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Abstract

The Mobius function of the subgroup lattice of a finite group G has been introduced
by Hall and applied to investigate several different questions. We propose the following
generalization. Let A be a subgroup of the automorphism group Aut(G) of a finite group
G and denote by C4(G) the set of A-conjugacy classes of subgroups of G. For H < G
let [H]la = { H*| a € A} be the element of C4(G) containing H. We may define an
ordering in C4(G) in the following way: [H]4 < [K]4 if H* < K for some a € A. We
consider the Mdébius function p 4 of the corresponding poset and analyse its properties and
possible applications.
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1 Introduction

The Mobius function of a finite partially ordered set (poset) P isthe map up: PxP — Z
satisfying pp(z,y) = 0 unless < y, in which case it is defined inductively by the
equations pp(z,z) =land >° ___ pp(x,2) =0forz <y.

In a celebrated paper [5], P. Hall used for the first time the Mobius function p of the
subgroup lattice of a finite group G to investigate some properties of G, in particular to
compute the number of generating t-tuples of G. A detailed investigation of the properties
of the function y associated to a finite group G is given by T. Hawkes, I. M. Isaacs and
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M. Ozaydin in [6]. In that paper, the authors also consider the Mdbius function \ of the
poset of conjugacy classes of subgroups of G, where [H] < [K]if H < K9 forsome g € G
(see [0, Section 7]). In particular, they propose the interesting and intriguing question of
comparing the values of p and A.

In this paper we aim to generalize the definitions and main properties of the func-
tions 1 and A to a more general context. Let G and A be a finite group and a subgroup
of the automorphism group Aut(G) of G, respectively. Denote by C4(G) the set of A-
conjugacy classes of subgroups of G. For H < Glet [H|l4 = { H* | a € A}be
the element of C4 (G) containing H. We may define an ordering in C4(G) in the following
way: [H]a < [K]4 if H® < K for some a € A; we consider the Mdbius function g4
of the corresponding poset. We will write p 4 (H, K) in place of pa([H]a, [K]a). When
A = Inn(G), we write C(G) and [H], in place of Cryy (i (G) and [H]pyn(c). When A = 1,
na = p is the Mobius function in the subgroup lattice of G, introduced by P. Hall. In
the case when A = Inn(G) is the group of the inner automorphism, Hinn(c) coincides the
Mobius function A of the poset of conjugacy classes of subgroups of GG, defined above.
Note that for any subgroup A of Aut(G), we get [G]a = {G}.

In Section 2, we prove some general properties of ;14. In particular we prove the
following result:

Proposition 1.1. Ler G be a finite solvable group. If G’ < K < G and A is the subgroup of
Inn(G) obtained by considering the conjugation with the elements of K, then ua(H,G) =
A H,G) forevery H < G.

To illustrate the meaning of the previous proposition, consider the following example.
Let G = A, be the alternating group of degree 4 and A the subgroup of Inn(G) induced by
conjugation with the elements of G’ = C5 x C5. The posets C(G) and C4(G) are different.
For example there are three subgroups of G of order 2, which are conjugated in G, but not
A-conjugated. However \(H,G) = pa(H,G) for any H < G.

In Section 3, we generalize some result given by Hall in [5], about the cardinality
(G, 1) of the set (G, t) of t-tuples (gi,...,g:) of group elements g; such that G =

{(g1,--.,9¢). As observed by P. Hall, using the Mobius inversion formula, it can be proved
that
¢(G,t)= > u(H,G)H|" (1.1)
H<G

We generalize this formula, showing that ¢(G, t) can be computed with a formula involving
14 for any possible choice of A.

Theorem 1.2. For any finite group G and any subgroup A of Aut(G),

¢(Ga t) = Z NA(Hv G)‘ Uaca (Ha)t|'

[H]a€CA(G)

If G is not cyclic, then ¢(G, 1) = 0, so we obtain the following equality, involving the
values of 4.

Corollary 1.3. If G is not cyclic, then

0= > pa(H,G)| Usea H.
[H]Aa€CA(G)
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Further generalizations are given in Section 4, where we consider the function ¢* (G, t),
which is an analogue of ¢(G, t): actually, ¢*(G,t) denotes the cardinality of the set of of
t-tuples (Hj, ..., H;) of subgroups of G such that G = (Hy,..., H;). As a corollary of
our formula for computing ¢*(G, t), we obtain we following unexpected result.

