Chapter VIII

Elementary fibrations and
applications to Gauss-Manin

Introduction

This chapter develops a new approach to the study of direct images of connections
(i.e., de Rham cohomology with coefficients, endowed with the Gauss-Manin con-
nection) with respect to a smooth, not necessarily proper, morphism of smooth
algebraic varieties in characteristic 0.

We present elementary and purely algebraic proofs of the generic finiteness
and base change theorems, as well as of the fundamental finiteness, regularity,
monodromy and base change theorems for direct images of reqular algebraic con-
nections.

Our proofs use neither resolution of singularities (beyond the classical case of
embedded resolution of curves in surfaces), nor the theory of holonomy. In fact, in
contrast to the now standard methods which consist of trying to extend all objects
to a good compactification and studying ramification at infinity, our strategy relies
upon a dévissage inspired by Artin’s theory of elementary fibrations. This approach
allows us to reduce problems to the simple case of an ordinary differential operator
in one variable (but in a relative situation), which we handle directly.

We consider properties P of connections which are étale-local and strongly
exact. Our main lemma of dévissagasserts that in order to establish that for any
smooth morphism of smooth K -varieties XLS, for any (quasi-coherent) connec-
tion (£,V) on X satisfying P, and for any i > 0, the restriction of Rig f«(€,V)
to the Artin set A(f) C S satisfies P, it suffices to consider rational elementary

IThe idea of this dévissage has already appeared in our work on G-functions [9]. It is inter-
esting to note that Artin’s technique of elementary fibrations was also used, independently, as
a basic tool by A. de Jong in his now famous alteration theorem in [34], as we learned shortly
after beginning this work.
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fibrations f (in which case A(f) = S), and i = 0,1. This essentially reduces the
problem to the study of the kernel and cokernel of a connection in one variable.

25 [Elementary fibrations and dévissage

25.1 Elementary fibrations

Let &k be an algebraically closed field of characteristic 0. A k-variety will always
be meant to be a reduced separated k-scheme of finite type, not necessarily irre-
ducible.

Definition 25.1.1 (Elementary fibrations). 4 morphism f : X — S of smooth
algebraic k-varieties is called an elementary fibration if it can be embedded in a
commutative diagram

(25.1.2) X—sX+—7Z
X Jf/
S
where

(i) Z is a closed reduced subscheme of X and j is the complementary open im-
mersion;

(ii) f is projective and smooth with geometric fibers irreducible of dimension 1;

(iii) g is an étale covering.

X
e —
— ™
f
S

Lemma 25.1.3. An elementary fibration is a surjective affine morphism.

Proof. The question is local for the étale topology on S. Therefore, We may assume
that Z is a disjoint union of divisors isomorphic to S via g. For each point s € S,
Z, = g~1(s) is then a positive effective divisor on the projective curve X,/x(s),
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hence it is ample [54] Chap. IV, Cor. 3.3]. By [47 4.7.1], Z is then a relatively
ample divisor in the relative projective curve X /S. We conclude by [46] 5.5.7] that
f is affine. d

Definition 25.1.4 (Rational elementary fibrations). An elementary fibration f as
in [25.1.1| is rational if X = PY, [ is the projection on S and Z is a disjoint
union of images of sections o;, i = 1,...,7,00, of f, one of which is the section

Ooo 1 S = Zoo = {00} x S C PL. We thus have the diagram

(25.1.5) XL AL T, 0u(S)
\ lprs
f g
S

Remark 25.1.6. If k¥ = C, any rational elementary fibration is thus topologically
locally trivial for the classical complex topology.

Definition 25.1.7 (Coordinatized elementary fibrations). An elementary fibration
f as in[25.1.1]is coordinatized if it can be embedded in a commutative diagram

(25.1.8) Xt 3 X7

Yl Pl >z

N

S

where

(i) 7 is finite and 7 is an étale covering;

(H) f:f/Oﬂ'} ?:prsoﬁ7 g:g/oﬂ'/;

(iii) the lower part of the diagram is an elementary fibration with j'(Y) C AL.
Remark 25.1.9. We notice that the two squares in (25.1.8)) are necessarily cartesian
and that 7’ is an étale covering. A rational elementary fibration is ipso facto co-
ordinatized. Conversely, given a coordinatized elementary fibration as in (25.1.8),

there exists an étale covering S — S such that the lower part of the pull-back of
(25.1.8) over S" is a rational elementary fibration.

Remark 25.1.10. Let f: X — S be a smooth morphism of smooth k-varieties, of
relative dimension d. Assume S is connected. It follows from M. Artin’s theorem
[2, Exp. XI, prop. 3.3] on “good neighborhoods” that there exist an étale dominant
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morphism € : §' — S and a finite open (affine) cover {U,} of X' = X x5, such
that each U, — S’ is a tower of elementary fibrations

(25.1.11) Uo=Vaig —Vag1 —>—Vao=9 .

The integer d > 0 is called the height of the tower (a tower of height 0 is then an

isomorphism U, =9 ). This result will play a fundamental role in the present
chapter, in the following more precise form.

Proposition 25.1.12. Let f: X — S be a smooth morphism of smooth k-varieties,
with S connected. Then there exist an étale dominant morphism € : S’ — S and
a finite open (affine) cover {Uy} of X' = X xg S’ such that each U, — S’ is a
tower of coordinatized elementary fibrations.

Proof. We may assume that f is of pure relative dimension d > 0. Standard thick-
ening arguments allow us to replace S by its geometric generic point Spec k(5)*9,
and then replace the ground field k by k(S)*9. The cases d = 0, 1 are then trivial.

By induction on d (d > 2), it suffices to find, for an arbitrary closed point
¢ € X, an open neighborhood U of £ in X and a coordinatized elementary fibration
U—-T.

Let us first recall, for convenience, Artin’s construction of an elementary
fibration U — T, let alone the condition of being “coordinatized”. We may assume
X affine and consider a normal projective closure X. Let £ be a very ample line
bundle on X and let us embed X in a projective space PV via £®2. Then a
“general” linear space L C PV of codimension d — 1 passing through ¢ cuts X and
X~ X transversally and avoids the singular locus of X. Let H C PV be a “general”
hyperplane (not passing through & and avoiding LN (X \ X)), and let us consider
the blow-up PV of PV along L N H, and the morphism p : PV — P?=! induced
by the linear projection with center L N H. Let X be the strict transform of X in
PN and let Z C X be the disjoint union of X ~ X (considered as a subscheme of
X of codimension 1) and of the exceptional divisor ~ P4~ x (X N L N H). Then

% N\ Z identifies with an open subscheme of X containing &, and the pull-back of
the diagram

(25.1.13) X Ze X+ oz

over a suitable (affine) neighborhood T of p(¢) in P4—! defines an elementary fibra-
tion. Moreover, the fiber of P above p(§) identifies with X N L. The proposition

is then a consequence of the following lemma.
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Lemma 25.1.14. Given an elementary fibration as in (25.1.2)

and a closed point & € X, with image ¢ = f(£), there is an open neighborhood U of
& (resp. T of €), such that f induces a coordinatized elementary fibration U — T.

Proof. We denote by {&1,...,&} the finite set {£} U Z¢ of closed points of X.
Let us choose a closed S-immersion X — ]P’g/[ . The fiber YC is a closed smooth
curve in PM to which the theory of Lefschetz pencils applies [3] exp. XVII]. There
exists an open dense subset U of the Grassmannian of lines in the dual projective
space PM such that for any D, € U:

(a)¢ D¢ is a Lefschetz pencil; in particular, the axis of D¢ (which has codimension

2 in PM) does not cut Yc, so that D¢ gives rise to a finite morphism

WCZX<—>PIZD<;

(b)e if i # J, T (&) 7 me(&5);

(c)¢ for each ¢, T, is étale at each point of ﬁglﬁg (&).

