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Abstract. We present deterministic approximation algorithms for some
variants of center-based clustering and related problems in the fully dy-
namic setting, where the pointset evolves through an arbitrary sequence
of insertions and deletions. Specifically, we target the following prob-
lems: k-center (with and without outliers), matroid-center, and diversity
maximization. All algorithms employ a coreset-based strategy and rely
on the same data structure, a suitably augmented cover tree, which can
thus serve queries for different problems at the same time. For all of the
aforementioned problems, our algorithms yield approximations compara-
ble to those achievable in the off-line setting. For spaces of bounded dou-
bling dimension, the running times are dramatically smaller than those
that would be required to compute solutions on the entire pointset from
scratch after each update. To the best of our knowledge, ours are the first
solutions for the matroid-center and diversity maximization problems in
the fully dynamic setting.
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1 Introduction

Clustering, that is the task of partitioning a set of points according to some
similarity metric, is one of the fundamental primitives in unsupervised learn-
ing and data mining, with applications in several fields [27]. A commonly used
formulation is the k-center problem, where, given a set of points from a metric
space and a parameter k, one seeks to select k points as cluster centers so that
the maximum distance from any point to its closest center is minimized. Since
finding the optimal solution is known to be NP-hard [20], in practice one has to
settle for approximate solutions.

Several important variants of the k-center problem have been intensely stud-
ied over the years. Since the k-center’s objective function involves a maxi-
mum, the optimal solution may be heavily affected by outlier points, which are
markedly distant from all the other ones. A robust formulation of the problem,
referred to as k-center with z outliers, has been introduced in [15], where the
objective function disregards the z most distant points from the centers. Another
popular variant of k-center is the matroid center problem [16], which, given a set



of points and a matroid defined on it, aims at finding a set of centers forming an
independent set of the matroid, minimizing the maximum distance of any point
from the closest center. The matroid can be employed to model a wide range
of constraints on the solution (most notably, fairness [17]). As for k-center, ma-
troid center admits a robust formulation with z outliers [16]. Finally, a problem
closely related to k-center is diversity maximization [1], whose goal is somehow
dual with respect to the one of k-center, as the k points to be selected should
maximize a suitable notion of diversity among them. As for k-center, a variant
of diversity maximization exists where the diverse point selection is subject to a
further matroid constraint [5, 7).

Conceivably, in practical scenarios the inputs to the above problems are not
static, but evolve with time, hence it is important to develop algorithms that can
maintain good solutions under insertion and deletion of arbitrary points. Indeed,
in recent years there has been a surge in research efforts in the development of
Sfully dynamic clustering algorithms, whose main focus is on the efficient handling
of arbitrary insertions and deletions [2,12,13,21].

In this paper, we tackle all of the aforementioned problems in the fully dy-
namic setting, targeting solutions for general metric spaces of bounded doubling
dimension, which is a widely used notion of dimensionality for general metrics.

1.1 Related work

In the offline setting, k-center can be approximated within a factor 2 in polyno-
mial time, but there is no polynomial-time (2 — €)-approximation unless P=NP
[20]. For the robust formulation with z outliers, there exists a simple, combi-
natorial 3-approximation algorithm [15], which has been extended to weighted
pointsets in [6]. More complex LP-based 2-approximate algorithms have been
developed [11, 23], but it is not clear whether they can be employed in the
weigthed case. For what concerns the matroid-center problem, [16] provides a
3-approximate algorithm for the standard formulation and a 7-approximate algo-
rithm for the robust formulation, which has been improved to a 3-approximation
in [23]. The diversity maximization problem admits several instantiations, de-
pending on the specific diversity function embodied in its objective, which are
all NP-hard but admit polynomial-time O (1)-approximation algorithms (e.g.,
see [1,7] and references therein).

In [12], the authors developed the first fully dynamic k-center algorithm,
which is able to return (2 + €)-approximate solutions under arbitrary insertions
and deletions of a non-adaptive adversary in general metrics. The algorithm
is randomized and has an amortized update time of O (k26_1 log A), where A
denotes the aspect ratio of the input pointset, namely the ratio between the
largest and the smallest distance between any two points. This approach has
been recently improved in [2], where an algorithm with expected amortized
(@) ((k +logn)e~tlog Alog n) update time is presented, where n is the maxi-
mum number of points at any time. We remark that the data structures used
in these works for storing the dynamically changing pointset, must be stati-
cally configured to deal with fized values of k and €, and answering queries for



different clustering granularities and/or accuracies would, in principle, require
building the data structures from scratch. Also, both works use data structures
whose size is superlinear in the pointset size by at least a factor O (log A/e).
Recently, [13] presented a randomized fully dynamic algorithm for k-center with
z outliers that returns a bicriteria (14 + €)-approximation solution when discard-
ing at most (1 + )z outliers. Again, their data structure works for fixed k and
€ and requires superlinear size by a factor O (log A/e).

