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Summary

The skew normal model is a class of distributions that extends the normal one by including
a shape parameter. Despite its nice properties, this model presents some problems with the
estimation of the shape parameter. In particular, for moderate sample sizes, the maximum
likelihood estimator is infinite with positive probability. In this paper, we use the bias
preventive method proposed by Firth (1993) to estimate the shape parameter. It is proved
that this modified maximum likelihood estimator always exists finite. When regression and
scale parameters are present, the method is combined with maximum likelihood estimators
for these parameters. Finally, also the skew ¢ distribution is considered, which may be viewed
as an extension of the skew normal. The same method is applied to this model, considering
the degrees of freedom as known.

Some key words: Bias reduction; Maximum likelihood; Monotone likelihood; Skewness; Skew
normal; Skew ¢.

1 Introduction

The skew normal is a class of distribution that includes the normal one as a special case. In
particular, a random variable Z is said to be skew normal with shape parameter A, written
Z ~ SN(A), if its density function at z is

f(z2) =24(2) 2(A2), (1)

where ¢ and ® denote the N(0,1) density and distribution functions, respectively, and z, A € R.
We note that, when A = 0, Z is a standard normal variable. More generally, positive (negative)
values of \ correspond to positive (negative) skewness in the density (1). As a limit case, when
A tends to +0o (—00), Z tends to a positive (negative) half normal random variable. The skew
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normal shares with the normal distribution some nice theoretical properties and has the advantage
of being suitable for the analysis of data with unimodal and skewed empirical distributions.

In practice, it is common to work with a location and scale transformation Y = p + o Z, with
p € R and o > 0. Hence, the density for the random variable Y, written Y ~ SN(u, 0, )), is

f(y;/\,u,0)=z¢(y_”>@(/\g_—”>- (2)

ag ag a

A systematic treatment of the skew normal distribution has been given in Azzalini (1985, 1986);
generalizations to the multivariate case are given in Azzalini & Dalla Valle (1996) and Azzalini
& Capitanio (1999), while Azzalini & Capitanio (2003) propose a further extension with a skew ¢
distribution, which extends the skew normal as the Student ¢ extends the normal.

Despite its nice properties, the skew normal family has some inferential problems. Indeed,
the estimation of the shape parameter may be problematic. For instance, consider the simple
case with fixed location and scale parameters (u = 0 and ¢ = 1). If the observations are all
positive (negative), the likelihood is monotone increasing (decreasing), giving an infinite maximum
likelihood estimate (Liseo, 1990). Moreover, this occurs with positive probability, although this
probability decreases rapidly with increasing sample sizes.

Also in the case with Y ~ SN(u,0,)), this problem may arise. In some sense, things are
even more complicated, because it is not so clear how to identify samples which lead to an infinite
estimate of A. The problem is however confined to the shape parameter. Indeed, empirical evidence
shows that maximum likelihood estimates of location and scale parameters always exist.

Maximum likelihood is not the only frequentist method which encounters problems with the
skew normal distribution. For instance, even the methods of moments can give very bad results.
The same is true for maximum product of spacings (Cheng & Traylor, 1995), which sometimes
gives an infinite estimate, even though not as frequently as maximum likelihood.

The behavior of the likelihood function suggests that some additional information from the
model may be needed. Liseo & Loperfido (2002) perform a default Bayesian analysis for the skew
normal distribution, and they prove that the Jeffreys’ prior for the shape parameter is proper.
In this paper, the additional information from the model is used in a frequentist method for bias
prevention of the maximum likelihood estimator (Firth, 1993).

In the one parameter case, the score function is modified in such a way that the corresponding
estimator has lower bias than the maximum likelihood estimator. The modification involves some
expected quantities of log-likelihood derivatives, which need to be computed numerically. It is
proved that this modified maximum likelihood estimator always exist finite, although simulation
results show that it tends to underestimate the true parameter value for small sample sizes. In
the general case, this method is combined with maximum likelihood estimates for location and
scale parameters.

The skew t distribution extends the skew normal distribution. Unfortunately, the problem
with the estimation of the skewness parameter extends as well. In particular, for fixed degrees of
freedom, the problem occurs with exactly the same probability. This probability is lower when we
consider the degrees of freedom as unknown, although other problems arise with the estimation
of this parameter. Indeed, the maximum likelihood estimator for the degrees of freedom is very
often infinite. Unknown degrees of freedom are not considered in this paper. Firth’s method for
bias prevention is applied also to the skew ¢ model, leading to result similar to those of the skew
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normal model. In this case, a formal proof of the existence of the estimate is not given, although
in simulations the estimate always existed finite.

