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A B S T R A C T

Minimal codes are being intensively studied in last years. [𝑛, 𝑘]𝑞 -minimal linear codes are in bijection with
strong blocking sets of size 𝑛 in 𝑃𝐺(𝑘−1, 𝑞) and a lower bound for the size of strong blocking sets is given by
(𝑘 − 1)(𝑞 + 1) ≤ 𝑛. In this note we show that all strong blocking sets of length 9 in 𝑃𝐺(3, 2) are the hyperbolic
quadrics 𝑄+(3, 2).
. Introduction

.1. First definitions

In this section we fix the notation that we will use in the paper and
ome preliminary results on minimal codes.

efinition 1.1.

• An [𝑛, 𝑘]𝑞-linear code  is a subspace of F𝑛
𝑞 of dimension 𝑘.

• All the elements of  are said codewords.
• The (Hamming) support of a vector (𝑣1, 𝑣2,… , 𝑣𝑛) = 𝑣 ∈ F𝑛

𝑞 is
𝜎(𝑣) = {𝑖|𝑣𝑖 ≠ 0} ⊆ {1, 2,… , 𝑛}.

• The (Hamming) weight of 𝑣 is 𝑤(𝑣) = |𝜎(𝑣)|.
• A Generator matrix 𝐺 for  is an 𝑘 × 𝑛 matrix over F𝑞 such that
 = 𝑟𝑜𝑤𝑠𝑝𝑎𝑐𝑒(𝐺).

In [1], J. L. Massey used minimal codewords to determine the access
structure in its codebased secrete sharing scheme.

Definition 1.2. Let  be an [𝑛, 𝑘]𝑞 code. A nonzero codeword 𝑐 ∈  is
minimal if for every codeword 𝑐′ ∈  such that 𝜎(𝑐′) ⊆ 𝜎(𝑐), 𝑐′ = 𝜆𝑐, for
some 𝜆 in F∗

𝑞 . We say that  is minimal if all its codewords are minimal.

As it was noticed in [2], minimal codes are in bijection with strong
blocking sets in projective spaces. A strong blocking set in 𝑃𝐺(𝑘− 1, 𝑞)
is a set of points  such that, for each hyperplane 𝜎, ⟨𝜎 ∩ ⟩ = 𝜎.
Strong blocking sets were introduced by A. A. Davydov, M. Giulietti,
S. Marcugini and F. Pambianco in [3]. Later, the same concept was
also studied by Sz. Fancsali and P. Sziklai in [4], under the name of
generator sets, by M. Bonini and M. Borello in [5], under the name of
cutting blocking sets, and by T. Héger, B. Patkós and M. Takáts in [6],
under the name of hyperplane generating set.

E-mail address: valentino.smaldore@unibas.it.

Theorem 1.3 ([2, Theorem 3.4]). Let  be a non-degenerate [𝑛, 𝑘]𝑞-code
with generator matrix 𝐺 = (𝐺1,… , 𝐺𝑛). Let 𝑆 = {𝐺1,… , 𝐺𝑛} be the
corresponding point set of 𝑃𝐺(𝑘 − 1, 𝑞). Then,  is a minimal code if and
only if 𝑆 is a strong blocking set.

From the previous theorem it follows the correspondence between
[𝑛, 𝑘]𝑞-minimal code and strong blocking sets of 𝑃𝐺(𝑘 − 1, 𝑞) of size 𝑛.
We refer the reader to [2] for more details on minimal codes, while we
refer to [7] for a more geometrical approach.

1.2. Minimal length of a minimal code

A general problem is to determine the minimal length of a [𝑛, 𝑘]𝑞-
minimal code can have, fixing 𝑘 and 𝑞. Equivalently, the problem is
to determine the minimum size 𝑛 of a strong blocking set in 𝑃𝐺(𝑘 −
1, 𝑞). In [8], A. Beutelspacher found a lower bound for 𝑛, under the
hypothesis 𝑘 − 1 ≤ 𝑞. Later, G. N. Alfarano, M. Borello, A. Neri and A.
Ravagnani extended the result for all values of 𝑘 and 𝑞.

Theorem 1.4 ([9, Theorem 2.14]). Let  be a [𝑛, 𝑘]𝑞-minimal code. Then
𝑛 ≥ (𝑘 − 1)(𝑞 + 1).

Corollary 1.5. Let 𝑞 = 2. If 𝑛 is the size of a strong blocking set in
𝑃𝐺(𝑘 − 1, 2), then 𝑛 ≥ 3(𝑘 − 1).

