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Abstract

In this paper, a peridynamic-enhanced finite element formulation is introduced for the numerical simulation of thermo—hydro—
mechanical coupled problems in saturated porous media with cracks. The proposed approach combines the Finite Element
(FE) method for governing heat conduction—advection and fluid flow in the fractured porous domain, and the Peridynamic
(PD) method for describing solid phase deformation and capturing crack propagation. Firstly, the consolidation problem of
a porous column is simulated by using the proposed approach. The m- and é-convergence studies are carried out with the
isothermal condition to determine suitable discretization parameters for the PD model. Subsequently, non-isothermal conditions
are considered, and the accuracy and reliability of the proposed approach are validated by comparing the numerical solutions
with those obtained from a FE-only model. Furthermore, several numerical examples focusing on scenarios involving cracks
are solved and presented to further highlight the capabilities of the proposed approach in addressing heat conduction—advection
problems in fractured saturated porous media, as well as hydraulic fracture propagation problems with considerations of
thermo—hydro—mechanical coupled effects.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CCBY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Introduction

The coupling of different physics is inherent in various engineering problems, including hydraulic fracturing
[1-3], hot/cold water injection [4-6], radioactive waste disposal [7], geothermal reservoirs [8—10], and others. In
these problems, the interaction between different physical phenomena, such as thermal, hydraulic, and mechanical
processes, plays a crucial role [11]. One important aspect is the variation of temperature, which has substantial
effects on the stress equilibrium within the medium and influences hydraulic behaviour. Similarly, changes in
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hydraulic conditions can also impact temperature distribution. These effects lead to complex coupled Thermo—
Hydro-Mechanical (THM) responses, involving strong interactions among thermal transport, fluid flow, and
deformation of the solid skeleton. Understanding and analysing these coupled THM responses are important for
accurately predicting the behaviour of porous media in various engineering applications [11-14].

However, THM coupling is a challenging research topic due to its complexity and the presence of multiple inter-
acting physics. Analytical solutions for THM coupled problems are frequently constrained or entirely absent [14],
while experimental investigations struggle to precisely capture the intricacies of the THM coupling system, further
compounded by their costly and time-intensive nature [9]. Consequently, numerical simulations have emerged as
the predominant approach for investigating and comprehending THM coupling phenomena, which requires the
development of advanced numerical models and simulation techniques that can capture the complex interactions
and provide reliable predictions.

In the past few decades, numerous numerical methods have been developed and used to simulate THM coupled
problems both in saturated and unsaturated porous media [11,13,15]. Based on the consideration of cracks, these
methods can be classified into three distinct categories: (1) methods that do not consider the presence of cracks,
(2) methods that incorporate fixed cracks into their analysis, and (3) methods that explicitly account for cracks and
their propagation [15].

In the first category, the THM models are primarily based on the theory of continuum mechanics and are solved
using the Finite Element Method (FEM). Aboustit et al. [16] first applied the variational principles to derive finite
element formulations for investigating thermo—elastic consolidation of the porous media, providing the fundamental
methodology for the numerical study of THM coupled problems. Lewis et al. [17] made significant advancements
in the field of THM coupling by extending the spectrum of study to non-isothermal elasto-plastic consolidation
of porous media, where the FEM was used for the numerical implementation. Some other recent contributions
based on FEM can be found in [11-14,18,19]. In addition to the FEM, other methods have also been employed
for implementing THM coupled analysis of porous media. Cao et al. [20] implemented a 3D transient model in a
CFD software to investigate the THM coupling processes during heat extraction of enhanced geothermal systems.
Rinaldi et al. [21] and Rutqvist et al. [22] combined the Toughreach (a coupled THC code) with FLAC (a commercial
software based on finite difference method) for simulating the THM coupled problems, providing predictions for
some enhanced geothermal system projects.

Subsequently, more attention had been given to the THM coupled problems in fractured porous media. A series of
numerical methods, classified as the second category, have been specifically developed to address the consideration
of fixed crack distributions within porous media. Noorishad et al. [23] developed a computer code based on a
variational principle and Galerkin FEM to investigate the potential application of THM coupling in the field of
fractured rock mechanics. Nguyen and Selvadurai [24] developed a finite element code, called FRACON, and
utilized it for the preliminary analysis of the THM-coupled response of a sparsely fractured rock mass surrounding
a hypothetical nuclear fuel waste repository. In [25,26], the discrete fracture models were proposed to conduct THM
coupled analysis of fractured rock masses, considering them as dual-medium systems composed of a discrete fracture
network and a rock matrix. Feng et al. [27] implemented a new heat conduction formulation in FLAC, considering
the heat transfer in propagating hydraulic fractures and the heat exchange between fractures and reservoirs.

Under the THM-coupled action, the porous medium can undergo deformation or potential failure, leading to the
generation of new cracks, changing the structure and arrangement of the porous medium, potentially introducing
unanticipated risks. Therefore, some numerical methods, belonging to the third category, have been developed to
simulate the damage and crack propagation in the porous media in the THM-coupled context. Mora et al. [28]
implemented the bonded-particle-model in the framework of Discrete Element Method (DEM) to investigate the
hydraulic fracture propagation in quasi-brittle rocks under the THM-coupled effects. Safari and Ghassemi [29]
combined the Displacement Discontinuous Method (DDM) and FEM to study the interaction between the fracture
mechanics and the THM coupling process. Li et al. [30] developed a thermo—hydro-mechanical-damage coupled
model and implemented it in the Rock Failure Process Analysis code (RFPA) for simulating the progressive failure
in heterogeneous and brittle rocks with THM coupling. Yu et al. [31] proposed an improved Smoothed Particle
Hydrodynamics (SPH) algorithm for the THM-Damage problems in rock mass. In [15], a THM-coupled model was
developed based on the combined finite-discrete element method (FDEM) for simulating crack propagation driven
by multi-physics. Furthermore, some other numerical methods for the THM coupled analysis have been summarized
in [32,33]. Although numerous numerical approaches have been proposed for THM coupled problems, they still
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possess certain limitations and encounter challenges when addressing multi-crack phenomena, crack bifurcation,
and leak-off issues, particularly in 3D conditions [3].

