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a b s t r a c t

We define and analyze the operations of addition and intersection of linear time-invariant systems
in the behavioral setting, where systems are viewed as sets of trajectories rather than input–output
maps. The classical definition of addition of input–output systems is addition of the outputs with the
inputs being equal. In the behavioral setting, addition of systems is defined as addition of all variables.
Intersection of linear time-invariant systems was considered before only for the autonomous case in
the context of ‘‘common dynamics’’ estimation. We generalize the notion of common dynamics to open
systems (systems with inputs) as intersection of behaviors. This is done by proposing trajectory-based
definitions. The main results of the paper are (1) characterization of the link between the complexities
(number of inputs and order) of the sum and intersection systems, (2) algorithms for computing their
kernel and image representations and (3) a duality property of the two operations. Our approach
combines polynomial and numerical linear algebra computations.

© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

The behavioral setting (Polderman & Willems, 1998; Willems,
007) is an approach to system theory where systems are defined
s sets of trajectories rather than input–output maps. Viewing
ystems as sets has far-reaching consequences. Most importantly,
he system is separated from its numerous representations: a
epresentation is an equation, while the system is the solution set.
n systems and control the fundamental object of interest is the
olution set and not the equation that defines it. The separation
f the notion of a system from the one of a representation also
llows one to define equivalence of representations. Naturally,
wo representations are equivalent when their solution sets are
qual.
Another important aspect of the behavioral setting is that the

ariables of interest are not a priori separated into inputs and
utputs. An input/output partitioning is, in general, not unique
nd may not be a priori given; however, the classical approach
mposes a fixed one. This may lead to inconsistencies (Willems,
007).
In this paper, we analyze the basic operations of addition

nd intersection of linear time-invariant (LTI) systems in the
ehavioral setting. We give trajectory-based definitions of these
perations and algorithms that compute their representations
tarting from given representations of the original systems. The
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E-mail addresses: antonio.fazzi@unipd.it (A. Fazzi),

markovsky@cimne.upc.edu (I. Markovsky).
ttps://doi.org/10.1016/j.ifacsc.2023.100233
468-6018/© 2023 The Author(s). Published by Elsevier Ltd. This is an open access a
notion of an addition in the behavioral setting differs from the
one in the classical setting. While in the latter only the outputs
are added, leaving the inputs the same, in the former, all variables
(inputs and outputs) are added. The notion of intersection is not
even well-defined in the input–output setting. Only the special
case of intersection of autonomous systems is considered in the
context of the ‘‘common dynamics’’ estimation (Fazzi, Guglielmi,
Markovsky and Usevich, 2021; Markovsky, Fazzi, & Guglielmi,
2018; Markovsky, Liu, & Takeda, 2020; Papy, De Lathauwer, & Van
Huffel, 2006).

1.1. Literature overview

The operations of addition and intersection in the behav-
ioral setting appear in the literature. For two-dimensional sys-
tems (Valcher, 2000a, 2000b), conditions that allow representing
a system as a direct sum of two systems are given in Bisiacco
and Valcher (2001). For one-dimensional systems (the topic of
this paper), the sum is used in systems’ decompositions, such
as controllable and autonomous (Polderman & Willems, 1998),
stable and unstable (Chen, 1995), and zero input and zero initial
condition. The decomposition into subsystems also appears in the
modeling by tearing, zooming and linking (Willems, 2007).

The intersection operation was used for control in the behav-
ioral setting to restrict the behavior by a controller. Control by in-
tersection of the systems’ behaviors is equivalent to what is called
full interconnection (Maupong & Rapisarda, 2016), that is the case
when the sets of control variables and to be controlled variables

coincide. This is a special case of interconnection (Willems, 1997)
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n the behavioral setting, where the constraints are imposed only
n a subset of the variables.
The computation of a kernel representation of the sum of

wo systems is given in Rocha and Wood (2019, Lemma 2.14). A
imilar result for the intersection operation is given in Section 3.
ll existing results involving the addition and intersection of LTI
ystems compute them via their kernel representations.

.2. Contribution and organization of the paper

Although various aspects of the addition and intersection op-
rations for dynamical systems are studied in the literature, a
omplete treatment of these topics is not available. Also, the
omputational aspect, i.e., the question of how to find the sum
nd intersection systems in practice, is missing. These gaps are
illed in the present paper.

