquH
0.

]=0.

= Ep., 1.4, [psi — 0s0

and

Ep, 1.4, {E [gzﬁjs%E(O‘U)m’ Al”

[(T; > ¢j)pri — Bjro] }

]

Vi Vi — m;
= EDki,Ti7Ai [E {Tr [I(T > C])Dkz /8]190] o
= EDkq‘,,Ti,Ai [[I(TZ >c )E [DkZ‘ThAZ} - ﬁjko]]

=7 Epyra; [BI(V: = m)(UTs = ¢))prs — Bjvo)| T Al

= IEDmmiAi [I(TZ > Cj)pki - BjkO} = 0.
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Therefore, condition (C1) holds for GSPE( a) and GggE(a), all s, j, k.

Next, we obtain the partial derivatives

90 Gsppla) = —nl(s' =) 995 Gépp(@) =0
- Getu(@) =0 e 9se(e) = —nl(j'K = jk)

T _T\T
and the partial derivative with respect to 7, = (Tp1,7p2)

o Viem 0
KT > Cj)?plpsi,

I
“.“

0 T — T 0 5
GgPE Z— 8 Psu or GSPkE( )

o7y, g P ~ om

0
0T

ViUi(psi — Ds; o . "\ V:UI(T; > ¢;)(pri — Dri
Z (p ) 7G§PkE(a) — Z ( J)(pk k )

Ui Tx ’ oty ¢ Ui ™ ’
=1 =1

——Gpp(a) =

when the logistic model is used for the verification process. If the probit model is used, we have

9 0 _ - ViUi(Dsi — psi)¢(UiTTTr)
ar, Cspe(@) = ; ®2(U] 1) ’
& = VWU(T; > ¢))(Dsi — pri) (U 7)
—aTﬂGspE( a) = Z (U ) .

@
Il
-

Also in this case, computation of the second—order partial derivatives develops similarly and the
results imply that the conditions (C2) and (C3) hold.

Asymptotic covariance matrix. Recall that the asymptotic covariance matrix of TCF estima-
tors is obtained as

Oh(av) D Oh" (ap)
daT dal

T
where h(a) = (1 ,@11’ 51292522’ 1_(5;&102)) and

1

v [e {520 @0)] Boaomeon ) [E{ 2ol w]})]

It is easy to derive that

£ 0 -5 0 0 0 0

ah(a) _ 10 _ Bi2—P22 0 L _1 0 0
JaT 5 ﬁeg 02 05 X

(1—912292)2 (1—912j92)2 0 0 0 1—91 02 0

The elements g; () of the estimating functions G.(«) are given in the previous paragraphs. Now,

we derive the explicit form for %gi,*(a).



3.1 Parametric methods

25

First, we consider the class of imputation estimators. We get

6 22
8049161E( @)

1,0,0,0,0,0, A],;, A%,)
T\T
0,-1,0,0,0,0, Ay, Agi)

0,0,-1,0,0,0 Blllszl2lz)T

_|

0,0,0,—1,0,0, By}y;, Bf;

_|

24
0,0,0,0,—1,0, BJ9;, Boyos

(-
(
(
(
(
(

)
)
)

0 T
804916%%( a) = (0,0,0,0,0,—1 32131’32231
0 =+,
8ang Iii)( ) = (050a070a0a05011i5021i)7
0 =,
Do i &) = (0,0,0,0,0,0,C12i, Caai),
where
A -—(1—mV-)—8 i,  Bjii = (1 —mV)IT; > ¢;)=— 9 Cisi = 9 ()
lsi — % anl Psis glki — i i = Cj 6Tpl Pkiy lsi = o7 ng s

with j,l,s =1,2 and k = 1,2,3 (see (3.15) and (3.19) for the multinomial logistic modeling of the

disease process). Thus,

0
&TQLIE(O‘) =

(oo NololoNoll S

[N eNeBeBeBeol -

Then, we consider the IPW estimators. Let

9 4
Api = Egijpw(aL

0 0 0 0 A, A,
0 0 0 0 A, A,
-1 0 0 0 Bfm Ble
0 -1 0 0 By Bl
0 0 -1 0 By Bago;
0 0 0 —1 Bgs Bgys;
0 0 0 0 Cl 117 CQli
0 0 0 0 C GOy
0 g, 0
Bji = 5—gibw(@),  Ci= 5 =07 (a).

Note that these quantities change according to the model, logit or probit, chosen for the verification

process. We obtain

Vir=',0,0,0,0,0, A7) ",
—1 T\ T
07 ‘/Zﬂ- a050,070aA2i) I

0,0,~Vir1,0,0,0,B7,) ",

—

0,0,0,—V;m=1,0,0, By,

—

0,0,0,0,

T

(-
(
(
( )
( —Vim™',0, Byy;)
(0,0,0,0,0, )

—1 T
—Vim™", Byg,

(0,0,0,0,0,0,C;).
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Summarizing
~Vim; 0 0 0 0 0 Aj;
0 —Vim; ! 0 0 0 0 Aj,
P 0 0 —Vim; ! 0 0 0 B/,
FaT Jipw (@) = 0 0 0 —Vim; ! (1) 0 By
0 0 0 0 —Vim, 0 Bjy;
0 0 0 0 0 —Vim;' By,
0 0 0 0 0 0 G

Finally, we consider the SPE estimators. We have

aQQZISPE(a) = ( 1,0,0,0,0,0 H1117H2127D1rz) )
aagZQSPE(a) = (0, —1,0,0,0,0 H1217H22uD21) )
-
aagiB,ISIPE(a) = (0, —-1,0,0,0, G11117G12117E111)
L T
aagiﬁ,s?E(a) = (0 —-1,0,0, G11217G1Tz2wE12)
-
aagfst)PE(a) = (0 0,0,0, 1aOvG2lei7G2TzinE22)
- T
aagiﬁ,sdPE(a) = (0 0,0,0,0,-1 G21317G22317E231)
0 -
ot =9 spp(@) = (0,0,0,0,0,0,C11;, C21;,0),
0 =,
9T % Spr(@) = (0,0,0,0,0,0,C12, Co24,0)
9 4
ng;éPE(oz) = (0, 0,0,0,0,0,0,0,C;),
where - 5 v 5
— A
Hipi = ————=—"pki, Gjiri = ————UT; > ¢;) 5—pris
Ik p anl Pk jlk . ( =z C])anl Pk
9 3,
Dy = %giﬁSPE(a)’ Ejki = agi,JSkPE(a)v
and Cjs; and C; are defined above. Therefore
-1 0 0 0 0 0 H, Hgil D;
0 -1 0 0 0 0 hjr_m Hl_22i Qrm
0 0 -1 0 0 0 Giu Giou B
P 0o 0 0 -1 0 O GL% Glm E112
&TQLSPE(Q) = 0 0 0 0 -1 0 Gorg; Gaogy Egy;
0 0 0 0 0 —1 Gg3 Gaoy FEoy
0 0 0 0 0 0 Cii; Cay 0
0 0 0 0 0 0 Cho; Coay 0
0 0 0 0 0 0 0 0 C;

3.2 Nonparametric estimation

All the verification bias-corrected estimators of TCF1(c¢1), TCF3(c1, c2) and TCF3(cz) revised in the
previous section belong to the class of (partially) parametric estimators, i.e., they need regression
models to estimate pg; = Pr(Dy; = 1|73, A;) and/or m; = Pr(V; = 1|T;, A;). In what follows, we
propose a fully nonparametric approach to the estimation of TCF1(c1), TCF2(c1, ¢2) and TCF3(c2).
Our approach is based on the K-nearest neighbor (KNN) imputation method.
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3.2.1 The proposed method

Hereafter, we shall assume that A is a continuous random variable. Recall that the true disease
status is a trinomial random vector D = (D1, D2, D3) such that Dy is a n Bernoulli trials with
success probability 8, = Pr(Dy = 1), k = 1,2,3. Note that 61 + 02 + 63 = 1. Let 5, = Pr(T >
¢j, D =1) withj = 1,2 and k = 1,2, 3. Since parameters 6 are the means of the random variables
Dy, we can use the KNN imputation discussed in Ning and Cheng (2012) to obtain nonparametric

estimates 0 xknn. More precisely, we define

n

R 1 R
Ok KNN = -~ Z ViDyi + (1 = Vi) pri i) K €N,

i=1

1 K

where pp; k= e > Dyiqy, and {(Ti(l),Ai(l),DM(l)) Vio=11=1,.. .,K} is a set of K ob-
I=1

served data pairs and (T}, A;;)) denotes the j-th nearest neighbor to (73, A;) among all (7', A)’s

corresponding to the verified patients, i.e., to those Dyp’s with V;, = 1. Similarly, we can define
the KNN estimates of 5, as follows
1 n
Bik KNN = - Z;I(Ti > ¢;) [ViDri + (1 = Vi) pri k],
each 7, k. Therefore, the KNN imputation estimators for TCF}, are

o > T < 1) [ViDyi + (1 = Vi) pri ]
TCF; xan(cr) = = ,
> [ViD1i 4 (1 = Vi) pui k]
i=1

n
- I(c1 < T; < ¢2) [ViDai + (1 — V;)pai k]
TCFy xnn(e1, co) = =2

_ : (3.20)
> [ViDai + (1 — V;) pai k]
i=1

I(T; > c2) [ViDs; + (1 — Vi) psi k]

N.
I

TCF3 ki (e2) =
[ViD3; + (1 — Vi) psi x|

n
i—1

~

3.2.2 Asymptotic distribution

Let pi(t,a) = Pr(Dy = 1|T = t,A = a) and 7w(t,a) = Pr(V = 1|T = t,A = a). The KNN
imputation estimators of TCF(¢1), TCFa(c1, ¢2) and TCF3(c) are consistent and asymptotically

normal. In fact, we have the following theorems.

Theorem 3.2.1. Assume the functions pi(t,a) and w(t,a) are finite and first-order differentiable.
Moreover, assume that the expectation of 1/m(T,A) exists. Then, for a fized pair cut of points
(c1,¢2) such that ¢; < ca, the KNN imputation estimators 'fC\Fl,KNN(cl), 'fC\Fg,KNN(cl,cz) and

T/‘C-j\P‘g’KNN(CQ) are consistent.

Proof. Since the disease status Dy, is a Bernoulli random variable, its second-order moment, E(D?),
is finite. According to the first assumption, we can show that the conditional variance of Dy, given
the test results T and A, Var(Dy|T = ¢, A = a) is equal to pi(t,a) [1 — pr(t, a)] and is clearly finite.
Thus, by an application of Theorem 1 in Ning and Cheng (2012), the KNN imputation estimators

0 kNN are consistent.
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Now, observe that,

Bjk,KNN — Bk
n n

1 1 .
= =D T > ) [ViDyi + (1= Vi)owi] + — > UL > ¢) (1= Vi) (Pri.ic — pra) — B
i=1 i=1
_ lzn:l(T,> Vi [Dyi — ,]+lzn:[1(T.> Vori — Bix]
= 2 i 2 Cj)Vi|[Uki — Pki n £ i Z Cj)Pki ik
1 — .
+ -~ KT > ¢;)(1 = Vi) (Pri,x — Pri)

i=1

= Sji+ Rjr + Ty

Here, the quantities R;j,Sjr and Tj, are similar to the quantities R, S and T in the proof of
Theorem 2.1 in Cheng (1994) and Theorem 1 in Ning and Cheng (2012). Thus, we have that

ViR % N (0,Var [(T > ¢;)pi(T, A)]))  and S, % N (0,E [x(T, A)6%.(T, A)]),

where 0%, (T, A) is the conditional variance of (T > ¢;, Dy, = 1) given T, A. Also, by using a similar
technique to that of proof of Theorem 1 in Ning and Cheng (2012), we get T = Wiy, +0,(n"1/2),
where
1 n
Wik =—> 1(T; > ¢;)(1 - Vi)

n -
=1

K

1

Ve > (Vi Dracry — pki(l))] :
I=1

Moreover, E(W;;) = 0 and the asymptotic variance is:

(1 —n(T, A))?*63,(T, A)
w(T, A)

asVar(yv/nWj) = %E (1 —7(T, A))83,(T, A)] +E

Then, the Markov’s inequality implies that W;y %0asn goes to infinity. This, together with
the fact that R;j, and Sj, converge in probability to zero, leads to the consistency of 3jr kNN,

i.e, Bjk,KNN £> Bjk. It follows that T/C\Fl,KNN(Cl) =1—- %’ rfC\FZKNN(Cl,C2) _ Blzejﬁzg and
1 2

rr/(j\P‘37KNN(C2) = % are consistent. O
3

Theorem 3.2.2. Assume that the conditions in Theorem 3.2.1 hold, we get

/T/\C\FI,KNN(CI) TCF1(c1) 4
\/ﬁ TCFQyKNN (Cl, CQ) - TCFQ (cla 02) — N(Oa E)a (321)
TCF3 knn(c2) TCF3(c2)

where Z is a suitable matriz.

Proof. A direct application of Theorem 1 in Ning and Cheng (2012) gives the result that the
quantity \/ﬁ(ék,KNN — 0) converges to a normal random variable with mean 0 and variance a,% =
[0x(1 — 6;) + wi]. Here,

2 = (1 + [1() E o4 (T, A)(1 = pi(T, A)) (1 — (T, A))]
o, A)(1 = pi(T, A))(1 — (T, 4))?
+E |2 = (322)

In addition, from the proof of Theorem 3.2.1, we have

Bjk,KNN — Bjk =~ Sik + Rji + Wik + op(nfl/Q),



3.2 Nonparametric estimation 29

with
ViR % N (0,Var [(T > ¢;)pi(T, A)]),  VnSi % N (0,E [7(T, A)53,(T, A)])

and
VWi 5 N(0,0%, ).

Therefore, \/ﬁ(ﬁjk,KNN — Bik) S N(0, ajzk). Here, the asymptotic variance (fj?k is obtained by

szk = Bjr (1 — Bjx) + %2'1@7

with
G = (14 %) BIT 2 )@ A0 - T AY - R(T. )
(1> ¢))pu (T A) (L= (T, A) (1 = (T, A)?
+E [ ) (3.23)

This result follows by the fact that Rj;. and Sji + W, are uncorrelated and the asymptotic

covariance between S;; and Wj;, is obtained by
asCov (S, W) =E [(1 —7(T, A))d?k(T, A)] .

Moreover, we get that the vector v/n (01 kxn, 02 kNN B11,KNN» B12,.KNN» B22,.KNN, B3 knn) T is jointly
asymptotically normally distributed with mean vector (01,02, 511, Bi2, B22, B23) | and suitable co-
variance matrix Z*. Then, result (3.21) follows by applying the multivariate delta method to

A 5 . T
h(él,éz,ﬁn,/éu,/sm,a%)_(1 u (=) s )) |

0, 62 ,(1—é1—92
The asymptotic covariance matrix of \/ﬁ(’fC\Fl,KNN, T{C\FZKNN, ’fC\ngKNN)T, =, is obtained by
=E=HnENT, (3.24)

where h' is the first-order derivative of h, i.e.,

B 1
2 0 -+ 0 0 0
K = 0 e fa) g L L 0 . (3.25)
B Bas 1
(1—012302)2 (1—912302)2 0 0 O (1—61—92)

3.2.3 The asymptotic covariance matrix

Let
& &2 s
E=|& & &
&1z &3 &

The asymptotic covariance matrix Z* is a 6 x 6 matrix such that its diagonal elements are the asymp-
totic variances of \/ﬁék,KNN and \/ﬁﬁj;ﬁKNN. Let us define o}, = as(Cov(\/ﬁél,KNN, \/ﬁéz,KNN),
0k = asCov(y/nbs knn, vVnBkknn) and ojks = asCov(v/nfjk kNN, vVIOis,kNN). We write

2 *
01 012 0111 0112 0122 0123

0fa 03 0211 0212 022 0223
* 0111 0211 0%1 01112 01122 01123
0112 0212 01112 0%2 01222 01223
0122 0222 01122 01222 052 02223

2
0123 0223 01123 01223 02223 033

(1]
|
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Hence, from (3.24) and (3.25),

£? = asVar (\/ﬁTCFLKNN(cl)) = 69141 o1 + ﬁ - %0111,
1 1
Bia — Paz)?
Ug( 1 04 )
312 — Ba2
03

2 2
09 + 059 — 201222

+ 62

£2 = asVar (\/ﬁT/\CFz,KNN(Ch 02))

(0212 —0222)7

2
2 _ O B33 2 * 2 923
53 = asVar (\/ETCF&KNN(CQ)> m (01 + 20’12 + 02) + m

+ 2(1_9B123_92)3 (0'123 + 0'223) . (326)

Let A2 = aSV&I‘(\/ﬁBlQ’KNN — fﬁgg KNN)- Hence7 02y + 03y — 201922 = A2, and
£ = o2 (B12 — Ba2)? Bi2 — B2z

7 + 07 —2——" 5 (0212 — 0222).

Observe that éS,KNN =1- (él,KNN + éQ,KNN)- Thus,
asVar(\/ﬁé&KNN) = aSVar(\/ﬁéLKNN + \/ﬁézKNN)

= asVar(\/ﬁélyKNN) + asVar(\/ﬁégyKNN) + 2as(Cov(\/ﬁé1,KNN, \/ﬁégyKNN).

This leads to the expression 032 = 02 + 207, + 03. In addition,

0123 + 0223 = aSCOV(\/ﬁéLKNNy ﬁ@%,KNN) + E%SCOV(\/ﬁéz,KNN7 \/77323,KNN)
= asCov(v/nb1 knx + vlba knn, VB3 KNN)
= —asCov(vn — (\/ﬁél,KNN + \/ﬁéz,KNN), ﬁ523,KNN)
= —0323.

Therefore, from (3.26), the asymptotic variance of \/HT{CT?&KNN (c2) is

2= B3303 + o3y _ o P33
5T (10 —0)F T (1—60,—605)2 T(1—6; —6)3
Recall that 02 = [0,(1 — 6,) + w?]| and 02, = [B;x(1 — Bir) + w2, |, where w? and w?, are given
k k ik J J 7k k ik
n (3.22) and (3.23), respectively. To obtain oy, we observe that

Bi = Pr(T>c¢;,Dp=1)=Pr(Dy=1)Pr(T > ¢;|Dy =1)
= Pr(Dy=1)[1-Pr(T <¢;|Dy=1)]
= Pr(Dy=1)—Pr(Dy=1)Pr(T <¢j|Dr=1)
= Pr(Dy=1)—-Pr(T'<¢;,D,=1)
= Ok — VK,

for k=1,2,3 and j = 1,2. Then, we define
. 1 X
Yjk,KNN = — ZI(E < ¢;) [ViDys + (1 = Vi) pri x| -
i

The asymptotic variance of \/n9;r kNN, Cjzk, is obtained as that of \/ﬁﬁjk’KNN. In fact, we get
G = {'ij(l — k) + 77]2‘1@}7 where

B = TR < )p(T AL - (T, A1 - 7(T, A))]

E [I(T < c)mulT, A>{1ﬂ—(;kg, AL = (T, 4)}2
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It is straightforward to see that 4, knn = ék)KNN _lec,KNN~ Thus, we can compute the asymptotic

covariances oy, for j = 1,2 and k£ = 1,2, 3, using the fact that

asVar(vnf knn — ViBjkkan)
= asVar(\/ﬁék,KNN) + asVar(\/ﬁBmKNN) — 2aSC0V(\/ﬁék,KNN, ﬁBjk,KNN)'

asVar(\/ﬁ&jk,KNN)

This leads to

1
Tkjk = 5 (o7 +Ug2'k - Q?k) .
Hence,
1 1
0111 :i(U%JrU%l*Q%); 0212 15(03+0%2*<122);
1 1
T2 T3 (03 + 035 — (3s) 5 0323 = 5 (03 + 035 — (35) -
As for A2, one can show that
= (P12 = Pa2) [1 = (Bra — Pa2)] + wip — wis. (3.27)

In fact, according the proof of Theorem 3.2.2, we have
(BlQ,KNN - BQQ,KNN) —(B12 — Ba2) = (S12 — Sa22)+(Ri2 — Raa)+ (Wi — W22)+0p(n71/2)~ (3.28)

Here, we have

1 n
Si2 — S22 = - ; Vil(er < T; < c2) (D2i — pai) »
1 n
Riz—Rp = — 21 an £T; < c2)pai — (B2 — B22)]
1 n K
Wis —Way = E;Icl<T <c)(1-V; ; ViyDaiqy — p2iqy) | -

Under that, we realize that quantities S1o — S22 and Sji, so as Ri2 — Rop and Ry, and Wia — Wao
and Wjy, play, in essence, a similar role. Therefore, the quantities in the right hand side of equation

(3.28) have approximately normal distributions with mean 0 and variances

Var (vn(Si2 — S22)) = E{n(T,A)5*(T,A)},

Var (\/’E(ng — R22)) = Var [I(Cl <T; < CQ)[)Q(T, A)] s

- 252
Var (\/E(Wu - sz)) = %E [(1 —7(T, A))62(T, A)] +E {(1 (17;’(’;)24;5 (T, A)

where, §%(T, A) is the conditional variance of I(c; < T} < co, Do; = 1) given T, A. Then, we get
Vn [(BlZKNN - B22,KNN) — (P12 — 522)} 4 N(0,2).

To obtain A2, we notice that the quantities Ry3 — Ras and (S12—Sa2)+ (W12 —Was) are uncorrelated
and the asymptotic covariance of Sio — Sao and Wiy — Was equals to E [(1 — (T, A))6*(T, A)]
Taking the sum of this covariance and the above variances, the desired asymptotic variance A2 is
approximately as (3.27).

Therefore, suitable explicit expressions for the asymptotic variances of KNN estimators can

be found. Such expressions will depend on quantities as 6, Bjx Wi, W3, vk and 73, only. As
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a consequence, to obtain consistent estimates of the asymptotic variances, ultimately we need to

. .. 2 2 2
estimate the quantities wy, w3, and 77,

In the last paragraph, we show that suitable expressions can be obtained also for the elements

£12, €13 and &o3 of the covariance matrix =. Such expressions will depend, among others, on certain

s a2 2 2 2 22 2 s 2 2 2
quantities 97a1a, Y112, Y13, Pla; Pi13, Y2z and Pingz similar to wi, wiy or nj;.

Here, we focus on the elements £12, £13 and &»3 of the covariance matrix =. We can write

§12 = —79192 (01112 — O1122) + 79%10}2 (0112 = 0122) — = 92 = (91%1012 - ;111 » (3.29)
€5 = 1 Bu _ _ ouss
13 1-0,—0, 9% 123 o
B B
Yo aa o (i)~ to)| (3.0
and
§23 = ; {(01223 - 02223) - Mgzm}
02(1 — 0, — 6) 02
Ba3 Bi2 — B2z «
+ 02(1— 0, —62)° (0112 — 0122 + 0212 — 0222) — 0, (03 +0fs) |- (3.31)
Recall that
0 -0, = li[VvD +(1-WV) ']+l§:(1—V-)(A' — pri) — 0
k,KNN k - n . 1k i) Pki n v 7 sz,K Pki k
_ liv[p L ]+lzn:[ =
— n v 7 ki Pki n s Pki k
1 "1 &
+5 Z = > (ViayPriay = pricy) | +0p (n772)
i=1 =1

= Sk-l—Rk-l-Wk-f—Op (n_l/Q);
and

Bik,KNN — Bjk
n

1 < 1
= E;I(Tizcj)[Vkaiﬂl—Vi)p;ﬂ+E;IT>CJ>(1—V)(%K pri) — Bjk

1
= = ZI T; > ¢j)Vi [Dri — pri) + - Z I(Ti > ¢j)pri — Bjk]

i=1
%Z T > CJ K Z l)Dkz sz(l)) =+ Op (n_1/2)

= Sjk+ Rjr + Wik +0p (nfl/z) .
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Considering the term o112 — 01122 in (3.29), we have

oz — otz = asCov(y/nfii knn, Vibizrnn) — asCov(y/nBi1 knn, Vi Paz knN)
= aS(COV(\/ﬁBH,KNNa \/ﬁﬁlz,KNN - ﬁBQZ,KNN)
= asCov(vn(S11 + Ri1 + Wi1), vn(Si2 — S22) + v/n(Ri2 — Raa)
+ V(Wi — Waa))
= asCov (vnSi1,vVn(Si2 — S22)) + asCov (vnSi1, vVn(Wiz — Wa))
+ asCov (vnRi1,vV/n(Riz2 — Ra2)) + asCov (vnWiq, v/n(Si2 — S22))
+ asCov (vnWi1, vVn(Wiz — Was)) .
This result follows from the fact that \/nR1; and /n(S12 — S22) + v/n(Wiz — Was), and +/n(S11 +
Wi1) and y/n(R12 — Ra2) are uncorrelated (see also Cheng, 1994). By arguments similar to those
used in Ning and Cheng (2012), we also obtain
asCov (vnS11,vVn(S12 — S22)) = E{n(T, A)Cov(I(T > ¢1)D1,1(c1 < T < ¢2)Ds|T, A)}
= E{n(T,A)l(c; <T < ¢3)Cov(Dy, Do|T, A)}
= —E{n(T, A)l(c1 <T < c2)p1(T,A)pa2(T, A)} .

Similarly, we have that

asCov (\/’77,511, \/E(ng — WQQ)) 7E{[1 - 7'1'(717 A)]I(Cl S T< Cg)pl(T, A)pQ(T, A)},

asCov (\/ﬁRu» \/E(Ru - Rzz)) = —511(512 - 522) +E {I(Cl <T< 02),01 (T, A)pz(T, A)} ,
asCov (\/ﬁWll, \/5(512 — SQQ)) = —-E {[1 — 71'(T7 A)]I(Cl < T < Cg)pl (T, A)pQ(T, A)} y
))

asCov (vnWi1, vVn(Wiz — Wao

- —%E{[l —m(T, A)l(e1 < T < e2)p1(T, A)p2(T, A)}

[ — 7(T, A)2I(e: < T < e2)pr (T, A)pa(T, A)
‘E{ (T, A) } |

This leads to

01112 — 01122 = —1/)%212 — B11(B12 — Ba2), (3.32)
where
Wns = (145 ) B = #(T A < T < co)pr (T, A)pa(T: A))
L E { 1 —7(T,A))*1(c1 < T < ca)p1(T, A)pa(T, A) }
(T, A) ’

Considering o112 — 0122 in (3.29), we have

o112 — 0122 =  asCov(yv/nby knn, Vibizxnn) — asCov(v/nby knw, vVifaz k)
= asCov (\/ﬁél,KNN; \/ﬁ(ﬁlz,KNN - B22,KNN))
= asCov (\/ﬁ(sl + Ry + W1),V/n(S12 — S22) + Vn(R12 — Raz) + vn(Wig — W22))
= asCov (v/nS1,vn(S12 — S22)) + asCov (v/nS1, vVn(Wia — Waz))
+ asCov (v/nR1, vn(Ri2 — Ra2)) + asCov (v/nW1,v/n(S12 — S22))
+ asCov (vnWy,v/n(Wis — Wa2)) .
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We obtain

asCov (v/nS1, v/n(S12 — Sa22))
asCov (\/ﬁSl, Vn(Wig — sz))
asCov (vVnRy,v/n(Riz — Ra2)) = —01(B12 — Po2) + E{l(c1 < T < c2)pa (T,
asCov (vnWi, v/n(S12 — Sa2))
asCov (vnWi,v/n(Wiz — Was))

and then

— —E{r(T, A)l(c1 T < c)pa(T, A)pa(T, A},

= —E{[1-7(T,A))l(c: T < ca)p1(T, A)p2(T, A)},
A)ps(T, A)},

= “E{[l —a(T, A)l(cx < T < c2)pr(T, A)p2(T, A)},

= RE{L - 7T Al < T < )i (T, Apa(T, A))

[1 —7(T, A)PPL(er T < eo)pi(T, A)pa(T, A)
-£{ w(T, 4) }

0112 — 0122 — —¢%212 — 01 (512 - 522)~ (3~33)

Similarly, it is straightforward to obtain

and

with

and

o1 = —Yis —02fn (3.34)
0123 — _'(/ngg - 916237 (335)
9 1
e = (145 ) B (T AT > ) (7 AT, 4)
[1 — (T, A)PUT > c1)pi(T, A)p2(T, A)
+e{ w(T, 4) }
9 1
vhy = (14 ) B0 7T AT 2 co)on (T, AT A))
(1= (T, APIT > ex)ps(T. A)pa(T: A)
+e{ A

The covariance between /nf1 knn and y/nbs knn is computed analogously, i.e.,

where

oty = —016y — 1y, (3.36)
9 1
B = (145 ) B - @A (T (7 A0}
[l — (T, A)]2p1 (T, A)pa(T, A)
tE { (T, A) } '

By using results (3.32), (3.33), (3.34) and (3.36) into (3.29), we can obtain a suitable expression
for asCov (\/ET/‘C\FLKNN(Q), \/ﬁﬁg’KNN (c1, 02)>, which depends on easily estimable quanties.

Clearly, a similar approach can be used to get suitable expressions for &3 and €23 too. In

particular, the estimable version of ;3 can be obtained by using suitable expressions for o3,

01123 and o111 + 0211. The quantity oj03 is already computed in (3.35), and the formula for o193

can be obtained as

01123 = —1/’%13_51152&
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To compute o111 4+ 0211, We notice that

asCov (\/ﬁég,KNM \/ﬁﬁll,KNN) = asCov (\f - \/ﬁ(él,KNN + é1,KNN), \/ﬁBn,KNN>

= —asCov (\/ﬁ(él,KNN + él,KNN); \/ﬁﬁll,KNN) .

It leads to o111 + 0211 = —0311. Similarly to (3.34), we have that

0311 = _’(/}%13 - 035117
where
) 1
vy = (14 ) B0 7T AT 2 (T, AT A))
[1 — (T, A)PPT > c1)pi(T, A)ps(T, A)
r2 ~(T.A) }

For the last term £23, we need to make some other calculations. First, the quantity o1203 — 02293

is obtained as 01112 — 01122. We have

01223 — 02223 = *523(512 - 522);

because I(¢c; < T < ¢2)[(T > ¢2) = 0. Second, the term oy93 is obtained as

0223 = _’(/}323 - 925237
where
9 1
vy = (14 ) B{0L-7(T AT 2 co)n(T, AT A))
1= (T AT > e2)pa(T, A)ps (T, 4
+2{ =T, 4) }-

Moreover, it is straightforward to show that

—(0312 - 0322) = 0112 — 0122 + 0212 — 0222,

and that
oo —oam = Uy — 0a(fi2 — Pao),
with
vias = (14 ) EQL - w(T A < T < c)palT, (T, )
i { [1— 7(T, A)2I(e1 < T < c2)pa(T, A)ps(T, A) } |
(T, A)

3.2.4 Choice of K and the distance measure

The proposed method is based on nearest-neighbor imputation, which requires the choice of a value
for K as well as a distance measure.

In practice, the selection of a suitable distance is typically dictated by features of the data
and possible subjective evaluations; thus, a general indication about an adequate choice is difficult

to express. In many cases, the simple Euclidean distance may be appropriate. Other times,
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the researcher may wish to consider specific characteristics of data at hand, and then make a
different choice. For example, the diagnostic test result 7" and the auxiliary covariates A could be
heterogeneous with respect to their variances (which is particularly true when the variables are
measured on heterogeneous scales). In this case, the choice of the Mahalanobis distance may be
suitable.