The theory of peridynamics (PD), which was first introduced by Silling in 2000 [34], is a non-local continuum
theory based on integro-differential equations. It is particularly well-suited for simulating crack propagation in
structures because it allows cracks to naturally grow without relying on external crack growth criteria [35-37].
The initial version of the PD theory, known as Bond-Based PD (BB-PD), had a significant constraint whereby the
Poisson’s ratio could only be assigned a fixed value [35,37,38]. To overcome this limitation, it was extended in the
final form called State-Based PD theory (SB-PD) [36], including ordinary and non-ordinary versions (OSB-PD and
NOSB-PD). Over the past two decades, PD has experienced rapid development and has been extensively utilized
to solve a wide range of single physical field problems, including the thermal diffusion [39], heat conduction [40],
fluid flow [41], and other mechanical problems involving discontinuities [42—44]. Furthermore, several coupled
PD models have also been proposed to simulate fracture problems in multi-physical environments, such as the
hydro—mechanical [3,45-48], thermo-mechanical [49,50], electro—thermal [51,52], electro-mechanical [53-55],
and other more complex coupled problems [56—58]. Nevertheless, as a consequence of its inherent non-locality,
numerical approaches based on PD generally incur higher computational costs compared to methods that utilize
local mechanics and FEM [38]. Coupling to the methods based on local theory has become an increasingly popular
approach for retaining the flexibility of the PD model in dealing with cracks, reducing the overall computational
costs and improving model solution efficiency [3,37,38,59-61].

This paper presents a peridynamic-enhanced finite element formulation for the numerical simulation of THM-
coupled problems in saturated porous media involving cracks. The FE equations are employed to govern the heat
conduction—advection and fluid flow within the fractured porous domain, while the OSB-PD is utilized to describe
the deformation of the solid phase and capture the cracks and their propagation. The couplings between the physical
fields are implemented through thermoelastic and Biot theories. In the FE equations, the coupling terms are treated as
local expressions, whereas in PD equations, non-local applications of hydraulic and thermal forces are employed.
An in-house software is developed in MATLAB, with which, a series of numerical examples are carried out to
validate the proposed approach and to demonstrate its capabilities. The main contributions of the paper are listed
as follows:

e The OSB-PD and FE models are combined to solve the thermo-hydro-mechanical coupled problems in
saturated porous media involving cracks;

e The discretization of the OSB-PD model is described in detail, including the bond-associated coupling matrices
for the hydraulic and thermal forces;

e The partitioned and staggered solution approaches are introduced to solve the coupled system;

e The proposed model is applied successfully to simulate heat conduction—advection problems in fractured
saturated porous media and hydraulic fracture propagation with considerations of thermo—hydro—mechanical
coupled effects.

The paper is structured as follows: Section 2 provides an introduction to the thermal-hydro—mechanical model,
including the presentation of the OSB-PD equations for the solid phase and the governing equations for fluid flow
and heat conduction—advection in fractured porous media. Section 3 describes the numerical implementation of the
proposed approach. In Section 4, the accuracy and reliability of the methodology are assessed through an isothermal
and non-isothermal consolidation example, then a series of numerical examples focusing on scenarios involving
cracks are solved and presented to further demonstrate the capabilities of the proposed approach. Finally, Section 5
concludes the paper.

2. Model description

2.1. Ordinary state-based peridynamic equations for the non-isothermal saturated deformed porous media

2.1.1. Basic concepts

A material domain {2 governed by a PD-based model is usually assumed to be composed by a series of material
points (see Fig. 1), and each of which occupies an infinitesimally small volume. Assuming that x is a point in
the domain, it will interact with all the other points within a prescribed neighbourhood, marked as H,. H, is
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(a) Initial configuration at time ¢,  (b) Deformed configuration at time #

Fig. 1. Schematic diagram of the peridynamic model in its (a) initial and (right) deformed configurations.

usually a circular area in 2D and a spherical volume in 3D, which can be described by the horizon radius é and be
mathematically defined as:

He =Hx, 8 ={llEl <6:x" € 2} (1

where x’ represents a point located in x’s neighbourhood. & is the vector describing the relative position of x’ with
respect to x in the initial configuration ({2):

E=x"—x 2)

and ||-|| denotes the Euclidean norm, therefore, ||&|| represents the distance between the two points. In PD theory,
the concept of “bond” is usually introduced to describe the connection between points, and & represents the bond
between points x and x’.

In the deformed configuration ({2,), the points x and x’ are displaced by u and u’, respectively. Accordingly, the
relative displacement vector of the two points is given as:

n=u—u 3)

In the OSB-PD theory, the concept of “state” is introduced [36], the reference vector state and deformation vector
state are defined as X (&) and Y (&), respectively, and expressed as:

X&) =& ., Y& =5+ “)
The reference position scalar state and deformation scalar state are defined as:
x=[x]| . y=]x] )

where || X H and HZ| are the norms of X and Y, representing the distances between the two points in their initial
and deformed states, respectively.

The force density vector states of points x and x’ in the deformed configuration at time ¢ are defined as T[x, ¢] (§)
and ’I‘[x’, t] (—&). Thus, the governing equation of motion of the OSB-PD model can be given as [62]:

pi (x, 1) = /H (Trr.r1(€) — T[¥'. (] (~8)} dVy + b (x. 1) ©)
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where p is the material mass density; ii is the acceleration; d Vs is the infinitesimal volume associated to point x’;
b is the force density applied by an external force field. In addition, the density of the two-phase porous medium
can be defined as [63]:

p = (1—n)ps+npy @)
where n is the porosity; p,; and p,, are the mass densities of the solid and fluid phases, respectively.

2.1.2. The OSB-PD isotropic elastic material
Referring to [36,64], the elastic strain energy density at point x in an isotropic elastic material can be expressed

as:
k6> 15u

W(6,e!) = —+ =L 4 eldvy 8

(6.¢%) > T , ree (8)

where k¥ = ﬁ and u = Z(ILM) are bulk and shear moduli of the material, and E, v are the Young’s modulus

and Poisson’s ratio. 6 is the volume dilatation value at point x, ¢? is the deviatoric extension state, they are defined
as: [62,65,66]:

A
0=— [ wxedVy )
m Hoy
Ox
d X
—_ = 10
¢ =e¢- 3 (10)
in which, A is a constant given as:
3, 3D
A= { 2 , plane strain an

m is called the weighted volume given as:
m= / w x xdV,, (12)

and w is an influence function, the possible forms of which have been summarized in [67]. w = 1 is adopted in the
paper. e is the extension scalar state for describing the longitudinal deformation of the bond, usually defined as:
e=y—x (13)
The force density vector state T [x, t] (&) exerted on point x along the deformed bond can be defined as:

Tlx,1](§) =1-M (&) (14)

where M (&) is a unit state in the direction of Y, which is defined as:

‘N

and ¢ is called the force density scalar state. Referring to [62,64,66], the expression of ¢ for the isotropic elastic
material can be obtained as:

5)

|~

r= (K—S)0%t 4 Ge (16)
where K and G are positive constants related to material parameters and given as:
3k , 3D
K= { 2K — %/L ,  plane strain a7
) e, 3D
G= { 8u , plane strain (18)
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2.1.3. Terms of pore pressure and thermal stress in OSB-PD material model
As explained and derived in [3,64], the terms of pore pressure and thermal stress can be considered by adding
them directly to the dilatational term, which is related to the effective stress principle [63,68] and thermo-elasticity
[69]. The expressions of the total force density scalar state #’°' can be given as:
[(K = 1G)6 —3ap — kBB %5+ Ge . 3D
- -7 (19)
[(K -1G)0 —2ap — 6/(59] YL 4 Ge2 , plane strain

ttot
m
where o and B are the Biot coefficient and thermal expansion coefficient of the material. p is the pore pressure.

