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Abstract

For each pair € = (e1,e2) of positive parameters, we define a perforated domain Qg
by making a small hole of size £165 in an open regular subset © of R™ (n > 3). The
hole is situated at distance £; from the outer boundary OS2 of the domain. Thus, when

— (0,0) both the size of the hole and its distance from 0 tend to zero, but the size
shrinks faster than the distance. Next, we consider a Dirichlet problem for the Laplace
equation in the perforated domain ) and we denote its solution by u.. Our aim is to
represent the map that takes € to ue in terms of real analytic functions of € defined in
a neighborhood of (0,0). In contrast with previous results valid only for restrictions of
ue to suitable subsets of )., we prove a global representation formula that holds on the
whole of .. Such a formula allows us to rigorously justify multi-scale expansions, which
we subsequently construct.

Keywords: Dirichlet problem; singularly perturbed perforated domain; Laplace operator;
real analytic continuation in Banach space; multi-scale asymptotic expansion
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1 Introduction

Boundary value problems in domains with small holes are a typical subject of asymptotic
analysis and are usually studied by means of asymptotic expansion methods. The aim of such
methods is to obtain an asymptotic approximation that describes the behavior of the solution
when a small perturbation parameter (possibly the size of the hole) is tending to zero. There

*Département de mathématiques et applications, Ecole normale supérieure, CNRS, PSL University, 45 rue
d’Ulm, 75005 Paris, France bonnaillie@math.cnrs.fr

fDepartment of Mathematics, The University of Tulsa, 800 South Tucker Drive, Tulsa, Oklahoma 74104,
USA matteo.dallariva@gmail.com

Université de Pau et des Pays de ’Adour, E2S UPPA, CNRS, LMAP, UMR 5142, 64000 Pau, France.
marc.dambrine@univ-pau.fr

$Dipartimento di Scienze Molecolari e Nanosistemi, Universitd, Ca’ Foscari Venezia, via Torino 155, 30170
Venezia Mestre, Italy paolo.musolinoQunive.it



are different techniques to obtain such approximations: for example, the method of matching
outer and inner expansions of I'in [9} [10], the multi-scale (or compound) expansion method
of Maz’ya, Nazarov, and Plamenevskij [14], and the asymptotic analysis of Green’s kernels of
Maz’ya, Movchan, and Nieves [13].

Recently another method that takes a different standpoint with respect to asymptotic
analysis has appeared. This new method is based on the functional analytic approach proposed
by Lanza de Cristoforis (cf. [L1},[12]); the core feature is the description of the solution in terms
of real analytic functions of one or several variables and explicit elementary functions of the
small parameter that characterizes the perturbation.

In this paper we show an interaction between the functional analytic approach and the
expansion methods of asymptotic analysis. To do so, we consider a Dirichlet problem for the
Laplace equation in a domain with a small hole ‘moderately close’ to the boundary. That is,
a hole that approaches the outer boundary of the domain while shrinking in size at a faster
speed (faster than the speed of approach toward the boundary).

The problem of this paper has already been considered in [1], where the functional analytic
approach has been used to prove real analytic representation formulas for certain restrictions
of the solution to suitable subsets of the perturbed domain. Here, instead, we obtain a global
representation formula in the whole domain of definition of the solution. The advantage is
that a global formula can be used to justify multi-scale expansions and to deduce an effective
recursive algorithm for the computation of such expansions.

We now introduce the geometric setting of the problem. We confine ourselves to the case
where the dimension n € N is greater than or equal to 3 (in contrast with [I], where the
two-dimensional case is also treated). We omit the two-dimensional case only for the sake
of simplicity. Indeed, for n = 2 we need to work with a logarithmic fundamental solution,
which produces some logarithmic terms and leads to longer computations (an example of such
computations can be found in [I]). Moreover, without loss of generality, we place the problem
in the upper half-space

R} = {x= (z1,...,2,) € R" : 2, > 0}.

We note that the boundary R’} coincides with the hyperplane x,, = 0. Then we fix a domain
() that plays the role of the ‘unperturbed’ domain where we make a hole. We assume that

(2 is an open bounded connected subset of R’} of class ¢ Le (Hy)

where « €]0, 1] is a regularity parameter. For the definition of functions and sets of the usual
Schauder classes €% (k = 0,1) we refer, for example, to Gilbarg and Trudinger [8, §6.2].
In this paper, we assume that a part of the boundary 0 of €2 is flat and that the hole is
approaching that flat part of the boundary (see Figure[1)). To do so, we set

002 = 02 N ORY, 0,Q=00NRY,
and we assume that
0of2 is an open neighborhood of 0 in JR'}. (Ho)
Then we introduce another set w such that

w is a bounded open connected subset of R™ of class 1 and 0 € w.



w plays the role of a reference set for the shape of the perforation. Finally, we fix a point

p= (p17"'apn) GR:L-?

and define the hole w. by

We = €1p + €162w, Ve = (e1,e9) € R2.
We adopt the following notation. If €’ = (¢],¢}),€” = (¢f,€5) € R?, then we write ¢’ < &”
(respectively, €’ < ") if and only if €} < € (respectively, e’ < €7) for j = 1,2, and we denote

by Je’, €[ the open rectangular domain of the e € R? such that ' < ¢ < &”. We also set
0 = (0,0). Then we can see that there exists €4 > 0 such that

we C 1, Ve €]0,e™].

The rectangular set |0, 4] consists of the admissible parameters for which we can define the
perforated domain ). obtained by removing from the unperturbed domain €2 the closure g
of we, i.e.,

Qe=0Q\w:, Veelo,e™

We can verify that, for all € € ]0,e![, Q. is a bounded connected open domain of class ¢
with boundary 9€). consisting of the disjoint union of 92 and dwe = €1p + £1620w.

The parameter €1 controls the distance of the hole w, from the boundary 0€2; the product
€169 controls its size. As the pair € € ]0, eI approaches the singular value 0, both the size of
the hole and its distance from the boundary 02 tend to 0. In particular, the quotient between
the size of the hole and its distance from the boundary tends to 0. In this sense, we can say
that the size tends to zero ‘faster’ than the distance. Figure[I]illustrates the geometric setting.

002

Figure 1: the geometric setting.

Now we introduce a boundary value problem in e-dependent domain €2.. We fix two
functions ¢° € €L%(09Q) and ¢g' € €1*(0w) and, for each & € ]0,e*[, we consider the
following Dirichlet problem:

€1€2

Au(x) =0, Vx € €,
u(x) = ¢°(x), Vx € 011, (1.1)
u(x) = gi<X*€“’>, Vx € Owe.



As is well known, problem (I.1)) has a unique solution in €>*(€2,), which we denote by ue to
emphasize its dependence upon €. Our aim is to study the behavior of u. when the parameter
e = (e1,e2) is close to the singular value 0 = (0,0). As mentioned above, we proceed in two
steps:

e First we use the functional analytic approach to describe the dependence of ue upon €
in terms of real analytic maps of € defined in a neighborhood of 0. In particular, we
obtain a global representation formula that holds in the whole of €)..

e Then we exploit such a formula to deduce a rigorously justified multi-scale iterative
procedure and compute an asymptotic expansion of u. for € approaching O.

1.1 The functional analytic approach

As we have seen in [I], to apply the functional analytic approach to problem , it is
necessary to introduce further regularity conditions on the domain €2 (in addition to and
(H2f)) and on the Dirichlet datum ¢°. Namely, we require some regularity on (the closure of)
048 and thus we ask that

9, is a compact submanifold with boundary of R™ of class €. (Hs)
Concerning the Dirichlet datum, we ask that
there exists 79 > 0 such that the restriction gjz ,,)ng,0 15 real analytic. (Hy)

Here and in what follows B(0,79) denotes the ball in R™ of radius ro and center 0. A con-
sequence of is that there exist linear and continuous extension operators E®® from
EF(049) to €F(0R), for k = 0,1 (cf. [I, Lemma 2.17]).