In order to justify (b)¢ and (c)¢, it suffices to show that the generic pencil satis-
fies these conditions; but this follows from the fact [3] exp. XVII, 3.2.8] that for
any hyperplane H; C PM containing &;, but not & for j # 4, and cutting X,
transversally, there exists a Lefschetz pencil of hyperplanes containing H;.

Let us fix D¢ € Y. Up to changing the coordinate in P* ~ D, we may assume
in addition that

(d)¢ the hyperplane H,, corresponding to oo € D¢ cuts YC transversally, and
does not meet the points &;.

Let us now extend D, to a relative line D/S in the dual projective space Ip’g/f (D is
defined by an S-point in a suitable Grassmannian). After replacing S by a suitable
Zariski neighborhood T of ¢, we may assume that the axis of D does not cut X,
so that D gives rise to a finite T-morphism

T X — PL.
We may also assume that:

(b) T(Z) is étale over T, and does not contain 7(£);

(c) 7 is étale at any point of 7 17(Z);
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(d) (oo x T) does not meet 7 '7(Z) nor {£}, and the restriction of 7 to
7 oo x T) is étale.

According to |3} exp. XVII, 6.3], we may assume furthermore that:

(a) for any closed point ¢’ € T, D¢ is a Lefschetz pencil, and the branch locus
B CPL of 7 is étale over T

Then there is at most one ramification point in each fiber of #~!(B), so that
7 Y(B) is étale over T, and does not meet 7 '7(Z) U7 (co x T) nor {¢}. It is
now clear that

U=X~ (7@ Y (Bur 'wm(Z)us (oo x 7))
is a coordinatized elementary fibration (via 7), and £ € U C X.
This concludes the proof of lemma, hence of the proposition. g
In the next chapter, we shall need the following slight generalization:

Lemma 25.1.15. Given an elementary fibration (25.1.2)

Xl X 7
N
s

and a finite set of closed points F C X, there is an open neighborhood U of F' (resp.
T of f(F)), such that f induces a coordinatized elementary fibration U — T.

Proof. Let us choose a closed S-embedding X — PA. For each ¢ € f(F), we
denote by {514, ..., &8} the finite set F'U Z; of closed points of X. There exists

an open dense subset /¢ of the Grassmannian of lines in the dual projective space
PM such that for any D¢ € US:

(a)¢ Dc is a Lefschetz pencil; in particular, the axis of D¢ (which has codimension
2 in PM) does not cut X¢, so that D¢ gives rise to a finite morphism 7 :
XC — Pl ~ DC;

(b)e if i # j, then Te(&5) # e (€5);
(c)¢ for each i, 7 is étale at each point of ﬁg_lfg (Sf)

There exists a relative line D/S in the dual projective space ng such that D, € U ¢

for each ¢. Up to changing the coordinate in P! ~ D¢, we may moreover assume

that

(d)¢ the hyperplane H,, corresponding to co € D¢ cuts X transversally, and
does not meet the points 52.(.

We then finish the proof as in Lemma|25.1.14 d
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Remark 25.1.16. In fact, Proposition holds for a separably closed ground
field k of any characteristic. The proof is the same, except that one must replace
k(S)¥& by the separable closure of k(S), and that in Lemma it may be
necessary to replace the given embedding X < P& by a Veronese multiple (in
characteristic 2, one should also invoke [3, exp. XVII, 6.4], and replace £L®2 by

L£%3 in (the proof of) [25.1.12).

25.2 Artin sets

Let f : X — S be a smooth morphism of k-varieties. We denote by d the maximum
of the dimensions of the fibers. Let {Uq }a=o,...,» be a finite open cover of X. For
a=(ag,...,0p),0< g < g <---<ap <7, |a] =p+1, we denote by U, the
open subset Uy, N+ N Uy, of X, and by f, the restriction of f to U,.

We introduce a decreasing chain of subsets of S, the Artin sets of f, which
will be well-suited for the dévissage in Section below.

Definition 25.2.1 (Artin sets). The Artin set of f of level i > 0, denoted by A;(f),
is the union of the images €(S") C S, for all étale morphisms € : S — S, finite
over their image, such that:

(1) Xg admits a finite open cover {U,} such that the restriction of fs to each
U, is a tower of coordinatized elementary fibrations;

(2) each Uy, |a| > 1, admits a finite open cover {Uy g} such that the restriction
of fs' to each Uy, is a tower of coordinatized elementary fibrations;

(3) each Uy,p, |B] > 1, admits a finite open cover {Ua g~} such that the restric-
tion of fs to each Uy g~ is a tower of coordinatized elementary fibrations;

. and so on, for all (a, B,7,...) such that

(ol =D+ 18 =)+ (] =) +--- <ic

Obviously, A;(f) 2 Aiy1(f) for all i, and, for any U, appearing in the definition,

(f)
Aija)+1(fa) 2 Ai(f)-
We set

A(f) = Adtdimx (f)

(this definition is the most important and it will be justified later).

From Proposition [25.1.12] we deduce:

Corollary 25.2.2. For any ¢ > 0, A;(f) is a dense open subset of the image of the
(open) morphism f in S.

Remarks 25.2.3. (i) All Artin sets of a tower X — S of coordinatized elementary
fibrations coincide with S itself.

(ii) If f is étale, they coincide with the maximal open subset of S on which
f is an étale covering.
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25.3 Dévissage

In the sequel, we consider properties of Ox-modules with integrable connection
on arbitrary smooth k-varieties X. We write P((£,V)) to indicate that (£,V)
satisfies property P.

Definition 25.3.1. We say that P is

(1) local for the étale topology if for any X, any (£,V) € MIC(X) and any
étale cover {V;} of X, one has

P((E,V)) <= (Vi, P& V)w,));

(2) stable under finite étale direct image if for any X, any (£,V) € MIC(X)
and any finite étale T : X — X', one has

P((E,V)) = P(m(E,V)).

Here we write simply 7. (€, V) instead of RYpm.(E, V), the underlying Ox -
module being 7,&.

Definition 25.3.2. We say in general that a property P of objects of an abelian
category A is strongly exact if P(0) holds and for any exact sequence

E1—>E—)E2

in A, one has
(P(El) and P(Eg) ) — P(E)

Strong exactness is equivalent to the conjunction of exactness in the sense of
[47] 3.1.1] and stability under taking subobjects.

Lemma 25.3.3. Let P be a property of modules with integrable connection on
smooth k-varieties which is strongly exact and local for the étale topology. Then P
is stable under finite étale direct image.

Proof. Let (£,V) € MIC(X) and 7 : X — Z be an étale covering. We may and
shall assume that X is connected. Let 7 : Y — X be the Galois closure of X
relative to m [1] Exp. V, §4 and §7], and let G be the associated Galois group of
77, so that Z 2 Y/G. Let 0 : Z' — Z be an étale covering such that Yz — Z’ [1]
Exp. V, Prop. 2.6, (ii bis)] is the trivial Galois covering pry : Z/ x G — Z’. We
have the commutative diagram with fibered squares

y—~ sx—T" 7

7 xG=Yy —> X, - 7
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where all morphisms are finite étale and 7’ 7’ = pr;.

Since Z' x G = [1,cq 2" x {7}, an object (M, V) of MIC(Z’ x G), consists
of local components (M, V), in MIC(Z’ x {v}) = MIC(Z’), and P((M,V)) &
(P(M,V),) , ¥ € G). Since G operates on Z' x G by Z'-automorphisms, for
any vy € G

(pI‘T prl*(Mvv))’Y = @ (M7v)5
6eG
and

P((Ma V)) — 'P(pri prl*(M’ V))

Applying this to (M, V) = 7*¢"*(€,V), we derive P(pr,,7*0’*(€,V)). On the
other hand,

/7 7
pry, 7o’ = ot mer ™,

whence P (7. 7.7*(€,V)). Finally, since (£,V) is a direct summand of 7.7*(€, V),
we conclude P(m, (€, V)). O

Lemma 25.3.4 (Lemma on dévissage, first form). Let P be a property of modules
with integrable connection on smooth k-varieties, which is strongly exact and local
for the étale topology. Assume that

() for any rational elementary fibration f : X — S with S affine, étale over
some affine k-space, and for any quasi-coherent (£,V) € MIC(X),

P((E,V)) = P(Rhpf(E,V)), j=0,1.

