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Abstract

The intrinsic dissipation experienced by a metal under tension–tension fatigue

is linked to the second-harmonic temperature signal obtained from Fourier

analysis. According to the proposed model, self-heating due to intrinsic dissi-

pation spreads out into all harmonics of the temperature signal, including that

modulated at the same frequency as the applied load, which primarily captures

the thermoelastic effect. Furthermore, the model is adapted to estimate the

intrinsic dissipation starting from the second-harmonic temperature if the

command signal generated by the closed-loop digital controller of the fatigue

test machine is not a pure sine wave modulated at the desired load test fre-

quency but contains high-order harmonics. Finally, the theoretical model is

applied to measure the intrinsic dissipation during stepwise fatigue tests on

plain specimens made of C45 normalized steel, and the results obtained are

validated using a previously well-established approach.
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Highlights

• A model is defined for estimating the intrinsic dissipation in tension–tension
fatigue.

• The model requires the range of the second-harmonic temperature of the

material.

• The model cleans high-order harmonics generated by the controller of the

test machine.

• The model is successfully validated through fatigue tests on C45 normalized

steel.
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1 | INTRODUCTION

The fatigue of metals can be addressed from an energy
point of view. The mechanical energy provided by the
external loads is split by the material into two parts,1

including the internal energy, which is partially responsi-
ble for fatigue damage accumulation and final failure,
and the heat dissipated to the surroundings, which deter-
mines the material's self-heating. Therefore, the material
temperature is envisaged to be a useful parameter for the
development of temperature-based approaches for investi-
gating the fatigue behavior and limit of metals,2–8 to per-
form thermoelastic analyses at the tip of a propagating
fatigue crack,9–13 fatigue life assessment and identifica-
tion of fatigue damage evolution laws,14–16 and evalua-
tions of cumulative damage for variable amplitude and
multiaxial fatigue loadings.17–21 Notably, some authors
have proposed using the second-harmonic temperature
signal22,23 or thermoelastic phase analysis24 to rapidly
evaluate the material fatigue limit.

The stationary material temperature achieved during
a constant amplitude fatigue test with a given load test
frequency is correlated to the thermal energy released to
the surroundings by a unit volume of material per cycle
(Q).25 Q has been identified as the intrinsic dissipation
Qp

26 and proved successful as an energy-based fatigue
damage index to correlate geometrical effects in
fatigue,27–30 to estimate the fatigue limit,31 and to synthe-
size the multiaxial fatigue behavior.32 In addition to
intrinsic dissipation,33,34 similar energy-based approaches
for fatigue assessment are based on the hysteresis energy
per cycle1,35,36 and on entropy evaluation.37,38

By focusing on fully reversed (R = �1) fatigue tests
with an elastic–plastic material, Enke39 noted that the
material temperature pulses as a result of two different
phenomena—the reversible thermoelastic (Tthe) and irre-
versible plastic dissipation (Tp) temperatures—where the
latter pulses at twice the fundamental frequency of
the reversible thermoelastic effect, which equals the load
test frequency. In this context, Bar et al.40 showed that Tp

is not fully captured by considering only the second har-
monic of the temperature signal ΔT2, even though the
second harmonic retains the main information.40,41 This
phenomenon is why several evaluations of the intrinsic
dissipation, Qp, in tension–compression fatigue tests start
from the range of the second-harmonic temperature sig-
nal ΔT2.40–44 Recently, De Finis et al.44 extended the
analysis to the case of tension–tension (R> 0) fatigue and
investigated the relationship between mechanical energy
and heat dissipation; the outcome of the investigation is
an empirical linear correlation between the second

harmonic of the mechanical energy rate and the second
harmonic of the heat dissipation rate.

Considering the situation of tension–compression
(R = �1) fatigue, under the hypotheses of (i) zero-
dimensional thermomechanical material model,
(ii) plastic strain energy rate, _W, totally converted into
heat, _Q, and (iii) elastic–perfectly plastic material behav-
ior or elastic–plastic obeying a Ramberg–Osgood law, the
authors developed an analytical framework to evaluate
the intrinsic dissipation Qp starting from the range of the
second-harmonic temperature signal ΔT2, which is evalu-
ated by the Fourier analysis of the material tempera-
ture.45 When a material obeying a Ramberg–Osgood law
was considered, Qp is linked to ΔT2 through a parameter
(β) that depends on the cyclic strain hardening exponent
n0 of the material.45 Afterwards, the model was validated
against temperature maps recorded during axial tension–
compression, load-controlled, stepwise fatigue tests of
cold-drawn AISI 304L bars46; in particular, the Qp values
are successfully compared with those measured using a
previously validated experimental technique proposed by
one of the authors.25

Recently, the authors tried to extend the analytical
model to R ratios of at least zero (R ≥ 0)47 and removed
the assumption that _W is totally converted into _Q, while
retaining the zero-dimensional thermomechanical mate-
rial model and the Ramberg–Osgood material law. Qp

depends on the range of the second-harmonic tempera-
ture signal through the β parameter, and it has a different
analytical dependence on the cyclic strain hardening
exponent n0 relative to the previous case R=�1, as seen
in the next paragraph.

Prior to the investigation,47 Shiozawa et al.48 analyzed
the correlation between the second-harmonic tempera-
ture signal and the intrinsic dissipation, aiming to rapidly
evaluate the material fatigue limit; the researchers noted
that the closed-loop digital controller of the fatigue test
machine may introduce harmonics in addition to that
modulated at the load test frequency. In more detail, the
scholars noticed that these spurious effects can be cor-
rected using a modified lock-in infrared technique based
on the measured phase difference between the second-
harmonic temperature signal and the load signal. Later,
Cappello et al.49 analyzed the discrete Fourier transform
(DFT) of the load cell signal of the fatigue test machine
and found high-order harmonics superimposed on the
fundamental sine wave corresponding to the applied load
test frequency. Hence, the second-harmonic load causes a
thermoelastic response at twice the applied load test fre-
quency that overlaps with the second-harmonic tempera-
ture that is strictly related to the intrinsic dissipation.
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Additionally, high-order harmonics are more frequently
present for tension–tension fatigue tests than for fully
reversed tension–compression fatigue tests, and a simple
analytical expression is proposed to extract the
second-harmonic temperature signal strictly related to
the intrinsic dissipation.49

In this paper, after recalling the theoretical back-
ground relevant to R ratios of at least zero, the theoretical
model is employed to estimate the intrinsic dissipation
starting from the second-harmonic temperature. The
model considers the unique features of (i) the self-heating
phenomenon, which spreads the effects of dissipation
into all temperature harmonics, including that modu-
lated at the load test frequency, and (ii) the experimental
test equipment, where the closed-loop digital controller
of the fatigue test machines may introduce high-order
and fundamental harmonics. Compared to the previous
preliminary study,47 the present investigation proposes
the following advances:

• New equations are proposed to evaluate the second-
harmonic temperature range associated with the
intrinsic dissipation when the command signal gener-
ated by the closed-loop digital controller of the fatigue
test machine contains high-order harmonics superim-
posed on the fundamental (first-order, pure sinusoidal)
one;

• A large number of new experimental data, consisting
of 56 measurements of the intrinsic dissipation;

• The energy conversion ratio, namely, the ratio between
the intrinsic dissipation and the plastic strain energy
density per cycle, is evaluated in tension–tension
fatigue for different applied stress amplitudes.