O = O — 6, is the temperature difference, where © and ©, are the current and reference temperatures. Therefore,
the force density vector state involving the effects of temperature and pore pressure can be given as:

T[x.p. &ur]§) =1 M) 20)

Accordingly, the thermo—hydro—mechanical coupled OSB-PD equation of motion is given as [3]:
pii .= [ t[xp0ui] @ - 1[v. . 0] 0] ave + b @
Hx

where p, p’ and O, @’ are the values of pore pressure and temperature difference at points x and x’, respectively.

2.1.4. Bond-breakage criterion and damage description

In order to describe failure and crack propagation in solid materials, the bond-breakage criteria are essential in the
PD models. The “critical bond stretch” criterion, first introduced in [35] for BB-PD models, is sometimes used for
the OSB-PD models. However, different from that in BB-PD models, the deformation in OSB-PD models contains
both the volumetric (0) and deviatoric parts (gd ). Therefore, the formulae of the criteria for OSB-PD models should
be different from those for BB-PD models. Referring to [70], a specific “critical bond stretch” criterion is adopted
for the OSB-PD models in this paper.

In the adopted failure criterion, a scalar variable o is defined to indicate the connection status of the bonds,
taking into account the deformation caused by the temperature field, which is given as [59,71]:

1, ifs(&) —-pO <5,
o8 = { 0 , otherwise (22)
where s (&) is the stretch value of bond &, defined as:
e(§)
= &5 23
s(&) (&) (23)

O =(0+06) /2 is the average of the temperature differences at the points connected by bond &. s, is the critical
stretch value and its derivation is explained in Appendix A.
Then, the damage value ¢, at point x can be obtained by:

b i) 0@ dve
f';.[x w <E> dVy

in which ¢, € [0, 1], and the cracks can be identified wherever ¢, > 0.5.

(24)

O =

2.2. Governing equations of fluid flow and heat conduction in fractured porous media

As described by the Fig. 4a of [3], the whole domain of a fractured porous medium modelled by the PD approach
can be divided into the unbroken domain (reservoir domain), the fracture domain and the transition domain according
to the damage levels, which are represented by (2., {2y and (2, respectively. Based on the PD damage field (¢)
defined in Eq. (24) and setting two threshold values (c; and ¢;), the reservoir domain can be identified as ¢ < ¢y,
the fracture domain as ¢ > ¢, and the transition domain as ¢; < ¢ < ¢;.
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Using the Darcy’s law to describe the fluid flow in the saturated porous media and taking into account the
thermal effect, the governing equation, i.e. the mass balance equation, for the fluid flow in the non-isothermal
reservoir domain is given as [63]:

ap aey 90 k,
Ss—+o,——-—B—+V-|—(-Vp+ =0 25
ra; Yo B uw( P+ Prug) (25)
where s,, o, B, and k, are the storage coefficient, Biot coefficient, thermal expansion coefficient and permeability
of the media in the reservoir domain, respectively; i, and p,, are the viscosity coefficient and density of the fluid.
&, is volumetric strain and g is gravity. The storage coefficient is given as [63]:

(@, —n,) (1 —a,) ny
.= — 26
Ry X, + K. (26)
in which K, and K, represent the bulk moduli of solid and fluid in the reservoir domain, respectively, and n, is

the porosity. In addition, for a fluid saturated porous medium, the thermal expansion coefficient is evaluated by:

Br = (1 —ny) Bs +nBu 27

where f; and B, are the corresponding thermal expansion coefficients of the solid and fluid.
The governing equation, i.e. the enthalpy balance equation, for the heat conduction in the reservoir domain is
given as [63]:

eff 0 e w kr eff
(0Cp)," 5+ PuCy = (VP +pug) - VO =V - (477 6) =0 (28)
where ¢ and (,oC ,,)iff are the effective thermal conductivity and effective heat capacity of the reservoir domain.
They are defined as:
2 = (1 = n,) %, + npoey (29)
and
eff s w
(pcp)r =(—-n) ,OSCP + nrpwcp > (30)
respectively, where x,, x, and C;‘,, C;’ are the thermal conductivities and heat capacities of the solid and fluid
phases.
The governing equation for the fluid flow in the fracture domain can be given as:
p gy 20 k¢
Sf§+ v —ﬁf—+V — (=Vp+pug)| =0 @31

where sy, oy, B and k are the storage coefficient, Biot coefficient, thermal expansion coefficient and permeability
of the media in the fracture domain. To simplify the studied problem [3], the fracture domain is assumed to be fully
filled by fluid, based on which, the cubic law can be used to evaluate the permeability of the fracture domain
[1,72,73]:

1
kp=—a* 32
= (32)
where a is the aperture of the macro crack.
The governing equation for heat conduction in the fracture domain is given as:
20
(0C))T R cw—-( Vp+pug) - VO — V- (xVE) =0 (33)

Note that the porosity and B10t coefﬁ01ent of the fracture domain are taken with nyg=1and oy =1[1,3], and
the related coefficients are taken as s; = K ,» Br = Bu> (pC ) = ,owC Wand }f = 1, respectively.

