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Abstract

Meta-analysis represents a widely accepted approach for evaluating the accuracy of diagnostic tools in clinical and
psychological investigations. This paper investigates the applicability of multinomial tree models recently suggested in the
literature under a fixed-effects formulation for assessing the accuracy of binary classification tools, where the study specific
disease prevalences are taken into account. The model proposed in this paper extends previous results to a hierarchical
structure accounting for the variability between the studies included in the meta-analysis. Interestingly, by exploiting the
parameter separability of the complete likelihood function, the resulting hierarchical multinomial tree model is shown
to coincide, in its interest parameter component, with the well-known bivariate random-effects model under an exact
within-study distribution for the number of true positives and true negatives subjects. The proposal is in line with a
latent-trait approach, where inference follows a frequentist point of view. The applicability of the proposed model and its
performance with respect to its fixed-effects counterpart and to the approximate bivariate random-effects model based on
normality assumptions commonly used in the literature is evaluated in a series of simulation studies. Methods are applied
to a real meta-analysis about the accuracy of the confusion assessment method as delirium screening tool.
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Introduction

The evaluation of a patient’s disease status or the

early detection of a certain disorder in clinical and

psychological investigations is often reached through very

accurate instruments, which are typically expensive, time-

consuming, or discomforting. As a consequence, their large

scale application is not appealing and the need for simpler,

inexpensive, but still accurate classification tools remains an

aim of the research.

The accuracy of new proposed classification or diagnostic

tools is evaluated through the comparison to a reference test

assumed to be unquestionable, also called gold standard. In the

last years, meta-analysis of diagnostic studies has been widely

accepted as an approach for the assessment of the accuracy

of a diagnostic or screening test in identifying a patient’s

specific status, or, more generally, in distinguishing between

diseased and nondiseased patients. A diagnostic study is

commonly evaluated in terms of sensitivity, i.e., the conditional

probability of testing positive in subjects classified as positive

by the reference test, and specificity, i.e., the conditional

probability of testing negative in subjects classified as negative

by the reference test. As an alternative, a diagnostic test is

evaluated using a two-by-two table of agreement between the

test results and the reference test results (e.g., Honest and

Khan, 2002).

The accuracy of a novel diagnostic test is often assessed

using meta-analysis methods (e.g., Jackson et al., 2011). Within

this framework, the bivariate hierarchical model (Reitsma et

al., 2005; Arends et al., 2008) is currently a well-established

technique. It is preferable to the traditional approach based on

separate analyses for sensitivity and specificity, which do not

account for the correlation between the diagnostic measures

of accuracy. In addition, the bivariate hierarchical model

improves on the popular proposal in Littenberg and Moses

(1993) and in Moses et al. (1993) to construct a summary

receiver operating characteristic curve based on the regression

of the difference between sensitivity and specificity on their

sum, a solution which has been criticised for not providing

reliable inferential conclusions (e.g., Rutter and Gatsonis, 2001

; Arends et al., 2008). The bivariate model has a hierarchical

structure accounting for the within-study sampling variability

and for the between-study variability arising from differences

due, for example, to study design’s characteristics. Likelihood

inference in this framework is affected by several issues (e.g.,

Guolo, 2017; Takwoingi et al., 2017). Authors warn against the

risk of unreliable conclusions when the sample size is small,

as well as the risk of non-convergence of the optimisation

algorithms. Computational obstacles, e.g., the need for

numerical integration, reduce the appealing of the approach.

The mentioned issues leave space to alternative solutions, as,
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for example, solutions relaxing likelihood assumptions and

relying on simulation strategies (e.g., Guolo, 2017). The use

of copulas to account for the correlation between the accuracy

measures has been proposed in Kuss et al. (2014). Beta-

binomial margins for the numbers of true positives and true

negatives are linked by a bivariate copula distribution, resulting

a likelihood function in closed-form. Zapf et al. (2015) suggest a

non-parametric approach to the analysis, with large flexibility

with respect to the correlation structure between the accuracy

measures, and no convergence issues.

Chu et al. (2009b) extend the bivariate mixed-effects model

to jointly model the information from disease prevalence,

sensitivity, and specificity of the diagnostic test. The model

retains some computational issues of the bivariate counterpart,

see Chen et al. (2015) and Chen et al. (2017a). Pseudo-

likelihood solutions have been proposed to overcome such

limitations, see Chen et al. (2015), Chen et al. (2017a), and

Guolo (2023). The use of trivariate copulas to account for

the correlation between the accuracy measures and the disease

prevalence has been recently proposed in Hoyer and Kuss (2015)

and Nikoloulopoulos (2018), the last one including the model

in Chen et al. (2015) as a special case.

