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Riassunto

In questa tesi si studia la dipendenza degli autovalori di operatori differenziali
ellittici di ordine superiore da perturbazioni singolari del dominio, con attenzione
per gli operatori poliarmonici e per condizioni al bordo di tipo intermedio e
Neumann. Si identificano opportune condizioni geometriche sul dominio iniziale,
sui domini perturbati e sulla perturbazione al fine di assicurare la stabilita spet-
trale. Si caratterizzano i problemi differenziali limite, al variare dei parametri
che regolano la deformazione del dominio iniziale. Si dimostra che, assumendo
opportune ipotesi, gli autovalori e le proiezioni sugli autospazi associati al prob-
lema differenziale nel dominio perturbato convergono ai rispettivi autovalori e
proiezioni associati al problema limite nel dominio iniziale. Inoltre si dimostra
che i risolventi convergono compattamente al risolvente associato al problema
limite.

In particolare, si analizza dapprima la convergenza spettrale di una famiglia di
operatori autoaggiunti, ellittici, di ordine superiore, con condizioni al bordo di
tipo intermedio, su domini perturbati definiti localmente dal sottografico di date
funzioni. Si dimostra un teorema di stabilita spettrale assumendo che la con-
vergenza delle funzioni che rappresentano localmente la frontiera convergano
in modo sufficientemente regolare. Si utilizza poi tale risultato per studiare il
comportamento spettrale di operatori poliarmonici con condizioni al bordo di tipo
intermedio quando la frontiera del dominio € soggetta ad una oscillazione period-
ica e singolare, adattando delle tecniche utilizzate da J.M. Arrieta e P.D. Lamberti
nel caso dell’operatore biarmonico. Si dimostra che il problema limite dipende dal
rapporto tra 'ampiezza dell’oscillazione e il periodo di oscillazione. Infatti esiste
un valore limite per questo rapporto al di sopra del quale si ha stabilita spettrale,
cioe gli autovalori e le proiezioni sugli autospazi associati alla famiglia di domini
perturbati convergono ai corrispondenti autovalori e proiezioni associati allo
stesso operatore differenziale nel dominio limite; al di sotto di tale valore critico



invece 'operatore differenziale limite é differente, in quanto assume condizioni
al bordo diverse sulla frontiera del dominio limite. Infine se il rapporto assume
esattamente il valore critico, appare un ‘termine strano’ in una delle condizioni
al bordo associate al problema limite, che é stato caratterizzato in funzione della
soluzione di un dato problema al bordo ausiliario. In questo caso limite si sfruttano
tecniche dimostrative tipiche dell’omogeneizzazione periodica, come il metodo di
‘unfolding’ e le decomposizioni micro-macroscopiche delle funzioni di Sobolev,
presenti, ad esempio, in alcuni articoli di J. Casado-Diaz e collaboratori.

Nel piano euclideo si considerano inoltre 'operatore biarmonico e 'operatore
associato al sistema di Reissner-Mindlin, con condizioni al bordo di tipo Neu-
mann, su un dominio ‘a bilanciere’, che consiste di due domini regolari, limitati
e disgiunti, collegati attraverso un canale sottile. Si analizza il comportamento
limite dello spettro degli operatori e si caratterizza il limite degli autovalori e
delle proiezioni sugli autospazi quando la larghezza del canale diminuisce fino
ad annullarsi, adattando tecniche introdotte da J.M. Arrieta e collaboratori per
I'operatore di Laplace con condizioni al bordo di tipo Neumann. Nelle applicazioni
alla teoria dell’elasticita lineare, gli operatori in considerazione sono collegati
alla deformazione di una piastra elastica, di materiale omogeneo e non vincolata,
dovuta alla degenerazione di una delle sue dimensioni. In contrasto con il caso
dell’operatore di Laplace, I'’equazione limite risulta distorta da un coefficiente
strano, che dipende dal coefficiente di Poisson della piastra modellizzata.
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Abstract

In this thesis, we analyse the spectral convergence properties of higher order
elliptic differential operators subject to singular domain perturbations and non-
Dirichlet boundary conditions, with special attention to polyharmonic operators.
We identify suitable conditions on the shape of the initial domain, on the shape
of the perturbed domains, and on the geometry of the perturbation in order to
assure the spectral stability. We find the limiting differential problem depending
on the type of domain perturbation and the geometrical parameters governing the
shape deformation of the initial domain. We prove that, under suitable conditions,
the eigenvalues and the eigenprojections of the given differential operator in the
perturbed domain converge to the eigenvalues and the eigenprojections of the
limiting differential operator in the unperturbed domain. Finally, we prove con-
vergence of the resolvent operators in the framework of the compact convergence
of linear operators in Hilbert spaces.

More specifically, we first analyse the spectral convergence of a family of higher
order self-adjoint elliptic operators subject to intermediate boundary conditions
on perturbed domains defined locally by the hypographs of given functions. We
prove a spectral stability theorem for this family of operators under the assump-
tion that the convergence of the functions describing the boundary of the domain
is sufficiently regular. Then we apply the theorem to study the spectral behaviour
of polyharmonic operators with intermediate boundary conditions when the
boundary of the domain undergoes a perturbation of oscillatory type, by adapting
techniques introduced by J.M. Arrieta and P.D. Lamberti for the biharmonic oper-
ator. We prove that the limiting differential problem depends on the ratio between
the amplitude and the period of the oscillation. Indeed there is a critical threshold
above which there is spectral stability; that is, the eigenvalues and the eigenpro-
jections of the perturbed problem converge to the corresponding eigenvalues and
eigenprojections of the same differential problem in the limiting domain. Instead,
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under that threshold there is a different behaviour depending on the order of
the polyharmonic operator and on the type of intermediate boundary conditions
imposed at the boundary. If the ratio assumes exactly the critical value, then
the limiting differential problem exhibits a strange boundary condition, which is
characterized in terms of an auxiliary function satisfying a suitable differential
problem. In order to treat this critical case we use homogenization techniques
and macroscopic-microscopic decompositions, inspired by arguments used by J.
Casado-Diaz and collaborators.

Then we consider the biharmonic operator and the Reissner-Mindlin operator
subject to homogeneous boundary conditions of Neumann type on a planar dumb-
bell domain which consists of two disjoint domains connected by a thin channel.
We analyse the spectral behaviour of the operator, characterizing the limit of the
eigenvalues and of the eigenprojections as the thickness of the channel goes to
zero, in the spirit of the articles by J.M. Arrieta and collaborators for the Neumann
Laplacian. In applications to linear elasticity, the operators under consideration
are related to the deformation of a free elastic plate, a part of which shrinks
to a segment. In contrast to the classical case of the Laplace operator, it turns
out that the limiting equation is here distorted by a strange factor depending on
a parameter which plays the role of the Poisson coefficient of the represented plate.
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Introduction

The problem of studying the behaviour of eigenvalues and eigenfunctions of
given differential operators when the domain is subject to perturbations has a
long history. Rayleigh and Schréedinger can be considered the founders of this
perturbation theory, which was initially studied in connection with the mechanics
of vibrating systems and quantum theory (see [103, 105] and the introduction
of [80]). Since those pioneering works the research in this field was first made
mathematically rigorous and then considered as a topic of independent interest
in the framework of Spectral Theory. Broadly speaking, the general problem
consists in considering a differential operator H on a domain Q and in studying
the variation of the spectrum of H when Q is subject to a perturbation. As an
example, consider the Laplace operator —A subject to homogeneous boundary
conditions (Dirichlet, Neumann, Robin, etc. ) on a given bounded and connected
open set Q of RY, N > 2. We perturb the original domain Q, to obtain a family
of domains (Q¢)eso. The eigenvalue problem for —A on Q. is defined by

(0.0.1)

_Aue = A[Qe]u67 ln Qés
Bu, =0, on 0Q,,

where 8 is an operator defining the boundary conditions. A natural problem is to
find conditions on Q, Q. and the perturbation Q — Q,, such that 1,[Q.] — 1,[Q]
when € — 0, for all n € N. Perturbations Q +— Q. such that both the eigenvalues
and the eigenspaces of the problem in Q. converge to the corresponding eigen-
values and eigenfunctions of the differential problem in Q will be called here
spectrally stable perturbations.

In domain perturbation problems it is essential to make a first distinction
between regular and singular perturbations. We say that a perturbation Q — Q.
is regular if there exists a family of diffeomorphisms (P, ).~ of class C™ such that
®. maps Q to Q, and satisfies the following convergence condition

|Pe = Il|cm@ny — 0, ase — 0,
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where the order of the considered operator is 2m. Broadly speaking, we can
say that regular perturbations guarantee the spectral convergence of any elliptic
differential operator, independently of the boundary conditions imposed. Hence,
the regularity condition via diffeomorphisms defined above is sufficient for the
spectral stability. However, in general such a condition is far from being necessary.

On the other hand, if the perturbation is not regular, then spectral stability is
intrinsically harder to achieve. Indeed, there exist many natural perturbations
for which either it is impossible to construct diffeomorphisms between Q and Q.,
or the family (®¢)eso of diffeomorphisms is not well-behaved with respect to €.
For example, let Q = W X (-1, 0), where W is a smooth bounded domain of RN-1
and let us consider the perturbed sets

Q.= {®,xn) eRN : 5 € W,a < xy < ge(%) = €*b(x/€)} (0.0.2)

for all € > 0, where b is a positive, smooth, non-constant periodic function of
period Y =] — 1/2,1/2[N~1. In this case it is possible to construct a family of
diffeomorphisms (@ )e-o of class C¢ mapping Q. to Q and defined by

CDE(J_C, XN) = (f, XN — he(f, xN))
for all € > 0, where
0 if —1 < xy < —¢,

he(f,x8) =4 '
€ ge(y‘c)(gfg_c;’fe) , if —e < xn < ge(%),

for a suitable d € N, d > 2. On Q. we consider the eigenvalue problem associated
with Hg, = A® + I subject to homogeneous boundary conditions of intermediate
or Neumann type. Note that when a > 2 then ||®, — I|| gy gnvy < C for all € > 0,
hence the perturbation is regular (and consequently spectrally stable). However,
it is proved in [19] that the perturbation Q — Q. is spectrally stable for « > a,
where @ < 2 depends on the boundary conditions. For example, @ = 3/2 in the
case of intermediate boundary conditions, see (0.0.5) below. Thus, this example
shows that the family of spectrally stable perturbations comprehend both regular
and singular perturbations.

It is then an interesting problem to characterise the spectrally stable perturba-
tions which are not regular. Let us note that the family of admissible spectrally
stable perturbations in the singular setting strongly depends on the differential
operator and on the boundary conditions, as already mentioned in [57]. For
example, if the boundary conditions are of Dirichlet type, then it is possible to
choose more general perturbations than the ones allowed by other boundary
conditions. Indeed, an old result in [22] states that for any elliptic differential
operator of order 2m on Q. with Dirichlet boundary conditions, the perturbation
(Q¢)e>o is spectrally stable if the following conditions are satisfied:
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(i) The initial domain Q is such that Hj*(€2) coincides with the set of functions
in H™(RN) which vanish in RN \ Q;

(ii) For all compact set K C Q there exists €(K) > 0 such that K ¢ Q. for all
€ < e(K);

(iii) For all open sets U such that Q c U there exists e(U) > 0 such that Q. c U
for all e < e(U).

We remark that (i) is a rather weak regularity condition on the set Q, which is for
example verified whenever the boundary dQ is of class C*!. It is worth noticing
that a similar result for non-Dirichlet boundary conditions is false in general. In
[57] there is a classical counterexample for the Neumann Laplacian in the plane. It
consists in a perturbation of the unit square Q =]0, 1[? of R? satisfying (ii) — (iii)
above, which is not spectrally stable, because 1,(Q) = 72 # lim._,o A5(Q¢) = 0.
We refer to the books [28, 50, 59, 64, 77, 80, 98, 104] for further information on
domain perturbation theory and spectral perturbation problems. We mention
also the survey paper [73] and the papers [13, 23, 24, 36, 38, 39, 40, 55, 61, 84, 85,
86, 87, 88, 90, 114] where the authors tackled the problem of the spectral stability
for elliptic differential operators from different points of view, either studying
the dependence of the eigenvalues on additional parameters or by studying in
full generality the properties of the map Q +— A[Q], sometimes showing spectral
stability estimates for differential operators subject to domain perturbation. In
some cases singular domain perturbations can be studied via asymptotic analysis,
see for example the recent article [56]. See also [46, 71] and the monographs
[92, 93].

In the recent paper [19] the authors have tried to provide a unifying approach
to the study of the spectral convergence properties of self-adjoint operators Hyp
associated with quadratic forms Q given by

O(u,v) = Z /AaﬁD“uDﬁvdx+/uvdx, (0.0.3)
lal=1Bl=m *' ¢ ©

for all u,v € V(Q). Here V(Q) c H™(Q) is a suitable function space containing
H{"(2) and the coefficients A, are real valued functions satisfying A,p = Ag,
for all |a| = || = m and the ellipticity condition

D Ag)as >0,

lal=|pl=m

for all x € RN, for all £ = (&,)ja)=m € RM where M is the number of multiindices
a € NV with length |a| = m. More precisely, recall that Hy is uniquely defined
by the relation

O(u,v) =< Hé/zu,Hé/Zv >12(Q) »
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for all u, v € V(Q). In particular the domain of the square root Hé/ 2 of Hp is V(Q)
and a function u belongs to the domain of Hy if and only if u € V(Q) and there
exists f € L?(Q) such that Q(u,v) =< f,v >12(q) for all v € V(Q), in which case
Hou = f. We refer to [60, Chp. 4] and Section 1.1 for a general introduction to
the variational approach in the study of partial differential equations.

In [19] the authors give a condition, called condition (C) (see [19, Definition
3.1], and Definition 2.2.1), which implies the spectral convergence for the whole
family of operators Hp. Since this condition is rather general it is quite important
to understand whether it has more geometrical equivalent characterisations, at
least in some specific situations. It turns out that in the limiting cases V(Q¢) =
H™(Q) and V(Q,) = H;"(Q) this is feasible. In the first case, which corresponds
to Dirichlet boundary conditions, Condition (C) is equivalent to a Mosco-type
convergence (see [94, 95, 96]) of the energy spaces H{"(€2) to Hj"(Q2). Mosco
convergence is sometimes regarded as a particular type of I'-convergence (see
[28, 63]), which, in turn, is related to H-convergence (see [97], [108]). Let D be
an bounded open set containing Q and Q. for all € sufficiently small. We say that
H{J'(Q¢) Mosco-converges to HJ'(Q) if the following statements hold:

(i) For all u € HJ'(Q) there exists a sequence of functions (u¢)e>o such that
u. € HJ'(Qc) for all € > 0 and u, — u in Hj'(D), as € — 0.

(ii) For all sequences (ue)e>o such that ue € Hi"(Qe) and ||uc|gm(q,) < C for all
€ > 0, there exist €, — 0 as k — o0, a subsequence (u¢, )xen of (ue)e>0 and
a function u € HJ'(Q) such that u,, — u weakly in HJ*(D) as k — oo.

We remark that the critical condition here is the compactness condition (ii)
which requires all the H™(D)-weak cluster points of any sequence (u ). to lie in
H{'(Q). In the case of the Laplace operator —A with Dirichlet boundary conditions,
it is possible to prove that if Q., Q satisfy a uniform exterior cone condition
(equivalently, Q¢, Q are uniformly Lipschitz) and Q. — Q in the Hausdorff
complementary topology, then Hj(€¢) converges in the sense of Mosco to Hy ().
See the monographs [28, 64, 76] for more details on the relation between geometry
of sets and spectral convergence. Note that very mild regularity assumptions on
the boundaries of Q,, Q are assumed.

On the other hand, when V(Q,) = H™(Q,) for all € > 0, the situation is quite
different. This case corresponds to Neumann boundary conditions, hence it is
rather clear that more regularity at the boundary will be required to define in
a proper way the differential problem. In this case Condition (C) turns out to
be equivalent to Arrieta’s condition (see e.g., [11, 18, 19]), which assumes the
sets Q¢, Q to be Lipschitz, and it requires the existence of Lipschitz open sets
K. € Qc N Q such that one of the two following equivalent conditions is satisfied:
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L If ue € H™(Q¢) and sup.l|uellgmq,) < oo then |lucllizq,\k,) — 0 as
€ — 0;

2. lim._,o 7. = oo, where

Qo (¢, 9)

Te = Hmlrgl) 2 .
¢fﬁ _ (E 0;)><,{€0} ||¢||L2(Qe)

When either (i) or (ii) (and hence both) are verified, then |Q, \ K| — 0 ase€ — 0.
We remark that to assure the spectral stability in this Neumann setting is crucial
to avoid concentration of the L*-norm of sequences u. in a neighbourhood of the
boundary of Qc. A classical situation in which Arrieta’s condition is not verified is
the case of a typical dumbbell perturbation (see [10, 11, 12, 15, 18, 78, 79]), which is
analysed in this thesis in Chapter 5 and in Chapter 6 for the biharmonic operator
and the Reisnner-Mindlin system, respectively. Typical dumbbell domains have
the property that there exist K, as in Arrieta’s condition and |Q, \ K¢| — 0, but
7. remains bounded as € — 0.
At this point two natural questions arise.

1. Isitpossible to identify suitable geometrical conditions in order to guarantee
that Condition (C) is verified, in the case of boundary conditions different
from Dirichlet or Neumann?

2. What happens when condition (C) is not verified? In particular, what
happens in the case of dumbbell perturbations?

In this thesis we try to give an answer to these questions, at least in some
specific setting. The main part of the results will concern polyharmonic operators.
Note that polyharmonic operators are a prototype for general higher order elliptic
operators, at least in the study of eigenvalue problems. With regard to this,
we mention that the study of polyharmonic operators, which began long time
ago (see e.g., the pioneering articles by Almansi [5, 6, 7] and the book [99]) has
recently attracted interest of many mathematicians. We refer to the extensive
monograph [70] for more details on polyharmonic operators and we cite the
articles [29, 30, 31, 33, 34, 48, 69, 101] where eigenvalue problems for polyharmonic
operators have been considered.

Recall that the eigenvalues of the biharmonic operator in a domain Q C R?
have the physical meaning of representing the principal frequencies of a very thin
three-dimensional vibrating plate of section Q. More precisely, the eigenvalue
problem for the biharmonic operator subject to Dirichlet boundary conditions is
given by
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(a) Clamped plate (b) Hinged plate (c) Free plate

Figure 1: Boundary conditions for a circular plate.

o (0.0.4)

u=%=0, onoQ.

{Azu = Au, in Q,
on

Here u(x) represents the vertical displacement of the plate at the point x =
(x1,x2) € Q, and n is the unit outer normal to dQ. In applications, Dirichlet
boundary conditions are used to model a plate that is clamped at the boundary.
In particular, the graph of u must touch tangentially the hyperplane u = 0 at
the boundary of Q, see Fig. 1(a). In a similar way, it is possible to consider the
eigenvalue problem

0.0.5
u=20u_ 0, ondQ. ( )

{Azu = Au, in Q,
on?

which corresponds to the case of the hinged plate. Here the plate is not allowed

to move vertically at the boundary of Q but it may rotate around the line tangent

to 0Q at x € 0Q, see Fig. 1(b). Finally, one can consider the eigenvalue problem

Au+u = Au, in Q,
(1-0)24 + oAu =0, on 6Q (0.0.6)

(1= 0)divga(D?u - n)gq + a(ainu) =0, ondQ.

which corresponds to the case of a free plate with Poisson’s ratio o € (-1, 1). Here
divyq is the tangential divergence operator and (F)sq stands for the projection of
the vector field F on 0Q. In this case the plate is free to move at the boundary, in
particular it may present a non-trivial vertical displacement on 9Q, see 1(c).

We note that this physical interpretation of Problems (0.0.4), (0.0.5) and (0.0.6)
is deduced via the so-called Kirchhoff-Love model, which is valid for thin plates
and for small oscillations. If instead we need to consider plates with a non-
negligible thickness, then the Reissner-Mindlin system is more indicated. In
the case of hard clamped boundary conditions (see [9] and Section 6.2.1) the



eigenvalue problem for the Reissner-Mindlin system is defined by

. k 2 X
~i508 - MYy f) ~ i (Vw = ) = A, in @
—52(Aw — div ) = Aw, in Q, (0.0.7)
p=w=0, on 0Q,

where Q C R? represents the midplane of the plate, w is the transverse displace-
ment of the midplane, f = (B4, f2) is the fiber rotation and ¢ is a non-negative
real parameter representing the thickness of the plate. Moreover, p; and p, are
coeflicients related to the Lamé constants and k > 0 is a correction factor. We
mention here the article [32], where the authors studied the dependence of the
eigenvalues of (0.0.7) upon the shape of the domain Q.

Problem (0.0.4) can be seen as a dimensional reduction of Problem (0.0.7) for
t — 0. Indeed, it is proved in [65] that the eigenvalues A,(t) of Problem (0.0.7)
converge to the eigenvalues of

2u+pz A2, .
{—12 A“w=Aw, inQ, 0.08)

_ 0w _
w=5"=0, on 0Q,

as t — 0. We mention that system (0.0.7) is used in numerical analysis as a
second-order alternative to problem (0.0.4), see for example [26].

Inspired by the eigenvalue problems for the biharmonic operator, we consider
more in general eigenvalue problems for polyharmonic operators, which can be
written in the weak form as follows

/ D™u : D"vdx = A[Q] / uv dx, (0.0.9)
Q

Q
for all u,v € V(Q), where

N

0™u 0mv
D™u:D™v =
e Zzl diy ... 0iy Oy ... Oin

il,...,lm

is the Frobenius product of the m-tensors D™u and D™v, and V(Q) is a subspace
of H™(Q) satisfying HJ'(Q2) C V(Q) C H™(Q). We are particularly interested to
polyharmonic operators with intermediate boundary conditions, corresponding
to the case in which V(Q) = H™(Q) N H{;(Q), fork > 1, k < m— 1. In the
case when k = m — 1 we say that (—A)™ satisfies strong intermediate boundary
conditions and the corresponding eigenvalue problem reads

(=A)"u = Au, in Q,

u=Du=0, ondQ foralll<l<m-2, (0.0.10)
% =0, on 09,
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where A is the eigenvalue and u is the eigenfunction. It is important to underline
the difference between problem (0.0.10) and the eigenvalue problem for (-A)™
with Dirichlet boundary conditions, which is given by

(=A)"™u = Au, in Q,
u=Du=0, ondQ,foralll1 <l<m-2,
0" Tu _ 0, on IQ.

6nm—l

We refer to §4.1 in Chapter 4 for the mathematical deduction of these boundary
value problems.

The main topic of this thesis is the analysis of the spectral convergence proper-
ties of higher order elliptic differential operators subject to singular perturbations
and non-Dirichlet boundary conditions, with special attention to the eigenvalue
problems mentioned above. In contrast to the theory of regular perturbations
and the study of operators subject to Dirichlet boundary conditions, this field
of research is rather recent. We mention that contributes in this direction can
be found in topics as diverse as spectral theory on perturbed domains, see for
example [30], shape optimization for eigenvalues see e.g., [31], [33], [106], study
of the dynamics of suspension bridges, see e.g., [68], homogenization theory, see
for example the monographs [92, 93].

The first part of the thesis (namely, Chapter 2, 3 and 4) can be seen as a
continuation of the research begun in [19]. The main focus of attention throughout
these chapters is the study of self-adjoint, higher order elliptic operators subject to
intermediate boundary conditions on domains subject to boundary perturbations.
In particular, we find conditions on the geometry of the domain and of the
perturbation in order to guarantee the spectral stability. Given Q ¢ R" defined
by

Q= {(x,xy) € WX (a,c):a<xy <g(x)}
where W is a N — 1-dimensional open, connected and bounded set of class C™,
geC™W),aceR a< 19l zw) < ¢, we consider the family of perturbed
domains

Qe = {(x,xn) € W X (a,c) : a < xN < ge(%)}, (0.0.11)

where g. € C™(W) for all € > 0. We note that the choice of these particular
domains Q, Q. is not very restrictive. Indeed, it is always possible to assume
that Q and Q. are locally in this form whenever they belong to suitable regular
classes of domains such as those defined via a collection of local charts, say a fixed
atlas. We refer to [37] for more information on the atlas class and its application
to spectral stability problems. On the domain Q we consider the higher order
differential operator Hg associated with the quadratic form Qg defined by (0.0.3)
and we make the following assumptions:
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i) V(Q) = W™A(Q) N Wr(Q) for some 1 < k < m;

(ii) The coefficients A,z are bounded measurable real-valued functions such
that A,p = Ap, for all |a| = || = m and satisfy the uniform ellipticity

condition
D Agidp 20 ) IEL,

|ar|=|B|=m |lal=m

for all x € Q, for some 0 > 0.

Note that by Assumption (i) V(Q) is compactly embedded in L%(Q), hence the
differential operator H associated with the quadratic form Q has compact resolvent.
Then we can prove that if for all € > 0 there exists k. > 0 such that

(1) ke > [Ige = gllos Ve >0

(11) lim, 0k =0
cey q- DF(ge—9)llo .
(i) lim o 280l = 0, vp € NV with |§] < m,

then the perturbation Q. +— Q is spectrally stable (see Lemma 2.2.2). Note that
the case k = 1 was discussed in [19, Lemma 6.2]. The proof of this lemma is based
on the construction of a family of diffeomorphisms ® from Q. to Q preserving
the boundary conditions of a generic H™ N HY function. Then (®)e> induces a
pullback operator T, from V(Q) to V() defined by

TeQD = (po@e,

for all ¢ € V(Q). In this way it is possible to prove that whenever hypothesis
(i) — (iii) are satisfied, Condition (C) is verified for the operator Hy on V(Q).
By [19, Theorem 3.5], Condition (C) implies that Hg—zi compactly converges to
Hél as € — 0. The compact convergence of the operators is understood in the
sense of [109, 110, 111, 112]. We mention that this notion of convergence allows
to deduce the spectral convergence of family of operators (Hc)~¢ defined in
(possibly varying) Hilbert spaces from a suitable convergence of the associated
Poisson problems with data (f;)e>0 lying in the Hilbert spaces in consideration.
Since the compact convergence of H,' implies the spectral stability, we deduce
that the eigenvalues and elgenfunctlons of Hg, converge to the eigenvalues and
eigenfunctions of H, as € — 0.

In particular, Lemma 2.2.2 allows us to analyse in detail the spectral conver-
gence of the polyharmonic operator (—A)™ on the domain Q. defined by (0.0.2).
To fix ideas, for each € > 0, let Hq, Hg, be the polyharmonic operator —A™ on
Q, Q. respectively, with strong intermediate boundary conditions (which were
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defined in (0.0.10)). Moreover, define the operator Hq p as the polyharmonic
operator (—A)™ with Dirichlet boundary conditions on W x {0} and strong inter-
mediate boundary conditions on 9Q \ (W x {0}). By applying Lemma 2.2.2 we
prove that the family of operators Hg, spectrally converge to Ho whenever the
exponent « is greater that 3/2, for all m > 2. Moreover, the exponent o = 3/2 is
critical in the following sense: for @ < 2, when the amplitude of the oscillation is
slowly tending to zero, then Hq, spectrally converges to Hqo p as € — 0. In the
critical case @ = 3/2, we are able to characterize the limit boundary conditions in
terms of a function V satisfying a suitable differential boundary problem. This
result is obtained by using the unfolding operator and macroscopic-miscroscopic
analysis of the differential problem, which is common in homogenization theory
(see e.g., [20, 21, 43, 44, 45, 46, 51, 53, 71, 108, 115]). More precisely, in Chapter 4,
with the help of a polyharmonic Green formula (see Theorem 4.1.3) we are able
to prove Theorem 4.2.1, which contains the fully description of the asymptotic
spectral behaviour of the operator (—A)™ with strong intermediate boundary
conditions. We remark that this result is interesting also from the point of view of
the theory of function spaces, since Theorem 4.2.1 can be seen as the analysis of
the convergence of the sequence of Sobolev spaces V(Q¢) = H™(Qe) N H* 1(Qe)
as € — 0. It is remarkable that in the critical case @ = 3/2 the limiting boundary
conditions read

u=0, on W x {0},

Dy =0, foralll <m-2,on W x {0},
0™y oMy _

W_Kaxx_l =0, OHWX{O}.

where K > 0 is a positive real number (compare this problem to (0.0.10), for exam-
ple). Here —K g:,:_‘f plays the role of the ‘strange term’, using the nomenclature

introduced in the famous article [54].

In the case of more general boundary conditions defined by the energy space
V(Q) = Hm(Q)ﬂH(’)‘(Q) with 1 < k < m—1we prove that, if « > m—k+1/2, then
Hg,! compactly converges to Hy' as € — 0, see Theorem 2.2.4. Unfortunately
we are not able to adapt the techniques of the case k = m — 1 to study the
spectral convergence of Hg_ on V(Q) = H™(Q) N Hg(Q) with 1 <k <m -1 for
a < m—k + 1/2. In order to understand what happens in this case, in Chapter 3
we analyse the case of the triharmonic operator —A® with intermediate boundary
conditions. For the operator —A® there are two natural choices of intermediate
boundary conditions: either strong intermediate boundary conditions, associated
with the energy space V(Q) = H*(Q) N HS(Q), or weak intermediate boundary
conditions, associated with the energy space V(Q) = H3(Q) N H;(Q). In other
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words, the eigenvalue problem for —A® is defined by

—AN3u=2Au, inQ,
u= % =0, ondQ,

Ou _ 0, on 0Q,

on® ~

in the case of strong intermediate boundary conditions, and by

—N3u = Au, in Q,

u=0, on 0Q,
((nTD3u)g;Q : Dgon) — 6;(52”) — 2divga(Du[n ® n])sq = 0, on IQ,
Pu 0, on 0Q,

on3

in the case of weak intermediate boundary conditions. This expression of the weak
intermediate boundary conditions is deduced from a “Triharmonic Green Formula’,
see Theorem 4.1.7. Moreover, we remark that (-)sq stands for the projection on
the tangent hyperplane to 0Q and we refer to §1.4 for the definitions of the
tangential operators divygg and Dyq. By using a suitable degeneration lemma
(see Lemma 3.1.2) we are able to prove that the asymptotic spectral behaviour of
the triharmonic operator with weak intermediate boundary conditions is of the
following type (see Theorem 3.3.1)

(i) If @ > 5/2, then the perturbation Q¢ — Q is spectrally stable;

(if) If3/2 < @ < 5/2, then the limiting differential problem in Q exhibits strong
intermediate boundary conditions on W x {0}.

(iii) If « < 1, then the limiting differential problem in Q exhibits Dirichlet

boundary conditions on W x {0}.

See Fig. 2 for an example of how the exponent a changes the oscillation of the
boundary of Q. = {(x,y) € R? : x € (0,1), -1 < y < €*b(x/¢) for the particular
choice of b(x) = 1 + 2sin(2xx/5).

In the critical case @ = 5/2 we are able to give a full characterization of
the limiting differential problem in terms of an auxiliary function, by using
homogenization techniques similar to those used to treat the homogenization
for the triharmonic operator with strong intermediate boundary conditions. Let
us remark that it remains an open and quite difficult problem to understand the
limiting spectral behaviour of the triharmonic operator with weak intermediate
boundary conditions when 1 < a < 3/2.

The second part of the thesis (which consists of Chapter 5 and Chapter 6) is
devoted to a spectral analysis of the biharmonic operator and of the Reissner-
Mindlin system subject to Neumann boundary conditions on dumbbell domains.
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Figure 2: Oscillations of the upper boundary of Q. as € — 0, depending on «.

We consider planar dumbbell-shaped domains Q, with ¢ > 0, described in
Figure 3. Namely, given two bounded smooth domains Q;, Qg in R? with the
property that Q; N Qg = 0, (Qr U Q) N ([0,1] X [-1,1]) = 0, and such that
00 > {(0,y) e R?: -1 <y <1},0Qr D {(1,y) e R* : =1 < y < 1}, we set

Q=0QrUQp, and Q. = QUR UL,

for all € > 0 small enough. Here R, U L, is a thin channel connecting Q; and Qg
defined by
Re = {(x,y) eR*: x € (0,1),0 < y < eg(x)}, (0.0.12)
Le = ({0} x (0,€9(0)) U ({1} x (0, €g9(1)))),
where g € C?[0, 1] is a positive real-valued function.
In Chapter 5 we study the following variant of Problem (0.0.6):

Nu—1Au+u=Au, in Q.,
(1-0)24 + oAu =0, on 9Q,, (0.0.13)
t3 — (1 - o) divge, (D%u - n)go, — % =0, ondQ,

where 7 € R, 7 > 0 is sometimes called lateral tension.
First of all, we prove that the eigenvalues of problem (0.0.13) can be asymptot-
ically decomposed into two families of eigenvalues as

(An(Qe)nz1 = (@)k=1 Y (0))121, as e — 0, (0.0.14)
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Figure 3: The dumbbell domain Q..

where (wg)k>1 are the eigenvalues of problem

Nw — tAw +w = o w, in Q,
(1- O')%ZTVZV +o0Aw =0, on 0Q,
T?a_:,v — (1 - 0)divga(D*w - n)gq — % =0, onodQ,
and (0} );>1 are the eigenvalues of problem
Nv—rtAv+v = 0/ v, in Re,
(1- G)% +0Av =0, on [,
8¢ — (1 - o) divy, (D*v - n)r, - a(aAnv) =0, onl,
v=0= %’ onL..

(0.0.15)

(0.0.16)

where I, = OR. \ L.. The decomposition (0.0.14) is proved under the assumption
that a certain condition on Rq, called H-Condition (see Definition 5.2.7 in Chapter
5), is satisfied. We are able to prove that if we consider channels R, such that the

profile function g has the following monotonicity property:

(MP): there exists § €]0,1/2[ such that g is decreasing on [0, §) and increasing on

(1-6,1].

then the H-Condition is verified. Hence, there exists a large class of dumbbell

domains which satisfies the H-Condition.
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According to the decomposition (0.0.14), in order to analyse the behaviour of
An(Qe) as € — 0, it suffices to study 6] as € — 0. We pass to the limit as € — 0 by
using thin domain techniques (see e.g., [20, 21, 73, 74]) and we find the following
limiting problem in the segment (0, 1):

L= (gh"Y" = L(gh'Y +h = 6h, in (0,1),
h(0) = k(1) = 0, (0.0.17)
H(0) = (1) = 0.

Then, in Theorem 5.6.1, we establish the following alternative:

(A) either 1,(Q¢) — wg, for some k > 1 in which case the corresponding
eigenfunctions converge in Q to the eigenfunctions associated with wy.

(B) or 4,(Q¢) — 6 as € — 0 for some [ € N in which case the corresponding
eigenfunctions behave in R, like the eigenfunctions associated with ;.

Moreover, all eigenvalues wy and 6; are reached in the limit by the eigenvalues
An(Q¢). We find it remarkable that for o # 0 the limiting equation in (0.0.17) is
distorted by the coefficient 1 — o # 1. This phenomenon shows that the dumbbell
problem for our fourth order problem (0.0.13) with o # 0 is significantly different
from the second order problem considered in the literature (see e.g.,[11], [12],
(78], [79] and references therein ). We point out that, in contrast with the spectral
problems for second order operators with either Neumann or Dirichlet boundary
conditions on dumbbell domains, very little seems to be known about these
problems for higher order operators. We refer to [114] for a recent analysis of the
dumbbell problem in the case of elliptic systems subject to Dirichlet boundary
conditions.

Finally, in Chapter 6 we prove spectral convergence results for the Reissner-
Mindlin system on dumbbell domains Qs C R? subject to mixed free-clamped
boundary conditions, which is defined by

—BApR - By (diy /5) LX(Vw - ) = A5B, in Qs
”1k(Aw div p) = in Qs,
B(Vpn +nTVp) + ”1“’2 (d1v B)n =0, on dQs \ B, (0.0.18)
sTe(B)n + nTe(p)s = 0, on 0Qs \ B,
LX(Vw ) n=0, on Qs \ B,
f=w=0, on B,

where s is the unit vector tangent to dQs obtained by rotating the unit normal
vector n of 7 /2 anticlockwise and B C 9Q is an open subset of dQ. As we
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have mentioned before, the eigenvalues and eigenfunctions of this system are
converging to the eigenvalues and the eigenfunctions of the biharmonic operator
defined in (0.0.8) as t — 0. Then it is an interesting question to understand
whether the asymptotic spectral behaviour of the eigenvalues of (0.0.18) as § — 0
is compatible with the asymptotic behaviour of the eigenvalues of the biharmonic
operator investigated in Chapter 5. We are able to prove an asymptotic spectral
decomposition result for the spectrum (0.0.18) by applying the results in Chapter
5. In particular we identify the limiting problem in the channel Rs, which is given

by

(B ) — s () — ') = Lk, in (0,1),

2(1-0)t?

sz (2" — (Y] = OR, in (0, 1)

h(0) = h(1) = 0,
H(0) = (1) =0,

(0.0.19)

where 0 is the eigenvalue and h = (h!, h?) is the eigenfunction. We remark that

£ — (1 _ 0,2)2/11 +:u2,
12 12
and by recalling (0.0.8), we note that the one dimensional Problem (6.5.1) is
compatible with (5.1.9). Then we discuss briefly the behaviour of the spectrum
of the Reissner-Mindlin system as t — 0, by applying well-known techniques
presented in the papers [9, 26, 65].

The thesis is organized as follows. Chapter 1 is dedicated to some preliminar-
ies. In Chapter 2 we discuss the variational formulation of eigenvalue problems
for higher order elliptic operators and we prove a spectral stability result for such
operators on domains subject to boundary perturbations. In particular, we prove
that polyharmonic operators with intermediate boundary conditions associated
with the energy space V(Q.) = H™(Q¢) N H(’f (Q¢) are spectrally stable above the
critical rate of oscillation @ = m — k + 1/2. In Chapter 3 we consider the spectral
convergence for the triharmonic operator with intermediate boundary conditions
on domains subject to boundary oscillations. We examine separately the case
of strong intermediate boundary conditions and the case of weak intermediate
boundary conditions and we prove spectral convergence theorems depending on
the parameter «. In Chapter 4 we consider the spectral convergence for polyhar-
monic operators of any order with strong intermediate boundary conditions on
domains subject to boundary oscillations. We also give a proof of a polyharmonic
Green formula, which is of independent interest. Then we mainly consider the
case in which there is no spectral stability (corresponding to & < 3/2). In the crit-
ical case @ = 3/2 we carry out the homogenization procedure needed to identify
the limiting differential problem, independently of the order of the operator. In
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Chapter 5 we find the limiting differential problem and the associated limiting
spectrum for the biharmonic operator with Neumann boundary conditions on a
planar dumbbell domain, as the width of the channel vanishes. Finally, Chapter 6
is devoted to the spectral analysis of the Reissner-Mindlin system with mixed free-
clamped boundary conditions on dumbbell domains, with particular attention to
the dependence of the eigenfunctions on the thickness parameter.

Part of these results have already been accepted for publication. The discussion
about the triharmonic operator in Chapter 3 has been partially published in [17].
The spectral analysis for the biharmonic operator in Chapter 5 is contained in
the article [16]. Parts of Chapter 2, of Chapter 3 and the material in Chapter 4 are
contained in the article [67], in preparation.
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Chapter 1

Notation and preliminary results

In this Chapter we recall for the convenience of the reader basic notation, results
and definitions which will be used in the sequel.

1.1 Sobolev spaces and the variational method
in Spectral Theory

Let N,I € N, 1 < p < oo and let Q be an open set in R¥. We denote by W-(Q)
the Sobolev space of real-valued functions in LP(Q) which admit weak derivatives
up to order [ in LP(Q). The space W'P(Q) is a Banach space with the norm

lelliyoggy = lulloo) + ) IDulln(q)-

la|=1

When p = 2 we set W-3(Q) := HY(Q). It is easy to check that H/(Q) is a Hilbert
space with the inner product

(u, ’U>H1(Q) = / uvdx + Z D%u D%v dx,
0 Q
la|=!

for all u,v € H(Q). If p # oo, we denote by WOI’P(Q) (resp. H(l)(Q)) the closure in
WHP(Q) (resp. H'(Q)) of the space C2(Q) of C™°-functions with compact support
in Q.

In a similar way, for m € N, we define the Sobolev space whp ()™ of vector
fields u = (uy, . .., un) endowed with the norm

m
lellweny = ) luklltn)-
k=1

1



2 1. NOTATION AND PRELIMINARY RESULTS

We refer to the monographs [25, 35, 91] for further information about Sobolev
spaces and properties of W-functions.

Sobolev spaces are a fundamental tool in the analysis of partial differential
equations because they are naturally associated with the variational formulation
of many differential problems. In order to make this statement clearer we recall
some well-known facts about the theory of operators in Hilbert spaces. First
of all we restrict our analysis to the theory of self-adjoint operators, which is a
natural choice when the aim is to address spectral problems. Let .7# be a given
infinite dimensional separable Hilbert space (for example L?(Q2)). In applications
to elliptic differential problems it is common to deal with problems in the form

Tu = Au,

for all u in Z(T), where T is a self-adjoint operator with domain Z(T) c ¢
dense in 7, and compact resolvent. We recall the following

Theorem 1.1.1. Let T be an unbounded self-adjoint operator densely defined on
JC with spectrum o C [0, +oo[. Then the following conditions are equivalent:

(i) T has compact resolvent, i.e. (T — AI)™! is a compact operator for all A € p(T);
(ii) T has empty essential spectrum;

(iii) There exists a complete orthonormal set (¢,) of eigenfunctions of T with
corresponding eigenvalues A, > 0 such that lim,_, . A, = +o0o.

There is an important correspondence between semibounded self-adjoint
operators and semibounded quadratic forms. We first recall the following

Definition 1.1.2. A symmetric operator T with domain ¥ is semibounded if
there exists a constant ¢ € R s.t.

(Tu,u) > cl|ul|®>, VYue 2.

We also say that T is semibounded by the constant c. If ¢ = 0 we say that T is
non-negative. We write T > c and T > 0, respectively.

Given a non-negative self-adjoint operator T on a Hilbert space .7 and o > 0
it is possible to define in a rigorous way the non-negative self-adjoint operator
T by functional calculus. In particular we have the following

Theorem 1.1.3. T¢ is canonically determined by the functional equality

(T*+D7" = f(I),



1.1. SOBOLEV SPACES AND THE VARIATIONAL METHOD IN SPECTRAL THEORY 3

where f is the continuous function on R defined by

and f(T) is defined via functional calculus (see e.g., [60, Chapter 2]). If0 < a < 1,
then Z(T%) is related to Z(T) in the following way. Given f € €, f € Y(T) if and
only if f € 2(T%) and T*f € P(T'~%). Moreover, if this is verified, the following
formula holds

Tf =T"%(Tf).

Proof. We refer to [60, Theorems 4.3.3, 4.3.4]. O
Definition 1.1.4. We say that a quadratic form Q : 7 X ¢ — R is

(a) densely defined if D(Q) = H X H;

(b) symmetric if Q(x,y) = Q(y, x);

(c) semibounded from below if there exists ¢ € R s.t. Q(x, x) > —c||x||* for all
x € Y(Q). In particular if ¢ = 0 we say that Q is non-negative;

(d) closed if Q is semibounded by a constant ¢ € R and Z(Q) is complete with
respect to the norm

Ixllg = QG x) + (e + Dl
(e) bounded if there exists M > 0 s.t.

1QCx, y)I < Mllx|ll[yll,
for all x,y € Z(Q).

Given a densely defined, non-negative self-adjoint operator T on /7 it is easy
to verify that

Or(f.q) = (T2, T'?g) Vf.ge AT

is a non-negative symmetric and densely defined quadratic form with domain
P(T"1?). We shall call Qr the quadratic form associated with T.

Lemma 1.1.5. Let T be a non-negative self-adjoint operator densely defined on 77 .
Then f € A lies in 2(T) if and only if f € 2(T?) and also there exists k € A
such that

Qr(f.9) = (k. 9)
for allg € D(T/?). In this case we have T f = k.



4 1. NOTATION AND PRELIMINARY RESULTS

Proof. Note that for every f € 2(T'/?) the condition

Or(f.g) = (T £, T'g) = (k,g),  VYge D(T"?),

is equivalent, by definition of adjoint operator, to the conditions that T'/2f e
P((TV?)*) and (TY?)*T'/?f = k. By the self-adjointness of T, T'/? is still self-
adjoint. Thus by Proposition 1.1.3 in the case & = 1/2 we conclude. O

Theorem 1.1.6. The following conditions are equivalent:

(i) Q is the quadratic form associated with a densely defined, non-negative self-
adjoint operator T;

(ii) Q is a non-negative, symmetric and closed quadratic form on ¢ with dense

domain 2(Q).
Proof. See [60, Theorem 4.4.2]. O

A very useful criterion to check if a given non-negative self-adjoint operator
on a Hilbert space .7# has compact resolvent is given in the following

Theorem 1.1.7. Let T be a non-negative self-adjoint operator on 7 and let Q be
the quadratic form associated with T, defined on 2(Q) = 2(T"?). Then T has
compact resolvent if and only if the embedding

v Ao = (2(Q): I-llg) = (. |-l )

is a compact linear operator. In this case o(T) consists of an unbounded sequence of
eigenvalues, whose eigenvectors form a complete orthonormal set in €.

Proof. The last part of the statement is exactly Theorem 1.1.1. For simplicity we
suppose that 0 is not in o(T), just to use directly the resolvent T~! instead of
(T +I)™!. Note also that 1 is continuous, since

1flle < 11 fllo,

for all f € Z(Q). Next, we divide the proof in two steps.

Step 1. Our assert is that 1 is compact if and only if (T'/?)~! = T~1/2

on .. Since 0 ¢ o(T) by assumption, T~'/?
whole of 7.
Now, ¢ is compact if and only if given a sequence (f;,), € Z(Q) with

is compact
is a bounded operator defined on the

1T fulle + 1 fallw <M, Vn>1,
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there exists a subsequence (fy, )k of (fn), converging in (7, ||-|| ,»-). We then set
TY2f, = g, for all n; since T'/? is invertible we deduce that 1 is compact if and
only if, given a sequence (g,), C ¢ with

”gn”jf + ”T_l/zgn”jf <M, Vn>1,
there exists a subsequence (g, )x C (9n)n and g € JZ such that

T2, —g, inJ, ask — oo.

k

This proves the assert.

1/2

Step 2. We now prove that T~1/? is compact on .77 if and only if T~ is compact

on 7. The idea is to write
T l=T7120112 (1.1.1)

where the composition makes sense since T~Y/2(2(T'/?)) = 2(T), by Lemma [60,
Lemma 4.4.1]. If T-/2 is compact on .7#, by standard properties of compact
operators we deduce that T~! is compact.

Conversely, if T™! is compact, by Theorem 1.1.1 there exists a complete or-
thonormal set (u,), for 77 of eigenvectors of T associated with the sequence of
eigenvalues (4,), such that A, — oo. This implies that there exists a complete
orthonormal set (uy,), for J# of eigenvectors of T'/? associated with the sequence

1/2

of eigenvalues (/1:1/ ). Again by Theorem 1.1.1, this implies that T~/ is compact.

By Steps 1 and 2 the compactness of  is equivalent to the compactness of T71,
and this concludes the proof. O

Moreover we can associate to each non-negative and symmetric operator T a
canonical self-adjoint extension.

Theorem 1.1.8 (Friedrichs extension). Let T be a non-negative, symmetric operator
in a Hilbert space 7¢. Then there exists a self-adjoint extension Tr of T which is
minimal in the following sense: if T" is a non-negative self-adjoint extension of T
with associated quadratic form Qrs, then 2(Qr) > Z(Qr;). This extension T is
called the Friedrichs extension of T.

