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Microscopic behavior of the solutions
of a transmission problem

for the Helmholtz equation.

A functional analytic approach

Tugba Akyel and Massimo Lanza de Cristoforis

Abstract. Let Qf, Q° be bounded open connected subsets of R™ that
contain the origin. Let Q(e) = Q°\ e for small € > 0. Then we consider
a linear transmission problem for the Helmholtz equation in the pair
of domains €Q’ and Q(¢) with Neumann boundary conditions on 99°.
Under appropriate conditions on the wave numbers in ¢Q and Q(¢) and
on the parameters involved in the transmission conditions on edQ¢, the
transmission problem has a unique solution (u(e,-),u°(e,-)) for small
values of € > 0. Here u’(e, -) and u° (e, -) solve the Helmholtz equation in
eQ' and Q(e), respectively. Then we prove that if £ € Q7 and £ € R™\
then the rescaled solutions u’(e, €£) and u°(e, €€) can be expanded into
a convergent power expansion of €, kpeloge, d2.n log™' €, knelog? e for
e small enough. Here k, = 1 if n is even and k,, = 0 if n is odd and
22 =1and d2, =01if n > 3.
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1. Introduction

In this paper we consider a linear transmission problem for the Helmholtz
equation in a domain with a small inclusion. Problems of this type are moti-
vated by the analysis of time-harmonic Maxwell’s Equations and we continue
an analysis of [1] by analyzing the microscopic behavior of the solutions.
For related problems for the Helmholtz equation, we refer to the papers [3]
of Ammari, Vogelius and Volkov, [2] of Ammari, Takovleva and Moskow, [4]
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of Ammari and Volkov, [12] of Hansen, Poignard and Vogelius, and [25] of
Vogelius and Volkov.

First we introduce a problem with no hole (and no transmission), and
then we consider the case with the hole. We consider m € N\ {0}, n €
N\ {0,1}, a €]0,1[ and the following assumption.

Let 2 be a bounded open connected subset of R™ of class C™*.
Let R™\ Q be connected. Let 0 € ). (1.1)

Now let 2° be as in (1.1). Let
ko € C\] — 00,0], Sko > 0. (1.2)
We also assume that k2 is not a Neumann eigenvalue for —A in Q°. Then if
g° € O™ (900, (1.3)

the Neumann problem

{ Au® + k2u® =0 in Q°,

o o _ ,0 o
U’ =9 on 0f)

has a unique solution @° € C"*(Q°) (see for example Colton and Kress [9,
Thm. 3.20] and classical Schauder regularity theory).

We now perturb singularly our problem. To do so, we consider another
subset Q' of R™ as in (1.1). Then there exists

€0 €0, 1[ such that eQF C Q° Ve € [—eo, €] -

A known topological argument shows that Q(e) = Q°\ Qi is connected, and
that R™ \ Q(e) has exactly the two connected components €Q and R™ \ Q°,
and that

0Q(e) = (e0Q") U 0N Ve €] — €0, €0[\{0} .
Obviously,
ve(x) = —vqi(x/€) sgn(e) Vo € €)',
ve(z) = vgo () Vo € 002°,

for all € €] — o, €0[\{0}, where sgn(e) =1 if € > 0, sgn(e) = —1if e < 0. Then
we introduce the constants

m', m° €0, 4-00], a €]0,4+o0[, beR,

and
k; € (C\] — O0,0] s Sk; >0, (14)
and the datum

g € CmTLe (90 | (1.5)
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Then we consider the transmission problem

Au' + k2ut =0 in €Q?,

Au® + k2u® =0 in Q(e),

ul(x) — aui‘(x) =b { ‘ Vo € 6892: , (1.6)
-4 éhfm ui(z) + L Bv(jm ul(x) = g'(x/e) Vo € edQ',

61?00 u’ = g° on 00°,

in the unknown (u?,u®) € C™(eQi) x C™*(Q(e)) for € €]0,¢[. By [1,
Thm. 4.61], there exists ¢ €]0,¢p[ such that problem (1.6) has a unique
solution (u'(e,-),u’(e,-)) € C™*(eQ?) x C™*(Q(e)). In [1, Thm. 5.1], we
have analyzed the behavior of u°(e, ) as € approaches 0 and we have shown
that if x € Q°\ {0}, then u°(e, z) can be expanded into a convergent power
expansion of €, k,eloge, d2 log ™' € for e small enough. Here k, = 1 if n is
even and k, = 0 if n is odd and 022 = 1 and d2,, = 0 if n > 3. In this paper
we plan to consider the ‘microscopic’ behavior of our family of solutions, i.e.,
the behavior of the rescaled family

{(u'(e; €),u’(€, €))ecjoerf
when € is small enough. More precisely, we plan to answer the following two
questions
(i) Let € be fixed in Q. What can be said on the map € — (e, e£) when
€ > 0 is close to 07
(ii) Let & be fixed in R” \ ©2°. What can be said on the map € +— u°(e, €)
when € > 0 is close to 07

Questions of this type have long been investigated for linear problems on
domains with small holes with the methods of asymptotic analysis, which
alm at proving complete asymptotic expansions in terms of the parameter e.
Although we cannot provide here a complete list of contributions, we men-
tion the early works of of Cherepanov [6], [7] and the books of Nayfeh [22],
Van Dyke [24], and Cole [8]. Then the description of the method of matching
outer and inner asymptotic expansions of II’in [13] and the Compound Ex-
pansion Method of Mazya, Nazarov and Plamenewskii [21] where the authors
introduce a systematic approach for analyzing general Douglis and Nirenberg
elliptic boundary value problems in domains with perforations and corners.