The transition domain is set to 1mplement a smooth transmon from the fracture domain to the reservoir
domain [1]. The governing equations for the fluid flow and heat conduction in the transition domain are given
as:

ap L 06 kr
ST +oar a7 —,3r—+V M—(—VP-HJwg) =0 (34)
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and
off 06 w KT eff
(pCp), v + pr L (—Vp+pug) VO -V (x3'VO) =0. (35)

Given the linear indicator functlons xr and x  defined in Eqs. (29-31) in [3], the related material parameters in the

transition domain can be calculated by interpolating those in the reservoir and fracture domains: s7 = s, x, +57 X,
eff eff eff

o1 = ety tepxy Br = Pt Brp nr = nettngxps ke = kexe ko, (pCp)r = (0Cp), %o+ (Cp) ) X1
and }f = }feffx + ij";ffxf

In order to solve the governing equations, the initial and boundary conditions should be defined within the domain
(£2) or on the boundary (I"). The initial conditions for the fields of pore pressure and temperature at time t = O are
given as [63]:

P = Do =6, inf2 and on [l (36)
The Dirichlet boundary conditions are given by [63]:
P = Dc on Iy

©=6. onlpg 37)
The Neumann boundary conditions for the fluid flow and heat transfer are given by [63]:
k
P (=Vp+pug) m=q, onlj (38)
and
(—%rVO) -n=gqo+x (6 —6x) onl, (39)

where g, is the fluid source and n is the unit vector normal to the applied boundary. g ¢ is the imposed heat flux, s,
is the convective heat transfer coefficient and @, is the unperturbed far field temperature. The term x,. (6 — Oy)
describes the cooling condition occurring at the interface between a porous medium and the surrounding fluid or
air [63].
3. Discretization and numerical implementation

In this section, we will use the three-dimensional case as an example to introduce the discretization and numerical
implementation of the model.

3.1. FEM discretization of the governing equations for fluid flow and heat conduction

Application of the weighted residual method with a proper choice of weighting functions (w"* for fluid flow
and w® for heat conduction) to the governing equations and boundary conditions will give the following weak

forms [63]:
fo [(Ww)Ts + w")Tam L% — (ww)Tﬂ"’Q] dn “
s [(wa)T (—%Vp n %pwg)] dQ+ [rg [(ww)T Z—:] AT =0 @

and

Jo | V) 1(0€)0 22T+ 0) [(puCy & -V 4 o) - v 0]} a2
—[o[ (VW) (2 )| a2+ [0 [(wO) [4® + (6 = 00)]}dr =0

for the fluid flow and heat conduction processes in the saturated porous media.

Then the finite element method will be used to implement the spatial discretization of the governing equations
in their weak forms. When applying the Galerkin method with the shape functions N,, N, and N ¢ for the fields
of displacement, pore pressure and temperature, the governing equations will be transformed to:

Jo [NFsN, 2 + NTam™LN, 2% - NTAN 052 | d 0

+ 1o [(VN)" e (VN,) p = (VN pug|d 2 + [y [NTe2]ar =0
8

(41)

(42)
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Jo NE[(0C)) s Nol 52 + NG [0uCh e (<Yp + pup)| - VN6 a0

~[o[(VN )" (—xiVN o) ©]d 2 + [14 (N5 [4° + 2% (8 = O)]}dl =0 “
which can be rewritten in the following forms [63]:
Cowd + Kusit +Kyyo © + Kyup = Q, (44)
and
Co0O +Koe® = Qo (45)

The equations to obtain these matrices and vectors can be found in Appendix B.
3.2. Discretization of the PD equations

The discretized thermo—hydro—mechanical coupled OSB-PD equation of motion at time instant ¢ is written as:
pii; = Z;V:f [T [x,», pi» 6;. f] (€;)-T [xj, pj: 0;, t] (_‘Sij>} Vi + b
= Z;\’:f {Thei 01 (&) = T[xj. ] { =)}V
—3a Zjvjf [piﬂ%ﬂgij) - Pj%ﬂ(‘ﬁij)] "V

- 98 T, [é"mjm_?jM@ij)— Qjmfé_fﬁﬂ(—&ﬂ]'vﬂrb?

(46)

where x; is a family node of x;, and Ny, is the number of family nodes in the neighbourhood of x;. V; is the
volume of node x ;.

Based on notions exposed in Appendix C, assembling all the bond-associated matrices will give the global matrix
form of the equation of motion as:

Mii + Kyu — Ky p — K0 @ = F 47)
where M is usually taken as a lumped mass matrix, whose entries on the main diagonal are given as:

M;; = pV; (48)
K,; is the stiffness matrix of OSB-PD model, which is obtained as [66]:

Ky = (K - Co +K,) - Ce (49)

where the matrices of C,, K9, K, and Cy are assembled from those in Eqs. (C.9)-(C.11) and (C.14).

Remark 1. The implementation we adopted assumes that PD nodes and FEM nodes coincide, so that it is immediate
to transfer information from one field to the others. It is clear that the proposed computational method works as
well in the case of having different node positions for the various fields.

3.3. Solution procedure
According to the characteristics of the problems considered in this paper, the inertia term can be ignored.

The combination of Eqgs. (44), (45) and (47) will generate the global transient equilibrium equation of the
thermo—hydro—mechanical coupled problems as:

0 0 0 i K, -K,., -Ko u Fext
Ko wa Ko P + 0 Kyw 0 p = Qw (50)
0 0 C 06 @] 0 0 K@@ (©) Q@

The monolithic augmentation approach, first proposed in [74], is the most obvious solution procedure for the
coupled system equation in Eq. (50) [75], where the solution for the unknown variables at each iteration step can be
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obtained in one go with the given initial and boundary conditions [76,77]. However, when employing the monolithic
augmentation approach, the coefficient matrices of the combined equations become notably large, with some being
asymmetric. As a consequence, this approach poses challenges in terms of both memory and time requirements [3].

The staggered approach offers an alternative solution method for the coupled equations [78], involving the
partitioning of system matrices during the solution process [75,79]. This technique holds significance in the
formulation of numerical models for coupled problems. In the staggered approach, the partitioned subsystem
equations are solved sequentially, which is evidently advantageous for the weakly coupled problems [63,78]. A
great number of staggered approaches with matrix partitioning have been developed for thermo-hydro—mechanical
coupled problems [63]. In [79], a staggered solution approach was proposed for the non-isothermal consolidation
problems, which can produce a symmetric coefficient matrix, enhancing solvability and efficiency. In this approach,
due to the significantly slower variation of the temperature field compared to the other two fields, the temperature
field was solved separately, and then the fields of displacement and pore pressure were updated taking into account
the effects of the temperature field; in more detail:

e Solve the temperature field ©"*! using the following integration scheme [63]:
0" =[Coo + 1 AtKeo] ™' {[Coo — (1 — V) AKeo] ©" — A1QE — (1 —-9) At @y} (5D

n+1

e Solve the fields of displacement #"+! and pore pressure p"*! by using the following finite differences in time:

ﬁKss —ﬂsz n+v u n+1 B
K7 Cyy+9AK,, p -

® — DK, (1 — ) Ky " | OF s
KT wa - (1 - 19) A[wa P At Q’:u

sw
where At is the time increment and 0 < ¢ < 1 is the time integration parameter. The force acting on the solid is
calculated by:

(52)

F=F"1K,o0"" (53)

in which F** is the external load applied to the solid.