Under assumptions —, we have proven that the restriction of u. to a subset ‘far’
from the hole depends real analytically on the perturbation parameters €, as the following
theorem states (see [I, Theorem 1.2}).

Theorem 1.1. Let ' be an open subset of Q such that 0 ¢ . There are €' € ]O,Eii[ with
We N =0 for alle €] —€',€'[ and a real analytic map ey from ] — €', €'[ to €H*(V) such
that

uejy = Hore], Ve €10,€'|.
Furthermore,

L(Q/ [0] = uo‘ﬁa

where ug € €1%(Q) is the unique solution of

{Auo =0 nQ, (1.2)

ug = ¢° on 0f2.

The theorem above characterizes the ‘macroscopic’ behavior of the solution ‘far’ from
the hole. A similar result has been proven also for the ‘microscopic’ behavior of ue close
to the perforation, i.e. for the behavior of the rescaled function uc(e1p + £162-) (see [IL
Theorem 3.6]).



Theorem 1.2. Let w’ be an open bounded subset of R" \ w. There are €” € 10, e[ with
(e1p+e1eaw’) C B(0,71) for alle € | — €",€"[ and a real analytic map V., from | — ", €"[ to
€1 (W) such that
ue(e1p + 162+ ) 7 = Vorfe], Ve €]0,€"[.
Furthermore,
2,[0] = v (13

where vo € Cfli’ca(R” \ w) is the unique solution of

Avg =0 in R"\ w,

vo = g' on Jw, (1.4)

limx ;00 vo(X) = ¢°(0).

1.2 Main results

Theorems and [I.2] deal with the ‘local behavior’ of the solution, either ‘far’ from or ‘close’
to the hole. The first goal of this paper is to prove a global representation formula that
holds on the whole of .. In particular, up to the boundary of the hole and up to the outer
boundary.

We will present such a representation formula in Theorem [[.3] To state it correctly, we
first need to introduce suitable Banach spaces of harmonic functions in €2 and in the exterior
domain R™\ @. Then we set

“le@) = {ved (@) : Av=01inQ},
(ghl’a(Rn \w) = {v € Cgl’a(R” \w) : Av=0in R"\ @, and lim v(x) = 0} .

loc X—+00
We observe that %hl *(Q) is a closed subspace of €5%(2), and accordingly it is a Banach
space with the norm induced by €1®(Q). A similar argument does not work for %’Q(R” \w),
because Cflif(R" \ w) is not a normed space, but a Fréchet space (cf. Deﬁnition below).
Then we remember that the Dirichlet problem in R™ \ w has a unique solution that decays at
infinity (cf., e.g., Folland [7, Chap. 2], note that here n > 3). Accordingly, the map that takes
a function v to its trace v}y, is a linear isomorphism between thl *(R™\ w) and €1(0w) and

we can define a norm on ‘fhl “Y(R™ \ w) by setting
1,
[olgre oy = Vasllgran, ¥ € GO \w).

With such a norm Cﬁhl “(R™ \ w) is a Banach space. In addition, exploiting elliptic a priori
estimates, we can verify that the topology generated by || - ||%01,a(Rn\w) is equivalent to the one
h

induced by the embedding in (the Fréchet space) €1 (R™ \ w).

loc
We can now state our global real analyticity representation theorem.

Theorem 1.3. There exist €* € 10,*4[ and two real analytic maps L from | —&*,&*| to
%JQ(Q) and B from | — e*,e*[ to ‘Kﬁ’a(R” \ w) such that

Ue(x) = U[e](x) + Ve] <X;;1p> - m[s]<§(xz_;;“°>, Vx € s, e €10, (L5)
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where ¢ denotes the reflexion with respect to the hyperplane OR’,. That is,
¢(xX) = (1, .+, Tp-1,—Tn), Vx = (z1,...,x,) € R"™.

The maps A from | — e*,e*[ to %}}a(ﬁ) and 0 from | —e*, e*[ to Cghl’a(R" \w) are uniquely
identified by (L.5). Moreover, we have

U[0] = up and U[0] = vo — g°(0), (1.6)
with up € thl’a(ﬁ) and vg € ‘ﬁhl’a(]R" \ w) solutions of and (L.4), respectively.

A consequence of Theorem is that there exist €** € ]0, e*[ and two denumerable families
of functions {U; ;}; jen2 € %&a(ﬂ) and {Vi;}ijenz C Céhl’a(R" \ w) such that the series

E eied Ui j and E elel Vi

i,jEN2 i,jEN2

converge in %hla(ﬁ) and in ‘ghl’o‘(R” \ w), respectively, for all € € | — e**,&**[, and such that

i J i_j X—é&1p i_J s(x) —e1p
Ue(x) = Z e1es Ui j(x) + Z SEAZ (5152> - Z €163 Vi <€1€2>a (L.7)

i,jEN2 1,jEN2 i,jEN2

for all x € Q. and all € € ]0,e**[. Moreover, by the uniqueness of { and U and by the
identity principle for real analytic functions, we can verify that the families {U;;}; jen2 and
{Vij}tijen2 are uniquely identified by .

Another consequence of the representation is that we can approximate the solution
ue by means of a sum of slow variable terms (with coefficients evaluated at x), fast variable
terms (with coefficients evaluated at (x — e1p)/(£1£2)), and of what we can call ‘reflected fast
variable terms’ (with coefficients evaluated at (¢(x) —e1p)/(e1€2)). In particular, we have the
following.

Corollary 1.4. Let {Ui;}ijene € 6% (Q) and {Vij}i jene C €0 (R™\w) be as in (L7). Let
ug € (fhl’a(ﬁ) and vg € %ﬁ’a(R” \ w) be the solutions of (1.2) and (1.4), respectively. Then,
for € = 0 the asymptotic approximation

() = uo(x) + v <X‘ f““’) o (g“‘”’) Y UM

£1€ £1€
1=2 1=2 0<i+j<N
L X — glp L S(x) — 51p L.
+ g Vii | —— ) — el Vi sx)—ep +0 etel
169 Vi | =2 162 Vi P 162
0<i+j<N 1=2 0<i+j<N 1=2 i+j=N+1
(1.8)

holds uniformly in x € Q..

As we shall see, the approximation identifies uniquely the coefficients U; ; and V; ; as
well as the expansion . More precisely, we shall see that any approximation in the form
of , and where the coefficients U; ; and V; ; are continuous functions and the V; ;’s vanish
for x — 0o, must coincide with the one that we derive from Theorem m (cf. Proposition .



Moreover, with the exception of certain specific cases, we can see that there are no asymptotic
approximations consisting solely of slow variable and fast variable terms and with no reflected
fast variable terms. At least, no reasonable approximations with a remainder in o(e; + €2)
(cf. Example and the remarks after it).

The presence of such reflected fast variable terms is ultimately due to the two-parameters
perturbation considered in the paper, which uncouples the size of the hole from its distance
from the boundary. Reflected fast variable terms would not have appeared if one of the
parameters, say €2, was ‘frozen’ and the perturbations for different values of €1 were locally
similar to one another.

We also mention that a global analytic representation was obtained in the paper [3] with
Costabel and Dauge. That paper deals with a Dirichlet problem for the Poisson equation in a
plane sector domain and analyzes the effect of a self-similar perturbation close to the vertex.
In such a case, no reflected fast variable terms showed up.