To analyze the problem and answer the above questions we resort to
the Functional Analytic Approach (see reference [11] with Dalla Riva and
Musolino) and we exploit the corresponding results of [1] and we prove that
if € € Q0 and € € R™ \ QF then u(e, e€) and u°(e, €£) can be expanded into a
convergent power expansion of €, kpeloge, d2 5, log '€, knelog? e for € small
enough, respectively (see Theorem 5.1).

2. Preliminaries and notation.

For standard definitions of Calculus in normed spaces, we refer to Cartan [5]
and to Prodi and Ambrosetti [23]. The symbol N denotes the set of natural
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numbers including 0. Throughout the paper,

neN\{0,1}.
Let D C R™. Then D denotes the closure of D and 0D denotes the boundary
of D. For all R > 0, z € R™, z; denotes the j-th coordinate of x, |z| denotes

the Euclidean modulus of x in R™, and B, (z, R) denotes the ball {y € R™ :
|z —y| < R}. Let Q be an open subset of R™. Then we find convenient to set

Ot =0, QO =R"\ Q.
The space of m times continuously differentiable complex-valued functions
on Q is denoted by C™(£,C), or more simply by C™(2). Let r € N\ {0},
f € (C™(Q))". The s-th component of f is denoted fs and the Jacobian
matrix of f is denoted Df. Let n = (1,...,nn) € N In| =n1 + -+ + 1.
Then D" f denotes #. The subspace of C™(Q) of those functions f

. Dz

such that f and its derivatives D" f of order |n| < m can be extended with
continuity to  is denoted C™(Q). The subspace of C™(£) whose functions
have m-th order derivatives that are Holder continuous with exponent o €
10, 1] is denoted C™ (), (cf. e.g. [11, §2.11]). Let D C R™. Then C™(Q, D)
denotes the set {f € (Cme(@)": f(Q) C ]D)}. We say that a bounded open
subset of R™ is of class C™ or of class C"™ %, if it is a manifold with boundary
imbedded in R™ of class C™ or C"™*, respectively (cf. e.g., [11, §2.13]). For
standard properties of the functions of class C"* both on a domain of R"
or on a manifold imbedded in R™ we refer to [11, §2.11, 2.12, 2.14, 2.20] (see
also [14, §2, Lem. 3.1, 4.26, Thm. 4.28], [18, §2].) We retain the standard
notation of LP spaces and of corresponding norms. We note that throughout
the paper ‘analytic’ means ‘real analytic’.

3. Some basic facts in potential theory.

In the sequel, arg and log denote the principal branch of the argument and
of the logarithm in C\] — 0o, 0], respectively. Then we have

arg(z) = Slog(z) €] —m,n[  Vz e C\] — 0,0].

Then we set

N (G0 (/2% (1/2)7
JB(Z):]Z:(:) TG+ TG +v+1) VzeC, (3.1)

for all v € C\ {—j: j € N\ {0}}. Here (1/2)" = e*'°8(1/2) As is well known,
if v € C\{—7:j€N\{0}} then the function JE(-) is entire and

J(2?) = e7V18% ], (2) Vz € C\] — 00,0],
where J,(-) is the Bessel function of the first kind of index v (cf. e.g., Lebe-
dev [20, Ch. 1, §5.3].) If v € N, we set

Ni(z) = -2 > wzm/z)?ﬁ

|
0<j<r—1 J:
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7Y = ( 323122J12 1 1
?Z 1//—1—)])(/) QZTF Z ; VzeC.

j= 0<iI<j F<I<j+v

As one can easily see, the N%(-) is an entire holomorphic function of the
variable z € C and

N,(2) = %(log(z) —log2 +7)J,(2) + 27V NA(2?) Vz € C\] — 00,0],

where 7 is the Euler-Mascheroni constant, and where N, (-) is the Neumann
function of index v, also known as Bessel function of second kind and index
v (cf. e.g., Lebedev [20, Ch. 1, §5.5].) Let k € C\] — c0,0], n € N\ {0,1},
a, € C. Then we set
b = al=(n/2)g=-1=(n/2) if n is even
" { (=1)* = 71-(/22-1=(n/2) if p is odd,

and

kn_Zian + Zba(log k —log 2 +7) + 2= log |.T}

. X Jh o (K2[2|?) + bn|z2 " N, (K2[2?)
— 2 2

Skan () = if n is even,

k"2 Th_y (K2|ef2) + bl (K af?)

2 2
if n is odd,

(3.2)
for all z € R™ \ {0}. As it is known and can be easily verified, the family
{Sk.a, }a,cc coincides with the family of all radial fundamental solutions of
A+ k2.

Now we need to consider two specific fundamental solutions. For the
first, which we denote by S} ,,, we need to choose a, so that the resulting
fundamental solution can be extended to an entire holomorphic function of
the variable k € C. Then we introduce the following theorem. For a proof we
refer to the paper [19, Prop. 3.3] with Rossi.