In the authors’ previous work [3,80], a staggered approach has been applied successfully to solve the quasi-
static and dynamic solutions of hydro—mechanical coupled problems. The solution of the thermo—hydro—mechanical
weakly coupled system can be obtained by using the same algorithm, where each row of Eq. (50) is solved
sequentially. Referring to the settings in [79], in each solution sequence, the temperature field will be updated
first, followed by the pore pressure field, and finally, the displacement field, using the following steps:

e Solve the temperature field ©@"! using the following integration scheme [69]:
0" = [Coo + ¥ AtKool ™' {[Cos — (1 — ¥) AtKep] @" — At Qg — (1 — ) At Q') (54)
e Solve the pore pressure field p"*! using the following integration scheme:

P =[Coy + 9 AtK 7] {[Cuy — (1 = 9) AtK, ] p" — 9 A1 Q0 — (1 = 9) At Q5

+ Ky (" —u"") + Ky (0" — 0")} (55)

e Solve the displacement field u"*! of the solid domain by using the adaptive dynamic relaxation algorithm

presented in [67,81,82], and the force applied to the solid is calculated by:
Fn+1 — Fext + K‘prll+1 + Ks@ @n+l (56)

4. Numerical cases

In this section, several numerical examples are presented to demonstrate the effectiveness and capabilities of
the proposed FEM/PD THM-coupled model. All examples are considered in plane strain conditions. The threshold
values for the linear indicator functions are taken as ¢; = 0.2 and ¢, = 0.35. In addition, the uniform grids are used
for the spatial discretization in all the examples, and ¥ = 1 is adopted for time integration to ensure unconditional
numerical stability.

10
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Fig. 2. Geometry, initial and boundary conditions for the non-isothermal consolidation problem.

4.1. Non-isothermal consolidation of a porous column

The first example is a non-isothermal consolidation of a fully saturated porous column, which was first proposed
by [83] and has been solved as a benchmark by [11-14,17,63] for the validation of THM-coupled models. The
geometry, initial and boundary conditions are shown in Fig. 2. A surface stress of o, = 1 Pa and a constant
surface temperature difference of A @, = 50 K are applied on the top edge of the porous column, which serves as a
drainage boundary (P = 0 Pa). The left and right edges are laterally constrained, while the bottom edge is vertically
constrained, and all of them are impermeable. The material parameters of the solid are taken as, Young’s modulus:
E = 6 x 10° Pa; Poisson’s ratio: v = 0.4; mass density: p = 2000 kg/m3; Biot constant: « = 1; permeability
coefficient: k = 4 x 107° m?; porosity: n = 0.25; thermal expansion coefficient: § = 3 x 1077 m/(m - K);
xoff = 0.2 W/(m-K)and C, =401 /(m3 - K). The fluid parameters are taken as, bulk modulus: K,, = 2.2 GPa;
dynamic viscosity coefficient: 1, = 1 x 1073 Pa-s; and mass density: p,, = 1000 kg/m?>. The partitioned solution
algorithm introduced in [63,79] is used here to solve the THM-coupled model, and a fix time step of Ar = 1 s and
? = 1 are adopted for the time integration.

The spatial discretization parameters are crucial for PD-based models, significantly impacting the accuracy and
efficiency. Before using the PD-based models for numerical analysis, it is necessary to carry out the m- and §-
convergence studies. For time-saving purposes, the m- and §-convergence studies are performed with the isothermal
case, omitting the effects of the temperature field. In the m-convergence study, the horizon radius is adopted as
6 = 0.15 m, and the m-ratio are taken as m = 2, 3, 4 and 5, respectively. The vertical displacement values on the
top edge are recorded during the iterations and plotted in Fig. 3. With the exception of the case where m = 2, the
numerical solutions demonstrate good agreement with the analytical solution [84], suggesting that m = 3 could be
an appropriate choice guaranteeing the computational efficiency. Subsequently, the §-convergence study is carried
out with m = 3 in conjunction with § = 0.18 m, § = 0.15 m, § = 0.12 m and § = 0.09 m. The comparison
among the corresponding numerical results and analytical solution are shown in Fig. 4. According to the presented
numerical results, it can be found that the m-ratio is a critical factor influencing the simulation results. When taking
m > 3, the proposed FEM/PD model can produce an acceptable result. In addition, a smaller horizon radius value
can yield a more accurate solution.

Based on the results of the convergence studies, it is indicated that selecting spatial discretization parameters of
m = 3 and 6 = 0.15 m would offer a favourable balance between accuracy and computational cost. This choice will
be employed to solve the non-isothermal consolidation example. In addition, another case withm = 3 and § = 0.3 m
is also considered for comparison. Fig. 5 shows the variations of the vertical displacement on the top edge versus
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Fig. 3. Variations of vertical displacement on the top edge versus time in the m-convergence study with § = 0.15 m.
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Fig. 4. Variations of vertical displacement on the top edge versus time in the §-convergence study with m = 3.

time. The variations of temperature and pore pressure at point A (see Fig. 2) are plotted versus time in Figs. 6
and 7. The shown curves closely resemble the solution obtained by the FEM-only model from [17], indicating the
reliability of the proposed model. The contours of temperature, pore pressure and displacement fields at t = 100 s,
200 s, 500 s, 1000 s, 2000 s and 5000 s are shown in Figs. 8(a) to 8(c). From Figs. 5-8, it can be observed that
before approximately 1000 s, the deformation of the structure is governed by the THM-coupled effect. Subsequently,
the dissipation of excess pore pressure is completed, and the structural deformation is mainly controlled by the TM-
coupled effect. Under the influence of thermal stresses, a rebound phenomenon occurs. This phenomenon highlights
the significance of considering the temperature field in the analysis, comparing to the HM-coupled model. In general,
all the presented results demonstrate the capability and accuracy of the developed FEM/PD model in simulating the
deformation of saturated porous media under the THM-coupled action.