First, we give trajectory-based definitions of the addition and
ntersection operations. Then, we characterize the image and
ernel representations of the sum and intersection systems in
erms of the image and kernel representations of the original
ystems. These characterizations lead us to new algorithms for
he computation of the image and kernel representations of the
um and intersection systems. The approach that we use is new:
e represent polynomial algebra operations by equivalent nu-
erical linear algebra operations based on structured matrices.
his methodology is of independent interest and has applications
eyond the particular problems we solve in the paper. The al-
orithms for addition and intersection proposed in the paper are
eadily implementable in practice. We provide Matlab implemen-
ation of the methods in https://github.com/fazziant/Other/blob/
ain/kernel-rep-sum.pdf.
Finally, we show how the sum and intersection systems can be

omputed directly from observed data from the original systems
ithout resorting to any parametric system representations, such
s kernel, image, or state-space representations. This approach
s in the spirit of the newly emerged data-driven methods for
nalysis, control, and signal processing (Markovsky & Dörfler,
021, 2023; Markovsky, Huang, & Dörfler, 2023).
The rest of the paper is organized as follows. Section 2 reviews

esults and definitions from behavioral system theory that are
sed in the paper. We define the trajectory-based operations
f addition and intersection of behaviors in Section 3, and we
ropose algorithms for their computation in Section 4. Illustrative
xamples are given in Section 5.

. Notation and preliminaries

A dynamical system is defined by a triple (T ,W,B), where T
s the time axis, W is the variable space (we consider W = Rq),
nd B ⊆ WT is the set of admissible trajectories, the behavior.
n the paper, we focus on discrete-time systems, i.e., T = Z, and
associate the system (T ,W,B) with its behavior B.

The system B ⊆ (Rq)T is linear if B is a subspace of (Rq)T and
B is time-invariant if it is invariant under the action of the shift
operator

(σw)(t) = w(t + 1).

The set of LTI systems with q variables is denoted by Lq. We
denote with m(B)/p(B) the number of inputs/outputs of B, such
that m(B) + p(B) = q.

In the paper, we consider a subclass of the LTI systems,
the finite-dimensional LTI systems. They admit (vector) difference

equation, also called kernel representation (Willems, 1986).

2

Lemma 1. A finite-dimensional LTI system B ∈ Lq has a kernel
representation, i.e., there is a matrix polynomial operator

R(z) = R0 + R1z + · · · + Rℓzℓ
∈ Rp(B)×q

[z]

such that

B = { w ∈ (Rq)T | R(σ )w = 0 }. (1)

The smallest ℓ for which B has a kernel representation (1) with
deg R(z) = ℓ is invariant of the representation and is called the
lag of B, denoted by ℓ(B).

A kernel representation is not unique. Given a representation
(1), an equivalent representation can be obtained by premul-
tiplication of R(z) with a unimodular matrix polynomial U(z),
i.e., a square matrix polynomial whose determinant is a nonzero
constant. In addition, (1) may have redundant equations. The
representation (1) is called minimal if it has the smallest number
of equations. It can be shown (see Willems (1986)) that a mini-
mal kernel representation corresponds to a full row rank matrix
polynomial R(z), whose degree is ℓ(B). Note that in a minimal
kernel representation, the number of rows of the polynomial
matrix R(z) is equal to the number of outputs p(B). Every kernel
representation can be reduced to a minimal one by a suitable
transformation. Thus, in the following, we assume that the kernel
representations are minimal.

The variables w of B ∈ Lq can be partitioned element-wise
into inputs u and outputs y, i.e., there is a permutation matrix
Π , such that w = Π

[ u
y

]
(Willems, 2007). This leads to the

input–output representation

B = {w = Π
[ u
y

]
| Q (σ )u = P(σ )y }, (2)

where
R(z)Π =:

[
Q (z) −P(z)

]
, with

Q (z) ∈ Rp(B)×m(B)
[z] and P(z) ∈ Rp(B)×p(B)

[z].