Theorem 3.1. Let n € N\{0,1}. Let Sy »(:,+) be the map from (R™\{0}) xC
to C defined by

bo{ 20272 (712 o o

Shon(z, k) = +|x| 2)Nﬁ , (k2 |z|? )} if n is even,
by ||~ (=200 (k2|x| ) if n is odd,

for all (z,k) € (R™\ {0}) x C. Then the following statements hold.
(i) Snn(-, k) is a fundamental solution of A+k? for all k € C and Sp, (-, 0)
coincides with the classical fundamental solution S, of A, i.e.,
5. log |z va € R™\ {0}, ifn=2,

Sin(®,0) = Sn(@) = { :27;)57;|$|2_" Ve e R™\ {0}, ifn > 2,
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where s, denotes the (n — 1) dimensional measure of OB,,(0,1).
(ii) Shn(-, k) is real analytic in R™ \ {0}. Moreover, if x € R™\ {0}, then
the map Sp.n(x,-) is holomorphic in C.

Next we introduce the second fundamental solution that we need. Let
k € C\] — 00,0], Sk > 0. As well known in scattering theory, a function
u € C1(R™\ {0}) satisfies the outgoing k-radiation condition provided that

lim |z|*T (Du(z) — — iku(z)) = 0.

z—00 ||

Classically, one can prove that the fundamental solution of (3.2) satisfies the
outgoing k-radiation condition if and only if

—ib if n is even 1
= "o — _jgl=(n/2)9=1-(n/2) 3.3
i { —e~ "7, if nis odd } w (3:3)

Then we introduce the following definition.

Definition 3.2. Let n € N\ {0,1}. Let k € C\] —o00,0]. We denote by S, (-, k)
the function from R™\ {0} to C defined by

Sy (2, k) = Sh.a, () Vo € R™\ {0},
with ay, as in (3.3) (cf. (3.2).)

As we have said above, if k € C\] — 00,0] and Sk > 0, then S, (-, k)
satisfies the outgoing k-radiation condition. The subscript r stands for ‘radi-
ation’. Now we introduce the function ~,, from C to C defined by setting

Tt T, if n is odd, (3-4)

—i—&—%z—logZ—i—w b, if niseven,
= { A )

for all z € C. Then we have
Sy (k) = Spn(z, k) + yn(log k)K" 205, (K2|z]?) vz € R™\ {0},
2

for all k& € C\] — 00,0]. Next we introduce the layer potential operators
corresponding to a fundamental solution or to a smooth kernel.

Definition 3.3. Let n € N\ {0,1}, k € C. Let S be either a fundamental
solution of A + k2 or a real analytic function from R™ to C. Let  be a
bounded open subset of R™ of class C*<. Let o € C°(09Q). Then we introduce
the following notation.

(i) We denote by valp, S] the function from R™ to C defined by
valp, Sl(x) = . S(x —y)u(y)do, Yz €R™.

Then we denote by v [, S], by vg [, S] and by Valu, S], the restriction
of va[u, S] to Q, to Q= and to 99, respectively.
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(i) We denote by W§[u, S] the function from 9 to C defined by

0
W, S)(z) = 5 S(z —y)p(y) doy Vo € 00,
a0 OVQ .z

where

£y S(z —y) = DS(z — y)va(x) V(z,y) € 00 x 0z #y.
Q,x

If k € C\] — 00,0], we set
UQ[M» k] = ’UQ[Mﬂ ST,n('7 k)] ;
and we use corresponding abbreviations for Vg, v%, W, It k € C, we set
vo,nli, k] = valp, Sk (-, k)],

and we use corresponding abbreviations for Vg j, U?ih, Wé h A€ C, we
set
0, X] = valie, Ths - )]

and we use corresponding abbreviations for Vg, v%y Js Wé ;- For the regu-
larity results on acoustic layer potentials that we need, we refer the reader
to [10] (which is a generalization of [19]), to [16, Thm. A.3] and to [1, §3]. If
m € N\ {0}, a €]0, 1], we set

W, sli Nl(@)

=2 [ (ALY =) - 9)e - prale)n(y) do,.
o0

2

for all z € 9Q and for all (u, \) € C™~1:2%(9Q) x C. Then we have
W sl N (@) = AW (1, N(2) Ve € 99,
for all (u, \) € C™~12(9€) x C. By our abbreviations, we have
vy [ k] = 05y [, K]+ (log k)K" 20y 5 [, K] (35)

on QF for all 4 in C™~5*(99Q) and k € C\] — o0,0] (cf. [1, Cor. 3.25]).

Next we observe that the fundamental solution S, ,, satisfies the follow-
ing scaling property, which can be verified by exploiting the definition of S, ,,
and elementary computations.

Lemma 3.4. Letn € N\ {0,1}, k € C\] —00,0]. Then the following equalities
hold

EH_QSnn(ECE,
e”leST,n(ex,
for all z € R™ \ {0}, € €]0, 4+00].

