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Abstract

Additive Manufacturing (AM), commonly known as 3D printing, has revolutionized traditional
manufacturing by enabling the production of intricate and customized structures. It brings advantages
such as the creation of components with complex geometries and the potential for cost savings,
especially in scenarios with low production volumes. However, drawback of this technology exists,
notably the propensity for unwanted porosity in parts. Among the various technologies falling under
the umbrella of Additive Manufacturing, this thesis focuses on Fused Deposition Modeling (FDM),
prevalent in the field of composite materials. The main contributions of the thesis include the
development of several analytical models that consider the effects of defects and design features
introduced by FDM manufacturing processes. These models specifically address stress states in
composite bodies, focusing on factors like porosities and localized reinforcements. The analytical
models are validated against Finite Element methods, demonstrating their reliability in describing
stress field in the studied areas.

Despite the challenges posed by AM, the analytical models presented in this thesis serve as a robust
foundation for developing effective tools to predict the elastic behavior and fatigue life of components

manufactured using additive manufacturing technology, particularly in the context of FDM.
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Sommario

L’ Additive Manufacturing (AM), comunemente nota come stampa 3D, ha rivoluzionato i processi
manifatturieri consentendo la produzione di strutture complesse e personalizzate precedentemente
impossibili da creare. L’AM porta vantaggi come la creazione di componenti con geometrie
complesse e il potenziale risparmio di costi, specialmente in scenari con bassi volumi di produzione.
Tuttavia, esistono svantaggi nell’utilizzo di questa tecnologia, in particolare la propensione alla
creazione di porosita indesiderata nelle parti. Tra le varie tecnologie che rientrano nella famiglia
dell’Additive Manufacturing questa tesi si concentra sulla Fused Deposition Modelling (FDM),
prevalente nell’ambito dei materiali compositi.

In questa tesi si sviluppano diversi modelli analitici che tengono conto degli effetti dei difetti e delle
caratteristiche di progettazione introdotti dai processi di fabbricazione FDM. Questi modelli
affrontano specificamente gli stati di tensione nei componenti in materiale composito, concentrandosi
su fattori come porosita e rinforzi localizzati. I modelli analitici sono validati mediante metodi degli
Elementi Finiti, dimostrando la loro affidabilita nel descrivere i campi di tensione nelle aree studiate.
Nonostante le sfide poste dalla AM, i modelli analitici presentati in questa tesi fungono da solida base
per lo sviluppo di strumenti efficaci per prevedere il comportamento elastico e la vita a fatica dei
componenti fabbricati utilizzando la tecnologia di fabbricazione additiva, in particolare nel contesto

della FDM.
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Introduction

Additive Manufacturing (AM), commonly known as 3D printing, has revolutionized traditional
manufacturing processes by enabling the creation of complex and customized structures that would
be impossible to create with more traditional subtractive technologies!l. Among the many advantages
of AM when compared with traditional technologies there is the ability to create components with
significantly more complex geometries, ranging from the ability to create deep cavities and sharp
internal features to the substitution of full solid bodies with complex filler patterns. The ability to
print complex components without the necessity to divide them in simple machinable or castable
parts to be assemble afterward, gives a new possibility to organize production, potentially saving
costs and optimize the production line for many products. In particular for components with relatively
low production volume, AM can be an excellent manufacturing process to optimize the production
costs, it being a technology which is highly adaptable and with low initial capital investment. AM is
a broad term that can refer to many manufacturing processes, in this work particular attention is given
to Fused Deposition Modelling (FDM) which use thermoplastic material extruded through a heated
nozzle to manufacture components, with the ability to co-extrude continuous fibres acting as
reinforcement. This process has also the advantage to be usable with a large variety of plastic material
(ABS, PA, PC and many others) and fibres materials (carbon, glass, Kevlar). One big advantage of
this ability to place reinforcement material on specific parts of the component, is the possibility to
reinforced the component where the it is most stressed under working conditions. This practice can
go from very complex fibre placements paths, following the max main stress flows in the component
or a process of optimization of the rigidity of the component, to very simple reinforcements along the
boundaries of the geometrical features of the component. In all cases the main objective is to focus
the rigid and strong material only in those area where it is really needed and optimize the weight and

cost of the component for a given rigidity or strength.
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In spite of all the advantages of AM, one has also to consider some severe disadvantages of this
technology when compared to traditional manufacturing processes. These disadvantages mainly
come from the strong dependence of mechanical properties of the final component to a vast array of
processing parameters, more so than in traditional processes. One of the biggest drawbacks of AM is
the proclivity of the process to leave unwanted porosity in the part. Porosities are kinds of defects
that are most commonly present in powder-based manufacturing, particularly for metallic materials,
but FDM can also exhibit this tendency. Particularly for FDM, printing parameters like nozzle and
bed temperature, humidity of the feeding material, printing speed and printed bid width are the driving
factors that contributes to high porosity in the component. These process parameters are also linked
to residual thermal stresses in the component, that for the very nature of the printing procedure are
going to be present. Particularly for FDM with continuous fibre reinforcements, where two different
material coexists while the printed part cools down, thermal stresses are a big factor that needs to be
taken into account.

All of these manufacturing problems can be overcome with post-processing procedures, in particular
for the aforementioned disadvantages, with a pressurized thermal-postprocessing. This procedure
however also cuts against the main economic advantages of the technology, having to include the
cost and time to post-process all the printed components.

In order to study the effects of defects on mechanical properties and taking full advantage of the
benefits of FDM technologies, adequate designing tools that account for all these features need to be
developed. In particular, wheatear to account for the weakening effects of defects or to optimize the
deposition of reinforcement material in a component, failure or stiffness criteria need to be used to
understand the behavior of the component under working conditions. All the failure criteria, wheatear
using the strain energy accumulating in the component or the stress state in a particular zone of the
component, rely on the knowledge of the stress and displacement fields at least in the most critically

stressed part of the component. This can be achieved in a variety of ways, on one end it is possible to
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measure experimentally displacement fields in a loaded part using DIC technology, it can be done by
numerical simulations using Finite Element Analysis or it can be done via analytical modelling. In
this thesis, primary focus is given to the latter strategy, analytical modelling. When compared to the
other strategies, analytical modelling usually gives a greater understanding of the driving parameters
that bring about failure in a component, and is a perfect tool to lay the foundations for what might be
the development of new and improved failure criteria. These advantages though, come at a cost.
Sound analytical modelling is generally much more difficult to develop then the alternatives, and
generally it is possible to fully analytically model only simple cases where the complexity of a real
world component is simplified by some assumptions. If these assumptions are reasonable enough to
be representative of a real world situation, the explanatory power of an analytical model is unparallel.
If, on the other hand, the complexity of the real component and working conditions cannot be
dismissed, analytical modelling can serve as a solid basis for a more complete model that uses
numerical methods as complementary tools.

In this thesis several analytical models are developed to study the stress fields of components that
explicitly take into account the effects of defects, geometrical and design features produced by FDM
manufacturing processes.

In the first introductory chapters, the basic mathematical framework is laid out, along with the most
important solutions, previously developed by different authors®!!, that are essential to better
understand effective and useful analytical descriptions that will be developed in later chapters. Going
from the basic general solutions to the elastic problem derived from the most common simplifying
assumptions, to particular solutions where the elastic problem is solved for very specific cases that
are relevant to the rest of the work.

The main body then presents different analytical models describing stress state in composite bodies
developed to account for the specific features of FDM mentioned above, starting with the effect of

porosities. Different studies can be found in the literature that characterize the shape and geometries
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of the typical FDM porosity in a thermoplastic medium 1224 A local approach is used to model the
stress fields in the proximity of these kind of porosities, focusing only on the zone where the defect
creates the most concentrated stresses. Thanks to this approach it is possible to analytically model the
porosity in the area with the most concentrated stresses as a rounded notch. The area is then studied
under different loading conditions and the results of the developed analytical models is compared
with the numerical results obtained with Finite Element methods. This localized approach yields a
mathematical description that describes the shapes of the stress fields in the studied area, it does
nothing to address the magnitude of the stresses. Commonly this information is calculated via Finite
Element numerical simulations, but this requires the use and development of heavy and
computationally intense models. To overcome this problem a new semi-analytical approach is
developed which tries to use the information given by the localized approach about the shape of the
stress fields to calculate the magnitude of the stress fields without the need of numerical modelling.
This method is then tested in very simple cases of plates with sharp notches and bi-material joints
aimed at the calculation of the stress fields generalized stress intensity factors. This method can then
be expanded in future works to include rounded notches and in general more complicated cases.

Lastly the effects of localized reinforcements in a component are studied, considering continuous
fibres as the main strategy to achieve reinforced materials. The simple case of a polarly reinforced
hole in a plate is considered, it being one of the most commonly used reinforcement arrangements.
For this case several analytical models are already developed in the literature, and what characterize
all of these models are some basic assumptions that greatly simplify the problem: infinite plates and
extremely stiff reinforcement. Two new analytical models are developed to describe the stress state
of a plate with a reinforced hole in which these two main assumptions are relaxed. The first model
maintains the assumption of an infinite plate but admits all orthotropic materials as reinforcement,
relaxing the extreme stiffness condition found in the literature. The second and more complex model

builds on the structure of the first and relaxes also the infinite plate condition, arriving at an analytical
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description of the stress and displacement fields in plates of all shapes that have a polarly reinforced
hole under extremely general loading conditions. The developed models are then compared with
results from Finite Element analyses and with experimental results using DIC technology to measure
displacement fields in 3D printed plates with continuous fibre reinforcements.

All the presented models are found to be in excellent agreement with the experimental and numerical
results, proving to be a solid base to further development of effective tools to predict the elastic

behavior and fatigue life of composite components made with additive manufacturing technology.
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1. Basic equations of elasticity

1.1. Mathematical preliminaries

An important preliminary clarification about this work is the usage of the Einstein summation
notation when not indicated otherwise, so repeated indices in a single term indicate a summation over
those indices if no other definition are given.

Basic but important aspect of any stress fields analysis is the definition of a coordinate system in
which to express elasticity variables and field equation, as well as the relation between different
coordinate systems. The two main types of coordinate systems that are considered in this work are
Cartesian and Curvilinear coordinate systems.

Considering two Cartesian frames {x, ,x,,x, } and{x;,x;,x; } differing only in orientation in Figure I.1,

for each frame the unit basis vectors are {e, ,e,,e,}and {e; e, e;}




Figure 1.1 Cartesian coordinates frames and their relation

Let Q, be the cosine of the angle between the x; axis and the x; axis

Q; =cos(x/,X;) 1.1
The relation linking the two frames is

e, =Q,€ 1.2
And considering a vector vV expressed in in the non-prime frame,

V={V,,V,,V, } 1.3
It is possible to find its coordinates in the prima frame as follows

Vi =Q,V, 1.4
Another important aspect of a Cartesian coordinate system is the nabla operator, which can be

expressed as follows:

v="g 15
OX;

The second important type of coordinate system is the curvilinear coordinate system, an example is

shown in Figure 1.2



x1
Figure 1.2 Curvilinear coordinates system and its relation with a cartesian frame.

Assuming that an invertible coordinate transformation exists between the curvilinear coordinates

{51,52,53} and the cartesian coordinates {xl,xz,x3}:

EM=EM (X)X =x"(E,E7,8°) 1.6
The differential length in space can be expressed by:

(ds)’ =(hd&') +(hde?) +(hde®) 1.7
Where:

ox* ox"
(hj)z_ =

=25 o nosumon j 1.8

The transformation tensor that links the two frame of reference is:

Q== nosumonr 1.9



While the general transformation of a tensor from the Cartesian coordinate system to the curvilinear
one is given by:

Byt = QPQ!---Qfa,, 1.10
Where a,,. .are the components of the tensor in the Cartesian frame.

The curvilinear frame of reference has also some complication for the nabla operator which becomes:

ve="¢ 1.11
h o0&

1.2. Displacements and Strains

Applying an external load to an elastic body will cause it to deform. In Figure 1.3 are shown the two
configurations of the body before and after the application of the load, continuous and dashed line
respectively. Two neighbouring points of the body are considered, Po and P in the unloaded state, and
their relative position vector r, while their mapping in the loaded configuration are denoted with a

prime symbol. The vectors are expressed in a coordinate system {x,,x,,X, } and their components are:
r={rn.n}; rr={r.r,r} .12

It is possible to also define the displacement vector of the two points, which maps them between the

two states:

. 0_f,0,,0 0
u={u,U,,u,}; u® = {uy,ug,ug} 1.13



Figure 1.3 Deformed and undeformed state of a body before and after the application of a load.

If the two points are close to each other and the displacements are small compared to the relative
dimensions of the body, it is possible to express the displacement around point P with a Taylor series
expansion around point Poas follows:

ui:ui0+%rl+%r2+%r3 1.14
5} oX, OX,

We can then define the vector:
Ar=r'-r=u-u° 1.15
And using relations 1.14 we obtain:

Ar =, T 1.16

L1

Where u, ; are the components of the displacement gradient tensor:



_Gul ou, aul_
o ox, 0%
M, M, U, 1.17
oX OX, OX,
ou, Ou; Ou,
[ ox, |

This tensor can be decomposed into its symmetric and antisymmetric part

Where
1
g =—(u;+u;
=) 119
1

So that:

€= 1(Vu +(Vu)T)
2 1.20
1 T
W= E(Vu -(Vu) )
The tensor g is called the strain tensor while @ is the rotation tensor.

Combining relations 1.14, 1.16 and 1.19, and remembering that in small deformation theory r is small

so that r, =dx,, it is possible to obtain:
U; = U7 + &;dx; + o, dx; 1.21

Another often useful decomposition of the strain tensor is into two parts, the spherical strain tensor

& and the deviatoric strain tensor &, which are defined as follows:

.1
G = é‘("kké‘ij 1.22
e 2 1.23



5”:{1 =] 1.24
0 1= ]

Considering the relation between displacement and strain in an elastic body, it is possible to construct
equations of compatibility, which ensure that the displacement field is continuous.

The strain compatibility equations are:

Ein T Eai — Ewi —Ejik = 0 1.25
Or in tensorial form:

Vx(Vxg) =0 .26
Leading to six non-trivial equations, that can be further reduced to three independent equations:

o'ey,  0° 08y, , Os13 Oty
OX20X2  OXOX, 0%\ OX;  OX, O

0"ey _ o 043 n 08, _ 0&y 1.27
OXZOXZ  OX,0%,0%, | OX, X,  OX,
o'e, _ o 0&, N 0y 08y,
OXZOX5 — OXO%,0%; | OX,  OX — OX,

Important are also the relation of the strain tensor between different coordinate frames:
gi’j =QpQje€rq .28

Which in the case of Cartesian coordinate system in the two-dimensional case can be expressed by:

g, = ;822 + 5 ;822 cos(260)+¢&,,sin(20)
g, =21 ;‘922 ~ ;822 cos(26)—¢,sin(20) 1.29

&, = —%sin(zeﬁqz cos(20)

1.3. Stress and Equilibrium

Important aspect of an elastic body is how forces are transmitted through the material, and the
resulting stress distribution in the system. The first important object that needs to be defined is the

traction vector T" over the plane whose normal vector is n. Considering the grey plane in Figure 1.4



as the analysed plane, and n its normal vector, in any point of the plane is possible to define the

traction vector as follows:

T 1.30

o, =0, 1.32

X3

Figure 1.4 Plane of analysis for the definition of the traction vector.
As for the strain tensor, it is also useful to further decompose the stress tensor o into the spherical

stress tensor & and the deviatoric stress tensor & :

.1
05 = go'kké}j 1.33
5 o G 1.34

The principal stresses are the stress value associated with a coordinate system such that the stress

tensor in that coordinate system is a diagonal matrix:

oo 0 0
oc=|0 o, O 1.35
0 0 o



The main focus of this work are bodies which are in equilibrium, as such it is important that the
traction vector and the body forces in every point of the body are in equilibrium. This results in a
constrain that the stress fields must satisfy, the equilibrium constrain, that is expressed as follow:
o;;+F =0 1.36
Or in tensorial notation:

V.o+F =0 1.37
As for the strain tensor, the relation between stress tensor in different coordinate systems, follows the
same relation:

;= Q,Qi% g 1.38

Which in two dimensions translates into:

ol =21 ;622 +2u ;022 cos(26)+o,,sin(20)
 =2u ;GZZ ~u ;O-ZZ cos(20)—o,sin(20) 1.39

oL, = —%sin(w)ﬂy12 cos(20)

1.4. Material behaviour, Linear Elastic Solids

The response that any specific material gives to an applied force is embodied in the relation that links
the stress and strain tensor. In this work only linear elastic solids are considered and so the elastic
equations are linear:

o = Cié 1.40
Or in tensor notation:

oc=C:¢ 1.41

Where C is a fourth order tensor called compliance tensor with particular symmetries:

Cijkl = Cjikl
Cijkl = Cijlk .42
Cijkl = Cklij



This relation can also be inverted to obtain the stiffness tensor, with simar symmetries:

A

e=S.o 1.41
Sijkl = Sjikl
Sij = Sijic 1.42
Sijkl = Sklij

Compliance and stiffness tensors are referred to a specific coordinate system and their relation
between different coordinate systems can be expressed as follows:

Cin = QinQ;nQup Qi Crnnpg 1.43
Using tensor notation and fourth order tensor can sometimes be inconvenient, and a vector notation
can be more intuitive and easier to use. All the previous equations can then be transformed without

losing any information into a formulation that involves only vectors and matrices.

The stress and strain tensor are transformed into the strain and stress vector:

0_-:{0-11’022163310-23!0-13’0-12} 1.44
& ={&1,6p, 655,263,263, 26, } 1.45
With:
7/” = Zgij 1.46
o, =Cy¢; 1.47
o=C-¢ 1.48
_Cll C, Csi C, Cy Gy ] _01111 Cuz Cus Cux Cus Cup ]
C,, Cx Cy Cu Cyu Crm Cus Com Cip Cim
C= Cis Cu Ci Gy _ Cass  Coass Ciass Coass 1.49
Cu Ci Cu Coms Ciss Cips
Css Cs Ciis Cis
L Ceo | | Coas |
C,; =C; 1.50
& =S.0. 1.51
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e=S.o 1.52
_Sll S12 Sl3 S14 S15 S16 | - Sllll S1122 S1133 281123 281113 281112 |
S22 S23 S24 S25 S26 S2222 S2233 ZS2223 231322 281222
S - S33 S24 S35 S36 = S3333 282333 281333 281233 |53
S44 S45 S46 482323 481323 4'81223
S55 S56 481313 4S1213
L SGG _ L 481212 |
S =S. 1.54

Beside the previous symmetries, for different materials the compliance and stiffness tensor can
present more symmetries depending on their microstructure. If the microstructure has a plane of
elastic symmetry, then the following applies:

S,=S,,=S5;,=S,=5;5=5,,=S;5=S,=0 1.55
With three mutually perpendicular planes of elastic symmetry the material is typically called
orthotropic, and the following applies:

S1s=S,,=S5,=S,=S,5=S,5=5; =S5 =5, =S, =S5, =5, =0 1.56
In this case it is also useful to express the components of the stiffness and compliance tensor in terms

of more commonly used engineering constants:

1 1 1 1 1 1 1% 1% 1%
Sp==—S,=— 833 =—S,=— S55 == Sae =— 39S, =-= S13 =-= S23 =-2 1.57
E, E, E, Gy, Gy, Gy, E, E; E,

And, from symmetries relations:

=<
<

Ui 1.58
E, E

i i
If the material present infinite parallel planes on which every direction is elastically equivalent, then
it is said to possess an axis of rotational symmetry which is perpendicular to all the planes. These

materials are commonly known as transversely isotropic and their stiffness tensor present the

orthotropic properties as well as the following:
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1 1 1 2(1+v. V. 1%
8112822:_1833:_’8442855: ’8662(—TT)’812:_118132823:_% 1.59

Where T is a direction laying on a symmetry plane and N is the direction parallel to the axis of

rotational symmetry, in this case it is assumed that €, is parallel to the axis of symmetry.

The easiest materials to study are the isotropic materials in which all directions in the entire body are
elastically equivalent. In this case the stiffness and compliance tensor are significantly simplified:

2(1+v 1%
’84428552866: (E )’ S122513=823:_E .60

And some of the shear stress modulus, Lame constant, and bulk modulus are defined respectively as
follows:

G=— & - FEv E 1.61
2(l+v)

(1—2v)(1+v)' 3(1-2v)

All the cases discussed so far assumed a compliance and stiffness tensor that are constant and do not
vary for different points in space. This kind of behavior define what is normally called homogeneous-
material, but of course this are not the only type of material that can be found in applications. If the
elastic material properties are a function of the position in a particular frame of reference, then the
material is non-homogeneous and in general all the parts of the stiffness and compliance tensor are a

function of space.

1.5. The elastic problem of an anisotropic body

The basic field relations discussed until now are the strain-displacement relations Eq. 1.20, the
compatibility relations Eqg. 1.26, the equilibrium equations Eq. 1.37 and lastly the constitutive law Eq.
1.52. These equations are valid for all linearly elastic bodies, but although extremely comprehensive
and general, are also quite challenging to solve. For this reason, analytical investigations need to
restrict the framework to more manageable cases, aiming to study problems where appropriate

external forces, applied to the body, imply a simplified elastic problem. These restrictions however

12



need not to make the problem less interesting or irrelevant for practical applications, in fact the vast

majority of applications can be studied with the frameworks that are discussed in this chapter.
1.5.1. Cylindrically shaped, rectilinearly anisotropic, homogeneous bodies in
which stresses do not vary along the generators

Consider a cylindrically shaped homogeneous body made of anisotropic material, the coordinate

frame system {x,y,z}is defined such that the direction z is parallel to the generator of the body.

Assume that there are body forces F acting on it such that they do not vary along the direction z and

have a potential function I" such that:

Fz{_arg,y)’_arg,y)’o} 1.62

Assume also that surface forces applied to the lateral boundary of the body act in plane orthogonal to
the z direction, while forces acting on the ending surfaces of the cylinder are reducible to bending
moments, twisting moments and axial forces. In this scenario it is safe to assume that stresses are only

a function of two coordinates, x and y, and so the equilibrium equations 1.37 become:

0
9 (g, -T)+ 2% 0
OX OX
0
é’xv +8£(ny -1)=0 1.63
X Yy
ao_xz +86y2 :0
OX oy

Combining the elastic relations 1.52 with the strain-displacement relations 1.20, after integration and
some algebraic manipulation, is possible to define the displacements as follows:

_ A 2 0
U ==z —9yz+U, (X, Y)+@,2 — o,y + U,

uy=—%ZZ—19XZ+Uy(X,y)+a)3x—a)lz+u3 1.64

u, =(Ax+By+C)z+U,(X,y)+ @y —w,Xx+Uu;

13



Where @, @,,@,,Uy, Uy, U, are real constants related to rigid body displacements, while A, B,C, 4

are real constants and U, (X,y),U, (X, y),U,(X,y)are integration functions that needs to be

determined imposing boundary conditions on the body.

The stress functions can be expressed in terms of two potential functions @,V :

o*D ov
Oy =—7+1, o, =—
oX oy
RO o¥
o, =—+I o, =——
oy OX .65
RO
Oy =
oxoy
AX+ By +C- Slsaxx - S23ny - S340-yz - SSSGXZ - S36cy><y
GZZ =
S33
and substituting 1.64, 1.65 and 1.20 into 1.52, with little algebraic manipulations one obtains:
o’T o’T o’T
I—4q)+L3lP:(bls+b26)%_(b12+b22)y_(b11+b12)$ 66
AS,, — BS or or
L®+L,¥ :%—Zéw(bu +b24)&—(b15 +b25)5
Where L,, L, L, are differential operators:
0! 0! 84 64
L, = bzz W_ 2b26 6x38y (2b12 + bee) b16 axay 11 ay
0° 0° 63 0°
%=b15§_(b14+b56)W+(b25+b46)m_b24§ 1.67
2 2 2
I—2 = b44 8_2_2b45 6—"'bss 5_2
X X3y dy
And:
b —s _ 8o 1.68
1j ij S
33

System 1.66 is the general differential system that solves the problem and, finding the two potential

functions will give all the stress and displacement fields of the body.
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The solution to system 1.66 can be dividend in the homogenous solutions parts ®,,,'V,, and the
particular solutions @,V

=D, +D,
VoW, +V,

1.69

Considering the homogeneous system first, substituting the second equation of system 1.66 into the

first one obtains:
(LL-L)o, =0 1.70

Which can be decomposed into six linear operators:

b,b,D,D,D,D,®,, =0
o P .71

Py Hi

Where 4, are the six roots of the characteristic equation:

L (), ()=15 (1) =0 1.72
With:

1, (/u) =by, — 20,600+ (2b12 + bes):uz - 2b16lu3 + bll/u4
I, (/’l):blS/’ls_(bl4+b56)lle+(b25+b46)11’l_b24 1.73
1, (/U) =Dy, — 2D, 0+ by ps

Generally, ;are complex constants that are defined as follows:

uy=o,+ip; je{1,2,3}
My = 1 Hs = [y Hg = [y

.74

The solution to Eq. (1.70) can be rewritten as a combination of three potential functions

D, D,,,, D, of the variables:

H1?
Z,=X+uy Z,=X+MYy 1.75

D =2Re[®,(2)+ Py, (2,)+ Py, (2,) |+,

acDHl(zl)M2 8®H2(22)+i8®m(z3) v 1.76
aZl azz //13 623 P

‘P:ZRe{ﬂl
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A== A== Ay=- 1.77

It is possible to define three new potential functions as follows:

oDy ()
$i\Z;)=———— jeil,2
(1)=—%, L2} .
:ia®H3(23)

hlz)=

Which can be substituted in Eq 1.65 to explicitly obtain expressions for the stress fields

o, :2Re[ﬂf¢,;l(zl)+y§¢,gz(zz)+ﬂ§ﬂe¢é3(zs)]+aaj)zp +I
7, = 2R (2) . (2)+ s (22) 1+ e 4T

' , , o’D, 79
O,y =-2 ReI:M¢H1(Zl)+/12¢H2(22)+ﬂ3/13¢H3(Z3)]_ oxoy X
Oy, :_2R6D1¢|'41(21)+’12¢;42(Zz)+¢"*3(z3ﬂ_ag:(P

G = 2Re[ Al (2) + o uBls (2,) + 1stlus (2) ]+ 6;11;

And the displacement functions:

U, =2Re z pk¢Hk(Zk):|+U>?

3
U, =2Re qu;stk(zk)}ru;’ 1.80

3
U, =2Re ZtkqﬁHk(zk)}uf

Where U7, U?,U? are the solution to the system:
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U,

= bllaxx + blZO-yy + b14Gyz + b15O-><z + b16ny + i ( AX + By + C)

OX S..

ou, s..
= D20+ bZZO-W + b24ayz +hyo,, + bZGO-xy + _( Ax+ By + C)

¥ Sa
ou, ou s .

Py + axy =bo, +bygo,, +b0, +b0,, + b0, + S_zZ(AX +By+C)
a(;J = =050 + 0,50y, + b0y, +0550,, + b0y + %( Ax+By+C)+39y -,

' 33

ouU

S
—*t=b,0, +b,0, +b,0, +bs0o, +0,0,, + S—“(Ax +By+C)—-Ix+ao,
33

Corresponding to the particular solutions @,V the body forces I' and the linear terms

AX+ By +C,9xand Jy . While:

P = bnﬂkz +by, =Bt + A (blsﬂk _b14)

b b
qk=b12#k+f_b26+ﬂ~k£ zs_fJ ke{l,Z} |.82
k k

b b
t, =b, +£—b26+21<£ 45_ﬁ]

k k

Py =4 (bn,u32 +b, _b16ﬂ3)+ bis 4 —y,

b b
q3=ﬂs(b12,us+ﬁ—b26j+b25—ﬁ 1.83
Hs s
b b
t, :/ld(blzﬂ3+£_b26j+ 45_£
H3 H

In the end to fully describe the stress and displacement fields of the body, the following must be found
through the imposition of boundary conditions specific for every application:
1) 6 constants related to rigid body displacements:
@y, @y, @4, U5, U5, U7
2) 4 constants related to the boundary conditions applied at the ending faces of the cylinder:
A B,C,9
3) 3 potential functions related to the boundary conditions in each cross section:

Dy, Dy, Dy

H1

17



4) 2 particular solutions:
D, ¥,
1.5.2. Cylindrically shaped, rectilinearly anisotropic, non-homogeneous bodies in

which stresses do not vary along the generators

In the case of a non-homogeneous material, solutions to the elastic problem are much more difficult
to find and study. That said some important similarities and differences can be drawn between the
underlying mathematical foundation of the homogeneous and non-homogeneous problems. Firstly,
the general definition of the displacement fields 1.64 remains the same, and these displacement fields
must also solve the same differential system 1.81. The relations between the stress fields and the

potential functions ®,"Y are also the same of the homogeneous case 1.76, but the differential system

that must be solved to obtain the solution changes dramatically, and becomes significantly more

complicated:

A ST
ai;y( +b16 o 6623;;] —aa—;(:—z(Ax+By+C)j_
—;y—zz[:—:z(Ax+By+C)j aa;y(s (Ax+By+C)J .84
(BB~ (b b)) (3 )T

1.5.3. Cylindrically shaped, polarly anisotropic, homogeneous bodies in which

stresses do not vary along the generators

Considering the same geometry and loading conditions seen in the previous chapter, the case of a

material presenting polar anisotropy is more and more common in applications, thanks to the
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development of new manufacturing technology, namely additive manufacturing. When the material
is polarly anisotropic the general differential system gets more complicated, and the solution is much
more difficult to define. It is nonetheless worth giving the general form of the differential system, the
displacement and stress fields.