Finally, the intrinsic dissipation Qp is evaluated in
stepwise fatigue tests on plain specimens, and the values
obtained from the second-harmonic temperature signal
are compared with those evaluated according to a well-
established approach based on the cooling gradient of the
material measured after stopping the fatigue test.25

The paper is concluded with a discussion regarding the
two approaches.

2 | THEORETICAL BACKGROUND

The energy balance equation developed according to con-
tinuum mechanics50 can be written in terms of the spe-
cific power as follows,26 where the dot symbol indicates
the time derivative:

ρc _T� _Q¼ _Qpþ _Qtheþ _ve ð1Þ

where _Qthe and _Qp are the thermoelastic energy
and the intrinsic dissipation rates, respectively, and _ve
is the thermal energy rate extracted from or supplied
to the material by external sources. Equation (1) is
true after certain simplification hypotheses,26,45

which are satisfied in conventional fatigue test
conditions. The intrinsic dissipation is defined as
follows50:

_Qp ¼ _W� _Es ð2Þ

where _W and _Es are the plastic strain and stored energy
rates, respectively.51,52

In the experimental conditions analyzed in the
present investigation, _ve equals zero; moreover, the
thermoelastic heat source is a reversible exchange
between mechanical and thermal energies53,54; therefore,
it vanishes in Equation (1), which is rewritten in terms of
average power quantities over one loading cycle as
follows:

ρc _T� _Q¼ _Qp ð3Þ

T tð Þ stabilizes at a certain period following the start of
a fatigue test when thermal equilibrium is achieved
between intrinsic dissipation and heat exchange with the
surroundings by conduction, convection, and radia-
tion.5,7,17,21,25,38 Under such circumstances, _T becomes
null, and Equation (3) simplifies to the following
equation25:

_Q¼� _Qp ð4Þ

2.1 | Cooling gradient approach

According to the cooling gradient approach,25,45 the
intrinsic dissipation _Qp is estimated by measuring
the cooling gradient immediately after the fatigue test is
stopped at t= t* (Figure 1). While _Qp becomes zero at
t= t*+, the heat exchanged with the surroundings _Q
does not change before or immediately after t* because
the temperature field is constant through t*
(i.e., Tj t�ð Þ� ¼Tj t�ð Þþ). Accordingly, Equation (3) must be
considered immediately after t* (i.e., t= t*+), leading to
the following equation:

_Q¼ ρ � c � _T��t¼ t�ð Þþ ð5Þ

4220 RICOTTA and MENEGHETTI
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Eventually, Q can be evaluated by dividing
Equation (5) by the load test frequency fL

25:

Q¼
ρ � c � _T��t¼ t�ð Þþ

fL
ð6Þ

2.2 | Second harmonic approach

The cooling gradient approach, originally formalized
in Meneghetti,25 has been subsequently applied in sev-
eral investigations,27–32,37,38 and it is used in the pre-
sent research to validate the approach based on the
second-harmonic temperature signal; this technique is
referred to as the second harmonic approach, and it is
summarized as follows. According to the original
formulation,45 completely reversed (R = �1) elastic–
plastic fatigue tests are considered, and the correlation
between intrinsic dissipation Qp and the range of the
second-harmonic temperature signal ΔT2 is expressed as
follows:

Qp ¼ ρ � c �2 �ΔT2 �β ð7Þ

where β is a parameter that must be determined, and the
coefficient 2 considers that two temperature shots occur
per cycle, one of which is caused by tensile strains and the
other of which is caused by compressive plastic strains
over one loading cycle.39,40,42 To evaluate the β parameter
for tension–compression (R = �1) fatigue, a simplified
zero-dimensional thermomechanical theoretical model is

considered, where the intrinsic dissipation is known; after
solving the governing differential equation (Equation (1)),
the temperature versus time is calculated. Then, Fourier
analysis of the temperature is performed to first obtain
ΔT2 and then obtain β using Equation (7). As mentioned
in Section 1, a simplifying hypothesis of the theoretical
model is that _W is fully converted into _Qp, therefore the
stored energy rate _Es is negligible, which is consistent
with the literature, particularly for tension–compression
(R=�1) fatigue.27,31,55–58 Second, in the framework of
a zero-dimensional thermomechanical material model,
heat extraction from the material is activated using
a heat sink ve, such that _νe ¼�W � fL, to let the
material temperature achieve stationarity (under real
laboratory testing conditions, the heat due to intrinsic
dissipation is removed from the material by conduction,
convection, and radiation). Even though the hypothesis
_Wffi _Qp is used,45 if _Qp is a fraction of _W, then β
is unchanged according to the adopted theoretical
model.

Regarding R ratios of at least zero (R ≥ 0),47 to the
best of the authors' knowledge, there are no experimental
data supporting the general assumption _Wffi _Qp, which is
consequently removed in the present investigation; con-
versely, the zero-dimensional thermomechanical model
and the heat extraction mechanism using the heat sink
are retained. Accordingly, an energy conversion ratio Ψ
is defined as follows:

Ψ¼
_Qp

_W
!¼ 1�

_Es

_W
ð8Þ

According to Equation (7), coefficient 2 is maintained
because in pulsating tension or tension–tension (R ≥ 0)
fatigue, the intrinsic dissipation associated with plastic
work is generally active during the loading and unload-
ing phases:

Ψ �W¼Qp !¼ ρ � c �2 �ΔT2 �β ð9Þ

The energy balance Equation (1), which is written in
terms of power quantities, becomes the following
equation:

ρc _Tpþρc _Ttheþρc _Tsink ¼Ψ _Wþ _Qthe�Ψ �W � fL ð10Þ

The solution of Equation (10) is determined assuming
(i) Ψ=Ψ, (ii) an elastic–plastic material obeying
Ramberg–Osgood law, and (iii) a tension–tension, force-
controlled fatigue test with a sinusoidal load causing the

FIGURE 1 Cooling gradient approach for estimating the

intrinsic dissipation.
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stress amplitude σa and mean stress σm as σ(t)= σa‧sin
(ωLt)+ σm. Figure 2A shows the stabilized hysteresis loop
in a typical tension–tension fatigue test and the reference
system at its lower tip (Figure 2A). Now it is convenient
to solve Equation (10) by taking the stress function as
follows:

Δσ� tð Þ¼ σa 1� cos ωLtð Þ½ �: ð11Þ

The first term on the right-hand side of Equation (10)
is the rate of plastic strain energy, and it can be expressed
as follows47:

_W tð Þ¼ _WL tð Þ �RL tð Þþ _WU tð Þ �RU tð Þ ð12Þ

where referring to Figure 2B, _WL tð Þ is the rate of the plas-
tic strain energy for 0≤ t≤ bT=2:
_WL tð Þ¼ωL

n0 �
σ

1
n0þ1
a

2
1
n0�1 �K0 1n0

� sin ωLtð Þ � 2R
1�R

þ1� cos ωLtð Þ
� �

� 1� cos ωLtðð Þ½ � 1n0�1

ð13aÞ

_WU tð Þ is the plastic strain energy rate for bT=2≤ t≤ bT:
_WU tð Þ¼�ωL

n0 �
σ

1
n0þ1
a

2
1
n0�1 �K0 1n0

� sin ωLtð Þ � 2R
1�R

þ1� cos ωLtð Þ
� �

� 1þ cos ωLtðð Þ½ � 1n0�1

ð13bÞ

where RL tð Þ and RU tð Þ are dedicated rectangular waves.
More precisely, the former value is equal to one in the
0≤ t≤ bT=2 time window and zero elsewhere, while the
latter equals one for bT=2≤ t≤ bT and zero elsewhere
(Figure 2C). For the convenience of the reader, the defi-
nitions of RL tð Þ and RU tð Þ are Equations (14a) and (14b),
respectively:

RL tð Þ¼ 1
2
þ2
π

X∞

j¼1

sin j �π=2ð Þ
j

� cos j �ωL t�
bT
4

" #( )
ð14aÞ

RU tð Þ¼ 1
2
þ2
π

X∞

j¼1

sin j �π=2ð Þ
j

� cos j �ωL t�1
2

bT
2
þbT !" #( )

ð14bÞ

The three contributions to the material temperature
appearing in Equation (10) can be evaluated as follows. The
thermoelastic temperature ΔTthe tð Þ can be evaluated from
the corresponding thermoelastic heat source _Qthe

59,60:

ΔTthe tð Þ¼� α
ρ � c
� �

�Δσ� tð Þ �T0 ð15Þ

where T0 is the material temperature when Δσ*(0) = 0,
that is, σ = σmin.

The dissipation temperature ΔTp(t) associated with
the plastic dissipation is calculated as follows:

ΔTp tð Þ¼ 1
ρ � c

Z t

0
Ψ _W tð Þ �dt¼

¼ Ψ
ρ � c

σ
1
n0þ1
a

2
1
n0�1 � n0 þ1ð Þ �K0 1n0

cos ωLtð Þ R�1ð ÞþR 2n0 þ1ð Þþ1
1�R

� 1� cos ωLtð Þ½ � 1n0 �RL tð Þ
8<: þ

þ 1þ cos ωLtð Þð½ � 1n0 � cos ωLtð Þ-R 1þ cos ωLtð Þð Þ-1-2 �n0
R�1

24 þ 2
1
n0þ1

1-R
� 1þR �n0ð Þ

35 �RU tð Þ
9=;

ð16Þ
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Finally, the heat sink temperature ΔTsink(t) is as
follows47:

ΔTsink tð Þ¼�Ψ �W � fL
ρ � c � t ð17Þ

Thus, by summing the three contributions of Equa-
tions (15), (16), and (17), the solution of Equation (10) is
as follows:

ΔT tð Þ¼ΔTp tð ÞþΔTthe tð ÞþΔTsink tð Þ ð18Þ

Equation (18) refers to the stress function Δσ� tð Þ,
which is zeroed at the lower tip of the hysteresis loop. To
refer to the solution of the stress function σ(t) and not to
Δσ*(t), ΔT(t) must be shifted by a factor of bT4; then,
the temperature of the unstressed state is referenced:

T tð Þ¼ΔT tþ
bT
4

 !
þT0 ð19Þ

Equation (19) provides the stationary material tem-
perature T(t) according to the theoretical model
Equation (10). Since the equation is periodic, it can be
written using a Fourier series as follows:

T tð Þ¼Tsþ
X∞

k¼1
Ak � cos kωLtð ÞþBk � sin kωLtð Þ½ � ð20Þ

where ωL = 2π�fL and bT¼ 2π=ωL ¼ 1
fL
.

Ak ¼ 2bT
Z bT
0
T tð Þ � cos k �ωL � tð Þdt for k> 0 ð21aÞ

Bk ¼ 2bT
Z bT
0
T tð Þ � sin k �ωL � tð Þdt for k≥ 0 ð21bÞ

Ts ¼A0

2
¼ 1bT

Z bT
0
T tð Þdt ð21cÞ

The ranges of the first- and second-harmonic temper-
atures are displayed in Equations (22a) and (22b), respec-
tively, as follows:

ΔT1 ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

1þB2
1

q
ð22aÞ

ΔT2 ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2

2þB2
2

q
ð22bÞ

The stationary temperature (Equation (19)) and its
Fourier analysis are illustrated with an example in the
next paragraph.

Finally, β is calculated using Equation (9). According
to previous investigations, β depends only on n0, regard-
less of the R (for R ≥ 0) and Ψ values; however, β for
R ≥ 0 is different from that calculated for R = �1,45 as
reported in Figure 347:

β¼ 0:566 �n02þ2:671 �n0 þ1:572 R≥ 0ð Þ ð23Þ

3 | THEORETICAL STATIONARY
TEMPERATURE AND FOURIER
ANALYSIS ACCORDING TO THE
SECOND HARMONIC APPROACH
(R ≥ 0)

Equation (19) is plotted in Figure 4A,C for R = 0 and
R = 0.5, respectively, with the first, second, third,
and fourth harmonic waves of T(t) evaluated according
to Equation (21). Additionally, the applied stress function

FIGURE 2 (A) Stabilized hysteresis loop for an elastic–plastic material obeying a Ramberg–Osgood law, (B) plastic strain energy

densities in one loading cycle, and (C) rectangular wave functions RL(t) and RU(t).
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σ(t) and the stationary dissipation temperature Tps(t) are
reported in the same figures. In the adopted theoretical
model, Tps(t) is defined when the stabilized temperature
Ts is achieved, according to Figure 1. In the stabilized
regime, a thermal equilibrium exists between the self-
heating phenomenon caused by the intrinsic dissipation
and the heat extraction from the material to the sur-
roundings. Tps(t) represents the thermal equilibrium
between the self-heating phenomenon caused by the
intrinsic dissipation (captured by the continuously
increasing dissipation temperature Equation (16)) and
the heat extraction from the material to the surroundings
(captured by the heat sink temperature Equation (17)).
In real experimental tests, the higher the stabilized
dissipation temperature Tps, the more intense the intrin-
sic dissipation phenomenon is, and the less efficient the
heat removal from the material to the surroundings

FIGURE 4 Stationary T(t) and dissipation Tps(t) temperatures of the material over one loading cycle for (A), (B) R = 0 and (C),

(D) R = 0.5 evaluated with n0 = 0.4 and Ψ= 0.45. The figures are created according to the σ–ε coordinate system reported in Figure 2.

