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ABSTRACT

This paper proposes a thorough investigation of steady-
state cornering equilibria for cars. Besides equilibria cor-
responding to normal driving behaviour - herein denoted
as stable-normal turn, drifting is attracting increasing at-
tention. When discussing drifting, it is typically assumed
that yaw rate and steering angle have opposite signs, i.e.
the driver is countersteering, and the rear axle is satu-
rated. Interestingly, another unstable equilibrium is pos-
sible, herein referred to as unstable-normal turn. In this
work, an attempt to give a comprehensive definition of
drift is made. An inverse model is proposed to compute
the driver inputs needed to perform a steady-state turn for
a given radius and sideslip angle. The mathematical mean-
ing of all equilibria is explored by linearizing the system
and analyzing eigenvalues and eigenvectors of the resulting
state matrices.

INTRODUCTION

Steady-state cornering analysis give insightful information
about the attitude of a vehicle when negotiating a given
turn. Drifting is one of the operating modes that may
emerge in steady-state cornering. Racing drivers exploit
drifting to reduce lap time, especially in gravel tracks or
roads [1]. It is also a behavior that might emerge during
emergency vehicle maneuvers in roads with low-grip sur-
face. Having a fundamental understanding of the vehicle
dynamic response in drifting conditions is important to de-
sign advanced vehicle control systems [2]. The existence
and instability of drift equilibria have been established by
several authors, who presented different techniques to pre-
vent or handle it. Different strategies correspond to dif-
ferent vehicle models, ranging from the simplest single-
track model to more complex formulations based e.g. on
double track models taking into account roll, pitch, load

transfers etc. In general, to analyze drifting, it is impor-
tant to consider non-linear tire characteristics [3, 4, 5].
Goh and Gerdes [6] present a controller for autonomous
drifting with simultaneous path tracking in which the tra-
jectory is treated as a sequence of unstable equilibrium
points. The model implemented is a four-wheel model with
steady-state weight transfer. Peterson et al. [7] implement
a controller using a linearization of a single-track vehicle
model to capture the necessary dynamics around a drift
equilibrium point. Vignati et al. [8] develop a torque-
vectoring control strategy to assist the driver in control-
ling the vehicle in drifting condition. This control strategy
is implemented and simulated in Matlab/Simulink using
a Formula SAE vehicle with two rear independent electric
motors, modeled as a vehicle with 14 degrees of freedom.
Milani et al. [9] utilize a four-wheel model to calculate the
equilibria in planar motion. Their study investigates drift-
ing equilibrium differences between rear-wheel-drive and
four-wheel-drive vehicles (4WD). The type of equilibrium
is assessed using the phase portrait approach and the exis-
tence of an alternative drifting equilibrium (referred to as
secondary drifting point) for 4WD vehicles is suggested.
This work presents a comprehensive investigation of drift-
ing equilibria for single-track vehicle models. We provide
three main contributions:

• We investigate the possible ways (steady-state equilib-
ria) to negotiate a given turn with a desired sideslip
angle. Our analysis reveals the existence of limit cy-
cles in the (velocity, yaw-rate, sideslip) space, provid-
ing important insights into the dynamic vehicle be-
havior in extreme driving conditions.

• We propose a new classification for the steady-state
cornering motion of vehicle. This classification takes
into account not only the stability properties of the
equilibria points but also ”countersteering” factors.
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• We introduce a simple non-linear lateral tire model,
which is able to well approximate the Fiala tire model.
It allows to obtain analytical expressions of the state
matrix of the linearized system near any equilibrium.

VEHICLE AND TIRE MODELS

In order to investigate the existence of drifting equilibria
maintaining low model complexity, a nonlinear single-track
model is used. It is one of the simplest planar models, but
it has been shown to be capable of capturing important
aspects of vehicle handling behavior [9, 10]. Moreover,
several researches have demonstrated that the single track
model is suitable for analysing highly nonlinear maneuvers,
but still steady-state, such as drifting [11]. Neither lateral
nor longitudinal load transfer is considered to maintain low
complexity of the system and the characteristics of the axle
are resumed by one tire for the front and one for the rear.
Rolling and pitching motion of the chassis are not taken
into account. The dynamics of the model can be described
by the following equations of motion [12]:

V̇ =
1

m
[Fxf cos(δ − β)− Fyf sin(δ − β)

+ Fxr cos(β) + Fyr sin(β)]
(1)

β̇ =
1

mV
[Fxf sin(δ − β) + Fyf cos(δ − β)

− Fxr sin(β) + Fyr cos(β)]− r
(2)