) = Syl ek),
) = DS, .(z,ck)

k
k
Then we note that the following elementary equality holds

20y,
lo(ek)) = 22, log e+ 310 K). (3.6)
for all k € C\] — 00, 0] and € €]0, +o0[ (cf. (3.4).)
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4. Existence of a family of solutions {(u'(e, -),u’(e, ) Fecpo,erf

We first transform problem (1.6) into a problem for integral equations on the
boundaries Q% and 9€2°. To do so, we first set

Y10 = C™ 1092 x Cx C™~H(992") x C x C™~1*(99°),

where

Cmhe (00 = {9 e Cmh(09) : 0do = O}

o
and we mention that we can choose 6% € C™~1(9Q") such that

1 .
6" is real valued 0 do =1, —§9ﬁ + Wi p[6°,0] =0 on 09
ot
(4.1)
and accordingly that
vf = Vi ,[0%, 0] is constant on 09’ (4.2)

(cf. e.g., [11, Prop. 6.18, Thms. 6.24, 6.25], [15, Thm. 5.1]). Then we also
have

Vi g[6%,0) = J4_,(0)  on 9 (4.3)

2

and
1 .
/ LWt [6.0do= [ ¢do  Véecm @)
oqi 2 ’ Qi
(cf. e.g., [11, Lem. 6.11]). To shorten our notation, we find convenient to
introduce the polynomial function g,, from R? to R defined by

Qn(e, 61) = [(1—52’71)6’”_34-(52’”][(1—(52’»“)61 +Kln(52,n} V(Q 61) S RZ, (44)

and we observe that

1
on (€, kneloge) = €" 2k, 056 Ve €]0,1]. (4.5)

Then we set
Zim—1,0 = C™ () x C™12(897) x O™ 1 (90°)

and we introduce the map M = (M;);=1 2,3 from ] — €9, €[ X R? X Y,;,_1 o to
Zm—1,o defined by

M1[€7617627<7Ci7<i7c7 00](5) = Sh,n(g - n76k0)§i(n) dO’n (46)
o0
e D _%e + evn(logk )_ /1 2v glt, te2 k2] (&) dt
0_771 Tn go_oa/\Ql,ng o
+ [ Sun(€—n,eko)c'6%(n) doy,
o0
1

e %61+e'yn(logko) c EVQi)J[Hﬂ,tEng](ﬁ)dt
L ™ ] 0 8)\




Microscopic behavior of the solutions of a transmission problem 9

+e" 2k 2 (log ko) e Vi 4 [0%, 0](€) + o Srn (€€ =y, ko)0°(y) doy

—a [ Spn(€—mn,eki)((n)doy,
o0

1
0 | 2+ ennlloghs)| [ vl d
™ 0 8)\ ’
—(k272/E ) [ S (€ — m,€ki)0% () doy
o0
—a Shn (€ =, €k;)c[(1 — b2.n) + €2)60%(n) doy
o0
n—1ym—2 i2 | 2bn e, 4,272
—e"T k)T k] | —€1 + ey (log k) — Vi s[0°, te*k7](€) dt
Y 0 6A ?
n—11.n 2bn
—ae" k] — €1+ evn(logk;)| c[(1 — d2,n) + €2]

1
6 — n—2 1
x/ an’J[Gﬁ,tEZk?](ﬁ)dtfe” 22l (log ki) Vi s [0%, 0](€)
0

—ak?*2 {2:_”9”(6, €) + €31 - 02.n) + €2]vn (log kl)] CVQi7J|:9’i, 0](¢)

—b V&€ o,
M2[€7€17€27C7ci7§iac? 00](5) (47)
= - - O+ a7 R I + (- )+ alE)
+ | DSnal€ —n,eki)rvai(§)
o0

X (C(n) + a” (k72 /K208 () + cl(1 = 02,n) + €2]60%(n)) do,

+€n71k? [22"61 + evn(log kl)}

X Wi J1C+a (k2 /KP2) 0% + (1 — 62,0) + €2] 607, erf}(g)}
{3 @+ )

= | DShnl€ = n.cko)vas(§) (s'(n) + €0 () dory

2b,, F i i
_En—lkg |:€1 + E’Vn(log ko):| W(tll J[gl + Claﬁv 62k(2)](£)
™ )

eamD&M£%%Wm@W@M%}#@) Ve € 09

M3[€7€17€27C7ci7§iaca 60}(1:) (48)
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1 . .
=—50%() + DSy (x — en, ko)vae () (<" (1) + ¢'08(n)) doye"
Q¢
+ DSr,n(x - Y ko)VQ" (x)eo(y) dgy - go(x) Va € 0Q° ’
Qe
for all (e, €1, €2,(, ¢, 5%, ¢,0°) €] — €o, €0[XR? X Yp_1.o. Here C%VgiJ denotes
the partial differential of the analytic map Vo ;[-,-] with respect to its sec-
ond argument (cf. [1, Thm. 3.22]). Then we have the following satement of
[1, Thms. 4.18, 4.47] that shows that for € €]0, €[ small problem (1.6) is
equivalent to equation Mle, €1, €2, (, ¢!, <%, ¢,6°] = 0 provided that we choose

2,n

€1 = knpeloge, eo = Tog e

Theorem 4.1. Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q%, Q° be as
in (1.1). Let m*, m°, a €]0,+oo[, b € R. Let g*, g° be as in (1.3), (1.5). Let
ki, ko be as in (1.2), (1.4). Assume that k? is not a Neumann eigenvalue for
—A in Q0. Let 6% € C™L(90) be as in (4.1). Let M = (M;)1=1.2.3 be the
map from ] — €g, €0[XR% X Yyu—1.0 t0 Zin—1.0 defined by (4.6)—(4.8). Then the
following statements hold.

(i) If e = €1 = €2 = 0, then equation
MJ0,0,0,¢, ¢, ", ¢, 0] =0 (4.9)

has one and only one solution (, &, &, 0°) in Ym_1.o. Moreover, & =
0.

