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Abstract: We derive several properties of the heat equation with the Hodge operator associated with the
Rumin’s complex on Heisenberg groups and prove several properties of the fundamental solution. As an
application, we use the heat kernel for Rumin’s differential forms to construct a Calderón reproducing formula
on Rumin’s forms.

Keywords: Heisenberg groups; differential forms; currents; Laplace operators; heat kernel

MSC 2020: 43A80; 58A10; 58A25; 35B27


To Ermanno, in friendship and admiration of his mathematics.

1 Introduction and basic objects

Heisenberg groups �n, ≥n 1, are connected, simply connected Lie groups whose Lie algebra is a one-dimen-
sional central extension of h �= n

1
2 ,

h h h h h� ( )= ⊕ = = Z, with ,1 2 2 (1.1)

with bracketh h h �⊗ → =1 1 2 being a nondegenerate skew-symmetric 2-form. Due to its stratification (1.1), the
Heisenberg Lie algebra admits a one-parameter group of automorphisms δt,

h h= =δ t δ ton , on ,t t1
2

2

which are counterparts of the usual Euclidean dilations in �N . The stratification of the Lie algebra h yields a
lack of homogeneity of de Rham’s exterior differential with respect to group dilations δλ. The so-called Rumin
complex is meant precisely to bypass the lack of homogeneity of de Rham complex through a new complex
that is still homotopic to de Rham complex. In Appendix A, we shall provide a more exhaustive description of
Rumin complex.

In this article, we investigate several properties of the heat kernel associated with the Rumin complex on
Heisenberg groups, i.e., of the distributional kernel of the “heat operator”

� ��� ≔ ∂ + ×+Δ in ,s h

n

,

where �Δ h, is the homogeneous Hodge Laplacian associated with Rumin complex (1.2), and derive a natural
reproducing formula in the spirit of Calderón reproducing formula. Beside this application, which has its own
interest, we collect several basic results on the heat kernel, which seem to be not all available in the literature
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(in this spirit, we quote the studies by Albin and Quan [1] and Rumin [46] for the heat kernel in contact
manifolds, as well as the study by Dave and Haller [19] in filtered manifolds).

This project grew out of understanding compensation–compactness phenomena for differential forms on
nilpotent groups. Several div-curl lemma have been proved in the setting of Heisenberg groups by the second
author jointly with different co-authors in previous studies [8,10,11,29]. The present article stems from the
following observation: in a very interesting article, Lou and McIntosh [40] introduced Hardy spaces of exact
differential forms for the De Rham complex on Euclidean spaces and generalized the foundational work of
Coifman et al. [17]. The work of Lou and McIntosh contains several ideas around the use of differential forms
with coefficients in a suitable Hardy spaces (and their atomic decompositions) but also their analysis via a
reproducing formula à la Calderón. Thanks to the works of the second author with Baldi et al. [4–7], several
important functional inequalities are now available for the Rumin complex. However, as mentioned, the full
generalization to the Rumin complex of div-curl lemma of Lou and McInstosh requires the introduction of
Hardy spaces and their atomic decomposition. At this point, the theory of such spaces for the Rumin complex
departs from the Euclidean setting, even if every Heisenberg group is a space of homogeneous type, because of
the structural properties inherent to the Rumin complex. In a subsequent article, we will address the con-
struction of such spaces and the applications to compensated compactness on the Rumin complex. This
application to div-curl lemmas is also the motivation behind our choice to present the Calderón reproducing
formula in the space L

1. However, we must stress that, unlike in [2], our reproducing formula is not associated
with a semigroup with finite speed of propagation, and therefore, following the study by Lou and McIntosh
[40], we are lead to work with a decomposition in molecules, replacing the usual decomposition in atoms of the
functions in real Hardy spaces.

Classically, approximation on groups or manifolds can be done through the heat operator. The scalar case,
i.e., the heat operator associated with a subelliptic Laplacian on stratified nilpotent Lie groups is nowadays
well understood. We refer to previous studies [25,33,49] and to the historical introduction of the study by
Bramanti et al. [15]. On the contrary, much less is known for the heat kernel on differential forms in both the
Riemannian and the non-Riemannian setting. We refer to the previous study Coulhon et al. [18] and to the
reference therein. In particular, the literature is rather poor on the properties of the heat kernel for differ-
ential forms in Heisenberg groups for the Rumin Laplacian. The primary goal of the present work is to fill in
this gap and provide several ready-to-use properties of the heat equation on the Rumin complex. As an
application, we use this heat kernel to prove a general Calderón reproducing formula on Rumin forms. Our
contribution can then be seen as a further expansion of the noncommutative harmonic analysis of differential
complexes on the Heisenberg group.

To state our main results, we first recall some basic notations related to the Heisenberg group and the
Rumin complex of differential forms. The subsequent sections introduce all the necessary tools and the
appendices expand on more details on the geometry and analysis on Heisenberg together with the Rumin
complex. We refer the reader to those for a more detailed account.

In this section, we present some basic notations and introduce both the structure of Heisenberg groups
together with the formulation of the Rumin complex. We denote by �n the ( )+n2 1 -dimensional Heisenberg
group, identified with � +n2 1 through exponential coordinates. A point �∈p

n is denoted by ( )=p x y t, , , with
both �∈x y, n and �∈t . If p and �′ ∈p

n, the group operation is defined by

( ( ))∑⋅ ′ = + ′ + ′ + ′ + ′ − ′
=

p p x x y y t t x y y x, ,
1

2
.

j

n

j
j j j

1

Notice that �n can be equivalently identified with � �×n endowed with the group operation

( ) ( ) ( )⋅ ≔ ⎛
⎝ + + − ⎞

⎠z t ζ τ z ζ t τ zζ, , ,
1

2
Im ¯ .

The unit element of �n is the origin, which will be denoted by e. For any �∈q
n, the (left) translation

� �→τ :q

n n is defined as follows:

↦ ≔ ⋅p τ p q p.q
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We denote byh the Lie algebra of the left invariant vector fields of �n. The standard basis ofh is given, for
=i n1,…, , by

≔ ∂ − ∂ ≔ ∂ + ∂ ≔ ∂X y Y x T

1

2
,

1

2
, .i x i t i y i t ti i

The only nontrivial commutation relations are [ ] =X Y T,j j , for =j n1,…, . The horizontal subspace h1 is the
subspace of h spanned by X X,…, n1 and Y Y,…, n1 : h � { }≔ X X Y Yspan , …, , , …, .n n1 1 1

Denoting by h2 the linear span of T , the two-step stratification of h is expressed by

h h h= ⊕ .1 2

The stratification of the Lie algebra h induces a family of nonisotropic dilations � �→δ :λ

n n, >λ 0 as
follows: if �( )= ∈p x y t, , n, then

( ) ( )=δ x y t λx λy λ t, , , , .λ

2

Throughout this article, we also write

≔ ≔ ≔ =+ +W X W Y W T i n, and , for 1,…, .i i i n i n2 1

The dual space of h is denoted by h⋀1 . The basis of h⋀1 , dual to the basis { }X Y T, …, ,n1 , is the family of
covectors { }x x y y θd , …,d , d , …,d ,n n1 1

, where

( )∑≔ − −
=

θ t x y y xd
1

2
d d

j

n

j j j j

1

is called the contact form in �n. We also denote by ⟨ ⟩⋅ ⋅, the inner product in h⋀1 that makes ( )x y θd , …,d ,
n1 an

orthonormal basis, and we set

≔ ≔ ≔ =+ +ω x ω y ω θ i nd , d and , for 1,…, .i i i n i n2 1

We put h h �⋀ ≔ ⋀ =0
0 and, for ≤ ≤ +h n1 2 1,

h �{ }⋀ ≔ ∧ ⋯ ∧ ≤ < ⋯< ≤ +ω ω i i nspan : 1 2 1 .h

i i h1h1

We shall denote by Θh the basis of h⋀h defined by

{ }≔ ∧ ⋯ ∧ ≤ < ⋯< ≤ +ω ω i i nΘ : 1 2 1 .h

i i h1h1

The inner product ⟨ ⟩⋅ ⋅, on h⋀1 yields an inner product ⟨ ⟩⋅ ⋅, on h⋀h making Θh an orthonormal basis. The
elements of h⋀h are identified with left invariant differential forms of degree h on �n.

The same construction can be performed starting from the vector subspace h h⊂1 , obtaining the hori-
zontal h-covectors

h { }⋀ ≔ ∧ ⋯ ∧ ≤ < ⋯< ≤ω ω i i nspan : 1 2 .h

i i h1 1h1

It is easy to see that

h≔ ∩ ⋀Θ Θ
h h h

0 1

provides an orthonormal basis of h⋀h

1.
Keeping in mind that the Lie algebra h can be identified with the tangent space to �n at =x e, the neutral

element (see [31], Proposition 1.72), starting from h⋀h , we can define by left translation a fiber bundle over �n

that we can still denote by h⋀h . We can think of h-forms as sections of h⋀h . We denote byΩh the vector space of
all smooth h-forms on �n.

As we stressed earlier, the stratification of the Lie algebra h yields a lack of homogeneity of de Rham’s
exterior differential with respect to group dilations δλ. Thus, to keep into account the different degrees of
homogeneity of the covectors when they vanish on different layers of the stratification, we introduce the
notion of weight of a covector as follows. This is at the core of Rumin construction of the differential complex.

On the heat kernel of the Rumin complex and Calderón reproducing formula  3



Definition 1.1. If ≠η 0, h∈ ⋀η
1

1, we say that η has weight 1, and we write ( ) =w η 1. If =η θ, we say ( ) =w η 2.
More generally, if h∈⋀η

h , ≠η 0, we say that η has pure weight p if η is a linear combination of covectors
∧ ⋯ ∧ω ωi ih1

with ( ) ( )+ ⋯+ =w ω w ω pi ih1
.

The following result holds (see [8], formula (16)):

h h h h h( )⋀ = ⋀ ⊕⋀ = ⋀ ⊕ ⋀ ∧+ −
θ,h h h h h h h, , 1

1
1

1

where h⋀h p, denotes the linear span of the h-covectors of weight p and a basis of h⋀h p, is given by
h≔ ∩⋀Θ Θh p h h p, , (such a basis is usually called an adapted basis). Consequently, the weight of a h-form is

either h or +h 1, and there are no h-forms of weight +h 2, since there is only one 1-form of weight 2. Starting
from h⋀h p, , we can define by left translation a fiber bundle over�n that we can still denote by h⋀h p, . Thus, if we
denote by Ωh p, the vector space of all smooth h-forms in �n of weight p, i.e., the space of all smooth sections of

h⋀h p, , we have

= ⊕ +Ω Ω Ω .h h h h h, , 1

Starting from the notion of weight of a differential form, it is possible to define a new complex of
differential forms ( )E d, c0

• that is homotopic to the de Rham complex and respects the homogeneities of the
group. This is the Rumin complex. A crucial feature of ( )E d, c0

• is that the “exterior differential” dc is an
operator of order 1 with respect to group dilations when acting on forms of degree ≠h n, but of order 2 on
n-forms.

Following [44], we define the operator �Δ h, on E
h

0 by setting

� ( )

( )
⎪

⎪
=

⎧
⎨
⎩

+ ≠ +
+ =

+ = +
Δ

d d d d h n n

d d d d h n

d d d d h n

* * if , 1;

* * if ;

* * if 1.

h

c c c c

c c c c

c c c c

,
2

2

(1.2)

We point out that Rumin Laplacian �Δ h, is an operator of order 2 with respect to group dilations when acting
on forms of degree ≠h n, but of order 4 on n-forms.

We stress also that Rumin Laplacian differs from the “Riemannian” Hodge Laplacian in �n [42] associated
with de Rham complex, which fails to be homogeneous.

1.1 Main results

Consider now the heat operator associated with the Rumin Laplacian �Δ h, associated with the complex ( )E d, c0

• ,
i.e.,

� ��� ≔ ∂ + ×+Δ in ,s h

n

,

where ∂s stands for ∂ Is d, Id being the identity ×N Nh h matrix, where =N Edimh

h

0 . Our first result is

Theorem 1.2. The operator � is hypoelliptic on � �×+
n.

Building on the latter, we also prove the following basic properties of the heat kernel:

Theorem 1.3. If ≤ ≤ +h n0 2 1, the operators � � �� �( ) ( ) ( )− ⊂ →Δ E L E L E: , , ,h

n h n h n h

, 0
2

0
2

0 are densely defined,
self-adjoint and dissipative, and therefore generate strongly continuous analytic semigroup �( ( ))− ≥sΔexp h s, 0

in �( )L E,n h2
0 .

Furthermore, there exists a matrix-valued kernel

��( ) ( ( )) ( ( ))= = ∈ ′=
×

h h s p h s p, ,ij i j N

n N N

, 1, … , h

h h

such that
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�� �( ) ( ) ( )− = ∗ ⋅ ∈sΔ α α h s for α Eexp , , .h

n h

, 0

The kernel constructed in the previous statement has the following crucial properties.

Theorem 1.4. We have:
(i) � =h 0 in � ��( ( ))′ ×+

×n N Nh h, i.e.

�� �⟨ ∣ ( )⟩ (( ) )= ∈ ∞ ×h A s y for all A, 0 0, ,n

where the action of the heat operator � on h must be understood as the formal matrix product

� �( ) ( )≔ ⋅= =h h ,i j

i j N i j i j N

,
, 1, … , , , 1, … ,h h

defined in the sense of distributions.
(ii) the matrix-valued distribution h is smooth on �( )∞ ×0, n. In particular, if � ��( )= ∑ ∈ ×+ϕ ϕ E,

j j

n h

0 , we
can write

� �

⟨ ∣ ⟩ ( ) ( )∫∑=
⎛

⎝
⎜

⎞

⎠
⎟

×+

h ϕ h s p ϕ s p s p ξ, , d d ;

i j

i j j i

,

,

n

(iii) if >r 0

�( ) ( )= > ∈−
∕h r s y r h s δ y for s and y, , 0 .a Q

r

n

1

We now finally state how we use the heat kernel to build a reproducing formula. Denote �( )∈α L E,n h1
0 ,

such that =d α 0c and define the map

( ) ( )≔ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠ >F s x d h

s

α x s, *
2

, 0.
c

We then have

Theorem 1.5. If �( )∈α L E,n h1
0 is a dc-closed form, we have:

( )∫= − ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

∞

α d h

s

F s s

2
, , d .c

0

1.2 Notations

We refer the reader to the Appendices for notations that are used in the article.
This article is organized as follows: in Section 2, we introduce currents on Heisenberg groups. Section 3 is

the core of the article and is devoted to a thorough investigation of the heat kernel associated with the Rumin
complex and its application to the reproducing formula. In the subsequent appendices, we recall the necessary
tools from the construction of Rumin and the Heisenberg groups (Appendix A) and from the analysis on groups
as developed by Folland and Stein (Appendix B).