Then for any i > 0, any smooth morphism f: X — S of smooth k-varieties, and
any quasi-coherent (€,V) € MIC(X),

P((&,V)) = P((Rbrfe (€, V))ja,n)-

Proof. We proceed in three steps.

25.3.5. The case when f has relative dimension 0 is a simple consequence of the
stability of P under finite étale direct image; we discard this trivial case in the
sequel. Because P is local, we may assume that S is connected. On the other hand,
if f=fHUfo:X=XUXy— S, then Ry f.(E,V) = Rhgf1((€,V)|x,) ®
Ry f2+((€,V)|x,); because P is strongly exact, we may thus assume that X is
connected so that f has pure relative dimension d. We may also assume that

0<i<d+dimX,

otherwise Rhy f..(€, V) = 0, in which case the result is trivial.

25.3.6. We may replace at once S by A;(f), and then (because P is local for the
étale topology and R} f+ is compatible with étale localization for quasi-coherent
&, see23.1) by an affine connected étale neighborhood S’ (étale over some affine
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space if we wish) such that X g admits a finite open cover {U, } with the properties
listed in definition[25.2.1|Let us consider the Zariski spectral sequence in MIC(S)
, _

EYTY = D Boif fae €, V)i, = Rbf-(€,V).

ap<ar < <ay

By induction on i, since A;_jq41(fo) = 4:i(f) = S, ’P(R;{fg*(é', V)u, ) for all a
such that |a| = p+ 1 > 1. Thus, by strong exactness of P, this spectral sequence
reduces us to prove P(Rg fax (€, V)|v.); hence, we may assume that f itself is a
tower

X=Xg—Xg1— - —Xo=5

of coordinatized elementary fibrations over an affine connected base S (étale over
some affine space if we wish). Such a tower gives rise to Leray spectral sequences
in MIC (see @ and by strong exactness of P we are reduced to proving P
for each level of the tower, i.e., we may assume that f itself is a coordinatized
elementary fibration.

25.3.7. In case f is a coordinatized elementary fibration, 25.1.

|
< ]% <—)
(f = f' om), we may assume that ¢ = 0,1: other cohomology sheaves are 0,
since f is affine of relative dimension 1 (cf. [23.6). Because P is étale-local, we
may replace S by an étale covering so that f’ becomes a rational elementary
fibration. Since 7 is an étale covering, the Leray spectral sequence for f = f' o7

degenerates: Rhg f.(E,V) = Rbg f1(me(E,V)). Then P((E,V)) = P(m.(E,V)) =
P(RLg fL (7. (E,V))), by (x). This proves the lemma. O

Remarks 25.3.8. (i) In lemma|25.3.4| we may replace A;(f) by A(f) = Agtdimx (f)

since

>

s

—

N+——N

~

n— 2

Rppf«(E,V) =0 for j >d+ dimX.
(i) If in lemma [25.3.4] assumption (*) holds only for j = 0, the conclusion
keeps holding for ¢ = 0.

Lemma 25.3.9 (Lemma on dévissage, second form). Let P be a property of modules
with integrable connection on smooth k-varieties that implies coherence, is strongly
exact and local for the étale topology. Assume that
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() for any rational elementary fibration f : X — S with S affine, étale over
some affine k-space, and for any simple (£,V) € MIC(X), which is cyclic
with respect to a generator of T'x g, there exists an open dense subset U C S,
such that

P((E,V)) = P(RLRf+(E, V) w), 5=0,1.

Then for any smooth morphism f : X — S of smooth k-varieties, and any (£,V) €
MIC(X), there exists a non-empty open subset U C S (depending upon (£,V))
such that, for any i > 0,

P((E,V)) = P((Rbr/+(E, V)v)-
Proof. We proceed in four steps.

25.3.10. We first show that () implies the apparently more stringent condition

(%) The conclusion of (x) holds true for every elementary fibration f : X — S
and every (£,V) € MIC(X).

We show that (¥) = (x)’. We first observe that, for any elementary fibration
f:X — S, if the conclusion of (*) holds true when (£, V) is simple, then it holds
true for any (£,V). In fact, let (£,V) be any object of MIC(X) satisfying P.
Since P implies coherence, (£, V) has finite length. Applying the strong exactness
of P to long exact cohomology sequences, we see that it is enough to establish (*)
for the simple subquotients of (£, V). Hence, we may assume that (€, V) is simple.

We remark that we are free to replace S by some open dense subset; because
P is étale-local, we may even replace S by an affine étale neighborhood. Hence we
may even assume that the restriction of (£, V) to the geometric generic fiber of f
is simple.

It is clear that any elementary fibration may be coordinatized after replacing
S by an open dense subset and then the argument in further reduces the
case of a coordinatized elementary fibration to the case of a rational one. So we
may assume that f: X — S is indeed a rational elementary fibration.

On the other hand, according to Proposition there exists a finite open
affine cover {Us}a—o,...,» of X, such that, for every o, (£,V)|y, admits a cyclic
vector v, with respect to any derivation 0, € Der X/k(Ua) which has no zero on
U,. Then after replacing S by some affine étale neighborhood, we may assume
that for any a (resp. o, ) fu, : Us = S (xesp. fu.nvs : Ua NUg = S) is a
rational elementary fibration and (£, V), (resp. (€, V)y,.nv,) admits a cyclic
vector with respect to a generator of the relative tangent space T'x,s. The Cech
spectral sequence for {U,} then reduces us to the cyclic case, so that (x)" follows
from ().

We are left to prove that the conclusion of Lemma [25.3.9| holds if (x)’ is
verified.
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25.3.11. As in we reduce to the case when S is connected, f is equidimen-
sional of relative dimension d > 1, and 0 < ¢ < d+dimX. By Artin’s theorem (i.e.,
Proposition without insisting on “coordinatized” elementary fibrations),
there exists an étale map € : S’ — S such that Xg admits a finite open affine
cover {U,} such that the restriction of fs/ to each U, is a tower of elementary
fibrations. We may then replace S by S’, and assume from the beginning that X
admits a finite open affine cover {U,} such that the restriction of f to each U, is
a tower of elementary fibrations.

Granting the previous reduction on f : X — S, we further reduce the state-
ment, by induction on 7, to the case when f itself is a tower of elementary fibrations
over a dense open subset of S. In fact, let us assume P((£,V)), and let us consider
the Zariski spectral sequence in MIC(S):

Ef’i_p = @R]Z.D_Pffg*(ga v)\UQ = R]i)Rf*(ga V).

<oy < <oy

If ¢ = 0, we are reduced to the case when f itself is a tower of d elemen-
tary fibrations and the result follows trivially from (x)’. By induction on i, we
know that after further replacing S by a dense affine open subset, we may sup-
pose that Ry fo«((€,V)u,) satisfies P, for all a such that [a] = p+1 > 1.
Thus, by the strong exactness of P, this spectral sequence reduces us to proving
P(Rbg fax(E,V)u,), after replacing S by a dense affine open subset. Hence we
may assume that f is a tower of elementary fibrations over an affine connected
base S.