This paper investigates the applicability of multinomial

tree models, starting from a recent proposal in Botella et

al. (2013) within the psychological literature, to assess the

accuracy of binary classification tools. In particular, in this

paper an extension of the fixed-effects multinomial tree model

in Botella et al. (2013) is proposed, which turns out into a

hierarchical model accounting for between-study heterogeneity.

The resulting hierarchical multinomial tree model gives rise to

some interesting results. The log-likelihood function for the

proposed model shows a clear separation of the parameters

associated to the prevalence of the disease and parameters

associated to the diagnostic accuracy measures, a property

which makes inferences advantageous. In addition, the resulting

log-likelihoods focused on the interest parameters component

coincides with that from the traditional bivariate random-

effects model under the exact – binomial – distribution for

the number of true positives and true negatives within each

study included in the meta-analysis. Accordingly, the proposed

multinomial tree model approach provides an alternative way to

arrive to the usual estimate of sensitivity and specificity given

by the classical bivariate model. Such a way has the advantage

of explicitly following and describing the path or sequence of

steps – latent process – leading to the response of the diagnostic

test while incorporating the prevalence of the disease. The

performance of the proposed multinomial tree based method

is compared to that of its fixed-effects counterpart and to

that of the likelihood-based approach for the classical bivariate

random-effects model under the normal approximation for

transformation of study sensitivity and specificity. The methods

are compared under different scenarios, including increasing

sample size and increasing correlation between sensitivity

and specificity. Scenarios include different transformations

of sensitivity and specificity given by logit function, probit

function, and cloglog function. The applicability of the

competing methods is also evaluated on a meta-analysis about

the accuracy of the confusion assessment method as delirium

screening tool (Shi et al., 2013).

Methods

Consider a meta-analysis of n diagnostic accuracy studies. Each

study i, i = 1, . . . , n, provides information about the number

of true positives TPi, true negatives TNi, false positives FPi,

and false negatives FNi, see Table 1. Let D+
i be the number of

diseases subjects and let D−
i be the number of non-diseased

subjects. The estimates of sensitivity (SEi) and specificity

(SPi) can be obtained from study i as ŜEi = TPi/D
+
i and

ŜP i = TNi/D
−
i , respectively. A common evaluation of the

accuracy of the studies is in terms of a real-line transformation

ηi = g (SEi) and ξi = g (SPi), with g(·) usually chosen to

be the logit transformation. In this case, ηi = logit (SEi) =

log{SEi/(1−SEi)} and ξi = logit (SPi) = log{SPi/(1−SPi)}.
Other choices are possible, as the probit transformation and the

cloglog transformation, although rarely adopted. The estimates

of ηi and ξi represented by η̂i and ξ̂i, respectively, are obtained

from the sample counterpart.

Table 1. Two-by-two table of data from the comparison between

the test under evaluation and the reference standard.

Reference test

Test Disease status No disease status

Positives TPi FPi

Negatives FNi TNi

D+
i D−

i ni

Likelihood-based approach
The original bivariate random-effects model for meta-analysis

of diagnostic accuracy studies follows the formulation developed

in Reitsma et al. (2005) and in Arends et al. (2008). The

model has a hierarchical structure distinguishing the within-

study level, describing variability inside each study included

in the meta-analysis, and the between-study level accounting

for the heterogeneity among the studies, as a consequence of

different study designs’ or patients’ characteristics.

In line with the traditional approach, consider sensitivity

and specificity expressed according to a transformation from

the [0, 1] interval to the real line and let ηi and ξi, respectively,

denote such transformation. Usually, the logit transformation

is adopted. At the within-study level, a model is specified for

the observed
(
η̂i, ξ̂i

)⊤
conditionally on the true study specific

(ηi, ξi)
⊤. A computationally convenient formulation is based

on the normal approximation(
η̂i

ξ̂i

) ∣∣∣∣∣
(

ηi

ξi

)
∼ N

((
ηi

ξi

)
,Γi

)
, (1)

with known diagonal covariance matrix Γi, characterized by

non-zero entries estimated in each study given the independence

between positive and negative subjects at the within-study

level. In case of logit transformation,

Γi =

 D+
i

−1
+
(
D+

i − TPi

)−1
0

0 D−
i

−1
+
(
D−

i − TNi

)−1

 .