2. Minimal strong blocking sets in 𝑷𝑮(𝟑, 𝟐)

Consider now the projective space 𝑃𝐺(3, 2). From Corollary 1.5 we
know that the minimum possible size for a strong blocking set is 9.
In [2, Example 5.10], is pointed out that a computer search showed
that there is only one minimal code of length 9 up to equivalence. Here
we prove in terms of minimal strong blocking sets of 𝑃𝐺(3, 2). We call
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minimal strong blocking set a strong blocking set 𝑆 meeting the lower
bound given by Theorem 1.4.

It is easy to see that hyperbolic quadrics 𝑄+(3, 2) are minimal strong
blocking sets, i.e. all planar intersections generate the whole plane. The
proof is contained also in [2], and belongs to a more general result
in [10]. In fact, it is known that plane section of a quadric is a non-
degenerate conic, or a degenerate conic consisting on two concurrent
lines, and in both cases the whole plane is generated by the intersection.

We now focus on a geometric characterization of minimal strong
blocking sets of 𝑃𝐺(3, 2)

Lemma 2.1. Consider a minimal strong blocking set 𝑆 of 𝑃𝐺(3, 2).

• Any projective plane 𝜋 in 𝑃𝐺(3, 2) contains at most 5 points of 𝑆.
• If 𝜋 contains a line of 𝑆, then it contains 5 points of 𝑆, forming two
lines meeting in a point.

Proof.

• Fix a plane 𝜋. Since |𝑆| = 9, we want to prove that |𝑆 ⧵ 𝜋| > 3.
Assume by contradiction that |𝑆 ⧵ 𝜋| ≤ 3, then consider the plane
𝜎 through the points in 𝑆 ⧵𝜋. The intersection of 𝜎 and 𝜋 is a line
𝓁, and through a 𝓁 there pass exactly three planes: 𝜎, 𝜋 and 𝛿.
But now 𝛿 ∩ 𝑆 ⊆ 𝓁, which does not generate the whole plane 𝛿.

• Consider a line 𝓁 ⊂ 𝑆. Through 𝓁 there pass the 3 planes 𝜎, 𝜋
and 𝛿. Since by the previous a plane may not contain more than
5 points of 𝑆, and since |𝑆| = 9, we have |𝑆 ∩ 𝜋| = |𝑆 ∩ 𝜎| =
|𝑆 ∩ 𝛿| = 5. □

emma 2.2. Let 𝑆 be a minimal strong blocking set of 𝑃𝐺(3, 2). Through
ach point 𝑃 ∈ 𝑆 there pass exactly 2 lines entirely contained in 𝑆.

roof. Firstly we prove that through 𝑃 may not pass more than 2 lines
f 𝑆. Otherwise, say 𝓁1,𝓁2,𝓁3 are 3 lines through 𝑃 contained in 𝑆.
ow, |𝓁1 ∪ 𝓁2 ∪ 𝓁3| = 7, and the other 2 points of the minimal strong
locking set 𝑆 are on two more lines 𝓁4 and 𝓁5 through 𝑃 . Since 𝑃
ies on 7 lines, take 𝓁6 and 𝓁7 meeting 𝑆 only in 𝑃 . Now the plane
𝓁6,𝓁7⟩ is such that 𝑆 ∩ ⟨𝓁6,𝓁7⟩ ∈ {𝑆 ∩𝓁1, 𝑆 ∩𝓁2, 𝑆 ∩𝓁3, 𝑆 ∩𝓁4, 𝑆 ∩𝓁5},
nd in all these cases the intersection does not generate ⟨𝓁6,𝓁7⟩. The
econd step is to prove that through each 𝑃 ∈ 𝑆 there pass at least two
ines of 𝑆. Since 𝑃 lies on 7 lines and |𝑆 ⧵ {𝑃 }| = 8, by counting we
ee that at least one of the lines through 𝑃 is entirely contained in 𝑆
recall that a projective line in 𝑃𝐺(3, 2) has 3 points). Now fix a line
⊂ 𝑆, and the 3 planes 𝜋1, 𝜋2 and 𝜋3 through 𝓁. Since by Lemma 2.1