25.3.12. We argue by induction on the height d of the tower. The induction hy-
pothesis will be:

(%)a For any tower of elementary fibrations of height d,

Xl x, e x,
with X affine connected, and any (£,V) € MIC(Xy), there exists a dense
affine open subset X{, of Xo such that for any (io,...,i4—1) € {0, 1}, we
have P((€,V)) = P((Rpg fos - - - Rpg' fa-1+(€, V) 1xy)-

Notice that (x); = (x)’. We point out that via the Leray spectral sequences for
f=foo- -0 fq_1, and taking into account the_ strong exactness of P, it follows
from (x)q that for any i > 0, P((€,V)) = P((Rprf«(€, V) x;)-

25.3.13. We now consider a tower of height d > 2 as in (x)4, and (£,V) €
MIC(X,) satisfying P (in particular, £ is torsion-free over Ox,). We apply the
induction hypothesis (x)g—1 to Xq — -+ — X1, to the effect that there exists
a dense affine open subset X7 C X; such that the (’)X{—module with integrable

connection (REg fia - - Rg{{lfd_l*(é', V))|x; satisfies P.
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By shrinking Xy, we may assume that the restriction of fy, say f§ : X1 — Xo,
is an elementary fibration and that X is the complement of a smooth divisor in
X1. We then apply (*)1 to

(RSRfl* s Rgﬁlfdfl*(5> v))|X17

with respect to fj. Upon replacing X, again by a dense affine open subset, we
obtain

P(Rng(/)*(RBRfl* e R;)dﬁl fd*l*(ga v))\X{)a for any (io, cee 7id*1) € {07 1}d

We summarize the geometric situation, obtained at the price of shrinking Xy, in
the diagram

fa- o
X, X xt L x,
de{ jd_ll jll
fa—1 fo
Xd *}Xd_l cee Xl XO

in which the horizontal arrows are elementary fibrations, the vertical arrows are
affine open embeddings, and all squares not involving the 0-subscript are fibered.
Moreover, we may and will assume that, for any k = 1,...,d, Xi \ X}, is a smooth
divisor in Xj.

From these properties it follows that, for any & € {1,...,d — 1} and any quasi-
coherent (N, V) € MIC(Xg41),

Iredi B See W, 9) = s RS i (V. V)
= REr Uk © fi)wdia (N, V)
= REg frr U1 d501 N, V).

By iteration, we obtain
(#%)k 4 _ . ,

Jhsdi (Rg S - Riyg fa-14(€,V)) = Ri¥g fix -+ Bg" fa-1+(Jan5g (€, V).
On the other hand, since £ is torsion-free, there is an exact sequence

0— (&,V) — jaxji(€,V) — Coker — 0.

By descending induction on k € {0,...,d— 1}, we shall show that the sequence of
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natural morphisms

(% %) 0
Rk e Ry fae1.(E,V)
R froe - e fao14 (a5 (E, V)

R%Rfk* e Rgﬁlfd,l*Coker

!

0

is a short ezact sequence (i, € {0,1}).
By descending induction on k, and via the long exact sequence attached to
RyR fr«, it is enough to show that

(55} RYR fre (R frt1s -+ RiR’ fa—1.Coker) = 0.
By ()41 and (k * %),

Tht1 Td—1
Ry fot1x - B fa—1+Coker

R frsre - RS fa1.(E, V)
= Coker N

jk+1*jz+1RZDk§1 karl* t Rgﬁl fdfl*(€7 V)

which is torsion, supported by Xpi1 ~\ Xj ;. This implies (x * *)}. Indeed, let

m # 0, if any, be a section of Rg“glfk_,_l* -+ RSR" fa—1.Coker supported on the
component of X1\ X,’€+1 of local equation ¢t. Then t"m = 0, for some h € Z~,
which we assume to be minimal. So, for the Ox, -linear derivation d; = %7

0= Vo, (t"m) = ht""tm +t"V,, (m).

This shows that Vg, (m) # 0, hence the assertion (* x *);. We have now proved
(% % %)), which shows that RS fox - - - Riig' fa—1+(€, V) is a subobject of

Ris fou -+ RS fa-1. (i3 (€, V)

= R]ZSRJCO*]I*]TRBRJII* s Rgﬁlfd_u(g, V)

= Ry Jo. (BB f1x++ BiR" fa14(E, V))jx)-

Since the latter satisfies P, this completes the proof of (%) and of the lemma. O
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Remark 25.3.14. The argument also shows that, for any ¥k = d —1,...,1,0, the
natural map
(25.3.15)

R%Rfk* to R]vjdﬁl fd—l*(gv V) — R%Rf‘k*jk+1*j2+1 e R]i:()]f{lfd—l*(ga V)
or, equivalently, the map
(25.3.16) Rily fin - R fa-1:(6.V) — Rl fro -+ Rise fa1 (G (€. V)

is an isomorphism if (ig, ig41 - .,%4—1) 7 (1,1,...,1). Indeed, assume h, k < h <
d—1, is maximal with the condition that i, = 0. Then (25.3.15) is an isomorphism
for k = h. But then, it is also an isomorphism for k = h —1,...,1,0, since it
is obtained by applying the functor Rpg fi« - - Rg‘ﬁl fr—1+ to the isomorphism

(25.3.16) for k = h.

Remark 25.3.17. One can give an alternative proof of Lcmma under the
extra assumption that for any closed immersion i : Y — X of smooth k-varieties,
P((E,V)) = P(i*(€,V)). This second proof avoids the use of Proposition
(see [9] in a special case, using the language and results of [19]).

26 Main theorems on the Gauss-Manin connection

26.1 Generic finiteness of direct images

Theorem 26.1.1. For any smooth morphism f: X — S of smooth k-varieties and
any coherent Ox-module with integrable connection (£,V), there exists a dense
open subset U C S such that for every j > 0, Rlp f«(€,V) v is locally free of
finite rank.

For the proof, we may and shall assume that f is dominant.

26.1.2. We treat separately the case j = 0, for which one can in fact take U =
Ao(f), the Artin set of level 0 (see[25.2.2)), independently of (£, V).

Lemma 26.1.3. Let f : X — S be a smooth morphism with S = Ao(f). Then for
any coherent (€,V) € MIC(X), Ry f.(E,V) is locally free of finite rank as an
Og-module.

Proof. (of the lemma) It suffices to check the coherence of RYy, f.(€, V), and this
is an étale-local condition on S. By the definition of Ag(f), we thus may assume
that f is Zariski-locally on X a tower of elementary fibrations, hence (separating
the connected components of X) that f has non-empty connected geometric fibers.
The coherence of R f.(€, V) then follows from Propositionand faithfully
flat descent [48], 2.5.2]. O
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26.1.4. For j > 0, we use the lemma on dévissage in its second form
with P = coherence (i.e., (£,V) satisfies P if and only if £ is Ox-coherent).
Strong exactness and étale-localness are fulfilled. Therefore, we are left to show
that for any rational elementary fibration f : X — S with S smooth affine,
and for any (€,V) cyclic with respect to a generator of Tx/g, there is a dense
open subset U C S such that R f.(&, V)ju is Oy-coherent; in other words, such
that the cokernel of the relative de Rham complex I'(U, £) — T'(U, £)dx is finitely
generated.

26.1.5. Let us write the diagram pertaining to a rational elementary fibration over
a smooth affine k-variety S:

(26.1.6) XL Ple o (S)UTT, 0i(S)
\ J/prs
f g
S

where O'OO(S) = o0 X S, o; C — (01((;),4), 01 S O(S), QZ — 9]‘ S O(S)X As
usual, x denotes the affine coordinate on P! and 9, the corresponding generator of
Ty s- Let & be a locally free O x-module endowed with an integrable connection
V:€E—=2E® Qﬁ(/k. Assume that £ is cyclic with respect to 0, with cyclic vector
v e E :=T(X,E), and let (£,Vy,) be the sheaf of (Ox, 9, )-differential modules
naturally obtained from (&, V). Then (€, V5p,) is also cyclic with cyclic vector v.
The dual connection (€Y, VV) is also cyclic with respect to 9, and the construction
(EY,Vy.) gives the sheaf of (Ox,d,)-differential modules dual to (€,Va,). We
assume vV € BV :=T(X,€V) is a d,-cyclic vector, and let

pn—1
A=0+" apdk € O(X)(0n)

k=0

the associated differential operator (such that Vv¥ = 0).