At the between-study level, the random effects (ηi, ξi)
⊤ follow

a normal distribution, namely,(
ηi

ξi

)
∼ N

(
µ =

(
η̄

ξ̄

)
,Σ =

(
σ2
η ρσησξ

ρσησξ σ2
ξ

))
, (2)
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where η̄ and ξ̄ are the means over the studies, σ2
η and σ2

ξ are the

between-study variances and ρ is the correlation between ηi and

ξi. The combination of (1) and (2) gives rise to a normal-normal

model, with marginal specification(
η̂i

ξ̂i

)
∼ N

((
η̄

ξ̄

)
,Γi + Σ

)
.

The associated log-likelihood function for the whole parameter

vector θ =
(
η̄, ξ̄, σ2

η, σ
2
ξ , ρ

)⊤
is available in closed form and

it can be conveniently computed using standard software.

Despite the computational advantages of the approach, several

studies in the literature have highlighted the drawbacks, mainly

related to the risk of unreliable inferential conclusions with

few or sparse data. See, e.g., Chu et al. (2006), Guolo

(2017), Takwoingi et al. (2017). An alternative within-

study model specification considers the exact distribution of

observed true positives and false positives as realisations of

binomial variables, instead of approximating the estimated

transformations η̂i, ξ̂i through a normal distribution. Namely,

TPi ∼ Binom

(
D

+
i ,
(
1 + exp

−ηi

)−1
)
,

TNi ∼ Binom

(
D

−
i ,
(
1 + exp

−ξi

)−1
)
,

see, e.g., Arends et al. (2008) and Hamza et al. (2008). The

exact binomial specification for the true positives and false

positives combined with the normal specification (2) for the

between-study level gives rise to a marginal generalised linear

mixed model, with no closed-form expression for the associated

likelihood function, namely,

ℓ(θ) =
n∑

i=1

log

∫ ∫
eηiTPi

(1 + eηi)D
+
i

×

eξiTNi

(1 + eξi)D
−
i

ϕ2 (ηi, ξi;µ; Σ) dηidξi. (3)

Numerical integration is needed for likelihood computation

and convergence issues can arise, in terms of non-positive

definite covariance matrix or estimates of the parameters of

the covariance matrix on the boundary of the parameter space.

Such a drawback is more relevant in case of small sample size

(e.g., Chen et al., 2017b; Guolo, 2017; Takwoingi et al., 2017).

Multinomial processing tree models
Multinomial tree models (MTMs) represent a popular class

of models for categorical behavioral data widely used in

psychological research as an instrument to investigate cognitive

processes (Riefer and Batchelder, 1988; Batchelder and Riefer,

1999; Erdfelder et al., 2009). MTM analysis of categorical data

is based on the assumption that the sample frequencies observed

for a set of responses follow a multinomial distribution. As

a relevant feature of the approach, interest is not only

on the probabilities associated to the sample frequencies,

but also to the path, or latent processes, leading to a

response or behaviour of the cognitive process. Differently

from classical modeling of categorical data, e.g., using log-

linear models or logit models, MTMs are structured in way

to reflect a cognitive process, represented by a sequence of

processing stages, each of them resulting in a response category.

The path followed by the cognitive process is conveniently

represented by a tree with a single root, where each branch

is a sequence of potential cognitive stages ending with the

response category. The probability associated to each category

is given by the sum of the probabilities associated to the

branches leading to the same response (Batchelder and Riefer,

1999). Traditionally, data are aggregated across subjects,

and then analyzed under the assumption of independently

and identically distribution. Hierarchical extensions of the

multinomial processing tree model accounting for between-

subjects heterogeneity are the latent-trait approach and the

beta-multinomial processing tree approach, both introducing

random effects associated to the subjects specific parameters,

although under different distributional specification. See, for

example, Heck et al. (2018). The latent-trait approach in

Klauer (2010) considers a probit transformation of the random

components at the population level, following a multivariate

normal distribution, in this way explicitly incorporating

correlation structures. Inference is then performed according

to a Bayesian perspective. The beta-multinomial processing

tree approach assumes that the random components follow

independent beta distributions. Not modelling potential

correlations makes the approach less attractive. See also

Jobst et al. (2020). Both the hierarchical extensions of

the MTMs represent a valid alternative to the latent-class

approach (Klauer, 2006; Stahl and Klauer, 2007), where

discrete population-level distributions model the between-study

variability, with substantial computational effort.

The application of MTMs in meta-analysis of diagnostic

accuracy studies has been originally proposed in Botella et al.

(2013). According to this interpretation, the cognitive process

is the result of the tools used to classify the patients according

to their status, with response categories given by the cells in

Table 1. Suppose that study i included in the meta-analysis

has an associated parameter πi reflecting the prevalence of

the disease. Then, the tree diagram in Figure 1 illustrates

the process of assessment of the patients’ status, under the

assumption of perfect reference standard.