The roots of the polynomial det P(z) are the poles of the system
(associated with the input/output partitioning w = Π

[ u
y

]
). It

can be shown that the degree of det P(z) is invariant of the
representation (as long as the representation is minimal) and
is, therefore, a property of the system. Indeed, deg P(z) is the
order n(B) of B, which is usually defined in terms of a (minimal)
state-space representation of B.

As all system properties, in the behavioral setting, controlla-
bility is also defined in terms of the behavior.

Definition 1. A system B is controllable if for all w1, w2 ∈ B,
there exists a t̄ > 0 and a w ∈ B such that

w(t) =

{
w1(t) for t < 0

w2(t) for t ≥ t̄.

The controllability property can be checked in terms of a
kernel representation of the system: the system is controllable
if and only if the matrix polynomial R(z) in a minimal kernel
representation of the system is left prime (Fazzi, Guglielmi, &
Markovsky, 2019a).

Another representation of an LTI system, used in the paper, is
the image representation (Polderman & Willems, 1998).

Lemma 2. A controllable system B ∈ Lq has an image represen-
tation, i.e., there is a matrix polynomial operator M(σ ), such that

B = {w ∈ (Rq)T | w = M(σ )v }. (3)

It holds that M(z) has (column) rank m(B) and its row dimen-

sion is q (Polderman & Willems, 1998).

https://github.com/fazziant/Other/blob/main/kernel-rep-sum.pdf
https://github.com/fazziant/Other/blob/main/kernel-rep-sum.pdf
https://github.com/fazziant/Other/blob/main/kernel-rep-sum.pdf
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efinition 2. The rows of the matrix polynomial operator R(σ )
n (1) are called annihilators of B. The columns of M(σ ) in (3) are
alled generators of B.

Given B ∈ Lq, its complexity is defined as the pair
(
m(B),

(B)
)
. We denote the behavior B restricted to the interval [1, L]

ith B|L. I.e., B|L is the set of trajectories truncated to the interval
1, L]. The dimension of the restricted behavior B|L is

im B|L = n(B) + Lm(B), for L ≥ ℓ(B). (4)

Next, we express B|L in terms of the polynomials R(z) and
(z) of a kernel and image representations of the system. For this
urpose, we use Hankel and multiplication matrices. Given a time
eries w(t) ∈ Rq of length T , the block-Hankel matrix HL(w) with
block-rows, where 1 ≤ L ≤ T is defined as

L(w) :=

⎡⎢⎢⎢⎢⎣
w(1) w(2) · · · w(T − L + 1)
w(2) w(3) · · · w(T − L + 2)

...
...

...

w(L) w(L + 1) · · · w(T )

⎤⎥⎥⎥⎥⎦ ∈ RqL×(T−L+1).

(5)

n what follows, we will refer to HL(w) simply as the Hankel
atrix.
Given a polynomial

(z) = r0 + r1z + · · · + rℓzℓ
∈ R1×q

[z]

f degree ℓ, the multiplication matrix TL(r) with L columns, where
L ≥ ℓ + 1, is defined as:

TL(r) :=

⎡⎢⎢⎢⎢⎣
r0 r1 · · · rℓ

r0 r1 · · · rℓ
. . .

. . .
. . .

r0 r1 · · · rℓ

⎤⎥⎥⎥⎥⎦ ∈ R(L−ℓ)×L. (6)

or a matrix polynomial R(z) ∈ Rp×q
[z] we define the (general-

zed) multiplication matrix TL(R) with L columns in terms of the
ows R1(z), . . . , Rp(z):

L(R) := ker

⎡⎢⎢⎣
TL(R1)

...

TL(Rp)

⎤⎥⎥⎦ .

efinition 3. A time series u =
(
u(1), u(2), . . . , u(T )

)
is persis-

ently exciting of order L if the Hankel matrix HL(u) is full row
ank.

We can now state the connection between a (finite length)
ehavior and the Hankel matrix built from an observed trajectory
(Willems, Rapisarda, Markovsky, & De Moor, 2005).

emma 3. If B ∈ Lq is controllable, w ∈ B|T , and the input
omponent u of w is persistently exciting of order L + n(B) (L ≥

(B) + 1), then

|L = imageHL(w).