We recall (see|7.3.1) that the indicial polynomial of A at 6;, denoted by
indg, (t) (resp. indw(t)), is the element of O(S)[t] defined by the condition that,
for any m € Z,

1 1
(26.1.7) Am = indgi(—m)m + lower order terms in pr—
(resp.
(26.1.8) Ar™ = indoo (—m)x™*"™ + lot.inz ),

where 7; = max(k — ordg,ax) > 0 (resp. 7o = max(deg,ar — k) > 0).
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Let v; € O(S) {0} (resp. Yoo € O(S)~{0}) be the leading coefficient of the
indicial polynomial indy, (t) (resp. indg_(t)), and let us set v = vo [];7:. Since
V is integrable, it follows from that

indg, (t) indeo(t
(26.1.9) indo, () indoo(t) ¢ g
Yi Voo

Lemma 26.1.10. In the above geometric situation and with the above notation,
assume moreover that:

o (&,Vy,) is a cyclic (Ox, 0 )-differential module;
o v is unit in O(S).

Then Coker(Va,) is a locally free Og-module of finite rank. In general, if U C S is
the open subset on which v is invertible, and we restrict (€,V) on Xy = f~1(U)
and f to Xy — U, then Coker(Vy,) is Opy-coherent.

Proof of the lemma. We use the dual situation of Lemma Let
(Y, Vg vV, .. (V)" Y)
be the cyclic basis of EY =T'(X,€Y) corresponding to v and let
(vo,v1, .-+, Vp—1)

be the O(X)-basis of E, dual to it. The diagram (3.2.15) produces here a commu-
tative diagram

(26.1.11) oxX)—2 L 0ox)

| |

[(X,€) = @i O(X)vy —~ @I O(X ), =T(X, )

where the vertical arrows are 7 ~ (1,...,0%7tn) and n — (0,...,0,n), respec-
tively. Diagram (26.1.11)) induces an isomorphism between the cokernel (resp. ker-
nel) of A and the cokernel (resp. kernel) of Vj, . Therefore

Coker (T(X, €)Y T(X, £)) ~ O(X)/AO(X).

Let .
Pa) = [[ - 0" € O(S)l]
be such that
(26.1.12) AN =P(z)A = iafﬁf € O(8)[x](0)

k=0
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with s; > 0 minimal. We also have
Coker(D(X, &) Y5 T(X, £)) ~ O(X)/NO(X).

26.1.13. The indicial polynomials of A and A’ (denoted by ind;z) at 0; differ by
multiplication by a unit in O(S). Therefore, in the statement of the lemma we can
replace v by the corresponding element + pertaining to A’. We have

1 1
Aliz' d/ — _— 1 .
(m — el)m m 91( m) (I _ ei)m-‘r'r; + lo.t.m T — ez ’
(resp.
Az™ = indgo(—m)xm+r/°° + lot.inz),
where 7, = max(k —ordg,a}) > 0 (resp. r., = max(deg,aj, —k) > 0), and indif(t)’
de® ¢ k).

Let us now finish the proof of the lemma: we use the Mittag-Leffler decom-
position

(26.1.14) @(X)ZO(S)[I}@_@QC_Q O(S){m—lei]

Let M > max r; be such that ind/_(—n + o) [z, ind;j(fn +7%) # 0 for
n> M. Then

n/': c A/ Ji’" 1

(z —0;)" (z — @) + (z— 6;)n1 O(9)[z], oin€0(5),

and

n—1
Voot € N (oot ") + @) 2*O(S), 00 € O(S)*.
k=0

Let F be the O(S)-submodule of O(X)/A'O(X) generated by the images of

v 1 1 1 1
TR T ey e

lz,...,z

By the Mittag-Leffler decomposition, for any element [f] = f + A’O(X) of
O(X)/NO(X), there is a power (7)™, for some m =0,1,..., such (y/)™[f] € F.
Since 7/ € O(S)*, we conclude that FF = O(X)/ANO(X) so that the latter is
finitely generated. On the other hand, O(X)/A’O(X) carries an integrable con-
nection, so that it is projective of finite rank. This completes the proof of the
lemma. g

From the preceding lemma, one gets the following purity statement:
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Corollary 26.1.15. Let f : X — S be a rational elementary fibration, and let (£,V)
be a coherent Ox -module with integrable connection. Assume that there is a closed
subset T C S of codimension > 2 such that Rig f«(E,V) is locally free of finite
rank over S\ T. Then Ry f.(E,V) is locally free of finite rank over S.

Remark 26.1.16. The proof does not use the full hypothesis that v is a cyclic vector
on the whole of X (i.e., that one may take P(z) = [[;_, (v —6;)*?). It would suffice
to assume that v is a cyclic vector outside some divisor D whose Zariski closure
in Pg is contained in X.

(Counter)example 26.1.17. Unlike the case of Ry f.(€, V), it is not possible to
choose an open subset U C S of coherence for Rhg f«(€, V), which is independent
of (£,V). Indeed, let X = A2 = Spec (k[z,y]) — S = A} = Spec (k[y]) be the
second projection, and consider, for yg € k, the integrable Ox-connection of rank
1 (£ = Oxe, V,,), defined by

(Vyo)a.e = (y = vo)e,
(Vyo)a, e = xe.

The calculation of Coker((V,,)s,) involves the 0,-adjoint of the operator d, —

(y — yo), that is, 9 + (y — yo). More precisely, the commutative square (26.1.11)
takes the form

(26.1.18) Kz, y] —2 k)

| |

k[ﬂ?,y]@ . ]{?[I,y}@
Vo,

where both vertical maps are f(z,y) — f(x,y)e, and induces an isomorphism of
k[y]-modules

(26.1.19) Coker((Vy,)a,) = klz, yl/ (02 + (y — yo))klz, y).

The indicial polynomial ind(¢) for the derivation 9, is the “constant” y — yo.
From

(0x + (y = y0))(a’) = ja’ " + (y —wo))2?, Vj=0,1,2....
we obtain in k[z,y]/(9s + (y — vo0))k[z, y] the congruences

i !

= mod (0, + vy — yo)k[x, y].
We then have an isomorphism of k[y]-modules
1
kl, y]/(0x + (y — yo))klz, yl — K[y, ]

Y—Yo
4!

ol — L
(yo —y)J
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so that the maximal open subset of coherence of £/(Vy,)s,€ is S \ {yo}, which
depends upon yg.
In order to determine the structure of left k[y](d,)-module of Coker((Vy,)a, ),

that is, the action s, of 9, on it, we need to fully replace (€ = Oxe, Vy,) by the
dual connection (€Y = Oxe”, V) defined by

(Vyo)a.e’ = (yo = ve,

(Vy)a, e’ = —ze”.

Then, we must equip k[x, y] in the upper line of the diagram (26.1.18)) with the left
k[z,y](9y)-module in which 9, acts as 9, + z. (Notice that 9, +z and 9, +y — Yo
commute.) Finally, the action Oy, of 9, on I'(S,£/(Vy,)a,€)) is induced by 0, +x
. . . _ 1
the isomorphism (26.1.19). In the end, since the operators (9y + x and ay =
coincide in k[z,y]/(0 + (y — yo))k[x, y], the isomorphism of k[y]-modules

1

kly,
Y—"%Y

| — Coker((Vyy)a,) » f(y) — f(y)le]

extends to an isomorphism of differential modules over (k[y], 9y)

0, - ) (D(8./(V0.8)).On,).

