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ABSTRACT

Electronic transport coefficients such as the electrical conductivity, the termo-power, and the charge
carrier concentration are routinely measured in a variety of application areas such as electronics or ther-
moelectric power-generation and cooling. Using fitting procedures, those measurements are used to infer
microscopic features of the samples. The code m=2T facilitates the estimation of electronic structure pa-
rameters such as the effective masses and band energies improving the current approach by increasing
the complexity of the band structure representation. The software is designed with a server-client ar-
chitecture to enhance performance and scalability. The server is implemented in the Julia programming
language. We illustrate the design and the efficiency of the code with selected applications, which are
relevant to the optimization of thermoelectric materials.

Program summary

Program Title: m=2T

CPC Library link to program files: https://doi.org/10.17632/494nj6ftbv.1

Developer’s repository link: https://github.com/marcofornari/etransport.git

Licensing provisions: GPLv3

Programming language: Julia, Python.

Nature of problem: Electronic transport measurements are routinely used to link the functional properties
exploited in electronics and energy sciences applications with the underlying electronic structure of the
material under investigation. Experimentalists collect data of derived and integrated physical quantities,
from which they estimate properties and parameters, e.g., nature of the conduction mechanisms and ef-
fective mass. The interpretation is based on simplistic models that rarely represent the complexity of
the band structure. The code m+2T improves the current state of the art and facilitates the estimation of
effective masses and energies from experimental measurements of electrical conductivity, Seebeck coef-
ficients, and carrier concentration using a multi-valley anisotropic parabolic band structure as a model
for the unknown real band structure. Experimental data can be imported and visualized to facilitate the
comparison with theoretical analysis.

Solution method: The Boltzmann equation within the relaxation-time approximation is used to compute
the electronic transport tensors from the electronic density of states characterized in terms of a set of
effective masses tensors m; and critical energies ¢;. Numerical and analytical techniques are adopted
to integrate the Boltzmann equation efficiently. By tuning the features of the density of states, temper-
ature, Fermi level, and the functional expression for the relaxation time, the software streamlines the
reconstruction of the underlying electronic properties from experimental data.

Additional comments including restrictions and unusual features: The software is designed with a server-
client architecture to enhance performance and scalability. The server is implemented in the Julia pro-
gramming language as a stand-alone library. It performs all the numerical operations to compute the
transport tensors from a set of multi-valley parabolic band structures. The client is implemented either

* The review of this paper was arranged by Prof. Weigel Martin.
** This paper and its associated computer program are available via the Computer Physics Communications homepage on ScienceDirect (http://www.sciencedirect.com/

science/journal/00104655).
* Corresponding author.

E-mail address: bonal1l@cmich.edu (L. Bonaldo).

https://doi.org/10.1016/j.cpc.2023.108857
0010-4655/© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).


https://doi.org/10.1016/j.cpc.2023.108857
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/cpc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cpc.2023.108857&domain=pdf
https://github.com/marcofornari/etransport.git
https://github.com/marcofornari/etransport.git
https://doi.org/10.17632/494nj6ftbv.1
https://github.com/marcofornari/etransport.git
http://www.sciencedirect.com/science/journal/00104655
http://www.sciencedirect.com/science/journal/00104655
mailto:bonal1l@cmich.edu
https://doi.org/10.1016/j.cpc.2023.108857
http://creativecommons.org/licenses/by/4.0/

L. Bonaldo, TE. Stearns, 1. Siloi et al.

Computer Physics Communications 292 (2023) 108857

as a command-line user interface (CLI) or a graphical user interface (GUI) written in the Python program-
ming language. The communications between the server and clients are handled by a REST API, where
the data are exchanged using JSON payloads.

© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The effective mass characterizes how freely electrons or holes
propagate inside a material and is critical in describing the trans-
port phenomena exploited in the electronic and optoelectronic
industry, as well as in photovoltaic and thermoelectric energy har-
vesting and cooling. Today, various experimental techniques are
available to measure the effective mass of a material, e.g., cyclotron
resonance [1],[2,3], de Haas-Van Alphen and Shubnikov-de Haas
oscillations [4], [5], magnetophonon resonance [6],[5], [7], angle-
resolved photo-emission spectroscopy [8], reflectivity and absorp-
tion measurements [9], and measurements of electron transport
properties [10]; the measured values can vary considerably de-
pending on the experimental method employed [11]. Despite the
widespread use, several levels of approximations are always in-
volved when comparing experimental measurements of the effec-
tive mass with theoretical predictions. In the case of electronic
transport, the effective mass is obtained indirectly, assuming sim-
plified or phenomenological models that usually involve a single
quadratic energy dispersion for the electrons of the crystal. From
a theoretical point of view, the concept of the effective mass was
first introduced by L. D. Landau in his Fermi-liquid theory [12].
Under certain conditions, the dynamics of an otherwise intractable
strongly interacting many-body quantum system of electrons can
be described as a gas of weakly interacting fictitious fermions
called quasiparticles, with an appropriately renormalized effective
mass. If the electrons in the material are modeled as a gas of inde-
pendent non-interacting quasiparticles moving in a uniform, pos-
itively charged background, the effective mass is either the mass
term in the Kinetic energy or the mass of the rotating quasiparticle
in the definition of the cyclotron resonance frequency. Moreover,
since the measurements are often performed along a single direc-
tion or in a polycrystalline sample, the effective mass is generally
assumed to be isotropic.