Lemma 3 is a classic result known as the fundamental lemma.
t has been recently shown (Markovsky & Dörfler, 2023) that
he assumptions of Lemma 3 (controllability, given input/output
artitioning, and persistency of excitation of the input) can be
eplaced by the following condition

ankH (w) = n(B) + Lm(B). (7)
L

3

We refer to (7) as the generalized persistency of excitation condi-
tion. Observe that the right-hand side of (7) is the same as in (4),
hence under the generalized persistency of excitation condition,
we have that

dim B|L = rankHL(w). (8)

This allows us to compute the complexity of B directly from an
observed trajectory w by solving a system of linear equations, see
Algorithm 1.

Algorithm 1 Computation of system complexity from a trajectory
Input: a trajectory w ∈ (Rq)T of B

1: let L = ⌊
T+1
q+1 ⌋

2: compute r1 = rankHL(w) and r2 = rankHL−1(w)
3: solve the system of equations[

L 1
L − 1 1

][
m
n

]
=

[
r1
r2

]
(9)

Output: data-generating system’s complexity (m, n)

Proposition 1. Given a trajectory w ∈ B|T , such that the general-
ized persistency of excitation condition (7) holds for L := ⌊

T+1
q+1 ⌋ and

L ≥ ℓ(B) + 1, Algorithm 1 computes the complexity of B.

Proof. The matrix in the left-hand side of (Eq. (9)) is nonsingular,
so a solution exists and is unique. The fact that m = m(B) and
n = n(B), as claimed, is a direct consequence of (7), which holds
by the assumptions of the proposition. □

Lemma 4. For an LTI system B with a kernel representation B =

ker R(σ ),

B|L = ker TL(R), for L ≥ ℓ(B) + 1.

Proof. Consider a finite trajectory w ∈ B|T of B = ker R(σ ). For
each row Ri(σ ) of R(σ ), with degree ℓi := deg Ri(σ ), we have

Ri
0w(t) + Ri

1σw(t) + · · · + Ri
ℓi
σ ℓw(t) = 0,

for t = 1, . . . , T − ℓi and i = 1, . . . , p(B), (10)

Written in matrix form, the system of Eqs. (10) is TL(R)w = 0. □

Lemmas 3 and 4 are useful because they link behaviors, trajec-
tories, representations, and structured matrices. Hence these re-
sults connect system theory using the behavioral approach, linear
algebra, and matrix computation. The result in Lemma 4 allows
the construction of finite-length trajectories starting from the
system kernel representation. This is used in Fazzi and Markovsky
(2023) to define a representation-invariant distance between be-
haviors.

Remark 1. This work deals with deterministic systems and exact
(noiseless) data. If the data are affected by noise, the Hankel
matrix HL(w) is full rank for all L. A possible approach for dealing
ith noisy data is to preprocess the data via Hankel low-rank
pproximation (Fazzi, Guglielmi, & Markovsky, 2021b; Markovsky
Usevich, 2014) to satisfy the rank condition in (7).

. Addition and intersection of behaviors

We define the operations of addition and intersection of two
TI behaviors by looking at the relation between their dimensions
nd the ones of the original systems. Then, we state how to
ompute the representations of the addition and intersection
ystems starting from the ones of the original systems. These
esults can be naturally extended to more than two behaviors.
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n
t

efinition 4. Given two behaviors, A and B, with the same
umber of variables, their sum is naturally defined as the set of
he sums of the elements of A and B, while their intersection is
defined as the set of elements that belong to both A and B:

B+ = A + B := {w = a + b | a ∈ A, b ∈ B}.

B∩ = A ∩ B := {w | w ∈ A and w ∈ B}.
(11)

It can be checked that if A,B ∈ Lq, then B+,B∩ ∈ Lq. In
this case, the following result states the link between the starting
systems’ dimensions and the ones of their sum and intersection.

Lemma 5. Let A|L,B|L ∈ Lq be two behaviors restricted to the
interval [1, L], and consider their sum B+|L and their intersection
B∩|L. The dimensions of the sum and intersection systems are related
to the ones of A|L and B|L as follows

dim (B+|L) = dim (A|L) + dim (B|L) − dim (B∩|L) for L ≥ ℓ(B+).
(12)

Proof. Eq. (12) is a consequence of (4). If we expand all the terms,
we get

dim (B+|L) = n(B+) + m(B+)L
dim (A|L) = n(A) + m(A)L
dim (B|L) = n(B) + m(B)L

dim (B∩|L) = n(B∩) + m(B∩)L.