Assuming that the body forces applied can be expressed with a potential function as follows:

E_ _or(r,0) _lal“(r,ﬁ),o 185
or r oo

Following the same procedure discussed for a linear anisotropic material, the displacement fields can

be expressed by

2

u, =U, (r,é’)—%(Acos(ﬁ)Jr Bsin(0))+z(w, cos(8) - w,sin(8))+uj cos(8)+uysin(6)

r

2

s =U,(r 0)—%(8005(9)— Asin(6))+9rz—z(@,sin(0) + @, cos(8)) + w,r —usin(0)+uj cos(¢) 1.86
U

.(r,0)+z(Arcos(0)+Brsin(0)+C)—r(w,cos(0)—em,sin(6))+u;

100 1 0*®d 10¥
O-rrz__—i__z 2+ ) O, =———
ror r°oo r 06
Gaa_a >+ Oy, =~ 5‘1’
or ar 1.87

%0 ="2rzal 1)
o eroo\r

_ AX+BYy+C=5,30,, —S,30 — 53,05, — S350, — S350

2z
S33

Defining all constants and new functions similarly to the rectilinearly anisotropic case.
Combining 1.86, 1.87 and 1.20 into 1.52, one obtains the general differential system for the polarly

anisotropic case:

, , 2sin(6@ 2cos(6 o’r
L4(D+L3‘P=¢((Sls—833)B—SSGA)+ : ( )((813—823)A+S3GB)—(b12+b22)?—
33 33
16T 1 6°T 1ar 1ar
_(bu"'blz)r_zw"'(ble +b26)FW+(b1 blz) (b16 +b26) |88
L;'cp+L;\P:Cos(a)(2334A—5253)+5'”(6)(335A+2534B)+cﬁ—29+(b14+b24)(a—r—£j
Sy, 23 r or r
10r
(b15 +b25)r 66
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Where L,, L3, L;, L, are differential operators:

o’ 1 o’ 1 o 1 o 1 o
0 =P 5w = s s (e 0 ) 7 Sy e 3 g B
1 83 1 & 1 8 1 82
+2b22 r (2b12 ) 3 araez b16 4 893 bll 2
1 &2 1 0° 1 8 1 0
_2(b16+b26)_38 00 (2b11+2b12+b66) 4 592 b11 I’3 6r+2(b12+b26)l’4%
1 0° 1 1 0 0° 10°
L3 b15 3 593 (b14 56) z or 392 (bzs+b46)FW_bz4¥+(b14_2b24)F?+ -
2 .
+(b46_b15)i26— 15 13 0
r arae 00
) 1 6° o° 1 & o 162
L3 b15 3 6(93 (b14 56) 2 or 892 (bzs+b46)Fm_bz4¥_(b14_b24)F¥+
1 82 1 0 10
+(0s =B, )r oroo + (B =Dy ) P oet PR35
0? 1 &° 1 o° 10

L,=b,—— —— by ——+b, ——
2 Moare "™ rore0 °r?o0> “reor

Solving system 1.88 will lead to the general solution for this case.

1.5.4. Cylindrically shaped, polarly orthotropic, non-homogeneous bodies in

which stresses do not vary along the generators

In this section the general elastic problem for the particular case of a non-homogeneous polarly
orthotropic material is presented, as for the case of a complete anisotropy would be out of the scope
for the present work. As for the rectilinear anisotropic case, also for polarly anisotropic material the
elastic problem presents several similarities between the homogeneous and non-homogeneous case.
Displacement 1.86 and stress 1.87 expressions remain the same. As for the differential equation system

to be solved, it becomes:
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62 bll aCD b11 a (0 82® b12 aq) b12 a 1)) 82(1)
_ o
[592 rﬁrj[ Y +hy or? 8r2 "o e P )T
82 62 CD 62 a -
" oroo (b%r oroo (TD - (592 B r&](‘/zr (Arcos(0)+Brsin(0)+C))+
- ik 1.90
+r¥(vzr(Arcos(9)+Brsin(9)+c))_( _ _]((bll_'_blz) ) .

06°

82
—r?((bl2+b22)rl“)
(1w, afrav)_ L.
20\ rG, 20 ) or\ G, ar

1.5.5. Generalized plain strain in cylindrically shaped, rectilinearly anisotropic,

homogeneous bodies

Consider the same elastic problem discussed above but in addition it is known that after the
deformation, the cross section of the cylinder along the z direction remain plane. This situation is
known as generalized plain strain, the differential system 1.66 and its solutions simplifies significantly
because these constrain must be valid:

A=B=C=8=w=w,=0 1.91
If, in addition, no body forces are acting:

r=0,=¥,=U7=U/=0 1.92
One can express the displacement and stress fields as follows:

0, =2Re| 1108l (1) + 158, (2,) + 15 A5 (25) |

oy = 2Re[ ¢, (2,)+ d0, () + Aty (25) ]

oy =—2Re[ wd, (2,)+ 118l (2,) + 112 2alss (25) ] 9
o =—2Re[ Adl, (2,)+ A8, (2,) + 82 (25) ]

= 2Re[,ul/11¢H1 1)+/12A‘2¢H2(ZZ)+ﬂ3¢IZI3(Z3)j|

Q

Q

_Sl3axx - S23O-yy - S34O-yz - S356xz - S360-><y
o, = 1.94
833
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U, =2Re_i Py Pk (Zk):|

'3
U, =2Re Z } 1.95

:3
U, =2Re Zt b (2 }UO
L k=

1.5.6. Plain strain in cylindrically shaped, rectilinearly anisotropic, homogeneous

bodies

The plain strain state is very similar to the generalized plain strain one, but if the material presents a
plane of elastic symmetry that is normal to the generator of the cylinder (parallel to all the cross
sections), it is possible to impose further restrictions to the solution. Assuming that the displacement

along the z direction is constant:

u, =U? = const 1.96
Leading to:
Ep,=6,=6,=0,=0,=0 1.97

Substituting all these conditions into the general differential system 1.66, one obtain a very simple

fourth order differential equation:

o°T azr
L D= (b16 +b26) axay _(b12 + 22) 5‘X2 (bn b12) 1.98
with corresponding characteristic equation:
l,(#)=0 1.99

The solution to this equation can be divided into 3 cases, each leading to a different form of the
potential function @ .

1) Four different complex eigenvalues g4 = 1, # 1, = 1,

Which leads to the potential function:
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D =2Re[D,,,(2,)+Dy,(2,) |+ D, 1.100
2) Two pair of equal complex eigenvalues = 1, = 1, = 1,

Which leads to the potential function:

D =2Re[Z®,,(2)+ Dy, (2)]+P; 1.101

Two pair of equal pure imaginary eigenvalues g = 11, =y, = i, =i

In this case: z =z potential function takes the form found by Kolosov-Muskhelishvili:

®=2Re[ 7D, (2)+ Dy, (2) |+ @, 1.102

If no body forces are acting on the body, further constraints can be imposed:

=0, =¥,=U}=U/=0 1.103

And, in the case of four different eigenvalues, the final expressions for the stress and displacement

fields are:

O-xx :2Re|:/u12¢liil(zl)+:u22¢li|2(zz):|
o, =2Re[ g, () +¢,(2,)] 1.104
O, =—2 Re[lﬁﬂ;l(zl)"‘ﬂz{él:lz (Zz ):I

2
U, =2Re|:z P Pric (Zk):|_a)3y+u>(()
k=1

1.105

2
U, = ZR{ O Prac (zk)}+a)3x+u;’

k=1
With:
P = bnﬂkz + b12 _bleluk

b 1.106
e = by, +f_bza ke {1’ 2}

k
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1.5.7. Plain stress in cylindrically shaped, rectilinearly anisotropic, homogeneous

bodies

Considering the case of a cylindrical body of uniform thickness, made with a homogeneous
anisotropic material having a plane of elastic symmetry parallel to the cross sections of the body along
the generator. Further assume that the thickness is very small compared to the other two dimensions
of the cross sections, and that external forces acting on the body don’t vary very much along the
thickness. In this case it is reasonable to assume that the variance of the stress and displacement fields
along the thickness is very limited, and so it is convenient to assuming them constant and equal to the

average value along the thickness. In this case the average value of o,, is neglectable if compared
with the in-plane stresses o,,,0,,, 0, , and this elastic state is known as plane stress state. Reasonably,

the problem can be simplified by only analyzing the middle plane of the body where it is assumed
that the average stresses and displacement act, leaving:

o,=o0,=0,=0 1.107

2z Xz yz
All these restrictions lead to the same exact general differential system and solution to the plain strain
case, with the only difference being that:

b. =S.. 1.108

1.5.8. Generalized torsion in cylindrically shaped, rectilinearly anisotropic,

homogeneous bodies with no body forces and no lateral forces

Consider the case of a cylindrical homogeneous body with rectilinear anisotropic behaviour, to which
no body forces are applied and with lateral surface free from external forces. Further assume that

external forces applied to the end faces of the body can be reduce to a twisting moment M, . This

case in known as generalized torsion. The condition of no body forces imply:

r=®,=0 1.109
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Which reduce the general differential system to:

LO+L¥Y=0
— 1.110
L®+LY¥Y =M—28

33
Imposing the boundary conditions on the end faces of the cylinder one finds:

A=834Mt B:_SBSMt

21, 21,

C=0 1.111

And that the remaining particular solution is:

¥ =(&(S_§4+S_§5j_§]b55xz+2b45xy+b44y2 1112
P 8833 2 b44b55 _bjs

L,
1.5.9. Twisting and bending in cylindrically shaped, rectilinearly anisotropic,
homogeneous bodies with no body forces and no lateral forces

Taking the previous example, it is also possible to imagine the situation where in addition to the

twisting moment M, the body is also loaded with two bending moments M, , M around the axis x

and y respectively. In the case of a generic anisotropic material, it is possible to impose the boundary
conditions at the end faces of the cylinder and find:

aoSuM M, 5 SM M, 1.113
21, 1, 2l

1.5.10. Pure torsion in cylindrically shaped, rectilinearly anisotropic,

homogeneous bodies with no body forces and no lateral forces

This scenario is a specific case of the generalized torsion problem in which the anisotropic material
presents a plane of elastic symmetry parallel to the cross sections of the bar:

S, =5, =0 1.114
In this case the differential system simplifies greatly since:

r=o0=A=B=C=U,=U, =0 1.115
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Oy =0, =0, =0, =0 1.116
and becomes a very simple second order differential equation:

LY =-29 1.117
With characteristic equation:

l,(u)=0 1.118
In this case only two components of the stress tensor are different from zero and their expression

become:

ov,
OX

o, =-2Re[¢,(2,)]-

1.119
v,

ze = 2 Rel:/,l3¢,i|3 (23)] +

While the displacement field is:

U, =-9YZ+®,2—a,y+U

U, = Xz +w;x— w2+ 1.120

U, =2ReKS45—EJ¢H3(Z3)}+wly—w2x+uf
H
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1.6. Some important solutions to for various geometries and loading

conditions

1.6.1. Introduction

In this chapter are presented some of the most classical and important solutions for a variety of elastic
problems. Ranging from plates with holes, cracks and notches to torsion of bars, these important
elastic problems will be discussed and their solution presented. The analytical methods used by the
authors and developers cited in this chapter are an invaluable insight into some of the most advanced

and powerful techniques for studying stress states of an elastic body.

1.6.2. Plane problems around holes

1.6.2.1. Infinite non-simply connected anisotropic plates

Consider an infinite anisotropic plate weakened by a hole of shape Q (Fig.l.5-a). It is assumed that
an invertible mapping function @ (<) exists such that the region S outside the hole is mapped into
the interior of a unit circle.

Z=X+iy z=w({) 1.121
It is also assumed that there exists an external force F applied to the boundary of the hole:
F(s)=X,(s)+iY,(s) 1.122
Where X (s) and Y, (s) are the components of the force in x and y direction respectively;

0

as well as external remote stresses applied to the plate o, ,

o0
Oy
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_______________________________________________________________________________________________________________

(a) (b) (c)

Figure 1.5 Domain transformation of a non-simply connected plate for variables z1 and z2

Applying the affine transformation due to the anisotropic behavior of the material to the coordinate
system:

Z =X+ Yy =X +1iy, Z, =X+ Y =X +1Iy, 1.123
The region S can be mapped into regions S1 and Sz respectively (Fig.l.5-b/c), which can themselves
be mapped into the interior of a unit circle:

2,=w,({) 2, =w,({) 1.124
In plane stress or strain conditions, the stress and displacement fields are, according to 1.104-1.105:

O :2Re[ﬁﬁ2¢r’41(zl)+/122¢|’42(22)]
Oyy :2R6[¢|’41(21)+¢|,42(22)] 1.125
Oy =—2 Re[/’ﬁdﬂ(zl)"'ﬂzdu (22 )]

2
U, = ZRG[Z Py Pric (Zk )}_a)aijug
k=1

1.126
2
U, = 2Re[2qk¢Hk (zk)}a)gxw;’
k=1
The two potential functions ¢, (z,) and ¢,,(Z,) can be divided as follows:
br(2) = A'In(2,)+B" 2, + 4 (2,) 1127

#42(2,)=B"In(z,)+(B" +iC"™" )z, + 45, (2,)

Where B™, B™ and C'* are real constants so defined:
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- O +(a:22 +ﬂ22)0';'; +2a,0,,
2((“2 _al)z +(ﬂ22 _ﬂlz))

2 2 e © o ©
B (al + p; )O'W -2oa,0,, — 0, —2a,0,

B™ = 1.128
2 2 2
2((052 _al) "‘(ﬁz -5 ))
o _(wma)oit(a(@ =) —a(e - 1)) oy, +((od - B) (@ = i) ),
2;32 ((052 _051)2 _(ﬁzz _ﬂlz ))
While A" and B* are complex constants found by solving the system:
_ _ XtOt +thOI
(I+ip) A —(1+im) A +(1+iw,)B" —(1+im,) B =—%
T
(P +ig,) A' —(§l+iq1)ﬂ*+(p2 +iq,)B" —(Pp, +iq,)B" =0 1.129
tot Ty tot
(1-if) A —(1-ip) A" +(1-im,)B" —(1- i, ) B’ :_%
(

1_iql)'&* _(pl_iql)A* "‘(ﬁz _iqz)g* _(pz _iQ2)B* =0
Where X'* and Y* are the total resultants of force F in the x and y direction respectively.

Applying the boundary conditions along the boundary of the hole one finds that the following

conditions must be met;

2Re[¢31(21)+¢|32(22)]=—J.05Yn (s)ds+C,—
-2 Re[A* In(z,)+B"z,+B"In(z,)+(B" + iC’**)zz] = £ 130
2Re[ﬂ1¢31(21)+ﬂ2¢32(22)} :.[0 Xn(S)dS+C2 —

-2 R6|:A*,Ui In(z,)+B" 142, +B 1, In(2,)+ 4, (B™" + iC’**)zz] = f2

To find the potential functions that solve system 1.130 it is necessary to first use the mapping functions

1.124 and define two new potential functions in the £ coordinate system:

¢51(§) = ¢H1(wl(§))

1.131
¢|§2 (g) =P (wz (é/))

Remembering that in the new coordinate system the boundary of the hole is represented by the contour

of a unit disk:
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Q,(2) =9, (@,(£)) ="
Q,(2,) =, (@,(&)) =™

It is possible to use the Schwarz integral formula to find the new potential functions:

A m&l(ﬂz o £0) S(S;-_i, @
2 (é’) = _m.‘;}z (‘ulflo B fzo)s(ss;_é;)ds

And inverting the mapping functions 1.131.:

¢H1(21) :¢§1(w1_1(21))
¢H2(Zz) :¢|§2 (wz_l(zz))

1.6.2.2. Infinite anisotropic plates with nearly elliptical hole

1.132

1.133

1.134

This chapter will consider the specific case of an infinite anisotropic plate with a nearly elliptical

hole. This case is particularly interesting and important since it allows to solve a large variety of

problems despite its relatively simple formulation. Using the same solving procedure described in the

previous chapter, this case requires more attention to the analytical formulation, given the nature of

the mapping function. A nearly elliptical hole can be described as a slight deformation of a pure

elliptical hole of major axis R and minor axis b. In Figure 1.6 is shown as an example a nearly elliptical

hole with four sides.

Figure 1.6 Nearly elliptical hole with four sides.
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A nearly elliptical contour can be described using this parametric expression:

X = R(COS(9)+8§;‘(05,? cos(k&)— ¢ Si”(k‘g))j

. 1.135
y = R(—csin (6’)+gk;(af sin (k@) + 3 cos(k@))j

Where R and b are the major and minor axis of the ellipse respectively, «/ and g are constants, &

is a small parameter, N is a positive natural number greater than 2 and

c= b 1.136
R

The mapping function for this contour is:

w({)zR(]%C§+]%C%+gY(Q’)] 1.137

Where:
Y(;):i(akg +ige )" 1.138

2
The potential functions can be divided as discussed in the previous chapter, following the same
definitions for parameters A*, B*, B™, B™ and C'™":

i (2)=A"In(2,)+B"2 +45,(2,) 1.139
$42(2,)=B"In(z,)+(B"" +iC"™" )z, + 45, (2,)
And to obtain the potential functions in the ¢ coordinate system one has to substitute the relevant

mapping functions into the potentials:

¢I§l(é’) = ¢H1(wl(é/))

1.140
¢§2(§):¢H2(w2 (4/))

Following S. G. Lekhnitskiy’s method™!, the two potentials can be represented as follows:
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u(4)= f10(41)+s[fll(gl)+(Y(§)+,11?(;))df1§_gl)}...+

+e*| £, (51)+(Y(§)+217(é“))’d—§1+“'+%(Y(§)+%T(‘f))

deO (4/2 )

[ Lhalbl),
()= tale) o] )+ (1(0)+7(0) 2L s
[

k
d¢, 1.141

dg,

o[ () (r(€) 4T (0) Tl L L ()1 27 (0)

kw +ee;
dé’z k' |

dgy

g =1ria 1.142

And f; (g’i) are functions defined in regions Si which represent infinite planes with elliptical holes,

and to be defined applying the boundary conditions.
Assuming that the external forces applied to the hole boundaries can be expressed using a power

series in the parameter ¢:
S N K
—IO Y, (s)ds+C, =D pye
k=0

s N
IO X,(s)ds+C, =) p,e

k=0

1.144

It is possible to obtain the following expression by applying the boundary conditions along the hole

contour:

32



2Rel 0 (1) + f20(&2)] = Poo—

—2Re[ A'In(,)+B7¢, +B"In(¢,)+(B™ +iC™) ¢, |= 0,
2Re[ 4410 (£1)+ 110 (2) |= P —

_2Re[A*lul|n(§1)+ B™ (. +B’ 1, In(§2)+,uz(B’**+iC”‘*)§2]=®zo

2Re[ £, (6)+ f4(S2) ] = Pu —2Re{(Y(§)+AlY(g))dflvg;é¥1)+...+
+%(Y(§)+%T(§))k%+(Y(§)+%T(g))%+...+
a e are) S| o,

2Re[ 1ty (&) + 1T (£2) ] = Pa —2Re[;¢1(Y(§)+AlT(§))(ﬁlvkd;é§1)+...+ "
(@)t T (x0T Tl
HE(r(0)+ T () %}@

Remembering that the hole contour is defined by a unit disk boundary in the ¢ coordinate system:

Q,(2)=9(7(¢))=e"" =5

_ 1.146
Q,(2,)=Q,(2,(¢)) =" =5
cz=1‘—05+“—61+4[1‘—05+“—‘31j 1.147
2 2 6 2 2 6
And using the chain rule to find:
df, (59) a)p52 df;, (59)
=— > 1.148
do, 1-n,0 do
Where:
o - 2
PT 1+c+ 4 (1-c
» (1) 1.149

_1-c+2,(1+c)
T 1ic+a, (1-c)

It is finally possible to apply the Schwarz integral formula to find all the potential functions:
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i s+¢
flk g)=——— 2®1k_®2k ds
( ) 4”(#1_#2)_"9('“ )S(S_é,) 1.150
I B B s+¢
fzk(g)_ 47[(;“1_/12)"-0(#1®lk Gbk)@ds

And inverting Eq. 1.143:

4 \/g (1+47)(1-c?) + 24 (1+¢2))

= ‘1 _ 1.151
£=¢7(4) 1- c+ﬂ, (1+c)
One finds all the expressions for f, (¢;) and ¢, (). Finally:
¢H1(21)=¢gl(wl_l(zl)) 1.152

bz (2.) = i (@, (22))

1.6.2.3. Stress distribution in polarly transversely isotropic annulus

In this chapter a simple case of polar anisotropic behaviour is analysed, a polarly transversely
isotropic annulus. Despite the simplicity of the geometry, this model is quite useful in multiple
applications, especially in components made with additive manufacturing technologies, where, taking
advantage of the ability to place reinforced material along customizable paths, has led many to use
this configuration to reinforce holes in many components.

Considering an annular region of polarly transversely isotropic material with internal radius of ro and

external radius of r1, the elastic stress-strain relations are, according to 1.53-1.59:

1 v v 0 0 0
E, E E,
Exr E (=N o,
Eo 1 Oo
— 0 0 0
€, _ E O, I . 153
ng - 2 (1 + VTT ) O O o-I’Z
‘992 ET 0-92
gre 1 0 O-ra
GTN
1
L GTN i
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Applying plane stress or strain condition these relations can be rewritten as follows:
Gpo =Meg +Ne,

Ou =Le,y, +Me,

1.154
O = ZGTN
Where:
E E -1
rEy (vir —1) : Plain Strain
L= Er (vrr —1)+2Eyviy
E Ey i Plain Stress
E;, —EyVar
—E,Eyvyr . Plain Strain
= = (VTT _1)+2ENVNT o
E Ey VNT2 Plain Stress
E; —EyVar
E, (Ev{ —E
: T( NYNT T) - Plain Strain
N = J Er (vir —1)+ 2By (viy +1)viy
2
E; i Plain Stress
E; —Eyvar

Which can be used to define new elastic parameters:

Z_GTN.

€

dzzﬁ' CZZ%
L’ M’ N

1.156
Substituting the strain displacement relation 1.20 into 1.153 and then into the equilibrium equations

1.37 one obtains the following differential system:

10, 10y 1 10, 1 ou 1 1\éu, u

2 a2 T Tt 2 t— S| o e

c” or r-o6° r d< Jo6or rc” or r 00 re | 157
2 2 2

PP LT T A T

r d< Jobor or re- 00~ r €e€)od ror r

2
€

The solution of this system is:
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a % -2
ur:A)(r?O] +a0(£] _El(llic:2Jcos<9+(Elcose+Flsine)log[ ]+

N a, a,
+Z((A1 cosnd + B, sin né?)(r?oj +(a, cosnd +b, sin ne)LrLJ J+ 1.158
1

o—i|-1

n=2

N B B
+z {( E, cosnd + F sin ne)(r—;j +(e, cosnd+ f, sin ne)[rLJ ]
1

-2
ug=F{%Jcos&—Ho(r?oj+(Flcose—Elsine)log(ri}
0
N a, a,
+Z((Cnsinn9—Dncosn9)(r—l?j +(cnsinn9—dncosn9)(r£j ]+ 1.159
n=1 g

) 5 b
+Z[(Gn sinnd—H, cos n@)(&J +(g,sinng —h, cos ng)(ij J

n=2 r r1

Where A ,a,B,b,C, ,c,D,d E. e, F,f.,G,g,H,h Yn<NeN are linearly dependent

constants to determine by applying proper boundary conditions and linked through the following

relations:

Aw = Cn¢a,n an = Cn¢—a,n n>1

B, =D b =d n>1

0 It 1.160
En = Gn¢ﬂ,n en = gn¢_ﬁ'n n= 2
I:n = Hn¢ﬂ,n fn = hn¢—ﬂ,n n=2
In Eq. 1.160:

2 2.2
v, —en" -1

D, 0= . 1.161
on((1e?) - (14d?)

whilst e, and 8, YN €N are the roots of the following characteristic equations:

2
f(y,)=7" —;/nz(e‘z(n2 Jrcz)—nzczd‘z(2+d‘2)+1)+(:ze‘2 (n*-1) =0 1162
1.6.3. Multi-material corners

Stress singularities in an elastic material arise due to some discontinuities in the domain and they can

be caused by geometrical features, like cracks or V-notches, by material properties discontinuities,
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with many different materials bonded together, or both. This singularities in the stress fields are in
many cases the cause of failure initiations in a component and for this reason it is vital to have a very
good understanding of their elastic behaviour. A generic case where geometrical and material
discontinuities are both present in a domain is a multi-material corner Fig. 6. This configuration has
M material connected with straight interfaces all meeting at one point, called notch tip, where the
centre of the coordinate system is placed. The connecting interfaces can either be perfectly or
imperfectly bonded with the assumption of no friction between the imperfect bonds. Wedges are
defined as the sub-domain of the multi-material corner between two imperfectly bonded interfaces,
and having M materials and W total wedges, it is necessary that W<M. In this chapter a general
formulation is presented in which boundary conditions on the free edges of the corner and on the
different interfaces are homogeneous and orthogonal, meaning that the stress and displacement
vectors defining the boundary conditions are orthogonal to each other. This formulation is taken from
M. A. Herrera-Garrido et al.l’], and reported in a concise form, referencing several papers that
contributed over the years at the development of this mathematical tool like Ting™!l for the
development of the transfer matrix concept, Manti¢ et al.l! for the development of a matrix

formalism for the boundary conditions and many others.
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0y,..., 0y  Wwedges
0y,..., 0y bonds
M,..., My, materials

contact interface
__________ perfect bond interface

wedge,

Figure 1.7 Multi-material corner 2D view

Assuming generalized plain strain conditions the stresses and displacements in each material of a

multi-material corner can be described according to 1.79:

oy =2 Re[,ulzdu(zl)"‘ﬂzz%z (2,)+ 13 a8 (Zs)]

O = 2Re[¢ﬁ|1(21 +d, (Zz)"'ﬂ’ﬂ%s (23)]

oy, =2 Re|:/'L1¢ICI1 (21) + 10, (Zz)+/”3/13¢|’43 (Zs ):I 1.163
(z

0232_2Re[/11¢|’41 )+/12¢;|2(22)+¢£|3(23):|
O3 = 2Re[:‘ﬁ£1¢|:|1(21)+ﬂ2ﬂ“2¢|:|2 (22)+ﬂ3¢|,43(23):|
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U, :2Re{

O (2 )}
t B (24 )}

1.164

i

uszzR{

=
Il

1
Which can be rewritten in the following form:

oy = —mb,dly (2) - b 8l ()
0 =, ,81(2) +b, .8, ()
o1, = b, (2) +b,dl (7))
015 = —by o8l (z) — by o, (7)) 1.165
O =103, (2)) +10, 1, (7))
U, =a,6,(z)+8,4,(2)
U, =8, (2)+8 ,64(z)
U, =26, (2) +3 .4 (2)

Where:

—th —Ly  —All
B:[b1 | b, | b3]: 1 1

A 1.166
—Apy —Ap,
Pp P, B

A:[a1 | a, | as]: a d, GO 1.167
t L

From these matrixes one can fairly easily obtain the standard matrixes used in the standard Stroh

notation by the following transformation:

1.168

K=A"-B+B'-A=diag(x 7,k ) 1.169
Setting:
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oo 1 0t
With:

b =1001(2),. 61,(2,), b ()}

One obtaines from 1.65:

o __@ o __8(133
11 ox, 13 o%,

0o, 0D,

Oy = P O =

% 0%,

od,

O =7
0%,

And:
U,

U=.U, :ai¢Hi(Zi)+ai¢7Hi(Zi)
U,
D,

D= D, :bi¢Hi(zi)+5i§ZHi(zi)
®,

For a corner singularity the potential functions will be in the following form:
D (Zi) = Ziléli + Zil S,
With no summation over i. Considering that:

Z;

r(cos(@)+ 4 sin(6)) =<, (6)
z' =1/ (0)

Substituting 1.174 in 1.173 leads to:

U=r'(ag! (0)d,+a¢7 (0)3, )+ (a¢/ (0)3,+a,c (05,

@=r' (b5 (0)2, 4B (0)5, )+ v (B¢ (0)5, 0 (0)22)

And noticing how:
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1.171

1.172

1.173

1.174

1.175

1.176



é’_f(9)=5f(9) 1.177
§i(0)=¢7(0)

It is possible to rewrite 1.176 as:

(A B R (E) 8 (Bl B A (E) ) 178
® =bz'6, +bZ'5, +b2' 5, +b 775, =
:r}“(B-<gj> 5, +B <_l> _2)+rz(|§.<gj>._l+8 <_Z> 52)
Or in a compact way:
w(r,0) = r*XZ'8 +r* X278 =w(r,0) +w\ (r, 0) 1.179
Where:
(¢)=diag(sl . ¢7.43) 1.180
5:{51|52}T :{511’512’513'6_‘21!5‘22'5‘23}T 1.181
X{A /f} 1182
B B
A
i _ () 0 1183
0 (&)

At this point it is useful to introduce the concept of transfer matrix developed by Ting[*%. The transfer
matrix Em for a particular material sub-domain Mm of the multi-material corner is a matrix that relates

the vector w (r,6,) at one interface to w_(r, 6, ,) at the other interface of the sub-domain:

wio(r,0,)=EY(4.,6,.6,, )W (r,6,.,)

1Y m

7 (4 ' 1.184
W(00,) =B (7,60,,6,.) ) .0,.)
Where

EY(4,6,,0,,)=X-2*(0,,6, )X

mﬁ (_ A _1) < 7( 1) N |185
E,(Tf)(ﬂn m? Ym-1 :X‘ZA (6m19m—l).)(_1

41



(S (6016,4)) 0

Z*(6,,6,1) = _ 1.186
1 0 (C (00 0n))
¢ (6,,6,.1)=c08(8, —6,1)+ 1 (6, )sin(6, —6,,) 1.187

11,(6y 1) = 2.0 ) Iy %
4:sin(6, ) +cos(b, ,)

Having a way to relate the stress and displacement state at the interface of every material in the multi-
material corner, it is possible to chain relation 1.184 to obtain a transfer matrix that can relate the

vector w,,(r,8,) describing the stress state at one interface of the wedgew to w(r,8, ,) at the other

interface. In similar fashion to 1.184 it is possible to write:

wi(r,6,) =K (2)wP(r,6,.)