Once we have proven the existence of asymptotic approximations of u. in the form ,
the second objective of the present paper is to deduce a strategy based on the multi-scale
expansion method to compute the coefficients U; ; and V;; up to the solution of certain
auxiliary boundary value problems. To do so, we will deduce from Corollary a recursive
procedure that produces at every iteration a better approximation of the solution, summing
either a slow variable term or the combination of a fast variable and a reflected fast variable
term.

Finally, we observe that in the present paper we have considered the case where the hole
collapses to a flat part of the outer boundary. We may expect that, with some suitable
geometric transformation, one could also analyze the case of an analytic boundary. For less
regular boundaries, however, the analytic dependence on the perturbation parameter cannot
be taken for granted. For example, in the paper [3] with Costabel and Dauge the holes shrink
to the vertex of a planar sector and the solution can be described in terms of analytic functions
only if the opening of the sector belongs to a certain dense subset of |0, 27].

1.3 Structure of the paper

The paper is organized as follows. In Section [2] we present some preliminary results in poten-
tial theory and some technical statements from [I]. In particular, we introduce a fundamental
tool in our analysis: certain layer potentials related to the Dirichlet Green’s function of the
half-space. In Section [3] we prove Theorem [I.3] where we obtain a global representation
formula in terms of real analytic maps. The final Section [ is devoted to the computation of
the asymptotic expansion.

2 Preliminaries

2.1 Preliminary of potential theory

As a first step, we introduce the classical layer potentials for the Laplace equation. We denote
by S, the fundamental solution of A defined by
1

Sn(x) = m\x|2_", Vx € R™\ {0},



where s, is the (n — 1)-dimensional measure of the boundary of the unit ball in R™. In what
follows, D is a generic open bounded connected subset of R™ of class €.

Definition 2.1 (of the layer potentials). For any ¢ € €%*(0D), we define

vs, [0D, ¢](x) = (y)Sn(x —y)doy,  Vx€R",

¢
oD

where do denotes the area element on 9D.

The restrictions of vs, [0D, ¢] to D and to R"\ D are denoted v% [0D, ¢] and v§ [0D, ¢]
respectively (the letter %’ stands for ‘interior’ while the letter ‘e’ stands for ‘exterior’).

For any ¢ € €%*(0D), we define

wg, [0D,Y](x) = — : P(y) np(y) - VS, (x —y) doy, Vx € R",
D
where np denotes the outer unit normal to D and the symbol - denotes the scalar product in
R™,

In Proposition we present some classical regularity properties of these layer potentials,
but before doing so, we need to introduce the following definition.

Definition 2.2. We denote by Cfl’laca (R™\D) the space of functions on R™\D whose restrictions
to O belong to €+*(O) for all open bounded subsets O of R™ \ D.

We observe that (Kli’ca(R" \ D) is a Fréchet space with the family of seminorms || -
with O C R™\ D open and bounded. Then we have the following.

L

Proposition 2.3 (regularity of layer potentials). Let ¢ € €%(D) and ¢ € €1*(0D). Then
e the functions vg, [0D, ¢ and wg,[0D, ¢| are harmonic in R™ \ D;

e the function vg, [0D, @] is continuous from R™ to R and the restrictions vfgn [0D, ¢] and
vg [0D, ¢] belong to €V*(D) and to CKI(ID’CQ(R” \ D), respectively;

e the restriction ws, [0D,Y]p extends to a function wy [0D, ] of €1*(D) and the re-
striction wg, [0D, ¢]jga\p extends to a function w§ [0D, ] of €L (R™\ D).

loc

Moreover,

o the map from €% (0D) to €1*(D) that takes ¢ to viSn [0D, ¢] and the map from € (0D)
to (512’60‘ (R™\ D) that takes ¢ to vgn [0D, ¢] are linear and continuous;

e the map from €V*(0D) to € (D) that takes ¢ to wy [0D,¢] and the map from
€L (0D) to ‘ﬁi’ca(R” \ D) that takes ¢ to wg [0D, d] are linear and continuous.

The analysis of problem presented in [I] heavily exploits certain layer potentials
constructed with the Dirichlet Green’s function of the upper half-space instead of the classical
fundamental solution S,,. These special layer potentials allow us to transform problem
into a system of integral equations with no integral equation on the flat piece of boundary
00f?, which is the part of the boundary of €2 where the inclusion we collapses for € = 0.



Thus, we denote by G the Dirichlet Green’s function for the upper half-space R},
G(x,y) = Sp(x—y) = Sn(s(x) —y), V(x,y) € R" x R" with y # x and y # ¢(x).
We observe that
G(x,y) = G(y,x), V(x,y) € R" x R" with y # x and y # ¢(x),

and
G(x,y) =0, V(x,y) € dR} x R" with y # x and y # ¢(x).

If D is a subset of R™, we find convenient to set ¢(D) = {x € R" | ¢(x) € D}. We now
introduce analogs of the classical layer potentials of Definition [2.1] obtained by replacing S,

with the Green’s function G. In what follows, D, denotes an open bounded connected set
contained in R” and of class €.

Definition 2.4 (of the layer potentials derived by G). For any ¢ € €%*(0D. ), we define

vq|0D+, 9|(x) = G(x,y)o(y) doy, Vx € R™.
oD,
The restrictions of va[0D+, @] to Dy and Rt \ Dy are denoted vi[0D4, ¢] and v§[0D4, @]

respectively.
For any 1 € €*(0D,), we define

weldD V0 = | ) o, () VyGlxy)doy, e R

To describe the regularity properties of these layer potentials, we shall need the following
definition.

Definition 2.5. We denote by ‘511 *(R%\ Dy) the space of functions on R \ Dy whose re-
strictions to O belong to €%*(O) for all open bounded subsets O of R% \D+

Then we have the following regularity properties that can be deduced from the corre-
sponding properties of classical layer potentials (cf. Proposition [2.3]).

Proposition 2.6 (regularity for the layer potentials derived by G). Let ¢ € €°*(0D,) and
Y € €4%(0Dy). Then

o the functions vg[0D4, ¢| and wg[0D+, 1] are harmonic in DyUg(DL ), and R™"\ Dy U¢(D4);

e the function vG[0D+, ¢ is continuous from R™ to R and the restrictions v [0Dy, ¢] and
v&,[0D4, ¢] belong to €H*(D4) and to €h “(R7 \ D), respectively;

loc

o the restriction wq[0Dy, ) extends to a function wi[0Dy, ] of €1*(Dy) and the
restriction wg[8D+,1/J]‘Ri\ﬁ extends to a function wi[0Dy, 1] of ¢ YRR\ D).

loc

Moreover,

e the map from €%*(0D4) to €1*(Dy) that takes ¢ to v5[0D4, ¢] and the map from
€%2(9D, ) to € (R" R" \ D) that takes ¢ to v§,[0D, ¢] are linear and continuous;

loc

(
e the map from €1(0D4) to €1*(Dy) that takes ¢ to wi[0D,¢] and the map from
€L (dD, ) to €1

loc

"\ Dy) that takes ) to w&[0D4, ¢| are linear and continuous.



2.2 Integral representation formulas for u,

In [I], to analyze the e-dependent boundary value problem , we have exploited the layer
potentials with kernel derived by G in the case where D = €).. Since the boundary 9€). is the
disjoint union of 9 and dw,, we need to consider layer potentials integrated on 92 and on
Owe. As we can easily see, the single layer potential vg[0S2, ¢] does not depend on the values
of the density ¢ on 9y, and therefore it is convenient to introduce the quotient Banach space

F0(00) = €°°(99) /{6 € F°°(00) | dpp, = 0).