In electronic structure theory, the effective masses are tensors
associated with the critical points: maxima, minima, or saddles of
the band structure. Given a band structure, a complicated function
€s(k) from R® — R®, the Taylor expansion at the quadratic order
near selected critical points provides the Hessian matrices. The ef-
fective masses are then obtained by computing the inverse of the
Hessian in the proximity of the critical points in the Brillouin zone
[13]. Several interpolation methods can be used to determine first
and second-order derivatives of €5(k) and, from those, transport
quantities such as the electrical conductivity, o, the Seebeck co-
efficient, S, the Nernst coefficient [14], N, and the carrier concen-
tration, n, computed from the Hall coefficient. Unfortunately, the
band structure €5(k) is not often known because actual samples
deviate from the ideal crystal used, for instance, to set up den-
sity functional theory (DFT) calculations. Reconciling experimental
measurements and electronic structure theory is essential to ad-
vance materials discovery. The purpose of m=2T is to enable more
realistic comparisons by providing intuitive and high-performance
software to simulate transport coefficients from a tunable multi-
valley anisotropic band structure model and match the results to
experimental measurements of o, S, and n. Our intent is to further
the insight into the band structure of a material solely from elec-
tronic transport and to design materials optimization strategies by
exploring potential changes of such band structure.

2. Theoretical framework

The study of electronic transport phenomena in crystals re-
quires a model of the stationary dynamics of carriers under elec-
trical and thermal gradients and/or magnetic fields. A common ap-
proach involves solving the linearized Boltzmann transport equa-
tion to obtain the distribution of charges in the presence of exter-
nal forces and collision processes within a semi-classical approxi-
mation:

af of F of (df
vt o (i) W

where r is the coordinate vector in real space, k is the wave
vector in the reciprocal space, f = f(r,v,t) is the distribution
function of charge carriers, hv = de(k)/dk is the group veloc-
ity, F = d(hk)/dt is the external force acting on the system of
charges. The general assumptions under the Boltzmann transport
equation (1) are the following: all the particles are identical and
point-like, the fields are assumed classical and reasonably small
in magnitude (so that the linear theory is applicable), and the
scattering processes are fairly weak to allow for a perturbative
approach. These assumptions are usually valid near room tem-
perature and the Boltzmann transport equation is widely used to
describe diffusive transport phenomena in solids. The approach
breaks down when the geometrical features of the system under
investigation have dimensions comparable with the mean free path
or the de Broglie wavelength of the particles, for example when
modeling nanoscopic electronic devices. In all these situations, the
non-equilibrium many-body theory must substitute the semiclas-
sical approach. The essential part of the Boltzmann equation is the
collision term in the right-hand side of Eq. (1): it represents the
interaction among particles and is responsible for the energy dis-
sipation. A common choice for the collision term assumes that the
variation of the charge distribution is linear with the deviations
from the equilibrium configuration:

(g) _ f-fo o)
ot coll_ T ’

where fy is the Fermi-Dirac distribution of carriers, and © =
t(r,s,k, T) is the relaxation-time for carriers. In the above def-
inition, r is the position vector, s is the band index, k is the
wave-vector, and T is the temperature. However, in general, the
explicit dependence of the relaxation time on the wave vector k
of the first Brillouin zone and s is expressed in terms of the en-
ergy eigenvalues €s(k). If we assume homogeneity, the relaxation
time can be represented as a function of energy and temperature
alone, T = t(&5(k), T), which is the expression that is usually used
in practice [15]. Choosing the correct functional form for the re-
laxation time is crucial to match the experimental measurements.
The simplest expression for t is the constant relaxation time approx-
imation (CRTA); it assumes that the scattering between particles
is independent of all the variables mentioned above. The CRTA
might appear a crude approximation, but it is simple and provides
reasonable agreement with experimental data [16]. Important scat-
tering mechanisms for electrons in solids include electron-phonon
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scattering and electron-impurity scattering [15], [17], [18], [19].
Many of these mechanisms can be computed from first principles
[20] and added in the solution of the Boltzmann transport equa-
tion. In the case of multiple interactions occurring in the same
system, the total relaxation time 77 of the carriers is obtained from
the Matthiessen’s rule:

1_v1 3)
T ; Ti
The direct calculations for 7 are, however, demanding and often
require details of the structure and compositions that are not avail-
able.

Following [21], the electrical conductivity o, the Seebeck coef-
ficient S, and the electron thermal conductivity x. take the follow-

ing form:

o =e%Ly, (4a)
S= —%[ﬁo]_l L, (4b)
Ke = %(ﬁz — L1 -[Lol ™" - L), (40)
where e is the electron charge, and
1

La = 473

X ( — 8—fo)dk,
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with @ = 0,1, 2 are the kinetic coefficients, €;(k) is the rigid band

structure of the material. Moreover, the carrier density n of a ma-

terial is usually experimental measured from the Hall effect [22]:
1

n= (6)
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where the Hall tensor Ry is defined as the induced electric field
divided by the product of the current density and the applied mag-
netic field. The standard way to derive a formal expression for the
Hall coefficient in the Boltzmann theory of transport involves the
magnetic field inside the expression for the Lorentz force, F, and
solving Eq. (1) with perturbation theory [14], [23], [24], [25]. Fol-
lowing the formalism of Ref. [25], the electric current is defined in
terms of conductivity tensors of different ranks, where each rank
is given by the number of external fields the current is coupled to:

. 2 dfo
g = @3 /oaﬁ(k)< ~ B )Eﬁdk
2 d fo

In the above expression, Einstein’s summation convention is used,
and E, and H, are the electric and magnetic field respectively.
The two conductivity tensors oyg and oygy, are derived from re-
sponse theory in terms of the group velocity v, the 3-dimensional
Levi-Civita totally antisymmetric symbol €44, , the inverse of the
second-order derivatives of the band structure Myg, and take the
form oy = e?Tvgvy and oup, = e3t2€ys,vaVsMy,. Finally, in
this formalism, the Hall 3-rank tensor Ry in Eq. (6) is then ob-
tained as a product of conductivity tensors:

(7)