_ I 1.189
wi(r,6,) = K (2)wi(r.6,.)

And considering that in wedgew there are M different material sub-domains, Mmto Mm+m the wedge

transfer matrix is defined as:

K (A)=ELy (A i+ Onim-1) ELw 1 (A0 Ot 1O 2 )+ ES (2,64, 6,1 ) 1.190

And rewriting 1.189 to obtain the characteristic system of the wedge:

[KP(2) | Moo ] (W00, | wP(,8,)} =0, 1101
With analogous expression for the second equation of 1.184.

Coming back to the entirety of the multi-material corner it is possible now to list all of the
characteristic equations for all the wedges in a compact way using the multi-material corner transfer
matrix:

K ()W = Ogy.s

I 1.192
K (A)wE =0y

Where:
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KY”) (l) -1 6x6 06><6 06><6 "' o 06><6

(1)
K(cl)(ﬂ,)z 06.><6 06.><6 Kz.(/l) _|.6><6 06‘><6 1.193
06><6 06><6 06><6 OG><6 K\S\f)(ﬂ') _Iexe
T
W =(wPr.6) | wP8) | W) | W) - wPG,) | wra,)) 1194

Lastly the boundary conditions at the external boundaries and between wedges are taken into
consideration, starting with the former. A single wedge corner is analyzed at first, for the sake of
simplicity, and then the formulation will be expanded to the full case in a second moment.

It is necessary to define a coordinate system that is suitable to the description of displacement and
traction boundary conditions on an inclined plane that passes through the xs axis, that will represent

the interfaces of every subdomain, Figure 1.8.

X5
A
, 1Owrw)
n(o,,)
Yw
/P
“
m(0,,Yw) ywv X,
s,=1I
Sr(Ow)
X3

Figure 1.8 Reference systems for boundary conditions on a wedge interface

The following vectors are defined forming an orthonormal basis:
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—cos(6) 0 —sin(0)
s, (6)=1-sin(@) r; s,(0)=40¢; n(8)=4 cos(6)
0 : _ 0 .195
—cos(0+y) —sin(0+y)
m(6,7)=4-sin(@+y)¢;  1(6,7)=1 cos(@+y)
0 0

The boundary conditions on the external interface of the single-wedge corner can be written in a

compact way as follows:

D,(8,)-U(r.6,)+D,(8,)-t(r.6,)=0 1196
Where:
t%xﬁ:—% 1197

Is the traction vector and s in the tangential vector to the interface plane, equal to s, () or -s, (6)

depending on the orientation, which must be clockwise in 1.195.

Considering a homogeneous boundary condition that impose a zero value for one component of the
traction vector, ti=0, and considering that the tangential vector correspond to the radial direction or
its opposite, one can see that

t; =i%=0 1.198

And so, considering the structure of @ proportional to r*, it is clear that:

o,

=05 ®, =0 1.199
or

So that the boundary conditions 1.196 can be reformulated as:
D, (4,)-U(r.4,)+D,(8,) ®(r.6,)=0 1.200

Where the matrixes D, (¢)and D,, (6) depend on the imposed boundary condition and are defined

in Table 1.
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Boundary condition D, (6) D, (0)
Free 0O3x3 I3x3
Clamped laxs Osx3
Only ug restricted (Sym.) [n®)|0]|0]" [0]s(0)]s3]"
only ugallowed (A-Sym.) [0]s(0) | s3] [n®) |00
Only urrestricted [si(®) | 00" [0]n(B) |s3]"
Only urallowed [n(6) | s3] 0]" [0]0]s(0)]"
Only usrestricted [ss|0]0]" [0]s(6) | n(O)]"
Only usallowed [s:(6) | n(8) | O] [0]0]ss]"
Only ug restricted [[(6)|0]0]" [0 m(0) | s3]"
Only u; allowed [m(6) | s3] 0]" [0]0]|f(0)]"

Table 1 Definitions of the boundary condition matrixes for different imposed conditions

With these matrixes it is possible to construct the orthogonal boundary conditions matrix:

D,(8) Do ()
Dyc (QW)Z{DCD @) D, (QW)} 1.201

And obtain all the components of vector w(r, 8,) that are not prescribed by the boundary conditions:

W, (.0,)Dec (6,) = {Wo (r.6,) | wy(r8,)}
\’ 1.202

.
w,(1,6,) = Dic (6,)-{w,(r6,) | wy(r6,)}

Where the prescribed components, w,(r,6,) are null given boundary conditions 1.200:
w,(r,0,)=0 1.203

And w (r,8,) is the 3x1 vector of the only remaining components of w,(r,&,), so that:
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wﬂngﬁ{fﬁéﬁ”ﬂ-m (10,) = Bl (6,) W, 1. 0,) 1204

The same procedure is now followed to analyze boundary conditions between different wedges.

In similar fashion to 1.200 one can write the boundary conditions between different interfaces as:

D, (6,)-W,(r,6,)+D,(8,)-W,..(r,6,) =0 1.205
Where matrixes D, (6), D,(6) and their associated matrixes D, (6) and D, () satisfy the

following orthogonality relations:

O

1'DI+D2'D; =g
D,-D] +D, D =1, 1.206
D1~|:~)I+D2~[~); =0g.6

And are defined in Table 2.

Boundary condition Perfect bond Frictionless slide
1 11-n (0) 03><1 03><3 3x1 '
D, (6 ——I,, —
(0) e ﬁ[ () D D
.
D ((9) i| i n(H) 00 O35 0y
2 \/E " \/E O3><l Sr (0) |3><3 S3
r 7
f)l (0) i lo6 1 n(@) O \/Esr (0) 034 \/553 034
\/E \/E L O3x1 n(@) 03><1 03x1 03x1 O3><l_
r T
Dz (9) i|6x6 i n(@) 03X1 O3x1 \/Esr (6) 03x1 \/553
\/E \/E L 03><1 n(e) 03><1 03><1 03><l 03><1 B

Table 2 Definitions of the interface condition matrixes for different imposed conditions
Worth noting how the perfect bond condition is truly a redundant condition since if it holds true than
the two wedges related by this condition can be redefined as a single united wedge.

Repeating the same procedure followed in 1.201:2
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D.n(QN)=[[~)1( ) D )} 1.207

Dy, (6,){Wa(n6,) | W,u(n8)} ={w.(n8) | w,(r6,)}

)
w,(n6,) | W,.(.8)}) =D (8,) {w.(n8) | w,(.6,)) 1.208
(4.)
)
r_[DI(G)|
W, (.0, | W,,(r.0,) —[D; (QW)} w, (r.6,)

It is now possible to combine these relations for interfaces and external boundary conditions which

will take into account the entire domain of the multi-material corner:

D.w. =wg, 1.209
Where:
Dec(6)  Opie  Opiz =+ Ogg
D = olfxs D'“:(Ql) O”f” Olfxe 1.210
0. 0> Oz -~ Dagc(6y)
Wy ={W,o(6) | W,(6) | wo(n6) | wy(r6) - wo(ng,) | w,(ng,)} 1211

And at last, it is possible to substitute boundary condition relations 1.192 into 1.209 and obtain the

final system that needs to be solved to obtain the solution to the multi-material corner:

K®(1)-DL-w$) =0,,.
;)( g oo 1212

K¢ (/1) De -Wey = Ogg

And recalling 1.203 these equations can be simplified by eliminating all the columns of K ()- D¢

and K (7)-DL that would be multiplied by zero:
C C

K%t) (ﬂ’)'WL(JA) = 06W><l

o _ 1.213
K'(I'ﬁt) (l)-Wl(f) = O6W><l
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Where:

WEJ&) _ {WEJA) .6, | ijﬂ) r.6) - Wff) (r,QN)}T 1.214
Ky) (i) Dgc (Qo) _DI (?1) ~06><6 Oexe 06><3
K@= e K2(2)-0:(0) -Bi(e) - O Os | 1215
05><3 06><6 06><6 K\(/\f) (ﬂ) D; (le—l) _Dgc (Q/v )

These are the characteristic equations for an open multi-material corner.
Systems 1.213 have non-trivial solution only if
Det| K2 (1) ]=0

o 1.216
Det| K{ (Z)]=0
These equations are equivalent to each other so that solving the first gives also the solution for the
second one, making them redundant.

Solving either one will give the eigenvalue A and the singularity degree of the corner.

Furthermore, from 1.213 one can obtain the relation between all the complex constants &

6=¢ {1’7512v7513’7(21’)(221}(23}T 1.217

Where 6" is a constant, known as Generalized Stress Intensity Factor (GSIF), that links the local
stress fields of the corner to the remote geometrical and loading conditions, and found only applying
those conditions.

1.6.3.1. Particular cases

It is also useful to briefly list some particular cases where some definitions shown until now have
different expressions without impacting the final result and derivation.

Closed corners:

Assume that the multi-material corner does not have any external boundaries but only internal

interfaces. In this case the following definitions apply:
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E)Z (QO) 06><12 06><12 6x12 E)l (QW )
DZ (QO) 06><12 06><12 6x12 Dl (QW )
DC = 012><6 Dln (Ql) 012><12 012><12 012><6
012><6 012><12 012><12 Dln (QW—l) 012><6
KOB(6)  Bl(A) O
Os.6 K’ (4)D; (&) -Di(&)
SAOE I ' f
~06><6 6x6 06><G
L _DI (QO ) 6x6 06><6

Degenerate materials:

1.218
U U
Og.6 0.6
: : 1.219
Kii(2)D; (Gy)  —Di(G)
O K (2)D; (Gv) |

In the previous derivation it was always assumed that matrix Xin 1.179 was a full ranked matrix, but

that might not always be the case. Two other different scenarios are possible:

1) The matrix [A|B]has rank 2, meaning that one of the three vectors {ai | b, }T is linearly

dependent. This is the case of a degenerate material.

2) The matrix [A|B]has rank 1, meaning that two of the three vectors {ai | b }T are linearly

dependent. This is the case of an extraordinary degenerate material.

Considering first the first case, the following modification needs to be made:

¢l Asin(@)git 0
(¢i)=| 0 ¢t 0
0 0 7

While for the second case:

¢t Asin(@)¢t A(A-1)sin(@)¢;
(¢h)=] 0 ¢t Asin(@)¢/™
0 0 ¢t
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1.6.4. Stress distribution in presence of rounded notches

Despite the corner-singularity case being one of the most studied geometrical configurations, in real
life application it is seldom the case to have a perfectly sharp notch. In most cases notches and corners
have a rounding at the notch tip which eliminates any stress singularity in the material. The presence
of a rounding on the other hand, significantly increases the modelling difficulty of the stress fields.
In this chapter, three models are presented for this problem, the first one by Filippi, Lazzarin and
Tovol® for isotropic materials under plane stress or strain conditions, the second by Zappalorto and
Carrarol®! for a particular type of orthotropic materials under plane stress or strain tension and the
third one of out of plane torsion in orthotropic materials by Zappalorto and Salviatol]. The latter
model will then be improved and expanded in later chapters.

1.6.4.1. Plain strain and stress for rounded notches in isotropic medium

The edge of a blunt notch with a generic opening angle and curvature radius can be described with
the following mapping function:

z=¢" 1.222
where z=x+iy and &=u+iv the notch edge is described by the equation u =u,

The following particular cases can be treated using Eq. 1.222:

1. A pointed V-notch with rectilinear flanks and a generic opening angle 2a by setting u, =0

andq:2n—2a:ﬁ;
T T

2. A parabolic (blunt crack) notch profile with a generic notch root radius p setting g=2 and
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3. Arounded notch (hyperbola-like profile) with a certain notch root radius p and a certain notch

opening angle 2 o by setting q = 2m —2a and u, = (q_—l jq . In this more general case, the
q

notch tip occurs at x =r, = q—_lp.
q

The geometry is illustrated in Figure 1.9

Uo A y

V = cost

200 / N

Figure 1.9 Schematic of the conformal mapping defined in Eq. 1.222
Considering Eqg. 1.104 the following potential function are chosen to describe the stress fields:

®,,(z)=Az" + Dz" 223
®,,(z)=Bz" +Cz* '

Where A, B, C and D are complex constants, while A and p are real constants with 1 <A <. These

can be used to obtain the stress fields according to 1.102:

o =2k 0, (1) 22 )
O'yy=2R{CD’H1(Z)+Zq)Hl(Z);qDHZ(Z)} 1.224

o,y =2Im[ 70}, (2)+ D}, (2)]
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Considering that the rotation angle between the curvilinear coordinate system & =u-+iv and the polar

coordinate system defined by z=x+iy is —Q, one can obtain the stresses in the curvilinear
q

coordinate system by a simple rotation according to 1.39:

o, =2 %0 | Ou=Om ¢ 20 —0o,,sin 20
2 2 q q

o, =2 %m0 w9 coq 20 +0,,8iN 20 1.225
2 2 q q

Oy — Oy (29] [29j
o, =——%sin| — |+o,,c08| —
2 q q

It can be noted that for r—oo

Ow| =04 =0 ruv| ;rr€| =0 1.226
And that for r—o0

®,,(2)= Az* | 297
®,,(z)=Bz*

Which are the conditions characterizing a material corner described in chapter 1.6.3. Following the
procedure above described one obtains the characteristic equation of the problem, 1.216:

(sin(Aar) + Asin(gz) ) (sin(Aaz) — Asin(qz)) =0 1.228
Which can be divided into a symmetric and a skew symmetric part with a symmetric and a skew

symmetric related problem:

sin(4,qz)+ A, sin(qzr) =0 | 229
sin(A,q7) — 4, sin(qrz) = 0 '

Defining then constants A, B, C and D as follows:

A=A +iA, B=B +iB,
C=C,+iC, D=D,+iD,

1.230

One can effectively divide the symmetric problem (subscript 1) and the skew symmetric one

(subscript 2).
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From 1.213 one obtains the relations between the constants Bi and Ai:

B, =15 (1-4)A
) :_Si”((l—%)qzﬁj 1.231
e[y
B, =1, (1+4,)A,
sin((l—iz)qzﬁj 1.232
ZBZ =_sin((1+ﬂ,2)qZ”J

To obtain the remaining coefficients one must impose additional boundary conditions, which are

chosen to be:

. 1— - 1—
O +o, =0 =Im (r "agg)+ lim (r ”099):0
u=ug u=ug r—ow r—w
v<<-Vvp V>>Vvq 9_>q7;r 9_)%;
1.233
- 1— - 1—
o, -0, =0=lim(r*c,)- lim (r“c,)=0
u=ug u=up r—o r—>o0
V<<-Vg V>>Vg 6_)(]77[ 9_)7(.]77[
2 2

Applying these boundary conditions, it is possible to find the remaining constants, obtaining pi by

solving the following equations:

[0 - 2) - e o0 ) %)

q 1.234
+([(1+ M)Z _1+qﬂlj(3—/71 — Xz (1—/?1))—(3—M)glj(“ﬂl)cos((“M)q%r) 0
((q(“TW](% —1- 7, (1+%))_82](1—/12)cos((l—yz)q%’}r -

{(Nz _1)(WJ(@ “1- 15 (A +1))+(1_ﬂ2)ngcos((1+yz)%”j =0

Where:

53



=) i (1K) (k) 2 (1)

1.236
=(3 A (1)~ (L )+ 0 (1) 7, (4 )
While Cy, C2, D1 and D2 are:
qﬂlrﬂl '
" (-1 1.237
% =(<1—m2 L) |(3-2) -0 0-2))-@-m)a
qﬂirﬂa /11
D=x A
>4 (a-1) 1.238
1-q(1
Xp, = (uj 3 A - ZBl( ﬂl)) &
C Oﬂa Hy
Ay a—
44, (11, =1) 1.239
_3)-2
Xc, z(luz _1)(%j((/12 _1)_182 (1+/12))+(1_/12)‘92
/’igl’j? —Hy
D,=xp, — A
Aty (11, -1) 1.240

q

b, = _(Mj(% —1-7s, (1+A2))+(1_ﬂ2)52

1.6.4.2. Plain strain and stress for rounded notches in orthotropic medium

Moving to an orthotropic material, the rounded notch geometry pose a great challenge to the
analytical framework due to the conformal mapping that needs to be used. For this reason, in this
derivation only orthotropic materials that presents pure imaginary elastic values are considered:

= +iB, 1.241

Analysing the same geometry and conformal map used in the isotropic case, eq. 1.222 and figure 1.9,
it is necessary to transform it accounting for the material properties.

Defining the two complex variables z1 and z2:
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. i0.
Zj=X;+ly;=re” 1.242
Where:
X; =X+ 1p; y; =By’ r=\x +y 0, = Arg(x; +iy;) 1.243
And x'=x-r1,, y'=y, while t is a positive real parameter to be determined with appropriate

boundary conditions.
The stress fields are found from these complex variables, following Eq 1.104, using two potential

functions:
' B Z_ A-1

¢Hl(zl) - A( ro }

¢|1|2(Zz) = B[ﬁj 7

Where A and B are real constants.

1.244

One can follow similar procedure shown for the isotropic case, and apply boundary conditions very
far away from the notch tip, where the formulation reduces to the case of an orthotropic material
corner under symmetric loading conditions, and obtain the eigenvalue of the problem solving the

following equation:

cos(L—A)0,(v){ cos(1—1)8, (v)[my, (Y)n, (v) —m,, (Y)n, ()] -
sin(L— )6, () [m,; (), (y) —my, (Y)n,, (1)] -

1.245
sin(1— )6, (y){ cos(1=1)6,(y)[m,, (Y)ny, (v) —my, (Y)n, ()] -
sin(L-M),(y) [mlz (Y)n,, () —my, (Y)ny, (Y)] } =0
Where:
0,(y) = Arg(cosy +if;siny) 1.246

As well as the relation between A and B from eq 1.213:
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B= 1A
A () (my () cos@= )4, (7) +my, (7)sin@ =24, (7)) 1.247
P57 (7)(My (7) 0= 2)8, (7) + myy (7)sINL=2)8, (7))

Xs =

The last step is to impose an additional boundary condition to find the value for t:

=0 1.248

0=0
r=ry

GULI

From which one obtains:

o Ln(—;(B)

Ln (’31]
e \B) 1.249

1-1
1.6.4.3. Anti-plane shear stresses for rounded notches in orthotropic medium
The case of out of plane shear stress in the vicinity of a rounded notch can also be solved using similar
methods to the in-plane case. Using the same geometry and conformal mapping as the previous cases,

it is possible to calculate the stress fields from 1.119 using the following potential function:

b (2,) = —A(i—jy 1.250
With A being a real constant and similar definitions as before for zs:

Z, =X, +1y; = r3eie3 1.251
Where:

X, = X"+ 1B} Vs =By’ =X +Yy: 0, = Arg(x, +iy,) 1.252

And x'=x-r1,, y'=y, while t is a positive real parameter to be determined with appropriate

boundary conditions.
Very far from the notch tip the free edge boundary condition is:

o, =0 1.253

uz

~

=0,
u=ug r—wo
r—wn 0=y

Which reduce to the same case of a material corner, with eigenvalue calculated from 1.216:
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A= i

2(arctan (B, tan (y))+ )

Leaving only t as a parameter to be determined.

Similarly to the in plane case, the additional imposed boundary condition is:

=0
6=0
r=ry

Oy |

And noting that near the notch tip:

1-t
O, ~p 0

One obtains that

A-1
0.l = A[:—sJ e[qT_l— 2t (1-1)} -0
o 0

And finally:

g-1
Ln[
1-1
(oo \al-1))

Ln(5;)

|

S7

1.254

1.255

1.256

1.257
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2. In-plane solutions for a rounded notch in an orthotropic

body

2.1 Introduction

Geometric features or defects like holes, notches and porosities impact the mechanical properties of
solids, resulting in well-documented stress concentration regions under various loading conditions
and materials. In practical mechanical component designs, these inevitable geometric variations often
contribute to crack formation under both static and fatigue loads. These variations act as stress raisers,
inducing stress concentration regions that may lead to crack nucleation and failure under static or
fatigue loads (Neuber®). The formulation of reliable failure criteria for notches necessitates a
thorough understanding of local stress distributions, driving ongoing efforts to provide precise
solutions for stress fields around notches under diverse loading conditions.

Efforts to establish accurate failure criteria for notched solids have been a focal point in the scientific
community, with numerous exact or approximate solutions proposed for stress caused by holes and
notches (Berto et al®l; Chenl®: Salviato and Zappalortol*!l: Mirzaeil®*). Finding accurate expressions
for stress fields at rounded notches is challenging, especially when the notch root radius is nonzero,
causing the elastic stress field to lose singularity. Lazzarin and Tovo[?? proposed modifying Kolosov-
Muskhelishvili complex potentials for isotropic plates with rounded notches, resulting in universal
equations for stress fields in the vicinity of rounded notches with a generic opening angle under both
mode | and mode Il. This approach was later used for an improved version (Filippi et al.[**l) and by
Zappalorto and Lazzarin for the VV-notch with-end-hole problem (Zappalorto and Lazzarin[*) or the
torsion problem (Zappalorto et al.*¥l). Authors proposed minor changes, considering non-singular
terms (Mirzaei et al.?) or slightly modifying boundary conditions (Lazzarin et al.?l, Mirzaei et

al.[?%1). Notably, these contributions focused on isotropic materials.
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Shifting to orthotropic or anisotropic plates, the past literature explored the analysis of holes in infinite
solids (Bonora et al.>61, Chern and Tuttle®). Zappalorto and Carraro®¥ addressed a blunt crack in
an anisotropic solid under in-plane loadings, obtaining an exact solution for local stress distributions.
The solution for the quasi-orthotropic wedge problem was provided by Kazberuk and Savruk™*™, and
Zappalortol*® presented an analytical study on 2D stress distributions close to blunt V-notches in
orthotropic plates under tension. Analytical solutions for stress fields induced by various geometric
variations in orthotropic solids under mode 111 were provided by Zappalorto and Salviato*4, Salviato
and Pheniseel*?! formulated a general framework for solving governing equations of electrostatic and
heat transfer problems in media featuring curvilinear transverse isotropy, underlying the stress
distribution in materials featuring curvilinear fibers under anti-plane shear stresses.

However, despite the extensive literature, a comprehensive analytical study of mode Il stress fields
in orthotropic solids with rounded notches is notably absent.

In this chapter two highly accurate new solutions will be presented for stress distributions induced by
radiused V-notches with a hyperbolic profile in orthotropic solids.

The first solution aims to improve upon the previous solution by Zappalorto and Carrarol*’ presented
in a previous chapter for radiused V-notches. The second one is proposed to fill the literature gap
existing for in-plane shear in notched orthotropic solids.

To achieve this, the research introduces novel complex potential functions in Lekhnitskii's approach
and utilizes Neuber conformal mapping. Stress-free conditions are carefully imposed away from the
notch tip, and precise boundary conditions are applied in the remaining domain using a Maclaurin
series expansion of relevant stress components. This advanced methodology considers both material
elasticity and notch geometry, resulting in a solution that exhibits superior accuracy compared to
numerical analyses. Leveraging Lekhnitskii's potential function approach and the conformal mapping
technique, these proposed solutions inherently account for notch geometrical features and material

parameters. This provides a promising avenue for addressing mixed-mode fracture problems
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prevalent in engineering applications. The efficacy of these new solutions is demonstrated through
meticulous comparisons with numerical results obtained from two-dimensional finite element

analyses on plates with rounded notches.

2.2 A new explicit solution for the mode | stress fields in notched

orthotropic solids

2.2.1. Analytical description of the notch profile and solution for the stress fields

Consider an orthotropic plate weaken by a radiused notch, the stress-strain relationships can be
written according to 1.49 and 1.59. The edge of a blunt notch with a generic opening angle and
curvature radius at its tip can be described using the mapping function described in chapter 1.64:
7= ¢ 1.1
where z=x+1y and &=u+iv and the notch edge is described by the equation u =u, (figure 1.9)

A solution can be sought by employing a series formulation for the complex potentials:

? (z j ) = Z Aj zfi . However, for the sake of obtaining manageable expressions for the stress fields,
j=1

it becomes necessary to truncate the series expansion to a finite number of terms. This introduces a
tradeoff between the simplicity and accuracy of the resulting solution.

In a previous chapter on the same problem, the solution developed by Zappalorto and Carraro was
described in which the authors opted for a one-term-based solution. This approach offered the
advantage of simplicity and demonstrated satisfactory agreement with numerical results, especially
in the vicinity of the notch tip and along the bisector line. In an effort to enhance this existing solution
and achieve highly accurate stress fields both along and outside the notch bisector line, the present

work adopts enriched forms for complex potentials as outlined below:
-1 -1 a-1 u-1 ‘-1
¢,§1(zl)=A(ﬁj +C(ﬁ] ¢;2(z2)=5£2—2] +D(Z—2j +E[ﬁj 1.2
r-0 r-0 r-O r-0 rO
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. 0.
where z; =X, +iy; =re" and:

X =X"+ 1] yi =By’ I =& +n;

0; =Arg(§; +in;)

1.3

wherein Eq. 11.3 x'=x-ro and y'=y represent the distances from the apex of the notch; instead, A, B, C,

D, E, A, u,  and t are real constants to be determined with proper boundary conditions, under the

hypothesis that 1>A>u>C.

Stress components explicitly read as:

A1
G, =2 (:_1} [ kyy cos(1=1)0, +ky, sin(1-1)0, |+

0

I .
Yaz r_l [kn cos(l -8, +ky, sin(1—p)6, ] +
0

-1

Yo :_2 [,y cos(1-1)8, + k,, sin(1-1)0, | +
0
r p-1

s r_z [ Ky cos(1-)0, +k,, sin(1 - )0, |+
0

¢-1

Yoa| 2 | [y cos(1-)0, + ki sin(l —g)ezj}
rO

A1
Gy = —=> [rr—lj [mn cos(1-1)0, +m,, sin(1-1)6, ] +

0

o [mn cos(1—p)0, + m, sin(1—p)0, ] +

o |»—\_‘

A1

Yoy [ m,, cos(1-1)8, +m,, sin(1-1)0, |+

> |Nﬂ

p-1

r .
K22 I’_2 [mZI cos(1—p)0, +m,, sin(1 - H)62] +
0

-l

Xos| 2| [ My cos(1-£)0, +my, sin(1- )0, ]}
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A-1
Gyp |( T .
T, %{&j [ n,, cos(1-1)0, +n,, sin(1-1)0, |+

pn-1

I .
X12 r_l [nn cos(1—p)0; +ny, sin(1-p)6, ] +
0
A-1
Yor| 2| [cos1-1)0, +n,, sin1-1)8, | + 11.6
o
pn-1
r, .
Y22 o [n21 cos(1-p)0, +n,, sin(l1-p)6, ] +
0
=
r, .
Xa3 P [n21 cos(l1—-C)0, +ny, sin(1-C)6, ]}
0
where:
C B
X12:Z lezx 1.7
D E
Xzzzz ngzz 1.8
I>A>u>¢ AbS(;(lz)?&O 1.9
Abs(y,,) # Abs(lzl)i Abs(lzz)i AbS(Zza) 11.10
A=2 {ﬂlt(ﬂ_l) + leﬁlt(ﬂ_l) + 7(21:3;(/1_1) + 7522:8;(#_1) + Zzsﬂ;(;_l)} .11

Free-of-stress boundary conditions have to be applied to curvilinear stress components o, and 7,

which must be zero along the notch edge (u=uo):

Oulygy = vy, =0 1112
where:
o.+t0o o.—0 20 . 20
o, =—"t—% 4+t % cos——rz,,Sin—
2 2 g 1113
C,—0y . 20 20 '
T ZTSIH__’_TFH COSF
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/2
Along the notch edge (u =u,) and very far from the notch tip (v>0) 6 =%y = iq?so that (see

Eqg. 11.13), boundary conditions can be rewritten as:

I,9|r>>0 :O ”14

v>>0 o=y v>>0 o=y

(7uu|u:u0 = 0'99|r>>0 =0 O'W|u:u0 =0,

Moreover, from Eq. 11.3 one obtains:

(X ) +H(BY) 2rp0) 11.15
and:

0, ~ Arg(cosy+iB; siny)=6;(y) 11.16
where:

p,—(7)=\/00527+(/3,-8in y) .17

In addition to this, since 1<A<u<(¢, far from the notch tip (y'>0) Eq. 11.5 and 11.6 can be

simplified to give:

o :&(ri} {pi(¥)[m,, cos(1 =18, () +m,, sin(1- 16, (y)]+

® Alr 11.18
Xﬂpgil () [mzl cos(1=21)0,(y) +my, sin(1-A)0, (Y)]}
and
o =2l T - {pH (Y)[n,, cos(1-1)0, () +n,, sin(1-1)0,(y) |+

ro A rO 1 11 1 12 1 I I 19

X5 (1) [y cos(1=1)8,(y) +1,, sin(1 = 1)0, (1)]}
Substituting Eq. 11.18 and 11.19 into Eq. 11.14 results in the same system describing the boundary

conditions of a corner singularity, 1.216, which implies the same eigenvalue equation for A:
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cos(L—1)0, (¥) { cos(1 =)0, (y)[m,, (Y)n,; (v) — my, (y)ny, (v) ] -

Sin(L—2)6,(y) [my, (Y)ny, (v) —my, (V)n, (1) ] | - 120
Sin(L—1)0, (v) { cos(1 = 2)0, (v) [m,, (y)ny, (v) = my, (Y)n ()] -

sin(L—2)0,(y) [my, (Y)n, () —m,, (Y)n,(1)] =0

With the aim to determine the remaining 7 constants, the Maclaurin series expansion forc ,andoc,,
q q 0 H .
along the notch edge, r=r(6)=u, /cos’ —, will be used:
q

1%, (9)

x k
u Ug ;E; k! (9£9k x0
6=0
.21
1 07, (9)
uu Z ng
* ik agk 0-0

Accordingly, boundary conditions o, |u:u = auv|u:u =0 can be approximated setting to zero the first

six terms of the Maclaurin series expansion, namely:

ot,, (0
6., (0),_, =0 % =0
0=0
2 3
0 GUUZ(G) 0 0 rws(e) o
P b P 11.22
4 5 '
0 Guu4(9) 0 0 ruvs(e) 0
0" |, o0 .,
6
0 csuue(e) 0
o0 .,
2k-1 2k-2
also considering that 2‘;(“1(9)| 0 Tuv(9)| =0 for symmetry reasons.