Proof. We refer to [75, Theorem 4.4]. O

Let us introduce some notation. Let T be a non-negative self-adjoint operator
on s and let L be any finite-dimensional subspace of Z(T). We set

ML) = sup{(Tf.f): f €L and [|f]| = 1}.
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We then define a non-decreasing sequence of non-negative real numbers A, by
An = inf{A(L) : L € Z(T) and dim(L)= n}. (1.1.2)
Let now S be any finite-dimensional subspace of Z(T'/?). We define

A, = inf  sup Or(f, f).

LcA(TYV?) fes
dim(S)=n || f||=1

In the case of non-negative self-adjoint operators with compact resolvent, the
unbounded sequence of eigenvalues is fully determined by the min-max princi-
ple (1.1.2). More specifically, the following theorem holds.

Theorem 1.1.9. Let T be a non-negative self-adjoint operator on 7€ with compact
resolvent. Then the sequence of real numbers (A,),>1 defined by formula (1.1.2)
coincides with the eigenvalues of T written in increasing order and repeated according
to the multiplicity. Moreover, A, = A}, for alln > 1.

Proof. See for example [60, Theorem 4.5.3]. ]

1.2 The unfolding method

The unfolding method is a powerful and versatile tool in the study of homogeniza-
tion of partial differential equations introduced by D. Cioranescu, A. Damlamian
and G. Griso, see e.g., [52, 53, 58]. Roughly speaking, this method is based on a
change of variables which doubles the dimension of the space in order to take
advantage of the periodicity involved in the setting of the problem. In particular,
the so-called two-scale convergence of functions (which was the very first method
used to study homogenization and multi-scale problems, see [4, 42]) turns out to
be the weak convergence of the sequence of the unfolded functions. Moreover,
the change of scale induces a macro-micro decomposition of functions which is
especially suited for the weakly convergent sequences in Sobolev spaces. We are
going to recall the main definitions and properties of the unfolding method.

Definition 1.2.1. Let Q be an open set of RN and let Y = [-1/2,1/2]". For
almost all x € RN we define [x]y to be the unique vector in ZV, such that x — [x]y
lies in Y. Moreover we set {x}y = x — [x]y € Y.

Then for almost all x € RN and every € > 0 we have the decomposition

e=ell2] - 12



1.2. THE UNFOLDING METHOD

We will use the following notation:
Be={feZN:e(f+Y)cQ},

—

Q= | J e +7),
fe=,

Ae = Q\ Q..
Then we have the following

Definition 1.2.2. The unfolding operator 7; is defined by

Te(P)(x,y) = {QS(G[E] + ey), for a.a. (x,y) € Qe X Y,
’ foraa. (x,y) € Ae X Y.

b

for all Lebesgue measurable functions ¢ defined on Q.

In the following we recall some basic properties of the unfolding operator 7¢.

Proposition 1.2.3. Let € > 0 be fixed. The unfolding operator 7. maps Lebesgue-
measurable functions on Q to Lebesgue-measurable functions on Q X Y. Moreover

the following properties are satisfied:

(i) For any Lebesgue-measurable functions v, w, 7c(vw) = Te(v)Te(w);

(ii) Let f be a Y-periodic Lebesgue-measurable function on RN . Let f. = f(x/e)
foralle > 0. Then Te(felo) = f(y) X, xy (X, y).
Then we have the following
Proposition 1.2.4. Let p € [1, +oo[. Then the operator ¢ is linear and continuous
from [P(Q) to [P(Q X Y) and

ITeW)llzr@xy) < 1Wlleo(q),

for allw € LP(Q). Moreover,

T2()(x. y)dxdy = /Q S(0)dx,

QXY

(1.2.1)

forall ¢ € LN(Q).
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Proof. We give a proof of this proposition because property (1.2.1) will be used
many times in Chapters 3 and 4. By definition of the set Q. we have

T($)(x, y)dxdy = / Te($) . y)dxdy
QXY QXY

(1.2.2)
- [ TGy
(e£+€Y)xY

Ee=,

By definition of 7¢, for all x € (€& + €Y) we have that 7:(¢) does not depend on x,
for all £ € Z,. As a consequence of this we can rewrite each integral appearing in
the sum on the right-hand side of (1.2.2) as follows

/ Te($)x,y)dxdy = ek + Y] / Blet + ey)dy
(eE+eY)xXY Y

where in the last equality we used the change of variables £ + ey = x. Going
back to (1.2.2) we then find that

b - 2 [ sax= [ gt

In a similar way one can prove that

I TeWlzeaxyy = Iwla, llieq),
for all w € LP(Q). O

Definition 1.2.5. Let p € [1, co]. We define the operator My from LP(Q X Y) to
LP(Q) by

My(@)(x) = /Y B, y)dy,

for almost all x € Q, for all ¢ € LP(Q). Moreover, we define the operator M,
from LP(Q) to LP(Q) by

eLN /e[£]+ey H(t)dt, ifxe Q.,
0, if x € Ae.

Me(¢)(x) = {

for almost all x € Q, for all ¢ € LP(Q).

Recall also the following classical definition.
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Definition 1.2.6. Let p € [1, oo[ and let (w¢)e~¢ be a bounded sequence in LP(Q).
We say that w, two-scale converges to a function w € LP(Q X Y) whenever

/ welo)p(x. S dxdy — [ wix. g y)dxdy.
Q €

QXY

as € — 0, for all bounded ¢ € C*(Q X Y).
We then recall the principal convergence properties of the unfolding operator.
Proposition 1.2.7. Letp € [1, oo[. The following statements hold true.
(i) Letw € LP(Q). Then 7c(w) —» w in [P(Q X Y), ase — 0.
(ii) If Tc(we) — wo weakly in LP(Q X Y) then we — My(wy) weakly in LP(Q).

(iii) Let (we)e be a bounded sequence in LP(Q). Then Tewe — w as € — 0, weakly
in LP(Q X Y) if and only if we two-scale converges to w.

(iv) Vy(Tew) = €T(Vw) for allw € WP(Q), hence Tew € LP(Q; WIP(Y)).

(v) Letk € {1,...,N}, p €]1, co[ and let (we)e be a bounded sequence in LP(Q)
such that
ow,

|5

with the constant C not depending on €. Then there exists a subsequence
We; of we (with € — 0 asj — o0) and a function wy € [F(Q X Y) with
g—;”lf € LP(Q X Y) such that T;,we, — wo weakly in [P(Q X Y) and

<C,

Xk

8(7611 WEj) N 6W0
Oy Oy

weakly in [P(Q X Y) as j — oo. Moreover wy is 1-periodic with respect to the
variable yj.

(vi) Letp €]1, +oo[ and w, be a sequence in W (Q) converging weakly to w in
W(Q) ase — 0. Then Towe — w weakly in LP(Q; WP(Y)) ase — 0 (that
is, Tewe — w weakly in IP(Q X Y) and T.(x, ) — w weakly in W'P(Y) as
€ — 0, for almost all x € Q). Moreover if the convergence of we tow is strong,
then the convergence of Tewe tow is strong as well.

Let us define %léf (Y) to be the space of functions in WIZCP(RN ) which are
Y-periodic.
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Theorem 1.2.8. Let p €]1,0[ and let w, be a sequence in W'P(Q) converging
weakly in WP (Q) to w. Then there exists wy in LP(Q; V\g,lgf(Y)) and a subsequence
of we (which we still denote by we) such that

TeVwe = Vw + Vywy,  weakly in IP(Q X Y),

and
1
—(Tewe = Mewe) — wo +y - Vw,  weakly in LF(Q; WP(Y)).
€

Moreover Mywg = 0.

When dealing with the boundary behaviour of Sobolev functions in multiscale
problems it is often useful to define an anisotropic unfolding operator. Consider
for example a domain Q. ¢ RN defined by

Q. ={(x,xny): x € W,-1 < xy < e%b(x/¢€)},

for a given smooth Y-periodic function b. Here, Y =] — 1/2,1/2[N~!. We set the
following notation. For any k € ZN~! and € > 0 we define

Ck = ek + €Y,
— N-1 . ~k
IKV,E—{keZ :C. Cc WY, (12.3)
we= [ ] ck.
kelw_e

Then we give the following

Definition 1.2.9. Let u be a real-valued function defined in Q. For any € > 0
sufficiently small the unfolding 4 of u is the real-valued function defined on
We XY X (—1/€,0) by

Lo x _

WX, g, yn) = u(e[g] + €7, eyN),
for all (x,7,yn)) € W, X Y x (—1/e, 0), where [f] denotes the integer part of the
vector e~ ! with respectto Y, i.e., [¥e7!] = k if and only if x € C’e‘.

As a consequence of the anisotropy of the unfolding operator we end up with
a weighted integration formula:

Lemma 1.2.10. Let a € [—1,0[ be fixed. Then

/ u(x)dx = e/ u(x,y)dxdy (1.2.4)
Wex(a,0) W.xYx(a/€,0)
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forallu € LY(Q) and € > 0 sufficiently small. Moreover

9! 9!
ﬁ _Oux) . [ _ ) ey
W.x(a,0) 0Xi; =+ Oy, W.xYx(a/e,0) 0%, - - - 0x;,

ol
= 61_1/ (-’Z" )d"?d ’
W.xYx(a/€,0) dy;, -+ - Jy;, Y J

foralll < m, forallu € W™(Q) and e > 0 sufficiently small.

1.3 Compact convergence results

In order to treat linear problems formulated on varying Banach spaces (as in
Chapter 5) it is of main importance to have an abstract tool capable of relating
these problems and their solutions in a suitable way. The theory of compact
convergence of operators plays a central role in this case. According to [112], the
very beginning of this theory goes back to Sobolev himself in the article [102].
This notion of convergence of linear operators was developed mainly by Vainikko
in his articles (see e.g., [109], [110], [111], [112], [113], but see also [8], [49] and
[107]) in connection with problems arising in numerical analysis, in particular
in the convergence of approximation schemes. Indeed, consider for example a
differential problem in the form Tu = f, with u € B4, f € B,, where B; and
B, are Banach spaces, and T is a linear and bounded operator from $B; to B,. A
general strategy to find a solution to this problem is to consider approximating
problems T,u, = f, cast on suitably chosen finite-dimensional subspaces V,, ¢ $;
and to study if and how the sequence (u,), converges to u. The main problem here
is that u, and u (as well as f;, f) lie in different spaces, hence it does not make
sense in general to consider ||u, — ul|y, . An interesting idea is then to consider a
connecting system between $B; and V,,, i.e., a family of operators (E,), from B; to
V, with the following properties

L ||Eqully, — |lullg, asn — oo, for all u € By;
2. ||[Ex(au + pv) — aEqu — BEyvlly, — 0,asn — oo, forallu,v € By, a, f € R.

It is often the case that the connecting system (E,), can be chosen linear and
bounded, hence by the Banach-Steinhaus theorem it follows that [|Ep|| £(g,,v,) < C
for all n € N. At this point it makes sense to consider ||u, — E,uly, in order to
study the convergence of u, to u.

With this idea in mind we will now recall the main definition and results
about the compact convergence on varying Hilbert spaces. Since we are interested
mainly in the relation between compact convergence and spectral theory, we
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will stick to the case in which 8; = 8, = J7, with J% a given separable Hilbert
space. The following presentation is inspired by [15], [41].

Let 77, € > 0, be a family of separable Hilbert spaces. We assume the existence
of a family of linear operators &, € L(.74, 77), € > 0, such that

|Eetioll 2 — lluoll 4, ase — 0, (1.3.1)
for all uy € 7.
Definition 1.3.1. Let .77 and &, be as above.
(i) Letu. € J%, € > 0. We say that u. &-converges to u as € — 0 if
llue — Ecull o — 0 as e — 0. We write u, N u.
(ii) Let B, € L(57), € > 0. We say that B, E&E-converges to a linear operator
By € L(7%) if Beue N Bou whenever u, e . We write B, LE, By.

(iii) Let B € L(5%), € > 0. We say that B, compactly converges to By € L(7)

c
(and we write B — By) if the following two conditions are satisfied:

EE
(@) Be — By as e — 0;

(b) for any family u. € 7, € > 0, such that ||luc|| ;,» = 1forall e > 0,
there exists ¢, — 0 as k — oo, a subsequence B, u., of B.u. and

E
u € J% such that B, u,, — @ as k — oo.

Lemma 1.3.2. Assume that a sequence of operators B, € L(7¢;) converges com-
pactly to By ase — 0. Then,

L |IBell £(s) < C for some constant C not depending on €.
2. If the kernel of 1+ By is {0} then ||(I + Be)_lllz(%@) < M for small enough €.
Proof. See [15, Lemma 4.7]. O

For any € > 0, let A, be a (densely defined) closed, nonnegative differential
operator on .7/ with domain Z(A.) C 7. We assume for simplicity that 0 does
not belong to the spectrum of A, and that

(H1): A has compact resolvent B, := A_' for any € € [0, 1),

and .
(H2): B. — By, as € — 0.

Let us also denote by o(A¢) the spectrum of the operator A, and by p(A,) the
resolvent set of A, i.e., p(Ac) = R\ o(Ae).



1.3. COMPACT CONVERGENCE RESULTS 13

Lemma 1.3.3. Let A¢ be as defined above and satisfying hypothesis (H1) and (H2).
Then for any A € p(Ay) there is an €) > 0 such that A € p(A¢) for alle € [0, €;] and
there is a constant M) > 0 such that

AL =A™l gy < M,

for all e € [0,€;]. Moreover, (AT — A.)™! converges compactly to (Al — Ag)™! as
€ — 0.

Proof. See [15, Lemma 4.8]. O

Lemma 1.3.4. Let A. be as defined above and satisfying hypothesis (H1) and (H2).
Let A, § be real numbers such thatSs := {u € C : |u—A| = &} satisfiesc(Ag)NSs = 0
then there exists €y > 0 depending only on S5 such that 6(A:)NSs = 0 foralle < €.

Proof. See [15, Lemma 4.9]. O

Given an eigenvalue A of Ay we consider the generalized eigenspace S(4, Ay) :=

Q(A, Ap) 75, where Q is defined by

0L Ag) = = / (81— Aoy dE
[E-A|=6

27

and § > 0 is such that the disk {£ € C : |¢ — A|] < §} does not contain any
eigenvalue except for A. In a similar way, if (H1),(H2) hold, then we can define

1

S0, Ad) = QU A) = 5 /|§ G Rar

This definition makes sense because of Lemma 1.3.4. Then the following theorem

holds.

Theorem 1.3.5. Let A¢, Ay be operators as above satisfying conditions (H1), (H2).
Then the operators A¢ are spectrally convergent to Ay as € — 0, i.e., the following
statements hold:

(i) If Ay is an eigenvalue of Ay, then there exists a sequence €, — 0 and eigenvalues
An of Ae,, n € N, such that A, — Ay asn — oo. Conversely, if for some
sequence €, — 0, A, is an eigenvalue of A, for alln € N, and A, — Ay as
n — oo, then Ay is an eigenvalue of Ay.

(ii) There exists €y > 0 such that the dimension of the generalized eigenspace
S(Ao, Ae) equals the dimension of S(Ag, Ay), for any eigenvalue Ay of Ay, for
any € € [0, €).
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(iii) If ¢o € S(Ao,Ag) then for any € > 0 there exists . € S(Ao, Ae) such that
E

Pe — o ase — 0.

(iv) If pe € S(Ao, Ae) satisfies [|cl| o = 1 for alle > 0, then ¢, € > 0, has an
&-convergent subsequence whose limit is in S(Ag, Ap).

Proof. See [15, Theorem 4.10]. O

1.4 Elements of tangential calculus

We recall here some basic definitions and results about the tangential calculus
on the boundary of a regular open set of RV, which we shall use in particular in
chapter 4. We refer to [64, Chapter 9] for details and further information.
Given A c RN let d4 be the Euclidean distance function from A, defined by
da(x) = infyeca |x — y|. We define the oriented distance function b4 from A by

ba(x) = da(x) — dyc(x),

for all x € RN. Here and in the sequel we denote with A® the complementary
of Ain RN. Let Q be an bounded open set of class C2. In this case b coincides
with the distance from dQ, with the convention that by, is positive if x is in the
interior of the Q€, and bg is negative if x is in the interior of Q.

Since Q is of class C?, it is well-known that there exists & > 0 and a tubular
neighbourhood S;,(0Q) of radius h such that bg € C%(Sy4,(R)).

We define the projection of a point x to dQ2 by

p(x) = x — ba(x)Vba(x), (1.4.1)
for all x € S,4(0Q). If f € C°(0Q) we write
(Naa = (f o p)laa.

We define also the orthogonal projection operator P, onto the tangent plane
Tp(x)aQ by
Po(x)[V] = (I- Vba(x) ® Vbo(x))V,

for all V e RN, Note that P, is the identity transformation on Tj(,)0Q. Indeed,
it is possible to prove (see [64, §5 Chapter 9]) that Pq(x) coincides with the first
fundamental form of dQ. Moreover it is immediate to see that Dp|sq = Pq.
Now note that D?bg can be regarded as a linear transformation of Ty(x) onto itself,
because (D*bq(x))(n(x)) = D*bq(x)Vba(x) = 0 (this is a consequence of the fact
that |Vb(x)| = 1, for all x € S,(8Q)). It is possible to prove that D?bq coincides
with the second fundamental form associated with dQ (see e.g., [64, §5.6 Chp.9]
and Theorem 1.4.4 below).

We recall the following definition.
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Definition 1.4.1. Let Q be an bounded open set of class C? and let A > 0 be such
that bg € C%(So(0Q)). Let f € C1(AQ) and let F € C}(S,,(02)) be a C! extension

of f to S;p(0Q) (that is, Flyq = f). We define the tangential gradient of f on Q
by
OF
\Y = VF|yq — —n.
sof loa = ——n

It is possible to prove (see [64, Theorem 5.1]) that this definition does not
depend on the choice of the C! extension F of f. In particular, in this setting
Vsaf can be equivalently defined by

Vaoaf = V(f op)laa = (V)aa,

where p is the projection on 9Q defined by (1.4.1). We can now define in a similar
way other differential operators acting on the tangent space T9Q2. We shall do
this in the following.

Definition 1.4.2. Let N > 1, v € C}(0Q)N. We define the tangential Jacobian
matrix of v by

Dyqv = D(v o p)lga,
and the tangential divergence of v by

diva(v o p)laq = tr(Dyq).

Assume now Q is of class C* and f € C%(9Q). We define the Laplace-Beltrami
operator of f by

Noaf = A(f o pllaa = divga(Vaa f),
and similarly we define the tangential Hessian matrix by

D% f = Dga(Voaf).

Remark 1.4.3. Let Q be an bounded open set of class C? and let h > 0 be such
that bg € C4(Son(0Q)). Let ¢ € CH(So,(0Q))N. We can alternatively define the
tangential Jacobian D¢ by

Dglao = Daog + (Dpn) ® n.
Then we have the following

Theorem 1.4.4. Let Q be of class C?. Let Ilyq be the second fundamental form
associated with 0Q). Then

Dgan(x) = D*bg(x) = Iza(x),

forallx € 0Q.
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Proof. We refer to [64, p.496]. ]

As a consequence of Theorem (1.4.4), the curvature H of 9Q, defined as the
sum of the N — 1 eigenvalues of the matrix Iyq is given by the formula

tr(DaQn) —H = tr(HaQ) — Ablyo, (1.4.2)

where b := bgq is the oriented distance function.

Remark 1.4.5. Note carefully that Dng does not coincide with D*(f o p)|sq.
Indeed, it is possible to prove that

D*(f o p)loq = Diqf — (DaanVaaf) ® n.

In particular, the projection of the Hessian matrix on a boundary with non-trivial
curvature differs from the tangential Hessian by a lower-order factor, a fact which
is well-known in Differential Geometry. In §4.1 we will show a possible block
decomposition of the Hessian matrix of a function defined on dQ, see formula
(4.1.13).

We conclude this section recalling the following important

Theorem 1.4.6 (Tangential Divergence Theorem). Let Q be a bounded open set
of class C? and let v € CY(OQ)N. Then

/ divgooudS = / H(v - n)dS. (1.4.3)
ble! 0Q
Let f € CY(0Q). Then
/ (f divgou + Voo f - v)dS = / Hf(v-n)ds. (1.4.9)
0Q 0Q
Proof. We refer to [64, §5.5 Chapter 9]. ]

Formula (1.4.3) is the tangential divergence formula, which is a consequence of
the standard Divergence Theorem. Identity (1.4.4) is sometimes called tangential
Green’s formula. We remark that when v € C}(0Q)Y is a tangential vector field
(i.e, v-n=0o0ndQ), then by (1.4.4) we deduce that

‘/é;QfdiVszdS = _/5@ Vagf-vdS.



Chapter 2

Higher order elliptic operators and
their spectral convergence

The purpose of this chapter is the analysis of the eigenvalues and eigenfunctions
of higher order elliptic operators defined on domains subject to boundary pertur-
bations. We consider eigenvalue problems for such operators in variational form,
by using the correspondence between non-negative self-adjoint operators and
closed quadratic forms (see Theorem 1.1.6). As a matter of fact we shall identify
the boundary conditions of the differential problem under consideration from
the domain of the associated quadratic form (sometimes called ‘energy space’).
In Section 2.1 we describe this variational setting and we give some examples.
Then, starting from Section 2.2, we consider higher order elliptic operators on
domains subject to boundary perturbations. The focus is on the variation of the
eigenvalues when the boundary conditions are of intermediate type. We shall
prove a general lemma which relates the geometric parameters of the boundary
perturbation to the spectral stability of the differential operators, see Lemma 2.2.2,
by improving a former result presented in [19].

2.1 Variational formulation

Let M be the number of multiindices & = (ay, ..., ay) € NN with length |a| =
a; + -+ ay = m. Forall @, B € NV such that |a| = || = m, let Agp be bounded
measurable real-valued functions defined on RV satisfying Agp = Apq and the
condition

D Awp)iads > 0, (2.1.1)
lal=|Bl=m

17
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for all x € RN, (&)jaj=m € RM. For all open sets Q of RN we define

Qa(u,v) = Z /AaﬂD“uDﬁvdx+/uvdx, (2.1.2)
|al=[Bl=m ¥ @

for all u,v € H™(Q) and we set Qq(u) = Qq(u,u). Note that by (2.1.1) Qq is
a positive quadratic form, densely defined in the Hilbert space L*(Q). Hence,
Qq(:, ) defines a scalar product in H™(Q).

Let V(L) be a linear subspace of H™(Q2) containing H['(Q2). By Theorem 1.1.6 we
know that if the quadratic form Qg is closed (equivalently, V(Q) is complete with
respect to Q;)/ ?) then there exists a uniquely determined non-negative self-adjoint

operator Hy(q) such that .@(Hé/(;)) =V(Q) and

Qa(u,v) = (H‘%f})u, H‘I/@)U)LZ(Q), for all u,v € V(Q). (2.1.3)
By Lemma 1.1.5 it is clear that the domain Z(Hy(q)) of Hy(q) is the subset of
H™(Q) containing all the functions u € V(Q) for which there exists f € L*(Q)
such that

Qa(u,v) = (f,v)12(q), forallve V(Q). (2.1.9)

Moreover, Hy(qyu = f. If u is a smooth function satisfying identity (2.1.4) and the
coefficients A, are smooth, by integration by parts it is immediate to verify that
(2.1.4) is the weak formulation of problem

Lu=f, inQ,
where L is the operator defined by

Lu=(=1)" Z D*(AgpDPu) + u, (2.1.5)
| =1Bl=m

where the unknown u is (at least) C*™(Q) and it is subject to suitable boundary
conditions depending on the choice of V(Q). We shall provide some examples
below.

By Theorem 1.1.7, if the embedding V(Q) c L*(Q) is compact, then the operator
Hy(q) has compact resolvent. By Theorem 1.1.1, having compact resolvent is
equivalent to having discrete spectrum, consisting of a sequence of isolated
eigenvalues 1,[V(Q)] of finite multiplicity diverging to +oco. By Theorem 1.1.9
the eigenvalues 4,[V(Q)] are determined by the following Min-Max principle:

Qa(u)

2 b
lulZeqo,

A[V(Q)] = inf
V()] ECV(Q) yer
dimE=n u#0
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for all n > 1. Furthermore, by Theorem 1.1.1 there exists an orthonormal basis in
L%(Q) of eigenfunctions ¢,[V ()] associated with the eigenvalues 1,[V(Q)].
We remark that since the coefficients A,z are fixed and bounded, and (V(Q), Q;Z/ %)
is a complete Hilbert space, an application of the Open Mapping Theorem yields
the existence of two positive constants ¢, C € R independent of u such that

cllullgmiy < O () < Cllullmcy-

In other words, the two norms Q;z/ ? and Il m () are equivalent on V(Q). Note
that in general the constant ¢ may depend on Q. However, if the coefficients A,
satisty the uniform ellipticity condition

D, Agbls =0 ) &P (2.1.6)

|a|=|Bl=m |ar|=m

for all x € RN, (€a)|a|=m € RM and for some @ > 0, then ¢ can be chosen indepen-
dent of Q.

Example: the biharmonic operator.

Letm =2 and Ayp = §yp2/a! forall a, f € NN with |a| = |B| = 2, where dap =1
if « = f8, and 8,5 = 0 otherwise. With this choice, condition (2.1.6) is satisfied.
The quadratic form (2.1.2) in this case is given by

QQ(u,v)z/Dzu:Dzvdx+/uvdx, (2.1.7)
Q Q

for all u,v € V(Q) C H?(Q). Here and in the sequel D?u denotes the Hessian
matrix of u and recall that we use the notation D?u : D?v to denote the Frobenius
product 3N Pu__0_ of the two Hessian matrices
i,j=1 6x,-6xj 8x,-6xj :
Let f € L*(Q) and consider

/Dzu : D*vdx + / uvdx = /fv dx, for all v € V(Q), (2.1.8)
Q Q Q

in the unknown u € V(Q). Let k € {0,1,2} and let V(Q) = H*(Q) N Hg(Q)
(with the convention that H)(Q) = L*(Q)). If V(Q) = HZ(Q) and Q has fi-
nite Lebesgue measure, then the embedding HZ(Q) c L*Q) is compact. If
V(Q) = H*(Q) N H)(Q) then, under very weak regularity assumptions on Q
(for example, Q has a quasi-resolved boundary in the sense of Burenkov [35,
§4.3]), V(Q) is a closed subspace of H™(Q). If in addition Q has finite Lebesgue
measure then the embedding V(Q) < L%(Q) is compact. Finally, if V(Q) = H*(Q)
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and the open set Q is bounded and of class C° (in the sense of Burenkov, [35]) then

the embedding V(Q) < L?(Q) is compact. Then the self-adjoint operator H%é)
associated with the quadratic form (2.1.7) has compact resolvent (see (2.1.3)).
The classical formulation of problem (2.1.8) depends on the choice of V(Q). As-
sume here an in the sequel that Q and f are regular enough to assure that the
solution u is regular (say, of class C*(Q)).

When V(Q) = H3(Q), a double integration by parts in the first integral in the

left-hand side of (2.1.8) gives

/Dzu : D*vdx :/Azuvdx,
Q Q

for all v € H3(Q), hence we deduce that the classical formulation of (2.1.8) is
given by
ANu+u=f, inQ,

u=0, on 0Q, (2.1.9)
% =0, on 0Q.

This is the classical Dirichlet problem for the biharmonic operator. If N = 2
problem (2.1.9) is one of the existing models for the study of the bending of a
clamped plate. We remark that by integration by parts it is easy to see that

/Dzu:Dzvdx :/AuAvdx,
0 0

for all u, v € HZ(Q). In particular, the norm defined by (||u||i2(Q) + ||Au||iz(Q))1/2

is equivalent to ||u(|2(q) on HF(Q).
When V(Q) = H3(Q) N Hy(Q), by integation by parts we deduce that

0
/Dzu:DzvdxzfAzuvdx+/ V(—u)-VvdS,
Q Q aQ on

for all v € H*(Q) N H;(Q). Since v = 0 on the boundary of Q, Vsov = 0 on 9Q.
Then, Volyq = g—;’n from which we deduce that

0%u 0
/Dzu : D*vdx = / A?uv dx + —Z—v ds,
Q Q o0 Gn 0?1

for all v € H*(Q) N Hy(Q). We refer to §1.4 for the definitions of the tangential
differential operators. We deduce that the classical formulation of (2.1.8) is given
by

A2u+u:f, in Q,

u=0, on 0Q, (2.1.10)

2
% =0, on 0Q.
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This is the classical intermediate problem for the biharmonic operator. If N = 2
Problem (2.1.10) is used as a model for the study of the bending of hinged plates.
We remark that the second boundary condition in (2.1.10) can be written as

ou
ANu—-H—=0
“ ﬂ@n ’

where we recall that H is the curvature of the boundary, i.e., the sum of the
principal curvatures.

Assume Q of class C?. Recall now the following ‘Biharmonic Green Formula’
(see [19, Lemma 8.56] and §4.1),

/Azuvdx = /Dzu:Dzvdx
Q

O*u d IA
/ —Z‘—vd5+/ (diVaQ((Dzu-n))aQ+—u)vdS, (2.1.11)
dn* on 99 on

for all v € H*Q), where u € C*Q). Let V(Q) = H*Q) in (2.1.7). By using
formula (2.1.11) on the first integral in the left-hand side of (2.1.8) we deduce that

/Azuvdx+/uvdx
9%u v . ) O0Au
* o 3025~ [ (90 + ¥ = [ o

for all v € H*(Q), from which we deduce the classical Neumann problem for the
biharmonic operator

Nu+u=f, in Q,
9u —, on 4Q, (2.1.12)

divgo(D?u - n)gq + %An” =0, ondQ,

where divyq is the tangential divergence operator defined in §1.4. We recall that if
N = 2 the Neumann problem for the biharmonic operator is studied, for example,
in connection with the study of the bending of free plates. In fact, problem (2.1.12)
is a particular case of the family of problems (parametrized by ¢ € (—1,1) and

T > 0) defined by

Azu—rAu+u:f, in Q,
(1 - 0)52’; +o0Au =0, on 0Q,

Tan (1 - 0) divgo(D?*u - n)gq M =0, ondQ,
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whose associated quadratic form is
/(1 — 0)D*u : D*v + o Aulv + tVu - Vo + uvdx = / fodx,
Q Q

for all u,v € H2(Q). We will consider this differential problem in Chapter 5. Note
that when o = 0 and 7 = 0 we find again problem (2.1.12).

2.2 Higher order operators on domains with
perturbed boundaries

Let m € N, m > 2 and let ¢ > 0. Let V(Q), V(Q,) be subspaces of H™(Q)

(respectively, H™(Q,)) containing HJ"(Q2) ( respectively, Hi"(€2,)). Moreover, let
Hy(q), Hy(q,), Qa, Qq. be as in (2.1.3). Then we recall the following

Definition 2.2.1. (see [19, Definition 3.1]). Given open sets Q,, € > 0 and Q € RN
with corresponding elliptic operators Hy(q ), Hy(q) defined on Q., Q respectively,
we say that condition (C) is satisfied if there exists open sets K. € Q N Q. such
that

ll_r)% |Q\ K| =0, (2.2.1)

and the following conditions are satisfied:
(C1) If ve € V(Q¢) and sup,. , Qq,(ve) < oo then
lim[[oell 20k, = 03 (2.2.2)

(C2) For each € > 0 there exists an operator T, from V(Q) to V() such that for
all fixed ¢ € V(Q)

(i) lil'ne—>0 QKs(Te(P - 90) =0;
(ii) lime—o Qo \k. (Te@) = 0;
(111) lime_,0||Teq)||Lz(Qe) < ©0Q.

(C3) For each € > 0 there exists an operator E, from V(Q,) to H™(Q) such that
the set E.(V(Q¢)) is compactly embedded in L?(Q) and such that

(i) If ve € V(Qe) is a sequence of functions such that sup,_, Qv(q,)(ve) < o,
then lim,_,0 Qk, (Ecve — ve) = 0;

(i)
|Ecvllgm(q)
sup  sup ——p—— < oo;
€>0 veV(Q\{0} Qg (V)
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(iii) If ve € V(Q,) is such that sup,_. , Qq_(ve) < oo and there exists v € L*(Q)
such that, possibly passing to a subsequence, we have ||Ecve — v||2q) — 0,
then v € V(Q).

We recall moreover that the Condition (C) implies the compact convergence
of the resolvent operators, hence the spectral convergence, see [19, Theorem 3.5].

2.2.1 A spectral convergence Lemma

Letm € N,ﬂ > 2, Q, Q¢ be bounded open connected open sets in RN of class C™,
g, ge € C™(W), where W ¢ RN"1 is an open, connected and bounded set of class
C™. We suppose that there exists a cuboid V' of the form W X (a, b) such that

QNV = {(Fxn) €W x(a,b):a<xy < g} (2.2.3)

and
Q.NV ={(x,xny) € WX (a,b):a<xny < ge(x)}. (2.2.4)

We assume that the perturbation of the boundary is localized inside V, that is
Q\V =Qc\ V. Let us consider quadratic forms on Q, Q. defined as in (2.1.2),
where the coefficients A,z satisfy the uniform ellipticity condition (2.1.6). Let
us consider non-negative self-adjoint operators Hy q) defined by (2.1.3) on the
domain V(Q) = W™2(Q) N Wok’Z(Q) for some 1 < k < m. Since Q is of class C",
V(Q) is compactly embedded in L?(Q); hence, Hy(q) has compact resolvent.

We now state the main result of this chapter. Roughly speaking, we provide
a criterion to verify whether the sequence of higher order operators (Hy(q_))e>0
spectrally converges to Hy(q) as € — 0 when V(Q) = W™*(Q) N T/V'Ok’z(Q) for
k € {1,...,m — 1}. Such a criterion depends only on the convergence of the
sequence of profile functions (ge)e>o to g. The main point is that we do not require
that g. converges to g in C¥, for any k > 1 (instead, the convergence in L™ is
necessary). We note that this lemma is a generalization of [19, Lemma 6.2]. We
refer to §1.3 for the definition and the properties of the compact convergence.

Lemma 2.2.2. Suppose that V(Q) = W™(Q) N Wok’z(Q) for some1 < k < m. If
for all € > 0 there exists k. > 0 such that

(i) ke > [I1ge — glloos Ve >0,
(ii) lime 0 ke = 0,

Blg. —
(i) lime_o 1209 — g e NN with f < m,
Ke

-1 S
then HV(QE) — HV(Q).
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Proof. The case k = 11is proved in [19, Lemma 6.2]. Then, we suppose k > 1. Part
of the proof is similar to the one of [19, Lemma 6.2]. However, for the sake of
completeness we recall the basic notation and arguments. The idea of the proof
is to construct suitable operators T, E. such that Condition (C) is satisfied. It is
possible to assume directly

Q={(x,xy) € WX (a,b):a <xny <g(x)}

and
Qe ={(x,xn) € W X (a,b) : a < x5 < ge(X)}.

Define k. = Mk, for a suitable constant M > 2m. Let g, = g — k. and
Ke = {(%,xn) € WX]a,b[: a < xy < ge(X)}.

Note that with this definition of K, (2.2.1) is clearly satisfied. By the standard one
dimensional estimate

1fllze(ap) < Cllf Iy, (2.2.5)

and Tonelli Theorem it is easy to show that condition (C1) is satisfied. B
We now construct a suitable family of diffeomorphisms mapping Q. — Q.
Namely, we define ¢, : Q. — Q by

q)e(xa XN) = (32, XN — he(f, XN)),

for all (x,xn) € Q., where

0, if a < xy < §.(%),

he(iaxN): _ _ XN—de (X% m oo~ g _
(9e(%) —g(x»(gnggg(,g) if Ge(%) < xn < ge(%).

Then define T, to be the map from V(Q) to V(Q¢) defined by
Tep = ¢ o D, (2.2.6)

for all ¢ € V(Q). It is trivial to show that T, is well-defined and that condition
(C2)(i) is satisfied. We now want to prove that condition (C2)(ii) is satisfied. We
need to estimate the derivatives of ¢ o ®.. Here we can improve the estimate given
in [19, Lemma 6.2] by taking advantage of the decay of D¥ ¢ in a neighbourhood
of 0Q, for |y| < k — 1. We divide the proof in two steps.

Step 1. We aim to prove a decay inequality for the L?-norm of the derivatives
of ¢ near the boundary. First, note that

q)e(Qe \Ke) =Q \Ke = {(X,xN) €EQ:xeW, ge(f) —ke <xy < 9(??)},
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for any € > 0. Fix x € ®(Qc \ Kc) and f € NV, |B| < k — 1. Suppose for the
moment ¢ € C™(Q). By the Taylor’s formula, we get that

k-1-|B| Y
10(D"p)

DP — —
o= ) 7 Py

=0

(xn — g(%))

*N=g(%)

k-1p 1l
.\ (xN |g[§|x)) / (1 D1 |ﬂ|;k DIl g(x + txy - g(%) dt

T

“IBl L Al B A
9 ;
= 3y S TOEIED g + Rip.x).

I
1=0 oxy,

where we have defined

k-1l Bl
Rpox) = I [ ;k - DP(,g(x + Hxy - g() dt

for B € NN, |B] < k — 1 and for all x = (%, xn) € P(Qe \ Ko).
Note that -2k, < g.(¥) — g(x) — ke < xny — g(X) < 0. By Jensen’s inequality,

2
dt.  (2.27)

o181

R0 < a0 [ T 98 1650 = 3

0

An integration in the variable xy in (2.2.7) and (2.2.5) yield

9(x)
JARLIEIRE

< 4k Iﬁl)/ /g()
9e

< CKE-1AD / / o0
Ge—

€

ok-18l
[ixk 1|

ak |Bl+1

DPo(x, g(x + t(xn — g(x)))| dxy dt

(2.2.8)
dxy dt
Wh2(a,g(x))

k-l+1 2

2(k=|p+1

Wh?(a.g(x))

By integrating both sides of (2.2.8) with respect to x € W, we finally get

k_
/ I e (229)
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for sufficiently small ¢, for all |f| < k — 1. Thus,

k_
/ oo [P0 < R gl

g(x)
+C//
W o ge—ke

e—

2 (2.2.10)

k—1-|p| . a(x
0'(DPp(x, g(x)) lxn — g(x)|%dx dxy

I
axN

=0

for all n > 1, for all sufficiently small €, and || < k — 1. We now estimate the last
integral in the right-hand side of (2.2.10) by

9(x)
)./

1=0 W Jge—ke
< Ck? /
1=0 w

k=11
= Ck?!

1=0

k-1-|f] 2

0'(DPp(x, g(x))

1
Oxy

0'(DPp(x, g(x))
Ox!

N

Ixn — g(x)|%dx dxy

2
dx (2.2.11)

2

0'(DPp)
(9fo

L2(0Q)

Thus, by (2.2.10), (2.2.11) we obtain

/ D’ ()P dx
D (Qe\Ke)

k—1-|p] (2.2.12)

2(k—
+ kT ol -

N llr2s9)

Inequality (2.2.12) holds for smooth functions. If ¢ € H™(Q) ﬁHéC (Q), then we can
choose a sequence (/)1 C CP(Q) such that 1, — ¢ in H™(Q) (this is possible
because dQ is Lipschitz continuous). By using (2.2.12) on ¢, we get

[ i
D (Qc\Ke) ( )
k—1-|p] I 2 2.2.13
0" (DY) k-
< >R = kI g,
1=0 0xy 20

Now, by continuity of the trace operator

o (DPy, ol(DP
# r w =0, (2.2.14)
Oxy 12(6Q) 9%y 200
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asn — oo, forall0 < I < k—-1-|p|, || <k — 1. Since 0Q is Lipschitz, the
convergence in H™(Q) implies the convergence of all the intermediate derivatives
in L?(Q) (see e.g. [35, §4.4]). By using (2.2.14) we can pass to the limit as n — oo
in inequality (2.2.13) to get

k—
[D B \K)|Dﬂqo<x>|2dx < kX2 (2.2.15)

for all sufficiently small €. Actually, inequality (2.2.15) holds also for |f| = k
(possibly modifying the constant in the right hand side). Indeed, D € W%(Q),
for any |f| = k, hence

[ 100tz s < CID plhgie

by standard boundedness of Sobolev functions on almost all vertical lines (see
(2.2.5)). Thus,

9(x)
/ P p()[? dx = / / IDP ()2 dsey d
D (Qe\Ke) W o ge—ke

< 2k, / IDP (%, )| d%
w
S ZCkell(p”]z/Vm,Z(Q)

This concludes Step 1.

Step 2. We are now ready to prove condition (C2)(ii). Let ¢ € V(Q) and let «
be a fixed multiindex such that |a| = m. We write

DA p(@c(x) = D DPp(@c(x))ps (o)), (22.16)
1<|pl<m
where P ﬁ(cbe) is a homogeneous polynomial of degree |f| in derivatives of ®,
of order not exceeding m — || + 1. Note that the polynomial p” ﬁ(‘be) appearing
in (2.2.16) is the sum of several terms © in the following form

Ohe

. Dhn
ijl

® =DM

S - S — .
JlsN ]nsN s
(9xjn 6x,-n+1 6x,-|m

Ohe )8(I)On+l) odYis)

where! 1 <n < |f],1<ji < Nforalli=1,...,n,i1,...,ipgarein{1,...,N—-1},
and hy, ..., h, are multiindexes satisfying

|hi| + -+ |hy| = m = |B]. (2.2.17)

. Un+1) Uig)
'Here it is understood that for || = 1 the terms a(;y_m e ‘Z.;D g
Min1 g

m > 2.

are not present; recall that
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Moreover O is a sum of many summands ©,, and for each one there exist [
multiindexes L, ..., L; with the following properties:

©, = Dh, ---DVh,, forall1 <1< |p, (2.2.18)

and
Lyl +---+|L| =m—|B] + 1 (2.2.19)

This is easy to check if either all the h; are different from (0, . ..,0)" or j; # N for
all 1 <i < |p], which corresponds to the case I = || For the other cases simply
note that the number [ = || — [ is related to the number of mutiindexes h; which
are identically zero.

Now by [19, Inequality (6.7)] and hypothesis (iii) we have

”DLlhe_._DL,hE”mSC( 5 ||Dh<ge—g)||w)___( 5 ||DYl<ge—g)||oo)

IL1|=Iy1 ILi|=y]
[y1l<|Li] Ke lyi1<|L] Ke
m—|y1|-k+1/2 m—|y|—k+1/2
K K
< Co(1) Z e ... Z Ke
K|L1|—|Y1| K|L1|—|Y1|
ly1l<ILi] € lyiI<IL] €
< Co(l)Ki(m—k+1/2)—Zi|Li|
— Co(l)Ki(m_k"’l/z)_Zi|Li|_|ﬁ|+k+l/2 . K|eﬁ|—k—1/2
< co(l)rclfl_k_l/z

where the last inequality holds provided that

l(m—k+1/2)—Z|Li|—|ﬁ|+k+1/2 > 0.

By (2.2.19), we have to check that
Im—-k+1/2)—(m—|pl+D)—|p|+k+1/2>0,
which is verified if and only if
Im-k—-1/2)>m—-k—-1/2,
and this holds true because m —k —1/2 > 0 and [ > 1. Hence we have proved that

—k—
1P 5(@)lleo < co(1) k12, (2.2.20)

for some constant ¢ > 0.
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By inequalities (2.2.15) and (2.2.20), we deduce that

Qoo k. (Tep) < / [p(@)*dx +C )’ /Q « D" p(@e)|* dx

QE\KE |a|=m

sc[ - detaree 3 lphe0lk [ 0Pl ds
D (Qc\Ke)

lal=m Qe\Ke
1<|pl<k
£C Y Il @l [ D@ i

la|=m ¢

k<|pl<m

2(1h1-k-1/2), 2(k=|f])+1
€

< C”(p”iZ(Q\Ke) + CO(l)Ke + CM||(p||€\/m,2(Q\K€>,

(2.2.21)

where the constant M is such that

Dl p@oli <c ) o(12IAIR-1
i ja=m
k<[p|<m k<[p|<m

for all € > 0 sufficiently small. Since the right-hand side of (2.2.21) vanishes as
€ — 0 we conclude that condition (C2)(ii) is satisfied.

It remains to prove condition (C3). To prove that conditions (C3)(i), (C3)(ii) are
satisfied it is sufficient to set E.u = (Extq u)|q for all u € V(Q,), where Extq, is
the standard Sobolev extension operator mapping H™(Q,) to H™(RN). Finally,
in order to prove condition (C3)(iii) it is sufficient to prove that the weak limit v
of the uniformly bounded sequence v, lies in H(])C (Q). This is easily achieved by
considering the extension-by-zero of the functions v, outside Q. and passing to
the limit, recalling that the limit set Q has Lipschitz boundary. See [19, Lemma
6.2] for more details. O

Remark 2.2.3. Lemma (2.2.2) is a generalization of [19, Lemma 6.2] for all higher
order elliptic operators and for all possible choices of intermediate boundary
conditions. Clearly, in the case of fourth order elliptic operators, [19, Lemma
6.2] coincides with Lemma 2.2.2 because we have only one possible intermediate
boundary condition (corresponding to the energy space H*(Q,) N Hj(Qe).

Let @ € R, a > 0. Let b € C®(W) a positive, non-constant periodic function,
with periodicity cell given by Y =] — 1/2,1/2[V~!. Let us set

ge(X) = 6“b(§), g(x) =0, (2.2.22)
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for all x € W. Here, g, g are the profile functions in the definitions (2.2.3),(2.2.4).
Let m € N, m > 2. We define Hy q) to be the self-adjoint operator associated with
the quadratic form

Qa(u,v) = /Dmu : D" dx+/uv dx,
Q Q

for all u,v € V(Q). Namely, Hy(q) is the polyharmonic operator (—=A)™ on Q. In
a similar way we define Hy(q,) to be the self-adjoint operators associated with
Qq, . Then we have the following

Theorem 2.2.4. Letm e Nym > 2,1 <k <m-—1. LetV(Q) = Wm’Z(Q)ﬂWOk’Z(Q).

C
Ifa > m—k+%, thenH‘;(lQ ) —>H‘;(IQ) ase — 0.

Proof. We aim to apply Lemma 2.2.2. Let 0 < € < 1/2 be fixed. In the statement of
Lemma 2.2.2 we are allowed to choose k = m—1and k. = €%0|[b]|, > ||ge—9||co, for
some 60 € (0, 1) to be specified. By the classical Gagliardo-Nirenberg interpolation
inequality "
m 181
I c( D ||D“f||oo) T
|or|=m

for all f € W™™(Q) (see e.g., [100, p.125]), in order to verify condition (iii) in
Lemma 2.2.2 it is sufficient to verify it for |f| = 0 and || = m (see also [19,
Proposition 6.17]). When |f| = 0 we have

o

. Mlge = gl . € .
Iim———=c¢lim———— =clime
e—0 Km—k+1/2 e—0 ¢a0(m-k+1/2) e—0

€

a(1-0(m—k—1/2)

where c is a constant depending only on ||b||,. The right hand side clearly tends

to 0 as soon as 0 < m
When |f| = m, we must check that
1i Dﬁge _
ey STy
€
Note that
Dfg. . e @(1-0(-k+1/2)-m

Ke—k+1/2 ea0(—k+1/2)

and the right hand side tends to zero if and only if
1
a(l + e(k - 5)) —m> 0. (2.2.23)

By letting 6 — —'57; in (2.2.23) we obtain that inequality (2.2.23) is satisfied
when @ > m—k+1/2, true by assumption. By Lemma 2.2.2 we deduce the validity
of Theorem 2.2.4. ]
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C
Remark 2.2.5. When k = m—1, Theorem 2.2.4 states that if « > %, H‘;(IQE) — H‘;(IQ)

as € — 0, independently on m > 2. Actually, it is possible to prove that & = 3/2

in this case is the critical exponent, in the sense that when a < 3/2 H‘;(lg ) does

not converge to H‘;(IQ) anymore. We refer to Theorem 4.2.1 for the complete
discussion about the spectral convergence of Hy (q ) depending on «.
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Chapter 3

Triharmonic operator on singularly
perturbed domains

In this chapter we discuss eigenvalue problems for the triharmonic operator —A®
on a domain Q C RY subject to singular boundary perturbations. Let us describe
the appropriate context. We consider the quadratic form defined by

Qa(u,v) = /D3u : D3vdx + / uv dx, (3.0.1)
Q Q

for all u,v € V(Q), where V(Q) c H*(Q) and H3(Q) c V(Q). Note that (3.0.1)
corresponds to (2.1.2) with the choice of Agp = §,46/a! for all @, f € NN. In
particular, (3.0.1) satisfies condition (2.1.6), hence there exists a densely defined,
non-negative and self-adjoint operator Hyq) with domain Z(Hyq)) ¢ H 3(Q)
such that

Qalu,v) = (Hyle, u, Hy(0),

for all u, v € V(Q). Assume that the embedding of V(Q) in L?(Q2) is compact (this
is certainly true when Q is bounded and dQ has C° boundary in the sense of
Burenkov, see [35]). Then, by Theorem 1.1.7, Hy(q) has compact resolvent. Let us
consider the eigenvalue problem

/DSu : D3vdx + / uvdx = /1/ uv dx, (3.0.2)
Q Q Q

in the unknowns A (the eigenvalue) and u € V(Q) (the eigenfunction), for all
v eV(Q).