Ragy = (0_1)5/3 *O5py - (O'_l)otm (8)

and Einstein’s summation convention is again used in Eq. (8).
Solving Egs. (5) and (6) to predict the experimental results re-
quires knowledge of the band structure €s(k) and of details of all
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the scattering processes. This problem is usually solved by assum-
ing the structure and the chemical composition of a compound
and by using DFT [26]. If first-principles methods are not viable,
choosing the correct functional form for t requires the formula-
tion of models and, in most cases, a fitting procedure using the
experimental data and a specific dependence of t from the free
parameters of the theory (e.g., the Fermi level). The approach pre-
sented in this work deviates from this second protocol: instead of
assuming knowledge of the microscopic features of a material (in
terms of chemical composition, presence and type of impurities,
symmetry of the crystal, and scattering mechanisms), we approxi-
mate the full density of states (DOS) by a system of second-order
expansions around the minima and maxima in the Brillouin zone.
Each parabolic expansion represents local phenomena in recipro-
cal space and is characterized by the effective mass tensor and
energy of the critical point. The effective mass is a symmetric
matrix defined by six independent values (or equivalently, three
principal directions and three principal masses). In this approxi-
mation, Egs. (5) and (6) become numerically tractable and, in some
cases, even analytically solvable. Moreover, this approach extends
the procedure used to extract experimental values from transport
measurements which generally involves fitting an isotropic single
parabolic band. By introducing multiple valleys and anisotropy, the
code m=*2T facilitates indirect measuring procedures of the effec-
tive masses of a material from electronic transport, and provides
flexible ways to investigate models for the scattering phenomena.
It is worth noticing that there are cases in which the band struc-
ture is not second-order differentiable, and a more general theory
must be used to approximate the full band structure [21]. How-
ever, those cases are beyond the goals of the present work.

3. Software design

The software m=2T1 efficiently computes the transport tensors
in Eq. (4) for a generic anisotropic multi-valley parabolic band
structure by integrating Eq. (5). The authors are aware that sev-
eral software are already available in the literature to compute
transport coefficients from first-principles band structure calcula-
tions. Examples are BoltzTrap [25] and BoltzTrap2 [27], BoltzWann
[28], PAOFLOW [29], Phoebe [30]. The first two packages rely on a
smoothed Fourier expansion of the band energies to obtain an an-
alytical expression of the band structure. The transport tensors are
then obtained by differentiating the band structure and solving the
Boltzmann equation. Similarly, BoltzWann solves the Boltzmann
equation by computing the band energies and band derivatives
using Wannier interpolations. PAOFLOW computes the transport
coefficient from the velocity operator obtained by interpolating the
band structure using a tight-binding Hamiltonian. Finally, Phoebe
is a highly parallel code to solve the Boltzmann equation and
compute heat and charge conduction using a scattering matrix
formalism based on DFT calculations and Wannier interpolation
technique. Differently from these packages, m+*2T extracts transport
tensors from parabolic band structure models without requiring
DFT calculations. The novelty of this code lies in being a high-
performance and easy-to-use software to allow experimentalists to
compare measurements of the transport coefficients with a more
complex model than a single parabolic band, as is commonly done.
The software m*2T improves the analysis of the effective masses of
materials by using experimental data. Additionally, the code facil-
itates the designing of the functional form of the relaxation time
and opens the way for inverse problem analysis. In other words,
m=2T can be used to extract information on the band structure
and on the temperature dependence of the relaxation time behind
a set of external data of transport coefficients.

The code m*2T has been designed as a hybrid software written
in Julia [31] and Python [32] to take advantage of the strengths
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Fig. 1. Wall time of m=2T calculations for band structure models of different complexity and number of threads (left). Speedup plot of the multi-threaded version (right).
All tests were performed on a Windows machine with Intel(R) Core(TM) i7-10875H CPU @ 2.30 GHz, 8 Cores, 16 Logical Processors. (For interpretation of the colors in the

figure, the reader is referred to the web version of this article.)

of these programming languages. The software is released in two
schemes: a Julia package, Mstar2t.j1, for the highest perfor-
mance and a standalone cross-platform application with a graph-
ical user interface (GUI) for a more user-friendly experience. In
the first case, the user only needs to import Mstar2t.jl in a
generic Julia script and then use the methods exposed by the li-
brary interface to compute, visualize, and export the results of the
simulations. When running the script, it is highly recommended
to call the methods inside the Julia REPL to limit the initial com-
pute latency of Julia [33]. Moreover, to boost the performance of
the code, the user can run the REPL with multiple threads, and the
code will automatically perform all the calculations in parallel (see
Fig. 1 for a performance analysis).

The software m#2T can also be run as a standalone software
without requiring any knowledge of Julia. To maintain the same
performance as the package, the architecture of the software was
designed following the client-server paradigm. The code is split
into two parts: a computing server and a client interface. The
computing unit is written in Julia to take advantage of the high
performance in executing linear algebra computations. The main
task of this unit is to compute the transport tensors from a single
or a set of parabolic band structures. The choice of designing the
computing unit as a server overcomes the initial latency of Julia.
Once the server is up, the code is designed not to exit as a regular
script. Instead, the compiled code keeps running in the background
as a service, allowing the user to request other computations and
to take full advantage of the performance of a compiled code. The
client is a Python interface to set up the parameters of a band
structure, request the calculation to the server through a REST API,
and plot and export the results. This interface is implemented as
a command-line interface (CLI) as well as a GUIL. The GUI version
of m*21 for Windows is also available as an executable file (.exe).
The computing unit is implemented as a web service to listen to
client requests on a network connection. We chose to use the rep-
resentation state transfer (or REST) [34] as the architectural style
for the corresponding web API, which defines the communication
protocol (HTTP) between the exposed endpoints on the computing
server and the Python clients (see Fig. 2). The request of a cal-
culation from the client to the server is sent using an HTTP POST
method, and data between the units are exchanged in JSON format.
By splitting the code into a computing unit and an interface, the
user has the freedom to install the server in any local or remote
machine with the desired amount of memory and peak perfor-
mance while easily sending requests from a separate node, PC,
laptop, or even embedded systems. Indeed, the only requirement
is an internet connection, the ability to reach the server through
the network, and a running Python installation.