2 Currents on Heisenberg groups

Let �⊂U
n be an open set. We shall use the following classical notations: �( )U is the space of all smooth

function on U , and �( )U is the space of all compactly supported smooth functions on U , endowed with the
standard topologies [53]. The spaces � ( )′ U and � ( )′ U are their dual spaces of distributions.

On the heat kernel of the Rumin complex and Calderón reproducing formula  5



Definition 2.1. If �⊂Ω n is an open set, we say that T is a h-current on Ω if T is a continuous linear functional
on �( )EΩ,

h

0 endowed with the usual topology. We write � ( )∈ ′T EΩ,
h

0 . The definition of � ( )′ EΩ,
h

0 is given
analogously.

If � ( )∈ ′T Ω and �( )∈ϕ Ω , we shall denote the action of T on ϕ by ⟨ ∣ ⟩T ϕ . An analogous notation will be
used for currents versus differential forms.

Proposition 2.2. If �⊂Ω n is an open set, and � ( )∈ ′T Ω is a (usual) distribution, then T can be identified
canonically with a +n2 1-current � ( )∈ ′ +

T E˜ Ω,
n

0

2 1 through the formula

⟨ ∣ ⟩ ⟨ ∣ ⟩≔ ∗T α T α˜ (2.1)

for any �( )∈ +
α EΩ,

n

0

2 1 . Reciprocally, by (2.1), any n-current T̃ can be identified with an usual distribu-
tion ( )∈ ′T D Ω .

Proof. See [21], Section 17.5, and [9], Proposition 4. □

Following [22], 4.1.7, we give the following definition.

Definition 2.3. If � ( )∈ ′ +
T EΩ,

n

0

2 1 , and �( )∈ϕ EΩ,
k

0 , with ≤ ≤ +k n0 2 1, we define �∣ ( )∈ ′ + −
T ϕ E__ Ω,

n k

0

2 1

by the identity

⟨ ∣ ∣ ⟩ ⟨ ∣ ⟩≔ ∧T ϕ α T α ϕ__

for any �( )∈ + −
α EΩ,

n k

0

2 1 .

The following result is taken from the study by Baldi et al. [9], Propositions 5 and 6, and Definition 10, but
we refer also to the study by Dieudonné et al. [21], Sections 17.3, 17.4, and 17.5.

Proposition 2.4. Let �⊂Ω n be an open set. If ≤ ≤ +h n1 2 1, =N Edimh

h

0 and { }= ξ ξΞ , …
h h

N

h

0 1
h

is a left
invariant basis of E

h

0 and � ( )∈ ′T EΩ,
h

0 , then
(i) There exist (uniquely determined) � ( )∈ ′T T,…, ΩN1 h

such that we can write

∣ ( )∑= ∗T T ξ˜ __ ,

j

j j

h

with � ( )∈ ′ +
T E˜ Ω,j

n

0

2 1 constructed from Tj as in Proposition 2.2.
(ii) If �( )∈α EΩ,

h

0 , then α can be identified canonically with a h-current Tα through the formula

⟨ ∣ ⟩ ∫≔ ∗ ∧T β α βα

Ω

(2.2)

for any �( )∈β EΩ,
h

0 . Moreover, if = ∑α α ξ
j j j

h, then

∣ ( )∑= ∗T α ξ˜ __ ,α

j

j j

h

where α̃j is the +n2 1-current associated with �( )∈α Ωj .
(iii) We say thatT is smooth inΩ whenT T,…, N1 h

are (identified with) smooth functions. This is clearly equivalent

to saying that there exists �( )∈β EΩ,
h

0 such that

⟨ ∣ ⟩ ⟨ ⟩∫=T α β α V, d

Ω

for any �( )∈ +
α EΩ,

n

0

2 1 (in fact, we choose = ∑β T ξ
j j j

h).
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Remark 2.5. If ≤ ≤ +h n1 2 1, let

{ }= ξ ξΞ , …
h h

N

h

0 1
h

be a left invariant basis of E
h

0 . Then the linear maps on E
h

0

( ) ( ) ( )→ ≔ ∗ ∧ ∗α ξ α α ξ*
j

h

j

h

belong to ( )E *
h

0 (the dual of E
h

0 ) and

( ) ( ) ( )= ∗ ∧ ∗ = ∗ =ξ ξ ξ ξ δ V δ* d ,
j

h

i

h

i

h

j

h

i j i j, ,

i.e., ( ) ( ){ ( ) }= ξ ξΞ * *, …, *
h h

N

h

0 1
h

is a left invariant dual basis of ( )E *
h

0 .

Remark 2.6. Let us remind the notion of distribution section of a finite-dimensional vector bundle � : a
distribution section is a continuous linear map on the space of compactly supported sections of the dual
vector bundle � * [53, p. 77].

Let T be a current on E
h

0 ,

∣ ( )∑= ∗T T ξ˜ __ ,

j

j j

h

where � ( )∈ ′T T,…, ΩN1 h
. Then T can be seen as a section of ( )E *

h

0 . Indeed, if �( )= ∑ ∈α α ξ EΩ,
i i i

h h

0

⟨ ∣ ⟩ ⟨ ∣ ( )∣ ⟩

⟨ ∣ ( )⟩

⟨ ∣ ⟩ ⟨ ∣( ) ( )⟩

⟨ ∣( ) ( )⟩

∑

∑

∑ ∑

∑

= ∗

= ∧ ∗

= =

=

T α T ξ α

T α ξ

T α T ξ α ξ

T ξ α

˜ __

˜

*

* ,

j

j j

h

j

j j

h

j

j j

i j

j j

h

i i

h

j

j j

h

,

where the dualities in the first line are meant as dualities between currents and test forms, while the dualities
in the second line are meant as dualities between distributions and test functions. Thus, we can write formally

( )∑=T T ξ *,

j

j j

h

(2.3)

and we can identify T with a vector-valued distribution ( )T T, …, N1 h
.

We notice also that, if �( )= ∑ ∈α α ξ EΩ,
j j j

h h

0 , then

( )∑=T α ξ *.α

j

j j

h

Definition 2.7. If �� ( )∈ ′Ti j

n

, for =i j N, 1,…, h, we shall refer to the matrix ( )≔ =T Ti j i j N, , 1, … , h
as to matrix-

valued distribution

��( ) ( ) →=T E E: ,i j i j N

n h h

, , 1, … , 0 0h

defined through the identity

⟨ ∣ ⟩ ⟨ ∣ ⟩∑∑≔T α T α ξ

i j

i j j i

h

, (2.4)

if �( )= ∑ ∈α α ξ EΩ,
j j j

h h

0 .
A matrix-valued distribution ( )≔ =T Ti j i j N, , 1, … , h

can also be seen as a distribution section of the fiber bundle

�( ( ) )⊗E E, *
n h h

0 0 ([52], p. 76) through the action

⟨ ∣ ⟩ ⟨ ∣ ⟩∑=T A T A

i j

i j i j

,

, ,

for ��( ) ( ( ) )≔ ∑ ⊗ ∈ ⊗A A ξ ξ E E* , *
i j i j i

h

j

h n h h

, , 0 0 .

On the heat kernel of the Rumin complex and Calderón reproducing formula  7



As we did in Remark 2.6, we can write

( )∑= ⊗T T ξ ξ *.

i j

i j i

h

j

h

,

,

3 Rumin Laplacian and heat operator in E0

•

This section is our main contribution. After a brief introduction on the Rumin Laplacian, we derive several
basic properties of the associated heat operator. The last section is then devoted to an application to the
construction of a Calderón formula in this setting.

3.1 Rumin Laplacian and its fundamental solution

Definition 3.1. In �n, following the study by Rumin [44], we define the operator �Δ h, on E
h

0 by setting

� ( )

( )
⎪

⎪
=

⎧
⎨
⎩

+ ≠ +
+ =

+ = +
Δ

d d d d h n n

d d d d h n

d d d d h n

* * if , 1;

* * if ;

* * if 1.

h

c c c c

c c c c

c c c c

,
2

2

Notice that �−Δ ,0 is the usual positive sub-Laplacian of �n.

Definition 3.2. (Laplacian of a current) In the sequel, when T is a h-current identified with its components
( )T T, …, N1 h

with respect to a fixed basis ( ) ( )ξ ξ*, …, *N1 h
of ( )E *

h

0 as in Remark 2.6, it will be useful to think of �Δ h,

as a matrix-valued differential operator �( ) =Δ
h

i j

i j N,

,

, 1, … , h
acting as follows (again with the notations of

Remark 2.6):

� � �( ( ) ) ( )( )∑ ∑= =Δ T Δ T ξ Δ T ξ* *.h h

j

j j

i j

h

i j

j i, ,

,

,

,

(3.1)

It is easy to see that

Lemma 3.3. If the basis ξ ξ,…, N1 h
of E

h

0 is orthonormal with respect to the scalar product used to define d *
c
, then

� �( ) =Δ Δ* ,
h

i j

h

j i

,

,

,

, (3.2)

where �( )Δ *
h

i j

,

, is the formal adjoint of �Δ
h

i j

,

, on ��( )E,n h

0 .

Definition 3.4. (The Laplacian of a matrix-valued distribution) If ( )= =T Ti j i j N, , 1, … , h
is a matrix-valued distribu-

tion, we shall denote by �Δ Th, the matrix-valued distribution defined by

� � �⟨ ∣ ⟩ ⟨ ∣ ⟩ ⟨ ∣ ⟩
ℓ

ℓ
ℓ

ℓ

ℓ
ℓ∑ ∑≔ =Δ T A T Δ A Δ T Ah

i j

i j h

i

j

i j

h

i

i j j,

, ,

, ,

,

,

, ,

,

,

, , (3.3)

for all test matrices ( )ℓ=A A j, .

Remark 3.5.We stress that the notation �⟨ ∣ ⟩Δ T Ah, may conflict with the notation ⟨ ∣ ⟩T α of (2.6) if = ∑α α ξ
j j j

h is a
test form. If there is no way to misunderstanding, we shall use this ambiguous notation, using Greek lower case
characters for forms and capital Latin characters for matrices.
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In addition, if ( )= =T Ti j i j N, , 1, … , h
and ( )= =S Si j i j N, , 1, … , h

are matrix-valued distributions, then the convolution
∗T S is defined by

( )
ℓ

ℓ ℓ∑∗ ≔ ∗=T S T S ,i j N i j, 1, … , , ,h (3.4)

provided all convolutions in (3.4) are well defined.

Theorem 3.6. ([12], Theorem 3.1) If ≤ ≤ +h n0 2 1, then the differential operator �Δ h, is homogeneous of degree a
with respect to the group dilations, where =a 2 if ≠ +h n n, 1 and =a 4 if = +h n n, 1. We have:
(i) By [44], [43], �Δ h, is a Rockland operator and hence is maximal hypoelliptic (in particular hypoelliptic), in

the sense of [35], i.e., if �⊂Ω n is a bounded open set, then there exists =C CΩ such that for any ( )∈ ∞p 1,

and for any multi-index I with ∣ ∣ =I a, we have

� � � �‖ ‖ (‖ ‖ ‖ ‖ )( ) ( ) ( )≤ +W α C Δ α α
I

L E h L E L E, , , ,
p n h p n h p n h

0 0 0
(3.5)

for any �( )∈α EΩ,
h

0 and where W
I are defined in (A6).

(ii) For =j N1,…, h there exists

( )= =K K K j N, …, , 1,…j j N j h1 h
(3.6)

with � �� �( ) ( { })∈ ′ ∩ ⧹K eij

n n , =i j N, 1,…, such that �ℓ
ℓ

ℓ∑ =Δ K 0
h

i

j,

,

, if ≠i j and �ℓ
ℓ

ℓ∑ =Δ K δ
h

i

i e,

,

, (where δe

denotes the Dirac mass at =p e);
(iii) If <a Q, then the Kij’s are kernels of type a in the sense of Definition B.7 (and hence belong to −Ka Q in the

sense of Definition B.9) for =i j N, 1,…, h. In particular, Ki j, are tempered distributions. If =a Q, then the Kij’s

satisfy the logarithmic estimate ∣ ( )∣ ( ∣ ( )∣)≤ +K p C ρ p1 lnij and hence belong to �( )L
n

loc

1 . Moreover, their
horizontal derivatives ℓW Kij, ℓ = n1,…, 2 , are kernels of type −Q 1. In particular, the Kij’s belong to �� ( )′ n

for ≤a Q for =i j N, 1,…, h;
(iv) When ��( )= ∑ ∈α α ξ E,

j j j

n h

0 , if we set

� ( ) ( )∑≔ ∗ = ∗ ( )−
Δ α α K ξ α K Definition 5.2 ,

h

i j

j i j i i j i j,

1

,

, , , (3.7)

then

� � =−
Δ Δ α α.h h, ,

1 (3.8)

Moreover, if <a Q, also � � =−
Δ Δ α α

h h,

1
, . Thus, if we identify the operator �

−
Δ

h,

1 with its distributional kernel,
we can write

�( ) ≕ −
K Δ .i j i j h, , ,

1

With the notation of (3.3), (3.8) can be written as follows:

� � =−
Δ Δ δ ,h h e h, ,

1
, (3.9)

where δe h, is the matrix-valued distribution ( ) =ai j i j N, , 1, … , h
where =a 0i j, if ≠i j , and =a δi i e, for =i N1,…, h,

so that

��( ) ( )= ∈δ u u e for all u E, ;e h

n h

, 0

(v) If =a Q, then for any � ��( )∈α ,n N
h , there exists �( )≔ ∈β β β, …,

α N

N

1 h

h, such that

� � − =−
Δ Δ α α β .

h h α,

1
, (3.10)

This situation arises only when =n 1 and =h 1, 2.

The following vector-valued Liouville type theorem has been proved in [12], Proposition 3.2.
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Proposition 3.7. Suppose � is a left invariant hypoelliptic differential operator which is formally self-adjoint.
Suppose also that � is homogeneous of degree ≤a Q. If ��( ) ( )= ∈ ′T T T, …, N

n N

1 satisfies � =T 0, then T is a
(vector-valued) polynomial.

In particular, by Theorem 3.6, (i), the proposition applies to �� = Δ h, .

As a consequence, the following results can be proved as in the study by Bonfiglioli et al. [13], Propositions
5.3.10 and 5.3.11.

Theorem 3.8. Suppose >Q a. We have:
(i) if ( )≔K K˜ ˜

i j i j, , with � �� �( ) ( { })∈ ′ ∩ ⧹K e˜
i j

n n

, , =i j N, 1,…, h, vanishes at infinity and satisfies (3.9), then �= −
K Δ˜

h,

1 ;

(ii) � �=− −
Δ Δ

h h,

1 v
,

1 (identity among convolution kernels).