As for the choice of the size of the neighborhood, Ning and Cheng (2012) argue that nearest-
neighbor imputation whit a small value of K typically yields negligible bias of the estimators, but a
large variance; the opposite happens with a large value of K. The authors suggest that the choice
of K € {1,2} is generally adequate when the aim is to estimate an average. A similar comment
is also raised by Adimari and Chiogna (2015, 2016), i.e., a small value of K, within the range
1-3, may be a good choice to estimate ROC curves and AUC. However, the authors stress that,
in general, the choice of K may depend on the dimension of the feature space, and propose to use
cross—validation to find K in case of high—dimensional covariates. Specifically, the authors indicate

that a suitable value for the number of neighbors could be found by

1
* . .
K*= agmin —— D - pxll,,
=1,...,nper Nver
where D is the binary disease status, ||-||; denotes the Ly norm for vectors and n,, is the number

of verified subjects. The formula above can be generalized to our multi—class case. In fact, when
the disease status D has ¢ categories (¢ > 3), the difference between D and pg is a nyer X (g — 1)

matrix. In such situations, the selection rule could be

. 1 .
K* = argmin ﬂ ||D — IOKHLI 5 (337)

K=1,....,nper Nver

where || A||1,1 denotes L1 ; norm of matrix A, i.e.,

q—1 /nyer
Al =) (Z aij|> :

j=1 \i=1

3.2.5 Variance-covariance estimation

Consider first the problem of estimating of the variances of TFC\FLKNN, T/CJ\I?ZKNN and TFC\F&KNN.
In a nonparametric framework, quantities as wi,w?k and n?k can be estimated by their empirical
counterparts, using also the plug—in method. Here, we consider an approach that uses a nearest-
neighbor rule to estimate both the functions pi (T, A) and the propensity score (T, A), that are
present in the expressions of w,%,wjz-k and n?k. In particular, for the conditional probabilities of
disease, we can use KNN estimates px; = py; , where the integer K must be greater than one to
avoid estimates equal to zero. For the conditional probabilities of verification, we can resort to the

KNN procedure proposed in Adimari and Chiogna (2015), which considers the estimates

K7
T = % ZVi(z),
i=1
where {(T;q), Aiwy, Vigy) :1=1,...,K;} is a set of K} observed pairs and (T}, A;)) denotes
the j-th nearest neighbor to (7}, 4;) among all (T, A)’s. When V; equals 0, K} is set equal to
the rank of the first verified nearest neighbor to the unit 4, i.e., K is such that Vjx+) = 1 and
Vi=Viq)y=Vie) = ... = Vigxz—1) = 0. In case of V; =1, K is such that V; = Vjq) = V(o) =
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=Vir-1 =1, and Vigkzy =0, 1e., K is set equal to the rank of the first non—verified nearest

neighbor to the unit i. Such a procedure automatically avoids zero values for the 7;’s

Then, based on the pg;’s and 7~rl-’s, we obtain the estimates

. K+1 L e (1= ) (= 7))
w,% = plm 1*7T2)+EZ ( ﬁ')( )7
i=1 v
R K+1 - - _
O = e I(Tizcj)pki(l_pki) (1—)
=1
L= (T3 > ¢)pwi (1= ) (1 — 7))
+EZ} 2 |
R K+ " 3
e = i (1= pra) (1 —7)
1= (T < cj)pwi (1= pri) (1 = 7)°
+nz 7 ’

i=1
from which, along with 05 kNN, S5k, kNN and ¥, knn, one derives the estimates of the variances of

the proposed KNN imputation estimators.
To obtain estimates of covariances, we need to estimate also the quantities ¥2y,5, %5, 13,3,

Y2y, 1215, V393 and 1iyo4 given in Appendix 2. However, estimates of such quantities are similar

: 2,2 2
to those given above for wj, w5, and 73,. For example,

K+1 - 5 5 -
< T < e2)pripai (1 —7)

72
Pio1g =

I[(ln <Ti<c prifai (1 — ;)
I Z 1S 4y 22é1P2( )

1
n T

n
i=1
Of course, there are other possible approaches to obtain variance and covariance estimates.
For instance, one could resort to a standard bootstrap procedure. From the original observations
(Ti, Ai, D1y, Dai, D3, Vi), i = 1,...,n, consider B bootstrap samples (T;*°, Ax®, D1 D32 D3b Vb)),
b
b=1,...,B,and¢=1,...,n. For the b-th sample, compute the bootstrap estimates TCFLKNN(cl),

_———%b _———%b
TCFZ,KNN(017 02) a.nd TCFS,KNN(C2) as

- S 17 < e0) (VDI + (- Vo)t
TCF; xnnl(e1) = s )
> [VetDit+ (0= Vit
n
I ;I(Cl ST <o) [ViD5) + (1= Vi)
TCFQ,KNN(01>C2) == n )
> [VerDs+ (= viast
. S UT? 2 ) (VD3 + (- Vit ]
TCF3 knn(e2) = = ’

> [VrtDst + (1= Vi)t |

where ﬁzg x» k=1,2,3, denote the KNN imputation values for missing labels D;? in the bootstrap

sample. Then, the bootstrap estimator of the variance of T/C\F;C KNN(c1,¢2) is

_——%b

2
—_— ]_ %
Var(TCFkl(NN(Cl, CQ)) = — Z <TCFk KNN (Cl, 62) TCFk,KNN(Cl’ CQ)) 5
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% _—— xb
where TCF), xnn(c1, c2) is the mean of the B bootstrap estimates TCF, xyy(c1,c2). More gener-

ally, the bootstrap estimate of the covariance matrix = is

_——*B _—— B

T
1 =% %
B = ﬁ (TCFKNN(Cl,CQ) — TCFKNN(Ch 62)) <TCFKNN(Cla (32) — TCFKNN(Cl,C2)> 5

(1)

_—— B
where TCFnn(c1,c2) is a B x 3 matrix, whose element in the b—th row and the k—th column
corresponds to 'fC\Fk’KNN (c1,¢2), and TFC\FKNN (c1, ¢2) is a column vector that consist of the means

——~xb
of the B bootstrap estimates TCFy, xnn(c1,c2), k= 1,2,3.

3.3 Simulation studies

3.3.1 Simulation studies for the parametric approaches

In this section, the ability of FI, MSI, IPW and SPE methods to estimate TCF;, TCF3 and TCF3
are evaluated by using Monte Carlo experiments. Also, the square root of the estimates of the
variances are compared with Monte Carlo and bootstrap standard deviations.

Note that, the bias-corrected estimators of TCF;, TCFy and TCF3 require a parametric re-
gression model to estimate pg; = Pr(Dy; = 1|T;, A;), or m; = Pr(V; = 1|T3, 4;), or both. A wrong
specification of such models may affect the estimation. Therefore, in the simulation study we

consider four scenarios:
(i) the disease model and the verification model are both correctly specified;
(ii) the verification model is misspecified;

(iii) the disease model is misspecified;

(iv) the disease model and the verification model are both misspecified.

All scenarios allow to evaluate the behavior of the proposed estimators in finite samples. In
particular, we consider 5000 Monte Carlo replications, and three sample sizes, i.e., 250, 500 and
1000 in scenario (i) and a sample size equal to 1000 in scenarios (ii)—(iv). The choice of such
sample size in scenarios (ii)—(iv) allows to dig up expected bad behaviors of the estimators under

misspecification, when a great amount of information is available, i.e., in large samples.

Study 1

The true disease D is generated by a trinomial random vector (D;, Do, D3), such that Dy is a
Bernoulli random variable with mean 6y, k = 1,2,3. We set 6; = 0.4,05 = 0.35 and 63 = 0.25.

The continuous test results 7" and A are generated from the following conditional models
T, A|Dy, ~ Na (i, A),  k=1,2,3,
where py, = (2k, k) T. We consider three different values for A, specifically
( 1.75 0.1 > < 25 15 ) ( 55 3 )
0.1 25 )’ 1.5 25 )7 3 25 )’

giving rise to a correlation between T' and A equal to 0.36,0.69 and 0.84, respectively.
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In this scenario -and also in the next one- we consider six pairs for cut points (c1,c2), i.e.,
(2,4),(2,5), (2,7),(4,5),(4,7) and (5,7). Since the conditional distribution of T given Dy, is the

normal distribution, the true values of TCF’s are obtained as

TCFi(c;) = @ (Cl _2> ,

oT|D
—4 —4
TCFQ(Cl,Cg) = @(CQ ) —@(Cl ) 5
oT|D 0T|D,
-6
TCFg(Cg) = 1-9 (62 ) 5
oT|D

where op|p denotes the entry in the 1-st row and 1-st column of A and ¢(-) and ®(-) are the
density function and the cumulative distribution function of the standard normal random variable,
respectively.
Under our data—generating process, the true conditional disease model is a multinomial logistic
model
exp (Tpyp + Tpop T + Tpy A)
14 exp (7o, + Tpo, T+ Tpgy A) + €xp (Tpyy + Tpoo T + Tpyp A)

Pr(Dj, = 1|T, A) =

3

for suitable 7,,, , Ty, s Tpsy» Where k = 1,2. The verification status V' is generated by the following
model
logit {Pr(V =1|T,A)} = 0.5 — 0.37' + 0.75A.

This choice corresponds to a verification rate of about 0.65. In this study, the FI, MSI, IPW and
SPE estimators are computed under correct working models for both the disease and the verification
status. Therefore, in particular, the conditional verification probabilities 7; are estimated from a
logistic model for V' given T" and A.

Tables 3.1-3.9 show Monte Carlo means, Monte Carlo standard deviations (MC.sd), the square
roots of the variance estimated via asymptotic results (asy.sd) and bootstrap standard deviations
(boot.sd) of T/C\Fl, T/C\FQ and T/‘C\Fg. Here, and in the following, bootstrap estimates are obtained
from 250 bootstrap replications. Overall, the estimators FI, MSI, IPW and SPE behave similarly
in this scenario, with the IPW estimator showing a slightly larger standard deviation. Simulation
results, in this and in the following scenarios, also show that, excluding the SPE approach, boot-
strap estimates of standard deviations are generally more accurate than estimates obtained via

asymptotic theory.

Study 2

In this study, the true disease status D and the test results T' and A are generated in the same
way as in the first scenario. The true conditional verification process m, instead, is chosen to be

the following function of T" and A
(T, A) = 0.35 + 0.31 (T > t(°~8>) +0.351 (A > a(0~8)> ’

where t(©8) and a(9®) correspond to the 80-th percentile of distribution of 7' and A, respectively.
In this case, the verification probabilities are 1 for subjects with 7" > ¢(©® and A > a(©®); 0.7
for subjects with T < t(08) and A > a(o.s); 0.65 for subjects with T > t(08) and A < a(o.s); 0.35
otherwise. In our setting, the verification rate is approximately 0.48.

The aim in this scenario is to evaluate the behavior of the estimators, in particular that of

IPW and SPE, under misspecification of the verification process. Therefore, 7; is estimated from



Table 3.1: Simulation results from 5000 replications when both models for p; and 7 are correctly specified (Study 1) and the first value of A is considered.
“True” denotes the true parameter value. Sample size = 250.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.4347 0.9347
FI  0.5008 0.4357 0.9342 0.0529 0.0472 0.0272 0.0486 0.0440 0.0512 0.0530 0.0488 0.0276
MSI  0.5007 0.4353 0.9341 0.0544 0.0536 0.0318 0.0500 0.0501 0.0538 0.0542 0.0542 0.0324
IPW  0.5017 0.4352 0.9341 0.0714 0.0721 0.0371 0.0687 0.0697  0.0398 0.0704 0.0711 0.0373
SPE  0.5008 0.4352 0.9343 0.0574 0.0648 0.0364 0.0562 0.0632 0.0340 0.0596 0.1497 0.0425
cut point = (2,5)

True 0.5000 0.7099 0.7752
FI  0.5008 0.7122 0.7756 0.0529 0.0464 0.0537 0.0486 0.0454 0.0618 0.0530 0.0467 0.0533
MSI  0.5007 0.7112  0.7747 0.0544 0.0511 0.0568 0.0500 0.0503 0.0644 0.0542 0.0514 0.0563
IPW 0.5017 0.7123 0.7739 0.0714 0.0683 0.0666 0.0687 0.0658 0.0704 0.0704 0.0677 0.0655
SPE  0.5008 0.7116 0.7751 0.0574 0.0619 0.0630 0.0562 0.0597 0.0603 0.0596 0.1219 0.1033
cut point = (2,7)

True 0.5000 0.9230 0.2248
FI 0.5008 0.9231 0.2229 0.0529 0.0236 0.0520 0.0486 0.0327 0.0437 0.0530 0.0243 0.0525
MSI  0.5007 0.9230 0.2230 0.0544 0.0285 0.0530 0.0500 0.0361 0.0447 0.0542 0.0287 0.0534
IPW  0.5017 0.9234 0.2216 0.0714 0.0376 0.0748 0.0687 0.0341 0.0706 0.0704 0.0368 0.0727
SPE  0.5008 0.9234 0.2236 0.0574 0.0361 0.0571 0.0562 0.0334 0.0559 0.0596 0.0474 0.4185
cut point = (4,5)

True 0.9347 0.2752 0.7752
FI  0.9350 0.2765 0.7756  0.0244 0.0408 0.0537 0.0224  0.0350  0.0618 0.0247 0.0415 0.0533
MSI 0.9351 0.2759 0.7747  0.0270 0.0467 0.0568 0.0247  0.0411 0.0644 0.0271 0.0467 0.0563
IPW 0.9356 0.2770 0.7739  0.0413 0.0690 0.0666 0.0343  0.0645  0.0704 0.0395 0.0663 0.0655
SPE  0.9356 0.2764 0.7751 0.0378 0.0587 0.0630 0.0333  0.0560  0.0603 0.0471 0.1566 0.1033
cut point = (4,7)

True 0.9347 0.4883 0.2248
FI 09350 0.4874 0.2229 0.0244 0.0523 0.0520 0.0224 0.0494 0.0437 0.0247 0.0537 0.0525
MSI  0.9351 0.4877 0.2230 0.0270 0.0559 0.0530 0.0247 0.0528 0.0447 0.0271 0.0567 0.0534
IPW 0.9356 0.4881 0.2216 0.0413 0.0741 0.0748 0.0343 0.0708 0.0706 0.0395 0.0723 0.0727
SPE  0.9356 0.4882 0.2236 0.0378 0.0661 0.0571 0.0333 0.0640 0.0559 0.0471 0.1745 0.4185
cut point = (5,7)

True 0.9883 0.2132 0.2248

FI 09880 0.2109 0.2229 0.0075 0.0432 0.0520 0.0066 0.0387  0.0437 0.0081 0.0436 0.0525
MSI  0.9881 0.2118  0.2230 0.0098 0.0460 0.0530 0.0075 0.0423  0.0447 0.0101 0.0468 0.0534
IPW 0.9885 0.2111 0.2216 0.0203 0.0634 0.0748 0.0097  0.0601 0.0706 0.0185 0.0625 0.0727
SPE 0.9883 0.2117 0.2236 0.0191 0.0569 0.0571 0.0117  0.0542  0.0559 0.0180 0.1382 0.4185
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Table 3.2: Simulation results from 5000 replications when both models for p; and 7 are correctly specified (Study 1) and the first value of A is considered.

“True” denotes the true parameter value. Sample size = 500.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.4347 0.9347
FI  0.5007 0.4357 0.9343 0.0373 0.0339 0.0190 0.0343 0.0309 0.0360 0.0372 0.0340 0.0193
MSI  0.5008 0.4357 0.9343 0.0382 0.0378 0.0225 0.0353 0.0354 0.0380 0.0381 0.0380 0.0227
IPW  0.5020 0.4357 0.9345 0.0506 0.0508 0.0260 0.0493 0.0502 0.0280 0.0499 0.0507 0.0262
SPE  0.5012 0.4357 0.9345 0.0401 0.0456 0.0256 0.0399 0.0450 0.0249 0.0409 0.0457 0.0259
cut point = (2,5)

True 0.5000 0.7099 0.7752
FI  0.5007 0.7115 0.7747 0.0373 0.0329 0.0372 0.0343 0.0321 0.0436 0.0372 0.0329 0.0374
MSI  0.5008 0.7111 0.7743 0.0382 0.0361 0.0395 0.0353 0.0355 0.0455 0.0381 0.0362 0.0396
IPW 0.5020 0.7111 0.7743 0.0506 0.0496 0.0464 0.0493 0.0479 0.0500 0.0499 0.0487 0.0463
SPE 0.5012 0.7112 0.7744 0.0401 0.0434 0.0442 0.0399 0.0425 0.0433 0.0409 0.0436 0.0448
cut point = (2,7)

True 0.5000 0.9230 0.2248
FI  0.5007 0.9228 0.2241 0.0373 0.0167 0.0377 0.0343 0.0229 0.0310 0.0372 0.0169 0.0370
MSI  0.5008 0.9230 0.2242 0.0382 0.0199 0.0382 0.0353 0.0253 0.0317 0.0381 0.0202 0.0376
IPW  0.5020 0.9232 0.2242 0.0506 0.0266 0.0534 0.0493 0.0251 0.0520 0.0499 0.0263 0.0525
SPE  0.5012 0.9235 0.2245 0.0401 0.0255 0.0416 0.0399 0.0244 0.0403 0.0409 0.0253 0.0545
cut point = (4,5)

True 0.9347 0.2752 0.7752
FI  0.9349 0.2758 0.7747  0.0176 0.0285 0.0372 0.0161 0.0246  0.0436 0.0174 0.0289 0.0374
MSI  0.9348 0.2754 0.7743  0.0194 0.0326 0.0395 0.0179  0.0291 0.0455 0.0191 0.0328 0.0396
IPW 0.9352 0.2754 0.7743  0.0299 0.0472 0.0464 0.0263  0.0466  0.0500 0.0284 0.0472 0.0463
SPE 0.9353 0.2755 0.7744  0.0270 0.0407 0.0442 0.0249  0.0399  0.0433 0.0291 0.0404 0.0448
cut point = (4,7)

True 0.9347 0.4883 0.2248
FI 09349 0.4872 0.2241 0.0176 0.0375 0.0377 0.0161 0.0347  0.0310 0.0174 0.0375 0.0370
MSI  0.9348 0.4872 0.2242 0.0194 0.0396 0.0382 0.0179 0.0373 0.0317 0.0191 0.0398 0.0376
IPW  0.9352 0.4876  0.2242 0.0299 0.0520 0.0534 0.0263 0.0511 0.0520 0.0284 0.0516 0.0525
SPE  0.9353 0.4877 0.2245 0.0270 0.0462 0.0416 0.0249 0.0456 0.0403 0.0291 0.0463 0.0545
cut point = (5,7)

True 0.9883 0.2132 0.2248

FI 09882 0.2114 0.2241 0.0051 0.0310 0.0377 0.0047  0.0274  0.0310 0.0054 0.0306 0.0370
MSI  0.9882 0.2118  0.2242 0.0069 0.0330 0.0382 0.0058 0.0299  0.0317 0.0069 0.0329 0.0376
IPW 0.9886 0.2121  0.2242 0.0137 0.0467 0.0534 0.0088 0.0441 0.0520 0.0130 0.0452 0.0525
SPE  0.9886 0.2123 0.2245 0.0133 0.0398 0.0416 0.0097  0.0387  0.0403 0.0127 0.0398 0.0545
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Table 3.3: Simulation results from 5000 replications when both models for p; and 7 are correctly specified (Study 1) and the first value of A is considered.
“True” denotes the true parameter value. Sample size = 1000.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.4347 0.9347
FI  0.5001 0.4346 0.9348 0.0265 0.0235 0.0133 0.0242 0.0217  0.0254 0.0262 0.0238 0.0135
MSI  0.5002 0.4349 0.9349 0.0273 0.0264 0.0157 0.0250 0.0250 0.0268 0.0269 0.0268 0.0160
IPW  0.5006 0.4357 0.9349 0.0362 0.0357 0.0184 0.0352 0.0358 0.0198 0.0353 0.0360 0.0185
SPE  0.5004 0.4353 0.9349 0.0287 0.0321 0.0180 0.0282 0.0320 0.0180 0.0283 0.0322 0.0182
cut point = (2,5)

True 0.5000 0.7099 0.7752
FI  0.5001 0.7096 0.7758 0.0265 0.0232 0.0260 0.0242 0.0227  0.0308 0.0262 0.0232 0.0263
MSI  0.5002 0.7095 0.7756 0.0273 0.0256 0.0276 0.0250 0.0251 0.0321 0.0269 0.0256 0.0279
IPW 0.5006 0.7104 0.7756 0.0362 0.0349 0.0325 0.0352 0.0342 0.0354 0.0353 0.0345 0.0327
SPE  0.5004 0.7100 0.7757 0.0287 0.0309 0.0307 0.0282 0.0303 0.0308 0.0283 0.0305 0.0310
cut point = (2,7)

True 0.5000 0.9230 0.2248
FI 0.5001 0.9228 0.2250 0.0265 0.0117 0.0260 0.0242 0.0160 0.0220 0.0262 0.0119 0.0262
MSI  0.5002 0.9230 0.2252 0.0273 0.0141 0.0265 0.0250 0.0178 0.0226 0.0269 0.0142 0.0266
IPW  0.5006 0.9233 0.2258 0.0362 0.0187 0.0383 0.0352 0.0181 0.0374 0.0353 0.0186 0.0375
SPE  0.5004 0.9235 0.2256 0.0287 0.0180 0.0286 0.0282 0.0176 0.0286 0.0283 0.0180 0.0291
cut point = (4,5)

True 0.9347 0.2752 0.7752
FI  0.9346 0.2749 0.7758  0.0124 0.0203 0.0260 0.0115  0.0173  0.0308 0.0123 0.0203 0.0263
MSI 0.9345 0.2746 0.7756  0.0137 0.0232 0.0276 0.0128  0.0205  0.0321 0.0136 0.0231 0.0279
IPW  0.9346 0.2748 0.7756  0.0213 0.0337 0.0325 0.0196  0.0332  0.0354 0.0205 0.0335 0.0327
SPE  0.9344 0.2747 0.7757  0.0190 0.0286 0.0307 0.0183  0.0283  0.0308 0.0187 0.0285 0.0310
cut point = (4,7)

True 0.9347 0.4883 0.2248
FI 09346 0.4882 0.2250 0.0124 0.0262 0.0260 0.0115 0.0245 0.0220 0.0123 0.0264 0.0262
MSI  0.9345 0.4881 0.2252 0.0137 0.0279 0.0265 0.0128 0.0263 0.0226 0.0136 0.0280 0.0266
IPW  0.9346 0.4876  0.2258 0.0213 0.0365 0.0383 0.0196 0.0364 0.0374 0.0205 0.0366 0.0375
SPE  0.9344 0.4882 0.2256 0.0190 0.0325 0.0286 0.0183 0.0324 0.0286 0.0187 0.0326 0.0291
cut point = (5,7)

True 0.9883 0.2132 0.2248

FI 09881 0.2132 0.2250 0.0036 0.0217 0.0260 0.0033 0.0194  0.0220 0.0037 0.0216 0.0262
MSI  0.9881 0.2135 0.2252 0.0048 0.0234 0.0265 0.0044  0.0212  0.0226 0.0049 0.0232 0.0266
IPW  0.9882 0.2129 0.2258 0.0100 0.0325 0.0383 0.0077  0.0317  0.0374 0.0097 0.0320 0.0375
SPE  0.9880 0.2135 0.2256 0.0097 0.0282 0.0286 0.0080 0.0276  0.0286 0.0094 0.0278 0.0291
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Table 3.4: Simulation results from 5000 replications when both models for pi and 7 are correctly specified (Study 1) and the second value of A is considered.

“True” denotes the true parameter value. Sample size = 250.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3970 0.8970
FI  0.4995 0.3966 0.8972 0.0502 0.0419 0.0357 0.0461 0.0375 0.0502 0.0506 0.0429 0.0362
MSI  0.4996 0.3966 0.8970 0.0519 0.0498 0.0409 0.0479 0.0463 0.0536 0.0522 0.0506 0.0410
IPW  0.5001 0.3972 0.8979 0.0659 0.0700 0.0523 0.0646 0.0677  0.0504 0.0658 0.0687 0.0510
SPE  0.4996 0.3968 0.8980 0.0565 0.0623 0.0508 0.0559 0.0617  0.0469 0.0576 0.1619 0.0502
cut point = (2,5)

True 0.5000 0.6335 0.7365
FI 04995 0.6340 0.7378 0.0502 0.0431 0.0580 0.0461 0.0410 0.0619 0.0506 0.0440 0.0580
MSI  0.4996 0.6335 0.7370 0.0519 0.0502 0.0617 0.0479 0.0485 0.0653 0.0522 0.0510 0.0616
IPW 0.5001 0.6330 0.7379 0.0659 0.0679 0.0733 0.0646 0.0660 0.0737 0.0658 0.0671 0.0721
SPE  0.4996 0.6335 0.7377 0.0565 0.0616 0.0686 0.0559 0.0610 0.0665 0.0576 0.1438 0.0686
cut point = (2,7)

True 0.5000 0.8682  0.2635
FI 04995 0.8679 0.2640 0.0502 0.0307 0.0559 0.0461 0.0333 0.0499 0.0506 0.0314 0.0558
MSI  0.4996 0.8680 0.2644 0.0519 0.0362 0.0588 0.0479 0.0387  0.0523 0.0522 0.0372 0.0580
IPW 0.5001 0.8678 0.2659 0.0659 0.0492 0.0695 0.0646 0.0472 0.0682 0.0658 0.0492 0.0690
SPE  0.4996 0.8684 0.2649 0.0565 0.0467 0.0615 0.0559 0.0451 0.0591 0.0576 0.0593 0.0610
cut point = (4,5)

True 0.8970 0.2365 0.7365
FI 0.8974 0.2374 0.7378  0.0284 0.0368 0.0580 0.0274  0.0318  0.0619 0.0288 0.0371 0.0580
MSI 0.8972 0.2369 0.7370  0.0320 0.0441 0.0617 0.0306  0.0395  0.0653 0.0320 0.0439 0.0616
IPW 0.8978 0.2358 0.7379  0.0377 0.0603 0.0733 0.0361 0.0574  0.0737 0.0372 0.0586 0.0721
SPE  0.8975 0.2368 0.7377  0.0364 0.0538 0.0686 0.0352  0.0519  0.0665 0.0363 0.2833 0.0686
cut point = (4,7)

True 0.8970 0.4711 0.2635
FI 08974 0.4713 0.2640 0.0284 0.0504 0.0559 0.0274 0.0467  0.0499 0.0288 0.0510 0.0558
MSI  0.8972 04714 0.2644 0.0320 0.0554 0.0588 0.0306 0.0525 0.0523 0.0320 0.0562 0.0580
IPW  0.8978 0.4706 0.2659 0.0377 0.0693 0.0695 0.0361 0.0677  0.0682 0.0372 0.0687 0.0690
SPE  0.8975 0.4716 0.2649 0.0364 0.0635 0.0615 0.0352 0.0627  0.0591 0.0363 0.1949 0.0610
cut point = (5,7)

True 0.9711 0.2347  0.2635

FI 09710 0.2339 0.2640 0.0121 0.0404 0.0559 0.0118 0.0369  0.0499 0.0127 0.0409 0.0558
MSI  0.9708 0.2345 0.2644 0.0165 0.0458 0.0588 0.0151 0.0431 0.0523 0.0167 0.0465 0.0580
IPW 09710 0.2348 0.2659 0.0203 0.0569 0.0695 0.0178 0.0556  0.0682 0.0201 0.0569 0.0690
SPE 0.9710 0.2348 0.2649 0.0201 0.0526 0.0615 0.0179 0.0521 0.0591 0.0199 0.1084 0.0610
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Table 3.5: Simulation results from 5000 replications when both models for pi and 7 are correctly specified (Study 1) and the second value of A is considered.
“True” denotes the true parameter value. Sample size = 500.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3970 0.8970
FI  0.4999 0.3974 0.8965 0.0356 0.0294 0.0253 0.0326 0.0263 0.0355 0.0355 0.0298 0.0256
MSI  0.4999 0.3975 0.8961 0.0368 0.0355 0.0291 0.0339 0.0326 0.0380 0.0367 0.0355 0.0291
IPW  0.5000 0.3977 0.8962 0.0470 0.0492 0.0373 0.0460 0.0484 0.0369 0.0464 0.0487 0.0368
SPE  0.5000 0.3976 0.8963 0.0402 0.0446 0.0363 0.0397 0.0438 0.0348 0.0400 0.0442 0.0356
cut point = (2,5)

True 0.5000 0.6335 0.7365
FI 04999 0.6342 0.7360 0.0356 0.0303 0.0410 0.0326 0.0287  0.0439 0.0355 0.0306 0.0409
MSI  0.4999 0.6339 0.7358 0.0368 0.0356 0.0437 0.0339 0.0342 0.0463 0.0367 0.0357 0.0435
IPW  0.5000 0.6336 0.7363 0.0470 0.0477 0.0528 0.0460 0.0471 0.0529 0.0464 0.0474 0.0514
SPE  0.5000 0.6341 0.7362 0.0402 0.0440 0.0494 0.0397 0.0434 0.0479 0.0400 0.0437 0.0483
cut point = (2,7)

True 0.5000 0.8682  0.2635
FI 04999 0.8677 0.2631 0.0356 0.0222 0.0388 0.0326 0.0233 0.0352 0.0355 0.0219 0.0391
MSI  0.4999 0.8678  0.2633 0.0368 0.0263 0.0401 0.0339 0.0272 0.0370 0.0367 0.0261 0.0407
IPW  0.5000 0.8677 0.2638 0.0470 0.0354 0.0477 0.0460 0.0341 0.0486 0.0464 0.0349 0.0484
SPE  0.5000 0.8679 0.2635 0.0402 0.0336 0.0420 0.0397 0.0326 0.0420 0.0400 0.0331 0.0424
cut point = (4,5)

True 0.8970 0.2365 0.7365
FI 0.8972 0.2368 0.7360  0.0205 0.0257 0.0410 0.0195  0.0223  0.0439 0.0203 0.0258 0.0409
MSI 0.8968 0.2364 0.7358  0.0229 0.0310 0.0437 0.0219  0.0279  0.0463 0.0226 0.0308 0.0435
IPW  0.8969 0.2359 0.7363  0.0268 0.0421 0.0528 0.0261 0.0411  0.0529 0.0265 0.0415 0.0514
SPE  0.8967 0.2365 0.7362  0.0260 0.0374 0.0494 0.0254  0.0370  0.0479 0.0257 0.0373 0.0483
cut point = (4,7)

True 0.8970 0.4711 0.2635
FI 08972 0.4703 0.2631 0.0205 0.0356 0.0388 0.0195 0.0328 0.0352 0.0203 0.0356 0.0391
MSI  0.8968 0.4703  0.2633 0.0229 0.0398 0.0401 0.0219 0.0370 0.0370 0.0226 0.0394 0.0407
IPW  0.8969 0.4699 0.2638 0.0268 0.0492 0.0477 0.0261 0.0483 0.0486 0.0265 0.0486 0.0484
SPE  0.8967 0.4703 0.2635 0.0260 0.0454 0.0420 0.0254 0.0445 0.0420 0.0257 0.0449 0.0424
cut point = (5,7)

True 0.9711 0.2347  0.2635

FI 09710 0.2335 0.2631 0.0086 0.0283 0.0388 0.0084  0.0260  0.0352 0.0088 0.0284 0.0391
MSI 09711 0.2339  0.2633 0.0116 0.0327 0.0401 0.0111 0.0304  0.0370 0.0117 0.0325 0.0407
IPW 09711 0.2341 0.2638 0.0144 0.0402 0.0477 0.0136 0.0397  0.0486 0.0143 0.0400 0.0484
SPE 0.9711 0.2339 0.2635 0.0142 0.0376 0.0420 0.0135 0.0370  0.0420 0.0141 0.0373 0.0424
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Table 3.6: Simulation results from 5000 replications when both models for pi and 7 are correctly specified (Study 1) and the second value of A is considered.