The structure of the paper is as follows. Section 2 describes the method for bias prevention due
to Firth (1993). In Section 3, this method is applied to the skew normal distribution. In particular,
in the scalar parameter case, it is proved the the modified maximum likelihood estimate always
exists. Then, in the regression, scale and shape case, the method is combined with maximum
likelihood estimates for location and scale parameters. Section 4 extends the method to the skew
t distribution, with fixed degrees of freedom. Finally, a brief discussion is given.

2 Bias prevention for maximum likelihood estimator

In this section we briefly summarize the method introduced by Firth (1993). Let us consider a
regular parametric model with log-likelihood (). We assume for simplicity that the parameter ¢
is scalar, although the result holds for vector parameter as well. We denote by U(#) = I'(9) and
§(8) = —1"(8), the score function and the observed information respectively, where I’ and [” denote
first and second derivative of [. Some expected values of likelihood quantities will be needed. In
particular, we will use the expected information, i(6) = Ep{j(0)}, and

ngg,g(o) = Eg {l’(0)3} y Vg’go(e) — —Eg {l’(O) l”(0)} :

Typically, in samples with n independent observations, j(6) is of order Op(n) and (6), vpg,6(6)
and v g(6) are quantities of order O(n).

It is well known that the maximum likelihood estimator has, in general, a bias of order O(n™?)
(see, for instance, §9.2 of Cox & Hinkley, 1974). In particular, through a simple Taylor expansion
of the likelihood equation, U(f) = 0, it is straightforward to see that

Eo{f — 6} =b(8) + O(n7?),
where 1
b(0) = —52'(0)‘2{119,979(9) +vpep(8)} = O(n7Y).

Hence, the bias corrected estimator
éBC = é o b(é) )
is such that Eg{fpc — 6} = O(n~2). The drawback of this method is that it requires f to exist
finite. The same is true for other bias correcting methods, such as jackknife or bootstrap.
The idea of Firth is to prevent the bias b() before computing 0, by adding a modification
M(8), of order O(1), to the score function. This leads to the modified likelihood equation

U@)=U(0)+ M(6) =0. (3)
The solution of (3) gives the estimate §*. The modification M (f) is chosen in such a way that
Eo{6* — 0} = O(n™?). (4)

Using a Taylor expansion for U *(é*) = 0 around 6, we can find an expansion for 6* — 6. Then,
imposing condition (4), we find
M(6) = —i(0) b(6) . (5)
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An asymptotically equivalent form of the modification replaces the expected information with the
observed information in (5), giving M***(9) = —;(6) b(6). The two forms of the modification are
equal in full exponential models. In general models, Firth mistakenly claimed that M %3 (9) is
preferable in terms of second order efficiency. This is not true: there is no gain in efficiency using
M°(6) in place of M(6) (Firth, 1995).

The estimator 8* is second order equivalent to fpc and it has the advantage that it does not
depend on the finiteness of 6. Hence, there could be instances in which 6 is not finite, while this
is true for 6*. Although this property has not been proved in general, one example is given in
binomial logistic regression (see Example 3.3 in Firth, 1993). Another case is given in this paper.

We note that there is a connection between M (#) and Bayesian model-based priors. Indeed,
in full exponential models, 6* coincides with the mode of the posterior distribution obtained using
Jeffreys prior |i(6)|*/2, where in this case i(f) is the expected information for a single observation
(see section 3.1 in Firth, 1993). While this equivalence is not true in general models, we can still
think the modification to the score function as the derivative of a model based penalization of the
log-likelihood. This interpretation is definitely correct for the expected version M (), which does
not degend on the observed sample, while is less adequate when we consider M°(6) .

3 Application to the skew normal distribution

In this section we apply Firth’s method for bias prevention to the scalar skew normal distribution.
The density function of a single observation y from a SN(u, o, A) is given by (2). First, in section
3.1, we consider the standard case, with x = 0 and o = 1, and show that U*()) has always a finite
solution. Then, in section 3.2, we propose an extension to the case with unknown x and o.