The result follows from the straightforward definitions

n(B+) = n(A) + n(B) − n(B∩)
m(B+) = m(A) + m(B) − m(B∩) □

(13)

Remark 2. Depending on the number of inputs m(A) and m(B),
the systems B+ and B∩ may be trivial systems (systems where all
the variables are inputs).

If the systems B+ and B∩ are in Lq, they admit kernel rep-
resentations, which can be expressed in terms of the kernel
representations of A and B. If these systems are also controllable,
they admit image representations too, that can be characterized
in terms of the image representations of A and B.

Theorem 1. Let A,B ∈ Lq. The following hold true:

1. If A,B are controllable, let Pa, Pb be their image representa-
tions. An image representation of their sum is given by the
union of generators:

B+ = A + B = image P+(σ ) := image
[
Pa Pb

]
(σ ).

2. Let Ra, Rb be the kernel representations of A,B. A kernel
representation of their intersection is given by the union of
annihilators:

B∩ = A ∩ B = ker R∩(σ ) := ker
[
Ra

Rb

]
(σ ). (14)

Proof. Consider the first point. First of all, the controllability as-
sumption guarantees the existence of the image representations.
If wa = Pa(σ )ℓa and wb = Pb(σ )ℓb are two trajectories of A and
B, respectively, then

wa + wb =
[
Pa Pb

]
(σ )

[
ℓa

ℓb

]
∈ A + B.

Hence, the image representation of the sum system is obtained
by stacking next to each other the two image representations of
the starting systems.
4

For the second point, let 0 = Ra(σ )z = Rb(σ )z for a certain
trajectory z ∈ A ∩ B. Then

0 =

[
Ra

Rb

]
(σ )z.

Therefore it follows the expression for the kernel representa-
tion of the intersection system starting from the given kernel
representations (14). □

Theorem 1 shows a duality between the addition and the in-
tersection of behaviors and the corresponding representations as
union of generators and intersection of annihilators of the starting
behaviors. This means that the representations of the sum and in-
tersection systems can be computed with opposite operations by
switching annihilators with generators, union with intersection,
and row-wise with column-wise operations on some matrices
(that are built from the given representations). We expect that
similar relations still hold true by reversing the computations of
the sum and intersection systems as intersection of annihilators
and generators, respectively, as shown in Table 1. However, these
computations (intersection of annihilators or generators) need to
be implemented in an algorithm.

4. Intersection of annihilators and generators

The union of generators and annihilators is easy to be com-
puted. But we may need to find the sum or intersection systems
representations by the intersection of annihilators or genera-
tors, respectively. We describe, in the following, the problem of
intersection of annihilators. Then, we can apply the observed
duality property to get the dual computational algorithm for the
intersection of generators.

Problem 1. Given minimal kernel representations of the two
behaviors A,B ∈ Lq, i.e.,

A = ker Ra(σ ) and B = ker Rb(σ ),

with polynomials

Ra(z) = Ra,0z0 + Ra,1z1 + · · · + Ra,ℓaz
ℓa ∈ Rpa×q

[z],

Rb(z) = Rb,0z0 + Rb,1z1 + · · · + Rb,ℓbz
ℓb ∈ Rpb×q

[z],

find a kernel representation R+(σ ) of the sum A + B, where

R+(z) = R0z0 + R1z1 + · · · + Rℓzℓ.

By solving this problem, we obtain a computational method
for (Ra, Rb) → R+, which is a direct way to get the kernel
representation of the sum from the kernel representations of the
starting systems. The computational algorithm for this problem
is Algorithm 2, whose correctness is proved below.
Algorithm 2 Sum of two behaviors by intersection of annihilators
Input: Ra, Rb minimal kernel representations of the starting

systems
Output: R+ kernel representation of the sum system

Compute the number of outputs of the sum p(B+) = q−m(B+)
Build the Sylvester matrix

SL =

[
TL(Ra)
TL(Rb)

]
(15)

by choosing L such that the left kernel of SL has dimension
p(B+)
Compute the left kernel basis

[
Za −Zb

]
of the Sylvester matrix

SL
Define R+ as[
R0 R1 · · · Rℓ

]
:= ZaTL(Ra) = ZbTL(Rb).
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Table 1
Duality between addition and intersection behaviors representations and their
relation with respect to the starting systems representations.