“True” denotes the true parameter value. Sample size = 1000.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3970 0.8970
FI  0.4997 0.3967 0.8966 0.0248 0.0208 0.0177 0.0230 0.0185 0.0250 0.0250 0.0209 0.0180
MSI  0.4997 0.3965 0.8966 0.0257 0.0251 0.0202 0.0240 0.0230 0.0268 0.0259 0.0250 0.0205
IPW  0.4994 0.3967 0.8967 0.0323 0.0349 0.0259 0.0327 0.0343 0.0263 0.0327 0.0344 0.0260
SPE  0.4997 0.3966  0.8967 0.0279 0.0317 0.0251 0.0281 0.0311 0.0250 0.0282 0.0311 0.0252
cut point = (2,5)

True 0.5000 0.6335 0.7365
FI 04997 0.6330 0.7364 0.0248 0.0215 0.0286 0.0230 0.0203 0.0310 0.0250 0.0216 0.0288
MSI  0.4997 0.6327 0.7361 0.0257 0.0253 0.0304 0.0240 0.0241 0.0327 0.0259 0.0252 0.0307
IPW  0.4994 0.6326 0.7365 0.0323 0.0339 0.0360 0.0327 0.0335 0.0375 0.0327 0.0335 0.0363
SPE  0.4997 0.6328 0.7362 0.0279 0.0314 0.0338 0.0281 0.0308 0.0340 0.0282 0.0309 0.0341
cut point = (2,7)

True 0.5000 0.8682  0.2635
FI 0.4997 0.8679 0.2640 0.0248 0.0153 0.0274 0.0230 0.0164 0.0249 0.0250 0.0154 0.0275
MSI  0.4997 0.8680 0.2643 0.0257 0.0183 0.0286 0.0240 0.0192 0.0262 0.0259 0.0184 0.0287
IPW  0.4994 0.8682 0.2645 0.0323 0.0248 0.0343 0.0327 0.0244 0.0345 0.0327 0.0246 0.0341
SPE  0.4997 0.8682 0.2644 0.0279 0.0236 0.0299 0.0281 0.0232 0.0297 0.0282 0.0234 0.0298
cut point = (4,5)

True 0.8970 0.2365 0.7365
FI 0.8971 0.2363 0.7364 0.0144 0.0180 0.0286 0.0138  0.0157  0.0310 0.0143 0.0182 0.0288
MSI 0.8971 0.2362 0.7361 0.0160 0.0217 0.0304 0.0155  0.0197  0.0327 0.0160 0.0217 0.0307
IPW 0.8972 0.2359 0.7365  0.0188 0.0297 0.0360 0.0186  0.0291  0.0375 0.0187 0.0293 0.0363
SPE  0.8972 0.2362 0.7362  0.0183 0.0264 0.0338 0.0181 0.0262  0.0340 0.0182 0.0262 0.0341
cut point = (4,7)

True 0.8970 0.4711 0.2635
FI 08971 0.4712 0.2640 0.0144 0.0252 0.0274 0.0138 0.0232 0.0249 0.0143 0.0250 0.0275
MSI  0.8971 0.4715 0.2643 0.0160 0.0280 0.0286 0.0155 0.0261 0.0262 0.0160 0.0278 0.0287
IPW  0.8972 0.4715 0.2645 0.0188 0.0348 0.0343 0.0186 0.0342 0.0345 0.0187 0.0343 0.0341
SPE  0.8972 0.4717 0.2644 0.0183 0.0321 0.0299 0.0181 0.0316 0.0297 0.0182 0.0316 0.0298
cut point = (5,7)

True 0.9711 0.2347  0.2635

FI 09709 0.2350 0.2640 0.0061 0.0201 0.0274 0.0060 0.0184  0.0249 0.0062 0.0200 0.0275
MSI  0.9709 0.2353  0.2643 0.0082 0.0229 0.0286 0.0080 0.0216  0.0262 0.0082 0.0229 0.0287
IPW 0.9709 0.2356  0.2645 0.0101 0.0285 0.0343 0.0099 0.0282  0.0345 0.0102 0.0283 0.0341
SPE 0.9710 0.2354 0.2644 0.0100 0.0266 0.0299 0.0098 0.0263  0.0297 0.0100 0.0264 0.0298
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Table 3.7: Simulation results from 5000 replications when both models for pi and 7 are correctly specified (Study 1) and the third value of A is considered.
“True” denotes the true parameter value. Sample size = 250.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3031 0.8031
FI  0.4997 0.3037 0.8055 0.0498 0.0338 0.0498 0.0453 0.0294 0.0529 0.0498 0.0348 0.0489
MSI  0.4999 0.3035 0.8046 0.0519 0.0453 0.0554 0.0480 0.0412 0.0578 0.0522 0.0453 0.0542
IPW  0.5003 0.3033 0.8042 0.0617 0.0632 0.0655 0.0616 0.0617  0.0633 0.0624 0.0627 0.0639
SPE  0.5001 0.3034 0.8044 0.0564 0.0588 0.0636 0.0564 0.0573 0.0615 0.0570 0.0579 0.0624
cut point = (2,5)

True 0.5000 0.4682  0.6651
FI 04997 0.4697 0.6684 0.0498 0.0381 0.0617 0.0453 0.0339 0.0608 0.0498 0.0390 0.0608
MSI  0.4999 0.4691 0.6675 0.0519 0.0503 0.0670 0.0480 0.0460 0.0654 0.0522 0.0499 0.0653
IPW  0.5003 0.4687 0.6675 0.0617 0.0688 0.0763 0.0616 0.0668 0.0741 0.0624 0.0676 0.0742
SPE  0.5001 0.4690 0.6674 0.0564 0.0641 0.0735 0.0564 0.0621 0.0706 0.0570 0.0627 0.0715
cut point = (2,7)

True 0.5000 0.7027  0.3349
FI 0.4997 0.7037 0.3370 0.0498 0.0378 0.0591 0.0453 0.0353 0.0545 0.0498 0.0384 0.0592
MSI  0.4999 0.7037 0.3367 0.0519 0.0482 0.0626 0.0480 0.0451 0.0588 0.0522 0.0476 0.0632
IPW 0.5003 0.7033 0.3371 0.0617 0.0642 0.0709 0.0616 0.0614 0.0715 0.0624 0.0624 0.0721
SPE  0.5001 0.7038 0.3367 0.0564 0.0603 0.0660 0.0564 0.0581 0.0661 0.0570 0.0587 0.0670
cut point = (4,5)

True 0.8031 0.1651 0.6651
FI 0.8037 0.1660 0.6684  0.0393 0.0277 0.0617 0.0366  0.0236  0.0608 0.0388 0.0282 0.0608
MSI 0.8033 0.1656 0.6675  0.0425 0.0369 0.0670 0.0400  0.0333  0.0654 0.0420 0.0369 0.0653
IPW 0.8033 0.1654 0.6675  0.0486 0.0497 0.0763 0.0469  0.0486  0.0741 0.0475 0.0496 0.0742
SPE 0.8032 0.1656 0.6674  0.0469 0.0460 0.0735 0.0457  0.0454  0.0706 0.0460 0.0458 0.0715
cut point = (4,7)

True 0.8031 0.3996  0.3349
FI  0.8037 0.4000 0.3370 0.0393 0.0419 0.0591 0.0366 0.0383 0.0545 0.0388 0.0430 0.0592
MSI  0.8033 0.4002 0.3367 0.0425 0.0513 0.0626 0.0400 0.0480 0.0588 0.0420 0.0519 0.0632
IPW 0.8033 0.4000 0.3371 0.0486 0.0639 0.0709 0.0469 0.0643 0.0715 0.0475 0.0652 0.0721
SPE  0.8032 0.4004 0.3367 0.0469 0.0604 0.0660 0.0457 0.0605 0.0661 0.0460 0.0612 0.0670
cut point = (5,7)

True 0.8996 0.2345 0.3349

FI  0.9000 0.2340 0.3370 0.0271 0.0348 0.0591 0.0255 0.0313  0.0545 0.0269 0.0356 0.0592
MSI  0.8998 0.2346 0.3367  0.0312 0.0441 0.0626 0.0296 0.0407  0.0588 0.0310 0.0441 0.0632
IPW  0.8998 0.2347 0.3371 0.0359 0.0553 0.0709 0.0347  0.0545  0.0715 0.0355 0.0555 0.0721
SPE  0.8998 0.2348 0.3367  0.0351 0.0521 0.0660 0.0347  0.0516  0.0661 0.0348 0.0521 0.0670
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Table 3.8: Simulation results from 5000 replications when both models for p; and 7 are correctly specified (Study 1) and the third value of A is considered.
“True” denotes the true parameter value. Sample size = 500.
TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3031 0.8031
FI  0.5001 0.3027 0.8034 0.0356 0.0240 0.0348 0.0320 0.0206 0.0373 0.0350 0.0242 0.0346
MSI  0.5001 0.3031 0.8034 0.0375 0.0322 0.0384 0.0340 0.0291 0.0408 0.0367 0.0318 0.0383
IPW  0.5004 0.3031 0.8037 0.0454 0.0444 0.0454 0.0438 0.0439 0.0451 0.0440 0.0441 0.0452
SPE  0.5002 0.3032 0.8036 0.0410 0.0411 0.0441 0.0400 0.0406 0.0438 0.0401 0.0407 0.0440
cut point = (2,5)

True 0.5000 0.4682  0.6651
FI  0.5001 0.4681 0.6656 0.0356 0.0266 0.0438 0.0320 0.0237  0.0430 0.0350 0.0271 0.0428
MSI  0.5001 0.4679 0.6654 0.0375 0.0348 0.0469 0.0340 0.0325 0.0461 0.0367 0.0350 0.0459
IPW  0.5004 0.4676 0.6655 0.0454 0.0475 0.0538 0.0438 0.0474 0.0526 0.0440 0.0476 0.0524
SPE  0.5002 0.4678 0.6654 0.0410 0.0440 0.0513 0.0400 0.0440 0.0500 0.0401 0.0442 0.0503
cut point = (2,7)

True 0.5000 0.7027  0.3349
FI  0.5001 0.7033 0.3346 0.0356 0.0268 0.0424 0.0320 0.0246 0.0383 0.0350 0.0267 0.0412
MSI  0.5001 0.7033  0.3346 0.0375 0.0336 0.0455 0.0340 0.0318 0.0414 0.0367 0.0334 0.0441
IPW 0.5004 0.7031 0.3352 0.0454 0.0439 0.0515 0.0438 0.0437  0.0505 0.0440 0.0440 0.0504
SPE  0.5002 0.7034 0.3347 0.0410 0.0416 0.0481 0.0400 0.0413 0.0465 0.0401 0.0414 0.0468
cut point = (4,5)

True 0.8031 0.1651 0.6651
FI 0.8033 0.1654 0.6656  0.0278 0.0196 0.0438 0.0260  0.0166  0.0430 0.0274 0.0196 0.0428
MSI 0.8030 0.1648 0.6654  0.0303 0.0256 0.0469 0.0284  0.0236  0.0461 0.0297 0.0259 0.0459
IPW 0.8030 0.1645 0.6655  0.0344 0.0346 0.0538 0.0335  0.0346  0.0526 0.0337 0.0349 0.0524
SPE 0.8030 0.1645 0.6654  0.0334 0.0317 0.0513 0.0325  0.0321  0.0500 0.0326 0.0322 0.0503
cut point = (4,7)

True 0.8031 0.3996  0.3349
FI  0.8033 0.4007 0.3346 0.0278 0.0300 0.0424 0.0260 0.0268 0.0383 0.0274 0.0299 0.0412
MSI  0.8030 0.4002 0.3346 0.0303 0.0367 0.0455 0.0284 0.0339 0.0414 0.0297 0.0364 0.0441
IPW  0.8030 0.4000 0.3352 0.0344 0.0458 0.0515 0.0335 0.0456 0.0505 0.0337 0.0458 0.0504
SPE  0.8030 0.4002 0.3347 0.0334 0.0431 0.0481 0.0325 0.0429 0.0465 0.0326 0.0430 0.0468
cut point = (5,7)

True 0.8996 0.2345 0.3349

FI 0.8996 0.2353 0.3346 0.0192 0.0245 0.0424 0.0182 0.0220  0.0383 0.0190 0.0248 0.0412
MSI  0.8996 0.2354 0.3346 0.0221 0.0307 0.0455 0.0212 0.0288  0.0414 0.0219 0.0310 0.0441
IPW  0.8997 0.2355 0.3352 0.0253 0.0384 0.0515 0.0249 0.0388  0.0505 0.0252 0.0391 0.0504
SPE  0.8997 0.2356 0.3347  0.0249 0.0364 0.0481 0.0246 0.0366  0.0465 0.0247 0.0367 0.0468
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Table 3.9: Simulation results from 5000 replications when both models for pi, and 7 are correctly specified (Study 1) and the third value of A is considered.

“True” denotes the true parameter value. Sample size = 1000.

TCF, TCF» TCF3 MC.sdiy MC.sd2 MC.sds asy.sdi asy.sda asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)
True 0.5000 0.3031 0.8031
FI  0.5003 0.3030 0.8040  0.0242 0.0169 0.0243 0.0226  0.0145  0.0264 0.0247 0.0170 0.0243
MSI  0.5001 0.3030 0.8038  0.0256 0.0222 0.0270 0.0240  0.0206  0.0288 0.0259 0.0224 0.0270
IPW  0.5001 0.3032 0.8038  0.0310 0.0310 0.0320 0.0310  0.0311  0.0320 0.0311 0.0311 0.0319
SPE  0.5001 0.3030 0.8040  0.0281 0.0285 0.0312 0.0283  0.0288  0.0310 0.0283 0.0287 0.0311
cut point = (2,5)
True 0.5000 0.4682 0.6651
FI 0.5003 0.4682 0.6663  0.0242 0.0193 0.0301 0.0226  0.0167  0.0304 0.0247 0.0191 0.0301
MSI  0.5001 0.4681 0.6663  0.0256 0.0248 0.0320 0.0240  0.0230  0.0326 0.0259 0.0247 0.0324
IPW 0.5001 0.4683 0.6664  0.0310 0.0337 0.0368 0.0310  0.0336  0.0373 0.0311 0.0336 0.0370
SPE 0.5001 0.4682 0.6665 0.0281 0.0311 0.0350 0.0283 0.0312 0.0355 0.0283 0.0312 0.0355
cut point = (2,7)
True 0.5000 0.7027 0.3349
FI  0.5003 0.7028 0.3359 0.0242 0.0188 0.0289 0.0226 0.0173 0.0271 0.0247 0.0188 0.0290
MSI  0.5001 0.7025 0.3359  0.0256 0.0236 0.0307 0.0240  0.0225  0.0293 0.0259 0.0236 0.0311
IPW 0.5001 0.7023 0.3360  0.0310 0.0311 0.0350 0.0310  0.0310  0.0358 0.0311 0.0311 0.0356
SPE  0.5001 0.7024 0.3358  0.0281 0.0292 0.0324 0.0283  0.0293  0.0329 0.0283 0.0293 0.0330
cut point = (4,5)
True 0.8031 0.1651 0.6651
FI 0.8034 0.1652 0.6663  0.0193 0.0139 0.0301 0.0184  0.0117  0.0304 0.0193 0.0138 0.0301
MSI 0.8032 0.1652 0.6663  0.0211 0.0184 0.0320 0.0201 0.0167  0.0326 0.0209 0.0183 0.0324
IPW 0.8034 0.1651 0.6664  0.0241 0.0248 0.0368 0.0237  0.0246  0.0373 0.0237 0.0247 0.0370
SPE 0.8032 0.1653 0.6665  0.0233 0.0229 0.0350 0.0230  0.0228  0.0355 0.0230 0.0228 0.0355
cut point = (4,7)
True 0.8031 0.3996 0.3349
FI 0.8034 0.3998 0.3359  0.0193 0.0207 0.0289 0.0184  0.0189  0.0271 0.0193 0.0210 0.0290
MSI  0.8032 0.3995 0.3359 0.0211 0.0253 0.0307 0.0201 0.0240 0.0293 0.0209 0.0256 0.0311
IPW  0.8034 0.3991 0.3360  0.0241 0.0319 0.0350 0.0237  0.0323  0.0358 0.0237 0.0323 0.0356
SPE  0.8032 0.3994 0.3358  0.0233 0.0299 0.0324 0.0230  0.0303  0.0329 0.0230 0.0304 0.0330
cut point = (5,7)
True 0.8996 0.2345 0.3349
FI 0.8998 0.2346 0.3359  0.0134 0.0172 0.0289 0.0129  0.0155  0.0271 0.0134 0.0174 0.0290
MSI  0.8997 0.2343 0.3359  0.0157 0.0216 0.0307 0.0150  0.0204  0.0293 0.0155 0.0218 0.0311
IPW  0.8998 0.2340 0.3360  0.0180 0.0273 0.0350 0.0177  0.0274  0.0358 0.0177 0.0275 0.0356
SPE  0.8997 0.2342 0.3358  0.0178 0.0256 0.0324 0.0174  0.0258  0.0329 0.0174 0.0259 0.0330

114

200funs NOY Y1 buypwso Lof SpPoYIPUL PIFI2LLOI—SDIT
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a logistic regression model with V' as the response and T as predictor, while py; is still obtained
from the multinomial logistic model (similarly to the first scenario). Clearly, the model used for
verification status is misspecified.

Table 3.11-3.12 show Monte Carlo means and standard deviations for the estimators of the true
class fractions TCF, TCFy and TCF5. Moreover, estimated standard deviations (via asymptotic
theory) and bootstrap standard deviations are also presented. The results clearly show the effect of
misspecification on IPW estimates, despite the high sample size. In particular, in terms of bias, the
TPW method performs almost always poorly, with high distortion in some cases (values highlighted
in bold). On the other hand, the SPE estimator behaves well, due to its doubly robustness property.

Study 3

Starting from two independent random variables Z; ~ N(0,0.5) and Zy ~ N(0,0.5), the true

conditional disease D is generated by a trinomial random vector (D, Da, D3) such that

Dy — 1 ifZ1+2Z5< hy D, — 1 ifhy <Zi1+ 25 <ho
7Y 0 otherwise 7271 0 otherwise

I%:{liﬂﬁf%>h2
0 otherwise
Here, hy and hs are two thresholds. We choose h; and hy to make #; = 0.4 and 63 = 0.25. The
continuous test result 7" and the covariate A are generated to be related to D through Z; and Zs.
More precisely,

T =0.5(Z, + Z3) + 1, A=71+4 75+ e,

where €1 and ey are two independent normal random variables with mean 0 and the common
variance 0.25, independent also from Z; and Z,. The verification status V is simulated by the

following logistic model
logit {Pr(V =1|T,A)} = 0.1 — 1.53T + A.

Under this model, the verification rate is roughly 0.52. We consider the cut points as the pairs
(-1,-0.5),(-1,0.7),(-1,1.3),(—-0.5,0.7), (—0.5,1.3) and (0.7,1.3). In this set—up, we determine

the true values of TCF’s as

qcm@gzééﬂ/m©<i%2?)a@m,
TORs(e109) = G 3m) I [q’ (s ) 2 (“az )] e
TCFa(cs) = 1 — % /} o (\/OLQEZ> 6(2)dz.

The aim in this scenario is to evaluate the behavior of the estimators, in particular that of FI,
MSI and SPE, when the estimators pg; are inconsistent, whereas 7; are consistent. Therefore, pg;
are obtained from a multinomial logistic regression model with (Dj, Dy, D3) as the response and
T as predictor. As the correct process is a multinomial probit process, the chosen model is clearly
misspecified. To estimate the conditional verification process m, we use a generalized linear model
for V given T and A with logit link. Clearly, this model is correctly specified.

Table 3.13 shows Monte Carlo means and standard deviations for the estimators of the true

class fractions TCF;, TCFy and TCF3. Moreover, estimated standard deviations (via asymptotic



Table 3.10: Simulation results from 5000 replications when the model for the verification process is misspecified (Study 2) and the first value of A is used.

“True” indicates the true parameter value. Sample size = 1000.

TCF, TCF» TCF3 MC.sdi MC.sd2 MC.sds asy.sd; asy.sdz2 asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)
True 0.5000 0.4347 0.9347
FI  0.5011 0.4345 0.9351 0.0277 0.0238 0.0152 0.0239  0.0203  0.0262 0.0275 0.0241 0.0153
MSI  0.5011 0.4344 0.9351 0.0280 0.0259 0.0169 0.0243  0.0226  0.0271 0.0279 0.0260 0.0169
IPW 0.5822 0.4436 0.9375 0.0381 0.0407 0.0213 0.0380  0.0400  0.0255 0.0381 0.0401 0.0212
SPE  0.5011 0.4345 0.9352 0.0304 0.0334 0.0218 0.0304 0.0330 0.0214 0.0305 0.0331 0.0216
cut point = (2,5)
True  0.5000 0.7099 0.7752
FI  0.5011 0.7105 0.7765 0.0277 0.0227 0.0297 0.0239  0.0223  0.0334 0.0275 0.0228 0.0298
MSI  0.5011 0.7101 0.7762 0.0280 0.0245 0.0305 0.0243  0.0241 0.0343 0.0279 0.0245 0.0309
IPW 0.5822 0.6815 0.8046  0.0381 0.0376 0.0325 0.0380  0.0370  0.0381 0.0381 0.0371 0.0327
SPE 0.5011 0.7099 0.7760 0.0304 0.0309 0.0328 0.0304 0.0306 0.0330 0.0305 0.0307 0.0331
cut point = (2,7)
True  0.5000 0.9230 0.2248
FI 0.5011 0.9233 0.2256 0.0277 0.0144 0.0270 0.0239 0.0193 0.0250 0.0275 0.0143 0.0270
MSI  0.5011 0.9234 0.2258 0.0280 0.0161 0.0275 0.0243  0.0204  0.0256 0.0279 0.0158 0.0275
IPW 0.5822 0.9009 0.2306 0.0381 0.0276 0.0306 0.0380  0.0268  0.0316 0.0381 0.0270 0.0308
SPE  0.5011 0.9234 0.2258 0.0304 0.0225 0.0279 0.0304  0.0218  0.0280 0.0305 0.0220 0.0281
cut point = (4,5)
True  0.9347 0.2752 0.7752
FI  0.9352 0.2760 0.7765 0.0135 0.0218 0.0297 0.0127  0.0168  0.0334 0.0135 0.0215 0.0298
MSI  0.9352 0.2757 0.7762 0.0143 0.0237 0.0305 0.0135  0.0191 0.0343 0.0143 0.0233 0.0309
IPW 0.9540 0.2379 0.8046 0.0139 0.0335 0.0325 0.0138  0.0330  0.0381 0.0139 0.0331 0.0327
SPE  0.9352 0.2754 0.7760 0.0161 0.0279 0.0328 0.0160  0.0275  0.0330 0.0161 0.0275 0.0331
cut point = (4,7)
True  0.9347 0.4883 0.2248
FI  0.9352 0.4888 0.2256 0.0135 0.0290 0.0270 0.0127  0.0259  0.0250 0.0135 0.0287 0.0270
MSI 0.9352 0.4889 0.2258 0.0143 0.0302 0.0275 0.0135 0.0273 0.0256 0.0143 0.0300 0.0275
IPW 0.9540 0.4574 0.2306 0.0139 0.0391 0.0306 0.0138  0.0387  0.0316 0.0139 0.0388 0.0308
SPE  0.9352 0.4890 0.2258 0.0161 0.0328 0.0279 0.0160  0.0327  0.0280 0.0161 0.0328 0.0281
cut point = (5,7)
True 0.9883 0.2132 0.2248
FI  0.9883 0.2128 0.2256 0.0040 0.0216 0.0270 0.0038  0.0190  0.0250 0.0040 0.0215 0.0270
MSI  0.9884 0.2133 0.2258 0.0050 0.0231 0.0275 0.0046  0.0208  0.0256 0.0050 0.0231 0.0275
IPW 0.9912 0.2195 0.2306 0.0060 0.0305 0.0306 0.0054  0.0301 0.0316 0.0059 0.0302 0.0308
SPE  0.9885 0.2135 0.2258 0.0065 0.0256 0.0279 0.0060  0.0256  0.0280 0.0064 0.0257 0.0281
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Table 3.11: Simulation results from 5000 replications when the model for the verification process is misspecified (Study 2) and the second value of A is
used. “True” indicates the true parameter value. Sample size = 1000.
TCF, TCF» TCF3 MC.sdi MC.sd2 MC.sds asy.sd; asy.sdz2 asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3970 0.8970
FI ~ 0.4998 0.3970 0.8977 0.0267 0.0211 0.0207 0.0231 0.0172 0.0268 0.0268 0.0213 0.0204
MSI  0.4997 0.3970 0.8978 0.0272 0.0240 0.0220 0.0237  0.0202 0.0279 0.0274 0.0239 0.0219
IPW 0.5983 0.3743 0.9150 0.0364 0.0407 0.0257 0.0368 0.0399 0.0284 0.0369 0.0399 0.0258
SPE  0.4996 0.3971 0.8980 0.0314 0.0342 0.0268 0.0314 0.0336 0.0267 0.0315 0.0336 0.0268
cut point = (2,5)

True  0.5000 0.6335 0.7365
FI  0.4998 0.6340 0.7381 0.0267 0.0218 0.0332 0.0231 0.0198 0.0344 0.0268 0.0219 0.0326
MSI  0.4997 0.6338 0.7381 0.0272 0.0246 0.0344 0.0237  0.0226 0.0356 0.0274 0.0243 0.0338
IPW 0.5983 0.5749 0.7965 0.0364 0.0406 0.0348 0.0368 0.0401 0.0387 0.0369 0.0402 0.0346
SPE 0.4996 0.6338 0.7383 0.0314 0.0341 0.0368 0.0314 0.0335 0.0364 0.0315 0.0336 0.0364
cut point = (2,7)

True  0.5000 0.8682 0.2635
FI 0.4998 0.8690 0.2639 0.0267 0.0175 0.0295 0.0231 0.0190 0.0280 0.0268 0.0176 0.0290
MSI  0.4997 0.8689 0.2639 0.0272 0.0197 0.0308 0.0237  0.0211 0.0292 0.0274 0.0198 0.0302
IPW 0.5983 0.8307 0.3054 0.0364 0.0342 0.0347 0.0368 0.0341 0.0358 0.0369 0.0343 0.0343
SPE  0.4996 0.8688 0.2639 0.0314 0.0283 0.0316 0.0314 0.0282 0.0308 0.0315 0.0284 0.0310
cut point = (4,5)

True  0.8970 0.2365 0.7365
FI  0.8975 0.2370 0.7381 0.0159 0.0191 0.0332 0.0153  0.0147  0.0344 0.0162 0.0191 0.0326
MSI  0.8974 0.2368 0.7381 0.0168 0.0215 0.0344 0.0162  0.0175  0.0356 0.0171 0.0213 0.0338
IPW 0.9216 0.2006 0.7965 0.0165 0.0315 0.0348 0.0167  0.0308  0.0387 0.0168 0.0309 0.0346
SPE  0.8974 0.2367 0.7383 0.0189 0.0266 0.0368 0.0191 0.0261 0.0364 0.0191 0.0262 0.0364
cut point = (4,7)

True  0.8970 0.4711 0.2635
FI  0.8975 0.4721 0.2639 0.0159 0.0276 0.0295 0.0153 0.0247 0.0280 0.0162 0.0276 0.0290
MSI 0.8974 0.4719 0.2639 0.0168 0.0300 0.0308 0.0162 0.0269 0.0292 0.0171 0.0296 0.0302
IPW 0.9216 0.4564 0.3054 0.0165 0.0395 0.0347 0.0167  0.0387 0.0358 0.0168 0.0388 0.0343
SPE  0.8974 0.4717 0.2639 0.0189 0.0339 0.0316 0.0191 0.0331 0.0308 0.0191 0.0333 0.0310
cut point = (5,7)

True  0.9711 0.2347 0.2635

FI  0.9712 0.2351 0.2639 0.0069 0.0208 0.0295 0.0067  0.0185 0.0280 0.0070 0.0209 0.0290
MSI  0.9712 0.2351 0.2639 0.0083 0.0237 0.0308 0.0080  0.0214  0.0292 0.0084 0.0234 0.0302
IPW 0.9752 0.2558 0.3054  0.0092 0.0319 0.0347 0.0091 0.0315 0.0358 0.0092 0.0316 0.0343
SPE  0.9713 0.2350 0.2639 0.0101 0.0273 0.0316 0.0100  0.0266 0.0308 0.0101 0.0267 0.0310
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Table 3.12: Simulation results from 5000 replications when the model for the verification process is misspecified (Study 2) and the third value of A is used.
“True” indicates the true parameter value. Sample size = 1000.
TCF, TCF» TCF3 MC.sdi MC.sd2 MC.sds asy.sd; asy.sdz2 asy.sds boot.sd; boot.sda  boot.sds
cut point = (2,4)

True 0.5000 0.3031 0.8031
FI ~ 0.4998 0.3026 0.8043 0.0257 0.0172 0.0280 0.0221 0.0124 0.0293 0.0259 0.0171 0.0278
MSI  0.4999 0.3027 0.8044 0.0264 0.0204 0.0297 0.0230 0.0166 0.0308 0.0267 0.0204 0.0293
IPW 0.6267 0.2614 0.8259 0.0345 0.0371 0.0371 0.0346 0.0364 0.0372 0.0348 0.0366 0.0365
SPE  0.5000 0.3031 0.8047 0.0322 0.0323 0.0361 0.0324 0.0321 0.0352 0.0326 0.0322 0.0354
cut point = (2,5)

True  0.5000 0.4682 0.6651
FI  0.4998 0.4681 0.6667 0.0257 0.0192 0.0341 0.0221 0.0151 0.0342 0.0259 0.0192 0.0343
MSI  0.4999 0.4681 0.6664 0.0264 0.0227 0.0354 0.0230 0.0195 0.0357 0.0267 0.0229 0.0358
IPW 0.6267 0.3884 0.7253 0.0345 0.0403 0.0396 0.0346 0.0400 0.0413 0.0348 0.0402 0.0401
SPE 0.5000 0.4684 0.6665 0.0322 0.0352 0.0389 0.0324 0.0353 0.0391 0.0326 0.0355 0.0393
cut point = (2,7)

True  0.5000 0.7027 0.3349
FI 0.4998 0.7035 0.3360 0.0257 0.0201 0.0318 0.0221 0.0184 0.0311 0.0259 0.0203 0.0320
MSI  0.4999 0.7035 0.3360 0.0264 0.0237 0.0337 0.0230 0.0224 0.0331 0.0267 0.0240 0.0339
IPW 0.6267 0.6157 0.4102 0.0345 0.0417 0.0386 0.0346 0.0416 0.0398 0.0348 0.0417 0.0386
SPE  0.5000 0.7038 0.3360 0.0322 0.0360 0.0350 0.0324 0.0361 0.0350 0.0326 0.0364 0.0352
cut point = (4,5)

True  0.8031 0.1651 0.6651
FI ~ 0.8032 0.1655 0.6667 0.0207 0.0139 0.0341 0.0189  0.0099  0.0342 0.0207 0.0141 0.0343
MSI  0.8031 0.1654 0.6664 0.0217 0.0165 0.0354 0.0200  0.0135  0.0357 0.0216 0.0169 0.0358
IPW 0.8512 0.1270 0.7253  0.0217 0.0245 0.0396 0.0215  0.0251 0.0413 0.0215 0.0253 0.0401
SPE  0.8030 0.1653 0.6665 0.0239 0.0225 0.0389 0.0237  0.0228  0.0391 0.0238 0.0229 0.0393
cut point = (4,7)

True  0.8031 0.3996 0.3349
FI  0.8032 0.4009 0.3360 0.0207 0.0226 0.0318 0.0189 0.0194 0.0311 0.0207 0.0227 0.0320
MSI 0.8031 0.4008 0.3360 0.0217 0.0261 0.0337 0.0200 0.0234 0.0331 0.0216 0.0262 0.0339
IPW 0.8512 0.3544 0.4102 0.0217 0.0358 0.0386 0.0215 0.0362 0.0398 0.0215 0.0363 0.0386
SPE  0.8030 0.4008 0.3360 0.0239 0.0326 0.0350 0.0237  0.0325 0.0350 0.0238 0.0327 0.0352
cut point = (5,7)

True  0.8996 0.2345 0.3349

FI ~ 0.8997 0.2354 0.3360 0.0144 0.0183 0.0318 0.0135 0.0156 0.0311 0.0144 0.0184 0.0320
MSI  0.8995 0.2354 0.3360 0.0158 0.0223 0.0337 0.0149  0.0197  0.0331 0.0157 0.0220 0.0339
IPW 0.9149 0.2274 0.4102 0.0163 0.0303 0.0386 0.0160  0.0299 0.0398 0.0161 0.0301 0.0386
SPE  0.8995 0.2355 0.3360 0.0175 0.0273 0.0350 0.0173  0.0268 0.0350 0.0174 0.0269 0.0352
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theory) and bootstrap standard deviations are also presented. The results clearly show the effect
of misspecification on FI and MSI estimates, despite the high sample size. In particular, in terms
of bias, the two methods performs almost always poorly, with high distortion in some cases (values

highlighted in bold). Again, the SPE estimator behaves well due to its doubly robustness property.

Study 4

We generate data exactly as in Study 3. The aim in this scenario is to evaluate the behavior of FI,
MSI, IPW and SPE estimators when the estimates py; and 7; are inconsistent. Therefore, pg; are
obtained from a multinomial logistic regression model with (D1, D, D3) as the response and T as
predictor. This model is misspecified. To estimate the conditional verification disease 7, we use a
generalized linear model for V given T and A%/3 with logit link. Clearly, this model is misspecified.