The source code of m#2T and the corresponding documentation
are available on GitHub on a repository made of two folders, one
for the Julia server and the other for the Python interface. Inside

<
S

fil

0
L]

@ python A == ”

Fig. 2. m+2T client-server architectural model. The server collects the requests from
the clients and performs all the operations to compute the transport tensors from
a single or a set of parabolic band structures. The server is written in Julia to take
advantage of the high performance in executing linear algebra computations. The
client is a Python interface to set up the parameters of a band structure, request
the calculation to the server through a REST API, plot and export the results. The
communication protocol between the endpoints on the computing server and the
Python clients is HTTP. (For interpretation of the colors in the figure, the reader is
referred to the web version of this article.)

so

uli

[ Y

the repository, a README file collects the steps to install the code
and its dependencies. The two main requirements are a stable Ju-
lia installation on the computing machine (version > 1.6) and a
Python environment on the interface machine (Python 3).

4. Technical details

The primary purpose of m=2t is the simulation of transport ten-
sors from a set of parabolic band structures in thermodynamic
conditions specified by the temperature and the chemical poten-
tial. A physical model is defined using a collection of parameters
that need to be set up in an input file (for the CLI version, Fig. 3)
or through the input window of the GUI (Fig. 4) before running
a calculation. There are three main groups of input parameters:
band structure parameters, thermodynamic parameters, and the re-
laxation time. The first group collects the parameters that define
each parabolic band: type of band (i.e., +1 for a conduction band,
—1 for a valence band), effective mass tensor (six real numbers,
where the first three are the principal masses and the other three
are the Euler principal axes), band energy minimum or maximum,
level of degeneracy. The second group of parameters contains the
temperature and position of the Fermi level. Finally, the last pa-
rameter that has to be specified is the relaxation time t, which
represents the scattering mechanisms between carriers that are
included in the system. The functional form for 7 can be cho-
sen among already defined expressions (e.g., constant 7, acoustic
phonon scattering, and ionic impurities scattering). According to a
specific choice of 7, a set of additional parameters is available to
adjust its functional form.

For the CLI version, the user must set all the input parameters
in an input file that the computing unit reads at the beginning of
each calculation. In order to enhance the flexibility of the software,
the input file has been designed so that Fermi level, temperature,
effective mass components, and energy extrema can be set as a
single number or as a range of values. The user can group sev-
eral computations in a single run and easily explore the behavior
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# results fullpath
/path/to/output/folder

# export all data [true/false]
false

# number of bands

1

# Fermi level
-0.05:0.02:0.05

# temperature

300:650:10

# bands masses and angles
.5 .5 .5 0.0 0.0 0.0
band type

#
1
# energy extrema

0.0

# degeneracy

1

# tau model [constant/acoustic/impurity]
acoustic

# tau acoustic coefficients

e min 0.0

A sm = 1.
m_max =

T 250.0
w_min 5
_max 5
# tau impurity coefficients
e _im 1.0

A dim = 1.0

y_im 1.0

0
1.0

Fig. 3. Input file template for the transport tensors calculation performed with the
command-line interface of m+2T. (For interpretation of the colors in the figure, the
reader is referred to the web version of this article.)

of the transport tensors in different regimes. As an example, Fig. 3
reports the input file for a system with a single conduction band
with isotropic effective mass and energy minimum at 0.0 eV, tem-
perature between 300 K and 650 K, Fermi level between —0.05 eV
and 0.05 eV, and acoustic phonon scattering.

Once the client requests the calculation, the computing unit
solves the Boltzmann equation Eq. (1) and obtains the transport
tensors by integrating Eq. (4). The following transport tensors
are computed: the electrical conductivity o, Seebeck coefficient
S and electrical thermal conductivity ., rank-3 Hall tensor R,
Eq. (8), and the value of the carrier concentration n derived from

Computer Physics Communications 292 (2023) 108857

R (Hall effect), Eq. (6). The structure of the computing part is rela-
tively simple. At the higher level, the REST API backend handles
the communication with the Python clients. Whenever a com-
putation is requested, the service receives a stream of bytes in
JSON format that encodes the parameters of the physical system
set up by the user. This information is passed to the runcal-
culation routine that parses all the input parameters, instan-
tiates the Julia data structures, imports or constructs the cor-
rect relaxation time functional form, creates the folders structure
for the results, and saves the input file for future reference. At
the end of these steps, the input data are passed to the ten-
sor_calculation routine, which is the actual computing en-
gine of the software. Depending on the requests of the user, the
engines calls the functions that compute all the transport ten-
sors. Their names are: compute_elcond, compute_ seebeck,
compute thermalcond, compute carrierconc. Moreover,
when importing m#2T as a Julia package, the interface exposes five
functions to compute the transport coefficients. These functions
are: electrical_conductivity, seebeck coefficient,
thermal conductivity, hall, carrier concentration.
Finally, the lorenz_tensor method can be used to compute the
Lorenz tensor in the Wiedemann-Franz law. As described in Sec-
tion 2, for homogeneous isotropic materials within the relaxation
time approximation, the transport properties in Eq. (4) are ob-
tained as a function of three kinetic coefficients Lo, £1 and L.
The method Ln is at the core of the software that handles the
computation of these coefficients by integrating Eq. (5) using the
specific relaxation time chosen by the user. By default, the integra-
tion of the Boltzmann equation in m=*2T is performed numerically
by using the Gauss-Laguerre quadrature, a method that is derived
from the general Gaussian quadrature rule when the domain of in-
tegration is [0, o0) and the weighting function is of the form e*.
However, it is worth highlighting that fully analytic solutions or
combinations of analytic and numerical solutions exist for Eq. (5)
for the CRTA and whenever 7 is a power function of the energy.
Many of these expressions are hard-coded into m*2T so that the
integration of the transport tensors turns into function evaluations
instead of a call to a numerical integration method, enormously
increasing the performance of the software.