By explicitly substituting stress components into Equation 11.22, a non-linear system of seven
equations is obtained. This system can be numerically solved using the Newton-Raphson method,
considering different starting points in the 7-dimensional space {t, u, {, X12, X21, X22, X23}- Due to

the non-linearity of the problem, the solution is not unique. Among all possible numerical values that
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satisfy Equation (35), the combination minimizing the residual stress components GUU|u:u0 and

o) is selected.
0

UV|u:u

To this end, the following function to be minimized is defined:
2
- } with O0<v, <v, , and N e{l;2;...; N} 11.23

N 2
Foy [a} {au .
n=0 v=v, v=y,

where V,, is the point of the curve U =u, associated to a certain angle €., N =10 and &, are equally

distanced angles between 0 and vy.
The steps taken to determine the 8 constants: t, A, u, &, ¥12, X21, X22, X23, are summarised here below:
1) A value is calculated by solving Eq. 11.20;
2) astarting point for the Newton method is chosen in a 7-D sphere centred at the origin of the
space {t, u, G, X12, X21, X221 X23}
3) the system given by Eq. 11.22 is solved using Newton method and the starting point previously
chosen;
4) Does the found solution respect the following basic conditions?

a 1>A>p>(¢

b. AbS(y,) # Abs( 1z, ) # Abs (1, ) # Abs(1,5)
C. AbS(}(lZ) #0

If not, the solution is not compatible, and a different starting point has to be selected (back
to point 2);
5) Whenever the basic conditions at point 4 are respected, the optimizing function F is calculated
and:
a. ifF = 0the algorithm succeeded, and the obtained solution is regarded as the optimal

one;
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b. otherwise, a different starting point has to be selected (back to point 2).

2.2.2. Discussion and comparison with numerical results

The stress fields obtained from the new solution were subjected to comparison with results from
numerous numerical analyses to evaluate the accuracy of the findings. Three distinct materials were
considered:

- Material 1 characterized by Ex=10 GPa, Ey=160 GPa, Gxy=5 GPa, and vxy=0.01875;

- Material 2 with properties Ex=160 GPa, Ey=10 GPa, Gxy=5 GPa, and vxy=0.30;

- Material 3, an isotropic material with Ex=10 GPa, Ey=10 GPa, Gxy=3.846 GPa, and vxy=0.3.
It is notable that Material 1 is highly stiff in the loading direction (Ey/Ex=16), causing intense stress
concentration at the notch, while Material 2 is stiff in the direction normal to the load (Ey/Ex=0.0625),
resulting in lower stress concentration.
The analyses focused on plates subjected to tension and featuring symmetric lateral hyperbolic
notches, characterized by a profile described by Eq. 1.1, Figure Il1.1. Three different notched
geometries were analyzed for each material, with dimensions summarized in Table Il.1. Stress
parameters for the analyzed geometries and materials were summarized in Table 11.2.
All finite element (FE) analyses were conducted using Ansys®, version 19, with parabolic
isoparametric elements (PLANE183) creating regular mesh patterns. A fine discretization close to
the notch tip was ensured, with elements sized around p/40, figure 11.2. Stresses in the FE models
were evaluated along the bisector line, on the notch edge, and on circular paths centered on the origin,
figure 11.3.
The numerical results, depicted in figures 11.4-11.15, were compared with the new analytical solution
and the previous solution by Zappalorto and Carrarol“’l. In general, the accuracy of Egs. 11.4-11.6 was
exceptionally high. Specifically, for a notch opening angle 2a=30°, stress along the bisector line

exhibited excellent agreement with numerical data (Figure 11.4). Even for larger opening angles
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(20=90° and 2a=135°, Figures 11.5 and 11.6), the new solution maintained a high level of accuracy,
surpassing the precision of the previous formulation.

Further examinations of stress distributions along circular paths (Figures 11.7-11.8) and along the notch
edge (Figures 11.10-11.12) for different materials and notch opening angles revealed consistently
satisfactory accuracy for the new equations proposed in this work. Notably, the accuracy remained
high irrespective of the material and the notch opening angle, from very stiff loading direction
materials (Material 1) to those stiff in the direction normal to the loading (Material 2).

The influence of the notch root radius was investigated (Figures 11.13-11.15), showing that the
accuracy of the new solution was independent of the notch root radius and consistently high across
various radii.

In summary, the comprehensive numerical study affirmed the satisfactory accuracy of the new
solution (Egs. 11.4-11.6) across diverse materials and notched geometries. Overall, the new solution
outperformed the previous formulation by Zappalorto and Carrarol*® especially in scenarios

involving materials highly stiff in the loading direction and large notch opening angles.

Opening angle  Semi-width Semi-height Notch depth Root radius

Geometry
20 (°) W (mm) L (mm) a (mm) p (mm)
Gl 30 100 150 10 0.1,1,25
G2 90 100 150 10 0.1,1,25
G3 135 100 150 10 0.1,1,25

Table I1.1. Summary of the notched plates studied.
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Opening

angle A u o t x12 x21 x22 x23

20.(°)
30 0.0537 05014 0.1014 -0.8172 19074 -0.0515 -0.9896 0.0518 -0.0002
45 0.0494  0.5050 0.2211 -0.2818 1.7006  -0.0957 -0.9897 0.0961 0.0004
60 0.0467  0.5122 0.2569 0.1048 1.6191 -0.1260 -0.9892 0.1249 0.0015
90 0.0436  0.5445 0.2706  0.2028 14311 -0.1425 -0.9881 0.1396 0.0033
120 0.0426  0.6157 0.3024  0.2380 12511 -0.1143 -0.9862 0.1124  0.0022
135 0.0428 0.6736 0.2736  0.2236 1.1464 -0.0757 -0.9848 0.0739 0.0021
150 0.0431  0.7520 0.2293 -0.6233 1.1199 -0.0394 -0.9832 0.0395 0

Table 11.2. Stress fields parameters to be used in Egs. 11.4-11.6. Hyperbolic notched in plate under
mode |. Material 3 (isotropic) and different opening angles

Geometry Material A A M d t Y12 x21 x22 A23
Gl M1 10.1530 0.5003 0.4703 -1.6466 1.9476 -0.0249 -0.1642 0.0464 -0.0024
Gl M2 25057 0.5101 0.3801 -0.9021 1.8123 -0.0448 -0.1315 0.0651 -0.8084
Gl M3 0.0537 0.5014 0.1014 -0.8172 1.9074 -0.0515 -0.9896 0.0518 -0.0002
G2 M1 8.8311 0.5087 -0.440 -0.5103 1.7378 0.0023 -0.1059 0.1153 -0.1089
G2 M2 24312 05936 0.2188 0.1687 1.4130 0.0199 -0.0896 0.7857 -0.7916
G2 M3 0.0436 0.5445 0.2706 0.2028 1.4311 -0.1425 -0.9881 0.1396 0.0033
G3 M1 6.6374 0.5456 -0.0707 -0.3078 1.4986 0.0102 -0.0807 0.0329 -0.0219
G3 M2 22894 0.7261 0.2783 0.1057 1.1859 0.0075 0.0357 0.0164 -0.0133
G3 M3 0.0428 0.6736 0.2736 0.2236 1.1464 -0.0757 -0.9848 0.0739 0.0021

Table 11.3. Stress fields parameters to be used in Egs. 11.4-11.6. Hyperbolic notched in plate under
mode I. Different materials and opening angles.
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Figure 11.1. Schematic of the plate with two symmetric hyperbolic notches under tension.

Figure 11.2. Example of one FE model used to analyse hyperbolic notches (one quarter of the entire
71

plate and details of the notch tip). Notch opening angle 2a

depth a=10 mm.



Notch edge

Figure 11.3. Schematic of the circular paths where stresses were evaluated. The paths are centered on
the origin of the coordinate system used for Egs. 11.4-11.6.
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Dashed lines: Zappalorto and Carrarol*’l
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Figure 11.4. Mode | normalised stress component cee evaluated along the bisector; hyperbolic notch
with 2a=30°, a=10 mm, p=1 mm and W=100 mm. Results from Eq. 1.5 compared with FE results
and with the solution by Zappalorto and Carrarol*°l. Different materials.

72



E? O Material 1
? 0.1 a Material 2
- A Material 3 (isotropic)
i p=1mm, 2a =90°
i Solid lines: Eq. 11.4-11.6
L Dashed lines: Zappalorto and Carrarot*l
Symbols: FEM
0.01 1 1 1 Il [ Il Il 1 | [ | 1 Il Il Il L1 1
0.01 0.1 1 10

Distance from notch tip (mm)

Figure 11.5. Mode | normalised stress component cee evaluated along the bisector; hyperbolic notch
with 20=90°, a=10 mm, p=1 mm and W=100 mm. Results from Eqg. 1.5 compared with FE results
and with the solution by Zappalorto and Carrarol*®l, Different materials.
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Figure 11.6. Mode | normalised stress component cee evaluated along the bisector; hyperbolic notch
with 2a=135°, a=10 mm, p=1 mm and W=100 mm. Results from Eq. 11.5 compared with FE results
and with the solution by Zappalorto and Carrarol*°l. Different materials.
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Figure 11.7. Mode | normalised stress components evaluated along a circular path or radius r= 2ro
embracing the notch tip. Hyperbolic notch with 2a=30°, a=10 mm, p=1 mm and W=100 mm.
Material 1. Results from Eq. 11.4-11.6 compared with FE results and with the solution by Zappalorto
and Carrarotl,
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Figure 11.8. Mode | normalised stress components evaluated along a circular path or radius r= 2ro
embracing the notch tip. Hyperbolic notch with 2a=90°, a=10 mm, p=1 mm and W=100 mm.
Material 2. Results from Eq. 11.4-11.6 compared with FE results and with the solution by Zappalorto
and Carrarol*l,
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Figure 11.9. Mode | normalised stress components evaluated along a circular path or radius r= 3ro
embracing the notch tip. Hyperbolic notch with 20=135°, a=10 mm, p=1 mm and W=100 mm.
Material 3. Results from Eq. 11.4-11.6 compared with FE results and with the solution by Zappalorto
and Carraro!*l,
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Figure 11.10. Mode | normalised stress component cvw (maximum principal stress) evaluated along
the notch edge. Hyperbolic notches with 2¢=30°, 90° and 135°, a=10 mm, p=1 mm and W=100 mm.
Material 1. Results from Eq. 11.4-11.6 compared with FE results and with the solution by Zappalorto
and Carrarotl,
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Figure 11.11. Mode | normalised stress component ow (maximum principal stress) evaluated along
the notch edge. Hyperbolic notches with 2¢=30°, 90° and 135°, a=10 mm, p=1 mm and W=100 mm.
Material 2. Results from Eqg. 11.4-11.6 compared with FE results and with the solution by Zappalorto
and Carrarotl,

1.4
1.2 |
1|
o 0.8 F
b" L
> C
6 0.6 [
A 202300 Material 3 (isotropic)
0.4 N 2(1:900 p =-1 mm
L 020=135c Solid lines: Eq. I1.4-11.6
02 F Dashed lines: Zappalorto and Carrarol*l
i Symbols: FEM
0 L 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1 1 1 | 1
0 20 40 60 80 100
0(°)

Figure 11.12. Mode | normalised stress component ow (maximum principal stress) evaluated along
the notch edge. Hyperbolic notches with 20=30°, 90° and 135°, a=10 mm, p=1 mm and W=100 mm.
Material 3. Results from Eq. 11.4-11.6 compared with FE results and with the solution by Zappalorto
and Carrarol*l,
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Figure 11.13. Mode | normalised stress component ovw (maximum principal stress) evaluated along

the notch edge. Hyperbolic notches with 2a=135°, a=10 mm, and W=100 mm. Material 1 and
different root radiuses. Results from Eq. I1.4-11.6 compared with FE results.
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Figure 11.14 Mode | normalised stress component cw (maximum principal stress) evaluated along
the notch edge. Hyperbolic notches with 2a=135°, a=10 mm, and W=100 mm. Material 3 and
different root radiuses. Results from Eq. 11.4-11.6 compared with FE results.
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Figure 11.15. Mode | normalised stress component ceg evaluated along the bisector; hyperbolic notch
with 20=90°, a=10 mm and W=100 mm. Material 2, different root radii. Results from Eq. I1.5
compared with FE results.

2.2.3. Advantages and limitations of the developed solution

The authors have invested significant efforts in formulating an analytical yet straightforward solution
for stress fields induced by lateral rounded notches in orthotropic plates under tension. The proposed
solution incorporates terms accounting for crucial geometrical parameters (notch angle, notch root
radius) and material characteristics (orthotropy ratio). The calculation of stress field parameters in
this solution involves a numerical optimization procedure for a given notch opening angle and
material. Despite the necessity of numerical optimization, the algorithm proves highly efficient,
allowing for the rapid determination of optimal parameters. Notably, after calibration, the obtained
parameters remain applicable to any notched plate or component with the specified opening angle
and material, independent of specific geometric details, notch root radius, or notch depth.

In contrast to a fully numerical approach like the Finite Element (FE) method, where approximations

are introduced at the outset, the developed solution offers an advantage. Its ability to provide general
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insights into the effects of key geometrical and material parameters sets it apart from purely numerical
investigations. An additional noteworthy aspect is the role of stress field solutions in the development
of failure criteria for notched bodies, a crucial consideration in fracture mechanics. Many established
failure criteria implicitly or explicitly rely on stress field solutions. Consequently, refining and
introducing accurate solutions for stress fields near geometrical variations, represents a vital step in
formulating effective fracture criteria for notched bodies. From a mathematical standpoint, the new
solution is applicable to infinite bodies, as indicated by the conformal mapping in Eq. I1.1 used to
describe the notch boundary. However, as demonstrated in the preceding section, the solution
effectively characterizes the local stress field near the notch tip in finite-sized plates. This aligns with

similar local stress field solutions in existing literature. Furthermore, the solution is specifically valid
for orthotropic materials meeting the condition (2812 +866)2 >4S,S,,, satisfied by a majority of

natural orthotropic materials and numerous composite configurations. It is worth noting that if this

condition is not met, as exemplified by angle-ply laminates, the solution is deemed invalid.

2.3. Stress distributions in orthotropic solids with blunt notches under

in-plane shear loadings

2.3.1. Finite plate with two symmetric hyperbolic notches

Consider the following mapping function, shown in figure 1 (Timoshenko and Goodier[):
z=c-sinh§ 11.24
In Eq. 11.24 z = x +iy and &=u +ivo are complex variables whereas c is a proper constant. Substituting

vo=0 a deep crack can be obtained whereas, when v, >0a notch with a hyperbolic boundary can be

described, with foci located at x ==+c.
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\ / v=const

v

Figure 11.16. Schematic of the contour lines and the corresponding notch boundary generated by Eq.
11.24.

The plate net section and the radius at the tip of the notch can be assessed using the following
equations:

H=c-sinv, p=C-Cotv,-Ccosv, 11.25
Consider the reference system depicted in figure 11.16; the stress components can be computed using

the following complex potentials:

¢ (2)= iA-ﬁan{ 7, ++/2} +b? —yfhz}
¢H2(22):—iA-ﬂan{ Z, +4/22 +0° —,uzzhz}
where:

b=./p-h 11.27

and p is the curvature radius at the apex of the notch. Eq. 11.26 guarantees the free-of-stress conditions

11.26

along the notch edge (v=vo). Since:
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6Ln{zj+«/zf+b2—ufh2}_ 1 1128
0z, - JZ2 +b* +p%h’ '
i i i

Leads to;
o —A-Rel__BBL B
\/zf +ph +B2h? ng +ph +B5h?
5, =A-Re B, 1 1129
JZ2+ph+B%h?  \Jz2 +ph+B2h?
Txy =A-Re BZBl _ BlBZ
JZ2+ph+B2h?  \[z2 +ph+B2h?

Parameter A can be linked to the nominal shear stress on the net section, using to the following

expression:
h
[1ydy=1,h 11.30
0
Substituting Eq. 11.29 into Eq. 11.30 allows one to obtain A=t Q , Where:
g
g :{B—;Arg[iZBlJp/h +(p/h—ﬁf)]—%Arg[izﬁ2,/p/h +(p/h—[3§)]} .31
Eventually, stresses can be re-written taking advantage of the following variables:
by =R +9 6, = Argl%, +19, | 1132
11.33

%; =x*—ply* +ph+h*p; Ji=2Bxy

providing:
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ho qonwe . B . 0
6, =T, E{Bzﬁfplm s1nEl —B,B5p," % sin ?2}
o awe . 0 pawn. 0
Gy =T E{szlm s1n31—[31pz”2 sin ?2} 11.34

h ~-1/2 él ~-1/2 éz
T, =T, — COS—— COS —
Xy nn g BlBZ {pl 2 pZ 2

It is important to note that a limitation of the suggested solution is that, for a specific net section (2h),
the notch opening angle (2a) is influenced by the notch root radius, as illustrated in the following
expression:

20.= 2Arctan (\/p/h) 11.35
As indicated by equation 11.35, substantial opening angles are correlated with either sizable notch
root radii or constrained net sections exclusively.

2.3.2. Orthotropic plate weakened by a parabolic notch (blunt crack)

The problem of an orthotropic plate weakened by a parabolic notch (figure 11.17) can be addressed
taking advantage of the mapping function (Neuber!?8):

z=¢ 11.36
where z = x + iy and &=uo + iv.

The notch apex is at a distance equal to p/2 from the origin of the coordinate system, where p is the

curvature radius at the tip (v=0).
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Figure 11.17. Schematic of notch with a parabolic boundary as described by Eq. 11.36, with the
associated coordinate system.

Stress-free conditions on the notch boundary are guaranteed by the following complex functions:

1

1
¢|,41(21):i'6"217E ¢;|2(Zz):_iA'ZziE 11.37

where A is a real constant. Differently, zj are complex variables defined as:

. i0;
Z,=X;+ly;=rge 11.38
where:

=x'+£p2 =By 1139
Xj=x+2B; yi =By '

_ 2 2
=X +Y]

and x' and y' are the distances from the apex of the notch, as evaluated along the x and y directions.

0, =Arg(x; +1iy;) 11.40

Substituting Eq. 11.37 into Eq. 1.104 gives:

. 0 . 0
B smzl p2 s1n?2
XX
_ —1/2 . Yp -1/2 . YUy
Oy, (=AL —sin— |1, —sin—= 11.41
T
Y 0, 0,
B, COSE B, cos?
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where A is a constant to determine, depending on the nominal applied stress, the geometry of the
notched body and its elastic properties.
Accordingly, along the notch edge, the only non-vanishing stress turns out to be:

6,+0, G6,—0C ,
6, =———2———cos0—1,sinb =

" 2 2

Ar 2 {—[(Bf _1)—cos9<[512 +1)} sin%—[&1 cose—zlsine} .42
ALY {%[(Bg —1)—cos(9([3§ +1)}sin%—ﬁ2 cos%sinO}

There are several ways to define parameter A:
1. As a function of the maximum shear stress along the bisector of the notch. When y’=0, equation

(30) can be simplified as:

T, =A B} - Bf 11.43
J2X+Bf \/2X+B§
p p

From Eq. (32) it is possible to derive that:

A — Txy,max — Xy, max II_44

Xy, max

AQi|l A

B, B
\/2xl+Bf \/2XI+B§
p p

where X'represents the distance from the notch tip corresponding to the maximum value for the shear

stress txy, to be determined thanks to the following equation:

. . . 11.45
\/2X+Bf J2X+B§
P p
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2. It can be linked to the maximum value of the normal stress ow along the notch boundary, where:

X'=p/2(c0529—1j y':p/2sin_29 11.46
2 2
Accordingly:
GW max
A=—— .47
Gw,max
where:
- a1 . .0 0, . =
G =22 {E[(Bf —1) —cosO(Bf + 1)] smEl—B1 coszlsm 9}
. . 11.48
~_1/2 1 2 ~ 2 . 92 62 . X
—f, {E [(BZ —1)—0056([32 +1)]s1n?—[32 cos?sme
and §is the solution of the following equation:
oG,
E X':p/Z(CosQ%—lj = O I |49

. 20
'=p/2sin 2=
y=p 2

3. It can be linked to a generalized stress intensity factor, Kz,. Indeed, at a proper distance from the

notch tip, Eq. 11.43 simplifies to give:

Ty =—17—> 11.50

At such a distance, the stress field of the blunt crack matches that the crack:

K
=2 11.51
2nx'

Txy

Equating Eqg. 11.51 and Eq. 11.50 gives:

1 K,

Bl _Bz \/E

Where K, is the mode 11 generalised stress intensity factor for the orthotropic blunt crack.

A= 11.52
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Equating Eqg. 11.52 and Eq. 11.44 or Eq. 11.47 allows K, to be expressed as a function of 1 or

Xy, max

Gw,max .

Ka)=%51E&an~rme 11.53
Xy, max

sz:rgLZE&w/np-cW“mx 11.54

2.3.3. Blunt notches with a generic opening angle

2.3.3.1. One term-based solution
Consider an orthotropic plate weaken by a radiused notch, the stress-strain relationships can be
written according to 1.49 and 1.59. The edge of a blunt notch with a generic opening angle and

curvature radius at its tip can be described using the mapping function described in chapter 1.64:
z=E" 11.55
where z=x+1y and &=u+iv and the notch edge is described by the equation u = u, (figure 11.18)

Initially, for the sake of simplicity, the following one term based complex functions are proposed to

address this problem:

dn(2,)=—-1Az" ¢, (z,)=-iBz,™ 11.56
where A and B are real parameters, whereasz; = X; +1y; = rjeiej and:

Xj:X""roBE yj:Bjy' = [aj?+nj? 0; = Arg(g; +in;) 11.57
In particular, X'=x-ro and y'=y represent the distances from the apex of the notch, whilst t is a positive

real number which is expected to depend on the notch angle and the material properties. Substituting

Egs. 11.56 into Egs. 1.64 gives:
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o, = AR [ ky, cos(1-2)0, —k;, sin(1=1)0; |+ B [ k,, cos(1-21)0, —k,, sin(1-1)6, |
Gy = A [ my, cos(1-1)8, —m,, sin(1-1)0, |+Br”' [ m,, cos(1-2)8, —m,, sin(1-1)9), | 11.58
1, =Ar""[n,, cos(1-1)0, —n,, sin(1-1)0, |+Br,”" [ n,, cos(1—4)0, —n,, sin(1-1)0, |

Stresses in the (u,v) system can be determined assessed as (Lazzarin and Tovol??):

oy, =2 %0 | Ow=Om 50 p 20
uu 2 2 C]
G,+0y O,—OC 20 . 20
o, = ”2 00 _ ”2 % cos—+o,,SiN — 11.59
G, —GCqy . 20 20
T, = —+—%sin —+c,C08—
2 q

. 0. L
where, as mentioned before, —— is the angle between the u and the r directions.
q

The free of stress conditions on the notch boundary read as:

c = TUV|u:u0 =0 11.60

uu|u:u0

Far from the notch tip, along the boundary, 6 =y so that:

I~ /(x' )2+([3jy')2 = r\/coszy+([3jsin y)2 =rxp; 11.61

0; zArg(c03y+i[Sjsin y):ej(y) 11.62

Accordingly, Eqg. 11.60 can be re-written taking advantage of the following equations system:

b,, b, \[A
( 11 12}{ }:O 11.63
b21 b22 B

by, = p;™ [ my, (v) cos(1 =10, (v) —myy () sin(1-1)0, (v) |
by, =p5™" [ My, (1) cos(1=2)0,(y) —my, (Y)sin(1-2)0,(y) |
by, = pl™ [ my, (y) cos(1 = 1), () =y, (v)sin(1 = 1), (v) |
by, = p3! [ 120(¥) cos(1=2)0, () =1, (¥)sin(1 = 1)0, (1) |

11.64
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Imposing Rouche-Capelli conditions to the system in Eq. 11.63, results in the following eigen-

equation, which solved gives A

cos(1—2A)0,(y) { cos(I-=1)6,(v) [mlz (Y)n,,(y) —m,, (y)n,, (Y)] -
sin(1-21)0,(y) [mn(y)nzz (y)—m,, (V)nll(Y)] } -

11.65
sin(L—2)0, (y) { cos(1=1)0,(v) [m,, ()1, (v) —my, (Y)n,, ()] -
sin(L-21)0,(y) [mll(y)nn(Y) - m21(Y)n11(7)] } =0
Moreover, the following relationship between A and B holds valid:
5= ax P DM eost DB —my@sind-10M] _, - .66

P5 (1) [my (v) cos(1 = 1)8, (v) —my () sin(1 - 1)0, (v)]
Eq. 11.65 exactly equates the eigen-equation associated to pointed V-notch case with the same notch
angle (Zappalorto and Carrarol®9).

At the apex of the notch (x’=y’=0), the condition csuu|u=u =0 is guaranteed by symmetry, whereas

the condition =0 requires that:

uv |u:uO

_ Ln(=
g= NG /B;) 1167
1-2

Thanks to Eg. 11.66, Egs. 11.58 can be re-arranged in the following form:
o, = A ky, cos(1=1)0, —ky; sin(1=1)0; |+ x5~ | K, cos(1-1)0, —k,, sin(1-1)9), |

oy = A~ [ my, cos(1-1)0, —my, sin(1-2)0, |+x,1~" [ m,, cos(1=1)0, —m,, sin(1-1)0, | 11.68
T, =A™ [0, cos(1-1)0, —n,, sin(1-1)0, |+ %13~ n,, cos(1=2)0, —n,, sin(1-1)0, |

As previously explained in the context of the parabolic notch, parameter A can be formulated based
on the maximum shear stress along the notch bisector, the maximum principal stress along the notch

edge, or as a function of the mode Il Generalized Stress Intensity Factor.
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2.3.3.2. Improved solution with additional terms

The single-term solution presented in the preceding section is advantageous for its simplicity and ease
of use. However, its accuracy was found to be insufficient when A < 1, particularly when the material
exhibits high stiffness in the x-direction. To enhance the precision of the analytical solution, a novel
approach is introduced here. This approach involves employing complex potentials with multiple
terms and utilizing an optimization algorithm for refining the boundary conditions. This combination
aims to achieve an optimal balance between solution accuracy and simplicity. In this regard, the

complex potentials are selected in the following form:
¢ (2,)=—iAz; " —iCz™ ., (2,)=-iBz; " —iDzy " —iEz; ™ 11.69

where all the complex variables defined in the previous section hold valid, and A, B, C, D, E, A, , ¢

are real constants and, by hypothesis, ¢ <u <. Substituting Eq. 11.69 into Eg. 1.64 and extracting

the real parts of the obtained expressions, allows the following equations for the stress components

to be derived:

G, = A{ ! [klz cos(1-21)0;, —k,, sin(1-2)0, ] o [klz cos(1-p)6, —k,, sin(1—p)0, ] +
oty [ Ky cOS(L=2)0, — K sin(1=2)8, |+ %,,5" | Ky cOs(1 =)0, — ko, sin(1 - )0, |+ 11.70

sty I:kzz cos(1-C)0, —k,, sin(1-0)8, ]}

Gy = A{rlH [mlz cos(1-21)0, —m,, sin(1-2)0, ] o [mlz cos(1-p)0, —m,, sin(1— )0, ] +
oty | My, cOS(1L=2)0, —my; sin(1—=1)0, |+ 7,15~ [ m,, cos(1—- )0, —my,, sin(l )6, |+ 1.71

ety [mzz cos(1-£)0, —m,, sin(1-£)0, ]}

I A{rf‘1 [nlz cos(1-21)0, —n,, sin(1-1)0, } + 4yt [nlz cos(1-p)0, —n,, sin(1-pn)0, ]

oty [nzz cos(1-21)0, —n,, sin(1— ?»)92] + 4y n [nzz cos(1-p)0, —n,, sin(1-n)o, ] + .72

sty [nzz cos(l1-C)b, —n,; sin(1-0)6, }}

where:

X12 =0 Ko =5 X2 =0 Aoz = 11.73

>|m

< B b
A A A
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L<pu<i  05<h Abs( 7,,)#0 11.74

Abs(y,,) # Abs( 1, ) # Abs( 1y, ) # Abs( 1) .75

As previously mentioned, parameter A can be defined based on the maximum shear stress along the
notch bisector, the maximum principal stress along the notch edge, or as a function of a mode Il
Generalized Stress Intensity Factor. The stress components in the curvilinear coordinate system (u,v)
can be established using Equation 11.59.