Proposition 1.4. Let o(X) denote the number of subgroups of a finite group X. For any
finite group G, the following equality holds:

1= u(H,G)o(H).

H<G

Finally, in Section 5, we consider one question originated from a result given by Hawkes,
Isaacs and Ozaydin in [6]: they proved that the equality

p(1,G) = |G'[A(1,G)
holds for any finite solvable group G later Pahlings [7] generalized the result proving that
u(H,G) = |Ner(H) : G' N H| - \(H, G) (1.2)

holds for any H < G whenever G is finite and solvable. Following [3], we say that G
satisfies the (i, A)-property if (1.2) holds for any H < G. Several classes of non-solvable
groups satisfy the (u, A)-property, for example all the minimal non-solvable groups (see
[3]). However it is known that the (u, A)-property does not hold for every finite group. For
instance, it does not hold for the following finite almost simple groups: Ag, S, A1g, S10,
Aq1, S11, A12, S12, A1s, S13, J2, PSU(3,3), PSU(4,3), PSU(5,2), M1o, Mas, Moy,
PSL(3,11), HS, Aut(HS), He Aut(H), McL, PSL(5,2), G2(4), Cos, P2~ (8,2),
PQT(8,2). 1t is somehow intriguing to notice that although the (y, A)-property fails for
the sporadic groups Mis, Jo, McL, it holds for their automorphism groups.
We prove the following generalization of Pahlings’s result.

Theorem 1.5. Let N be a solvable normal subgroup of a finite group G. If G/N satisfies
the (u, X)-property, then G also satisfies the (u, \)-property.

An almost immediate consequence of the previous theorem is the following.
Corollary 1.6. PSU (3, 3) is the smallest group which does not satisfy the (u, \) property.

In the last part of Section 5, we use Theorem 1.2 to deduce some consequences of the
(1, A)-property. In particular we prove the following theorem.

Theorem 1.7. Suppose that a finite group G satisfies the (u, \)-property. Then, for every
positive integer t, the following equality is satisfied:

(IHIt‘llGIIG’HI

2 MG (S

| Uaea <H“>t|) —0.
[H]eC(G)

Some open questions are proposed along the paper.
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2 Applying some general properties of the Mobius function

Given a poset P, a closure on P is a function™ : P — P satisfying the following three
conditions:

(a) < Zzforallz € P,
(b) ifx,y € Pwithz <y, thenz < y;
(¢c) z=xzforallz € P.

If ~is a closure map on P, then P = {x € P|z = z} is a poset with order induced by the
order on P. We have:

Theorem 2.1 (The closure theorem of Crapo [2]). Let P be a finite poset and let ": P — P

be a closure map. Fix x,y € P such thaty € P. Then

Z pp(x,2) = {/“‘P(l'»y) ifr=1z

r<z<yimy 0 otherwise.

In [5], P. Hall proved that if H < G, then u(H,G) # 0 only if H is an intersection
of maximal subgroups of G. Using the previous theorem, the following more general
statement can be obtained.

Proposition 2.2. If H < G and pa(H,G) # 0, then H can be obtained as intersection of
maximal subgroups of G.

Proof. Let H be a proper subgroup of G’ and let H be the intersection of the maximal
subgroups of G containing H. Moreover let G = G. The map [H]a — [H]4 is a well
defined closure map on C4(G). Apply Theorem 2.1, with x = [H] 4 and y = [G] 4. Since
K = Gifand only if K = G, we have that us(H,G) = 0if H # H. O

An element a of a poset P is called conjunctive if the pair {a,x} has a least upper
bound, written a V x, for each x € P.

Lemma 2.3 ([6, Lemma 2.7]). Let P be a poset with a least element 0, and let a > 0 be a
conjunctive element of P. Then, for each b > a, we have

> mp(0,z) =0,

aVz=b

From the above 2.3, the following Lemma 2.4 follows easily. Together with Lemma 2.5
and Lemma 2.7, this allows us to prove Proposition 1.1.