In [21], the authors propose a fully dynamic k-center algorithm for
metric spaces of bounded doubling dimension D based on the navigat-
ing net data structure [26], which affords insertions and deletions in
(@) ((1/6)O(D) log Aloglog Alog 6_1) time. While their approach allows clustering
queries for arbitrary values of k, the data structure is built for a specific value
of the accuracy parameter €, and must be rebuilt from scratch if a different ac-
curacy € is sought for. Moreover, the data structure requires superlinear space,
by a factor O ((1/6)O(D) log Aloglog Alog e_l). Finally, k-center clustering has
been studied in semi-dynamic frameworks, such as the insertion-only [6,10,14,24]
or the sliding window [4, 18,29, 30] settings.

1.2 Owur contributions

We present approximation algorithms for the problems introduced before, in
the fully dynamic setting. All algorithms are deterministic and crucially rely
on a core data structure aimed at maintaining the necessary information for
solving the problem at hand. At any point in time, when a solution to any of
the problems is required with a given accuracy, a small subset of representative
points, dubbed coreset, is extracted from the data structure, and a sequential
algorithm is run on such a coreset to compute the solution. This allows for fast
execution times, which are independent of the current number of points stored
in the tree. Our specific contributions are the following.

1. We define the augmented cover tree data structure to maintain the current
set of points, by extending and improving the cover tree of [3] in several
ways: (i) we store richer information at each node regarding the subset of
points stored in its subtree, such as its cardinality and, for matroid center,
a maximal independent set of the submatroid induced by the subset; (ii)
we devise iterative algorithms to handle insertion and deletions maintaining
the aforementioned richer information, which also afford simpler correctness
proofs and simpler implementations compared to the original recursive ones
[3]; (iii) we make the complexity analysis of the update operations parametric
in the doubling dimension D and the aspect ratio A (Theorems 1 and 2),
fixing some flaws in the original analysis, as pointed out in [19].

2. We devise a fully dynamic (2 + €)-approximate algorithm for k-center. Un-
like all previous works, our data structure allows to query for solutions for
arbitrary values of k and e. Compared to [21], our data structure has smaller
(linear) size and can handle insertions and deletions at a lower asymptotic
cost. Also, our time to compute the solution has only a linear dependency
on k (Theorem 3).



3. We devise a fully dynamic (3+ ¢) approximation algorithm for k-center with
z outliers, which allows to choose k, €, and z at query time. We remark that
the only previously available algorithm for general metrics can only return a
(14 + €) bi-criteria solution (i.e. with an additional slackness on the number
of outliers), and requires to fix k, z and e beforehand (Theorem 4).

4. We present the first fully dynamic algorithm for matroid center. Our algo-
rithm returns a (3 + €) approximate solution (Theorem 5).

5. We present the first fully dynamic algorithms for diversity maximization.
Our algorithms return (aqiy + €) approximate solutions, where ag;y is the
best sequential approximation factor (Theorem 6).

An important feature of our algorithms is that they are oblivious to D, in
the sense that the value D only influences the analysis, but must not be known
by the algorithms. This is a very desirable feature, since, in practice, this value
is difficult to estimate. Moreover, our algorithms are completely deterministic,
while most previously available algorithms make use of randomization.

The rest of the paper is organized as follows. Section 2 provides the formal
definitions of the problems and some technical facts used in the analysis. Sec-
tion 3 is dedicated to describing the novel augmented cover tree, while Section 4
details how to maintain such data structure efficiently. In Section 5, we present
the fully dynamic algorithms for the problems introduced before. Section 6 con-
cludes the paper with some final remarks.

Due to space constraints, pseudocodes and some proofs are omitted in this
extended abstract but can be found in [31].

2 Preliminaries

This section formally defines the problems studied in this paper, and states some
important technical facts.

(Robust) k-center problem. Consider a metric space (U, dist) and a set S C
U of n points. For any p € U and any subset C' C S, we use the notation
dist(p, C') = mingec dist(p, ¢), and define the radius of C' with respect to S as
ro(S) = maxdist(p, C).
peES

For a positive integer k < n, the k-center problem requires to find a subset
C C S of size at most k which minimizes r¢(.S). The points of the solution C' are
referred to as centers. Note that C' induces a partition of S into |C| clusters, by
assigning each point to its closest center (with ties broken arbitrarily). We denote
the radius of the optimal solution by r;(S). The seminal work by Gonzalez [20]
presents a greedy algorithm that returns a 2-approximate solutions to k center
in O (nk)-time.

The algorithms presented in this paper crucially rely on confining the com-
putation of the solution on a succinct coreset T, efficiently extracted from the
(possibly large) input S, which contains a close enough “representative” for each
point in S. The quality of a coreset T is captured by the following definition.



Definition 1. Given a pointset S and a value € > 0, a subset T C S is an
(€, k)-coreset for S (w.r.t. the k-center problem) if ro(S) < ery(S).

