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Abstract

We study the dynamics of certain string configurations in a class of fivebrane
supertube backgrounds. In the decoupling limit of the fivebranes, these solutions
are known to admit an exact description in worldsheet string theory and string
propagation is integrable. For the asymptotically flat solutions, we prove, by
using analytic tools of classical Hamiltonian systems, the non-integrability of
classical string motion. This suggests that string dynamics in circular supertube

geometries exhibit a regime of chaotic behaviour.



1 Introduction

In recent years there has been considerable progress in constructing black hole mi-
crostate geometries (see [1] for a recent review) and in studying their dynamical prop-
erties. In some special cases, it has been shown that the dynamics of strings on such
geometries is described by exact null-gauged WZW models [2-4], which allow to study
stringy aspects that are invisible in supergravity. The simplest example is the circular
NS5-F1 supertube. The exact description is found after taking the decoupling limit for
the fivebranes. The resulting geometry interpolates between a linear dilaton region in
the UV and an orbifold of AdS3 in the IR. The null-gauging construction that “adds
back the one” in the F1 harmonic function has been generalized to encompass a larger
class of Lunin-Mathur solutions in [5]. It is natural to ask to what extent one can ex-
tend these constructions in order to describe the full backgrounds by similarly “adding
back the one” in the fivebrane harmonic function, effectively recoupling the flat space

asymptotics.

In this note we will show that there is a considerable difference between the in-
terpolation from the AdSs; region to the linear dilaton region, and the interpolation
to the asymptotically flat region. By studying the classical Hamiltonian system that
describes the dynamics of strings on such geometries, we will show that properties of
certain string configurations in the solutions with linear dilaton asymptotics are con-
sistent with integrability, in agreement with the fact that they are described by an
explicit gauged WZW model. On the other hand, coupling back the asymptotically
flat region has the consequence of breaking this integrability. We will prove this fact
by using analytic tools that have been developed in the context of Hamiltonian sys-
tems and that have been already applied to study the (non)integrability of strings in

different contexts (see for example [6/12]).

The notion of integrability of a classical Hamiltonian system, in the sense of Liou-
ville, relies on the behaviour of trajectories in phase space, as specified by the Arnold-
Liouville theorem. In particular, integrable systems are non-chaotic. The transition
to chaotic behaviour for small perturbations around an integrable system is described
by KAM theory. The work of Ziglin provides effective criteria for the integrability
and non-integrability of Hamiltonian systems in terms of analytic properties of the
corresponding differential equations, through the analysis of the monodromy group of

the linearized system normal to an integrable plane of solutions. These criteria have



been simplified by the use of differential Galois theory in what is known as the Ziglin-
Morales-Ramis theory. The main result is that a necessary condition for a system
to be integrable is that the Galois group of the normal variational equation (NVE)
has an abelian identity component. In practice, this means that one can prove non-
integrability of a system by perturbing the equations of motion around a particular
solution to linear order (while respecting the necessary constraints) and showing that

the resulting equations do not admit Liouvillian solutions.

This criterion is particularly useful because the work of Kovacic |13] provides an
explicit algorithm, based on Picard-Vessiot theory, that allows to check the properties
of the Galois group of a given differential equation and in particular, either find Liou-
villian solutions or prove their non-existence. This algorithm is known as the Kovacic
algorithm (see Appendix [Al for a brief review). For a general introduction see for ex-
ample [14]. We will apply these tools in the string theory context to check whether the

dynamics of classical strings in supertube backgrounds are integrable or not.

The paper is organized as follows. In Section [2| we describe the supergravity solu-
tions for supertubes and their decoupling limits. In Section [3| we derive the equations
of motion for a particular configuration of strings moving in such geometries and we de-
rive the corresponding NVEs. We then apply the Kovacic algorithm to these equations
in order to check the necessary condition for integrability of the system and find that
it fails for the asymptotically flat backgrounds, implying non-integrability. In Section
we conclude and discuss some consequences of our result. We relegate a review of

the Kovacic algorithm and details of its application to our NVEs to Appendix [Al

2 Supergravity solutions

In this Section we review the solutions corresponding to a circular distribution of NS5

branes and to the circular fuzzball geometry in the NS5 frame.