Generators P Annihilators R

A + B ∪ ∩

A ∩ B ∩ ∪

Proposition 2. Algorithm 2 computes the kernel representation R+

f the sum of the two starting behaviors A + B.

Before proving Proposition 2, we make some comments on
he parameter L that defines the dimension of the Sylvester
atrix (15). The Sylvester matrix has two multiplication blocks
enerated by the starting representations, whose dimensions are
(A)(L−ℓa)×qL and p(B)(L−ℓb)×qL, respectively, for a certain L ≥

max(ℓa, ℓb)+1. If p(B+) > 0, we can always choose L such that SL
as a non-trivial left kernel of dimension p(B+). This means that

the difference between the number of rows and the number of
columns of SL is (at least) p(B+), leading to L =

p(B+)+ℓap(A)+ℓbp(B)
p(A)+p(B)−q .

he parameter L defines the number of (block) columns of the
wo multiplication matrices TL(Ra) and TL(Rb). But these blocks
can have different row dimensions, depending on the number of
outputs and the lag of the two behaviors.

Proof. The number of outputs of the sum system is needed to
understand the number of rows of the sought (minimal) repre-
sentation, and it can be computed from the starting systems by
(13).

Consider then two trajectories a ∈ A ⊂ A + B and b ∈ B ⊂

+ B. If the Sylvester matrix SL has a nontrivial left kernel, the
ought representation R+(σ ) satisfies

• R+(σ )a = 0 H⇒ R+ is in the row span of TL(Ra) H⇒ R+ =

ZaTL(Ra);
• R+(σ )b = 0 H⇒ R+ is in the row span of TL(Rb) H⇒ R+ =

ZbTL(Rb);

leading to the equation ZaTL(Ra) = ZbTL(Rb) H⇒
[
Za −Zb

]
SL =

0. Observe that, by construction,
[
Za −Zb

]
has (at least) p(B+)

rows. We can define the coefficients of R+(z) as[
R0 R1 · · · Rℓ

]
:= ZaTL(Ra) = ZbTL(Rb).

Since R+ is the kernel representation of both the behaviors A and
B, it is also a representation of their sum A + B. □

Algorithm 2 always computes a solution for the kernel rep-
resentation if the sum system is nontrivial. But, if p(B+) = q −

m(B+) = 0, the kernel representation is trivial (the behavior has
no annihilators different from the zero polynomial). In this case,
the Sylvester matrix S always has more columns than rows for
each value of L (or possibly it is square), so the left kernel is trivial
(we assume the matrix polynomials Ra and Rb have no common
factors, see Fazzi, Guglielmi, and Markovsky (2021a)).

Next, we state the dual problem for the intersection of gen-
erators, where the controllability of the behaviors is assumed to
guarantee the existence of the image representation.

Problem 2. Given image representations of the two controllable
behaviors A,B ∈ Lq, i.e.,

A = image Pa(σ ) and B = image Pb(σ ),

with polynomials

Pa(z) = Pa,0z0 + Pa,1z1 + · · · + Pa,ℓaz
ℓa ∈ Rq×ma [z],

0 1 ℓb q×mb
Pb(z) = Pb,0z + Pb,1z + · · · + Pb,ℓbz ∈ R [z],
5

find an image representation P∩(σ ) of the intersection A ∩ B,
where

P∩(z) = P0z0 + P1z1 + · · · + Pℓzℓ.

The computational procedure to approach this problem is dual
with respect to the previous case and it is illustrated in Algorithm
3.

Because of the duality, the multiplication blocks are now
stacked in a row, and the (transposed) Sylvester matrix should
have a kernel of dimension m(B∩). The key point is to observe
that the image representation of the intersection lies in the
column span of both the starting representations Pa and Pb.