3.1 Shape parameter

Let us consider a sample z, ..., 2z, of independent observations from Z ~ SN(A). The log-
likelihood for A is given by
= Z CO(’\ zi) )

where (o(z) = log{2®(z)}. We also define the derivative

dm
Cm(x) dzm CO( )
and note that (;(z) = ¢(z)/®(x). All subsequent derivatives can be expressed as functions of
(1(z); in particular (o(z) = —2¢1(x) — (1(x)? (Azzalini & Capitanio, 1999).

The maximum likelihood estimate may be infinite with positive probability. Indeed, when all
the observations are positive, then [()) is an increasing function that tends to a constant value as
A tends to +00. The problem is specular when all observations are negative, since if Z ~ SN())
then —Z ~ SN(—\). For this reason, in the following, we will restrict our attention to positive
values of \. Of course, the probability of having a monotone log-likelihood depends on n and on
the true value of A (Liseo, 1990). For instance, if A = 5 and n = 20, we have probability 0.273 of
having all positive observations. This probability decreases to 0.002 if n = 100.
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The behavior of the likelihood function suggests the need for some additional information
from the model. One way to incorporate this information is through default Bayesian analysis.
This is what is done in Liseo & Loperfido (2002). In the following, we consider an alternative,
although related, frequentist approach: we try to reduce the bias of the maximum likelihood
estimate by means of a penalization to the log-likelihood function. This penalization makes use of
some expected values of log-likelihood derivatives and is implicitly defined by the modified score
function (3).

The score function and the observed information are

U\ =) Garz)z, HOEPSINACEALED PIACEAE S
=] =l =1

The expected quantities that are needed to compute M(\) are

2(/\) =N agz(A) ’
aar(d) = n as3(A),
l/,\’)‘,\(/\) = —n {/\a42()\) + a33()\)} ,

where the quantities
amn(A) = EA{Z*G(A 2)"}

need to be computed numerically. Note that ax;(A\) = 0 when k is odd, and that ags(A) > 0 when
both k and h are even. Hence, modification (5) has the following form

é 0,42()\)

M(’\) = —2(122(}\) )

and it can be easily obtained using numerical integration. The shape of M()) is shown in Figure
1. The function is odd and negative for all positive values of A. It has minimum value M(1.07) =
—0.83 and it is increasing to 0 for values grater than 1.07.

In the following, we prove that the modified likelihood equation (3) always gives a solution
when the maximum likelihood estimate does not exist. Indeed, suppose that all observations are
positive. Then the likelihood equation, U()X) = 0, has no solution, because the score function is
always positive. Moreover, U(A) — 0%, as A tends to +oo. In particular, it is straightforward
to see that U(\) = O,(e**). The modification M()) is negative for positive values of A. In the
Appendix, it is proved that M()) tends to 0~, as ) tends to infinity, and that it increases as —A~'.
This guarantees that U*(\) = U(X\) + M()\) — 0~. Finally, noting that U*(0) = U(0) > 0, we
have that there must exist at least a point A* such that U*(A*) = 0. We have not proved that this
solution is unique, although numerically we could not find cases with multiple solutions.

The observed version of the score modification is given by

i) A aa()

MObS(A) e 7.2 a22(/\) i

[V

In this case the proof of the existence of the associated estimate is not given. It can be seen
TSt M=) =" e~**). Anyway, this is only an upper bound and it does not ensure that
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U(X) + M3()\) is negative, when A — oco. Moreover, there are two additional reasons to prefer
the expected modification. First, M°()) is not very stable numerically. Second, in simulations,
M()\) gave better results in terms of bias. For all these reasons, in the following we concentrate
only on the expected version.

Example 1. Consider the following data 2=(0.195, 0.847, 0.726, —0.139, 1.788, 0.570, 2.069,
0.452, 0.868, 1.199, 0.894, 0.887, 1.258, 0.918, 0.496, 0.183, 0.119, 1.207, 0.446, 2.579), that have
been generated from a SN(10). In this case, A =5.39 and \* = 2.84. The right panel of Figure 2
shows the score function, U()), and the modified score function, U*()), for the data z, together
with the modification M ()\) Let us consider now the absolute value of 2. We note that only the
fourth observation changes. In this case, X does not exist, while \* = 3.92. The right hand panel
of Figure 2 shows U()) and U*()), for the data |z|, together with the modification M ().