2.1 Coulomb branch of NS5 branes

The solution sourced by a collection of ns NS5 branes parallel to the 0 — 5 directions

and placed at points z, i = 6,7,8,9 in the transverse space is:
ds® = ndatda” + Hdz'dz; (2.1)
e*® = ggH ,
Hz'jk = —EijkalH,
where the harmonic function H is given by{|

1

We consider the NS5 branes equally distributed on a circle of radius a in the (zg, z7)

plane. It is useful to use the following coordinates on the transverse R*:
Te+ x7r = re®, x5+ ixeg = Re' . (2.3)

The fivebrane harmonic function can then be written as |15}/16]

n5A s sinh(n; x)
H=14_00m g , 2.4
T oar sinh(y)’ > cosh(nsx) — cos(nso) (24)
with
2arcoshy = 1> + R* + a*. (2.5)

We will consider the limit A,, — 1, which corresponds to a smeared distribution of

branes along the circle. Setting, in the notation of [2]

r=acoshpsinf, R =asinhpcosf, (2.6)
one finds
_ N5 _ 2 .2
H_1+CL2_E’ ¥ = cosh” p —sin“ 6, (2.7)
and the transverse metric is:
1
ds? = (a®2 + ns) [dp2 + df* + 5 (costh sin?0 d¢* + sinh® cos®6 deH : (2.8)
'We set o’ = 1.



In the decoupling limit of the fivebranes the metric and B-field are:
1
ds® = ng [dp2 o+ (cosh2p sin26 dg? + sinh% cos2 d¢2)} , (2.9)

2 h2
B — M5 Cos ;cos pdqﬁ/\dw.

String theory in this decoupled background is exactly solvable and it corresponds to
the coset orbifold [154|17]

SL(2)  SU(2)
(T Ty ) 1 (210

or, equivalently, to the null gauging [18§]

SL(2) x SU(2)
U(l)L X U(l)R '

(2.11)

2.2 NS5-P supertube

Starting from the fivebrane configuration described in the previous section one can
construct a round supertube in the following way. We compactify the 1 — 5 directions
on T% x S'; call the St direction y; we identify y ~ y + 2rR. We can then tilt the
NS5 brane strands along the y, ¢ directions and join them together to make a helical
profile. This system can be stabilised by spinning the fivebranes. The supergravity
solution sourced by such a configuration can be found by following a series of dualities
starting from the F1-P system [19] (see also [20]). The result is

ds? = —dudv + ds,2r4 + (a* + ns) (clp2 + d92>

DY
w (costh sinf d¢® + sinh? cos?6 dwz)
172k ., 2,
+§[§Sm 0dvdo + o } (2.12)
ns cos? 0 cosh? p k cos? 6 0® ns
B = do N dyp + dv \Ndy e =14+ —==.
x a?y

where u =t 4+ y, v =t — y and the supertube radius is fixed in terms of the fivebrane

V@@l (2.13)

k

and momentum charge by



The fivebrane decoupling limit of this solution admits an exact description in worldsheet
string theory as a null gauging that modifies (2.11]) [2]

SL(2) x SU(2) x S, x Ry
U(l)L X U(l)R ’

(2.14)

where we gauge two independent left and right null currents in the upstairs group.
After integrating out the gauge fields, one finds a sigma model that describes the

following metric and B-field:

1
ds® = (—du dv + dsi4) 4 g [dp2 6+ (cosh2p 5in26 d¢? + sinh% cos?0 dzp?)}

2

112
2 sind dv d¢ +

+5 [ - nSdevﬂ, (2.15)

B nSCOSZQCOShQPakb/\d@/)—i— k cos? 6

dv A dip .

This indeed coincides with the fivebrane decoupling limit of the solution ([2.12)).