Table 3.14 shows Monte Carlo means and standard deviations for the estimators of the true
class fractions TCF, TCFy and TCF5. Moreover, estimated standard deviations (via asymptotic
theory) and bootstrap standard deviations are also presented. The results clearly show that when
both the disease and verification models are misspecified, all estimators may behave poorly, with

high distortion in some cases (values highlighted in bold).

3.3.2 Simulation studies for the KNI estimator

To assess the performance of the KNN approach in finite samples under MAR assumption, we
conducted the following simulation experiments. The first study uses the same setting as in Study
1 of the parametric approaches, and aims to investigate the effect of the choice of K for the bias
and variance of the estimates. In particular, we use K = 1, 3,5, 10, 20 and the Euclidean distance.
The asymptotic variances are estimated by using the procedure discussed in Section 3.2.3, with
K = 2. The results obtained with the three different values of A are respectively presented in
Tables 3.15-3.17, 3.18-3.20 and 3.21-3.23. As shown in the results, the KNN estimators seem to
be working well, and also the estimates of asymptotic variances. It is easy to realize that the bias
of estimates are increasing when K changes from 1 to 20, whereas, the variances are decreasing. In
this study, a choice of a small value of K (within the range 1 to 3) seems a good choice; nevertheless,
it is worth noting that, in practice, the best choice of K might depend upon the dimension of the
feature space as we already mentioned.

The second study concerns the advantage of the KNN estimator in the setting of misspecification
models. The set—up of the disease status D, diagnostic test 7" and covariate A presented in Study 3
of previous part are repeated. The verification status V is simulated through the following logistic
model

logit{Pr(V =1|T, A)} = —1.5 — 0.35T — 1.5A.

Under this model, the verification rate is roughly 0.276. This has led us to the choice of n = 1000.
For the cut point, we still consider the six pairs that employed in Study 3, i.e., (—1.0,—0.5),
(-1.0,0.7), (-1.0,1.3), (—0.5,0.7), (—0.5,1.3) and (0.7,1.3). Note that, in this study, both the
estimates for py; and 7; obtained through parametric approaches are inconsistent, as px; could be
obtained by from a multinomial logistic regression model with D = (D1, Dy, D3) as the response
and T as predictor; and 7; could be estimated by a generalized linear model for V given T and
A?/3 with logit link. Clearly, the two fitted models are misspecified. The KNN estimators are
obtained by using K = 1 and K = 3 and the Euclidean distance. Again, we use K = 2 in the
KNN procedure to estimate standard deviations of KNN estimators. Table 3.24 presents Monte



Table 3.13: Simulation results from 5000 replications when only model for py is misspecified (Study 3). “True” indicates the true parameter value. Sample

size = 1000.

TCF, TCFo TCF3 MC.sdi; MC.sd2 MC.sds asy.sdi asy.sdz2 asy.sds boot.sdy boot.sda  boot.sds
cut point = (-1,-0.5)
True 0.1812 0.1070 0.9817
FI 0.2144 0.1318 0.9813 0.0230 0.0152 0.0051 0.0243 0.0135 0.0200 0.0230 0.0150 0.0052
MSI 0.2172 0.1328 0.9800 0.0237 0.0182 0.0074 0.0250 0.0166 0.0207 0.0237 0.0179 0.0075
IPW 0.1819 0.1072 0.9817 0.0258 0.0197 0.0091 0.0258 0.0194 0.0135 0.0260 0.0196 0.0092
SPE 0.1818 0.1073 0.9816 0.0208 0.0206 0.0093 0.0207 0.0202 0.0090 0.0208 0.0204 0.0094
cut point = (-1,0.7)
True 0.1812 0.8609 0.4469
FI  0.2144 0.8879 0.4010 0.0230 0.0149 0.0284 0.0243 0.0153 0.0242 0.0230 0.0146 0.0284
MSI  0.2172 0.8931 0.4035 0.0237 0.0165 0.0292 0.0250 0.0172 0.0251 0.0237 0.0165 0.0292
IPW 0.1819 0.8606 0.4462 0.0258 0.0350 0.0437 0.0258 0.0342 0.0447 0.0260 0.0348 0.0437
SPE 0.1818 0.8608 0.4462 0.0208 0.0311 0.0455 0.0207 0.0305 0.0449 0.0208 0.0310 0.0482
cut point = (-1,1.3)
True 0.1812 0.9732 0.1171
FI 0.2144 0.9672 0.0949 0.0230 0.0063 0.0161 0.0243 0.0099 0.0104 0.0230 0.0062 0.0161
MSI  0.2172 0.9708 0.0960 0.0237 0.0079 0.0164 0.0250 0.0110 0.0109 0.0237 0.0078 0.0164
IPW 0.1819 0.9734 0.1164 0.0258 0.0167 0.0358 0.0258 0.0130 0.0347 0.0260 0.0160 0.0354
SPE 0.1818 0.9734 0.1169 0.0208 0.0158 0.0281 0.0207 0.0128 0.0263 0.0208 0.0151 0.0333
cut point = (-0.5,0.7)
True 0.4796 0.7539 0.4469
FI  0.5497 0.7561 0.4010 0.0302 0.0196 0.0284 0.0284 0.0183 0.0242 0.0301 0.0192 0.0284
MSI  0.5502 0.7603 0.4035 0.0312 0.0220 0.0292 0.0295 0.0211 0.0251 0.0310 0.0219 0.0292
IPW 0.4801 0.7534 0.4462 0.0390 0.0373 0.0437 0.0384 0.0371 0.0447 0.0387 0.0374 0.0437
SPE 0.4801 0.7535 0.4462 0.0327 0.0344 0.0455 0.0322 0.0339 0.0449 0.0324 0.0343 0.0482
cut point = (-0.5,1.3)
True 0.4796 0.8661 0.1171
FI 0.5497 0.8354 0.0949 0.0302 0.0189 0.0161 0.0284 0.0185 0.0104 0.0301 0.0186 0.0161
MSI 0.5502 0.8380 0.0960 0.0312 0.0207 0.0164 0.0295 0.0204 0.0109 0.0310 0.0204 0.0164
IPW 0.4801 0.8661 0.1164 0.0390 0.0248 0.0358 0.0384 0.0238 0.0347 0.0387 0.0245 0.0354
SPE 0.4801 0.8660 0.1169 0.0327 0.0250 0.0281 0.0322 0.0239 0.0263 0.0324 0.0245 0.0333
cut point = (0.7,1.3)
True 0.9836 0.1122 0.1171
FI  0.9933 0.0793 0.0949 0.0023 0.0133 0.0161 0.0021 0.0119 0.0104 0.0023 0.0131 0.0161
MSI 0.9930 0.0777 0.0960 0.0038 0.0145 0.0164 0.0032 0.0135 0.0109 0.0038 0.0145 0.0164
IPW 0.9839 0.1128 0.1164 0.0183 0.0324 0.0358 0.0122 0.0319 0.0347 0.0173 0.0325 0.0354
SPE 0.9839 0.1125 0.1169 0.0180 0.0283 0.0281 0.0122 0.0280 0.0263 0.0170 0.0285 0.0333
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Table 3.14: Simulation results from 5000 replications when both models for py and 7 are misspecified (Study 4). “True” indicates the true parameter value.
Sample size = 1000.

TCF, TCF» TCF3 MC.sdi MC.sd2 MC.sds asy.sd; asy.sdz2 asy.sds boot.sd; boot.sda  boot.sds
cut point = (-1,-0.5)

True 0.1812 0.1070 0.9817
FI 0.2143 0.1320 0.9814 0.0231 0.0149 0.0051 0.0243 0.0135 0.0200 0.0230 0.0150 0.0052
MSI 0.2170 0.1330 0.9801 0.0238 0.0179 0.0074 0.0250 0.0166 0.0207 0.0237 0.0179 0.0075
IPW 0.2185 0.1339 0.9792 0.0284 0.0234 0.0102 0.0282 0.0232 0.0105 0.0283 0.0233 0.0102
SPE 0.2183 0.1339  0.9792 0.0247 0.0220 0.0101 0.0245 0.0219 0.0098 0.0246 0.0219 0.0102
cut point = (-1,0.7)

True  0.1812 0.8609 0.4469
FI  0.2143 0.8887 0.4002 0.0231 0.0143 0.0285 0.0243 0.0153 0.0242 0.0230 0.0146 0.0285
MSI 0.2170 0.8940 0.4029 0.0238 0.0164 0.0290 0.0250 0.0171 0.0251 0.0237 0.0165 0.0292
IPW 0.2185 0.8994 0.4078 0.0284 0.0237 0.0397 0.0282 0.0232 0.0410 0.0283 0.0234 0.0397
SPE 0.2183 0.8998 0.4071 0.0247 0.0223 0.0323 0.0245 0.0219 0.0325 0.0246 0.0220 0.0326
cut point = (-1,1.3)

True 0.1812 0.9732 0.1171
FI  0.2143 0.9675 0.0947 0.0231 0.0061 0.0160 0.0243 0.0099 0.0104 0.0230 0.0062 0.0161
MSI 0.2170 0.9711 0.0958 0.0238 0.0078 0.0163 0.0250 0.0110 0.0108 0.0237 0.0078 0.0164
IPW  0.2185 0.9742 0.0977 0.0284 0.0112 0.0269 0.0282 0.0107 0.0270 0.0283 0.0111 0.0273
SPE 0.2183 0.9742 0.0978 0.0247 0.0110 0.0174 0.0245 0.0105 0.0175 0.0246 0.0108 0.0177
cut point = (-0.5,0.7)

True 0.4796 0.7539 0.4469
FI  0.5510 0.7567 0.4002 0.0306 0.0190 0.0285 0.0285 0.0183 0.0242 0.0301 0.0192 0.0285
MSI 0.5514 0.7610 0.4029 0.0316 0.0219 0.0290 0.0295 0.0211 0.0251 0.0310 0.0219 0.0292
IPW 0.5509 0.7655 0.4078 0.0360 0.0313 0.0397 0.0357 0.0310 0.0410 0.0358 0.0311 0.0397
SPE  0.5509 0.7659 0.4071 0.0336 0.0286 0.0323 0.0329 0.0286 0.0325 0.0329 0.0287 0.0326
cut point = (-0.5,1.3)

True 0.4796 0.8661 0.1171
FI  0.5510 0.8355 0.0947 0.0306 0.0186 0.0160 0.0285 0.0186 0.0104 0.0301 0.0186 0.0161
MSI 0.5514 0.8380 0.0958 0.0316 0.0205 0.0163 0.0295 0.0204 0.0108 0.0310 0.0204 0.0164
IPW 0.5509 0.8403 0.0977 0.0360 0.0255 0.0269 0.0357  0.0251 0.0270 0.0358 0.0252 0.0273
SPE 0.5509 0.8403 0.0978 0.0336 0.0240 0.0174 0.0329 0.0237 0.0175 0.0329 0.0238 0.0177
cut point = (0.7,1.3)

True  0.9836 0.1122 0.1171

FI  0.9934 0.0788 0.0947  0.0022 0.0129 0.0160 0.0021 0.0119 0.0104 0.0023 0.0131 0.0161
MSI 0.9930 0.0771 0.0958 0.0038 0.0145 0.0163 0.0032 0.0134  0.0108 0.0037 0.0145 0.0164
IPW 0.9925 0.0748 0.0977  0.0075 0.0213 0.0269 0.0057  0.0208 0.0270 0.0073 0.0211 0.0273
SPE 0.9925 0.0744 0.0978 0.0074 0.0201 0.0174 0.0058  0.0196 0.0175 0.0073 0.0198 0.0177
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Table 3.15: Simulation results of the KNN estimators for TCFs. The sample size equals to 250
and the first value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)

True 0.5000 0.4347 0.9347

INN 0.4989 04334 0.9331 0.0592 0.0665 0.0387  0.0555  0.0626  0.0382

3NN 04975 0.4325 0.9322  0.0567 0.0617 0.0364  0.0545 0.0608  0.0372

5NN  0.4965 0.4320 0.9315  0.0559 0.0600 0.0360  0.0543  0.0604  0.0372
10NN  0.4943 0.4306 0.9297  0.0551 0.0580 0.0357  0.0542  0.0600  0.0376
20NN 0.4902 0.4278 0.9258  0.0542 0.0557 0.0358  0.0541  0.0595 0.0384

cut point = (2, 5)
True 0.5000 0.7099 0.7752
INN 0.4989 0.7068 0.7738  0.0592 0.0627 0.0652  0.0555  0.0591  0.0625
3NN 0.4975 0.7038 0.7714  0.0567 0.0576 0.0615  0.0545 0.0574 0.0610
5NN  0.4965 0.7016 0.7698  0.0559 0.0558 0.0607  0.0543  0.0571  0.0609
10NN  0.4943 0.6967 0.7662  0.0551 0.0535 0.0599  0.0542  0.0568  0.0612
20NN 0.4902 0.6881 0.7595  0.0542 0.0535 0.0594  0.0541 0.0567  0.0612

cut point = (2,7)

True 0.5000 0.9230 0.2248

INN 0.4989 0.9201 0.2233  0.0592 0.0372 0.0577  0.0555 0.0366  0.0570

3NN 04975 0.9177 0.2216  0.0567 0.0340 0.0558  0.0545 0.0355  0.0563

5NN  0.4965 0.9157 0.2205  0.0559 0.0330 0.0550  0.0543  0.0355  0.0561
10NN  0.4943 0.9112 0.2184  0.0551 0.0318 0.0542  0.0542  0.0358  0.0560
20NN 0.4902 0.9031 0.2145  0.0542 0.0318 0.0531  0.0541 0.0366  0.0559

cut point = (4, 5)
True 0.9347 0.2752 0.7752
INN 0.9322 0.2734 0.7738 0.0374 0.0572 0.0652  0.0342  0.0553  0.0625
3NN 0.9303 0.2712 0.7714  0.0328 0.0526 0.0615  0.0332  0.0538  0.0610
5NN  0.9288 0.2696 0.7698  0.0315 0.0512 0.0607  0.0332  0.0534  0.0609
10NN  0.9255 0.2662 0.7662  0.0301 0.0489 0.0599  0.0335 0.0529  0.0612
20NN 0.9196 0.2603 0.7595  0.0291 0.0467 0.0594  0.0342 0.0522  0.0612

cut point = (4,7)

True 0.9347 0.4883 0.2248

INN 0.9322 0.4867 0.2233 0.0374 0.0680 0.0577  0.0342  0.0633  0.0570

3NN 0.9303 0.4852 0.2216  0.0328 0.0630 0.0558  0.0332  0.0615  0.0563

5NN 0.9288 0.4837 0.2205  0.0315 0.0615 0.0550  0.0332 0.0611  0.0561
10NN  0.9255 0.4807 0.2184  0.0301 0.0597 0.0542  0.0335 0.0606  0.0560
20NN 09196 0.4753 0.2145 0.0291 0.0577 0.0531  0.0342  0.0602  0.0559

cut point = (5, 7)
True 0.9883 0.2132 0.2248
INN 0.9868 0.2133 0.2233  0.0177 0.0567 0.0577  0.0172  0.0532  0.0570
3NN 0.9860 0.2139 0.2216  0.0151 0.0519 0.0558 0.0168  0.0516  0.0563
5NN  0.9851 0.2141 0.2205 0.0142 0.0502 0.0550  0.0170  0.0512  0.0561
10NN 0.9833 0.2145 0.2184 0.0135 0.0479 0.0542  0.0174  0.0508  0.0560
20NN 0.9800 0.2150 0.2145 0.0131 0.0453 0.0531 0.0183  0.0505  0.0559
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Table 3.16: Simulation results of the KNN estimators for TCFs. The sample size equals to 500
and the first value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)
True 0.5000 0.4347 0.9347
INN 0.5000 0.4343 0.9333 0.0419 0.0464 0.0285 0.0393  0.0443  0.0269
3NN 0.4991 0.4343 0.9329  0.0401 0.0430  0.0266  0.0386  0.0431  0.0262
5NN 0.4984 0.4339 0.9324 0.0396 0.0419  0.0262 0.0385 0.0429 0.0261
10NN  0.4971 0.4332 0.9315 0.0391 0.0407 0.0258 0.0384 0.0426  0.0262
20NN 0.4948 0.4317 0.9296 0.0386  0.0394  0.0256  0.0383 0.0424  0.0265
cut point = (2, 5)
True 0.5000 0.7099 0.7752
INN 0.5000 0.7077 0.7732 0.0419  0.0450  0.0466  0.0393  0.0417  0.0442
3NN 0.4991 0.7066 0.7722  0.0401 0.0415  0.0437  0.0386  0.0406  0.0431
5NN 0.4984 0.7053 0.7712 0.0396  0.0404  0.0430  0.0385 0.0403  0.0429
10NN 0.4971 0.7025 0.7693  0.0391 0.0391 0.0423  0.0384 0.0402 0.0430
20NN 0.4948 0.6975 0.7656  0.0386  0.0391 0.0417  0.0383 0.0401  0.0430
cut point = (2,7)
True 0.5000 0.9230 0.2248
INN 0.5000 0.9214 0.2235 0.0419 0.0261 0.0407 0.0393  0.0256  0.0401
3NN 0.4991 0.9199 0.2225 0.0401 0.0240  0.0392  0.0386  0.0248  0.0396
5NN 0.4984 0.9186 0.2218 0.0396  0.0235  0.0388  0.0385 0.0248  0.0395
10NN  0.4971 0.9160 0.2205 0.0391 0.0229 0.0384 0.0384 0.0248 0.0394
20NN 0.4948 0.9115 0.2183 0.0386  0.0229  0.0379  0.0383 0.0251  0.0394
cut point = (4, 5)
True 0.9347 0.2752 0.7752
INN 0.9332 0.2734 0.7732 0.0269  0.0398  0.0466  0.0242 0.0391  0.0442
3NN 0.9317 0.2723 0.7722 0.0242  0.0371 0.0437  0.0235 0.0381  0.0431
5NN 0.9308 0.2713 0.7712 0.0233  0.0360  0.0430  0.0234  0.0379  0.0429
10NN 0.9287 0.2693 0.7693 0.0225  0.0350  0.0423  0.0235 0.0376  0.0430
20NN 0.9254 0.2658 0.7656  0.0215  0.0337  0.0417  0.0237 0.0373  0.0430
cut point = (4,7)
True 0.9347 0.4883 0.2248
INN 0.9332 0.4871 0.2235  0.0269 0.0465 0.0407 0.0242  0.0447  0.0401
3NN 0.9317 0.4855 0.2225 0.0242  0.0434  0.0392 0.0235 0.0436  0.0396
5NN 0.9308 0.4847 0.2218 0.0233  0.0424  0.0388  0.0234 0.0433  0.0395
10NN  0.9287 0.4829 0.2205 0.0225 0.0414 0.0384 0.0235 0.0431 0.0394
20NN 0.9254 0.4798 0.2183 0.0215  0.0403  0.0379  0.0237 0.0428  0.0394
cut point = (5, 7)
True 0.9883 0.2132 0.2248
INN 0.9875 0.2136 0.2235 0.0129  0.0400  0.0407 0.0120 0.0376  0.0401
3NN 0.9867 0.2133 0.2225 0.0113 0.0369 0.0392 0.0118  0.0365  0.0396
5NN 0.9861 0.2133 0.2218 0.0107  0.0359  0.0388  0.0118 0.0363  0.0395
10NN 0.9850 0.2135 0.2205 0.0102  0.0345  0.0384 0.0120 0.0361 0.0394
20NN 0.9833 0.2140 0.2183  0.0098 0.0332 0.0379 0.0123  0.0359  0.0394
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Table 3.17: Simulation results of the KNN estimators for TCFs. The sample size equals to 1000
and the first value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)

True 0.5000 0.4347 0.9347

INN 0.5002 0.4349 0.9340 0.0295 0.0336 0.0194  0.0278 0.0313 0.0189

3NN 0.4997 0.4346 0.9336  0.0283 0.0318 0.0183  0.0273  0.0305 0.0183

5NN  0.4993 0.4344 0.9333  0.0280 0.0313 0.0180  0.0272  0.0304 0.0183
10NN  0.4985 0.4341 0.9328  0.0276 0.0304 0.0178  0.0272  0.0302 0.0182
20NN 04973 0.4333 0.9318 0.0273 0.0296 0.0176  0.0271  0.0301 0.0183

cut point = (2, 5)
True 0.5000 0.7099 0.7752
INN 0.5002 0.7093 0.7741  0.0295 0.0319 0.0331  0.0278  0.0295 0.0312
3NN 0.4997 0.7083 0.7733  0.0283 0.0297 0.0312  0.0273  0.0287  0.0304
5NN  0.4993 0.7075 0.7728  0.0280 0.0292 0.0306  0.0272  0.0285  0.0303
10NN  0.4985 0.7057 0.7715  0.0276 0.0282 0.0301  0.0272  0.0284  0.0302
20NN 0.4973 0.7028 0.7694  0.0273 0.0282 0.0298  0.0271  0.0283  0.0302

cut point = (2,7)

True 0.5000 0.9230 0.2248

INN 0.5002 0.9223 0.2239  0.0295 0.0187 0.0292  0.0278 0.0179  0.0283

3NN 0.4997 0.9213 0.2234  0.0283 0.0173 0.0283  0.0273  0.0174  0.0280

5NN  0.4993 0.9206 0.2229  0.0280 0.0169 0.0281  0.0272 0.0173  0.0279
10NN  0.4985 0.9190 0.2220  0.0276 0.0164 0.0279  0.0272 0.0173  0.0279
20NN 04973 0.9163 0.2208  0.0273 0.0164 0.0276  0.0271  0.0174  0.0278

cut point = (4, 5)
True 0.9347 0.2752 0.7752
INN 0.9337 0.2745 0.7741  0.0198 0.0286 0.0331  0.0172  0.0277  0.0312
3NN 0.9329 0.2737 0.7733  0.0179 0.0268 0.0312  0.0166  0.0270  0.0304
5NN 0.9323 0.2731 0.7728  0.0173 0.0263 0.0306  0.0166  0.0269  0.0303
10NN 0.9310 0.2717 0.7715  0.0166 0.0256 0.0301  0.0166  0.0267  0.0302
20NN 0.9289 0.2695 0.7694  0.0159 0.0248 0.0298  0.0166  0.0266  0.0302

cut point = (4,7)

True 0.9347 0.4883 0.2248

INN 0.9337 04874 0.2239  0.0198 0.0342 0.0292  0.0172  0.0316  0.0283

3NN 0.9329 0.4867 0.2234  0.0179 0.0322 0.0283  0.0166  0.0308  0.0280

5NN 0.9323 0.4861 0.2229  0.0173 0.0316 0.0281  0.0166  0.0307  0.0279
10NN  0.9310 0.4849 0.2220 0.0166 0.0308 0.0279  0.0166  0.0305  0.0279
20NN 0.9289 0.4830 0.2208  0.0159 0.0300 0.0276  0.0166  0.0304  0.0278

cut point = (5, 7)
True 0.9883 0.2132 0.2248
INN 0.9876 0.2130 0.2239  0.0096 0.0289 0.0292  0.0085 0.0266  0.0283
3NN 0.9871 0.2130 0.2234  0.0084 0.0268 0.0283 0.0083  0.0259  0.0280
5NN  0.9869 0.2131 0.2229  0.0080 0.0263 0.0281  0.0083  0.0257  0.0279
10NN 0.9862 0.2132 0.2220  0.0075 0.0253 0.0279  0.0083  0.0256  0.0279
20NN 0.9851 0.2135 0.2208  0.0072 0.0244 0.0276 0.0084 0.0255  0.0278
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Table 3.18: Simulation results of the KNN estimators for TCFs. The sample size equals to 250
and the second value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)
True 0.5000 0.3970 0.8970
INN 0.4982 0.3953 0.8976  0.0587 0.0642 0.0537 0.0561  0.0618  0.0487
3NN 0.4960 0.3933 0.8970 0.0556  0.0595  0.0494 0.0548 0.0600  0.0472
5NN 0.4941 0.3917 0.8966 0.0548  0.0578  0.0484  0.0545 0.0596  0.0471
10NN 0.4904 0.3885 0.8955  0.0540 0.0561 0.0473 0.0542  0.0591  0.0473
20NN 0.4841 0.3834 0.8926 0.0533  0.0539  0.0467  0.0540 0.0587  0.0479
cut point = (2, 5)
True 0.5000 0.6335 0.7365
INN 0.4982 0.6304 0.7400 0.0587  0.0645  0.0721  0.0561 0.0615  0.0672
3NN 0.4960 0.6283 0.7396 0.0556  0.0600  0.0670  0.0548  0.0597  0.0654
5NN 0.4941 0.6260 0.7392 0.0548  0.0587  0.0661  0.0545 0.0594  0.0652
10NN 0.4904 0.6212 0.7378 0.0540  0.0569  0.0649  0.0542 0.0591 0.0653
20NN 0.4841 0.6133 0.7345 0.0533  0.0569  0.0641  0.0540 0.0590  0.0653
cut point = (2,7)
True 0.5000 0.8682 0.2635
INN 0.4982 0.8672 0.2672  0.0587 0.0495 0.0629 0.0561  0.0458  0.0609
3NN 0.4960 0.8657 0.2671 0.0556  0.0452  0.0610  0.0548 0.0442  0.0601
5NN 0.4941 0.8642 0.2671 0.0548  0.0442  0.0605 0.0545 0.0440 0.0601
10NN 0.4904 0.8608 0.2667  0.0540 0.0430 0.0602 0.0542  0.0441  0.0602
20NN 0.4841 0.8539 0.2655 0.05633  0.0430  0.0598 0.0540 0.0444 0.0604
cut point = (4, 5)
True 0.8970 0.2365 0.7365
INN 0.8958 0.2352 0.7400 0.0388  0.0540  0.0721  0.0373  0.0524  0.0672
3NN 0.8946 0.2350 0.7396 0.0362  0.0502  0.0670  0.0361 0.0510  0.0654
5NN 0.8933 0.2343 0.7392 0.0355  0.0490 0.0661  0.0360 0.0507  0.0652
10NN 0.8905 0.2328 0.7378 0.0348  0.0474  0.0649 0.0360 0.0503 0.0653
20NN 0.8857 0.2299 0.7345 0.0343  0.0455  0.0641 0.0364 0.0499  0.0653
cut point = (4,7)
True 0.8970 0.4711 0.2635
INN 0.8958 0.4719 0.2672  0.0388 0.0666 0.0629 0.0373  0.0630  0.0609
3NN 0.8946 0.4724 0.2671 0.0362  0.0627  0.0610  0.0361 0.0611  0.0601
5NN 0.8933 0.4725 0.2671 0.0355  0.0612  0.0605 0.0360 0.0607 0.0601
10NN  0.8905 0.4723 0.2667  0.0348 0.0600 0.0602 0.0360 0.0604 0.0602
20NN 0.8857 0.4705 0.2655 0.0343  0.0584  0.0598  0.0364 0.0600  0.0604
cut point = (5, 7)
True 0.9711 0.2347 0.2635
INN 0.9701 0.2368 0.2672 0.0217  0.0549  0.0629  0.0213 0.0533  0.0609
3NN 0.9695 0.2375 0.2671  0.0200 0.0519 0.0610 0.0206  0.0517  0.0601
5NN 0.9689 0.2382 0.2671 0.0197  0.0507  0.0605  0.0205 0.0515  0.0601
10NN 0.9675 0.2395 0.2667 0.0194  0.0492  0.0602 0.0207 0.0512  0.0602
20NN  0.9648 0.2406 0.2655  0.0192 0.0478 0.0598 0.0212  0.0510  0.0604
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Table 3.19: Simulation results of the KNN estimators for TCFs. The sample size equals to 500
and the second value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)

True 0.5000 0.3970 0.8970

INN 0.4987 0.3958 0.8975  0.0419 0.0466 0.0379  0.0396  0.0438  0.0347

3NN 0.4975 0.3947 0.8971  0.0400 0.0431 0.0349  0.0388  0.0425 0.0335

5NN  0.4965 0.3937 0.8968  0.0395 0.0423 0.0342  0.0386  0.0423  0.0334
10NN  0.4945 0.3918 0.8962  0.0391 0.0412 0.0335  0.0384 0.0420 0.0334
20NN 0.4909 0.3886 0.8951  0.0386 0.0400 0.0328  0.0383  0.0418  0.0336

cut point = (2, 5)
True 0.5000 0.6335 0.7365
INN 0.4987 0.6318 0.7376  0.0419 0.0466 0.0510  0.0396  0.0436  0.0477
3NN  0.4975 0.6306 0.7372  0.0400 0.0433 0.0472  0.0388 0.0423 0.0464
5NN  0.4965 0.6294 0.7371  0.0395 0.0426 0.0464  0.0386  0.0420  0.0462
10NN 0.4945 0.6268 0.7366  0.0391 0.0416 0.0456  0.0384  0.0419  0.0461
20NN 0.4909 0.6222 0.7355  0.0386 0.0416 0.0448  0.0383 0.0418  0.0461

cut point = (2,7)

True 0.5000 0.8682 0.2635

INN 0.4987 0.8675 0.2634  0.0419 0.0352 0.0441  0.0396  0.0325  0.0425

3NN  0.4975 0.8667 0.2633  0.0400 0.0324 0.0427  0.0388  0.0313  0.0420

5NN  0.4965 0.8661 0.2634  0.0395 0.0316 0.0424  0.0386  0.0311  0.0419
10NN  0.4945 0.8644 0.2634  0.0391 0.0307 0.0423  0.0384 0.0311  0.0420
20NN 0.4909 0.8610 0.2632  0.0386 0.0307 0.0422  0.0383  0.0311  0.0421

cut point = (4, 5)
True 0.8970 0.2365 0.7365
INN 0.8964 0.2360 0.7376  0.0279 0.0388 0.0510  0.0263  0.0372  0.0477
3NN 0.8954 0.2359 0.7372  0.0264 0.0362 0.0472  0.0255 0.0362  0.0464
5NN  0.8947 0.2357 0.7371  0.0259 0.0353 0.0464  0.0253  0.0360  0.0462
10NN 0.8932 0.2350 0.7366  0.0254 0.0343 0.0456  0.0253  0.0358  0.0461
20NN 0.8905 0.2335 0.7355  0.0250 0.0332 0.0448  0.0254 0.0356  0.0461

cut point = (4,7)

