Journal of Optimization Theory and Applications (2024) 203:386-418
https://doi.org/10.1007/s10957-024-02517-z

®

Check for
updates

A Converse Lyapunov-Type Theorem for Control Systems
with Regulated Cost

Anna Chiara Lai' - Monica Motta?

Received: 18 July 2023 / Accepted: 13 August 2024 / Published online: 31 August 2024
© The Author(s) 2024

Abstract

Given a nonlinear control system, a target set, a nonnegative integral cost, and a
continuous function W, we say that the system is globally asymptotically controllable
to the target with W-regulated cost, whenever, starting from any point z, among the
strategies that achieve classical asymptotic controllability we can select one that also
keeps the cost less than W (z). In this paper, assuming mild regularity hypotheses
on the data, we prove that a necessary and sufficient condition for global asymptotic
controllability with regulated cost is the existence of a special, continuous Control
Lyapunov Function, called a Minimum Restraint Function. The main novelty is the
necessity implication, obtained here for the first time. Nevertheless, the sufficiency
condition extends previous results based on semiconcavity of the Minimum Restraint
Function, while we require mere continuity.
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1 Introduction

In this paper we investigate in an optimal control perspective the classical equiva-
lence result between global asymptotic controllability to a closed set C < R" and
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the existence of a Control Lyapunov function, in the case where the control system is
associated with a cost which has to be regulated (i.e., loosely speaking, kept bounded).
Although controllability is a purely dynamic issue, in some applications, for instance
to Lagrangian mechanics (see [13, 17]) it is very reasonable to associate a cost con-
straint with it. As might be expected, the presence of this constraint can drastically
change the choice of control strategy (see [15, Example 1]).

Specifically, we consider a nonlinear control system of the form

xX(@) = f(x(@),u)), x(0) =zeR"\C, u(t) e U CR™, (1)

and an integral cost

T (u)
/ 1 (), u(t)) dt, %)
0

where the running cost / is nonnegative and the time 7 (1) < +oo satisfies'

x(1) e R\ C forallt € [0, T.(u)), lim d(x(t)) =0 A3)

t—T. (u)

(forany y € R", d(y) denotes the distance of y from C). As customary, the control sys-
tem (1) is called globally asymptotically controllable to C if there exists a C£ function?
B such that, for any initial point z, there is a measurable control # whose corresponding
solution to (1) satisfies d(x (7)) < B(d(z), ¢t) for all ¢+ > 0. If, in addition, there exists a
continuous, proper, and positive definite function W : R" \ C — [0, +00), such that

T;(u)
/ L(x(t),u())dt < W(z),
0

we say that (1)—(2) is globally asymptotically controllable to C with W-regulated (or
simply, regulated) cost. Slightly extending the original definition in [20], we define
as Minimum Restraint Function any function V : R" \ C — R, which is continuous,
positive definite, proper, and satisfies the decrease condition

min {(p. f(z. 1) + po(V@) Iz w)| = =y (V@) forallz € R*\C. p € 9pV(2),

where dp V (z) is the proximal subdifferential, for some continuous increasing func-
tions po : (0,+0c0) — [0,1] and y : (0, +00) — (0, 400). Since pg and [ are
nonnegative, this decrease condition implies the classical relation which character-
izes Control Lyapunov Functions, so that a Minimum Restraint Function is actually a
special Control Lyapunov Function.

1 We will consider assumptions under which, given z and u, the corresponding solution to (1) is uniquely
determined.

2 The definition of a KL function is recalled in Subsection 1.1.

@ Springer



388 Journal of Optimization Theory and Applications (2024) 203:386-418

The main result of the paper is a ‘Converse Lyapunov-type theorem’, which consists
in proving that the existence of a continuous Minimum Restraint Function for some pg
such that 1/ pg is integrable at 0T, is not only sufficient but also necessary for global
asymptotic controllability with regulated cost.

In the case without cost (i.e., for [ = 0), the equivalence between asymptotic
controllability to a point or to a set of a nonlinear control system and the existence of
a (possibly, non differentiable) Control Lyapunov Function, has been a central topic
in control theory since the 1980s and nowadays it is established under very general
assumptions (see e.g. the survey papers [3, 11], the references therein, and a recent
extension to impulsive control systems [16]). The key idea of many converse Lyapunov
theorems is to convert the control system into a differential inclusion (see, for instance,
[, 23], where C = {0}, and [12], for a general target) and then to use the result on
the existence of a Lyapunov function for the differential inclusion to get the promised
Control Lyapunov Function. However, it seems difficult to adapt this approach to
the case with a cost, which we need to estimate from above. Also note that the cost
cannot be treated as an additional state variable, because it is increasing and cannot
be associated with any target.