Fig. 1. Tree diagram associated to study i.

The multinomial tree model assumes that the studies are

homogeneous and independent, with possible different sample

sizes and different prevalences πi, i = 1, . . . , n, and common

diagnostic measures SE and SP . The probability associated to

each response or category in study i is

pTPi
= πiSE; pFNi

= πi(1 − SE);

pFPi
= (1 − πi)(1 − SP ); pTNi

= (1 − πi)SP.

The number of parameters to be estimated is n + 2, with

2n − 2 degrees of freedom. As a consequence, the model
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needs at least two studies for estimation. The associated log-

likelihood function for the whole parameter vector θMTM =

(π1, . . . , πn, SE, SP )⊤ is

ℓ(θMTM ) =
n∑

i=1

[
TPi log (πiSE) + FNi log {πi (1 − SE)} +

FPi log {(1 − πi) (1 − SP )} + TNi log {(1 − πi)SP}
]
.

In this paper we consider a hierarchical extension of the

multinomial tree model in Botella et al. (2013) for meta-

analysis of diagnostic tests. Let g(·) denote a general link

function to translate the test accuracy measure SE and SP

to the real line and use a multivariate normal distribution to

model the random-effects associated to the transformation of

SE and SP . The link function g(·) is not restricted to probit,

as in Klauer (2010), but it can be chosen among classical

transformations as logit, probit, cloglog. See, for example, Chen

et al. (2017b) for an evaluation of the composite likelihood

approach for meta-analysis of diagnostic accuracy studies

under different link functions. Differently from the latent-trait

approach in Klauer (2010), inference will be performed from a

frequentist point of view. Let the g(·) link function be

g (SEi) = ηi = log
SEi

1 − SEi

, g (SPi) = ξi = log
SPi

1 − SPi

in case of logit transformation,

g (SEi) = ηi = Φ
−1

(SEi) , g (SPi) = ξi = Φ
−1

(SPi)

in case of probit transformation,

g (SEi) = ηi = log {− log (1 − SEi)} ,

g (SPi) = ξi = log {− log (1 − SPi)}

in case of cloglog transformation. Then, given the above

specifications, the hierarchical version of the MTM model

(HMTM) in Botella et al. (2013) has associated log-

likelihood function for the whole parameter vector θHMTM =(
π1, · · · , πn, η̄, ξ̄, σ

2
η, σ

2
ξ , ρ

)⊤
equal to

ℓHMTM (θHMTM ) =
n∑

i=1

log

∫ ∫
π

D+
i

i (1 − πi)
D−

i ×

η
TPi

i (1 − ηi)
FNi (1 − ξi)

FPi ξ
TNi

i ×

ϕ2 (ηi, ξi;µ; Σ) dηidξi, (4)

where ϕ2 (ηi, ξi;µ; Σ) is the density function of the bivariate

normal distribution for (ηi, ξi)
⊤ with mean µ and covariance

matrix Σ, as in (2). The log-likelihood function (4) has

separable parameters, and it distinguishes a component

accounting for disease study prevalences (π1, · · · , πn)
⊤ and

another component associated to the diagnostic accuracy

parameters
(
η̄, ξ̄, σ2

η, σ
2
ξ , ρ

)⊤
. Accordingly,

ℓHMTM (θHMTM ) = ℓHMTM,1 (π1, · · · , πn) +

ℓHMTM,2

(
η̄, ξ̄, σ

2
η, σ

2
ξ , ρ

)
.

The separability of the parameters in the likelihood function

implies that inference on the diagnostic accuracy parameters

can be based only on

ℓHMTM,2

(
η̄, ξ̄, σ

2
η, σ

2
ξ , ρ

)
=

n∑
i=1

log

∫ ∫
η
TPi

i (1 − ηi)
FNi ×

(1 − ξi)
FPi ξ

TNi

i ×

ϕ2 (ηi, ξi;µ; Σ) dηidξi. (5)

Whichever the specification of the link function g(·), the

two-dimensional integral needs to be solved numerically,

for example, via Gauss-Hermite quadrature. Interestingly,

the log-likelihood function (5) coincides with the log-

likelihood function obtained by substituting the within-study

approximate distribution (1) with the exact distribution of TPi

and TNi, given in (3) with logit link. Differently from the exact

likelihood approach, the use of the hierarchical MTM approach

allows to follow and describe the path or sequence of steps

of the process leading to the response of the diagnostic test

under study. In addition, such a process takes into account

the within-study prevalences πi, i = 1, . . . , n of the disease as

starting point of the path. Although the presence of prevalences

πi, i = 1, . . . , n makes the dimension of the whole parameter

vector increase with the sample size, the special structure of

the likelihood function (5) with separable parameters allows

a straightforward independent estimation of the prevalences,

based on the restricted likelihood

ℓHMTM,1 (π1, · · · , πn) =
n∑

i=1

log{πPi

i (1 − πi)
Ni}.