(A) Tps(t) magnified 13 times, and the second, third, and fourth harmonics of T(t) magnified 52 times; (B) all four harmonics of

Tps(t) magnified four times; (C) Tps(t) magnified eight times, and the second, third, and fourth harmonics of T(t) magnified 21 times; and

(D) all four harmonics of Tps(t) magnified three times. [Colour figure can be viewed at wileyonlinelibrary.com]

FIGURE 3 Trends of the β parameter versus the cyclic strain

hardening exponent.
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(by conduction, convection, and radiation) is. As a second
remark, it should be noted that Tps =Ts.

Since, according to the theoretical model, Tps(t) is the
net result of the phenomena captured by Equations (16)
and (17), it can be written:

Tps tð Þ¼ΔTp tþ
bT
4

 !
þΔTsink tþ

bT
4

 !
þT0 ð24aÞ

alternatively, Equations (18) and (19) yield the following
equation:

Tps tð Þ¼T tð Þ�ΔTthe tþ
bT
4

 !
ð24bÞ

Having determined the stationary dissipation temper-
ature using the analytical model, the influence of the load
ratio R can be investigated by means of the Fourier anal-
ysis Equation (21) applied to the Tps(t) function
(Equation (24)); the results are plotted in Figure 4B
(R = 0) and Figure 4D (R = 0.5).

Figure 4A,C shows that Tps(t) is not a sinusoidal
wave, and a similar behavior is observed for R = �1.45

Moreover, unlike tension–compression fatigue (R = �1),
Figure 4B,D shows that for R ≥ 0, the stationary dissipa-
tion temperature Tps(t) spreads out into all harmonics,
starting from the first and involving all terms of the Fou-
rier series, including the odd ones (one, third, fifth, etc.),
which are not involved when R = �1.45 In fact, in
tension–compression (zero-mean stress, R = �1) fatigue,
the intrinsic dissipation in a fatigue cycle is equally
divided between the loading and unloading phases.
Therefore, the stationary dissipation temperature has
exactly the same trend (and values) in the first half cycle
(the loading phase) and in the second half cycle (the
unloading phase). That is why only the even coefficients
of the Fourier series are different from zero, while the
odd terms are null.45 Opposite to this situation, under
pulsating tension and tension–tension fatigue (R ≥ 0),
the intrinsic dissipation in a fatigue cycle is not equally
divided between the loading and unloading phases. This
phenomenon can be easily appreciated in Figure 2B,
where the plastic strain energy density is greater in the
loading phase than in the unloading phase. Therefore,
the stationary dissipation temperature Tps(t) trend (and
values) during the loading phase differs from those rele-
vant to the unloading phase, and this is evident in
Figure 4A,C of the present paper. Such asymmetry of
Tps(t) during the loading and unloading phases makes
the intrinsic dissipation spread out into all harmonics of
the temperature signal, including the fundamental one

modulated at the load test frequency, which primarily
captures the thermoelastic effect. Interestingly, the
results of the analyses reported in Figure 4A,B for R = 0
and in Figure 4C,D for R = 0.5 highlight that ΔT2 equals
ΔT2ps; that is, the second-harmonic analysis of the tem-
perature returns the same result as the second-harmonic
analysis of the stationary dissipation temperature. The
differences between ΔT2 and ΔT2ps that are appreciable
in the figures simply depend on the different scales on
the Y-axis. In general, all harmonics of T(t) and Tps(t) are
the same starting from the second harmonic onwards,
and the thermoelastic temperature is fully captured by
the first harmonic of T(t), at least for a pure sinusoidal
load wave, such as in the present theoretical analysis.

Figure 5 reports the ΔT1ps/ΔT2 ratio versus R for dif-
ferent n0 values and highlights that the ratio decreases
when R and n0 increase. The ΔT1ps/ΔT2 ratio does not
depend on σa, K0, and Ψ. Moreover, the figure shows that
ΔT1ps is greater than ΔT2 for lower R and n0 values;
therefore, in tension–tension fatigue, ΔT2 may no longer
convey most of the information.44

Thanks to the assumption of a Ramberg–Osgood
description of the branches of the hysteresis loop
(Figure 2), comparing the plastic strain energy density W
with the hysteresis energy density, Whyst, is valuable. W
can be evaluated by integrating Equation (12) over one
loading cycle:

W¼
Z bT
0

_W tð Þdt¼ 1þR
1�R

�4 �σ
1
n0þ1
a

K0 1n0
ð25Þ

FIGURE 5 ΔT1ps to ΔT2 ratio versus R calculated for different

n0 values.
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Equation (25) is valid for R ≥ 0, while the expression
valid for R = �1 has been derived elsewhere.45

Whyst can be evaluated according to Halford36:

Whyst ¼ 1�n0

1þn0 �
4 �σ

1
n0þ1
a

K0 1n0
: ð26Þ

Therefore, the Whyst=W ratio is as follows:

Whyst

W
¼ 1�n0

1þn0 �
1�R
1þR

ð27Þ

Equation (27) shows that the Whyst=W ratio depends
on n0 and R, and it is plotted in Figure 6A,B. Figure 6A
reports Equation (27) for the R=�1 case.45

Figure 7A,B shows the trends of ΔT1ps and ΔT2 versus
R for an exemplary set of material parameters (n0 = 0.2,
K0 = 700 MPa, ρ = 7850 kg/m3, c = 486 J/(kg‧K), and
Ψ = Ψ!= 0.75) and testing conditions (fL= 1 Hz,
σa= 310MPa, or W= 21MJ/(m3�cycle)). In particular,
Figure 7A assumes a constant applied stress amplitude
σa= 310MPa, while Figure 7B assumes a constant
plastic strain energy per cycle W= 21MJ/(m3�cycle),
which suggests a constant intrinsic dissipation Qp accord-
ing to Equation (9) (Qp ¼Ψ �W¼ 0:75 �21= 15.75MJ/

(m3�cycle)). Figure 7A shows that ΔT1ps assumes a con-
stant value regardless of R, while ΔT2 increases when R
increases becauseW and then Qp increase according to
Equation (25). An opposite scenario is reported whenW
is constant (Figure 7B); ΔT2 remains constant
(ΔT2= 0.97K), independent of R, while ΔT1ps decreases,
following the progressively decreasing σa that maintains
W, according to Equation (25). Considering this informa-
tion, the range of the second-harmonic temperature ΔT2

is correlated to the intrinsic dissipation Qp. However, the
use of the β parameter (Equation 9) is needed to quantita-
tively evaluate the intrinsic dissipation starting from the
range of the second-harmonic temperature. By using
Equation (23) with n0 = 0.2, it is found that β= 2.129 and
Qp = 15.75MJ/(m3�cycle) from Equation (9).

4 | MATERIAL, SPECIMENS'
GEOMETRY, AND TEST METHOD

The experimental equipment and testing protocol
described in this section were applied in a preliminary
investigation47 using a single specimen. Figure 8A shows
the geometry of the plain specimens adopted to perform
stepwise tension–tension fatigue tests, imposing a nomi-
nal load ratio of R = 0.1. Samples were machined from

FIGURE 6 Ratio between hysteresis

and plastic strain energy densities per

cycle (Equation (27)) (A) versus the

cyclic hardening exponent, n0 and
(B) versus the load ratio, R.