2.3 NS5-F1 supertube

Starting from the metric of the NS5-P supertube, a T-duality along the y circle brings
the metric to the following form:

2

ds® = ds? (1 —

T

>dudv + (a?S + ns) (dp2 + d92>

N5l

ns sin® 0

+ <a2 cosh? p 4 ns + ) sin? Od¢>

1

2
2
15050 cos? fdy? + - (sin0 dt do + cos’ dy dvy)

+ <a2 sinh? p + ng —
1

1

sin% 6 2

2

B = n500529<1 +

>d¢/\dw— dt A dy

N5

o cos?f asin?6
dt N d
> Y+ >

dy Ndo ,

2 2

s A7+ M o
= Y =—4) 2.16
CL221 ’ ! Ns ’ ( )



where a = kR, a = \/Q1Q5/(kR), with R the T-dual radius. The fivebrane decoupled
limit of this solution is again described by a null gauging of the form (2.14)). In fact T-
duality just amounts to flipping a sign in the left current being gauged. This decoupled
geometry provides an interpolation between a linear dilaton region in the UV to an
orbifold of AdS3 in the IR. The fact that it arises as a gauged WZW model implies, in

particular, that string dynamics on this geometry is integrable.

3 String motion in NS5 backgrounds

We now turn to the classical dynamics of strings in the configuration of NS5 branes
described in the previous section. In order to illustrate the procedure for a simple case,
we first consider the NS5 decoupling limit of the circular distribution of fivebranes,
before proceeding to the asymptotically flat cases of the circular NS5 distribution and
the supertube background.

3.1 Decoupled limit

We are interested in studying the motion of classical strings in the geometry (2.9, which
is obtained by taking a decoupling limit of the asymptotically flat solution describing

a circular distribution of NS5 branes. The string action in conformal gauge is
1
L= I /dea [OQX’@“X”GW + e“bé?aX“ﬁbX”BW] . (3.1)
The Virasoro constraints are
G0 X"0,X" =0, G (0:X"0, X" 4+ 0,X"0,X") =0. (3.2)
We consider a string configuration defined by the following embedding:

t=t(r), p=p(r), 0=0(r) ©=1v(), ¢=0(r). (3.3)

The string equations of motion for ¢, 1, ¢ are solved by
t(r)=7, (o) =cyo, ¢(T) = —c, tanh?p, (3.4)
and the remaining system of equations for 6, p are

=0, cosh?pp+ ¢; tanhp = 0. (3.5)

7



This system admits the particular solution
0=0, nsp’°=1—cns tanh® p (3.6)

where the last relation is found by solving the Virasoro constraints. The NVE is derived
by considering fluctuations around the particular solution 6 = 0. Setting 6 = 0 + 66
one trivially obtains the equation 86 = 0. Clearly this equation admits the Liouvillian
solution 00 = af + b, with a,b arbitrary constants, which is consistent with the fact
that the decoupled geometry is described by a gauged WZW model and is therefore
integrable. One could make different choices of the string embedding, and still obtain

an integrable NVE equation.

3.2 Asymptotically flat circular NS5

We now study string propagation in the full solution (2.8). In what follows we set
a = 1 for convenience. We consider the same embedding (3.3)), for which the equations

of motion become:

0 = 2(ns + %) cos? @ sinh? py” (3.7)
0=1q <n51'” sin? 26 sinh 2p + ns6 sinh? 2psin 29) + 467 sin®  sinh 2p [E(ng, +X)

— ng cosh® p} + 4¢ B sin 26 cosh? p [Z(ng, + X) + ns sin® 9} + 4¢ sin® 0 cosh? pX(ns + X)
0 = " cos? O[Sinh 2p%(ns + X) — 2n5 cosh psinh? p ] + p% sinh 2p3?

— 25in 20520 — sinh 2p¥20% — 2n;5 cos? O sinh 2p [ cosh? p — Z} W'

+ sin” f sinh 2p [n5 cosh? p — Y(ns + E)} % + 2% (ns + )p
0 = 1)’ sin 26 sinh® p[ng, cos® 0 — N(ns + E)] + p? sin 2032

+ 2sinh 2p3%p0 — sin 205262 + 2n; sin 20 cosh? p [ cos® ) — E} V'

— cosh?p [2n5 cos 0sin® § + sin 203 (ns + Z)} ¢* + 25%(ns + )6
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The Virasoro constraints give the condition
0 = 1p"*(ns + ¥) cos? fsinh? p + p*S(ns + ¥) (3.8)
— 25+ 6°Y(ns + X) + ¢*(ns + X) cosh? psin® 0.
This system has the following particular solution

t=1, Y=cyo,

0=0, ¢=0, (3.9)
0t = S — 2 tanh? p
ns + cosh® p ¥ '