4.2. Heat conduction and advection of fluid in a crack

The second example pertains to the conduction and advection of heat within a crack filled with fluid, where the
heat exchange between the solid matrix and crack is not considered. The geometry, initial and boundary conditions
are shown in Fig. 9. A constant surface temperature difference of AO; = @, — ©, = 100 K is applied to the left
and right edges, while the up and bottom edges are adiathermic. Note that, the initial temperature of the studied

12



T. Ni, X. Fan, J. Zhang et al. Computer Methods in Applied Mechanics and Engineering 417 (2023) 116376

x10
0 T T T T
—FEM solution (Lewis et al., 1986)

0.5 SZe) - - =FEM/PD solution:6=0.3m, m=3
s gL JRE - - =FEM/PD solution:§=0.15m, m=3 |
=
]
S5t
=
5 2f
=]
2-25F
(53
2
M
Z a5t
3
e

4.5+

5 L L L L
1 10 100 1000 10000
Time [s]

Fig. 5. Variations of vertical displacement on the top edge versus time in the non-isothermal consolidation example, including the FEM-only
solution from [17].
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Fig. 9. Geometry, initial and boundary conditions for the heat conduction and advection of fluid in a crack.
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Fig. 10. Comparison between the numerical results and analytical solutions for the heat conduction of fluid in a crack.

domain excepting the left edge is equal to ©,. The analytical solution for this problem is available in [85,86], given
as [15]:

AB(x, 1) = A293 (erfc (%) + eCD erfe (%)) (57)

where AO; is the temperature difference between the left and right edges; “erfc” is the complementary error
function; x is the distance to the left edge; v, is the fluid velocity in the crack; ¢ is the time; D = % is
the thermal diffusivity.

The fluid parameters involved in the simulations are taken as, density: p,, = 1000 kg/m?; thermal conductivity:
xp = 0.6 W/(m - K); specific heat: C;} = 4200 J/(kg - K); fluid viscosity: u,, = 1 X 1073 Pa - s. Two cases
with different spatial discretization parameters are considered for comparison, §; = 0.15 m and §, = 0.075 m.
The m-ratio is taken as m = 3, thus the corresponding grid spacing sizes are Ax = §/m = 0.05 m and
Ax = 8,/m = 0.025 m. In addition, a fixed time step size of At = 1000 s is used for the time integration.

Firstly, the condition of v, = 0 m/s is considered, indicating a problem of fluid heat conduction. The variations
of the temperature along the x -direction in the crack at the time instants of + = 100000 s, + = 500000 s and
t = 1000000 s are plotted and compared to the analytical solutions in Fig. 10. Subsequently, v, = 6.25 x 107% m/s
is used to take the heat advection into account [15]. The corresponding numerical results at time instants of
t = 50000 s, t = 100000 s and ¢+ = 150000 s are shown in Fig. 11. All the numerical solutions exhibit good
agreement with the analytical solutions, and a smaller grid size yields a more precise solution. This demonstrates
the capability and accuracy of the proposed approach in simulating problems involving the heat conduction and
advection of fluids within a crack.
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Fig. 11. Comparison between the numerical results and analytical solutions for the heat advection of a fluid in a crack.
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Fig. 12. Geometry, initial and boundary conditions for the heat-flow coupling in a square porous domain with a single horizontal crack.

4.3. Heat-flow coupling in a square porous domain with a single horizontal crack

The third example involves a heat-flow coupled problem occurring within a square porous domain that contains a
single horizontal crack. The purpose of this example is to validate the reliability of the proposed model by comparing
its results with the analytical solution introduced in [87,88]. The geometry, initial and boundary conditions are shown
in Fig. 12. A 10 x 10 m hot porous matrix is crossed by a horizontal crack with aperture of 0.001 m. The cold
fluid flows into the crack from the left end at a constant velocity of v,, and exits from the right end. The material
parameters of the solid involved in the simulation are taken as, mass density: p = 2700 kg/m?; T =3 W/(m-K)
and C, = 1000 J/ (m? - K). The fluid parameters are taken as, mass density: p,, = 1000 kg/m?; x;ff =0 W/(m-K)
and C) =4200J/ (m? - K). The initial temperature of the matrix is 353.15 K, and the fluid temperature at the inlet
is 303.15 K. The fluid flow velocity in the crack is v,, = 0.01 m/s.

Two groups of discretization parameters are adopted for comparison, §; = 0.15 m and §, = 0.075 m. The m-ratio
is taken as m = 3, thus the grid spacing size are Ax = §;/m = 0.05 m and Ax = §,/m = 0.025 m, respectively.
The model is solved by using the Eq. (54), and a fixed time step size of Ar = 3600 s is used for a total simulation
duration of 8640000 s (i.e. 100 days).

Figs. 13(a) and 13(b) illustrate the temperature distribution within the simulated domain after 4 days, and
Fig. 13(c) shows the result obtained in [88]. The temperature values in the crack at the positions of x = 2, 5
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Fig. 13. The contours of temperature field after 4 days simulated by the FEM/PD model and FEM-only model [88].

and 10 m are recorded in the simulations, and their variations versus time are plotted in Fig. 14 and compared with
the analytical solutions from [87]. Figs. 15(a) to 15(d) show the evolution of the temperature within the simulated
domain over time (using § = 0.075 m). The FEM/PD solutions shown in Figs. 13-15, employing §; = 0.15 m
and &; = 0.075 m, exhibit favourable agreements with the solution obtained from the FEM-only model as well as
the analytical solution, which demonstrates the applicability and accuracy of the proposed model in simulating the
thermal-flow coupled problem in saturated fractured porous media.

5. Cold-fluid-driven fracture propagation in a hot saturated porous medium

The last example involves a fluid-driven fracture problem occurring within a hot saturated porous medium. In
this scenario, the injected fluid has a lower temperature compared to the porous medium. The hydraulic fracture
propagation process is influenced by thermal stresses. This example is used to underline the capabilities of the
proposed FEM/PD model in dealing with THM-coupled fracturing problem. The geometry and boundary conditions
are shown in Fig. 16, where a 10 x 10 m square domain with a 0.5 m notch at the left end is considered. The top
and bottom boundaries are vertically constrained, while the right boundary is horizontally constrained, and they are
all permeable. The left boundary is treated as symmetrical and impermeable. The initial temperature of the porous
domain is 300 K, and the fluid is injected into the initial cut with a rate of Q,, = 1 x 107° m?/s. The mechanical
and fluid parameters used in the simulations are shown in Table 1. Following the suggestion in Section 4.1, the
spatial discretization is carried out using a uniform grid with a size of Ax = 0.05. The m -ratio is set to m = 3,

17



T. Ni, X. Fan, J. Zhang et al. Computer Methods in Applied Mechanics and Engineering 417 (2023) 116376

360 T

T T T T T

O Analytical solution at x=2m
——FEM/PD solution at x=2m: Ax=0.05m
FEM/PD solution at x=2m: Ax=0.025m |

D> Analytical solution at x=5m
——FEM/PD solution at x=5m: Ax=0.05m
- - ~=FEM/PD solution at x=5m: Ax=0.025m |

* Analytical solution at x=10m
——FEM/PD solution at x=10m: Ax=0.05m
= = ~FEM/PD solution at x=10m: Ax=0.025m |

350

Temperature [K]
W W
9 IS
(=} f=}
T

o8]

]

(=]
T

310

300 b I L I I | I 1 ! I

L
0 10 20 30 40 50 60 70 80 90 100
Times [Day]

Fig. 14. Variations of temperature in the crack at the positions of x =2, 5 and 10 m.