Proof. Let us prove (i). Set �≔ − −
K ΔΓ ˜

h,

1 . By Theorem 3.6, (iii) Γ belongs to Lloc

1 . In addition, � =Δ Γ 0h, , so that, by
Proposition 3.7, Γ is a vector-valued polynomial. But, by Theorem 3.6, (iii), Γ has at most a logarithmic behavior
at infinity and hence vanishes.

Let us prove (ii). Take ��( )= ∑ ∈ϕ ϕ ξ E,
j j j

n h

0 , and set

� �( ) ( ) ( ) ( )
ℓ

ℓ
ℓ∫∑∑≔ ∗ = ⎛

⎝
⎞
⎠

− −
u p Δ ϕ Δ p Δ ϕ q K q p q ξd .h h

k j

j

j k k, ,

1

,

,
,

1

Arguing on the entries, it turns out that the matrix-valued distribution u is well defined and smooth. In
addition, if ≠ +h n n, 1, by Lemma B.8,

( ) (∣ ∣ )= → ∞−
u p O p pas .Q2 (3.11)

Analogously, if = +h n n, 1 and >n 1,

( ) (∣ ∣ )= → ∞−
u p O p pas ,Q4 (3.12)

and, eventually,

( ) ( ∣ ∣)= → ∞u p O p pln as (3.13)

when =n 1 and =h 1, 2. Take now ��( )= ∑ ∈ψ ψ ξ E,
j j j

n h

0 . We have

� � �

� �

� �

⟨ ⟩ ( ) ( ) ( )

( ) ( ) ( )

( ) ( )( ) ( )

ℓ

ℓ
ℓ

ℓ

ℓ
ℓ

ℓ

ℓ
ℓ

∫ ∫ ∫

∫ ∫

∫ ∫

∑∑

∑ ∑

∑ ∑

= ⎛
⎝

⎞
⎠

=

=

−

−

−

u Δ ψ p Δ ϕ q K q p q Δ ψ p p

qΔ ϕ q p K q p Δ ψ p

qΔ ϕ q p K q p Δ ψ p

, d d d

d d

d d .

h

k i j

h

j

j k h

k i

i

j

h

j

j

k i

k h

k i

i

j

h

j

j

k

k h k

,

, ,

,

,

,
1

,

,

,

,

,

,

,
1

,

,

,

,

,

,
1

,

(3.14)

Now, putting ≕−
q p η

1 , and keeping in mind that �Δ h, is left invariant,

� �

�

� �

( )( ) ( ) ( )( ) ( )

( )( ( )) ( )

( ( )) ( ) ( )

ℓ ℓ

ℓ

ℓ ℓ

∫ ∫
∫

∑ ∑

∑

=

= ∘

= ∘ =

−

−

p K q p Δ ψ p η K η Δ ψ τ η

η K η Δ ψ τ η

Δ Δ ψ τ e ψ q

d d

d

,

k

k h k

k

k h k q

k

k h q k

h h q

,
1

, , ,

, ,

,

1
,

(3.15)

by Theorem 3.6, (iv), provided ≠h 1, 2 if =n 1. If =n 1 and =h 1, 2, the last line must be replaced by

10  Paolo Ciatti et al.



( )ℓ ℓ+ψ q β ,

where ∑ β ξ
k k k is a constant coefficients form (depending on ψ).

Plugging (3.15) in (3.14), we obtain

� � �⟨ ⟩ ( ) ( ) ⟨ ⟩
ℓ

ℓ

ℓ∫ ∫∑= =u Δ ψ p qΔ ϕ q ψ q Δ ϕ ψ, d d , ,h

j

h

j

j h,

,

,

,

,

i.e., � �=Δ ϕ Δ uh h, , in the sense of distributions. On the other hand,

�⟨ ⟩ =Δ ϕ β, 0,h,

and the conclusion still holds when =n 1 and =h 1, 2.
We can conclude that � ( )− =Δ ϕ u 0h, , so that, by Proposition 3.7. −ϕ u is a polynomial form. On the other

hand, by (3.13), −ϕ u has at most a logarithmic behavior at infinity, so that − =ϕ u 0. In particular,

�( ) ( ) ( ( ) ( ))
ℓ

ℓ
ℓ∑∑= = = ∗− −

ϕ e u e Δ ϕ q K q ξ ϕ Δ .

k j

j

j k k h

,

,
,

1 v
,

1

Since �
−

Δ
h

v
,

1 satisfies the assumptions of (i), we obtain � �=− −
Δ Δ

h h

v
,

1

,

1 . □

The aim of the following result is the characterization of some integer order Sobolev spaces of forms in E0

•

in terms of integer powers of Rumin Laplacian. More precisely, we prove that

Proposition 3.9. If �∈k , � ��( ) ( )∈ ∩α L E Δ,n h

h

k2
0 ,

n , then

� � �‖ ‖ ‖ ‖( ) ( )+α Δ α
L E h

k

L E, , ,
n h n h2

0

2

0

is equivalent to the norm of α in �( )W E,ak n h,2
0 (we remind that =a 2 if ≠ +h n n, 1 and =a 4 if = +h n n, 1).

Proof. For the sake of simplicity, we take >n 1. The case =n 1 can be handled in the same way.
Obviously, we have just to show that

� � � �‖ ‖ ‖ ‖ ‖ ‖( ) ( ) ( )+ ≥α Δ α c α .
L E h

k

L E W E, , , ,
n h n h ak n h2

0

2

0

,2

0

Suppose first �� ( )∈α E,n h

0 0 . By Proposition B.10, � �� � �( ) ( )→−
Δ E E: , ,

h

n h n h

,

1
0 0 0 0 , so that we can write

� �( )= ∘−
α Δ Δ α.

h

k

h

k

,

1

,

Notice now that, by Proposition B.15 and Theorem 3.6, (i)

� �( ) ( )= ∈− −
Δ K K K, with .

h

k

k k

ak Q

,

1
0

Moreover, by Lemma B.11, if ( ) =d I ak

� �( ) ( )= ∈− −
X Δ X K X K K, where .I

h

k I

k

I

k

Q

,

1
0

Thus, keeping in mind Theorem B.12, taking ( ) =d I ak ,

� � �

� � �

� � �

‖ ‖ (‖ ‖ ‖ ‖ )

(‖ ( ) ‖ ‖ ‖ )

(‖ ‖ ‖ ‖ )

( ) ( ) ( )

( ) ( )

( ) ( )

≤ +

= +

≤ +

α C X α α

C O X K Δ α α

C Δ α α .

W E

I

L E L E

I

k h

k

L E L E

h

k

L E L E

, , ,

0 , , ,

, , ,

ak n h n h n h

n h n h

n h n h

,2

0

2

0

2

0

2

0

2

0

2

0

2

0

Then the assertion follows by density, thanks to Lemma B.18. □

3.2 Heat equation on E0

•

We consider now the heat operator associated with the Rumin Laplacian �Δ h, , i.e.,

� ��� ≔ ∂ + ×+Δ in ,s h

n

,
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where ∂s stands for ∂ Is d, Id being the identity ×N Nh h matrix. Arguing as in (7), � can be written as a matrix-
valued operator of the form

� �( ) ( )∂ + ≕= =δ Δ ,i j s h

i j

i j N

i j

i j N, ,

,

, 1, …
,

, 1, …h h

(3.16)

where δi j, is the Kronecker symbol, so that, arguing as in (3.1), if � �� ( )∈ ′ ×+T T,…, N

n

1 h
, with the convention

of Remark 2.6,

�� �( ) ( ) ( ( ) )( )∑ ∑ ∑ ∑⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟ = ∂ +T ξ T ξ T Δ T ξ* * *,

j

j j

i j

i j

j i

i

s i h i i

,
, (3.17)

where � ��( )∈ ×+ξi

n .
The following results are basically contained in [25], Chapter 4.B and [43] (in particular Lemma 5.4.9).

However, we point out that the arguments of Folland [24,25] rely on the fact that the heat kernel is nonnegative
(Hunt’s theorem). Clearly this is not the case in the present situation, since h is a vector-valued kernel.

Arguing as in [25], Chapter 4.B and keeping in mind that �Δ h, is a Rockland operator (Theorem 3.6, (i)
above), we have:

Theorem 3.10. The operator � is hypoelliptic on � �×+
n.

Proposition 3.11. If ≤ ≤ +h n0 2 1, the operators � � �� �( ) ( ) ( )− ⊂ →Δ E L E L E: , , ,h

n h n h n h

, 0
2

0
2

0 are densely
defined, self-adjoint, and dissipative, and therefore generate strongly continuous analytic semigroup �( ( ))− ≥sΔexp h s, 0

in �( )L E,n h2
0 .

In addition,
(i) for any >s 0, the operator �( )−sΔexp h, is left invariant;
(ii) if [ )⊂ ∞I 0, is a compact interval, then

� � ��‖ ( )‖ ( ( ) ( ))− = < ∞
∈

sΔ Csup exp ;

s I

h L E L E I, , , ,
n h n h2

0

2

0 (3.18)

(iii) for any >s 0, if ��( )∈α E,n h

0 , then �� �( ) ( )− ∈sΔ α Eexp ,h

n h

, 0 ;
(iv) for any >s 0,

� �� � �( ) ( ) ( )− → ′sΔ E Eexp : , , .h

n h n h

, 0 0
(3.19)

Proof. By a density argument, �Δ h, is symmetric since is formally self-adjoint in ��( )E,n h

0 . In addition,
arguing as in the study by Franchi and Tesi [30], Proposition 6.18, �Δ h, is self-adjoint and dissipative, so
that generates an analytic semigroup �( ( ))− ≥sΔexp h s, 0 ([36], Example 1.25). Thus, by Lunardi [41], Proposition
2.1.4, �( )−sΔexp h, is strongly continuous on [ )∞0, .

Assertion (i) follows straightforwardly by the left invariance of �Δ h, , whereas assertion (ii) follows by
Banach-Steinhaus’ Theorem. As for (iii), take now > ∕k Q a2 and ( { })∈ − ∕β ak Q0, min 1, 2 , so that, by [24],
Theorem 5.15 and Proposition 5.10,

� �( ) ( )↪W Γ ,ak n

β

n,2

where the Folland-Stein Hölder spaces �( )Γβ

n will be defined in Section B.2. If ∈s I ,

� � � �

� � � � �

‖ ( ) ‖ ‖ ( ) ‖

{‖ ( ) ‖ ‖ ( ) ‖ }

( ) ( )

( ) ( )

− ≤ −

≤ − + −

sΔ α C sΔ α

C Δ sΔ α sΔ α

exp exp

exp exp ,

h E h W E

h

k

h L E h L E

, Γ , , ,

, , , , ,

β

n h ak n h

n h n h

0

,2

0

2

0

2

0

(3.20)

by Proposition 3.9. Let us consider the first term, the second one can be handled in the same way. By Lunardi
[41], Proposition 2.1.1, and (3.18)

12  Paolo Ciatti et al.



� � � � � �

� � �

‖ ( ) ‖ ‖ ( ) ‖

‖ ‖ ‖ ‖

( ) ( )

( ) ( )

− = −

≤ ≤ < ∞

Δ sΔ α sΔ Δ α

C Δ α C α

exp exp

.

h

k

h L E h h

k

L E

I h

k

L E I W E

, , , , , ,

, , ,

n h n h

n h ak n h

2

0

2

0

2

0

,2

0

Thus, (iii) is proved. Finally, (iv) follows trivially from (iii). □

Remark 3.12. Suppose ��( )∈α E,n h

0 . The arguments of the proof of (iii) in Proposition 3.11 (with the same
notations) yield also that, if ′ ≥s s, 0, then

� � �

� � � � �

� � �

∣⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩∣ ‖ ( ) ( ) ‖

{‖ ( ) ( ) ‖

‖ ( ) ( ) ‖ }

( )

( )

( )

⋅ − ′ ⋅ ≤ − − − ′

≤ − − − ′

+ − − − ′ → ′ →

h s α h s α C sΔ α s Δ α

C sΔ Δ α s Δ Δ α

sΔ α s Δ α s s

, , exp exp

exp exp

exp exp 0 as ,

h h E

h h

k

h h

k

L E

h h L E

,

v

,

v

Γ ,

, ,

v

, ,

v

,

,

v

,

v

,

β

n h

n h

n h

0

2

0

2

0

since the semigroup is strongly continuous. This proves that

⟨ ( )∣ ⟩→ ⋅s h s αthe map , is continuous. (3.21)

In particular, if [ )⊂ ∞I 0, is a compact interval, then

∣⟨ ( )∣ ⟩∣⋅ < ∞
∈

h s αsup , .

s I

(3.22)

In addition, if > ∕k Q a2 ,

�∣⟨ ( )∣ ⟩∣ ‖ ‖ ( )⋅ ≤
∈

h s α C αsup , .

s I

W E

v

,
ak n h,2

0 (3.23)

Proposition 3.13. For any >s 0, by Proposition 3.11, (i), and (iv), there exists a matrix-valued kernel

��( ) ( ( )) ( ( ))= = ∈ ′=
×

h h s p h s p, , ,ij i j N

n N N

, 1, … , h

h h (3.24)

such that

�� �( ) ( ) ( )− = ∗ ⋅ ∈sΔ α α h s for α Eexp , , .h

n h

, 0

Here, if = ∑α α ξ
j j j, then ∗ ≔ ∑ (∑ ∗ )α h α h ξ

i j j ij i.
In addition,

(i) If >s 0,

�⟨ ( )∣ ⟩ ( ( )( ))( )⋅ = −h s α sΔ α e, exp ,h,

v (3.25)

(ii) If >s 0,

�⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩⋅ = −
∂
∂

⋅h s Δ α

s

h s α, , .h

v
,

v (3.26)

Proof. Since the convolution maps � �× ′ into � (see [53], Theorem 27.3), keeping in mind Proposition 3.11
and (B6), for all ��( )∈α E,n h

0 , we have

� �

⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩ ( )( )

( ( )( ))( ) ( ( )( ))( )

∑ ∑⋅ ≔ ⋅ = ⋅ = ∗ ⋅

= − = −

→

→

h s α h s α ξ h s α ξ α h s p

sΔ α p sΔ α e

, , , lim ,

lim exp exp .

i j

ij j i

i j

ij j i

p e

p e

h h

, ,

v v v

,

v

,

v
(3.27)

This proves (i). On the other hand, since both �( )−sΔ αexp h,

v and � �( )−sΔ Δ αexp h h,
v

, are smooth functions, it
follows from the identity

� � �( ) ( )−
∂
∂

− = −
s

sΔ sΔ Δexp exph h h, , ,

that the same identity holds at e. Then (ii) follows. □
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Proposition 3.14. For =i j N, 1,…, h, we have =h h
i j j i,

v

, , i.e.,

=h h.
v t

Proof. By the spectral theorem, �( )−sΔexp h, is self-adjoint in �( )L E,n h2
0 for >s 0. Thus, ifϕ andψ are arbitrary

test functions, then, by (B5),

�

�

( ) ( ) ⟨ ( )( ) ( )⟩

⟨ ( )( ) ( )⟩

( )

∫ ∫ ∫
∫
∫

∗ = ∗ = −

= −

= ∗

ψ h ϕ p ϕ h ψ p sΔ ϕξ ψξ p

sΔ ψξ ϕξ p

ψ h ϕ p

d d exp , d

exp , d

d .

i j i j h j i

h i j

j i

,

v

, ,

,

,

Thus,

∗ = ∗ψ h ψ h .
i j j i,

v

,

Take now =ψ ψ
k
, where �( ) ∈ψ

k k is a sequence in ��( )n supported in a fixed neighborhood of e and con-
vergent in �′ to the Dirac δ concentrated at =p e (see [53], Theorem 28.2). Taking the limit as → ∞k , by [50],
Théorème V, p. 157, = ∗ = ∗ =h δ h δ h h

i j i j j i j i,

v

,

v

, , , and the assertion follows. □

Definition 3.15. The kernel ( )=h h s p, can be identified with a matrix-valued distribution

��( (( ) ))∈ ′ ∞ × ×
h 0, n N Nh h

as follows: first, we notice that by [53], Theorem 39.2, a distribution in �( )∞ ×0, n can be defined by its action
on � �� �( ) ( )⊗ n . Thus, arguing on the entries of h, if �(( ))∈ ∞v 0, and ��( )∈α E,n h

0 , we can set

⟨ ∣ ⟩ ( )⟨ ( )∣ ⟩ ( ( )⟨ ( )∣ ⟩ )∫ ∫∑⊗ = ⋅ ≔ ⋅h v α v s h s α s v s h s α s ξ, d , d .