Once all the calculations are complete, the code exports the
results as a table to a CSV file. This file is named results.csv by

INPUTS
(0]

[conduction band # [t 2] [valence band #

[300:1000:100]  -0.1:0.1:0.01

| IMPORT DATA
CLEAR DATA
ulevi

[CTerst Cowme Do |
[ |

@ Number of conduction and valence bands
@ Conduction bands parameters

® Valence bands parameters

single value or interval
® tmodel selection
® tacoustic coefficients
@ Band selection for t plot
® timpurity coefficients
® tplot
Mattvessen's re ® Matthiessen’s rule parameters
@ Import/clear experimental data

|

i

|

‘ @® Temperature and chemical potential
|

|

|

|

|

| ® Execute calculations
|

|

|

|

|

|

Fig. 4. Input window of the GUI version of the Python interface. This window is used to set up the parameters of the calculation and send the requests of calculations to the
computing server. The window is organized with four main boxes: parameters of the conduction bands (top-left), parameters of the valence bands (top-right), temperature
and chemical potential (center-left), parameters to define the scattering mechanisms (center-right). Two buttons on the bottom-left corner of the window allow the user to
import external data. (For interpretation of the colors in the figure, the reader is referred to the web version of this article.)
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Fig. 5. The output window of the GUI version is provided to visualize and export the results of the computations performed by m+2t1. Each graph shows the trend of the
electrical conductivity (top-left), the Seebeck coefficient (top-right), the electrical thermal conductivity (bottom-left), and the Hall carrier density (bottom-right) as a function
of temperature and chemical potential w (color bar). The table at the bottom of the window shows each component of the tensors for a chosen pair of temperature and
chemical potential. The menu bar at the top of the window can be used to export both plots and data to disk. (For interpretation of the colors in the figure, the reader is

referred to the web version of this article.)

default and is located on the path specified by the user in the
input file. Every row of the table corresponds to a single band
structure model, where each column is a different band parameter,
temperature point, and value of the trace of the transport tensor
computed at each temperature point. Moreover, a Boolean variable
export_all data selects the components to export into sepa-
rate CSV files. In addition to the computing part, m#*2T provides a
set of plotting routines to easily visualize the results of the compu-
tation. The visualization module of m=2T relies on Makie.j1 [35]
for the Julia package version, and on Matplotlib for the Python
interface [36].

The GUI can be used as an alternative to the CLI version of
the Python interface, which shares the same goals: set up all the
parameters of the physical system and request the calculations to
the computing unit. We designed the GUI using the PySide library
(https://wiki.qt.io/Qt_for_Python), which contains the Python bind-
ing of the c++ Qt framework for GUIs and software applications.
Thus, the only prerequisite to run the GUI is a set of dependen-
cies that can be easily installed using a package manager like pip
or Conda (https://www.anaconda.com/). The README file included
with m#2T describes all the steps to perform the installation.

Once the GUI is launched, two windows are generated: one is
used to enter the parameters of the computation, and the second
one to visualize the results (see Figs. 4 and 5). Besides four boxes
to set all the parameters of the band structure and the scattering
mechanisms, two buttons on the bottom-left corner of the input
window allow the user to handle the import of a set of input data.
These data are plotted in the output window behind the simulated
data. The user can easily compare new simulations with other data
(e.g., experimental measurements) and infer the model that best
approximates the band structure behind a set of transport mea-
surements. These input data must be collected in a CSV (Comma
delimited) *.csv file, or Excel Workbook *xIsx file and have the
form of Table 1. The output window is provided to visualize the
results of the computations and to monitor the results before ex-
porting plots and tables into files. Each graph shows the trend
of electrical conductivity (top-left), Seebeck coefficient (top-right),

Table 1

Template of the input data table.
Tensor " T1 Ty T3 e Ty
conductivity "1 o(u1,Ty) o(u1,Tr) o(pn1,T3) v O(1,Ty)
conductivity 2 o(ua,T1)  o(u2,T2) o(u2,T3) .. o(u2,Tn)
conductivity Um  o(Um,T1)  o(um,T2) o(Um,T3) .. o(um,Tn)
seebeck M1 S(u1,Ty)  S(u1,T2)  S(ua,T3) .. S(uq,Tn)
seebeck Hm S(pm, T1) S(pm, T2) S(m, T3) v S(m, Tn)
thermal w1 k@, T k(1,T2) k1, T3) e k(1 Tn)
thermal Mm kK(@Um, T k(m, T2)  k(Um.T3) o K (Um, Tn)
concentration  p1 n(u1,T1)  n(u1,T2)  n(ua,T3) .. n(pa, Tn)
concentration U,  n(Wm, T1)  n(m,T2)  n(Um,T3) .. n(m, Tn)

electrical thermal conductivity (bottom-left), and Hall carrier den-
sity (bottom-right) as a function of temperature T (the chemical
potential p is considered a parameter of the curve). The table at
the bottom of the output window reports each component of the
tensors for a chosen pair of temperature and chemical potential.
Finally, by using the menu bar at the top of the window, the user
can easily export both plots and data to disk.

5. Examples and applications: CRTA

The flexibility of m*2T allows modeling several band structures
and doping levels as a function of temperature in seconds. This
section collects some illustrative examples assuming the CRTA in
the Boltzmann equation, Eq. (1) (in Section 6 the contribution of
non-constant scattering time in the transport tensors will be ad-
dressed). In each of the following examples, the input file is rep-
resented as Julia code that can be trivially transported into the
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Fig. 6. Transition from an insulating (yellow) to a metallic (purple) regime studied by analyzing the electrical conductivity (left), the Seebeck coefficient (center), and the Hall
carrier density (right) as a function of temperature and chemical potential (color bar) for a p-type semiconductor within the CRTA. As discussed in the text, electrical and
carrier density increase with temperature in both regimes, while the Seebeck coefficient decreases with temperature in the insulating regime and increases in the metallic
regime. Since in both cases the active carriers are positively charged, Seebeck coefficient and Hall charge density are positive. (For interpretation of the colors in the figure,

the reader is referred to the web version of this article.)

corresponding CLI input file or GUI input parameters. The figures
are obtained using the Julia package Mstar2t.jl, but identical
plots can be created using the GUI and the standalone software.