(c) 50 days
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Fig. 15. The temperature distribution within the simulated domain at 1 day, 10 days, 50 days and 100 days simulated by the FEM/PD
model using § = 0.075 m.

resulting in corresponding horizon radius of § = m x Ax = 0.15 m. For the time integration, a fixed time step size
of Ar = 0.05 s is utilized, and the total duration of the simulation is set to 150 s.
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Fig. 16. Geometry, initial and boundary conditions of the notched hot specimen subjected to cold fluid injection.

Table 1
Mechanical and fluid parameters used in fluid-driven fracture example.
E v G, 14 o
20 GPa 0.25 200 J/m? 2500 kg/m> 1
C ; X B n k
1000 J/(m? - K) 2 W/(m-K) 10~° m/(m - K) 0.01 10716 m?
K, Pw C;’ K
2.2 GPa 1000 kg/m?3 4200 J/(m? - K) 0.6 W/(m - K)

In order to compare the effects of different temperatures of the injected fluid on the fracturing process, two cases
are considered. In Case 1, the fluid temperature is set as ©,, = 290 K, while in Case 2, it is set as 0, = 280 K.
In the simulations, the fluid flow velocity in the fracture domain is evaluated by using the Darcy’s law [63]:

k P, — Py
vy = L (—) (58)
How L
where P; is the pressure at the injection point, Py = 0 Pa is the pressure at the boundary, L is the distance between
the injection point to the boundary. For the reservoir domain, the fluid flow velocity is evaluated by v,, = —;‘—;V p.

As mentioned in Appendix B, the system matrix Kgo will be constantly updated during the solution process.
Figs. 17 to 19 depict the plots illustrating the variations of crack mouth opening displacement (CMOD), crack
length and pore pressure at injection point versus time in the simulations. These results are compared with those
obtained using a FEM-HM model developed in [3]. Under the action of temperature field, the CMOD values
simulated by using the FEM/PD-THM model are greater than that by the FEM/PD-HM model. This is attributed
to the contraction behaviour occurring at the crack surface under the low-temperature impact. This phenomenon
seems to aid in the hydraulic fracture propagation. However, as shown in Fig. 18, the initial propagation of hydraulic
fracture is actually suppressed, and the greater the temperature difference between the fluid and solid, the stronger
the suppression. Additionally, in Case 2, as indicated by the magenta diagram in Fig. 18, a significant discontinuity
occurs at about 30 s. This means that the pore pressure field has gained dominance over the temperature field.
Subsequently, the fracture rapidly propagates, leading to a drop in pore pressure at the injection point (see Fig. 19).
Figs. 20(a) to 20(c) show the contours for the fields of damage level, pore pressure and temperature in Case 2
simulated by the FEM/PD-THM model at time instants of 5 s, 50 s, 100 s and 150 s. By comparing the subplots
within each column of Fig. 20, it can be observed that pore pressure conduction in the crack is significantly faster
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Fig. 18. Variations of crack length versus time, obtained by the FEM/PD-HM [3,80] and FEM/PD-THM models. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

than the heat conduction—advection. Based on the results presented, it can be concluded that in the investigated
problem, the initiation of hydraulic fractures is influenced by both the temperature field and the pore pressure
field. However, as the hydraulic fractures propagate, the pore pressure field gradually becomes the dominant factor.
Nevertheless, the influence of the temperature field on this process should not be disregarded, particularly when a
substantial temperature difference exists between the injected fluid and the porous medium.

Remark 2. The diagrams in Figs. 17-19 all exhibit pronounced irregularities and lack of smoothness. The fracture
advancements in all the cases exhibit a stepwise behaviour, accompanied by oscillations in pore pressure, which is
similar to the typical pattern observed in experiments [89] and numerical evidence [90]. In addition, by comparing
Figs. 18 and 19, it can be observed that, during the fracture event, the pressure experiences a conspicuous decrease,
indicating that the volume of the induced cracks is expanding more rapidly than the injection rate. The disparities
depicted in the diagrams vividly illustrate the competitive dynamics between the pore pressure field and the
temperature (thermal-stress) field in this process.

6. Conclusions

This paper introduced a peridynamic-enhanced finite element modelling approach for simulating the thermo-—
hydro—-mechanical coupled problems in saturated porous media with cracks. The FEM equations are employed to
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govern the heat conduction—advection and fluid flow within the fractured porous domain, while the PD is utilized
to describe the deformation of the solid phase and capture the propagation of cracks.

Several numerical examples were implemented to validate the accuracy of the proposed method and show
its capabilities and characteristics. Firstly, the non-isothermal consolidation of a porous column was simulated
to verify the accuracy of the proposed approach and to select the suitable discretization parameters for the PD
model. The numerical results obtained using m > 3 exhibited good agreement with the analytical solutions.
Subsequently, several numerical examples focusing on scenarios involving cracks were presented to further highlight
the capabilities of the proposed approach in addressing heat conduction—advection problems in fractured saturated
porous media and hydraulic fracture propagation problems with considerations of thermo-hydro—mechanical
coupled effects.

The work of this paper represents an extension of the authors’ prior research efforts [3,80,91] . The main objective
remains to harness the capabilities of the Peridynamic method in conjunction with other local methods to simulate
multi-physics problems involving cracks. The effectiveness of Peridynamic models in capturing and simulating
discontinuities, such as crack propagation, is well-known. The combination of the Peridynamics with local methods
offers significant reductions in computational cost, enhanced solution efficiency, and the potential for real-time
solving of engineering problems. This approach empowers researchers to address complex multi-physics problems
involving cracks more efficiently and effectively.
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Appendix A. Derivation of the critical stretch value s,

We assume that the critical value s, of all the bonds is the same. The bonds reaching the critical stretch value
will be broken.

As shown in Fig. A.1, the neighbourhood of point x is crossed by a crack surface. H; represents the part removed
by the crack from x’s neighbourhood, and x’ represents any point located in H;. The formation of a cracked surface
breaks the bond & and releases the strain energy stored in it. Then the work required to break all the bonds connecting
point x to points in H; should be equal to the summation of the deformation energy stored in the broken bonds in
their critical stretch condition.
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Fig. A.1. Schematic of a peridynamic domain crossed by a crack surface.