FIGURE 7 ΔT1ps and ΔT2 versus R
evaluated for (A) constant applied stress

amplitude and (B) constant plastic strain

energy density per cycle W.
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6-mm-thick, hot-rolled normalized C45 steel plates, and
the material properties are listed in Table 1. The plain
material fatigue limit σΑ,0.1 was determined through a
short staircase procedure involving seven specimens.

Three specimens were fatigue tested, using a servo-
hydraulic Schenck Hydropuls PSA 100 machine equipped
with a 100 kN load cell and a TRIO Sistemi RT3 digital
controller. Using step-wise fatigue tests for each speci-
men, a total number of 56 evaluations of the intrinsic dis-
sipation (28 using the second harmonic approach and
28 using the cooling gradient approach) are performed,
while in the preliminary investigation47 with a single
specimen only two measurements (one for the second
harmonic approach and one for the cooling gradient
approach) of the intrinsic dissipation were performed.
During the fatigue tests, the applied stress amplitude was
progressively increased from 150 to 310 MPa using steps
of 20 MPa until specimen's failure, and each step was
maintained at least for 5000 cycles to achieve the stabi-
lized material temperature Ts. At each stress level, the
area of the hysteresis loops was calculated from the sig-
nals acquired from the load cell and a 25-mm-gauge
length MTS extensometer.

The load test frequency fL was kept in the range 4–
10 Hz depending on the applied stress amplitude, and the
maximum acceptable stabilized temperature Ts was set to
60�C. More precisely, for applied stress amplitudes
between 150 and 210MPa, the load test frequency was
set to f= 10 Hz, and the observed hysteresis energy den-
sity per cycle was practically null (Whyst ffi 0). For applied
stress amplitudes greater than 230MPa, the load test fre-
quency was kept in the range 4–7 Hz, and it was progres-
sively reduced with the increasing applied stress

amplitude to compensate for the progressively stronger
self-heating of the material. However, the applicable load
test frequency was not limited by an excessive tempera-
ture increase approaching the upper limit of 60�C but by
the maximum sampling frequency of the adopted infra-
red camera, which had to return an appropriate amount
of temperature data per fatigue cycle to reliably evaluate
the temperature harmonics. Only during the last load
step before the specimen's fatigue failure did the exces-
sive temperature increase force a limitation of the load
test frequency. In fact the high applied load amplitude
caused a rapid increase of the temperature towards the
upper limit of 60�C, which had to be compensated by a
reduction of the load test frequency to typical values of
4–5 Hz.

After grinding with emery paper grade 800 and clean-
ing with isopropyl alcohol, the specimen surface was
painted with matte black paint for uniformity and emis-
sivity enhancement. The material temperature was mea-
sured using a FLIR SC7600 infrared camera with the
ALTAIR 5.90.002 commercial software by setting
the sampling frequency of the temperature data
facq = 204.8 Hz. According to the adopted load test fre-
quencies, the lowest number of temperature data points
per fatigue cycle was 204.8/10 ffi 20 data points per
fatigue cycle. During the fatigue tests, the spatial resolu-
tion was 0.14 mm/px.

To comparatively evaluate the Qp values according to
the cooling gradient (Equation (6)) and the second har-
monic (Equation (9)) approaches, two sequential temper-
ature acquisitions were performed, both consisting of a
40-s long sampling window: the first acquisition was exe-
cuted during the running test and captured the stationary

FIGURE 8 (A) Adopted specimen

geometry (thickness equal to 6 mm).

(B) Acquired temperature map and area

considered for evaluating the material

temperature (σa = 310 MPa,

fL = 4.5 Hz). [Colour figure can be

viewed at wileyonlinelibrary.com]

TABLE 1 C45 steel material properties.

σY [MPa] σU [MPa] E [GPa] σΑ,0.1 [MPa] ρ [kg/m3] c [J/(kg�K)] α [K�1]

453 746 207.7 235 7850 486 12‧10�6
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material temperature, while the second acquisition was
performed immediately after stopping the test at t= t*
(Figure 1) to capture the cooling gradient.

Regarding the temperature data recorded during the
running test (the first acquisition), the FLIR MotionByIn-
terpolation tool was first run to compensate for the relative
motion between the fixed infrared camera and the oscillat-
ing specimen under the fatigue test. Then, the average tem-
perature of the area where the material temperature was
the highest was extracted from the motion-compensated
video, as illustrated in Figure 8B. The focus area was
placed along the specimen's length to obtain the maximum
temperature signal emitted by the specimen, and its size
was chosen to be as large as possible to reduce the noise
and increase the signal-to-noise ratio. However, the size of
the chosen area was ineffective in the resulting second-
harmonic temperature range. In fact, ΔT2 is related to plas-
tic dissipation effects, which are uniformly distributed in
the gauge length of the specimen since the stress is also
uniform and the material is supposed to be homogeneous.

After extracting from the focus area the vector of
average temperature data, the ranges of the first (ΔT1)
and second (ΔT2) harmonics (defined analytically by
Equations (22a) and (22b)) were evaluated numerically
using the DFT calculated with the dedicated fast Fourier
transform (FFT) routine of MATLAB 2021 commercial
software.

The DFT formulae corresponding to the Fourier
series Equations (20–22) are as follows:

Tr ¼Tsþ
Xnacq

j¼1
Aj � cos 2π

nacq
� r � j

� �
þBj � sin 2π

nacq
� r � j

� �� �
ð28Þ

Aj ¼ 2
nacq

�
Xnacq�1

i¼0
Ti � cos 2π

nacq
� i � j

� �
for j > 1 ð29aÞ

Bj ¼ 2
nacq

�
Xnacq�1

i¼0
Ti � sin 2π

nacq
� i � j

� �
for j≥ 0 ð29bÞ

Ts¼A0

2
¼ 1
nacq

�
Xnacq�1

i¼0
Ti ð29cÞ

ΔTj ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aj

2þBj
2

q
ð29dÞ

ΔT1 ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aj�

2þBj�
2

q
ð29eÞ

ΔT2 ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aj��

2þBj��
2

q
ð29fÞ

where j* and j** are the j-indices relevant to the first and
second harmonics, respectively. A challenge emerged
while evaluating the second-harmonic temperature when
the closed-loop controller of the testing machine added
high-order harmonics to the fundamental (first-order,
pure sinusoidal) command signal. The presence of high-
order harmonics could be easily assessed by performing a
harmonic analysis of the load signal measured by the
load cell. Evidently, the second harmonic contribution of
the testing machine had to be removed; otherwise, the
second-harmonic temperature could not be interpreted as
the intrinsic dissipation temperature.