Letk € N,0 < k < 3 and let us set V(Q) = H}(Q) N H(’)‘(Q). If kK = 3 then
V(Q) = H}(Q). By integration by parts we realise that

/ D*u:D*vdx = / V(Au) - V(Av) dx,
Q Q

33
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for all u,v € H}(Q). The classical operator L associated with this quadratic form
is Lu = —A3u + u, subject to Dirichlet boundary conditions on Q. Namely, (3.0.2)
corresponds to the eigenvalue problem

{—A3u+u =Au, inQ,
= u _ % _
u=g =95=0, on 0Q.

Let now k < 2. In order to identify the boundary conditions satisfied by the
classic operator L associated with the quadratic form (3.0.1) we need the following
Triharmonic Green Formula

03u 0
/D3u:D30dx=—/A3uvdx+/ —Z—ZdS
Q Q aq On’ dn

0%(Au)
“/,

on?
+ / (disz((nTD3u)aQ) + divgo (Dagn(Dgu[n ® n])aQ)
0Q

— 2divyo(D’uln ® n])ag) H—U ds

((nTD?’u)aQ : D[)Qn) - on

N d(A%u)

+ divgo (nTDZ(Au))aQ)v ds.
(3.0.3)

which is proved in Theorem 4.1.7. Moreover we refer to §1.4 for the definition of
the tangential operators appearing in (3.0.3).

When k = 2, V(Q) = H3(Q)n Hg(Q). Assume henceforth that u € H%(Q). By
(3.0.3) we deduce that

03u 0?
/D3u : D3vdx = —/ Auvdx + —u—vdS,
Q 0 90 8n3 8n2

for all v € V(Q). Then we deduce that the classical eigenvalue problem associated
with (3.0.2) on V(Q) is defined by

~Nu+u=2u, inQ,

u= % =0, on 0Q, (3.0.4)
3
gn’; =0, on 0Q.
In this case we say that the classical operator Lu = —A%u + u associated with

problem (3.0.4) satisfies strong intermediate boundary conditions on 0Q.
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When k = 1, V(Q) = H*(Q) N H;(Q). By (3.0.3) we deduce that

03u 0?
/D3u:D3vdx:—/A3uvdx+ —u—vdS
Q Q 00 on3 on?

0%(A 0
+ / (Au) -2 dian(D3u[n ® n])so ge ds,
0Q

on? on
for all v € V(Q). Thus, the classical eigenvalue problem associated with (3.0.2)
on V(Q) is defined by

(n"D*u)aq : Dgon) —

—Nu+u = Au, in Q,
u=0, on 0Q, (3.05)
((nTD3u)aQ : Dagn) - % - 2divgo(D3uln ® n])go =0, on 0Q, o
% =0, on 0Q.

In this case, we say that the classical operator Lu = —A%u + u associated with

problem (3.0.4) satisfies weak intermediate boundary conditions on 0Q. Note
that the geometry of 9Q (in particular, the curvature tensor Dygn) appears non-
trivially in the second boundary condition.

Finally, when k = 0, V(Q) = H3(Q), hence by definition we get the Neumann
problem for Hy(q). By (3.0.3) we deduce that the classical Neumann eigenvalue
problem associated with (3.0.2) on V(Q) is defined by

—N3u+u = Au, in Q,
divf99 ((nTD3u)5Q) + divgo (ZDaQn(Dgu[n ® nl)sq)
+%nu) + divgo (nTDZ(Au))aQ =0, ondQ, (3.0.6)
T3 ) d*(Aw) : 3 _
(n"D*u)pq : Dygn) — o,z — 2divaa(D’u[n ® n])spo =0, on L,
% =0, on 4Q.

The main focus of attention throughout this chapter is on the triharmonic
operator Hy ) subject to intermediate boundary conditions, either of strong type
(see (3.0.4)) or of weak type (see (3.0.5)). Namely, we set V(Q) = H*(Q) N H(’)‘(Q),
with either k = 2 or k = 1. Let € > 0 and let Q. C RY be defined by

Q.= {®xn): RN :x e W, -1 < xy < ge(3)},

where W ¢ RV~ is a bounded domain of class C* and g.(%) is defined in (2.2.22).
Moreover, let Q = W X (—1,0). We are interested in the spectral convergence of
Hy(q,) as € — 0, depending on the value of the parameter & > 0 appearing in
(2.2.22). By Lemma 2.2.2 (see also Theorem 2.2.4) there exists an exponent @ > 1
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depending on the choice of V(Q) such that H‘;(lg ) A H‘;(lg) for all « > @. Hence,
a large part of the chapter is devoted to the study of the spectral convergence of
Hy(q,) when a < a. In particular, we analyse the behaviour of the energy spaces

V(Q¢) as € — 0, by proving suitable degeneration results (see Section 3.1 below).

3.1 A general degeneration Lemma

The aim of this section is to prove a general Lemma concerning the limiting
boundary behaviour of sequences (uc). such that u. € H*(Q.) N H(’)‘(Qe) and
luellps,) < oo, for all € > 0, for k = 1,2. More precisely we will prove the
following results.

Lemma 3.1.1. Let Y =[-1/2,1/2]N", a € R, a > 0. Let Q@ = W x (=1,0), where
W c RN is a C3 bounded domain. Let

Q.= {®xn) eRN : 5 € W, -1 < xy < ge(%) := €“b(x/€)}, (3.1.1)

where b € C*(W) is a positive, non-constant Y -periodic function. Let (uc)e>o be such
thatue € H*(Qe) N HZ(Qe) for all e > 0 and uclg — u weakly in H*(Q). Let also
i € LA(W,H3(Y X (~1,0))) be defined by (3.1.17). Then:

(i) Ifa > 3/2 thenu € H*(Q) N H3(Q);
(ii) Ifa = 3/2 thenu € H*(Q) N Hg(Q) and

0% 0*u 9b(y)
X', _’ 0)=—— i’ _’ 0 )
6yN8yj( 5.0) ax3, 5.0) 9y;

forallje{1,...,N —1}.

(iii) If0 < a < 3/2 then

2
ue {g{) e H}(Q)n Hg(Q) : 6—2(92, 0) =0foraa. x € W}.
Oxy,

Proof. We postpone this proof, since it follows easily from the proof of Lemma
3.1.2 below. m]

Lemma 3.1.2. LetY = [-1/2,1/2]N", a € R, ¢ > 0. Let Q = W X (=1, 0), where
W c RN is bounded domain of class C3. Let Q. be as in (3.1.1). Let (u¢)eso be
such that H3(Q¢) N H,(Q) for alle > 0 and uc|q — u weakly in H3(Q). Let also
i € LX(W,H3(Y X (=1,0))) be defined by (3.1.17). Then:

(i) Ifa > 5/2 thenu € H*(Q) N H,(Q);
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(i) Ifa = 5/2 thenu € H*(Q) N H}(Q) and

e ou 82b()
i’ _’ 0)=- X', _’ 0 ’
a0, ay]-( 3,0) 8xN( 4,0) 9y,

foralli,je{1,...,N—1}.

(iii) If 3/2 < a < 5/2 then

ue {gb € H*(Q)NHy(Q) : ;T¢(X, 0) =0foraa.x € W};
N

(iv) If o = 3/2 then there exists €y > 0 such the sequence (

e 3yN ))66[0,60] "
uniformly bounded in L*(W X Y); up to a subsequence there exists f € L*(W)

such that | o
Otle
S ee.0.0) = f(2)
in LZ(W X Y) and
(y) =0, forallijje{l,...,N—1};

00y (x Y,

(v) If0 < a <1 then

u€{¢eH3(Q)ﬂH1(Q) ﬁgb( 0)—;9;( ,0) = 0 for a.a. xGW}
XN

Proof of Lemma 3.1.2. Fix 0 < € < 1. We find convenient to treat first the case
a > 3/2. Since u. € Hy(Q)

Ue(X,ge(x)) =0, forae xeW. (3.1.2)

Note that the function uc(-, ge(-)) € H*(W) c H*(W). We differentiate (3.1.2)
with respect to x;, 1 <i < N — 1 and we get

6%u%mnﬁ%u%mf“”

0,

for a.e. x € W. We then differentiate with respect to x;, 1 < j < N — 1 in order to
get

FPue 99e(%) ue ﬁge(X)
8X‘a.‘X"(x’ gE(x)) + ( 7 6( )) xj 6 8 ( ’ 6( )) 1 (3 l 3)
(92 (996(36) 896(3() Ou, g gé(x) -

+ 8_‘)('}2\]( B 6( )) axj + 6 N( ) 6( )) x] 0’



38 TRIHARMONIC OPERATOR ON SINGULARLY PERTURBED DOMAINS

for a.e. x € W. Let now
. X _
o(x,y) = v(e[z] + €7, eyN),

for all v € HY(Q,), for all x € W, j €Y, yy € (=1/e, € 1b(7)). It is understood
that @ is set to be zero for all ¥ € W\ W,.. Set for simplicity €*~'b(§j) = y., and note
that by periodicity of b, b(j) = b([%/€] + §) = € “Ge(%, §) for all (%,§) € CF x Y.
We unfold equality (3.1.3) and we use property (iv) in Proposition 1.2.7 in order
to obtain

1 0% T 9b@) e 9. ab(7)
2 (x y’ yf) 2 ( ’ ’ye) 2 ( ’ ’ye)
€ dy;0y; € dyidyn dy; € dyioyn Ay
€272 924, ( )3b(y) db(y) N e*? ﬁue( )3217(1/)
forae. x € W,forae . jeY.
We now define
. 1 0%, e 1 9%, ob(j) el 0% ob(g)
‘IIE -’ = _, -7 -9
(*,y) =5 a0, é,yj(x Y+ P (x,y) 3y, 2 3y, 8yN(x Y) 9,
€272 9%, Ob(§) ob(§) €* 2 Bi. . 0°b(7))
2 2 (x’ y) + (x’ y) b
€* dyy dy; 9y € Oyn dy;0y;

andifwesetY = {y e RN : j € Y, -1 < yy < €*7'b(7)}, then ¥, € LA(W, H'(Y)).
Since Y. (%, y, yc) = 0 we have that

. ve | 9%
|We(x,7,0)| < / dt, forae xeW,jeY.
0

—(X y’ t)

By definition of ¥, and Hélder inequality we now deduce that

. 03
¥.(%,5,0)] < (¢ Ibll.o )”2 Ot (75
2(|0yi0y;0yn L2(0,yc)
a—1 aSA a—1 aBA
ol r— (%, 3, ) Vbl ||~ (%, 5, )
i 2 o, Y
Yioyy L2(0,ye) Yioyy L2(0,y¢)
2002 03& o a—2 6212 o
VD12 3 —=(%,7,") Dbl 5 “(%,7,°) ;
0 0
YUn Lz(O,ye) N L2(0,y¢)

(3.1.4)
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Let us define Yo := Y N {yn € R :yny > 0}. We square both hand sides of (3.1.4)
and integrate over W X Y to get

) I .
[ [ 1t 0.0dgds < CAlblEy, + I9BILE | 00

12,
CNL2(WxYs0)

200-2

€ 2a—4

4a—-4
A~ 2 € A 2 €
D3| + — Dy

2
. .+ —
L2 (WXYso) L12(WxYsq) )

LZ(Wx1?>0)]’
(3.1.5)

0%,

+
Y%,

et

We now take advantage of the exact integration formula (see (1.2.4)). We deduce
that

/ / ¥, (%, 7,0)|°dgdx < Ce*}
wWJdY

€ 5 2 s 2
g”D uEllLZ(Qe\Q)+ ol e’||D uf”Lz(Qe\Q)

pot 2004 2
51113, 112 € ([ Lk
t—a o ID el 00 7 || 502 ]
NL2(Q\Q)
2
30112 3a-2 | _5a—4 ta-a| 0"
<c|p uelle(Q )(€a+€0! + e ) + Ce 6_2
N llwrzo,)
< C(e(x + €4a_4) + O(Ea)
(3.1.6)

Note that since a > 3/2 > 4/3 then €™ = 0(e%). We deduce that

/W /Y \W.(%, 7, 0)|*djdx = O(e%), /W /Y

as € — 0. Since o > 1 we deduce that

Johe

as € — 0. The left-hand side of (3.1.7) is the integral of the square of the sum of
five terms, that we are going to denote by T, . . ., Ts. Hence we can rewrite (3.1.7)
as

2
/ ¥, (%, z,0)dz| didx = O(e%),
Y

¥, (x,7,0) — / ¥, (%, z,0)dz| didx = O(e*™') — 0, (3.1.7)
Y

/ /|T1 +---+Ts|'djdx — 0, ase — 0, (3.1.8)
wJY
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where
1 8% e

a-1 24 b(ii 24 .
T, =< ( oL (az,g,O)‘9 @) —/ oL (x,z,O)aab(z)dz);

€5/2 | dy;0yn dy; y 0yi0yn Yj
et 92, b(7) 8%, ob(2)
T; = X, 17,0 - x,z,0)——=dz|;
MSTE (6yj6yN( 5.0) Ay Y 6y]0yN( : Ay
€22 [ 9%0 ob(g) 0b(y 0%i 0b(z) 0b(z
(A L () 9b(y) _/ L (%,2,0) (2) 0b(z ) e
€ T dy;  0y; y Oyy dy;  Jy;
2 [ g, 02b(g) [ od. o) |
Ts = %, 5.0 - [ = F@z 00—
* T e (8yN(x Y )8yi8yj /yé’yw(x ® )5%5‘%

Recall that the function U, defined by

Ux.9) = (i)~ | (ue<x 20- Y, [ i o>d§) 0,

[n|=2
- [V L0 - Z/D”ﬁe(X§0)d§—
[nl=2

is such that the sequence (¢~>/2U,) is uniformly bounded in L*(W, H*(Y x (d, 0)),
for any d < 0, see for example Lemma 3.2.3. Note also that DZUE = DZu} -
/Y DZuAe(-, Z,-)dz for any |n| = 2. Using these facts we deduce that
d*U,
_5/2 € (}Z‘, g, O)

|T|2d‘d3?://e
-/W/Y e wJY ayiay]

_5/2 ate 2
0y;0y; llIL2(w . H' (Yx(~1,0))
< C||6 5/2D3u6 C”D uGHLZ(Q)a

2
djdx

< CHe

||LZ(W><Y><( 1,0)) —

where we have used a trace inequality, the Poincaré-Wirtinger inequality, property
(iv) in Proposition 1.2.7 and the exact integration formula (1.2.4). Hence T; is
bounded in L3(W x Y).

We proceed to estimate the other terms T;. Note that the function +~ b 9. has null
average over Y because of periodicity. Hence,

8%, 0bz) . _ [ 9b(z)( 6%
(%,2, ) ,0)—
y 0y;0yn yj y Oyj 3yi3yN

(x , O)dt) dz
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and
. 24 24 2
/ / g2e2=> / 9b(2) [ 07t (%,%,0) — / 07dc (x,1,0)df |dz| digdx
wJy y 0y; \0yidyn y 0y;0yn
2
202 c5/2 0%
<C —(%,2,0) — (x,t,0)dt || dzdgdx
Ay;i0yn ayzay
S Ceza_zll 5/205 yNU ('1 ) O)”LZ(WXY) S C 2o 2”6 5/2D3u€||LZ(WXYX( 10)) - 09
(3.1.9)
as e — 0, for all @« > 1. We deduce that
_ _ . 0b(®) _
T,|%dgdx < C 0 djdx
[ [mragas<c [ [ 65/2(8y8yN(xy ) )
b
+C ermId2_— < 0 ac — (%, 2,0 )a (z)dz dydx
dy;0yn dy;
1 db(y)
<C dydx 1
// 63/2(62(91]1(9141\]( ,7,0) oy, ) +0(1),
(3.1.10)
as € — 0. We claim that
1 0%, ob(y) 0%u ob(y)
— X, 1y, 0 X, 0 s 3.1.11
€2 ayiayN(x 5.0) Jy; - (9xi6xN(x ) Jdy; ( )

in L2 (W x Y) as € — 0. Since u, — u weakly in H*(Q), by the compactness of
the trace operator we have that

2 2
0°u, (£.0) — 0“u

0x;0xN 0x;0xN

(%,0), (3.1.12)

in L2(W), as € — 0. Now define

0%u, 1 0%u,
X) := dt
@ /C (£,0) .

(9x,-6xN eN-1 (%) 6x,6xN

where C.(x) is as in (1.2.3). Note that, by a change of variable,

u. 0. 1 [ 0% .
Ixdn (x) = ‘/Y Ixdn (x,2,0)dz = = . Ju:dun ——(x,2,0)dz.
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By (3.1.12) we deduce that

0%u, 0%u

H
8xl-(9xN 6x,~6xN

(-,0),

strongly in L2(W) as € — 0 (here we use the fact that if a sequence of functions
ve converges strongly in L? to v then 7; converges strongly in L? to v. We give a
proof of this fact in Lemma 3.1.4 below). Moreover we know that

1
b ’ 0 d 0
62(6y15yN 0)- /(’) ( 2.0) Z) -

in LX(W X Y) as € — 0 (since €~°/20,,,, Ue is uniformly bounded in LA (W x Y),
for all € > 0). Hence

s e 0°
(%,4.0) > ———(%,0),
iOXN

€2 0y;0yn

in L2(W x Y) as € — 0, which proves the claim. Since « > 3/2, by recalling
(3.1.10) we then deduce that T, vanishes in L?(W X Y) as € — 0.

We consider T3. Since T3 is exactly T, with swapped indexes i and j we deduce
that T3 vanishes in L2(W X Y) as € — 0.

We then consider T;. By arguing as in (3.1.11) we deduce that

1 6%, Ab(7) Ob(i 92 Ab() Ob(i
e o 5.0) () 0b(77) . ”(x, 0) (7) (y),
€2 9y, dy; dy; Iy, dyi  y;

in L?(W X Y) as € — 0. This implies that

1%, O)ab(z) 9b(z)
/YEZ 8in X, z, a0y, dz —
/ o 9b(z)db) o 5.0) / 9b(z2) 9b(Z)

(x,0) = X,
y 0y dy;  dy; Iy y 0yi 0y

dz,
in L2(W x Y), as € — 0. It is then clear that

ata% @@@@_/in _6WMW))HO
Y

1= 57 (%,7,0 0)

— X,z
e? ayy dy; € dy; dy;  0y;

(3.1.13)
in L2(W x Y) as € — 0 for all @ > 5/4, hence in particular for any a > 3/2.

Finally we consider Ts5. Arguing as in the proof of Claim (3.1.11) we can prove

that
1 04, b(y)  du 9°b(y)

— X, 7,0 - x,0 R
€ ayN( y )Byiayj oyn )ayiayj

(3.1.14)
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in L2(W x Y) as € — 0 and

10de _ 0%() 0%b(z)
/;E%(x 0)(9y(9 ( 0)/8y, dz =0, (3.1.15)

in L*(W X Y) as € — 0, where the right-hand side of (3.1.15) is zero due to
periodicity of b.
We now consider different cases according to the value of «a.

Case 3/2 < a < 5/2. In this case, by summarising the previous results we have
that Ty is bounded in L2(W x Y) whereas Ty, T3, T, tend to zero in L?(W X Y) as
€ — 0. This implies that

1/2 1/2
(/ /|T5|2dgda?) < (/ /|:r1 +T,+T5 + T4|2dgdx) +0(1) < M,
wJY wJY

for a big enough positive constant M independent of €, for all small enough € > 0.
This implies that

~ 21/~ ~ 2
1 01, *.3 0)8 b(y) ~ / 1 04, .2 0)0 b(z)
Y

— _ =0 65/2—0( ,
€ Oyn Jy;0y; € Oyn (9y,(9y ( )

L2(WXY)

as € — 0. By letting € — 0 and recalling (3.1.14) and (3.1.15) we deduce that

0 0%b(7
u (%.0) @ _ 0.
Oyn Jy;0y;

fora.e. x € W, for a.e. §j € Y, and since b is not affine we deduce that

ou
ﬂ(x 0)=0, (3.1.16)

for a.e. x € W. We conclude that

ue {(;5 € H*(Q)NHy(Q) : ;Td)(f, 0) =0foraa.x € W}.
N

Case a = 5/2. We have the estimate

1/2 1/2
(/ / Ty + T5|2dy'd3’c) < (/ / T, + T3 + T4|2dgda’c) +0(1) = o(1),
wJY wJY
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as € — 0. Thus,

1 e
65/2(6% (y,>/

as € — 0. Now since (¢~*/2U,) is uniformly bounded in L*(W x Y x (d, 0)), there
exists a subsequence of (¢ >/?U,) and a function @ € LXW, H*(Y X (d, 0))) such
that

1 94, 0%b(y
(x 7,0)dz| + 19% (5 g )2 20)
€ Oyn Iyidy;

— 0,

ePU, — 4, (3.1.17)
in L2(W, H*(Y x (d,0))). This implies that

1 e
65/2(6% 50~ [

strongly in L*(W X Y) as € — 0. Moreover, according to (3.1.14) we deduce that

0% du 82b(7))
(X- g’ O) = - (X-’ 0) 5
dy;0y; dyn dy;0y;

2 A

o o0“u
(sz)dz)%a

(X-’ g7 0)7
Yioyj

(3.1.18)

forae. x € W,ae. jevY.

Case @ = 3/2. In this case the first three terms Ty, T,, T3 are uniformly bounded
in €. Moreover we have the following convergences

2A

T X, J .1.19

= Gy 00 (3.119)
(92

T, — o, (x ) (y) (3.1.20)

2

- 2 0Ly, (3.121)

OxjxN Jy;

where all the limits are in L(W x Y), as € — 0. Note that since & < 2 we know,
by Proposition 3.1.3 below, that £C—’I‘V(3?, 0) = 0 for almost all x, hence

0%u 0%u
OxixN Oxjxn

(x,0) =0, (3.1.22)

for almost all x € W. Thus, T3, T3 are vanishing as € — 0. Moreover, we have
already proved in (3.1.13) that T; vanishes as € — 0. We then deduce that

4
1Ty < D Tl ey < C
i=1
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where the constant C does not depend on €. Hence, up to a subsequence there
exists a function f € L?(W) such that

z ‘9”‘6 S (5.5.0) = £(x)

in L*(W x Y) as € — 0. The fact that f does not depend on i can be shown as
follows. Let ¢ € C.°(W x Y) and leti € {1,...,N —1}. Then

1 0. 1 0%,
/ o (5,5,0) 5 (s, drdy = - / L T (o 5.0)p(x.g)dxdg — o,
wxy € 3%/ wxy € c')y 8

as € — 0, since

1 8% 2
o0“u (%,4,0) — o0“u

X,0) =0,
€2 dyy 6y, x,-(x )

strongly in L(W X Y) as € — 0, foralli = 1,..., N — 1. We then deduce that up
to a subsequence

1 du, 62 b(9)

9°b()
_’ _70
(%, 7 3.0y,

dyi0y;’

€? dyn

— f(®)

weakly in L*(W X Y), as € — 0.

Case a < 1. In this case we give a more direct proof based on a different definition
of the unfolding operator. We define

Y={(@.yn): g€ Y,~1 <yn < b(@®)} (3.1.23)
and )
Ue(X, 7§, yN) = Ue (e[z] + €1, e“yN), (3.1.24)

for all (x,y) € W X Y, for all u. € H3(Q.). Then starting from the identity (3.1.2)
we deduce the analogous of (3.1.3), which namely reads

1 e“‘l (92126 ) 8b(y)
e“_l 62126 Bb(g) 62“ 2 0%, ab(y) 6b(y)
-’ -7b 7] ’ ’ o4
t 3y, 8yN(x 4, b()) gy T e o “(x 7y, (3.1.25)
"2 9, a2b(y)

, 7, b
o 6yN( @3 By,
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If « = 1, by arguing as in (3.1.34) below, we have

1 0%, 0%u
< udy (x 3, b(9)) — xj(f, 0),
1 8%, Ab(y) d*u ob(7)
— %, 7, b(y £,0)—=,
€2 8y,0yN(x’y’ @ dy; - 6xl-(9xN(x’ ) dy;
1 0%, ob@) _ u ,_  Ob(y)
— (%, 9, b(G)) 2 (% 0) 2,
€* dy;0yn Jy; 5xj0xN Jy;
1 8%4, 6b( )6b( 7)) u ob(g) 0b(7)
2 2(’ 7, b(7 )) . ay 2(x’0) : y’
€ dyy, Yj Oxy dy;  0y;

as € — 0, where the limits are taken in L*(W X Y). According to (3.1.25), we
immediately discover that

1
X, 7, b(7)) < Ce, (3.1.26)
L2(WxY)
for all € > 0. By (3.1.26) we deduce that
0
a—”(x 0) =0, (3.1.27)

and that there exists a function { € L?(W) such that, up to a subsequence,

1&*@gw@»4§a>

in L2(WxY)as e — 0. The fact that { does not depend on 7 is an easy consequence
of the following argument. Let ¢ € C;°(W X Y). Then

1 8126 o _ a(p o / 1 02
) X, Y, b - dXd = - X, Uy, b dxd .
/wa €? ByN( I (y))ﬁyi v oy € 9UNOT; (%, 9, b(g))g dxdy

and passing to the limit as € — 0 we deduce that

2
9 dzdg = - / Uz 0)pdidg = o, (3.1.28)
WxY 5% wxy OXNOX;

where we have used that ax 6x (x,0) = 0 because of (3.1.27). Since equality
(3.1.28) holds for all the functions ¢ € C°(W x Y) we deduce that { has a weak

. . 0
derivative in y; and that a—y{_ =0.
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Then we can pass to the limit - strongly L(W X Y) - as € — 0 in (3.1.25) in order
to obtain

2 2 - 2 -
0°u O o+ 0‘u (&, 0)é?b(y) N 0‘u &, O)Ob(y)
0x;0x; Ox;0xN 0y, Oxj0xN Jy; 3120
Pu @b o) (5:1.29
+82(x’0)0~ ™ +§(x)8 ~8~_0'
Xy Yyi 0y Yioy;

Note that the first three summands in (3.1.29) are zero because of the vanishing
of u and Vu on W x {0} (this follows from (3.1.27)). Hence we are left with the
equality

0*u ,_ _ 0b(y) 0b(7)

5 (%,0)

Oxy, Jdy; Oy
Recall now that since b is Y-periodic, its derivatives are periodic and with null
average on Y. Hence an integration in Y yields

2u £.0) / db(i7) db() di

Yj

9°b(y) _
dy;0y;

+ (%)

=0,

for almost all x € W. Since this holds forall i,j = 1,..., N—1 we can in particular
choose i = j. This implies

0%u
2 (w0) [ [vbPdg =0,
xN Y
and since b is non constant it must be %(i’, 0) = 0 for almost all x € W.
N

If « < 1 we can argue in a similar way. Namely, we multiply each side of
(3.1.25) by €272% in order to obtain

1 9% L aZae ab(y)
el a 62 e ab(g) 1 0%, _ . _  Ob(7j) Ob(7)
1 0u6 0%b
(x.5.00)5; o) _

Yj

Now note that the first three summands in (3.1.30) are vanishing as € — 0 (here
we use the fact that « < 1 and u(x, 0) = 0 for almost all x € W). Then we deduce

that
8%u Ab(7) Ob(7) 1 dde 62b(y)
%, 0 li X,4,b
5x12\z(x’ : . Gy | emb €2 dyy 5.0 i0Y;
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This first implies that

. 52
la % (5,550 5

< Ce“,

i0Yj L2(WXY)

hence 72 94 (%,0) = 0. Moreover, we deduce that up to a subsequence there exists

(€ LZ(W) such that

T . .b(5) = £(5),

in L(W x Y) as € — 0. Then arguing as in the case « = 1 we deduce that
u (-

x,0) =0. O
ax?\]( )

Proof of Lemma 3.1.1. The proof uses arguments similar to the one of Lemma
3.1.2. However, since u. € H3(Q¢) N Hz(Qe) the calculations are easier. Indeed,
suppose u¢|q — u weakly in H*(Q). Then, since u. = 0 = 31‘5 onT, = {(x,xNn) €
RN : % € W, xy = ¢(%)} we deduce that Vu, = 0 on T,. Hence by differentiating
with respect to x; the identity 3—‘;(92, ge(x)) = 0 and by unfolding we obtain

2, a-1 924
S0+ e i G =0
Note that here i € {1,..., N}, whereas j € {1,..., N — 1}. Hence, if
25 a-1 327
b5.0.90) 1= g + 63 (g 5
arguing as in (3.1.6) we deduce that
2
/ / e b (x,7,0) - / d.(x,2,0)dz| dijdx < Clluellfp g, €™ = 0,
wJy Y

as € — 0, and exactly as in the discussion for u. € H*(Q¢) N H}(Qc) we deduce
that if « = 3/2 then

2 - 25
af,-ab;N .0 651(5) T aigyj (x-4.0)
while, if & < 3/2, then e
Ty 0 =
for almostall x € W, foralli € {1,..., N}. In particular, %(f, 0) = 0, concluding

the proof. O
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Proposition 3.1.3. Letu € H*(Q)NH}(Q) be the function defined in the statement
of Lemma (3.1.2). If 1 < a < 2 then 6‘1—1;[(3?, 0) = 0 for almost allx € W.

Proof. In this proof we use the definition of Y and @ introduced in (3.1.23) and
(3.1.24). Note that

1 1
a A 12
€ A]Aglvyuel + eTa

where we have used formula (1.2.4). Since @ < 2 we deduce that V e — 0 in

0,
é‘yN

2
dfcdy:/ |Vue|? dx, (3.1.31)
Qe

L*(W x Y)N. In a similar way one proves that Dg e — 0 for all the multiindexes
f such that 1 < || < 3. Now note that

//|ﬁe(x,g,0)|2dgdx:/ luc(x,0)|%dx < C,
wWdY w

uniformly in € > 0. Thus,

/ / e (%, y)*dydx
WJY

< 2/ /|ﬁ6(x,y)—ﬁe(x,g,0)|2dydx+2(b(g)+1)/ /|ﬁ€(9@g,0)|2dgdx
wJY wJY

<o [ [ fisese]

Py
te dt|yn|dydx + C < C,
hence 7, is uniformly bounded in L>(W, H 3(Y)) and up to a subsequence

6yN

(*.79,1)

de — 0 in L3(W,H(Y)),

for some function & € L3(W, H*(Y)). Actually @ does not depend on y; indeed
Ve — 0 in LA(W X Y)N implies that Vi = 0.

Since ue — u weakly in H*(Q), by the Trace Theorem, u.(%, 0) — u(%, 0) strongly
in L?(W). By Lemma 3.1.4 below, we deduce that

1 _ _
U (x) = N / uc(t,0)dt — u(x,0), (3.1.32)
€ Ce(®)

strongly in L?(W) as € — 0. By a change of variable it is easy to see that
Ue(X) = /ﬁe()?, z,0)dz,
Y

for almost all x € W. By Poincaré inequality it is also easy to prove that

b — / Gc(, 2, 0)dz
Y

A < C”Vgﬁe”]}(wxf/) — 0, (3.1.33)
L2(Wx¥)
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as € — 0, according to (3.1.31). Then, by (3.1.32) and (3.1.33) we have

llite — u(x, 0)||L2(w><f/)

ﬁe—/ﬁe(~,2,0)di
Y

< +

L2(WXY)

— 0,
L2(WXY)
(3.1.34)

/ 4c(, Z,0)dZ — u(%, 0)

Y

as € — 0, which implies that 4(x) = u(x, 0) for almost all x € W. Now we unfold
the following identity

azue ge(x) 82”6 _ (99e(x)
i ) + 5 (5, 4.(5) ~ axja (.9.(5)
62 09e(X) 0ge(x)  Oue ,_ (x)
e VW) | D ¢ g ) 7980
N ox; Xj OxN 0x;0x;
in order to obtain
1 0%a. e 9%a. 6b(y) ol 924, ob(y)
St IO+ g S g b P g S0
ga- 2(92145 o ﬁb(g) ob(j) e*? aue _ azb(y)
gy MO G P ayNu @)
(3.1.35)
Note that
1 0%, 0%u
X, 7, b(7 X, 0 0,
1 62 0%u
b X, 0
€a+l ay a (x y’ (y)) - axiaXN (x’ )’
1 0%, 0%u
“(%,9,b(9) > —(%,0),
Zoc a 2 ax}’z\]

as € — 0, where the limits are in L?(W X Y). Hence, if 1 < a < 2 we deduce
that all the summands in (3.1.35) are vanishing in LW x Y) with the possible
exception of

a 2 2
a”f( b <y>)ab(y)

Since equality (3.1.35) must hold, this implies that also this last summand is

bounded; hence,

. 9%b
L O (e .b(3 >> #9)
€* dyn 10y,

— 0,
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in L2(WxY)ase — 0,and consequently,

21/~
du @ O)a b(G) _
dy;0y;

0,
ﬁxN

for almost all (x, ) € (WxY). Then aax—‘}‘v(i, 0) = 0 for almost all x € W, concluding
the proof. O

Lemma 3.1.4. Let (v). be a sequence of functions in L%(®), for a given bounded
open set ® C RN, Letv € L%(®), and assume that ve — v in L*(®). For alle > 0
let Co(x) = {y € RN : |x — y| < €} and we define

. 1
T) = ~ / ve(y) dy,
€ Ce(x)

for almost all x € ©. Thenv; — v in L*(©) ase — 0.

Proof. We claim that
1
o(x) = —N/ v(y)dy — v(x), (3.1.36)
€ Ce(x)

strongly in L*(©) as € — 0. Let § > 0 be fixed and let w € C}(©) N L*(©) such
that ||o — wl|;2@) < 6. Then

Bx) - 0(x) = /C (@) o)y

€

=2 [ (wly) - wiy) dy + (wlx) - o)
eV Je.to

Ce

o [ -y

Cel(x

Let us define ©€ = {x € © : dist(x, 90) > €}. Note that

2
1
/ dos [ S [ 1ot - w)l dyds
Q¢ e € Ce(x)
1
= / lo(y) — w(y)|2(—N/ dx) dy < C5*
G €7 JCe(y)

where we have used Jensen’s inequality and Tonelli Theorem. Moreover, it is
clear that

1
L /C PREORO

€

1
o . 0 oy

< Ce.

L*(©)
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Hence,
”6— 'U”LZ(@e) < C((S + 6) < C,(S

The arbitrariness of § proves the validity of claim (3.1.36). Now note that

1/2
_ 1
”UE - U”LZ(@E) < (/ (_N/ |U€(y) - U(y)lzdy)dx) .
o | € Ce(x)

By Tonelli Theorem we can exchange the order of the integrals in order to obtain

1 / 2 2 1 2
[ve(y) — v(y)|°dy |dx < ||lve — 2| —/ dx = ||ve = v||%a
/@e (€N Ce(x) ¢ € L%(©) eN Cely) € L2(©)

Hence
19 = Dll12(0¢) < llve = vll120),

and this implies that
19e = vll120¢) < Ve = Dll120¢) + 10 = vl 120¢) < Ve — Vll120) + [0 = Vll1206)s

and the right-hand side tends to zero as € — 0. m|

3.2 The triharmonic operator with strong inter-
mediate boundary conditions

We begin by recalling the notation. We consider Q = W x (-1, 0), where W is a
bounded C*-domain in RV~!, Recall that g (%) = €*b(x/€) for all ¥ € W, and that
b is a positive, non-constant Y-periodic function of class C*. Let € € R, € > 0 be
fixed. We define the perturbed sets

Qe ={(x,xn) : x € W, =1 < xn < ge(X)}. (3.2.1)
We shall consider the family of operators
Ho,s = N +1,

with domain Q., associated with the quadratic form (3.0.1) for all u,v € V(Q,) =
W3(Qe) N WOZ’Z(QE). Note that the operators Hg, s are satisfying strong interme-
diate boundary conditions on dQ. (see Problem (3.0.4)). Let us set W = W x {0}.
We denote by Hq p the operator A + I subject to Dirichlet boundary conditions
on W and strong intermediate boundary conditions on dQ \ W.

The following theorem shows that there are three possible cases for the spectral
convergence of Hg,_ s, depending on «. This result is the triharmonic analogous
of [19, Theorem 7.3].



3.2. STRONG INTERMEDIATE BOUNDARY CONDITIONS 53

Theorem 3.2.1 (Spectral convergence). With the notation above, the following
statements hold true.

(i) [Spectral stability] If & > 3/2, then Héis A Hsa,ls’ ase — 0.
(ii) [Instability] If & < 3/2, then Hé:,s LA Hg'y ase — 0.

C N
(iii) [Strange term] If @ = 3/2, then Hs_zz,s — H_' ase — 0, where Hg is the
operator A* + 1 with intermediate boundary conditions on Q \ W and the
following boundary conditions on W: u = 0, Vu = 0, % + K% = 0, where

the factor K is given by

o

and the function V is Y-periodic in §j and satisfies the following microscopic

%

A
oy,

b(5)dg = /Y LR
X(—00,

problem
A3V =0, inY X (—c0,0),
V(g,0) =0, onY,
gag—‘:l\/](g,:r, 0)=0b(y), onY,
%(y, 0) =0, onY.

Proof. (i) has been proved in Theorem (2.2.4). The proof of (ii) is analogous to
the proof of [19, Theorem 7.3]. Namely, it is sufficient to show that Condition (C)
(see Definition 2.2.1) holds with V(Q¢) = H*(Q¢) N H3(Qe¢) and V(Q) = Hg’W(Q),
where Hg,W(Q) is defined as the set of functions u € H*(Q) N HZ(Q) such that

g%zu = 0 on W X {0}. By following the proof of [19, Theorem 7.3] it is not difficult
N

to see that condition (2.2.1), condition (C1), (C2) and (C3)(i), (ii) are satisfied.

Finally, condition (C3)(iii) follows from Lemma 3.1.1. We shall discuss (iii) in the

following sections, see Section 3.2.1 and Section 3.2.2. O

3.2.1 Critical case - Macroscopic problem.

Following the approach in [19], we will use the unfolding method from homoge-
nization theory in order to pass to the limit as € — 0. Let us define

O (x,xN) = (X, xny — he(x,xN)), forall x = (x,xy) € Q,
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where h, is defined by
0 if =1 < xy < —¢,

he (X-’ xN) = , 4 .

ge(i)(gf&ﬁ) , if —e < xy < ge(X).

With this definition @ is a diffeomorphism of class C3, even though the L* norms
of the highest order derivatives may blow up, as € — 0. Moreover, one can prove

the following

Lemma 3.2.2. The map ®. is a diffeomorphism of class C* and there exists a
constant ¢ > 0 independent of € such that

d%h *h
h < a, € < a—l, € < a—z, I < a—3,
Ihel < ce X; ce 0x;0x; 0x;0x;0xy €
for all e > 0 sufficiently small.
Proof. Follows directly from the definition of A.. O

As in [19, Section 8.1], we introduce the pullback operator T, from L?(Q) to
L*(Q,) given by
Teu = u o ®,
for all u € L2(Q). See [19, Section 8.1] for the properties of this operator, with the
trivial replacement of W2(Q) with W32(Q).

Let us recall that the basic setting and definitions in the unfolding method
theory have already been introduced in §1.2. We shall use in particular the
notation introduced in (1.2.3), in Definition 1.2.9 and Lemma 1.2.10.

Let W;éfY’IOC(YX(—OO, 0)) be the space of functions in lecz (RN x(—00, 0)) which
are Y-periodic in the first (N — 1) variables . Then we define WI?)CZ(Y X (=00, 0))
to be the space of functions in W},Se’fy oo (Y X (=00,0)) restricted to Y X (—c0,0).
Finally we set

wpe (Y X (=00,0)) = {u € Worl | (Y X (=00,0)) :

Pery,loc
DY ull 2y(—co0y) < ©0, VIy| = 3}.
Lemma 3.2.3. The following statements hold:
(i) Let v, € W>2(Q) with Ve llws.2q) < M, for alle > 0. Let Ve be defined by

V(% y) =0u(%, y) - / 5.(%, 9, 0) dg
Y

A - = = ) X, U _ya
_-/Yvyve(x,y’o)dy.y— Z ADZUe(x’y,O)dy a’

la|=2
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for(x,y) € W, XY x (—1/€,0). Then there exists a limit function
D€ L2(W, w22 (Y X (=,0))) such that

Pery

Y
De’é/‘f — Dyo in L*(W X Y X (d,0)) ase — 0, for anyd < 0, for any

yENN, ly| < 2.

DyVe _ Dy Y72 N
(b) =7 = 7 = Dyo in LYW XY X (=0,0)) ase — 0, foranyy € NV,

lyl =3,

(a)

where it is understood that functions VG,DZ‘VE,DgVE are extended by zero
in the whole of W X Y X (-0, 0) outside their natural domain of definition
We XY X (—1/€,0).

(ii) Lety € WY2(Q). Then
T)io = P(x.0), inL*(W X Y X (-1,0)).

Proof. The proof is similar to the one in [19, Lemma 8.9]. The main idea is to note
that DgVe = Dzzﬁe for any |y| = 3 and that

nge

€5/2

< |ID"vellp2(q) < G,
L2(W.xYx(—1/€,0))

for all € > 0, according to the exact integration formula (see Lemma 1.2.10) and
the Poincaré inequality. To prove the periodicity it is sufficient to use an argument
similar to the one contained in Lemma 4.3 in [43] to D*V, to obtain that V,0 is
periodic. Then we find out that 9 is also periodic because

/ V,6(%,7,0)dq = 0.
Y

Indeed, all the functions V. have this property, and the weak limit preserves the
integral mean. O

Let f. € L?(Q.) and f € L*(Q) be such that f, — f in L>(RN) as e — 0, with
the understanding that the functions are extended by zero outside their natural
domains. Let v, € V(Q,) = W32(Q,) N WOZ’Z(QE) be such that

Ho, 1ve = fe, (3.2.2)

for all € > 0 small enough. Then [[ve||ys2(q,) < M for all € > 0 sufficiently small,

hence, possibly passing to a subsequence there exists v € W>%(Q) N WOZ’Z(Q) such
that v. — v in W*%(Q) and v, — v in L3(Q).
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Let ¢ € V(Q) = W32(Q) N WOZ’Z(Q) be a fixed test function. Since T.¢ € V(Q,),
by (3.2.2) we get

/D3UE:D3T6(pdx+/ UGqu)dx:/ fiT.pdx, (3.2.3)
Q. Q. Q.

and passing to the limit as e — 0 we have that

/ veTeqodx—>/vq)dx, /feTe(pdx—>/fq)dx. (3.2.4)
Qe Q Qe Q

Now consider the first integral in the right hand-side of (3.2.3). Set K. =
W X (-1, —€). By splitting the integral in three terms corresponding to Q. \ Q,
Q \ K¢ and K, and by arguing as in [19, Section 8.3] one can show that

/ D*v : D’T.@dx — /D3v : D3pdx, / D*ve : D’T.pdx — 0,
Ke Q Q\Q

as € — 0. We mention here that to prove that /Q \@ D3v. : D3T.pdx — 0 it is

needed to fully exploit the fact that ¢ € H*(Qc) N Hj(Qe); more precisely we
can estimate the higher order derivatives of ¢ by using the Poincaré inequality
in the xy direction and ultimately the boundedness of Sobolev functions along
a.a. parallel lines. For example, we can estimate the derivatives of ¢ o @, in the
following way

2 2

3 dp ~ 0@ (P,
/ L_ﬁﬂ ) ———— deC6_3/ (A )dx
a.\a| 0x;0x;0x] Ox; 0x;0x0x) el Oxi
02 |
§C6_363/ dx
0.(Q\Q)| 0%xi0xN

< C¥ |l ) — O,

as € — 0, where in the second inequality we have used the one-dimensional
2

Poincaré inequality, while in the third we have used the boundedness of aj_TﬁN €

H'(Q) in the xy direction and the fact that |®.(Q. \ Q)| < Ce*/2. Let us define

Oc = W, X (=€, 0). (3.2.5)
We split again the remaining integral in two summands, as follows

/ D3v, : D?’Te(p dx = / D3v, : D3Te(pdx + / D3v, D3Te(p dx.
Qe\Ke Qe\(KeUQe) e
(3.2.6)
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It is possible to prove (see [19, Section 8.3]) that

/ D*v. : D’T.pdx — 0,
Qe\(KeUQe)

as € — 0. It remains to analyse the limit as ¢ — 0 of the last summand in the
right hand-side of (3.2.6). Before doing this we state the following:

Lemma 3.2.4. Forally € Y X (-1,0) andi,j, k = 1,...,N the functions ﬁe(i, ),

Oh, /- 2h, /- Phe - . _ N
(%Cf (%,7), 7, a;j (x,y) and 7%, axjfaxlc (x,y) are independent of x. Moreover, he(x,y) =

—_—

0(e¥?), (%, y) = O(e'/?) as e — 0,

0%h, *(b(H)(yn + 1)*)
2 2 2¢ (% 3.2.7
e e P (3.27)
ase — 0, foralli,j=1,...,N, uniformlyiny € Y X (-1,0), and
“0%h. 33 (b(g 1)*
0x;0x;0xy 0y;0y;0yx

ase — 0, foralli,j,k =1,...,N, uniformlyiny € Y X (-1,0).