Algorithm 3 Intersection of two behaviors by intersection of
generators
Input: Pa, Pb image representations of the starting systems
Output: P∩ image representation of the intersection system

Compute the number of inputs of the intersection m(B∩)
Build the (transposed) Sylvester matrix

SL =
[
T T
L (PT

a ) T T
L (PT

b )
]

by choosing L such that the kernel of SL has dimension m(B∩)

Compute the kernel basis
[

Za
−Zb

]
of the Sylvester matrix SL

Define P∩ as[
P0 P1 · · · Pℓ

]
:= T T

L (PT
a )Za = T T

L (PT
b )Zb. (16)

5. Examples

We show here some examples that illustrate the results de-
rived in the previous sections. We propose simple analytical
computations dealing with the addition and intersection of some
LTI systems.

5.1. Scalar autonomous systems with simple poles

Consider two scalar autonomous LTI systems A,B defined by
their minimal kernel representations

A = ker Ra(σ ) and B = ker Rb(σ ),

here Ra, Rb are scalar polynomials of degree na = n(A), nb =

(B), respectively. Assuming that all the poles are simple, the
rajectories of A and B are the sum of damped exponentials:

=

na∑
i=1

aiλt
ai and b =

nb∑
i=1

biλt
bi , (17)

or some coefficients ai, bi. By (17) and the definition of addition
f behaviors (11), the trajectories of the sum of two LTI systems
ith simple poles are still sums of damped exponentials, i.e.,

+(t) =

na∑
i=1

aiλt
ai +

nb∑
i=1

biλt
bi =

n+∑
i=1

ciλt
+i

, (18)

here the poles λ+ are the union of the poles of A and B: λ+ =

(A + B) = λ(A) ∪ λ(B). The order n+ is the number of distinct
lements in λ(A) ∪ λ(B), that is na + nb − nc (where nc is the
umber of common poles).
By (17) and the definition of intersection of behaviors (11),

lso the trajectories of the intersection of two LTI behaviors con-
ains sums of damped exponentials whose poles are the common
oles of the two behaviors:

∩(t) =

na∑
aiλt

ai ∩

nb∑
biλt

bi =

n∩∑
diλt

∩i
, (19)
i=1 i=1 i=1
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λ∩ = λ(A∩B) = λ(A)∩λ(B). The order of A∩B is the number
f common poles nc between A and B.
The previous results are summarized in the following lemma.

emma 6. Let A and B be two scalar autonomous LTI behaviors
ith minimal kernel representations Ra(σ ), Rb(σ ), defined by the
calar polynomials Ra(z), Rb(z). The polynomials for the minimal
ernel representations R+(z) of A+ B and R∩(z) of A∩ B are given
y, respectively, the least common multiple and the greatest common
ivisor of Ra(z) and Rb(z).

Proof. The expression of the trajectories of the sum and in-
tersection systems are given in (18) and (19), respectively. The
systems poles of the two starting systems are the exponents
λai , λbi , which are also roots of the (scalar) polynomials Ra(z) and
Rb(z), respectively. From (18), we can see that the poles of the
sum system are the union of λai and λbi , hence the roots of R+(z)
are the union (without repetitions) of the roots of Ra(z) and Rb(z).
Similarly, from (19), it follows that the roots of R∩(z) are the
intersection of the roots of Ra(z) and Rb(z). Since all the poles are
imple, the thesis follows. □

emark 3. The result of Lemma 6 can be naturally extended to
the case of Multi-Input Multi-Output systems by replacing scalar
with matrix polynomials.

The fact that λ+ is the union of the poles of the two systems
can also be checked in Matlab. Two (random) systems can be
generated (in state-space form) by the function drss, once we fix
he number of inputs, outputs and the orders (in the input–output
etting, the sum is well-defined only for systems with the same
umber of inputs and outputs).

pole(sys1) % poles first system
pole(sys2) % poles second system
pole(sys1 + sys2) % poles of the sum

While the addition of systems can be easily obtained by the
um, the intersection of two systems is not immediate to com-
ute, and we should use some ad hoc algorithms (only algorithms
or the common dynamic estimation of scalar autonomous sys-
ems exist at the moment). Anyway, the Matlab function intersect
an be called to check the presence of common poles among the
oles of the two systems.

emark 4. If the coefficients of the given representations are
nexact, the presence of common poles between the polynomials
n the kernel representations could not be detected; they can be
stimated by computing approximate common divisors, e.g., via
he algorithms developed in Fazzi, Guglielmi, and Markovsky
2019b) for scalar polynomials (in the SISO case) or in Fazzi et al.
2021a) for matrix polynomials (in the MIMO case).