(ii) There exists € €]0,eo[ such that the map from the subset of Y,_1.4
consisting of the 5-tuples ((, c', <%, c,0°) that solve the equation

Som o
M[Ea Kn€ log €, 2777 Ca Clagla C, 90] =0
log e

onto the set of solutions (u',u®) in C™*(eQ?) x C™(Qe)), which sat-
isfy problem (1.6), which takes (C,ct, <%, ¢,0°) to the pair of functions

(uz[e’ C? CZ’ g’L? C’ 60]’ uo[€7 C? CZ’ g’L? C7 00])

defined by
ut e, C, ci7 gi, ¢, 0%(z) = %v:'ﬂi [C(-/€), ki](z) (4.10)
1 : -
+ (afl(kf,’ﬂ/k?—?)cz + m)% 0% /€), ki) () Vo € €0,

W7les Gyl 07](2) = s 60, Kol() + o ls' /), Kol ()

+%u;m 0%(-/e), ko)(x)  Va € Qe),
is a bijection.

The equation (4.9) can be shown to be equivalent to a boundary value
problem in the sense of the following statement of [1, Thm. 4.32].
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Theorem 4.2. Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q%, Q° be as
in (1.1). Let m*, m°, a €]0,+oo[, b € R. Let g*, g° be as in (1.3), (1.5). Let
ki, ko be as in (1.2), (1.4). Assume that k2 is not a Neumann eigenvalue for
—A in Q°. Then the limiting boundary value problem

Aul" =0 in QF,
Aul" =0 in Q7
Au® + k2u® =0 in Q°,
ud" (x) + u®(0) — aul"(x) = b Vo € 00,
— gy (2) + s gl (@) =0 Yz € 09
Ofou —g" on 09°
i (€)=,

©Wr ~0,7 ~o

has one and only one solution (47", 4y’ ,a°) in
O™ (QF) x O (Qi7) x C™(Qe),

which is delivered by the following formulas

i = v G0+ Cin QAP =vg, [0 in Q-
(4.11)
@ = vl [0 k) in 2°

where (C, &8, 0°) is the only solution in Y, 1.4 of equation (4.9) and
C= (53 2+ (1 —d2.4) Uﬁ) (see (4.2) for the constant v¥ = Vo ,[0%,0]).

Next we turn to equation M = 0. One can show that one can solve
equation Mle, €1, €2, C, ¢t, %, ¢,0°] = 0 in the unknown (¢, ¢?, <%, ¢, #°) in terms
of (e, €1, €2) by mean of the following statement of [1, Thm. 4.53, Rmk. 4.58].

Theorem 4.3. Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q', Q° be as
in (1.1). Let m*, m°, a €]0,4+oc[, b € R. Let g*, g° be as in (1.3), (1.5).
Let ki, ko be as in (1.2), (1.4). Assume that k2 is not a Neumann eigenvalue
for —=A in Q°. Let e, €]0,¢o[ be as in Theorem 4.1. Let M = (M;)i=1,2,3 be
the map from ] — €g, €0[XR? X YVyu—1,0 10 Zin—1,0 defined by (4.6)-(4.8). Then
there exists € €]0, €[, an open neighbourhood U of (0,0) in R? and an open
neighbourhood V' of (CN, é.che, 50) in Yim—_1,0 and a real analytic map

(z,C", 5", C,0°

from | — €, €[xU to V such that

021 -
(ﬁneloge, 2, > e U, Ve €]0,¢],
log e

and such that the set of zeros of M in ] — €, €[xU x V coincides with the
graph of the map (Z,C%,S*, C,0°). In particular,

(Z]0,0,0],C"[0,0,0], S[0,0,0], C[0,0,0],©°(0,0,0]) = (¢, &,¢,,6°),
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where ((,é,¢%,¢,0°) is the only solution in Yy,—1.4 of equation (4.9). More-
over,

aC! aC!
—10,0,0] =0, —10,0,0] =0. 4.12
861 [ M ] ) 862 [ } ( )
For the sake of brevity, we set
—_ _ 62,71
Enle] = (/inelog €, loge) , Ve €]0,1]. (4.13)

Then we have the following existence and uniqueness theorem for problem
(1.6) for € €]0, €[ (cf. [1, Thm. 4.61].)

Theorem 4.4. Let m € N\ {0}, n € N\ {0,1}, a €]0,1[. Let Q, Q° be as
in (1.1). Let m*, m°, a €]0,+oo[, b € R. Let g*, g° be as in (1.3), (1.5). Let
ki, ko be as in (1.2), (1.4). Assume that k? is not a Neumann eigenvalue for
—A in Q°.

Let € €]0, €[ be as in Theorem 4.3. If € €]0,¢€'[, then the transmission
problem (1.6) has one and only one solution (u'(e,-),u’(e,-)) € C™*(eQ) x
C™*(Q(e)) and the following formula holds

u'(e, ) (4.14)
= w'le, Zle,Zalel), C'le Zaldl), e, Zale), ClesZalel, 07 Sl

uo(e, )

u’le, Zle, Eule]], C'le, Enlel], 8°[e, Znlel], Cle, Enlel], 0°[e, Znlelll(-)
for all € €]0, €[ (cf (4.10)).