The estimate of the study-specific disease prevalences can be

obtained in closed form,

π̂i =
D+

i

ni

as the fraction of positives in each study of dimension ni, with

standard errors given by

se(π̂i) = n
3
i

(
D

+
i

−1 · D−
i

−1
)
.

With reference to the diagnostic accuracy parameters, instead,

an appropriate evaluation of standard error is via the sandwich

method, see Kauermann and Carroll (2001).

Simulation study

The performance of the proposed hierarchical multinomial tree

model has been investigated through a series of simulation

studies under a variety of scenarios and compared to that of

the likelihood-based approach for the bivariate random-effects

model under the normal approximation for transformation of

study sensitivity and specificity and to that of the fixed-effects

MTM in Botella et al. (2013). Comparison with the likelihood-

based approach for the bivariate random-effects model under

the exact within-study model is not carried out since the

resulting likelihood coincides with the interest component

likelihood from the hierarchical MTM approach (5).

Data simulation follows a two-stage procedure. First, for

given number of studies n, the sample size ni of each study

included in the meta-analysis is generated from a uniform

variable on [50, 200] and the number of true positives in each

study is generated from a binomial distribution with parameters

ni and a given prevalence of the disease. Then, for each
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true positive or true negative in the study, the corresponding

classification provided by the test under evaluation is obtained

as the result of a binomial distribution with probability of

success given by the inverse of the link function g(·). We

distinguish logit function, probit function, and cloglog function.

The comparison between the data generated at the first step

and the data generated at the second step provides the two-by-

two Table 1 for study i. From the Table, quantities η̂i and ξ̂i

can be determined according to the chosen link function g(·).
Examined scenarios include sample size n varying in {10, 25},
increasing prevalence of the disease at the population level,

ranging in {0.08, 0.20, 0.35}, increasing correlation between

accuracy measures ρ ∈ {0.2, 0.6, 0.8}, and large accuracy of the

test (SE, SP )⊤ = (0.9, 0.85)⊤ or smaller accuracy of the test

(SE, SP )⊤ = (0.80, 0.92)⊤. The simulation is based on 1,000

replicates of each scenario. All the methods are implemented in

the R programming language (R Core Team, 2022). The code is

available at https://github.com/annamariaguolo/MTM-meta-

analysis.

Maximum likelihood estimation is carried out using the

Nelder and Mead algorithm (Nelder and Mead, 1965), with

integral evaluation for the MTM model based on the Gauss-

Hermite quadrature with 21 nodes. Starting values for the

optimization procedure are given by the empirical estimates of

sensitivity and specificity and the empirical prevalences for the

MTM model. In case of nonconvergence of the optimization

algorithm, other solutions have been examined, as the quasi-

Newton BFGS algorithm and changes of the starting values of

the parameters.

Results
Methods are compared in terms of bias, standard deviation, and

average of standard errors of the estimators of the parameters.

Empirical coverages for Wald-type confidence intervals at

nominal level 0.95 for parameters η̄ and ξ̄ are also reported.

Results under nonconvergence were excluded when evaluating

the simulations results. The failure rate of the approaches is

another criterion used for comparison.

Tables 2-3 report the bias, the standard deviation and

the average of standard error for the estimators of the

fixed-effects components η̄ and ξ̄, for the estimators of the

variance components σ2
η and σ2

ξ , and for the estimator of the

correlation parameter ρ, under increasing values of ρ, different

link functions g(·), large accuracy of the test (SE, SP )⊤ =

(0.9, 0.85)⊤, small number of studies included in the meta-

analysis n = 10, by distinguishing small and large prevalence

of the disease, equal to 0.20 and to 0.35, respectively. Similar

results for very small prevalence of the disease (0.08), for low

accuracy of the test and for large sample size are reported

in the Supplementary Material. The use of the approximate

likelihood approach gives rise to more biased estimates of η̄ and

the associated variance component, if compared to the HMTM

solution. A similar behaviour is experienced for the estimator

of ξ̄, although at a lower extent. In addition, the correlation

parameter tends to be overestimated. Such a performance of the

competing methods is more evident in case of logit link and for

small values of the correlation ρ, with biased more pronounced

under low prevalence of the disease, see Table 2 for π ∈
{0.20, 0.35} and Table S1 for π = 0.08 in the Supplementary