As before, we perturb the equations of motion around 6 = 0 in order to derive the
NVE. Setting 6() = 0+ n(r) we find the equationf]

Ad*n+ Bom+Cn =0, (3.10)
where
A = ns + cosh? p (3.11)
: 1/2
1 — ¢ sinh? p — ngc? tanh?
B:Qcoshpsinhp( ¢ T P (3.12)
ns + cosh” p
1 — ¢ sinh? p — ngc? tanh?
C = i P Tty P ¢; sinh? p — nscl, tanh’ p | (3.13)

ns + cosh? p

where ¥ = ny + X. By changing variable 7 — x = cosh p(7) we bring the equation in
the form
Ai?0%n + (Ai + Bi)dn+Cn=0. (3.14)

Finally, we can bring the NVE in normal form by defining £ = gn, with

bg—2g' =0. (3.15)

2Strictly speaking, the NVE is derived by expanding in all directions normal to the invariant
submanifold of phase space to which our solution belongs. For our chosen solution, this requires also
perturbing the p and ¢ solutions while enforcing the Virasoro constraint. However, these perturbations
can be shown to only contribute at quadratic order and thus do not enter the NVE.



We then get
"—UE=0, (3.16)

with U = F/G,
F = —cya'® + (—4nsc), — 4c¢), — 2¢3) a™ (3.17)
+ (—10n§cfb — 16n5cfp — 2n5ci + 1403) + 1403) zt?
+ ( 12n5cw 8n5c¢ + 5671501/, + 677,5% + 34n5ci — 1203) — 1803 + 2ns — 6) zY
+ (- 5n5c¢ + 16n5c¢ + 60n§c¢ 48n5c¢ + 6n5cw
+ 14n§ci — 5On5ci + 303, + 6012p —nZ — 1dng + 3)x8
+ (12n5cw + 8n50¢ 56n§cfp + 12n5c¢ 6n5cw 34n§ci + 18n5ci —2n; + 6n5) "
+ ( 10n5cw — 16n5c¢ + 14n5c¢ 2n5cw + 14n5cw) 4

+ (4ngcy, + 4Anicy, + 2nicl) o — nac), (3.18)

G = 42 (2% — 1)2 (ns + 2%) * (nscl, (2% — 1) + 2% (¢}, (2 — 1) — 1)) ?

In this form one can implement Kovacic’s algorithm (see Appendix [A]) and see that the
algorithm fails, and thus the NVE does not admit, for generic values of the parameters,
a Liouvillan solution. This in turn implies that the Hamiltonian system describing the
dynamics of strings in the background sourced by a circular array of NS5 branes is not

integrable.

3.3 Supertube background

We can repeat the process above for the NS5-P supertube solution. The equations of
motion are more complicated due to the additional metric and B-field components. For
the decoupled case, one can find a solution analogous to what we had in the decou-
pled circular NS5 case. We have checked that the corresponding NVE, despite being
significantly more complicated, does in fact produce Liouvillian solutions, as expected.

For the asymptotically flat case, starting with the same initial string embedding ansatz

10



(3.3)) we find a particular solution to the string equations of motion of the form

t =T, = Cy0 = ——=0,
w ¥ n5R

y=0, 0=0, ¢=0, (3.19)

ns (nsR? — k%) — k?sinh? p
n2R? (ns + cosh® p)

A7) =

Note that the previously unconstrained ¢, now acquires a fixed value that depends on
the supertube parameter k/R. Expanding around this solution as 6(7) = 0 + (1) we
find, as before, the NVE of the form

Ad?n + Bo,n+Cn=0, (3.20)

where now

A =ngz + a®cosh? p

ns(nsR? — k?) — a’k? sinh? p) 12

B = a%sinh(2
a“ sin ( ,0) < n%RZ(T% + a2 cosh? ,0)

(3.21)

a*k?sinh? p(cosh(2p) + 3) + 4a’k?ns cosh? p + 2n2 (k? — a>R?)
2n2R? (a? cosh® p + ns)