I
i j

I

ij j i

,

(3.28)

Keeping in mind (3.22), (3.28) defines a distribution.

Proposition 3.16. We have:
(i) � =h 0 in � ��( ( ))′ ×+

×n N Nh h, i.e.,

�� �⟨ ∣ ( )⟩ (( ) )= ∈ ∞ ×h A s y for all A, 0 0, ,n (3.29)

where the action of the heat operator � on h must be understood as the formal matrix product

� �( ) ( )≔ ⋅= =h h ,i j

i j N i j i j N

,
, 1, … , , , 1, … ,h h

(3.30)

defined in the sense of distributions.
(ii) the matrix-valued distribution h is smooth on �( )∞ ×0, n. In particular, if � ��( )= ∑ ∈ ×+ϕ ϕ E,

j j

n h

0 , we
can write

� �

⟨ ∣ ⟩ ( ( ) ( ) )∫∑=
×+

h ϕ h s p ϕ s p s p ξ, , d d ;

i j

i j j i

,

,

n

(3.31)

(iii) if >r 0,

�( ) ( )= > ∈−
∕h r s y r h s δ y for s and y, , 0 ;a Q

r

n

1 (3.32)

(iv) combining (ii) and (i), it follows that

�( )
ℓ

ℓ
ℓ∑∂ − = =h Δ h i j N0, , 1,…, .s i j h

i

j h, ,
,

, (3.33)

Proof. To prove assertion (i), by [53], Theorem 39.2, we check the identity on forms
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� �� �( ) ( ( ) )⊗ ∈ ⊗ ⊗ψ A E E, * .n h h

0 0

We have:

� �

�

�

⟨( ) ∣ ⟩ ⟨ ∣( )( )⟩

⟨ ∣ ( ) ( ) ⟩

( )⟨ ∣ ⟩ ( )⟨ ∣( ) ⟩∫ ∫∑ ∑

∂ + ⊗ ≔ −∂ + ⊗
= − ′ ⊗ + ⊗

= − ′ +

Δ h ψ A h Δ ψ A

h ψ s A ψ s Δ A

sψ s h A sψ s h Δ Ad d .

s h s h

h

i j

ij i j

i j

i j h i j

, ,

,

,

,

,

, , ,

Put

( )
ℓ

ℓ ℓ ℓ ℓ∑= =A ξ AΦ , so that Φ .j j j j, ,

Now we have

� �

� �

� � �

�

⟨ ∣( ) ⟩ ⟨ ∣ ⟩

⟨ ∣ ( ) ⟩ ⟨ ∣( ) ⟩

⟨ ∣ ( ) ⟩ ( ( ) ( ))

( ( ) ( ))

ℓ

ℓ
ℓ

ℓ

ℓ
ℓ

∑ ∑∑

∑∑ ∑

∑ ∑

∑

=

= =

= = −

= −
∂
∂

−

h Δ A h Δ A

h Δ h Δ

h Δ sΔ Δ e

s

sΔ e

Φ Φ

Φ exp Φ

exp Φ .

i j

i j h i j

i j

i j h

i

j

i j

i j h

i

j

i j

i j h j i

i j

j i h j i

j

h h j j

j

h j j

,

, , ,

,

, ,

,

,

,

, ,

,

,

, ,

,

,
v

, , ,

,

Integrating by parts,

� �( )⟨ ∣( ) ⟩ ( )( ( ) ( ))∫ ∫∑ ∑= ′ −sψ s h Δ A sψ s sΔ ed d exp Φ .

i j

i j h i j

j

h j j

,

, , , ,

On the other hand,

�⟨ ∣ ⟩ ( ) ( ) ( ( ) ( ))∑ ∑ ∑= ∗ = −h A h e sΔ eΦ exp Φ ,

i j

i j i j

i j

j i j i

j

h j j

,

, ,

,

, ,

and the assertion is proved.
To prove (ii), let us consider the currents ℓ ℓ ℓ= ∑H h ξ *

λ λ, , for =λ N1,…, h. We want to show that

�( )∂ + =Δ H 0.s h λ,

If ℓ ℓ= ∑α α ξ is a test form and ��( )∈ψ , this means that

�⟨( ) ∣ ⟩∂ + ⊗ =Δ H ψ α 0.s h λ,

Now

� � �

�

⟨( ) ∣ ( ) ⟩ ⟨ ∣ ( )( ) ⟩ ⟨ ∣( )( )⟩

⟨ ∣( )( )⟩

ℓ

ℓ ℓ

ℓ

ℓ
ℓ

ℓ

ℓ
ℓ

ℓ

ℓ
ℓ

∑ ∑ ∑

∑

∂ + ⊗ = −∂ + ⊗ = −∂ + ⊗

= −∂ + ⊗ =

Δ H ψ α ξ H Δ ψ α ξ h Δ ψ α

h Δ ψ δ α 0

s h λ λ

j

s h

j

j

i

i λ s h

i

i j

i j s h

i

λ j

,

,

,

,

, ,

, ,

, , ,

by (i), if we choose ℓ
( )

ℓ≔A δ α
j

λ

λ j, , .
Thus, by Theorem 3.10, Hλ is smooth for =λ N1,…, h, and hence, the hi j, ’s are smooth for =i j N, 1,…, h.
Finally, to prove (iii), let us consider the case =a 2. The case =a 4 can be handled in the same way.

Keeping in mind (3.31) and [53], Theorem 39.2, by density, it will be enough to prove that, if
��( )= ∑ ∈u u ξ E,

j j j

n h

0 and �( )∈ ∞v 0, , then
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�

�

⟨ ( )∣ ⟩ ( ) ( ) ( )

( ) ( ) ( )

⟨ ( )∣ ⟩

∫ ∫

∫ ∫

∑

∑

⊗ =
⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

=
⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

= ⊗

∞

−
∞

∕

−
∕

h r s y v u h r s y u y y v s s ξ

r h s δ y u y y v s s ξ

r h s δ y v u

, , d d

, d d

, .

i j

i j j i

Q

i j

i j r j i

Q

r

2

,
0

,
2

,
0

, 1

1

n

n

(3.34)

Now, if we put ( ) ( )≔ −
v s v r sr

2 ,

�

�

�

�

�

�

�

�

( ) ( ) ( )

( ) ( ) ( )

⟨ ∣ ⟩

( )( ( ) )( )

( )( ( ) )( )

( )( ( )( ))( )

( )

⟨ ∣ ⟩

( ) ( ) ( )

( ) ( ) ( )

∫ ∫

∫ ∫

∫

∫

∫

∫ ∫

∫ ∫

∑

∑

∑

∑

⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

=
⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

≕ ⊗

= −

= −

= − ∘

( − )
= ⊗ ∘

=
⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

=
⎧
⎨
⎩

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

∞

−
∞

−

−

−
∞

∞

∞

∞

−
∞

∕

h r s y u y y v s s ξ

r h s y u y y v r s s ξ

r h v u

r v s sΔ u e s

v s r sΔ u e s

v s sΔ u δ e s

sΔ

h v u δ

h s y u δ y y v s s ξ

r h s δ y u y y v s s ξ

, d d

, d d

exp d

exp d

exp d

since exp commutes with group dilations

, d d

, d d ,

i j

i j j i

i j

i j i

r

r h

h

h r

h

r

i j

j r i

Q

i j

r j i

,
0

,
2

2

,
0

,
2

2

2

0

,
v

0

2
,

v

0

,

v

,

,
0

,
0

1

n

n

n

n

and (3.34) follows. □

Theorem 3.17. Denote by h̃ the matrix-valued function on � �× n defined continuing h by zero for ≤s 0. Then
(i) keeping in mind (3.31), h̃ defines a matrix-valued distribution

� ��( ( ))∈ ′ × ×
h̃

n N Nh h

by the identity

⟨ ∣ ⟩ ( )⟨ ( )∣ ⟩∫⊗ ≔ ⋅
∞

h v u v s h s u s˜ , d

0

(3.35)

when �( )∈ −∞ ∞v , and ��( )∈u E,n h

0 ;
(ii) � = ⊗h δ δ˜

e h0 , , where δe h, is the matrix-valued distribution ( ) =ai j i j N, , 1, … , h
, where =a 0i j, if ≠i j , and =a δi i e,

for =i N1,…, h, so that

��( ) ( )= ∈δ u u e for all u E, ;e h

n h

, 0

(iii) � � �(( ) ( ))∈ × ⧹∞
h e˜ 0,n .
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Proof. Again by [53], Theorem 39.2, identity (3.35) defines a distribution. This proves (i).
Let us prove (ii). Arguing as in (3.29),

� ��⟨ ∣ ⟩ ⟨ ∣ ⟩ ( )⟨ ( )∣ ⟩ ( )⟨ ( )∣ ⟩∫ ∫⊗ = − ∂ ⊗ + ⊗ = − ∂ ⋅ + ⋅
∞ ∞

h v u h v u v Δ u v s h s u v s h s Δ u s˜ ˜ , , d .s h s h,

0 0

,

By (3.23), the integrals

� �

�( ) ( ) ( ) ( )∫ ∫h s y u y y h s y Δ u y y, d and , dh,

n n

are both bounded for [ )∈ ∩ ∞s vsupp 0, , and hence,

� �

�( ) ( )( ) ( ) ( ) ( )∫ ∫∂ v s h s y y u y v s h s y Δ u y y, d and , ds h,

n n

belong to ([ ))∞L 0,1 , and we can write

� �

�

� �

�

( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) { }

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

− ∂
⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

=
⎧
⎨
⎩
− ∂

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

⎫
⎬
⎭

≔ +

∞ ∞

→

∞ ∞

→

v s h s y u y y v s h s y Δ u y y s

v s h s y u y y v s h s y Δ u y y s I J

, d , d d

lim , d , d d lim .

s h

ε

ε

s

ε

h

ε

ε ε

0 0

,

0
,

0

n n

n n

Since

�( ) ( ) ( ) ([ ) )→ ∂ ∞ ×s y v s u y L ε, belongs to , ,s

n1

we have

�

�

� �

( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

∫ ∫

∫ ∫

∫ ∫ ∫

= − ∂
⎛

⎝
⎜

⎞

⎠
⎟

= −
⎛

⎝
⎜ ∂

⎞

⎠
⎟

= +
⎛

⎝
⎜ ∂

⎞

⎠
⎟

∞

∞

∞

I v s h s y u y y

u y h s y v s s y

v ε u y h ε y y u y h s y v s s y

, d

, d d

, d , d d .

ε

ε

s

ε

s

ε

s

n

n

n n

Thus, keeping in mind Proposition 24 (iii)(2),

�

�( ) ( ) ( ) ( )( ( ) )( )∫+ = = −I J v ε u y h ε y y v ε εΔ u e, d exp .ε ε h,
v

n

Arguing as in Remark 3.12, if we take > ∕k Q a2

� � � � �∣( ( ) )( ) ( )∣ ∣( ( ) )( ) ( )∣ ‖( ( ) ) ( )‖ ( )− − = − − ≤ − − →εΔ u e u e εΔ u e u e C εΔ I Δ uexp exp exp 0h h h h

k

L E,
v

,
v v

, ,

v

,
n h2

0

as →ε 0, since �( )→ −s sΔexp h, is a strongly continuous semigroup. This proves (ii). Finally, (iii) follows
straighforwardly from (ii) and Theorem 3.10. □

Theorem 3.18. For any >s σ, 0, we have
(i) ��( ) ( )⋅ ∈h s,i j

n

, , =i j N, 1,…, h;
(ii) ( ) ( ) ( ) ( ) ( )⋅ ∗ ⋅ = ⋅ ∗ ⋅ = + ⋅h s h σ h σ h s h s σ, , , , , .

Proof. By the very definition of h̃, �ℓ { }∈ ∪k , 0 , then the map ( ) ( )ℓ↦ ∂−
s y s h s y, ˜ ,k

s i j, is continuous away
from ( )e0, .

Thus, if �⊂K
n is a compact set, ∉e K ,
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∣ ( )∣ℓ∂ ⋅ → →−
s h s ssup , 0 as 0 .

K

k

s i j,

Then the proof of (i) can be carried out as in [25], Proposition 1.74. In addition, (i) implies that the convolutions
in (ii) well defined and so (ii) follows from the semigroup property of �( )→ −s sΔexp h, . □

Thanks to the density of ��( )n in �� ( )′ n , the following lemma holds ([53], p. 272).

Lemma 3.19. If �� ( )∈ ′T
n , and there exist >C 0 and �∈N such that

�

∣⟨ ∣ ⟩∣ ( ∣ ∣) ∣ ( )∣
∣ ∣

≤ +
+ ≤ ∈

T ϕ C p D ϕ psup sup 1

m α N p

m α

n

for all ��( )∈ϕ
n , then �� ( )∈ ′T

n .

Combining the previous lemma with Theorem XIII p. 74 of [50], we have

Proposition 3.20. Let �( ) ∈Tj j a sequence in � �� �( ) ( )′ ⊂ ′n n such that
(i) �( ) ∈Tj j is bounded in �� ( )′ n , i.e., there exist >C 0 and �∈N such that

�

∣⟨ ∣ ⟩∣ ( ∣ ∣) ∣ ( )∣
∣ ∣

≤ +
+ ≤ ∈

T ϕ C p D ϕ psup sup 1j

m α N p

m α

n
(3.36)

for all ��( )∈ϕ
n and �∈j ;

(ii) the sequence �(⟨ ∣ ⟩) ∈T ϕj j has a limit ⟨ ∣ ⟩T ϕ as → ∞j for all ��( )∈ϕ
n ,

then �� ( )∈ ′T
n and →T Tj in �� ( )′ n as → ∞j .