Lemma 2.4. Let N be an A-invariant normal subgroup of G and H < G. If H < HN <
G, then
pa(H,G)=— " pa(HY),
[Y]A€Sa(H,N)

with SA(H,N) = {[Y]A S CA(G) | [H]A < [Y]A < [G]A and YN = G}
Proof. Let P be the interval {[K]4 € Cq(A) | [H]a < [K]a < [G]a]}. Notice that

[HN]4 is a conjunctive element of P. Indeed [HN]4 V [K]a = [KN] 4 forevery [K]4 €
P. So the conclusion follows immediately from Lemma 2.3. O
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Lemma 2.5. Let K and A be a subgroup of G and the subgroup of Inn(QG) induced by
the conjugation with the elements of K, respectively. Assume that N is an abelian minimal
normal subgroup of G contained in K and H < HN < G. Then

pa(H,G) = —pa(HN,G)ya(N, H),

where y4(N, H) is the number of A-conjugacy classes of complements of N in G contain-
ing H.

Proof. If HN = G, then H is a maximal subgroup of G, hence p4(H,G) = —1, while
ua(HN,G) = pa(G,G) = 1 and y4(N, H) = 1, so the statement is true. So we may
assume HN < G and apply Lemma 2.4. Suppose [Y]4 € Sa(H, N). Notice that, since
Y N = G and N is abelian, Y NN is normal in G. Moreover N £ G, sinceY < G =Y N.
By the minimality of N as normal subgroup, we conclude Y " N = 1. Let

C—{J<G|H<J<Y), D={L<G|HNZ<L}
Ca={[J]a€Ca(G) | [H]a < [J]a £ [Y]a},Da = {[L]a € Ca(G) | [HN]4s < [L]a}.

The map n: C — D sending J to JN is an order preserving bijection. Clearly, if Jo = J7
for some © € K, then n(Jz) = NJo = NJ¥ = (NJ1)* = (n(J1))*. Conversely assume
n(J2) = (n(J1))* witha € K. Since YN = G,z = ynwithn € Nandy € Y N K.
Thus JoN = (J1N)* = (J1N)Y and consequently, applying the Dedekind law, J, =
Jo(YNN)=JLNNY = (IN)YNY = (J1INNY)Y = JY. It follows that 7 induces
an order preserving bijection from C4 to D4, but then pua(H,Y) = pa(HN,YN) =
a(HN,G). O

The statement of the previous lemma leads to the following open question.

Question 2.6. Let G be a finite group, A < Aut(G) and N an A-invariant normal subgroup
of G. Does 4 (HN,G) divide pa(H, G) for every H < G?

The following lemma is straightforward.

Lemma 2.7. Let A be a subgroup of Aut(G) and N an A-invariant normal subgroup of
G. Every a € A induces an automorphism @ of G/N. Let A = {a | a € A}. Then, for any
H < G, pa(HN,G) = ux(HN/N,G/N).

Proof of Proposition 1.1. We work by induction on |G| - |G : H|. The statement is true if
G is abelian. Assume that G’ contains a minimal normal subgroup, say N, of G.If N < H,
then, by Lemma 2.7

A(H, G) = NH/N,G/N) = jz(H/N,G/N) = pa(H,G).

So we may assume N £ H. If H is not an intersection of maximal subgroups of GG, then
AMH,G) = pa(H,G) = 0. Suppose H = My N---N My where My, ..., M; are maximal
subgroups of G. In particular NV is not contained in M; for some i, so M; is a complement
of N in G containing H and N N H = 1. By Lemma 2.5, we have

)‘(Ha G) = _A(HN’ G)V(N7H)a MA(Ha G) = _HA(HNa G)’VA(N’ H)7

where (N, H) is the number of conjugacy classes of complements of N in G containing
H and v4(N, H) is the number of A-conjugacy classes of these complements. Suppose
that Ky, K5 are two conjugated complements of IV in G containing H. Then Ky = K7 for
some n € Ny(H). Since N < G' < K, it follows v(N, H) = v4(N, H). Moreover, by
induction, A(HN, G) = pa(HN, G), hence we conclude \(H, G) = pa(H,G). O
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3 Generalizing a formula of Philip Hall
We begin with introducing the functions W 4 (H, t) and v 4 (H, t), analogue of ®(H, t) and
¢(H,t) in the general case of any possible subgroup A of Aut(G).

For any H € C4(G) and any positive integer ¢, let

L Qa(H, 1) = Ugea(H*)';

2. wa(H,t) = [Qa(H, 1)];

3. Wa(H,t) ={(g1,---,9t) € G | {g1,...,gt) = H* for some a € A};

4. ¢A(H7t) = |\I}A(H7t)"

If (1,...,2¢) € Qa(H,t),then (z1,...,2:) < H*forsomea € A, hence (1,...,2:) =
K for some K < G with [K]4 < [H]a. Thus

> valK,t) =wa(H, 1)

[K]<alH]

and therefore, by the Mobius inversion formula,

Z /’['A(Hv G)wA(H7 t) = wA(Gv t)
[H]eCa(G)

On the other hand 14 (G, t) = ¢(G,t) so we have proved the following formula.