ṙ =
1

Izz
[a(Fxf sin(δ) + Fyf cos(δ))− bFyr] (3)

where Fxf , Fxr, Fyf and Fyr represent the front and rear
longitudinal and lateral forces, respectively, while r is the
yaw rate, V the vehicle velocity, β the sideslip angle at the
center of gravity (COG) of the vehicle, δ is the steering
angle at the wheel and a and b are the distance between
the front axle and the COG and the distance between the
rear axle and the COG, respectively. Figure 1 shows a
schematic representation of the vehicle model.
Lateral forces are modelled using the slip Fiala tire model
[7] which, for a generic tire, reads:

Fy = Cα tanα− C2
α

3Fy,max
| tanα| tanα

+
C3

α

27F 2
y,max

tan3 α

|α| ≤ αs

Fy = Fy,maxsgn(α) otherwise

(4)

where Cα is the axle cornering stiffness (the sum of the
two tires) and Fy,max is the maximum available axle lateral
force, calculated using the friction circle theory:

Fy,max =
√

(µFz)2 − F 2
x (5)

where Fz is the vertical load and µ the friction coefficient.

Kinematic equations define front and rear tire slip angles:

αf = δ − arctan

(
V sinβ + ar

V cosβ

)
(6)

αr = − arctan

(
V sinβ − br

V cosβ

)
(7)

Figure 1: Schematic representation of the single track
model adopted in the paper. αf and αr are the front and
rear tire slip angles.

while αs is the maximum slip angle beyond which the tire
starts to slide

αs = arctan

(
3Fy,max

Cα

)
(8)

The main vehicle and tires parameters used in this work
are listed in Tab. 1. They resemble the dataset of an FSAE
vehicle.

Table 1: Main vehicle and tire parameters.

Parameter Symbol Value
Mass m 284 kg
Yaw moment of inertia Izz 109 kg m2

COG to front axle distance a 0.769 m
COG to rear axle distance b 0.766 m
Front cornering stiffness Cαf 72 kN/rad
Rear cornering stiffness Cαr 72 kN/rad
Tire-road friction coefficient µ 1

DEFINITION OF DRIFT

Several papers deal with drift analysis and definition.
Drift, or power-slide [13], may be described as a particu-
lar cornering condition of the vehicle characterised by high
sideslip angle, i.e., resulting in a significant mismatch be-
tween the direction the vehicle is pointing and the direction
its centre of gravity is moving. Drift is typically associated
with countersteer [14] - i.e., steering angle opposite to the
direction of the turn - and rear axle saturation induced by
a large rear drive torque [8].
In this work, we define drift as an unstable steady-state
cornering motion with large rear tire slip angles, that are
generally combined with countersteer. The condition of
saturated rear tires is not strictly necessary for negotiating
a turn while drifting. Nevertheless, in drifting condition
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Table 2: Summary of types of equilibrium points.

Category Stability Steering
sign(r)sign(δ)

Stable-normal turn Stable 1
Unstable-normal turn Unstable 1
Drifting Unstable -1

the rear tire is most of the time saturated. This comes
from the fact that for conventional tire models, high tire
slip angles are associated to saturated lateral tire forces.
An example of application of drifting without rear tire sat-
uration is given in the bottom pictures of Figure 2.

We also define normal turn a steady-state cornering motion
with steering angle in phase with (i.e., with the same sign
of) the yaw rate. Indeed, having the car turning in accor-
dance with the steering wheel rotation is intuitively what a
driver would expect in “normal” driving mode. Stability-
wise, there are two options: i) a stable-normal turn, i.e.
a conventional normal turn, typically with small rear tire
slip angles; ii) an unstable-normal turn, normally at larger
rear slip angles than a conventional normal turn. Table 2
summarizes the three types of equilibria

We should point out that a normal turn (stable or unsta-
ble) is not always feasible. The existence of such equilibria
is strictly related to the well-known phenomenon of saddle-
node bifurcation, that is the disappearance of both stable-
and unstable-normal turn equilibria, due to an aggres-
sive combination of steering angle and vehicle velocity [15].