5. Microscopic representation for {(u'(c, ), u’(c, ) Fecjo, |
We now analyze the microscopic behavior of our family of solutions, i.e., the
behavior of the rescaled family {(u(e, e-), u°(e, €)) }eeo,e[-
Theorem 5.1. With the assumptions of Theorem 4.3, the following statements
hold.
(i) There exist real analytic maps Ui Uy from | — €', €' [xTU to C™(Q)
such that
u'(e, €€) = Uj[e, Znle]] + (knelog? e)UUs[e, Enle]]  VE € O
for all € €]0, €[ (cf. (4.13) for the definition of =, ). Moreover,
Ui0,0,0) =a%",  Ui0,0,0] =0,

where ﬂi’r has been defined in Theorem 4.2.

(ii) Let Q,, be a bounded open subset of R"\@ Then there exist €, €]0,€],
and two real analytic maps Uy, | ,Ug, 5 from | — €, em[xU to C™(Qy)
such that

€ € Q° Ve €] — €y eml,

u® (€, €€) = Uy, 1[€, B[] (€)
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+(rnelog® Uy, o[6, E[](€) V€ € O, € €]0,eml.
Moreover,
0,0, 00(8) = a°(0) + @y (), Uy, 5[0,0,0[(§) =0 VE € O,
where u° and 4" are as in Theorem 4.2.

Proof. By the first formulas of (4.10) and (4.14), we have
wiee) =2 [ 8 (e - k) Zle. 2l ) do,

+e" a7 (kg T2 /K T?) C'le, Enle]] o Sron(€€ — en, ki)6F () do

+€"2log %" € Cle, Zpe]] Sy (€€ — en, k)0 (n) do,, VE € Qi
o0t

for all € €]0,¢'[. Then Lemma 3.4 implies that
u'(e, e€) = v [Z[e, Enle]], kil (€)
+a~t (kT2 /RPT?) C'le, Balellug [0, kil (€)
+log™*" € Cle, En[dJog 6%, eki] (§) V€ € OF
for all € €]0,¢/[. Then equality (3.5) implies that
u' (e, €€) = vy ,[Z[e. Enle]], ki) (€)
+n(log(eki))€" 2k 20 [ Z]e, Enlel], k7] (€)
+a=t (kp 72 /K7 T?) C'le, Enle]]
% (v 0%, ki) () + m (log(ek)) ™ k120 (6%, €k2)(6))
+log ™" € Cle, Epe]]
x (v 0%, ki) (€) + v (log(eki))e™ k720, (6%, 2K2)(6))
for all £ € Qi and € €]0, ¢'[. By equality (3.6), we have
u' (e, €) = v [ Z[e, Enlel], ki) (€)

’ {2: tog e mllo "”’] P 1206 Eald) ERTIE)
+a~t (kP2 /K ?) Clle, 2y le]] <vgi7h[0ﬁ, eki] (€)

S _
[ g+ ok | k0, 1)

log " e C[e,sn[en(vgi,h[eﬁ,em(o

[2b,, T oo —
+ 7nnloge+%(1ogki) i A [9’1,6%?](5)) Ve €
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for all € €]0, ¢/[. Since there exists an entire function J 1 such that
2

J () =T, 0)+2J5,(2)  VzeC (5.1)
2 2 2
(see (3.1)), then we have

v, 1Zle, Zalell, R2)(6) = / JE (PR2E =) Zle, Ealdl(n)do,  (5.2)
aqi 2

= FL 0 [ Zez. e,

+62ki2/ & — n2IEL, (2k2|E — n*) Zle, Enlel](n)doy,

o9 2

= 62k?/ & — 2T, (k2 — n|*) Z[e, Zalel)(n)do, Ve €]0,€].
o9 z

Indeed, [,q. Z[e,En[e]](n)do, = 0 for all € €]0,€'[. Also, the Fundamental
Theorem of Calculus and equality C*[0,0,0] = & = 0 imply that

(knloge) Cle, kpeloge, 8o,/ log €] (5.3)
= (kneloge) [ eloge, s02 ,,/ log €| ds
oty '

Lo

oCct

+kpelog? 6/ [se, skneloge, 62,/ loge] ds
o Ota ’
1 i

oC
+02.1, / ——[s€, skpeloge, s0y ./ logelds Ve €]0,€].
™ Jo 8t3 ,

Next introduce the following analytic functions

Cile e1,e) = €1 Hoct ——[se, seq, sea] ds + o n/ [se, se1, sea] ds
o Ot Oty
and
L oci P
Csle, €1, €] = . [se, se1, sea] ds V(e €1,€2) €] — €€ [xU.
o Otz
By equality (5.3), we have
(kn loge) Clle, kpeloge, 8z, / log €] (5.4)

= C1le, kneloge, 2.,/ log €] + Kpe log? e Cy €, kneloge, bz, / log€].
y (5.2), (5.4), and by the elementary equality
d2.n
log e

log %" e = (1 — Ga.) + Ve €]0, 1],

we have

u'(e,€€) = v, [Z[e, Enle]], eki](€)
%y _
+— ki kne" log e /BQ_ € — nIQin,’; (€K71E = nl*) Z]e, Zn[€]](n)dor,

+’Yn(10g ki)k?_QﬁndU;{i)J[Z[ﬁa En [d]a €2kz‘2] (5)
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+at (K2 RPT?) C'le, Enldlugs , [0, €ki] (€)