In real world applications, large datasets often include noisy points which,
if very distant from all other points, may severely distort the optimal center
selection. To handle these scenarios, the following robust formulation of the k-
center problem has been introduced [15]. For positive k,z < n, the k-center
problem with z outliers (a.k.a. (k, z)-center) requires to find a subset C' C S of
size k minimizing rc(S — Z¢), where Z¢ is the set of z points in .S with the
largest distances from C, which are regarded as outliers. We denote the radius
of the optimal solution of this problem by 7} _(S). Observe that the (k, z)-center
problem reduces to the k-center problem for z = 0. Also, it is straightforward to
argue that

T2 (5) <735 (9)- (1)

A well known sequential 3-approximation algorithm for the k-center problem
with z outliers, which runs in O (n?log n) time was devised in [15]. In this work,
we will make use of a more general formulation of the problem, referred to as
weighted (k, z)-center, where each point p € S carries a positive integer weight
w(p), and the desired set C' of k centers must minimize r¢(S — Z¢), where Z¢
is the set of points with the largest distances from C, of maximum cardinality
and aggregate weight at most z.

Matroid center problem. Another variant of the k-center problem requires
the solution C to satisfy an additional constraint, specified through a matroid. A
matroid [28] on a pointset S is a pair M = (S, I), where I is a family of subsets of
S, called independent sets, satisfying the following properties: (i) the empty set
is independent; (ii) every subset of an independent set is independent (hereditary
property); and (iii) if A, B € I and |A| > |B|, then there exists z € A\ B such
that BU{z} € I (augmentation property). An independent set is mazimal if it is
not properly contained in another independent set. Given a matroid M = (S, I),
the matroid center problem on M requires to determine an independent set
C € I minimizing the radius r¢(5). We let 7*(M) = minges re(S) to denote
the radius of the optimal solution. The augmentation property ensures that all
maximal independent sets of M have the same size, which is referred to as rank
of M, denoted by rank(M). It is easy to argue that r, 1y () < (M), since
each solution to the matroid center problem is also a solution to the k-center
problem with k& = rank(M). The definition of matroid implies that any subset
S’ C S, induces a matroid M’ = (S’,I'), where I’ C I is the restriction of
to subsets of S’. The following fact, which will be exploited in the derivation
of our results, is a consequence of the extended augmentation property proved
in [8, Lemma 2.1] (see also [24]).

Fact 1 Let M = (S,I) be a matroid, and let S, ..., Sy be a partition of S into
h disjoint subsets. If Ay C S1,...,Ar C Sy are maximal independent sets of the
submatroids My = (S1, 1), ..., My = (Sh, I1,), then U'_, A; contains a mazimal
independent set of M.



Table 1. Diversity functions considered in this paper. w(MST(X)) (resp., w(TSP(X)))
denotes the minimum weight of a spanning tree (resp., Hamiltonian cycle) of the com-
plete graph induced by the points of X and their pairwise distances.

Name Diversity measure div(X) Sequential approx. adiy
remote-edge ming e x d(p, q) 2
remote-clique > pgex AP, q) 2
remote-star mince x ZqEX\{c} d(c,q) 2
remote-bipartition mingcx,jQ|=(1x1/2) 24cq e x\@@ 4, 2) 3
remote-tree w(MST(X)) 4
remote-cycle w(TSP(X)) 3

As in previous works [1,7,24], in the paper we will assume that a constant-
time oracle is available to check independence of any subset of S. A combinatorial
3-approximation algorithm for the matroid center problem in general metrics is
presented in [16], which runs in time polynomial in |S| and rank(M).

An important instantiation of the problem is based on the partition matroid
Mp = (S, Ip), where each point in S is associated to one of m < k of categories,
and Ip consists of all subsets with at most k; points of the i-th category, with
EZO k; = k. For instance, this matroid can be employed to model fairness
constraints [17, 25].

Diversity maximization Let div : 2° — R be a diversity function that maps
any subset X C S to some non-negative real number. For a specific diversity
function div and a positive integer k < n, the goal of the diversity maximization
problem is to find a set C' C S of size k that maximizes div(C). We denote the
optimal value of the objective function as divy(S) = maxccg |cj=k div(C). In
this paper, we will focus on several variants of the problem based on different
diversity functions amply studied in the previous literature, which are reported
in Table 1. All variants are NP-hard, and Table 1 lists the best known approxi-
mation ratios attainable in polynomial time (see [1,10] and references therein).

Doubling dimension We will relate the performance of our algorithms to the
dimensionality of the data which, for a general metric space (U,dist), can be
captured by the notion of doubling dimension, reviewed below. For any p € U
and r > 0, the ball of radius r centered at p, denoted as B(p,r), is the subset
of all points of U at distance at most r from p. The doubling dimension of U is
the minimum value D such that, for all p € U, any ball B(p,r) is contained in
the union of at most 22 balls of radius /2 centered at points of U. The notion
of doubling dimension has been used extensively for a variety of applications
(e.g., see [9,10,22,29] and references therein). The following fact is a simple
consequence of the definition.