Theorem 3.1. For any finite group G and any subgroup A of Aut(G),

¢(G,t)= Z [LA(H7G)MA(H,t).
[H]€CA(G)

Notice that if A = 1, then w4 (H,t) = |H!|, so that the result by Hall given in (1.1) is
a particular case of the previous theorem.

Corollary 3.2. If G is not cyclic, then

0:¢(G71): Z ,UA(H7G)MA(H71)'
[H]eCa(G)

Taking A = Inn(G), we deduce in particular that if G is not cyclic, then

Z A(I{ac;()wlnn(G)(I{7l) = Z /\(H7G)‘U9 Hg‘ =0.
HeC(H) HeC(H)

For example, if G = S4, then the values of A\(H, G) and |U, HY| are as in the following
tableand 24 — 12 -16-154+44+94+7—-1=0.
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NH,G) [ U, HY|

Sy 1 24

Ay -1 12

Dy -1 16

Ss -1 15

K 1 4

((1,2,3,4)) 0 10
(T, 2,3)) I 9
((1,2) 1 7
(L2340 |0 Z
1 -1 1

If G = As, then the values of \(H, G), winn(a)(H, 1) = | Uy HI|, winn(g)(H,2) =
| Uy (HY)?| (taking only the subgroups H with A(H, G) # 0) are as in the following table
and 60 —36 —36 —40+21+32-1=0.

NH,G) [ Uy HT [ [0, ()]
Ag 1 60 3600
Ay -1 36 636
S3 -1 36 306
Dy -1 40 550
((1,2,3)) 1 21 81
((1,2)(3,4)) 2 16 46
1 -1 1 1
Moreover
19

3600 — 636 — 306 — 550 + 81 +2-46 — 1 = 2280 = %~3600 = ¢(As,2).

If G =Dy, = (a,b | a®

1,b> = 1,a® = a~') and p is an odd prime, then the
behaviour of the subgroups in

C(G) is described by the following table.

AH,G) | [Uy HY|
D, 1 2p
(@) | -1 p
(b) -1 p+1
1 -1 1

Another interesting example is given by considering G = C}} and A = Aut(G).
Let H = C;L_l be a maximal subgroup of G. Then, for K < G, pua(K,G) # 0
if and only if either [K]4 = [G]a or [K]a = [H]a. Clearly Useaut)H® = G so
pwa(G,G)wa(G,1) — pa(H,G)wa(H,1) = |G| — |G| = 0. More generally, Q4 (H,t) is
the set of t-tuples (z1,...,2;) such that (z1,...,2;) € K" for some maximal subgroup
K of G, s0 pua(G,G)wa(G,t) — pa(H,G)wa(H,t) = |G|' —wa(H,t) is the number of
generating ¢-tuples of G.
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Another generalization of (1.1), essentially due to Gaschiitz, has been described by
Brown in [1, Section 2.2]. Let N be a normal subgroup of G and suppose that G/N admits
t generators for some integer ¢. Lety = (y1,...,y:) be a generating ¢-tuple of G/N and
denote by P(G, N, t) the probability that a random lift of y to a t-tuple of G generates
G. Then P(G, N,t) = ¢(G, N,t)/|N|', where ¢(G, N, t) is the number of generating ¢-
tuples of G lying over y. As is showed in [, Section 2.2], using again the Mobius inversion
formula it can be proved:

¢(G,N,t)= > u(H,G)|HNNI". 3.1)
H<G,HN=G

This formula can be generalized in our contest in the following way:

Theorem 3.3. Let N be an A-invariant normal subgroup of G and fix g1, . .., g: € G with
the property that G = (g1, ..., g:)N. Define

e QAa(H,N,t) ={(n1,...,n¢) | {g1n1, ..., gene) < H for some a € A};
* wa(H,N) = [Qa(H, N,1)|

and let Co(G,N) = {[H]a € CA(G) | HN = G}. Then

GG N, t)= > pa(H Gwa(H,N,1).
[Hla€CA(G,N)