True 0.8970 0.4711 0.2635

INN 0.8964 04717 0.2634 0.0279 0.0480 0.0441  0.0263  0.0446  0.0425

3NN  0.8954 0.4720 0.2633  0.0264 0.0448 0.0427  0.0255  0.0433  0.0420

5NN  0.8947 0.4723 0.2634  0.0259 0.0439 0.0424  0.0253 0.0431 0.0419
10NN  0.8932 0.4726 0.2634 0.0254 0.0430 0.0423  0.0253  0.0429  0.0420
20NN 0.8905 0.4723 0.2632  0.0250 0.0421 0.0422  0.0254 0.0427  0.0421

cut point = (5, 7)
True 09711 0.2347  0.2635
INN 0.9707 0.2357 0.2634  0.0150 0.0400 0.0441  0.0148 0.0376  0.0425
3NN 09701 0.2360 0.2633  0.0142 0.0373 0.0427 0.0144 0.0366  0.0420
5NN  0.9697 0.2367 0.2634  0.0139 0.0366 0.0424  0.0143 0.0364  0.0419
10NN  0.9690 0.2376 0.2634  0.0137 0.0358 0.0423  0.0143  0.0362  0.0420
20NN 09676 0.2388 0.2632  0.0136 0.0350 0.0422 0.0145 0.0361  0.0421
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Table 3.20: Simulation results of the KNN estimators for TCFs. The sample size equals to 500
and the second value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)
True 0.5000 0.3970 0.8970
INN 0.4989 0.3958 0.8974  0.0291 0.0328 0.0279 0.0280 0.0310  0.0246
3NN 0.4981 0.3950 0.8974 0.0279  0.0307  0.0258  0.0274 0.0301  0.0238
5NN 0.4975 0.3943 0.8973 0.0275  0.0301 0.0252  0.0273  0.0300 0.0236
10NN 0.4962 0.3931 0.8972  0.0271 0.0294 0.0246 0.0272  0.0298  0.0236
20NN 0.4940 0.3910 0.8966  0.0268  0.0288  0.0242  0.0271  0.0297  0.0236
cut point = (2, 5)
True 0.5000 0.6335 0.7365
INN 0.4989 0.6322 0.7372  0.0291 0.0325  0.0369  0.0280 0.0308 0.0338
3NN 0.4981 0.6312 0.7372 0.0279  0.0303  0.0345 0.0274 0.0299  0.0328
5NN 0.4975 0.6305 0.7372 0.0275  0.0298  0.0338  0.0273  0.0298  0.0327
10NN 0.4962 0.6289 0.7371  0.0271 0.0291 0.0332  0.0272  0.0296  0.0326
20NN 0.4940 0.6261 0.7367 0.0268  0.0291 0.0328  0.0271  0.0296  0.0326
cut point = (2,7)
True 0.5000 0.8682 0.2635
INN 0.4989 0.8684 0.2643  0.0291 0.0247 0.0313 0.0280 0.0229  0.0300
3NN 0.4981 0.8678 0.2643 0.0279  0.0228  0.0304  0.0274 0.0221  0.0297
5NN 0.4975 0.8674 0.2644 0.0275  0.0223  0.0301  0.0273  0.0220  0.0296
10NN  0.4962 0.8665 0.2645  0.0271 0.0217 0.0299 0.0272  0.0219  0.0296
20NN 0.4940 0.8648 0.2645 0.0268  0.0217  0.0299  0.0271  0.0219  0.0297
cut point = (4, 5)
True 0.8970 0.2365 0.7365
INN 0.8963 0.2364 0.7372 0.0198  0.0276  0.0369  0.0185 0.0263  0.0338
3NN 0.8958 0.2362 0.7372 0.0186  0.0260  0.0345 0.0179 0.0256  0.0328
5NN 0.8954 0.2361 0.7372 0.0183  0.0254  0.0338  0.0178  0.0255  0.0327
10NN 0.8945 0.2358 0.7371  0.0179  0.0248  0.0332  0.0178 0.0254  0.0326
20NN 0.8930 0.2351 0.7367 0.0177  0.0242  0.0328 0.0178 0.0253  0.0326
cut point = (4,7)
True 0.8970 0.4711 0.2635
INN 0.8963 0.4726 0.2643  0.0198 0.0342 0.0313 0.0185 0.0316  0.0300
3NN 0.8958 0.4728 0.2643 0.0186  0.0320  0.0304  0.0179  0.0307  0.0297
5NN 0.8954 0.4731 0.2644 0.0183  0.0314  0.0301  0.0178 0.0305 0.0296
10NN 0.8945 0.4734 0.2645 0.0179 0.0307 0.0299 0.0178  0.0304 0.0296
20NN 0.8930 0.4737 0.2645 0.0177  0.0302  0.0299 0.0178 0.0303  0.0297
cut point = (5, 7)
True 0.9711 0.2347 0.2635
INN 0.9709 0.2362 0.2643  0.0111 0.0281 0.0313  0.0104 0.0266  0.0300
3NN 0.9707 0.2366 0.2643  0.0103 0.0262 0.0304 0.0100 0.0259  0.0297
5NN 0.9704 0.2369 0.2644 0.0101 0.0257  0.0301  0.0100 0.0258  0.0296
10NN 0.9700 0.2376 0.2645 0.0099  0.0252  0.0299 0.0100 0.0257  0.0296
20NN 0.9692 0.2386 0.2645  0.0098 0.0247 0.0299 0.0100 0.0256  0.0297
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Table 3.21: Simulation results of the KNN estimators for TCFs. The sample size equals to 250
and the third value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)

True 0.5000 0.3031 0.8031

INN 0.4997 0.3021 0.8047  0.0592 0.0602 0.0682  0.0571 0.0584  0.0621

3NN 0.4984 0.3018 0.8043  0.0561 0.0565 0.0632  0.0556  0.0566  0.0601

5NN  0.4975 0.3016 0.8039  0.0554 0.0552 0.0621  0.0553  0.0562  0.0598
10NN  0.4956 0.3006 0.8029  0.0549 0.0539 0.0611  0.0550  0.0558  0.0597
20NN 0.4915 0.2986 0.8005  0.0543 0.0523 0.0605  0.0549 0.0555  0.0600

cut point = (2, 5)

True 0.5000 0.4682 0.6651

INN 0.4997 0.4676 0.6668  0.0592 0.0661 0.0780  0.0571  0.0634  0.0717

3NN 0.4984 0.4670 0.6666  0.0561 0.0619 0.0729  0.0556  0.0614  0.0695

5NN  0.4975 0.4665 0.6664  0.0554 0.0606 0.0717  0.0553  0.0610  0.0692
10NN  0.4956 0.4652 0.6654  0.0549 0.0593 0.0706  0.0550  0.0606  0.0691
20NN 0.4915 0.4623 0.6630 0.0543 0.0593 0.0698  0.0549 0.0604  0.0691

cut point = (2,7)

True 0.5000 0.7027 0.3349

INN 0.4997 0.7024 0.3366  0.0592 0.0633 0.0712  0.0571  0.0592  0.0675

3NN 0.4984 0.7016 0.3362  0.0561 0.0590 0.0680  0.0556  0.0572  0.0660

5NN 0.4975 0.7011 0.3361  0.0554 0.0578 0.0674  0.0553  0.0568  0.0657
10NN  0.4956 0.6995 0.3353  0.0549 0.0565 0.0666  0.0550  0.0565  0.0656
20NN 0.4915 0.6959 0.3332  0.0543 0.0565 0.0659  0.0549 0.0564  0.0656

cut point = (4, 5)

True 0.8031 0.1651 0.6651

INN 0.8032 0.1655 0.6668  0.0487 0.0481 0.0780  0.0472  0.0466  0.0717

3NN 0.8020 0.1651 0.6666  0.0460 0.0450 0.0729  0.0457 0.0451  0.0695

5NN  0.8011 0.1649 0.6664  0.0453 0.0439 0.0717  0.0455  0.0448  0.0692
10NN 0.7996 0.1646 0.6654  0.0446 0.0427 0.0706  0.0453  0.0446  0.0691
20NN 0.7965 0.1637 0.6630  0.0441 0.0412 0.0698  0.0454 0.0443  0.0691

cut point = (4,7)

True 0.8031 0.3996 0.3349

INN 0.8032 0.4003 0.3366  0.0487 0.0660 0.0712  0.0472  0.0619  0.0675

3NN  0.8020 0.3998 0.3362  0.0460 0.0617 0.0680  0.0457  0.0600  0.0660

5NN  0.8011 0.3995 0.3361  0.0453 0.0604 0.0674  0.0455 0.0596  0.0657
10NN 0.7996 0.3989 0.3353  0.0446 0.0594 0.0666  0.0453  0.0592  0.0656
20NN  0.7965 0.3973 0.3332  0.0441 0.0581 0.0659  0.0454  0.0589  0.0656

cut point = (5, 7)

True 0.8996 0.2345 0.3349

INN 0.9000 0.2348 0.3366  0.0373 0.0556 0.0712  0.0361  0.0531  0.0675

3NN 0.8992 0.2346 0.3362  0.0349 0.0520 0.0680  0.0349  0.0515  0.0660

5NN  0.8987 0.2346 0.3361  0.0345 0.0510 0.0674  0.0347 0.0511  0.0657
10NN 0.8974 0.2343 0.3353  0.0340 0.0499 0.0666  0.0346  0.0508  0.0656
20NN 0.8952 0.2335 0.3332  0.0336 0.0485 0.0659  0.0348  0.0506  0.0656
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Table 3.22: Simulation results of the KNN estimators for TCFs. The sample size equals to 500
and the third value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)
True 0.5000 0.3031 0.8031
INN 0.4994 0.3024 0.8036  0.0428 0.0441 0.0489 0.0403  0.0412  0.0442
3NN 0.4990 0.3020 0.8033 0.0409  0.0412  0.0454 0.0394 0.0399  0.0427
5NN 0.4984 0.3017 0.8032 0.0403  0.0402  0.0447 0.0391 0.0397  0.0425
10NN 0.4971 0.3010 0.8028  0.0398 0.0392 0.0438 0.0390 0.0395 0.0423
20NN 0.4951 0.3000 0.8019 0.0394 0.0384  0.0433 0.0388 0.0393  0.0424
cut point = (2, 5)
True 0.5000 0.4682 0.6651
INN 0.4994 0.4677 0.6653 0.0428  0.0476  0.0545  0.0403  0.0447  0.0509
3NN 0.4990 0.4672 0.6650 0.0409  0.0447  0.0512 0.0394 0.0434 0.0494
5NN 0.4984 0.4668 0.6648 0.0403  0.0437  0.0505 0.0391 0.0431 0.0491
10NN 0.4971 0.4659 0.6645 0.0398  0.0428  0.0498  0.0390 0.0429  0.0490
20NN 0.4951 0.4645 0.6638 0.0394  0.0428  0.0493 0.0388  0.0427  0.0490
cut point = (2,7)
True 0.5000 0.7027 0.3349
INN 0.4994 0.7018 0.3353  0.0428 0.0448 0.0495 0.0403  0.0418  0.0477
3NN 0.4990 0.7018 0.3353 0.0409  0.0419  0.0473 0.0394 0.0404 0.0466
5NN 0.4984 0.7014 0.3352 0.0403  0.0410  0.0469  0.0391 0.0401  0.0464
10NN  0.4971 0.7004 0.3349  0.0398 0.0403 0.0466 0.0390 0.0399 0.0463
20NN 0.4951 0.6988 0.3342 0.0394  0.0403  0.0463 0.0388 0.0399  0.0464
cut point = (4, 5)
True 0.8031 0.1651 0.6651
INN 0.8027 0.1653 0.6653 0.0357  0.0342  0.0545 0.0334 0.0328  0.0509
3NN 0.8024 0.1652 0.6650 0.0335  0.0319  0.0512 0.0324 0.0319 0.0494
5NN 0.8020 0.1652 0.6648 0.0329  0.0313  0.0505  0.0322 0.0317  0.0491
10NN 0.8010 0.1648 0.6645 0.0325  0.0304  0.0498 0.0320 0.0315 0.0490
20NN 0.7995 0.1645 0.6638 0.0322  0.0295  0.0493 0.0320 0.0314  0.0490
cut point = (4,7)
True 0.8031 0.3996 0.3349
INN 0.8027 0.3994 0.3353  0.0357 0.0469 0.0495 0.0334 0.0436  0.0477
3NN 0.8024 0.3997 0.3353 0.0335  0.0438  0.0473  0.0324 0.0423  0.0466
5NN 0.8020 0.3997 0.3352 0.0329  0.0432  0.0469 0.0322 0.0421  0.0464
10NN 0.8010 0.3994 0.3349  0.0325 0.0424 0.0466 0.0320 0.0418 0.0463
20NN 0.7995 0.3988 0.3342 0.0322  0.0416  0.0463  0.0320 0.0417  0.0464
cut point = (5, 7)
True 0.8996 0.2345 0.3349
INN 0.8990 0.2341 0.3353  0.0271 0.0397  0.0495 0.0256  0.0374  0.0477
3NN 0.8988 0.2345 0.3353  0.0254 0.0374 0.0473 0.0247  0.0363  0.0466
5NN 0.8985 0.2345 0.3352 0.0249  0.0368  0.0469  0.0246 0.0361  0.0464
10NN 0.8979 0.2345 0.3349 0.0246  0.0361 0.0466  0.0245 0.0359  0.0463
20NN 0.8968 0.2343 0.3342 0.0244 0.0353 0.0463 0.0245 0.0358  0.0464
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Table 3.23: Simulation results of the KNN estimators for TCFs. The sample size equals to 1000
and the third value of A is considered. “True” denotes the true parameter value.

TCF1 TCF2 TCFs MC.sdi MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)

True 0.5000 0.3031 0.8031

INN 0.4999 0.3023 0.8027  0.0295 0.0313 0.0341  0.0285 0.0291  0.0313

3NN 0.4994 0.3023 0.8030 0.0281 0.0295 0.0316  0.0278  0.0283  0.0302

5NN 0.4991 0.3021 0.8030  0.0277 0.0290 0.0309  0.0277  0.0281  0.0300
10NN 0.4986 0.3018 0.8029  0.0274 0.0284 0.0303  0.0276  0.0279  0.0299
20NN 0.4975 0.3012 0.8026  0.0271 0.0280 0.0299  0.0275 0.0278  0.0299

cut point = (2, 5)
True 0.5000 0.4682 0.6651
INN 0.4999 0.4677 0.6650 0.0295 0.0344 0.0384  0.0285 0.0316  0.0360
3NN 0.4994 0.4676 0.6653  0.0281 0.0324 0.0363  0.0278  0.0307  0.0349
5NN  0.4991 0.4674 0.6653  0.0277 0.0319 0.0356  0.0277  0.0305 0.0346
10NN 0.4986 0.4670 0.6652  0.0274 0.0313 0.0350  0.0276  0.0303  0.0345
20NN 0.4975 0.4662 0.6649  0.0271 0.0313 0.0346  0.0275 0.0302  0.0345

cut point = (2,7)

True 0.5000 0.7027 0.3349

INN 0.4999 0.7029 0.3351  0.0295 0.0323 0.0340  0.0285 0.0295 0.0336

3NN 0.4994 0.7027 0.3351  0.0281 0.0302 0.0328  0.0278  0.0286  0.0328

5NN 0.4991 0.7025 0.3351  0.0277 0.0296 0.0325  0.0277  0.0284  0.0327
10NN  0.4986 0.7021 0.3350  0.0274 0.0291 0.0323  0.0276  0.0282  0.0326
20NN 04975 0.7014 0.3348  0.0271 0.0291 0.0321  0.0275 0.0282  0.0326

cut point = (4, 5)
True 0.8031 0.1651 0.6651
INN 0.8029 0.1653 0.6650  0.0245 0.0240 0.0384  0.0236  0.0232  0.0360
3NN 0.8025 0.1652 0.6653  0.0233 0.0226 0.0363  0.0229  0.0225 0.0349
5NN  0.8023 0.1653 0.6653  0.0229 0.0222 0.0356  0.0227  0.0224  0.0346
10NN 0.8019 0.1652 0.6652  0.0226 0.0218 0.0350  0.0226  0.0223  0.0345
20NN 0.8011 0.1650 0.6649  0.0224 0.0213 0.0346  0.0226  0.0222  0.0345

cut point = (4,7)

True 0.8031 0.3996 0.3349

INN 0.8029 0.4006 0.3351  0.0245 0.0323 0.0340  0.0236  0.0308  0.0336

3NN 0.8025 0.4003 0.3351  0.0233 0.0304 0.0328  0.0229  0.0299  0.0328

5NN  0.8023 0.4004 0.3351  0.0229 0.0300 0.0325  0.0227  0.0298  0.0327
10NN  0.8019 0.4003 0.3350  0.0226 0.0295 0.0323  0.0226  0.0296  0.0326
20NN 0.8011 0.4001 0.3348 0.0224 0.0292 0.0321  0.0226  0.0295  0.0326

cut point = (5, 7)
True 0.8996 0.2345 0.3349
INN 0.8997 0.2352 0.3351  0.0186 0.0274 0.0340  0.0181  0.0264  0.0336
3NN 0.8994 0.2351 0.3351  0.0175 0.0258 0.0328 0.0175  0.0257  0.0328
5NN 0.8992 0.2351 0.3351  0.0172 0.0254 0.0325  0.0173  0.0255  0.0327
10NN 0.8989 0.2351 0.3350  0.0170 0.0250 0.0323  0.0173  0.0254  0.0326
20NN 0.8983 0.2351 0.3348 0.0168 0.0247 0.0321 0.0172  0.0253  0.0326
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Carlo means and standard deviations (across 5000 replications) for the estimators of the true class
fractions, TCF;, TCFy and TCF3. The table also gives the means of the estimated standard
deviations (of the estimators), based on the asymptotic theory. The table clearly shows limitations
of the (partially) parametric approaches in case of misspecified models for Pr(Dy = 1|T, A) and
Pr(V = 1|T, A). More precisely, in term of bias, the FI, MSI, IPW and SPE approaches perform
almost always poorly, with high distortion in mostly all cases. As we mentioned in Section 3.1.4,
the SPE estimators could fall outside the interval (0,1). In our simulations, in the worst case,
the estimator r,F(-?\F;»,,SPE(—1.0, —0.5) gives rise to 20% of the values greater than 1. Moreover, the
Monte Carlo standard deviations shown in the table indicate that the SPE approach might yield
unstable estimates. Finally, the misspecification also has a clear effect on the estimated standard
deviations of the estimators. On the other side, the estimators INN and 3NN seem to perform
well in terms of both bias and standard deviation. In fact, KNN estimators yield estimated values
that are near to the true values. In addition, we observe that the estimator 3NN has larger bias
than 1NN, but with slightly less variance.

Finally, some results of simulation experiments performed to explore the effect of a multidi-
mensional vector of auxiliary covariates are given. In particular, we consider A = (A, Ay, A3)T.
The data are generated in a similar way as in Study 1 of Section 3.3.1. More precisely, the disease
status D is a trinomial random vector (D1, Do, D3), such that Dy is a Bernoulli random variable
with success probability 6, k = 1,2,3. We set #; = 0.4,65 = 0.35 and 03 = 0.25. The continuous

test results T' and covariates A;, Ao, A3 are generated by the following conditional models
T,Ay, Ay, A3| Dy, ~ Ny (i, 2) k=1,2,3,

where i = (2k,k,1.5k,0.5k) T and
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> =

The verification status V' is generated by the model
loglt {PI‘(V = 1|T, 1417 Ag, Ag)} = —0.7—-0.35T + 02A1 + 08142 — 06A3

This choice corresponds to a verification rate of about 0.51. We consider six pairs of cut points
(c1,¢2), L, (2,4),(2,5), (2,7),(4,5),(4,7) and (5,7). For the (partially) parametric estimators
FI, MSI, IPW and SPE, disease probabilities and verification probabilities are estimated by using
correctly specified models. For the KNN estimators, the Mahalanobis distance is employed, because
the variability of T and covariates A;, Ag, As is relatively large. In addition, we use K = 2 for
the estimation of standard deviations. The number of replicates in each simulation experiment is
5000. The sample size is 500.

As expected, results given in Table 3.25, show a certain loss of efficiency of KNN estimators,

compared to parametric competitors.

3.4 Real data examples

To illustrate the application of the proposed methods, in this section we consider two quite distinct
real data examples, both dealing with epithelial ovarian cancer (EOC). In the first illustration, we

consider diagnosis of EOC in one of three classes i.e., benign disease, early stage and late stage
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Table 3.24: Simulation results in case where both models for pi(t,a) and (¢, a) are misspecified
and sample size equals to 1000. “True” denotes the true parameter value.

TCF1 TCF- TCF3 MC.sd; MC.sd2 MC.sds asy.sd: asy.sds asy.sds
cut point = (—1.0,—0.5)

True 0.1812  0.1070  0.9817

FI 0.1290 0.0588 0.9888 0.0153 0.0133 0.0118  0.0154  0.0087  0.0412
MSI 0.1299 0.0592  0.9895 0.0154 0.0153 0.0131  0.0157  0.0110  0.0417
IPW 0.1231 0.0576 0.9889 0.0178 0.0211 0.0208  0.0175  0.0207  0.3694
SPE 0.1407 0.0649 0.9877 0.0173 0.0216 0.0231  0.0176  0.0212  0.0432
INN  0.1809  0.1036  0.9817 0.0224 0.0304 0.0255  0.0211  0.0262  0.0242
3NN  0.1795  0.0991 0.9814 0.0214 0.0258 0.0197  0.0208  0.0244  0.0240

cut point = (—1.0,0.7)

True 0.1812 0.8609 0.4469

FI 0.1290 0.7399 0.5850 0.0153 0.0447 0.1002  0.0154 0.0181  0.0739
MSI 0.1299 0.7423 0.5841 0.0154 0.0453 0.1008  0.0157  0.0188  0.0666
IPW 0.1231 0.7690 0.5004 0.0178 0.0902 0.2049  0.0175 0.0844  0.2018
SPE 0.1407 0.7635 0.5350 0.0173 0.0702  0.2682 0.0176  0.0668 2.0344
INN  0.1809 0.8452 0.4406 0.0224 0.0622 0.1114  0.0211  0.0544  0.1079
3NN  0.1795 0.8285 0.4339 0.0214 0.0521 0.0882  0.0208 0.0516  0.1066

cut point = (—1.0,1.3)

True 0.1812 0.9732 0.1171

FI 0.1290 0.9499 0.1900 0.0153 0.0179 0.0550  0.0154 0.0133  0.0422
MSI 0.1299 0.9516 0.1902 0.0154 0.0184 0.0552  0.0157 0.0142  0.0389
IPW 0.1231 09645 0.1294 0.0178 0.0519 0.1795  0.0175 0.0466  0.1344
SPE 0.1407 0.9567 0.1760 0.0173 0.0425 0.3383 0.0176  0.0402 3.4770
INN  0.1809 0.9656 0.1124 0.0224 0.0218 0.0448  0.0211  0.0317  0.0710
3NN 0.1795 0.9604 0.1086 0.0214 0.0172 0.0338  0.0208 0.0305 0.0716

cut point = (—0.5,0.7)

True 0.4796  0.7539  0.4469

FI 0.3715 0.6811 0.5850 0.0270 0.0400 0.1002  0.0151  0.0145  0.0739
MSI 0.3723 0.6831 0.5841 0.0271 0.0409 0.1008  0.0162 0.0172  0.0666
IPW 0.3547 0.7114 0.5004 0.0325 0.0883 0.2049  0.0322 0.0831  0.2018
SPE 0.3949 0.6986 0.5350 0.0318 0.0687  0.2682 0.0331 0.0657 2.0344
INN  0.4783  0.7416  0.4406 0.0361 0.0610 0.1114  0.0311 0.0551  0.1079
3NN 04756  0.7294  0.4339 0.0341 0.0499 0.0882  0.0304 0.0523  0.1066

cut point = (—0.5,1.3)

True 0.4796  0.8661 0.1171

FI 0.3715 0.8910 0.1900 0.0270 0.0202 0.0550  0.0151  0.0142  0.0422
MSI 0.3723 0.8924 0.1902 0.0271 0.0211 0.0552  0.0162  0.0165  0.0389
IPW 0.3547 0.9068 0.1294 0.0325 0.0535 0.1795  0.0322 0.0492  0.1344
SPE 0.3949 0.8918 0.1760 0.0318 0.0451  0.3383 0.0331 0.0435 3.4770
INN  0.4783  0.8620  0.1124 0.0361 0.0349 0.0448  0.0311  0.0390  0.0710
3NN 04756 0.8613  0.1086 0.0341 0.0285 0.0338  0.0304 0.0371  0.0716

cut point = (0.7,1.3)

True 0.9836  0.1122 0.1171

FI  0.9618 0.2099 0.1900 0.0122 0.0317 0.0550  0.0043  0.0132  0.0422
MSI  0.9613 0.2093 0.1902 0.0125 0.0320 0.0552  0.0048 0.0135  0.0389
IPW 09548 0.1955 0.1294 0.0339 0.0831 0.1795  0.0323 0.0784  0.1344
SPE 0.9582 0.1932 0.1760 0.0332 0.0618  0.3383 0.0320 0.0605 3.4770
INN  0.9821 0.1204  0.1124 0.0144 0.0494 0.0448  0.0133  0.0487  0.0710
3NN 09804 0.1319  0.1086 0.0138 0.0404 0.0338  0.0131 0.0464 0.0716
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Table 3.25: Simulation results in case dimension of covariate A is 3. KNN estimators are based in

the Mahalanobis distance.“True” denotes the true parameter value.

TCF, TCF» TCF3 MC.sdy MC.sd2 MC.sds asy.sd; asy.sda asy.sds
cut point = (2,4)
True 0.5000 0.4347 0.9347
FI ~ 0.5001 0.4361 0.9344 0.0369  0.0383  0.0222  0.0310 0.0333  0.0507
MSI  0.5000 0.4358 0.9344 0.0370  0.0387  0.0227  0.0310  0.0335  0.0508
IPW 0.5017 0.4370 0.9340 0.0625  0.0566  0.0247 0.0600 0.0557 0.0297
SPE 0.4999 0.4355 0.9344 0.0372  0.0404 0.0230 0.0369 0.0403  0.0226
INN 0.5009 0.4401 0.9304 0.0388  0.0418  0.0239  0.0393 0.0435 0.0262
3NN 0.5006 0.4420 0.9278 0.0384  0.0404  0.0232  0.0390 0.0425 0.0259
cut point = (2,5)
True 0.5000 0.7099 0.7752
FI 0.5001 0.7106 0.7756  0.0369 0.0358 0.0383 0.0310 0.0374 0.0504
MSI  0.5000 0.7101 0.7754 0.0370  0.0362  0.0385  0.0310 0.0376  0.0506
IPW 0.5017 0.7113 0.7739 0.0625  0.0627  0.0453  0.0600 0.0597 0.0528
SPE 0.4999 0.7096 0.7751  0.0372 0.0380 0.0392 0.0369 0.0375  0.0384
INN 0.5009 0.7085 0.7671 0.0388  0.0401  0.0404 0.0393 0.0417 0.0421
3NN 0.5006 0.7060 0.7620 0.0384  0.0380  0.0394  0.0390 0.0406  0.0417
cut point = (2,7)
True 0.5000 0.9230 0.2248
FI 0.5001 0.9226 0.2246  0.0369 0.0200 0.0377 0.0310  0.0409  0.0275
MSI  0.5000 0.9225 0.2247  0.0370  0.0204  0.0377  0.0310 0.0410 0.0276
IPW 0.5017 0.9230 0.2216 0.0625  0.0318  0.0630  0.0600 0.0300 0.0622
SPE 0.4999 0.9226 0.2250  0.0372 0.0217 0.0388 0.0369  0.0220  0.0385
INN 0.5009 0.9121 0.2155 0.0388  0.0233  0.0395 0.0393 0.0274  0.0402
3NN 0.5006 0.9054 0.2106 0.0384  0.0220  0.0383  0.0390 0.0270  0.0395
cut point = (4, 5)
True 0.9347 0.2752 0.7752
FI ~ 0.9347 0.2745 0.7756 0.0193  0.0327  0.0383  0.0096  0.0262  0.0504
MSI 0.9347 0.2743 0.7754  0.0194 0.0332 0.0385 0.0097  0.0264 0.0506
IPW 0.9373 0.2742 0.7739 0.0518  0.0550  0.0453  0.0460 0.0542 0.0528
SPE 0.9348 0.2742 0.7751 0.0223  0.0355  0.0392  0.0226  0.0364  0.0384
INN 0.9299 0.2685 0.7671 0.0236  0.0347  0.0404 0.0266 0.0384 0.0421
3NN 0.9261 0.2640 0.7620 0.0214  0.0326  0.0394  0.0263 0.0375  0.0417
cut point = (4,7)
True 0.9347 0.4883 0.2248
FI ~ 0.9347 0.4866 0.2246 0.0193  0.0380  0.0377  0.0096 0.0341 0.0275
MSI  0.9347 0.4867 0.2247 0.0194 0.0383 0.0377 0.0097  0.0343  0.0276
IPW 0.9373 0.4860 0.2216 0.0518  0.0589  0.0630  0.0460 0.0581  0.0622
SPE 09348 0.4871 0.2250 0.0223  0.0401  0.0388  0.0226  0.0407  0.0385
INN 0.9299 0.4720 0.2155 0.0236 0.0416 0.0395 0.0266  0.0441  0.0402
3NN 0.9261 0.4633 0.2106 0.0214  0.0399  0.0383  0.0263 0.0430 0.0395
cut point = (5,7)
True 0.9883 0.2132 0.2248
FI ~ 0.9879 0.2121 0.2246 0.0080  0.0317  0.0377 0.0036 0.0216 0.0275
MSI  0.9880 0.2124 0.2247  0.0080  0.0319  0.0377  0.0037  0.0218 0.0276
IPW 0.9893 0.2117 0.2216 0.0280  0.0599  0.0630  0.0236  0.0575  0.0622
SPE 0.9882 0.2130 0.2250 0.0112  0.0338  0.0388  0.0115 0.0340 0.0385
INN 09831 0.2035 0.2155 0.0120 0.0348  0.0395 0.0162 0.0369  0.0402
3NN 0.9802 0.1994 0.2106 0.0105  0.0322  0.0383  0.0162 0.0358 0.0395




68 Bias—corrected methods for estimating the ROC surface

cancer on the basis of a well known tumor marker, i.e., CA125. We make use of a publicly available
dataset in which the disease status is known for all subjects. Then, we simulate a verification
process and apply our estimators. This allows to compare results obtained in the complete data
case with those obtained in the incomplete data case after correcting for verification bias. In
the second illustration, we focus on prediction of patients’ response to chemotherapy, classified as
sensitive, partially sensitive and resistant. Data are available for late stage EOC patients. In this

second example, the response is missing for about 25% of the subjects involved in the study.

3.4.1 Diagnosis of EOC

We use data from the Pre-PLCO Phase II Dataset from the SPORE/ Early Detection Network/
Prostate, Lung, Colon, and Ovarian Cancer Ovarian Validation Study. The study protocol and
data are publicly available at the address', along with descriptions of the study aims and analytic
methods. In particular, we consider the following three classes of EOC, i.e., benign disease, early
stage (I and II) and late stage (III and IV) cancer, and 2 of the 59 available biomarkers, i.e.
CA125 and CA153, measured at Harvard laboratories. In detail, we use CA125 as the test 1" and
CA153 as a covariate. Reasons for using CA153 as a covariate come from the medical literature
that suggests that the concomitant measurement of CA153 with CA125 could be advantageous
in the pre-operative discrimination of benign and malignant ovarian tumors. In addition, age of
patients is also considered. Here, we have 134 patients with benign disease, 67 early stage samples
and 77 late stage samples. After performing exploratory analysis, we have the mean of CA125
corresponding to three classes are 0.192, 1.810 and 3.214. Thus, it implies that the order of three
classes is monotone ordering, i.e., Benign < Early < Late under the results of CA125 marker. The

boxplots are depicted in Figure 3.1.

CA125

R —

-t s

T T T
Benign Early Stage Late Stage

Figure 3.1: Boxplots of CA125 marker measurements for three classes under study of EOC.

1https ://edrn.nci.nih.gov/protocols/119-spore-edrn-pre-plco-ovarian-phase-ii-validation
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To mimic verification bias, a subset of the complete dataset is constructed using the test T and
the vector A = (A1, A2) T of the two covariates, namely the marker CA153 (4;) and age (Az). In
this subset, 7" and A are known for all samples, but the true status (benign, early stage or late
stage) is available only for some samples, that we select according to the following mechanism. We
select all samples having a value for both T" and A above their respective medians, i.e. 0.87 and

(0.30, 45); as for the others, we apply the following selection process
Pr(V=1)=0.05+ 5 I(T > 0.87) + 621(A; > 0.30) + d5I(A2 > 45),

with d; = 0.35, d2 = 0.25 and d3 = 0.35, leading to a marginal probability of selection equal to
0.634. With such a choice, the verification probability is equal to about 0.65 for subjects with
T > 0.87, A; > 0.30 and Ay < 45; 0.75 for subjects with T' > 0.87, A; < 0.30 and A > 45; 0.65
for subjects with T < 0.87, A; > 0.30 and A5 > 45; 0.4 for subjects with 7' > 0.87, A; < 0.30 and
Ay < 45; 0.3 for subjects with T' < 0.87, A1 > 0.30 and A < 45; 0.4 for subjects with T' < 0.87,
A1 < 0.30 and As > 45; 0.05 otherwise.

To apply FI, MSI and SPE estimators, we employ a multinomial logistic model to estimate py; =
Pr(Dy; = 1|T;, A4, Ag;), where Dy, = 1, k = 1,2,3 refers to benign, early and late, respectively.
On the other hand, SPE and IPW methods require estimates of m; = Pr(V; = 1|T;, A4, Agy).
For estimating such quantities, we make use, firstly, of a correctly specified model, i.e., a linear
threshold regression model and, then, of a misspecified model, i.e., a logistic model. For the
KNN estimator, we use the Mahalanobis distance, since the test T' and the covariates Aq, Ay are
heterogeneous with respect to their variances. Following discussion in Subsection 3.2.4, we use the
selection rule (3.37) to find the size K of the neighborhood. This leads to the choice of K =1 for
our data. In addition, we also employ K = 3 for the sake of comparison with 1NN result.

The estimated ROC surfaces for the test T' (CA125) obtained by applying the proposed methods
are shown in Figure 3.3 and 3.4. For the sake of comparison, we also produced the ROC surface

with full data (Full estimate), reported in Figure 3.2.