Fact 2 Let X be a set of points from a metric space of doubling dimension D,
and let Y C X be such that any two distinct points a,b € Y have pairwise



distance dist(a,b) > r. Then for every R > r and any point p € X, we have
|B(p, R) NY| < 2M08:CR/MI-D < (4R /r)P. If R/r = 2, then the bound can be
lowered to |B(p, R)NY| < (2R/r)P.

3 Augmented Cover Trees

Let S be a set of n points from a metric space (U, dist) of doubling dimension D.
Our algorithms employ an augmented version of the cover tree data structure
of [3]. For completeness, we first review the original data structure and then
discuss the augmentation, providing simpler update algorithms and a new correct
analysis. Conceptually, a cover tree T for S is an infinite tree, where each node
corresponds to a single point of S, while each point of S is associated to one
or more nodes. The levels of the tree are indexed by integers, decreasing from
the root towards the leaves. For ¢ € (—o0,400), we let Ty to be the set of
nodes of level ¢, and let pts(7;) be the points associated with the nodes of
Ty, which are required to be distinct. For each node u € T we maintain: its
associated point (u.point); a pointer to its parent (u.parent); the list of pointers
to its children (u.children); and its level in T (u.level). For brevity, in what
follows, for any two nodes u,v € T (resp., any point p € U and node u € T),
we will use dist(u,v) (resp., dist(p,u)) to denote dist(u.point,v.point) (resp.,
dist(p, u.point)). For each level ¢, the set T, must satisfy the following three
properties:

1. pts(Ty) C pts(Ty—1);
2. for each u € Ty, dist(u, u.parent) < 2¢+1;
3. for all u,v € Ty, dist(u,v) > 2°.

For every p € S, let £(p) denote the largest index such that p € pts(Ty,)). The
definition implies that for every ¢ < {(p), p € pts(Ty), and the node u in T
with w.point = p is a self-child of itself, in the sense that w.parent.point = p,
since for every other v € Ty, with v.point # p, dist(u,v) > 2°T!. Let dpin
and dp.x denote, respectively, the minimum and maximum distances between
two points of S, and define A = dyax/dmin as the aspect ratio of S. It can be
easily seen that for every £ < logy dmin, pts(Ty) = S, and for every £ > log, dax,
|pts(Ty)| = 1. We define £y, (resp., fmax) as the largest (resp., smallest) index
such that pts(Ty) = S (resp., |pts(Ty)| = 1), and note that every node u in a level
T; with j > lrax or j < fiin has only the self-child in u.children. Therefore,
we will consider only the portion of the tree constituted by the levels T, with
£ € [liin, fmax] and will regard the unique node r € Ty__  as the root of the tree.
The above observations imply that the number of levels in this portion of the
tree is O (log A).

Update operations on a cover tree crucially rely on the notion of cover set [3].
For any point p € U, and for every index £ < £p,.x the cover set (for p at level
0) Q) C Ty is defined inductively as follows:

Q.. = () o

Q) ={ueT, : uparent € Q§+1 Adist(u,p) < 2071} for £ < lpax



A simple inductive argument proves that for any node u € Ty, — @Y, dist(p, u) >
2041, Thus, intuitively, Q) contains all points of T, somewhat “close” to p, at the
scale prescribed by the level.

We now relate the size of the cover sets to the doubling dimension D of
(U,dist). We wish to remark that, when the doubling dimension Dg of the
subspace (5, dist) is lower than D, e.g. if the current points belong to a lower-
dimensional manifold of U, Dg can replace D in the subsequent analyses, yielding
tighter results.

Lemma 1. For every point p € U and { < lpax, we have that |QF] < 4P and
Zung |u.children| < 12P.

Proof. For each ui,us € Ty, we have that dist(uy,us) > 2¢. Also, pts(Q)) €
B(p,2"1) N T;. Then, by Fact 2, it follows that |QF| < (2 -2¢F1/26)D = 4P,
Moreover, for each u € Q) and each v’ € w.children, we have that dist(u’, p) <
dist(u/, u)+dist(u, p) < 26421 = 3.2¢, whence u’.point € B(p, 3-2°)Npts(Ty_1).
Then, again by Fact 2, it follows that [{u’ € w.children s.t. u € QJ}] < (2-3-
2¢/271)D = 120

We maintain a pointer to the root r of T, and recall that r.level = £ x.
Note that the naive representation of T, referred to as implicit representation
in [3], would require O (nlog A) space. In order to save space, a more compact
representation of T', referred to as explicit representation in [3], is used, where
chains of 1-child nodes, which correspond to instances of the same point, are
represented solely by the first node of the chain, which inherits the children of
the last node of the chain. It is easy to argue that this compact representation
takes only O (n) space. Given a point p € U, the cover sets QY for £ < £y, can
be constructed in a top-down fashion from the explicit representation of T by
simply recreating the contracted chains of implicit nodes. By Lemma 1, @} can
be constructed from Q7 ; in O (127) time.