26.2 Generic base change for direct images

Theorem 26.2.1. Let f : X — S be a smooth morphism of smooth k-varieties, and
let (£,V) be a coherent Ox-module with integrable connection. There is a dense
open subset U C S with the following property. For any smooth k-variety S* and
any morphism u : St — S, construct the fibered diagram

#
xt I ot Lt

|4

X——S+——U

Then, for any i > 0, the restriction to U* of the base change morphism
¢ U Rhp fo(E,V) — Rhp fiut(€,V)

is an isomorphism in MIC(U*).

26.2.2 (Notation). In the sequel, we set (£f, V¥#) = u#* (&, V).

Remarks 26.2.3. (i) U* is an open subset of S, possibly empty (see [26.2.9
below).
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bility of the formation of Riy f. with flat base change (23.5

(ii) It would suffice to consider the case of a closed immersion u (write u as
a closed immersion given by its graph, followed by a projection).

(iii) The statement is equivalent to the following. For any w : S* — S such
that Im(u) C U, ¢ is an isomorphism.

(iv) In order to prove Theorem one may replace S by any S’ étale
and dominant over S.

The following assertionts are straightforward consei uences of the compati-

26.2.4. Replacing S by affine étale neighborhoods of its connected components, we
may assume that X admits a finite open affine cover {U, } such that the restriction
fa of f to U, is a tower of elementary fibrations. Considering an affine cover of
St or using (ii) of the preceding remark, we may assume that u*~1(U,) are affine.
With the notation of there is a natural morphism of Cech spectral sequences
in MIC(S¥)

P v Ry for (€, V) v, == u R (€, V)

ap<---<oap

‘P'ifpl Pi

P Ril £h (€5 V) i1y, == Rpp f(E4, V)

ap<--<ap

Arguing by induction on ¢, we may assume that f is a tower of elementary fibra-
tions.

26.2.5. We argue by induction on the height d of the tower, as in the proof of
25.3.9] The induction hypothesis will be:

(%)g For any tower of elementary fibrations of height d

ded—iXd 1 —" i)XVO,

with Xo affine connected, and any coherent (£,V) € MIC(Xy), there exists
a dense affine open subset X of Xo with the following property.

For any smooth k-variety Xg and any morphism ug : Xg — Xo, con-
struct the fibered diagram

f
)Tﬂ d—1
d

e

) Xg

Juo
fo

Xo
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Then for any (g, ...,ig_1) € {0,1}%,
(RS fos Ri3p fue - - .Rfﬁglfd_l*(& V))ix;
s coherent, and the restriction to ual(Xé) of the base change morphism
ul (RS fou R fra -+ RYR" fa—148, V)
5 RiSe 8. Bisw - RS [, i€,V
is an isomorphism in MIC(uy*(X})).

We notice that via base change for the Leray spectral sequences of the com-
posed morphism f = fgo---0 f4_1, the statement|26.2.1|in the case of towers of
elementary fibrations of height < d follows from (x)<g.

Remark 26.2.6. If igo = i; = --- = ig_1; = 1, then the base change morphism
is an isomorphism; this follows from the fact that for f affine smooth of relative
dimension one the formation of R%)R f+ commutes with arbitrary base change,
being a cokernel.

26.2.7. Let us consider first ()4 in the case d = 1, i.e., f is an elementary fibration
X1 =X — S = Xj. In this case, it turns out that one can choose for X = U any
dense open subset such that Rl f+(E,V)|u is coherent.

For simplicity of notation, assume that S = U. We note that only i =0 or 1
occur. Since f is affine and flat, we have the exact sequence (cf.
0—— ROL . (E,V) £9) 25 £ @0y Ok js) —— Bbaf(€,¥) —— 0

| |
Kerf.(V) Cokerf, (V)

in which all terms are flat over .S, which we split into two short exact sequences
of flat Og-modules:

0 — Imfu(V) — fu(€ ®oy Qk/5) — Cokerf.(V) — 0,
0 — Kerf. (V) — f.€ — Imf (V) — 0.

Let us compare the exact sequences obtained by taking u* with the analogous exact
sequences built in terms of f* and £%: since u* f,€ = f1&€¢, and u* f, (E®oy Q}(/S) =

fhet ®o .4 an/sn) [501 9.3.3], we see that these respective exact sequences coin-
cide, so that

wTmf. (V) = ImfH(V¥),
u*Coker f,(V) = Coker f#(V*) = RL, fH(E%,VF),
u"Kerf. (V) = Kel‘ff(vﬁ) = RODRff(Sﬁ7 Vﬁ)v

hence ¢ and ¢! are isomorphisms in MIC(S*), which establishes (x);.
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26.2.8. We now counsider a tower of height d > 2 as in (x)4. We apply the induction
hypothesis (¥)4—1 to Xqg — -+ — X7, to the effect that there exists a dense
affine open subset j; : X| < X; such that (RBRfl*-- ” R fa-14(E, V))|X/ is
coherent and the natural morphism

(i (Rigfre -+~ Rt fa1e(E, V) (x)
P i1 z N
R RER i V)

is an isomorphism in MIC(u; *(X})).
Let us consider the ﬁbered prism

5t
X{?i }Xﬁ
uo
X —r | x
LA
fo
0

By shrinking Xy, we may assume that f{ is an elementary fibration, and (by
applying (*)1 to f§) that

(1) RS fo. (Ragfru - Rgﬁlfd_l*(é', V))|x;) is coherent over Xj.

(2) The natural morphism

USRS fou(RBp fie - RR fa—14(€, V) x;

S (e SR a6 ¥
!
RgR (/)ﬂ*ﬁ*UTRBRfl* - RER! fa—14(E,V)

is an isomorphism in MIC(Xg).
On combining with ¢(1), we get a natural isomorphism ¢ in MIC(Xg)

(3) USRS forjred i R f1e - Ryt fa-14(E, V)

‘|

R]Zngg*Jg*]l*R]ZDIRff* T R;Ddlil f(g—l*uj;(g7 v) .
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By Remark|26.2.6] we may assume that one of the i; is 0; by Remark [25.3.14f one
then has that the natural maps

RngO* o Zd lfd 1*(5 v) — RDORfO*]l*Jl DRfl* e Ri]jdﬁlfdfl*(g7 V),
RiSpfé -~ RoR' Fi 1. wi(€.V) — Risp fé.t a8 R Sl - RiR' i i€, V)
are isomorphisms. In particular, R]iDOR Sox - ” &' fa—1+(E,V) is coherent by (1).

Moreover, these isomorphisms fit in a commutatlve square

WSRO for - RYR! a1 (E,V) —" uf RS, foujradi Rip fre - - R fao14(E, V)

wl V’J”@)

Rlijong*' Ld lfd 1*ud(5 V)HRZORfO*]l*]l*RZIRfl* Ld lfd 1*u(i(5 V)

We conclude that v (the base change map appearing in (x)g) is an isomorphism,
and this achieves the inductive proof of |26.2.1 g

(Counter)example 26.2.9. Consider the fibered square

Spec k] e, Specklz,y] =X

T

{yo} = Speck —~ - Spec klyl =S

in which f is the projection and u is the embedding of the point defined by
= yo. Next, consider the integrable connection on X of rank 1 (£,V,,) defined in
ﬁ It is clear that Ry f. (€, V,,) = 0, while R%Rffuﬁ*(z‘), Vo) = k, because
U (€, Vy,) = (k[z], d).
This shows the necessity of localizing in when u is not flat. This
example is also interesting in connection with the base change theorem of [19] VI,
8.4].