𝑆 ∩ 𝜋1| = |𝑆 ∩ 𝜋2| = |𝑆 ∩ 𝜋3| = 5, each of the planes through 𝓁 contains
n other line in 𝑆. But we just proved that a point may not lie on 3 lines
n 𝑆, so taking the 3 points 𝑃1, 𝑃2, 𝑃3 ∈ 𝓁, we see that, up to a possible
ermutation on points, through 𝑃𝑖 there pass exactly an other line in
∩ 𝜋𝑖, 𝑖 ∈ {1, 2, 3}. □

We are now ready to prove the main theorem.

heorem 2.3. The minimal strong blocking sets of 𝑃𝐺(3, 2) are exactly
he hyperbolic quadrics 𝑄+(3, 2).

roof. The thesis arises from the characterization given in Lem-
as 2.1 and 2.2, together with the known classification of quadrics

n [11].1 □

emark 2.4. An other proof of the theorem, which does not involve
he classification of polar spaces, arises by checking all projectively
on-equivalent configurations of ) points in 𝑃𝐺(3, 2). Since |𝑃𝐺(3, 2)| =

15, the set 𝑋 of all possible configurations of 9 points in 𝑃𝐺(3, 2) has
size |𝑋| =

(15
9

)

= 5005. In 𝑃𝐺(3, 2) there are exactly 5 projectively non-
equivalent configurations of 9 points, i.e. 𝑃𝐺𝐿(4, 2) has exactly 5 orbits
on 𝑋:

1 We thank the reviewer for the shortcut in the proof of the main theorem.
2

1. 280 hyperbolic quadrics 𝑄+(3, 2);
2. 105 configurations that consist on a point 𝑃 and all the other

points out of a fixed plane 𝜋 ∋ 𝑃 ;
3. 420 configurations that consist on a plane 𝜋 and two points

𝑃 ,𝑄 ∉ 𝜋;
4. 1680 configurations that consist on a punctured plane 𝜋 ⧵ {𝑃 }

and other 3 points 𝑄,𝑅, 𝑆 ∉ 𝜋 such that ⟨𝑄,𝑅, 𝑆⟩ ∩ 𝜋 = 𝓁 ∌ 𝑃 ;
5. 2520 configurations that consist on a punctured plane 𝜋 ⧵ {𝑃 }

and other 3 points 𝑄,𝑅, 𝑆 ∉ 𝜋 such that ⟨𝑄,𝑅, 𝑆⟩ ∩ 𝜋 = 𝓁 ∋ 𝑃 .

y the Orbit-Stabilizer Theorem we have |𝑃𝐺𝐿(4,2)|
|𝑃𝐺𝑂+(4,2)| = 20160

72 = 280
hyperbolic quadrics. Now we consider the second configuration. The
number of point in |𝑃𝐺(3, 2)| is 15 and through each point there pass
7 planes, so the second set has size 7 ⋅15 = 105. The third configuration
onsiders the 15 planes and the all possible pairs of points in the
emaining 15 − 7 = |𝑃𝐺(3, 2) ⧵ 𝜋|, so we get 15 ⋅

(8
2

)

= 420. Now we
consider all the possibilities made of 6 points on a plane 𝜋 and three
points 𝑄,𝑅, 𝑆 ∉ 𝜋. We have 15 planes, and each time we take out
𝑃 , one of the 7 points of the plane. Moreover, we should consider
all the possible triple of the 8 points out of 𝜋, so the total number is
15 ⋅ 7 ⋅

(8
3

)

= 5880. Here we count twice the 1680 configurations as in 4,
and we have 2520 configurations as in 5. We are actually considering
all the possibilities since 5005 = 280 + 105 + 420 + 1680 + 2520, we refer
to the arXiv version for all explicit calculations. By following the proofs
of Lemmas 2.1 and 2.2 we show that configurations 2, 3, 4, 5 may not
be a minimal strong blocking set.

3. Conclusion

In this paper we provided examples of strong blocking set of the
minimal possible size allowed by Theorem 1.4 in 𝑃𝐺(3, 2). From Corol-
lary 1.5 we know that the size of a minimal strong blocking set in a
projective (𝑘−1)-dimensional space over F2 is 3(𝑘−1). In the Fano plane
we find the trivial 7 configurations of 6 points given by all the point
of the plane except one. The following step should rely on 𝑃𝐺(4, 2).
In this case 𝑛 ≥ 12, while, for example, a parabolic quadric 𝑄(4, 2)
is a strong blocking set of size 15. Computer-aided search does not
show any configuration of 12 points such that the intersection with all
hyperplanes generate the whole 3-space, while it is possible to show
minimal strong blocking set of size 15 in 𝑃𝐺(5, 2).
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