Material. Results tend to be less biased under the probit

link. The use of HMTM, conversely, produces almost unbiased

estimators, without being substantially affected by changes of

the link function, of the values of the correlation or of the

prevalence of the disease. The price to pay is a slight increase of

the variability associated to the estimates. The use of the fixed-

effects MTM approach provides substantially biased estimates

of η̄ and ξ̄, whichever the link function and the prevalence of the

disease. The difference between the standard deviation and the

average standard error confirms the inadequacy of the method.

In case of very small prevalence of disease π = 0.08

results emphasize a small bias for the HTMTM approach if

compared to alternatives, with a larger variability, under all

the examined scenarios. Bias of the approximate likelihood

approach is comparable to that of the fixed-effects approach,

when the interest is on η̄, while is reduced for ξ̄. See Table S1

in the Supplementary Material.

The relative behaviour of the competing methods is

maintained under increasing sample size n = 25, see the

corresponding results in Tables S2-S4 in the Supplementary

Material. For the hierarchical approaches, increasing the sample

size gives rise to a better performance in terms of bias of

the estimators of the fixed-effects parameters, the variance

components and the correlations, and in terms of the associated

variability, as expected.

Figure 2 reports the empirical coverage of Wald-type

confidence intervals at nominal level 95% for the estimators of

η̄ and ξ̄ obtained from the approximate likelihood approach and

from the HMTM approach, under small and large sample size,

for low disease prevalence π = 0.20. Results from the fixed-

effects MTM approach are not reported, as the method results

in very poor empirical coverages, whichever the examined

scenario. The advantages of HMTM in reaching the target 95%

is substantial. The use of the approximate likelihood approach

provides empirical coverage probabilities notably below the

target level, as a consequence of biased estimates of the

parameters, whichever the link function. As the associated

standard error reduces with increasing the sample size, it turns

out that coverages can be even worse for n = 25, see, for

example, the results for the estimator of η̄. The use of HMTM

provides empirical coverage probabilities closer to the 95% level,

with an improved performance as the sample size increases.

Similar results are obtained for larger prevalence of disease,

π = 0.35, see Figure 3 and smaller prevalence of the disease,

π = 0.08, see Figure S1 in the Supplementary Material.

Methods behave substantially differently from a computational

point of view. The approximate likelihood does not require

computational effort, while the application of the HMTM

approach requires numerical integration. This leads also to

difference in terms of failure rate. Failure is a consequence

of estimates of the correlation parameters on the boundary

of the parameter space and/or not positive definite covariance

matrix and it is mainly experienced in case of small sample

size n = 10. Convergence problems affect both the approaches,

and the HMTM solution in particular, in case of logit link

and small value of the correlation parameter ρ. The result

is not unexpected, as previous findings in the literature of

meta-analysis of diagnostic accuracy studies confirm the risk

of convergence problems for the exact likelihood approach. See,

for example, Guolo (2017), Takwoingi et al. (2017), and Chen

et al. (2017b). The failure rate of the approximate likelihood

solution tends to deeply reduce under the probit link or the

cloglog link, while the decay for the HMTM approach is slower.

Increasing the sample size helps to eliminate the convergence

problems for both the approaches.

When the accuracy of the test is low, namely, (SE, SP )⊤ =

(0.80, 0.92)⊤, the bias is reduced for all the estimators of

the parameters, especially under the approximate likelihood
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solution. See the results reported in Tables S5-S7 for n = 10

and Tables S8-S10 for n = 25, under increasing prevalence

of the disease. The relative performance is maintained, with

results from the approximate normal solution more biased for

ξ̄ than for η̄, although at a lower extent. This result is in line

with previous findings in Hamza et al. (2008), who highlighted

the worse performance of the approximate normal model when

sensitivity increases, in a meta-analysis of sensitivity alone.

The empirical coverages probabilities at nominal level 0.95

confirm a satisfactory behaviour of HMTM under all the

examined scenario, with values closer to the target level

than the likelihood approach, although differences between the

approaches are less marked than under the large accuracy case.

See Figures S2-S4 in the Supplementary Material. Convergence

problems are reduced for both the approaches, if compared to

the high accuracy case.
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Fig. 2. Empirical coverage probability of Wald-type confidence interval

for the estimators of η̄ and ξ̄ obtained from the approximate likelihood

approach (LIK) and from the hierarchical MTM approach (HMTM),

under increasing ρ, increasing sample size n and different link function.