As noted in the previous section, in full exponential models M* coincides with the mode of
the posterior density, obtained using Jeffreys’ prior, here denoted by M. In this case, the two
estimates are not equal. In particular, M is the solution of the equation U()\) + M7 ()\) = 0, where

l2)\ a42(/\) + (133()\)
2 ag2(A)

MI(N) = —i(6) ™ (v000(6) + 20000(0)} = —

is the derlvatlve of the logarithm of Jeffreys’ prior. Although M7()) is not equal to M (), their
shapes are very similar, as shown in Figure 3. This suggests that M’ ‘might be close to A* in
practice. This relation is not further explored in the present context.

Tables 1 reports some simulation results, for A =5 and A = 10, in which we compared the
bias of A and \*. As expected, \* always exists. Moreover, in all simulated samples the solution
to (3) was unique. On the other hand, for small samples and large values of A, )* has a negative
bias which can be substantial. Anyway, this bias should be compared with the corresponding
proportion of non existence of X. In other words, this is the price to pay to get a finite estimate
when X does not exist. For instance, when n = 20 and A = 10, )* has a bias equal to —5.933, but
) is infinite in more than a half of the samples.

3.2 Shape parameter with location and scale

In this section we consider inference on the general case, with unknown location, scale and shape
parameters. If we consider a sample ¥, ..., ¥y, of independent and identically distributed obser-
vations from Y ~ SN(u,o,)), with density given by (2), the log-likelihood for the parameter
6 = (u,0,\) has the form

1 Yi
1(6) = l(u, 0, )\) = —nlogo — 5; <——~) +ZCO{ (
Even in this setting A might be infinite, although less frequently than in the case with only
the shape parameter. In particular, this happens when the maximum likelihood estimate of the
location parameter, f, tends to the smallest (largest) observation in the sample. In such cases,
the log-likelihood is monotone increasing (decreasing) and tends to a constant value when A tends
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to plus (minus) infinity. We note that only the shape parameter has the problem of existence of
the estimate. Indeed, empirical evidence indicates that, in cases with A = oo, we have

,\lim l(ﬂ)‘,a')\,)\) = l(ﬁ,&,oo) = k‘,

where i), and 6, denote the maximum likelihood estimate for fixed A of the location and shape
parameters, respectively, and k is a constant value. Hence, maximum likelihood estimates of
and o always exist (finite).

In principle, it would be possible to apply Firth’s method simultaneously to all components of
the parameter . This approach is not proposed here for several reasons. First of all, it requires
the computation of a larger number of expected values ax(\). Indeed, the quantities v g¢(6) and
vg,00(6) are 3 x 3 x 3 arrays. The dimension is even larger if we consider a regression setting, with
pi = T B, where z; is a vector of explanatory variables and 3 is a vector of unknown parameters,
both of dimension p. Hence, the numerical computation of the modification M (#) may not be as
fast as in the one parameter case.

A second, and more important, reason is that the method becomes numerically unstable. In
fact, very often, algorithms for solving the modified likelihood equation (3) do not reach conver-
gence. Moreover, even when they do converge, the behavior of i* and 6* is quite suspicious: in
some cases f1* is far from the observed sample and 6* gets much larger than 6. This behavior looks
strange in particular when compared with the behavior of i and 4. Indeed, simulation results
showed that maximum likelihood estimates of  and o have quite good properties in terms of bias
and mean square error, as also shown at the end of this section.

The nice behavior of ji and & suggests a two-steps method of estimation in the location, scale
and shape case. In the first step, we compute maximum likelihood estimates of x and o. Then,
we consider u = 1 and 0 = ¢ as fixed, and we apply Firth’s method for the shape parameter only,
as in the previous section. In practice, we keep the part of the maximum likelihood estimate that
works fine and we modify only the other component.

This method has the advantage of being computationally simple and fast. The result of the
previous section also guarantees that an estimate of the shape parameter always exists. Moreover,
extensions to the regression setting are straightforward. On the other hand, we note that this
procedure uses plug-in estimates of unknown parameters. Indeed, z; = (y; — p)/o are independent
observations from a SN()\). What we do is to standardize the observations using the maximum
likelihood estimates of location and scale, #; = (y; — 1)/6, and then assume that 2,..., 2, are
still independent observations from a SN()). Anyway, the simulation results showed that A* is
not strongly affected by this assumption for reasonable sample sizes.