One of the key steps in the proof of Theorems and is the following result, where we
prove ‘macroscopic’ and ‘microscopic’ representation formulas in terms of integral operators
with densities that depend real analytically on the perturbation parameter pair € (see [I]
Theorem 3.3, Remarks 3.4, 3.5]).

Theorem 2.7. There exist 0 < €* < €™ and a real analytic map M = (My, M) from
| —e* e[ to ‘52’0‘(89) x €% (0w) such that the following representation formulas hold:

(i) For all € €]0,e*], we have
ue(x) =ug(x) — 571‘_183_1/ n,(Y) - (VyG)(x,e1p + e122Y) g (Y) doy
Ow

- G(x,y)Mi[e](y) doy (2.1)
9,0

+em2e072 [ G(x,e1p +e162Y)Male](Y) doy,  Vx € Q.
ow

(ii) For all X € R"\ w and all € = (e1,e2) €]0,*[ such that e1p + 162X € Q¢, we have

ue(e1p + £162X) =ug(e1p + £162X) — w§ [Ow, ¢'](X)

— eyt / n,(Y) - VS, (—2pne, + 2(s(X) — Y)) g'(Y) doy
Ow

- G(e1p + 122X, y) My [e](y) doy (2.2)
840

+ vg,, [Ow, Ma[e]](X)

— 2 N S (—2pnen + £2(s(X) = Y)) Ma[e](Y) dov.

Here and in what follows, e, is the vector (0,...,0,1) of R™.

Moreover, M1[0] = 0 and M2[0] is the unique function in €%*(0w) such that

i

s, [0, Ma[0]] g, = —9°(0) + ws, [0, g0 + 5
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3 Real analytic continuation in global spaces

3.1 Existence of the expansion. Proof of Theorem

The integral representations of Theorem can be used to prove the local analyticity results
of Theorems [1.1] and Instead, to obtain the global analyticity result of Theorem [1.3
we need to modify such representations and express ue as a sum of single and double layer
potentials. The advantage is that, by virtue of Propositions and single and double
layer potentials have continuous extensions up to the closure Q¢ of Q.

Lemma 3.1. Let * and M = (M, My) be as in Theorem[2.7. Then

ue(x) = uo(x) — w§, [0w, g'] ( - 5”’) +w§, [0w, g <<<>—€1P>

€1€2 £1€2

B viG[f)Q,Ml[E?”(X) +v§n[3w,M2[€]] <X8—1€821P> — vgn[aw,MQ[EH <§(X21;251p> y

for all x € Qe and for all € €]0,€*].

Proof. We observe that

2 n-n
G(eip + 162X, e1p + e162Y) = 7 "e37 "5, (X = Y) — 7 ™37 "S, <§(X) — pg En _ Y) ,
2

and

(VyG)(e1p +e162X,e1p + €162Y)

2 n-n — —
= glneln(ys,) <<(X) _ %‘e . Y) — el (s, (X = V),

for all X,Y € R™ and all € > 0 such that e1p + 162X # e1p + £162Y and ¢(e1p + €1£2X) #
e1p + €12Y (or, equivalently, such that X # Y and ¢(X) # 2”;‘% +Y). Then, taking

X—¢€
X =¢&1p+ €182 < 1p>

€1€2
in (2.1) we deduce that

X—E1p

w0 =00+ [ ¥ (98 ((“527) - ¥) dv)doy

() (9850) (s (F222) - 2252 v ) () oy

W

G(x,y)Mi[e](y) doy
L Q

S <<X51p> —Y) Ma[e] (Y) doy

£€1€2

_l’_

W

s, << (X_El") _ 2Pn®n —Y) Mole] (Y) doy

E1E92 €9

T——
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for all € € ]0,&*[ and x € Q.. By the definitions of single and double layer potentials for S,
and G (cf. Definitions and it follows that

e (x) = up(x) — ws, [0, ¢' ( - 5”’) + s, [0, g << ( ~ ’3“)) - 2Pn€n>

E1€2 £1€2 €2

0[O0 M l} () + s, 01 Mafe] (22522 — g o, Mafe] (< (X520 ) - 20 ),

E1€E2 €1€2 €2

for all € € ]0,&*[ and x € Q.. Then the statement of the lemma is a consequence of equality

. <x—51p> _ 2pnen  s(x) —e1p

E1€E2 £9 N €1€2

of the membership of ue in €%*(), and of Propositions and O
We are now ready to prove Theorem
Proof of Theorem[1.5 We define
U[e] (%) = uo(x) — v [0, M [€]](x), Vx € Q,

and
Vle](X) = —w§, [&u,gi](X) + 0§, [Ow, M2[e]](X), VX e R" \ w,

for alle € | —e*,e*[.

We claim that & and U are real analytic. Indeed, by Proposition viG[(‘)Q, /] is linear
and continuous, and therefore real analytic, from €%(92) to ‘5}} "*(Q) and M; is real analytic
from | — e*,&*[ to €%(992) by Theorem Since the composition of real analytic maps is
real analytic it follows that 4l is real analytic from | — e*,&*[ to ‘Khl *(Q). To prove that U is
real analytic we first remember that the map that takes a function v to its trace v|y,, is a linear
isomorphism between %J’Q(R" \w) and €1*(0w). Since v§ [dw, ¢] belongs to %}}’a (R™\w) for
all ¢ € €0*(0w) and the map that takes ¢ € €%(dw) to the trace v§, [Ow, ¢]|a,, is linear and
continuous (cf. Proposition , it follows that the map that takes ¢ to v§ [Ow, @] is linear
and continuous, and therefore real analytic, from €% (dw) to %hl “(R™\ w). Since My is real
analytic from | — &*,&*[ to €%*(0w) (cf. Theorem and the composition of real analytic
maps is real analytic, we deduce that also U is real analytic from | — e*,&*[ to Cg}} YR\ w).

The validity of follows by Lemma and the first equality in can be deduced
by Theorem and by a straightforward computation. To prove the second equality in (1.6
we observe that:

V(0] = —w§ [0w, g'] + v, [Ow, M2[0]], (3.1)

by Theorem Then, by Theorem and by the jump properties of the double layer
potential (cf., e.g., [I, Prop. 2.4]) we deduce that the right-hand side of equals g' — g°(0)
on Jw. The second relation of follows by the decaying properties at infinity of the single
and double layer potentials and by the uniqueness of the solution of the exterior Dirichlet
problem.

Finally, to verify that il and U are unique, we observe that if we have two harmonic
functions ¢ € €,°*(Q) and ¥ € €, *(R" \ w) such that

$(x) + 1 (X_Elp) - w(g(x)_gﬂ =0, Wxe@., (3.2)

E1E9 £1€2
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for some € € |0,e*[, then

o (X222 = o0 +u(PLTIR) wem

€1€2 €1€2
and thus ( - 1P> has an harmonic extension on the whole of R™. Since limy_, ¥ (%) =
0, the Llouvﬂle theorem for harmonic functions implies that ¢ = 0. Then, ¢ = 0 by (3.2) and
by the identity principle. O

3.2 The uniqueness of the representation in ((1.8)

As we have already observed, Theorem implies that we have an asymptotic expansion of
ue as in ((1.8). , We now show in Proposition that the coefficients of such an expansion
are unique. We use the following notation: we denote by % () the space of the continuous
functions on 2 and by %p(R" \ w) the space of the continuous functions on R\ w that vanish
at infinity.