The procedure to clean the second harmonic of the
testing machine is as follows. The DFT of the applied
stress is simply evaluated by dividing the load cell signal
by the specimen's cross-sectional area A. The relevant
expressions corresponding to Equations (28–29) are as
follows:

σr ¼ σm

þ
Xnacq

j¼1
Aσ,j � cos 2π

nacq
� r � j

� �
þBσ,j � sin 2π

nacq
� r � j

� �� �
ð30Þ

Aσ,j ¼ 2
nacq

�
Xnacq�1

i¼0

Fi

A
� cos 2π

nacq
� i � j

� �
for j > 1 ð31aÞ

Bσ,j ¼ 2
nacq

�
Xnacq�1

i¼0

Fi

A
� sin 2π

nacq
� i � j

� �
for j≥ 0 ð31bÞ

σm ¼Aσ,0

2
¼ 1
nacq

�
Xnacq�1

i¼0

Fi

A
ð31cÞ

Δσ1 ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aσ,j�

2þBσ,j�
2

q
ð31dÞ

Δσ2 ¼ 2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aσ,j��

2þBσ,j��
2

q
ð31eÞ

where Fi is the sampled force data and (Aσ,j� ,Bσ,j�) and
(Aσ,j�� ,Bσ,j�� ) are the coefficients relevant to the first
and the second harmonics of the applied stress signal,
respectively. Then, the corrected range ΔT�

2 of the
second-harmonic temperature to exclude the second-
order harmonic of the test machine is calculated from
Equation (29f):

ΔT�
2 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Aj�� �Aσ,j��,the
� 	2þ Bj�� �Bσ,j��,the

� 	2q
ð32Þ
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where Aσ,j**,the and Bσ,j**,the are evaluated according to
Equation (15):

Aσ,j��,the ¼� α
ρc

� �
To �Aσ,j�� ð33aÞ

Bσ,j��,the ¼� α
ρc

� �
To �Bσ,j�� ð33bÞ

Compared to the approach adopted in the previous
investigation,47 the new equations (Equation (33))
exclude the undesired contribution of the second har-
monic generated by the closed-loop digital controller
using a more consistent mathematical approach because
the odd and even coefficients of the second-harmonic
temperature signal are corrected individually.

The material of the present paper was investigated
previously49; for R = �1, the Δσ1=Δσ2 ratio varied start-
ing from 250 to 120 for progressively increasing stress
ranges during the stepwise fatigue tests, whereas for
R= 0.1 of the present investigation, a significantly lower
ratio is evaluated, namely in the range 100–28, as shown
in the next section. Therefore, for R=�1, ΔT�

2 ffiΔT2,
suggesting that the second-harmonic temperature signal
did not need to be cleaned from the second harmonic of
the testing machine; conversely, ΔT�

2 ≠ΔT2 for R= 0.1
when considering the laboratory test conditions of the
present investigation, as noted by Cappello et al.,49 and

therefore, ΔT�
2 is to be adopted in Equation (9) instead of

ΔT2. To conclude this section, the procedure to apply the
second harmonic approach is summarized in Figure 9.

5 | EXPERIMENTAL RESULTS

Figure 10 shows the characteristic hysteresis loops mea-
sured during the fatigue tests for different applied stress
amplitudes, σa. In general, for stress amplitudes lower
than 230 MPa (below the plain material fatigue limit,
Table 1), the area enclosed by the hysteresis loops is neg-
ligibly small; in the same figure, some hysteresis loops
are enlarged to highlight their shapes. Moreover, a typical
strain ratcheting is observed, as found in tension–tension
fatigue of C45 steel.7,44,61–63

After setting the reference coordinate system at the
lower tips of the hysteresis loops, the K0 and n0 material
parameters are evaluated by individually best fitting the
loading branch of the measured hysteresis loop at each
load step according to the Ramberg–Osgood equation:

Δε� tð Þ¼Δσ� tð Þ
E

þ2
Δσ� tð Þ
2 �K0

� �1=n0

ð34Þ

In Equation (34), the elastic modulus E was calcu-
lated by fitting the increasing and decreasing linear parts
of the hysteresis loop.64 As an example, Figure 11A shows

FIGURE 9 Workflow to apply the second harmonic approach.
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the stabilized hysteresis loops for the P_14 specimen,
which clearly exhibit a non-Masing behavior. The typical
fitting obtained in the stepwise fatigue tests is plotted in
Figure 11B,C for σa = 250 MPa and σa = 310 MPa,
respectively; in general, the experimental data are very
consistent with Equation (34), regardless of the applied
stress amplitude, and almost identical slopes of the
decreasing and increasing linear parts of the hysteresis
loop are noted. After evaluating the n0 values, β is evalu-
ated according to Equation (23), which returns β = 2.818
and β = 2.750 for σa = 250 MPa and σa = 310 MPa,
respectively.

The results of the DFT of the stationary material tem-
perature measured for the P_14 specimen are reported in
Figure 12A,C for σa = 250 MPa, fL = 7 Hz and
σa = 310 MPa, fL = 4.5 Hz, respectively. Regarding
σa = 250 MPa, Equation (29e) returns
ΔT1 = 46.8‧10�2 K, and Equation (29f) returns
ΔT2 = 1.10‧10�2 K, whereas for σa = 310 MPa, the
results are ΔT1 = 63.5‧10�2 K and ΔT2 = 3.06‧10�2 K.
Notably, ΔT2 is on the order of hundredths of a Kelvin
and is therefore close to the accuracy of the adopted
infrared camera (noise equivalent temperature difference

[NETD] < 25 mK and an overall accuracy of 0.05 K46).
The reduced values of ΔT2 compared to the overall accu-
racy of the adopted infrared camera are attributed to dif-
ferent reasons, namely, (i) the limited hysteresis energy
density per cycle Whyst which translates into reduced ΔT2

values according to the formulae (27), (8), and (9) applied
in sequence, (ii) the spreading of the intrinsic dissipation
into all harmonics of the temperature signal such that
the second-harmonic temperature ΔT2 contains only a
fraction of the complete information, and (iii) the small
fraction of the plastic strain energy density per cycle, W,
converted to intrinsic dissipation in the tension–tension
fatigue, differently from the tension–compression fatigue,
as will be commented later. Reduced values of ΔT2 are
reported also in the literature.7,44,49 Figure 12B,D shows
the DFT of the load cell signal of the testing machine and
demonstrates the presence of high-order harmonics with
that modulated at the fundamental frequency of the
applied load.49 In particular, Δσ1=Δσ2 = 51.1 for
σa= 250MPa and Δσ1=Δσ2 = 32 for σa= 310MPa. By
cleaning the range of the second harmonic according to
Equation (32), the corrected values result in
ΔT�

2 = 1.43‧10�3 K for σa= 250MPa and

FIGURE 10 Hysteresis loops measured during the stepwise tension–tension fatigue tests on normalized C45 carbon steel for (A) P_13,

(B) P_14, and (C) P_15 specimens.
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ΔT�
2=1.10‧10�2 K for σa= 310MPa. The horizontal axis

of Figure 12 reports the discrete frequencies fj (fj= j�facq/
nacq), and the maximum value of the vertical axis is cho-
sen to greatly emphasize the ranges of the second har-
monic (ΔT2 and Δσ2); as a consequence, the Ts

(Equation (29c)) and σm (Equation (31c)) values are out
of scale. According to the second harmonic approach
(Equation (9)), the intrinsic dissipation results in
Qp,2nd harmonic = 3.08‧10�2 MJ/(m3 cycle) for σa= 250MPa
and Qp,2nd harmonic = 2.31�10�1 MJ/(m3 cycle) for
σa= 310MPa.