27 Gauss-Manin connection in the regular case

27.1 Main theorems (in the regular case)

Let i be a non-negative integer. Let f : X — S be a smooth morphism of smooth
k-varieties, such that the Artin subset A;(f) is S itself (cf.[25.2.1). Let &€ be a
coherent Ox-module endowed with an integrable regular connection V.

Theorem 27.1.1 (Finiteness theorem). Riy f.(E,V) is a coherent Og-module.

Theorem 27.1.2 (Regularity theorem). The Gauss-Manin connection X on
LR fe(E,V) is reqular.
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Theorem 27.1.3 (Monodromy theorem). If the exponents of V all belong to some
Q-subspace A of k (A DQ), so do the exponents of N.

Theorem 27.1.4 (Base change theorem). For any smooth k-variety S* and any
morphism u : S* — S, the base change morphism

U Rbp f+(E,V) — Rpg flu**(€,V)

attached to the fibered square

A

St_—* g
is an isomorphism.

Proofs. Let us say that (€, V) satisfies property Pa if and only if £ is coherent, V is
regular, and all exponents of V belong to A. Then Pa is a strongly exact property
(cf. Propositionand Section7 local for the étale topology (cf. Section .
By the lemma on dévissage i order to prove Theorems[27.1.1)[27.1.2|27.1.3
it suffices to consider the case when f is a rational elementary fibration and ¢ = 0
or 1, which will be settled in Sections and

As for the base change theorem, one reduces, as in Scction to the case
when f is a tower of coordinatized elementary fibrations. The associated Leray
spectral sequences allow us to further reduce to the case when f is a single coor-
dinatized elementary fibration, which will be settled in g

27.2 Coherence of the cokernel of a regular connection

27.2.1. In this section, we establish that for any rational elementary fibration
f: X —=>Sasin and any locally free Ox-module (E£,V) of finite rank p
with regular integrable connection, Ryg f+(E,V) is locally free of finite rank (over
the whole of S). This is the key point in the proof of [27.1.1] (and [27.1.4).

We may assume that S is affine and connected and of dimension > 1. The
statement amounts to the finite generation of I'(X, £)/Vs, I'(X, £) over O(S).

27.2.2. If (£,V) is cyclic and regular, the leading coefficients of the indicial poly-
nomials are units (cf. Proposition ce the result follows from‘26.1.10l
However, unlike the situation of [25.3.10} the reduction to the cyclic case is
problematic: it is not clear that one can cover S by étale neighborhoods S’ with
the property that Xg admits a Zariski open cover {U,} such that U, — S’
and U, NUg — S’ are rational elementary fibrations and such that (£,V)y, is

cyclic outside some divisor whose Zariski closure in P§, is contained in U,, see
Section We shall take another approach, via 7-extensions.
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27.2.3. For notational convenience, we shall assume, by translating the “vertical”
variable x, that one of the 01,...,0,, say 61, is 0 (if r # 0).

Let us fix a set-theoretic section 7 of the projection k — k/Z with 7(0) = 0.

Let us consider the 7-extension (5~, 6) of (£,V) on Pi, as constructed in
& is a locally free Op1-module, endowed with an integrable con-
nection V : DergPL — Endp,E with logarithmic poles along P4 ~ X = Z =
[1,=1. .00 Zvs such that the eigenvalues of the residue endomorphisms Resaiﬁ
belong to the image of 7.

Lemma 27.2.4. Let F be a locally free Oﬂmls -module of finite rank. Then there exists
a locally free Og-module M such that -}-\Ag > pr* M, where pr stands for the

projection Ay — S.
Proof. (of the lemma) The graded O(S)[zg,x1]-module F attached to F is pro-

jective of finite rank (since so are its localizations with respect to the open cover
U= {Uo,Ul} of P_lg with U() = Als, U, .= Pls N ({O} X S)) and

for i = 0,1. According to X, p.144] there is a projective O(S)-module M
such that F' = M ®os) O(S)[xo, z1]. One may then take for M the locally free
Og-module attached to M. O

Remark 27.2.5. Lemmais a special, elementary case of a result of H. Lindel
[75] extending the work of Quillen and Suslin on the Serre conjecture, and which
says that in fact, for affine smooth S/k, any locally free OAg -module of finite rank
has the form pr*M, for some locally free Og-module M.

27.2.6. We apply|27.2.4|to F = &, to the effect that there are projective O(S)-
modules M and M’ of rank p, such that
~ ~ 1
L(Ag, &) = Mla], T(Ps~ ({0} x 5),8) =M'[~],
x

and M|z, %] = M'[z, %] Since M and M’ are finitely generated, there is a positive
integer N such that
N M'[z] € Mz] C 2= N M'[z].

27.2.7. Set
(27.2.8) O(z) = [ (= - 62).
i=1
We have 6@(1)61M[$] C M]z], and, for any i = 1,...,r, we are given an endo-

morphism Resy, V of M which enjoys the following properties (cf. Section :
(1) the characteristic polynomial of Resg, V has coefficients in &k and roots in
the image of 7 (in particular, none of the roots is a non-zero integer);
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(2) for any m € M, identified with m(z —6,)° € M[z — 6;] = M[z], we have

- - 1
Vie—oyo.m — (Resg, VIm € (x — 0,)M |z, =———|.
(@—0:)9.m — (Resy, V) (z —0:) [ [T (e ka)}
Set i = [[}i(0s — Ok), which is a unit in O(S). It follows from (2) that for
anym e M =M -1C Mz, -],

Y x—0;
(3) Vo(ma, (m(z—0;)™™) —i(Ress, V —nly)(m)(z—0;) ™" € (x—0;) " Mlz].

On the other hand, (1) implies that Reseiﬁ —nlys is an invertible endomor-
phism of M for any n > 0 (by Cayley-Hamilton, the endomorphism (Reseiﬁ —
nly) =t of M ®o(s) k(S) is a polynomial in ReSQiﬁ — nlys with coefficients in k,
hence induces an endomorphism of M). This shows that

m(z — 0;)7" € Voo, (M(x —0;)™") + (z — 6;) " M|a].
In virtue of the Mittag-Leffler decomposition

1

M|z, =6

1
o) 1,

one concludes that

} :M®O(S)[m,$] :Mm@@xleim

(4) M[x, } = ﬁe(x)a,,M[J?, L} + Mlx].

1
O(x) O(z)
At this point the proof splits into two alternative arguments (27.2.9| and

Erzm)

27.2.9 (First conclusion of the proof). From

we deduce that l

_ 1
Vzl_T(—)(a:)(')zM/ c @ EMla
=0

for sufficiently large [ > 1. We consider the endomorphism Res.V of M’, which
satisfies [27.2.7(1) above, and

=~ ~ 1 1
(27.2.10) Vza,m + (Reseo V)m € ;M/ [[;H,
or, equivalently,
l
- - 1
(27.2.11) Vai—re@a,m + (Rese V)m € P M,

J=1
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for any m € M’. So, for any n > 0 and m € M’,

-1
(27.2.12) 6:614@(95)393 (2" 'm) 4+ 2" (Resoo V — (n 4 1)1y )m € @ij/.
j=0

The invertibility of ResooV — (n + 1)1 implies that

M'[2)/V 1= ()0, 7' M'[2]

is generated by EB;;B 23 M’. So, for any h >0,

IrihilMTZI)}/%@(E)axl‘ZMl[x]

-2

i —h—1 2/ M’'. We now pick [, h sufficiently large so that

is generated by €D
o' M'[z] € Mz] C 2" "1 M'[z].

This proves that M|z]/ 69(1)31M [x] is finitely generated over O(S).
A fortiori, I'(X,£)/Va, (X, £) is finitely generated over O(S). Oy

27.2.13 (Alternative conclusion of proof). We come back to and derive the
coherence of Cokerp(x £)Vs, using another argument which will be of importance
in the next section.

Let us first remark that

(27.2.14) M[z] N Ve (o, M|z, = Vo(ayo, Mlz].