Proposition 3.2. Let N € N. Let u; j € €(Q) and v;; € Go(R™ \ w) for all (i,5) € N? with
i+j < N. We denote by We y the function

= E 6 E Uj E 6 6 (% X eiP E 6 6 (% ) c1P
1/’ 17 z?
1<2 J 1€2 Yiyg £1€9 1€2 Yi,j €169

i+ <N i+j<N i+ <N

of x € Q. If

sup |ue(x) — We n(X)| = 0< Z 6%6%) as € — 0, (3.3)
xEQe i+j=N
then u;; = U;; and v j = Vij for all (i,j) € N> with i + j < N, where U, j, V; ; are defined

by .

Proof. For 0 < n, < 1 sufficiently small we consider the curve in ]0,e*[ that takes n €]0,n.[

to e(n) = (e1(n),2(n)) = (1, —1/logn). Then we observe that £} (1)sh(n) = o(e} (n)e5(n)) as

n — 0 if and only if either one of the following conditions holds true:
i>h or i=hand j>k. (3.4)

Accordingly, we endow N? with a total order relation by saying that (i, 5) > (h, k) if and only if
(3.4) is verified, and, as usual, (i,5) > (h, k) if (4,j) = (h, k) or (i,7) > (h, k). An elementary
argument shows that every non-empty subset of N? has a least element with respect to >.
Therefore, > is a well-order relation on N? and we can prove the lemma by an induction
argument on (i, 7).

We first prove that ugo = Upg. We note that, by the membership of v; ; in €p(R™ \ w),
we have

lim v; ; ()(—51(?7)p> =0 and limuv;; <§(x)—€1(n)p> =0 Vx € Q, (3.5)
=0\ er(n)ea(n) e1(n)e2(n)
for all (i,7) € N? with ¢ + j < N. Similarly, by the membership of V; ; in ‘Khl’o‘(R" \w), we

have

v (XEmeY o s —eimp _ cQ
b Vs (61(77)82(77)) 0 and MV”( 61(77)62(77)> 0 Wxeh (39)
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for all (i,) € N2. Then, by (3.5) we compute that

%I_I{(l) We(n),N(X) = U0,0 (X) Vx € ﬁ,

and, by (1.7)) and (3.6) we also have

%ig%) Ug () (X) = Up,0(x) Vx € Q.

By (3.3) it follows that ugo = Up,.
To prove that vgg = Vp,0, we observe that

<<(61(77)p +e1(n)e2(n)X) — 61(77)p>
e1(n)e2(n)

lim v; ;
n—0 B

271”
= lim v; <§(X)— Pne ) =0 VX € R"\ w,

n—0
(3.7)
for all (i,) € N2 with i + j < N, and similarly

lim V. <€(€1(77)p +e1(n)e2(n)X) — el(n)p> i Vi, <§(X) B 2pnen> _0  WXeRMw,
n—0 e1(n)ea2(n) n—0 e2(n)
(3.8)
for all (i,) € N2. Tt follows that
lim We 8 (21 (0P +21)22(m)X) = u00(0) +00(X) VX ER"\w, (3.9
and that
lim e (e1(n)p +e1(Me2(X) = Uoo(0) + Voo (X)  ¥XER"\w (3.10)

(see also ([1.7])). Then we observe that (3.3)) is equivalent to

sup |ue(e1p+e1e2X) — We n(e1p + €162 X)| = o( Z aia%) ase — 0, (3.11)
Xe(Q25\w) i+j=N

where Qf = (Q — e1p)/e162. By and and by equality ug,0(0) = Up,0(0), it follows
that V0,0 = %70.

If N = 0 the proof is complete. We now assume that N > 0 and that u; ; = U;; and
v ; = Vi  for all (4,5) < (ix,jx), where (ix,js) is a multi-index with i, + j, < N and i, < N
(note that (IV,0) is the ‘biggest’ multi-index that appears in the sums of (3.3)). For all
e €]0,e*[ we denote by W, (;, ;,) the function of x € ()¢ defined by

We (i..j) (X)
= ). dauyt D dguy (X_g”’> =Y dduy <<<X>—€1P> |
(lyj)g(l»u]*) (%])S(l*,]*) (’L,j)g(z*,]*)

for all x € Q.. Then we denote by (i*, j*) the least element of the set of the multi-indexes
(i,7) with ¢ + j < N that are strictly bigger than (i, j.). By (3.5) we compute that

iy Ve N ) = Weg), (i) (%)
=0 et (n)ed (n)

= Uj* j* (X) Vx € ﬁ,
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and by (1.7)) and (3.6) we have
i Yo ) = Wem) (0,50 )
=0 el (mey (n)

Accordingly, (3.3) implies that w j= = U j«. To show that v j= = Vi j« we use (3.7) to
verify that

- Wem,n(E1(m)p + e1(n)e2(n)X) — W), i) (€1(0)P + €1(n)e2(n)X)
n=0 el (n)eh (n)

for all X € R™ \ w. Similarly, by (1.7)) and (3.8) we deduce that

ey (e1(n)p + e1(n)e2(M)X) = Wei), i 5y (E1(M)P + €1(n)e2(n)X)

= Ui*yj* (X) x € Q.

= g 5+ (0) + vir = (X)

lim = = Upr j*(0) + Vi j= (X)
=0 el (ney (n)
for all X € R™ \ w. Then (3.11) and equality w;« j«(0) = Uj= j+(0) imply that v j= = Vs jx.
Our proof is now complete. ]

3.3 The necessity of the reflected terms

Proposition[3.2]shows that the solution ue can be approximated by a finite sum of slow variable
terms, fast variable terms, and reflected fast variable terms. In the following Example [3.3] we
investigate the possibility of approximating the solution ue by a finite sum of slow variable
and fast variable terms, but no reflected fast variable terms. By means of an example in R3,
we prove that in general this is not possible, at least not if we want the terms in the sum to
be continuous functions and the remainder to be o(e1 + £2).

Example 3.3. Let n = 3 and assume that g' and g° are such that vo(X) = 1/|X| for all
X € R¥\ w (cf problem (1.4)). Then, there are no functions ugfo,ugfl,uﬁo € €(Q) and
UB%O,UB%I,U#O € 6o(R3\ w) such that

sup |ue(x) — Ws#l(x)‘ = o(e1 +¢€2) ase — 0, (3.12)
xXEQe ’
where
Wfl(x)
X — € X — € X — €
= uo#o(x) +vg¢0 < 1p> +EQU#1(X) + &9 ”#1 ( 1p> + & uﬁ(x) + &1 Ufa < 1p)
9 b 8152 b bl 8182 b b 8182

for all x € Q..

Proof. We assume by contradiction that there exist uz)% 0 ugf 15 “71%0 € €(Q) and va% 0 v(?f 1 Uf&o €
%o (R3\ w) such that holds true. As in the proof of Proposition we take 0 <7y < 1
small enough and we consider the curve in |0, e*[ that takes n €]0,n.[ to e(n) = (e1(n),e2(n)) =
(n,—1/logn). By the membership of ”(7)%07 1)8%1, Uiéo in €o(R3 \ w) we have

N i V) A T (i
= “J'(al(n)sg(n)) 0 We(@d) 00,0000k (313
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Then, by arguing as we have done in the proof of Proposition to show that ugo = Up
and vg o = V0, we can verify that uéfo = Upp and UB%O = Vb,0. In particular, "ﬁoéfo = ug and
US%O(X) = vp(X) = 1/|X| for all X € R?\ w (cf. Theorem . Since €1(n) = o(e2(n)) asn — 0
the asymptotic relation (3.12) and the limit (3.13)) imply that

1 4 B _
Jiny =0 (ug(x) — We(n)7(071)(x)> =0 Vx € (), (3.14)
where

Wjén),(O,l)(X) = uo(x) + vo <m> + €2(n) u#l(x) +€2(n) ”3%1 <)5(1_(776)15(21Z3;;) ;

for all x € Q)

e(n)- BY (3.13) we deduce that
. x —e1(n)p " -
1 i/ - —vo | —F~—/~ )= Q. 1
b 2 () (We<n)7<o,1>(x) uo(x) — vo <51(n)52(n) ul,(x)  Vxe (3.15)

Then we observe that

1 SG)—erlmp _ . alm) xeQ
711%62(?7)1)0( e1(n)e2(n) >_%—>0 S(x) —e1(n)p| ! e

(note that we cannot take x = 0 in this limit relation). Therefore we deduce by (1.7)) and
(3.6) that

lim
n—0 &9 (7])

Now (3.14), (3-15), and (3.16) imply that u, (x) = Up,1(x) for all x € 0\ {0}. Since both u},

and Up,1 are continuous functions on €2, it follows that

<ue(n) (x) —uo(x) —vo (M)) =Up1(x)  WxeQ\{o0} (3.16)

ugfl = Up,1 on the whole of Q.