As in [70,92], the substitution of Egs. (10) and (12) into Eq. (8) allows to rewrite the expression of the elastic
strain energy density at point x as:

1 5 15
W)= (k=3n)0*+ 20 | wee ave (A1)
2 3 2m Jy,
The extension scalar state can be expressed as:
e(§) = s5(§)x(8), (A.2)

Then the extension scalar state of the critically stretched bond can be defined as e, = s.x. Thus, in the critical
condition, the contribution of domain H; to the volume dilatation value at point x can be obtained by:

3 3

O==[ wrxedVy==[ wx’.dVy =3ms. (A.3)
m Jy, m Jy,
where
nmy 2
o=— & m= / w xdVy (A.4)
m H;

Based on the above formulae, the energy released by the broken bonds connecting points in domain H; to point
X is:

1 5 151 3
Wix) = 3 <K - §M> 6 + L, w x> dVy = 3 [k — 5w) @} + Spwy]s? (A.5)

Recalling the above assumption, the critical energy G, released for per unit fracture area should conform to the
following equation:

8 )
3
G. = 2/ W(x)dz = zf 3 [k — 5u) w7 + Spew]s2 dz = [(9k — 15u) A+ 15u4] s? (A.6)
0 0
in which, A and A’ are defined as:
§ §
A:/ ol dz & A/=/ o dz (A7)
0 0

and their values depend on the discretization parameters and influence function.
Based on Eq. (A.6), the critical stretch value can be given accordingly as:

G
c = A.8
> \/(9/( “150) A + 15 A" (A8)
In this paper, the influence function is taken as w = 1, and the expression of A and A’ can be obtained as:
12546 568
=—— , AN=—— (A.9)
1848 24m
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Similarly, the formulas of the critical stretch value s, in plane strain condition can be obtained as:

Ge

Se = A2 (K/—%M)A-FSMA/

K=Kty (A.10)

in which, the definition of A is given in Eq. (11), and the relevant expressions of A and A’ are:

10875 ;48
A=g5m » A=5 (A.11)
Appendix B. Equations for calculating the system matrices and vectors of the FEM domain
The matrices and vectors in Eqs. (44) and (45) can be obtained by:
Cow = [ N}sNpd2 Ky = [, (LN,)" amN ,df2 (B.1)
T
Kyo = [ N,BNod? Ky = [, (VN,) & (VN,)dQ (B.2)
T
Qu = [ (VN,)" % pugd? — g [N32]ar ®.3)
Coo = [, NG (pCp) ;N odf2 (B.4)
Koo = [, (VNo) % (VNo) + N [puCl v, ] (VN o) d12 (B.5)
== Jro {N5[q° + % (0 = 0)]}al (B.6)
In the equations above, L is the differential operator defined as:
3 3 s T
B00 g 02
L= 0 E (a) e aa_z (a) , (B.7)
0 0 5 O ¥ x
m is a vector defined as:
m=1[1,1,1,0,0,0]" (B.8)
and v,, is the fluid flow velocity defined in Darcy’s law:
k
vy = o (=Vp+ pug) (B.9)

The two terms in matrix Kgeg are related to the thermal conductivity and the fluid flow state, respectively.
Therefore, due to the constantly changing state of the fluid flow field in the quasi-static and dynamic problems, the
matrix Kgg needs to be updated accordingly during the solution process.

Appendix C. Equations for calculating the system matrices of the PD domain

Eq. (46) can be rewritten as:

Ny, Ny,
. §i §i §i
pViiij = Y Fl — ZFWL — D Fb + bV, (C.1)
j=1 j=1
where Ff;’l, Fi{” and Ff’él are the forces related to deformation, pore pressure and temperature acting on node x;

§ij

through the deformed bond §;;. Similarly, F 5 F% and F ¢ are the forces applied to node x ;. Based on Eq. (16),

s8j° T swj
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§ij &ij §ij §ij fij
ssji’ suii’Fséi’F y F )

s8j° T swj
£ij

o [0+ )0 (5 )] san

Fi= et 2 |, M{ &) VY,

—ijEij ==
ij

Fio = 9@3[3—: @]w X M( &) ViV

Lijtij
Fij = [(K -%) (Z_' + :._J) X+ G (711’ + o )] wi M (§;;) ViV

si' i pj
F IA= 30{ I:rl:l_’ =L EUXUM<EH>V,VJ

swj
E ij @1
Fo,= 9B [m—,. + m—j] wix M &) ViV;
where M (&) = —M (& ;).

Accordlng to Eq. (9), the contributions of the deformed bond §;; to the volume dilatation values 6; and 6; can
be computed with:

y Aw,; . x;:V; . Aw..x..V;
eléfj #gw 91'?:/ _ Lgﬁ (C.3)

nm; m;

F' F and FE” can be expressed as:

(C2)

I_I

Supposing that U; = [U;y, U, U] and U;=1U;j,Uj, UJ-3]T represent the displacement vectors of nodes x;
and x, respectively, then the value of ¢;; can be computed by:
e U; |
¢, = [Cij] [ v (C4)
In addition, Egs. (C.2) and (C.3) can be rewritten respectively in the following forms:
Ff;JI [K 0] I 9i Kse (C 5)
- = f —+ [ I.T] € .
ng J i 9j J J
FEij‘
Ffij

= [K"] [ pi } (C.6)

% } (C.7)

swj
£ij
Fséi
&ij
50
‘S..
6"
! 0
&ij [C' ]—U (C.8)

0;

1
|—||—|
Il
—
el
~Q
[S—
| —

Given the unit direction vector state of the bond &;; as M (& j> [Mllj, M,2j, M 3] the matrices [ij], [Kff],
se sw 5O v : .
[Kij]’ [Kl.j ], [Kl.j ] and [Cu] will be:

el _1 a1 _ag2 a3 1 2 3
[ci] =1 -my —m2 —m my w2 ] (C.9)
ML ME M3 M) M2 w3 T
G LY e e ¥ ) A ) A
07 __ m; m; m; mj m; m;
[KU] - (K - §> w,jx”V Vi ML mMZ2 M3 Ml M2 M3 (C.10)
Sy g T g T T
mj mj mj mj mj mj
! 1 1 T
se| 1 2 3 _ gl A2 a3
[Kij] = Gw; ViV | —+ [ My M M M;; M;; M;; ] (C.1D)
n; m.]'
1 2 3 1 2 3 T
MG MG MMM
swl _ mi mi mi mj mi mi
(K] =3aw, x,; ViVi | 0 0 s . (C.12)
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1 2 3 1 2 3 T
MG MMy MM
(K71 =9Bwix,ViVil 0 ve bt wl oaa (C.13)
mj mj mj mj mj mj
T
07 — Yiowv
[Cij] = Awij)_cij[ mom; ] (C.14)
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