Proof. The proof is just a matter of calculations, which can be carried out as in [19,
Lemma 8.27]. For the convenience of reader we write down the more important
steps in the computations. First of all note that the first part of the statement
involving the asymptotic behaviour of h. as € — 0 follows directly from Lemma
3.2.2, because the unfolding does not change the rate of decay in €. Then note
that

4 ——
0%h, 0°b(7 ob(j) 0
(X‘, y) — 6&'—2 (y) (g) x]\i t+e€ + 60{—1 (y) - XJ\]- +e€
0x;0x; Jy;0y; ge(x) + € 0y O0xj\ge(x) + €
o . A (3.2.9)
+€a_1ab(g)i xN_+€ +€ab(y) 0? xj\i+e ’
Oy; O0xi\ge(X)+ € 0x;0xj\ ge(X) + €
- 4
03h, (%) = @3 b)) | xn+e
Ox;0x;0x] Xy =€ 0y;0y;0y; v ge(%) +€
g 4 g 4 g 4
4 a2 0°b(9) i XN +€ 0°b(7) i XN +€ 0°b(g) i XN +€
0y;0y;j 0x1 \ ge(X) + € 0yi0y; 0xj\ ge(X) + € 0y;0y; 0x; \ ge(X) + €
L a1 6b(g)72\ XN +€ 4+6b(g)’(§2\ XN +€ 4+6b(g)72\ XN +€ !
€ Oy; O0xj0x; | ge(X) + € Oy; Ox;i0x;\ ge(X) + € Oyr 0x;0xj | ge(X) + €
- 4
Q- 03 XN t+ €
+e"h@ 0x;0x;0x) (ge(fc) + e)

(3.2.10)
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Moreover we have the following formulae for the derivatives of (gj&;fe)4:

— 4
0| xy+e 4 (yy+1)° ' L, 0b(@)  (yn +1)*
=] == INT T __§iN - 4e7? y _INT | (3.2.11)
0x; | ge(X) + € e(e*1b(g)+ 1) dy; (e*1b(g)+1)
4
2 | awte ) 125 s GNHDT s O (vt 1)
ox;0x;\ ge(®) +e| € NN (ea1p(y) + 1) Ay;0y; (€ 1b(7) + 1)5
,0b Ob  (yn+ 1) . (yn+ 1) ob Ab
_2020:4__ _60:3 o 5._’
© oy @+ r 0 @@+ e\ Nay T Ny,
(3.2.12)
and
4
03 XN + € _%5. 5 (1+yn)
0xi0x;0%; \ ge(®) + €| e N ININ(gaTp(g) 1 1)
L, (+yn)? [ob ob Ab
_ 48e%74 ZZSiNOIN + —OiNOIN + —in O
€ (€ 1b(g) + 17 | 3y, iNOIN + o, iNOIN + oy iNOjN
. (1+yn)® [0k ob db Ob db Ob
+ 80205 LTSNt e BiN + e
(e Tb(g) + Do\ Dy dy; - dy; oy dyidy
. (1+yn)? 9%b 9%b 9%b
—16e%7* ) SN + ——&;
© e b + 17 \ayiay; N T ayou ™ ayoy N
_ gt (1+yn)* 9°b + 120326 (1+yn)*  9b 3b 9b
(€%1b(9) + 1)° dy;0y;0y; (e*7'b(§) + 1)7 dy; dy; Ay
4 0e25 (1+yn)* 9%b o &*b b . &*b b
(e%71b(9) + 1)°\ dy;dy; Oy~ Jy;dy1 dy:  Ayidy; dy; |
(3.2.13)

By using (3.2.11), (3.2.12) and (3.2.13) in (3.2.9), (3.2.10) and passing to the limit
as € — 0 we deduce (3.2.7) and (3.2.8). O

Now we have the tools to prove the following

Lemma 3.2.5. Letv. € V(Q.) = W>2(Q.) N WOZ’Z(QE) be such that ||vel[yys.2(q,) <
M foralle > 0. Letv € W32(Q) N WOZ’Z(Q) the weak limit of (ve)e in W32(Q).

Let ¢ be a fixed function in V(Q). Letd € L*(W, w;’ezry(Y X (—=00,0))) be as in
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Lemma 3.2.3. Then

/ D*v, : D¥(T.p)dx —
Qe
513 g
-3 D2 ) s DAb(@)(1 + yn)) dy - (%, 04F (3214
/w /YX(—l,O) \oyn y o N Y ax? ( )
304 3(h(ii 4 o _
- yn(Dy (@) : D*(b(G)(1 + yn)") dy ——-(x, 0)dx.
W JYx(-1,0) Oxy,
Proof. In this proof we use the index notation and we drop the summation symbols.
A direct calculation shows that

v 3(p o d,)
D*ve : DX (Teg) dx = / < <d
/e Y (Teg) dx 0. 0xi0x;0xp 0x;0x;0xp x

Fo. P 50 90! o
- [ o5 (@c(x)
0. 0xi0x;0xp Ox10x10xm Ox; 0x; Oxp

. Bve 0% (©.() ool g2l . ol g2l N ol 529l
0. 0x;0x;0xp OxrOx ¢ O0x; O0x;Oxy Oxj 0x;0xp  Oxp O0x;0x;
Bv. g RO
— < T (@ (x)) ———— dx.
* 0. 0x;0x;0xp, axk( () 0x;0xj0xp, X

(3.2.15)

We consider separately the three integrals in the right hand side of (3.2.15). Let
us remark for future use that

00" [, ifk # N,
Ax; Sni — g% ifk =N,
whence
92o® {o, if k # N, PR {o, if k # N,
= 8%h, e PR 8%h, e
Bxiaxj —m, ifk = N, (9xi6xj6xh —m, if k = N.

Consider now the first integral in the right-hand side of (3.2.15). An application
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of the exact integration formula (1.2.4) yields

v, o
Yx(~1,0) 0%;0x;0xp 0x1.0x;0%p,

9’0, ¢

= 5_2

3/\
c5/2 0" 0e

(@c(x))

d dx
‘/1,;,,/”(_1’0) 6yi6yj6yhaxk6x16xm( ()) 0x; axj Bxh

o0 500 oo™
xl 6Xj ox, Xh

i)

(D (x))| dx

< ce 65/2//
Yx(-1,0)

3>0e
0x;0x;0xp,

0x;0x;0xp,

< clle=5/2 1/2

L2(WoxYx(-1,0))

(Pe(x))

3 33(P

8xk8x 0xm

L3(Qe)

which vanishes as € — 0.

Ox10x10x,
Bxkaxlﬁ

axkaxlﬁxm

3

(@e(x))

L2(WoxYX(-1,0))

b

LA(®e(Qe))

Consider now the second integral in the right hand side of (3.2.15). Note that all
the terms with [ # N vanish. Thus, without loss of generality we set] = N
With respect to the index k, we prefer to consider separately two cases. If k # N,

then
)
‘o 0*®
D (x)) Spi——
8x]6xh 6xk(9xN( ) S g a
v,

< Ce1/2

dx

62

0. 0xi0x;0xp, Ox;0xN

< CE—1/2||UE||W3*2(QE) /
Qe

< Ce™?||vellwazo, /
X(—€,0)

(Pe(x)) dx‘

0@ (x| dx

)1/2

82 2 1/2
8x16xN( )

< Ce™V?[lvellyszo €l @l

where the last inequality follows by the one- dimensional Poincaré inequality

(note that

2,2
(x 0) = 0 because ¢ € W;"*(Q2), hence ax

(x 0) = 0 for almost

all x e W). Slnce the right hand side Vanlshes ase — 0, We deduce that all the

integrals with k # N vanish as well.
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If instead k = N, then the unfolding method yields

(930 6CD(N) an)(N) aq)(N) 62<I)(N) aq)(N) an)(N)
€ . € € € € € € d
/Q 8x16x]6xh Ox%; ( ) Ox; Oxj0xy axj Ox;0xp ~ Oxp Ox;0x; *
=€ [ —. e - -
WoxYx(~1,0) 5!/:(9%31! 6x 6yl ayjayh
a g2 o TN g .
Byj 0y16yh 6yh ﬁylayj s
and since we are summing on the indexes i, j,h € 1, ..., N, the right-hand side
equals
N) o—(N
By Po @) 9 b
3¢ [ dxdy.
WexYx(—1,0) 0yi0y;0yn 5XN dy;  dy;0yy
Note now that
0. (b, if k # N, R () if k # N,
i |edwi—ePe, ifk=N, dyidy; —626‘1 b, ifk=N.

Thus, we have

e [ 5. Pe@dy) 08" 98"
W,

Woxyx(-10) OYi0Y;0yn  9x% dy;  Jy;0yp

g e 0*(p(@c(y))) Ohe\ 9*he
=% " [ 5 ONi — dxdy
Woxyx(-1,0) 0Yi0y;0yn  Oxy; dx; | x;0xp

- _
:—3/ €2 0% Te P ell? O he dxdy
WoxYx(~1,0) OYndy;0yn "\ 0x%, dx;0xp

i3 / stz 00 @@L Fhe o Phe_ o
WexYX(—1,0)

ﬁyiayjﬁyh 6x (')xl- 8x](9Xh
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The last summand in the right-hand side of (3.2.16) vanishes as € — 0. Indeed,

AE 62 e h
/ 6-5/26—0 3 6( )) el/2 2 e 92 dxdy
WoxYx( 1,0) 5y13y13y 0x x,- ox 6

0. 0%p —
< Cell? / e~ 2 (D (y))dxd
WexYx(~1,0) 0yi0y;0yn 0x%, Y y

3 A
-5/2 a Ve

< Cell? _ T
dy;0y;0yn

€

o —
S (@)
N

L2(WoxYX(-1,0)) L2(WoxYX(—1,0))

62
< Clell?em1/? —f(@e(x))

< C,€1/2||§0||W3’2(Q) — 0,
XN

L(Qe)

as € — 0. The only remaining term in (3.2.16) is

3.5 o2 2
_3/ 6—5/2 9 Ve T, (Zp 61/2 9 h€ dfdy,
WoxYx(=1,0) yndy;dy, | 0x3, Ax;Oxp
which tends to
-3 / / D2 Dz(b(y)(l +yn))dy —(x 0)dx,
Yx(-1,0) 0x? XN

as € — 0, by Lemma 3.2.3 (i) and (ii), and by Lemma 3.2.4.
It remains to treat only the third integral in the right-hand side of (3.2.15). We
apply the unfolding method in order to obtain

3o, RN, (N)
6/ P ( D(y)) ———— dxdy
WoxYx(~1,0) 0%i0x;0xp 3XN Ox;0x;0xp

030, H30! (N)
=€ / e dxd
Woxyx(-1,0) OYi0y;0yn axN( E(y)) 0x;0x;0xy y

90, dp — o™
= eP— = |l —=(@ 32— ¢ | dxdy.
/ﬁxYx(—l,o)[ Jy;0y;0yp, (9XN( «v) Ox;0x;0xp, y
By former results it is clear that
5200 0% o 000N @ +yn)Y)

— , €
Jy;0y;0yp, Jy;0y;0yp, 0x;0x;0xp, Jy;0y;0yp,
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as € — 0, where the limits are in L*(W X Y) and in L®(W X Y), respectively. To
conclude the proof is then sufficient to show that

4 00— o
12 (@ —(x,0

strongly in LA(W, X Y X (—1,0)), as € — 0.
To see this, set first § = a_ and note that ¢ € H? N H)(Q). Assume for the
moment € H? N Hy(Q) ﬂ C°°(Q) Now we estimate

/VV\XYX(—l 0)

Y(@) oY

2
di d
€ 6 XY

— (X, 0)yn

) 2
E J, _he X J,
5 / / Velel +eqeyn —heel] vegew) oy oo o icdun
)y iy c oxN
Z € he(z, € 0
/ / / Y(Z, eyn — he(z, eyn)) 9y (%, 0yy| — (%)
1 ck Jok € Oxn ¢
kEIW

By the Lagrange Theorem there exists & € (0, eyn — he(Z, €eyn)) such that

V(2. eyn — he(Z, €yn)) = ¥(z, eyn — he(2, eyn)) — ¥(2,0)

= . Dy — he(z. cun).
XN

Thus, (*) equals

/1 kel /Ck /ck GxN (eyN he(z €YN)) ;x‘/;(,;, 0)yn dz
/1;@ /ck/ck ( (z.8) - w(x o)) 2 az
+C/1 kel /C" /ck 5xN h (2’.: ) 2 fzi dx dyn;,

(3.2.17)
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and the right-hand side of (3.2.17) is estimated from above by

/1k T /Ck /ck w
of 5[t Se]

ely
+C/1 /ck /ck %(2’ g)hf(z’eeyN)) | ffi dx dyn.
kel

We estimate separately the three integrals appearing in (3.2.18). By the Funda-
mental Theorem of Calculus we can estimate the first integral as follows

[y /Ck AT t)df;i

e XYl ( 0)

(3.2.18)

1 kel
2 . ) 2
< Ce /// a )| di o dx < e—‘f(z,t)
k k
keI Ce JCé J-Ce | OXy € N LA(Wx(~Cé,0))
(3.2.19)
Then the second integral in (3.2.18) can be rewritten as
6XN 3XN( ) d
N2 1z — x|V
1ke1 ck Jck |Z - x [N/
0
< Ce —5//( 0) < Ce‘ W . (3.2.20)

where B;/ 2(W) is the Besov space of parameters 2, 1/2, which is estimated from
above by the H! norm in Q according to the Trace Theorem. Finally we estimate
the third integral in the right-hand side of (3.2.18) as follows:

/ / / o e eyN» dz
ck Jck

<Ce/ / / sup
1k€[ CE £e(—Ce,0)
0
<ce [ I2E
k

ox
kGIW’ C N

T|dxd
8xN N

1 keI

2
o) <

(9XN

W

dz<C
Z € P

L®(~1,0)

—( )

Hl(Q),
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where in the last inequality we have used the boundedness of Sobolev functions
on almost all vertical lines. We finally deduce that

A;XYX(—I,O)

and the right-hand side tends to zero as € — 0. This concludes the proof for
smooth functions. If ¢/ is a general H*(Q) N Hg(Q) function, according to [35,
Theorem 9, p.77], we can approximate it by a sequence of functions (¢,), in
H%(Q) N C*(Q) such that ¢, — ¥ in H3(Q) and Tryo D', = Trago DY for all
n e N, for all |y| < 1. Then

2

Y(@) oy a¢

2
dxdy < Ce
€ 0x XN

—(%,0)yn

HI(Q)

Y@y Yu(@e(y)

€

V@)

,0
. NaxN(x, )

L2(W.xYx(-1,0)) ‘ L2(W.XYX(-1,0))

( 0) ~¥)

Yn(@e(y)) awn
€

—(x, O)yN'

LZ(VAVEXYX(—I,O)).
(3.2.21)

LZ(VT/EXYX(—I,O))

We first consider

Y@y)  Yu@e(y)

€

By the exact integration formula we can directly consider

L2(W.xYx(-1,0))

0
5 / / (@) = (@ () ddoey
—he(%,0)
<= / [ (x) — Y ()| didxy (3.2.22)

[ e - o asass,

Now by the Poincaré inequality and the fact that DY¢(x, 0) — DY/, (x,0) = 0 for
almost all x € W, for all |y| < 1 (which is a consequence of the choice of ¢,,), we
deduce that the right-hand side of (3.2.22) is estimated from above as follows

=L

2

2
5 dxdxn < Celly = Ynlli2(q)-

— (%, xN) — =5~ (%,xN)
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Going back to (3.2.21) we have

HW%@»_ W e o)

N 8xN

L2(W.XYX(-1,0))

lpn(zf)e(y)) _ oY
€

(3.2.23)

< CllY = Ynllgzo) + yNaxN(fc, 0) A
L2(W.xYx(-1,0))
0 0
+ yNa‘ﬁ” (%,0) — yNa—‘/’(fc, 0| .
XN XN L2(W.xYX(~1,0))

Fix § > 0 arbitrarily small. Choose n big enough so that ||/ — ¢n|g2q) < 6 and

oYy

N (9xN

9

— < 4.
(9xN N

L2(W.XxY%(-1,0))

(X.’ 0)_yN (J_C’ 0)

Note that this is possible by the Trace Theorem and the convergence of ¥, to ¢
in H2. Now, with the choice of n and § above take € > 0 small enough in such a
way that

Un(@cy) O

— <.
€ N 0xN

L2(W.XYX(-1,0))

(x,0)

This is possible by the previous discussion on the behaviour of smooth functions.
Finally we deduce that for every ¢ there exists € > 0 such that

By the arbitrariness of § in (3.2.24) we deduce that

Y@(y) Y

€ N oxN

(x,0) < 36. (3.2.24)

L2(W.XxYX(-1,0))

lim
e—0

Y(@c(y)) oy _
— yNE(x, 0) =0,

L2(W.xYX(-1,0))

concluding the proof. ]

We summarize the previous discussion in the following

Theorem 3.2.6. Let f. € L*(Q.) and f € L*(Q) be such that f. — f in L*(Q). Let
ve € H*(Qc) N HZ(Qe) be the solutions to Ho ve = fe. Then, possibly passing to

a subsequence, there exists v € H>(Q) N Hg(Q) and v € LA(W, w?;fry(Y X (00,0)))
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such that ve — v in H*(Q), ve — v in L>(Q) and such that statements (a) and (b)
in Lemma 3.2.3 hold. Moreover,

- / /Y . 1O)D2 )+ D2b@)1 + y)) dy 6—(x 0)dx

XN

) _ P o
- / / yn(D}(6) : DX(b(@)(1 + yw)") dy ——o (%, 0)d
Yx(-1,0) 0xy
+ / D*v:D*p +updx = /f(pdx.
Q Q
forall 9 € H*(Q) N H2(Q).

Notation. Let g(y) = b(7)(1 + yn)* for all y € Y x (=1,0). In the sequel we will
refer to

‘/W v/Yx(—l,O)

as the strange term appearing in the homogenization.

A

2

9 0%
3D5(@_Z;V) : Dyg(y) + yn(Dy(9) - D3g(y))) dy 8—2(x 0)dx, (3.2.25)

3.2.2 Critical case - Microscopic problem.

Let y € C®(W x YX] — 00,0]) be such that suppyy ¢ C x Y x [d, 0] for some
compact set C ¢ W and d €] — o0,0[, and ¥(x,7,0) = Vi§(x,7,0) = 0 for all
(x,79) € W x Y. Assume also ¢ to be Y-periodic in the variable i. We set

o) = el (5.2, 2),

€

for all € > 0, x € WX] — 00,0]. Then T,/ € V(Q,) for sufficiently small €, hence
we can use it in the weak formulation of the problem in Q,, getting

/ D3v, : D3Te1,be dx + / VeTee dx = / feTeye dx.
Qe Qe Q€
As in [19], it is possible to prove that
/ VeTefe dx — 0, / feTeye dx — 0, (3.2.26)
Qe Qe

ase — 0, and

/ D*v, : D’T e dx — 0, (3.2.27)
Q\Q
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as € — 0. Moreover, a slight modification of [19, Lemma 8.47] yields
/ D*v, : D’T. dx — D}o(x,y) : Dyy(x,y)dxdy.  (3.2.28)
Q WXYX(—00,0)
Now we have the following

Theorem 3.2.7. Let 9 € LZ(W,W

Pery (Y X (—00,0))) be the function from Theo-
rem 3.2.6. Then

340 N . 3w I
/ Dyo(x,y) : Dyy(x,y) dxdy = 0,
WXYX(—00,0)

forally € LA(W, wper (Y X (=00, 0))) such that Y(%,79,0) = Vy(x,7,0) = 0 on

W X Y. Moreover, foranyi=1,...,N — 1, we have

0%0
950y N( ,7,0) = ——(y) (x 0) on W XY, (3.2.29)
and
0%0

forallj=1,...,N - 1.

Proof. The first part of the statement follows from (3.2.26), (3.2.27), (3.2.28) (see
also [19, Theorem 8.53]). In order to prove formulas (3.2.29) and (3.2.30) it is
sufficient to apply Lemma (3.1.1), case @ = 3/2, on the sequence (v¢)e>0, Since
ve € H3(Q) N Hg(QE) and ||ve||p3(q,) < C, for all € > 0. O

Now we have the following

Lemma 3.2.8. There exists V € w

(Y X (—00,0)) satisfying the equation
Per ying q

/ D*V : D*ydy =0, (3.2.31)
Y X(—00,0)

forally € wper (Y X (=00,0)) such that y(y,0) = 0 = Vy/(7,0) on Y, and the
boundary conditions

V(g, 0) =0, onY,
(?yN V_(§,0) = b(§), onY.

Function 'V is unique up to a sum of a monomial in yy of the form ayjzv. Moreover
Ve ng’ejiy(Y X (d,0)) for any d < 0 and it satisfies the equation

A’V =0, inY x(d,0),
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subject to the boundary condition
?*v
—3(y, 0) =0, onY.
oYy,

Proof. Similar to the proof of [19, Lemma 8.60]. By a standard minimizing pro-

cedure (see [19, Lemma 8.60]) it is easy to prove that there exists a function

Ve w;’fry(Yx(—oo, 0)) satisfying (3.2.31). With regard to the uniqueness, note that

if there exist two functions V; and V; satisfying (3.2.31) then by using V = V; — V,
as test function in (3.2.31) we have

/ DV, :D*Vdy=0= / DV, : D’V dy,
YX(—00,0) YX(—c0,0)

hence,

/ |ID*V|*dy = 0.
Yx(—00,0)

From the periodicity in ¢ and the fact that 6‘2}—‘1}\/(;], 0) = 0 for almost all §j € Y we
easily deduce that Vi(y) — Va(y) = ayjz\], for some a € R.

Regularity of V is classical. Finally, by using in the weak formulation (3.2.31)
test functions i with bounded support in the yy direction and by formula (4.1.12)
we deduce that

03V 6?
/ D’V : D dy = —/ NVydy+ | — —g/ d.
YX(=20,0) Yx(~00,0) Y 0yy, Oyy

By the arbitrariness of i we then deduce that V is triharmonic and satisfies the
boundary conditions in the statement of the Lemma. O

Theorem 3.2.9. Let V be the function defined in Lemma 3.2.8. Let v, 0 be as in
Theorem 3.2.6. Then

2

85,) = ~V(§) 53 (5,0) + a0y
N

In particular, the strange term (3.2.25) is given by

2 2 2 2
- [ S5 |+ 2mna| X Jonas [ £ 5002 L s 0
v \av Iy w oy oy

Proof. First note that the function

2
0 2 (x,0), (3.2.32)

(%, y) = _V(y)aT
N
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satisfies the conditions found in Theorem 3.2.7, and it is well defined because the
function V is unique up to the sum of a monomial of order 2 in yy, which does
not modifies the boundary conditions. In order to simplify the notation we set

9(y) = b1 +yn)',  forally € Y X (-1,0).
By using (3.2.32) in (3.2.25) we deduce that the strange term equals

ov aZU az(p
3D%(— ) : D? +yn(D)V : D? d / —(%,0)— (%, 0)dx.
L e ) D)+ sy Datnay [ S 02 w0

Thus it is sufficient to check that

oV
/YX(—l,O) 3D12/(—) : DX(g(y)) + yn(D2V : DX(g(y)) dy =

c’)yN
0%V 0%V

‘/Y(Aa

— 2 a_V . D2
0= [ Dil5) Pt

and we proceed integrating by parts the other integral

We set

/ yN(DzV : D*(g(y)) dy. (3.2.33)
Yx(-1,0)

Before proceeding we remark that the boundary terms coming from the inte-
gration by parts formula will be identically zero, due to the periodicity of the
integrands and their vanishing when yy = 0 or yy = —1. We rewrite the integral
in (3.2.33) with index notation, dropping the summation symbols. In this way,

/ O’V gly)
Yx(=1,0) N dy;0y;0yn 0yidy;0y
o'V 0%g(y) PV gy
yx(-10) " \ Oy2dy;dyp dy;0yn Yx(~1,0) OYNOY;0yp Oy;0yp

0V 8%g(y)
- - / | = TI dy - (). (3.2.34)
Yx(-1,0)  \ 0y 0y;0ys dy;0yn

A further integration by parts on the first integral in the right-hand side of (3.2.34)
yields

PV 0 0tV 0
/ UN| T3 9(y) dy+/ > 9(y) dy. (3.2.35)
yx(-10) \0Y;0y;dyn Oy yx(-1,0) OY;0ynOyn Oyn
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Recall that A’V = 0 on Y x (~1,0) by Lemma 3.2.8; hence, an integration by parts
on the first integral in the right hand side of (3.2.35) yields

oV
- / ynA’Vg(y) dy - / ————9(y)dy
Yx(~1,0) yx(-1.0) OY; Oy Oyn
; (3.2.36)
_ / v (y)dy
YX(-1,0) 5y?5yf5yzvg '

Thus,

/ yn(D3V - D¥(b(@)(1 + yn)*) dy =
Yx(-1,0)

0V dgy) 8%V
-(y)+ / > 99 dy - / 79y dy. (3.2.37)
Yx(-1,0) 0Y; OYnOyn OYn Yx(-1.0) 0Y; 0y;Oyn

We consider now the last integral in the right hand side of (3.2.37) and we integrate
twice by parts in y; and y;. A calculation yields

o’V
— 9y dy =
-/YX(—l,o) 8%25!/]25%9 N

o'v v d9(3.0)
( )+/ (‘,O)b(‘)d‘—/ (4,0) dg. (3.2.38)
/ Y 39123!/12\; I e Y 3yiayi] J Jy; Y

We rewrite equality (3.2.38) in compact form, getting

>’V
a9y dy =
/Yx(—l,o) ayfé‘yf@ylvg N

ik 1, H? 7, ] ]
(Y)+/YA %O))b(g)dg—/yv(M) Vg0 dg. (3239

2

N Yy
In the last integral in the right hand side of (3.2.39) we split the gradient in the
normal and tangential part, and we apply the Divergence Theorem in order to get

(o PV@O) o on e [OV(@.0)09@.0)
/Y V( o, )V(g(y,O))dy— /Y 3 oy dg

+ / AN_1
Y

0*V(7,0)

b(y) dg,
6y12\[
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03V (4,0)
(9y13\,

and since = 0 by Lemma 3.2.8, we have

o’V
/ 9V )y =
Yx(-10) 0Y; Oyt dyn

2 9 B
N

Going back to (3.2.37), with similar arguments (integration by parts and the
Divergence Theorem) we obtain that

otV 0
/ ; 9Y) 4y = —(y) - / An1
Yx(-10) 0Y;OynOyn Oyn y

By collecting (3.2.25), (3.2.37), (3.2.40), and (3.2.41), we deduce that

0%V (7,0)
dy%

b(G)dg. (3.2.41)

/ 3D2( ov ) : Dy(9(y)) + yn(DyV = D*(9(y)) dy =
Yx(-1,0)

ByN

PV dg(y) oV

) -+ [ Mgy [ o
yx(-10) OY?Oyndyn Oyn vx(-1,0) OY; Oy 0yn

_ V(g 0\, . 82V (3, 0) ]
=7 sz-l(—aylzV )b(y)dy /2 (—% )b()d

This concludes the proof. ]

9(y)dy

Theorem 3.2.10. LetV be as in Lemma 3.2.8. Then

</Y><(—1,0)

ov

3D ( o

) DB+ yn)*) + yn (DY : DX (b(@)(1 + yN>4)) dy

- / ID’V|*dy. (3.2.42)
Yx(—00,0)
Proof. Let ¢ be the real-valued function defined on Y x| — o0, 0] by

_Jynb@ (1 +yn)t, if-1<yy <0,
P(y) = .
O’ lny < _1.

Then ¢ € W2(Y X (=0, 0)), #(7,0) = 0 and

Vé(g,0) =(0,0,...,0,b(7)).
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Now note that the function y = V — ¢ is a suitable test-function in equation
(3.2.31); by plugging it in we get

/ |ID*V|*dy = / DV : D¢ dy.
YX(—00,0) Yx(—1,0)

By the Leibnitz rule it is easy to check that

ov
[ pvipsdy=s [ D) Die@n - wdy
Yx(~1,0) Yx(~1,0) YN

[ O D@+ ) d
Yx(-1,0)

We are now ready to conclude the proof of (iii) of Theorem 3.2.1.

Proof of Theorem 3.2.1(iii). Let us set g(y) = b(§)(1 + yn)* for all y € Y x (-1, 0).
The function v in Theorem 3.2.6 satisfies

/W </Y><(—1,0)

d*v 0%¢

dy ———(x,0)dx
yavaava(x Jdx

v
2 . N2 317 . N3
3Dy( 3 yN) : Dyg(y) + yn(D,V : D7g(y))

+ / D*v:D*p+updx = /fqodx,
Q Q
(3.2.43)

forall 9 € H3(Q)NH(Q), where V is the function from Lemma 3.2.8. By Theorem
3.2.9 and Theorem 3.2.10 we can rewrite the first integral on the left-hand side of

(3.2.43) as
0 (92
/ / DV dy | o =2 (%, 0)d,
W\ JYx(=,0) o0x 8

and by the Triharmonic Green Formula (see formula 4.1.17)) we deduce that

3 82
/D3v D’pdx = — /A3v<p / gnz; ﬁn(s (3.2.44)

forall p € H3(Q) N Hg(Q). Hence, on W X {0} we find the following boundary
integral

53 3o (92
/w (a(x 0) + (/Yx(—oo,o) |D’V| dy)(9 > (%, O))(9 > (%, 0) dx, (3.2.45)

forall ¢ € H3(Q) N Hg(Q). By (3.2.43), (3.2.44), (3.2.45) and the arbitrariness of ¢
we deduce the statement of Theorem 3.2.1, part (iii). O
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3.3 The triharmonic operator with weak interme-
diate boundary conditions

Let Q, Q. be defined as in (3.2.1). We shall consider the operators
HQG,] = —A3 +1,

on the open sets Q, associated with weak intermediate boundary conditions on
0Qc (see Problem (3.0.5)). Recall that the associated quadratic form is (3.0.1) for all
u,v € V(Qe) = W(Qe) N W, *(Qc). Let us write W = W x {0} and Y = Y x {0}.
Set also Hq s for the operator —A® + I subject to strong intermediate boundary
conditions on W and weak intermediate boundary conditions on 9Q \ W. More-
over, we recall that we use the notation Hg p for the operator —A® + I subject to
Dirichlet boundary conditions on W and weak intermediate boundary conditions
on 0Q \ W. In the following theorem we analyse the spectral convergence of
Hg, 1, depending on the value of the parameter a.

Theorem 3.3.1 (Spectral convergence). With the notation above, the following
statements hold true.

(i) [Spectral stability] If « > 5/2, then Hf_zil S Hg'zll ase — 0.
(ii) [Mild instability] If3/2 < a < 5/2, then H&i’l N Hﬁ,ls ase — 0.

(iii) [Strange term] If @ = 5/2, then Hﬁil A PAIg_zl as € — 0, where Hq is the
operator —A> + 1 with weak intermediate boundary conditions on dQ \ W and
the following boundary conditions on W: u = 0, A(axi]u) + ZAN_l(ax}zVu) +
Koy u =0, Hx?vu = 0, where the factor K is given by

ov A(AV)
_) + AN—I (ay—N) + A?V—l

K = A?
./y( Oyn

where the function V is Y -periodic in the variables §j and satisfies the following
microscopic problem

%

ayN

b(7)dg = /Y Dy
X(—00,

A3V =0, inY x (-00,0),
V(g,0) = b(7), onY,
I*(AV 2
- ‘9(’%2\7) + 2£—§(AN_1V) =0, onY,
PV _ 0, onY.

ﬁyf\, -

(iv) [Strong instability] Ifa < 1, then Héil S H!

Q.p 4S€ — 0.
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Proof. (i) follows from Lemma 2.2.2, choosing k. = €2?/° where & €]5/2, af.
The proof of (ii) goes as follows. We show that the Condition (C) (see Definition
2.2.1) holds with V(Q.) = H3(Qo) N H;(Qc) and V(Q) = HS’W(Q), where H;W(Q)
is the set of functions u € H*(Q) N H;(Q) such that aax_li, =0on W x {0}. With
this choice of V(Q,), V(Q), it is not difficult to verify that conditions (C1), (C2)(i),
(C2)(iii), (C3)(i) and (C3)(ii) hold true. Then it is sufficient to prove the validity of
conditions (C2)(ii) and (C3)(iii). In order to show that (C2)(ii) holds it is sufficient
to use the diffeomorphism T, defined in (2.2.6) mapping HS’W(Q) to V(Q¢). By
using Lemma 2.2.2 we deduce that if & > 3/2 then lim¢_,o|| Te@|| g3, \x,) = 0 for
all ¢ € V(Q). In order to show that (C3)(iii) holds it is sufficient to use Lemma
3.1.2(iii).

The proof of (iv) works in a similar way. Namely, we show that Condition (C)
holds with V(Q.) = H*(Qe) N H}(Qe) and V(Q) = Hg’W(Q), where Hg’W(Q) is the

set of functions u € H*(Q) N Hy(Q) such that aax—l; = gxié‘ =0on W x {0} . We set
N

T¢ to be the extension-by-zero operator. Then it is possible to prove that all the

conditions (C1)-(C3) hold true. In particular, by choosing E. to be the restriction

to Q, Condition (C3)(iii) follows directly from Lemma 3.1.2, case a < 1.

The proof of (iii) will be the object of Sections 3.3.1 and 3.3.2, below. O

3.3.1 Critical case - Macroscopic problem.

In this section we shall consider the case @ = 5/2 of Theorem 3.3.1. We refer to

Section 3.2 for the notation about @, A, T, c§, u, w?,’ery(Y X (=00, 0)).
Let f. € L?(Q.) and f € L*(Q) be such that f, — f in L>(RN) as e — 0, with
the understanding that the functions are extended by zero outside their natural

domains. Let v € V(Qc) = W3¥(Qe) N W,"*(Q) be such that

Ho, 1ve = fe, (3.3.1)

for all € > 0 small enough. Then [[ve||yys2(q,) < M for all € > 0 sufficiently small,

hence, possibly passing to a subsequence there exists v € W>%(Q) N Wol’z(Q) such
that v. — v in W*%(Q) and v, — v in L3(Q).

Let ¢ € V(Q) = W32(Q) N Wol’Z(Q) be a fixed test function. Since T.¢ € V(Q,),
by (3.3.1) we get

/ D3v, :D3Tegodx+/ veTe(pdx=/ feTepdx, (3.3.2)
Qe Qe Q€

and passing to the limit as € — 0 we have that

/ veTe(pdx—>/v(pdx, / feTe(pdx—>/f(pdx.
Qe Q Qe Q
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Now consider the first integral in the right-hand side of (3.3.2). Let us define
Ke = W X (-1, —€). By splitting the integral in three terms corresponding to
Qc\ Q, Q\ K¢ and K, and by arguing as in [19, Section 8.3] one can show that

/D3UE:D3Te(pdx—>/DSU:D3¢dx, / D*v, : D’T.pdx — 0,
K. Q Q\Q

as € — 0. Let Q¢ be as in (3.2.5). We split again the remaining integral in two
summands,

/ D*v. : D’T.pdx = / D*v. : D’T.pdx + / D*v, : D’T.¢ dx.
QE\KE Q€\(K€UQ€) €
(3.3.3)

Again, by arguing as in [19, Section 8.3] it is possible to prove that

/ D3v, : D3Te(p dx — 0,
Qe\(KeUQe)

ase — 0.

Lemma 3.3.2. 3 2. Forally € Y x(-1,0) andi,j,k=1,...,N thefunctionsfz (x,y),

(x y) and m(x y) are mdependent of x. Moreover, h (x,y) =

0(65/2) ahe (x y) = 0(e*?) ase — 0, ai g; (%,y) = O(e'/?) as e — 0, for all

1,]—1,...,N,unlformlymy€Y><( 1,0), and

“h. (G yn +1)%)
61/28 8 a (x,y)_> y yN
X;0x;0X 3Yi0y;0Yx

ase — 0, foralli,j,k =1,...,N, uniformlyiny € Y X (—1,0).

Proof. It is a matter of calculations, which can be carried out as in Lemma 3.2.4,
with the difference that here a = 5/2. O

Lemma 3.3.3. Let v, € V(Qe) = H*(Qc) N Hy(Qe) be such that ||vc||psq,) < M
foralle > 0. Letv € H*(Q) N H)(Q) the weak limit of (ve)e in H3(Q). Let ¢ be a
fixed function in V(Q). Let 0 € L% (W, WPer (Y X (—0,0))) be as in Lemma 3.2.3.
Then

/D3UG:D3(TG¢)dx_>

‘ (3.3.4)
[ @) D@+ ) dy 5 .0,

w Jyx(-1,0) XN
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Proof. In the following calculations we use the index notation and we drop the
summation symbols. We calculate

Pve  P(pod,)
D3 . ZD3 Te d — / € € dx
/ : Y (Tep) dx 0. 0xi0x;0xp, 0x;0x;0xp

(Pe(x)) — dx

8ve 3¢ 8<I>(k) ool oo™
- '/Qe 0x;0xj0xp, 5xk5xlc')xm Oxj Oxp

dx,

R acpg") a%@” gl 920l 9ol 2ol
/Q 0x;0x;0xp, 6xk6x1( elx ))[ Ox; Ox;0xy - Oxj Ox;0xp - Oxp 0x;0x;
v, FE
# [ e @) g
0. 0x;0x;0xp, ka 0x;0x;0xp,
(3.3.5)

By arguing exactly as in the proof of Lemma 3.2.5 we deduce that the first integral
in the right-hand side of (3.3.5) vanishes as € — 0. We then consider the second
integral in the right hand side of (3.3.5). Note that all the terms with [ # N vanish.
Thus, without loss of generality we set [ = N. About the index k, we prefer to
consider separately two cases. We consider first the case k # N. By the exact
integration formula (1.2.4) we obtain

93 52 62(1)(1\7)
[ gt @) b dn
0. 0xi0x;0xy Ox0xN O0x;0xp,
v, A% 520
= ) Oki dx
- € / / R T T T Pe(y)ox dx;0x1
8% 0% ~  0%h,
< Ce'l? / // e 312 Je Y (@e(y) e dx
w.Jy J-1 0y;0y;0yp, Oxr0xN 0x;0xp
de
< Cel|e™?0|| ———(Dc(y))
ellws.2(W.xYx(-1,0)) OxroxN (W xYx(-1.0))
dp
< Ce'?)|e75/%% ~ _— ,
| ellwsaqxrx-1on Oxk0XN || 12(0,)

and the right-hand side tends to zero as € — 0. Hence, when k # N the second
integral in the right-hand side of (3.3.5) is vanishing.
If instead k = N, then the exact integration formula (1.2.4) yields

5. 0%
[ S @)
WexYx(—1,0) 9y;0y;0yp 0x 2 «v)
(N) p~(N) ) (3.3.6)

oo™ 523 +a<1>e(N) az&i(N)+a ) 923,
dy; 0y;0yy dy; 0y0yn Oy 3yi5yj

dxdy,
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and since we are summing on the indexes i,j,h € 1,..., N, (3.3.6) equals
. 90 @) a3
3¢ [ > dxdy.
WexYx(~1,0) dy;0y;0yp, 3XN dy;  Oy;0yy

Note now that

oo " (b if k # N,
i {eéNi —ePe ifk=N.
and
25" (o, if k # N,
0y;0y; B {—62 6(39:2;}-’ ifk = N.

Thus, we have

(N)

~ — —(N) ,,—

3 —5/ 6306‘ 52(4’(‘1’6(}/))) (9(1)6 (92(1)6 _

€ = > dxdy
WoxYX(~1,0) dy;0y;0yn 3XN dyi  Jy;0yn

(3.3.7)

3 AE 2 &: € /2\6
:_Se_z/A 9o 9*(o( (y)))((S i_@) Phe g
WexYx(—1,0)

Ayi0y;0yn O3, dx; | Ox;0xp

The right-hand side of (3.3.7) vanishes as € — 0. Indeed,

6. e — dhe\ 0%h
SR — (D (y)| i — < dxd
/Vv;xYx(—l,o)e 9Yi0y;0yn ava( (y))( N 3xi)(9xj5xh Y

el/2

0°9, 0o —
< Ce'l? '/A e5/2_2 % —f(@e(y)) dxdy
W xYx(=1,0) 9yi0y;0yp x5,

3 A
52 9Te

0o —
(@,
39:04,00n > (Pe())

XN

< Ce?|le

L2(WoxYx(~1,0)) L2(WeXYX(-1,0))

g
Xy

<C

— 0

LA(®e(Qe))

9

as € — 0, where we have used (1.2.4) and Lemma 3.3.2.
It remains to treat only the third integral in the right hand side of (3.3.5). We
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apply the exact integration formula (1.2.4) in order to obtain

6306 a(P GSCD(N)
dxd
efw—;xyx<_1,o) x:0%;0x e W) 5o Oxi0x;0x, Y
030. B3P (N)
=€’ / T X ) A R
Woxyx(-1,0) OYi0y;0yp OxN Ox;0x;0xp Y

dp — s
2. _ % | 4xdy.
P (y))} [6 Ox:0x (9xh] XAy

-- [ o200
WoxYx(=1,0) 0yi0y;0yn

By Lemma 3.2.3 it is clear that
0yi0y;0yn  Iyidy;0yn’

weakly in L2(W X Y X (—00,0)) as € — 0. Moreover, by Lemma 3.2.4

e 000 @A+ )Y
0x;0x;0xp, Jy;0y;0y;

uniformly in W X Y X (-1,0) as € — 0. Hence,

63{; aSq)(N)
e/ : ) V2——< | dxd
/VV\EXYX(—I,O) (9yic9yjc9yh 8x ( ®) (9xl-(9xj8xh y
0% 0 9*(b(7)(1 4
o o ? (z.0) G@A+yn)) 4o ay.
wxyx(-1,0) OYi0y;0yn 0xn 9y;0y;0yn
ase — 0. O

The previous discussion yields the following

Theorem 3.3.4. Let f, € L%(Q.) and f € L*(Q) be such that f. — f in L%(Q). Let

e W2(Q)n Wol’z(Qe) be the solutions to Ho_ve = fc. Then, possibly passing to
a subsequence, there existsv € W3’2(Q)0W01’2(Q) andd € L*(W, wPer (Y X (0,0)))
such that ve — v in W>4(Q), v. — v in L*(Q) and such that statements (a) and
(b) in Lemma 3.2.3 hold. Moreover,

B /W /Yx(_l,O)(Di(@) : D*(b(G)(1 + yx)") dy ;Ti(’@ 0)dx

+ / D*v: D¢ +updx = /f(pdx,
Q Q
forall p € W32(Q) N Wol’z(Q).
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3.3.2 Critical case - Microscopic problem.

Let ) € C®(W xYx]—00,0]) be such that supp iy € CxY x[d, 0] for some compact
set C ¢ W and d €] — o0, 0[ and such that {(x,7,0) = 0 for all (x,7) € W X Y.
Assume also ¢/ to be Y-periodic in the variable 7. We set

X XN)

Yel) = by (2,2, 2

forall e > 0, x € Wx] — 00,0]. Then T,/ € V(Q,) for sufficiently small €, hence
we can use it in the weak formulation of the problem in Q., getting

/ D*v, : D’T.) dx + / VT dx = / feT. e dx. (3.3.8)
Qe Qe Qe

It is not difficult to prove that

/ VT dx — 0, / feTeyedx — 0, (3.3.9)
Qe Qe
as € — 0, and by arguing as in [19] and in Subsection 3.2.2 we deduce that
/ D*v : D’T.e dx — 0, (3.3.10)
Q\Q
as € — 0. Moreover, by arguing as in [19, Lemma 8.47] it is possible to prove that

/ D*v, : D’T. dx — D;@(i, Y) : Df/’gb(fc, y) dxdy, (3.3.11)
Q WXYX(—00,0)
as € — 0. Then we have the following

Theorem 3.3.5. Let 0 € LA(W,w>> (Y X (—,0))) be the function from Theo-

Pery
rem 3.3.4. Then
/ D}o(%,y) : D)y(x,y)dxdy =0,
WXYX(—00,0)

forally € LZ(W, w2 (Y X (=c0,0))) such that ¥(x,9,0) =0 on W X Y. Moreover,

Per
foranyi,j=1,.. N 1, we have
0% 0%b
X, y,0) = — —y(x,0 W XY, 3.3.12
G B 00 =G @50 oW (3:3.12)

Proof. We need only to prove (3.3.12) since the first part of the statement follows
from (3.3.8), (3.3.9), (3.3.10), (3.3.11) (see also the proof of [19, Theorem 8.53]). By
applying Lemma 3.1.2, case @ = 5/2 to v, € H*(Q) N H;(Qc) we deduce the
validity of (3.3.12). O
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Now we have the following

3,2

Lemma 3.3.6. There existsV € Wy

(Y X (—=00,0)) satisfying the equation
/ D*V :D*ydy =0, (3.3.13)
YX(—00,0)

forally € wf,fry(Y X (—00,0)) such that Y(,0) = 0 on Y, and the boundary
condition
V(g,0) = b(p), onY.

Function V is unique up to a sum of a monomial in yy of the form ays,. Moreover
Ve W;jy(Y X (d,0)) for any d < 0 and it satisfies the equation

AV =0, inY x(d,0),

subject to the boundary conditions

0*(AV) 0% _
—a?;?\' + Zaxi[ (AN-1V) =10, onY,
%(g, 0) = 0, onY.

Proof. Similar to the proof of [19, Lemma 8.60] and to the proof of Lemma 3.2.8.
The proof of the existence and the uniqueness of the function V works exactly
as in Lemma 3.2.8. Regularity is achieved by standard procedures. Note that in
order to find the boundary conditions satisfied by V on Y we need to use the
Triharmonic Green Formula (4.1.12) with V in place of f and ¢ in place of ¢.
We choose test functions ¢ as in the statement with bounded support in the
yn-direction. We then deduce that

>’V o
/ D3V:D3¢dy:—/ A3V¢dy+/—3—gjdg
YX(=00,0) Yx(~00,0) Y 0yy, Oyy

ST )
Y

8y12\] ayi] o0x N
and by the arbitrariness of i we then conclude that V is triharmonic and satisfies
the boundary conditions in the statement. O

Theorem 3.3.7 (Characterization of the strange term). Let V be the function
defined in Lemma 3.3.6. Let v, 0 be as in Theorem 3.3.4. Then

05,1) = V()3 -(5.0) + a5V
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for some function a € L*(W). Moreover we have the following equalities:
[ veay= [ DviDG@a gk
YX(—00,0) Y X(—00,0)

o) anvy , (av\\

6xN

Proof. Let ¢ be the real-valued function defined on YX] — 00, 0] by

b(7)(1+yn)*, if-1<yyn <0,
$(y) = { YRETINT N
0, 1ny < -1.

Then ¢ € W2(Y X (=0, 0)), and ¢(7,0) = 0 for all § € Y. Now note that the

function ¢y = V — ¢ is a suitable test-function in equation (3.3.13); by plugging it
in we get

/ DV dy = / D*V : DY(b(@)(1 + yn)") dy
YX(—00,0) YX(—00,0)

By applying the triharmonic Green Formula (4.1.12) on the right-hand side of the
former equation, and by keeping in account that V is satisfying the boundary
conditions listed in Lemma 3.3.6 and A3V = 0in Y x (d, 0) for all d < 0, we deduce
that

/ DV : DX(b(@)(1 + yx)) dy =
Y X(—00,0)

/Y V) AN_I(‘?(AV)) + Ay (a—v))b(y) dy.

c?xN 5xN (9XN
By Lemma 3.3.6 and Theorem 3.3.7 it is now easy to deduce (iii) of Theorem
3.3.1.

O

Proof of Theorem 3.3.1(iii). Note that the function v of Theorem 3.3.4 satisfies

2(0): D(b(7 4 dy 22 (5. 0)dz
_ /W /Y 1 D) D@+ ) dy 5, 018

+/D3U:D3(p+u(pdx:/f(pdx, (3.3.15)
Q Q
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for all 9 € H*(Q) N H}(Q). By Theorem 3.3.7 the first integral in the left-hand
side of (3.3.15) can be equivalently rewritten as

/ ( / ID*V|*dy
w Y X(—00,0)

where V is the function defined in Lemma 3.3.6. By the Triharmonic Green
Formula (see (4.1.17)) we have that

»f 9%
3.3 _ 3
/QDU.Dfpdx— /QAvq)dx+/ (9n3(9n2d5

6n2
for all ¢ € H*(Q) N Hy(Q). In particular, we deduce that on W x {0} we have the
following boundary integral

2 2
‘/W( 68(XA:)(X 0)—2Ax_ l(gxg)(x, O)+(/Y><(_oo,0) D3V |? dy)—(x 0)) (x,0)dx.
(3.3.17)

Then, by (3.3.15), (3.3.16), (3.3.17) and the arbitrariness of ¢ we deduce the state-
ment of Theorem 3.3.1, part (iii). O

—( 0) (x 0)dx,

((TITDSZ))()Q :Dagn) - o

(3.3.16)

0
— 2divga(D*v[n ® n])ag) 9 ds,
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Chapter

Polyharmonic operators on singularly
perturbed domains

In this chapter we consider polyharmonic operators HY) := (=A)™ +1 with strong
intermediate boundary conditions on the family of domain Q. defined in (3.2.1).
We analyse the spectral convergence of HY as € — 0, in the spirit of the results

proved for the triharmonic operator (—A®+1) in §3.2. However, when dealing with
polyharmonic operators of arbitrarily high order we face several new difficulties.
First of all, we need a ‘polyharmonic Green formula’ (see (4.1.4)) to shift from the
variational formulation to the strong formulation (and viceversa) of the eigenvalue
problems for Hg‘e . This turns out to be important in particular in the analysis of
the spectral convergence in the critical case & = 3/2, see for example the proof of
Theorem 4.2.10.