5.1. Semiconducting and metallic limits

The case of a single parabolic band has the advantage that a
complete analytic expression for electrical and thermal conductiv-
ity, Seebeck coefficient and carrier concentration can be derived
from the Drude-Sommerfeld model of free electron gas, allowing
a direct verification of the consistency of m*21. To simulate this
system, the input parameters are the following:

# anisotropic effective mass
mstar = [.1, 1, 10, .0, .0, .0];
# band position

e0 = 0.0;

# band type: valence band
btype = -1;

# single degeneracy

deg = 1;

# chemical potential crossing the band
W = collect(-.1:0.01:.1);

# temperature

T = collect(50.:10:1000) ;

# constant relaxation time

1 _form = Scattering.constant();

The results (Fig. 6) are in agreement with the analytical expres-
sion and numerical simulation in the both metallic and insulator
regime for a single parabolic band within the CRTA [21]. The elec-
trical conductivity o, (0 = %Tr(mj)), increases with temperature
for all values of the chemical potential. This effect is due to the
broadening of the derivative of the Fermi-Dirac distribution inside
the expression for the kinetic coefficients, Eq. (5), which represents
that, as the temperature grows, more and more charges are acti-
vated and contribute to the electronic transport. The yellow curve
displays o in the insulating regime, in which the value of the
chemical potential is above the maximum of the valence band, and
therefore the band is fully occupied at T = 0. As the chemical po-
tential moves down and enters the valence band, more and more
carriers gets activated, and so the electrical conductivity increases
in magnitude (darker curves). The behavior of the Hall charge den-
sity is identical, in form, to the electrical conductivity, as for a
single band electrical conductivity and number of carriers are pro-
portional. The Seebeck coefficient (plot in the center of Fig. 6) is
positive, as the carriers that are active in this system are positively
charged (which can also be seen by looking at the sign of the

Hall carrier density) and raises with temperature in the metallic
limit (since the increase in the number of active carriers due to T
dominates over the 1/T term in Eq. (4)), and decreases with tem-
perature in the insulating regime as the number of active charges
saturates when the chemical potential leaves the band. Again, this
is in agreement with the analytic expressions [21].

5.2. Bipolar transport

A two-band system with a small band gap may exhibit bipolar
transport. This effect on semiconductors has important implica-
tions in electronics and photoelectric devices and involves elec-
trons and holes in a crystal at the same time. The input parameters
to simulate a system with bipolar transport are the following:

# conduction band

# isotropic effective mass
m1-=1([5 5,5 .0, .0, .0];
# band position

€0 1 = 1.0;

# conduction band

btype 1 = 1;

# single degeneracy

deg 1 = 1;

# valence band

# anisotropic effective mass
m2=1[.1, 1, 10, .0, .0, .0];
# band position (moving)

e0 2 = collect(0.0:0.01:1.05);
# valence band

btype 2 = -1;

# single degeneracy
deg 2 = 1;

# Fermi level position
n = 0.8;

# temperature

T = collect(50.:10:750) ;
# band gap

gap = e0_1 .- e0_2;

# constant relaxation time
1_form = Scattering.constant () ;

The band structure is formed by a conduction band with energy
minimum equal to e0_1 = 1.0 eV, and a valence band, that is
moving up frome0_2 = 0.0eVtoe0 2 = 1.05 eV. Also, the
two bands have different effective masses so that they contribute
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Fig. 7. Effect of bipolar transport on the electrical conductivity (left), the Seebeck coefficient (center), and the Hall carrier density (right) as a function of temperature and
band gap (color bar) for a two-band system within the CRTA. The first band is an isotropic conduction band with minimum at e0_1 = 1.0 eV, the chemical potential is
below the conduction band at 0.8 eV, and the second band is an anisotropic valence band with maximum that is moving up from e0_2 = 0.0eVtoe0_2 = 1.05¢eV,
first crossing the chemical potential and then the conduction band. The sign of the Seebeck coefficient and Hall charge density depend on the type of particles that contribute
more to the electronic transport. (For interpretation of the colors in the figure, the reader is referred to the web version of this article.)

differently to the transport coefficients. Fig. 7 shows the results of
the simulations with m=*2T, where electrical conductivity, Seebeck
coefficient and Hall carrier density are computed as a function of
temperature and band gap (color bar) within the CRTA. Electri-
cal conductivity and Hall carrier density are negligible when the
band gap is very large, since the chemical potential lies in the gap
and both the bands are in the insulating regime. As the band gap
closes, more and more charged particles contribute to the elec-
trical current, increasing both the electrical conductivity and the
current density. The bipolar transport has an interesting effect on
the Seebeck coefficient which is sensitive to the charge sign of the
particles that are contributing to the electronic transport. Because
of this change of sign, the Seebeck must become zero when there
is perfect cancellation between the contributions to the Seebeck of
the two bands. In our example, this happens when the band max-
imum e0_2 is equal to 0.6 eV, because the chemical potential lies
exactly in the middle of the gap. Finally, it is also important to no-
tice that in the proximity of the band edges, while the electrical
conductivity and the carrier density drop, the Seebeck coefficient
has its maximum (absolute) values.

5.3. Band convergence

This example studies a system with a single conduction band
and two valence bands with different energy and effective masses.
The focus is on the different contribution to the transport coeffi-
cients of the three bands when one of the valence bands converges
toward the other one, crossing the chemical potential, and finally
entering the insulating regime. The input parameters to simulate
this physical system are the following:

# conduction band

# isotropic effective mass
m1-= (1,1, 1, .0, .0, .0l;
# band position

e0_ 1 = .5;

# conduction band

btype 1 = 1;

# single degeneracy

deg 1 = 1;

# first valence band

# isotropic effective mass
m2-=[.1, 1, 10, .0, .0, .01;
# band position

€0 2 = 0.0;

# valence band

btype 2 = -1;

# single degeneracy
deg 2 = 1;

# second (moving) valence band
# anisotropic effective mass
m3=1[.1, 1, 10, .0, .0, .0];
# band position (moving)

e0 3 = collect(-0.5:0.001:0.5);
# valence band

btype 3 = -1;

# single degeneracy

deg 3 = 1;

# Fermi level position
nw = -0.1;
# temperature
T = 500.;
# constant relaxation time
t_form = Scattering.constant () ;

Fig. 8 shows the electrical conductivity, Seebeck coefficient and
Hall carrier density plotted as a function of the distance A be-
tween the two valence bands. When A < 0, the chemical potential
crosses both bands. Therefore the electrical conductivity and the
carrier density are large while the Seebeck is positive and small.
As one of the valence bands moves down, its contribution to the
electrical conductivity drops as fewer positive carriers are active in
transport while the Seebeck increases. When the band crosses the
chemical potential, the electrical conductivity becomes negligible,
and the Seebeck has a peak before decreasing again. Again, these
results agree with the analytic solutions [16].