These values can be compared with the correspond-
ing estimations using the cooling gradient approach.
Figure 13 shows the cooling gradients measured after the
test stopped at t = t* (Figure 1) for σa = 250 MPa,
fL = 7 Hz (Figure 13A, _T

��
t¼ t�ð Þþ =�9.80‧10�2 K/s) and

σa= 310MPa, fL= 4.5 Hz (Figure 13B,
_T
��
t¼ t�ð Þþ =�0.251K/s). The adopted time window for

evaluating the cooling gradients is on the order of 2 s,
where the cooling gradient is practically constant, and
the corresponding temperature variation is on the order
of 2 tenths and 5 tenths of a Kelvin for σa= 250MPa and
σa= 310MPa, respectively, which is one order of

magnitude higher than ΔT2. Therefore, the signal-
to-noise ratio is more favorable in the cooling gradient
approach than in the second harmonic approach, as dis-
cussed later. Similar results were reported in Meneghetti
and Ricotta46 regarding stepwise tension–compression
fatigue tests on AISI 304L cold-drawn bars. Finally, by
applying Equation (9), the intrinsic dissipation according
to the cooling gradient approach is found to be
Qp,cooling = 5.34‧10�2 MJ/(m3 cycle) for σa= 250MPa and
Qp,cooling = 2.13�10�1 MJ/(m3 cycle) for σa= 310MPa.

Figure 14A–C collects all available data and
compares the intrinsic dissipation Qp calculated
following the second harmonic approach (Equations (9)
and (23)) and cooling gradient approach
(Equation (6)). The percentage difference, e%
(e%¼ Qp,2nd harmonic�Qp,cooling

��� ���
 �
=Qp,cooling

h i
�100),

between the two approaches is plotted on the secondary
y-axis of Figure 14A–C and shows that they are more
consistent with each other as the applied stress ampli-
tudes increase, which is attributed to the favorable
signal-to-noise ratio of the temperature signals.

After calculating W according to Equation (25) and
evaluating Qp according to the cooling gradient

FIGURE 11 Examples of (A) hysteresis loops (P_14 specimen) and fitted Ramberg–Osgood parameters Equation (34) for

(B) σa = 250 MPa and (C) σa = 310 MPa.
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approach, the energy conversion ratio averaged over one
loading cycle Ψ is calculated, and the results are reported
in Figure 14D. Although the evaluated data are affected
by a certain level of scatter, the trend is that Ψ decreases
as the applied stress amplitude increases. At the lowest
applied stress amplitude of 230MPa, the energy conver-
sion ratio spans from 0.55 to 0.85, while at the highest
applied stress amplitude, it is between 0.37 and 0.45.
Notably, such values relevant to tension–tension fatigue
with R= 0.1 are significantly lower than Ψffi 1, which
was found in several investigations with fully reversed
(R=�1) axial fatigue tests.27,31,58

6 | DISCUSSION

In this paper, the intrinsic dissipation Qp is evaluated in
tension–tension fatigue tests. Two approaches are used:
the second harmonic approach, which takes the Fourier
analysis of the material temperature as the starting point,
and the cooling gradient approach, which was formalized
previously25 and takes as the starting point the cooling
gradient of the material immediately after the fatigue test

stops. Both approaches are based on classical continuum
mechanics under the hypothesis that the material is
homogeneous, but they follow different tracks.

The second harmonic approach is based on
Equation (9), where the β coefficient relates the second-
harmonic temperature to the intrinsic dissipation; β is
evaluated theoretically by analyzing a virtual experi-
ment and solving the governing energy balance
Equation (1). The virtual experiment consists of a zero-
dimensional thermomechanical problem where an
elastic–plastic material obeying the Ramberg–Osgood
law is subjected to uniform stress and temperature
fields. To simulate the intrinsic dissipation causing self-
heating of the material, a coefficient capturing the
energy conversion ratio is introduced (Equation (8)). To
achieve stationarity of the time-dependent material tem-
perature, the virtual experiment simulates heat extrac-
tion from the material using a simple heat sink.
Considering the stationary, periodic material tempera-
ture, Fourier analysis is performed, and the range of
the second-harmonic temperature signal
(Equation (22b)) is evaluated. Then Equation (9)
returns the intrinsic dissipation, where β is evaluated

FIGURE 12 Discrete Fourier transform (DFT) of the (A), (C) temperature and of the (B), (D) load cell signals measured for the P_14

specimen tested at (A), (B) σa = 250 MPa and (C), (D) σa = 310 MPa.
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with Equation (23) for load ratios R ≥ 0, as a function
of the cyclic strain hardening exponent n0 of the mate-
rial. A different expression is true for R = �1.45 The
coefficient β depends on the thermal boundary condi-
tions of the tests and specifically on the adopted model

of the heat sink; however, dedicated theoretical and
numerical investigations have been conducted previ-
ously by heavily perturbating the thermal boundary
conditions and β resulted quite independent on them
for practical applications.45,46

FIGURE 13 Examples of cooling gradient (P_14 specimen) for (A) σa = 250 MPa and (B) σa = 310 MPa.

FIGURE 14 Comparison between the intrinsic dissipation Qp according to the cooling gradient approach (Equation (6)) and the second

harmonic approach (Equations (9) and (23)) for (A) P_13, (B) P_14, and (C) P_15 specimens. (D) Energy conversion ratio Ψ measured

during the R= 0.1 stepwise fatigue tests.
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To apply the second harmonic approach, the load test
frequency fL cannot be increased above a certain value
because of the maximum sampling rate of the adopted
infrared camera; in the present investigation, at least
20 temperature data points per fatigue cycle are mea-
sured in view of the subsequent harmonic analysis
according to the DFT. Moreover, a challenge is
highlighted in the present investigation in that care must
be taken due to the potential presence of high-order har-
monics produced by the closed-loop feedback control of
the fatigue test machine.