Then we have to deal with a relevant computational complexity in the cal-
culus of higher order derivatives. This problem is overcome by using suitable
combinatorial formulae for the computation of the m-th derivative of products
of functions and of the m-th derivative of composite functions. See, for example,
Lemma 4.2.4.

In the end we are able to prove Theorem 4.2.1, which characterises the spectral
convergence of Hy forallm > 2.

4.1 A polyharmonic Green formula
In this section we provide a formula which turns out to be useful in recognising

the possible natural boundary conditions for polyharmonic operators of any order.
Let us begin by stating an easy integration-by-parts formula.

85
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Proposition 4.1.1. Let Q be a bounded domain of class C*' inRN. Letm € N,
m > 1and let f € C™(Q), p € C"™(Q). Then

/D’”f:D’"(pdx:—/Dm_l(Af):Dm_1<pdx+/ D"f:(n® D" 'p)ds,
’ ’ - (4.1.1)

where the symbol : stands for the Frobenius product, n is the outer unit normal to
0Q, and ® is the tensor product, defined by

B am—l(p
(n ® Dm lqo)ivjls"' ,jm—l = (ni a a
Xj oo OXjpy I,J1, Jm—1

for all iajl$' o ’jm—l € {19 o ’N}

Proof. The proofis a simple integration by parts. Indeed, dropping the summation
symbols we get

am am
/Dmf:Dm(pdx:/ f LOR:
Q Q

0x;, - - - 0x;,, 0x;, - - - 0x;,,

m+1 m—1 m m—1
Sy S T SR O T
0

o Ox; -« - Oxj,, Oxj, -~ - 0x;, o 0xj, - - - 0xj, 0xj,--- 0x;,

:—/Dm_l(Af):Dm_1<pdx+/ (D"f): (n® D" p)ds.
Q 0Q

Corollary 4.1.2. Letm € N,m > 1. Let f € C*™(Q), ¢ € C™(Q).
/Dmf :D"pdx = (—1)’"/ A" fpdx
Q Q
m—1
+ Z(—nk / (D™ kAk ) (ne@ D™ 1p)dS. (4.1.2)

In particular, when 0Q is flat (that is, Daggn(x) = 0 for all x € 0Q), formula (4.1.2)
equals

/QD’”f:quodx:(—l)m/QAmf(pdx

m—1
oo o o) e
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Proof. In order to prove (4.1.2) it is sufficient to apply m times the integration by
parts argument used in the proof of formula (4.1.1). Then (4.1.3) follows directly
from (4.1.2) by noting first that

(D" H(AKf)) < (n @ D™ F 1) = (T D RAE F)) - DR

9]

- (Dm—k—l(Akf)) . Dm—k—lq)’
on

and then by recalling that when Dygn(x) = 0 the normal derivative commutes
with the other differential operators (we refer to Remark 4.1.6 for further expla-
nations). O

Theorem 4.1.3 (Polyharmonic Green Formula - Flat case). Let H be the half-space
H = {(x,xy) € RN : x5y < 0}.

Letm € N,m > 1. Let f € C*™(H), ¢ € C™(H) with supp ¢ c H N B(0, M), for
some M > 0. Then,

m—1
myge o nym — (_1\m m at_(/) _
/HD f:D"pdx = (-1) /HA f(pdx+;/RN_lBt(f)ax;de, (4.1.4)

where B, : C*™(0H) — C'*1(0H) is defined by

m—1
Bi(f) = Z(‘l)m_t_l(i)*fl(a (A lf)) (4.1.5)

I=t
and An_; is the Laplace operator in the first N — 1 variables.

Proof. First note that as a consequence of the Leibnitz rule we can write

[

__lmk_l met—t—1 k[ ————
- 2 () Lo (e o ) (o (5
(4.1.6)

Then, by using (4.1.6) in the last integral in the right-hand side of (4.1.3) we get
the following as boundary term

m—1 m—k—1
-1 at+1 Ak 0
YRS N G sl el IS K
t=0 RN dxy Xy

k=0
(4.1.7)
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By switching to coordinates and by dropping the summation symbols, (4.1.7)
equals

m—k—t-1 at+1 Ak m—k—t—1 at
/ 0 a9 ?lax, (418
mN-1 OXg, O, 0 Oxt ) Oy O, | Oy

where the indexes i; run on the first N — 1 coordinates. By integrating by parts

m—k—t—1timesiniy,...,in k1 in (4.1.8) we deduce that (4.1.7) equals
m—1 m—k—1
k-1 82(m—k—t—1) at+1 Ak 8t
Z(_l)m_t_l Z (m ) / 2 2 (t+1f) (f) di',
k=0 =0 t RN-1 0%Xj, - 0%, Oxy Ixy

where we have no other boundary terms because ¢ has compact support. We
rewrite the last expression as

m—1 m—k—1
—k-1 at+1(Akf) at(p
—1)mt1 e / Am—k=t dx.  (4.1.9
R S (M) LTt e o

t=0

We now apply the change of summation index [ = m — k — 1 in the first sum of
(4.1.9). We deduce that (4.1.9) equals

m—1 [ _l—
i 8t+l(Am l lf) at(p
E —1)m-t-1 E / Al_t dx. 4.1.10
l:O( ) 0 (t) ]RN_I N ?1 ;V ( )

t=

By exchanging the two sums in (4.1.10) we find (4.1.4). O

Remark 4.1.4. If m = 2, then (4.1.4) reads

Pf
/sz:DZ(pdx:/Azf(pdx+/ S 90 s
H H R

2
N-1 axN OxXN

-/ (ﬁ)(ﬁ))d i)
RN—l

ox N ox N
which is consistent with the Biharmonic Green Formula provided in [19, Lemma
8.56]. Indeed, if the domain is an hyperplane, the boundary integral

/8H (divaH (sz-n)ag)(pds




4.1. APOLYHARMONIC GREEN FORMULA 89

appearing in [19, Lemma 8.56] coincides with

/ AN—l(ﬁ) dx,
RN-1 6xN

because the tangential divergence coincides with the divergence with respect to
the first N — 1 coordinates, n = ey (the Nth unit vector of the canonical basis
of RV), and the divergence with respect to ¥ of the gradient in ¥ is exactly the
Laplacian with respect to the first N — 1 coordinates.

Remark 4.1.5. In the case m = 3, the identity (4.1.4) yields the following “Trihar-
monic Green Formula:

O f
/D3f:D3(pdx:—/A3f(pdx+/ 9190 4
H H RN-1 Oxy; Oxy,

2 2
= /RN_l (aa(AZf) + ZAN_l(ﬂ))a—(pdf (4.1.12)

2
Xy 6xN OxN

A(A*f) I(Af) 0 _
+/RN_1( o +AN_1( i )+A12V_1(M))(pdx'

In this way we have identified all the natural boundary conditions for the trihar-
monic operator —A% on an hyperplane. Note that if ¢ € W*(H) N WOZ’Z(H), then
all the boundary integrals vanish, with the exception of

63 2
/ IO 4o
RN-1 0x3; 0X%

Pf _
ax3;

which gives the condition
0, on OH.

More in general, consider the polyharmonic operator (—A)™ with strong inter-
mediate boundary conditions (namely, ¢ € W™2(H) N Wom_l’z(H ) ). Then, the
non-vanishing boundary integral in (4.1.4) is given by

am—l om am—l
[ g = [ S22 s

m—1 m m—1 ?
GxN N-1 6xN 6xN

and by the arbitrariness of ¢ € W™2(H) N Wom_l’z(H) we find the boundary
condition
of

0, on OH,
axﬁ

forall m > 2.
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Remark 4.1.6. In order to prove the analogous of Theorem 4.1.3 on general bounded
domains Q of RN we need to decompose higher order differential operators in
tangential and normal parts at the boundary. As far as we know, explicit formulas
via tangential calculus are not available. Note that this problem is related to
the definition of higher order differential operators on Riemannian manifolds,
which is not trivial for operators of order bigger or equal to 2 (for example, to
define the Hessian matrix on a Riemannian manifold we need to use the covariant
derivative and the Levi-Civita connection V, via the equality D? f(X, Y) = XY(f)-
(VxY)(f); in particular the Hessian operator on a Riemannian manifold is no
more homogeneous of order 2, since it contains the lower order term (VxY)(f)
which is linked to the curvature of the manifold). By using tangential calculus it
is possible to prove that

D*f(x) = (D?Jﬂf(x) o (Van(x)) ® n(x) + n(x) ® VaQ(agSC))
62f(x) n(x) ® n(x )) f(x)DaQn(x) (4.1.13)

for all x € Q. In order to prove formula (4.1.13) it is sufficient to compute

Dflua = D7 = Pu+ 01 0 Fonf + 2L

Recall that Dygn corresponds to the second fundamental form of 9Q, see Theorem
1.4.4. We refer to §1.4 for the precise definition of the tangential operators. Note
carefully that the differential operators % and Dyq commute if and only if Q is
flat. More precisely,

%(Vamﬁ) = Vag(%

! ) — (Doam)(Vaat), (4.1.14)
n

for all ¥ € C%(Q2).! Then formula (4.1.13) can be equivalently rewritten as

af (x)
on

D’ f(x) = (Dfmf (x) + Vae( on

L P
on 2

) ®n(x) +n(x) ® VaQ(

f()

af(x) )

——n(x) ® n(x)) — (Dgan(x))(Voa f(x)) ® n(x) + Dggn(x), (4.1.15)

'Formula (4.1.14) follows easily by noting that (Vagtﬁ) V(Vy - —n) n=D*n-

and Vo ( alﬁ) V(gf) gnlf D*n + (Dagn)(VaQn) - anl Y,

an n
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for all x € 9Q. Finally, note that if we take the trace on both hand sides of (4.1.15)
we recover the classical decomposition formula for the Laplacian at the boundary

0% f(x)
on?

df (x)

on ’

Af(x) = Ao f(x) + + H(x)

for all x € 9Q, where H is the curvature of Q. Indeed, we have that
0 0
trVag—f ®n :VaQ—f -n=0,
on on

tr(Dagn(Van) ® n) = nTDaQnVan =0

and

because n Dggn = (Dgon)n = 0 (this follows from the fact that n - n = 1, hence
Dya(n - n) = 0).

Theorem 4.1.7 (Triharmonic Green Formula - general domain). Let Q be a
bounded domain of RN of class C%!. Let f € C%(Q), ¢ € C*(Q). Then

/D3f:D3(pdx:—/A3fq)dx+/ (n'D3f) : D*p dS
Q Q a0

9*(Af) dg A(A%f)
- [ D@ Viapds - [ TN g5, [ D

@dS.
(4.1.16)

If moreover Q is of class C° then

)
D*f:D%pd :—/A3 d —_—tds
/Q f vex Q fqo X aQ on3 on?

(A f)
S

on2
+ /69 (divzQ ((nTDSf)ag) + divggo (Dagn(D3f[n ® I’l])('jQ)

(n""D*f)aq : Daan) — I

2divoo(D’ fln ® n])ag)@ ds

o(A*f)

+8n

+divgg (nTDZ(Af))aQ)q) ds.

(4.1.17)
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Proof. Standard integration by parts yields
3 3
/D3f:D3(pdx:/ of 59 4y
Q Q

0x;0xj0x) 0x;0x;0x)
94 2 3 2
:—/ f Gl dx+/ 7f 6(pnid5
Q c')xl.zc?xjaxk ax]'an Fle) axiﬁxjaxk anan
0° 0 03 0° ot 0
[T ey [P e [0 e,
Q (9xl?6x]?(9xk Oxk 90 0x;0x;0x) 0x;0x) 80 6xf@xj6xk 0xy.

[ Y TS (A f)
= /QA f¢dx+LQ(n D’f):D%pdS ‘/aQ(n D*(Af)) V(pd5+/ @ds,

o On
(4.1.18)

where summation symbols on i, j, k from 1 to N have been dropped. Then (4.1.16)
follows from (4.1.18) by decomposing the gradient appearing in the third integral
on the right-hand side of (4.1.18) in tangential and normal components, see
Definition 1.4.1.

In order to prove (4.1.17) we need first to decompose the hessian matrix appearing

in the first boundary integral on the right-hand side of (4.1.16). By using formula
(4.1.15) on D?¢p we deduce that

/ (n'D*f) : D*pdS = / (n"D*f)aq : D3ypdS
0Q 0Q

+ 2 LQ(DSf[n ® n])(‘)Q . V[)Q(Z—z) ds

_ /8 ) (Dson(D* fln @ l)ao) - Vaapds

P 8 f 0°
+ / ((n"D* f)gq : Daan) == ds + FO0 s,
1419]

on 90 On’ dn?
(4.1.19)

In (4.1.19) the symbol D? f[n ® n] stands for the vector having as i-th component
3

%njnk, where sums over j and k are understood. Note also that the third
i0Xj
integral on the right-hand side of (4.1.19) is deduced from

_/(9 (nTD3f) : (D,f)Qﬂ(VgQ(/)) ® n) ds,
Q
by using the following equalities

(n'D*f) : (Daan(Vaap) ® n) = (Daan(Vaap))' (n'D* fn
= (Vaap)" ((Daan)’ (D*fn ® n))aq)
= ((Daan)(D* fIn ® nl)aq) - Vaae.
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In the third equality we have used the fact that Dygn is a symmetric matrix. Now,
since Q is of class C?, we plan to apply the Tangential Divergence theorem (see
Theorem 1.4.6) to the first, the second, and the third integral in the right-hand
side of (4.1.19). We consider separately the first integral. Let us note that for
every matrix A = (a;j(x));; with coefficients a;; € C%(Q) and for every function
) € C¥(Q), we have

[ divon((@aa(Vay) ds =
Q
by (1.4.3). Here ((A)sq)ij = (aij © p)|aq, where p is defined in Section 1.4. Hence,
L (divga(A)ga) - VooV + (A)gq : DgQgﬂ dS =0. (4.1.20)
Q

Finally, a further application of the Tangential Green formula (see (1.4.4)) on the
first summand on the right-hand side of (4.1.20) yields

/ (div’ o (A)ao)y dS = / (A)oq : D5y dS (4.1.21)
0Q 0Q

for all matrix A € C3(Q)N*N| for every function € C%(Q). Then, by applying
Formula (4.1.21) to the first integral in the right-hand side of (4.1.19) with A =

(n"D3f)and ¢ = f, and by using (1.4.4) on the second and third integral in the
right-hand side of (4.1.19) we deduce that

/ (n'D*f) : D*pdS = / divd, ((n'D*f)aq) e dS
0Q 0Q
. 3 de
-2 [ divog (D’f[n® n))sq) = dS
80 (9n
+ / divaq (D@gn(D3 fln® n])aQ)(p S (41.22)
0Q
+ / ((nTD3f)aQ : DaQn)@ dS
o0 0”
O3 f 3%
+ /a a3 o

where we have denoted with (V)gq the projection® of V on the tangent plane to
0Q, as defined in §1.4. By applying the Tangential Divergence Theorem to the

%Note carefully that if y € C3(Q) then Vqi = (Vi/)gq whereas, if Q is not flat,

D%o¥ = Daga(Vaay) # (D*¥)aq = DXy o p)laa.
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second boundary integral on the right-hand side of (4.1.16) we finally deduce that

- / (n"D*(Af))aq - VaaedS = / divoq (n"D*(Af)) 4 0dS.  (4.1.23)
0Q oQ

By (4.1.22) and (4.1.23) we get (4.1.17), concluding the proof. O

Remark 4.1.8. Note that formula (4.1.17) is consistent with (4.1.12). Indeed, when
0Q is flat the second fundamental form Dyqn is zero, hence normal derivatives
and tangential derivatives commute, and D(%ng = (Dzr,b)ag. Thus, for example, if

A9 is the hyperplane RN x {0} then
. _ . of _ aof i,
2 T3 _ 2 [ 2 _ 2
/RNl divy, ((n" D’f)aa)pdx = ./RNI divs (D)-C(aXN))(pdx /RNI Ax(ax]v)(pdx.

As we have seen in Theorem 4.1.7, it is rather complicated to find a higher
order Green Formula. However, if we have more information on the boundary
behaviour of the functions involved, easier proofs of the Green Formula may be
available. The following Theorem makes a step in this direction.

Theorem 4.1.9. Let Q be a bounded domain of RN of class C*', m € N, m > 2.
Let f € H*™(Q) N H* '(Q) and ¢ € H™(Q) N HJ'"'(Q). Then

amfam—l(p

D"f:D"pdx = (-1)" | A™fod — ds, 4.1.24
[oriprpdr =y [ angpaxe [ SLERas
for all ¢ € H™(Q) N H* 1(Q).

Proof. By (4.1.2) it is easy to see that
/Dmf :DMpdx = (-1)" / A" fodx + / D"f:(n®D" 'p)dS, (4.1.25)
Q Q 0Q
forall p € H*(Q) N Hg”_l(Q), since D'¢p|yq = 0 for all I < m — 2. We note that
D"f:(n@D" 'g)=(n"D"f): D" .

m-1 _
Iy, Indeed, if m = 2 the claim is

. _1 _
Moreover we claim that D" ¢|ygq = == X);—;
a direct consequence of the gradient decomposition V|yg = Vs + %n. Hence

we assume m > 2. Then, note that we trivially have

om—2 m-2

D" glaq = T2 ® n=0,

i=1

<
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for all ¢ € H™(Q) N HJ" (Q). Hence,
D™ glaq = D(D™*¢)laq = Dga(D™2p) + D(D™ *p)n @ n

am—z(p m-2 am—l(p m-1
oGt @l on= G

i=1 i=1

forall o € H™(Q)N Hg’_l(Q). This proves the claim. Then we can rewrite (4.1.25)
as

m—1

m—1
/QD’”f:D’”(pdx:(—l)’"/QAmf(pdx+/aQ an_(’l’(nTDmf):(@n) ds,

i=1

and since (n'D™f) : (@7:11 n) = D"f : (®:11 n) = g:,{ we deduce (4.1.24).
O

4.2 Polyharmonic operators with strong interme-
diate boundary conditions

Letm e N,m > 2. Let Q = W X (—1,0) where W is a smooth bounded domain
of RN71. Let g.(X) = €*b(%/¢) for all * € W, and b is a positive, non-constant
Y-periodic function of class C*™ . Define the perturbed sets

Qe ={(x,xn): x € W,-1 < xn5 < ge(%)}. (4.2.1)

Consider the polyharmonic operators (in the following we omit the sums on
ir =1,...,Nforall k < m):
m! o*m

il in! TIN 2k
]1' JN' Hk:1 axk

A" +1=()" )

Ji+HiN=m

2

subject to strong intermediate boundary conditions, corresponding to the energy
space V(Q.) := W™2(Q,) N Wom_l’z(Qe). More precisely, let Hg_ s be the non-
negative self-adjoint operator such that

2 2
(Ho, 51, v)z(a,) = (Hey “su. HY20)1200,) = Qa, (1, v), (4.2.2)

for all functions u,v € W™%(Q,) N Wom_l’z(QE), where

Qo (u,v) = / D™ : D™ + uv dx,
Qe
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is the quadratic form canonically associated with Hq_s. Under regularity assump-
tions on f, Q, we can rewrite

/Dmu:D'"’v+uvdx:/ fodx,
Qe Qe

for all v € V(Q¢) into the following Cauchy problem

(“N)"u+u=f, inQ,

u=0, on 0Q,,

@:0’ ondQ,, foralll1 <l <m-2,
8%’

gn—,’,f =0, on 0Q).

Let us set W = W x {0} and let Hq p the polyharmonic operator satisfying strong
intermediate boundary conditions on dQ \ W and Dirichlet boundary conditions
on W. Here Dirichlet boundary conditions means that the boundary conditions
on W read

olu
— = 0, onW, forall0<I<m-1. (4.2.3)
Oxy

Then the following theorem holds.

Theorem 4.2.1 (Spectral convergence). Letm € N, m > 2, Q. as in (4.2.1), Ho,
as in (4.2.2), for all e > 0. Then the following statements hold true.

C
(i) [Spectral stability] If « > 3/2, then Hg—z:,s - Hé,ls ase — 0.
(ii) [Instability] If @ < 3/2, then Héis A Hé}D ase — 0.

C N
(iii) [Strange term] If @ = 3/2, then Héll — Hél as € — 0, where Hg is

the operator (~A)™ + I with intermediate boundary conditions on 9Q \ W
and the following boundary conditions on W: D'u = 0, for alll < m - 2,
O u+ KoY~ = 0, where the factor K is given by

_ woe e [ [0"av) (am—lv) -
K‘/m_w,o) DTV dy = /Y(—+<m DAN-1 b(5)dg.

m-—1 m—1
oxy; oxy;

and the function V is Y-periodic in the variable §j and satisfies the following
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microscopic problem
(=A)™V =0, inY X (-0, 0),
V(g,0) =0, onY,
g;—z(g,o):o, onY,forall1 <] <m-3,
Srr @0 =b@, on,
gryn—g(g, 0)=0, onY.

Proof. (i) has already been proved in Theorem 2.2.4. The proof of (ii) is similar
to the one of [19, Theorem 7.3]. The idea is to prove that Condition (C) (see
Definition 2.2.1) is satisfied with V(Q) = Hng(Q), where H(’)’,IW(Q) is the space of
functions u € H™(Q) N H*"'(Q) satisfying the boundary conditions (4.2.3), and
V(Qe) = H™M(Qe) N Hg‘_l(Qe). Let K. = Q for all € > 0. Then it is easy to see
that condition (2.2.1) and condition (C1) are satisfied. We define now T as the
extension by zero operator through W x {0} and E, as the restriction operator
to Q. With these definitions it is not difficult to prove that conditions (C2) and
(C3)(i),(ii) are satisfied. It remains to prove that condition (C3)(iii) holds. Let
ve € H™(Qe) N Hg’_l(Qe) be such that ||ve||ymq,) < C for all € > 0. Possibly
passing to a subsequence there exists a function v € H™ (Q) such that v¢|q — v
in H™(Q) and v¢|qg — v in H™ }(Q). By considering the sequence of functions
T.(ve|Q) it is not difficult to prove that v € H""'(Q). It remains to prove that

om 1y
m—1
oxy

Lemma 4.3 from [43] to the vector field V! defined by

= 0 on W x {0}. This is proven exactly as in [19, Theorem 7.3] by applying

m—1 m—1
0™ v, 0™ o,

Vi: 0"”70,_?70""70’T7
oxy Oxy“0x;

foralli=1,...,N — 1, where the only non-zero entries are the i-th and the N-th
ones. We remark that it is possible to apply Lemma 4.3 from [43] because by
Lemma 2.2.4 the critical threshold for all the polyharmonics operator with strong
intermediate boundary conditions is « = 3/2, which coincides with the critical
value in [43]. We then deduce that

9" 'o(x,0) db(7) _6'"_111(3‘(, 0) 0
axﬁ_l 8y,~ a axﬁ_zaxi B

b

where the second equality follows from the fact that v € H*'(Q). This concludes
the proof of condition (C3)(iii).

We provide a proof of (iii) in the following sections, see Section 4.2.1 and Section
4.2.2. i
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4.2.1 Critical case - Macroscopic problem.

Following the approach in [19], we will use the unfolding method from homoge-
nization theory (see §1.2) in order to pass to the limit as € — 0. Let us define a
diffeomorphism &, from Q. to Q by

O (x,xn) = (X, xn — he(x,xy)), forall x = (x,xn) € Q,
where h, is defined by

0 if =1 < xy < —¢,

he(@,xn) =9 i
€ ge(x)(gj&;je) , if—e < xy < ge(%).

With this definition @, is a diffeomorphism of class C™, even though the L*-norm
of the higher order derivatives may blow up, as € — 0. Moreover, one can prove
the following

Lemma 4.2.2. The map ®. is a diffeomorphism of class C™ and there exists a
constant ¢ > 0 independent of € such that

|hel < ce, [D'h| < ce™”,
foralll =1,...,m, e > 0 sufficiently small.

Proof. Follows directly from the definition of A.. O

As in [19, Section 8.1], we introduce the pullback operator T, from L?(Q) to
L*(Q,) given by
Teu = uo®d,,

for all u € L2(Q). See [19, Section 8.1] for the properties of this operator, with the
trivial replacement of W2(Q) with W™2(Q).

In the sequel we shall use the definitions and the properties of the anisotropic
unfolding method introduced in §1.2.
Let W™? (Y X (=0, 0)) be the space of functions in WIZL’Z(RN_l X (=00, 0))

Pery,loc

which are Y-periodic in the first (N — 1) variables 7. Then we define WIL"C’Z(Y X

(—00,0)) to be the space of functions in WP'Z’rZY loc(Y X (=00, 0)) restricted to Y X
(—00,0). Finally we set

wpep (Y X (=00,0)) i= {u € Wi | (Y X (=0,0)) :

Pery,loc

DY ull 2yx(—co0y) < ©0, VIy| = m}.
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Let P;wm y(Y % (d, 0)) be the set of homogeneous polynomials of degree at most
| with domain (Y X (d,0)), for given d < 0. Let € > 0 be fixed. We define the
projectors P; from L*(W,, W™*(Y x(=1/€, 0))) to LA(W,, P} y(—l/e, 0)) by setting

Py = Z /Y D'(x, ¢, o)dff’]—’: (4.2.4)

In|=i

foralli =0,...,m— 1, and we then define

QO = Pm—l;
Q1= Ppa(I-Qo);
Q2 = Pp3(I— Qo — Q1);

m—2
On1 =Py (ﬂ - Qj)

Jj=

Note that Q,,—1—j, j = 0,...,m — 1 is a projection on the space of polynomials
of degree j, with the property that Q,,_1_xp = 0 for all polynomials of degree at
most m — 1 such that k > j. We finally set

P=Qp+01+ -+ Omt, (4.2.5)

which is a projector on the space of polynomials in y of degree at most m — 1. Note

that ng (%, 7, O)—Dg P(Ye)(x, 7, 0) has null integral mean in ¢ for all multiindexes
B € NV such that |f| =0,...,m— 1.

Lemma 4.2.3. Let m € N, m > 2 be fixed. The following statements hold:

(i) Let ve € W™2(Q) with lvellwmziq) < M, for all € > 0. Let Ve be defined by
Ve(x,y) =0e(X, y) — P(ve) (X, ),

for (x,y) € W, X Y X (—1/€,0), where P is defined by (4.2.5) . Then there

exists a function © € LA(W, wggrzy(Y X (—=00,0))) such that

Y
(a) —e?ny,‘ll/ez — Dgf) in L2(W x Y % (d,0)) ase — 0, for any d < 0, for any

DIV _ Do s "
(b) =7 = oo — Dyoinl (WXYX(—00,0))ase — 0, foranyy € NV,

lyl =m,
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where it is understood that functions V¢, DZVE are extended by zero to the whole
of WXY X(—o00,0) outside their natural domain of definition W.XY X (—1/€,0).

(ii) Lety € WY2(Q). Then
Th)io = P(%,0), in LX(W X Y X (~1,0)).

Proof. The proof is similar to the one in [19, Lemma 8.9]. The main idea is to note
that DzV6 = sz)e for any |y| = m and that

DyVe
em—1/2

< IDY Vel p2(q) < C,
L2(W.xYX(—1/€,0))

according to the exact integration formula and the Poincaré inequality (of order
m). To prove the periodicity of the function 0 we can apply an argument similar
to the one contained in Lemma 4.3 in [43] to D""'V, to obtain that D0 is
periodic. Then we find out that o is also periodic because

aie = M\ —
./YDyv(x, 7,0)dy = 0.

foralll =1,...,m — 2. Indeed, all functions V, have this property, and the weak
limit preserves the integral mean. ]

Let f. € L%(Q.) and f € L?(Q) be such that f, — f in L2(RN) as € — 0, with
the understanding that the functions are extended by zero outside their natural
domains. Let v, € V(Q.) = W™2(Q.) N Wom_l’Z(Qe) be such that

Ho, sve = fe, (4.2.6)

for all € > 0 small enough. Then ||vel|yymz(q ) < M for all € > 0 sufficiently small,

hence, possibly passing to a subsequence there exists v € W™%(Q) N Wom_l’z(Q)
such that v, — v in W™%(Q) and v, — v in LA(RYN).

Let ¢ € V(Q) = W™2(Q)N Wom_l’z(Q) be a fixed test function. Since T € V(Q,),
by (4.2.6) we get

/Dmve:DmTE(pdx+/ veTe(pdx:/ feTeq dx, (4.2.7)
Qe Qe Qe

and passing to the limit as € — 0 we have that

/ veTe(pdx—>/v<pdx, /feTe(pdx—>/f(pdx.
Qc Q Q. Q
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Now consider the first integral in the right hand-side of (4.2.7). Set K¢ =
W x (-1, —€). By splitting the integral in three terms corresponding to Q. \ Q,
Q \ K¢ and K, and by arguing as in [19, Section 8.3] one can show that

/ D™ve : D™pdx — / D™v : D"¢dx, / D™ve : D"T.pdx — 0,
K. Q Qe\Q

as € — 0. Let us define Q. as in (3.2.5). We split again the remaining integral in
two summands,

/ D™ve : D"T.pdx = / D™, : D" T, dx +/ D™ve : D" T, dx.
Qc\Ke Qe \(KeUQe)

‘ (4.2.8)
It is possible to prove (see [19, Section 8.3]) that

/ D™v. : D"T.pdx — 0,
Qe\(KeUQe)

as € — 0. It remains to analyse the limit as € — 0 of the last summand in the
right-hand side of (4.2.8). Before doing this we state the following:

Lemma 4.2.4. Forally € Yx(=1,0)andij=1,...,N (j = 1,...,1) the functions

fze(a’c, ), %(i, y) for alll < m, are independent of x. Moreover, ||ﬁe||Lm =
i i

O, |7 (x,y)| = O(*™) foralll < m ase — 0, and
LDO
o _Ohe (o, L6@n 7
Oxi, -+ Oxi, Oy, -~ Ay,

ase — 0, foralliy,...,iy = 1,...,N, uniformly iny € Y x (-1,0), for all
le{2,...,m}.

Proof. First of all note that the first part of the statement involving the asymptotic
behaviour of h as € — 0 follows directly from Lemma 4.2.2 and the definition of
the unfolding operator (see Definition 1.2.9).

Before proceeding we recall some basic notation; namely, we write $(A) to denote
the set of all subsets of a given finite set A and Part(A) to denote the set of all
possible partitions of A; that is, each element of 7 € Part(A) is a set containing as
elements pairwise disjoint subsets of A whose union is A. Moreover we use the
symbol |A| to denote the cardinality of A; hence, for example |7| with 7 € Part(A)
is the number of subsets of A in the partition 7. We recall now some calculus
formulas regarding derivatives of arbitrary order of a product or a composition of
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functions. Let Q be an open set in RV, I an open set in R. Let f be a C"-function
from I to R and ® be a C" function from Q to I. Then we have a multivariate Faa
di Bruno formula:

9" f(2(x)) (7)) (9'5'@(35)
i Al Fd@en [ |22k (29
ax;, - - - Ox;, MP&; ’’’’’ ) SUH [1jes 0x;,
and a multidimensional Leibnitz formula given by
o oS! o(n=15D
_0"wy) Z u v (4.2.10)
0x;, - - - 0x;, [Tjes 0xi; [1jes 0xi,

SeP({1L,...n})

where u, v are C"- functions from Q ¢ RN to R and the notation j ¢ S means that
j lies in the complementary of S in {1,. .., n}. These formulas can be proved by
induction on n. Let I € N, [ > 1 be fixed. By applying formula (4.2.10) we have
that

S _ /__\ m+1
d'h, (5.y) = Z (-S| lp@g) 918! xN te .
ax;, -+ - Ox;, seplT [Tjes 0y, [1jgs 0xi; | ge(X) + €
(4.2.11)
Moreover, by applying formula (4.2.10) and (4.2.9) we deduce that
— m+1
Hl-1S! XN + € _ (m+1)! Ls) (yn + 1)m+1—l+|s| s
[Tjgs Oxi, | ge(%) + € T (m+1-1+]S))! (€% 1b(g) + 1)™+1 ! g LN

Y 3 et )|n|(m+|7f|) (m+1)!

! - '
AeP(SC) mePart({ij}jen) m' (m+1-1+]S|+]|A])!

A#0
(yN+ 1)m+1—l+|S|+|A| 8' | (y)
(€a=1 4 1)m+1+lx] l_[ SN 1—[ s 0 (4.2.12)
kE(SC\A) Berx leB )

Indeed, if we set for simplicity 6 = [ — |S| we have

9° (xN+6 )m”_ 5 8- (xy + €)m*1 918l (g, (%) + €)~(m+D)

[Tjgs 0xi, | ge(x) + € ACDTR) [Tiea Oxiy, [Tren Oxi,

_ Py r o™ €)m+l(g @+ Y 0" M (xy + &)™t 91N (g (%) + )~ mD
= € 9
1_[]-¢5 axij AeP(SC) erEA axik HkEA axik

A%0

(4.2.13)
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where we have used Formula (4.2.10) and we have written separately the cases in
which A = 0 and A # 0. We now note that (g.(%) + €)"™+V = y= D 6 (g.() + €)
hence we can apply Formula (4.2.9) with f(y) = y™™*! and ®(x) = (g.(X) + €) in
order to get

M (ge(x) + )" (mV) _ Z DO (=m0 l_l 01Bl(ge(x) + €)
[Teen Ox; y=(ge(x)+€) Mes 0%

ke P ik ePart({ix:keA}) Ber leB 9%
(4.2.14)

By inserting the right-hand side of (4.2.14) in the right-hand side of (4.2.13) and
by writing explicitly the derivatives of (xy + €)' and (g¢(x) + €)1 we finally
deduce (4.2.12).

By (4.2.11) and (4.2.12) we deduce that

O0'h
l-a € _
€ ox - om, (%,y)
a15b(y +1)! 4+ 1)mHi-LHs]
= ¢l@ Z @~ 1SI gy) (m l ) - '€—l+|S| (yi\/_lb 2 __ l_laijN
SeP({1,...,1}) HjES yij (m +1-1+ | |) (6 (y) + 1) jés
IS1p (i
Ll Z ca-1s) 9 b(7) Z Z ea|n|—|n|—z+|5|(_1)|m(m+|7f|)!
[1jes 9yi; | m!
SGP({L...,I}) J J AeP(SC)ﬂePart({zj}jeA)
A#0

m+1)! +1 m+1-1+|S|+|A| alBlb P
( ) (yn +1) 1—[ Sin l—[ @

(m+1=L+[S|+]ADE (eot + metelel o fo 8 0 pex Tlies 99
(4.2.15)
Now note that
el—a e"‘"s' 8|S|b(g) (m+1)! e_l+|5| (yN + 1)m+l—l+|5| 5
=T i
seP()) [Tjes 0yi; (m +1 =1+ S])! (e~ 1b(g) + 1)m*1 L j

b@)  (me1) (yn + Dyl
sepfr .y [Les 0y (m+1 =1+ ISD! (e#~1b(g) + 1ym 2

;N>
5

hence it is of order 0 in €. On the contrary, all the other summands appearing in
the right-hand side of (4.2.15) are of order

¢l~a oIS alrl=lnl~1+Is| _ calrl-Ix|

and since || > 1 (because 7 € Part({i;}jecr), A # 0) and & = 3/2 > 1 we deduce
that all the summands of order €*”I-1"l vanish as e — 0. By letting e — 0 in
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(4.2.15) we see that

-

o'h
: - Y Ne o
lli)l%) € axil . axi, (x’ y)
lb(g)  (m+1)
SEP(;..,I}) Hjes 5yi,— (m+1-1+]S])! !:SI g
al

= ———— (@~ + )™,

IR )
concluding the proof. -

Now we have the tools to prove the following

Proposition 4.2.5. Let ve € V(€,) be such that |[ve|lymzq,) < M foralle > 0.
Letv € V(Q) be the weak limit of (ve|q)e in W™2(Q). Let g(y) = b(7)(1 + yn)™*!
forally € Y x (=1,0). Let 0 € L3 (W, wlr,"jy(Y X (—=00,0))) be as in Lemma 4.2.3.
Then

/ D"v. : D™(Te) dx —

Qe

-1 - m—I—=1A(= m—
2L N[ PR gy ay 2 2 0pas
—\+1) Jw Jyx,o =DV oym--1 Y oxy!

forallp € W™2(Q) N W™ 12(Q), ase — 0.

Proof. In the following calculations we use the index notation and we drop the
summation symbol Zf\i .; =1- Moreover we will use the notation Part(A) as in
the proof of Lemma 4.2.4 and we define

Pi(t) = {m = (S1,...,8,) € Part({1,...,m}) : IS, with |S¢| > 1},

Py(t) = {mr € Part({1,...,m}) : || = t, 7 & P1(t)}.

We note that in the definition of P;(t) we may assume without loss of generality
that the only element S with cardinality strictly bigger than 1 is S;. In the
following calculations we always assume that a given partition 7 of cardinality ¢
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is given by & = {S1, ..., S;}. With the help of (4.2.9) we calculate

0™, 0™ (¢ o @)
D™v,. : D™(T, =
‘/e Ve ( e(/’)dx ‘46 axil"'axim 8xi1...aximdx

m T || (k)
B 0™V ol A5k
DN —@o) [ gt

mePart({1,...,m}) 0% H|ﬂ| k=1 HleSk axil
7l'={51,...,5|ﬂ-‘}
6’"0 am(p q)(_ll) 6(I)(Jm)
— € d . € dx, (4.2.16)
‘45 axll o axim ale o ax m( e( )) 11 axl'm ¥
m=1 m t Uix)
M, d'p A5l Y
+ (@) | | 57— F—dx
; n-;l(t) Qe 6xil e axim H]tczl axjk Q HlESk axil
m—2
+ Z Ft(U€9 QD, q)e)a
t=2
where F;(ve, ¢, ®¢) is defined by
ot t (9|Sk|q)(fk)
Ft(Uea (p’ 6) Z / a 6 (p a dx
neP,(t) Xiy =+ OXip, Hk | 0, k=1 [Ties, 0x;,

We consider separately the three summands in the right hand side of (4.2.16). Let
us remark for future use that

00 [, ifk # N,
dx; Sni — % ifk = N.
whence
oo 0, ifk # N,
_ 0% _ , _
Oy 0xy | ~grg k=N

for all 2 < I < m. Consider now the first term in the right hand side of (4.2.16) .
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We unfold it by taking into account (1.2.4) in order to obtain

6"’06 " 8@01) 0@?’") B
e (Bely) 5 -+ 2 dyds
Yx(-1,0) xll xlm ax]l ax]m i1 axim

—2m+1

8m(P 0@(}1) aa\)(im)
: *— dydx
/ /Yx( 1,0) ayzl' ayzm Oxj, + - - 0x;,, ( W) dy; dy; Y

151 Im
< Ce —-2m+1 M= 1/2 m/ /
Yx(-1,0)

-m+1/2 " UE

9yi, -+~ 0y,
(Pe(y))

—m+1/2 0" 0 (')m(p
Ay, - aylm Ox;jy -+ - Ox;

(De(y))| dydx

m

< Ce'?|le

(Pe(y))

L2(W.xYx(~1,0)) Oxj, - - ‘9me L2(W.xYx(~1,0))

< Cell?

0x;, - - - 0x;,
)
0x;, - - - 0x;,

L2(WexYX(—1,0))

<q

L2(®¢(Qe))

which vanishes as € — 0. In the first inequality we have used the fact that

adl  (ebi, if k # N,
Ty {651\],- —ede ifk=N.
hence in particular
6;)5) < Ce,

for sufficiently small € > 0. We have also used the fact that

A
—m+1/2 0" 0e

Yy, -+ - 9y,

€

L2(WexYx(—1,0))

is bounded uniformly in €, which is a consequence of Lemma 4.2.3. Let now
1 <t < m-1 be fixed and consider

> / ¢ (CDe(x))ﬁ—alSkl(ng)dx

JTEPl(t) axll . axlm Hk 1 k=1 HleSk axll
om ot am—t+1q)(h) aq)(iz) aq)(i,)
= 2 T (@) L L
nePl(t) Qe axil T axim Hk:l axjk HlES] axil axisz (9xi5t

(4.2.17)
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where to shorten the notation we have identified Ss, . . ., S; with the only element
they contain. Note that if j; # N then the integral in (4.2.17) is zero. Thus, without
loss of generality we set j; = N.

It is also possible to prove that as € — 0 the lowest order terms in € appear

. . ool oY) dhe

when j, = --- = j; = N and e Oni, (note that we have ol Oni, + .
Ohe

and )m
we refer to Lemma 3.2.5 in Chapter 3 where more details and computations are
provided in the case of the triharmonic operator. The difference in the rate of

decay in € is due to the fact that ¢ € H™(Q) N H* '(Q), hence the derivatives in
the form

< Ce'/? as € — 0). We give a general explanation of this fact here, and

Ao
Oxj, -+ - Ox;,”
with 1 <t < m — 1 and with at least one index j; # N,t = 1,...,m — [ are in
H{"™H(Q). Thus, they will satisfy a one-dimensional H"'-Poincaré inequality in
the xy direction, namely

o

0x;, - - 0x;,
Note that instead the normal derivative of order ¢, 9} ¢ is not in H}*"*(Q), but in
H™ Q) N H*'~1(Q); hence, it satisfies at most an inequality in the following
form

o™

< Ce™t
- m—t
Ox;j, + - - 0x;j,0xy;

L2(WX(—€,0))

L2(Wx(—€,0))

< CE"M@llgm(q)-

e

t
dxy L2(Wx(—€,0))

< Ce™tt l/2||(/’||H"I(Q),

that follows from the one-dimensional Poincaré inequality in HJ*'~'(Q) and
the standard boundedness of H! functions along almost all lines parallel to the
en-axis. We deduce that the normal derivatives of order t have a slower decay
than the other derivatives of order t. In order to simplify the expressions we will
not write down the higher order terms in €. Hence, by setting j; = --- = j; = N
in (4.2.17) we deduce that

a . a 6m t+1q)(N)
3 / o T () g Bl

TEPL(t) Oxiy - - Oxi,, Oxy [les, Ox
8t OMov am—t+1q)(N)
=) / P t( e(x)) — o dx (4.2.18)
nePy(t) Y Qe Hlesl(9 (9x Hlesl Xi

( : )/ 99 gy — D0 __ PIUD
= . X,
t—1 Ox}y [Ties, 0xi,0xi " Tlies, 0,
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where in the last equality in (4.2.18) we have used the fact that each of the
summands

dx

at (9m’()e 8m—t+lq)(€N)
7 (Pe(x)) =
/Qe Oxy ‘ [Ties, 0x;,0xy" Tlies, 0%,

equals
t-1g,

o' 0
I e
Qe axN

a t : Dm t+1(D(N)dx

In particular they do not depend on the choice of 7. Note moreover that the
cardinality of P;(t) equals the number of choices of m — t + 1 differentiation
indexes among m elements without repetitions, that is [Py(¢)] = (. ",,) = (,,)-
By unfolding the right-hand side of (4.2.18) we have that

m to . '5%10\6 gm t+1q>(N)
( )e [/ ? (be(y)) _ dyds
t—1 W, J Yx(~1,0) aXN HleSl Ox lzax HlESI axll

(T [ e e S ) g duds
= — € € € X.
(t + 1) Ae YX(_LO) HleSl ayllayj\fl a t y H1651 y
(4.2.19)

It is easy to see that the final expression appearing in the right-hand side of
(4.2.19) equals

m -m+1/2 0™De 1
) ¢ 7 (be(y)
(t + 1) /E ‘/Yx(—l,o) [ [Tses, ayi,ayf\;l] [6’” =1 §y t Y ‘

6m—t+1—3/2w dyd;)? (4.2.20)
HlESl C’)xil

Now - -
-m+1/2 d Ve ™o

H
H1651 3!/1‘,3!/5\1_1 Hles1 ayilayf\f_l
weakly in L2(W, X Y X (~1,0)) as € — 0, by Lemma 4.2.3, and

neteiosg R " B@)( +yn) ™)
[Ties, 0xi, [Ties, 9y, ’

€

in L°(W, XY X (=1,0)) as € — 0, by Lemma 4.2.4. Moreover it is possible to prove
that
m—t—1 m—1

Yn " e,
(m—t—1)! gxm~!

(<I>e(y))

emtlat
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strongly in LZ(WE XY X (—1,0)) as € — 0 (we give a proof of this fact in Lemma
4.2.6 below). Hence (4.2.20) tends to

()
t+1 Yx(-1,0) (m—t—l)' ay]t\;l
m—1
? (%, 0)dx.