Then, by ([1.7) we compute that

te(n) () = Wiy 0,)%) = = vo (MO) — e2(n)vd, <X_€1(n)p>

e1(n)e2(n) e1(n)e2(n)
+ S ) Uiy
(1,§)>(0,1)
I el . X_51(77)P
+(m)2(071) 1(mea(n) Vi <€1(77)€2(n)>

It follows that for x = 0 we have

O = Wiy 00 = =10 (=2 ) +eataelty (——B5) +oteatn) s w0



Then, by the membership of UB%I in %5(R? \ w) and by equality vo(X) = 1/|X|, we have

. 1 4 1
1 oy (e @ = Wi o @) =~y #0
The latter limit relation contradicts (3.14])) and the remark is proved. O

To have vg(X) = 1/|X| as in Example [3.3 we may for instance consider the case where w is
the unit ball in R? and ¢' is identically equal to 1 and ¢° = 0. In Example the condition
that vo(X) = 1/|X]| can, however, be relaxed and replaced by the assumption that

Jim_[X|oo(X) # 0. (3.17)

We can also show that limx_,« [X|vo(X) = 0 if and only if vg is given by a double layer
potential, that is
there is ¢ € €1 (dw) such that vo = w§ [Ow, 1)),

or, equivalently, if and only if

n, - Vug do = 0.
Oow
As a consequence, the set of the boundary data (g, g°) for which (3.17) holds is generic in
1 (Ow) x €1*(09Q), and, generically, we cannot expect to have approximations without
reflected fast variable terms and with remainder in o(e1 + €2).

4 The multi-scale asymptotic approach

Taking N = 0 in the approximation (1.8]) we have

Ue(x) = 1o (x) + vo (X_g“’> ~ (M’) L O(e1 +e2) ase— 0, (4.1)

€1€2 €1€2

and the coefficients ug and vg can be computed solving the boundary value problems
and , respectively. Our aim in this section is to show how we can determine the next
coefficients of . Namely, the U; j’s and V; ;’s with i + 3 > 0.

One way to do it would be by exploiting the boundary integral form of problem
(cf. [1]) to obtain an explicit expansion of the real analytic map M = (M, My). Then we
could deduce the expressions for the U; ;’s and V; ;’s by the integral representation in Lemma
Similar computations have been carried out in [6], [3], [4], and [5] in the context of other
perturbation problems.

In the present paper we opt for a different and probably more direct approach: we follow
the ideas of the multi-scale asymptotic expansion method of [2] and we aim at deriving
asymptotic approximations of the solution combining macroscopic scale expansions (that is,
expansions away from the origin of R™) and microscopic scale expansions (close to the origin of
R™). Typically, this idea is realized through an iterative process where one corrects a misfit on
the outer boundary by means of a macroscopic term that will produce an error on the inclusion,
then one takes care of the new error on the inclusion adding a fast variable term that in turn
produces a new error on the outer boundary, and so on. If properly formulated, the process will
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produce a better approximation at every iterative step. In our specific problem the process is
complicated by the presence of the reflected fast variable terms (we have observed in Example
that such terms cannot in general be omitted). In particular, every time that we introduce
a corrector in the fast variable, we have to add also its reflected counterpart. Both terms will
produce a misfit on the outer boundary, but, in addition, the reflected fast variable term will
produce a new error on the inclusion. The resulting algorithm is described in Subsection
below, where we also present some explicit computations in the case of dimension n = 3.
Before that, we introduce in the following Subsection some series expansions that will
later be useful and we introduce the expansion operators Fq and FE,.

4.1 Preliminary computations and notation

4.1.1 Some useful expansions

Expansions on dw. for functions in ‘Khl Q). Ifue %}} "*(Q) has an analytic extension
in the neighborhood of 0 then the map that takes (o1, 02) to the function

Ow > X+ u(p1p + 02X)

is real analytic from a neighborhood of 0 to €%*(0w) (cf. Valent [I5, Theorem 5.2, p. 44]).
Accordingly, there are coefficients uy’; € €1*(Ow) such that

u(op + 02X) = > didhu;(X),
1,720

where the series converges in ¢%*(dw) for p; and go close to 0 (here and in what follows
we omit to indicate the dependence of the expansions’ coefficients on the vector p, that is
considered as fixed). Then, replacing p; with 1 and gy with e1£9, we have

u(e1p + e162X) = Z el (e162) u‘gfj(X),

4,7 >0
and, rearranging the sum, we obtain
u(e1p+e1e2X) = Y ehed [ul?;(X) (4.2)
i2j>0

for certain coefficients [u]; € €1 (0w). The first ones are:

[ulf00<) = u(0), W00 = Vu(0) b, [ulf1(X) = Vu(0) - X,
0(X) = 5D%u(0) - (p.p), 5200 = D%u(0) - (. X), [ul5a(X) = 5D%(0) - (X,X).
(4.3)

Expansions on 0, () for rescaled functions in %}3 “(R™\w). Now let v € %hl HR™\ w)
and let v* denote the Kelvin transform of v, so that

v(X) = [X[>" v <|XX|2> VX € R™\ w. (4.4)
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Since v is harmonic at infinity, v* has an harmonic (and hence analytic) extension in a
neighborhood of 0, which we still denote by v* (cf. Folland [7, p. 114]). Moreover, for x € 9,12,

we have
X— & X— €
v < 1p> = lerga[" P x —erp|* " 0" (5152 1p2> :
€1€2 ‘X_51p|

Thanks to the fact that x € 0,2 stays far away from 0, we can show that the map that takes
(01, 02) to the function

0+ 3 x— |x— glp|27" v* <92x—91pz>
Ix — o1p|
is real analytic from a neighborhood of 0 in R? to €1%(9,Q) (cf. Valent [15, Theorem 5.2,

p. 44]). As a consequence, there are coefficients U,?j € ¢1(0,9Q) such that

X—01p - i
v( ) =057 oo ui(x),

02 0720

for (01, 02) > 0 small enough. Here the series converges in €1%(9,Q) for (o1, 02) in a neigh-
borhood of 0. Then, replacing ¢; with 1 and g2 with 1£9 and rearranging the sum, we find
that there are coefficients [U]?j € ¢1(0,9Q) such that
X—¢&1p ;g Q
v ( > = > e phK), (4.5)

f1%2 i>j>n—2

for € > 0 small enough. Again, the series converges in €1%(0, Q) for € in a suitable neigh-
borhood of 0. A similar argument holds with x € ¢(0+Q) instead of 04, the key point of
the computation being that x stays in a compact manifold that does not contain 0. As a

consequence, we can find coefficients [U]E(JQ) € €1(s(0,+Q)) such that
s() —eip i J 7,750
() = T Ao, (1.6)
1€2 L
i>j>n—2

for € > 0 small enough. We can also verify that the extension by 0 of the map

905 x> [0 (x) — [0 ()