Proof. Fix ¢1,...,9: € G with the property that G = (g1, ..., g:)N. Then ¢(G, N, t) is
the cardinality of the set

®(G,N,g1,...,9)) = {(n1,...,m) € N* [ (gina, ..., gene) = G}.
Set:

‘IJA(H>N7917"'agt) = {(n17"'7nt)eNt | <gln17-"7gtnt>:Ha forsomea’ € A}a
'l/)A(HaNat): |\I/A(H7Nvgl7"',gt)|‘
Notice that wa(H, N,t) # 0 if and only if [H]a € Ca(G,N). If (ng,...,n¢

S
Qa(H,N,t), then (giny,...,gm:) < H® for some a € A, and (gin1,...,g:n¢) = K
for some K < G with [K]4 < [H]4. Thus

> $a(K,N,t) =wa(H,N,t)
[K]a<[H]a

and therefore, by the Mobius inversion formula

> pa(H,Gwa(H, N, t) =1a(G,N,t) = ¢(G, N, t) O
[H]ECA (G, N)
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4 Another application of Mdobius inversion formula

Denote by ®*(G,t) the set of t-tuples (Hy,..., H;) of subgroups of G such that G =
(Hy,...,H;) and by ¢*(G,t) the cardinality of this set. For any H € C4(G) and any
positive integer ¢, let

1. ¥a(H,t)={(H1,...,Hy) | (H1,...,H;) < H* for some a € A};
2. oa(H,t) = |Za(H,1)|;
3. Ta(H,t) ={(H1,...,H) | (H1,...,H;) = H® for some a € A};
4. ya(H,t) = [Ca(H,1)|.

Theorem 4.1.

¢"(G.t) = > pa(H,G)oa(H,1).
[H]ECA(G)

Proof. If (Hy,...,H;) € Ya(H,t), then (Hy,...,H;) = K for some K < G with
[K]A S [H]A.Thus

> qalK,t) =oa(H,1)

[K]<a[H]
and therefore, by the Mobius inversion formula,

Y nalH,G)oa(H,t) =74(G,t) = ¢" (G, 1). O
[H]€CA(G)

In the particular case when A = 1,04 (H,t) = o(H)?, denoting with o (H ) the number
of subgroups of H. So we obtain the following corollary:

Corollary 4.2.
¢"(G,t)= > u(H, G)o(H)".

H<G
Clearly ¥*(G,t) = {G}, so ¢*(G, 1) = 1 and therefore it follows:

Corollary 4.3.
1= " pa(H,G)oa(H,1).

HEHA

In particular:

Corollary 4.4.
1= u(H,G)o(H).
H<G

For example, if G = Aj then the subgroups of G with u(H, G) # 0 are listed in the
following table (where x(H, G) denote the numbers of conjugate of H in G).
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W(H.G) | w(H,G) [ o(H)
A; I I 59
Ay -1 5 10
S 1 10 6
Ds 1 6 8
((1,2,3)) 2 10 2
((1,2)(3,4)) g 05 2
1 -60 1 1

According with Corollary 4.4,1 =59—-5-10—10-6—-6-8+2-10-24+4-15-2 —60.

For a finite group G, denote by P(G,t) and P*(G,t) the probability of generating
G with, respectively, ¢ elements or ¢ subgroups. It can be easily seen that P(G,t) =
P(G/ Frat(G),t), but in general P*(G,t) # P*(G/Frat(G),t). For example, if G =
Cpe, then G and H = (a1 are the unique subgroups of G with non trivial Mobius
number and therefore

Gt - ] _ 1
PO =g =15
. oG —o(H) at
P ==—"—Cey — =" wror

So P(G,t) is independent of a, while P*(G, t) tends to 0 when a tends to infinity.

5 The (u, A)-property

Proof of Thereom 1.5. Working by induction on the order of G, it suffices to prove the
statement in the particular case when N is an abelian minimal normal subgroup of G. Let
H be a subgroup of G. If N < H, then

u(H,G) = p(H/N,G/N) = X(H/N,G/N)|Ng'n/n(H/N) : H/N N G'N/N|
— \(H,G)|Nern(H) : HNG'N| = A(H, G)|NNe (H) : N(HNG)|
)\( ) |NG/(H)2HOG/| . |Ng/(H)2HﬂGI|

INNNg/(H): NNHNG'| INNG' : NNG|

AH,G)|Nes(H) : HN G|,

AH,G)