EQUILIBRIUM ANALYSIS

The equations of motion (1), (2) and (3) are functions of
vehicle states (V , β, r) and driver inputs (δ, Fxr, Fxf ):

V̇ = fV (V, β, r, δ, Fxr, Fxf )

β̇ = fβ(V, β, r, δ, Fxr, Fxf )

ṙ = fr(V, β, r, δ, Fxr, Fxf )

(9)

A possible approach to study equilibria would be impos-
ing driver inputs and then computing the corresponding
steady-state values of vehicle states. We deem more in-
sightful to investigate the vehicle behavior with a given
turn to negotiate (R). So, several β for a fixed cornering
radius, R, are assumed and their feasibility is investigated
by calculating the corresponding V , δ and Fxr necessary
to perform the maneuver. This is possible since yaw rate
in steady state can be expressed by |r| = V/R. The front
longitudinal force Fxf is set to zero, since the possibility
of using brakes is discarded and rolling resistance can be
neglected. Consequently, equations (9) are solved for fixed
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Figure 2: Drift equilibrium for a single-track model with
bilinear tire model, V = 25m/s, δ = 2°, Fxr = 1000N:
lateral forces (left) and resulting phase plane (right). Top:
cornering stiffness values from Table 1. Bottom: rear axle
characteristic modified to have the same drift equilibrium
but without saturating rear lateral force.

β and R in steady state

0 = fV (V, β,R, δ, Fxr)

0 = fβ(V, β,R, δ, Fxr)

0 = fr(V, β,R, δ, Fxr)

(10)

Two cornering radii are investigated, 20 and 40 m, while
β varies between −30° and 0°. Driver inputs required to
negotiate the given turn are computed at every step. The
procedure is repeated for negative r to account for both
cornering directions. Results for positive values of r (i.e.,
left turn) are shown in Figure 3 and 4.
Interestingly, in both scenarios the maximum velocity is
reached in an unstable-normal turn, with a sideslip angle
βVmax of about -1° and -2°, respectively. At the same
time, the window of β values allowing for an unstable-
normal turn shrinks when the cornering radius increases -
(for R =20 m the range of β is between -0.5 and -4.8 deg,
tightening between -1.4 and -3.8 deg for R =40 m. For
the R = 20m case, the top speed reachable with a stable-
normal turn is more than for drifting conditions, the other
way around happens when R is 40 m. Steering angle mag-
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Figure 3: Vehicle speed (top), steering angle at the wheel
(middle) and rear longitudinal force (bottom) for perform-
ing a turn of 20 m of cornering radius at different sideslip
angles.
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Figure 4: Vehicle speed (top), steering angle at the wheel
(middle) and rear longitudinal force (bottom) for perform-
ing a turn of 40 m of cornering radius at different sideslip
angles.

nitude and rear longitudinal force increase with sideslip
angle magnitude, meaning that larger traction forces and
counter steering angles are needed to sustain aggressive
drifting conditions. Finally, negotiating the same turn
with very high sideslip angles is never convenient in terms
of travelling speed, since in both cases maximum velocities
are obtained for |β| < 5 deg. On the other hand, |βVmax|
increases with R.

STABILITY ANALYSIS

Linearizing the system about equilibria allows to obtain
a linear model able to describe the vehicle dynamics with
sufficient accuracy [7]. Basically, the system is described
by resorting to a linear state-space model representation:

ẋ = Ax+Bu (11)

where x = [V β r]T is the state vector, u = [δ Fxr]
T is

the input vector, A is the state matrix and B is the input
matrix. A and B are computed as the Jacobian matrices of
the system with respect to the state vector and the input
vector, respectively:

A =



∂fV
∂V

∂fV
∂β

∂fV
∂r

∂fβ
∂V

∂fβ
∂β

∂fβ
∂r

∂fr
∂V

∂fr
∂β

∂fr
∂r


B =



∂fV
∂δ

∂fV
∂Fxr

∂fβ
∂δ

∂fβ
∂Fxr

∂fr
∂δ

∂fr
∂Fxr


(12)

This linear representation allows to investigate stability by
evaluating eigenvalues and eigenvectors of A. Eigenvectors
identify the three main directions of convergence or diver-
gence of trajectories near the point of linearization. The
sign of the real part of the eigenvalues define whether the
related direction is stable (negative real part) or not (pos-
itive real part). Fig. 5 presents several equilibrium points
(circle and diamond) and the associated eigenvectors (ar-
rows), for a cornering radius of 20 m. As expected, drift
and unstable-normal turn points are actually saddle equi-
libria, i.e. they are characterised by one stable and two
unstable eigenvalues. The stable equilibrium, instead, has
only stable eigenvectors. Notice that the eigenvectors as-
sociated to the equilibria shown in Fig. 5 are not complex.
It is possible to have equilibria characterised by complex
conjugate eigenvalues and eigenvectors, but in this study
such equilibria are restricted to a relatively limited range of
β (approximately between -0.7 and -0.25 for R = 20m and
between -1.6 and -1.2 for R = 40m) - the identification of
the main directions of convergence/divergence is physically
meaningful only for real (non-complex) eigenvectors.