The eigenvalue A has been calculated solving Eqg. 11.65 as for the one term potentials solution above

presented. The remaining 7 constants have been determined approximating the free-of-stress

conditions, c =0, using the Maclaurin expansions of ¢, and t,, and setting to zero
0

UU|u=u0 Wiu=u

the terms of the series expansions:

0 o, (6)
Tuv (6)‘620 = 0 T = 0
0=0

o’t,, (9) 0 %, (6) 0

O o oo 6=0 11.76
IO _,  Pou(®) _, |

0" | B 0° | B
a%w (9) 0

0° | -

Such an approach was introduced, for the first time by Lazzarin and Tovo[?,

Conditions given by Eq. 11.76 form a non-linear system of equations, and has been solved numerically
using the Newton-Rhapson method for different starting points in the 7-D space {t, u,
X125 X215 X225 X23}-

It is worth noting that, given the approximate nature of such an approach, the solution is not unique,

and among all the possible numerical solutions satisfying Eq. I1.76, that minimizing the residual stress
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components ¢ and t is chosen. To this end the following objective function has been

uu |u:u UV|u:uO

minimized:

N 2
F :Z\/|:Tuv uuo} +{o-u
n=0 V=Vq

where v, is the point of the curve u=u, associated to a certain angle 6,, N =10, ¢,=0° and

and ne{L2;..;N} 11.77

=Ugy

u n+1
v=y,

2
} with O <v, <V,

n

6, :ﬁ*n. To expedite the process further, it is feasible to confine the 7-dimensional region
+

from which starting points for the Newton method are selected. This confinement involves limiting

the region to a 7-dimensional sphere cantered at the origin with a radius of 1, where the final solution

is anticipated. Additionally, the Euclidean distance between the current starting point and the previous

ones is mandated to be greater than 0.1. If no viable solution is identified under these search

parameters, it is plausible to increase the radius of the 7-dimensional sphere or decrease the minimum

distance between starting points. However, in all cases examined in this study, a radius of 1 and a

distance of 0.1 proved sufficient for obtaining an appropriate solution.

In summary the steps taken to determine the 8 constants: t, A, w, {, X12, X21, X22, X23, are summarised

here below:

1) Calculate A solving equation 11.65.

2) Choose a starting point for the Newton method in a 7-D sphere centred at the origin of the space
{t, . & X12) X21, X220 X233}

3) Solve system (59) using Newton method and the starting point previously chosen;

4) Check if the solution found respect the basic imposition: £ <u <X and 0.5 <A ; and for notch
opening angles greater than 0, Abs(,) # AbS( z,,) # Abs( z,, ) # Abs(7,), Abs(z,,) #0. If the

solution is not compatible restart from point 2) choosing a different starting point;
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5) Calculate the optimizing function F. If F = 0 the algorithm ends and this is the solution found,
otherwise return to step 2) choosing a different starting point.

2.3.4. Discussion and comparison with numerical results

To assess the precision of the newly developed solutions, several numerical analyses were conducted

and directly juxtaposed with the stress field results obtained from the new equations. To achieve this,

three distinct materials were taken into consideration:

1) Material 1 with the following properties: Ex=160 GPa, Ey=10 GPa, Gxy=5 GPa, v&,=0.30 so that
B1=0.7198, B2=5.5572;

2) Material 2 with the following properties: Ex=10 GPa, Ey=160 GPa, Gxy=5 GPa, vxy=0.01875 so
that B1=0.1799, B=1.3893;

3) Material 3 with the following properties: Ex=10 GPa, Ey=10 GPa, Gxy=3.846 GPa, vxy=0.3 so
that B1=0.9904, B,=1.0095;

The analyses were carried out on plates under in-plane shear weakened by central holes (see the

schematic in figure 4) with a profile described according to Eq. 11.25, 11.36 and 11.55.
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Figure 11.18. Numerical investigations: schematic of a plate with a hyperbolic or parabolic hole under
in-plane shear analysed in this work(a); examples of the FE models used to analyse hyperbolic

notches (one quarter of the entire plate and details of the notch tip) (b).
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A summary of the geometry analysed is reported in table I1.4, whereas a summary of the main stress

field parameters for the analysed geometries and materials is reported in table I1.5.

. Net ligament  Notch depth  Notch root Notch
Geometry Contraction . o
(mm) (mm) radius (mm)  angle (°)
Central_ hole with a hyperbolic profile Gl 30 90 10 90
defined according to Eq. 11.25
Centra] hole with a parabolic profile G2 90 10 195 0
defined according to Eq. 11.36
Central_ hole with a hyperbolic profile G3 90 10 195 45
defined according to Eq. 11.55
Central_ hole with a hyperbolic profile G4 90 10 195 90
defined according to Eq. 11.55
Central_ hole with a hyperbolic profile G5 90 10 195 135
defined according to Eq. 11.55
Table 11.4. Summary of the geometries studied
A x12 x22 x23
Geometry ~ Material A p ¢ t x21
(MPa mm(lfl)) (mm(’hfu)) (mm(7~*u)) (mm(l{))
G3 M1 -2.5501 0.883125 0.436509  -3.77389  1.76709  0.232286  -0.2636  -0.03374  -70.2644
G3 M2 -10.065 0.615966 0.437396  -1.51039  1.91219 0591025 -1.2279  -0.05245  -0.00631
G3 M3 -0.0658 0.659691 0.416372 0.14443 167624 013761  -0.998 -0.1354  0.002903
G4 M1 0.0178901 1.1329 / / 3.12311 / -0.0554 / /
G4 M2 -6.63265 0.764813 0.465017  -1.84467  1.7738 0069392  -0.8623  -0.11115  -0.00118
G4 M3 -0.02197 0.908494 0514887  0.354236  1.40725  0.055617  -0.9862  -0.05498  0.001425
G5 M1 0.005674 1.44127 / / 2.68283 / -0.0115 / /
G5 M2 -0.1282 0.982278 0.447172  0.340341 151223  0.010947  -0.1474  -0.0025  0.001192
G5 M3 0.0004264 1.30203 / / 2.6699 / -0.9660 / /

Table I11.5. summary of the stress fields parameters to be used in Eq. 11.70-72 for the geometries and

the materials under investigation.

Finite Element (FE) analyses were conducted using the Ansys® version 19 software package.

Parabolic isoparametric elements (PLANE183 in ANSYS) were employed, and the analyses utilized
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very fine meshes, particularly near the apex of the notch, with element sizes approximately equal to
p/50 for enhanced accuracy in the results.

In Ansys, parabolic and hyperbolic notch profiles were generated by importing numerous keypoints
(ranging from 100 to 200, depending on the specific geometry) aligned along the mathematical curve
describing the notch. Each pair of keypoints was connected with a spline, accurately reproducing the
notch boundary in the FE code. An illustration of the FE models and mesh patterns is presented in
Figure 11.18.

Theoretical results (lines) were compared with numerical results (symbols) in Figures 11.19-26 and
Figures 11.28-31. Specifically, Figure 5 displays stress fields along the bisector of a hyperbolic notch,
as described by Eq. 11.25, for different materials, while Figure I1.20 presents the shear stress
distribution along the bisector of a parabolic notch. In both cases, there is noteworthy agreement
between the analytical solutions and the numerical results. Although the solutions are exact for
infinitely deep notches from a purely mathematical perspective, the developed analytical frameworks
prove effective even for notches with finite depths.

Figures 5 and 6 also reveal that increasing material stiffness in the direction normal to the notch
bisector line leads to a maximum shear stress value located closer to the notch tip. Conversely,
solutions proposed for blunt notches with a non-zero opening angle, as described by Eq. 11.55, are not
exact. For this scenario, a comprehensive study was conducted, considering various notch opening
angles for all materials. Stresses were evaluated not only along the notch bisector line but also along
the notch edge and on circular paths of different radii cantered on the origin of the coordinate system
used for stress distributions (see Figure 11.27).

It is essential to note that when the linear elastic eigenvalue A exceeds 1, the solution based on a
single-term complex potential (Eq. 11.58) is sufficiently accurate. However, when A is less than 1, the
solution given by Eq. 70-72, based on three-term complex potentials, was employed to enhance

accuracy. Figures 11.21-26 and 11.28-31 present an explicit comparison between the analytical
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solutions and a substantial set of numerical results, demonstrating the high accuracy of the proposed

analytical solutions.

Specifically, the results for the mode II stress components txy assessed along the bisector of

hyperbolic notches with opening angles of 20 =45°, 90°, and 135° are depicted in Figures 11.21, 11.22,

and 11.23, respectively. These figures reveal a strong agreement between the proposed analytical

solutions and numerical results. Similar to the observations for the parabolic notch, hyperbolic

notches with a non-zero opening angle exhibit an increased maximum shear stress closer to the notch

apex with higher material stiffness in the direction normal to the notch bisector line.

Furthermore, for the material configurations explored, it is noteworthy that only when 2a = 45° is the

linear elastic eigenvalue A consistently less than 1 (refer to Figure 11.21 and Table 11.5), irrespective

of the material. In contrast, for larger angles, A remains below 1 only when the material demonstrates

sufficient stiffness in the direction normal to the notch bisector line.

Figures 11.24-26 illustrate the distribution of the maximum principal stress along the notch edge for

various opening angles and materials. Several observations can be made:

e For a given material configuration, a smaller notch angle corresponds to a higher stress
concentration along the edge.

e Increasing the notch opening angle, for a given material, results in the maximum principal stress
location along the notch edge moving away from the notch tip.

e For a given notch opening angle, the stiffer the material in the direction normal to the notch

bisector line, the higher the stress concentration.

Lastly, stress components evaluated along circular paths cantered at (x=0, y=0) are presented in
Figures 11.28-31 for different materials and geometries. In all cases, the analytical solution

demonstrates noteworthy accuracy.
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® Material 1 ¢
0.4 A Material 2
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’ Hyperbolic profile Eq. 11.25
0.2 p =10 mm, h=30mm, a=90 mm
’ Solid lines: Eq. 11.34
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v
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Distance from notch tip (mm)

Figure 11.19. Normalised stress component txy as assessed on the bisector of a notch with a hyperbolic
boundary under shear (mode Il). Results from Eqg. 11.34 compared to Finite Element results. Different
materials. Notch depth a=90 mm, notch root radius p=10 mm, net ligament 2h=60 mm.
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A Material 1
O Material 3 (isotropic)

Parabolic profile Eq. 11.36

p=125mm
Solid lines: Eq. 11.41
Symbols: FEM
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Figure 11.20. Normalised stress component txy as assessed on the bisector of a notch with a parabolic
boundary under shear (mode II). Results from Eq. 11.41 compared to Finite Element results. Different
materials. Notch depth a=10 mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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p=1.25mm, 20 = 45°
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Figure 11.21. Normalised stress component txy as assessed on the bisector of a notch with a hyperbolic
boundary with 20=45°, Eq. 11.55, under shear (mode Il). Results from Eq. 11.71 compared to Finite
Element results. Different materials. Notch depth a=10 mm, notch root radius p=1.25 mm, gross
ligament 2W=200 mm.
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Figure 11.22. Normalised stress component txy as assessed on the bisector of a notch with a hyperbolic
boundary with 20=90°, Eqg. 11.55, under shear (mode II). Results from Eq. 11.68 and 11.71 compared
to Finite Element results. Different materials. Notch depth a=10 mm, notch root radius p=1.25 mm,
gross ligament 2W=200 mm.
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Figure 11.23. Normalised stress component txy as assessed on the bisector of a notch with a hyperbolic
boundary with 2a=135°, Eq. 11.55, under shear (mode Il). Results from Eq. 11.68 and 11.71 compared
to Finite Element results. Different materials. Notch depth a=10 mm, notch root radius p=1.25 mm,
gross ligament 2W=200 mm.
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Figure 11.24. Normalised stress component ow (maximum principal stress) as assessed on the edge
of a notch with a hyperbolic boundary, Eg. 11.55, under shear (mode Il). Results from Eq. I1.71
compared to Finite Element results. Material 2, different notch opening angles. Notch depth a=10
mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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Figure 11.25. Normalised stress component ow (maximum principal stress) as assessed on the edge
of a notch with a hyperbolic boundary, Eg. 11.55, under shear (mode Il). Results from Eq. I1.71
compared to Finite Element results. Material 1, different notch opening angles. Notch depth a=10
mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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Figure 11.26. Normalised stress component ow (maximum principal stress) as assessed on the edge
of a notch with a hyperbolic boundary, Eg. 11.55, under shear (mode Il). Results from Eq. I1.71
compared to Finite Element results. Material 3, different notch opening angles. Notch depth a=10
mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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Notch edge

Figure 11.27. Circular path along which stress components have been evaluated. The path is centred
at the origin of the coordinate system used for Eq. 11.68 and 11.71.
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Figure 11.28. Normalised stress components as evaluated along a circular path (see figure 11.27).
Comparison between Eq. 11.71 and numerical results. Material 2, 2a=135°, path of radius r/ro=2.
Notch depth a=10 mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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Figure 11.29. Normalised stress components as evaluated along a circular path (see figure 11.27).
Comparison between Eq. I11.71 and numerical results. Material 2, 20=90°, path of radius r/ro=3. Notch
depth a=10 mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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Figure 11.30. Normalised stress components as evaluated along a circular path (see figure 11.27).
Comparison between Eq. 11.71 and numerical results. Material 1, 2a=45°, path of radius r/ro=3. Notch
depth a=10 mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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Figure 11.31. Normalised stress components as evaluated along a circular path (see figure 11.27).
Comparison between Eq. 11.71 and numerical results. Material 3, 2a=45°, path of radius r/ro=2. Notch
depth a=10 mm, notch root radius p=1.25 mm, gross ligament 2W=200 mm.
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2.3.5. Conclusions

This chapter undertakes a comprehensive examination of stress distributions in orthotropic solids
with blunted notches subjected to in-plane shear loading. Employing Lekhnitskii's approach, a new
closed-form equations for stress components was developed. These equations consider the influence
of notch radius, opening angle, and elastic material properties. The analysis encompasses three
different notch boundary shapes:

e Symmetric deep hyperbolic notches in plates loaded under in-plane shear, for which an exact

solution is presented in this work.
e Deep parabolic notches in plates loaded under in-plane shear, for which an exact solution is

derived in this work.
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e Deep hyperbolic-like notches in plates loaded under in-plane shear. In this case, the solution,
obtained in this work by invoking free-of-stress boundary conditions along the notch edge, is

approximate but highly accurate.

For each case, analytical expressions for the entire stress fields have been formulated and validated
against a comprehensive set of finite element analyses. The key conclusions drawn from the
numerical results can be summarized as follows:

e Generally, there is a notable agreement between the analytical solutions and numerical results.

e Higher material stiffness in the direction normal to the notch bisector line leads to increased stress
concentration and a maximum stress value closer to the notch apex, both along the notch bisector
line and along the notch edge.

e For a given material, the location of the maximum principal stress along the notch edge shifts

away from the notch tip with an increase in the notch opening angle.

The derived equations can be effectively employed to characterize mode |1 stress distributions near

notches in orthotropic solids or orthotropic laminated composites, provided homogenized elastic

properties are used and the condition (2S,, +Sq; )’ > 4S,,S,, is met.
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3. Three-dimensional stress fields in the proximity of a sharp
notch

3.1. Introduction

Regions in close proximity to geometric variations, such as notches, holes, and cutouts, exhibit a
notable concentration of stress fields that play a pivotal role in crack formation under both static and
cyclic loading conditions. The accurate prediction of fatigue crack initiation or static failure in
notched solids is a critical concern for mechanical designers. The formulation of effective strength
criteria hinges on a precise understanding of local stress fields, prompting considerable attention from
researchers in this area over the years (refer to Ref. [1-12] and the cited references).

While the majority of referenced papers focus on two-dimensional analyses, it's essential to note that
mechanical components are inherently three-dimensional. The literature's analytical works on 3D
stress fields are limited, particularly for orthotropic materials. Noteworthy contributions in this field
include Prabhu and Lambros' numerical investigation in 200013 into the 3D stress distribution in a
cracked orthotropic plate, and Cheng et al.'s study in 20154 on the V-notch problem in an orthotropic
solid under a generalized plane deformation state. In contrast, Pageau and Biggers!*®! developed a 3D
finite element formulation in 1996 for the singular stress state near material and geometric
discontinuities in orthotropic and anisotropic media. Choi and Folias*®! analyzed the three-
dimensional stress fields in a composite plate weakened by a hole.

In a parallel track, Kotousov and Wang[*"*8l explored transversely isotropic composite plates with
holes or inclusions, presenting a generalized plane-strain theory. Zappalorto and Carraro delved into
thick anisotropic plates with pointed V-notches*®?%l, developing a new three-dimensional theory for

anisotropic blunt cracks in 2017121,
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Recent advancements include Shi et al.'s work!?? on designing thin cylindrical shells for aerospace
applications, where stress concentration factors tend to zero in the presence of deep single-side
notches. Zappalorto and co-workers®?1 suggested simplifying the full 3D stress field problem into
two uncoupled equations, each defined in a bi-dimensional domain, addressing plane and out-of-plane
shear notch problems.

In this chapter the 3D solution previously developed by Zappalorto and Carraro for pointed notches
will be expanded for orthotropic plates with holes or lateral radiused notches, assuming a sufficiently
small notch tip radius. It will be shown that stress components (oxx, oyy, and oxy) in a thick 3D
anisotropic notched plate (i.e., in-plane stress fields) can be accurately determined with the plane
solution and that the out-of-plane shear stresses (oxz and oyz) can be assessed using the pure antiplane
shear solution. The presence of coupled modes, as observed in other research articles on isotropic
components, will be documented and shown in orthotropic thick plates weakened by holes or lateral

notches with any notch opening angle.

3.2. Simplified Three-Dimensional Elasticity Theory for Orthotropic

Thick Plates

Consider a thick orthotropic plate weaken by a radiused notch; with reference to a Cartesian
orthogonal system centered on the symmetry plane of the plate (see Figure 1 or Figure 2), the stress-

strain relationships can be written according to 1.49 and 1.59. Further suppose that the elastic material

properties of the plate are such that the elastic eigenvalues p. =ip, are pure immaginary numbers.

Supposing that 3D displacement fields near the notch tip could be written by means of separated

variables[® 28
u, =f@)xux,y) u =f@xv(x,y) u,=g(z)xw(x,y) 1.1

Invoking strain definitions, one obtains:

110



. =6u_x=f(z)><8u(x,y) 7 :%+%=f(z)x[au(x,y)+av(x,y)J
OX OX oy O oy OX
ov(x,y) _O0U  OU, ey L ow(x,y)
&y = ——=1(2)x Y Vo =t o = @x U Y) +e@)x—— 1.2
A, o o, v, _aw(x.y)
2= =g'(z)xw(x,y) Ve =7 ay =f'(2)xv(x,y)+9(2) Y

Under the hypothesis that the tip radius of the radiused notch is small enough to as-sure that
f'(z)xu(x,y), f'(z)xv(x,y) and g'(z)xw(x,y) can be disregarded when compared to

9(2)-ow(x,y)/ ox and g(z)-ow(x,y)/ dy, the strain field can be written as!*®-2:

gxx:f(z)x% ny=f(z)x[au(ayxly)+av(8);’y)j
_f(z)x Y) v, = g(z)x—aw((;:(’ y) 1.3
g, =0 Ty, = g(Z)X%y’y)

As shown by equation 111.3, stress concentration areas near the notch tip exhibit a state of "quasi”
plane strain. In this context, through-the-thickness normal strain becomes negligible, whereas out-of-

plane shear strains remain significant. Equation 111.3 additionally provides:

S S
Gzz ~_ 136xxs+ 230-yy Ef(Z) {Clg aU (X, y) +C23 avg;’ y)}
33
ow(X,
7, ;CMg(z)x% 1.4
ow(X,
£ = Cg(2) « )

Moreover, Eq. 111.3 combined with the elastic stress-strain relations 1.49 gives the possibility to

formulate the stress components according to the following expressions:

o, =f(z)xcG,, (Xy) o, ={2)x5 (x,y) o, =f(z2)xG,,(x,y)

- - 5 111.5
v, =f@)xE, (xy) T, =g@xE,(xy) T, =g@)x8,(xy)

Consider now the equilibrium equation in the z direction:
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z _ 0 111.6

Substituting Eqg. I11.4 into Eq. I11.6 results in:

0
& {Cssg (z) x

ow(x,y)
OX

+f'(2)Cy, - u(X, y)}+%{c44g(z) x%# (2)C - v(X, y)} =0 1.7

and since f'(z)xu(x,y) and f'(z)xv(x,y) can be disregarded if compared to g(z)-ow(x,y)/ox and

9(2) -ow(x,y)/ oy, Eq. I11.7 further simplifies to give:

2 2
c, IWey) o TWEY)_ 1.8
oX oy

Concerning the equilibrium equations in the x-direction and in the y-direction, the Airy stress

function, ¢, defined in the x-y plane guarantees that such equilibrium is preserved*®-2:

2 2
O =" Esw:a—dz) 6Xy=_@<l> 1.9
oy OX oxoy

Substituting Eqg. 111.9 into Eq. 1.37, further invoking the compatibility equation in the (x,y) plane gives

the possibility to formulate the following fourth order differential equation:

ol ol o
b22£+(2b12+b66) axza(b;z +by, ay(l) =0 111.10
where:
S.S.
b =5 — 28 .11
ij ij S

33
Equations 111.8 and 111.10 need to simultaneously hold true. Consequently, solving the subsequent
pair of uncoupled differential equations allows for the simplification of the equations governing the

three-dimensional elastic fields in a notched plate.

54(1) 84(|)
b22y+(2b12+b66)(9x28y2+b118y4=O 12 ot
o*w o*w '

Cssa X2 +C446‘ yz =

0
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It's important to recognize that Eq. 111.12-a pertains to the plane strain problem within the orthotropic
theory of elasticity with general solution given by 111.104, while Eq. 111.12-b defines the solution for
the antiplane scenario with general solution given by 111.119. The practical implication of Egs. I111.12
is that the imposition of an out-of-plane shear stress, indicated by a non-zero w function, induces a
local non-zero Airy ¢ function due to three-dimensional effects. Simultaneously, any form of in-plane
loading, such as bending, tension, or in-plane shear, generates a local non-zero w function. This
interdependence is not accommodated by conventional plane strain or plain stress solutions.
Specifically, when thick plates undergo loading conditions resulting in a skew-symmetric ¢ function
(mode 2), three-dimensional effects give rise to an antisymmetric w function (mode 3) in the

immediate vicinity of the notch tip.

3.3. Elliptical Hole in a Thick Plate Under Shear

Consider a thick plate with an elliptical hole under shear or torsion (see Figure I11.1).

(b)

Figure 111.1. Elliptic hole in a three-dimensional plate under in-plane shear (a) or twisting (b). In (c)
a schematic of elliptic hole is reported together with the dimensions used in the mathematical passages
and in the results discussion.
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The in-plane stress fields can be determined according to the solution proposed by Savin®3, Re-
arranging Savin equations allows the explicit solution for this problem to be obtained, according to

which the stress field is:

) 2% (2) | (a+bﬂl)(a+bﬂ2)(rlﬂ22/\2®l - r2ﬁ12A1®2)

“T e L, (4 -5,)0,0,
_ 7y (2) '(a+bﬁ1)(a+bﬂ2)(r2Al®2 —A,0,) 11.13
W 0] rlrz (ﬂl_ﬂz)e)l@z |

Xy

_ Tan(z) 14 (a"'b,Bl)(a"'b:Bz)(rzﬁl@le - '1:32@)291)
o L (ﬂl _ﬁ2)®1®2

where 7™ (z) is, for a given z value, the maximum shear stress occurring along the notch bisector

line, at a certain distance, Xmax, from the notch tip, whereas:

r :‘\1/4X2y2’8i2+(a2_xz+(y2 _bz)ﬂiz)z

111.14
0, = Arg {[(x2 —az)—ﬂiz(y2 —bz)]+i[—2xyﬁi ]}
2 2 22 2 .G
O, =X"+r"+Yy B +2r, (xcosz'+ yB. smz'j
Ai:xsin%+risin6?i+yﬂicos% 111.15
Q= xcosﬁjtri cosé —yp. sinﬁ
2 2
LA (a+bB,)(a+bB,) 00, +50, (K, (8- 8,)0,-((a+bB,) 4 (a+b4,)0,)) 16
o= — — .
nr, (131 - 182 ) ®1®2
f =1 [ Xyax O] ©, =0, [ Xyax: 0] Q= [Xyax 0] 111.17
Along the notch bisector line, Eq. 111.13 simplifies to give:
r, = Tan(Z) 1+ (a+bﬁ1)(a+ bﬂz)(ﬂ1r2,0®1,092,0 - r1,0:82,0®2,091,0) 11.18
’ 2 Mol (ﬂl - ﬂ2)®1,0®2,0
where:
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ri’O:z,a‘Z_XZ_bzﬁiz ®i,0:X2+ri’02+2ri,O'X Qi,0:X+ri,0 111.19
The out-of-plane stress fields, instead, can be derived starting from the solution obtained by

Zappalorto and Salviato% for the pure antiplane shear loadings, which can be re-written as:

Max Bs g I 931+932 p
sz:sz (Z) COS OS—T —B3 g

IV f

1—[3§E 32
a 111.20
Byt 0. +0
3 r
T, =Ty (2) a { : sin(@s——31+ 32}}
1—[3;2 \/r31'r32 2
a
where:
z, =Xx+iBy =re" z§—a2+[3§b2:z§—62:(z3—6 )(z3+é ) 11.21
(z,-€ )=r,e"™ (z;+8 )=r,e" 111.22

and rzﬂya" (2) is, for a given z value, the maximum shear stress occurring at the notch tip.

Along the notch bisector line Eq. 111.20 simplifies to give:

P X
Ps a a p
T, =10 (2) a —Ba & 111.23
l—ng (ij _1+BZB a
a a *a

3.4. Lateral Radiused Notch Under Shear

Consider a thick plate with two lateral radiused notches with a generic notch opening angle (2a) and

subjected to shear or torsion (see Figure 111.2).
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(a)

Yo <)

Figure 111.2. Rounded V-shaped (hyperbolic) notches in a three-dimensional plate under in-plane
shear (a) or twisting (b). In (c) a schematic of elliptic hole is reported together with the dimensions
used in the mathematical passages and in the results discussion.

As shown in previous chapters the notch boundary can be described by hyperbola like curves having

parametric equations:

X = 5 y = o 111.24
cos(j sin(}
q q
where:
%=9:}p q=7—%a 11.25
q s

and p is the notch root radius.
The in-plane stress fields can be determined according to the solution developed in the previous

chapter:
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A1
o, = A(z){(:—l] [,y cos(1-1,)0, —ky, sin(1 —1,)0, |+

0

a1
I :—; [y, cos(1-11,)0, —ky, sin(1—p,)0, |+
Ap-1
oy [—z [ Ky, cos(1-2,)0, —k,y sin(1-1,)0, |+ 111.26
pL
o :—z [k, cos(1-1,)0, —k,, sin—p,)0, |+
Gt
+ 03 :—z [kzz cos(1-¢,)0, —k,, sin(1-C,)0, ]}
o
Oy = A(z){[:—;j [m,, cos(1-2,)8, —m,, sin(1-2,)8, |+
pL
X2 :—; [mlz cos(l1—p,)0, —m,, sin(1—n, )6, } +
" Ap-1
oy f [ m,, cos(1-4,)0, —m, sin(1-1,)0, |+ 11.27
p-1
Y :—z [mzz cos(1—p,)0, —m,, sin(1l— p2)62] +
Gt
+X 23 :—z [mzz cos(1-¢,)0, —m,, sin(1-C,)0, ]}

Aol
T, = A(z){:—lJ [n,, cos(1-2,)0, —n,, sin(1-1,)0, ]+

0

pp-1
r .
Y10 r—l [nlz cos(1—p,)0, —n,; sin(1—p, )6, }
0
hp-1
e :—2 [, cos(1-2,)8, —n,y sin(1-1,)0, |+ 111.28
0
Hp-1
I .
22 r_z [nzz cos(l—p1,)0, —n, Sm(l_“z)ez]"‘
0
G-l
I. .
Y03 r—2 [nzz cos(1-C,)0, —n,, sm(l—CZ)OJ}
0
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where, denoting with x” and y’ the distances from the notch tip:

X, =X"+1,B y; =By’ =X +y: 0, = Arg(x; +iy;) j=1,2 111.29
Parameters t2, A2, w2, (2, x12, %21, (22, ¥23 depends on the notch geometry and the material properties
and can be determined according to the procedure illustrated in the previous chapter.

Furthermore, it is important to observe that parameter A(z) in equations 111.26-28 can be represented,
for a specific z value, either in terms of the maximum shear stress along the notch bisector, the
maximum principal stress along the notch edge, or as a function of a mode 2 Generalised Stress
Intensity Factor for the corresponding plane (z value).

The out-of-plane shear stress components can be determined according to:

ts 1hg

MAX(z)[ ] [ cos(1—2; )0,C0s0 +PB,sin(l—1, )0,sin0 ]
3

111.30

_rﬁ”e“x(z)( B] [ cos(l—2, )0,sin0 —P,sin(l—%, )0,cos0 ]

Where 1 (z) is, for a given z value, the maximum shear stress occurring at the notch tip, whereas:
Xy = X"+ 1,33 Yo =B,y 11.31

Iy =X; +Y; 0, = Arg(x, +iy,) 11.32

3.5. Discussion and Results

To substantiate the aforementioned theoretical findings, a series of numerical simulations were
conducted. Specifically, three-dimensional elastic finite element analyses were executed using three
distinct material systems, the elastic characteristics of which are outlined in Table Il1.1. These

materials embody typical properties found in certain polymeric composites:

e Material 1 corresponds to a unidirectional Carbon-Fiber Reinforced Epoxy laminate with fibers

aligned in the X-direction.
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e Material 2 mirrors the same composition, but with fibers oriented in the Y-direction.

e Material 3 represents a quasi-isotropic Carbon-Fiber Reinforced Epoxy laminate, exemplified by

the arrangement [(0/£45/90)n]s.