1
O(x)
Indeed, if an element of M[z, %] has a pole of order n > 0 at 6;, with Mittag-
Leffler component m(z — 6;)™™, and is sent to M|[z| by 69(55)31, then m €

Ker(Resg, V — nlyy), in view of 27.2.7(3); hence, n € Imr N Z = {0}. This ar-
gument also shows that

(27.2.15) Ker p2 Vo (a)o. :KerM[ . }vaz.

T 5 (z)

Putting [27.2.7(4) and|27.2.14] together, we see that multiplication by ©(z)~! in-
duces an isomorphism

1
O(z)

(27.2.16) M[m]/%(z)amM[x]gM[m, }/VazM[a:, ! }

O()

By the symmetry = +— %, we also have

1} KerM,[%]ﬁ (szg(l—i )3; :KerM/[ . ]Vam

1
3 z 79, T:6(x)
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and
praIe)y ML)V M'[l]uM[x L}/v M[x ! }
= o (MG -30)o. ™ Ll T o)l T T o) 1

This can be summarized in the following diagram of isomorphisms:
(27.2.17) (Co)Ker s Voo,

J Ox)7!

(CO)KCTM[L%]:M/[z,%]%@)(m)am —_— (CO)KCI‘M [17 N }Vaz

(=172 T, QZT

(CoKernr 11V (r_y1— 1)) os

In terms of the open cover U = {Up, Ui} of Py with Uy := AY, U :=
PL~ ({0} x S), (X CUp = AL~ ({0} x 9)), this diagram may be rewritten as
follows. For ¢ = 0,1, the maps
(27.2.18)

hi?IUn*(QEJO/S(log(Uo X)) ® g|UU)

|

B 00+ (V0,5 108(Uo1 ~ X)) ® Epugy ) —— h' (D)5 ® €) —— Rbp fo(E, V)

T

E‘?lUl*(ijl/S(log(Ul X)) ® 6~'|U1)

are isomorphisms of Og-modules (in fact, isomorphisms in MIC(S)).
Let us now compute R'f, (€25, /S(log Z) ® £), using the (2 by 2) Cech bi-
S

complex of Og-modules C*(U, Qs /S(log Z) ® E). The differentials dy? and dy”°
S

are given by V, while d(l)’0 (resp. d?’l) is induced by (jg, —j7) (vesp. (=i, 47))s
where j stands for the inclusion Uy C Uy. For k = 0,1, (27.2.17) identifies
Kerdy” (resp. Cokerdi*) with 2 —k copies of RO, f.(€,V) (resp. Rhgf+(E,V)),
and for the first spectral sequence of the bicomplex, we find 1270 = R%R f«(E, V),
12’1 ~ Rigf(E,V), I;"O = Ié’l = 0. Applying [29, chap. XV, sect. 6, case 4] we
obtain:

Proposition. The morphism of Og-modules

(27.219)  R'F,(Q%y /s(log Z) @ £) — RIF,(ju(Q s ®E)) = Rpp fo (£, V),
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induced by the open S-embedding j : X — PL, is an isomorphism.
Since R f, (25, /S(log Z) ®g) is the abutment of a spectral sequence starting
S ~ .
with EP? = Rq?*(les/S(log Z) ® £), the coherence of Rhp f«(€,V) now follows

from the stability of coherence under direct image by the projective morphism f.
P

27.2.20 (Base change). Combining |27.2.1 and [26.2.7) we conclude that for any
fibered square of smooth k-varieties

ut
Xt 2 X

A

st —* 59

with f a rational elementary fibration, and for any regular object (E,V) of
MIC(X), the base change morphism

u*RoR f+(E,V) — Rig fiu*(€,V)

is an isomorphism for i =0, 1.

In fact it is immediate to generalize [27.2.1| (coherence) and this base change
property to the case where f is a coordinatized elementary fibration.

27.3 Regularity and exponents of the cokernel of a regular
connection

27.3.1. In this section, we establish that for any rational elementary fibration
X— 1 X
DA
S
and for any locally free finite-rank Ox-module (€,V) with reqular integrable con-
nection, the Gauss-Manin connection on R f(€, V) is reqular for i = 0,1; more-

over, if the exponents of (€£,V) belong to a certain Q-space A (Q C A C k), so
do the exponents of R f+(€, V). This is the key point in the proof of|27.1.2|(and
27.1.3).

We notice that the case i = 0 is an easy consequence of [23.1.3
27.3.3. By Theorem|13.1.5|and by base change [27.2.20] we may assume that S is

the complement of a finite set of points ¥ in a smooth projective curve S. By the
classical theory of embedded resolution of curves (Zariski), there exist a smooth

(27.3.2)
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projective surface X containing X, such that Z := X X is a union Ule Z;
of smooth connected curves with normal crossings, and a projective morphism
f:X — S extending f. By rearranging the Z;, we may assume that Z,NX = Z;,
=1 _

for i < r, while f (%) = Z;:Hl e;Z;, for some positiye integers e;. Pz)llowing
Katz [62], we shall construct a locally free extension of Ry f(€,V) on S and an
extension of the Gauss-Manin connection with logarithmic poles along 3.

27.3.4. Let us set

P

L (logZ/%) = (Q (©(log 7))/ Q(logX)).

Let (E , %) be a locally free extension of (€, V) on X with logarithmic poles along Z

(see Section|11.1). Let us filter the logarithmic de Rham complex Q'?(log Z) ®o €
by

F? = image of J Q2(log %) ® Q=" (10g Z) o,
so that

grP = FP/FPHl = f 02 (log ¥) ®o_ Q%/%(log?/i]) ®o €.

‘We define

br/fA(E, %) = Ri?*(ﬂ%/g(log Z/%) Qo= E)/{Og — torsion},

which is a locally free Og-module of finite rank because ? is projective and S is a
curve. Moreover,

RT, (0L (05 Z/%) ®o_ )5 = RF, (W 508 2) @0y & 5) = Rhpf(€.7),

QL
X/5
according to (27.2.19), so that RER?*(E,%) is a locally free extension of

R}'DR f+(E,V). On the other hand, an extension of the Gauss-Manin connection

RIF, (2% ((log Z/%) ®og £) — Q(log D) Bo; RT, (U (10g Z/) ®o £)

QL O _
X/8 X/S

is provided by the coboundary map of the long exact sequence
0—gr! — FY/F? — g —0

(since ng(logE) R0y RI?*( (log Z/%) ®o< E) may be identified with

Qe
- X/5
R*Lf (gr')). That map factors through torsion, and induces an extension of

the Gauss-Manin connection on R%R?*(g, %), with logarithmic poles along 3.
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27.3.5. Katz’s argument 7] applies without change to our situation and shows
that the indicial polynomial of R%R?*(g, %) at s € ¥ divides

ej—1

(27.3.6) 1T I1 indj(esx = 1),

JE€J f;=0

IS _— =1 —
where ind; is the indicial polynomial of (£,V) at Z;, f (s) = > _.c;€;Z; (so,
J C{r+1,...,s}). This completes the proof of the statement in

Remarks 27.3.7. (i) A closer examination of Katz’s argument allows to replace
(27.3.6) by the least common multiple of the indicial polynomials ind;(e; X — f;),
for j € Jand f; €{0,1,...,e; —1}.

(i) If k C (C and Tis the canonical section k/Z — k, defined by Re(7(2)) €
[0,1], and 1f (8 V) is the 7-extension of (£,V) on X, then [27.3.5| shows that

RDRf (5 V) is the T-extension of Rhg f.(€, V) on S; indeed Re(z) € [0, 1] implies
that Re(z+f’) € [0,1].

(iii) The arguments [27.3.3| [27.3.4] [27.3.5| work as well for any elementary
fibration, not necessarily rational, over a curve.