Figure 6 shows the (real part of) the eigenvalues of the
system, for different sideslip angles. The drift equilibrium
features the lowest real part of the stable eigenvalue, but
the highest real part of one of the two unstable eigenval-
ues. The real part of the other unstable eigenvalue is nearly
zero. The presence of complex conjugate eigenvalues may
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Figure 5: Comparison between eigenvectors for a 20 m ra-
dius turn in three cases: drift (red), unstable-normal turn
(yellow) and stable-normal turn (green). Orange vectors
are related to unstable eigenvalues, blue vectors are related
to stable eigenvalues.

be spotted since two eigenvalues share the same real part
for certain values of sideslip angle: a close-up of these
eigenvalues is shown in Figure 7. Note that the eigenvalue
that remains stable in all three scenarios (stable-normal,
unstable-normal turn and drift) is never complex.

Looking back at the equations of motion, it is clear that
equations (2) and (3) may be solved for β and r indepen-
dently of equation (1), if V , Fxr and δ are considered as
inputs. This means a two-dimensional (2D) system of dif-
ferential equations may be solved at every vehicle speed V
(with corresponding Fxr and δ from the three-dimensional
system). The 2D system may be linearized and written as
in (11), with state and input matrices being 2x2 submatri-
ces of (12):

A =


∂fβ
∂β

∂fβ
∂r

∂fr
∂β

∂fr
∂r

 B =


∂fβ
∂δ

∂fβ
∂Fxr

∂fr
∂δ

∂fr
∂Fxr

 . (13)

Again, eigenvalues and eigenvectors of the state matrix
give information about the stability of equilibria in the
β–r plane. The equilibria shown in Figure 5 and their
eigenvectors can be projected onto a β–r phase plane
to better visualize the nature of the equilibrium points
(see Figure 8, where three sample points are consid-
ered). Notice that β− and r− coordinates of equilibria
computed in the 3D environment precisely identify also
the position of equilibria of the 2D system when V
is the equilibrium value [16]. The choice of reference
system is such that the projection of two eigenvectors in
the β–r plane give a very precise approximation of the
eigenvectors resulting directly by the two-dimensional
system, while one eigenvector is not visible, since its main
component is in the V -axis. However, this result is not
to be expected in general. If, for instance, longitudinal
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Figure 6: Real part of the eigenvalues of the system, for
different sideslip angles and R = 20m (top) and R = 40m
(bottom).
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Figure 7: Close-up of the complex conjugate eigenvalues
of the system. Real and imaginary parts are shown for
R = 20m (top) and R = 40m (bottom).

and lateral velocities u = V cos(β) and v = V sin(β) were
considered as independent variables instead of V and β,
the projections of 3D eigenvectors in the v− r plane would
have considerably different directions with respect to 2D
eigenvectors, computed at a given value of u.

The condition of an unstable-normal turn is further inves-
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(a)

(b)

(c)

Figure 8: Two-dimensional β−r phase plane in a. drifting
condition b. unstable-normal turn and c. stable-normal
turn. Three-dimensional eigenvectors are projected onto
the β − r plane, R = 20m.

tigated, since it is usually ignored in most of the literature
dealing with steady-state cornering. The dynamic evolu-
tion of vehicle states in the neighborhood of the maximum

speed condition for R = 20 m is considered. For this pur-
pose, vehicle speed is let free to vary, hence the time evolu-
tion of the state can be represented in a three-dimensional
phase space, where the state variables are β, r and V . In
the considered framework, equilibrium curves can be iden-
tified, corresponding to the loci of the equilibrium points of
the two-dimensional framework defined by only equations
(2) and (3) [16]. Figure 9 presents the phase spaces ob-
tained for the driver inputs computed above, at R=20 m
and β =-1,-0.8,-0.6 and -0.4°. The corresponding β − r
phase plane is also shown at the vehicle velocity of equi-
librium of the three-dimensional framework.

Figure 9: Three-dimensional phase space close to maxi-
mum speed (top-left). Diagrams 1 to 3 are characterised
by a limit cycle, while in diagram 4 an asymptotically sta-
ble node is present. R is fixed at 20 m.

Interestingly, the time evolution of vehicle state is charac-
terised by a stable limit cycle dynamic when the turn is
performed the unstable-normal way. In this situation, an
asymptotically stable equilibrium does not exists if V is
not fixed, but only simple stability is possible. Hence an
important remark is that these limit cycles are detectable
only by including longitudinal dynamics.