Compared to the second harmonic approach, the
cooling gradient approach does not need the formaliza-
tion of any hypothesis regarding the elastic–plastic con-
stitutive law of the material because it only requires the
material density and specific heat and is independent of
the thermal boundary conditions.28 On the other hand,
the second harmonic approach has the advantage that
stopping the test is unnecessary because it relies on tem-
perature acquisitions performed during the running
fatigue test. The cooling gradient approach can be applied
in a clear manner to evaluate the intrinsic dissipation at
the tips of rounded stress concentrators,25,30 even though
the application to severe stress raisers implies some
experimental difficulties discussed elsewhere.28,30 Nota-
bly, another practical limitation of the cooling gradient
approach emerges when the stabilized temperature Ts is
close to room temperature, such as when self-heating of
the material decreases because of the thermal and
mechanical boundary conditions of the tests. Similarly, a
reduced intrinsic dissipation adversely affects the applica-
tion of the second harmonic approach, as can be realized
by considering the reduced magnitude of ΔT2 in the pre-
sent and previous investigations, which range from a few
thousandths to a few hundredths of a Kelvin.46 To miti-
gate this limitation, the use of controlled laboratory test
conditions and/or a material testing climate chamber can
be useful.40

7 | CONCLUSIONS

In this paper, the link between the second-harmonic
temperature signal and the intrinsic dissipation per cycle
(the Qp parameter) of a metal under tension–tension
fatigue is investigated, taking advantage of the self-
heating phenomenon observed in fatigue tests. Self-
heating caused by intrinsic dissipation does not produce
a pure sinusoidal wave of temperature, but its effect
spreads out into all harmonics of the material tempera-
ture as determined through Fourier analysis, starting
from the fundamental harmonic modulated at the
applied load test frequency. If the load-controlled fatigue

test is driven by a pure sinusoidal command signal, the
second harmonic (modulated at twice the load test fre-
quency) retains most, but not all, of the information
regarding intrinsic dissipation; the first harmonic (modu-
lated at the load test frequency) contains all, but not
exclusively, the thermoelastic effect information. If the
command signal generated by the closed-loop digital con-
troller of the fatigue test machine contains high-order
harmonics, the thermoelastic effect is spread out into
high-order harmonics of the material temperature; in this
context, the second harmonic approach is developed to
clean (if necessary) the second-harmonic temperature
signal from the contribution coming from the second har-
monic of the command signal. Through a zero-
dimensional thermomechanical material model obeying
a Ramberg–Osgood law, a coefficient β is determined,
which relates the range of the second-harmonic tempera-
ture with the intrinsic dissipation per cycle and depends
only on the cyclic strain hardening exponent of the mate-
rial. In the present investigation, the second harmonic
approach is experimentally validated using step-load
fatigue tests on plain specimens prepared from normal-
ized C45 carbon steel plates. For validation purposes, the
intrinsic dissipation calculated using the second har-
monic approach is compared to that evaluated according
to a well-established approach that was previously pub-
lished by the authors (the cooling gradient approach).
The agreement between the two approaches increases
with increasing applied stress amplitudes, which is attrib-
uted to the favorable signal-to-noise ratio of the tempera-
ture signals. The second harmonic approach benefits
more from the improvement of the signal-to-noise ratio
than the cooling gradient approach, since the thermal
quantities treated in the former method are much lower
than those in the latter. Finally, the energy conversion
ratio, namely, the ratio between the intrinsic dissipation
and the plastic strain energy density per cycle, is evalu-
ated, resulting in a range of 0.55–0.85 at low stress levels
and 0.37–0.45 at high stress amplitudes, with reference to
the material and test conditions analyzed in the present
investigation.

NOMENCLATURE
Aj, Bj coefficients of the DFT of the temperature

signal [K]
Ak, Bk coefficients of the Fourier series of the

temperature signal [K]
Aσ,j��,the,
Bσ,j��,the

thermoelastic second-harmonic coeffi-
cients of the DFT of the load signal [K]

Aσ,j, Bσ,j coefficients of the DFT of the stress signal
[MPa]

c specific heat of the material [J/(kg�K)]
DFT discrete Fourier transform
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E material elastic modulus [MPa]
_Es stored energy rate [W/m3]
Fi sampled force data [N]
facq sampling rate of the infrared camera [Hz]
fL load test frequency [Hz]
K0 cyclic strength coefficient of the material

[MPa]
n0 cyclic strain hardening exponent of the

material
nacq number of frames acquired by the infrared

camera
_Q thermal energy rate exchanged by a unit

volume of material by conduction, con-
vention, and radiation [W/m3]

Q thermal energy exchanged by a unit vol-
ume of material per cycle by conduction,
convection, and radiation [J/(m3�cycle)]

Qp intrinsic dissipation per unit volume of
material per cycle (Qp averaged over one
loading cycle) [J/(m3�cycle)]

_Qthe thermoelastic energy rate per unit volume
[W/m3]

R nominal stress ratio (ratio between the
minimum and the maximum applied
nominal stress)

t* time at which the fatigue test suddenly
stops [s]

T material temperature [K]
Ti sampled temperature data [K]
Tp dissipation temperature (i.e., material tem-

perature related to the intrinsic dissipa-
tion) [K]

Tps stationary dissipation temperature [K]
Ts stabilized material temperature (stationary

material temperature averaged over one
loading cycle) [K]

Tsink temperature associated with the heat sink
_ve [K]

Tps stabilized dissipation temperature (station-
ary dissipation temperature averaged over
one loading cycle) [K]

Tthe material temperature related to the ther-
moelasticity or thermoelastic temperature
[K]

_ve thermal energy rate per unit volume sup-
plied to or extracted from the material by
external sources [W/m3]

_W plastic strain energy rate per unit volume
of material [W/m3]

W plastic strain energy density per cycle
[J/(m3‧cycle)]

Whyst hysteresis energy density per cycle
(i.e., area of the hysteresis loop)
[J/(m3‧cycle)]

α isotropic coefficient of thermal expansion
[K�1]

β parameter correlating the intrinsic dissipa-
tion and the second-harmonic tempera-
ture signal [/]

ρ material density [kg/m3]
σ(t), σa, σm,
σmin

applied stress function, its amplitude,
mean value, minimum value, respectively
[MPa]

σY yield strength [MPa]
σU ultimate tensile strength [MPa]
σA,0.1 material fatigue limit for load ratio equal

to R = 0.1 [MPa]
ΔT1 range of the first-harmonic temperature

[K]
ΔT2 range of the second-harmonic temperature

[K]
ΔT�

2 corrected range of the second-harmonic
temperature to exclude the second-order
harmonic of the test machine [K]

ΔT1ps range of the first-harmonic dissipation
temperature (first harmonic of Tps) [K]

ΔT2ps range of the second-harmonic dissipation
temperature (second harmonic of Tps) [K]

ΔTp(t) dissipation temperature, evaluated with
respect to the Δσ�–Δε� reference system
[K]

ΔTthe(t) thermoelastic temperature, evaluated with
respect to the Δσ�–Δε� reference system
[K]

Δε� tð Þ strain function, evaluated from the lower
tip of the hysteresis loop [m/m]

Δσ� tð Þ applied stress function, evaluated from the
lower tip of the hysteresis loop [MPa]

Δσ1 range of the first-harmonic stress [MPa]
Δσ2 range of the second-harmonic stress

[MPa]
Ψ, Ψ energy conversion ratio (Ψ¼ _Qp= _W) and

its average value over one loading cycle,
respectively [/]

ωL angular frequency of the applied stress
(ωL=2�π�fL) [rad/s]
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