0
m—t+1 - m+1
Dy (b@)(1 + )™ )dy e

By setting m — t = | we recover the thesis of the proposition. Then, in order
to conclude the proof it is sufficient to prove that the integrals in F;(ve, ¢, ®c)
vanish as € — 0. We will show this by comparing each integral appearing in
the definition of F;(ve, ¢, ®.) with the corresponding integral of the form (4.2.17),
which is convergent as € — 0, hence it is uniformly bounded in €. Note that

o am—t+1q)g/1) 8(1)2]2) o 861)2“) _ 0(63/2_m+t—1) _ O(el/Z—m—t),
[Ties, 9yi, Oy, dyi,

for all # € Py(t), by Lemma 4.2.4, whereas as soon as we consider a partition
n" € Pp(t) with [S]| = m —t < m —t + 1 there must exists S, k > 1 with [S}] = 2.
Let us assume that k = 2. Then we have

1) 52800 5@U 500)
e m " tq)(eh aZ(DEJZ) (9(1)213) . aq)gt — 0(63/2—m+t63/2—2) — 0(61_m+t),

[lies; 0Yiy Ties; 0Yiy 9yi, Oy

and since €17 = o(e!/27™*!) as € — 0 and the integral (4.2.17) is bounded, we
deduce that the integral in F;(ve, ¢, ®,) involving
amve at(P am—té)gl) anA)gz) a(i)gé) a(i)gz)
Oxi, - - - Oxiy, [T}, 0xj, [lies; Oy ies; 9y, ayi% 391'5; ’

for all 7’ € P,(t) defined above, vanishes as € — 0. By arguing in a similar way
for all the terms in F;(ve, ¢, @) we deduce the validity of the statement. O

Lemma 4.2.6. Let m,t as in the proof of Proposition 4.2.5. Definel := m —t € N,
1<l<m-1.Then

1 9m~ l yé\ll am—lq)
11 m ( 6( )) m— (X-’O)’
el 16xN ( ! ox Xy 1

in L2 (W x Y X (~1,0) ase — 0.
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Proof. Note that for [ = 1 the statement is trivial. Then without loss of generality
we assume [ > 1. Assume ¢ € H™(Q) N H'"'(Q) N C®(Q). Then

/WGXYX(—l,O)

1 am—l 1—1 m—l 2

T - T

(x 0)| dxdy

el—l 6xm 1

/1 kel -/Ck / ell 1 Z:ml 1 i] + €7, eyn — he(e[é] + €7, eyN))
- y]li)' ‘;m: -(%,0) 2dydxdyN
-[1 5 [ o)
(yll\;ll)‘ gm: T (%,0)| dx i ~dyn..
(4.2.21)

Now, let zZ € CF be fixed. By expanding ¢ in Taylor’s series with remainder in
Lagrange form we deduce that

6m—l(p m_l(p m= l
- (z,eyn — he(z, eyn)) = 5 (2, eyn — he(z, eyn)) — (Z 0)
ox™ X XN~
N N N
0o (eyn — he(Z, eyn))!
= m—1 (Z, §) ’
ox}; (I-1)

for some & € (0, eyn — he(Z, eyn)). We then deduce that the term appearing in
the right-hand side of (4.2.21) can be rewritten as

/ / / 1 9mlp ér)(eyN he(z, eyn)) ™
i ek Jer =1 gxm- T (1—-1)
-1 m—1 2 _
yN 6 _ _ dZ
RN (%, 0)f d% =y dyn-

(4.2.22)
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Then the right-hand side of (4.2.22) is estimated from above by

[, /c./c (aml - a;l(”))a“)

1 kely

S (1-1) 1 o™y Lz
+Z( S ) 1 gxm- 1(2 E)eyn) "' (—he(z, eyn))°| dx N Tdyn.
2
om- 1 6m—1 dz
/ / /k Ox™ 1 m—(f(i’o) dx N—ldyN
Ukeny. ¢ XN N €
ef 3 / [ [0 -t of ae-22.a
x, X
1k€1 x axml ﬁ—l eN-1 Yn
+CZ/ / / " f) L (eyn) T ez € >|32dfc @
U kel JCE JCE oxp! 1IN c\e CUN eN-17UN:
(4.2.23)

Now we consider separately the three integrals on the right-hand side of (4.2.22).
For what concerns the first integral we first note that by the Fundamental Theorem
of Calculus

2
om- 1 m—l dz
/1 / </Ck axm 1 a m l(z 0) dx eN- ldyN
k
e (4.2.24)
dz
/1 /ck /ck ‘/0 —(z t)dt dx N—1dyN’
kely,
and the right-hand side of equality (4.2.24) is estimated from above by
keI
< Ce ( t) d (4.2.25)
lkeI Ck JCE J —ce o
"ol
< CeeN! / / t < Ce ,
c¢ Z e |02 prelce ) : oxlt

kely N HLZ(Wx(—ce,0))

where in the first inequality of (4.2.25) we have used Holder’s inequality. Now
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consider the second integral in (4.2.23). We have the following estimate

o 1p om
e 0 0
k;//ckaxgl(z)aml(x) | 6N1

" 0y — 0 o) (4.2.26)
ml mlx >
<CZ//C§6 - 6 eNdx dz

1

oM 1 m—1

0, dz
axm 1 -1 (x’ 0)

2
dJ_CEN—l dyN

Nl

_ N/2
kEIW |Z xl

N
(%0

N

< Ce

B

W)

1/2

where B;/ (W) is the Besov space of parameters 2, 1/2 (note that the norm ap-
pearing in the right-hand of (4.2.26) is estimated from above by the H'(Q)- norm

of 2 o ¢, due to the Trace Theorem). Finally we consider the third integral, which
is eas1ly estimated as follows:

2 2
CZ il ) dx dz d
1keI ck Jek | 0x ! § Y oN-19UN
8m 1 1 L dz
N 1Z/lk / Ox m 1( 'f)‘ ( 1_1(6)1 1 s|C€3/2|s) — 1dyN
ely
S om1 ? m—lq) 2
SCZ/ Z / 9 m1(z E)| €’dzdyn < Ce —
s=1 Y71 ket XN N HU(@Q)
(4.2.27)
By using (4.2.25), (4.2.26), (4.2.27) in (4.2.22) we deduce that
1keI cEJct et L oxy” 1 (l - 1)!
-1 g9m-1 2 _
Yn 0" e _dz
- it (%:0) (4.2.28)
(-1 oxy 1

as € — 0. This concludes the proof in the case of smooth functions. Now, if
¢ € H"(Q)NHJ"'(Q), by [35, Theorem 9, p.77] there exists a sequence (¢n)nen C
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H™(Q) N HI' 1 (Q) N C*(Q) such that
On — ¢, in H"(Q,),

as n — oo and TryoD"¢, = TrygD"¢ for all |n| < m — 1. Then

1 6m—l ijl am—lq)
— ( (W) - (x,0)
-1 —1\! m—1
€ ax;\”] (=1t oxy L2(WexYX(-1,0))
1 am—l ml
S l 1(9 m l( E(y)) l 1 a m l( E(y)) _
L2(WxYx(-1,0))
L o, FEp— (4.2.29)
+ — 2 (@e(y)) - P (2,0)
m ) [ m 1
' ox (- 1) 0x L2(W.XYX(-1,0))
yg\jl am—lq)n(_ . yg\?l am—lq) ) 0)
+ (l — 1)| axm—l X, ) (l _ 1)| axm—l (x’
"N "N L2(W.xYx(-1,0))

We first consider

m—l m—I
10"~
T e - ,( O (y)) - 5 ——(De(y))
N L2(W,xYx(~1,0))

By the exact integration formula (see Lemma 1.2.10) we can directly consider

o l m_lq’n ’ _
621 2 6/ .[6 Ox m l G(X)) - ax;\r;_l ((I)e(X)) ddeN
—he(x,0) | gm— l m=1
< 20— 1/ / ,XN)— ln(.’Z',XN) d)?de (4230)
€ M=
N
om- l om l(P 2
- X,XN) — X, xn)| dxdx
621 1/ [6 axm l( N) aXN ( N) N-

Now by the Poincaré inequality and the fact that 2 e k(x 0) - a o n(%,0) = 0

forallk =1,.. — 1 by the choice of ¢,, we deduce that the rlght -hand side of
(4.2.30) is less or equal than

= )5

(x xn)| dxdxy < CG”QD (pl’l”Hm(Q)

(x xN) —

am
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Going back to (4.2.29) we have

m—l l—l m—l

o @) - 2 e

—e )

L2(W.XYX(-1,0))
1 0™ l(pn ()) yﬁ\jl 8m_1(,0n
I (S VIR

< Clle = eullpmq) + (x,0)

l 1 m l
Ox L2(W.XxY%(-1,0))

yfvl Il
(-1l o

uy 9",

a- P —(%,0) — ——

(x,0)

L2(W.xYx(-1,0))
(4.2.31)

Fix § > 0 arbitrarily small. Choose n big enough so that [|¢ — @|lgmq) < 3,

un' 0" e yy' 9"

,0) - <.
-0l axrt 20 T - Digwy

L2(W.xYx(-1,0))

(x,0)

Note that this is possible by the Trace Theorem and the convergence of ¢, to ¢
in H™. Now, with the choice of n and § above take € > 0 small enough in such a
way that

yﬁ\]l am_l(pn
N

1 am l(pn

<
llaml 9.
N

L2(W.XYX(-1,0))

(@e(y)) -

(x,0)

This is possible by the previous discussion on the behaviour of smooth functions.
Finally we deduce that for every ¢ there exist € > 0 such that

1 aml ll m—1

0" g
? @) - = 1),6,,11(x0)

< 36. (4.2.32)

-1 m l
€ Y
Ox L2(WxYx(-1,0))

By the arbitrariness of § in (4.2.32) we deduce that

m—l 11 aml

2@y - N

lim - )'3’”1

e—0

£ (x.0) =0,

L2(W.xYX(-1,0))

ellaml

concluding the proof.

We summarise the previous discussion in the following
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Theorem 4.2.7. Let f. € L*(Q.) and f € L*(Q) be such that f. — f in L}(Q).
Let g(y) = b(y)(1 + yn)™' forally € Y x (-1,0). Let v. € H™(Qc) N H* 1(Qe)
be the solutions to Ho_sve = fe. Then, possibly passing to a subsequence, there

existsv € H™(Q) N H* 1(Q) and 0 € L2(W, wper (Y X (00,0))) such that ve — v

in H™(Q), ve > v in LZ(RN), statements (a) and (b) in Lemma 4.2.3 hold, and such
that

§ 00wy
l+1
Z;(l"'l)v//lfx(m)[(l—l)' ( aymll

+/Dmv:quo+u(pdx=/fqodx. (4.2.33)
Q Q

m-1

0
.l ¢ _ _
: Dy g(y)} dy PR (x,0)dx

forall o € H™(Q) N H* 1(Q).

Notation. In the sequel we will refer to

oM 19(x, y)
l+
SIS [ T

as the strange term appearing in the homogenization.

m—l

aml

(x 0)dx

: D;’,“g(y)l

(4.2.34)

4.2.2 Critical case - Microscopic problem.

Let y € C®(W x YX] — 00,0]) be such that suppyy ¢ C x Y x [d, 0] for some
compact set C C W and for some d € (—o0,0). Moreover, assume that ¢/(x, ¢,0) =
Dllﬁ(fc,g,O) = 0 forall (x,y) €e WxY,forall1 < < m-2. Let also ¢ be
Y-periodic in the variable 7. We set

o) = ey (x5, 22,

€

forall e > 0, x € WX] — 00,0]. Then T,/ € V(Q,) for sufficiently small €, hence
we can use it in the weak formulation of the problem in Q,, getting

/ Do, : DT, dx + / o Ty dx = / fToge dx.
Qe Qe Q€

It is not difficult to prove that

/ VeTehe dx — 0, / feTeyedx — 0 (4.2.35)
Q. Qe

as € — 0. By arguing as in [19, §8.4], it is possible to prove that

/ D™v, : DT dx — 0, (4.2.36)
Q\Q
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as € — 0. Moreover, a suitable modification of [19, Lemma 8.47] yields

/ D"ve : D"T . dx — Dyo(x,y) : Dy'y(x,y)dxdy.  (4.2.37)
Q WXYX(—00,0)

Now we have the following

Theorem 4.2.8. Let 0 € L*(W,w]

Pery 2 (Y x (0,0))) be the function from Theo-
rem 4.2.7. Then

/ Dyj'o(x,y) : Dy'y(x,y)dxdy = 0, (4.2.38)
WXYx(=00,0)

forally € LA(W, wper (Y x (00, 0))) such that y(x,7,0) = D* w(x 7,0) = 0 for all
(%,9) e WXY, for all<l<m-2 Moreover, foranyj=1,...,N — 1, we have

am 1 A m—l

W( » 7, )__G_(y)a - 1

(x 0) on W XY, (4.2.39)

and
o™ 1%

54, O
foralliy, ... ip—1=1,...,N—-1.

(%,7,00)=0 onW XY, (4.2.40)

Proof. The first part of the statement follows from (4.2.35), (4.2.36) and (4.2.37) by
arguing as in [19, Theorem 8.53]. In order to prove formulas (4.2.39) and (4.2.40)
we note that, since D™ 2v(%, ge(¥)) = 0 for all X € W, we have

m—2
0™ %0,

Gxil cee 6x,-

m—2

(%, 9:(%)) =0, foralliy,...,imz—2=1,...,N,forallx e W .

An iterated differentiation with respect to x;j, j € {1,..., N — 1} yields

0™ o, 0™ oy, (')ge(x)

xi, - Ox; axj(x,ge(x)) + TR (%, ge(x)) 5 0,

for all x € W. Hence, by setting

.. (9”"10 am—lv
Ve’f:(o,...,o,— d ,0,...,0, d )
(9)(?,‘1 ce ax,-m_zé?xN 6xj8xl-1 e 6xl-m_2
forall iy,...,im—2=1,...,N,j=1,...,N — 1, where the only non-zero entries

are the i-th and the N-th, we obtain that

y
Vej -ne =0, on I,
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where n. is the outer normal to I, = {(X,g.(X)) : x € W}. We note that by
Lemma 4.2.3

ii 6’”‘106 e:O o™o
Ve 9yi \ Oxi, - - - Ox;,, ,0x; Y, * + + OYm—20y;0yx”
in L2(W X YX] — o0, 0[). By [43, Lemma 4.3], we deduce that
o1 ob o™ 1o
X, 14,0) = ——(y x,0), on W XY,
Ay, - - '5‘yimfzayj( 5.0 dy; W OxNOx;, - - 5ximfz( :

forall if,...,imz=1,...,N,j=1,...,N — 1. Since v € W™3(Q) n W "*(Q),
D™ 2y(%,0) = 0 for all x € W. This implies that all the derivatives

o™ v

8xN(9xi1 ce Bxim_z

(%,0),

where one of the indexes iy is different from N are zero. This concludes the

proof. O
Now we have the following

Lemma 4.2.9. There exists V € wge’fy(Y X (—00,0)) satisfying the equation

/ D™V . Dmlﬁ dy =0, (4.2.41)
YX(—00,0)

forally € w;,"e’fy(Y X (=00, 0)) such that D'y/(4§,0) =0 on Y, forall0 <1 < m -2,
and the boundary conditions

V(g,0) =0, onY,
S (@.0)=b(g). onY.

Function V' is unique up to the sum of a polynomial in yn of degree m — 1. Moreover
V e W2™(Y x (d,0)) for anyd < 0 and it satisfies the equation

Pery

(~AY"V =0,  inY x (d,0),

subject to the boundary conditions

V(g,0) =0, onY,
(‘3;—‘11\/](17,0):0, onY,forall1<I<m-3
Srr(@.0)=b(g). onY
%';—g(g, 0) =0, onY.
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Proof. Similar to the proof of [19, Lemma 8.60] (see also the proofs of Lemma 3.2.8
and Lemma 3.3.6). We just note that in order to deduce the classical formulation
of problem (4.2.41) it is sufficient to choose test functions ¢ as in the statement
with bounded support in the yy direction. By using the Polyharmonic Green
Formula (see (4.1.4)) we then deduce that

my; am—l
/ D™V : D™y dy = (—1)'”/ A"V dy + / 0—m _1/1/ dy.
YX(—00,0) ¥Yx(—00,0) y 0y oyY

By the arbitrariness of ¢/ it is then easy to deduce the statement of Lemma 4.2.9. O

Theorem 4.2.10. Let V be as in Lemma 4.2.9. Then

’”Z( m ) / U "V @)
I+1) Jyx-10) [ (L= 1)! 0y1’\'}_1_1

: D" (b(g)(1 + yN)”’“)] dy
=1

= / ID"V|*dy. (4.2.42)
Y X(—00,0)

Furthermore
o YAV om-1y
/ ID"V|* dy = —/ % +(m - 1)AN—1(ﬁ) b(y) dg.
Y X(=00,0) y axN 6xN
(4.2.43)
Proof. Let ¢ be the real-valued function defined on YX| — o0, 0] by
m-—2
$(y) = aib@ (1 +yn)™, i -1 <yn <0,
0, ifyy < —-1.
Then ¢ € W™2(Y X (—00,0)), %(g, 0)=0forall0 <[ <m-3,and
N
am—2¢
—(5,0) = b(7), forally € Y. (4.2.44)
(9y1’\’}

Now note that the function ¥ = V — ¢ is a suitable test-function in equation
(4.2.41); by plugging it in we deduce that

/ ID"V|*dy = / D™V : D"¢ dy.
Yx(—00,0) Y%(-1,0)

For the sake of readiness we set g(y) = b(7)(1 + yn)™*!. By the Leibnitz rule we
have that

m m—2
k[ Un k
D"V : D"$d :/ D’"V:(E (m)D’" k(—)D )d.
/Yx(—1,o) ¢ dy Yx(~1,0) k (m—2)! )

k=0
(4.2.45)
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Note that
L YN 1 gmkym=2 0, ifk =0,1;
= = k 2
(m-2) (m=2)0x;---0x;, , = 2)'511 -8 N, fork 2.

Hence, we can rewrite the left-hand side of (4.2.45) as follows

N V)| (N«
Z( )/Yx( 1,0) ( oy k )'((k—z)!D g(y))dy

k=2
n k-2 -
m Yn k(a V(y)) )
= D :D ( )d ,
kZ:; (k) /Y><(—1,0) (k- 2)! 8ylr\r;—k gly)ay

which coincides with the left-hand side of (4.2.42) up to the change of summation
index defined by k = [ + 1. Finally, (4.2.43) follows by applying the polyharmonic
Green formula (4.1.4) on fo(— 10) D™V : D"™¢$ dy. Indeed, we note that the bound-
ary integrals on dY X (-1, 0) are zero, due to the periodicity of V and b. Moreover
the boundary integral on 9Y x {—1} is zero since ¢ vanishes there together with
all its derivatives. Then, the only non-trivial boundary integral is supported on
Y x {0}. More precisely, we have

"V :D"¢dy = (-1)" m aezS(y,O)
v/YX(—l,O)D V:D"¢dy = (-1) v/YX(—l,o)A V¢dy+2/ B.(V)(,0)

and by recalling that A™V = 0 in Y X (-1,0), 2 6y =0onY X {0}, 5 , = 0on
Y x {0}, forall 0 < I < m — 3 and by (4.2.44), we deduce that

[ omviongdy= [ Baaviaon) iy

Yx(-1,0) Y
and by formula (4.1.4)
LS ]
Bm— V —’0 — Al m+2 Am I- 1V

2( )(y ) I;Z(m_z) N-1 (aml( ))

form which we deduce (4.2.43). O

Theorem 4.2.11. Letm € N, m > 2. Let V be as in Lemma 4.2.9. Let v, 0 be

the functions defined in Theorem 4.2.7. Let also g(y) = b(§)(1 + yn)™*! for all
y €Y x(-1,0). Then

m—l

O(x,y) = —V(y) (x 0) + F(%, yn),
N
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where F(X,yn) is a polynomial of degree at most m — 1 in yy with coefficients
aj(x) € L2 (W), forallj =0,...,m—2 and ay = 0. Moreover, the strange term
(4.2.34) is given by

_ '"Z( |[ ] pia[ 2 L0tEy)
I+1 ¥Yx(~1,0) (l—l)' oym--1
5 am—l m—l
= D™V |*d / X, 0) x,0)dx
-/Y><(—oo,0)| I 0x m 1( o0x m 1( )

[ aw ) am 1v
= L(—axﬁ_l +( 1)AN 1(—axN )

Proof. Follows from Theorem 4.2.8, Lemma 4.2.9 and by Theorem 4.2.10 by observ-
ing that —V (y) 2= P
(4.2.39). O

. I+1 (- d 6m71(p - d)?
: Dy g(y) |dy = (x,0)
XN

—1

b(5)dg / g . 25,0525 0)ds.

(x 0) satisfies problem (4.2.38) with the boundary conditions

We are now ready to conclude the proof of (iii) of Theorem 4.2.1.

Proof of Theorem 4.2.1(iii). Let us set g(y) = b(§)(1+yn)™ ! forally € Y X (-1,0).
The function v in Theorem 4.2.7 satisfies

’"‘1( ) / / N Y ()
= I+1 Yx(~1,0)

(l — 1)! aym -1

am—lv am—l(p
: D lg(y)|d 2,0 %,0)dx
9(y)l Y axﬁ—l(x ) PR (x,0)dx

+/Dmv:Dm¢+u¢dx:/f(pdx. (4.2.46)
Q Q

for all ¢ € H™(Q) N H{"*(Q). By Theorem 4.2.11 we can rewrite the first integral
on the left-hand side of (4.2.46) as

6m—1 am—l
/ D"V |*dy / _Z(%,00—(%,0)dx
Yx(=00,0) w Oxy oxy;

and by the Polyharmonic Green Formula (see (4.1.24)) we have that

m m—1
/Dmv :D"pdx = (-1)™ / Ao + / 0"0 0" ¢ ds, (4.2.47)
Q Q

onm Gnm-1

for all ¢ € H™(Q) N H}"'(Q). Hence, on W x {0} we find the following boundary
integral

/ (8—m(x 0) + (/ ID™V|? dy
d Y X(—00,0)

forall p € H™M(Q) N Hg‘_l(Q). By (4.2.46), (4.2.47), (4.2.48) and the arbitrariness
of ¢ we deduce the statement of Theorem 4.2.1, part (iii). O

am 1 am 1
ox™ 1(x 0)) ox™m

(x 0)dx, (4.2.48)
N N




Chapter

Biharmonic operator on dumbbell
domains

5.1 Introduction

This chapter is devoted to a spectral analysis of the biharmonic operator sub-
ject to Neumann boundary conditions on a domain which undergoes a singu-
lar perturbation. The focus is on planar dumbbell-shaped domains Q., with
€ > 0, described in Figure 5.1. Namely, given two bounded smooth domains
Qr, Qg in R? with Q; N Qg = 0 such that 4Q; > {(0,y) € R? : -1 < y < 1},
0Qr D {(1,y) eR?*: -1 <y < 1},and (Qr U Q1) N ([0,1] X [-1,1]) = 0, we set

Q=0QrUQp, and Q. = QUR UL,

for all € > 0 small enough. Here R, U L, is a thin channel connecting Q; and Qg
defined by
Re = {(x,y) e R* : x € (0,1),0 < y < eg(x)}, (5.1.1)

Le = ({0} x(0,€9(0)) U ({1} x (0, €g(1)))),
where g € C?[0, 1] is a positive real-valued function. Note that Q. collapses to

the limit set Qy = Q U ([0,1] X {0}) as e — 0.
We consider the eigenvalue problem

ANu—-tAu+u=2Au, in Q,,
1-0 % +oAu =0, on 0Q, (5.1.2)

r9t — (1 - 0) divgo, (D*u - n)sq, - a(aAn”) =0, ondQ.,

where 7 > 0, 0 € (—1, 1) are fixed parameters, and we analyse the behaviour of
the eigenvalues and of the corresponding eigenfunctions as € — 0. Here (-)sq, is

121
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Qr,

€g(0)

Figure 5.1: The dumbbell domain Q..

the projection on the tangent line to 9Q2,, and we refer to §1.4 for the definition
of the tangential divergence divsq_ . The corresponding Poisson problem reads

ANu—tAu+u=f, in Q,
(1-0)2% + oAu =0, on 0Q., (5.1.3)

T% -(1-o0) diVaQe(Dzu “n)oq, — a(aAnu) =0, ondQ,,

with datum f € L%(Q,).

Since dQ¢ has corner singularities at the junctions (0, 0), (0,€g(0)), (1,0),
(1,€eg(1)) and H* regularity does not hold around those points, we shall always
understand problems (5.1.2), (5.1.3), (as well as analogous problems) in a weak
(variational) sense, in which case only H? regularity is required.

Namely, the variational formulation of problem (5.1.3) is the following: find
u € H*(Q,) such that

/ (1-0)D*u: D*p + cAulg + tVu - Vo + updx = / fodx, (5.1.4)
Qe Qe

for all ¢ € H*(Q,). The quadratic form associated with the left-hand side of (5.1.4)
- call it Bg, (u, @) - is coercive for all 7 > 0 and ¢ € (-1, 1), see e.g. [47], [48].
In particular, by standard spectral theory this quadratic form allows to define a
non-negative self-adjoint operator T = (A% — 7A + I)n(y) in L*(Q¢) which plays
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the role of the classical operator A? — 7A + I subject to the boundary conditions
above. More precisely, T is uniquely defined by the relation

Bo, (u, ) =< T2, T?¢ > 120y,

for all u, ¢ € H*(Q.), as described in Theorem 1.1.6 and in Section 2.1.

The operator T is densely defined and its eigenvalues and eigenfunctions are
exactly those of problem (5.1.2). Moreover, since the embedding H*(Q,) C L*(Q¢)
is compact (see, for example, [35]), (A* — TA + I)y(») has compact resolvent,
hence the spectrum is discrete and consists of a divergent increasing sequence of
positive eigenvalues A,(Q¢), n € N, with finite multiplicity (here each eigenvalue
is repeated as many times as its multiplicity).

Problem (5.1.2) arises in linear elasticity in connection with the Kirchhoff-Love
model for the study of vibrations and deformations of free plates, in which case
o represents the Poisson ratio of the material and 7 the lateral tension. In this
sense, the dumbbell domain Q. could represent a plate and R a part of it which
degenerates to the segment [0, 1] X {0}.

We note that problem (5.1.2) can be considered as a natural fourth order
version of the corresponding eigenvalue problem for the Neumann Laplacian
—AN. namely

{—Au+u:)tu, in Q, (5.15)

% =0, on 0Q,.

It is known that the eigenelements of the Neumann Laplacian on a typical
dumbbell domain as above have a singular behaviour, see [10], [11], [12], [14],
[15], [18], and the references therein. For example, it is known that not all the
eigenvalues of —Ax on Q, converge to the eigenvalues of —Ay in Q; indeed,
some of the eigenvalues of the dumbbell domain are asymptotically close to the
eigenvalues of a boundary value problem defined in the channel R,. This allows
the appearance in the limit of extra eigenvalues associated with an ordinary
differential equation in the segment (0, 1), which are generally different from the
eigenvalues of —Ay in Q. Such singular behaviour reflects a general characteristic
of boundary value problems with Neumann boundary conditions, the stability of
which requires rather strong assumptions on the admissible domain perturbations,
see e.g., [14], [19], [88]. We refer to [57, p. 420] for a classical counterexample.

The aim of the present chapter is to clarify how the Neumann boundary
conditions affect the spectral behaviour of the operator A*> — 7A on dumbbell
domains, by extending the validity of some results known for the second order
operator —Ay to the fourth-order operator (A? — 7A) (o).

First of all, we prove that the eigenvalues of problem (5.1.2) can be asymptoti-
cally decomposed into two families of eigenvalues as

(An(Qe)nz1 = (Wk)k=1 U (0] )11, as € — 0, (5.1.6)
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where (wi )k>1 are the eigenvalues of problem

A*w —TAw+w:a)kw in Q,
(1 — 0) 7 +olAw =0, on 0Q, (5.1.7)
— (1 - 0)divyga(D?*w - n)sq (Aw) =0, ondQ,

and (607);>; are the eigenvalues of problem

A*v —TAU+Z) =6 v in R,
1- +o0Av =0, I,
( cr) 7 +olAv = : a(Av) on I, (5.1.8)
Tan (1-o0)divr,(D?v - n)r, =0, onlI,
v=0= g—z, onlL,.

The decomposition (5.1.6) is proved under the assumption that a certain condition
on R, called H-Condition, is satisfied. We provide in particular a simple condition
on the profile function g which guarantees the validity of the H-Condition.
Thus, in order to analyse the behaviour of 1,(Q) as € — 0, it suffices to study

916 as € — 0. To do so, we need to pass to the limit in the variational formulation
of problem (5.1.8). Since the domain R, collapses to a segment as € — 0, we use
thin domain techniques in order to find the appropriate limiting problem. As in
the case of the Laplace operator, the limiting problem depends on the shape of
the channel R, via the profile function g(x). More precisely it can be written as
follows

1_T"z(gh”)” - g(gh’)’ +h=0h, in(0,1),

h(0) = h(1) =0, (5.1.9)

h'(0) = h'(1) = 0.

This allows to prove convergence results for the eigenvalues and eigenfunctions
of problem (5.1.3). The precise statement can be found in Theorem 5.6.1.
We also note that the Dirichlet problem for the operator A%y —7Au+u, namely

ANu—7tAu+u=2Au, inQ.,

u=0, on 0Q, (5.1.10)
% =0, on 0Q,

is stable in the sense that its eigenelements converge to those of the operator
A* — A +1in Q as € — 0. In other words, as for the Laplace operator, in
the case of Dirichlet boundary conditions, no eigenvalues from the channel R,
appear in the limit as € — 0. In fact, it is well known that Dirichlet eigenvalues
on thin domains diverge to +co as € — 0, because of the Poincaré inequality.
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However, the presence of the thin channel changes the rate of convergence of the
eigenvalues, as proved in the interesting article [1] (see also [2] and [66]).

In order to prove our results, we study the convergence of the resolvent
operators (A>—tA+1 )I‘\]l(mr) and this is done by using the notion of &-convergence

(see §1.3).

5.2 Decomposition of the eigenvalues

The main goal of this section is to prove the decomposition of the eigenvalues of
problem (5.1.2) into the two families of eigenvalues coming from (5.1.7) and (5.1.8).
First of all we note that, since Q., Q and R, are sufficiently regular, by standard
spectral theory for differential operators it follows that the operators associated
with the quadratic forms appearing in the weak formulation of problems (5.1.2),
(5.1.7), (5.1.8) have compact resolvents. Thus, the spectra of such problems are
discrete and consist of positive eigenvalues of finite multiplicity. The eigenpairs
of problems (5.1.2), (5.1.7), (5.1.8) will be denoted by (1,(Qe), 9 )n>1, (@n, O )n>1
(0%, Y6 )n>1 respectively, where the three families of eigenfunctions ¢¢, ¢S, y¢
are complete orthonormal bases of the spaces L2(Q.), L*(Q), L*(R.) respectively.
Moreover we set (1;)n>1 = (ki1 U (6))i1>1, where it is understood that the
eigenvalues are arranged in increasing order and repeated according to their
multiplicity. In particular if wx = 6] for some k, ! € N, then such an eigenvalue is
repeated in the sequence (45),>1 as many times as the sum of the multiplicities of
wi and 0} Let us note explicitly that the order in the sequence (A),>1 depends
on €. For each 1§ we define the function ¢¢ € H*(Q) ® H*(R,) in the following

way:
Q .
. ¢y, in Q,
= 5.2.1
o {0, in R, ( )
if A5, = wy, for some k € N; otherwise

0, inQ,

g€ = - (5.2.2)
Yi» InRe,

if A, = 0, for some | € N. We observe that in the case A}, = wx = 0] for
some k,I € N, with wy of multiplicity m; and 6; of multiplicity m, we agree to
order the eigenvalues (and the corresponding functions ¢},) by listing first the m;
eigenvalues wg, then the remaining m; eigenvalues 0;.

Note that (¢, QS;)LZ(Qe) = §;; where J;; is the Kronecker symbol, that is §;; = 0
fori # jand §;; = 1 for i = j. Note also that although ¢}, defined by (5.2.2) are
in H(Q,) (due to the Dirichlet boundary condition imposed in L), the function
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¢¢ defined by (5.2.1) do not lie in H*(Q). To bypass this problem we define a
sequence of functions in H%(Q,) by setting

o = E?, if XS = wy,

"U\gs ifAS =6,

where E is a linear continuous extension operator mapping H*(Q) to H2(RV).

Then it is easy to verify that for fixed i, j, we have (&, §J.€)Lz(Qe) = Jjj+o(1)ase — 0.

Then for fixed n and for € small enough, &5, ..., & are linearly independent.
Now we prove an upper bound for the eigenvalues 1,(Q).

Theorem 5.2.1 (Upper bound). Let n > 1 be fixed. The eigenvalues A;, are uni-
formly bounded in € and

M(Qe) < A8 +0(1), ase — 0. (5.2.3)

Proof. The fact that A}, remains bounded as € — 0 is an easy consequence of the
inequality

A < wy < o0, (5.2.4)
which holds by definition of A5. In the sequel we write L to denote the orthogo-

nality in L?, and [fi, . . ., f;] for the linear span of the functions fi, ..., fu.
By the variational characterization of the eigenvalues 1,(Q.) we have

(1= o) D*YI* + a|AY[* + 2|V + [y

An(Q¢) = min e
NG
Qe
1Y € H(Qe), ¢ £0and ¢ L ¢5,..., 05 1}. (5.2.5)
Since the functions &, ..., &; are linearly independent, by a dimension argument
there exists &€ € [&], ..., &;] such that ||£¢][12q,) = 1, and &° L ¢S, ..., 05_;.
We can write &€ = 31, ;¢&f, for some ay, ..., a, € R depending on € such

that Y7, a? = 1+ 0(1) as € — 0. By using € as a test function in (5.2.5) we get

(90 < / (1= D + o|AEP + 2| VEP + EP
Qe
V2 _ &)|D2E¢|? €2 4 o |VEP + |E6 P2
21 . (/Qfl NND2EP + | AEP + 7| VE] +|§l|) (5.2

+ Z aiaj( /Q (1 - o) (D& : D*E) + o AEFAES + TVE - VE + gfg;).

i£j
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By definition of &7 and the absolute continuity of the Lebesgue integral, we
have

o +0o(1), if Fks.t AT = wy,

1 - 0)|D*EF|? + o| AEF|? + T|VEF|* + |EF)1% =
[ a-oIpEt  alag + et 165 {92’ 2ot s ol

which implies that /Q (1- 0)|D2§f|2 + 0|A§f|2 + T|V§f|2 + |§f|2 < A5 +0(1).
Note that

D al-aj( | @i s b+ onging +ovi Ve + §f§f) = o(1),
i#] €

Hence, 1,(Qe) < X1; a?(A5 + 0(1)) + o(1) < A§ + o(1) which concludes the
proof of (5.2.3). O

Remark 5.2.2. Note that the shape of the channel R, does not play any role in
establishing the upper bound. The only fact needed is that the measure of R,
tends to 0 as € — 0.

In the sequel we shall provide a lower bound for the eigenvalues A,(Q,).
Before doing so, let us introduce some notation.

Definition 5.2.3. Let o € (—1,1), 7 > 0. We denote by er (Re) the space obtained

as the closure in H*(R,) of C*(R,) functions which vanish in a neighborhood of
L. Furthermore, for any Lipschitz bounded open set U we define

1/2
[f]HKZ,,,(U) = |(1 - O—)”sz‘”iz(U) + JllAflliZ(U) + Tllvf”iza]) + ||f||12‘2(U)| / )

for all f € H*(U).

Note the functions u in HL2 (R ) satisfy the conditions u = 0 and Vu = 0 on L,
in the sense of traces.

Proposition 5.2.4. Letn € N be such that the following two conditions are satisfied:
(i) Foralli=1,...,n,

S = X(Q) >0 ase— 0, (5.2.7)

(ii) There exists & > 0 such that
A5 < Ans1(Qe) = 6 (5.2.8)

for any € > 0 small enough.
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Let P, be the projector from L*(Q.) onto the linear span [¢5, . . ., ¢5] defined by

n
Pog = > (96020 65 - (5.2.9)
i=1
for all g € L*(Q.), where ¢¢ is defined in (5.2.1), (5.2.2). Then
lo; = Puooi | 2(0)om2(r,) — 05 (5.2.10)
ase = 0, foralli=1,...,n.

Proof. By (5.2.3) and (5.2.4) we can extract a subsequence from both the sequences
(A§)e>0 and (Ai(Qe))eso such that

Ak — i, and A4(Qg,) — Ii,

1

ask — oo, foralli = L...,n+1
By assumption we have A; = A; foralli = 1, ..., n. Thus, by passing to the limit
as € — 0in (5.2.3) (with n replaced by n + 1) and in (5.2.8), we get

Ay < Aoy =8 < sy — 6.

We rewrite A4, . .., A, without repetitions due to multiplicity in order to get a
new sequence o B
M <A< <A =41, (5.2.11)

and set /TS“ = ;1\,,“ < An+1. Thus, by assumption (5.2.8) we have that

As < Aget. (5.2.12)

Foreachr=1,...,s, letxr = A, =--- = Aj,, for some i, < j, i, jr € {1,...,n},
where it is understood that j, — i, + 1 is the multiplicity of A,. Furthermore, we
define the eigenprojector Q, from L?(Q,) onto the linear span [of ... q)]?r] by

Jr
Qrg = Z(ga (Pier)LZ(QE)(pier. (5.2.13)

i=iy
We now proceed to prove the following
Claim: [|&* - Q,§f"||Hz(Qek) —0ase — 0, foralli, <i<j,andr <s.

Let us prove it by inductionon 1 < r <s.
If r = 1, we define the function

J1
)(ek = ‘flek - ngfk = éflek - Z(élek’ (plEk)Lz(Qek)(p[Ek'
I=1
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Then ye, € H*(Q¢,), (Xeps golek)Lz(QEk) =0foralll =1,...,j; and by the min-max
representation of 15(€, ) we have that

[l o) 2 AQulltallg, ) > Rlltallg, , o). G214

On the other hand, it is easy to prove by definition of ., that
/ (1= 0)(D?xe : D*Y) + 0D xe, AY + TV e, - VU + xe b dx
Qc,
= Al(Qek)/ Xe ¥ dx +0(1) (5.2.15)
Q,

for all y € H%(Q,,). This in particular implies that
etz 0, = MQellXalp,, ) + o)) (5.2.16)
and consequently,
ey o) < MilltalB, ) + o). (5.217)
Hence, inequalities (5.2.14), (5.2.17) imply that
AZ”XQ”%Z(QE]() —-o(1) < Alll){sk”iZ(QEk) +0o(1),

which implies that || y, || 12(0,,) = 0(1) (otherwise we would have Xy <A+ o(1),
against (5.2.11)). Finally, equation (5.2.16) implies that [ ¢, 52 () = o(1), so

that also ||)(ek||Hz(Qek) = o(1).
Let r > 1 and assume by induction hypothesis that

||§,6k - thiek“Hz(Qek) —0 (5.2.18)

ask — oo, foralli; <i < j;andforallt =1,...,r — 1. We have to prove that
(5.2.18) holds also for t = r. Let i, < i < j, and let y,, = :ff" - Qrfie". Then

(Xek,(p;k)LZ(Qek) — 0 ask > oo, forallh=1,...,j . (5.2.19)

Indeed, if h € {i, ..., j,} then by definition of y.,, (xe,> (p;" )LZ(Qek) = 0. Otherwise,
if h < i, note that the function (p;" satisfies

/Q (1-0) (DZq)Z" : Dzl//) + CAPHAY + TVOHVY + ¢Sy dx
€k

~ @) [ ofypax,
Q,
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for all ¢y € H*(Q,,), briefly Bo,, (qoflk,gb) = Ah(Qek)(qoZ",gb)LZ(Qek), for all ¢ €
H?(Qe,), where By denotes the quadratic form associated with the operator
A? — A +1 on an open set U. Similarly, Bo,, (&, 9) = AR (T, g&)LZ(ng) + 0(1) for
all 1,0 S Hz(ng). Thus, )Lh(Qek)(gozk, bziEk)Lz(QEk) = Afk(giek, (p;k)LZ(Qek) + O(l) which
implies

(A(Qe) = A7)}, £ )za,, ) = 0(1) (5.2.20)

and since (An(Q,) — )Lfk) — (/Th - /T,) # 0 by assumption, by (5.2.20) we deduce
that ((p:lk, fiek)Lz(Qek) =o(1)ase — 0, forall h = 1,...,j,, which implies (5.2.19).
As in the case r = 1 we may deduce that

el o) 2 ArallXalliz, ) = o0): (5.2.21)
On the other hand, by definition of y., we have
[Xek]?f?;,f(ﬂek) S /1r||)(ek||iz(95k) + O(l) (5222)

By (5.2.21), (5.2.22) and (5.2.11) it must be || y¢, ||i2 = 0o(1) and by (5.2.22) we

(Qé‘k)

deduce that [Xek]irz @) = 0(1), hence ||)(ek||Hz(Qek) — 0, as k — oo. This con-
o,T €k

cludes the proof of the Claim.

Now define the projector Q, from L?(Q.) into the linear span (@S, .. ;] by

n
Ong = Z(g’ P20 P; -
i=1
Then, as a consequence of the Claim we have that

||§i€k - Qvnflfk||H2(ng) —0 (5.2.23)

ask — oo, foralli = 1,...,n. Indeed for all indexesi = 1,...,n there exists
1 < r < ssuch that i, < i < j,; let assume for simplicity that » = 1. Then we have

| - ngfklle(st) — 0 as k — oo; and also

n
165 = Oné*llrrca,,) < IE = Qu& Il + . 1E™ 0/ )@,

I>j

llo;* lm2c0.,)

and the right-hand side tends to 0 as k — oo because ||q)l€" | H2(Q,,) is uniformly
bounded in k and (§l€ K, (plek ) 120, — 0as k — oo (to see this it is sufficient to argue

as in the proof of (5.2.20)). Moreover, since [|£;* — ¢ ||Hz(Q)@Hz(Rek) — 0ask — o
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foralli =1,...,n, we also have ||¢* — QngbfkllHZ(Q)@HZ(Rsk) — 0as k — oo, for
alli=1,...,n Thus (Qn ooy Ond) is a basis in (LAH(Qe)") for [pfF, .. ., opF].

Hence, ¢f* = lel lel."Qngblek for some coefficients a;f = (¢;*, ¢lek)L2(Qek) +0(1) as
k — oo. Thenforalli =1,...,n we have

o7 = Pug* ||H2(Q)@H2(Rek)

Z«o B~ D o)) Y Dl
I=1

and the right-hand side tends to 0 as k — oo. m|

H(Q)@H(Re,)

Remark 5.2.5. In the former proof one could prove that the matrix A = (alel." Mi=1...n
is almost orthogonal, in the sense that AA" = A’A =1+ o(1) as k — oo. Indeed,

it is sufficient to show that the matrix A = (1, ok )Lz(QEk))l mei.  is almost

orthogonal. Let [ be fixed and note that ¢; = 3" _, (¢, oyt )LZ(QEk)(pm + (- ém)gél,
hence, by (5.2.23) we deduce that

6 = (P $mr2a,,) = Z(le,q’m)LZ(Qek)(q’m’qsi)Lz(Qek) +o(1), (5.2.24)
m=1

as k — oo. Note that we can rewrite (5.2.24) as AA! =1+ 0(1), and in a similar
way we also get that A’A = T + o(1), concluding the proof.

In the sequel we shall need the following lemma.

Lemma 5.2.6. Let1 <i < j < n. Assume that A € R is such that, possibly passing
to a subsequence, Ay (Qe) — Aase — 0 forallm € {i,...,j}. If xe € [¢5, ..., qoj],
[ Xellzo,) = 1 and yelo = x in H*(Q) then

/(1 —0)(D*y : D*) + o AxyAY +tVy - VY + ¢ dx = / x¥dx, (5.2.25)

forall Y € H3(Q).

Proof. Since y. € [gol s (pje] and || xellz2(q,) = 1 there exist coefficients (al(e)){:i

such that y. = al(e)qol and ZJ 2(e) = 1. Note that for all m € {i,...,j},
possibly passing to a subsequence, there exists ¢, € H*(Q) such that ¢f |o — @
in H%(Q). Since ye|o — y in H3(Q) by assumption, we get that y = Z;:i a;p; in
Q for some coefficients (al){zi. Let ¢y € H?(Q) be fixed and consider an extension
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¥ = Ey € HXRY). Then

/ (1- 0)(D2)(E : Dz{//v) + UA)(EA{[+ TVX€V$+ )(61];
Qe

J o~ —~ o~ —~
=> az(e)[/Q (1= 0) (D% : D*Y) + oD@ AY + VO VY + ¢[U | (5.7 26)
I=i €

J —
- ; al(e)A(Qe) /Q e oy

Then it is possible to pass to the limit in both sides of (5.2.26) by splitting the
integrals over Q. into an integral over R, (that tends to 0 as € — 0) and an
integral over Q. Moreover, the integrals over Q will converge to the corresponding
integrals in (5.2.25) as € — 0, because of the weak convergence of y, in H*(Q)
and the strong convergence of Ey to i/ in H*(Q). O

We proceed to prove the lower bound for 4,(Q.). To do so, we need to add an
extra assumption on the shape of Q.. Hence, we introduce the following condition
in the spirit of what is known for the Neumann Laplacian (see e.g., [10], [11],

[18]).

Definition 5.2.7 (H-Condition). We say that the family of dumbbell domains
Qe, € > 0, satisfies the H-Condition if, given functions ue € H 2(Q,) such that
lluell o,y < R for all € > 0, there exist functions #, € Hi (R¢) such that

@) llue — tell2r,) — 0ase — 0,
(i) [ﬁe]?{g’f(&) < [ue]?{ﬁ,f(ﬂe) +o(1)ase — 0.

Recall that [-]z _is defined above in Definition 5.2.3. We will show in Section
5.3 that a wide class of channels R, satisfies the H-Condition.

Theorem 5.2.8 (Lower bound). Assume that the family of dumbbell domains Q,
€ > 0, satisfies the H-Condition. Then for everyn € N we have 1,(Q¢) > A5 —o(1)
ase — 0.

Proof. By Theorem 5.2.1 and its proof we know that both A;(Q¢) and A are
uniformly bounded in €. Then, for each subsequence €, we can find a subsequence

(which we still call €;), sequences of real numbers (4;);en, (L)ieN, and sequences of
H?(Q) functions (¢;)ien, (@;)ien, such that the following conditions are satisfied:

(i) Af’“ —> A, foralli > 1;

(i) Ai(Qe) — Aj, foralli > 1;
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(it) &*|o — ¢; strongly in H*(Q), for all i > 1;
(iv) ¢*lo — @ weakly in H%(Q), for all i > 1;

Note that (iii) immediately follows by recalling that £*|q either it is zero or it
coincides with (p?. Then (iv) is deduced by the estimate ||¢;* ||H2(Q€k) < ¢ Ai(Qe)
and by the boundedness of the sequence 1;(Q, ), k € N.

We plan to prove that A = A foralli > 1. We do it by induction. For i = 1 we
clearly have A; = 4;(Q) = 1 = 11(Q¢, ) for all k; hence, by passing to the limit as
k — oo in the right-hand side of the former equality we get A; = X1. Then, we
assume by induction hypothesis that Ai=Aiforalli=1,...,nand we prove that
;fnﬂ = Ap+1. There are two possibilities: either A, = 4,41 or A, < A,41. In the first
case we deduce by (5.2.3) that

)Ln = In < ’A\n+1 < An+1 = Ana

hence all the inequalities are equalities and in particular ;l\nﬂ = A,+1. Conse-
quently we can assume without loss of generahty that A, < A,41. In this case
we must have /1,,+1 € [An, Ans1] because A, = /1 and 1,(Q¢,) < Ap1(Q¢,) <
Ak +0(1)ask — co. Letr = max{4; : i <n,4; < A,}. Then A, < Apyq = -+ =
An < Aps1. In particular we can apply Proposition 5.2.4 with n replaced by r in

order to get
llof* - Pr(piEk”Hz(Q)éBHz(Rek) —0 (5.2.27)
ask — oo, foralli =1,...,r. We now divide the proof in two steps.

Step 1: we prove that 4, < /Tn+1-

Let us assume by contradiction that 4, = Xnﬂ; then IHI = ... = ;1\,[ = ;1\,”1.
Define the subspace S by S = [¢** |,..., ¢ ]. Hence, S is (n — r + 1)-dimensional.
We then choose y,, € S with the following properties:

O lxe Nz, = 1

) xe L ¢r+1’ o Bk in L3(Qe, )

This choice is possible because [¢: k] is (n — r)-dimensional. Moreover,

P
we have that
(Xews 971200y — 0, (5.2.28)
ask — oo, foralli=1,...,r. To see this, recall that y., € S, hence
(e 05120 ) = 05 Vi< (5.2.29)

By (5.2.27) and (5.2.29), we have

(Xews Proi )iz, ) — 0, Vi<,
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as k — oo. Thus,
.
D@0 820, ) (Kew 62, ) — 0, Vi<, (5.2.30)
=1

as k — oco. We can rewrite (5.2.30) as A'b — 0 as k — oo, where A is the matrix
defined in Remark 5.2.5 and b € R" is the vector defined by b; = ((ye,. gblek )LQ(Qek))l

foralll € {1,...,r}. Hence, also AA'b — 0 as k — oo and by Remark 5.2.5 we
deduce that AA'b = (I+ 0(1))b = b+ 0(1) — 0 as k — oo, since b is bounded in k.
This implies that each component of b, which is (x,, gblek )Lz(ka) tends to zero as
k — oo, which is (5.2.28).

It is now clear that (5.2.28) and property (II) of ., yield

(Xew $iz(@e) — 0, foralli=1,...,n, (5.2.31)

as k — oo. Since || xe g2 < Cmax,+1§j5n+1||(p;"||HZ(Q) < oo there exists a
function y € H?(Q) such that possibly passing to a subsequence

Xelo = x  in H(Q), (5.2.32)

as k — oo. By (5.2.31) and (5.2.32) we deduce that (y, ¢;)2q) = 0, for all i =
1,...,n. By Lemma 5.2.6 y is a n-th eigenfunction of (A% — 7A + I)y(y) in Q

associated with ;fn which is orthogonal to ¢4, ..., ¢,, among which there are
all the possible n-th eigenfunctions. Since A, < A,41, the only way to avoid a
contradiction is that y = 0 in Q, that is

Ixellize) = 0 lxellizw,) = 1, (5.2.33)

as k — oco. We use now the H-Condition; let us choose a sequence of functions
Xe, € Hf (Re,.) such that || xe, — X |12 D 0 as k — oo and
€f €,

[Yek]?‘l?y,f(Rek) S [Xek]ilzzr,r(Qek) + 0(1)9 (5234)

as k — oco. Then we can extend by zero y_to get a function (that we still call
Xe,) in H%(Q,). Hence,

()_(ek ’d)iek )Lz(Qek) = (Yek ’ ¢l€k )Lz(Rek )

_ (5.2.35)
= ()(gk — Xeps ¢fk)L2(R6k) + ()(ek» ¢,’ek)L2(Qek) - (Xek, ¢’,—€k)L2(Q),

foralli =1,...,n. By (5.2.31), (5.2.33), and the definition of Yek the right hand
side of (5.2.35) tendsto 0 as k — oo, foralli = 1,...,n. Thus, YEk is asymptotically
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orthogonal to ¢:*, ..., ¢,;". In particular, by the variational characterization of
the eigenvalues 15" we get that

[Yek]ilé,f(&k) > li’llllfekllymek) = 0(1) 2 Ansall¥e llrzr. ) = o(1). (5.2.36)
On the other hand, by (5.2.34) we deduce that
Xeli,w,) < alf @)+ o)
= Aallxe g,y +0(1) = AallXe Izge, ) + 0(D):

This is a contradiction to (5.2.36) because A, < A,11. Step 1 is complete.