C=-

)

and p is a function of 7 obtained by solving the last equation in (3.19). Through the
same variable transformations as in the circularn NS5 case, we reduce the NVE to an

equivalent equation in normal form:

¢(x) — U(x)é(x) = 0 (3.22)

11



with U = F/G andlﬂ
F=—k'2""+ (—4k*ns — 4k* — 2k*nZR?) 2°

+ (—10k*nZ — 14k*n; + 14k* — 2k*ni R® + 14k°n2R*) 2°

+ (= 12k*n3 — 10k*nZ + 42k*ns — 12k* + 6k*ng R?
+ 40k*niR* — 18k°nZR* + 2nR* — 6ns R*)2*

+ (= 5k*ng + 2k*nd 4 29k*n? — 30k"ns + 3k* + 6k*n)R* + 20k°ng R
— 44K*niR* 4+ 6k*niR* — niR* — 14n2R* + 3n3R*)2”

—2n8R* + 6n2R* + 2k ng 4 4k*nd — 12k*n? + 6k*ns — 14k*ns R + 12k*n3 R

G:4(x2—1)2 (n5—|—x2)2 (k2 (n5—|—m2— 1) —ngRQ)Q.
(3.23)
Once again, the Kovacic algorithm fails to produce a solution. This proves the absence
of Liouvillian solutions to the NVE and thus the non-integrability of string dynamics in
the full NS5-P supertube background. Since integrability is preserved by T-duality, this
result also implies the non-integrability of the full NS5-F1 supertube solution ([2.16)).

4 Conclusions

In this note we proved that the Hamiltonian system that describes the dynamics of
strings on the asymptotically flat circular NS5-F1 fuzzball geometry is not integrable,
in contrast with the case of the fivebrane decoupling limit, where an explicit description

in terms of a gauged WZW model is available.

This result implies that, although a gauged sigma model description along the lines
of [5] that describes an asymptotically flat fuzzball might be found, the dynamics of
strings in this case is expected to be considerably more intricate. In particular, we
expect that at least in some regimes it will exhibit a chaotic behaviour. It would be
interesting to show explicitly that the dynamics of strings on the circular two-charge
geometry is chaotic by computing the typical signatures of chaos on the phase space of
the system by a numerical analysis of the equations of motion and the computation of

the Lyapunov exponents (see for example [9,[21-23] for a similar analysis in different

3For the sake of notational simplicity we display U by setting a = 1.
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contexts). In particular, one could explore the idea of using the Lyapunov exponent
to distinguish fuzzballs from black hole solutions. Some aspects of chaos on circular
fuzzball geometries (in the S-dual D1-D5 frame) have been reported in [24], although

their analysis was limited to the point particle limit, i.e. geodesic motion.

It could also be interesting to set up a perturbative expansion of the worldsheet
models for the asymptotically linear region solutions that describes the coupling to flat
space, and to see if one can access some signatures of chaotic behaviour, and to explore

the consequences for flat space holography.
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A Kovacic algorithm

Counsider a second order linear ODE in normal form

() = U(x)é(z) =0, (A1)

where U(zx) is a rational function. The Kovacic algorithm provides an explicit way
to produce Liouvillian solutions if they exists, or prove that they do not exist, that
can easily be implemented in a programming language. Here we review the algorithm
itself. Proofs of all the steps can be found in the original paper [13].

In the following, the “order at infinity” of U(x) will refer to its order as a zero, i.e.
the difference between the highest power of x in the denominator and the highest power
of z in the numerator, while the order of the pole c¢ is the highest power of (z — ¢)™*

in the Laurent expansion around c.