20y, - n—
—|—a_1k§_2701 [e,Zn]€]] € 21}&}(,[9”, 2k?)(€)

2
_1k" 220n Hnelog eCsle, E [e]]e"_QvgiJ[Hu,ezkf](f)
. ,
+a " kT2 C e, Enlellvn (log ki) 2o, 0%, 2K71(€)

62,71 | - +
+ _(1 —O2.n) + log ¢ | C[Ev‘—'n[e]]vm [9 eki](€)
2
22 0 mnelog PR Cle, Zaleugs 0, H)(€)
K 5
+[(1 = 62) + 1016 Y (log k:)Cle, Enlel]e" 2k 20, (0%, 2k2)(€)

VE e Qi
for all € €]0, €[ (see (4.5)). Thus, we find natural to set
Uu; [e, €1, €2](§) = vgi’h[Z[e, €1, €], €k;](§) (5.5)
+2mae [ =PI @RIE—nP)Zle a. i,
+ym(log k)" 2k} v 5[ Z1e, €1, 2], €2K7] (€)

+at (kg2 /K T?) C'le en, eaJugy, [0, ek (€)

2b, _
—I—a_lk:?_Q?Cl [, €1, €2] €" 21};; J [9n762k1-2](§)

+a~ k2O e, €1, el log k)€ 2o, 16, €K7 ()
+[(1 = 62,n) + €2] Cle, €1, €a]ugh, [0, €ki] (€)
+ 22 (e )R 2Cles v, 108, RE) + (1= Ga) + ]
7 (log ki) Cle, e1, €2)e" 2k 20, [ [0F, 2K7](€)  VE € O,
Uife e1,2](6) = a7 K2 2 Colle e, el P [0, PRE(E) E €

for all (e, €1, €3) €], €'[xU (see Theorem 4.3). By [1, Thm. 3.21 (i)], v bl
defines a real analytic map from C”~1(9Q) x C to C"™*(Q). Then The-
orem 4.3 implies that the map from | — ¢, €'[xU to C™(Q¢) which takes
(e,€1,€2) to U;)ri,h [Z]e, €1, €2], €k;] is real analytic. Similarly, the map from
] — €, €[xU to C"™*(Q) which takes (e, €1, €2) to v;gi,h [6%, €k;] is real ana-
lytic. Since | — n|2J& (€2k2|¢ — n|?) is analytic in the variable (£,7,¢€) in
2
an open neighbourhood of Qi x 90 x| — ¢, €[ then Proposition 4.1 (i) of pa-
per [17] with Musolino on integral operators with real analytic kernel implies
that the map from | — €, €'[x L' (dQ%) to C™*(QF) that takes (e, f) to the
function [, 1§ — 77\2(]2’% (€k?|€ —n|?) f(n)do,, of the variable £ € 9 is real



16 Tugba Akyel and Massimo Lanza de Cristoforis

analytic. Since Z is real analytic and C™~1%(9Q%) is continuously imbed-
ded into L'(997), we conclude that the map from | — ¢, ¢/[xU to C™ ()
which takes (e, €1, €2) to the second summand of the right-hand side of (5.5)
is analytic. By [1, Thm. 3.22 (ii)], vgi,J[-, /| defines a real analytic map from

Cmhe (90 x C to C™ (Q¢). Then Theorem 4.3 implies that the map from
] =€, [xU to C™(QF) which takes (e, €e1,€2) to vl | [Z[e, €1, 2], €27 is
real analytic. Similarly, the map from | — ¢, ¢/[xU to C™(Q?) which takes
(e, €1,€2) to le [0%, €2k2] is real analytic. Fmally C" is real analytic by The-

orem 4.3 and thIlb, C; and Cy are real analytic as well. Hence U} and U are
real analytic. Moreover, (4.3), (4.4) and Theorems 4.2, 4.3 imply that

Ui[0,0,0](¢) = v ,[210,0,0],0](€)
+7n(1ogk’)5znk” 2vg;, 11210,0,0],0](€)
a”t (k)72 kP72) 70,0, 00ug, ,[0%,0](¢)
+a’1k;”2%6‘ [0,0,0] 85 nvgh: [0%,0](€)
+a k) T2CH0,0, 01y, (log ki) 3z gy, (6%, 01(6)
+(1 = 62,,)C[0,0,0]v g, ,[6%,0](¢)
+%527nk?_20[070,0]v§i7J[9ﬁ,O](§)
H(1 = b2,0) 7 (log ki) C[0, 0, )8,k gl [6%,0](€)
= v ,1210,0,0], 0](€)

<(1—52n)v91 [60%,0](€) + S,k Q—J’i (0 )) C[0,0,0]

2b,
+a_1k;’_2701 [0,0,0] 527,“15%2 (0)

- ~ 2b

= v [0 01€) + C + a2 = C1[0,0,0] 02,0751 (0)

; 20,
=@y (6) + 0~ k2= C1[0,0,0] 02,072 (0)

) 2
Ui0,0,0)(6) = o Mkn 220
s

(5[0,0,082,,J%_,(0) V¢ € Q.
2
By the definition of C7, Cy and by equality (4.12), we have
€1]0,0,0] = C5[0,0,0] =0, (5.6)

and thus the proof of (i) is complete. We now consider statement (ii). Let €,
be such that

eQ,, C Q° Ve € [—€m, €m]-

Then we have

ancl
€

Q(e) Ve € [—€m, em] \ {0}
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By the second formulas of (4.10) and (4.14), we have
w(ee€) = [ (et~ k)O7le ) ),
e [ 8 (ee - k) S'e Z el ) do,
o