1 08 06 04 02 0

TCF2

1 TCF3

Figure 3.2: Estimated ROC surface for the CA125 marker, based on full data.
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Figure 3.3: Bias—corrected estimated ROC surfaces for CA125 marker, based on incomplete data.
The IPW and SPE estimators are obtained by using the threshold model.
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(a) IPW-logit model (b) SPE-logit model

Figure 3.4: IPW and SPE estimated ROC surfaces for CA125 marker using the logistic regression
model, based on incomplete data.

In Figures 3.3 and 3.4, we also give the 95% ellipsoidal confidence regions (green color) for true
class fractions (TCF;, TCF3, TCF3) at cut point (—0.56,2.31). These regions are built using the
asymptotic normality of the estimators. Compared with the Full estimate, all the bias-corrected
methods proposed in this chapter seem to behave well, yielding reasonable estimates of the ROC

surface with incomplete data.

3.4.2 Prediction of response to chemotherapy

A major challenge in advanced-stage EOC is prediction of response to platinum chemotherapy
on the basis of markers measured at molecular level. Indeed, several genomic profiling studies
have shown that gene expressions relate with different aspects of ovarian cancer (tumor subtype,
stage, grade, prognosis, and therapy resistance), although the measured association is usually very
low. Here, we consider a cohort of 99 snap-frozen tumor biopsies taken from a frozen tissue bank,
located at the Department of Oncology, IRCCS-Mario Negri Institute, Milan, Italy. Biopsies were
collected from late stage (IIT and IV) cancer patients who underwent surgery at the Obstetrics
and Gynaecology Department, San Gerardo Hospital, Monza, Italy between September 1992 and
March 2010. For 75 of the 99 subjects, the three-class response to platinum therapy is available,
being 31 patients sensitive, 11 partially sensitive and 33 resistant. For all the subjects, we consider
as test predictive of the response to therapy the marker (T') resulting as a given linear combination
of the logarithm of the expression levels of six genes, i.e., Entrez Gene ID: 23513, 7284, 128408,
56996, 2969, 6170. As a covariate, we consider age at onset of patients.

The estimated ROC surfaces for T obtained by applying the proposed methods are shown in
Figure 3.5. FI, MSI, IPW and SPE estimators are based on the multinomial logistic model for the
disease process and/or the logistic model for the verification process. KNN estimator is obtained

by using K = 1,3 and the Mahalanobis distance.
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Figure 3.5: Bias—corrected estimated ROC surfaces for the test 7" predicting the response to therapy

of late stage EOC patients.
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3.5 Discussion

This chapter proposed five verification bias-corrected estimators of the ROC surface (and the VUS)
of a continuous diagnostic test, namely, FI, MSI, IPW, SPE and KNN. The first four estimators,
which can be considered an extension to the three-class case of estimators in Alonzo and Pepe
(2005), are partially parametric in that they require the choice of a parametric model for the
estimation of the disease process, or of the verification process, or of both processes. In some
cases, wrong specifications of such models can visibly affect the produced estimates, as highlighted
also by our results in the simulation studies. In fact, FI and MSI estimators are inconsistent if the
model for the disease process is misspecified. On the contrary, the IPW estimator is inconsistent
if the model for the verification process is incorrect. Thanks to the property of doubly robustness,
inconsistency of SPE estimators occurs only if both models for the two processes are misspecified.
A suitable solution for reducing the effects of model misspecification in statistical inference is to
resort to fully nonparametric methods. That is reason why the KNN estimator is proposed. This
approach is based on nearest-neighbor imputation and works under MAR assumption.

As in Adimari and Chiogna (2015, 2016), a simple extension of the KNN estimator, that
could be used when categorical auxiliary variables are also available, is possible. Without loss of
generality, we suppose that a single factor C', with m levels, is observed together with T" and A.
We also assume that C' may be associated with both D and V. In this case, the sample can be
divided into m strata, i.e., m groups of units sharing the same level of C'. Then, for example, if
the MAR, assumption and first-order differentiability of the functions p(¢,a) and 7(¢,a) hold in

each stratum, a consistent and asymptotically normally distributed estimator of TCF; is

_—S 1 m _—~cond
TCF1,KNN(‘31) = n anTCFlj,KNN(Cl)v
j=1

where n; denotes the size of the j-th stratum and FFC\F?;TZNN (c1) denotes the KNN estimator of
the conditional TCFq, i.e., the KNN estimator in (3.20) obtained from the patients in the j-th
stratum. Of course, we must assume that, for every j, ratios n;/n have finite and nonzero limits
as n goes to infinity.

Verification bias occurs not only in the estimation of ROC surface, but also in VUS. Thus,
finding the bias—corrected methods for estimation of VUS under the missing data is needed. It is
worth noting that the proposed methods for the ROC surface can be valid for VUS, provided that

the missingness mechanism is MAR. The details of this work will be presented in the next chapter.



74

Bias—corrected methods for estimating the ROC surface




Chapter 4

Estimation of the VUS in presence
of verification bias

In this chapter, we develop various methods for estimating the VUS in presence of verification bias.

These methods are particularly useful when the missing mechanism is MAR.

4.1 The parametric estimation scheme

4.1.1 Methods

We apply the four partially parametric estimators (FI, MSI, IPW, SPE) to estimate VUS in
presence of verification bias. More precisely, FI, MSI, IPW and SPE estimators of VUS take the

form

where the star again stands for FI, MSI, IPW, SPE, and
Drir1 = pris Dyinvst = ViDpi + (1 = Vi) pra,
Dritpw = ViDyi#r; b, Dyispe = ViDpiir; b — pra(Vire; b = 1),

for k = 1,2,3. It is worth noting that the bias—corrected VUS estimators are unbiased. The

following remarks support the sentence.

Remark 4.1.1 (Expectation). We have

E(D1;D2¢DsyLier) = Epa{LieyE(D1iD2¢Dsr|T;, Ai, To, A, Ty, Ar)
E7, 4 {LierE(D14|Ti, A))E(D2| Ty, Ae)E(Dsy | Ty, Ar)}

E7 4 (prip2eparlicr) -

The first identity follows because Ly is function of T;, Ty, T,, and the second identity follows be-

cause, the observed data are i.i.d. By analogy, we show that

E(D1;D2¢Dsy) = Er. 4 (p1ip2epsr) -
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Therefore, we have that

_E (D1;D2¢D3,1i0r) _ Era (p1ip2epsrlior)
E (D1,D2Ds3;) Er a (p1ip2epsr)

Remark 4.1.2 (Unbiasedness).

o FI estimators. Under the disease model, we have

E{Gitrv1(10, Tpo» )} = EA{p1i(7p0) p2r (Tpo) p36(Tpo ) (Lier — p10) }
= E{p1ip2rpse(Lier — 100)}-

Since the relevant terms in the above expression depend on the test result T and covariates
A, the Remark 4.1.1 can be applied. That is to say, E{Gier 71110, Tpy, =)} = 0 when the

disease model holds.

o MSI estimators. Under the disease model, we can verify that E{Dy; mst(7p,)|Ti, Ai} = pri-
In fact, we have that

E{Drs,ms1(7p0)|Ti, As } EA{ViDyi + (1 — Vi) pi(7p )| T35 As }
= E[E{ViDyi + (1 = Vi)pri(7p,)| T3, Ai, Vi} | T, Aj]
= Pr(V; = 1T;, A)E (Dwi| T3, A;)
+ Pr(V; = 0|75, Ai)E (pri(7p, )| T3, As)
= Pr(Vi = 1T, A)Pr(Dyi = 1|T3, Ai)
+ Pr(V; = 0|3, Ai)Pr(Dy; = 1|13, Ay)
= Pr(Dy; = 1T;, 4;) = prs-

Therefore,
EA{Giermst(1o, Tpo, Tr) } = E{pripaepsr (Lier — o)} -

And hence, the MSI-estimating function is unbiased under the disease model.

o [PW estimators. The expression,

E{ : ThAZ} A 1,
Ti(Tro) Lo
is correct provided that the verification model holds. Therefore, it is not too difficult to prove
that
Do.:
E{ Vi D TiaAi} = Phi-
ﬂ—i(Tﬂ'o)
Thus,
ViVeVi D13 Doy D3y }
E Gir yTpy Tre = E Ligr —
Gurntew (o 7 1)) = B T (1 )

= E{ (Lier — MO)E(ViDqul(TnONTi, Ai)E(VéDMW[l(TnONTZ, Ay)
X B(V, Dgym; (7, T, Ar) |
= E{pripaepsrLier — 10)} -
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e SPE estimators. First, note that

|
E{Dyispe(7py, )| Ti, Ai} = E { ) T3, Ai} {E(Dys|T, Ai) = pri(Tpo) } + pri(Tpo)
V;
- E{ﬂ'i(Tﬂ—) TzaA } {E(Dkz|T27Az) —sz}+l)kz
= Pki
On the other hand, we also have
Vi
B Dussre(rp )T} = B{ sl ;b BODLIT 4)
? ™
Vi
- Pki(Tp)E {7r(’r) -1 Tiw‘h‘}
K3 Uy

= E(DwilTi, Ai) — pri(1p) x 0
= Pki-

Hence, we conclude that these imply

E {Gier,spE(100, Too» Tr) } = E{Gitr,sPE (10, Tp, Tro) } = E{prip2epsr (Lier — 110)} =0,

under the disease or verification model. When both models hold, it is easy to show that

E{Gier,spE(10, Tpys Tro )} equals to 0.

4.1.2 Asymptotic distribution

Recall that 7 = ( ;'—, 7.1) T is the vector of parameters of the models used to estimate p = (p1, p2) ',
or 7, or both. According to the formula of bias-corrected estimators of VUS, it is easy to realize
that the proposed VUS estimators could be found as solution of appropriate estimating equations.
The estimating functions of the VUS for FI, MSI, IPW and SPE estimators are denoted by

= p1i(7)p2e(7p) p3r (1) (Lier — 1)

GierF1 )

Giermsi(p, Tp, 7)) = Diimst(7p)Daemst(7p) Dsrmsi(7p) (Lier — 1)
Tr)
)

s Tps Tre

ViVeVi,
‘ D1;Dyy D3, (Ligr — 1),
i (T ) e (T )T (T

= Dli,SPE(Tpa TTr)DZZ,SPE (Tpa TW)DST,SPE(Tpv 7—71') (IMT - ﬂ) )

(n

(
Gierpw (1, Tp, Tr

(

zlr SPE(M, Tp, Tr

and

Dpinvsi(1p) = ViDii + (1 = Vi) pri(7,),
Dyispe(Tp,72) = ViDpim; ') — pri(7,) (Vi H(7) — 1),

for k = 1,2,3. For simplicity, we denote these estimating functions with Gigy« (1, 7p, Tr ).

For studying consistency and asymptotic normality of the bias-corrected VUS estimators, we
need the following assumptions. Note that the estimating functions G «(p, 75, 7) require esti-
mates of 7, and/or 7, for the working, so the existence of unique solutions 7, and 7, is necessary.
Let GT (15, 7x) = (9" (1) ", 97" (7. )T)T7 (Tp—rﬂ';rr)—r € Tp X Tr, where T, and T are the parameter
spaces of 7, and 7. The regularity conditions are:

(R1) the parameter space T, X T has finite dimension and is compact;
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(R2) the true value (7,,,7x,) exists and is interior to the parameter space 7, X T such that
E {GZ'T(TIN T‘ﬂ')} 7é 0 if (TP7TTF) 7é (TpoﬂTﬂ'o) and E {GI(TPmTﬂ'O)} = 0;

(R3) the variance of G (7,,, Tx,) exists and is finite;
(R4) E {8GZ(TP, 7)/0(7y, Tﬂ)T|(Tpr7r):(TpO7T1rO)} exists and is invertible;

(R5) There exists a neighborhood N of (7,,, 7, ) such that the quantities SUD(~, . )eN |GT(1p, ),
Sup(fp,nr)eN||6GZ(TP7TTr)/a(Tp7Tﬂ)TH and Sup(Tp,TW)EN||G;—(TP’T7T)GZ(TP7T7T)TH have finite
expected values, where | X| =3, Zj Xz2]

In addition, we assume that the predictors of the disease and verification regression models are
the sufficient smooth functions with the existence of the moment condition the first derivatives, so

that the following conditions hold.

(C1) The U-process
Un,*(ﬂv Tps T‘fr) = \/E{G* (,ua Tps Trr) - e(ﬂv Tps T-rr)}

is stochastically equicontinuous, where

1 n n n
G* (Ma Tpa T‘rr) - 67’L(’I’L _ 1)(7’L _ 2) Z Z Z {Gier7*(ﬂ’ TP? 7—7\') + Gi?“f,*(.u“? TP’ TTF)

i=10=10#i k=1
r£l,ri

+ Giir,*(ﬂa Tp, 7_77) + Glri,*(,ufv Tps Tﬂ') + Griﬂ,*(ﬂ» Tps 7_77) + Gr@i,*(/ia Tos Trr)}
and

1
e(ﬂa Tps 7-7r) = G]E{Giér,*(uv Tps 7-71') + Gir&*(ﬂa Tps Tﬂ') + Gh’r,*(/% Tps TTI')

+ Gfri,* (,u, Tp, T7T) + Gri[,* (Na Tps T7r) + Gr@i,*(,ufv Tps Tw) } .

(C2) e(u, 75, 7r) is differentiable in (u, 75, 7).

OG . (B, Tp,Tr : Oe(1,Tp, T
(C3) Gi(p,7p, Tx) and # converge uniformly to e(u, 7,,7,) and %.

Theorem 4.1.3 (Consistency). Suppose that the regularity conditions (R1)-(R5) and (C1)-(C3)
hold. If the disease model and/or verification model holds, then i, RN 1o-

Proof. Let (7,,,Tr,) be defined as in condition (R2). Note that the parameters 7, and 7. are
estimated by using the classic estimating equations, thus the condition (R1)—(R5) certify that the
estimators 7, and 7, are consistent (Newey and McFadden, 1994).

We can show that

E{Gin,*(#Oa Tpo s Tﬂ‘)} = E{Gifr,*(NOa Tps Two)} = E{Gifh*(ﬂOv Tpos Tﬂo)} =0

(see Remark 4.1.2). Therefore, (o, 7y, Tr,) = 0 if the disease model or verification model or
both hold. By condition (C2) and the implicit function theorem, there exists a neighborhood of
(Tpg» Tmp) in which it is uniquely defined a continuously differentiable function m(7,, 7), such that
M(Tpys Try) = o and e, (m(7,,7x), ), =) = 0. In cause of the consistency of estimators 7, and
%r, we have that fi. = m(7,, ) = po. On the other hand, G.(jix,7,, 7x) = 0 and condition (C3)
implies that e, (f«, 7p, Tr) 0. Thus, fi. LN fi«. This implies the consistency of the bias-corrected

estimators fi,. O
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Theorem 4.1.4 (Asymptotic normality). Suppose the conditions in Theorem 4.1.3 are satisfied.

If the disease model and/or verification model holds, then
Vi (fi = p10) 5 N (0, A), (4.2)
where the star indicates FI, MSI, IPW, SPE; and A, is a suitable asymptotic variance.
Proof. We have
0 = VG, 7 )
0 = \/’EG*(/}*, 7A-p7 7A-7r) + \/ﬁe(ﬂ*a 7A-p7 7277) - \/ﬁe(ﬂ*’ 7A_P’ 7277)
Since e(po, Tpy; Tro) = 0, 50 We get
0= \/EG*([L*’ 7A-p7 7A-7r) + \/ﬁe(ﬂ*, 7A-p7 7271') - \/ﬁe(ﬂ*, 7A-p7 7271') + \/ﬁe(UOa Tpo s T‘IT[)) - \/ﬁe(,uo, Tpo>» Tﬂ'g)
0= \/ﬁ {G* (,a*y 72p7 727\') - e(,a*a 72,07 727'()} + \/ﬁ {e(,a*y 7A_p7 727!') - 6(/110, Tpo s T‘IT())} + \/ﬁe(ﬂo, Tpoa TTI'(J)
- \/EG* (NO? Tpos Tﬂo) + \/EG* (,U,o, Tpo s Tm))

0= [\/ﬁ{G*(ﬂ*ai—mﬁr) - e(ﬂ*u 7A-pa 7A—7r)} - \/E{G*(Noﬂ—pmﬂro) - e(/'L()?Tp(wTﬂ'())}]
+ \/ﬁ{e(ﬂ*77ﬁp77eﬂ) - e(/”'077—p077—7&'0)} + \/EG*(/’('O7T/J0’T7T0)'

Condition (C1) implies that the first term in right hand side of the third identity equals to o,(1).
Using the Mean—Value Theorem, we get

0 = Op(]‘) +\/ﬁ{e(ﬂ*’7ﬁp77ﬁﬂ) _e(MOﬂTpoﬂTﬂn)}+\/EG*(M()qu()JTﬂ'U)
Oe(fi, Ty, Tr . e (i, 7y, Tr R
0 = o,(1)+ M\/ﬁ(u* ~ o) + M\/ﬁ(% —p0)
ou 8Tp
0e' (i, T, T
4 BT T) e ) VG (0, T 7 (43)

where |1 — po| < [t — pol, [Tp — Tpo| < |7p — Tpo| and |7 — 7| < |75 — 7oy |- It is straightforward
to show that

OB T Te) -, _pr(Dy = 1)Pr(Dy = )Pr(Dy = 1) = ~0:656,
I
6€T (ﬂ’ 7_-97 7_-71') — 36T (/LO’ Tpo> Tﬂ'O)
an an ’
de' (i, 7p, Tx) s e (10, Tpy s o)
(97'7‘- 87_77 .

By standard results on the limit distribution of U-statistics (van der Vaart, 2000, Theorem 12.3,
Chap. 12),

\/E{G*<MO7TP0’T7T0) - e(M07TPo’Tﬂo)} = \/ﬁG*<MO7TPo’Tﬂ'o) £> \/ﬁé*(MO’TpovTﬂo)a

~ n
where /nG. (i, 7y, 7r) is the projection of U, . onto the set of all statistics of the form ) B;(X;)
i=1
is given by

1 n
\/ﬁGn(,uvaaT‘n'> = M;E{Giér,*(uvavTﬂ')+Gir£7*(ManaT7r)

+ Glin*(ﬂa Tps Tﬂ') + Gé’ri,*(/’(‘a Tps TT!') + Grif,*(ﬂv Tos T‘n’) + Gréz}*(/% Tps TTI') ’Oz}
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for £ # i and r # {,r # i, where O; = (D', V;, T;, A] )T
Under regularity conditions (R1)—(R5), we get

A 1 | OB {9 (7) .
Vn(fy—Tp) =—n 1/2 7{673 o)} Zg (Tpy) + 0p(1) (4.4)
P Tp=Tpg
and
- -1
. _ OE{g]" (7= -
V(i = 72y = 2 | AL ()} Y o) Fop) (49)
4 e

Applying these results to (4.3) gives

1 9eT (10, Tpys Tag) laE {7 (1)}

010205/ (i — ) = 0p(1) — n o7, or]

_ LaeT(NOanoaTﬂ'o) IE {9:" (Tﬂ')}
\/ﬁ OTx BT,rT

] > ol )
Tp=Tpg

71 n

] S g7 (7
Tr=Tmq =1

ZE{ lr, % ,U/OanmTﬂ'o) + Gzr€ *(MOa Tpo» Tﬂ'o) + Ghr *(/’[/O7Tpoa7—ﬂ'o)

+ GZM',*(NO: Tpos T‘ﬂ'o) + Gri&*(MOa Tpos TTI'Q) + Gr@i,*(NOa Toos 7-770) ’Oz}

0T, or,}

1 Z”: l_ 0T (110> Ty » o) [aE{g;P(TP)}

-1
] gz-p (Tpo)
Tp=Tpo

9E {g;" (7x)}

=
or,

_ 66T(U07 Tpo> 7—770)
OTr

—1
‘| 9" (Tmy)
*=Trg

1
+ 2E{G'Lér,* (:U'Oa Tpo s TTI'(J) + Girﬁ,* (ﬂ07 Tpo s 7-71'0) + GZir,*(,u07 Tpo s T‘n'o)

+ Glri,*(//fo» Tpo s 7—71'0) + Grié,* (MOa Tpo s 7_7r0) + GT[i,*(ﬂOa Tpo s 7—71'0) ’Oz }]

1 < 1
= Op(l) + % ZQi»*(NO,Tp07Tﬁ0) = Op(l) + ﬁ@*(NO»Tmeﬂo)'
i=1

Therefore, the asymptotic distribution of \/n(fi« — po) can be determined by calculating the
asymptotic distribution of ﬁQ*(Mo,TPO,Tﬂ—O). Note that if the observed data are i.i.d, then
Qi « (10, Tpg s Ty ) also are i.i.d. By regularity condition (R2), we get E{g;” (1,,)} = E{g9]" (7r,)} = 0.

In addition, we easily show that

0 = E

]E{Giér,*(/-ma Tpo s T‘n'o) + Gir&* (MOa Tpos TTI'Q) + Géir,* (/1'07 Toos Two) + Géri,* (HO; Tpo>s T‘n'o)

+ Gri@,*(ﬂm Tpo» Tﬂ'o) + Grli,*(ﬂm Tpos 7-770) ’Oz} .

Therefore, E{Q; « (1o, Tpy Tro) } = 0, and hence, ﬁQ*(,uo, Tpos Tro) 4 N (0, Var {Q; (10, Tpy> Tro) })
by the Central Limit Theorem. Hence, \/n (fi+ — fto) 4 N (0,A,), where

Var {Qz’,* (/JJO7 Tpo» Tﬂ'o)}
036363 '

A=
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4.1.3 Consistent variance estimator
Under condition (C3), a consistent estimator of A, can be obtained by
n A2 R R R
Var {Qi,*(g*,%p,%ﬂ)} 7=t 2 Qi (e Ty Tr)

x — = = = - 9

2 N2 P92 N2
91,*92,*93,* 01

where ék,* are the proposed estimates of 0y, k = 1,2, 3 (see Section 3.1). Here,

Ql*(ﬂ*ff 77/:71')
, P

1 - ” = aG;r,*(ﬂMTP?%ﬂ)
A ay X e

—1
- ag:p(Tp) Tp
To=Tp {Z oty To=Tp ” (Tp)

i=1 4

-1
1 "\ - an—'Zr*(ﬂ*ﬂA—P?Tﬂ') - 89;"(%) T (7
i TAL, T

Gi@r,* (ﬂ*7 7A.p7 7A.7r) + Giré,* (,[14*, 72;), 7A-Tr) + Géir,* (ﬂ*, %py 7A-Tr)

Zir
1 n n
+ Z(n—l)(n—Q)Z Z

(=i  r=1
0#£1 r#L,r#i

—

+ Géri,*(ﬂ*; 7A_pa ’f_ﬂ) + Grié,*(,[’f*a 7A_pa 7/;71') + Gréi,*(ﬂ*a 7A—p7 7171')}

For fixed i, we show that

NE
NE

{Gitra(fis Pr ) + Gt (fis Py 7)) = 2D D Gitrlfins T ),

=1 r=1 =1 r=1
(£i r#£b,r#i (£i r#£L,r#i
n n n n
D7D AGuiralfie ForFr) + Griv(fin: T Fe)} = 2D > Grirelfins Ty ),
(25 rotlorsti (25 rotreti
n n n n
Z Z {GfTi,*(ﬂ*v/]ﬁp)’f—ﬁ) +Grfi,*(/l*a7ﬁpa7ﬁ7r)} = 22 Z Gr@i,*(ﬂw’f—m%ﬂ)‘
(25 rotireti (25 rotireti
Therefore,
Q (ﬂ*7 TP7 Tﬂ')

8Gi—;r,*(ﬂ*7TP77ﬁ7T) - 8gz-p(7)
ot freme e ZZ 2 or, {EW

i r=1 Tp=Tp
751' r#£l,r#i

L& = 8Gz€r* /1‘*77—17’7—71') & 89;"(7'#) - T
R >y Y {Za} o7 (52)
é;éz r#£l,r#i

n

+ z@'r‘ * ,LL*vavTTr) + GZM‘ *(M*)Tvaﬁ) + Grh *(ﬂ*a Tps 7_7r)
(n—1)(n—2) 1 (n—2)

r=1

2#2 r#iL,r#L

Note that the quantity Qi,*(ﬂ*,%p,f',r) will not consist of the term of g;”(7,) or g™ (7:) if the
estimating function G,y . (i, 7, 7 ) corresponds to FI and MSI estimators, or to the IPW approach.
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The first derivatives %

and % are obtained in (3.15) and (3.16) or
Tp=Tp T Tn=Tn

(3.17). The explicit forms of the first partial derivatives of Gigy « (1, Tp, ) With respect to the
nuisance parameter 7, are straightforwardly obtained by using product rule for derivatives and the
expression (3.19). For the first partial derivatives of the estimating function Gier (1, 7p, 7)) with
respect to the nuisance parameter 7, we need to compute the derivatives of 7, L In fact, m; are

obtained by a logistic or probit model, i.e.,

eUT‘r7r
Tn=——" o m=0®o UiTnr .
1+ eli = ( )
It is easy to show that
d 1-m d U,
77-9_—1 — _UiiTr or 77-%_—1 — _UiLT).
oty i OTx P2 (Ui Tﬂ)

Here, ¢(-) and ®(+) are the density function and the cumulative distribution function of the standard

normal random variable, respectively.

4.2 Simulation studies

4.2.1 Correctly specified models

The disease status D is generated by a trinomial random vector (Dq, D, D3), such that Dy is a
Bernoulli random variable with mean 0y, £k = 1,2,3. We set 6; = 0.4,05 = 0.35 and 63 = 0.25.

The pairs T, A are generated from the following conditional models
T7A|Dk'NN2(:ukaA)7 k:1a2737

where jx = k(pr, ppa) . We consider three values of A,

1.2 1 1.75 0.1 55 3
1 1) 0.1 25 )’ 3 25 )°
The true VUS value is equal to 0.9472 for the first value of A and (ur,pa) = (3,2); is equal to

0.7175 for the second value of A and (pr, pa) = (2,1); is equal to 0.4778 for the third value of A
and (pur,pa) = (2,1). We simulate the verification status V' by using the following model

logit {PI‘(V = 1|T‘7 A)} = 50 —+ §1T + 5214

The parameters (g, d1, 02) are fixed equal to (1, —2.87,4.06) when the first value of A is considered,
and equal to (1,—2.2,4) otherwise. These choices give rise to a verification rate of about 0.52.
Under our data—generating setting, the disease process follows a multinomial logistic model. We
consider three sample sizes, i.e., n = 200 n = 500, and n = 1000. Each simulation experiment was
based on 1000 replications.

FI, MSI, IPW and SPE estimates of VUS are computed under correct working models for
both the disease and the verification processes. Table 4.1 shows Monte Carlo means, Monte Carlo
standard deviations (MC.sd), the square roots of the variances estimated via asymptotic results
(Asy.sd) and bootstrap standard deviations (Boot.sd) of fi.

We observe that the proposed estimators perform well in almost all cases. In fact, the FI and

MSI approach always have small bias (magnitude < 0.3%), even when the sample size is 200.
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Table 4.1: Simulation results for bias—corrected estimators of VUS w.r.t parametric approaches.

Sample size Estimator =~ Mean Bias(%) MC.sd Asysd Boot.sd

FI 0.9471 —0.01 0.0251 0.0219 0.0256

n = 200 MSI 0.9466 —0.06 0.0252 0.0222 0.0258

IPW 0.9498 0.27 0.0377 0.0261 0.0271

SPE 0.9461 —0.11  0.0323 0.0274 0.0315

FI 0.9470 —-0.02 0.0144 0.0143 0.0149

Case I: MSI 0.9468 —0.04 0.0144 0.0144 0.0150
TRUE = 0.9472 n =500 IPW 0.9480 0.09 0.0244 0.0192 0.0192
SPE 0.9467 —0.05 0.0228 0.0181 0.0224

FI 0.9472 0.00 0.0101 0.0107 0.0115

n = 1000 MSI 0.9473 0.01 0.0101 0.0109 0.0118

IPW 0.9475 0.03 0.0190 0.0182 0.0185

SPE 0.9472 0.00 0.0176 0.0172 0.0175

FI 0.7185 0.14 0.0549 0.0559 0.0566

n = 200 MSI 0.7165 —0.14 0.0552 0.0571 0.0577

IPW 0.7261 1.20 0.0981 0.1197 0.0754

SPE 0.7155 —0.28 0.1021  0.0981 0.1106

FI 0.7183 0.11  0.0357 0.0356 0.0357

Case II: MSI 0.7176 0.01 0.0358 0.0360 0.0361
TRUE = 0.7175 n =500 IPW 0.7272 1.35 0.0814 0.0549 0.0564
SPE 0.7184 0.12  0.0813 0.0698 0.0864

FI 0.7178 0.05 0.0259 0.0255 0.0252

n = 1000 MSI 0.7175 0.00 0.0259 0.0257 0.0256

IPW 0.7192 0.24 0.0796 0.0682 0.0667

SPE 0.7178 0.05 0.0723 0.0634 0.0715

FI 0.4788 0.21  0.0575 0.0558 0.0574

n = 200 MSI 0.4775 —0.06 0.0584 0.0576 0.0589

IPW 0.4760 —0.38 0.1054 0.0767 0.0876

SPE 0.4815 0.77 0.1121 0.1472 0.1418

FI 0.4782 0.08 0.0360 0.0350 0.0354

Case III: n = 500 MSI 0.4779 0.02 0.0364 0.0358 0.0361
TRUE = 0.4778 IPW 0.4804 0.54 0.0792 0.0608 0.0640
SPE 0.4868 1.88 0.0943 0.1101 0.0995

FI 0.4780 0.04 0.0246 0.0241 0.0243

n = 1000 MSI 0.4776 —0.04 0.0253 0.0255 0.0260

IPW 0.4781 0.07 0.0615 0.0587 0.0590

SPE 0.4785 0.14 0.0810 0.0782 0.0796

Meanwhile, a large biases (greater than 1%) occurs for the IPW and SPE estimators in case II
and III, when the sample size is 200 and 500. The Monte Carlo mean of the all bias—corrected
estimators (FI, MSI, IPW and SPE) of VUS become closer to the true value as the sample size

equals 1000, which is not surprising.

Table 4.1 indicates that the asymptotic variance procedure have a good performance in the
sense that the standard deviations obtained by this procedure are comparable with those obtained
from Monte Carlo experiments and bootstrap resampling process. Comparing the four proposed
estimators of the VUS, FI and MSI are generally more efficient than IPW and SPE.
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4.2.2 Model misspecification

In the previous part, the performance of the partially parametric bias—corrected estimators are
investigated in the setting of correct model specification. Here, we study the behaviors of the
proposed approaches in finite samples under incorrect specification of the disease and /or verification

model.

In our simulations, we consider the data generated with respect to the first value of A in the
previous section. The bias—corrected estimators of VUS are obtained under the following three
settings for the working models:

(i) Wrong m: The model for verification process is

logit {Pr(V = 1|T, A)} = 7, + 7, T?/3 + 7, log | A|.

(i) Wrong p: The disease model is fitted with 7" and A3 as predictor.

(iii) Wrong 7 and p: Both working models are defined in (i) and (ii).

Table 4.2: Simulation results correspond to model misspecification. The true VUS is 0.9472.

Estimator Monte Carlo Mean Relative Bias (%)
200 500 1000 200 500 1000
FI 0.9471 0.9470 0.9472 | —0.01 —0.02 0.00
Wrong 7 MSI 0.9466 0.9468 0.9473 | —0.06 —0.04 0.01
IPW 0.9699 0.9732 0.9770 2.40 2.75 3.15
SPE 0.9504 0.9482 0.9474 0.33 0.11 0.02
FI 0.9629 0.9609 0.9606 1.66 1.45 1.41
Wrong p MSI 0.9614 0.9600 0.9594 1.50 1.31 1.28
IPW 0.9498 0.9480 0.9475 0.28 0.09 0.03
SPE 0.9504 0.9479 0.9471 0.33 0.07 —-0.01
FI 0.9629 0.9609 0.9606 1.66 1.45 1.41
Wrong 7 and p MSI 0.9614 0.9600 0.9594 1.50 1.31 1.28
IPW 0.9699 0.9732 0.9770 2.40 2.75 3.15
SPE 0.9602 0.9750 0.9795 1.37 2.93 3.41

Table 4.2 shows the Monte Carlo mean across 1000 realizations as well as the relative bias (%)
corresponding to three values of sample size, 200, 500 and 1000. When only the verification model
is incorrect, IPW leads to serious biases (magnitude of relative bias: 2.40%, 2.75%, 3.15%) even if
the sample size is increasing. This is reasonable, because the estimated verification probabilities
are no longer valid. When only the disease model is incorrect, FI and MSI estimators have bias
greater than 1.2% because the estimated disease probabilities are no longer valid.