There are three cases to consider, corresponding to three types of possible solutions

to the ODE. The necessary conditions for these three cases are as follows:

e Case 1: Every pole of U has even order, or else has order 1. At infinity, the order

of U is even, or else is greater than 2.
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e Case 2: U has at least one pole of odd order greater than 2, or else has order 2.

e Case 3: The order of poles of U does not exceed 2, and the order of U at infinity

is at least 2. In this case the partial fraction decomposition of U can be written

U(“”):Z(xf—ici)ﬁzxfjdj (A.2)

as

)

and we further require that > ;B =0, v1+4a; € Q 7 and furthermore that

1+4 (Z oty @dj) €Q (A.3)

If none of the above are satisfied by U, then the equation does not admit Liouvillan
solutions, and the system whose NVE is given by the above equation is not integrable.
If the necessary conditions for any of the cases are satisfied, we must check the cases
sequentially. In each case we construct several candidate algebraic equations based on
the behaviour of U at its poles and at infinity. The exact procedure varies by case,
which is reviewed below. The solutions to these algebraic equations, if they exist, are
then used to construct the solution to the original ODE. If the solution doesn’t exist,
we move to the next available case. If all cases fail, there are no Liouvillian solutions
to the ODE.

The general equation (3.17) has order at infinity of 2 and several poles each of
order 2. This means all three cases have their necessary conditions satisfied and must

be checked sequentially.
For demonstration purposes, we choose ¢; = 1,¢, = 1,n5 = 1 in (3.17) so that

- 2" 4102 — 42210 4+ 102° + 422° - 1022 + 1 (A4)
4 (x® — 2" — 225 + 23 + 1)

but the final non-integrability result holds for general values. The nine order 2 poles
are located at 0,+1, 472 and +x where

Ty = ,/%(\/Bi 1). (A.5)

For other values of n5 the poles at +¢ and x4 will move along the imaginary axis,

but never become degenerate, so the orders of the poles do not change.
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Case 1

For cach pole, denoted ¢, we compute three pieces of data {[vU].,aF, oz} in the

following way

e If the order of the pole is 1, then

{[\/ﬁ]c: O‘:7 ac_} = {0’ L, 1} (AG)

e If the order of the pole is 2, and b is the coefficient of (x — ¢)~2 in the expansion

around ¢, then

{VU].,af,a;} = {0, %+%\/1+4b, %—%\/1+4b} (A7)

e If the order of the pole is 2v > 4 then [v/U]. is the polar part of the Laurent
expansion of v/U around c. Let a be the coefficient of (x —¢)~ in [v/U], and b be
the difference of coefficients of (z — ¢)™~! in the expansions of U and ([v/U].)?

respectively. Then
1 b
= (v+- A8
G (A8)

We also compute {[VU]w, at, a2} in the following way
e If the order at infinity of U is greater than 2, then

{[\/U]Ooaa;aacjo} = {07071} (AQ)

e If the order at infinity of U is equal to 2, and b is the coefficient of 272 in the

expansion around infinity, then

{((VUls, a0} = {0, % + %\/1 +4b | % — %\/1 + 4b} (A.10)

e If the order at infinity of U is —2v < 0 then [v/U]y is the sum of non-positive
powers of x in the expansion around infinity. Let a be the coefficient of ¥ in
[V/U]os and b be the difference of coefficients of 2¥~' in the expansions of U and
([V/U]ws)? respectively. Then

af == (—y + —) : (A.11)



Having constructed the above data, we compute

d=at — Z oF (A.12)
{c}
for all choices of 4 for each ¢ independently. If d is a non-negative integer, then for
the same choice of signs we compute
+

w=£tVU Y VT + — . (A.13)

r—c
{c}

For each such w we search for a monic polynomial P of degree d that satisfies
P’ +2wP + (W +w?—-U)P=0 (A.14)

If such a polynomial exists, then Pe/“ is a solution to the original ODE. If it doesn’t

exist for any of the w’s, then case 1 fails.

For our example we obtain for the poles

1 1
{[\/5]0704;{70‘6} = {Oa 57 5
(A.15)
1
VU], of a2} = {0, §, - c=41, 4+,
C C 4 4
and at infinity we have
_ 11
{[\/5]00705:076%0} = {07575} (A16)

It’s easy to see that no choice of signs produces a non-negative d as defined in ((A.12)),
since the af already cancel positive contribution from the point at infinity. This rules

out case 1.