Proof. By Theorem XIII p. 74 of [50], �� ( )∈ ′T
n . On the other hand, (3.36) still holds for T , and the assertion

follows from Lemma 3.19. □

Proposition 3.21. If ��( )∈ϕ
n and =i j N, 1,…, h, we have

(i) by (3.21), the function ⟨ ( )∣ ⟩→ ⋅s h s ϕ,i j, is continuous for ≥s 0, and the identity

( ) ⟨ ( )∣ ⟩∫ ∫⋅ ≔ ⋅h s s ϕ h s ϕ s, d , d

M

i j

M

i j

0

,

0

,
(3.37)

defines a tempered distribution for all >M 1;
(ii) the function ⟨ ( )∣ ⟩→ ⋅s h s ϕ,i j, belongs to ([ ))∞L 0,1

(iii) the identity

( ) ⟨ ( )∣ ⟩∫ ∫⋅ ≔ ⋅
∞

→∞
h s s ϕ h s ϕ s, d lim , di j

M

M

i j

0

,

0

, (3.38)

defines a tempered distribution. Thus,

( ) ( )∫ ∫⋅ ≔
⎛

⎝
⎜ ⋅

⎞

⎠
⎟

∞ ∞

=

h s s h s s, d , di j

i j N0 0

,

, 1, … , h

is a matrix-valued tempered distribution. Notice that, by Proposition 3.20, we can write also

��( ) ( ) ( )∫ ∫⋅ = ⋅ ′
∞

→∞
h s s h s s in, d lim , d .i j

M

M

i j

n

0

,

0

,
(3.39)
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Proof. Let us prove the following statement: there exist >C 0 and >N 0 independent of >s 0 and ϕ such that

�

∣⟨ ( )∣ ⟩∣ { } ( ∣ ∣) ∣ ( )∣
∣ ∣

⋅ ≤ +− ∕

+ ≤ ∈
h s ϕ C s p D ϕ p, min 1, sup sup 1 .i j

Q a

m α N p

m α

,
n

(3.40)

Then (i), (ii), and (iii) will follow by Proposition 3.20.
First of all, we prove that, if >M 1, there exist >C 0M and �∈N such that, if < ≤s M0 ,

�

∣⟨ ( )∣ ⟩∣ ( ∣ ∣) ∣ ( )∣
∣ ∣

⋅ ≤ +
+ ≤ ∈

h s ϕ C p D ϕ p, sup sup 1i j M

m α N p

m a

,
n

(3.41)

for all ��( )∈ϕ
n . Indeed, by (3.23), if > ∕k Q a2 and [ )⊂ ∞I 0, is a compact interval, then

�∣⟨ ( )∣ ⟩∣ ‖ ‖ ( )⋅ ≤
∈

h s α C αsup , .

s I

I W

v
ak n,2 (3.42)

On the other hand, if J is a multi-index with ( ) ≤d J ak there exists a family of polynomials Pσ , ∣ ∣ ≤σ ak , such
that for any function ��( )∈u

n

�

�

� �

�

‖ ‖ ∣ ( ) ∣

( ∣ ∣) ( ∣ ∣) ∣ ( )∣

( ∣ ∣) ∣ ( )∣

( )
∣ ∣

∣ ∣

∣ ∣

∫

∫

∑

∑

∑

≤

≤ + ⋅ +

= +

≤

−

≤ ∈

≤ ∈

W u P p D u p

C p p p D p

C p D ϕ p

d

1 d sup 1

sup 1

J

L

σ ak

σ

σ

m

σ ak p

m σ

σ ak p

m σ

2 2

2 2 2

2 2

n

n

n
n

n

2

for m large enough. This proves (3.36).
On the other hand, keeping in mind (3.32) and Theorem 3.18, if >s 1, then

�

�

�
�

� �

∣⟨ ( )∣ ⟩∣ ∣ ( ) ( )∣

∣ ( ) ( )∣

∣ ( )∣‖ ‖

∣ ( )∣ ( ∣ ∣) ∣ ( )∣

( )

∫

∫

⋅ ≤

=

≤

≤ +

− ∕

− ∕

∈
− ∕

∈ ∈

+

− ∕

h s ϕ h s p ϕ p p

s h δ p ϕ p p

s h p ϕ

Cs h p p ϕ p

, , d

1, d

sup 1,

sup 1, sup 1 .

i j i j

Q a

i j s

Q a

p

i j L E

Q a

p

i j

p

n

, ,

,

, ,

,
2 2

n

n

a

n

n h

n n

1

1

0

(3.43)

Then, combining (3.41) and (3.43), (3.40) follows. □

Theorem 3.22. We have

�( )∫ ⋅ =
∞

−
h s s Δ, d

h

0

,

1 (3.44)

(identity between convolution kernels).

Proof. First, let us prove that

� ( )∫ ⋅ =
∞

Δ h s s δ, d .h e h,

0

, (3.45)

To this end, let ��( )∈ϕ E,n h

0 be a test form. Suppose that ⊂ϕ Ksupp , where �⊂K
n is a compact set. We

notice first that

�∣⟨ ( )∣ ⟩∣∫ ⋅ < ∞h s Δ ϕ s, dh

0

1

,
(3.46)
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(the integral is well defined by Remark 3.12). Then by (3.39), Proposition 3.21, (ii), (3.33), and (3.46), we have

� �

� �

�

⟨ ( ) ∣ ⟩ ⟨ ( )∣ ⟩

⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩

⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩

⟨ ( )∣ ⟩ ⟨ ( )∣ ⟩

( ( ) )( ) ( )

∫ ∫

∫ ∫

∫ ∫

⋅ = ⋅

= ⋅ + ⋅

= − ∂ ⋅ − ∂ ⋅

= − ⋅ + ⋅

= − =

∞

→∞

→∞ →

→∞ →

→∞ →

→

Δ h s s ϕ h s Δ ϕ s

h s Δ ϕ s h s Δ ϕ s

h s ϕ s h s ϕ s

h M ϕ h ε ϕ

εΔ ϕ e ϕ e

, d lim , d

lim , d lim , d

lim , d lim , d

lim , lim ,

lim exp .

h

M

M

h

M

M

h

ε

ε

h

M

M

s

ε

ε

s

M ε

ε

h

,

0 0

,

1

,
0

1

,

1
0

1

0

0
,

Thus, (3.45) holds, and then

��( ) ( ( { }))∫ ⋅ ∈ ⧹
∞

×
h s s e, d n N N

0

h h

since �Δ h, is hypoelliptic, by Theorem 3.6, (i). Thus, by keeping into account Proposition 3.21, (ii), we have

� �� �( ) ( ( ) ( { }))∫ ⋅ ∈ ′ ∩ ⧹
∞

×
h s s E e, d , .n n N N

0

0

•
h h

and (3.44) follows from Proposition 3.8, provided we prove that

( )∫ =
→∞

∞

h s p slim , d 0.
p

0

(3.47)

But, thanks to (3.32), it follows easily that

( )∫ ⋅ ( - )
∞

h s s α, d is a vector valued  kernel of type

0

(Definition B.7), which vanishes at infinity since >Q a. This completes the proof of the theorem. □

Corollary 3.23. By Theorems 3.22 and 3.8,

� � � � �( )∫ ⋅ = = =
∞

− −
Δ h s s Δ Δ Δ Δ δ, d .h h h h h e h,

0

v

,
v

,

1
, ,

1
,

Lemma 3.24. If � ��( ) ( )∈ ⊂ ′α L E E, ,n n1
0

•

0

• and >s 0, then

� � �� � �( ) ( ) ( ) ( )⋅ ≔ ⎛
⎝ ⋅⎞⎠ ∗ = ⎛

⎝
⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠ ∈ ⊂ ∩ ′F s h

s

d α d h

s

α E E E,
2

, * *
2

, , , ,
c c M

n n n

0

•

0

•

0

• (3.48)

(we recall that �M denotes the space of the smooth functions slowly increasing at infinity: see the study by Treves
[53], Theorem 25.5, p. 275 or [50], p. 243).

Proof. Since � ��( ) ( )⊂ ′L
n n1 then both ⎛

⎝ ⋅⎞⎠ ∗h d α, *
s

c2
and ⎟⎜

⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠d h α* ,
c

s

2
belong to �M (see [50], p. 248). On the

other hand, given ��( )∈ϕ E,n

0

• , we have
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∣ ∣

∣

⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠ = ⎛
⎝ ⋅⎞⎠ ∗

= ⎛
⎝ ⋅⎞⎠ ∗ = ⎛

⎝
⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠

= ⎛
⎝ ⋅⎞⎠ ∗ = ⎛

⎝ ⋅⎞⎠ ∗

d h

s

α ϕ h

s

α d ϕ

α h

s

d ϕ α d h

s

ϕ

d α h

s

ϕ h

s

d α ϕ

*
2

,
2

,

2
,

2
,

*
2

,
2

, * .

c c

c c

c c

v v

v □

Remark 3.25. Again by [50], p. 248, for any >s 0,

� �� � �( ) ( ) ( )⎛
⎝ ⋅⎞⎠ ∗ ⋅ ∈ ⊂ ∩ ′h

s

F s E E

2
, , , , .M

n n

0

•

0

•

Lemma 3.26. The function

( )→ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠s d h

s

F s ϕ

2
, ,c

belongs to ([ ))∞L 0,1 for all ��( )∈ϕ E,n

0

• . In particular, for all ��( )∈ϕ E,n

0

• , there exists

( )∫ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠→∞
d h

s

F s ϕ slim
2

, , d .
M

M

c

0

Proof. If >s 0, keeping in mind Theorem 3.18, we have

� �

( ) ( )

( )∣

∣⟨ ∣ ( ) ⟩∣

∣⟨ ∣ ( ) ⟩∣

∣⟨ ( ) ⟩∣

‖ ‖ ‖ ( )‖( ) ( )

∫

⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠ = ⎛
⎝ ⋅⎞⎠ ∗ ⋅

= ⋅ ⎛
⎝ ⋅⎞⎠ ∗ = ⎛

⎝ ⋅⎞⎠ ∗ ⎛
⎝ ⋅⎞⎠ ∗

= ⋅ ∗ ( ( ))
= ⋅ ∗

≤ ⋅ ∗

≤ ⋅ ∗ ⋅ ∞

d h

s

F s ϕ h

s

F s d ϕ

F s h

s

d ϕ h

s

d α h

s

d ϕ

d α h s d ϕ

α h s d d ϕ

α h s d d ϕ p

α d d ϕ h s

2
, ,

2
, , *

,
2

, *
2

, *
2

, *

* , * by Theorem 3.8 and 91

, *

, , * d

* , .

c c

c c c

c c

c c

c c

L E c c L E

v v

v

v

v

,
v

,
n n1

0

•
0

•

On the other hand, by (3.23),

�‖ ( )‖
[ ]

( )∗ ⋅ ≤∞d d ϕ h s Csup * , ,c c L E ϕ

0,1

v
,

n

0

•

whereas, if >s 1, by (3.32),

� �

�

‖ ( )‖ ‖ ( )‖

‖ ( )‖

( ) ( )

( )

∗ ⋅ ≤ ⋅
≤ ⋅− ∕

∞ ∞

∞

d d ϕ h s C h s

C s h

* , ,

1, .

c c L E ϕ L E

ϕ

Q a

L E

v
, ,

,

n n

n

0

•

0

•

0

•

Since <a Q, the assertion is proved. □

Thanks to Lemma 3.26 and Theorem XIII p. 74 of [50], we can define the following distribution:

Definition 3.27. We set

( ) ( )∫ ∫⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠ ≔ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

∞

→∞
d h

s

F s s d h

s

F s s

2
, , d lim

2
, , dc

M

M

c

0 0
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in �� ( )′ E,n

0

• , where

( ) ( )∫ ∫⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠ ≔ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠d h

s

F s ϕ s d h

s

F s ϕ s

2
, , d

2
, , d

M

c

M

c

0 0

for all ��( )∈ϕ E,n

0

• .

3.3 The Calderón reproducing formula

If �( )∈α L E,n h1
0 , =d α 0c , let us set

( ) ( )≔ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠ >F s x d h

s

α x s, *
2

, 0.
c

(3.49)

By (3.48), for any � �� � �( ) ( ) ( )> ⋅ ∈ ⊂ ∩ ′− −
s F s E E0 , , ,M

n n h n n h

0

2

0

2 . In particular, ( )⋅F s, is smooth for any
>s 0. In addition, again by (3.48), we can write

( )⋅ = ⎛
⎝ ⋅⎞⎠ ∗F s h

s

d α,
2

, * .
c

If �( )= ∑ ∈α α ξ L E,
j j j

h n h1
0 , there exist homogeneous differential operators in the horizontal derivative ℓPj, , say

of order 1 or 2 according to the degree of the forms, such that (with the formal notation of (5))

( )( )
ℓ

ℓ ℓ∑= −
d α P α ξ* *.

c

j

j j

h

,

,
1

Theorem 3.28. If �( )∈α L E,n h1
0 is a dc-closed form, we have

( )∫= − ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

∞

α d h

s

F s s

2
, , d .c

0

(3.50)

Proof. Since both α and ( )∫ ⎟⎜
⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠
∞

d h F s s, , dc

s

0 2
belong to �� ( )′ E,n h

0 (see Definition 3.27), it will be enough to

show that, if ��( )∈ϕ E,n h

0 , then

⟨ ∣ ⟩ ( )

( )

∫

∫

= − ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

≔ − ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

∞

→∞

α ϕ d h

s

F s s ϕ

d h

s

F s ϕ s

2
, , d

lim
2

, , d .

c

M

M

c

0

0

(3.51)

Suppose first that ��( )∈α E,n h

0 . If ≠ +h n 1, we have
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�

�

�

( ) ( )

( )∣

∣

⟨ ∣ ( ) ( ) ⟩

⟨ ∣ ( ) ⟩

⟨ ( ) ⟩

∫ ∫

∫

∫

∫

∫

∫

∫∫

⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠ = ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

= ⋅ ⎛
⎝ ⋅⎞⎠ ∗ ( ( ))

≔ ⎛
⎝ ⋅⎞⎠ ∗ ⎛

⎝ ⋅⎞⎠ ∗ ( ( ))

= ⎛
⎝ ⋅⎞⎠ ∗ ⎛

⎝ ⋅⎞⎠ ∗ ( ( ))

= ⋅ ∗ + ( = )

≔ ⋅ ∗ ( = )

≔ ⋅ ∗

d h

s

F s ϕ s h

s

F s d ϕ s

F s h

s

d ϕ s

h

s

α h

s

d d ϕ s

α h

s

h

s

d d ϕ s

α h s d d d d ϕ s d α

α h s Δ ϕ s d α

α h s Δ ϕ p s

2
, , d

2
, , * d

,
2

, * d by 89

2
,

2
, * d by 55

2
,

2
, * d again by 89

, * * d since 0

, d since 0

, , d d ,

M

c

M

c

M

c

M

c c

M

c c

M

c c c c c

M

h c

M

h

0 0

0

v

0

v

0

v v

0

v

0

v

,

0

v

,

n

(3.52)

since �( )∈α L E,n h1
0 and �� �( ) ( )⋅ ∈h s Δ ϕ E, * ,h

n hv

, 0 (if = +h n 1, we must replace d d*
c c with ( )d d*

c c

2 to obtain
the homogeneous Laplacian).