High accuracy of the test. Prevalence of disease π = 0.20. Dashed line:

nominal 95% level.
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Fig. 3. Empirical coverage probability of Wald-type confidence interval

for the estimators of η̄ and ξ̄ obtained from the approximate likelihood

approach (LIK) and from the hierarchical MTM approach (HMTM),

under increasing ρ, increasing sample size n and different link function.

High accuracy of the test. Prevalence of disease π = 0.35. Dashed line:

nominal 95% level.
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Application

Delirium is an acute confusional state with varying disturbances

of cognition, memory, attention, behaviour, and orientation.

It is often observed in early stages of the hospitalization for

acute and chronic diseases, especially in the elderly (Lipowski,

1987; Rai et al., 2014). Since delirium has been associated with

unfavorable outcomes, early recognition and prompt treatment

is crucial to decrease the risk of morbidity and/or mortality. Shi

et al. (2013) perform a meta-analysis of diagnostic accuracy

of the confusion assessment method, which is one of the

most widely used delirium screening tool (Inouye et al., 1990)

used by non-psychiatrically trained clinicians (nurses, general

practitioners, ...) to identify and recognize delirium quickly.

The confusion assessment method can be applied to verbal

and nonverbal (e.g., mechanically ventilated) patients. It is

considered as an alternative to the golden standard diagnostic

criterion, namely, the Diagnostic and Statistical Manual of

Mental Disorders IV, which cannot be easily applied to daily

bedside practice. Table 4 reports the data for 20 studies

included in the meta-analysis.

Table 4. Data for the confusion assessment method example (Shi

et al., 2013). TP=true positives, FP=false positives, FN=false

negatives, TN=true negatives.

Study TP FP TN FN

1 21 4 43 3

2 35 2 104 40

3 77 0 16 3

4 16 3 80 1

5 27 0 93 3

6 22 0 19 3

7 33 3 70 13

8 26 8 41 6

9 19 0 75 6

10 22 2 76 2

11 137 11 36 42

12 225 12 706 60

13 14 3 344 62

14 9 2 131 12

15 15 0 71 2

16 15 0 37 2

17 39 13 64 16

18 15 0 58 6

19 56 6 59 5

20 34 0 29 3

The HMTM and the standard approximate bivariate model

are applied to the data under a logit specification of the

relationship between sensitivity and specificity of the diagnostic

tool. The choice is motivated by the reduced value of the Akaike

Information Criterion associated to the logit specification if

compared to the probit and the cloglog alternatives. Results

are reported in Table 5.

No convergence problem has been experienced for both

the approaches. The hierarchical HMTM provides larger

estimates of the variance components and a smaller value

of the correlation between sensitivity and specificity, at the

price of a slightly larger standard error as a consequence of

the increased complexity of the model if compared to the

approximate likelihood approach. Globally, sensitivity and

specificity of the competing methods are close, with specificity

larger than sensitivity. In particular, the HMTM approach

Table 5. Results for the confusion assessment method example (Shi

et al., 2013). Estimates and standard error (in parentheses) of the

parameters of the HMTM and the approximate bivariate random-

effects model and estimate (and standard error) of sensitivity and

specificity of the diagnostic tool.

HMTM Approximate likelihood

η̄ 1.44 (0.25) 1.38 (0.23)

ξ̄ 3.67 (0.30) 3.25 (0.27)

σ2
η 1.17 (0.49) 1.06 (0.47)

σ2
ξ 1.45 (0.35) 1.06 (0.27)

ρ -0.10 (0.20) -0.21 (0.18)

SE 0.81 (0.04) 0.80 (0.04)

SP 0.98 (0.01) 0.96 (0.01)

Fig. 4. Summary ROC curves, estimated sensitivity and 1-specificity,

and associated 95% confidence regions from approximate likelihood and

HMTM approach for the confusion assessment method example. (Shi et

al., 2013).

provides an estimate of sensitivity and specificity equal to

0.81 (standard error 0.04) and 0.98 (standard error 0.01),

respectively. The likelihood approach for the bivariate model

provides an estimate of sensitivity and specificity equal to

0.80 (standard error 0.04) and to 0.96 (standard error 0.01),

respectively. The mean of the estimated prevalences is 0.37,

with an estimated standard error equal to 0.04.