Case 2

For case 2, we define a set of integers F, associated to each pole of U, denoted c, as

follows:

e If the order of the pole is 1, then F. =4

e If the order of the pole is 2 and b is the coefficient of (z — ¢)~2 in the partial

fraction decomposition of U, then
E.={24+kvV1+4b|ke{-2,0,2}}NZ (A.17)
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e If the order of the pole is v > 2 then E. = {v}.
We also define E, as follows
e If the order of U at infinity is greater than 2, F., = {0,2,4}

e If the order of U at infinity is equal to 2 and b is the coefficient of 272 in the

expansion around infinity, then
Ew={24+kv1+4b| ke {-2,0,2}}NZ (A.18)
e If the order at infinity is v < 2 then £, = {v}

We now consider all families {e.} U{ew} where e, € E. and e, € E,. For each family

where at least one of the integers is odd we compute

1
d= 5 em—;ec (A.19)

For each family that gives a non-negative integer d we define

0= %Z e (A.20)

g ¢
and search for a monic polynomial P of degree d that satisfies
P" 4+ 30P" + (30*> + 30’ — 4U) P’ (A.21)
+ (0" + 300 +6° —4U0 — 2U" )P =0 . (A.22)

If such a solution is found, define ¢ = 6 + P’/P and let w be a solution to
1 1
w? + dw + (§¢’ + §¢2 ~U)=0 (A.23)

Then e/ ¥ is a solution to the original ODE. If no polynomials P can be found, then

case 2 fails.

For our example, we have

Ey = {2}
E.={2,3,1} c==*1,+i, +xy (A.24)
Eoo = {2}

Again, no combination results in a positive d as defined in (A.19)). This rules out case
2.
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Case 3

Choose n = 4,6 or 12. In principle one can immediately start with n = 12, but it is
easier to consider the cases sequentially if one expects to find solutions. To rule out

solutions we must verify the n = 12 case.

Similar to case 2, define a set of integers E. for each pole ¢ as follows:

e If the order of the pole is 1, then E. = {12}

e If the order of the pole is 2, and b is the coefficient of (x — ¢)™2 in the partial

fraction decomposition of U, then
12k
E.={6+—V1+4blk € —n/2,...—1,0,1,...n/2}NZ (A.25)
n

2

Let v be the coefficient of x7° in the expansion of U around infinity. Then define

12k
Ew = {6+ T\/l +4ylk € —n/2,...—1,0,1,...,n/2} N Z (A.26)

We now consider all families {e.} U{ew} where e, € E. and e, € E,. For each family

we compute

n
dzﬁ em—;ec : (A.27)

For each family that gives a non-negative integer d we define

n €
Q_E{Z}:x—c (A.28)

and we also define S =[], (z — ¢). Next, consider the recursive relation
Py =-SP +((n—14)S —SO)P, — (n —i)(i + 1)S*UP;y; . (A.29)

We must now look for a monic polynomial P such that for P, = —P, the P_; generated
by the above relation is identically zero. If such a polynomial is found, then let w be

a solution to

zn: (nsi_P;)!wi =0. (A.30)

Then e/ ¢ is a solution to the original ODE. If no such P, can be found (for all choices

of n), case 3 fails.
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In our example, taking directly n = 12, we have

E, = {6}
E,={3,4,56,7,8,9  ¢==%1,4i (A.31)
E. = {6}

And once again, no combination can give a non-negative d as defined in (A.27). This

rules out case 3, and therefore the original ODE has no Liouvillian solutions.

NS5-P supertube NVE

For the NS5-P supertube NVE, given by , the poles are order 2 and the order at
infinity is 2, so once again, all three cases of the Kovacic algorithm must be checked.
The poles are located at 1, +i,/ns and ++/1 — ns + n2R?/k? Note that the pole at
x = 0 is absent in the supertube NVE.

For case 1, we obtain

31
{[\/U}macaac}_{a Z? Z}

L1 (A.32)
{[\/ﬁ]ooa a;» a;o} = {07 57 5} )
for case 2, we obtain
E.={2,3,1}
(A.33)
E. ={2},
and for case 3, we obtain
E.=1{3,4,5,6,7,8,9}
(A.34)

E. ={6}.
As in the case of the circular NS5 distribution, all three cases fail to produce a non-
negative integer d as defined in either (A.12)),(A.19) or (A.27)). Thus the NVE has no

Liouvillian solutions and string motion in the NS5-P supertube background is non-

integrable.
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