So we may assume N £ H. If H is not an intersection of maximal subgroups of G, then
w(G,H) = MG,H) = 0. So we may assume H = My N --- N M; where My, ..., M,
are maximal subgroups of G. Since N is not contained in H, then IV is not contained in
M; for some i, but then M; is a complement of N in G containing H and NN H = 1. If
g € Ng(HN), then g = zn with z € M; and n € N. In particular H* < HN N M; =
H(NNM;)=H,so Ng(HN) = Ng(H)N. By Lemma 2.5, we have

p(H,G) _ p(HN,G) &
NH,G)  MNHN,G)4

— |Ne'w(HN) - HNmG/N\g — [NNg (H) : HNﬂG’N|g

where k is the number of complements of IV in G containing H and J is the number of
conjugacy classes of these complements. First assume that N < Z(G). Then k = 9,
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G =M/ <M, NNG' =1and

n(H,G)
\NH, G)

= [NNg/(H): HN N G’N|§ = [NNe/(H) : HN N G'N]|
= ‘NN(;/(H) : N(HQG,)‘ = |Ngl(H) : HﬂG/‘.
Finally assume N £ Z(G). Then N < G’, k/6 = |Nn(H)| and

w(H, G)
AH,G)

— [NNg/(H) : HN N G’N\g = [NNg/(H) : N(H N G")||Ny(H)|

_ INl[Ne/(H)| _|Nn(H)|

= |N~(H) : HN G'|. O
Nx ()] EAG - e H) |

Proof of Corollary 1.6. Suppose that G has minimal order with respect to the property that
G does not satisfy the (i, \) property. By the previous proposition, G contains no abelian
minimal normal subgroup and therefore soc(G) = Sy x --- X S; is a direct product of
nonabelian finite simple groups. If |G| < |PSU(3,3)| = 6048, then either t = 1 or
G = soc(G) = As x As. So it suffices to check that A5 x As and any almost simple
group of order at most 6048 satisfies the (u, A) property. Recall that the table of marks
of a finite group G is a matrix whose rows and columns are labelled by the conjugacy
classes of subgroups of G and where for two subgroups A and B the (A, B)-entry is the
number of fixed points of B in the transitive action of G on the cosets of A in G. Since, for
every H < G, A\(H, Q) and u(H, G) can be computed from the table of marks of G (see
[7, Proposition 1]), our proof can be easily completed using the library of table of marks
available in GAP [4]. O

We may use Theorem 3.1 to deduce some consequences of the (u, \)-property.

Theorem 5.1. Suppose that a finite group G satisfies the (i, \)-property. Then

|H|'""!|G||G'H| -
[H]EZC(G) AH,G) <|G’Ng(ff)| —w(H, t)) =0. 5.1)

Proof. By Theorem 3.1,

Z /\(H7 G)W(Ha t) = ¢(G) t) = Z M(Ha G)|H|t

HEC(G) H<G

> w(H,G)|G: No(H)||HY|
Hec(G)

> AH,G)|Ne/(H): G'NH||G : No(H)||H'|
Hec (@)

B \H |G| Now (ED)
= 2 MO G NG ()
HeC(G)

|H|''|G||G'H]
= Y AH G 0
nsle G/ N (H)]
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A natural question is whether (5.1) is also a sufficient condition for the (y, A)-property.
For any H < G, set u*(H,G) = |Ng/(H) : G' N H|A(H,G). The validity of (5.1) is
equivalent to

Y NH Gw(H, 1)~ > pt(H,G)|H|'|G : No(H)| = 0.
HeC(G) HeC(G)

In any case we must have

> MHGu(H,t)— Y u(H G)H|'|G: Ne(H)| = 0.
HeC(G) HeC(G)

So (5.1) is equivalent to

H,G) — u*(H,G))|H|
S UG~ LG)AI

Ne (H) O

HeC(G)
Let T = {[H] € C(G) | u(H,G) # p*(H,G)}. Then (5.1) is true if and only if

(W(H,G) — 1 (H,C))|H|*
2 N (H)] =0

5.2)
[HleT

For example, if G = PSU(3,3), then T consists of four conjugacy classes of sub-
groups and the corresponding values are given by the following table:

W) [ @ (,G) | [H] | [Na()]
-48 0 2 96
3 0 6 18
0 -4 8 32
1 2 24 24

In this case (5.2) is equivalent to
gt=1 _gt=1 _gt=1 4 94t=1 _
which is true only if ¢ = 1.
For any positive integer n let

B w(H, g) — p*(H,G)
= 3 N

HeT,|H|=n

Proposition 5.2. A finite group G satisfies (5.1) for every positive integer t if and only if
7(n) = 0 for any € N.