Augmenting the basic structure. We augment the cover tree data structure
so to maintain at its nodes two additional data fields, which will be exploited in
the target applications presented later. Suppose that a matroid M = (U,I) is
defined over the universe U. An augmented cover tree T for S (with respect to
M) is a cover tree such that each node u € U stores the following two additional
fields: a positive weight w.weight = |S,|, where S, is the subset of points of
S associated with nodes in the subtree rooted at u, and a set of points u.mis,
which is a maximal independent set of the submatroid M, = (S, I,,) spanned
by the subsets of S,. The size of T' becomes O (n - rank(M)), where rank(M)
denotes the size of a maximum independent set of S. For the applications where
the matroid information is not needed, the fields u.mis will be always set to null
(as if M = (U,0)), and, in this case, the size of T will be O (n).



4 Dynamic maintenance of augmented cover trees

Let T be an augmented cover tree for a set S of n points. In this section, we
show how to update T efficiently when a point p is added to or deleted from S.

Insertion. Let p be a new point to be inserted in 7. The insertion of p is
accomplished as follows. First, if p is very far from the root r, namely dist(p, r) >
2fmax  then both fy., and r.level are increased to |log, dist(p,r)]. Then, an
explicit node u is created with w.point = p, u.weight = 1 and w.mis = {p}. In
order to determine the level ¢(p) where v must be placed, all cover sets QY are
computed, as described above, for every ¢ € [{, £1,ax], where £ is the largest index
in (—00, £imax| such that Q? = (). Note that such empty cover set must exist and
it is easy to see that £ > [log, dist(p, S)] — 2. Then, u.level is set to the smallest
index £(p) > ¢ such that dist(p, pts(Qg(p))) > 2¢P) and dist(p, pts(Qg(le)) <

2t(P)+1 At this point, an arbitrary node v € Qf(p)ﬂ such that dist(p, v) < 2¢(p)+1
(which must exists for sure) is determined. Let ¢ = v.point. If v has no explicit
self-child at level ¢(p), a new node w with w.point = ¢, w.level = ¢(p), and
w.children = wv.children, is created, and v.children is set to {u,w}. If instead
such an explicit self-child w of v exists at level ¢(p), then w is simply added
as a further child of v. Finally, the path from the newly added node u to r is
traversed, and for every ancestor v of u, v.weight is increased by 1 and p is added
to the independent set v.mis, if v.mis U {p} is still an independent set.
In [31], we provide a fully detailed pseudocode for the insertion procedure.

Theorem 1. Let T be an augmented cover tree for a set S of n points, with
respect to a matroid M = (U, I). The insertion algorithm described above yields
an augmented cover tree for SU{p} in time O (12D log A) where D is the doubling
dimension of the metric space and A is the aspect ratio of S.

Proof. Tt is easy to see that the insertion algorithm enforces, for every level ¢,
Properties 1, 2, 3 of the definition of cover tree, restricted to the nodes in Q% plus
the new node created for p (for £ = £(p)). These properties immediately extend
to the entire level ¢, since, as observed before, dist(p,u) > 21, for every u €
Ty — QY. For what concerns the update of the .weight and .mis fields, correctness
is trivially argued for the .weight fields, while Fact 1 ensures correctness of
the updates of the .mis fields. can be argued as for the insertion algorithm.
The complexity bounds follow by observing that there are O (log A) levels in
the explicit representation of T and that, at each such level ¢, the algorithm
performs work linear in the number of children of @¥, which are at most 12P,
by Lemma 1.

Deletion. Let p € S be the point to be removed. We assume that p is not the
only point in S, otherwise the removal is trivial. The deletion of p is accomplished
as follows. In the first, top-down phase, all cover sets Q) are computed, for every
£ € [0, lmax), where £ < lyay is the level of the leaf node corresponding to p in
the explicit tree. Also, a list R; of explicit nodes at level £ to be relocated is
created and initialized to the empty list. In the second, bottom-up phase, the
following operations are performed iteratively, for every £ = £, £41, ..., lyax — 1.



— If @Y contains a node u with w.point = p and u.level = ¢, the following
additional operations are performed. Let v be the parent of u, and observe
that all children of v must also be explicit nodes at level £. If u is the self
child of v (i.e., v.point = w.point = p) u is removed from T, u’s siblings
are detached from v and added to Ry (v will be later removed at iteration
v.level). If instead u is not the self child of v, but it is the only child of v
besides the self-child, u is removed from T" and v and its self-child are merged
together in the explicit tree.

— An empty list Ry4q is created. Then, Ry, is scanned sequentially, and, for
every w € Ry, a node w' € QZ_I U Ry41 is searched for such that d(w,w’) <
2¢+1 If no such node exists, then w is added to Ry, 1, raising w.level to £+ 1.
Otherwise, if w’ is found, it becomes parent of w as follows. If w’ is internal
and its children are at level ¢, w is simply added as a further child. Otherwise,
a new explicit node z, is created with z.point = w’.point, z.level = ¢, and
z.children = w’.children, and w’.children is set to {z, w}.