We notice now that, arguing as in the proof of Lemma 3.26,

��⟨ ( ) ⟩ ([ ) )⋅ ∗ ∈ ∞ ×α h s Δ ϕ L, , 0, ,h

nv

,
1 (3.53)

since

�

�∣ ∣ ∣ ( ) ∣∫∫ ⋅ ⋅ < ∞
∞

α h s Δ ϕ p s, * d d .h

0

v

,

n

(3.54)

Thus, by Fubini’s theorem,

�

�

�

�

�

⟨ ( ) ⟩ ( )

( )

∫∫ ∫ ∫

∫

⋅ ∗ = ⋅ ∗

= ⋅ ∗

α h s Δ ϕ p s α h s Δ ϕ s p

h s Δ ϕ s α

, , d d , , d d

, d .

M

h

M

h

M

h

0

v

,

0

v

,

0

v

,

n n

(3.55)

Let us write (61) in terms of components. We obtain

�

�( )
ℓ

ℓ

ℓ∫ ∫∑ ⋅ ∗α h s Δ ϕ s p, d d .

i j

i

M

i j h

j

, ,
0

,

v

,

,

n

(3.56)

We want to prove that

�

�

�

�( ) ( )
ℓ

ℓ

ℓ

ℓ∫ ∫ ∫ ∫⋅ ∗ =
⎛

⎝
⎜ ⋅

⎞

⎠
⎟ ∗α h s Δ ϕ s p α h s s Δ ϕ p, d d , d d ,i

M

i j h

j

i

M

i j h

j

0

,

v

,

,

0

,

v

,

,

n n

(3.57)

all integrals in (3.57) being well defined.
For any >s 0, since ��( ) ( )⋅ ∈h s,i j

n

, , we can write
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�

�

�

�

�

�

�

( ( ) )( ) ( )( )( )

( ) ( )( )

( ) ( ( ))( )

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

∫

∫

∫

⋅ ∗ =

=

= ∘

−

−

−

h s Δ ϕ p h s q Δ ϕ q p q

h s q Δ ϕ p q q

h s q Δ ϕ τ q q

, , d

, d

, d .

i j h

j

i j h

j

i j h

j

i j h

j

p

,

v

,

,

,

v

,

, 1

,

v v
,

, 1

,

v v
,

,

n

n

n

1

(3.58)

Now, by (3.42), if > ∕k Q a2 ,

�

� �

�

�

∣ ( )∣ ∣ ( ( ))( )∣

‖( ( ))‖

‖ ‖

‖ ‖

ℓ

ℓ

ℓ

ℓ ( )

∣ ∣
ℓ ( )

∣ ∣
ℓ ( )

∫ ∫

∑

∑

⋅ ∘

≤ ∘

≤ ∘

= < ∞
≤ +

≤ +

−

−

−

s h s q Δ ϕ τ q q

CM Δ ϕ τ

CM ϕ τ

CM ϕ

d , d

.

M

i j h

j

p

h

j

p W

I k a

p L

I k a

L

0

,

v v
,

,

,

,
k n

n

n

1

1 2,

1 2

2

(3.59)

Thus, combining (3.58) and (3.59), the map

�( ) ( ( ) )( )
ℓ

ℓ→ ⋅ ∗s p h s Δ ϕ p, ,
i j h

j

,

v

,

,

belongs to ([ ] )×L M α0, supp i

1 and, by Fubini theorem,

�

�

� �

�

� �

�

�

�

�

( ) ( ( ) )( )

( ) ( ) ( ( ))( )

( ) ( ) ( ( ))( )

( ) ( ) ( )

( )

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

ℓ

∫ ∫

∫ ∫∫

∫ ∫ ∫

∫ ∫

∫

⋅ ∗

= ∘

=
⎧
⎨
⎩

⎫
⎬
⎭

∘

=
⎛

⎝
⎜
⎧
⎨
⎩

⋅
⎫
⎬
⎭

∗
⎞

⎠
⎟

=
⎧
⎨
⎩

⋅
⎫
⎬
⎭

∗

−

−

α p h s Δ ϕ p s p

α p h s q Δ ϕ τ q q s p

α p h s q s Δ ϕ τ q q p

α p h s s Δ ϕ p p

h s s Δ ϕ α

, d d

, d d d

, d d d

, d d

, d .

i

M

i j h

j

i

M

i j h

j

p

i

M

i j h

j

p

i

M

i j h

j

M

i j h

j

i

0

,

v

,

,

0

,

v v
,

,

0

,

v v
,

,

0

,

v

,

,

0

,

v

,

,

n

n n

n n

n

1

1 (3.60)

Thus, (3.55) becomes

�

� �⟨ ( ) ⟩ ( )∫∫ ∫⋅ ∗ =
⎧
⎨
⎩

⋅
⎫
⎬
⎭

∗α h s Δ ϕ p s h s s Δ ϕ α, , d d , d .

M

h

M

h

0

v

,

0

v

,

n

(3.61)

On the other hand, by Proposition 3.21, we know that

��( ) ( ) ( )∫ ∫⋅ → ⋅ ′
∞

h s s h s s E, d , d in , .

M

n h

0

v

0

v

0

But the map → ∗T T ψ is continuous from �� ( )′ n to �� ( )′ n for fixed ��( )∈ψ
n (this is a special instance of

Théorème V, p. 157 of [50]), so that
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� �( ) ( )∫ ∫
⎧
⎨
⎩

⋅
⎫
⎬
⎭

∗ ⟶
⎧
⎨
⎩

⋅
⎫
⎬
⎭

∗
∞

h s s Δ ϕ α h s s Δ ϕ α, d , d

M

h h

0

v

,

0

v

, (3.62)

as → ∞M . Thus, combining (3.52), (3.61), and (3.62), the reproducing formula (3.50) is proved when ��( )∈α E,n h

0 .
Eventually, let us consider the case �( )∈α L E,n h1

0 . Suppose for a while we are able to prove the reprodu-
cing formula (3.50) when α is replaced by a form � ��( ) ( )∈ ∩ ′α L E E˜ , ,n h n h2

0 0 . We argue as follows: if
= ∑α α ξj

j j and �∈N , we set

{∣ ∣ }
∣ ∣( )≔ ≠α α χ N

α

α

αmin , , where 0N j j B e N

j

j

, ,

and

∑=α α ξj.N

j

N j,

Since αN j, is compactly supported and bounded, then �( )∈α L E,N

n h1
0 . In addition, a.e. →α αN j j, as → ∞N , and

∣ ∣ ∣ ∣≤α αN j j, , =j N1,…, h.
In addition, set

( ) ( )≔ ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⎞

⎠ >F s x d h

s

α x s, *
2

, 0.N c N
(3.63)

By our temporary assumption, if ϕ is a test form, arguing as in (58), we obtain

�

�

⟨ ⟩ ( )

⟨ ( ) ⟩

∫

∫∫

= − ⎛
⎝

⎛
⎝ ⋅⎞⎠ ∗ ⋅ ⎞

⎠

= ⋅ ∗

∞

∞

α ϕ d h

s

F s s ϕ

α h s Δ ϕ p s

,
2

, , d ,

, , d d .

N c N

N h

0

0

v

,

n

(3.64)

Since ∣ ∣ ∣ ∣≤α αN , we can take the limit in (3.64) as → ∞N , and we obtain (3.50).
Thus, we are left with the case

� ��( ) ( )∑= ∈ ∩ ′α α ξ α Lwith .

j

j j j

n n2

If ( ) >ωε ε 0 are the (usual) Friedrichs’ mollifiers, we set

≔ ∗α α ωj ε j ε,

and

∑=α α ξ .ε

j

j ε j,

Denote now by ∈γ E
h

0 the Rumin form

( )∑ Mα ξ ,

j

j ε j,

where M is the Hardy-Littlewood maximal function. It is well known that

�∣ ∣ ≤ =α γ j Na.e. in  for 1, …, .j ε j

n

h, (3.65)

Moreover, since �( )∈α L E,n h2
0 , then

�( )∈γ L E, .n h2
0

Let us prove now that
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��∣ ∣ ∣ ( ) ∣ ([ ) )⋅ ⋅ ∗ ∈ ∞ ×γ h s Δ ϕ L, 0, .h

nv

,
1 (3.66)

Indeed, we have:

�

�

� � �

�

∣ ∣ ∣ ( ) ∣

‖ ‖ ‖ ( ) ‖

‖ ‖

( ) ( )

( )

∫∫

∫

∫ ∫

⋅ ⋅

≤ ⋅ ⋅ ∗

=
⎛

⎝
⎜ ⋯ + ⋯

⎞

⎠
⎟

∞

∞

∞

γ h s Δ ϕ p s

γ h s Δ ϕ s

γ s s

, * d d

, d

d d .

h

L E h L E

L E

0

v

,

,

0

v

, ,

,

0

1

1

n

n h n h

n h

2

0

2

0

2

0

Now

� � � � �‖ ( ) ‖ ‖ ( ) ‖( ) ( )∫ ∫⋅ ∗ = − ≤ ( ( ))h s Δ ϕ s sΔ Δ ϕ s C, d exp d by 24 ,h L E h h L E ϕ

0

1

v

, ,

0

1

,
v

, ,
n h n h2

0

2

0

whereas, keeping in mind that �( )⋅ ∈h 1, ,

� �
�

� �‖ ( ) ‖ ∣ ( )∣ ‖ ‖( ) ( )∫ ∫⋅ ∗ = ⋅ ⋅ < ∞
∞ ∞

− ∕
h s Δ ϕ s h s Δ ϕ s, d sup 1, d .h L E

Q a

h L E

1

v

, ,

1

, ,
n h

n

n h2

0

2

0

Then we can write (3.50) for ��( )∈α E,ε

n h

0 and (by dominate convergence theorem) take the limit as →ε 0.
This completes the proof of the theorem. □
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Appendixes
A Rumin complex on Heisenberg groups

In this appendix, we present some basic notations and introduce both the structure of Heisenberg groups
together with the formulation of the Rumin complex. We denote by �n the ( )+n2 1 -dimensional Heisenberg
group, identified with � +n2 1 through exponential coordinates. A point �∈p

n is denoted by ( )=p x y t, , , with
both �∈x y, n and �∈t . If p and �′ ∈p

n, the group operation is defined by

( )∑⋅ ′ =
⎛

⎝
⎜ + ′ + ′ + ′ + ′ − ′

⎞

⎠
⎟

=
p p x x y y t t x y y x, ,

1

2
.

j

n

j
j j j

1

Notice that �n can be equivalently identified with � �×n endowed with the group operation

( ) ( ) ( ( ))⋅ ≔ + + −z t ζ τ z ζ t τ zζ, , ,
1

2
Im ¯ .

For any �∈q
n, the (left) translation � �→τ :q

n n is defined as follows:

↦ ≔ ⋅p τ p q p.q

For a general review on Heisenberg groups and their properties, we refer to [34,51,54]. See also [27] for
notations.

The Heisenberg group �n can be endowed with a homogeneous norm (Cygan-Korányi norm): if
�( )= ∈p x y t, , n, then we set

( ) (( ) )= + + ∕
p x y tϱ 16 ,2 2 2 2 1 4 (A1)

and we define the gauge distance (a true distance, see [51], p. 638, with a different normalization in the group
law), that is left invariant, i.e., ( ) ( )′ = ′d τ p τ p d p p, ,q q for all �′ ∈p p, n) as follows:

( ) ( )≔ ⋅−
d p q p q, ϱ .1 (A2)

Notice that d is equivalent to the Carnot-Carathéodory distance on �n ([13], Corollary 5.1.5). Finally, the balls
for the metric d are the so-called Cygan-Korányi balls

�( ) { ( ) }≔ ∈ <B p r q d p q r, ; , .n (A3)

Notice that Cygan-Korányi balls are convex smooth sets. A straightforward computation shows that, if
( ) <ρ p 1, then

∣ ∣ ( ) ∣ ∣≤ ≤ ∕
p ρ p p .1 2 (A4)

It is well known that the topological dimension of�n is +n2 1, since as a smooth manifold it coincides with
� +n2 1, whereas the Hausdorff dimension of �( )d,n is ≔ +Q n2 2 (the so-called homogeneous dimension of �n).

We denote byh the Lie algebra of the left invariant vector fields of �n. The standard basis ofh is given, for
=i n1,…, , by

≔ ∂ − ∂ ≔ ∂ + ∂ ≔ ∂X y Y x T

1

2
,

1

2
, .i x i t i y i t ti i

The only nontrivial commutation relations are [ ] =X Y T,j j , for =j n1,…, . The horizontal subspace h1 is the
subspace of h spanned by X X,…, n1 and Y Y,…, n1 : h { }≔ X X Y Yspan , …, , , …, .n n1 1 1

Coherently, from now on, we refer to X X Y Y,…, , ,…,n n1 1 (identified with first order differential operators)
as the horizontal derivatives. Denoting byh2 the linear span ofT , the two-step stratification ofh is expressed by

h h h= ⊕ .1 2

The stratification of the Lie algebra h induces a family of nonisotropic dilations � �→δ :λ

n n, >λ 0 as
follows: if �( )= ∈p x y t, , n, then
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( ) ( )=δ x y t λx λy λ t, , , , .λ

2 (A5)

Remark A.1. Heisenberg groups are special instance of the so-called Carnot groups. A graded group of step κ is
a connected, simply connected Lie group � whose Lie algebra g is the direct sum of κ subspaces g

i
,

g g g= ⊕⋯⊕
κ1
, satisfying

g g g[ ] ⊂ ≤ ≤+ i j κ, , for 1 , ,
i j i j

where g = 0
i

for >i κ. The group is called stratified if it is generated by the first layer g
1
. We denote as n the

dimension of g and as nj the dimension of g
j
, for ≤ ≤j κ1 .

A Carnot group � of step κ is a graded group of step g, where g
1
generates all of g. That is, g g g[ ] = +, ,

i i1 1
for

=i κ1,…, . We refrain from dealing with such generality.

Going back to Heisenberg groups, the vector space h can be endowed with an inner product, denoted by
⟨ ⟩⋅ ⋅, , making X X,…, n1 , Y Y,…, n1 and T orthonormal.