The simulation results show that the SPE estimators behaves well in all of the first two scenarios
in which either the disease or the verification process were correctly modeled, due to its doubly
robustness property. When both working models were incorrectly specified, SPE leads to biased

results (magnitude of relative bias ranging from 1.37% to 3.41%).
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4.3 Others bias-corrected methods for estimating the VUS

4.3.1 Numerical method

Let Fi(-) be denote cumulative distribution functions of T' for subject corresponding to Dy = 1,
with & = 1,2,3. The expressions of TCFs can be rewritten as TCF;(¢1) = Fi(c1), TCFa(c1,c2) =
Fs(ca) — Fy(cq) and TCF5(c2) = 1 — F5(c2), with ¢; < c2. Using these notations, Nakas and
Yiannoutsos (2004); Nakas (2014) wrote the functional form of the ROC surface as

ROC, (TCF4(c1), TCF3(c2)) = Fy (F3 ' (1 — TCF3(c2))) — F» (Fy ' (TCF1(c1))) - (4.6)

Visually, it is easy to see that (4.6) is TCF3(c1,¢). Based on (4.6), the VUS is determined by the

following expression
1,1
//Roc(pMPS)dPdela (4.7)
0o Jo

where p; = TCF1(c1) and ps = TCF3(c2). An estimate of (4.7) can be obtained by using Trape-
zoidal rule for a double integral.

For m=1,..., M, we denote with (¢1 s, C2,m) m-th pairs of the cut points such that ¢; ,,, and
c2,m are sorted in ascending order. As the computation in Chapter 3, the bias—corrected ROC

surfaces are the 3D plot of

(ﬁl,*(cl,m)y ﬁQ,*(Cl,m, C2,m)7'fC\Fs,*(C2,m)> .

Here, the star * stands for FI, MSI, IPW, SPE and KNN. Let p;,, = T/‘C\FL*(ch), D3m =
ﬁ‘&*(@,m) and po ., = lfO\Cs(me,p&Z) = ﬁ27*(0177n,c2,m). Note that for the cut points
C2.m < C2,m+1, SO P3.m > P3.m+1- Lhe trapezoidal rule yields

M—1 M—-1

o P2,k+1,1+1 T P2 k+1,0 + P2,k 141 + P2,k 1
VUSTR « = ; (P1,k+1 — P1,k) l_zl (P31 — p3,i+1) 4 . (4.8)

This estimator comes from numerical estimation, and, therefore, there is a limitation. The
statistical properties of the estimator are unavailable, such as, for example, the closed—form of
variance and the asymptotic distribution. For example, we have to use a bootstrap resampling

method for constructing confidence intervals.

4.3.2 Nearest-neighbor imputation

In the previous section, the partially parametric estimators for correcting verification bias in esti-
mation of the VUS are presented. The methods work well when the parametric models (disease
and/or verification model) are correctly specified. To reduce the effects of model misspecification,
we here employ the nearest-neighbor imputation to make a bias—corrected estimator for VUS.

Recall that py; = Pr(Dy; = 1|T; = 1, A; = 1), k = 1,2, 3, is the probability that the i-th patient
has true disease status belongs to class k given the test results.

Given a finite positive integer K and a suitable distance measure (e.g. Euclidean, Manhattan,
Lagrange and Mahalanobis), a nearest-neighbor imputation estimate of py;, for a subject with true

disease status not verified, could be defined as

| K
Pri Kk = T ;Dki(l)v
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where {(Ti(l), Ay, Driy) - Vip = 1,1 =1,..., K} is a set of K observed data pairs and (T}, A;))
denotes the [-th nearest neighbor to (7}, 4;) among all (T, A)’s corresponding to the verified pa-
tients, i.e., to those Dyp’s with V;, = 1. The disease status Dy; could therefore be replaced by

Pri,x on non-verified units. Specifically, for any i = 1,...,n, we define
Dyixe = ViDyi + (1 = Vi) prixc-

The proposed nonparametric verification bias—corrected VUS estimator is

n

Z > _ Iizrﬁu,KDze,KDgr,K

~ r#£l,r#i
HKNN = —5 z Zf - - - , K eN. (4.9)
> 2 2 DiukDyxDsrxk

Here, I;p, is indicator function of T;, Ty, T)., which defined in Section 2.4.

Following the discussion in Section 3.2.4, the number of neighbors, K, and the distance measure
play a key role in the KNN estimator. The selection of a suitable distance is typically dictated
by features of the data (diagnostic test and covariates) and possible subjective evaluation. Similar
with case of the ROC surface, a value of K around 3 could be adequate in case of low dimension of
(T, A). On the other hand, one can employ the selection rule defined in (3.37) to find out a good
choice for K when the dimension of (T, A) is large.

In order to obtain variance estimates, there are some possible approaches, which among the
most popular method is bootstrap resampling. To apply this procedure for the KNN estimator,
we implement the following steps. From the original observations (Dy;, Do, D3;, Vi, T, A;), with
1 =1,...,n, consider B bootstrap samples (fo,D;f,Dgf,Vi*b,ﬂ*b,A;;*b) with b = 1,..., B. For
the b-th sample, compute the bootstrap estimates ﬁ;’;l;K, and hence, obtain ﬁ;:?,z( = Vi*bDZi? +(1-
Vi*b)[),”;l; - After that, the bootstrap estimates of the standard deviation of fixnn is

sd(fnn) = \| B S (i — i)

B
1
b=1

where [if;\y is the mean of the B bootstrap estimates [ifx,

U " b Pxb  Pyxb  Tyxb
* * * *
> 2 DU kD3 kD3«

e KeN
XX X DRgDR kD3
r#l,r#i

Here, I;‘lf’r is the indicator function of Ti*b, Tz*b, T, and defined in Section 2.4.

Based on the estimate of the standard deviation of the KNN estimator, a (1 — a) bootstrap
confidence interval could be constructed, where « is a significant level. The simplest is the nor-
mal interval, which is defined as fixnn + 21_q/25d(fiknN), Where 2z, denote the a-th quantile of
a standard normal random variable. However, in case of small sample size, use of the normal ap-
proximation for the construction of confidence intervals may be inappropriate. In such situations,
some other ways can be employed, e.g., pivotal interval, studentized pivotal interval or percentile

interval.
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4.4 Real data examples

In this section, we implement the proposed estimators for two real datasets, used also in Section
3.4. For the diagnosis of EOC, we use the same selection process for generating the missing
mechanism. As for the ROC surface, here we use a multinomial logistic model to estimate the
disease probabilities. For the SPE and IPW approaches, results for the correctly specified and
misspecified model for the verification process are given, i.e., threshold and logistic regression
model. We use the Mahalanobis distance and choose K = 1,3 for the KNN estimator. The results

are summarized in Table 4.3.

Table 4.3: Bias—corrected (and Full) estimated VUS for the marker CA125, assessing the classi-
fication into three classes of EOC: benign disease, early stage (I and II) and late stage (III and
v).

VUS Estimate Asy.sd Boot.sd 95% C.I. (with Asy.sd)

Full 0.5663

FI 0.5150 0.0404  0.0417 (0.4357, 0.5942)
MSI 0.5183 0.0415  0.0431 (0.4368, 0.5997)
IPW logit 0.5500 0.0416  0.0471 (0.4685, 0.6314)
SPE.logit 0.5581 0.0443  0.0463 (0.4712, 0.6450)
IPW.thres 0.5353 0.0393  0.0457 (0.4583, 0.6123)
SPE.thres 0.5470 0.0440  0.0438 (0.4608, 0.6331)
INN 0.5123 — 0.0471 (0.4199, 0.6046)
3NN 0.5104 — 0.0466 (0.4190, 0.6018)

In analogy, Table 4.4 shows the bias—corrected VUS estimates, along with the Naive estimate.
The table also gives the estimated standard deviations (via asymptotic theory), bootstrap standard
deviations and approximated 95% confidence intervals. Despite the limited sample size, the results

show that T" has some ability to predict response to therapy for late stage EOC patients.

In two tables (Table 4.3 and 4.4), the bootstrap procedure is performed with 250 replications.
In case of the KNN estimator, the 95% confidence intervals are constructed by using bootstrap

standard deviation estimates.

Table 4.4: Bias—corrected (and Naive) estimated VUS for the test T predicting the response to
therapy of late stage EOC patients.

VUS Estimate Asy.sd Boot.sd 95% C.I. (with Asy.sd)

Naive 0.3452

FI 0.3005 0.0512  0.0538 (0.2002, 0.4009)
MSI 0.3197 0.0629  0.0656 (0.1963, 0.4430)
IPW 0.3231 0.0654  0.0755 (0.1949, 0.4512)
SPE 0.3110 0.0675  0.0704 (0.1787, 0.4433)
INN 0.3230 — 0.0699 (0.1859, 0.4600)
3NN 0.3052 — 0.0709 (0.1662, 0.4441)
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4.5 Discussion

In this chapter, we have proposed several methods to correct for verification bias the VUS under
missing at random assumption. By using imputation and re-weighting techniques, we have provided
the FI, MSI, IPW and SPE estimators. These approaches are working well if the disease model or
the verification model is corrected. However, in case of model misspecification, all four estimators
yield biased results, and hence, the KNN estimator could be useful. An alternative way to estimate
VUS in presence of verification bias is the use of numerical method to calculate the volume under
bias—corrected ROC surface.

In real applications, doctors can employ more than one diagnostic test to identify the presence
of a disease. For example, they can consider two diagnostic tests, coded as DT1 and DT2. In such
situation, we will have two different ROC surfaces, and of course, two different VUSs, p(*) and p(2)
say. An interesting question is “How to choose the best diagnostic test?”. From a statistical point
of view, a suitable answer comes from testing the significance of the VUS difference u(") — u(?). In

fact, we consider two following hypotheses

Hy: M(l) _ M(Q) =0 Hy : M(l) _ #(2) -0
(I){ Hl : /u(l) o ,u(2) N 0 or (H) Hl . u(l) N N(z) < 0

The first hypothesis identifies test DT1 is a best, whereas the second one implies that the diagnostic

test DT2 is to be preferred. To perform the above tests, we can develop simple tests procedures.

Table 4.5: Decision rules for normal test.

The hypothesis t—statistic Wald statistic
Yp
N A 2
) 1-9 % <a | Pr X2>ni¢"* <a
N A 2
(11) O VBes) <o | Pry?<™es) <q

VA AL

Let T and T(® denote test results of two diagnostic tests DT1 and DT2. The VUS difference
is equal to
E {IEjDk)DUDQngk}

A, = @
w=H a E{D1;D;Dsy}

(4.10)

where Il(-ﬁ) = ISI)C — IEJQL If we redefine T = (T(l), T(Q)) and replace 15, with Igﬁ), then estimation

of A, is formally identical to estimation of a single VUS. As a corollary, the estimate A, inherits all
of the properties of [i, i.e., Au is consistent and asymptotically normally distributed. In particular,
we get /n (Au* - Au) 4 N(0,A.), where A, is obtained in the same way as A,. Under this
result, the hypothesis testing is based on this asymptotic distribution. In such situation, two

popular asymptotic test statistics are t—statistic and Wald statistic, specifically

. A2
ta,=0 = V\?}A%M? Wald = (tA#:o)z = nAfL*
A *

One can verify that ta,—o ~N(0,1) and Wald = (tAM:0)2 <~ x2(1), under the null hypothesis Hy.
Choosing a significance level a € (0,1), we reject Hy if one of the expressions in Table 4.5 is
satisfied.
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Alternatively, one can employ bootstrap hypothesis testing. We implement the following steps:
(i) draw a bootstrap sample of n observations (D%, D}, D%, V*, TM* T()* A*) with replacement
from the original sample; (ii) calculate the bias—corrected VUS of the T (1 and T®), say, ﬂg})* and
42" and evaluate the difference Ar L = a7 — 8% (iii) repeat step (i) and (ii) for B times and

obtain B values of A} .. One sided bootstrap p-value for the hypothesis (I) is then estimated as

#{A% > 0}

p — value ~ #T’
with b=1,..., B. We reject Hy if p—value is less then the significance level a. In analogy, we have
the definition of one sided bootstrap p—value for the hypothesis (IT). The bootstrap procedure may
require a large B and perform well in case of uncorrelated diagnostic tests (Nakas and Yiannoutsos,
2004).

Also in real applications, the verification status could somehow depends, in addition to the test
T and covariates, also on the true disease status, a possibility not foreseen by the MAR assumption.
In such situations, we face a nonignorable missingness mechanism and the all proposed estimators
can not be applied. This motivates to find the methods to deal with nonignorable verification bias

in estimation of VUS. This work will be presented in next chapter.



90

Estimation of the VUS in presence of verification bias




Chapter 5

NI verification bias in estimation
of the VUS

5.1 Model for NI missing data mechanism

5.1.1 Model settings

To deal with NI missing data mechanism, in what follows we extend parametric models adopted in
Liu and Zhou (2010) for the two—class problem to the three—class case. More precisely, with three

disease categories, we fix the model for the verification process as follows

exp{h(T, A; ) + A1 D1 + Ao D3}

=P =1|D1,D5, T, A) =
s r(V ‘ 1,472, 4, ) 1—|—eXp{h(T,A;T7T)+>\1D1+)\2D2}’

(5.1)

where Dy and D are defined in the previous section, h(T, A; 7, ) is an arbitrary working function,
and 7, is a set of parameters. Here, A = (A1, \2)" is the non-ignorable parameter: the missing
data mechanism is MAR if A\; = Ay = 0; NI, otherwise. As for the disease model, we employ the
multinomial logistic regression for the whole sample, i.e.,

P = PI‘(Dk — 1‘T, A) _ €xXp {f(TaA;TPk)} (52)

C 1+exp{f(T, A;7p,)} +exp {f(T, A;7p,)}

where f(T, A;7,,) is an arbitrary working function, and 7,,, is a set of parameters, for k = 1,2. The
parameters A, 7., 7,, with 7, = (’T;;,TT)T

»,) » can be estimated jointly by using a likelihood—-based

approach.
It is worth noting that, under (5.1), an application of Bayes’ rule gives that

PO IV Z L) P O e ) 0
D LT A o hr i) )
BT oT ) — P e 0T A5

Therefore,
e e T (O
TR BB oT ) - a6
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so that, according to (5.3) and (5.4), A; and A2 can also be interpreted as log-odds ratios of
belonging to class 1 (instead of class 3) and to class 2 (instead of class 3), respectively, for a

verified subject compared to an unverified subject with the same test result and covariates.

5.1.2 Parameter estimation

As in Liu and Zhou (2010), in our model, for simplicity, we take h(T, A; 7) = T, +7, T+A T 7, and
f(T, A;7p,) = Ty + Tpo T + AT 7, which is a natural choice in practice. For fixed T’ and A, the
observed distribution is fully determined by the three probabilities Pr(D; = 1, Dy = 0,V = 1|T, A),
Pr(D; =0,D; =1,V =1|T, A) and Pr(D; =0,D5 =0,V = 1|T, A). It is easy to show that

Pr(D1 = 1,D2 == O,V = 1|T, A) PI‘(D1 == 1,D2 = 0|717 A)PI(V = 1|D1 = 17D2 = 077_‘7 A)

Pr(Dy = 1|T, A)Pr(V =1|Dy = 1,D, = 0,T, A)

= pP1Ti0-
Similarly, we have that
PI‘(D] = O,Dg = l,V = 1|T,A) = pP27T01,
PI‘(D1 = 0, DQ = 0, V = 1|717 A) = (1 — pP1 — pQ)TFO(),

with To1 = PT(V = ].|.D1 = O,Dg = ].,T‘7 A) and Too = PT(V = ].|.D1 = O,DQ = 07T, A) Then,
Pr(V = 1T, A) = p1mi0 + p2mo1 + (1 — p1 — p2)moo,

and Pr(V =0/T,A) =1—-Pr(V =1T,A) =1 — p1m10 + p2mo1 + (1 — p1 — p2)meo. It follows that

the log-likelihood function can be written as:

log L(X, T, Tp)

-

{Dlz’Vi log(p1im10i) + D2iVilog(p2imori) + (1 — D1 — Do) Vilog((1 — p1i — pai)mooi)

=1

+ (1 = V;)log(1 — p1imi0i — p2imori — (1 — p1s — Pzz’)ﬂom)}- (5.5)

The estimates 5\, 7x, and 7, can be obtained by maximizing log L(\, 7, 7,) or by solving the score

equations

n 1 _ . . 1 _ .

0 = Z {Dlz (1 —m10:) — (1 = Vi)primioi(1 — m0i) } ’
i=1 1 — primioi — p2imori — (1 — p1i — p2i)mooi
- 1- 7 7 1- i

0 = Z {D2sz — mo1i) — 1 (1 — Vi)paimori(L — mo1s) }7
i=1 — p1imi0i — p2iTori — (1 — p1i — pai)Tooi

0 = Z UZ{Dll‘/Z( 7T10i) + DQZ‘/Z(I - 7r01i) + (1 — Dli — DQl)‘/z(l — 7T00i)

.
I
—

1_ V)Plzmoz(l — m10i) + p2im01i (1 — mo13) + (1 — p1s — p2s)mo0i(1 — mo0:) }

1 — p1imi0i — p2imori — (1 — p1i — pai)Tooi

U {Vi(Dli — ) — (1 Vi) (m10i — mo0i) p1i (1 — pri) — (mo1; — 77001)011/)21 } ’
1 — p1imioi — p2imori — (1 — pri — p2i)

)

)

U, {Vi(Dzi = o) — (1 - V) (o1 — m00i) p2i (1 — p2s) — (T10i — To0i) P1iP2i } 7
1 — p1imi0i — p2imori — (1 — p1i — pai)Tooi

1

I I
=10 L

1

.
Il
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where Uj;

= (1,T;, A] ). The above equations are obtained by using the following results

0
o —mo; = moi(l— T10i),
0
8)\27T01z = 7o1i(1 — mo1i),
0
Eﬂ-dldgi = Ul(l - Wdldzi)ﬂ-dldzi

(here (dy,ds) is a pair in the set {(1,0), (0,1),(0,0)}), and

3231 pri = Uip1i(1 = p1i); 83{)2 pri = —Uip1ipai;

g2p2i = Uipai(l = pai); sLpr = ~Uipripai

5.1.3 Identifiability

In this section we verify that the working model based on (5.1), with h(T, A;7) = 7, + T, T +
AT 7, and (5.2), with f(T, A;7,,.) = Tpy, +Tpor T+ AT 7, is identifiable. Since the log-likelihood
(5.5) is fully determined by the three probabilities Pr(D; = 1,Dy = 0,V = 1|T,A), Pr(D;, =
0,Dy =1,V =1|T,A) and Pr(D; = 0,D5 =0,V = 1|T, A), we have to show that such probabilities

are uniquely determined by the parameters for all possible T" and A. For the sake of simplicity, in

the remainder of this section the auxiliary covariates A is omitted (actually, we can always view

A as fixed while varying T').

Let € = (A1, A2y Trys Tras Torys Tpars Tonas Tpaa) | De the set of parameters. For given T' = ¢, we can

write

log(p1710)

log(p27r01)

10g(P37Too)

(Tpry + Tport) —log {1 4+ exp(7p,, + Tpout) + exXP(Tpyy + Tpool) } + (Try + Trot) + A\
— log {1 + exp(Ta, + Tryt) exp(A1)},

(Tpra + Toosat) — log {1 4+ exp(Tp,, + Tpor t) + €XP(Tpyy + Tpoot) } + (Try + Trpt) + A2
— log {1 + exp(7, + Tuyt) exp(A2)},

—log {1 + exp(7p,, + Tpyyt) + €xp(Tpyy + Tpout)} + (T, + Trpt)

— log {1 + exp(7r, + T t)} -

Let x(t) = T, + Tmot, Y(t) = Tp,, + Tpoit and z(t) = 7,,, + Tp,,t, for each t € R. The above

expressions, which refer to the quantities characterizing the log-likelihood function (5.5), can be

rewritten as

log(p37r00)
log(p1710)

log(p2mo1)

—log {1+ exp(y(t)) + exp(z(t))} + z(t) — log {1 + exp(x(t))},

y(t) —log {1 + exp(y(t)) + exp(z(t))} + @(t) + A1 — log {1 + exp(x(t)) exp(A1)}
log(p3moo) +log {1 + exp(z(t))} + y(t) + A1 — log {1 + exp(z(t)) exp(A1)}
log(psmoo) + y(t) + log {1 + exp(x(t))} — log {exp(—A1) + exp(z(t))}

(
(

log(p37o0) + (t) + log { y 1+ exp(z(1)) } |
)
(

xp(—A1) + exp(x(t))
2(t) — log {1 + exp(y(t)) + exp(z(t))} + z(t) + Ao — log {1 + exp(z(t)) exp(A2)}
log(psmoo) + (t) + log { exp(l—l)—\ge)xi(jx(}i)()f(t)) } .




94 NI verification bias in estimation of the VUS

Now, assume that there are two distinct points £ and £* (€ # £*) in the parameter space, such

that the following equations (with obvious notation) hold:

pP1TI0 = PiT10s (5.6)
P2To1 = PZW&, (5-7)
p3T00 =  P3Tg0s (5.8)

for all ¢t € R. By using (5.8), the equations (5.6) and (5.7) are equivalent to

1+ exp(z*(t)) 1 1+ exp(z(t))

to { b (—A]) + exp(a* () } tos { () + exp(a () } - (39)
o 1+ exp(a* (1) 1+ exp(a(t))

A== = 1°g{exp<—xz>+exp<x*<t>>}IOg{exp<—A2>+exp<x<t>>}’ (5.10)

respectively. In (5.9) and (5.10) the left sides are straight lines. Thus, in order to (5.9) and (5.10)
hold for all ¢, the right sides must be constants. If these constants were 0 (because Ay = A} = Ay =
A3 = 0), then (5.8) would no longer hold for £ # £* and all ¢. Alternatively, the right sides of (5.9)

and (5.10) are non-zero constants if 7, = 7, = 0. Then, as a consequence, (5.8) still is valid, for

<
—~
~+
~—
[
<
*
—~
~+
~

§ #&" and all ¢, eventually if 7,,, = 7;, =0 and 7,,, = 7, = 0. This allows us to state that: if
Pr(Dy|T) # Pr(Dyg), with k£ = 1,2, then the considered model (with the particular choice for the
functions h and f) is identifiable, i.e., the joint probabilities Pr(Dy = 1,Ds = 0,V = 1|T = t),
Pr(D; =0,Dy =1,V = 1T =t) and Pr(D; = 0,D2 = 0,V = 1|T = t) are determined by a
unique set of parameters. Of course, this claim can be easily extended to handle the presence of a

covariate vector, A.

5.2 The proposal

5.2.1 VUS estimators
Let pr) = Pr(Dy = 1|V =v,T, A), for k = 1,2 and v = 0, 1. It is easy to see, for instance, that

Pr(V =v,D; =1|Dy =0,T,A) Pr(V =v|Dy =1,D, =0,T, A)Pr(D; = 1|T, A)

Prev) = Pr(V = [T, A) Pr(V = o|T, A)

Hence, we can get, in particular,

_ (1 —m10)p1

PO = T 0)pr + (1 — mor)pe + (L — mo0)ps
_ (1 —mo1)p2

P2y = (1 = m10)p1 + (1 = mo1)p2 + (1 — 7o) p3
_ (1 = mo0)p3

Ps) = (1 —m0)p1 + (1 —mo1)p2 + (1 — mo0) p3

Clearly, we also may consider quantities as

0 _ 1001
1) T10p1 + To1P2 + Toops
Then, we observe that
E(D1;D2¢DsyLier) = Epa{LieyE(D1;D2¢Dsr|T;, Ai, To, Ae, Ty, Ar)

= Era{Lie-E(Dy|T;, Ai)E(Dae|Ty, Ag)E(Ds, |T,, Ay)}
= Ep 4 (prip2epsrlier) -
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Similarly, we have
E(DliDQZDsr) = ET,A (pupzeﬂsr) y

so that (2.10) can be rewritten as

_ E7. 4 (prip2epsrlicr) (5.11)
Er 4 (p1ip2epsr)

Equation (5.11) suggests how to build estimators of VUS when some disease labels are missing
in the sample: we can use suitable estimates pg; to replace the Dy;’s in (2.12). Therefore, a FI

estimator of VUS is simply

n n n . . R

> 2 2 Lwpripapsr
fipr = ke (5.12)
1iﬁ2£ﬁ3’r

NE
’ >

where pi; (K =1,2,3 and ¢ = 1,...,n) are the estimated disease probabilities obtained from the
disease model (5.2).

Since E[Vipryi + (1 — Vi)pryilT, A] = pri, an alternative FI estimator of VUS could be
obtained by replacing Dy;’s in (2.12) with the estimates Dy; pr = Vibr(yi + (1 = Vi) pr(oyi- Unlike
FI approach, MSI estimator only replace the disease status Dy, by the estimate pyg); for unverified
subjects. Define Dy; mst = ViDri + (1 — Vi)pr(oy: and let D;“-’MSI be the estimated version with
Pr(oyi replaced by Py (i, and

N (1 — 710i) P14
Pry = (1 = #104) Pri + (1 — To14)p2i + (1 — Fooi) P3i
. (1 — 7o14)Pai
P2(0)i = (1 = 710i)p1i + (1 — 7o1i) p2i + (1 — To0i)P3i
R B (1 — 7o0s) p3i
P30y = (1 — #100)p1i + (1 — Fo1i) poi + (1 — o0i) P3i

Here, 710; = Pr(Vi = 1|Dy; = 1, Doy = 0,T;, A;), o1; = Pr(Vi = 1|Dy; = 0, Doy = 1,T;, A;) and
Too; = f’\r(VZ = 1|Dy; =0, Dy; = 0,T;, A;). Such estimates are derived from the verification model
(5.1). Then, the MSI estimator of VUS is

n n n ~ ~ ~
Z Z‘ > LigpD1imsiDagmsiDsr Mst

~ r#l,r#£i
HMSI = —p— z :f - - - . (5.13)
Z > _ >~ DiimsiDae st Darnist

In the IPW approach, instead, each observation in the subset of verified units is weighted by
the inverse of the probability that the unit was selected for verification. Thus, the IPW estimator
of VUS is

n n n A la—la1
Z Z ' Z Iifr‘/in;"DliDﬂDBr'/Ti Ty Tp

~ r#L,r#£i
HIPW = —F— a ZE . (5.14)
> > > ViViV,DyiDoyDs, 7y by byt

Clearly, the estimates #; also arise from the selection model (5.1).
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The last estimator is the pseudo doubly robust (PDR) estimator. We define

ViDyi  Pr(o)i (Vi —m)

T U

Dy PDR =

An estimated version, D]“"pDR, is obtained by entering the estimates 7; and py(o); in the expression
above. Then, the PDR estimator of VUS is

n n n _ ~ N
> 2 2 LeDiporDa2epprDsrpor

n n n - - (5«15)
> 2 2 DiprorDaporDsrpor

The PDR estimator has the same nature as the SPE estimator discussed in Chapter 4 under
MAR assumption. However, under NI missing data mechanism it no longer has the doubly robust
property. In fact, correct specification of both the verification model and the disease model is

required for the PDR estimator to be consistent.

Note that all VUS estimators basically require maximum likelihood estimates of the parameters
A, 7r and 7, of the working models (5.1) and (5.2).

5.2.2 Asymptotic behavior

Let £ =(\T, 7], T;'— )T be the nuisance parameter. Observe that the proposed VUS estimators can
be found as solutions of appropriate estimating equations (solved along with the score equations).
The estimating functions for FI, MSI, IPW and PDR estimators have generic term (corresponding

to a generic triplet of sample units), respectively,

Gier FI(M; £ = pli(Tp)Pﬂ(Tp)pSr(Tp) (Lier — 1)
Giermsi(1,€) = Diimsi(§)Dae st (§) Darvist(€) (Lier — 1),
(L&) = ViViVi D13 Doy D3, (Tier — 1)
Mr IPW (M, Wi(f)m(f)ﬁk(f) ilr ),
GierpDR(1,E) = D1i,ppr(§)D20,pDR(E) D3y, PR (E) (Litr — 1) -

In the following, we will use the general notation Gy, . (1t,€), where the star stands for FI, MSI,
IPW and PDR. We define the observed data as the set {O; = (D), Vi, T;, A]) T, i=1,...,n}.

Remark 5.2.1. Here, we show that the estimating functions G . are unbiased under the working

/\T T TT)T.

disease and verification models. Recall that € = (A", 7, , »

o FI estimator. We have

E{Gierpi(po,§0)} = EA{pri(70p)p2e(70p) p3r(T0p) Lier — 1)}
E {p1ip2epsr(Lier — o)} -

Hence, E{Gi¢rr1(po,€0)} =0 from (4.1).
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o MSI estimator. Consider E {Dy; ms1(€0)|T3, Ai}. We have

E{Dyims1(o)|Ti, Ai}

Therefore,

E{Gierms1(p0,60)}

o [PW estimator. In this case,

= E{ViDri + (1 = Vi)pi(0)i($0)| T3, Ai}
= E [E{ViDyi + (1 = Vi) pr(0yi(&0)|Ti; Ai, Vi } |T;, A
— Pr(V; = [Ty, A)E (DiVs = 1, T3, Ay)
+ Pr(V; = 0|T;, A)E (pr(0yi(0)|Vi = 0,T;, 4;)
= Pr(V; =1T;, A;))Pr(Dy; = 1|V; = 1, T3, Ay)
+Pr(V; =0|T;, A;))Pr(Dy; = 1|V; =0, T3, A;)
= Pr(Dy; = 1T;, 4;) = pri.

E {D1;ms1(0) Daenist(€0) Dsromsi(§o) (Lier — 110) }
E| (Zier — p10) E{D1ims1(60)| T3, Ai } E{Dae nist(&o)|Te, Ae}

x E {DST,MSI(&)”TM Ar}
E{p1ip2ep3r(Lier — t10)} -

E (ViDuim; '(€)|Ti, A;) = 7 "(&)E (ViDwi| T, As)

Thus,

E {Giér,IPW (.U’Ov 50)}

e PDR estimator.

E { Dy, por(£0)|Ti, Ai}

Hence,

E {Gier,poR (10, 60) }

= 7; (&)E{DwE (Vi|D1s, D2i, Ti, Ai) | Ty, A }
= 7, 'E(miDyi|T;, A;) = pri-

{ViVéVrDuDﬂDgr Lo — )}

m(€o)meCo)melGo) O

E{ (L — 10) E(ViDyim; (60) T3, ADE(Vi Doy (€0)[ 0, A)
X E(V, Dy, (€0)ITr, Ar)}

E {p1ip2epsr(Lier — po)} -

[ {V(’ék; Pr(0)i(€o) (T"‘éo) - 1) ‘DliaDQiaﬂ,Ai} Ti,Ai]

{oue (i

— Pr0)i(0)E ( 1‘D1i;D2iaTi7Ai> TivAi}
E{D1ippr(&0)D2e,p0R (£0)D3r,poR (§0) (Lier — o)}

E[ (Titr — #10) E{ D1 pr (60)|Ti, As} E {Dar,pon (€0) Ti, A}

x E{Ds, ppr(&)|Tr, Ar}:|
E {p1ip2epsr(Lier — o)} -

D1l7D2’L7T27A )

E(Dwi| T3, Ai) = pri-
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Recall that the nuisance parameters ¢ is estimated by maximizing the log-likelihood function

(5.5). Let S;(§) is the i—th subject’s contribution to the score function, and Z(§) = EB?TS &)

the Fisher information matrix for £&. To give general theoretical results, we assume standard regu-
larity conditions, which ensure consistency and asymptotic normality of the maximum likelihood

estimator é .
(R1) the parameter space £ = A X T X T, has finite dimension and is compact;

(R2) the true value & = (Ag , 7oy, 70,) | exists and is interior to the parameter space £ such that

E{Si(§)} # 0if € # & and E{S;(&o)} =0
(R3) the variance of S;(&p) exists and is finite;
(R4) E{08;(£)/0€T |e=¢, } exists and is invertible;

(R5) there exists a neighborhood N of & such that the expected values of sup(eep [|Si(€),
sup(e)en [0Si(€)/9€T || and supeye s [Si(€)Si(€) || are finite, where | X|| =35, 37, X7

Let po be the true VUS value. We also assume that:

(C1) The U-process
Un,*(“v E) = \/E{G*(Uv E) — Cx (U? 5)}

is stochastically equicontinuous, where

1 n n n
G* (Ma g) = 6n(n — 1)(?’7/ — 2) ; 6_127& Z { ilr,* lu’v ) + Gi?“L*(;“’v f)
Lt

+ GZir,*(,uv 5) + Gfri,*(,uv g) + GriZ,*(,va 5) + Gréi,*(,ufv f)}
and

Cx (M»g) = é]E{Gin,*(,va f) + Girl,*(ﬂ7 5) + Gli’r‘,*(ﬂu 5) + GZM’,*(/JM 5)

+ GT‘iZ,*(:“’? f) + GTZ'i,*(/‘L7 5)};

(C2) e.(p,€) is differentiable in (p,£), and %‘:50) £0;

H=Ho

(C3) Gi(p,€) and M converges uniformly (in probability) to e.(u,§) and de*(” 5), respec-
tively.