ANALYTICAL EXPRESSION OF STATE MATRIX

In the previous section we showed that the state matrix
of the linearized system is a useful tool for studying the
stability of equilibria and, in general, gain insight on the
system dynamics. Complex tire models may heavily af-
fect the easiness of implementation of such linearized state
matrix, making it difficult to obtain an analytical solution
valid in the entire domain and not just locally (close to
the linearization point). To solve this issue, a simplified
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(a)

(b)

(c)

Figure 10: Comparison between baseline and simplified
model with lateral forces modelled with hyperbolic tan-
gent function in the neighborhood of a. drift equilibrium,
b. unstable - normal turn equilibrium and c. stable equilib-
rium. Black-dotted curves represent the trajectories com-
puted with the simplified model.

non-piecewise tire model is herein proposed, able to allow
for a compact analytical solution, yet retaining the tire
saturating pattern typical of a real tire model:

Fy = Fy,max tanh

(
kπ

αsl
α

)
(14)

where Fy,max and αs are defined according to (5) and (8),
respectively, and the parameter k is selected to fit the Fi-
ala tire model in (4). This formulation is able to capture
in a single closed-form expression the two operating modes
of the tire: i) linear region (for small α) and ii) saturated
operation (for large α). This formulation simplifies the
analytical analysis of the vehicle cornering motion when
compared to the piecewise structure of the Fiala model.
Moreover, it is continuous and differentiable in the whole
domain. The analytical expression of the resulting lin-
earized state matrix is:

Â =

[
â11 â12
â21 â22

]
(15)

â11 =−

(
Fxr cosβ + c5 sin(β − δ)c1 + c2 sinβ · c13

+ k
π cosβ · c6c13(c22 − 1)

c8c3

− k
π cos(β − δ)(c25 − 1)c7c1

c10c9

)
1

mV

â12 =−
(
−aπ cos(β − δ)(c25 − 1)c1

c4

+
bπc13(c

2
2 − 1)

V c8c3

)
k

mV
− 1

â21 =−
(
aπ cos δ · (c25 − 1)c7c1

c10c9
+

bπc6c13(c
2
2 − 1)

c8c3

)
k

J

â22 =−
(
a2π cos δ · (c25 − 1)c1

c4
+

b2πc13(c
2
2 − 1

V cosβ · c8c3

)
k

J
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where

c1 =
√

µ2F 2
zf

c2 =tanh

(
k

π arctan
( c11
V cosβ

)
c8

)

c3 =
c211
c15

+ 1

c4 =V cosβ · c10c9

c5 =tanh

[
k

π

(
δ − arctan

( c14
V cosβ

))
c10

]

c6 =
sinβ · c11

c12
− 1

c7 =
sinβ · c14

c12
+ 1

c8 =arctan
(3c13
Cyr

)
c9 =

c214
c15

+ 1

c10 =arctan
(3µFzf

Cyf

)
c11 =br − V sinβ

c12 =V cos2 β

c13 =
√
µ2F 2

zr − F 2
xr

c14 =ar + V sinβ

c15 =V 2 cos2 β

k =0.86
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Figure 11: Comparison between tire side force character-
istic computed with Fiala and hyperbolic tangent model.
Only the front axle is presented for visualization purposes.

The analytical expression of the state matrix remains com-
prehensible and accessible, but at the same time this sim-
plified model allows to obtain results comparable to the
ones of the baseline model. The β − r phase planes pre-
sented in Figure 8 are compared to phase planes defined
modelling the tire lateral forces using (14). A close-up in

the neighborhood of equilibrium is shown in Figure 10.
Eigenvectors are almost perfectly aligned to the ones com-
puted using the original model for saddle nodes, while the
directions of convergence are slightly different in the third
case (stable node). Observe that the condition of stable-
normal turn considered so far, even if stable, is close to
saddle-bifurcation. This means tires are working in the
transition region, between the linear and the saturated
parts of the Fiala model (see Figure 11), which is where
there Fiala and simplified model exhibit the maximum de-
viation.

CONCLUSIONS

This paper provided a systematic analysis of the steady-
state and dynamic cornering motion of vehicles. The anal-
ysis of cornering motion was divided into three main cate-
gories (stable-normal turn, unstable-normal turn and drift-
ing) and took into account stability and countersteering
criteria. We found out that the “unstable-normal turn”
provides the maximum vehicle velocity for a given radius
of curvature. At the same time, the range of driver inputs
generating this equilibrium is limited and reduces when in-
creasing R. Phase portraits were employed to gain better
understanding of the stability of the equilibrium points,
revealing the existence of limit cycles in the (sideslip, yaw-
rate, velocity) space. A compact lateral tire model was
also proposed, which simplified the analytical analysis of
the cornering vehicle motion. Future work shall include a
more detailed study of the conditions for the existence of
limit cycles in the vehicle cornering motion, and experi-
mental validation.
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