Throughout this article, we also write

≔ ≔ ≔ =+ +W X W Y W T i n, and , for 1,…, .i i i n i n2 1 (A6)

Following [25], we also adopt the following multi-index notation for higher-order derivatives. If ( )=I i i, …, n1 is
a multi-index, we set

= ⋯W W W .I i

n

i

1
n1 (A7)

Remark A.2. By the Poincaré-Birkhoff-Witt theorem ([14], I.2.7), the differential operators W
I form a basis for

the algebra of left invariant differential operators on�. Furthermore, we denote by ∣ ∣ ≔ + ⋯+I i in1 the order of
the differential operator W

I , and by ( ) ≔ + ⋯+d I d i d in n1 1 its degree of homogeneity with respect to group
dilations. From the Poincaré-Birkhoff-Witt theorem, it follows, in particular, that any homogeneous linear
differential operator in the horizontal derivatives can be expressed as a linear combination of the operators
W

I of the special form above. Thus, often we can restrict ourselves to consider only operators of the special
form W

I .

The dual space of h is denoted by h⋀1 . The basis of h⋀1 , dual to the basis { }X Y T, …, ,n1 , is the family of
covectors { }x x y y θd , …,d , d , …,d ,n n1 1

, where

( )∑≔ − −
=

θ t x y y xd
1

2
d d

j

n

j j j j

1

(A8)

is called the contact form in �n. We also denote by ⟨ ⟩⋅ ⋅, the inner product in h⋀1 that makes ( )x y θd , …,d ,
n1 an

orthonormal basis.
Coherently with the previous notation (A6), we set

≔ ≔ ≔ =+ +ω x ω y ω θ i nd , d and , for 1,…, .i i i n i n2 1

We put h h �⋀ ≔ ⋀ =0
0 and, for ≤ ≤ +h n1 2 1,

h { }⋀ ≔ ∧ ⋯ ∧ ≤ < ⋯< ≤ +ω ω i i nspan : 1 2 1 .h

i i h1h1

In the sequel, we shall denote by Θh the basis of h⋀h defined by

{ }≔ ∧ ⋯ ∧ ≤ < ⋯< ≤ +ω ω i i nΘ : 1 2 1 .h

i i h1h1

To avoid cumbersome notations, if ( )≔I i i, …, h1 , we write

≔ ∧ ⋯ ∧ω ω ω .I i ih1

The inner product ⟨ ⟩⋅ ⋅, on h⋀1 naturally yields an inner product ⟨ ⟩⋅ ⋅, on h⋀h making Θh an orthonormal basis.
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The volume ( )+n2 1 -form ∧ ⋯ ∧ +ω ω n1 2 1 will be also written as Vd .
Throughout this article, the elements of h⋀h are identified with left invariant differential forms of degree h

on �n.

Definition A.3. A h-form α on �n is said left invariant if

�= ∈τ α α qfor any .
q

n#

The pull-back of differential forms is well defined as follows ([31], Proposition 1.106);

Definition A.4. If � 	, are open subsets of �n, and � 	→f : is a diffeomorphism, then for any differential
form α of degree h, we denote by ♯

f α the pull-back form on � defined by

⟨ ( )∣ ⟩ ⟨ ( ( ))∣ ( ) ( ) ⟩≔♯
f α p v v α f p df p v f p v, …, , …,dh h1 1

for any h-tuple ( )v v, …, h1 of tangent vectors at p.

The same construction can be performed starting from the vector subspace h h⊂1 , obtaining the hori-
zontal h-covectors

h { }⋀ ≔ ∧ ⋯ ∧ ≤ < ⋯< ≤ω ω i i nspan : 1 2 .h

i i h1 1h1

It is easy to see that

h≔ ∩⋀Θ Θ
h h h

0 1

provides an orthonormal basis of h⋀h

1.
Keeping in mind that the Lie algebra h can be identified with the tangent space to �n at =x e ([31],

Proposition 1.72), starting from h⋀h we can define by left translation a fiber bundle over�n that we still denote
by h⋀h . We can think of h-forms as sections of h⋀h . We denote by Ωh the vector space of all smooth h-forms.

The stratification of the Lie algebra h yields a lack of homogeneity of de Rham’s exterior differential with
respect to group dilations δλ. Thus, to keep into account the different degrees of homogeneity of the covectors
when they vanish on different layers of the stratification, we introduce the notion of weight of a covector as
follows.

Definition A.5. If ≠η 0, h∈⋀η
1

1, we say that η has weight 1, and we write ( ) =w η 1. If =η θ, we say ( ) =w η 2.
More generally, if h∈⋀η

h , ≠η 0, we say that η has pure weight p if η is a linear combination of covectors
∧ ⋯ ∧ω ωi ih1

with ( ) ( )+ ⋯+ =w ω w ω pi ih1
.

Notice that, if h∈⋀η ζ, h and ( ) ( )≠w η w ζ , then ⟨ ⟩ =η ζ, 0 ([8], Remark 2.4). Also, we point out that
( ) ( )=w θ w θd , since, if α is a left invariant h-form of weight p and ≠αd 0, then ( ) ( )=w α w αd ([47], Section 2.1).

We stress that generic covectors may fail to have pure weight: It is enough to consider� 1 and the covector
h+ ∈⋀x θd 1

1 . However, the following result holds ([8], formula (16)):

h h h h h( )⋀ = ⋀ ⊕ ⋀ = ⋀ ⊕ ⋀ ∧+ −
θ,h h h h h h h, , 1

1
1

1 (A9)

where h⋀h p, denotes the linear span of the h-covectors of weight p. By our previous remark, the decomposition
(A9) is orthogonal. In addition, since the elements of the basisΘh have pure weights, a basis of h⋀h p, is given by

h≔ ∩⋀Θ Θh p h h p, , (such a basis is usually called an adapted basis).
We notice that, according to (A9), the weight of a h-form is either h or +h 1, and there are no h-forms of

weight +h 2, since there is only one 1-form of weight 2. Something analogous happens in � �×n , but it fails
already in the case of general step 2 groups with higher dimensional center.
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As mentioned earlier, starting from h⋀h p, , we can define by left translation a fiber bundle over �n that we
can still denote by h⋀h p, . Thus, if we denote byΩh p, the vector space of all smooth h-forms in�n of weight p, i.e.,
the space of all smooth sections of h⋀h p, , we have

= ⊕ +Ω Ω Ω .h h h h h, , 1 (A10)

Starting from the notion of weight of a differential form, it is possible to define a new complex of
differential forms ( )E d, c0

• that is homotopic to the de Rham complex and respects the homogeneities of the
group.

We sketch here the construction of the Rumin complex. For a more detailed presentation, we refer to
Rumin’s papers [47]. Here, we follow the presentation of the study by Baldi et al. [8]. The exterior differential d

does not preserve weights. It splits into

= + +d d d d ,0 1 2

where d0 preserves weight, d1 increases weight by 1 unit, and d2 increases weight by 2 units.
More explicitly, let ∈α Ωh h, be a smooth h-form of pure weight h. We can write

�
 ( )∑= ∈
∈

∞
α α ω α, with .

ω

I I I

n

ΘI

h

0

Then

( ) ( )∑ ∑ ∑= ∧ + ∧ = +
∈ = ∈

+α W α ω ω W α θ ω d α d αd ,

ω j

n

j I j I

ω

n I I

Θ 1

2

Θ

2 1 1 2

I

h

I

h

0 0

and =d α 00 . On the other hand, if ∈ +
α Ωh h, 1 has pure weight +h 1, then

∑= ∧
∈ −

α α θ ω ,

ω

J J

ΘJ

h

0
1

and

( )∑ ∑ ∑= ∧ + ∧ ∧ = +
∈ ∈ =

α α θ ω W α ω θ ω d α d αd d ,

ω

J J

ω j

n

j J j I

Θ Θ 1

2

0 1

J

h

J

h

0 0

and =d α 02 .
It is crucial to notice that d0 is an algebraic operator, in the sense that for any real-valued �
 ( )∈ ∞

f
n , we

have

( ) =d fα fd α,0 0

so that its action can be identified at any point with the action of a linear operator from h⋀h to h⋀ +h 1 (that we
denote again by d0).

Following Rumin [45,47], we give the following definition:

Definition A.6. If ≤ ≤ +h n0 2 1, keeping in mind that h⋀h is endowed with a canonical inner product, we set

( )≔ ∩ ⊥
E d dker Im .

h

0 0 0

Straightforwardly, E
h

0 inherits from h⋀h the inner product.

As mentioned earlier, E0

• defines by left translation a fiber bundle over �n, that we still denote by E0

•. To
avoid cumbersome notations, we denote also by E0

• the space of sections of this fiber bundle.
Let h h⋀ →⋀ +

L : h h 2 , the Lefschetz operator defined by

= ∧Lξ θ ξd . (A11)

Then the spaces E0

• can be defined explicitly as follows:
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Theorem A.7. (See [44,46]) We have:
(i) h=⋀E0

1 1
1;

(ii) if ≤ ≤h n2 , then h h( )= ⋀ ∩ ⋀ ∧− ⊥
E θd

h h h

0 1
2

1 (i.e., E
h

0 is the space of the so-called primitive covectors
of h⋀h

1);
(iii) if < ≤ +n h n2 1, then h{ }= = ∧ ∈⋀ ∧ = = ∧−

E α β θ β β θ θ L, , d 0 ker
h h

0
1

1 ;

(iv) if < ≤h n1 , then ≔ = ⎛
⎝

⎞
⎠ − ⎛

⎝
⎞
⎠−N Edimh

h
n

h

n

h0

2 2

2
;

(v) if ∗ denotes the Hodge duality associated with the inner product in h⋀• and the volume form Vd ,
then ∗ = + −

E E
h n h

0 0

2 1 .

Notice that all forms in E
h

0 have weight h if ≤ ≤h n1 and weight +h 1 if < ≤ +n h n2 1.

A further geometric interpretation (in terms of decomposition of h and of graphs within �n) can be found
in [28].

Notice that there exists a left invariant basis

{ }= ξ ξΞ , …,
h h

N

h

0 1
h

(A12)

of E
h

0 that is adapted to the filtration (A9). Such a basis is explicitly constructed by induction in [3,55]. To avoid
cumbersome notations, if there is no risk of misunderstandings and the degree h of the forms is evident or
uninfluential, we write ξj for ξ

j

h.
The core of Rumin’s theory consists in the construction of a suitable “exterior differential” → +

d E E:c

h h

0 0

1

making � ( )≔ E d, c0 0

• a complex homotopic to the de Rham complex.
Let us sketch Rumin’s construction: first the next result ([8], Lemma 2.11 for a proof) allows us to define a

(pseudo) inverse of d0:

Lemma A.8. If ≤ ≤h n1 , then h=⋀dker h

0 1.Moreover, if h∈⋀ +
β

h 1 , then there exists a unique h ( )∈⋀ ∩ ⊥
γ dkerh

0

such that

�( )− ∈ ⊥
d γ β d .0 0

With the notations of the previous lemma, we set

≔ −
γ d β.0

1

We notice that −
d0

1 preserves the weights.
The following theorem summarizes the construction of the intrinsic differential dc (for details, see [47] and

[8], Section 2).

Theorem A.9. The de Rham complex ( )dΩ ,• splits into the direct sum of two sub-complexes ( )E d,• and ( )F d,• ,
with

� �( ) ( ) ( )≔ ∩ ≔ +− − − −
E d d d and F d ddker ker .0

1

0

1

0

1

0

1

Let ΠE be the projection on E along F (that is not an orthogonal projection). We have
(i) If ∈γ E

h

0 , then
• = − −

γ γ d d γΠE 0

1
1 if ≤ ≤h n1 ;

• =γ γΠE if >h n.
(ii) ΠE is a chain map, i.e.,

= ddΠ Π .E E

(iii) Let ΠE0
be the orthogonal projection from h⋀• on E0

•, then
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= − − = +− − − −⊥I d d d d d d d dΠ , Π .E E0

1
0 0 0

1

0

1
0 0 0

1

0 0
(A13)

(iv) =Π Π Π ΠE E E E0 0 0
and =Π Π Π ΠE E E E0

.
Set now

= → =+
d E E h nΠ d Π : , 0,…, 2 .c E E

h h

0 0

1

0

We have:
(v) =d 0

c

2 ;
(vi) the complex � ( )≔ E d, c0 0

• is homotopic to the de Rham complex;
(vii) → +

d E E:c

h h

0 0

1 is a homogeneous differential operator in the horizontal derivatives of order 1 if ≠h n,
whereas → +

d E E:c

n n

0 0

1 is a homogeneous differential operator in the horizontal derivatives of order 2.

Remark A.10. The construction of Rumin complex can be carried out on general Carnot groups; we refer for
instance to [8, 47,48]. The starting point is a notion of weight of a covector in term of homogeneity with respect
to group dilations. For an alternative presentation, we refer to the previous studies [20,23,28,39].

Since the exterior differential dc on E
h

0 can be written in coordinates as a left invariant homogeneous
differential operator in the horizontal variables, of order 1 if ≠h n and of order 2 if =h n, the proof of the
following Leibniz’ formula is easy.

Lemma A.11. If ζ is a smooth real function, then
• if ≠h n, then on E

h

0 we have

[ ] =d ζ P, ,c

h

0

where → +
P E E:

h h h

0 0 0

1 is a linear homogeneous differential operator of degree zero, with coefficients depending
only on the horizontal derivatives of ζ ;

• if =h n, then on E
n

0 we have

[ ] = +d ζ P P, ,c

n n

1 0

where → +
P E E:

n n n

1 0 0

1 is a linear homogeneous differential operator of degree 1, with coefficients depending
only on the horizontal derivatives of ζ , and where → +

P E E:
h n n

0 0 0

1 is a linear homogeneous differential
operator in the horizontal derivatives of degree 0 with coefficients depending only on second-order horizontal
derivatives of ζ .

B Kernels in Carnot groups and Folland-Stein spaces

B.1 Convolution in �n

If � �→f : n , we set ( ) ( )= −
f p f p

v 1 , and, if �� ( )∈ ′T
n , then ⟨ ∣ ⟩ ⟨ ∣ ⟩≔T ϕ T ϕ

v v for all ��( )∈ϕ
n . Obviously,

the map →T T
v is continuous from �� ( )′ n to �� ( )′ n .

Following [25], p. 15, we can define a group convolution in�n: if, for instance, ��( )∈f
n and �( )∈g L

n

loc

1 ,
we set

�( ) ( ) ( )∫∗ ≔ ⋅ ∈−
f g p f q g q p q qd for .n1 (B1)

We recall that, if, say, g is a smooth function and P is a left invariant differential operator, then
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( )∗ = ∗P f g f Pg.

We also recall that the convolution is well defined when �� ( )∈ ′f g, n , provided at least one of them has
compact support.