4,J 1,J

belongs to €1*(9N) for all i > j > n — 2.
Finally, we observe that a function v € ‘5}} *(R™\ w) can be written as the sum of homo-
geneous harmonic functions v, of degree —k, for £ > n — 2. Namely, we have

o(X)= ) w(X) VXeR"\w. (4.7)
k>n—2

(This can be verified by introducing a sphere 9B(0, R) in R™ \ w and by considering the
decomposition of ujgp(, ) into spherical harmonics.) Then, we have

V(222 = Y eut-an) wedn (4.9

€1€2 k>n—2
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Now, for each & > n — 2 the map from a neighborhood of 0 in R to ¢1(0,Q) that takes
e1 to the function v, (- — £1p) is real analytic. Accordingly, there is a sequence of coefficients
[,]E € €12(9,9Q) such that

X“'glp E 81 Uk

h>0

Then, comparing ) with ( - we can express the coefficients [v ]z ;j In terms of expansions
terms of the homogeneous harmonic functions v;. For example, for the first coeflicient of
we have
[v]272,n72(x) = v, 9(x) Vx€0.Q
A similar computation can be performed also for the coefficients of . The first one will
be
[0 0200 = 2aa(s(x)) WxE D0

Expansions on Jw. for reflected rescaled functions in %hl “(R™\w). In what follows,
we will also need to consider the expansion on dw, of functions that are harmonic in R™\ ¢(we).
Namely, for v € %ﬁl “(R™\ w), we consider the expansion of

X) —
v <§(€1P+€1€2 ) 61P>. (4.9)
£1€2

‘We observe that
s(eipteeaX) —eip 1

c1en -, (6(p) —p+eas(X)). (4.10)

As a consequence, the argument of (4.9) depends only on €5 and not on ;. Moreover, by

(4.4) and (4.10) we deduce that

" s(e1p +€162X) —
E1€2

m) = |2l 2(s(p) — p +226(X))* 0" (62 |f<(p%): , : sr;g((xxfr?) '

Since v* is analytic in a neighborhood of 0 and ¢(p) — p = —2ppe,, # 0, we can verify that the
map that takes 9 to the function

o s(p) = p+ex(X)
0w 3 X (s(p) = P+ £26(X))* "0 <€2 [s(p) —p + 62<(X)|2>

is real analytic from a neighborhood of 0 in R to €*(0w). We deduce that there are coeffi-
cients [v]?’g(w) € €1*(0w) such that

v(g(glp%lez)()_glp) = > SR, (4.11)

€182 j>n—2

[ ]<( )s YUS(W)

for € > 0 small enough. As for the [v]$ i;'s and s, also for the coefﬁments [v
can find expressions in terms of the homogeneous functlons vy. Indeed, by (4.7) and ( -

we have
L (slerptereX) —ep)
£1€2

we

Z b v (s(p) — p + 25(X)). (4.12)

k>n—2

20



Since ¢(p) — p # 0 and the v;’s are analytic away from 0, we can take their Taylor series at
¢(p) —p and then compare (4.11)) with (4.12]) to obtain expressions for the [v]?’g(w)’s. The first

one 1s

[”]w’g(w)(x) =uv,_s(s(p) = p), VX E dw.

4.1.2 Extension operators

We will exploit the extension operators Fq and E,, defined as follows: Eq takes a function
¢ € €1(09) to the unique solution u € CKhl "*(Q) of the Dirichlet boundary value problem

(4.13)
u=4¢ on 0,

{Au =0 1in Q,
and B, takes a function ¢ € €1%(dw) to the unique solution v € thl’a(R” \ w) of the exterior
Dirichlet boundary value problem

Av =0 in R"\ @,
v="1 on Ow, (4.14)
limx 00 v(X) = 0.

4.2 The iterative procedure

We now describe an algorithm that produces a better approximation at every iteration. To
do so, we have to decide what we intend by ‘better approximation’. Indeed, when one has
only one perturbation parameter this is immediately evident: an error of order €3 is better
than an error of order €. With two parameters €1 and €2 the question is more complicated. If
we let the pair (1, 2) tend to (0,0) along a curve in R?, then a combination of £; and 3 may
or may not be smaller than another depending on the specific curve. For example, if we take
both €1 = € and €9 = ¢, then an error of order 6:{’62 would be better than an error of order
5153, if, instead, €; = ¢ and €9 = €2, then it is the second error to be preferable. It seems
that there is not a unique canonical way to solve the problem. Then we have to introduce a
suitable convention. In this paper, we decide that an error of order 5"16; is preferable to one
of order e¥el if i + j > h + k. In other words, we say that

an error in O( Z sia%) is smaller than an error in O( Z 536%) if M >N. (4.15)
i+j=M i+j=N
An advantage of condition (4.15) is that the membership of an error in O(}, ;_y elel)
is independent on the possible parametrization of (e1,£2) along a curve. However, for the
purpose of determining the coefficients U; ; and V;; in the expansion, criteria is as
good as any other we could have taken.

The algorithm. Suppose that we have already identified the coefficients of an approxima-
tion with a remainder in O(}, ;_y ele)). To determine the next coefficients we proceed as
follows:
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Step 1. We consider the approximation that we have and we use the expansions , ,
, and to determine the principal parts of the misfits on 942 and dw.. We note that
our procedure never gives errors on dpf2. In other words, at any step all the approximations
will be exact on Jp€2. Then, there might be two different situations:

(1.a) The errors on 04+ and Ow. are equivalent. That is, they are both in O3,y 51'15%)
for some M > N and neither one is in O(3;, ;_nr11€13);

(1.b) The error on dw: is bigger than the error on 04. The error on dw. can be generated
by the slow variable terms, as it happens in the classical applications of the multi-scale
expansion method, but also by the reflected fast variable terms.

In principle we may expect another case, that is, the case where the main error is on 0,f2.
However, the application of the present algorithm never generates such a situation (as we
shall also see in the iterations below).

Step 2. Depending if we have case (1.a) or (1.b) in Step 1, we proceed with the following
step (2.a) or (2.b):

(2.a) If we have reached the desired precision, we stop here the iterative procedure, otherwise
we correct the main error on 94€). To do so, first we extend the misfit on 94+ by 0 on
the whole of 9€) and then we exploit Eq to construct a corrector. Adding such corrector
to the approximation that we already have generates a new error on Jwy;

(2.b) We correct the principal part of the error on dw.. We construct correctors extending
the traces on dw. by means of F,. In view of Example for any new fast variable
term that we add to our approximation we must also add a corresponding reflected fast
variable term. This operation generates new errors on 042 and dw., but not on 92,
because the contribution of the fast variable term and of the reflected fast variable term
cancel one another on that part of the outer boundary.

When Step 2 is completed we go back to Step 1 and start over again, or, if we were in case
(2.a), we can decide to stop the iterative procedure. If we stop with an approximation that has
remainder in O(>, =M 5%5%), then by Proposition the coefficients of such approximation
must coincide with the coefficients U; ; and V; ; with 2 + j < M — 1. As a consequence, we
will be able to identify all the coefficients U; ; and V; ; with ¢ +35 < M — 1 as the first terms
of the Taylor’s expansion of the solutions of certain boundary value problems.

We now present an explicit computation. For the sake of simplicity in the exposition,
we confine ourselves to the 3-dimensional case (n = 3) and we stop the iteration with a
remainder of order 3, that is, in O(3_,,;_3 glel). Other dimensions can be studied and
further approximations can be obtained by a straightforward modification of what we do
below.