Example 2. Consider the dataset discussed in Section 6.3 of Azzalini & Capitanio (1999),
also available at http://azzalini.stat.unipd.it/SN/index.html, which is a random sample
of size 50 from a SN(0,1,5). This dataset, reproduced in Figure 4, has some interest because it
leads to infinite maximum likelihood estimate of A. Similar problems arise with other frequentist
methods. Instead, the procedure described above gives M =0914. In Figure 4, the solid curve
represents the density corresponding to ), while the dashed curve represents the one corresponding
to A*.



Example 3. Consider the ais data, included in the library sn for R (available for download
at http://azzalini.stat.unipd.it/SN/index.html). We define the model

Bfati=ﬁo+ﬂ1Wt,~+aZ,~, Zzl,,202,

where Bfat; is the body fat percentage of the i-th subject, Wt; is the weight and Z3, ..., Zo, are
assumed independent realizations of a SN()). The maximum likelihood estimates of the param-
eters are ,80 = 5.288, ﬁl = 0.308, 6 = 47.585 and )\ = +o00. The modified estimate of the shape
parameter is \* = 23.65. Figure 5 shows the histogram of the residuals 2; = (Bfat; —Bo ﬂIWt )/6.
Solid and dashed lines represents the skew normal density with shape parameter ’\. and \*, respec-
tively.

Table 2 reports bias of maximum likelihood and modified maximum likelihood estimators
in some simulation results, for 4 = 0, 0 = 1 and A = 5,10. We see that the behaviour of the
maximum likelihood estimator for location and scale parameters is quite good and it does not seem
to be affected by the value of the shape parameter. The percentage of cases in which A= +o0
is not negligible and is larger for small sample sizes and A = 10. Even in this case, A* is always
finite, although its bias has a strange non-monotone behaviour as n increases. This is due to large
estimates that, in the mean, balance the tendency to underestimate the true A, in particular for
small sample sizes. The median does not have this problem. Indeed, in the simulation with A =5,
the median of the simulated empirical distribution of )* is equal to 4.469 when n = 50, 4.688
when n = 100 and 4.828 when n = 200. This fact is confirmed in Figure 6, where nonparametric
density estimates of the empirical distribution of \* are reported. Similar considerations apply to
the case with A = 10.

4 Application to the skew t distribution

In the following we apply the method of the previous section to the skew ¢ distribution, with
known degrees of freedom. The skew ¢ distribution is a natural generalization of the skew normal
distribution, which allows to model the tails of the distribution as well as its skewness. Below,
we give the definition of Azzalini & Capitanio (2003), although this coincides with the proposal
of Branco & Dey (2001). Both papers deal with the general multivariate case. Here, we restrict
our attention to the scalar case.

Let us consider a random variable Z ~ SN (\), with density given by (1), and another random
variable V| independent of Z, with distribution V ~ x%/v. Then

Y=p+oV12z7 (6)

has the skew ¢ distribution, written Y ~ ST'(u, 0, A, v). The density of Y is given by

% 1/2
f(y;u,o,/\,V)=2t(y;V)T{/\yUu(C;J:Llu) ;V+1}, (7)
Y




where

Q, - (y;u)2’
ty;v) = %\;ﬁr{(;(j/;))ﬂ} (1+%)—(u+1)/2

and T'(z; 1) is the t distribution function with v degrees of freedom. We note that, as v goes to
infinity, the skew ¢ distribution tends to the skew normal distribution. In the present context, we
consider the degrees of freedom as fixed and we apply Firth’s method. As with the skew normal
distribution, we deal first with the shape parameter only (4 = 0 and ¢ = 1) and then we combine
this solution with the maximum likelihood estimates for 4 and o.

Let us consider a sample yi,...,y, of independent and identically distributed observations
from Y ~ ST(0,1, A, v), with known v > 0. The log-likelihood for A is given by

IN) =) logT(Aug;v +1),

i=1

where u; = y;1/(v + 1)/(y2 + v).

As with the skew normal distribution, the maximum likelihood estimate may be infinite with
positive probability. In particular, also in this case, when all the observations are positive, then
I(A) is an increasing function that tends to a constant value as A tends to +co. We note that, for
given n and ), the probability of having ) = 0o is the same as the one of the corresponding skew
normal log-likelihood, irrespectively of the (fixed) degrees of freedom. This can be easily seen in
(6). Here, we apply the same method of the previous section.