Figure 4 reports the summary ROC curves from each

method, the estimated sensitivity and 1-specificity, together

with the associated 95% confidence region. The summary ROC

curve is computed by fitting the regression line of the mean

logit transformed sensitivity on the mean logit transformed 1-

sensitivity, and then transforming it to the ROC space. See

Arends et al. (2008) for alternative choices of the summary

ROC curve. Differences among the summary ROC curves and

among the 95% confidence regions reflect the slight differences

in the estimated sensitivity and specificity from the approaches.

Actually, the interpretation of the SROC curve as a way to

summarize the results of a meta-analysis of diagnostic accuracy

studies must be cautious. As Arends et al. (2008) underline,

the SROC curve cannot be interpreted as an average of the

study-specific ROC curves. It is a graphical representation of

the relationship between (ηi, ξi)
T , with a shape that can even

be very different from that of the study-specific ROC curves.
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Conclusions

This paper explores the use of multinomial tree models,

an instrument often adopted in psychological research to

investigate cognitive processes, to carry out meta-analysis of

diagnostic accuracy studies. An extension of the fixed-effects

model developed in Botella et al. (2013) is proposed in order

to define a hierarchical structure accounting for heterogeneity

among studies included in the meta-analysis. In this way,

the model meets the random-effects formulation commonly

adopted in meta-analysis and allows to properly distinguish

within-study and between-study heterogeneity. No restrictions

are made on the link functions applied to sensitivity and

specificity as accuracy measures of the test. Inference is then

performed from a frequentist perspective, in contrasts to

the standard latent-trait approach usually based on Bayesian

solutions (Klauer, 2010). Simulation studies under a variety of

scenarios show that the HMTM likelihood-based approach is

preferable to the classical likelihood solution constructed on

the approximate normal distribution for the sensitivity and

specificity of the test in terms of accuracy of the inferential

results, especially in case of small number of studies included

in the meta-analysis. An expected improvement is confirmed

with respect to the multinomial tree model approach based

on a fixed-effects formulation, originally developed in Botella

et al. (2013). The only disadvantage is represented by the

need of numerical integration, which can be easily solved via

quadrature methods.

According to the proposed HMTM approach, study-specific

disease prevalences are explicitly taken into account and

inference can be performed straightforwardly, by exploiting the

parameters’ separability of the complete likelihood function.

Note that accounting for the potential dependence of the test

performance measures on the disease prevalence is relevant

when the severity of the disease status can vary across studies,

in order to provide generalizable measures of test accuracy,

see, e.g., Leeflang et al. (2009, 2013). This makes sense when

dealing with cohort studies, while, when studies included in the

meta-analysis are based on a case-control design, the prevalence

is fixed and the estimation of the disease prevalence is not

representative, see, e.g., Chu et al. (2009b) and Chen et al.

(2015).

Interestingly, the paper shows that the associated likelihood

function for the parameters of interest expressing the accuracy

measures coincides with the likelihood function obtained

under a classical bivariate random-effects approach to meta-

analysis of diagnostic tests under an exact specification of

the distribution for the true positives and the true negatives

classified by the test under study (Arends et al., 2008).

The framework from which the model is obtained, instead,

is different, as using the multinomial tree approach allows

to define, describe, and follow the path starting from the

prevalence of the disease to the results of the application of the

test under evaluation. Accordingly, deeper investigations are

possible, by defining deviations from the structure of the tree

with respect to that examined in this paper. For example, an

interesting modification of the tree structure may account for

imperfect reference standard, including different sensitivities

and specificities for the test under study and the reference.

The increased number of elements (branches) in the tree is

expected to make the tree diagram more complex, as suggested

in Botella et al. (2013) for the fixed-effects model, although

the resulting associated likelihood function might be naturally

defined by following the path on the branches to the final test

outputs. How the deal with complications of the resulting model

and likelihood in case of imperfect reference and how they

compare to existing results in the literature (Chu et al., 2009a,

Dendukuri et al., 2012, van Smeden et al., 2014; see Chapter

9.5 in Macaskill et al., 2023 and Chapter 10.8 in Takwoingi

et al., 2023, for detailed descriptions) represents an interesting

future direction of the present work.

The proposed approach considers the information from each

study given in terms of true/false positives and true/false

negatives, which turns out into one pair of sensitivity

and specificity. A more complex situation arises when test

performance is evaluated at multiple thresholds. In this case,

the likelihood approach based on normal approximation has

been examined in the literature (Riley et al., 2014; To and

Guolo, 2021), with suggestions for reducing computational

difficulties. A multinomial tree model approach in this

framework would entail a complex tree structure with

multiple branches. This would imply additional computational

difficulties, given the likely increasing number of integrals to be

computed.
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