Step 2: we prove that 1\"4_1 = Aps1.

Assume by contradiction that 4,41 < A,41. Let us note that as a consequence of
Step 1 we can use Proposition 5.2.4 for the n-th eigenvalues in order to obtain

;" - Pn‘/’fk”H?(Q)eaHZ(Rek) — 0, (5.2.37)

foralli=1,...,n. Then we can use the same argument we used in Step 1 for y.,
to show that

01 lz2q) — 0, (5.2.38)

as k — oo. To see this, just note that ¢'* | is orthogonal to ¢, ..., ¢;*, and by

(5.2.37) we deduce that ((p;’f‘_l,¢l~ek)L2(Qek) — 0,ask — oo, foralli =1,...,n
Moreover,

(@1 Pric)12(@q) — 05 (5.2.39)

as k — oo. Indeed, looking at the weak formulation of problem (5.1.2) and
denoting by By denotes the quadratic problem associated with the operator
A? — A + I on an open set U, we deduce both

Qek ((pn+1’ ¢n+1 n+1(Q€k)((pn+17 ¢n+1)Lz(Qek) + 0(1)
and
BQek (¢n+1’ ¢n+1) = 1(¢n+1’ (Pn+1)L2(Q ) + 0(1)

and subtracting the above equalities and passing to the limit as k — co we obtain
(An+1 = Apa) impsoo(@F (p;’:_l)LZ(Qek) = 0, which implies (5.2.39). Then

(@331 9 rzag) — 0, (5.2.40)
ask — oo, foralli = 1,...,n+1. Passing to the limit in k we have (@n+1, i)12(q) =
0foralli=1,...,n+ 1. However, as in Step 1 we would have [¢,.1]? =

Hz, +(Q)
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I,,H |@n+1ll12(cr)> Which contradicts the assumption I,,H < An+1 unless @n41 =0,
which gives (5.2.38).

Now we use the H-Condition and (5.2.38) in order to find a function EZ’;l €
HLzek (Re,) such that ”(Pn+1”L2(R y =1+ o0(1) and

[}

qon+1]H(27 T(REk) < [qonﬁ‘l]ilg’f(Qe ) + 0(1) = An+1(Qék) + 0(1) < An+1 + 0(1)7

as k — oo. On the other hand, by the variational characterlzatlon of A** | and
by (5.2.38), (5.2.40) we deduce that [qonJrl]H2 (R = n+1||‘/’n+1||L2(R = 0(1) >

Aps1 — 2(1), as k — oo, hence 4,41 < /1,,+1, a contradiction. Thus it must be
Ans1 = Aps1. O

We will say that x. € (0, o) divides the spectrum of a family of nonnegative
self-adjoint operators A., € > 0, with compact resolvents in L?(Q,) if there exist
0, M,N, ey > 0 such that

[Xe =8, xe +S]N{A5}2, =0, Ve<e (5.2.41)
xXe <M, Ve<e¢ (5.2.42)
N(xe) = #{A; : A; < xc} < N < co. (5.2.43)

If x. divides the spectrum we define the projector P,_from L*(Q,) onto the linear
span [¢], ..., ¢16\1(x )] of the first N(x.) eigenfunctions by

N(xc)

Peg= ) (@ ¢)r@d
i=1

for all g € L%(Q,). Then, recalling Theorem 5.2.1 and Theorem 5.2.8 we deduce
the following.

Theorem 5.2.9 (Decomposition of the eigenvalues). Let Qc, € > 0, be a family of
dumbbell domains satisfying the H-Condition. Then the following statements hold:

(i) lime—0 |4,(Qe) — A5| = 0, foralln € N.

(ii) For any x. dividing the spectrum, lim¢_ ||¢;_ — Px 07 || p2()em2(r,) = 0, for
allre =1,...,N(x.).

5.3 Proof of the H-Condition for regular dumb-
bells

The goal of this section is to prove that the H-Condition holds for regular dumbbell
domains. More precisely, we will consider channels R such that the profile
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function g has the following monotonicity property:

(MP): there exists § €]0,1/2[ such that g is decreasing on [0, ) and increasing on
(1-4,1].

If (MP) is satisfied then the set
Ac={(x,y) eR*: x € (0,6) U(1—5,1),0 < y < eg(x)}

is contained in the union of the two rectangles [0, 5] X [0, €g(0)] and [1 — &, 1] X
[0, eg(1)]. This fact will be used in the proof of the following theorem in order to
control the H? norm of the candidate function %, appearing in the H-Condition.

Theorem 5.3.1. Assume that the dumbbell Qs = Q U Ry is such that Rs satisfies
property (MP). Then Qs satisfies the H-Condition.

Before writing the proof of this theorem we need to introduce some notation.
First, for the sake of clarity we will consider a “one-sided” dumbbell Q. = Q U R,
where Q is a smooth bounded domain in R? such that the segment {0} X [-1,1]
is contained in the boundary of Q, Q N {x > 0} = 0 and R, is defined as in (5.1.1).
We will assume that R, satisfies the (MP) condition on 0 < x < § only. Let L, be
the segment {0} X (0, €g(0)).

For any y € (0, 1), we define a function y/ € C%![—€", 1], such that /(=€) =
(XY (=€") =0, y!(x) = 1 for all 0 < x < 1 and such that the following bounds
on the derivatives

1

||(Xéy)/||L°°(—er,o) < o’ ”(Xg/)””L‘”(—eY,O) S

C2
e’

are satisfied for some positive real numbers ¢y, c;. A possible choice for y! is

3 2
x+ € x + €Y
=] 28] e

ev €

X (x) =
1, x €(0,1),
which gives the (non-optimal) bounds ¢; = 3/2, ¢c; = 6. For any y, f > 0 we define
the function f, 4 € C"(0, 1) by setting
2
—er(gﬁ) +(ef + ZeV)(eiﬁ) —er, xe(0,éh),

5.3.1
X, x € (€8,1). ( :

f= fy,ﬂ(x) =

Note that f is a C"!-diffeomorphism from (0, €#) onto (=€, €#). Then,

1+287F(1- %), xe€(0,é€h),
1, x € (e, 1),

fi(x) = {
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and
—2e"% x e (0,€P),

f”(x):{ 0, xel(ef,),

which implies that | f/(x) — 1| < 2€" 7, for all x € (0,1), and | f”(x)| < 2¢"~2f, for
all x € (0,1). Thus, if y > f then
f(x)=1+40(1) ase—0. (5.3.2)
For any 0 € (0, 1), we define the following sets:

Kl ={(x,y) e Q: =€’ <x < 0,0 <y < eg(0)},

I/ = {(-e’.y) : 0 < y < €g(0)},
]f:{(x,y)€R€:0<x<60},
sz{(x,y)eR2:0<x<e‘9,0<y< €g(0)} .

Finally, if y/3 < B < y/2, for every uc € H*(Q.) we define the function
ue € H%(R.) by setting

Ue(x,y) = ue(f(x), y) x¢ (F(x)), (5.3.3)
for all (x,y) € Re. Function u, will be used to prove the validity of the H-Condition.

Before doing so, we need to prove the following proposition.

Proposition 5.3.2. Let Q. = Q U R with R, satisfying the (MP) condition. Let
u. € H*(Q¢) be such that lluell g2,y < R for all € > 0. Then, with the notation
above and for0 < 6 < % we have

luell p2(j0y = O(e*), IVuell 20y = O(’), ase—o0. (5.3.4)
Proof. We define the function u$ € H?(J?) by setting
X
ui(x,y) = —3ue(—x,y) + 4ue(—5, y),

for all (x,y) € J?. The function u} can be viewed as a higher order reflection of
u. with respect to the y-axis. Let us note that we can estimate the L? norm of u?,
of its gradient and of its derivatives of order 2, in the following way:

el 2oy < Clluell 2oy (5.3.5)

1V6lls) < CllVaell oy (53.6)
1D w20, < CID w2, (537)
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for any multiindex « of length 2 and for some constant C independent of e. To
obtain the three inequalities above, we are using that the image of K¢ under the
reflexion about the y-axis contains J?. This is a consequence of (MP). Since the
L? norms on the right-hand sides of the inequalities above are taken on a subset
of Q, we can improve the estimate of (5.3.5) and (5.3.6) using Holder’s inequality
and Sobolev embeddings to obtain

il 2oy < 1Kl gy < c(€1) 2 lluell oo (5.3.8)
and in a similar way
IVatell 2o, < 1K1 77 1 Vatell oy < e(€%7) 7 luelleqays (5.3.9)
for any 2 < p < co. Thus
gl 20, < Ce2 luellipy and V6l 20, < () P lluellpqy. (5:3.10)

We also get
ID%ucll 20y < Clluell gz - (5.3.11)

We define now the function

Ve = (e — )|, € H(JY).
Then /. = 0 = Vi), on L. Let us first estimate || Vu|| 12(j9)- Since we have

6u€

IVuell;

LZ(]Q

we can directly estimate the L>-norm of the partial derivatives. Since dy, 1/ = 0
on L. for all i = 1,2 we apply a one-dimensional Poincaré inequality in the
x-direction. We proceed as follows. For each x; € (eg(e?), €g(0)) we denote by
he(x;) the unique number such that eg(he(x;)) = x; (that is, the inverse function
of eg(-), which exists because of hypothesis (MP)). For x, € (0, eg(e?)) we define
he(xy) = €. Observe that 0 < h.(x;) < €’ and that J° can be expressed as
]69 = {(x1,x2) : 0 < x3 < €9(0);0 < x1 < he(x2)}. Hence, for i = 1,2 we have

. o (oY
| | )

2 2

1
L0h () M(he(x2))

(5.3.12)

L2(0,he(x2))
where 1;(p) = (%)2 p~% is the first eigenvalue of the problem
= Av, in (0, p),
v(0) = 0,
v'(p) = 0.
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Since 0 < he(xy) < €, we get the bound Ay (he(xz)) > (L)2 and integrating in

2¢f
(5.3.12) with respect to x; € (0,€g(0)), we get ‘
e ||’ 2¢%\?|| 9%y |
‘ Ve < (i) Ve . (5.3.13)
Oxillzgey — \ 7 ) 110x0xi|paqp0)
Now note that aa;g; < Clluellpe(q,) < CRforall € > 0, where we have used
UATE)
(5.3.11). Hence we rewrite inequality (5.3.13) in the following way:
e 2 9 0
< —€’(CR+0(1))=0 , 5.3.14
ol < 7€ (CR+0(1)) = O(e”) (5.3.14)

ase — 0,fori =1,2.
Finally, by the inequalities (5.3.10), (5.3.14) we deduce that

||Vue||L2(]69) < ||V¢e||L2(]f) + ”VMZHLZUE)

, peinlL , (5.3.15)
< O(e”) + C(e”) 2 7 [|uell o) < O(€”),
where we have used that (6 + 1)(1/2 — 1/p) > 0 for large enough p.
It remains to prove that ||ue||L2(]€9) = 0(¢?) as ¢ — 0. We can repeat the
argument for u, instead of d,,u., with the difference that now we can improve
the decay of || /|| 12(%) by using the one-dimensional Poincaré inequality twice.
More precisely we have that

0*Y

22
) 20
Ox?

el < (=

T

L2(J¢)

from which we deduce ||lﬁe||L2(]g) = 0(e%’), as € — 0. Hence,

0+1
luellyz0) < el iz, + Mudl e, < O + Ce  lluellq) = OX),
(5.3.16)

as € — 0, concluding the proof. O
We can now give a proof of Theorem 5.3.1.

Proof of Theorem 5.3.1. Letu. € H*(Q¢) be such that lluell 2,y < Rforanye > 0.
We prove that the H-Condition holds if we choose u, as in (5.3.3) with y < 1/3.

Note that ue = u. on R \ ]f . Let us first estimate ||u.|| By a change of

gty
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variable and by (5.3.2) we deduce that
eg(x)
e, = [ / e HF G0, I dyd
eg(f7(2))
- / / tex!) e PP ) dyde

eg(f'(2))
< (1+o(1) / / (ex! )z y)Pdydz

(5.3.17)

where Z!' = {(x,y) € Q. : =" < x < €#,0 < y < eg(f!(x))}. Note that since
the function g is non increasing, then Z! c K} U ]f . Hence,

el 5 < (4 o) el + el (5.3.18)

2(j?) ngﬁ>)

Note that the last summand in the right-hand side of (5.3.18) behaves as O(e*#)
as € — 0 because of Proposition 5.3.2. Also by (5.3.8) with 6 replaced by y, we get

r+i
luell 2y < ce 7 |luellpzq)s
Thus,
l|u elle o S (1 + 0o(1))(O(e*) + O(e"*1) = O(e*P),

as € — 0. We then have by Proposition 5.3.2 that
lute = Tellgzgr,) = e = Tell o ) < s, + el o 5, = O,

as € — 0. This concludes the proof of (i) in the H-Condition.
In order to prove (ii) from Definition 5.2.7, we first need to compute || V||

2(j%)
and ||D2u€||L2(]ﬁ We have
8ue Oue
“(rx.9) = ( )(f(x) 9+ ) P9 | F 0.
3”6( y)—( x!)(f(»c),y).
Hence,
98l < 1 i (19O M, + 10O )
<INl P I Vs, + ctlle Tull) (5319)

< (1 + o) (IIVuell k) + 1Vuell o sy + cr€ 7" Mluell2iery):
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where we have used the definition of y! and the change of variables (f(x), y)
(x,y). By Proposition 5.3.2 we know that || Vue ”LZ(]'B) = O(e?) as e — 0. Moreover,

by (5.3.8), (5.3.9) with 0 replaced by y, we deduce that

y+1
luclegery = 0T ),  Vaellyzgery = O(e™),

for any p < oo, where we have set

1 1
=|--= 1).
Yp (2 p)(}’ +1)
Finally, we deduce by (5.3.19) that

Vel e, < (1+0())O() + O(eP) + €7 0(e")) = O(€P), (5.3.20)

K04
because y, — y > f, for sufficiently large p (note that f < (1 —y)/2 fory < 1/3).

We now estimate the L? norm of D%u,. In order to simplify our notation we
write F(x,y) = (f(x),y), x! = x. @ = @, ue = u and we use the subindex notation
for the partial derivatives, that is, u, = g—; and so on. First, note that

Uy = [(uxx)(+ 2uy ' +u)(”) oF] AP+ [(ux)(+u)(') oF] - f”,
Uy = [(uxy)( + uy)(’) oF] - f, (5.3.21)
Uyy = (”yy)() °F,
and we may write
oy = [ty 0 Fl - |f'IP + Ry, dlay = [uxyx o F) - f' + Roy ity = tyyx o F.
where
R, = [(Zux)('+u)(”) oF] AP+ [(ux)(+u)(’) oF] - f”,
Ry =uyy oF - f".

We now show that HRl”LZUf) = o(1), ||R2||L2(J£) = o(1) as € — 0. For this,
we will prove that each single term in Ry and R; is o(1) as € — 0. Recall that
f'(x) = 1+0(1) and f”(x) = o(1), ¥’ = O(e™") and y” = O(e™?) for x € (0, P).
By a change of variables, by the Sobolev Embedding Theorem and the definition
of y it is easy to deduce that

ltex’) © Fll ) < (% o)t lzgr) < CRE Y = O(eP),
L2(Je) (Ke)
_ 3y
lex) © Fll 2 s, < €1 + o(U)lue ™ lzr) < CRe =,
Iy 2) 0 Fll 29, < 11+ o(D)ll€ s, < CREWY = O(eP).
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By (5.3.20) we also have
Nt +ux’) o Fll s, < (4 o) Vaell 1 5, = O(E). (53.22)
Hence the L? norms of Ry, R; vanish as € — 0. In particular,

— 3y
ID%Zl 9, = (1 + 0D el e ) + O ) +OCEP),

L2(Je)

as € — 0. In a similar way we can also prove that

5+ 0(e )+ 0(eP),

||Aue|| LZ(KEU]e)

Lgpy = (1 + o) Al

as € — 0. Hence,

_ 2 — 2
(1~ o) ID%%c | vob ol Az|I? Zue) + TlIVEelly, )
- 2
=(1-0)||D? elle —_ o-||Aue||L2(KgU]f) +0(1). (5.3.23)
i i _ 2= 12 AL
By adding to both handsides of (5.3.23) (1 — o)||D%*u e”LZ(RE\]ﬁ ollAu ||L2(R b and

2
|

|| Ve
L2(Re\J

iy and keeping in account that u, = u. on R, \ ]6 we deduce that
(1= O)ID* el ) + oAy + TN VEENT

= (1= 0)lIDuell;

2
2 ko, ol FelVuell?, o, +o(1)

L%(K!UR,) L2(R:\J?)
<(@1- U)llDzuelliZ(Qe) + 0||Aue||]%2(9€) + Tllvue”LZ(Qe) +o(1), (5.3.24)

as € — 0, concluding the proof of (ii) in the H-Condition. Note that in (5.3.24),
we have used the monotonicity of the quadratic form with respect to inclusion
of sets. Such property is straightforward for o € [0, 1). In the case o € (—1,0) it
follows by observing that

(1-0) [uix + Zquy + ujy] + a[ufcx + 2Uyxllyy + u;y]

2 2 2 2 2 2
ox gy +o(ug, +uy,) = (14 0)(uy, +uy,) >0,

for all u € H*(Q,). O

5.4 Asymptotic analysis on the thin domain

The purpose of this section is to study the convergence of the eigenvalue problem
(5.1.8) as € — 0. Since the thin domain R, is shrinking to the segment (0, 1)
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as € — 0, we plan to identify the limiting problem in (0, 1) and to prove that
the resolvent operator of problem (5.1.8) converges as € — 0 to the resolvent
operator of the limiting problem in a suitable sense which guarantees the spectral
convergence.

More precisely, we shall prove that the the limiting eigenvalue problem in
[0,1] is
1_7"2(gh”)” —5(ghY +h=06h in(0,1),
h(0) = h(1) = 0, (5.4.1)
H'(0) = k(1) = 0.

Note that the weak formulation of (5.4.1) is

1 1 1 1
(1- 02)/ h'y"gdx + 1'/ h'y'gdx + / hygdx = 9/ hyg dx,
0 0 0 0

for all Y € H2(0, 1), where h is to be found in the Sobolev space HZ(0, 1). In the
sequel, we shall denote by L;(O, 1) the Hilbert space L2((0, 1); g(x)dx).

5.4.1 Finding the limiting problem

In order to use thin domain techniques in the spirit of [74], we need to fix a
reference domain R; and pull-back the eigenvalue problem defined on R, onto R;
by means of a suitable diffeomorphism.

Let R, be the rescaled domain obtained by setting € = 1 in the definition of
R. (see (5.1.1)). For any fixed € > 0, let &, be the map from R; to R, defined by
O.(x",y) = (x',ey’) = (x,y) for all (x’,y’) € R;. We consider the composition
operator T, from L%(R; e 'dxdy) to L*(R,) defined by

Teu(x",y") =uo d(x",y) = u(x’, ey),

for allu € L%(R.), (x’, 1) € R;. We also endow the spaces H*(R;) and H*(R,) with
the norms defined by

ol ey =, |00 Pyl 2 0% F, 1l
Plmz , c(r) R, 0x? e2|0xdy|  e*|dy?
2o 1 0%/ dol>  1]def )
i ST - - dxdy, (5.4.2
T ox? €2 ay? T Ox T Jdy *lol” Jdxdy, (5.42)
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2

2 92 2 52 2
loli2, .. = [ [a=o)||%2] +2—2| +]|22
Ho',‘r(Re) R. axz (9x6y ayz
L R T Y )
_—+ — — — dxdy. (5.4.3
+68x2+6y2 T +8y‘ + lol” |dxdy . (5.4.3)

It is not difficult to see that if ¢ € H%(R,) then
2 12
”Te(p”Hg,a,r(Rl) =€ ”(p”H(ZT’T(Re)'

We consider the following Poisson problem with datum f. € L?(R,):

N*ve — tAve + v = fe, in R,

2
(1- 0)%:{ +oAv. =0, onT,, (5.4.4)
T?ij — (1= 0)divao (D*ve - ne)go, — a(%zf) =0, onl, o
U:O:gse, Ol’lLe.

Note that the energy space associated with Problem (5.4.4) is exactly H Lze (Re). By

setting 0. = ve(x’, €y’), fe = f(x’, ey’) and pulling-back problem (5.4.4) to R; by
means of &, we get the following equivalent problem in R; in the unknown v
(we use again the variables (x, y) instead of (x",y’) to simplify the notation):

Tt + B+ &t oG+ ) + 0= e, in R,
(l—O’)(%szfli+%%ﬁxﬁy+éa;—;ffli)+d(§ff +é%2—;§) =0, onlj,
o Geie+ 1550, ) - (1= o) divy, (D26 - i), — Ve(Acd) -7 =0, onT;,
Ue =0 = %%nx+%%—%ﬁy, on L.

(5.4.5)
Here 71 = (fiy, fiy) = (ny, € 'ny) and the operators A, V. are the standard differ-
ential operators associated with (9, e'lay). Moreover,
0F, 10F,
+

a ﬁeveF fle,

divi, F=21 4=
e dx €y

and (F)r, . = F — (F, n) i for any vector field F = (Fy, F,).
Assume now that the data f;, € > 0 are such that ( fe)€>0 is an equibounded

family in L2(R;), i.e.,

/ fe|?dxdy’ < ¢, or equivalently / | fe|?dxdy < ce, (5.4.6)
Ry Re
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for all e > 0, where c is a positive constant not depending on e.

We plan to pass to the limit in (5.4.5) as € — 0 by arguing as follows. If
Ue €H Ii (Ry) is the solution to problem (5.4.5), then we have the following integral
equality

0% %9 2 9%, 0% 1 0% 0%¢
(1- 0) 2 9x2 | 2 t a2 524
. 0x* Ox e Ox0y 0xdy  €* 0y* Oy
%0e 1 0%\ (0% 1 9%
— — d
+U/Rl((')xz T e oy? )(ax2 e €? 0y? ) *
00 0p 1 00, 0¢ / . / ~
— —dx c@dx = cpdx, (5.4.7
+T~/R1 axax+62 ay ay ! Rlvq)x leq)x ( )

forall p € HEI(RI). By choosing ¢ = 9. we deduce the following apriori estimate:

1—o) 0% 2|0 |° 1|0%e dx+ / N 2
7 Jelox2| T e2|oxay e4 ay? 7 el oxz T2 oy
9o P 109
°l +2|==¢| 4 ed< " 1>d v |2 dx, (5.4.8
+1"/Rl I | By x + R1|U| X<y |f| x+2 Rl|v| x, ( )

for all € > 0. This implies that [[Oc||gz (g, < C for all € > 0, in particular

10ellp2(r,) < C(o, 1) for all € > 0; hence, there exists v € H?(R;) such that, up
to a subsequence ¥, — v, weakly in H%(R;), strongly in H'(R;). Moreover from
(5.4.8) we deduce that

0%0 00

Je < Ce, Je < Ce, (5.4.9)
0x0Y || (g,) Y lliz(r,)
62626 < Cé?, (5.4.10)
OY* Ilp2(ry)

for all € > 0, hence there exists u € L?(R;) such that, up to a subsequence
1 020,
€2 0y?
as € — 0. By (5.4.9) we deduce that the limit function v is constant in y. Indeed,
if we choose any function ¢ € C.°(R;), then

/v%:hm va¢ — lim ave¢_
R1 a

6y e—0 R y e—0

(Ry), (5.4.11)

hence = 0 and then v(x,y) = v(x) for almost all (x,y) € R;. This suggests
to choose test functions ¢ depending only on x in the weak formulation (5.4.7).
Possibly passing to a subsequence, there exists f € L%(R;) such that

fe—f, in L*(R,), as € — 0.
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Let € H2(0,1). Then y € H*(R;) (here it is understood that the function is
extended to the whole of R; by setting ¥/(x,y) = ¥(x) for all (x,y) € R;) and
clearly ¥ = 0 on L;. Use ¢ as a test function in (5.4.7), pass to the limit as € — 0
and consider (5.4.11) to get

L 6%0 92 52 900
/0 Freyr S+ oM >—¢ i ‘” =+ oy )g(x) dx = / M(f)g(x) dx,
(5.4.12)

for all y € H2(0,1). Here, the averaging operator M is defined from L*(R;) to
L;(O, 1) by

1 g(x)
Mit) = /0 hx.y) dy.

for all h € L?(R;) and for almost all x € (0, 1).
From (5.4.12) we deduce that

Lwgy + ZMwyg)’ - S@Wgy +v=MF). (1),
g g g

where the equality is understood in the sense of distributions.
Coming back to (5.4.7) we may also choose test functions ¢(x,y) = €*{(x,y),
where { € Hfl(Rl). Using (5.4.9), (5.4.10) and letting ¢ — 0 we deduce

92 2, 92 2
0°¢ v 0°L  0°0\
(1-0) uay +0 R1(6x26y2+u8y2)_0’

which can be rewritten as

/R1 (u " Gﬁ)a_yg; =0, (5.4.13)

forall{ e H fl(Rl). In particular this holds for all { € C°(R;), hence there exists
the second order derivative

0? 0%v
0_112( gﬁ) = 0. (5.4.14)

Hence, u(x,y) + O’% = 1(x) + 2(x)y for almost all (x,y) € R; and for some
functions 1, » € L*(R;), and then (5.4.13) can be written as

82
[ )+ w55 =0, (5415)
R, dy

Integrating twice by parts in y in equation (5.4.15) we deduce that

- Y2(x){nydS + /BR (Yr(x) + ylﬁz(x))g—inde =0, (5.4.16)

ORy
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forall { € Hfl(Rl). We are going to choose now particular functions ¢ in (5.4.16).

Consider first b = %minxe[m] g(x) > 0 so that the rectangle (0,1) x (0,b) C Ry
and consider a function n = n(y) with n € C*(0, b) such that n(y) = 1 + ay for
0 <y < b/4, where @ € R is a parameter, and (y) = 0 fory € (%b, b). If we define
{(x,y) = 0(x)n(y) for (x,y) € (0,1) X (0,b) where 6 € C°(0,1) and we extend
this function ¢ by 0 to all of Ry, then we can use { in (5.4.16) in order to obtain

0{/01 Y1(x)0(x)dx — /01 Ua(x)0(x)dx = 0,

for all @ € R and all 0 € C;°(0, 1). But this easily implies that i/; = i/, = 0. Thus,
we obtain

0%v(x)
u(x,y) =u(x) = -o FReRE
for almost all (x,y) € Ry, i.e., 6—126;;25 — —0% in L?(R;). Hence v solves the

following limit problem

1_Tf’2(gv”)” - é(gv’)’ +v=M(f), in(0,1),
0(0) = v(1) = 0, (5.4.17)
'(0) = 2'(1) = 0,

and then by regularity theory we deduce that v € H*(0, 1).

5.4.2 Spectral convergence

We aim at proving the spectral convergence of the eigenvalues and eigenfunctions
of problem (5.1.8) to the corresponding eigenvalues and eigenfunctions of the one
dimensional problem (5.1.9). To do so we shall prove the compact convergence
of the associated resolvent operators combined with the computations carried
out in the previous section. Note that the domain R, varies with €, hence the
corresponding Hilbert spaces vary as well. To bypass this problem we will use
the notion of &-convergence of the resolvent operators in L?, introduced in §1.3.
In particular, we apply Theorem 1.3.5 to problem (5.1.8). To do so, we consider
the following Hilbert spaces

T = Lz(Re;e_ldxdy), and 4 = L;(O, 1),

and we denote by &, the extension operator from L;(O, 1) to L%(Re; € 'dxdy),
defined by

(Eev)(x,y) = v(x), (5.4.18)



5.5. ATHEOREM ON THE RATE OF CONVERGENCE 149

for all v € L2(0,1), for almost all (x,y) € R.. Clearly ||Ecuoll(g, c-1dvay) =
[Juo | 12(0.1)> hence &, trivially satisfies property (1.3.1).

We consider the operators A, = (A2 —tA +1);_, Ag = (A* = tA + I)p on H
and .77 respectively, associated with the eigenvalue problems (5.1.8) and (5.1.9),
respectively. Namely, (A? — A + I);_ is the operator A — 7A + I on R, subject
to Dirichlet boundary conditions on L, and Neumann boundary conditions on
OR¢ \ L¢ as described in (5.1.8). Similarly, (A? — A +1)p is the operator A? — 7 A +1
on (0, 1) subject to Dirichlet boundary conditions as described in (5.1.9).

Then we can prove the following

Theorem 5.4.1. The operators (A* — A + )1 spectrally converge to
(A2 — A +1)p ase — 0, in the sense of Theorem 1.3.5.

Proof. In view of Theorem 1.3.5, it is sufficient to prove the following two facts:

(1) if fo € L*(Re; e 'dxdy) is such that e '/?|| ;|| 2z, = 1 for any € > 0, and
Ve is the corresponding solutions of Problem (5.4.4), then there exists a
subsequence € — 0ask — coand 0 € L;(O, 1) such that v,, &-converge
tovask — oo.

(2) if f. € L?(Re; e 'dxdy) and f. R f as € — 0, then the corresponding
solutions v, of Problem (5.4.4) &-converge to the solution of Problem (5.4.17)
with datum f.

Note that (1) follows immediately from the computations in Section 5.4.1. Indeed,
if f. € L(R.; e 'dxdy) is as in (1), up to a subsequence, f. — f in L2(R;), which
implies that o, — v, € Hg(O, 1) in H?(R;), where v is the solution of Problem
(5.4.17). This implies that [|ve — Evoll 12, ;c-1dxay) — 0, hence (1) is proved.
In order to show (2) we take a sequence of functions f; € L*(R,; e 'dxdy) and
f € L;(O, 1) such that e /2| f, — Ecfllizr,) — 0ase — 0. After a change
of variable, this is equivalent to ||fe — &flliz,) — 0ase — 0. Arguing as
in Section 5.4.1, one show that the o, — v € L;(O, 1) in H%(R;) and that v
solves problem (5.4.17). Hence |0, — Evl|j2z,) — 0 as € — 0, or equivalently,
Ve = Ecvll12(R e 1dxdy) = O @s € — 0, proving (2).

O

5.5 A theorem on the rate of convergence

The aim of this section is to prove an estimate to control the &-convergence of
the solutions of Problem (5.1.8) to the solutions of Problem (5.1.9). We prove this
estimate only in the case ¢ = 0. For the sake of simplicity, since ¢ = 0, the norms
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|| : ||Hg,g,T(Rl)’ || : ||H(2)_’T(R€) Wlll be denoted by || . ||H§,T(R1)’ || . ||H§(R€) We aISO Write
& to denote the extension operator defined in (5.4.18) in the case € = 1.

Theorem 5.5.1. Let 7 > 0 and let (f)eo satisfy the assumption (5.4.6). Let O, be
the solution of (5.4.5) and h, be the solution of

é(gh”)” - é(gh’)’ +h=M.cfe, in(0,1)

h(0) = h(1) =0, (5.5.1)

h'(0)=H(1) =0,
Then i

1% = Ehellmzry) < cell fellzr,) (5.5.2)

Proof. We give the proof only in the case 7 > 0, since the case 7 = 0 is easier.

Note that by the equivalence between problems (5.4.4) and (5.4.5), the estimate
(5.5.2) is equivalent to the following

loe = Echelliecr,) < cellfelliem, - (553)

By the variational formulation of problem (5.4.4) we know that

1
e = min {5(/ ID?p|? + 7|Vol® + |q0|2dx) —/ fepdx
Re Re

0
:¢EH%&L¢:O:EEML% (5.5.4)
n

is unique and attained at v,. Similarly the minimum

. 1 ! 144 / !
k. = min {—(/ gle”| + rgle’I? +g|(p|2dx) —/ gMeferpdx} (5.5.5)
0 0

peH2(0,1) {2
is unique and attained at h.. Let us write b, = E:he. Note that h. € H?(R.)
because ||b6||?{2(RE) = ellbell% (0.1) < Moreover, by definition of &, the function

b is such that

o Obe
he =0= on

Thus, b is an admissible candidate in the variational formulation (5.5.4), hence

1
des o [ 100 v o ax) - [ g
Re Re

on L.

1 1 ) ) ) 1 peg(x)
= 5(/ eg(x)[lb;’| + 7[h|* + D] ]dx) —/ fu(x, y) dy be(x) dx
0 o Jo

-5(/ g1+ el + Il ) - e / g0 Mefo() b () dix
— e (5.5.6)
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Now we plan to find a lower bound for A, in terms of «.. By algebraic calcula-
tion we have

1

)Le:—(/ |Dzve|2+T|Vve|2+|vE|2dx)—/ feve dx
2V JR, Re
= l(/ IDX(0 = b + Bl + 7IV (e = be + B+ [oe = be + el dx)
2\ JRr,
_/R fe(ve_be+be)dx
= et 3 [ 10w =00+ 219 e = 0 + o - )
2\ JRr,
+/ DZ(Ue_be):Dzbedx+T/ V(ve = be) - Vhe dx
RE Re

+ / (Ue - be)be dx — / fe(ve - be) dx,
Re Re

(5.5.7)
and we define:
L = / Dz(ve - be) : Dzbe dx,
Re
I = / V(Ue - be) - Vhe dx,
Re (5.5.8)
I = / (ve - be)be dx,
Re
Iy = / fé(ve - be)dx~
Re
Hence, we can rewrite (5.5.7) as
1
Ae = €K + 5”06 - bf”i{%(Re) +h+1L+ L -1y (5.5.9)

The idea is to estimate all the terms I;, j = 1,..., 4 in terms of ||ve and

2
= ellizir
€2l fe ”iZ(RE) in order to obtain an estimate of the type

Ae > €EKe + clllve - be”?—l?(Re) - 02€2||f;||i2(R5)’
and by coupling this estimate with the upper bound (5.5.6) we get

llve — f)e||Hg(RE) < CE”fE”LZ(Re)’

which is (5.5.3).
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Let us first analyse I;:

e /R (%?26 -7 ) dxdy = /O 1 /O " (%?; — b ) dyb dx
= [ elm(Ger) o= | e (Me(Z2) 57 vy

= '/R (Me(azve) - (Meve)")b;’ dxdy + /R (Mcve —be)’b, dxdy.

Ox?

Let us define

h= -/Rg (Me(ﬁzve) - ;—;(Mevg))b;' dxdy.

Ox?
Then )
Li=h+ 6/ g(x)(Meve —be)” b dx. (5.5.10)
0

In a similar way we have

I = /R (%% — o) ol dedy

= /R (Me(%) - (%(Meve)) b, dxdy + € /OI(MEUE —De)’ b gdx

1
=)+ 6/ (Meve - be)/ b; dx
0

where ] )
Ve /
Jo = /R e (M( o ) - a(Meve)) b, dxdy.
Also, 1
I = e/ (Mcve — be) be g dx.
0
Finally,

I, = /R (fe = Mcfo)(ve — be) dxdy + L M fe(ve — be) dxdy

1
—Jite / Mef (Mcve — o) gd.

0

where we have defined

Jo = /R (f. = Mcfo)(oe — be) dxdy.
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It is possible to prove that M.v. — b € Hg, g(O, 1) (see Remark 5.5.2 after the
proof), hence we can plug it as test-function in the weak formulation of problem
(5.5.1) in order to get

1
/ [(Meve - be)ﬁbg + T(Meve - be)/b; + (Meve - be)be] gdx
0

1
= / (Meve - be) Mefe ng,
0
hence
L+th+L—-Iy=]1+1),— 4. (5511)

Hence we have reduced the problem to estimating the integrals Ji, k = 1,2, 4.
We plan first to treat the terms containing (M.v,)" and (Mcve)”. The change of
coordinates z = eyg(x) and a differentiation under the integral sign yield

, i 1 €g(x) _ i 1
M) = (eg(x)/ ve(x,z)dz) = dx(A ve(x, eyg(x))dy)

- [ Eeewgoray+ [ i

= e(%)+ /0 %(x eyg(x)) eyg'(x) dy.

eyg’ (x) dy (5.5.12)

Hence,
// 99 (. eyg(x)) eyg/(x) dyb, dx.

This implies the estimate

|J2| < CE/ Me(
Re

Since b is the solution of problem (5.5.1), we can improve the estimate (5.5.13)
using an apriori estimate on b.. Namely, b, solves

00,
dy

10211 2(g, - (5.5.13)

)b dxdy < Ce Jve

Y lizzre)

1 1
/ gbl¢" +Tgble" + gbepdx :/ g M. fopdx, (5.5.14)
0

forall ¢ € Hg, g(O, 1). By choosing ¢ = b in (5.5.14) and by classical inequalities
we get

1
1 1
/0 1901+ 162 + 10 g < S0l )+ S IMll g
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hence,
1
g1 + 2L + 0| dx < MLl (5:515)
; 12(0,1)

for some positive constant ¢ > 0. By multiplying both sides of (5.5.15) by € > 0
we finally get

/ [ID71% + 2Ib|® + [0 [*] dxdy < cel Mefell 72 - (5.5.16)
Re CAN

Hence, in particular,
el ) < el Mfell o (5.5.17)

By keeping into account (5.5.17), we can improve the estimate (5.5.13) as follows

0,

dy
dve
dy

3 2 T 2
< @ IMLllly o+ 21V @e = D,

t|J2| < C\/;€3/2”M6f6“ng(0,l)
L*(Re)

2
T
< Ce3||Me]te||i§(0,l) + g (5.5.18)

L*(Re)

where we used the trivial inequality

2 2 2

doe
dy

0v,
ox

0v,
dy

b,

IV(ve = bf)”iz(Re) = +

L*(Re)

2 ‘

L*(Re) Lz(Re).

We now compute (Mcv,)” which appears in J;. Keeping in mind the previous
computations for (Mcv.)" we have that

d ' 9o, ' 9o, ,
(Mevy:a( | Gteugondy+ [ S evgteens <x>dy)

0%, L 9%, ,
= M) +2e [ G eugtonug () dy

2 ! 62’06 ’ 2 ! ave ’”
+e > (%, eyg(x))(yg' (x))°dy + e | ——(x, eyg(x))yg”(x) dy,
o Oy o Oy
and since ¢ is a bounded function in C%(0, 1) we deduce the existence of a positive
constant a > 0 depending only on g such that
) + aeMe(

2 0V,

il

0%v,
Ox?2

2
€

< aeMe( v )+a62M6( 00
y

‘Me( ) - (Mcve)”

0xd oy?
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Hence,
|J1] = ‘/ (Meve)")b” dxdy'
o] o s,izy> ) om 2]
< aellv ll2(r,) gj;; s ae” |1 llpe(r,) ?92_;; .
+ ae|b [l 2r, aaz;e .
2 2
- c(e aaxg; I2(R.) 2 (?9;; L*(Re) ‘ (Zj LZ(Re))el/Z”MefeHL@(O’U’

where in the last inequality we used the apriori estimate (5.5.16). By applying
Young inequality and the trivial inequalities

0%v,
< |D*(ve — ;
v ID*(ve — De)ll 2w,
0%v
‘ Lo < ID*(ve = ) llr
Y7 llrzxr,)

we obtain

1 2 2 5 2
g”D (Ve = bE)”LZ(Re) +ce ||Mef6||L§(0’1)

L5 2 T 2
+ g”D (Ve — bf)”LZ(RE) + g”v(ve - be)”Lz(RE)' (5.5.19)

We finally estimate J4. First note that

Ji = /R (f: = Mcf)(we — be) dxdy

2
il < e IMfell ) +

- /R (f: = Mcf)(we — Movo) dxdy + /R (f: = M f) (Mo — bo) dxdy,

1 €g(x)
/ (fe_Mefe)(MeUe_be) dXdy = / (/ fe—Mgfedy)(Meve—be) dx = 0.
Re 0 0

Thus,

0v
lJal < Il fe = Mefellrzroyllve = Mevellpz(r,) < ce P -

I fe = Mefell 2.y
L2(R.)
(5.5.20)
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where we used the Poincaré inequality in the y-variable.
By collecting (5.5.7), (5.5.11), (5.5.18), (5.5.19), (5.5.20) we deduce that

1
Je 2 et Sllve = bl e — €L+ OIMfelly g

1 T
- Z”Dz(ve - bE)”iz(Re) - ZHV(Ue - bE)”iz(Re)

0v,
dy

— cel|fe = Mefellzr,) .
L%(Re)

Since [If: = Me fellpzqz,) < IIfellz2r,) we deduce that

0v,
dy

|| 0v, 2
9y

cellfe = Mefellrar,

2 2
+ el fellt,

2Ry 8

r 2 2 2
< g”v(ve - be)||L2(R€) +ce ”.fE”LZ(RE)-

L*(Re)

Thus,

1
Ae > €xe + g”ve - be”?{g(RE) - C€2(1 + 62)||ﬁ||i2(R6). (5.5.21)

Then (5.5.6) and (5.5.21) imply that

lve — be”?—I?(RE) < Cezllfe”iZ(Re),

for some positive constant C not depending on 7. This concludes the proof.
O

Remark 5.5.2. In the proof we have used the fact that M.v. — b, € Hg(O, 1). To
prove this it is sufficient to show that Mcv. € HZ(0,1) for all € > 0. In the
following computations we write v in place of ve. As done in the proof of Thm
5.5.1, one proves that

€g(x) 29( ) €g(x)

( ())2 €g(x) ”() €g(x)
+ gg(_:)3 /0 vyy(x,y)ydy+eg(x)2 i vy(x,y)ydy. (5.5.22)

Let (¢n)nen be a sequence in CEZ (Re) such that ¢, — v in H*(R,). Then

Mev)” =

eg(x) 5
/ |v—<pn|2+ |Vv—V<pn|2+|Dzv—D2(pn| dy — 0,
0
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for almost all x € (0, 1), as n — o0. As a consequence of this one can prove that all
the integrals appearing in the right-hand side of (5.5.22) can be approximated in
L%(0,1) by the same integrals where the function v is replaced by ¢,,. For example,

by Jensen inequality we get
1| 1 pe ? 1 el
[z [ @-vafas [ —= [Tlo-uk -0
o |€9(x) Jo o €9(x) Jo
. 1 €g(x)
as n — oo. Note that the function ¢, := =0 Jo

n €N, and ¢, — % /069 ) vdy in L?(0,1). Hence M.v can be approximated in
H?(0,1) by a sequence of function C¢°(0, 1), and this implies that Mo € HZ(0, 1).

¢ndy is in C°(0,1) for all

5.6 Final convergence results

Recall that the eigenpairs of problems (5.1.2), (5.1.7) are denoted by (1,(Q), ¢5,),
(wn» SH)n>1 respectively, where the two families of eigenfunctions ¢¢, @5’ are
complete orthonormal bases of the spaces L?(Q.), L*(Q), respectively. Denote
now by (hy, 0,),>1 the eigenpairs of problem (5.1.9) where the eigenfunctions h,
define an orthonormal basis of the space L;(O, 1). In the spirit of the definition of
Af given in Section 2, we set now

ADnz1 = (@k)kz1 Y (01, (5.6.1)

where it is understood that the eigenvalues are arranged in increasing order
and repeated according to their multiplicity. For each A we define the function
$° € H*(Q) ® H*(R,) in the following way:

¢0_ (p]?, in Q,
"o, inR.,

if /19, = wg, for some k € N; otherwise

0 0, in Q,
d)n = _1/2 .
e 1¢E.h;, In R,

it A = 6, for some [ € N (here we agree to order the eigenvalues and the
eigenfunctions following the same rule used in the definition of A5, and ¢, in
Section 2).

Finally, if x > 0 divides the spectrum A,(Q¢) for all ¢ > 0 sufficiently small
(see the end of Section 2) and N(x) is the number of eigenvalues with 1,(Q) < x
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(counting their multiplicity), we define the projector P? from L*(Q,) onto the
linear span [¢J, .. ., gzﬁ?v(x)] by setting

N(x)

Plu = Z (w, §))12(0)9Y-
i=1

for all u € L*(Q.). (Note that choosing x independent of ¢ is possible by the
limiting behaviour of the eigenvalues.) Then, using Theorems 5.2.9 and 5.4.1 we
deduce the following.

Theorem 5.6.1. Let Q., € > 0, be a family of dumbbell domains satisfying the
H-Condition. Then the following statements hold:

(i) lime_g |An(Qe) — A% = 0, for alln € N,

(ii) For any x dividing the spectrum, lim._, ||¢}, — PS(pille(Q)@Lz(Re) =0, for all
n=1,...,N(x).

Proof. The convergence of the eigenvalues follows directly by Theorems 5.2.9
and 5.4.1. Indeed, by Theorem 5.2.9 we know that |[1,(Q.) — A5| = 0ase — 0. If
A5, = wy for some k € N, for all sufficiently small €, then we are done; otherwise, if
A = 916 for some [ € N, definitely in €, by Theorem 5.4.1 we deduce that Gle — 0
as € — 0, hence [1,(Qc) — 0i| < [A,(Qc) — 07| + 10 — O] > 0ase — 0.

Consider now the convergence of the eigenfunctions. By Theorem 5.4.1 it follows
that for any € > 0 there exists an orthonormal sequence of eigenfunctions 51.5 in

L%(Re, € 'dxdy) associated with the eigenvalues 0; of problem (5.1.8) such that
||5]€ - Sehj”LZ(RE,E’Idxdy) — 0, (562)

ase — 0, forall j € N. We set y{ = 6_1/25; and we note that y; is a sequence of

eigenfunctions of Problem (5.1.8) which is orthonormal in L?(R,), as required in
Theorem 5.2.9. Thus by Theorem 5.2.9 (ii), we deduce that

N(x)
05— > (0 € 2 Eh) g e 2 Eh:
i=1

L*(Re)
N(x)

05— D 0 Y rwoYS
i=1

N(x) N(x)
Z (00 YO12RYi — Z (@5 € 2 Ech) e P Ech;
i=1 i=1

< (5.6.3)

L*(Re)

)

L*(Re)
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and
N(x)
o= D W rdwyi| =0, (5.6.4)
=1 L*(Re)
as € — 0. Moreover,
N(x) N(x)
Z (@5 YO r2ROYi — Z (¢ € V28 chy)12r. € P Ech
i=1 i=1 L2(R,)
N(x)
<D 0k €2 Echi) (v - €72 Ech)
- LR (5.6.5)
N(x) o
1| @5 v = € P8k, v
i=1 L2(Re)
N(x)
<C Y Ny — e PEehillpr,).
i=1
By (5.6.3), (5.6.4) and (5.6.5) we deduce that
N(x) N(x)

05— Y (05 € 2 Eh) g e 2 E
i=1

L2(Re) i=1

< o(1)+C 3 16f = Echill w1 dnay)

(5.6.6)

Since the right-hand side of (5.6.6) goes to zero as € — 0 by (5.6.2), we conclude
that lim,_, ||(pfl—P2(pfl||Lz(RE) = 0. Finally, the fact that lim._, ||(pfl—P2(pfl||Hz(Q) =0

follows directly from Theorem 5.2.9.