The score function and observed information are

= tQAur+1)u
U = Tyt D

. B v+1 3 )\2uf - .
i = ZT)\uz,u+1){V+2 V+1 tAuiv+1) o+

tAu;v+1)%u
Z T(Aug;; v+ 1)

i=1

Using these quantities we can compute the needed ingredients for the modification M()), as de-
fined by (5), through numerical integration. Figure 7 shows M () for different values of v, together
with M (A) for the skew normal distribution. The modifications for the skew ¢ distribution have
shape similar to the skew normal one, in particular as v increases. For small values of v the
penalization of the score function for small values of || is lower than what occurs in the skew
normal case.

Example 4. We generated a sample of size 30 from a ST'(0, 1,5, 3):
=(0.4493, 0.9244, 2.3975, 1.6091, 1.1315, 1.7909, 0.2530, 1.0535, 0.8879, 0.0635, 0.6291, 2.7096,
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0.2444, 2.5884, 0.6907, 0.0996, 0.3889, 0.0651, 0.7204, 0.7187, 1.0224, 0.3116, 1.1170, 0.8715,
—0.0491, 0.6654, 1.7649, 0.3744, 0.5656, 0.5284).

This sample has only one negative observation, equal to —0.0491. The maximum likelihood esti-
mate is A = 13.496 while the modified estimate is /\* = 6.586. If we consider the absolute value of
the negative observation, we have X = +oo, while \* = 12.042.

In what done so far, we assumed v as known. Hence, it may be interesting to consider what
happens to X and \* when v changes. Figure 8 shows the two estimates for values of v that range
from 1 to 50, for the data of Example 4. In this case, \* is more affected by the choice of v than
A. Anyway, in both cases, the behavior of the estimates is smooth and it tends to the horizontal
line, which corresponds to the estimate in the skew normal case.

As for the skew normal distribution, the observed modification M°*()) gave numerically un-
stable results. Therefore, we restricted our attention to the expected version. On the other hand,
in this case we have not proved the existence of /\* when A = co. Anyway, it seems reasonable to
us that a proof along the lines of the skew normal one could probably be done, since, in all simu-
lated sarmples, \* was found to exist and to be unique. Table 3 reports some of these simulations
results. Similarly to the skew normal case, A* always exists but it tends to have a negative bias,
particularly noticeable for small n and large A\. Anyway, this bias is lower than the corresponding
one for the skew normal case, and it is lower for small values of v.

Finally, let us consider the general case, where y,...,y, are independent and identically
distributed observations from a ST'(u, o, A, v), with v known. The log-likelihood is

U, 0, \) Zlogf(yl,u,a Av),

where f(y;; p,0,A,v) is given by (7). As with the skew normal distribution, also in the more
general case, A might be infinite. However, this problem affects only the skewness parameter.
Indeed, /i and & always exist finite and they have a nice asymptotic behavior.

Hence, we follow the same procedure of Section 3.2: we first compute i and 6. Then, we
standardize the observation, giving 2; = (y; — ft)/6, and we apply Firth’s method for the shape
parameter only, using (21, ..., 2,) as observations. Some simulation results are reported in Table 4,
for various values of v and A. These results show the same behavior of those in Table 2. Therefore,
for some comments, see the final paragraph of Section 3.2.

5 Discussion

We proposed a modified maximum likelihood estimator for the shape parameter of the skew
normal and skew t distributions. By construction, this estimator has lower bias than the maximum
likelihood estimator and, in the present context, has the advantage of being always finite. To our
knowledge, this is the first example in which it is proved that Firth’s method always yields a finite
estimate when the maximum likelihood estimate is infinite.

The proposed estimator is not invariant with respect to reparameterizations. Hence, a careful
choice of the parameterization is crucial. Working with the somehow natural shape parameter A
has the advantage that M* has a distribution close to normality. An alternative parameterization
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could be § = A/(1+ M?)1/2 which gives all values between -1 and 1 as the parameter space. In
this case, 0 has values on the boundary of the parameter space with positive probability, while
4* does not have this problem. However, the distribution of 4* is far from being normal (except
for large n). Therefore, it seems preferable to work with the parameter A. Of course, with large
sample sizes, in practice absence of invariance tends to vanish.