In this case, the following identities hold
(i)

⟨ ∣ ⟩ ⟨ ∣ ⟩ ⟨ ∣ ⟩ ⟨ ∣ ⟩∗ = ∗ ∗ = ∗f g ϕ g f ϕ f g ϕ f ϕ gandv v (B2)

for any test function ϕ. Analogously, for any function ��( )∈ϕ
n ,

� �� �⟨ ∣ ⟩ ⟨ ∣ ⟩ ( ) ( )∗ = ∗ ∈ ′ ∈f g ϕ g f ϕ f gif and ,n nv (B3)

([50], p. 248) � � � �� � � � �( ) ( ) ( ) ( )′ ⊂ ⊂ ∩ ′*n n

M

n n and � � �� � �( ) ( ) ( )⊂*n n n , where �M denotes the
space of the smooth functions slowly increasing at infinity ([53], Theorem 25.5, [50], p. 243). Analogously,

� �� �⟨ ∣ ⟩ ⟨ ∣ ⟩ ( ) ( )∗ = ∗ ∈ ∈ ′f g ϕ g f ϕ f gif andn nv (B4)

(notice that � � � � �� � � � �( ) ( ) ( ) ( ) ( )∗ ⊂ ⊂*n n n n n ). Indeed, by [53], Remark 28.3, there exists a
sequence �( ) ∈g

k k in ��( )n such that →g g
k

in �� ( )′ n , so that ∗ → ∗f g f g
k

in �� ( )′ n as → ∞k . Since
��( )∗ ∈f ϕ

nv , the assertion follows from (B2);
(ii) If � �� �( ) ( )∈ ⊂ ′ψ

n n and � �� �( ) ( )∈ ⊂ ′h
n n , then ⟨ ∣ ⟩ ⟨ ∣ ⟩=ψ h h ψ , so that, if ��( )∈ϕ ψ, n and

�� ( )∈ ′g
n , (B2) yields

⟨ ∣ ⟩ ⟨ ∣ ⟩ ⟨ ∣ ⟩∗ = ∗ = ∗ψ g ϕ ϕ ψ g ϕ g ψ .v v v (B5)

(iii) if the convolution ∗g f is well defined, then

( )∗ = ∗f g g f
v v v (B6)

The notion of convolution can be extended by duality to currents.

Definition B.1. Let ��( )∈ϕ
n and �� ( )∈ ′T E,n h

0 be given, and denote by ϕ
v the function defined by

( ) ( )≔ −
ϕ p ϕ p

v 1 (if S is a distribution, then S
v is defined by duality). Then we set

⟨ ∣ ⟩ ⟨ ∣ ⟩∗ ≔ ∗ϕ T α T ϕ α
v

for any ��( )∈α E,n h

0 .

Definition B.2. Let = +h n1,…, 2 1 be fixed, and let ξ ξ,…,
h

N

h

1
h

be an orthonormal basis of E
h

0 . If

( )≔ =ϕ ϕ
ij i j N, 1, … , m

is a matrix-valued distribution, and ��( )= ∑ ∈α α ξ E,
j j j

n h

0 , we set

( )∑∗ = ∗α ϕ α ϕ ξ .

i j

j ij i

,

Obviously, this notion still makes sense whenever all convolutions ∗ϕ α
ij j are well defined.

B.2 Folland-Stein-Sobolev spaces and homogeneous kernels

The following sections deal with Sobolev spaces (the so-called Folland-Stein-Sobolev spaces: see [24,25]), and
with the calculus for homogeneous kernels [16] in the more general setting of Carnot groups. Heisenberg
groups will provide a special instance. We refer to the previous studies [24,25] for the standard definitions of
Sobolev spaces and their Hölder counterpart �( )Γβ

n . Recall that we adopt the following multi-index notation
for higher-order derivatives: if ( )=I i i, …, n1 is a multi-index, we define
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= ⋯W W W .I i

n

i

1
n1

Definition B.3. We denote by �Δ the positive sub-Laplacian

� ∑≔ −
=

Δ W .

i

n

i

1

2

2

Definition B.4. Let ≤ ≤ ∞p1 and �∈m , ( )W U
m p

Euc

, denotes the usual Sobolev space.

Definition B.5. If �⊂U
n is an open set, ≤ ≤ ∞p1 and �∈m , then the space ( )W U

m p, is the space of all
( )∈u L U

p such that, with the notation of (A7),

( ) ( )∈ - ≤W u L U I d I mfor all multi indices with ,I p

endowed with the natural norm

‖ ‖ ‖ ‖( )
( )

( )∑≔
≤

u W u .
W U

d I m

I

L U
k p p,

Folland-Stein Sobolev spaces enjoy the following properties akin to those of the usual Euclidean Sobolev
spaces [24,26].

Theorem B.6. If �⊂U
n, ≤ ≤ ∞p1 , and �∈k , then

(i) ( )W U
k p, is a Banach space.

In addition, if < ∞p ,
(ii) ( ) ( )∩ ∞

W U C U
k p, is dense in ( )W U

k p, ;
(iii) if �=U

n, then ��( )n is dense in ( )W U
k p, ;

(iv) if < < ∞p1 , then ( )W U
k p, is reflexive.

Definition B.7. Following [24,25], a kernel of type α is a homogeneous distribution of degree −α Q (with respect
to the group dilations δr), that is smooth outside of the origin.

The following estimate has been proved in [9], Lemma 3.7. It will turn useful in the sequel.

Lemma B.8. Let g be a kernel of type >μ 0. Then, if ��( )∈f
n and R is a homogeneous polynomial of degree

ℓ ≥ 0 in the horizontal derivatives, we have

( )( ) (∣ ∣ )ℓ∗ = → ∞− −
R f g p O p as p .μ Q

In addition, let g be a smooth function in � { }⧹ e
n satisfying the logarithmic estimate

∣ ( )∣ ( ∣ ∣ ∣∣)≤ +g p C p1 ln ,

and suppose its first-order horizontal derivatives are kernels of type −Q 1 with respect to group dilations. Then,
if ��( )∈f

n and R is a homogeneous polynomial of degree ℓ ≥ 0 in the horizontal derivatives, we have

( )( ) (∣ ∣ ) ℓ

( )( ) ( ∣ ∣) ℓ

ℓ∗ = → ∞ >
∗ = → ∞ =

−
R f g p O p as p if

R f g p O p as p if

0;

ln 0.

We set now

� �

�

� �( ) { ( ) ( ) }∫≔ ∈ =u x u x x: d 0n n α

0

n

for all monomials x
α.
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Definition B.9. If �∈α and � � { }∉ ≔ ∪+
α 0 , then we denote by Kα the set of the distributions in �n that are

smooth away from the origin and homogeneous of degree α, whereas, if �∈ +
α , we say that �� ( )∈ ′K

n

belongs to Kα if has the form

( ) ∣ ∣= +K K p x x˜ ln ,

where K̃ is smooth away from the origin and homogeneous of degree α, and p is a homogeneous polynomial of
degree α.

In particular, kernels of type α according to Definition B.7 belong to −Kα Q.
If ∈K Kα, we denote by � ( )K0 the operator defined on �� ( )n

0 by � ( ) ≔ ∗K u u K0 .

Proposition B.10. ([16], Proposition 2.2) � �� � �( ) ( ) ( )→K : n n

0 0 0 .

A straightforward computation shows that

Lemma B.11. If ∈K Kα, and X
I is a left invariant homogeneous differential operator, then

� �( ) ( ) ( )= ∈ −
X K X K and X K K, .I I I α d I

0 0

Theorem B.12. [37,38] If ∈ −
K K Q, then � �� ( ) ( ) ( )→K L L: n n

0
2 2 .

Remark B.13. We stress that we also have

� �� ( ) ( )⊂ >− ∕
Δ αDom with 0.n

h

α

0 ,

2

Indeed, take �∈M , > ∕M α 2. If �� ( )∈u
n

0 , we can write �=u Δ v
h

M

, , where

�� � � �( ( ) ( ) ( )) ( )≔ ∘ ∘ ⋯ ∘ ∈v R R R u
n

0 2 0 2 0 2 0

(M times). Since � �( ) ( )∈ ∩ − ∕
v Δ ΔDom Dom

h

M

h

M α

, ,

2 by density, then � �( )= ∈ − ∕
u Δ v ΔDom

h

M

h

α

, ,

2 , and
� � �=− ∕ − ∕

Δ v Δ Δ v
h

M α

h

α

h

M

,

2

,

2

, , by [24], Proposition 3.15, (iii).

Theorem B.14. (see [16,32], Theorem 5.11) Take ∈ −
K K Q and let the following Rockland condition hold: for every

nontrivial irreducible unitary representation π of �n, the operator πK is injective on ( )∞
πC , the space of smooth

vectors of the representation π . Then the operator � �� ( ) ( ) ( )→K L L: n n

0
2 2 is left invertible.

Obviously, if � ( )K0 is formally self-adjoint, i.e., if =K K
v , then � ( )K0 is also right invertible.

Proposition B.15. ([16], Proposition 2.3) If ∈K Ki

α
i, =i 1, 2, then there exists at least one ∈ + +

K Kα α Q1 2 such that

� � �( ) ( ) ( )∘ =K K K .0 2 0 1 0

It is possible to provide a standard procedure yielding such a K (see [16], p. 42). Following [16], we
write = ∗K K K2 1.

Definition B.16. Throughout this article, if � is an operator acting on functions, then we still denote by � the
diagonal operator �( ) =δij i j M, 1, … , h

.

Lemma B.17. If >m 0 and �� ( )∈u
n

0 , then �� �( ) ( )− ∈− ∕
Δ u1 m n2

0 .

Proof. By [24], p. 185 (3), �( )− = ∗− ∕
Δ u u J1 m

m

2
n , where J

m
is the Bessel potential defined therein. For our

purpose, it is important to stress that
(i) �( )∈J L

m

n1 ;
(ii) ( ) (∣ ∣ )= −

J p O p
m

N for all �∈N (see again [24] p. 185 (2)).
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It is easy to see that ∗u J
m
is smooth. To prove that ��( )∗ ∈u J

m

n , we can follow basically the same
arguments we shall use later to prove that all moments of ∗u J

m
vanish. Thus, we shall not repeat twice the

same computations (that, by the way, are elementary though cumbersome).
Thus, we have to show that all moments of ∗u J

m
vanish. In the sequel, we denote by J̃ a smooth function

in � { }⧹ e
n satisfying (i) and (ii) earlier.
To start with, we can write

� � � � � �

( ) ( ) ( ) ( ) ( ) ( )∫ ∫ ∫ ∫ ∫ ∫
⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟ = ⋅ =− −

u y J y x y x u y J y x x y J ξ ξ u y yd d d d d d 0.
m m m

1 1

n n n n n n

Denote now by ( )+x x x, …, ,n n1 2 2 1 a generic point in �n.
Take, for instance,

� �

( ) ( )∫ ∫
⎛

⎝
⎜

⎞

⎠
⎟ =−

x u y J y x y x j n˜ d d with 1, …, 2 .j

1

n n

We write

� � � �

� � � �

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

∫ ∫ ∫ ∫

∫ ∫ ∫ ∫

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

=
⎛

⎝
⎜ −

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

− −

− −

x u y J y x y u y x J y x x y

u y x y J y x x y y u y J y x x y

˜ d ˜ d d

˜ d d ˜ d d .

j j

j j j

1 1

1 1

n n n n

n n n n

As mentioned earlier,

� �

( ) ( )∫ ∫
⎛

⎝
⎜

⎞

⎠
⎟ =−

y u y J y x x y˜ d d 0,
j

1

n n

since �� ( )∈u
n

0 . On the other hand,

� � � �

� �

( ) ( ) ( ) ( ) ( ) ( )

( ) ( )

∫ ∫ ∫ ∫

∫ ∫

⎛

⎝
⎜ −

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟

= ⋅ =

− − −
u y x y J y x x y u y y x J y x x y

ξ J ξ ξ u y y

˜ d d ˜ d d

˜ d d 0.

j j j

j

1 1 1

n n n n

n n

If = +j n2 1, the argument is similar, but requires some further tricks. We write:

( ) ( )

( ) ( ( ) ( ) )

∑

∑

= + + −

= + + − − −

+
−

+ +
=

+ +

−
+ +

=
+ +

x y x y y x x y

y x y y x y x y y

1

2

1

2
.

n n n

j

n

j n j j n j

n n

j

n

j n j j n j

2 1
1

2 1 2 1

1

1
2 1 2 1

1

Therefore,

� � � � � �

� � � �

( ) ( ) ( )( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

∫ ∫ ∫ ∫ ∫ ∫

∫ ∫ ∫ ∫∑

⎛

⎝
⎜

⎞

⎠
⎟ =

⎛

⎝
⎜

⎞

⎠
⎟ +

⎛

⎝
⎜

⎞

⎠
⎟

+
⎧
⎨
⎩

⎛

⎝
⎜ −

⎞

⎠
⎟ +

⎛

⎝
⎜ −

⎞

⎠
⎟

=

+
− −

+
−

+
−

=
+

−
+

−

x u y J y x y x u y y x J y x y x u y y J y x y x

u y y x y J y x y x u y y x y J y x y x

˜ d d ˜ d d ˜ d d

1

2

˜ d d ˜ d d

0

n n n

j

n

j n j n j j

2 1
1 1

2 1
1

2 1

1

1

1 1

n n n n n n

n n n n

arguing as earlier. Thus, by iteration, �� �( ) ( )− ∈− ∕
Δ u1 m n2

0
n . □
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Lemma B.18. If ≥m 0, then �� ( )n

0 is dense in �( )W
m n,2 .

Proof. If =m 0, then the assertion follows straighforwardly via Fourier transform. Suppose now >m 0 and let
�( )∈v W

m n,2 be normal to �� ( )n

0 , i.e.,

�� � �⟨( ) ⟩ ( )( )− = ∈Δ v u u1 , 0 for all .m

L

n

0
n2 (B7)

Let now �� ( )∈ϕ
n

0 arbitrary. By Lemma B.17, we can take in (B7) ��( ) ( )≔ − ∈−
u Δ ϕ S1 m n

0 . Therefore,

� � �⟨ ⟩ ⟨( ) ⟩( ) ( )= − =v ϕ Δ v u, 1 , 0,
L

m

L
n n2 2

and the assertion follows since �� ( )n

0 is dense in �( )L
n2 . □

Definition B.19. Once a basis of E0

• is fixed, and ≤ ≤ ∞p1 , we denote by �( )L E,p n

0

• the space of all sections of
E0

• such that their components with respect to the given basis belong to �( )L
p n , endowed with its natural norm.

Clearly, this definition is independent of the choice of the basis itself. The notations, ��( )E,n

0

• , ��( )E,n

0

• ,
�� ( )E,n

0 0

• , as well as �( )W E,m p n,
0

• have the same meaning.
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