Ex Ey E: ny Gxz Gyz B B B
[GPa] [GPa] [GPa] ™ Y@ Y2 [GPa] [GPa] [GPa] ! 2 3

Material 1~ 160 10 10 0.3 03 04 5 5 3.57 0.6614 5.5587 1.1835
Material 2 10 160 10 0.01875 04 0.3 5 3.57 5 0.1798 1.5120 0.8450
Material 3 70 70 70 0.3 03 03 269 269 269 0.9993 1.0006 1.0000

Table I11.1. Properties of the materials used in the numerical analyses.

Thick notched discs (refer to Figure 111.3) underwent numerical examinations where a pure mode 2
or pure mode 3 displacement field was applied to their external surface (refer to the expressions in
Appendix A). The objective was to induce in-plane or out-of-plane stress fields within the notched
solids. This modeling approach, employed to facilitate the analysis of the local behavior of a generic
3D solid, was previously utilized by Berto et al.l?],

Applied
displacement

% (b)

(a)

Figure 3. An example of the FE mesh used for an elliptic notch of p=0.1 mm, a=5 mm, and t=1 mm.
All the discs used for the simulations of elliptic notches have radius 5 mm, while those for hyperbolic
notches 10 mm. In (a) a side-view of the notched disk is shown, highlighting in red the border where
the displacement field is applied. In (b) a close-up zoom of the mesh at the notch tip is reported. In
(c) an isometric view of the meshed geometry is shown.

The following notch geometries were considered:

119



o semi-elliptical notches with notch depth a=5 mm and different notch root radii (p=0.001 mm,
0.01 mm, 0.1 mm, 1 mm); in this case the radius of the disc was 5 mm and various thicknesses
were considered (t=1mm, 5 mm and 10 mm);

e hyperbolic notches with a notch depth a=10 mm, a notch root radius p=0.01 mm and various
notch opening angles (see Tables I111.2 and 111.3 for the stress field parameters associated to the

cases analyzed).

t2 A2 12 G2 %12 %21 %22 %23

Material 1, 2a=45° 1.6849 0.8757 0.3533 -0.3806 0.2997 -0.2733 0.0888  -0.4661
Material 2, 20=90° 1.7319 0.7788 0.2551 -0.8948 0.1629 -0.4744 0.0152  -0.0417
Material 3, 2a=60° 1.5200 0.7309 0.1924 -3.7178 0.0738 -0.9996 -0.0734 -4.3.10"

Table 111.2. In plane stress fields parameters for the hyperbolic notches used in the numerical
analyses.

t3 A3 q
Material 1, 20=45° 1.8111 0.5848 1.7500
Material 2, 20.:=90° 1.6055 0.6438 1.5000
Material 3, 20.=60° 1.7519 0.6000 1.6667

Table 111.3. Out-of-plane stress fields parameters for the hyperbolic notches used in the numerical
analyses.

Finite element analyses were conducted using the ANSYS commercial software, release 19,
employing 20-node SOLID186 brick elements with reduced integration and a pure displacement
formulation. Nodal displacements were applied along the circular boundary of the disc, as illustrated
in Figure 111.3-a. Specifically, nodal coordinates of the boundaries were extracted in ANSYS APDL,

and an external script was utilized to determine the displacements based on expressions provided in
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Appendix A. Subsequently, another APDL script was employed to apply these nodal displacements
to the disc boundary.

For mode 2 simulation, the model's symmetry was exploited, utilizing only one-quarter of the disc.
Symmetry boundary conditions were applied to the face depicted in Figure 111.3-a, at a Z-coordinate
equal to half the disc thickness (i.e., the disc midplane), while anti-symmetry conditions were applied
to nodes on the other symmetry plane. For mode 3 simulation, only anti-symmetry boundary
conditions were used, resulting in a model representing half of a full disc.

An essential consideration in defining the FE model parameters is the elastic property of the plate
material. The mesh requirements for convergence vary depending on material orientation,
necessitating a multi-variable optimization of the number of elements and spacing ratio in both in-
plane and through-the-thickness directions. The parameters for each model were adjusted until the
maximum value at the notch tip exhibited a variation of less than 1%. This output variable was chosen
for convergence analysis under the rationale that the most critical zone for Mode 2 to Mode 3 coupling
is near the notch tip.

The initial focus was on discs with a thickness of t=1 mm subjected to pure mode 2 loading and
weakened by elliptical notches with a root radius of p=0.001 mm. Results for the plane z/t=0.4 (where
z is the distance from the midplane) are presented in Figures 111.4-8. Figure I11.4 shows the normal
in-plane stress component tangent to the notch edge, ow, plotted against the polar angle 6, measured
with respect to the ellipse foci. In Figure 111.5, the shear stress txy, evaluated along the notch bisector
line, is presented as a function of the distance from the notch tip. In both cases, the results from three-
dimensional numerical analyses align perfectly with the two-dimensional solution provided by Eq.
[11.13 and Eq. I11.18.

Figures 111.6 and 111.7 shift attention to out-of-plane shear stresses induced by three-dimensional
effects. These stress components can be accurately predicted using the solutions derived for antiplane

deformation, as expressed in Eq. 111.26-28 and Eq. 111.30. Figure 111.8 demonstrates that, for various
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z/t values, induced out-of-plane shear stresses remain self-similar, except when very close to the free
surface of the disc. The choice of z/t=0.4 was made to ensure comparable magnitudes between the
induced stresses and the main stresses generated by the imposed loading conditions in the numerical
simulations, making it representative for any z value at a sufficient distance from the free edge of the
disc.

Subsequently, exploring various thickness values for the disc (t=1 mm, 5 mm, and 10 mm), the

Max

patterns of the maximum in-plane shear stress 7,

(z), and the maximum out-of-plane shear stress

Tan(z) , are depicted in Figures I111.9-a and 111.9-b, respectively. In these figures, it is evident that:

Max

e The maximum in plane shear stress 7,

(z) remains constant for most of the plane thickness,

and significantly increases as approaching the free surface of the plate (Figure 111.9-a);

Max

e The maximum out-of-plane shear stress 7,

(z) has almost a linear trend up to z/t around 0.3.

Approaching the free surface of the disc the trend becomes strongly nonlinear;

e Increasing the disc thickness, the intensity of induced out-of-plane shear stresses significantly

Max

increases (Figure 111.9-b), whereas the influence of the thickness on 7,

(z) is limited (Figure

111.9-a).
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Elliptical notch under in-plane shear Blue: Material 1
a=5 mm, p=0.001 mm Red: Material 2
Black: Material 3

Solid lines: Egs. 111.13
Symbols: FEA
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Figure 111.4. Disc with t=1 mm and weakened by an elliptical notch with p=0.001 mm. Mode 2
loadings, different materials. Representation of the in-plane stress component cw along the notch
edge together with a comparison with Egs. I11.13. Distance from the midplane z/t=0.4.
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Figure I11.5. Disc with t=1 mm and weakened by an elliptical notch with p=0.001 mm. Mode 2
loadings, different materials. Representation of the in-plane stress component txy along the notch
bisector together with a comparison with Eq. 111.13. Distance from the midplane z/t=0.4.
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Figure 111.6. Disc with t=1 mm and weakened by an elliptical notch with p=0.001 mm. Mode 2
loadings, different materials. Representation of the induced out-of-plane stress components tx; and

Tyz along the notch edge together with a comparison with Eq. 111.20. Distance from the midplane
z/t=0.4.

Elliptical notch under in-plane shear
a=5 mm, p=0.001 mm
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Figure 111.7. Disc with t=1 mm and weakened by an elliptical notch with p=0.001 mm. Mode 2
loadings, different materials. Representation of the induced out-of-plane stress component tzy along
the notch bisector together with a comparison with Eq. 111.20. Distance from the midplane z/t=0.4.
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Figure 111.8. Disc with t=1 mm and weakened by an elliptical notch with p=0.001 mm. Mode 2
loadings, material 2. Representation of the induced out-of-plane stress component tzy along the notch
bisector together with a comparison with Eq. 111.20. Different distances from the midplane (z/t).
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Figure 111.9. Disc weakened by an elliptical notch with p=0.01 mm. Mode 2 loadings, material 2.
Representation of the 7™ (z) (a) and 7, (z) (b) as a function of the distance from the mid plane

(z/t). Different thicknesses (t=1 mm, 5 mm, 10 mm).

Figures 111.10 and 111.11 illustrate the impact of varying notch root radii on out-of-plane shear stresses.
Specifically, observations from Figure 10 reveal that increasing the notch radius leads to the following

effects:

e The accuracy of Eq. 11.20 diminishes. As per the analytical discussion in section 2, this decline

is attributed to the increasing significance of terms f'(z)xu(x,y) and f'(z)xv(x,y) when

reducing the notch root radius, in comparison to g(z)-ow(x,y)/ox and g(z)-ow(x,y)/ oy

e The area ahead of the notch tip, where out-of-plane shear stresses are noteworthy, progressively

contracts.

Furthermore, Figure 111.11 highlights that with an increase in the notch radius, the intensity of rz“jax(z)

experiences a significant reduction. Subsequent to this analysis, focus shifted to discs with a thickness
of t=1 mm subjected to pure mode 2 loading and weakened by hyperbolic notches with a root radius

p=0.01 mm and varying notch opening angles. Results for the plane z/t=0.4 (where z is the distance
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from the midplane) are presented in Figures 111.12-14. Particularly, in Figure I11.12, the normal stress

component tangent to the notch edge, ow, is plotted against the polar angle 6. Once again, the results

from three-dimensional numerical analyses perfectly align with the two-dimensional solution, as

expressed in Eqgs. 111.26-28.

max
Tyl Ty
O

Solid lines: Egs. 111.20
Symbols: FEA
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. IR 3
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Figure 111.10. Discs with t=1 mm and weakened by elliptical notches. Mode 2 loadings, material 2.
Representation of the induced out-of-plane stress component tzy along the notch bisector together
with a comparison with Eq. 111.20. Different values for the notch root radius.
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Figure 111.11. Discs with t=1 mm and weakened by elliptical notches. Mode 2 loadings, material 1.
Representation of the rz“j"‘x(z) as a function of the distance from the mid plane (z/t). Different values
for the notch root radius.
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Figure 111.12. Discs with t=1 mm and weakened by hyperbolic notches with p=0.01 mm. Mode 2
loadings, different materials. Representation of the in-plane stress component ow along the notch
edge together with a comparison with Egs. 111.26-28. Distance from the midplane z/t=0.4.
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Figures 111.13 and 111.14 reaffirm that three-dimensional effects result in out-of-plane shear stresses
that can be precisely anticipated using the solutions derived for the antiplane deformation problem,

as indicated by Eq. 111.30, regardless of the specific material system under consideration.

1.2
i Hyperbolic notch under in-plane shear
y a=10 mm, p=0.01 mm
s ! Solid lines: Eqs. 111.30
= i Symbols: FEA
:_ 08 |
g I
» 06 |
= I
&3
£ 04|
B L
Z -
02 | Blue: Material 1 (2a=45°)
oL Red: Material 2 (20.=90°)
i Black: Material 3 (2a=60°)
o\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

0/0,5¢

Figure 111.13. Discs with t=1 mm and weakened by hyperbolic notches with p=0.01 mm. Mode 2
loadings, different materials. Representation of the induced out-of-plane stress components tx; and
tyz along the notch edge together with a comparison with Eq. 111.30. Distance from the midplane
z/t=0.4.
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Figure 111.14. Discs with t=1 mm and weakened by hyperbolic notches with p=0.01 mm. Mode 2
loadings, different materials. Representation of the induced out-of-plane stress component tzy along
the notch bisector together with a comparison with Eq. 111.30. Distance from the midplane z/t=0.4.

Ultimately, the disc composed of Material 2 and featuring a hyperbolic notch with p=0.01 mm and
20=90° underwent loading under pure mode III, applying the displacement fields outlined in
Appendix A. In this instance, Figure I11.15 illustrates the presence of induced in-plane shear stresses

(induced mode 2), accurately predictable using Egs. 111.26-28.
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Figure 111.15. Discs with t=1 mm and weakened by hyperbolic notches with p=0.01 mm and 2a=90°.
Mode 3 loadings, materials 2. Representation of the induced in-plane stress components along the
notch edge together with a comparison with Egs. 111.26-28. Distance from the midplane z/t=0.4.

3.6. Conclusions

This chapter presents an analytical solution for stress fields in the immediate vicinity of radiused
notches in thick orthotropic plates subjected to shear loading and twisting. Initially, the three-
dimensional theory of elasticity equations are successfully transformed into two uncoupled equations
in the two-dimensional space. Subsequently, the paper provides a 3D stress field solution for
orthotropic plates with radiused notches, and the accuracy of this solution is discussed by comparing
theoretical results with numerical data obtained from 3D finite element analyses.

Based on the presented and discussed results, the following key conclusions can be drawn:

e Three-dimensional effects in thick plates or discs lead to coupling phenomena between loading
modes. Specifically, out-of-plane shear stresses (mode 3) are induced on in-plane shear-loaded
(mode 2) solids, and their accurate prediction can be achieved using solutions derived for the
antiplane deformation problem. The reverse holds true as well, irrespective of the orthotropic

material system considered.
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The increase in disc or plate thickness correlates with a rise in the intensity of stresses induced by

3D effects.

The intensity of induced stresses is significantly influenced by the notch root radius, and this

phenomenon tends to diminish in the presence of large notch root radii.
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4. A semi-analytical approach to calculate Generalized Stress
Intensity Factors and Stress concentration factors

4.1. Introduction

The detailed characterization of stress states in notched or bonded components requires knowledge
of stress singularity orders, characteristic angular functions, and generalized stress intensity factors
(GSIF). In the literature, detailed analytical formulations for singularity orders and characteristic
angular functions can be found; for example, Williams ML 19521, Neuber 195821, Barroso A. et al.
20031 However, for the calculation of GSIF, it is still common practice to rely on numerical
modelling such as FEM and BEM. These methods can be precise and reliable but present various
challenges. One of the classic techniques utilizing finite element modelling is the method by Gross
and Mendelson 1972 and Dunn et al. 19975,

However, this method has the disadvantage of requiring an extremely fine mesh in the vicinity of the
notch apex, where the singularity influences stress fields.

Over the years, many researchers have focused on developing methods for calculating GSIF that can
avoid this drawback. An example of such a method is the Peak Stress Method (PSM) developed by
Meneghetti G. and Lazzarin P. 20075, Through a sparse but regular mesh in a finite element model,
PSM correlates GSIF with the stress calculated near the singularity in the numerical model through a
proportionality factor. Another strategy to avoid very fine meshes is to exploit the mesh insensitivity
property of deformation energy. This method, developed by Lazzarin P. et al. 20107, requires
calculating the average elastic energy density in a control volume that encompasses the singularity.
The calculated value can then be correlated with GSIF through a simple analytical equation, at the

cost of defining the control volume within the FEM model. Other methods, on the other hand, use
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BEM analysis. Barroso A. et al. 201281 demonstrate how it is possible to use a least squares
optimization procedure to obtain GSIF from nodal displacements near the singularity.

This chapter presents a new method that completely departs from FEM or BEM modelling to
overcome all the associated challenges. The proposed method relies on a careful analytical description
of the shape of stress fields around a singularity, coupled with a procedure for minimizing the square
of stress residuals along the boundary of the analysed domain. This method seeks to establish itself
as an alternative to the above-mentioned methods while maintaining accuracy. For this reason, the

results obtained with the new methodology will be compared with accurate FEM analyses.

4.2. Stress fields in the vicinity of a multi-material singularity

A multimaterial singularity in the tensional fields of a component occurs when different materials
meet at a point in the component. Referring to Figure 1V.1, in a singularity generated by N materials,
each material is identified with an integer n ranging from 1 to N, with the domains of each material
delimited by radial boundaries located at angles 0n-1 and On, where 6o and On are the free boundaries
of the component. The multimaterial cut can be viewed as the general case of a V-cut when only one

material is presentand if 6, -0, > =.

AY

Figure 1V.1. Diagram illustrating the geometry and parameters used to describe a multimaterial
singularity.
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For each domain n of the multimaterial corner, the tensional and displacement fields can be expressed

using two complex potential functions as follows:

o (r,0) = 2 Re[—d(bin)(z)} - Re|:em [2 @), dqﬂ;)(z)ﬂ
" dz

dz? dz
do™ (z) of —d?0M(z) dol(z)
oy (r,0) =2Re| ——— [+Re| ™| z——+—2 V.1
dz dz dz
2 1,(n) (n)
Ggg)(r’e) =Im ezie Ed q)l Z(Z) + dq)z (Z)
dz dz
n n - n n n dq)j(_n) (Z) n
20" (0 (1,0) + 1" (1,0)) = 0" (2) - z———~ 0" (2) V2
u® (r,0)+iu” (r,0) =" (u(r,0) + iu" (1,6))
With:
3—4v" Plain Strain
K" ={g_ o V.3
- Plane Stress
1+v
The chosen potential functions are:
0" (@) = 2 (A" AL )
V.4

M
(n) _ (nm) %, (nm) 7%,
(Dz (Z)_Z(Az,l z +A2,2 z )
m=1

Where 2 is the complex eigenvalue associated with the m-th term of the potentials, and A"™ are
complex constants. To determine the eigenvalues and constants A"™, it is necessary to apply

boundary conditions along all radial boundaries between different materials:

(n) (n-1)

092 (r’ 6n—l) = 092 (r’ en—l)
(n) (n-1)

Gr(: (r’ en—l) = Gr(: (r’en—l)
(n) (n-1)

u"(r6 )=u""(0 )

(n) (n-1)
uO (r’en—l) :ut) (r’enfl)

vnel2,...,N] IV.5

And along the notch boundaries:
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o) (r,0,)=0

6 (r,0,)=0
(N) IV.6
o, (1,0,)=0
c"(r,0,)=0
These conditions can be expressed in matrix form:
m A
L7-A =0 V.7
With:
AL
AL
A
LY L AL
(m . : ~(m) .
L™ =| : - : A = : V.8
(m) (m) m
I4N,l I4N,4N Ai,\ll )
A"
A(N,m)
LA ]
The M eigenvalues can be determined by imposing:
Det[ L™ ] =0 V.9

While the constants A"™ are found by solving the system IV.7 minus M constants A%™, and it is

possible to redefine them as follows

AL = 17K,
" V.10
AL =K

Reducing the number of constants to be determined in IV.4 to M values K,

4.3. Determination of the Generalized Stress Intensity Factors

To determine the constants K_, it is necessary to impose boundary conditions only on the remaining

boundaries of the domain. This is made possible by the choice of potentials made in the previous
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chapter, which exactly satisfy the boundary conditions along the edges of the cut and between the
various materials. Considering Figure 1V.2, the external boundaries where it is necessary to apply
boundary conditions are highlighted in red, and for each domain, it is possible to define the parametric
equation describing the boundary, B_(s). The u and v directions are then defined, which are
respectively the normal and tangential directions to the boundaries, and the relevant external loads
for the application of boundary conditions: &> (s) the external normal stress applied to the

boundary B, (s), o™(s) the shear stress, u”*(s) and u™(s) the normal and tangential

displacements.

Figure 1V.2. Diagram for defining external boundaries and applied external loads for the
minimization of residues in a multimaterial singularity.

It is possible to define the average distance from the external boundary to the frame of reference’s

origin:

B, (s)|lds

51
ZN:IB ds

V.11

avg

While substituting 1V.10 into 1V.4 one can redefine the potential functions as follows:
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M

K
(Din)(z) = Z rRe[:‘nm] ( + X;(anm) }\ )

m=1

avg

MK V.12
00 =3 e (" )
m=1 Yayg
And substituting 1V.12 into 1V.1-2 one obtains:
o (r,0) = Z = £ (0)
cons,t e {r,0} V.13
ui”’(r,e) = ZKmrK”gin'm) (9)
m=1
The external boundary conditions are:
(n) (n)ext _
(r 9) ’r 0}eB, (s)
(n),ext
(r 0) O.“V ( ){r ﬁ}eB (s)
E(”) (n) (n),ext \v/ l N
—(uu (r.0)-u""(s)|, ):0 n-l<n< V.14
2ravg (1+ V(n)) {r.6}eB, (s)
E(n) ( o
—————(u” (r,0) - u""(s) ):
2ravg (l+v(")) v ( ) v {r.0}eB,(s)
Which can be rewritten in matrix form:
IE’n-IZZan vn:l<n<N V.15
With
I5(n) ﬁ(n) K a(n)
P=|: . i LiK=| ! [;d =] V.16
ﬁ(n) ﬁ(n) K a(n)

And P is the number of conditions to be satisfied for each boundary section. In most cases, these
boundary conditions cannot be solved exactly, and therefore, a procedure of minimizing residual
stresses at the boundary is employed. The objective is to minimize the square of residues at the

boundary, along all sections of the external boundary:

win| 32 (P, -, )] as | win[ -

] V.17
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With:

P, Piwm d1
P=| ¢ . lid=| V.18
pN-P,l pN-P,M dN-P

By minimizing equation 1V.17, it is possible to obtain a solution for the constants K, and this

solution will provide an increasingly better approximation for stresses in the component's domain as
M increases. However, for some boundary conditions, this may result in a considerable number of
terms in 1V.12, leading to an increase in the computational power required to solve the numerical
procedure. To mitigate this issue, it is possible to minimize V.17 under certain auxiliary boundary

conditions that allow for a faster convergence of the procedure. Referring to Figure 1V.3, the external

boundary, highlighted in blue, can be divided into J:M sections b, (s) with je{1..,J}, all of the
4 ]

same angular length Ouiv.

V.

Figure 1V.3. Diagram for the definition of auxiliary boundary conditions for a multimaterial
singularity

For every section the following boundary conditions can be imposed:
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0

o )

Lo )

L © u" (r,0)-u"" (S)) ds
)

(n) _ (n),ext
J.b‘(s) u” (r,0)—u""(s))ds

@ (r,0)-oc""(s))ds

uu uu

o
ol (r,0)-oc"(s))ds=0

=

Vjiil<j<J V.19

Il
o

(
(o
(
(

0

Or in matrix form:

C-K=h IV.20

With:
c=|: . ¢ |'h=|: V.21

It is therefore possible to solve the minimization problem under the constraints expressed by V.19

using the method of Lagrange multipliers. Defining the Lagrangian:
Fo:(HP-K—6H2+2ﬁT-(C-K—ﬁ)) V.22
With Lagrangian multiplier vector:

Ui

n=|: V.23

And solving the linear system:

VFo=0
PP C'|K| |Pd V.24
C 0|7 h

By substituting the solution of 1V.24 into 1V.13, it is possible to obtain the entire stress field in the

domain and consequently the Generalized Stress Intensity Factors.
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4.4. Comparison with finite element method

In order to verify the accuracy of the proposed method, the stress fields and the estimation of the
Generalized Stress Intensity Factors (GSIF) obtained were compared with finite element analyses.
Four benchmark cases were analysed, including a plate with a VV-notch subjected to tension and pure
planar shear, and two bi-material junctions. Finite element analyses were performed using the
Ansys® software package version 21, employing isoparametric parabolic elements (PLANE183 in
ANSYS) and a particularly fine mesh near the singularity. Figures 1V.4-7 show the comparison
between the stress fields along the 6=0° direction calculated with the proposed method (solid lines)
and the results of finite element analyses (symbols). It can be observed that in all analysed cases, the
stress fields and GSIF calculated are in excellent agreement with finite element analyses. Particularly,
the stress fields are very accurate not only in the vicinity of the singularity but throughout the entire
component domain.

In Figure V.7, it is shown how the developed procedure can be used for components with multiple
different singularities, and the obtained results are excellent for the analysis of all singularities. The
elastic properties used for the analysis in Figure 1V.4-7 are E=20600 MPa and v=0.3, while for Figure
IV.6-7, the elastic properties of Matl are E=2000 MPa and v=0.4, and those of Mat2 are E=200 MPa

and v=0.4.
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Figure 1V.4. (a) Diagram of the analysed plate with VV-notch subjected to tension. Analysed direction
for stress field comparison highlighted in blue. (b) Stress component coe along the bisector of the
notch. Number of terms used M = 8, comparison between equations 1V.13 and finite element analysis.
Plate elastic properties: E = 20600 MPa, v=0.3.

10000
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Figure 1V.5. (a) Diagram of the analysed plate with VV-notch subjected to pure planar shear. Analysed
direction for stress field comparison highlighted in blue. (b) Stress component o9 along the bisector
of the notch. Number of terms used M = 10, comparison between equations 1V.13 and finite element
analysis. Plate elastic properties: E = 20600 MPa, v=0.3.
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Figure 1V.6. (a) Diagram of the analysed bi-material junction. Analysed direction for stress field
comparison highlighted in blue. (b) Stress component oo along the junction direction. Number of
terms used M = 10, comparison between equations 1V.13 and finite element analysis. Elastic
properties Mat 1: E = 2000 MPa, v=0.4; Mat 2: E = 200 MPa, v=0.4.
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Figure 1V.7. (a) Diagram of the analyzed bi-material junction. Analyzed direction for stress field
comparison highlighted in red for the first singularity, in blue for the second. (b) Stress component
oeo along the junction direction, in red for stresses near the first singularity, in blue for stresses near
the second singularity. Number of terms used M = 10, comparison between equations 1V.13 and finite
element analysis. Elastic properties Mat 1: E = 2000 MPa, v=0.4; Mat 2: E = 200 MPa, v=0.4.
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4.5. Conclusions

In this chapter, a new method for calculating Generalized Stress Intensity Factors (GSIF) and stress
fields in components with multi-material singularities is presented. The developed algorithm utilizes
a minimization procedure of the square of stress residuals on the component boundary, combined
with auxiliary boundary conditions specifically designed to enhance convergence. The algorithm can
be applied to analyze both multi-material junctions and sharp corner notches in components with
multiple singularities of this kind. Examples include welded or bonded joints. The solutions obtained
with the proposed method were compared with finite element analyses in four benchmark cases, and
the results demonstrate excellent agreement.

The developed method can serve as an effective alternative to finite element simulations for GSIF
calculation and stress distributions in components with multi-material singularities. Additionally, it
can be a valuable tool for sub-modeling specific welded or bonded joints in large structures. In fact,
it is possible to numerically obtain nominal stress fields through finite element analyses with coarse

meshes, which can then be applied as boundary conditions using the proposed semi-analytical model.
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5. Stress fields around reinforced holes

5.1. Introduction

Panels, plates, and shells, as ubiquitous elements in engineering structures, exhibit diverse shapes,
with one geometric dimension significantly greater or smaller than the other two. Despite their
prevalence, the need to create holes and notches in these elements to meet service requirements
compromises their structural strength. The prediction of effective stress distributions in weakened
plates due to geometrical variations has been a subject of extensive research, dating back to Kirsch in
18984, Muskhelishvili's complex potential approach for isotropic plates in 1953 facilitated the
study of complex geometries, while Lekhnitskii®®! and Savinl extended similar approaches to
anisotropic materials, using conformal mapping for various hole shapes.

Efforts to verify and improve these solutions continued with Batista's efficient algorithms for stress
fields around complex non-convex hole shapes®!, Sharma's analysis of polygonal holes*], and
Rezaeepazhand and Jafari's study of metallic panels with special-shaped cut-outs!**l. Recent
endeavours have aimed at characterizing stress distributions associated with different notch
geometries and loading conditions®-12],

To enhance the strength of components with holes, strategies like reinforcing them with stiff rings or
inserts have been explored. Noteworthy works include Savin's analytical solution for an elliptic hole
reinforced by rigid arc-shaped plates® and Chao et al.'s investigation into stress fields around an
elliptic hole with an elliptic isotropic annulus(?®l. Lekhnitskii extended the study to orthotropic solids,
validated experimentally by Toubal et al.®¥l. Belfield et al.*% provided an analytical solution for
concentrically anisotropic reinforcements around holes in isotropic plates, laying the foundation for
subsequent research(30-331,

Simultaneously, modern additive manufacturing technologies for long fibre composites have

revolutionized geometric possibilities and reinforcement placement, unconstrained by traditional
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limitations. Efforts have been directed towards optimizing fused deposition modelling technologies
for long fibre compositesi**l, as well as understanding fracture behaviour around geometrical
discontinuities in 3D printed specimens!*],

In a parallel avenue, the study of stress distribution around geometrical variations in composite
components has investigated the possibility of strengthening and stress relieving regions close to such
variations. Dave and Sharma!®? explored the effect of functionally graded laminas around holes,
while Yang et al.%1 derived stress fields in an isotropic plate with an elliptic hole reinforced with a
functionally graded annulus. To mitigate damage from stress concentrations, reinforcement with
stronger and stiffer materials has been explored, initially using stiff rings, inserts, and patches. In
composite laminates, stacking laminae with graded stiffness achieved a strengthening effectt3l. With
additive manufacturing technologies, functionally graded materials have opened new design
possibilities, demanding novel theoretical and numerical tools for design.

In this chapter two new models are presented that describe the elastic behaviour of reinforcement
around holes. The first is the elastic problem of an isotropic infinite plate with a circular hole
reinforced with a polarly orthotropic material subject to generic loadings. The analytical formulation
combines the Muskhelishvili complex potential approach for isotropic platest? and Spencer's
solutiont®® for a polarly orthotropic annulus. The resulting explicit expressions for displacement and
stress fields account for the plate's geometry and the reinforcing region's elastic properties. The
analytical solution is validated through comparisons with finite element analyses on finite geometries
under various loading conditions.

The second discussed solution is the elastic problem of a finite convex plates of arbitrary geometry
weakened by a concentrically reinforced hole subject to diverse loads.