Question 5.3. Does 7(n) = 0 for all n € Nimply p*(H,G) = u(H, G) for all H < G?
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For any H < G, consider

[H|"HGIG'H|

e T 5 T

B(H,t) = a(H,t) —w(H,1).

Let C*(G) = {[H] € C(H) | [H] < [G]and A\(H,G) # 0}. If G satisfies the (A, u)-
property, then for any ¢ € N, the vector

Bu(G) = (B(H,t))mec(q)
is an integer solution of the linear equation
Z MH,G)zg = 0. (5.3)
[HleC*(G)

One could investigate about the dimension of the vector space generated by the vectors
B+(G), t € N. For example, if G = As, then we may order the elements of C*(G) so that
H1 = A4, H2 = Sg, H3 = .D57 H4 = <(1, 2,3)>7 H5 = <(1, 2)(3,4)>, HG = 1. Then (53)
can be written in the form

Z )\(H,G)IH = —TH, —TH, — THy + TH, +2TH, — TH,

[H]eC*(G)
and

BG1(G) = (24, 24, 20, 39, 44, 59),

B2(G) = (84, 54,50,99,74,59),

B3(G) = (264, 114,110,279, 134, 59),

B4(G) = (804, 234, 230,819, 254, 59),

B5(G) = (2424, 474,470, 2439, 494, 59),
Be(G) = (7284, 954,950, 7299, 974, 59).

The first three vectors 51 (G), 52(G), B3(G) are linearly independent, while 54(G), 85(G)
and B¢(G) can be obtained as linear combinations of 81 (G), 82(G), B3(G).

The situation is completely different when G = S5. We may order the elements of
C*(G) so that Hy; = ((1,2,3)), Ha = ((1,2)), H3 = 1. The equation (5.3) has in this
case the form zp, + zg, — 2y, = 0 and $:(G) = (0,2, 2) independently on the choice
of t.

Some properties of the vectors 3;(G) are described in the following propositions.

Proposition 5.4. If H € C*(G), then B(H,t) > 0 with equality if and only if G’ < H. In
particular B;(Q) is a non-negative vector and 3;(G) = 0 if and only if G is nilpotent.

Proof. Notice thatw(H,t) < |G : Ng(H)|(|H|* — 1)+ 1. So

H|'7 Y G||G'H
B(H,t) > |||G’]V|C;(||H)| —|G: Neg(H)|(|H|' —1) -1
G'N"Ng(H
— 181116 N ()| S G 6 Na I 1) - 120

with equality if and only if H > G'. O
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Proposition 5.5. The vector $;(G) is independent on the choice of t if and only if G is a
nilpotent group or a primitive Frobenius group, with cyclic Frobenius complement.

Proof. By the previous proposition, if G is nilpotent then 5, (G) is the zero vector for any
t € N, so we may assume that G is not nilpotent. Assume that 3;(G) is independent on the
choice of ¢. Let H be a maximal non-normal subgroup of G. Then «(H, t) = |H|" - u with
u= |G : H|. Let Hy,...,H, be the conjugates of H in G. For any J C {1,...,u}, let
ay = |Njes Hj|. Then

B = 3 (D) ayl"

J#{1,...,u}

We must have «v; = 1 for every choice of J, otherwise lim;_, ., 3(H,t) = co. Hence H
is a Frobenius complement and, since H is a maximal subgroup, the Frobenius kernel V'
is an irreducible H-module. Since 3(V,t) = |V|*(|H’| — 1) does not depends on ¢, H
must be abelian, and consequently cyclic. So if 8;(G) is independent of the choice of ¢,
then G is a primitive Frobenius group with a cyclic Frobenius complement. Conversely
assume G =V x H, where H is cyclic and V and irreducible H-module. If X € C*(G),
then A(X, G) # 0, so X is an intersection of maximal subgroups of G and therefore either
V = G'" < X, or X is conjugate to a subgroup of H. In the first case S(H,t) = 0.
Assume X = K" for some K < H and v € V. Then 3(H,t) = |K|'|V| — w(K, 1)
KI|V] = (VI(K]' = 1)+ 1) = [V] - L.

o
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