Nothing has been said in this paper about standard errors and confidence intervals based on )igh
Since the modification M ()\) is of order O(1), the first order asymptotic variance of X* is the same
as that of A, namely i(\)~!, and this can be used in the usual way for providing standard errors.
In the location, scale and shape case, for the same reason, we can use the element corresponding
to X of the matrix i(6) L.

Appendix

In the following we prove that M(\) = Q(A~!), where we we used the order notation f = Q(g)
< (f = O(g) and g = O(f)). Intuitively, this means that f/g is bounded above and below.
This condition guarantees that U*(\) = 0 has a solution when X does not exist, as shown is Section
3:1.

The order of the modification M(\) = —Xag2())/{2a2(A)} depends on the order of ass ()
and ag()). In particular, the result M()\) = Q(A™!) follows from the fact that asp(A) = Q(A7°)
and ag()) = Q(A73). Both a4()) and asy()) are positive even functions, and they are decreasing
for A > 0. In Appendix A of Liseo & Loperfido (2002) this is proved for ass(A). It is also proved
that age(A) = O(A~3). With a slight modification of their argument, it is also possible to show
that ag()\) = Q(A~3). Since the proof for as(A\) = Q(A~°) uses exactly the same steps, only this
one is given in what follows.

The symmetry of a4e(A) is proved by splitting the integral in two parts

2/000Z4¢( )(Z;(()/\\Z))d +2/ 4¢( z) (q)()\/\Z))dz
1

- Z/Omz‘l(b(z)qﬁz(—-/\z)q)()\z){l_q)()\z)}dz=a42(—)\).

The monotonicity of ase()), for A > 0, is proved noting that das(A)/OA is negative. Indeed,

Bapm(N) 5 $(2)8°(\2)
) —‘2/0 P T okl

a42(/\)

where H(s) = 2s®(s){1 — ®(s)} + ¢(s){1 — 2®(s)}. Since, for all s > 0, s®(—s) < ¢(s), then
H(s) > 0 and the result follows.
From the symmetry of a42()), it is enough to study the right tail only. Let

a(A) = AQA)+B())

_ ® 4 0%A2) = 4 ¢*(\2)
- 2/0 2 (2) q)(/\z)dz+2/0 A §(e) gy
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Forall A >0and z >0, 1< 1/®()\z) < 2. Then A*(A\) < A(X) < 24*(A), with

o 3
A*(A) = 2A 24 ¢(Z)¢2(/\ Z)dZ = m 5

Hence, A(\) = Q(A%). We also note that B(\) > A*(\) = O(A\75), since 1 — ®(A2) < L.
Therefore, it only remains to prove that B(\) = O(A™®). Let us write

B(A) = Bi(A)+ By(})
1/ 2() 5
= 2/0 4¢(z) EI>()\) )d +2/ z qS(z) ¢ (/\()\)z) Z.

When 0 < z < A1, ®(\z) < ®(1); then {1 — ®(A2)}! < 6.30 = {1 — ®(1)}~! = c. It follows
that Bi(\) < ¢/2B5()\), with

and where I'(a, z) denotes the incomplete Gamma function

I'(a,z) :/ t* lexp—tdt.
0

It follows that B;(\) = O(A~%). Finally, for fixed positive A and z > A~! we use the following
inequality (Feller, 1971)
1 P 323
—®(\2) ~ (A222-1)p(\2) "

Hence

B < 20 [ i ele0 s

IN

2 A3 38 208 A3
3 7 7
20 [ To(e)00 2z < o |60 =S
giving B(A) = O(A~®). This also implies that B()\) = (A~°) and completes the proof.
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A n E\(A=A® E{XN=)\ %(<+w)

5 20 2.030 —1.687  72.6 (12.7)
50 1.815 ~0.254  95.8 (96.1)
100 0.825 0.006  99.8 (99.8)
10 20 1.926 ~5.983  48.3 (47.5)
50 4.195 —2.635  80.2 (80.1)
100 4.181 —0.580  96.1 (96.0)

(*) computed when A < +00

Table 1: Skew normal: simulation results with 5000 iterations. Bias of A (computed only when
A < +00), bias of A\* and empirical (theoretical) percentage of cases when A exists.