.2. A single-input single-output system and an autonomous system

Consider a single-input single-output system and an
utonomous system with simple poles. The kernel representation
f the first is given by a 1 × 2 matrix polynomial:

= ker
[
qa(σ ) pa(σ )

]
.

he kernel representation of autonomous systems involve a square
atrix polynomial R(σ ) whose determinant is nonzero. The poles
re then the roots of the determinant of R(σ ). We consider the
ollowing kernel representation:

= ker
[
1 0

]
.

0 pb(σ ) o

6

By choosing an input/output partition of the set of variables1
w = (u, y), the trajectories of the first system satisfy the equation

a(σ )u = −pa(σ )y ⇐⇒ y = −qa(σ )/pa(σ )u = ha ∗ u,

here the star denotes the convolution product. We need to
dd to these trajectories the free response ya,f ∈ ker pa(σ ),

which are the trajectories corresponding to zero input. Hence, the
trajectories of the system A have the general form

wa =

[
u

ya,f + ha ∗ u

]
.

Observe that both the free response ya,f as well as the impulse
response ha are sums of damped exponential signals of the form∑na

i=1 αizta,i where na is the degree of the polynomial pa, while
a,1, . . . , za,na are the roots of pa.
The trajectories of the system B satisfy the equation

[
u

pb(σ )y

]
=

. We see that the input can only be zero so that the output
s constrained to the free response, i.e., yb,f ∈ ker pb(σ ). The
rajectories of the system B have the general form wb =

[
0

yb,f

]
.

he free response yb,f is still a sum of damped exponentials
hose exponents are the poles of the system B.
The sum A + B is a single-input single-output system whose

rajectories have the form w+ = wa +wb, and the poles λ(A+B)
re the union of the poles λ(A)∪ λ(B). But the poles λ(B) appear
nly in the free response and not in the convolution with the
nput. A kernel representation of the sum A + B is given by

+(z) = pb(z)
[
qa(z) −pa(z)

]
. (20)

he kernel representation (20) shows that the sum of a single-
nput single-output system with an autonomous system is always
ncontrollable because of the presence of the common factor
b(z) (Polderman & Willems, 1998) (i.e., the matrix R+(z) is not
eft prime).

The trajectories of the intersection A ∩ B should be of the
orm wa and wb at the same time. Hence, the input is constrained
o be zero and the output contains only the free response y∩,f ,
hich should be in the kernels of both pa(z) and pb(z), i.e., in the
ernel of their greatest common divisor. Hence, the intersection
s an autonomous system whose kernel representation has the
ollowing expression:

∩(z) =

[
1 0
0 gcd

(
pa(z), pb(z)

)] . (21)

. Conclusion

We studied the two basic operations of addition and inter-
ection of LTI systems in the behavioral setting, showing that
hey are different from the classical definitions in the input–
utput setting. The proposed trajectory-based definition of sum
nd intersection allows us to perform such computations directly
rom the data. Moreover, we saw how the resulting system repre-
entations depend on the representations of the starting systems,
nd we proposed algorithms for their computations based on
tructured matrices and polynomial computations. We summa-
ize some of the main advantages due to the proposed definitions
nd results:

1. the intersection has been extended to open systems (sys-
tems with inputs);

1 This partition is always possible if there are at least two variables. Starting
rom a difference equation of the form R(σ )w = 0, it is enough to switch to
n input/output representation by splitting w = (u; y) into a set of inputs and
utputs and to partition R = [Q , P] accordingly.
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2. the two operations can be performed directly using the
system trajectories (observed data); the system represen-
tations, if needed for the problem, can be computed at a
later stage;

3. we can sum and intersect systems with different numbers
of inputs and outputs (but the same number of variables!).

The development and implementation of an algorithm to esti-
ate the common dynamics among open systems can be object
f future research.
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