O
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Chapter

Reissner-Mindlin system with free
boundary conditions on dumbbell
domains

In this chapter we shall analyse the spectral behaviour of the Reissner-Mindlin
system on dumbbell domains. The Reissner-Mindlin model for elastic plates of
thickness ¢ > 0 is a strongly elliptic system of three partial differential equations
of the second order depending on the parameter ¢. It is defined by

{_%Aﬁ - LYY (div f) - 4E(Vw = B) = A5, in Q5 (6.0.1)

—LE(Aw — div ) = Aw, in Q.

where f € V(Qs)?, w € V(Qj) are the unknowns and A is the eigenvalue. Here
V(Qs) is a given subspace of H!(Qs) containing H&(Qg). System (6.0.1) models
the vibrations of a plate with reference configuration given by Qs X (-4, £). In
our setting Qs is a dumbbell domain, i.e.,the union of a bounded smooth discon-
nected open set Q and a thin channel Rs connecting the connected components
of Q, as already defined in (5.1.1) (see also (6.2.6) below, where we recall the
geometrical setting) . As § — 0 the channel R;s collapses to a one-dimensional
manifold. We assume that the deformation of the plate corresponding to the
midplane Qs is described by the Reissner-Mindlin model in terms of the rotations
B = (i, P2) of the fibers and in terms of the transverse displacement w of the
midplane. Our main purpose is to show that the results obtained in Chapter 5
(in particular, the limiting differential problem in the channel) are compatible
with the Reissner-Mindlin model, which is known to have a spectrum convergent
to the spectrum of the biharmonic operator as the thickness parameter ¢ of the
plate tends to zero. According to the spectral decomposition proved in Theorem

161
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5.2.9, to confirm the compatibility between the two plate models we need, first,
to prove an asymptotic spectral decomposition result for the Reissner-Mindlin
system. Then it will be sufficient to prove that the differential problem in the
channel Rs for the Reissner-Mindlin system converges to the differential problem
(5.1.8) ast — 0.

We recall now how the Reissner-Mindlin model (6.0.1) is usually deduced
from the classical laws of the theory of elasticity. In the following we assume that
Q c R? is the midplane of the plate and ¢ > 0 is the thickness. Let u = (uy, uz, u3)
be the displacement of the plate at a point x = (x1, x2, x3) € Q X [-t/2,t/2]. The
constitutive laws for u can be expressed as follows:

uy(x) = —x3f1(x1, x2),
Us(x) = —x3f2(x1, x2), (6.0.2)
us(x1, x2,0) = w(xy, x2).

Here f; and f; denotes the angles between the vertical direction and the pro-
jections of the normal direction to the middle-surface on the x;x3-plane and
Xyx3-plane respectively; moreover w denotes the vertical displacement of the
middle surface. Let e(u) = (e; J')?, i1 be the linearized strain tensor associated with
u. Recall that

1{0u; N Ou;
eii=—\— —,
/ 2 0x]~ 6xl~
for all i,j € {1,2,3}. As a consequence of (6.0.2) we deduce that
€ :—x% e :—x% €10 = € :—)ﬁ%+%
! *ox,” z 2 0x,” o 2 \0xy;  0x;

1({0w 1(0w
613—631—5(8—361—&), 823—632—5(7—ﬂ2)-
Actually, to the components ey3, €31, €23, ez it is applied a correction factor k which
gives
Vi [ 0w Vi [ 0w
61326312———/31, €23 = €32 = —— .
2 Bxl 2

Let now X = (0yj), i,j € {1, 2,3} be the stress tensor associated with u. In order to
recover the component es3 of the linearized strain tensor, as in the Kirchhoff-Love
model for a thin plate we make the assumption that o33 = 0. This is made by
applying the Hooke’s Law:

> = Atr(e(u))l + 2pe(u), (6.0.3)
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where p, A are the Lamé coeflicients. The coefficient y is also known as modulus
of rigidity or shear modulus, and A is such that K = A + %/1 is the modulus of
hydrostatic compression, see for example [89]. The Lamé coefficients may be also
expressed in terms of the Young modulus E (or modulus of extension) and the
Poisson ratio ¢ via the relations

= oE B E
T U-2000+0)” FToito)

From the Hooke’s Law (6.0.3) we deduce that

E
(1+0)1-20)

o33 = Aeq; + exp + e33) + 21e33 = [0 (e11 + ez2) + (1 — 0)ess].

Hence if we assume that o33 = 0, then it follows that

o

X3 le(ﬁ)

es3 = — ej1 +ey) =
33 ] (e11 + e22) 1

— 0 — 0

In this way we have expressed all the components of the strain tensor €(u) in
terms of x = (x1,x2,x3), f = (B1, f2), w and their derivatives. We may then
proceed to compute the total elastic energy E,; of the plate corresponding to the
general configuration determined by S, w.

It is well known that the elastic energy density W can be expressed as a
function of the components of the strain tensor €(u) in the following way

3

o
E el-z- + —(6‘11 + €99 + 633)2 s (604)
= 1 1-20

we
C2(1+0)

see for example [82, 89]. Indeed, if we consider W as a function of the variables
eij, i,j = 1,2,3 then

ow oE
deij  (1-20)(1+0)
= Ae1r + ez2 + €33)0;j + 2pe;; = 0y,

e11 + ez + e33)d; + ——ejj
( 11 22 33) ij (1 +O') ij

foralli,j = 1, 2, 3. By replacing in the expression (6.0.4) for W the representations
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of the components of the strain tensor we obtain

- | (] (B a2
+2(1]i0> g(%_ﬁl)2+g(%_ﬁz)1

= Z(Tgaz)[(l - o)le(B)I* + o(div(p))’]

e g(%_ﬁl)2+§(%_ﬁz)1'

Hence the total elastic energy is given by

E(B,w) :/ W dxdxydxs
ax(-4.%)

3
12(ft_ o2) / 1 - o)le(B)* + o(div(B)) ] dx;dx,

Etk w
"1+ 0) [(6x1 ﬂl) (a_xz _ﬁz) ]dxldxz'

According to the notation used in (6.2.3) below, we may write

1(({ 0w 2 ow 2
—[|=— - — - dxidx,.
2 ((9x1 ﬁl) * (6x2 ﬁz) ] e

If € H*(Q)* N Hy(Q)?, by integration by parts it is easy to see that

Etk
2(1+o0)

t3
Ea(B.w) = Sa(p.p) +

E E _
a(ﬁ, /3) = —m / Aﬂ : ﬂd)ﬁde - m [2 V(le(ﬁ)) . ﬁdxlde

_Aa B pduida - M / V(div(p)) - B dx1dxy
12 12 o
with p; = 2(1 o) and p1p = lfiz, see also Section 6.2.1. Hence, the total elastic

energy E,; is the functional associated with the Reissner-Mindlin system (6.0.1).

Note that on the right-hand side of the first equation in (6.0.1) it appears a
coefficient iz’ which induces a change in the natural L?(Q)?-inner product. In
order to clarify the motivation behind this it is necessary to say something about
the evolution problem associated with the system (6.0.1). In what follows we
denote the time variable with 7 and the mass density with p.



6.1. A GENERAL KORN’S INEQUALITY 165

The kinetic energy is given by

3
Ex(pw) = 2

dxldxz + — / (Bw) dxidx,.

(97 or

It follows that the evolution equations for the vibration of the plate are given by

12 BT

Lo0f _ L pg - P (div(B)) — pkt(Vw - f) = 0, inQ, 605)
tpdy e 1ktAw + pikt div(f) = 0, in Q o

If one looks for a stationary wave solution of (6.0.5) in the form
P(x1, x2, 7) = sin(wr) fo(x1, x2),
w(x1, X2, 7) = sin(wr) wo(x1, x2),

we see that (fy, wp) solves

~LBABy — P (div(y)) — pnkt(Vwg — o) = 0?52, in Q
,ulktAwo + ikt div By = w?tpwy, in Q.

By setting A = t2 "~ and by dividing both equations by t* we find (6.0.1).

6.1 A general Korn’s inequality

A fundamental tool to prove coercivity results for the Reissner-Mindlin system
on standard Sobolev spaces is the Korn’s inequality. The classical version of this
inequality is given by

IVBlzn < Calle(P)llrz i »

for all § € H&(Q)N, where ¢(f) = %(Vﬂ + (VB)!) is the symmetric part of the
Jacobian matrix associated with . However, in applications is sometimes useful
to have a Korn’s inequality for functions satisfying different costraints on the
boundary of Q. We recall here a result in this direction.

Let us define so(N) to be the subset of RV*N of skew-symmetric matrices with
constant entries. Then we have the following

Theorem 6.1.1. Let 1 < p < co. Let Q be a bounded domain of RN with Lipschitz
boundary and letu € W'P(Q)N. Let V be a weakly closed linear space of WP (Q)N
such that V. NI = O, where

M= {¥(x) e LRY,RN): ¥(x) = Ax + b, A € so(N), b € RV}
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Assume thatu € V. Then

p p
/Q|Vu| dx < C/Q le(u)?, (6.1.1)

where the constant C depends only on Q.

Proof. We refer to [81, Theorem 2, §2]. O

6.2 The Reissner-Mindlin system

Let Q be a bounded and Lipschitz domain of R%. Let B C dQ be a non-empty
open set. Let us define

Hy(Q) ={ue H(Q):u=0onB}. (6.2.1)

Note that by Poincaré inequality the norm ||Vul| () is equivalent to the standard
H'(Q) norm on Hy(Q). We define the following problem:

Find a non-trivial (B, w) € Hé(Q)2 X Hé(Q) such that

2
a(f,n) + (Vw-p,Vo—n)=21 [(w, v) + i—z(ﬂ, 77)] , (6.2.2)

2(1+ o)t?

for all (n,v) € HE(Q)Z X HE(Q). Here a(-, ) from HE(Q)Z X HE(Q)Z to R is the
elliptic bilinear form defined by
E

9B = = o)

/Q ((1 —0)e(f) : e(n) + o div(p) div(q)) dx,  (6.2.3)
where €(-) is the linear strain tensor defined by

ap ap )
i,j ,

1
G(ﬁ)ij B 5(83(']' * 8xi

for all i,j € {1,2}, E is the Young modulus and ¢ is the Poisson ratio. Recall
that by the Korn’s inequality the bilinear form a(-, -) is coercive on Hy(Q) for all
o € (—1,1). Indeed, we first note that we have the following Korn’s inequality:

IVBll 2 < CallelB) @, (6.2.4)

forall § € Hy(Q)?, where the constant Cq > 0 depends only on Q. We remark that
inequality (6.2.4) is a consequence of Theorem 6.1.1, because the rigid translations
are not in Hé(Q). Then the coercivity of a for o € [0, 1] follows directly from



6.2. THE REISSNER-MINDLIN SYSTEM 167

(6.2.4). The coercivity of a for negative values of the Poisson ratio is obtained
instead by noticing that if ¢ < 0, then

/ (1= NeB) + ol div lPdx > / (1= o)e(B? + 20]e(B)Pdx
Q Q
- /Q (1 + o)le() s,

for all f € Hy(Q)?, due to the elementary inequality
|div B < 2le(B)I.

Then, for o < 0, the bilinear form a(-, -) is coercive when o > —1, because with
this choice of o, a is estimated from below by a positive multiple of the quadratic
form /Q le(B)|?dx which is coercive (it coincides with a when o = 0).

Let n be the unit outer normal vector to dQ and let s be the tangential unit vector
obtained by rotating n by 7/2 anticlockwise. By integration by parts (see §6.2.1
below for more details) one can prove that the classical formulation of Problem
(6.2.2) is given by

—BAR - BT (div f) - LE(Vw — ) = 154, inQ,
—ptl—zk(Aw —div ) = Aw, in Q,

) %(”Te(ﬁ)”) + %(diVﬁ) =0, on 0Q \ B, (6.2.5)
sTe(ﬂ)n + nTe(,B)s =0, on 0Q \ B, o
L?_zk(VW—ﬁ)'n:(), on 0Q \ B,
p=w=0, on B,

where p1y = ﬁ is one of the Lamé coefficients (which in literature is usually

oE

227 is related to the other Lamé coefficient A via the

denoted by ), while y, =
equality pp = A%.

We now recall the geometrical setting of the problem in the dumbbell domain
Qs, see also §5.1. Let 6 € R, § > 0, a small positive real number. Given two
bounded smooth domains Q;, Qg in R? with Q; N Qg = 0 such that

0Q; 2 {(0,y) e R*: =1 <y < 1}, 0r > {(1,y) eR*: -1 <y <1},
and (Qr U Q) N ([0,1] X [-1,1]) = 0, we set
Q=0Q;UQg, and Qs = QURs U Lg,

for all § > 0 small enough. Here Rs U Ls is a thin channel connecting Q; and Qg

defined by
Rs = {(x,y) e R*: x € (0,1),0 < y < 5g(x)}, (6.2.6)
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Ls = ({0} x(0,84(0)) U ({1} x (0, 69(1)))),
where g € C?[0, 1] is a positive real-valued function. Let us also define
Is = ORs \ Ls.
Note that Qs collapses to the limit set Qy = Q U ([0, 1] x {0}) as § — 0.

6.2.1 Possible boundary conditions

In this section we briefly recall various possible boundary conditions for the
Reissner-Mindlin system discussed in the literature (see e.g., [9]). Let us define

the shear modulus k by
Ek

T2 +0)

We will consider
K t?
a(f,n) + t—z(VW - B, Vo—n) =2 [(w, v) + E(ﬁ’ ’7)] ,

where a is the continuous bilinear defined in (6.2.3), f,n € V, w,v € W, and V is
a suitable subspace of H;(Q)?, W is a subspace of Hg(Q), both containing C°(Q).
By integration by parts we then deduce that

E E .
_24(1+cr)/QA’B"7_24(1—cr)/QV(dwﬂ)"7

E T T Eo _
t e [ (e e ntepm)as + s [ divpon-nids

K . K K
_t_Z/Q(Aw—dlvﬁ)vdx—t—Z/Q(VW—ﬁ).ndx.;_t_z/ag(vw_ﬁ).nvds

2
= A(/{zwv + %ﬁ : rydx) (6.2.7)

for all € V, v € W. Depending on the choice of the subspaces V, W we now
find different boundary conditions.

Case I : Hard clamped boundary conditions.

In this case V = (H&(Q))Z, W = H;(Q). In particular, since both 1 and v vanish
on 09, the boundary integrals in (6.2.7) vanish. We deduce that the strong
formulation of Problem (6.2.7) is

. 2 .
_24(f+0)Aﬁ B 24(f_G)V(d1vﬁ) - =(Vw—p) = ALB, inQ,
_tﬁz(AW - le ﬂ) = AW, in Q,
p=0=w, on 09Q.
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Case II : Soft clamped boundary conditions

In this case V = {® € (Hllg(Q))2 :®-n=00ndQ}, W = Hg(Q). The boundary
integral involving v vanishes since v = 0 on Q. The boundary integral involving
n - n vanishes as well. We are then left with the other boundary integral, which
gives the condition

sle(f)n+nle(p)s =0, on dQ \ B.

Hence the strong formulation of Problem (6.2.7) is

_ﬁw)A'B 24(1- a)V(dWﬂ) 2(Vw - p) = Atz in Q,
—z(Aw = div ) = Aw, in Q,
sTe(B)n +nTe(f)s = 0, on 0Q \ B,
w=0=p-n, on 0Q \ B,
w=0=p, on B,

Case III: Hard simply supported boundary conditions

In this case V = {® € (Hé(Q))2 :®-s=00n0Q}, W = Hy(Q). The boundary
integral involving v vanishes since v = 0 on Q. The other two boundary integrals
do not vanish, hence they yield the following boundary condition (note thatn € V,
hence 1]sq\p is normal to 9Q):

(1-o)n'e(f)n+odivp =0, on 0Q \ B.

Hence the strong formulation of Problem (6.2.7) is

‘ﬁ” 24(1- U)V(leﬂ) 2(Vw—p) = MZ in Q,
—%(Aw —div ) = Aw, in Q,
(1- Cf)nTe(ﬂ)n +odivp =0, on 0Q \ B,
w=0=f-s, on 0Q \ B,
w=0=p, on B.

Case IV: Soft simply supported boundary conditions

In this case V = (Hé(Q))z, W = Hy(Q). The boundary integral involving v
vanishes since v = 0 on dQ. The other two boundary integrals do not vanish,
hence they yield the following boundary conditions:

(1-o)n'e(f)n+odivp =0, sTe(f)n+nle(f)s =0, on 0Q \ B.

To see this it is sufficient to decompose the vector field 5 in its tangential and
normal components using the formula 5|yq = (17 - s)s + ( - n)n. Hence the strong
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formulation of Problem (6.2.7) is

_24(f+a)A'3 - 24(f_g)V(diVﬁ) - tﬁz(VW -p) = % , inQ,
—z(Aw = div B) = Aw, in Q,

) (1-o)nfe(f)n+odivp =0, on 0Q \ B,
sTe(,B)n + nTe(ﬂ)s =0, on dQ \ B,
w=0, on 0Q,
p=0, on B.

Case V : Neumann boundary conditions
In this case V = (Hg(Q))*, W = Hg(Q). This implies that all the boundary
integrals in (6.2.7) are non-vanishing, hence (arguing as in Case IV for 7) they
give the boundary conditions

(1-o)n'e(f)n+odivp =0, sTe(fn+nle(f)s =0, on 0Q \ B,
and

(Vw—-p)-n=0, on dQ \ B.

We deduce that the strong formulation of Problem (6.2.7) is

~ s A8 — 53y V(A B) = £(Vw = B) = AZB, inQ,
—t%(Aw —div ) = Aw, in Q,
(1- cr)nTe(ﬂ)n +odivp =0, on dQ \ B,
sTe(ﬁ)n + nTe(ﬂ)s =0, on dQ \ B,
%—ﬂ~n:0, on 0Q \ B,
w=0=p, on B.

Remark 6.2.1. Keeping in mind that Problem (6.2.2) behaves like the biharmonic
operator as t — 0 (see [9]) we can classify the boundary conditions for the
Reissner-Mindlin in three big families. Boundary conditions of type I and II are of
Dirichlet type because the associated problem converges as ¢t — 0 to the Dirichlet
problem for the biharmonic operator (limiting energy space H;(2)). Boundary
conditions of type III and IV are of intermediate type because the associated
problem converges as t — 0 to the intermediate boundary value problem for the
biharmonic operator (limiting energy space H*(Q) N H;(Q)). Finally boundary
conditions of type V are of Neumann type because the associated problem con-
verges as t — 0 to the Neumann problem for the biharmonic operator (limiting
energy space H*(Q)).

According to this distinction it is possible to prove that only the Reissner-Mindlin
system with boundary conditions of type V exhibits spectral instability phenom-
ena in the dumbbell domain Q5 as § — 0, allowing the appearance of extra
eigenvalues coming from the channel as § — 0.
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6.3 Spectral decomposition results

In this Section we show that the eigenvalues and the eigenfunction of the Reissner-
Mindlin system with free boundary conditions defined by

~ s M — g V(div B) - £(Vw - B) = 25, in Qs

—=(Aw —div f) = Aw, in Qs,
(1-o)nfe(f)n+odivp =0, on 0Qs \ B, (63.1)
sTe(B)n +nle(f)s = 0, on 0Qs \ B, o
g_rl/_ﬁ.n:(), on 0Q;s \ B,
w=0=4, on B,

with eigenpairs (1,(Qs), (92, w®)),»1 are asymptotically close as § — 0 to either
the eigenpairs of

1 K w 2 .
_24(f+0')Aﬁ — i V(div ) - t—z(VW -p) = % , in Q,

24(1-0)
—%(Aw —div f) = ow, in Q,
(1-o)nTe(B)n+odivp =0, on dQ \ B, (63.2)
sTe(B)n +nle(B)s = 0, on 0Q \ B, o
%_ﬁ.nzo, on 0Q \ B,
w=0=p, on B,
denoted by (wn, (¢, W))us1, or to the eigenpairs (02, (y2, u))ps1 of
. X 2 .

_24(1E+0)Aﬂ - 24(1E_U)V(d1vﬁ) - z(Vw—p) = 91_t2 » In Ry,

—5(Aw — div f) = Ow, in Ry,

odivB+(1-o)nle(f)n =0, on I}, (633)

sTe(B)n +nle(p)s = 0, on I, o

%—f—ﬁ-nzO, on I},

w=0=p, on Ls.

Note that, since Qs, Q and Rs are sufficiently regular, by standard spectral theory
for differential operators it follows that the operators associated with the quadratic
forms appearing in the weak formulation of problems (6.3.1), (6.3.2), (6.3.3) have
compact resolvents, hence it makes sense to define the sequences of eigenvalues
An(Qs5), @n, and 0] as we did above. We define (A9)p>1 = (@pk=1 U (67151,
where it is understood that the eigenvalues are arranged in increasing order and
repeated according to their multiplicity. For each 1 we define the functions
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(¢0,22) € (HY(Q)? x H'(Q)) ® ((H'(R.))> x H'(R,)) in the following way:

Q Q .
b b Q’
(¢, 00) = {fj”k Vi (6:3.4)

, in Rs,
if )Lg = wy, for some k € N; otherwise

n Q.
(¢2.00) = ﬁp% N (6.3.5)

in Rs,

if Aﬁ = 915, for some I € N. Moreover, we define a sequence of functions in
H(Qs)* x H'(Qs) by setting

SR (R ifﬂi=9f,

where E is a linear continuous extension operator mapping H(Q)3 to H!(RN)3.

Definition 6.3.1. We denote by (H 25 (Rs))? the space obtained as the closure in

(H'(Rs))? of (C*(Rs))’ functions which vanish in a neighbourhood of Ls. Fur-
thermore, for any Lipschitz bounded open set U we define

E _ _
Ul = | 135 = (1= DM + IV

1/2

B

2(1 + )tZH f3 f”LZ(U)

for all f = (f, f*) e (H(U))>.

Note the functions u in (Hng (Rs))? satisfy the condition u = 0 on Ls in the
sense of traces.

Definition 6.3.2 (H-Condition). We say that the family of dumbbell domains
Qs, & > 0, satisfies the H-Condition if, given functions us € H'(Qs)* such that
lusllm(qy)s < Rforall § > 0, there exist functions % € HL1§ (Rs)? such that

@ llus - %5”L2(R5)3 —0asd — 0,

(i) [ ] M(R)_[u(g] (Q)+o(1)a35—>0.



6.4. THE EFFECT OF SHRINKING THE CHANNEL AT FIXED THICKNESS 173

Recall that [-] L, is defined above in Definition 6.3.1. We remark that with
arguments similar to those in Chapter 5 it is possible to prove that channels Rs
with the (MP) property (see §5.3) satisfy the H-Condition.

If x5 divides the spectrum we define the projector Py, from L?(Qs) onto the
linear span [ ‘15, cee ¢?\f(x5)] of the first N(xs) eigenfunctions by

N(xs)

Pysg = Z (9, ¢?)L2(Qa)¢? )
i=1

for all g € L?(Qs)°.
With these definitions it is possible to prove the following result

Theorem 6.3.3 (Decomposition of the eigenvalues). Let Qs, § > 0, be a family of
dumbbell domains satisfying the H-Condition. Then the following statements hold:

(i) lims_, |An(Qs) — Ai| =0, foralln € N.
(ii) For any xs dividing the spectrum,
Lim |07, wr,) = Py (07, Wi llmopernryye = 0,
forallrs =1,...,N(xs).

Proof. The proof follows from a straightforward adaptation of the methods in
Chapter 5. Indeed, it is sufficient to replace the quadratic form associated with the
biharmonic operator with the quadratic form associated with the Reissner-Mindlin
system and to replace the scalar eigenfunctions of the biharmonic operator with
the vectors of eigenfunctions of the Reissner-Mindlin system. O

6.4 The effect of shrinking the channel at fixed
thickness

In this section we pass to the limit as § — 0 in Problem (6.3.3), while t > 0 remains
fixed. Since R; is a thin domain, it is convenient to apply rescaling techniques
in the spirit of [73, 74, 77]. We transform Problem (6.3.3) to another differential
problem in the fixed domain R; by means of the pullback associated with the
function (x,y) — (x,y/d). Moreover, we denote with the symbol ~ the pullback
of the functions and of the operators with respect to this map. Namely, we write

B = B(x,y/d) for all (x,y) € Rs, V = (0, 679,) and € = L(V + V7). We obtain
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the following problem

_% (a’f’fﬁ~ + éayyﬂ) ,u1+uz V(axﬁl layﬁz - Il;_zk(ew - /§) = 9%5’ in Ry,

B (O + By — axﬂ — 10,4 = 0w, in R,
BaTe(pn) + L2201 + $0,5%) = o, onTy,
s e(ﬁ)” +n 6(/5)3 =0, onTy,
BEVw - f)-i=0, onT},
B=w=0, on Ly,

(6.4.1)
which can be more explicitly written as a system of three PDEs in the unknowns

(B, B2, w) given by

5 (0" + 00| - = (0 + 3xyﬁ2) @ -pH=05F, R,
3 k - & 22 .
_% (Bxxﬁz 52 1 yyﬁz) #lwz (1 xyﬂ1 ﬁ yyﬂz) - %(%ayw - ﬂz) = Q%ﬁz, in Ry,
K (D + Ly W — 6x/3 50,8%) = 6w, in R,
Hi (n e(ﬂ)n) + #1+#2 (axﬂl layﬂZ) =0, onTy,
sTe(pyi+ i e(ﬂ)s =0, onTy,
(VW - )i = 0, onT;,
B=w=0, on L.
(6.4.2)

The weak formulation of this problem is

Ek

a(p.n) oo

L e N 2.
(VW - ﬂ’ Vo - ’7) =0 [(W, ’U) + E(ﬁa ’7):| ) (643)
foralln € (HLll(Rl))z, for all w € H]:(Rl) where

d(ﬂ, n) = m Rl(l —0)€ (ﬁ~) c€é(m)+o div/? divry dx, (6.4.4)

which can be rewritten as
- . E ap* on' op* 10p'\ (on* 10y’
“(ﬁ’”)‘12(1—02)/(1_"lax ox 2 (ax 50y |\ ax 5oy
31 32 1
(28, 108 (on' 1 on?
ox Sy |\ox 8oy

Let f € L%(R;) and F € (L?*(R;))%. Let us consider the Poisson problem given
by

1 0p? on?

dxd 6.4.5
* 5 oy oy xdy. (6.4.5)

- . 2
i)+ s (V- f.Vo-n) = (fo)+ (B (646)

Ek
2(1 - 0)t?
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By (6.4.6) we deduce the apriori estimate

12(1 - 2)/ ((1 O)EP + oldivhl* + (Ek)zww—ﬁlz)dxdy

tz
In particular, by Korn’s inequality (6.1.1), we have
19612, 5,y < C((1 = DNEB g, + olldiAIZ e, )

for all § > 0. By the Poincaré inequality, this implies that (ﬁ~5)5 is a bounded
sequence in H'(R;)?, hence it has a weakly convergent subsequence to ffy €
H'(R;)?. Moreover, since

J;
J;

and then we deduce that ) must be constant in y. Going back to the apriori
estimate we deduce that

19pi
LOPY fxdy <C, forall5>0,i=1,2,
é Jy

we deduce that

6ﬁ’

Gy dxdy = 0(8%), asd —0,i=1,2,

|Vw|? dxdy < 2/ |Vw — B|2dxdy +2 | |f)?dxdy < C,
Ry

R1 Rl

for all § > 0. Thus, (Wws)s is a uniformly bounded sequence in H!(R;) and we can
extract a weakly convergent subsequence with limit wy € H'(R;). Again, since

J

we deduce that wy is constant in y. Note also that the sequence of functions §~'9, ﬁN
is a bounded sequence in (L?(R;))?, hence there exists a function u € (L?(R;))?
such that, possibly passing to a subsequence, 5~ — u in (L2(R;))? as § — 0. In
a similar way there exists a function W € L%(R;) such that, possibly passing to a
subsequence, 5 'd,w — W in L*(R;) as § — 0.

Now we are ready to pass to the limit as § — 0 in (6.4.6). Since the limit functions

ow

6_y dxdy = 0(52), asd — 0,
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Bo and wy are constant in y we are induced to choose test-functions not depending
on y in (6.4.6). With this choice we deduce that

~ Ek ow ~\ (0v 10w =~
aon+ g [ (G2-7) (5 -)- (35 -7 )nzdxdy

= (f, v)+ (F n), (6.4.8)

for all n € (H'((0,1); g(x)dx))? for all v € H((0,1); g(x)dx) where we have
defined

Ay = FA=0) [aﬁ o' 1 (aﬁ 16ﬁ)

12(1 - 0?) Jg, | 0x Ox ox 6 dy

0p' | 19p*\ o
12(1—02)/ [( "5 ay) 8x]d 4y,

for all n € (H((0,1);g(x)dx))?, for all v € H((0,1);g(x)dx). We define the
averaging operator M mapping L*(R;) to L;(O, 1) by

}dxdy

1 g(x)
Mitx) = /0 hx,y) dy.

for all h € L%(R;) and for almost all x € (0,1). By taking the limit as § — 0 in
(6.4.8) we deduce that

/ Wy on'  (1-0)fg oy’ (1-0) ,0n°
12(1—02) 0x Ox 2 Ox Ox 2 0x

Ek ow 1 ov .
- 2(1—cr)t2/O ((a_xo _ﬂ") (5"7 )‘ (W - p?) Uz)g(X)dx

_ / (M(f)wI—ZM(F)-U)g(x)dx, (6.4.9)
0

+ ou Z—)g(x)dx

for all n € (H'((0, 1); g(x)dx))?, for all v € H'((0, 1); g(x)dx).

We aim at identifying the functions W and u appearing in (6.4.9). To ac-
complish this plan we use different test functions in (6.4.6). Namely, we choose
NG, y) = Ou(x,y) and o(x,y) = 5¢(x,y), where ji € (H\R)), & € H'(R,) are
given functions. By substituting 7 and y in (6.4.6) and by taking the limitas § — 0
we deduce that

101 2 91 _ 1 2
£ / -0)OByou' (1-0) ,Ou' 00 OB dw
12(1 - 0?) 2 0x dy 2 dy dy ox Oy

Ek ! OE B
+ m/o (W —-53) a—yg(X)dx =0, (6.4.10)

g(x)dx
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for all p € HY(R;)?, £ € H'(R,). By the arbitrariness of y = (u!, y?), ¢ and by the
surjectivity of the Trace operator we deduce that

opy . __9b
_oPo

W=pp = ox’ T Tax:

By substituting these expressions for u = (u!,u?) and W in (6.4.9), we obtain the
following limit problem for the beam

! aﬁo 677 Ek aWO ov
12 dx Ox (e)dx + (1——0')t2_/0 ((9_x _ﬂo) (_ -7 ) g(x)dx

2
= (M(f), V)r2((0,1)9(x)dx) + E(M(F )s MIL2((0,1):9(x)dx)>  (6.4.11)

for all n € (H'((0,1); g(x)dx))?, for all v € H'((0, 1); g(x)dx). Note that the second
component 52 does not give any contribution in the limit equation, accordingly
to the loss of dimensionality of the problem.

Let us define the eigenpairs (0;, h;) = (hll,hlz) of the eigenvalue problem
associated with (6.4.11), defined by

12g((hl)gy s (B2 = hY) = 85R1, in (0,1),
Tz () — (kY] = 6K, in (0,1), 6412)
h(0) = h(1) = 0,

K (0) = (1) = 0,

We define now
(Ag(t))rel = (0k)k=1 Y (0131, (6.4.13)

where it is understood that the eigenvalues are arranged in increasing order and
repeated according to their multiplicity. For each 1%(t) we define the function
U = (UL Y2, ¥3) € (HY(Q))® @ (H]f(S (Rs))? in the following way:

U = (ng,?,w,?), in Q
"o, in Rs,

if /19,(1‘) = wg, for some k € N; otherwise

in Q,

=1,
" 5_1/2(86h1’ 07 Sehlz)a in R5s

if A%(t) = 6), for some [ € N, where & is the extension operator defined in (5.4.18)
(just set € = 1 and replace € by 9).
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Finally, if x > 0 divides the spectrum A,(Q;s) for all § > 0 sufficiently small nd
N(x) is the number of eigenvalues with 1,(Qs) < x (counting their multiplicity),
we define the projector P from (L*(Q5))® onto the linear span [i/1, . . ., Y] by

setting
N(x)

PS“ = Z(u, Vidizas ) Vis
i=1

for all u € L%(Q,)*. Then, by using compact convergence results (see §5.4.2) it is
possible to prove the following result:

Theorem 6.4.1. Let Q5, & > 0, be a family of dumbbell domains satisfying the
H-Condition. Then the following statements hold:

(i) lims_o |A,(Qs) — A%(t)| = 0, for alln € N.
(ii) For any x dividing the spectrum,
: 6 4,0 0/, 6 , 0 —
glir(l) ||((Pn’ Wn) - Px((Pn’ W”)||H1(Q)3®L2(RE)3 =0,

foralln=1,...,N(x).

6.5 Spectral convergence for vanishing thickness

The spectral convergence of the Reissner-Mindlin system as ¢t — 0 is nowadays a
well understood topic. We refer to the Appendix to this chapter (see §6.6) for a
proof of the convergence of the eigenvalues and eigenfunctions of the Reissner-
Mindlin system with hard clamped boundary conditions in at least a non-trivial
open subset B ¢ 0Q2. Here we want to remark instead the relation between the
two parameters § and ¢. According to the results proved in this chapter we know
that as § — 0 there holds an asymptotic decomposition of the eigenvalues in two
families

(n(t, Q8D ~ (kD) U (6] (D)1,

as & — 0 where we recall that wi(t) is the k-th eigenvalue of Problem (6.3.2) and
915 (t) is the [-th eigenvalue of Problem (6.3.3), with fixed thickness parameter
t. Moreover we know that the eigenvalues (915(1?))1 of problem (6.3.3) converge
(with preservation of the generalized multiplicity) to the eigenvalues (6;(t)); of
the one-dimensional problem (6.4.12) as § — 0, independently of ¢t > 0.

Moreover it is possible to pass to the limit in equation (6.4.11) as t — 0. Indeed,
we are allowed to choose ,Bé = dywo and ! = 6, as test function in (6.4.11) since
we know that (6.4.11) satisfies a regularity estimate in the following form

t2
[1Boll2(0) + 1 woll 2 () + < CUMD @) + T IMEl2)-

1
_Z(VWO - fo)
t 12(Q)
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We refer to the Appendix to this Chapter for a proof of this regularity estimate
(see §6.6). Hence we deduce that as t — 0 problem (6.4.11) converges to

E ! 0%w, d%v
12/ Ox? ox2 g(x)dx = (M(f), V)12((0,1):9(x)dx)>

for all w € HZ((0, 1); g(x)dx), which is the weak formulation of

£ (w)g)” = M(f). in (0.1,
wo(0) = wy(1) = 0, (6.5.1)
w(0) = wy(1) = 0,
Let us remark that
E _ (1- 02)2#1 + [z
12 12
and by recalling (0.0.8), we note that the one dimensional Problem (6.5.1) is
compatible with (5.1.9). In particular, the coefficient (1 — %) in Problem (5.4.1)
appears also in Problem (6.5.1). By using suitable &-convergence result in the
spirit of Section 5.4.2, from the convergence of the Poisson problem (6.4.11) as
t — 0 we deduce that the eigenvalues 6;(t) converge to the eigenvalues 7; of
problem

B

—%zg(w(’)’g)” = 1wy, 1in(0,1),
WQ(O) = Wo(l) = 0, (652)
wj(0) = w(1) = 0,
ast — 0.
It is also possible to prove (see the Appendix below and Remark 6.6.2) that the

eigenvalues (4,(t, Qs)), converge to the eigenvalues of the biharmonic operator
on the dumbbell domain as ¢t — 0, corresponding to the Cauchy problem

ﬁAzw = A0, Q5)w, in Qj,

(1- 0')‘(9927”; +ocAw =0, on Iy, (653)
(1 - o) divgo,(D*w - n)go, + 242 =0, onTy, -
w = %—”rf =0, on B.

In a similar way we can prove that, once we have fixed § > 0, the eigenvalues
(Gf(t))l of Problem (6.3.3) converge to the eigenvalues (915(0))1 of

ﬁAzw = 95(0)\/\), in Rg,
(1-0)3% + oAw =0, onTy, (65.4)
(1-o0) divags(Dzw “n)pq, + a(aA’;W) =0, onTj, o

—0=9w
w=0=9, on Ls,
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ast — 0. Let us define with (1%), the eigenvalues 1% associated with the limit of
the biharmonic Neumann problem in the dumbbell, as defined in (5.6.1), whereas
(A%(t)), are the eigenvalues defined by (6.4.13). In summary, we find out that

(1, Q5) =3 20, 05) 23 2,

and 5
Mnt, Q5) 75 20(1) =5 A2,

We remark that the case in which both t and § tend to zero simultaneously is far
more difficult. For example the best constant in Korn’s inequality may blow up
as § — 0, giving problems to the coercivity of the quadratic form (6.2.3). The
analysis of this interesting case is however beyond the scope of this thesis.



6.6. APPENDIX TO CHAPTER 6 181

6.6 Appendix to Chapter 6

In this section, for the sake of completeness, we collect several results concerning
the passage to the limit as t — 0 in the Reissner-Mindlin system with partially
clamped boundary conditions. We remark that a similar result for completely
free boundary conditions is true but it is much more complicated because of the
absence of a Korn’s inequality in the form (6.1.1). In the sequel we shall consider
without loss of generality the passage to the limit for a plate which is clamped
on the whole of Q. Indeed, Korn’s inequality and Poincaré’s inequality are
known to hold for Sobolev functions satisfying a Dirichlet boundary condition
on a (possibly small) part of the boundary. Where it is needed we will underline
what changes in the case of B € 9Q, B # 0Q.

It is widely known (see e.g., [65]) that the Reissner-Mindlin plate system spectrally
converge as t — 0 to the biharmonic equation

E
—Azw = Aw, in Q.
12(1 - 0?)

We recall that the main ingredient to pass to the limit as t — 0 in (6.2.2) in the
case of the clamped plate (i.e., w € Hy(Q), f € (H,(£))?) is the regularity estimate

t2
< C(”f”LZ(Q) + E”F”LZ(Q) , (6.6.1)
LA(Q)

1
t—z(VW -p)

Bl 2y + Wl ey +

where the constant C does not depend on t, and f, F are the data in the Poisson
problem (see (6.6.2) below). Let us define for the sake of simplicity

Y1) = 5(Vw=p)

for all t > 0. We point out that once we have the estimate (6.6.1) the passage to
the limit is easily achieved. Indeed, one considers

(RM) { a(B(t),n) + (y(t), Vo — 1) = (f,v) + 5(F, ), (6.6.2)

(1) = 5(Vw(t) - (1)),

for all v € Hj(Q), for all n € (Hj(Q))?, where f € L*(Q) and 0 € (L*(Q)) are
given functions. We define the problem

(6.6.3)

(KL) a(fo,n) + (o, Vo — 1) = (f,v),
VWO - ﬁo =0.
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for all v € Hj(Q), for all n € (H;(Q))? where y; is the L*-weak limit of the
sequence y(t) as t — 0 (note that y(t) is bounded in L?(Q) due to (6.6.1)). By
subtracting (KL) to (RM) we deduce that

{ a(B(t) — o, ) + (y(t) = yo, Vo — ) = L(F, p),
(6.6.4)

y(0) = 5| Tow(e) = wo) = (B) - o).

forallv € Hy(Q)andn € (H(}(Q))z. Choose n = f(t) — fo, v = w(t) — wp in (6.6.4).
Then ) )
a(B(0) = Pos B(E) = o) = = (Fom) + =(r(2) = o, (1),

from which we deduce by Korn’s inequality, Poincare’s inequality, Cauchy-
Schwarz inequality and the estimate (6.6.1) that

18() = follZs o
< CE{1Fll 2o 1) = ollszay + CEUY DIz + lvollizio) Y Ollzcoy

£2 1/2 £2
< Ct{ 11 + EnFniZ(m) 1B(1) = Boll 2 + Ctz(nfuim) n EnFn;(m)

With the help of a weighted Young’s inequality we then deduce that

2 1/2
1B(E) = Bollsscay < Ct(IIfIIEZ(Q) + EnFn;(m) ,

and since ,
V(w(®) = wo) = (B(6) = fo) + (1)

by using again the a priori estimate (6.6.1) for ||y(t)||;>(q) and the Poincaré in-
equality we deduce that

£2 1/2
lw(t) = woller ) < 1A() = Bollgo) + t2(||f||L2(Q) + E”F”LZ(Q))
(6.6.5)

#2 1/2
< C(t + tz)(”f”iZ(Q) + E”FHIZJZ(Q)) .

Hence, the solution (f(t), w(t)) of (RM) is converging to the solution (S, wy) of
(KL) strongly in H(Q) as t — 0. Moreover, since ly (Dl 12 < Ct, by passing
to the limit as t — 0 we deduce that Vwy = f; a.e. in Q, and since ) € H!(Q)?,
wy € HA(Q).
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Note that since (KL) holds for all n € (H}(Q))?, v € Hj(Q), in particular it
holds for all (Vov,v) € (H&(Q))2 X H2(Q). With this choice we see that (KL) equals

a(Vwy, Vo) = (f,v),

for all v € HZ(Q), and a(Vwy, Vo) is exactly

E
—_— /(1 — ) D*wy : D*v + 0 AwyAv dx,
12(1 - 0'2) [e)
which is the classical quadratic form associated with the Dirichlet problem for
the biharmonic operator

E 2 _ :
{mA wo=f, ing, (6.6.6)

woz%: , on 09Q.

Thus to pass to the limit as + — 0 it is sufficient to prove the regularity
estimate (6.6.1).

Proposition 6.6.1. Assume that the boundary of Q is Ct! or that Q is a convex
polygon of R? and f € L*(Q), F € L*(Q)%. Then Problem (6.6.2) admits the regularity
estimate (6.6.1).

Proof. Here we follow the approach of [26]. We first apply a Helmholtz type
decomposition to the vector field -5 (Vw(t) — f(t)) € (L*(Q))*. Namely we write

tlzww(t) — (1) = Vo(1) & curl(p(t)).

where ¢(t) € Hy(Q) and p(t) € H'(Q)/R. Note that this is an orthogonal decom-
position in L?(Q). The existence of such a decomposition is a classical topic and
can be found for example in [62]. Then by arguing as in [26] it is not difficult to
prove that Problem (6.6.2) admits the following equivalent formulation

a(B(t),m) = k(Vo + curlp(t), n) = 5(F,y), forall n € (HI(Q))?,

k(Vp, V&) = (f,§), forall &£ € H(}(Q), (6.6.7)
(Vw(t) — B(t), V&) = t3(V, V&), for all £ € Hj(Q), o
—(B(t), curl ) = t3(curl p(t), curl g), for all g € HY(Q)/R.

Note that the second equation in (6.6.7) is exactly the weak formulation of

{_KA(’) =f. g (6.6.8)

p=0, on 09,
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for which we know that the solution ¢ lies in H?(Q) with the estimate

lollaz) < Cllf @) (6.6.9)

see for example [72].!
Now we consider the following auxiliary problem

a(B(t).n) - k(curl (), ) = x(Vo,7) + L(F.n), forall n € (HI(Q)?,
—(ﬁ(t), curlg) =0, for all ¢ € H'(Q)/R,
(6.6.10)
in the unknowns ,B~(t) € H&(Q)2 and p(t) € H'(Q)/R. This problem is similar to
the Stokes system with the standard condition div /; = 0 replaced by curl /§ =0.
By well-known regularity results (see e.g., [83]), Poincaré’s inequality and (6.6.9)
we deduce that

5 . Ct?
1B + llewrl SO o < ClIVOIZ 0y + o IFllE
tz
2 2
<C ”f”LZ(Q) + E”F”LZ(Q) s (6611)
with the constant C not depending on ¢.

Finally we set §°(t) = f(t) — (t) and p*(t) = p(t) — f(t). Then (B().p"(1))

satisfies the following system

a(f*(t),n) = k(curlp*(2), n), Vi € (Hy(Q))?,
—(B*(t), curl q) = t*(curl p*(t), curl q) + t2(curl p(t), curlq), VYq e HY(Q)/R,
(6.6.12)

Take n = %, ¢ = p” in order to deduce the estimate
a(p*, f*) + Kt2||curlp*||iz(9) = —«t*(curl p, curl p*)
2 * 2 e i
< Cjeurl p" W)l 2oy | 1f o) + 5 1F 20|

Hence,

. #2 1/2
leurlp* (1)l 20y < Ct(llflliZ(Q) + EnFnim)) ,

! Actually, this result holds with less regularity at the boundary for Q (a Lipschitz domain is
sufficient). However, if we replace H&(Q) with H EI;(Q) in (6.6.8), then in general we need a convex
domain or a sufficiently smooth domain to prove that ¢ € H?(Q). If we want to consider more
general domains (for example, Lipschitz domains), then it is still possible to prove a regularity
estimate in a suitable H® space with 2 > s > 1 (e.g., in a non-convex polygon s > 3/2).
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and consequently, by definition of p* and (6.6.11), we deduce that
, £2 ) 1/2
leurl p)lzz(ay < (I 12q) + 1Py | (6.6.13)
By recalling the first equation in (6.6.7), we find that
2

aB.1) = K(Vo(t) + curlp(t). ) + T (Fon),forall g € (HYQ)P,

where we remark that the functions Ve(t) and curl p(t) are in L*(Q2) with uniform
estimates in ¢. By standard regularity procedures we then deduce that

t2
18O < Vo) + curl p(b) g + = IFIE oy
(6.6.14)

’ t*
<C (HinZ(Q) + ﬁllFlliZ(Q)z P

where the second inequality on the right-hand side follows from (6.6.9) and
(6.6.13).

Finally we note that the third equation in (6.6.7) is the variational formulation
of the classical problem

—Aw = —div - t?Ag € L*(Q), inQ,
w =0, on 0Q,

for which we know that the H? regularity holds. Hence,

' £2 1/2
Iwllece < C(Ildlvﬁ + tquouLz(Q)) < c(||f||§2(g) + EnFniz(mz) |

where we have used (6.6.14) and (6.6.9). It is also easy to deduce from the last

1/2
equation of (6.6.7) that t[[curl curl p||;2() < C(llflliz(g) + %llFlliz(Q)z) . Hence
we have

B2y + Wl 2y + @2y + lleurlpllzq) + tllcurl curl pfl 12

2 1/2
< C(llflliZ(Q) + E”F”iZ(Q)Z) >

which is a more accurate estimate than the one in (6.6.1), since t%(Vw(t) - B(1))
equals Vo(t) + curl(p(t)). 0
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Remark 6.6.2. Let Q be a domain in R? of class C%! such that dQ \ {p, ..., px} is
CH1, where py, . ..,pr € 0Q. Let B C 0Q, B # dQ, where B is as in (6.2.1). Then
it is still possible to prove a regularity estimate similar to (6.6.1). Indeed, we have

Bl sy + IWlls) + l@lles) + lleurlpllaq) + tllcurl curl p|l 12 ()
1/2

t2
<C ||f||§Z(Q)+EIIF||iZ(Q)2 , (6.6.15)

for a suitable 1 < s < 2. Note that if Q is convex we can choose s = 2. Otherwise,
by using regularity results in the spirit of [72, §4] it is possible to prove that the
functions f, w, ¢ have singularities in a neighbourhood of the convex ‘corners’.
In order to pass to the limit as t — 0 in problem (RM) defined in (6.6.2), estimate
(6.6.15) is enough. Indeed, from (6.6.15) we deduce that [|y(t)|| 2 < Ct for
all t > 0, hence in the limit Vw, = f, € HY(Q)? a.e. in Q, and arguing as in
(6.6.5) we also deduce that 3(t) — S, in H'(Q)?. Hence, wy € H%(Q) and solves
problem (6.6.6). Note carefully that we are not claiming that wy € H*(Q). As a
consequence of (6.6.15), the passage to the limit as t — 0 in the dumbbell Qs (see
(6.5.3)) is justified.
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