— For all nodes in w € Q§+1 U Ryyq with w.level = £+ 1, their .weight and .mis
fields are updated based on the values of the corresponding fields of their
children. The update of the .weight fields is straightforward, while, based on
Fact 1, the update of the .mis field of one such node w can be accomplished
by computing a maximal independent set in the union of the elements of the
.mis fields of w’s children.

Once the above operations are performed, a slightly more complex iteration is
required for ¢ = ly,.x, since it might be necessary to modify ¢,,.x and/or create
a new root, in case p = r.point. A fully detailed pseudocode for the deletion
procedure is provided in [31].

Theorem 2. Let T be an augmented cover tree for a set S of n points, with
respect to a matroid M = (U,I). The deletion algorithm described above yields
an augmented cover tree for S — {p} in time O ((16° 4 12Prank(M))log A)
where D is the doubling dimension of the metric space and A is the aspect ratio

of S.

Proof. 1t is easy to see that the bottom-up phase of the deletion algorithm
enforces, for every level ¢, Properties 1, 2, 3 of the definition of cover tree,
restricted to the nodes in Q} URy. As argued before, these properties immediately
extend to the entire level £. Finally, correctness of the update of the .weight and
.mis fields can be argued as for the insertion algorithm. For what concerns the
complexity bound, first observe that for every level ¢, the nodes in Q) U R,
represent the new coversets Q’Z associated to p after its deletion from 7', thus
Lemma 1 holds. As a consequence, the work needed to process the nodes in Ry
is O(|Re|(|Q7,1 U Rey1]) = O(167), while, by Fact 1, recreating the .weight and
.mis fields for all nodes in QY 1 U Ry is upper bounded by the number of their
children multiplied by (14 rank(M)). The final bound follows by observing that
there are O (log A) levels in the explicit representation of T'.



5 Extracting solutions from the augmented cover tree

We show how to employ the augmented cover tree presented before to extract
accurate solutions to the various problems introduced in Section 2. For all these
problems, we rely on the extraction from the cover tree of a small (e, k)-coreset
(see Definition 1), for suitable values of € and k.

Let T be an augmented cover tree for a set S of n points from a metric
space of doubling dimension D. Given € and k, an (¢, k)-coreset for S can be
constructed as follows. Let Ty, be the level of largest index (in the implicit
representation of T') such that [Ty)| < k and |Tyxy—1| > k. Then, define

0¥ (e, k) = max{lmin, £(k) — [log,(8/€)]}. (3)

(For ease of notation, in what follows we shorthand ¢*(¢, k) with £* whenever
the parameters are clear from the context.) We have:

Lemma 2. The set of points pts(Ty+) is an (e, k)-coreset for S of size at most
k(64/€)P and can be constructed in time O (k((64/¢)” +log A)).

Proof. We first show that pts(Ty~) is an (e, k)-coreset for S. If £* = L, we
have pts(Ty«) = S, so the property is trivially true. Suppose that ¢* = ¢(k) —
[log,(8/€)] > €min and consider an arbitrary point p € S. There must exist some
node u € Ty, .. such that p = u.point. Letting v be the ancestor of u in Ty~, by
the the cover tree properties, we know that dist(v.point, p) < 2¢°+1 < (e/4)2¢k),
Also, since all pairwise distances among points of pts(7y)—1) are greater than
2t(k) =1 and | Ty(ry—1] > k+1, there must be two points q,q" € pts(Tyx)—1) which
belong to the same cluster in the optimal k-center clustering of S. Therefore,
2!=1 < dist(q,q') < 2r;(S), which implies that 2¢*) < 47%(S). Putting it all
together, we have that for any p € S, dist(p, pts(Ty-)) < ery(S). Let us now
bound the size of Ty-. By construction |Ty,)| < k, and we observe that T;- can
be partitioned into |Ty)| subsets Tj:, for every u € Ty), where T} is the set of
descendants of w in Ty . The definition of cover tree implies that for each u € Ty,
and v € Tj, dist(u,v) < 2((k)+1_ Moreover, since the pairwise distance between
points of pts(Tf) is greater than 2¢°, by applying Fact 2 with Y = pts(T}),
R =2+ and r = 2¢7, we obtain that ITh| < 2([log2(8/)142)-D < (64 /¢)P, and
the bound on |Ty«| follows. Ty« can be constructed on the explicit tree through
a simple level-by-level visit up to level £*, which can be easily determined from
£(k) and the fact that £,,;, is the largest level for which all nodes in the explicit
representation of T' are leaves. The construction time is linear in Zﬁi}’; |Ty| =

Eﬁ(:kg):l T, | + Zgg’(‘k) |T¢|. The second summation is clearly upper bounded by
klog A, while, using again Fact 2 it is easy to argue that |Ty| < k- 206(F)+2-6-D

for every £* < ¢ < ((k) — 1, whence the first sum is O (k(64/¢)").