5.4. Wiedemann-Franz law

The Wiedemann-Franz law [37] states that the ratio between
a metal’s electrical and thermal conductivity is linear with the
temperature. The justification behind this effect is that in metals,
charge and heat carriers are the same free electrons. The coeffi-
cient of proportionality is called the Lorentz number L. Analytical
predictions for L for a single parabolic model in the constant re-
laxation time approximation exist in the literature for metallic and
insulator regimes [16]. The input parameters to simulate this sys-
tem are similar to the single parabolic band example:

# anisotropic effective mass
m= [.1, 1, 10, .5, 1.6, 5.1;
# band position

e0 = 0.0;
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Fig. 8. Effect of band convergence on the electrical conductivity (left), the Seebeck coefficient (center), and the Hall carrier density (right) within CRTA for a system with one
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# conduction band

btype = 1;

# single degeneracy

deg = 1;

# transition between metallic
# and insulting regime

W = collect(-0.2:0.0005:0.2);

temperature

= collect (50.:50:750) ;
constant relaxation time
_form = Scattering.constant () ;

A - H

Fig. 9 shows the plots for the electrical and thermal conductivity,
and Lorenz number as a function of chemical potential and tem-
perature (color bar) for a single conduction band with minimum at
0.0 eV. In particular, in the far left part of the plots, the chemical
potential is below the band minimum and therefore the system is
in the insulating regime. On the other hand, in the far right part of
the graphs, the chemical potential is equal to 0.2 eV and so it is in-
side the conduction band; therefore the system behaves as a metal.
Also, the dotted gray lines in the plot of the Lorentz number repre-
sent the analytic values computed from the single parabolic model
in the metallic and insulating limits. As can be seen, the simu-
lations obtained with m=2T are in agreement with the accepted
theoretical values [16].

6. Examples and applications: non-constant T models

Although widely used, the CRTA does not capture the behavior
of the transport coefficients as function of temperature. For in-

stance, experimental measurements of the electrical conductivity
show that o increases when heating the sample for a semicon-
ductor and decreases with temperature for a metal. The transport
coefficients are also sensitive to the doping level, and to the nature
and quantities of impurities in a material. In order to reproduce
physical phenomena, a temperature dependence of the relaxation
time 7(T) must be accounted for. The temperature dependence of
T can simulate different transport regimes that may be related to
the specific scattering phenomena or the relative weight they may
have at different temperatures. Two important scattering mecha-
nisms are included in m=2T: the acoustic phonon scattering, and
the ionized impurity scattering. The acoustic phonon scattering,
Tqc, describes the interaction between electrons and thermal vi-
brations, and explains the change of behavior of the electrical con-
ductivity between a metal and a semiconductor. In contrast, Tip
allows a description of the change in the transport coefficients due
to the presence of impurities and imperfections.

Following [23], the relaxation time for the acoustic phonon
scattering is inversely proportional to temperature, and the de-
pendence on the energy changes according to the position of the
chemical potential with respect to the extremum of the band:

Asm L ifu<e

e ey 0
Tac(T, ) =y VH— 65;’}2 f=To (9)

W if u > €o.
In m=2T the two functions are smoothly joined with a sigmoid
function. The essential part of Eq. (9) is the dependence on tem-
perature (t ~ 1/T) and chemical potential (t ~ 1/,/& or T ~
w3/2). The parameters €g, €sm, To, Asm» Am, and By, can be tuned
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Fig. 10. Functional form for the acoustic phonon scattering 7, in Eq. (9) as a func-
tion of temperature and chemical potential. The relaxation time drops with tem-
perature (t ~ 1/T) for both semiconducting and metallic regimes, and decreases
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(For interpretation of the colors in the figure, the reader is referred to the web
version of this article.)

to match the experimental data. We notice that a direct calcula-
tion of these parameters it is very demanding for real materials
and beyond the scope of learning from experiments. The parame-
ter €g is the critical point of the band in eV, €4y is the value of
the energy at which the relaxation time diverges (no scattering) or,
similarly, the first point in energy at which 74 is computed. Since
energy is always defined as difference from a common reference,
we chose to set this reference as the energy of the lowest band
(called €min, in eV). Therefore, €5y, is defined as a distance from
€min, €sm = €min — Mmin USINg the wmin input parameter of the in-
terface of m*2T. The parameter Agy, is a multiplicative constant
in front of the functional expression of 7, for semiconductors in
units of 5-1072%. Ty is the minimum temperature at which T4
is defined and can be used to control the temperature at which
Tqc diverges. Finally, the function in Eq. (9) has two more degrees
of freedom, A; and Bj. One of them is fixed by imposing the
continuity between the two pieces of the expression, while the
second one is modified through e (in eV), which is the pa-
rameter that sets the maximum value of the second form of t,:
Tac(€0 + Mmax) = Tmax, in units of 2 - 1071%s. An example of the
functional form for the acoustic phonon scattering implemented in
m+*2T can be seen in Fig. 10.Figs. 11 and 12 show the prediction of
m=2T for the electrical conductivity, Seebeck coefficient, and Hall
carrier density for a single conduction band when acoustic phonon
scatterings are included. These results should be compared with
the ones obtained within the CRTA, as in Fig. 6. When the electron-
phonon interaction is present, the scattering rate increases with