Despite extensive scrutiny, the analysis of notch stress and strength remains a focal point for
researchers!*>2%, Few have successfully determined analytical solutions for finite bodies weakened

by holes or notches comparable in size to the plate. Pioneering works by Howland? and Ling[?®! in
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the early 20th century focused on notched strips, while recent studies addressed finite plates weakened
by various hole shapest?*27],

This second model builds upon the first discussed solution for an infinite plate. It proposes a method
for deriving stress fields in finite convex plates of arbitrary geometry weakened by a concentrically
reinforced hole, subject to diverse loads. Various boundary conditions, especially those for hole
edges, are precisely described and applied. External boundary conditions are approximated to obtain
accurate stress fields for the entire plate region.

The model is then validated against a variety of finite element analyses, considering all relevant
geometrical parameters. This expanded solution contributes to understanding stress distributions in
plates with locally reinforced geometrical variations, a valuable resource for designing additively

manufactured mechanical components.

5.2. Exact in-plane stress field solution for isotropic plates with circular

holes reinforced with cylindrically orthotropic rings

5.2.1. Analytical solution

5.2.1.1. Statement of the problem
Consider an infinite isotropic plate with a circular hole of radius r,, reinforced with a concentric

polarly orthotropic annulus of thickness s and outer radius ry, giving s =r, —1,. The plate is subjected

to radial and shear stresses in the hole boundary, generally given in the following Fourier series form:

N
5. (0)=S,+ Y (S,,c08(nd) +S, ,sin(nd))
n=1 Vl

5.,0)=T,+ i(Tm1 cos(nd) +T, ,sin(nd))

n=1

where S, T,, S TijeR Vi:l<i<NeN;]j 6{1,2}.

ij*

Moreover, external far-field constant stresses o,,,0,,,0,, are applied to the plate (see Figure V.1).
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Figure V.1. Infinite plate with a reinforced circular hole under generic loading conditions.

5.2.1.2. General form for the displacement and stress fields in the reinforcing region

In the (X, y) plane, depict the reinforcing area as a polarly orthotropic ring where the radial and
circumferential directions serve as principal elasticity directions. Consequently, the stress and
displacement fields within the reinforcing region can be investigated using the same format outlined
in chapter 1.6.2.3 for the concentric annulus problem. Hence, the subsequent formulations for

displacements and stresses can be applied (refer to the coordinate system depicted in Figure V.1).
w_ (K" )" o (1+d?

u, —/-\)(r] +ao[rJ E1(1+e JCOS@+(E cos+F sm@)log(roj

a V.2
[}

/)

s

N n
+Z[(A1 cosné + B, sin ne)[r?oj +(a, cosn@+b,sin ne)(

| =

N Fa
+Z[(En cosnd + F, sin ne)(r—;’j +(e, cosnd+ f,sin ne)(

n=2

=
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-2
ul) = Fl(lJr d,z jcose— HO[%J+(F1 cosd - E; sin 9)Iog(rLJ+
0

1+e
y 6" r)” V.3
+> | (C,sinnd-D, cosne)(?oj +(c,sin nH—dncosne)[Fj +
n=1 :
N r. b r B
+y (GnsinnB—anosnﬁ)[?"j +(gnsinn¢9—hncosn9)[F]
n=2 g
o G;) r o , . a
r :rCZdlz ? A)(C —d (XU)+ ?1 a, (C +d ao)
d*—(c?*(1+d?)-d*)e? d*—(c?(1+d?)=d*)e?
+E (C Hd7)-d)e cosf+F, ((1+a) )6 sin @ +
d2(1+62) d2(1+€2)
+nZN;Kr_,?) n[(ﬁcos(”eﬁ B, sin(n6))(c’ - d’a, )+(C, cos(n@)+ D, sin (nd))nc |+ va
+[%) "[(anCOS(”9)+bnSi”(”9))(CZ+d2a) +(c, cos(n@)+d, sin(na))
)
+i{(r_:j |:(En cos(n@) + F, sin(nd))(c* —d*B, ) +(G, cos(n@)+ H,sin (no )nc2
n=2
FYr
—_ 1 2 2
+(J [(en cos(n@) + f,sin(ng))(c® +d*A, ) +(g, cos(n@)+h,sin(ne)) 1}
O] Gél) o ) 2 2 r" 2
%_rdzr{f [rj :%(d —€ ao)+(r1] ao(d +e a0)+
2 Z_dZ 2 42—d2
+E1€ € - >cose+F1€ ( : )sm9+
1+e l+e
J&;H?j [(Aq cos(n@)+ B, sin(ng))(d” -’ )+(C, cos(n@)+ D, sin (nd nol2 T

nd2

n )
+[r]an [(an cos(n@)+b, sin(n))(d” +€*ar, ) +(c, cos (n@) +d, sin (ne)) 1
ij |:(En cos(n@)+F,sin(nd))(d* —¢*4,)+(G, cos(nd)+H, sin(ng))

[:J e, cos(ng)+ f, sin(n@))(d* +¢*B, )+ (g, cos(nd)+h, sin (nd)) }
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' +F cosH+Eldz

G(l)_eg?{zroHo & d?—é
r d2(1+62) 2

N

+ Z{(%)a [n(Bn cos(nd)— A, sin(nd))+(D, cos(nd)-C, sin(nd))(a, +1)} +

n=1

+[£]% [n(bn cos(n¢)-a, sin(nd))+(c, sin (nd) - d, cos(nd))(«, _1)]} ’ h

K—]ﬂ" [ n(F, cos(n0) - E,sin(n0))+(H, cos(nd) -G, sin(n0)) (8, +1) |+

+[Lj " [n(f,cos(ng)—e,sin(ng))+(g,sin(nd)-h, cos(nd))(B, "1”]}

In Egs. V.2-3 and V.4-6, the superscript (1) refers to the elastic constants, stresses and displacements

of the reinforcing region.

Unknowns A ,a.,B ,b,,C.,c.,D,,d E, e, F,f.,G,0g,H,h Yn<NeN are linearly dependent

n! =—n!’>=n’ n? =n?’%n?’ " n? "'n?

constants to determine by applying proper boundary conditions and linked through the following

relations:
'Ah = Cn¢a,n an = Cn¢—a,n n>1
Bn = Dn¢an bn :dn¢fan n>1
| | V.7
En = Gn¢ﬁ,n €, = gn¢_ﬂ’n n>2
I:n = Hn¢ﬁ,n fn = hn¢—ﬁ,n nx2
InEq. V.7:
2 2,2
—en° -1
T = V.8
n((1+e )—}/n (1+d ))
whilst e, and 3, YN €N are the roots of the following characteristic equations:
f (yn) = 7n4 _7/”2 (6_2 (n2 +C2)_n2C2d_2 (2+d_2)+1)+C2€_2 (n2 —1)2 =0 V.9
where:
G G G
2 or 2 or 2 or
€= d°= ¢ = V.10
L M N
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and:

()] ()

E9 Ea

@ (6] ()]

_ Vio _ E, _ Vio

L= 1 E® M= 1 E® N = 1 E® V.1l
_r @) 0 _V(l) 0 _V(l)
() @ "ro " =0 ro 0 =@ ro
Vr& E9 Vra Er Vr0 Er

for plane stress.
Alternatively, the situation of plain strain can be addressed by assuming a transversely isotropic
behavior in the through-thickness direction, a common practice for Fiber Reinforced Polymers. In

(6] . . . .
_E& Consequently, in this particular instance, the constants

this scenario, E® = E® and g® —
‘ ' " 2(1+v?)

L, M, and N are governed by the following expressions:

(]
E @ 1- Vi
0 I0) @)
L = Vg M = E,

@ @ =10
1- Vi ) Er V(l) 1- Vi EH _ 2V(l)
V(l) E @ "ro V(l) E @ ro

ré 4 ré r V 12
1 E® '
@ =r

=V
1) 1) ro 1)
_ B Vio E;

L0 @ @
v, +1E;7 1-v;

@ ()
Er VrH

@)
- 2Vr6

where ES,E®,E® are the Young’s moduli, v ,v{ the Poisson ratios and G

ré ' rz or

GPthe shear
moduli

5.2.1.3. General form for the displacement and stress fields in the reinforced plate (outside the
reinforcing region)
The Muskhelishvili complex functionf? can be employed to establish the overall expressions for the

displacement and stress fields in the plate beyond the reinforcing region:
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6@ + 62 — 4Re d@(z)}
dz

@ _ 5@ 4 2i5@ 920 | 7 d’®(z) N dX(z)
00 r ro d22 dZ

V.13

: 1+v® dd(z)
@ i@ _
u” +iuy” = £® [ d(z)-z2———= e ~X(z) |e

where superscript (2) identifies the elastic constants, stresses and displacements in the isotropic plate
and E®,v are the Young’s modulus and Poisson ratio respectively

The following two potential functions are used:

®(z2) =(A +iB,)log (z)+(A +iB,)z+(A +iB, )+ > (A, +iB )z

n=1 V.14
X(2) =—« (A, —iB, )log (z)+(C, +iD,)z +§(C_n +iD_, )z

Substituting Eq. V.14 into Eq. V.13 results in the following displacement and stress fields (according

to the reference system shown in Figure V.1):

) —2) R
= + < sin(0)+ V.15
(r2 (1+x)B,-D,+ r“IZ_)l)
ED3

+ZN:[(I,2((”_1)+K),K_(H_D—C_Z_(n+l))cos(n9)+(r ((n l)+K)B (n-1) -D (n+1))sin(n9)}}

+ — cos(26)+

sin(20) +

n+l

r rn-¢-1

L0 (v(z) +l){(r2 (1+x)B + 5_1)

¢ E®

. )sin(0)+ V.16

n+l

r r.n+1

+ZN:[<FZ("_(”_1))§<M)+5(”+1))Cos(n:9)+(rz((n_l)_’{)'&(“1) Cf(nﬂ)) (”9)}
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+2(r2(‘7_’()'§;+(‘/_1) _‘2)c05(9)+Z(rz(ﬁ_K)ngJr(V_l)ﬁ2)sm(9)+ e
. N [((n—1)rz((n—l)—(n+1)v+/<(v+1))ﬂ oy +(+1)(7-1)C +1))cos(nt9)+ |

(7-1) re
+2(r2(1_‘/’()§_(v_1)62>cos(:9)+ 2(r2(1_VK) ?{;‘(V_l)[_) 2)s|n(t9)+

) ~ V.18
+N[(<n1)r2 L L R G LR o [ L) N

((n+1)(n-1)B,,, —(n+1)D_, ) V.19

A.,B_, A, . B, C,, D, vn< Ne Nare integration constants to determine by applying proper
3-v® y® . . .
boundary conditions, and x = To,@ V= 1,@ for plane stress conditions, whilst for plane strain
+v -V

k=3—4@ pv=y3@,
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5.2.1.4. Boundary conditions and explicit solution for unknown coefficients
The unknowns in the expressions derived in the previous sections can be determined by applying the

following boundary conditions:

I.  Far away from the hole (r — ) the following conditions must be verified:

@, _~@__0
: . +
limo? (r,6)=lim Iw 9w | T “w o529 - P sin 20]
r—o r—om 2 2
c?1g® FO_50
+ - :
!l_TOG(Z)(r 9)_!|_)n; Oy 2090 _Urr 2659 COSZ@—O'r(;)Slnzgj:G; V.20
@ _ (2
limo? (r,0)=lim _Gr "9 o520 -? sin 29] o
r—o r—om 2
Explicitly substituting Eq. V.17-19 into Egs. V.20 results in:
~ o,to, _ o, -o. _
A = — C = % D, =0, V.21

ii.  Along the boundary of the reinforcing annulus, equilibrium and compatibility conditions

should be guaranteed, namely:

o (1=1,0)=5,(0) o (1 =15,0) =0 (r=1,0)

ol (r="r,0)=5,() u? (r=r,0)=u?(r=r,0) V.22
o (r=r,0)=c?(r=r,0) uf(r=r,0)=uf’(r=r,0)

With, r,=r +s.

Egs. V.22 gives a total of 12N +6 linearly independent equations, enough to determine all the

remaining unknowns, where N is the number of terms used to express internal loads, according to

Egs. V.1.

To simplify the expressions for the determined constants, the following auxiliary parameters are

introduced:
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. d? —¢€? (1+d) s_1_ 1+d2)e2

d2(1+62) d2( ) ¢ d* 1+62) V.23
pet _% o=t S

d? c? d? ¢?

Under the condition of plane stress, the following close form expressions for the unknowns can be

determined, for the reinforcing annulus:

B, %S, + Y, *T B, *S,,+ Y *T LT,
E — E, 11 E, 1,2 F - R 1,2 R 11 H :A
1 QEl l QF1 ’ ZGéE)
I, (—ro‘”0 rng,)g(oj; + a;';)+ e (E(Z’ +GY (1+ v<2>),_o)so) V.24
o G (1, (E? +6 (1+v@)n) o+ 12n(EP + G (1+v?) o)) |
6 (G (o7 + oy ) 1" (E? +G (1+v?)n)s,)
G (1,7 (E? +G (1+v@)n) o+ 12n(EP + G (1+v?) o))
e, *Sy1+ Y, *T,, +0 *(oh o)
C, =—= 5
Cn
D - EDn *S, +YDn*Tn,l +®Dn *
o, V.25
B, *Spu+ Y *T,, +0¢ *(on—0o)
G, = 5
G
B St T Tt 0y, o
n QHn
B, *Sut Y T, +0, *( Xx—a;‘;)
C, = o
Cn
1 _Ea St Yy T+ 0 *oy
n o V.26
LB *S,+ Y M, 40 *(oh—0) '
gn - an
B, *S,,+ 1, T, +0, *oy
h = S
h

n

whereas for the isotropic reinforced plate the constants are:
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;2 (-1 (E®+GY (v ~1)n) o+ 2n(EP + G (v -1) o)) (o5 + o)

C,=

1 2(r02a0 (E<2)+Gg> (1+V(2))T7)y—r12“°77(|5(2)+G(§? (1+V(2))p))

+ h (_2r01+a0 L°E® (77 - 1_0) So)
2(r02a0 (E(2)+Gg> (1+V(2))77)y—r12“°77(E(2’+G(§? (1+V(2))g))
_ _ r2 _E(Z) +ZG(? 1+V(2) T
D—l:_rozTo Blz 0 ( 8r2é(l() )) 0
1 ~or
i - E, %S+ Y, T, + 0, *(on —oy)
Qﬂn

E _ Egn *Sn,Z +Y§n*Tn,l +®Dn *O_)c(x;

n an
g - Es *Sn,1+YC *Tn’2 +@Cn *(G;i _G;.;)

n Qén
_ Elj *Sn2+Y5*Tn1+®D *U;;
D, =—t— Q )

D,
L Y |
A: __A Tnl A 'n2
QR

gc = EEC *S”';;_YBC*TM

=5 = %A Te =-Yg Qe =Q¢
. =5 = == 5 == = _x

Cy D, Cn dy G, H, 9, h,
YCH = _YDn ch = —de YGn = _YHn an — —Yhn
Q, =Q, =Q;, =0, =Q; =Q, =0, =Q,
®Cn =®Cn = Dn _®d _®G =®gn — Hn — . _0 vn¢ 2
2@)D2 =®Cn 2®d = , 2@62 = H, 2@92 — .
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I

I
(1]
Il
[1]

>

[
Ko
o
>

Y, =-Yg Yo ==Y; Y =-Tg

Q, =Q; =0, =Q, Q, =0, V.30
®;n=®fn:0 vn=-1 @1:@)1:0 vn# -3

20, =0g 20 =0;,

The constants under plane strain conditions have similar expressions, and can be easily obtained:

(2

: . @
I.  changing E' for —1_[‘/(2)]2

Jo

. ) _
ii.  changing v for —1—v(2) ;

iii.  Using Egs. V.12 instead of Eq. V.11 for parameters L, M and N.

5.2.2. Discussion and comparison with numerical results

Although the solution derived in this chapter is mathematically exact for infinite plates, the stress
fields generated from the developed framework were cross-validated against various numerical
analyses performed on finite plates with reinforced holes. This comparison aimed to assess the
accuracy of the solution, particularly when applied to finite bodies.

For the numerical investigations, finite plates measuring 250 mm in height and width were
considered. These plates featured a central hole with a radius (ro) of 10 mm, reinforced with annuli
of thickness (s) equal to 2, 5, and 10 mm. The numerical analyses were conducted using Ansys®
version 21 software with Ansys PLANE183 quadrilateral plane elements under plane stress
conditions and a pure displacement formulation.

The mesh generation process involved dividing the perimeter of the plate hole into elements with a
specified edge length (eo). Subsequently, a mapped mesh was created up to a radius of 40 mm from
the hole center, with the length of quadrilateral elements in the radial direction set equal to eo. For the

remaining plate region, the mesh remained mapped, imposing 100 elements in the radial direction
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with a spacing ratio of 100.

A convergence analysis was conducted by progressively reducing eo for a 250x250 mm plate made
of quasi-isotropic GFRP. This plate had a hole with a radius (ro) of 10 mm, reinforced with a ring of
width (s) equal to 2 mm (s/ro = 0.2) and was subjected to uniaxial tension. The chosen value for eo
was 0.05 mm for all subsequent analyses, resulting in meshes of approximately 620k nodes and 220k

elements for each plate quadrant.

eo[mm] | FE Nodes | % o0l o,

1 4,348-10° 411

0.5 11.176-103 4.23

0.1 167.374-10° 4.24

0.05 | 618.748-10° 4.24

Table V.1. Results of the mesh convergence analysis. FE nodes are those of one-quarter of plate.

This approach yielded finely detailed and regular mesh patterns, especially in the region near the
reinforced hole, ensuring a high level of accuracy in all cases. Symmetry or skew-symmetry boundary
conditions were employed whenever possible, modeling one quarter of the plate. In instances where
this was not feasible due to loading conditions, the entire plate was modeled. As an illustrative
example, Figures V.2a-d present contours for cge, orr, Us, and ur in the case of biaxial tension and

internal pressure.
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Figure V.2. Example of contour plots in 250x250 mm plates made of quasi-isotropic GFRP; hole
radius ro=10 mm reinforced with a ring of width s =10 mm. Applied loads: biaxial tension (

o, =100MPa, oy =50MPa) and internal pressure (&, =100MPa). Stresses in MPa;
displacements in mm.

According to the diagram presented in Figure V.3, stress assessments for each analysed scenario
involved three primary linear paths originating from the hole's centre and inclined along the 6=0°,
45°, and 90° directions (designated as paths 1, 2, and 3 in Figure V.3). Additionally, stresses were
appraised along the hole boundary (path 4) and the reinforcing region's boundary (path 5). Various
loading conditions were examined, including uniaxial tension, biaxial tension, pure shear, and both

uniform and non-uniform internal pressure.
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Figure 3. Schematics of the paths used for comparing the analytical solution with numerical (FE)
results.

All analyses considered an annular Carbon Fibre Reinforced Polymer (CFRP) reinforcement with the
following properties: Eoe=147 GPa, Er=10.3 GPa, Ge:=7 GPa, v=0.02. In contrast, reinforced plates
utilized two different isotropic materials:

e Polyamide (PA) with E=3 GPa and v=0.35;

e Quasi-isotropic laminate made of Glass Fiber Reinforced Polymer (GFRP) with Ex=Ey=54

GPa, and v12=v21=0.31.

Comparisons between the analytical solution and numerical analysis results are depicted in Figures
V.4-12 for various material combinations, geometries, and loading conditions. The agreement is
consistently satisfactory, affirming the suitability of the proposed solution, originally exact for infinite
plates, for characterizing stress and displacement fields in finite plates.

Specifically, Figure 4 illustrates the hoop stress component along the hole boundary for plates under
uniaxial tension, revealing an increase in stress magnitude with a decreasing ratio. Figure V.5
showcases stress components along the boundary of the reinforcing annulus for a PA plate,

emphasizing the precision of the proposed framework.
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The accuracy of the analytical solution under different loading conditions is demonstrated in Figures
V.6-11 for various materials and reinforcing ring sizes. Disparate loading conditions, such as biaxial
tension with constant internal radial pressure (Figure V.6), pure in-plane shear (Figure V.7), and in-
plane shear combined with internal radial pressure (Figure V.8), are considered. Additionally, in-
plane shear combined with non-uniform internal pressure, simulating pressure exerted by a pin, is
explored with results presented in Figure V.9b:

biaxial tension combined with a constant internal radial pressure (Figure V.6);

pure in-plane shear (Figure V.7);

in-plane shear combined with a constant internal radial pressure (Figure V.8);

in-plane shear combined with a non-uniform internal pressure, simulating the pressure exerted by

a pin. In this case, the internal pressure was described taking advantage of the following equation

(see also Figure V.9a):

~ 200cos [26] _ 40cos [46]

3z 3z V.31
40 cos[66] ~ 200cos [86] _ 200cos [106]

1 637 99

5,(0) = (6) =22 + 50sin[6]
T

Displacement distributions are illustrated in Figures V.10 and V.11, showcasing continuous fields
despite the discontinuity observed in the hoop stress component (Figures V.6, V.8, and V.9) due to
elastic material mismatch.

Finally, Figure V.12 focuses on a 100x100 mm plate with a 10 mm radius hole and a 5 mm thick
reinforcement under complex loading conditions. Despite the plate size approaching the hole radius,
the proposed solution’s accuracy remains acceptable, with a maximum difference between numerical

and theoretical results within 10%.
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Quasi-isotropic GFRP plate |
Solid lines: Eg. V.5
Symbols: FE results

0 20 40 60 80
0]
Figure V.4. Stress component o,, evaluated along the boundary of the hole (path 4 in Figure V.3).
250x250 mm isotropic plates made of quasi-isotropic GFRP; hole radius ro=10 mm reinforced with
rings of width s = 2, 5 and 10 mm. Uniaxial tension o, =100MPa . Analytical solution compared
with the results from FE analyses.
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7 , PA plate with s/rp=0.5
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Figure V.5. Stress components o,,,0,,,0,, evaluated along the edge of the reinforcing ring (path 5
in Figure V.3). 250x250 mm plates made of PA; hole radius ro=10 mm reinforced with a ring of width
s =5 mm. Uniaxial tension, afy =100MPa . Analytical solution compared with the results from FE
analyses.
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Quasi-isotropic GFRP plate with s/ro =1 Tyy
5 ¢ Solid lines: Egs. V.4-6, V.17-19 SR N
Symbols: FE results
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Figure V.6. Stress components o,,,0,,,0,, evaluated along a straight path with 6=45° (path 2 in
Figure V.3). 250x250 mm plates made of quasi-isotropic GFRP; hole radius ro=10 mm reinforced
with a ring of width s =10 mm. Applied loads: biaxial tension (o}, =100MPa, o3 =50MPa ) and

internal pressure (&, =100 MPa ). Analytical solution compared with the results from FE analyses.

35
3 L
Ex 25 | Ty ., .,
| oy |
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gxy /
1 i Grr
05 L Quasi-isotropic GFRP plate with s/ro = 1
) Solid lines: Egs. V.4-6, V.17-19
Symbols: FE results
0 ! ! ! ! 1 ! ! ! ! 1 ! ! ! !
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Normalized distance from hole's edge, (r-ry)/s

Figure V.7. Stress components o,,, o,, evaluated along a straight path with 6=90° (path 3 in Figure
V.3). 250x250 mm plates made of quasi-isotropic GFRP; hole radius ro=10 mm reinforced with a ring
of width s = 10 mm. Pure shear loadings, ofy =100MPa. Analytical solution compared with the
results from FE analyses.
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I PA plate with s/ro = 0.5
-4 Solid lines: Eqgs. V.4-6, V.17-19
Symbols: FE results
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Normal distance from hole's edge, (r-ry)/s

Figure V.8. Stress components Ogzand O, evaluated along a straight path with 6=0° (path 1 in
Figure V.3). 250x250 mm plates made of PA; hole radius ro=10 mm reinforced with a ring of width
s =5 mm. Applied loads: pure shear loadings o, =100MPa and internal pressure (&, =100 MPa ).

Analytical solution compared with the results from FE analyses.
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PA plate with s/ro = 0.5
Solid lines: Egs. V.4-6, V.17-19
Symbols: FE results

0 0.5 1 15 2
Normalized distance from hole's edge, (r-ry)/s

(b)

Figure V.9. (a) Schematic of the internal pressure exerted by a pin, according to the Eq. V.31.
(b) Stress components o, and o,, evaluated along a straight path with 6=90° (path 3 in Figure V.3).

250x250 mm plates made of PA; hole radius ro=10 mm reinforced with a ring of width s =5 mm.
Applied loads: pure shear loadings o, =100MPa and non-uniform internal pressure according to

Eq. V.31 (see also Figure V.9a). Analytical solution compared with the results from FE analyses
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Figure V.10. Displacement components U.and U, evaluated along a straight path with 6=0° (path 3
in Figure V.3). 250x250 mm plates made of quasi-isotropic GFRP; hole radius ro=10 mm reinforced
with a ring of width s = 10 mm. Applied loads: biaxial tension (63y =100MPa, ¢ =50MPa) and

internal pressure (&, =100 MPa ). Analytical solution compared with the results from FE analyses.
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Figure 11. Displacement components U, and U, evaluated along a straight path with 6=90° (path 3
in Figure V.3). 250x250 mm plates made of PA; hole radius r0=10 mm reinforced with a ring of
width s =5 mm. Applied loads: pure shear loadings afy =100 MPa and non-uniform internal pressure

according to Eq. V.31 (see also Figure V.8a). Analytical solution compared with the results from FE
analyses.
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Figure V.12. Stress components o,,,0,,,0,, evaluated along a straight path with 6=0° (path 1 in
Figure V.3). 100x100 mm plates made of quasi-isotropic GFRP; hole radius ro=10 mm reinforced
with a ring of width s =5 mm. Applied loads: biaxial tension-compression (o, =100 MPa

o, =-50MPa) shear stress (axgy =100MPa) and non-uniform internal pressure according to Eq.
V.31 (see also figure V.8a). Analytical solution compared with the results from FE analyses.
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5.3. A Semi-Analytical Solution for the in-plane Stress Fields in
Isotropic Convex Finite Solids with Circular Holes Reinforced with
Cylindrically Orthotropic Rings

5.3.1. Analytical solution

5.3.1.1. Statement of the problem
Consider a generic convex isotropic plate with a circular hole of radius r,, surrounded by a concentric
polarly orthotropic annulus of thickness s (reinforced region) and outer radius ry, (S = - FO) as shown

in Figure V.13. Suppose that the solid is subjected to shear and radial stresses along the hole boundary,
that can be expressed in the following Fourier series form:
N
G (0) =Sy + D (S,,€08(n6) + S, , sin(nd))
n=1

N V.32
o (0) =Ty + D (T, c08(nO) +T, ,sin(n6) )

n=1

where S;,T;,S;, T;eR Vi:1<i<NeN;je {1,2} . Suppose also that external stresses are applied to

ij?

the solid’s external boundaries, described according to the following Fourier series (see Figure V.13):

M
o (0) =Qf + (), cos(nd) + Q) sin(ng) ) V.33
n=1

where Q{{Q‘,{p eR Vn:1<n<MeN;pe{L,2},iand ] are the direction perpendicular or tangent to

the external surface of the solid in every point.
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Figure V.13. Finite plate with a reinforced circular hole under generic loading conditions.

5.3.1.2. Universal form for the stress and displacement fields in the reinforced region
(reinforcing annulus)

The reinforced region is an annulus concentric with the hole, made of polarly orthotropic material
having principal directions of elasticity in the radial and circumferential directions (Figure V.13).

Stress and displacements fields in this region can be sought in the same form used by Pastrello et

al.l3%:

1

oy Qg -2
ugl):AO[EJ +a0(£] —E{%]coséﬂ(ﬁcoséuFlsiné?)log L)+
I 1+e Iy

+>_| (A, cosng+B, sin n@)(%’j n +(a, cosng+b, sin na)[

| =

+ V.34

=

| =

by
+>_| (E, cosnd+F, sin n@)(r?oj +(e, cosn6?+fnsinn6’)[

=
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ué1):|:l(1l+d ]co sO—H (rj (Flcose—ElsinH)log[rL]+
0

+e
P Gn %n

+> | (C,sinng-D, cos ne)(r—:j +(c,sinnd—d, cos n0)(%] J+ V.35
n=1 1

| =

p B
+> | (G,sinng—H, cos n@)[r—:j +(g,sinnd—h, cos ne)[

=

f

@ ay g
cﬁ?:ri%z{(%j Axcz—dﬂ%)+[£j 2y (6 + 0%t ) +
1 1

d“ (c2(1+d )-d*)e o orE d*—(c*(1+d?)-d*)e’
1

@+3) ) ot

+ r° cos(nd)+ B, sin(nd))(c* —d’e, )+(C, cos(nd)+ D, sin(ne nc
r Aq

H_‘lﬁ

nc

+

ZP;{ r?o (E cos(né)+F, sm(n&))(c —d ﬂ) (G, cos(nd)+H, sin(ne

n

))

V.36
J a, cos(n@) +b, sin(ng))(c* +d’a, )+ (c, cos(nd) +d, sin(ng))nc’ ]
))

ELT (e, cos(n@)+ f,sin(n@))(c* +d*B, )+ (g, cos(nd)+h,sin(nd)) }

o % %
ot 8 o £ i

1

2( 2 42 2( 2 42
+E ‘ (6 )0036+F16 (6 2d )sin0+

” . V.37
[F] a cos(n@)+b, sm(ne))(d +éa ) (c,cos(nd)+d, sin(ng))nd? ]]

{ r?‘) i [( E, cos(n@) + F,sin(n))(d* —¢*B, ) +(G, cos(nd) + H, sin(ne))nd2]+

n=2

+[r£1] n [(en cos(n@)+ f,sin(n@))(d* +¢*4, ) +(g, cos(nd)+h, sin(n@))ndz]”
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[ (B, cos(16) A,5in (10)) + (D, cos(n8) ~C, s (16) ) (a, +1) ]+
[;j (0, c08(19) 3, 5 (18) + (¢, sn () 0, cos(16))(, 1)]] V.38
35 Tn(F,cos(06) 0 (0) + (M, co5(9) -, sn () 5, 1]

n=2 r

J{F:J n [n( f, cos(ng)—e, sin(nd))+(g,sin(nd)—h, cos(nd))(4, —1)]”

In Egs. V.34 to V.38, the superscript (1) refers to the elastic constants, stresses and displacements of

the material the reinforcing region is made of.
Unknowns An, an, Bn, bn, Cn, Cn, Dn, dn, En, en, Fn, fa, Gn, On, Hn, hn, Vn<PeN ‘ N,M <P as well as

all the other constants in Egs. V.34 to V.38 have the same expressions given in the previous chapter.