First iteration

Step 1. In view of (4.1]), we start with the approximation

X—e1p S(x) —e1p _
u0,0(x) + 0,0 ( 51521 > — 0,0 <(<>€1521> Vx € Q., (4.16)
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where upp = wp is the unique solution of (1.2) and vpo = vo — ¢°(0), with vp as in (L.4)
(we modify vg to have a function vy that is harmonic at infinity). Since ugo(x) = g°(x) for
x € 049, the trace of (4.16]) on 0, is given by

g°(x) +vo,0 (X — 61p> — 00,0 (g(x)_qp) Vx € 049Q.
2

€1€2

Then we have on 042 a misfit

0,0 <X — 81p> — 0,0 (G(X)—81p> Vx € 8+Q
£1€2 €1€2

Using the expansions (4.5)) and (4.6) we can verify that the principal part of the error on 042
is given by

E1E2 [U070]%1(X) — E1€2 [’U0,0HS?) (g(X)) Vx € 8+Q. (4.17)

We now pass to consider the error on dw,. Since vy = vgo + ¢°(0) solves the boundary value

problem ((1.4), the trace of (4.16]) on dwe is given by

» slerp+e1e9X) — ¢
oalerp + £120%) + 6'X) = 7(0) + o (CEPELLIZIARY x e g,
1€2
Accordingly, we have on Jw, a misfit
sleip+€162X) — ¢
uo,o(slp + €1€2X) — gO(O) + vo,0 < ( 1P 61 62 ) 1p> VX € dw.
1€2

By the expansion the main contribution of ug g(e1p + €1£2X) for €1 and e3 small is given
by [uo,0]80(X) = u0,0(0) = g°(0) (see also (4.3)) and thus it is corrected by the term —g°(0)
produced by vg(X). Then, we can exploit the expansions and to show that the
principal part of the error that remains on dw, is given by

€1 [u0,0]7o(X) — &2 [Uo,o]f’c(w) (X) VX € dw.

As we can see, the error on Jw, is bigger than the one on 0, computed in (4.17): we are in
case (1.b).

Step (2.b). We proceed to correct the misfits on dw.. To do so, we introduce the functions
v1,0(X) = —Ey ([uoolfo) (X) and wvo1(X) = E, ([UO,O]TS(W)) (X) WX eR\w. (418)

With these our next approximation is

u0,0(x) + v0,0 <X — 51p> — 00 (g(x)_glp) +eve (X - 61P> g <§(x)—€1p>
€1€2 €1€9 €169 £169

+ €2%0,1 <X — 61p> — €2%0,1 <§(X)€1p> Vx € Qie (4.19)
£1€2 €1€2
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Second iteration

Step 1. With the approximation (4.19) the main error on 9; remains (4.17). Indeed,
we can exploit the expansions (4.5) and (4.6)) to verify that the misfit produced on 9, by
the new correctors are in O, ;_3 ele)) and thus they are smaller than (4.17). Then, we

consider the trace of (4.19)) on dw. and exploit (4.2]) and (4.11]) to compute the principal part
of the misfit (the computation is similar to the one described in Step 1 of the first iteration).

We obtain
&7 [uo,0]5 0(X)+e122 [uo,0)% 1 (X) —3 [vo0)5 ) (X) —e1e9 [v1,0]5°) (X) =3 [o,1] 7 (X) (4.20)

with X € Jw. As we can see, the errors on 042 and Ow, are now equivalent. So, we are in
case (1.a).

Step (2.a). We can decide to stop here the iteration and content ourselves with a remainder
in O34 -2 g'el), or we can proceed to correct the misfit (4.17) on 9;Q. We opt for the
second choice and we introduce the corrector

w1 (x) = = Bo (o0l () = loooi P () () (4.21)

where we understand that [vo,o]gf’l(-) — [vovo]if?) (s(+)) is extended by 0 on 0p2. With this, our
next approximation is

X—e1p SX) —ée1p X—e&1p
UO,D(X) + €162 u171(x) + v0,0 < > — 0,0 <()> +e1v10 < 6 )

£1€2 €1€2 1€2

— &1 '1)170 (g(X)—Eﬂ)) + &9 1)071 (X _ 51P) — €2 70,1 <§(X)_Elp> Vx € Qig (4.22)

E1€9 €1€9 £1€2

Third iteration

Step 1. We now consider the trace of the approximation on 9,€) and use the expansions
(4.5) and (4.6) to compute the principal part of the misfit (see Step 1 of the first iteration).
Doing so, we verify that the main part of the error of (4.22)) on 0,2 is given by

e3ex [vo,0]81 (%) + 262 [v0,0)51 (6 (%)) + e2ea [vr 0]y (x)
— e3ea [o10)i P (6(0) + €163 [0 )1 (x) — 163 [w01)557 (s(x) Vx € B,

Instead, the main part of the error on dw, is still given by . Indeed, u1,1(0) = 0 and
thus [u11]gy = 0. In view of the expansion (4.2), it follows that the main contribution of
€1€2u1,1 on Owg is 5%52[u171]°ﬁ0 that is smaller than . Then, we observe that the misfit
on Ow; is bigger than the misfit on 0+8: we deduce that we are in case (1.b).

(4.23)

Step (2.b). Accordingly, the next correctors will be
v2,0(X) = —Eu ([uo,0]5,) (X),
v11(X) = —E, ([uo,o]iﬁ - [vl,O]Of’g(w)> (X), (4.24)

w02(X) = Eu ([0l + [o0)7“)) (%)
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for X € R3 \ w, which yield the approximation

X—é&1p S(x) —ep
u0,0(x) + €162 u1,1(X) + vo,0 < 1 > ~ w0 (Ul)

£1&92

—&1p —&1p
+€1v1,0< ) 617)10( )

€1&2 6162

—€ —€
+ €2v0,1 < 1P> — €200,1 ( P 1P>

=2 (4.25)

—€ —€
+—€%U29 ( 1p> 61020 ( 1P

£1€2 €1€2

€1p

+€162v11 < ) — £1€201,1 (()
£1€2 €1€2
X — € X) — € —
+ E% V0,2 ( 1p> — 6% V0,2 <§()1p> Vx € (..

€1€2 €1€2

Fourth (and last) iteration

Step 1. With the approximation the main error left on 042 is still given by , the
misfit produced on 0,2 by the corrector added in the third round is indeed in O(3_;, ;4 eled)
and it is smaller than . The main error on dw. can be computed as in the previous
iterations and it is

e [uo,050(X) + 362 [uo,0)51 (X) + 32 [ur,1]0(X) — €3 [vo,0l5 ) (X) — £163 [v1,0]5°* (X)

— &3 Juoly @ (X) — e2ea [ua,0)y ) (X) — €163 [w1,1] 7 (X) — €3 [uo 2l (X) VX € .

Both the error on 04 and the one on dw, are in O() €1€2> and we are in case (1.a).

i+7=3

Step (2.a). We can decide to stop here the iterative procedure. We have obtained an ap-
proximation with a remainder in O(}_, , ; j=3 5152) and accordingly we can write and expression
for all the coefficients U; ; and V; ; with ¢ 4+ j < 2 (cf. Proposition [3.2 E In particular, it holds
Uio = Uy = Uz = Upo = 0 and for all others we have U; ; = u; ; and V; ; = v; j. Moreover,
since computing the extension operators Egq on a function ¢ € €1%(92) and E,, on a function
Y € €1%(0w) is equivalent to the solution of problems and , respectively, the
computation of such coefficients U; ; and V; ; is reduced to the solution of the boundary value
problems corresponding to (4.18]), (4.21)), and (4.24).
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