5.1 Solving k-center

Suppose that an augmented cover tree T for S is available. We can compute
an O (2 + O (¢))-approximate solution C to k-center on S as follows. First, we



extract the coreset @ = pts(Ty«), where £* = £*(¢, k) is the index defined in
Equation 3, and then run a sequential algorithm for k-center on . To do so, we
could use Gonzalez’s 2-approximation algorithm. However, this would contribute
an O (k|Q]) term to the running time, which, based on the size bound stated in
Lemma 2, would yield a quadratic dependency on k. The asymptotic dependency
on k can be lowered by computing the solution through an adaptation of the
techniques presented in [21], as explained below. Let us define a generalization of
the cover tree data structure, dubbed («, §8)-cover tree, where the three properties
that each level £ must satisfy are rephrased as follows:

1. pts(Ty) C pts(Tp—1);
2. for each u € Ty, dist(u, u.parent) < - a‘t;
3. for all u,v € Ty, dist(u,v) > B - a’.

By adapting the insertion procedure and its analysis, it is easily seen that the in-
sertion of a new point in the data structure can be supported in O (12D -log,, A)
time. For a given integer parameter m, we construct m generalized cover trees
for the coreset @, namely an (a, a’/™)-cover tree T() for every 1 < i < m. Each
cover tree is constructed by inserting one point of () at a time. Let ¢; be the

)

smallest index such that level Te(_i in T4 has at most k& nodes. The returned

solution C' is the set pts(Te(;)) such that Té(f) minimizes ofit"/™ By selecting
a=2/cand m = O (e 'Ine"!), and by using the argument of [21], it can be
shown that C is a (2 + O (¢))-approximation for k-center on (. The following
theorem is a consequence of the above discussion, Lemma 2, and the definition
of (e, k)-coreset.

Theorem 3. Given an augmented cover tree T for S, the above procedure re-
turns a (2 4+ O (e))-approzimation C to the k-center problem for S, and can be
implemented in time O ((k/€)(768/€)" log A).

Proof. By Lemma 2, @ is an (e, k)-coreset for S. Let C* = {c1,ca,...,ci} be an
optimal solution for k-center on S. The coreset property of () ensures that for
each ¢; there is a point ¢} € @) such that d(c;, ¢}) < erf(S). This implies that the
set C' = {c},ch, ..., ¢} is asolution to k-center on Q with rc/ (Q) < (14€)r(S),
hence r,(Q) < (1+€)r;(S). Suppose that the (24O (¢))-approximation algorithm
outlined above is used in Phase 2 to compute the solution C' on Q. Then, r¢(Q) <
24+0(€)ri(Q) <24+ 0(e)(1+e)ri(S) = (24 O (e))ri(S). By the coreset
property and the triangle inequality, it follows that ro(S) < (2 + O (¢))rj. For
what concerns the running time, we have that the construction of the (e, k)-
coreset @ requires O (k((64/¢)” + log A)) time (see Lemma 2), while the running
time of Phase 2 is dominated by the construction of the m = O (6_1 In 6_1)
(v, aP/™)-cover trees TP, for 1 < p < m, by successive insertions of the elements
of Q. As observed above, an insertion takes O (12D log,, A) time, hence the
cost for constructing each 7™ is O (|Q[12” log,, A). Since o = 2/e and |Q| <
k(64/€)P, the total cost is thus O ((k/€)(768/¢)” log A), which dominates over
the cost of Phase 1.



5.2 Solving k-center with z outliers

For the k-center problem with z outliers, an approach similar to the one adopted
for k-center can be employed. Let T' be an augmented cover tree for S. We
can compute a (3 4+ O (¢€))-approximation to k-center with z outliers on S, by
proceeding as follows. First, we extract the coreset Q = pts(Ty«), where £* =
£*(k+z) is the index defined in Equation 3. Each point ¢ € @ is associated to the
weight w, = u.weight, where u € Tp- is such that u.point = ¢g. Then, we extract
the solution C' from this weighted coreset @) using the techniques from [6]. We
have:

Theorem 4. Given an augmented cover tree T for S, the above procedure re-
turns a (3 + O (€))-approzimation C' to the k-center problem with z outliers for
S, and can be implemented in time O ((k + z)2(64/¢)?P (1/€) log A).