X n E{p—p} Ee{6—0} Ep{A-A}® E;{)*—-)} %(<+)

5 30 0.026 —0.023 1.560 0.098 87.2
100 0.010 —0.009 1.384 0.437 98.0
200 0.004 —0.004 0.556 0.186 99.9
10 50 0.023 —0.024 0.889 —2.248 66.3
100 0.008 —0.009 3.257 0.302 87.7
200 0.003 —0.002 2.720 0.971 98.2

*) computed when Xigies

Table 2: Skew normal: simulation results when p = 0, 0 =1 and A = 5,10 and with 5000
iterations. Bias of [, 7, A (computed only when i +00) and A*. Last column reports the
empirical percentage of cases when X exists.
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v A n E,\{)\ = /\}(*) E)‘{/\* e /\} % (:\ < +00)
5

3 20 2.174 098 Tl
50 1.760 0.185  95.8 (96.1)

100  0.753 0.117  99.8 (99.8)

10 20 0.745 4668  47.8 (47.5)
50 3.592 1119 79.9 (80.1)

100 3.113 0235  95.7 (96.0)

10 5 20 2.048 L8 1D
50 1.742 —0.138  96.1 (96.1)

100  0.756 0.042  99.8 (99.8)

10 % 1.894 —5.483  48.6 (47.5)
50 4.482 —2.058  80.0 (80.1)

100 3470 —0.225  95.5 (96.0)

) computed when A < 400

Table 3: Skew ¢: simulation results when v = 3,10, A = 5,10 and with 5000 iterations. Bias of A
(computed only when A < +00), bias of A* and empirical (theoretical) percentage of cases when
A exists.
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v A n Ef{p—u} E{6-0} Ep{A-2® E{M-2} %(<+o)
5

3 50 0.016 —0.006 1.156 1.084 85.5
100 0.009 —0.003 1.592 0.866 98.2

200 0.006 -0.003 0.586 0.273 99.9

10 30 0.015 —0.010 —0.081 0.336 60.6
100 0.007 —0.004 3.766 1.983 89.5

200 0.002 —0.001 3.029 1.721 98.5

5 5 50 0.017 —0.009 1.439 0.890 84.8
100 0.009 —0.005 1.607 0.755 98.3

200 0.006 —0.004 0.568 0.226 100.0

10 50 0.016 —0.013 1.003 —0.389 62.7
100 0.005 —0.002 4.327 1.569 90.0

200 0.003 —0.002 3.118 1.280 99.1

10 5 50 0.017 —0.014 1.984 0.504 87.5
100 0.004 —0.004 1.801 0.769 97.9

200 0.007 —0.006 0.516 0.184 100.0

10 50 0.017 —0.018 1.908 —1.312 67.2
100 0.006 —0.006 4.595 0.972 89.5

200 0.003 —0.002 3.009 1.076 98.8

*) computed when A < 400

Table 4: Skew t: simulation results when p =0, 0 =1, v = 3,5,10 and A = 5,10 and with
5000 iterations. Bias of /i, &, A (computed only when A < +00) and A*. Last column reports the
empirical percentage of cases when ) exists.
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Figure 1: Modification to the score function.
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Figure 2: Score functidns: U()) (solid), U*(\) (dashed) and the modification M()) (dot-dashed).
Data: z (left panel), |z| (right panel).
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Figure 3: Modifications to the score function: M () (solid) and M7(\) (dot-dashed).
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Figure 4: Histogram of simulated data points (small circles), leading to A = +oo (solid curve).
The modified estimate is A* = 9.14 (dashed curve).
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AIS data
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residuals

Figure 5: Ais data. Histogram of the residuals (small circles), leading to A = +oo (solid curve).
The modified estimate is \* = 23.65 (dashed curve).
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Figure 6: Simulation with { = 0, 0 = 1 and A = 5 and with 5000 iterations. Nonparametric
density estimates of the distribution of A*: n = 50 (dot-dashed), n = 100 (dashed) and n = 200
(solid).
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Figure 7: Modifications to the score function for the skew ¢ distribution: v = 3 (dotted), 5
(dot-dashed), 10 (dashed). The solid line corresponds to the modification for the skew normal

distribution.
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Figure 8: Example 4. Maximum likelihood estimate and its modification for the skew t distribution
and for various values of v : A (o) and A* (x). The horizontal dotted lines correspond to the

estimates for the skew normal distribution.
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