o vs T, T =acoustic

Svs T, T =acoustic

Computer Physics Communications 292 (2023) 108857

temperature, so the relaxation time becomes smaller. In a semi-
conductor, the number of carriers is small compared to that in
a metal and grows considerably with temperature. Since this ef-
fect dominates over the decrease of t due to electron-phonon
scattering, the electrical conductivity increases with temperature.
In a metal, there are more carriers from the start, the increase
in carrier density due to temperature becomes lower than in the
semiconducting regime, and the scattering rate dominates over the
increment of n. Therefore, the electrical conductivity changes be-
havior, and it decreases with temperature due to acoustic phonons
(see the crossover of the parametric curves in the first plot of
Fig. 12 when the Fermi level crosses the minimum of the con-
duction band). The code to simulate this effect with m#*2T is iden-
tical to one for the CRTA; the only change is in the last line,
where t_form = Scattering.acoustic () ; is used instead
of t_form = Scattering.constant() ;.

A more complex example is a system of two valence and two
conduction bands with a gap. Even in this case, the balance be-
tween the effect of acoustic phonons and the increase in tempera-
ture of the carrier concentration determines a departure from the
behavior of the electrical conductivity predicted within the CRTA,
as can be seen in Fig. 13. The m*2T input file for this system
is:

# conduction band #1

m 1l = [.8, .8, .8, 0.0, 0.0, 0.01;
e0_1 = .5;

type 1 = 1;

# conduction band #2

m2-=[.5 .5, .5, 0.0, 0.0, 0.0];
e0_2 = .35;

type 2 = 1;

# valence band #1

m3-=1[1.,1., 1., 0.0, 0.0, 0.0];
e0 3 = .32;

type 3 = -1;

# valence band #2

m4=1(.7, .7, .7, 0.0, 0.0, 0.0];
€0 4 = .25;

type 4 = -1;

n = collect(.2:0.01:.6);
T = collect (150:50:650) ;
1 _form = Scattering.acoustic();

In all these calculations, we assumed that the majority of the elec-
trons that are active in transport and can be scattered are the ones
with energy € ~ u £+ AE, with AE ~kgT. Thanks to this physical
condition, the integration of Eq. (5) is extremely efficient because
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Fig. 11. Electrical conductivity (left), Seebeck coefficient (center), and Hall carrier density (right) as a function of temperature and chemical potential (color bar) for a single
band n-type semiconductor transitioning from insulating (purple) to the metallic (yellow) regime with acoustic phonons scattering 7. (For interpretation of the colors in

the figure, the reader is referred to the web version of this article.)
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Fig. 12. Effect of acoustic phonon scattering on the electrical conductivity (left), the Seebeck coefficient (center), and the Hall carrier density (right) as a function of chemical
potential and temperature (color bar) for a single band n-type semiconductor transitioning from insulating (purple) to the metallic (yellow) regime. Differently from the
CRTA, Fig. 6, the electrical conductivity decreases with temperature in the metallic regime due to the interaction between electrons and acoustic phonons. This change of
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Fig. 13. Electrical conductivity as a function of chemical potential and temperature within CRTA (left), and with acoustic phonon scattering (right), for a four-band system
with two valence bands (maxima at e0_1 = -0.32 eV and e0_1 = -0.25 eV) and two conduction bands (minima at e0_3 = 0.35 eV and e0_4 = 0.5 eV), and
with a gap of 0.03 eV. The chemical potential ranges from 0.2 eV to 0.6 eV and the temperature from 150 K (purple) to 650 K (yellow). The plot on the right shows the
change of temperature dependence of the electrical conductivity due to the presence of acoustic phonons: it decreases with temperature in the metallic regime (left and right
side of the right plot), and it increases with temperature when the chemical potential is within the gap and the system behaves like a semiconductor. (For interpretation of
the colors in the figure, the reader is referred to the web version of this article.)
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in the figure, the reader is referred to the web version of this article.)

Fig. 14. Functional form for the impurity scattering i in Eq. (10) as a function of
temperature and chemical potential. The relaxation time is constant with tempera-
ture, inversely proportional to density of impurities, and drops when the chemical
potential matches the energy of the impurity €;p,. (For interpretation of the colors
in the figure, the reader is referred to the web version of this article.)

(1/Aim) when the chemical potential matches the energy of the

T comes out of the integral allowing for the evaluation of Eq. (5) impurity €;,,. The parameter Aj, is in units of 10'3s~! and is

with analytical expressions. proportional to the density of impurities (A;ym ~ njy), while y is

There is a second built-in functional form for the relaxation  related to the dispersion of the curve, see Fig. 14. Analyzing sys-

time in m+2T, the one for the impurity scattering: tems with a single scattering process can be useful for theoretical

inquiry, particularly when restricting the study to specific tem-

Aimyz -1 perature and chemical potential regimes. However, the scenario

Tim = [ﬁ] (10) is more complicated when dealing with actual materials. For in-
(U —€m)=+y

stance, for a system with impurities and in which the current is
The impurity scattering rate (relaxation time) is constant with limited by acoustic phonons, the two effects must be included
temperature [38] and has a peak (minimum) with value Ajy together. In m#2T the two effects are automatically summed up
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Fig. 16. Electrical conductivity (left), Seebeck coefficient (center), and Hall carrier density (right) as a function of temperature and chemical potential (color bar) for a single
band p-type semiconductor with energy minimum at 0.0 eV transitioning from metallic (purple) to the insulating (yellow) regime. The relaxation time is obtained by
applying Matthiessen’s rule, Eq. (3) to the acoustic phonon scattering 7,4, Eq. (9), and the impurity scattering 7i,, Eq. (10). Since the latter dominates at low temperature,
the electrical conductivity remains almost constant in the first part of the left plot. As the temperature increases, the density of phonons grows very rapidly and the acoustic
phonon scattering takes over the impurity scattering and becomes the primary source of dissipation. Therefore, the electrical conductivity recovers the behavior seen in
Fig. 11. (For interpretation of the colors in the figure, the reader is referred to the web version of this article.)
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