Proof. By Lemma 2, Q = pts(Ty~) is an (e, k + z)-coreset for S. Consider a
point ¢ € @ and let u € Ty« be such that u.point = ¢. It is easy to see that
each of the u.weight = w, points associated with the descendants of u in T’
(forming set S, C S) is at distance at most ery, (S) from g. Since the S,,’s form
a partition of S, we have that each point of S can be associated to a point of
Q at distance at most er; () < 7“272(5), referred to as its prozy. Suppose that
algorithm OUTLIERSCLUSTER described in [6] is run on the weighted coreset
@ with parameters k, r, and €, where r is a guess of the optimal radius. The
analysis in [6] shows that the algorithm returns two subsets X, Q' C @ such that

- | X[ <k
— For every p € S whose proxy is in Q — @', dist(p, X) < ery. . (S) + (3 +4e)r;
—ifr >rp (5), then 30 0wy < 2.

Then, we can repeatedly run OUTLIERSCLUSTER for r = 2fmax /(1 4 ¢)?, for
i=0,1,..., stopping at the smallest guess r which returns a pair (X, Q") where
Q' has aggregate weight at most z and returning C = X as the final solu-
tion. Therefore, the bound on the approximation ratio immediately follows from
the properties of OUTLIERSCLUSTER. The running time is dominated by the re-
peated executions of OUTLIERSCLUSTER. Each execution of OUTLIERSCLUSTER
can be performed in O (|Q[* + k|Q|) = O ((k + 2)2(64/€)?”) time. The bound
on the running time follows by observing that 2fmex/ 7 .(8) = O (4), whence

O (log, . A) = O((1/e)log A) executions suffice.

5.3 Solving matroid center

Consider a matroid M = (S,1) defined on a set S, and suppose that an aug-
mented cover tree T for S w.r.t. M is available. We can compute an O (3 4 O (¢))-
approximate solution C' to the matroid center problem on M as follows. First we
determine a coreset () as the union of the independent sets associated with the
nodes of level Ty~ where £* = £*(e, rank(M)) is the index defined in Equation 3.
Namely, @ = U, cr,. u.mis. (Note that rank(M) is easily obtained as the size of



r.mis, where r is the root of T'.) Then, solution C' is computed by running the 3-
approximation algorithm by [16] on Q). The resulting performance is summarized
by following theorem, whose proof can be found in [31].

Theorem 5. Given an augmented cover tree T for S wrt M =
(S,I), the above procedure returns a (3 + O (€))-approximation C to
the matroid center problem on M, and can be implemented in time

O (poly(rank(M), (64/€)P) + rank(M)log A).

5.4 Solving diversity maximization

In [10], the authors present a coreset-based approach to yield approximate so-
lutions to all variants of the diversity maximization problem listed in Table 1.
Specifically, for a pointset S and a diversity function div(-), the polynomial-time
sequential algorithm Ag;, yielding the ag;, approximation mentioned in the ta-
ble, is run on a coreset @' C S which is derived from an (e, k)-coreset @ for
k-center on S, as follows. For the remote edge and the remote cycle variants,
simply setting Q' = @ suffices, while for all the other variants, @)’ is obtained
by selecting, for each p € @, min{k,|S,|} points from the subset S, of a par-
tition {S, : p € Q} of S into disjoint subsets, where each S, contains points
q € S with dist(p, g) < er. It is shown in [10] that running Ag;, on Q' yields an
(augiv + O (€))-approximate solution for S. Now, given an (augmented) cover tree
T for S, @' can be easily constructed as follows. For the remote egde and remote
clique variants, Q' is set to pts(Ty~), where £* = £*(e, k) is the index defined in
Equation 3. The other variants require the use of an augmented cover tree w.r.t.
to the simple k-bounded cardinality matroid My, g, whose independent sets are
all subsets of S of at most k points, so that each node of T' will store a set of (at
most) k points from its subtree. Then, Q" = Uyer,. u.mis. The resulting perfor-
mance is summarized by following theorem, where ¢4, () denotes the running
time of Agiv. The proof of the theorem can be found in [31].

Theorem 6. Consider a cover tree T for S (augmented w.r.t. the k-bounded
cardinality matroid My g, when necessary). For each diversity variant in Ta-
ble 1, running Agiy on the coreset Q' extracted from T returns an (agiw +
O (€))-approzimate solution to the diversity mazimization problem in time
O (tay, (k(64/€)P) + klog A) for the remote edge and cycle variants, and time
O (tay, (K*(64/€)P) + klog A) for the other variants.

6 Conclusions

In this paper, we provided novel coreset-based fully dynamic algorithms for (ro-
bust) k-center, matroid center and diversity maximization. All algorithms are
deterministic and run on the same augmented cover tree data structure, which
can thus serve queries for different problems at the same time. It is important to
remark that for all problems, when the input S is large and both the spread A
and the doubling dimension D of the metric are small, the dynamic maintenance



of the data structure and the extraction of solutions can be accomplished in time
dramatically smaller than the time that would be required to compute solutions
on the entire pointset from scratch.

We remark that the coreset-based approaches developed in [8] for robust ma-
troid center, and in [7] for diversity maximization under matroid constraints, can
be integrated with the approach presented in this paper, to yield fully dynamic
approximations for these more general versions of the problems, with similar
accuracy-performance tradeoffs.
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