5.3.1.3. Universal form for the stress and displacement fields outside the reinforced region
(plate)
The universal form for the stress and displacement fields in the isotropic solid outside the reinforced

region can be determined by means of Muskhelishvili formulation?:

of +oi.) =4Re {@}
Z

o) ~o? +2ic? = 2e2'9(—OI o), dX(Z)j V.39

dz? dz

. 1+v® do(z2) —=
@ L iy®@ _ _io
u,” +iu,” = =5 [K‘CD(Z)—ZT—X(Z) e

where E and v represent the elastic modulus and the Poisson ratio, and superscript (2) identifies the
properties of the isotropic unreinforced region.
The following two potential functions are used for the problem under investigation, being them

suitable forms to apply proper boundary conditions:
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D(z) = (A +iB, )log (z)+(A +iB, )+ X (A, +iB, )"+ (A +iB, )"
" " V.40
X(z) =« (A —iB, )log (z)+i(ﬁn +iD_ )z +2(Cn +iD, Jz"

Substituting Eq. V.40 into Eq. V.39 it results in the following stress and displacement fields:
@ _(v(2)+1) (rZ(K—l)ﬂi—C_fl)
T E® r

(rz((zclog(rz)—l)ﬁb+r2(x—2),&2+1<R)—672)

2

u +

+

, cos(6)+

(rz((zclog(rz)—l) B, —r’(x-2)B, +K§C)— D,

2

V.41
)sin (6)+

+

r
(rz (=14 ) Ay +r7" (k= (n+1)) Ay =C iy - rz(n_l)c(n—n)

n+l
r

cos(ng)+

(r2 (n—-1)+x)B - r2m (k=(n+1)) By =D gy + 2 Dy sy ) i (n@)]}

n+l
r

V.42

(r2 (x=(n-1)) By + 1™ (+(n+1)) Bypusy + Dy + "D, 71))

+Z{ — - cos(ng)-

r

n+l

r

(r (n-1)—x)A .+ p2n) (x+(n+1)) Ay —C oy +r"Coy ) i (nH)”
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2(* (7 k) A~ (4 57 2) A+ (7-1)C. )

) . cos(0) +
+2(r2(17—K)E_30+r4(KJ;3K‘7—2)E_32+(‘7_1)52)Sin(6;)+

éﬂ(””rz“”” (””)”"(;I”)A‘ 2 ) YC )y
_(n+1)r2<“*”(K—(n+1)+((ﬂ—1)r+n:1<) VAo (VDO Cy
((-yr((n-2)- (n+1)v+x(:n:1))|3( y (n+1)(‘7_1)5(”+1))sin(n9)+
+(n+1)r2<"*”(K—(n+1)+((n—1)r+n§)ﬁ)%+(”‘1)(V~‘1)r2n5<“-” sin(no) } V.43

) { ) os(0)
+2(r2(1_w<)§0+r4(K+r(3K_z)v)‘2—(v—1)5z)sin(g)+
+npzl((n1)r2((n1)\7(n+1)+1c(:n:;1))A( 2= (1+1)(7-1)C >)Cos(n9)_
(ne)e ((n_1)+,<+(K—(nr+:l))ﬁ)/3<n+l) HODE Do o
(- (-7 <n+1>+'<<rvnj>>5 2= DE DB 0n) o )
(et ((n_1)+,<+(,c_(nr+:l))a)E?M+(n—1)(ﬁ—1)f2”5<n1> sin(ng) } V.44
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A B_A, B ,C D, Vn<PeN are integration constants to determine applying proper boundary

conditions, remembering that «=3—4v® for plane strain conditions, whilst for plane stress

3—-v® . ) . v@
= and v =v® for plane stress while v =

T v e for plain strain.

K

5.3.1.4. Boundary conditions and explicit solution for unknown coefficients
Since compatibility and equilibrium conditions should be guaranteed along the boundary of the

reinforcing annulus, it is possible to write the following system of equations:

ol (r=r,,0)=5,(0) ol (r=r,0)=c{(r=r,0)
G.,(0) u? (r=r,0)=u?(r=r,0) V.46

ol (r=r,0)
o (r=r,0)=c(r=r,0) uP(r=r,0)=u?(r=r,0)

r

where, I =1,+S.
Egs. V.45 can be rewritten in matrix form as it follows:
H-v=Kk V.47

Where H is a diagonal block matrix defined as:

fi = Diag [ Fly, F,, o 1, V.48

And H. are defined in M. Pastrello et al.®Y. ¥ is the coefficient vector:

V={V,,V, -V} V.49
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Where:

voz{p\wao’Cfl’[_)—l’HO’El}; v
v,={C,.¢,E.,A,.C,.A,D,d,F.B,D, B V.51
\_/n={Cn,Gn,Cnagn:'&1—mC_n—1!DnaHn!dn!hn’gl—n’Ij—n—l} v2sn<P Vo2

and Kk is a vector defined in M. Pastrello et al.31],

By solving the system defined in Equation V.47, one can derive expressions for coefficients as
functions of the remaining coefficients, where n varies from 2 to P. To determine these coefficients,
it is necessary to impose boundary conditions on the external boundaries. However, conventional
equilibrium equations cannot be precisely solved for a finite value of P. Hence, this solution employs

a numerical approximation technique based on minimizing residual stresses.
The external boundary can be divided into Ny, number of divisions, each described with parametric
equations I,(s), ne{l,---,Ng,} (for Ny, =1, 1(s) is the parametric description of the whole

external boundary).

The residual stresses calculated along these curves are:

Ay ={of (r,0)- 03 (0)} V.53

{r.0}el, (s)

where G?j(r) are the stresses applied to the external boundary with i, j being the directions
perpendicular or tangent to the boundary.

Taking into account the maximum distance, denoted as rmax, Of the external boundaries from the centre

of the hole, the goal is to standardize the minimization procedure based on the solid's maximum size.

To achieve this, the following substitutions can be applied in equation V.53:

A=, g-B g &%, 5.0 V.54
rmax rmax rmax rmax
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with n ranging from 2 to P. From V.53 and V.54 the following function describing the total residual

stresses can be defined:

FO= E{II[Z(A; ) }ds} V.55

i

A

Bn+1’ Cn—l' Dn—l

Function FO is a convex function in the variables A, A,,B,,A with n ranging

n+l?
from 2 to P, and has only one minimum to be found by solving the linear system:

VFO=0 V.56

Eventually, solving V.56 and substituting the results into the solutions of system V.47 yields an

expression for all the coefficients of equations V.34 to V.38, and V.41 to V.45.

5.3.1.5. Particular case: the isotropic reinforced annulus
Let us consider the case of an isotropic annulus of internal radius ro, external radius r2 and reinforced

by a polarly orthotropic material of width s = ri—ro. The following internal pressures are applied:

G.(0)=S,+ ZN:(SM cos(n6) + S, , sin(nv))
" V.57
Gy (0) =Ty + > (T,,c0s(nd) +T, ,sin(n6)

n=2

where S,,S;, T;e R Vi:2<i<NeN;je{L2}. Moreover, the following stresses are applied at the

outer boundary of the annulus:

M
o2 (0) = Qy+ ) (Q,, cos(n6) +Q, , sin(nv) )
n=2

. V.58
() = (:—OJ T, + Z(‘Pn‘l cos(nd) + ¥, sin(n@))

2 n=2

where Q,,Q;, ¥, eR Vi:2<i<MeN;je{12}.

ij?

This particular problem can be solved exactly imposing the boundary conditions:
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ol (r=r,,0)=5,(0) o (r=r,0)=c3(0)

GI%)(rer'e):&r@(e) oL r=r,0)=0(0) V.59
o (r=r,0)=c?(r=r,0) uP (r=r,0)=ul(r=r,0

ol (r=r,0)=c{(r=r,0) u?(r=r,0)=u?(r=r,0

Egs. V.45 can be rewritten in matrix form as follows:

0.7 =k V.60
Where H’is a diagonal block matrix defined as:

H*:Diag[ﬂ’(;’HI,...,HL] V.61
And H! are defined in M. Pastrello et al.®Y. v* is the coefficient vector:

\—/*:{v;'vzi.“’v;‘} V62
where:

Vo ={Aa,C,, A, D, HyB}; V.63
v, ={C,,¢,E,A.C,,A,A,D,d,F,B,D,,B,B,}; V.64
and

v: = {CannaCnv gn7 'Kl,naéfnfl’ A’Hllc_n—l’ Dn’ Hn’dn’hr‘H Bl—n’ Dfnfl’ Bn+l’ Dr‘lfl}v/2 =n=< P V'65

and k*is a vector defined in M. Pastrello et al.[3%,

5.3.2. Discussion and comparison with numerical results

5.3.2.1. Convergence analysis

Since the proposed solution relies on a numerical approximation, a convergence analysis is due. For
this purpose, various boundary conditions have been imposed on a series of rectangular plates with
varying dimensions, including width (W), height (H), internal radius (ro), and interface radius (r1), all
the while incrementing the number of Fourier terms (P) employed to approximate the loads. The

ensuing load cases have been taken into account:
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L1: uniaxial tension, with 63y =100 MPa.

L2: biaxial tension, with o) =100MPa and o} =50MPa, and internal pressure
G, =100MPa.

L3: biaxial tension, with 03y=100MPa and o) =50MPa, and non-uniform internal

pressure. In this case, the internal pressure, approximating a stress distribution enacted by a

pin, was described taking advantage of the following equation:

20| 4 4
O (0)-0(0)= 22 +50sin [6]- 200c0s[26] 40cos[49]
0 o 3 V.66
_40cos [66] ] 200cos[86] ~200cos [106]
n 63n 997

L4: biaxial tension-compression, with o} =100MPa and o2, =-50MPa.

L5: biaxial tension-compression, with o} =100MPa and o}, =-50MPa, and non-uniform

internal pressure as per Equation V.65.
L6: harmonic load. With the following expressions:

a. Pressure applied on the hole boundary as per Equation V.66.

b. Tension applied on the lateral left and right edges as: lOOsin(46).

c. Tension applied to the upper and lower edges as: 1005in[2(e—n/4)].

L7: harmonic load. With the following expressions:

a. Pressure applied on the hole boundary as per Equation V.66.

b. Tension applied on the lateral edges as: 100[sin(4e) +sin(86)].

c. Tension applied to the upper and lower edges as:

100{sin[2(6—m/4)]+sin[4(6—n/4)]} .

In all examined plates, the annular reinforcement was selected to be made of Carbon Fibre Reinforced

Polymer (CFRP) with the following elastic properties: Eo=147 GPa, E=10.3 GPa, Ge=7 GPa,
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viv=0.02. Conversely, the plates were made of epoxy resin, possessing the subsequent elastic
properties: Ex=Ey=54 GPa, and vi2=v21=0.31. In all the considered scenarios, the hole diameter was
maintained at 10 mm.

Model results are assessed in terms of cee and compared with the outcomes of Finite Element (FE)
analyses conducted using Ansys® version 21 software. Ansys PLANE183 quadrilateral plane
elements were utilized under plane stress conditions with a pure displacement formulation. Mesh
patterns were created following the methodology outlined in the previous chapter, ensuring
dependable FE results. The accuracy of the analytical model was evaluated using the following

parameter:

Gg9 — Ooo,re

A= =||var(cy,)| V.67

00,FE

where oo represents the stress value predicted by the semi-analytical solution, and oee,rE IS the stress
value obtained from the numerical analysis. The stresses from numerical analyses were assessed at
Points P1, P2, and P3, considered representative for studying solution convergence (refer to Table
V.2 and Figure V.13), and compared with theoretical predictions (see Figures V.14 to V.16).
Examining Point P1 in Figure V.14 reveals fast convergence, with deviations below 5% at 10 Fourier
terms across all considered scenarios. In contrast, Point P2 in Figure V.15 exhibits slower
convergence, especially for r1 of 20mm, and load case L4 appears most affected by this behaviour.
Similarly, considering Point P3 in Figure V.16 shows a convergence trend resembling that of Point
P2.

Irrespective of the load case, plate and annulus size, increasing terms in the Fourier series results in
stress values converging to asymptotic values. However, the convergence speed is influenced by the
annulus size, plate aspect ratio, and the specific point under investigation. While the load case does

impact convergence, it does so marginally compared to the aforementioned parameters.
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The convergence analysis yields reasonable outcomes. Similar to methodologies employing
numerical approximations over a geometric domain, accuracy diminishes when the domain exhibits
significant dimensional variations. The load case's influence is less pronounced than that of geometric
dimensions due to the model's use of Fourier approximations. In the case of a squared plate,
acceptable precision can be achieved by employing terms in the Fourier expansions corresponding to
the highest degree used to describe applied loads in V.32 and V.33, with a minimum of 5. However,
for rectangular plates, the accuracy of results is less predictable, and a universal rule covering all
aspect ratios and load cases cannot be provided a priori; hence, a convergence analysis is

recommended for such cases.

Point r coordinate 0 coordinate Material phase
P1 ro 0 CFRP
P2 r 0 CFRP
P3 r 0 Epoxy

Table V.2. Coordinate list of the points used in the convergence analysis.
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5.3.2.2. Stress fields comparisons

The preceding section delved into the deviations in convergence without establishing a reference to
the absolute values of the stresses at the investigated points. High errors in a region with low stresses
might still be acceptable, underscoring the importance of evaluating the actual stress values rather
than just their errors. To address this aspect, this section directly reports the comparison between
model predictions and Finite Element (FE) results in terms of stresses along various paths in selected
cases. Additionally, the results are compared with predictions from the previous model for infinite
plates to explicitly highlight the improved accuracy of the new solution.

The examined plates featured a central hole with a radius ro = 10 mm, varying width between 50 and
60 mm, height ranging from 50 to 250 mm, and reinforcement annuli of thickness s = 2, 5, and 10
mm. Stresses were assessed along five paths according to Figure V.17, comprising three straight paths
starting from the hole center inclined along 6 = 0°, 45°, and 90° directions (paths 1, 2, and 3,
respectively), one along the hole boundary (path 4), and the last along the boundary of the reinforcing
region (path 5). Analyzed loading conditions included uniaxial tension, biaxial tension, and
uniform/non-uniform internal pressure. The materials used in the FE analyses matched those in the
convergence analyses, and the number of terms for Fourier expansions for analytical evaluations was
consistently 10, aligning with the convergence analysis target of an overall error of less than 5%.
Across all discussed cases, the agreement between the proposed model and numerical analyses is
excellent. Notably, the model for infinite plates tends to either underestimate or overestimate stress
concentrations depending on the configuration, while the proposed model adeptly approximates stress
fields along the hole boundary.

Figures V.18 and V.19 highlight stresses along the boundary of the reinforced region (path 5) and

along path 3 for a reference 60x60 mm? plate with s/r, =1 under the same loading conditions. The

proposed model consistently outperforms the infinite plate theory, especially evident in the
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overestimation of stress concentration by almost 30% in the radial stress of Figure V.18 and hoop
stress of Figure V.19.

Figures V.20 and V.21 present stress components for a 60x250 mm?2 rectangular plate under biaxial
tension and internal constant pressure along paths 2 and 1, respectively. The proposed solution
demonstrates remarkable accuracy in these cases.

Figure V.22 focuses on a circular plate with a central hole under external tension and internal pressure,
showing that the proposed formulation provides an exact solution in this particular case, aligning
perfectly with numerical analyses.

Figures V.23-25 explore cases of non-constant loadings, particularly considering internal pressure
exerted by a pin, as per Equation V.66.

Figure V.26 emphasizes that the convergence analysis, while showing high errors at one point, can
still be an excellent approximation of overall stress fields. Despite a relative error of up to 75% in the
case of load case L4 and angular stresses at P2, the predicted stresses along path 1 align excellently
with Finite Element analysis, with the higher error at the normalized distance (r-ro)/s = 1 attributed to
the normalized stresses in that point being close to null.

In summary, the model consistently exhibits excellent agreement with numerical analyses in all
discussed cases, showcasing significant improvements over the infinite plate theory. Particularly, the
latter solution's hoop stress is severely affected by the finiteness of the plate. Thus, for practical
engineering applications involving finite-sized bodies, the solution presented in this manuscript offers
superior modeling of plate stress and displacement fields compared to the closed-form solution

presented in the previous chapter, justifying the additional efforts invested in addressing this problem.
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Figure V.17. Stress component o, evaluated along the boundary of the hole (path 4 in Figure V.13).

60x60 mm isotropic plates made of quasi-isotropic GFRP; hole radius ro=10 mm reinforced with
rings of width s = 2, 5 and 10 mm. Applied load according to load case L1. Analytical solution
compared with the results from FE analyses and infinite plate theory.
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Figure V.18. Stress components ¢

04,0, evaluated along the edge of the reinforcing ring (path 5

>

in Figure V.13) in the plate material. P = 10; 60x60 mm plates made of quasi-isotropic GFRP; hole
radius ro= 10 mm reinforced with a ring of width s =10 mm. Applied load according to load case L1.
Analytical solution compared with the results from FE analyses and infinite plate theory.
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Figure V.19. Stress components o
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Figure V.13). P = 10; 60x60 mm plates made of quasi-isotropic GFRP; hole radius ro = 10 mm
reinforced with a ring of width s =10 mm. Applied load according to load case L1. Analytical solution
compared with the results from FE analyses and infinite plate theory.
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Figure V.20. Stress components o,,,0,,,0,, evaluated along a straight path with 6 = 45° (path 2 in

Figure V.13). P = 10; 60x250 mm plates made of quasi-isotropic GFRP; hole radius ro= 10 mm
reinforced with a ring of width s =10 mm. Applied load according to load case L2. Analytical solution
compared with the results from FE analyses and infinite plate theory.
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Figure V.21. Stress components c,,c,,,6, evaluated along a straight path with 6 = 0° (path 1 in

Figure V.13). P = 10; 60x250 mm plates made of quasi-isotropic GFRP; hole radius ro= 10 mm
reinforced with a ring of width s = 10 mm. Applied load according to load case L2. Analytical solution
compared with the results from FE analyses and infinite plate theory.
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Figure V.22. Stress components o,,,6,,,0,, €valuated along a straight path with 6 = 45° (path 2 in

Figure V.13). Quasi-isotropic GFRP annulus of external radius r2= 30 mm internal radius ro= 10 mm
reinforced with a ring of width s = 10 mm. Applied loads: external radial tension (% =100MPa )

and internal pressure (G, =—100MPa ). Analytical solution compared with the results from FE
analyses.
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Figure V.23. (a) Schematic of the internal pressure exerted by a pin, according to the Eq. V.66.

(b) Stress components c,,,0,,,0,, €valuated along a straight path with 6 = 45° (path 2 in Figure V.13).
P = 10; 50x50 mm plates made of quasi-isotropic GFRP; hole radius ro= 10 mm reinforced with a
ring of width s = 10 mm. Applied load according to load case L3, non-uniform internal pressure
according to Eq. V.66 (see also Figure V.23a). Analytical solution compared with the results from
FE analyses and infinite plate theory.
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Figure V.24. Stress components o,,,6,,,0,, €valuated along a straight path with 6 = 90° (path 3 in

Figure V.13). P = 10; 50x50 mm plates made of quasi-isotropic GFRP; hole radius ro = 10 mm
reinforced with a ring of width s = 10 mm. Applied load according to load case L3. Analytical solution
compared with the results from FE analyses and infinite plate theory.
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Figure V.25. Stress components o,,,6,,,0,, €valuated along the edge of the reinforcing ring (path 5

in Figure V.13) in the matrix. 60x60 mm plates made of quasi-isotropic GFRP; hole radius ro = 10
mm reinforced with a ring of width s = 10 mm. Applied load according to load case L5. Analytical
solution compared with the results from FE analyses and infinite plate theory.
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Figure V.26. Stress components O,,0q,0, evaluated along a straight path with 6 = 0° (path 1 in

Figure V.13). P = 14; 50x120 mm plates made of quasi-isotropic GFRP; hole radius ro= 10 mm
reinforced with aring of width s = 10 mm. Applied load according to load case L4. Analytical solution
compared with the results from FE analyses and infinite plate theory.

5.3.3. Discussion and comparison with experimental results

To increase the validity of the proposed model, an experimental campaign was carried out comparing
the analytical strain fields obtain through the proposed analytical model with the strain fields of 3D
printed plates measured via DIC technology.

5.3.3.1. Specimen description

Three rectangular plates with a central hole were manufactured using 9T Labs Red Series Build
Module, using a 3D-printing system named Additive Fusion Technology (AFT).

The plates were made of PA12 thermoplastic material, with a polarly reinforced annulus around the

hole, made with PA12 and continuous carbon fibre reinforcement with volume fraction V¢ =~45%,
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CF/PA12. The characterization of the material was previously done resulting in the elastic properties

expressed in Table V.3, these are the properties that were used in the analytical model.

E1 [MPa] E2 [MPa] G21 [MPa] V21
CF/PA12 12700 5300 2000 0.014
E [MPa] v
| PAI12 1800 0.4

Table V.3. Material properties used in the analytical model measured from 3D printed specimens
with quasi-static mechanical testing.

The dimensions of the tested plates are shown in figure V.27, with a thickness of 3.3 mm. The
rectangular plate has a height of 250mm and width of 43.3mm, there is a central circular hole of
20mm in diameter, the reinforcement annulus embracing the hole ha a thickness of 4.8mm and it is
made of 6 layers of width 0.8mm arranged in a spiral around the hole. The thickness of the plate is
composed of 16 layers of 0.2mm height, stacked on top of one another, the first layer attached to the
printing plate is made of pure PA12 for manufacturing reasons, the other 14 layers are printed with
the reinforced annulus. The reinforced layers are divided into two sections, a 0.18mm of actual
reinforced layer and a 0.02mm interlayer of pure PA12 needed to guaranteeing the bonding of
different layers. The starting point of the spiral configuration to create the reinforced section is then
incrementally rotated by 24° from the horizontal axis for every layer according to Table V.4 to

guarantee overall homogeneity in the whole plate.
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20 mrnI

29.6 mm

A

43.3 mm

Figure V.27. Dimensions of the tested plates.

layer # | rotation angle [°]

1 0

2 192
3 24
4 216
5 48
6 240
7 72
8 264
9 96
10 288
11 120
12 312
13 144
14 336
15 168

Table V.4. Starting point rotation of the reinforcing spiral for every layer measured from the x axis.
The printing parameters used for the manufacturing process were:

Printing bed temperature: 100°C

Building chamber temperature: Off

Fibre nozzle temperature: 220°C
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Plastic nozzle temperature: 230°C

Printing speed: 500 mm/min

Infill: rectilinear £45°

The specimens were postprocessed in an oven at 185°C in a vacuum for 1.5h.

After the manufacturing procedure the specimens were subjected to tensile testing with a load of 2
kN with an MTS 809 axial/torsional servo-hydraulic machine equipped with a 100 kN load cell and
displacement rate of 1 mm/min. The displacement fields were then recorded using a Gom Aramis
DIC as shown in figure V.28, in a measuring area of 38 mm by 30 mm embracing the hole with a

camera resolution of 4096 x 3000 pixels and 5 Hz of acquisition rate.

Figure V.28. Testing set-up for tensile testing and DIC measurement.
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5.3.3.2. Results comparisons

The results of the measurements are summarized in figures V.29 and V.30, were contour plots of the
eyy and exx strain fields calculated with the analytical model are compared with the DIC measurements
with a 0.5mm moving average. From these comparisons one can see that the overall agreement

between the model and experimental results is very good.
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Figure V.29. Comparison of contour plot for eyy strain field in the observed region of the plate, (a)
analytical model, (b) DIC measurement, (c) observed region of the plate.
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Figure V.30. Comparison of contour plot for exx strain field in the observed region of the plate, (a)
analytical model, (b) DIC measurement, (c) observed region of the plate.

In figures V.32 and V.33 a more precise comparison is made between the measured strain fields and
the model results. The plots show the strain fields measured and calculated along the horizontal

bisector line, shown in blue on the loading diagram in figure V.31. The DIC measurements were
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taken for every plate and the moving average value of all the data was calculated in a 0.05 mm domain
and then plotted in the graphs with the standard deviations. These values are compared with the
analytical model showing an overall good agreement between the two. Interesting to note how in the
reinforced region, the DIC measurements reflect the spiral composition of the reinforcement in the
specimens, while the analytical model shows the average level of strain as a result of the modelling

choice of treating the reinforcement as a homogeneous material.

Tt
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<
W

Figure V.31. Schematics of the path used for comparing the analytical solution with DIC
experimental results
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0.6

+6 curves DIC measurement

€, along the bisector line
-0.4 — Average DIC measurement Moving avarage of 0.05 mm

— Finte plate analytical model
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Figure V.32. Strain component exx evaluated along the straight path with 6 = 0° (Figure V.31)
according to finite plate theory, comparison with DIC measurements of three 3D printed plates under
2000 kN tension force and a moving average of 0.05 mm.

0.6
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Figure V.33. Strain component &yy evaluated along the straight path with 6 = 0° (Figure V.31)
according to finite plate theory, comparison with DIC measurements of three 3D printed plates under
2000 kN tension force and a moving average of 0.05 mm.
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5.4. Conclusions

This chapter introduces both an exact analytical solution for an isotropic infinite plate and an
approximate solution for a finite plate, both featuring a circular hole reinforced with a polarly
orthotropic material and subject to generic loading conditions. The proposed closed-form solution,
exact for infinite bodies, adeptly captures the geometric features and elastic properties of the plate
and reinforcing region. Its accuracy was extensively validated through comparisons with finite
element analyses on diverse cases of plates with finite sizes, demonstrating highly satisfactory
agreement. This analytical framework serves as a valuable tool for comprehending stress fields in
polymeric components with reinforced holes, particularly those produced through fused deposition
modeling technologies. Additionally, the approximate solution for finite plates, though not exact,
exhibits remarkable accuracy across various plane loadings and geometric parameters. The solution's
effectiveness was verified through comprehensive finite element analyses involving different
combinations of geometrical and loading parameters, showcasing exceptional performance. Notably,
the solution accommodates complex loading conditions with arbitrary precision, relying on a stable
convergence of the proposed numerical method. The discussed solution was also tested against
experimental results by measuring displacements and strains in three additive manufactured plates
with a concentrically reinforced hole. The comparisons revealed a good precision of the model with
the experimental tests, confirming its efficacy as a tool to predict stress fields in additive

manufactured components.
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6. Conclusions

This thesis analyzes two of the main features that distinguish additive manufactured continuous fibre
composite components from more traditional manufacturing processes: porosity defects and localized
reinforcements.

An analytical framework and two different solutions have been developed that use a localize approach
to obtain an accurate description of the stress fields in the vicinity of a porosity.

These solutions examine stress distributions in orthotropic solids with blunted notches under in-plane
shear loading and under tensions. These models incorporate geometric and material parameters and
involves a numerical optimization procedure. They offer general insights into the effects of key
parameters, making it advantageous compared to fully numerical approaches. The role of stress field
solutions in developing fracture criteria for notched bodies is highlighted, and the solution's
applicability to orthotropic materials meeting specific conditions is emphasized.

These solutions are then incorporated into a 3D analytical framework developed to fully describe the
three-dimensional stress fields in the proximity of a porosity in bodies subjected to shear loading and
twisting. Three-dimensional theory of elasticity equations are transformed into two uncoupled
equations, and the accuracy of the 3D stress field solution is discussed through comparisons with
numerical data from 3D finite element analyses.

Key conclusions from the presented results include the coupling phenomena between loading modes
in thick bodies, the correlation between the body thickness and the intensity of stresses induced by
3D effects, and the influence of the porosity root radius on induced stresses.

The attention is then shifted to the calculation of the magnitude of the stress fields near porosities and
geometrical feature. A novel method is proposed for computing the intensity of the stress fields that
do not rely on the use of Finite Element methodologies. The proposed algorithm involves minimizing

the square of stress residuals on the component boundary, complemented by auxiliary boundary
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conditions for enhanced convergence. This method is applicable to a variety of contexts and problems
like multi-material junctions, sharp or blunt corner notches and porosities, offering an effective
alternative to finite element simulations. The proposed method is tested in simple cases like sharp V
notches and bi-material joints and validated through comparisons with finite element analyses and
demonstrated to be a valuable alternative to traditional methods and for sub-modeling large structures.
Lastly an analytical model is developed that takes into account the effects of localized polar
reinforcements around holes in plates.
Two models are presented:

- An exact analytical solution for isotropic infinite plates with circular holes reinforced by

polarly orthotropic material
- Anapproximate solution for finite plates with circular holes reinforced by polarly orthotropic

material.

The models show remarkable accuracy across various plane loadings and geometric parameters,
validated through extensive finite element analyses and experimental tests on additive manufactured
plates. This analytical framework is useful for understanding stress fields in polymeric components

with reinforced holes and will serve as a solid base for future developments in more generalized cases.
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