Then, we prove consistency and asymptotic normality of the proposed estimators.

Theorem 5.2.2 (Consistency). Suppose that conditions (C1)-(C3) hold, along with standard reg-
ularity conditions for the likelihood function (as those given by Newey and McFadden (1994)).
Under the verification model (5.1) and the disease model (5.2), fix = o.

Proof. We shown that E{G¢ .(120,&0)} = 0. Then e.(po,&) = 0, and, by condition (C2) and an
application of implicit function theorem, there exists a neighborhood of &y in which a continuously
differentiable function, m(&), is uniquely defined such that m(&y) = ug and e, (m(&),&) = 0. Since
the maximum likelihood estimator f is consistent, i.e., é LS &o, we have that [, = m(é) LN to- On
the other hand, G, (jix,€) = 0 and condition (C3) implies that e, (fis, &) = 0. Thus, i, = fiy. O
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Next we establish the asymptotic normality of the estimators fi..

Theorem 5.2.3 (Asymptotic normality). Suppose the conditions in Theorem 5.2.2 are satisfied.
If the verification model (5.1) and the disease model (5.2) hold, then

Vi (i — o) 5 N0, M),
where the star indicates FI, MSI, IPW, PDR, and A, is a suitable value.
Proof. We have
0 = VnG.(ji,§)
0 = VnGu(fis, &) + Ve (jis,§) — Vne.(jis, §).
Since e, (o, &o) = 0, we get
0 = VnGi(fis, &) + Ve (i, €) — Ve (fu, €) + vnex (1o, &) — vnex(po, o)

= VA {Gu( ) — el O} Vi {ealiins€) — ealrios0) | + Ve (0, 0)
— VnG. (10, &) + VnG. (o, o)

= [Vr{Cu,) = e O] = VR AG. (10, &) — eulp0,0))]
+ \/ﬁ{e*(ﬂ*7é) - 6*(,”0750)} + VG (1o, &o).

Condition (C1) implies that the first term in the right hand side of the last identity equals to 0,(1).
Using the Taylor expansion, we have

0 = 0,(1) + v {euitn,€) = eulpio, &) } + VGpo,€0)

ae>|< I ~ ae*—r ? £
= o)+ S, o)+ 2 g
H=H0 §=%o
+ VG (o, o) (5.16)
It is straightforward to show that
ae*gf()) = —Pr(D; = 1)Pr(Dy = 1)Pr(D; = 1) = —0,005.
H=Ho

By standard results on the limit distribution of U-statistics (van der Vaart, 2000, Theorem 12.3,
Chap. 12),

VU (o, €0) = v {Gx (1o, é0) — ex(pt0,€0)} = VnGi(po, &) 2 vnG. (1o, o),

where /nG.(u, €) is the projection of U, . onto the set of all statistics of the form Y B;(X;),
i=1

- 1 <
\/ﬁGn (/’La 5) = ﬁ Z E{Giér,*(uv g) + Girﬁ,*(:uv g) + Gfir,* (/’('a 5)
i=1
+ Gerix (11, 6) + Grig (1, €) + Grei (11, ) ’Oz}
for £ # i and r # ¢,r # i. For the maximum likelihood estimator &, we can write

\/ﬁ(é—&))— 1 [_GE{&'(O}

n

()" Z&(&) +0p(1).

<

T Vn dET

n

] 356+ 0,(1) =

§=%o
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Hence, from (5.16),

n

()™ Si(é)

£=¢%o =1

1 n
+ OV ;E{Gilr,*(ﬂm &) + Gire,« (10, &0) + Grir (10, &0)

) T
R

+ Gori (10, €0) + Grie (1o, &) + Grai« (o, 50)’01‘}

(&)~ ' Si(&)

ae;r (,LL(), 6)
o¢
§=%o

= op(1) + \}52;

1
+ QE{GMT,*(MO, &) + Girex (100, 0) + Grir (10, &0)

+ Grri (o, &0) + Grie« (o, o) + Greix (Hos §O)|Oi} (5.17)

= o)+ % > Quelio. ) = u(1) 4 %Q*(Nofo)-

Note that the observed data O; are i.i.d, then Q; .(uo,&o) are also i.i.d.. In addition, we easily
show that

0 = E E{Gm,*(#mfo) + Gire (10, €0) + Guir,x (1105 €0) + Gori (10, &0)

+ Grie« (1o, &0) + Greix (1o, Eo)|0z}

Therefore, E{Q; «(10,&0)} = 0, and ﬁ@*(ﬂm o) LA N (0, Var {Q; (o, &o)}) by the Central Limit
Theorem. It follows that

Vi (fi — 10) 5 N (0,A)

where
_ Var{Qi . (o, 50)}_

A.
62622

O

It is worth noting that the assumed regularity conditions for the likelihood and condition (C1)-
(C3) hold in our working model, which is based on (5.1), with h(T, A;7;) = T, + T, T + A Trs,
and (5.2), with f(T, A;7,,) = Tp, + Tp T+ AT 7y, .

5.2.3 Variance estimation
Under condition (C3), a consistent estimator of A, can be obtained as
v {00.0) 7500

A, ~ = =1 , (5.18)
07 .03 .03 . 07 .03 .03,

where ék* are the estimates of the disease prevalence, 6 for k = 1,2,3. Specifically, ék,pl =

n n n n n

1 ~ N 1 M ) ~—1 ~—1 O 1 -

= le’”" Ok ms1 = o ZIDM,MSh Ok pw = > ViDii®t; ~/ 21 Vim; ~ and Ok ppr = o 21 Dy PDR.-
i= i= = i= i=

(2

1
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According to (5.17), we have that

2 (e € Shully zer*(ﬂ*,f)’ u asi(g)‘ B
a,% (M y = _— — Sz
Q, (/~L 5) (n—l n—2 ;; — 85 =é { ; afT et (f)

(AT T#Lr#i
TS D(n=2) 2(n—1 n_Q Z Z { ilr,x (s )+Gzrl *(ﬂ*a§)+G2ir,*(ﬂ*,é)
P;ﬁ? T#zr;«é/

+ GEM',*(,&*» é) + GriZ,*(ﬂ*a g) + Gréi,*(ﬂ*v é)}

In addition, for fixed i, we also have that

Z Z { it (e € )+GM*(M*7§)}

2 Z Z Gi@r,*(/:‘*z é)»

Z;éz oy, [y,
Z Z {G&r* M*» )+Gme*(,u*,§)} = 22 Z Géir,*(,&*vg)»
[y, [y,
Z Z {Gim*(ﬂwg)+Gr€z*(ﬂ*7£)} = 22 Z Gr[i,*(ﬂwé)
ey, (21 robirstl
Therefore,
-1
. . 1 Lo s 0G, (6 L 98i(€) A
P S he9) L osig) 1
N I TP R VD D A A PR A A
0#1 7‘75 R
1 n
+mz Gzér* M*7§)+Gézr*(ﬂ*»€)+0r€z *(M*7§)} (5 19)

=1
(£ 7"751 7’7%

9Si(§)

The quantity E e

could be obtained as the Hessian matrix of the log likelihood function at
¢=¢

aGiZ-r,* ([L* 75)
¢

¢ . In order to compute , we have to get the derivatives of a%p;ﬂ-(mpk), a%pk(o)i(f),
£=¢
(985 i (>\ T7r)7 857(-107'()\ 7—71')7 3577011()\ 7—71') and 6571—001()\ Tﬂ')

In Section 5.1.2, we obtain

sm0i( A Tr) =m0l = mi0i);  emi0i(A ) =05
s\ r) = 0; s=mo1i(A 7r) = mori(1 — mo1s);
0 (A =0: O (N =0
6/\171—002( 7T7r) — Y 5)\277001( 7T7T> — Y.

and

Gy Tiudzi = Ui(1 — aydpi) Tdy dais
where (dy,dz) belongs to the set {(1,0),(0,1),(0,0)}. Also, we have

%Pu(m) =Uipri(1 — p1); %pu(ﬂ)) = —Uipripai;

%p%(Tp) = Uipai(1 — pai); %P%(Tp) = —Uip1ip2i-
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Moreover,
a —1 lfﬂ-i 8 1 1*71'1'
i A T :*Dsii; .- Y /\a w) = —Us )
G ) = Dt e ) = Ui

with s = 1,2. Then, recall that

4 (1 —710i)p1i
P1(0)i (1 — m10i)p1i + (1 — mo1s)p2i + (1 — mo0s)p3i”
o (1 —7o14)p2i
P20y = (1 — m10i)p1i + (1 — mo1i)p2i + (1 — mo0i)pai”
oo (1 — mo0i)p3i .
(1 = m10i)p1i + (1 = mo1s) p2s + (1 — mo0i) p3i

After some algebra, we get

0 1

87/\101(0)1‘(5) = 3 [—m10i(1 — 710¢) P16 {(1 — mo14) p2i + (1 — To0i)p3i}] ,
0 1

87/\2,01(0)1‘(5) = ;Plimﬂfou(l — mo14) (1 — T104),
0 U;

?Pl(o)i(g) = —;Pu(l — m104) {p2i(1 — mo1:) (T10i — To1i) + p3i(1 — mo0s) (7106 — To04) } 5
0 U,

3 pr0)i(§) = —5p1i(l —m0i) {p2i(1 — mo1:) + p3i(1 — mo0i) }

Tor z
0 U;

o, pr0)i(§) = _?Pli/)%(l — m10i) (1 — mo14)-

0 1

87)\102(0)1‘(5) = ;pumﬂﬁm(l — 710¢) (1 — mo14),
0 1

87/\2'02(0)i(£) = = [—m01i(1 — mo14) p2i {(1 — m104) p1i + (1 — To0i)p3i}] ,
0 U;

Wm(o)i(f) = —;P%(l — mo14) {p1i(1 — m104) (Mo1i — T104) + p3i(1 — mo0s) (To1s — To04) } 5
0 U;

Wplpz(o)i@) = —ﬁpupzi(l — m10i) (1 — mo14),
0 U;

3 p2(0)i(§) = —5p2i(l —mo1i) {p1i(1 — m10:) + p3i(1 — mo0i) } -
Tos z

The derivative a%pg(o)i(f) can be computed by using the fact that ps); =1 — p1(0)i — P2(0)i-

5.3 Simulation studies

In this section, we provide empirical evidence, through simulation experiments, on the behavior
of the proposed VUS estimators in finite samples. The number of replications in each simulation
experiment is set to be 1000.

In the study, we consider two scenarios which correspond to quite different values of the true
VUS. For both scenarios, we fix three sample sizes: 250, 500 and 1500.

In the first scenario, for each unit, we generate the test result 7T; and a covariate A; from a

bivariate normal distribution,

3.7\ (3.71 1.36
(T, Ai) ~ N2 ((1.85) ’ (1.36 3.13)) '
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The disease status D; is generated according to model (5.2) with f(7', A;7,,) = 4.6—3.37—6.4A
and f(T, A;7p,) =4 —1.7T — 3.2A. Then, the verification label V; is obtained according to model
(5.1) with h(T, A; 7)) = 141.2T—1.5A and \; = —2, Ao = —1. Under such data generating process,
0, = 0.4, 65 = 0.35, 03 = 0.25, and the verification rate is roughly 0.57. The true VUS value is
0.791. In the second scenario, we generate the test result and the covariate from independent
normal distributions. Specifically, T; ~ N(0.65,1) and A; ~ N (—0.3,0.64). The disease status
D; is generated according to model (5.2) with f(T, A;7,,) = 4.6 —3.3T —6.44 and f(T, A;7,,) =
4 —1.7T — 3.2A. Then, V; is obtained according to model (5.1) with (T, A;7,) =1+ 1.2T —1.5A
and A\; = —2.5, Ao = —1. Under this setting, #; = 0.55, 65 = 0.32, 3 = 0.13, and the verification
rate is roughly 0.58. The true VUS value is 0.387.

Table 5.1: Monte Carlo means (MCmean), relative bias (Bias), Monte Carlo standard deviations
(MCds) and estimated standard deviations (Esd) for the proposed VUS estimators, and the SPE
estimator under MAR assumption. CP denotes Monte Carlo coverages for the 95% confidence
intervals, obtained through the normal approximation approach applied to each estimator.

Sample size  Estimator Mean Bias(%) MCsd SE  CP (%)

FI 0.772 —2.4 0.056 0.050 89.9

MSI 0.770 —-2.7 0.057 0.051 90.6

n = 250 IPW 0.770 —2.6 0.070 0.061 88.1

PDR 0.766 —-3.2  0.085 0.075 90.8

SPE (MAR) 0.771 -2.5 0.073 0.138 93.2

FI 0.783 —1.0 0.035 0.032 93.3

Seenario T: MSI 0.782 —-1.1  0.036 0.033 93.4
TRUE = 0.791 n = 500 IPW 0.782 —1.2  0.047 0.042 92.2
PDR 0.782 —1.2  0.053 0.058 94.0

SPE (MAR) 0.771 —2.6 0.047 0.040 93.0

FI 0.790 —-0.2 0.016 0.016 95.0

MSI 0.789 -0.2 0.016 0.016 95.2

n = 1500 IPW 0.788 —-0.3 0.025 0.024 94.4

PDR 0.789 —-0.3  0.025 0.024 95.2

SPE (MAR) 0.771 —-2.5 0.027 0.025 89.4

FI 0.368 —5.0 0.064 0.057 87.4

MSI 0.367 -5.2 0.065 0.059 87.9

n = 250 IPW 0.377 —2.6 0.084 0.074 87.6

PDR 0.369 —4.6  0.086 0.075 89.5

SPE (MAR) 0.346 —-10.6  0.063 0.058 84.5

FI 0.379 —2.0 0.045 0.041 90.9

Scenario T1: MSI 0.379 —2.1 0.046 0.042 91.3
TRUE — 0.387 n = 500 IPW 0.380 —1.8 0.060 0.056 91.2
PDR 0.381 —1.6  0.060 0.053 92.0

SPE (MAR) 0.345 —10.8  0.044 0.042 76.5

FI 0.388 0.2 0.023 0.022 94.2

MSI 0.388 0.2 0.023 0.023 94.3

n = 1500 IPW 0.388 0.3 0.034 0.032 94.9

PDR 0.389 0.4 0.033 0.029 93.2

SPE (MAR) 0.346 —10.7  0.026 0.025 76.5

Table 5.1 contains Monte Carlo means, Monte Carlo standard deviations and estimated stan-
dard deviations for the proposed VUS estimators (FI, MSI, IPW, PDR) in the two considered
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scenarios, at the chosen sample sizes. The table also reports the empirical coverages of the 95%
confidence intervals for the VUS, obtained through the normal approximation approach applied to
each estimator. To make a comparison, Table 5.1 also gives the results for the SPE discussed in
Section 4.1, whose realizations are obtained, in all experiments, under the MAR, assumption, i.e.,
by setting A1 = A2 = 0 in model (5.1). The comparison allows us to evaluate the possible impact
of an incorrect hypothesis MAR on the most robust estimator among those, FI, MSI, IPW and
SPE, which are built to work under ignorable missing data mechanism.

Overall, simulation results are consistent with our theoretical findings and show the usefulness
of the proposed estimators, which also arises from the comparison with the SPE estimator used
improperly. The results also show a good behavior of the estimated standard deviations, which
are generally close to the corresponding Monte Carlo values. In general, FI and MSI estimators
seem to be more efficient than IPW and PDR estimators. However, for all estimators, acceptable
bias levels and sufficiently accurate associated confidence intervals seem to require a large sample
size (at least 500, and, prudently, even higher).

This issue of poor accuracy has already been noted by several authors, including Liu and Zhou
(2010), in the context of two-class classification problems. In our experience, the trouble appears
to arise because of a bad behavior of the maximum likelihood estimates in the verification and
disease models. If the sample size is not large enough, the data do not contain enough information
to effectively estimate the parameters A, 7, 7,, and 7,,. It seems particularly difficult to get good

estimates of nonignorable parameters.

Table 5.2: Monte Carlo means (MCmean) for the maximum likelihood estimators of the elements
of nuisance parameters A, 7, 7,, and 7,,.

Scenario I Scenario II

True Monte Carlo Mean | True Monte Carlo Mean
250 500 1500 250 500 1500

A1 -2.00 -1.01 -1.76 -1.95|-2.50 -2.09 -2.30 -2.50
Ay -1.00 -045 -0.87 -098 | -1.00 -0.99 -0.96 -0.97
Try 200 125 1.80 195 | 1.00 1.17 1.00 1.00
Trs 0.50 065 055 051 1.20 139 1.28 1.22
Try -1.20 -1.24 -1.22 -1.21 | -1.50 -1.25 -1.40 -1.51
Tp, 15.00 15,53 15.28 15.10 | 4.60 4.44 458 4.66
Ty -3.30  -341 -3.36 -3.32 | -3.30 -3.29 -3.33 -3.34
Ty -0.70  -0.89 -0.78 -0.72 | -6.40 -6.94 -6.70 -6.48
Tpia 9.50 10.03 9.71  9.57 | 4.00 4.12 411 4.05
Tpee -1.70  -1.79 -173 -1.71|-1.70 -1.77 -1.76 -1.73
Tpss -0.30 -040 -034 -031|-3.20 -3.62 -3.42 -3.25

Table 5.2, giving the Monte Carlo means for the maximum likelihood estimators of the ele-
ments of A, 7, 7,, and 7,,, for the three considered sample sizes, allows us to look at the bias
of the estimators. More importantly, Figure 5.1 and Figure 5.2 (which refer to scenario I and II,
respectively) graphically depict values of the estimates of A1, Aa, and 7, obtained in the thousand
replications, for each sample size. The plots clearly show the great variability of the maximum
likelihood estimates at lower sample sizes, with many values dramatically different from the cor-
responding target values. With larger sample size, this phenomenon almost completely vanishes,

the maximum likelihood estimators behave pretty well, with a positive impact on the behavior of



5.4 Discussion

105

the VUS estimators.
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Figure 5.1: The plot of the MLE of (A1, Ag, 7, ) with respect to scenario I.

5.4 Discussion

In this chapter, we have proposed four bias—corrected estimators of VUS under NI missing data
mechanism. The estimators are obtained by a likelihood-based approach, which uses the verifi-
cation model (5.1) together with the disease model (5.2). The identifiability of the joint model is
proved, and hence, the nuisance parameters can be estimated by maximizing the log-likelihood
function or solving the score equations. Consistency and asymptotic normality of the proposed FI,
MSI, IPW and PDR estimators are established, and variance estimation is discussed.

The proposed VUS estimators are pretty easy to implement and require the use of some nu-
merical routine to maximize the log-likelihood function (or to solve the score equations). Our
simulation results show their usefulness, whilst confirming the evidence emerging in the two—class
case, according to which a reasonable large sample size is necessary to make sufficiently accurate
inference. In practice, among FI, MSI, IPW and PDR estimators, we would reccommend FI and

MSTI estimators thanks to their greater efficiency.
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Figure 5.2: The plot of the MLE of (A1, A2, 7, ) with respect to scenario II.

The poor accuracy problem seems to be related to an intrinsic difficulty of the maximum
likelihood method in providing accurate estimates of the parameters of the disease and verification
models, in particular of the nonignorable parameters. Overcoming this drawback is a stimulating

challenge and deserves further investigation.



Chapter 6

R package: bcROCsurface

6.1 Introduction

In R, some packages exist for ROC surface analysis under full verification. For example, Di-
agTest3Grp gives some tools for estimating VUS (Luo and Xiong, 2012), ROCS deals with the
high-throughput class-skewed data (Yu, 2012) and HUM provides tools for visualizing the ROC
surface (Novoselova et al., 2014). No package is available at the moment for correcting for verifi-
cation bias estimators of the ROC surface and VUS.

The R package bcROCsurface aims to fill in this gap by providing a significant number of new
functions for bias-corrected ROC surface analysis. More precisely, it implements five bias-corrected
estimators for ROC surface and VUS of a continuous diagnostic test, namely, full imputation (FT),
mean score imputation (MSI), inverse probability weighting (IPW), semiparametric efficient (SPE)
and K nearest-neighbor (KNN) estimators. These methods perform provided that the missing

mechanism is MAR. Beside that, the package also works under full verification.

6.2 Package description

bcROCsurface imports various R packages (e.g., rgl, nnet, boot) and is built on Repp (Eddelbuettel,
2013). The package is freely available to download from https://CRAN.R-project.org/package=
bcROCsurface, and provides a consistent set of functions for bias—corrected inference on VUS, for
constructing and plotting 3D-ROC surfaces as well as ellipsoidal confidence regions of true class
fractions at a given cut-point.

Practical use of the package foresees three steps: data preparation, modeling and inference.

Data preparation: In this step, the condition of monotone ordering of the three disease classes
under study (Nakas and Yiannoutsos, 2004) is checked. The condition is mandatory to perform
the subsequent analyses. In words, the condition assumes that subjects from class 3 have higher
test results than subjects in class 2 and the latter have higher test results than subjects in class 1.
Function preDATA () performs such checks, warning users in case monotone ordering is not satisfied.
When satisfied, the function also generates a binary matrix with three columns, corresponding to
the coding of the three classes of the disease status, used as input of the main functions.

Modeling: Correction for verification bias requires estimation of a disease and a verification
model. The function psglm() obtains the verification probabilities specifying a general linear
model for the verification process. In practice, the user can select among a logistic, a probit or a

threshold regression model. Functions rhoMLogit () and rhoKNN() estimate the disease probabili-
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ties based on a multinomial logistic regression. In particular, rhoMLogit () calls the nnet package
for multinomial logistic modeling, whereas rhoKNN () uses K nearest-neighbor regression.

Inference: Two main functions are provided: ROCs for construction and plotting ROC surfaces,
and vus () for estimating VUS values as well as obtaining confidence intervals. Estimation methods
can be flexibly selected by the argument method, among 6 options. i.e., method = "full" if the
full data is available, fi, msi, ipw, spe and knn in presence of verification bias. To plot ROC
surfaces and ellipsoid confidence regions, the function ROCs employs the plotting functions of rgl
package. vus() employs some core functions, written in the C++ language and integrated in R
through the Repp and ReppArmadillo package. Confidence intervals of VUS are built based on the
asymptotic distribution or the bootstrap resampling process (supported by the parallel computing).
In addition, this function also performs the statistical test, Hy: VUS = 1/6 versus Hy: VUS >
1/6.

Besides the functions above described, the package also offers other functions for calculating
asymptotic variances or determine the choice for K with respect to KNN methods.

In addition, we have also developed the Shiny web application (https://cran.r-project.org/
web/packages=shiny) to provide the possibility to deploy bcROCsurface package over the web.
The web interface can be found at https://khanhtoduc.shinyapps.io/bcROCsurface_shiny/.

6.3 Implementation

6.3.1 InR

To illustrate the use of the package, here an example is given. A full guide for use of the
bcROCsurface package can be found in the vignette document.

In the following example, ROCs () is employed to build the bias-corrected ROC surface by SPE
estimator. Data come from the study on epithelial ovarian cancer (EOC). This dataset is available
in the package. As we mentioned above, in the beginning, the application of preDATA() is needed
to ensure that the package can be employed. In second step, the functions rhoMLogit() and
psglm() are called. The SPE estimated ROC surface presented in Figure 3.4(b) is the result of
implementation of ROCs(). In addition, this figure shows a ellipsoidal confidence region (with

green color) of the true class fractions at the cut point (—0.56,2.31). Here is R code:

library(bcROCsurface)

load and attach the dataset

data(EQOC)

Preparing the missing disease status

dise <- preDATA(EOC$D, EOC$CA125)

dise.gpr <- dise$D

dise.mat <- dise$Dvec

Estimate the disease probabilities

rho.out <- rhoMLogit(dise.gpr ~ CA125 + CA153 + Age, data = EOC)

Estimate the verification probabilites

pi.out <- psglm(V ~ CA125 + CA153 + Age, data

Build bias-corrected ROC surface

ROCs("spe", T = EOC$CA125, Dvec = dise.mat, V = EOC$V, rhoEst = rho.out, piEst = pi.out,
ellipsoid = TRUE, cpst = c(-0.56, 2.31))

EOC)

V %V # V %V VYV H$HV #HYV

6.3.2 The web interface

The layout of the bcROCsurface web interface is clean and straightforward (Figure 6.1). It provides

the possibility to load the datasets for the analysis and to access all functions of bcROCsurface
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package. Here, user loads a data file (typically, csv, txt or dat file), selects the suitable option for
“Separator” and “Quote” to read data correctly, then choose the input variables, i.e. diagnostic
test, disease status. If the true disease status is not missing, user follows step 1 and 2 to get the
results. Otherwise, user clicks on the square box and selects the verification status, then follows

step 1, 2 and 3 to implement the bias-corrected ROC surface analysis.

| Correction for Verification Bias in Estimation of ROC Surface Analysis

Chocss Tt File Data  DataPreparaion  Modelng  FitingModel  Preparation = VUSResults | ROC Surfaces
Browse.. dala EOC.csv
Teblesthemits
Std.  Lower  Upper  Lower  Upper
The datafile should be .csv, .ixtof dat Estimate  Emor  Normal  Normal  Legit  Logit
file! The missing values should be:
| | ottty Fl 05150 00404 04357 05842 04380  0.5932
@ Header MSI 05183 00415 04368 05997 04371 05985
' IS IPW 05500 0.0416 04685  0.6314 04679 06294
parator
Space SPE 05581 00443 04712 06450 04703 06424
Tab 1
| ©Comma
| Seitoin Testing hypothesis, HO: VUS = 1/6vs H1= VUS > 1/6
Chioie tstat p-value W-stat p-value
None Fl 86168 0.0000 74.2496 0.0000
© Double Quote ms! 8.4644 0.0000 71,6463 0.0000
Seige Oute PW 92212 0.0000 85.0302 0.0000
Continuous Diagnostic Test SPE 8.8270 0.0000 779159 0.0000
CAl25 -
Disease Variable ~ Plot ROC Surface
D -

Figure 6.1: Bias-corrected VUS in Shiny application.
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Chapter 7

Conclusions

The ROC surfaces and in particular the VUSs, are widely used to examine the effectiveness of
diagnostic tests. In practice, however, the estimation of ROC surfaces and their volume underneath
may be badly biased (verification bias) due to the missingness of the true disease status of the
subjects. Therefore, the correction for verification bias is a problem of great importance. Here, we
considered bias-corrected estimation of the ROC surface and VUS for a continuous diagnostic test
under MAR and MNAR assumption.

In our approaches, we use the disease probabilities and/or verification probabilities to define
the bias—corrected estimators for the ROC surface and VUS. Under MAR assumption, these prob-
abilites are separately estimated via some parametric models (e.g., multinomial logistic; probit
or logistic) or in a nonparametric framework. On the contrary, these probabilities are estimated
together from likelihood function, under MNAR assumption.

There are still many open questions that deserve further investigation. Here, we mention some

of them, which are closely related to the work presented in the thesis.

1. The consistency and asymptotic normality of the KNN estimator for VUS developed in
Chapter 4 were not present. Therefore, studying the statistical properties of this estimator

is the focus of our current work.

2. The proposed approaches require a specific monotone ordering for the three disease classes
with respect to the test result. In other words, our methods are not applicable when an
umbrella ordering is of interest. In absence of missing data, Nakas and Alonzo (2007) pro-
posed a nonparametric framework for construction of an umbrella ROC graph and estimation
of umbrella volume. Thus, further work is needed to extend our methods to the umbrella

ordering.

3. Beside the ROC surface and VUS, there are several summary measures of diagnostic test
performance and among them is the three-class Youden index (Nakas et al., 2010, 2013).
This measure is frequently used in practice and not only shows the accuracy of a diagnostic
test, but also provides a criterion for choosing an optimal cut point (¢}, ¢3), the cut point for
which the Youden index is maximized. In order to compute the three-class Youden index,
the estimates of TCFs (the true class fractions) are needed, and hence, verification bias could
impact also estimation of this index. The construction of bias—corrected estimators for the

three-class Youden index should be investigated in future studies.

4. The bias—corrected estimators for the ROC surface and VUS in Chapter 3, 4 and 5 just con-



112

Conclusions

cern a single continuous diagnostic test. It is worth noting, however, that multiple diagnostic
tests might be available in practice. In such situations, a combination of diagnostic test
results could increase the accuracy. There are some papers discussed about how to choose
the best optimal linear combination of biomarkers to maximize the AUC (Su and Liu, 1993;
Pepe and Thompson, 2000; Pepe et al., 2006; Liu et al., 2011; Huang et al., 2011; Kang et al.,
2016), the VUS (Zhang and Li, 2011; Kang et al., 2013) and the hypervolume under the ROC
manifold (HUM, Hsu and Chen, 2016). However, all existing methods only work in absence
of verification bias. Extensions of the available methods for AUC and VUS in presence of

verification bias are future challenges.

In real applications, various covariates or explanatory variables (e.g. age, gender, race,
marital status, etc.) are frequently present, and they may affect the accuracy of diagnostic
tests and also their linear combination. Consequently the ROC curve, AUC, the ROC surface
and VUS will change as a function of these covariate values. Several approaches for modeling
the effect of the covariates on the ROC curve and AUC were proposed in the literature (Pepe,
1998; Schisterman et al., 2004; Zhou et al., 2009; Liu and Zhou, 2011; Fluss et al., 2012).
Thus, further work is needed to propose some methods for the ROC surface and VUS.

Sometimes, in practice, the comparison of two or more diagnostic tests is necessary. This
work could be done by comparing the values of AUC (in case of two classes) and of VUS
(in case of three classes). However, Hand (2009, 2010); Hand and Anagnostopoulos (2013)
noticed that the AUC has a well-known deficiency when it is used to compare crossed ROC
curves, in the sense that the AUC could lead to a mistaken belief about the performance
of the diagnostic test as it is actually used with some specific cut points. In addition, the
AUC does not take into account the balance of different kinds of misdiagnoses effectively. To
overcome these disadvantages, the H measure was proposed as a coherent alternative to the
AUC, see Hand (2009, 2010); Hand and Anagnostopoulos (2014). It is worth noting that the
VUS is a generalization of the AUC, and hence, the disadvantages of the AUC also appear in
VUS. Therefore, a new definition of the H measure for the case of three disease status should

be investigated in future work.

In Chapters 3, 4 and 5 of this thesis, the behavior of the proposed estimators were analyzed by

means of simulations. It should be recalled that studies of this kind, although certainly useful, can

only be partial, since they cannot cover all the endless scenarios that reality can manifest. The

results reported by us provide some guidance, but the behavior of the techniques proposed and

analyzed can be very different in contexts other than those considered in studies. For example:

(i) actually, small sample sizes can have a negative impact on all estimators, especially the

nonparametric ones.

(ii) for fixed sample sizes, a large number of covariates in the involved models can produce

inaccurate estimates;

(iil) poor results of the partially parametric approaches and the nonparametric estimator can be

observed when the distributions of diagnostic test and/or covariates are skewed (for example,

gamma distribution) or mixture distributions;

(iv) for small sample sizes, all estimators can yield unsatisfactory performance when the verifica-

tion rate is small or unbalanced with respect to the covariates distribution.
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