+€n72 /é)Qi Sr_’n(gf — €1, ko)C [ E’ [ ]]0ﬁ( )dO’n 5 € m

for all € €]0, €,,[. By Lemma 3.4 and equalities (3.5), (3.6), we have

UO(E, 65) = Sr,n (65 - Y k0)60[67 En [E]](y)de

a0e
, 2by, 2
—’—’U(_Z?",h[sZ [67 En [G]L €k0](§) + |:7TKTL IOg €+ Tn (IOg ko):| €" 2]{:2 2
g 5[S°[e, Znlel], €2k2](€)
, 2by, oo
+C'e, Zne]] (1)51-7}1[0717 ko] (&) + |:ﬂ_l€n log € + vy, (log ko)] 22

xug 0. €R©) Ve D
for all € €]0, €,,,[. Thus by exploiting (5.1) and (5.4) we find natural to set
Up 1€ €1, €] (€) (5.7)

= /6 Srn(€€ =y, ko)O°[e, €1, €2](y)doy + v, [S'[e, €1, 2], €k, ] (€)
Qo

2b, ;
"1‘7616” 1kn/(9 ‘f 77| Jn 2( 2k3|§—77|2)SZ[€»€1»€2](77)d0n

+'Yn(10gko) " an 21}91 [S [6761a62}>€2k2](5)
+Ci[€,€1,€2]7}61’h[9 7€k0](§)

+v, (log ko)e"_2kg_201 [e, €1, €2]vg J[Oﬁ, erg] &)

2y o ~ -
+ eI T2C e, €, €2)ugy 5107, €2K2)(E) VE € O
T :

5 2by

Uy, 5le €1, €)(6) = €2k~ —Cale e, v [0%,k2)(€)  VEEQ,

for all (e, e1,€2) €] — €, €e[xU. Since S, ,(e€ — y,k,) is real analytic in the
variable (£,y,€) in an open neighbourhood of ©Q,, x 9Q°x] — €, €, then
by Proposition 4.1 (i) of [17] on the integral operators with real analytic
kernel, the map from | — €, €, [x L}(992°) to C™(€,,,) which takes a pair
(e,h) to [o60 Srn(e - =y, ko)h(y)doy, is analytic. Since ©° is real analytic
and C™~1:2(90°) is continuously imbedded into L(9Q°), we conclude that
the map from | — €, €, [xU to C™(,,,) which takes (e, €1, €2) to the first
summand of the right-hand side of (5.7) is real analytic. By [1, Thm. 3.22 (ii)],
Vg L] defines a real analytic map from C™~1(9Q") x C to C™(Qyy).
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Then Theorem 4.3 implies that the map from | — €, €/[xU to C™(Q,)
which takes (e, €1, €2) to vy, h [Si [€, €1, €], €k ] is real analytic. Similarly, the
map | — €, €[ XU to C™(€,,,) which takes (e, €1, €2) to Veyin [0%, €k,] is Teal
analytic. Since |¢ — 7|2 Jn;z,( €2k2|¢ — n|) is analytic in the variable (&,7,€)
in an open neighbourhoo?i of Q,, x O0'x] — €m, €| then by Proposition

4.1 (i) of [17] on integral operators with real analytic kernel the map from
| = €ms €m [ X LH(OQF) to C™2(€2,,) that takes (e, h) to the function

/8 €~ 2T (PR2E —nP)hin)dor,  E € 00

is real analytic. Since S? is real analytic and C™~1(9Q¢) is continuously
imbedded into L'(9Q%), we conclude that the map from ] — em,em[xﬁ to
C™*(Q,,) which takes (e, €1,€e2) to the third summand of the right-hand
side of (5.7) is real analytic. By [1, Thm. 3.22 (iii)], vg ,[,-] defines a real

analytic map from C™~1%(9Q%) x C to C"™(€,,). Then Theorem 4.3 (ii)
implies that the map from |—€,,, €, [xU to C"*(€,,,) which takes (e, €1, €3) to
Veyi g [Sile, €1, €2], €2k2] is real analytic. Similarly, the map from | — €, € [x U

to G () which takes (e, €1, €2) to vg: [0%, €2k2] is real analytic. Finally,

C' is real analytic by Theorem 4.3 and thus C; and Cy are analytic. Hence
Uy, 1 and Uy, 5 are analytic. Then by (4.11), Theorem 4.3 and equality (5.6),
we have

al0.0.01€) = [ S0(=0.8)0710.0.00(5)der, + i3, [5710.0,01,01(6)

+vn(log ko )d2,nkg ™ %QL [Si[0,0,0],0](£)+Ci[0,0,0]v§i,h[9”70](€)
+n (log k)02, k2 2C0, 0, 0]vg,: J[eﬁ, 0](¢)

+&52nk" 2C4[0,0,0)vg, ;[6%,0](6)

i b'n/
— U 87, ko) (0) + v [, 0)(6) + QW

= a%(0) + a7 (€),
7(1)1,2[0707 0] (5) =0 vé- € m

b2k 2C110,0,0]7%_, (0)

O
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