In this paper we are inspired instead by early work [25], in which a suitable cost
is associated with the original control system, whose value function turns out to be a
continuous Control Lyapunov Function. However, even following this approach, the
generalization of the nonsmooth Lyapunov literature to allow for the presence of the
cost (2) is far from trivial. In particular, we cannot, as one might think, simply add
to the cost considered in [25] the current cost /. In fact, the presence of the cost (2)
substantially changes the whole construction of both the function g, characterizing
asymptotic controllability, and the cost used to obtain a Control Lyapunov Function.

The proof technique is also novel, in that it is based on a combination of the classical
Lyapunov procedures adopted in [25] and a viscosity solutions approach. Thanks to
this, differently from [25], in the proof of necessity we do not need to use relaxed
controls and exhibit an explicit construction of the O£ function § and of the bound
W on the cost. Specifically, starting from the observation that a continuous, positive
definite and proper function V : R” \ C — R solves the decrease condition if and
only if it is a viscosity supersolution of the Hamilton—Jacobi—Bellman equation

“23‘{ = Dv(@), £z W) ~ @)W +y (V@) =0 forallz e R"\C,

we derive both the facts that the value function built in the proof of the necessity
implication satisfies the decrease condition and the sufficiency implication, from a
viscosity super-optimality principle (Proposition 4.1 below). However, this principle
is notincluded in the known theory, since pg is merely continuous and we do not assume
the usual linear growth hypothesis on the dynamics function f, but x-local Lipschitz
continuity only (see [1, Thm. 2.40] or [10, Thm. 3.3]). We prove it by introducing a
slight generalization of a classical comparison principle for infinite horizon problems
(Lemma 4.1 below), interesting in itself.

We leave for future investigation the issue of the existence of a semiconcave Min-
imum Restraint Function, which, as is well known, plays a key role in the feedback
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stabilizability of nonlinear systems, both with cost (see [13—15], and [8, 9] for a notion
of degree-k Minimum Restraint Function) and without it (see e.g. [12, 16, 23, 24], the
survey paper [3] and references therein, and [7, 21] for a notion of degree-k Control
Lyapunov Function).

The paper is organized as follows. In the remaining part of this section we give
some notations. In Sect.2 we introduce precisely assumptions and definitions and
state our Converse Lyapunov-type theorem. Section 3 is devoted to prove that global
asymptotic controllability with W-regulated cost for some W, implies the existence of
a continuous Minimum Restraint Function, while the converse implication is obtained
in Sect. 4. In Sect. 5 we summarize the main outcomes of the work.

1.1 Notation

Fora,b € R, weseta vV b := max{a, b}, a A b := min{a, b}. Let 2 C RY for some
integer N > 1 be a nonempty set. For every r > 0, we set B, (£2) := {x € R" |
d(x, $2) < r}, where d is the usual Euclidean distance. We use 2,98, and Q to
denote the closure, the boundary, and the interior of £2, respectively. For any interval
I CR, M(I, 2), AC(I, £2) are the sets of functions x : I — 2, which are Lebesgue
measurable or absolutely continuous, respectively, on /. When no confusion may arise,
we simply write M (1), AC(I). we use KL to denote the set of all continuous functions
B : [0, +00) x [0, +00) — [0, 400) such that: (1) B(0, ) = 0 and B(-, ) is strictly
increasing and unbounded for each t+ > 0; (2) B(r, -) is strictly decreasing for each
r>0;3) B(r,t) > 0ast — +oo foreachr > 0.

Given an open set 2 C R¥ . a continuous function W : 2 — [0, +00) is said
positive definite it W(x) > 0 Vx € £2 and W(x) = 0 Vx € 052. It is called proper
if the pre-image W~!(K) of any compact set K C [0, +00) is compact. Let x € 2.
The set

D™ W(x) := {p € R" | liminf W) = W) = ply = ) > 0} ,
y—x ly — x|

is the (possibly empty) viscosity subdifferential of W at x. We recall that p € D™ W (x)
if and only if there exists ¢ € C!(£2) such that Dg(x) = p and W — ¢ has a local
minimum at x (see e.g. [1]). We use dp W (x) to denote the proximal subdifferential of
W at x (which may very well be empty). As it is known, p belongs to dp W (x) if and
only if there exist o and n > 0 such that

W) — W) +oly—x>>(p, y—x) forally € B,({x}).

The limiting subdifferential 9y W (x) of W at x € 2, is defined as

m Xx; =x}.
+00

W) = {p= tim pil pie oW,

li
i—

The set 9 W (x) is always closed. If W is locally Lipschitz continuous on £2, d; W (x)
is compact, nonempty at every point, the set-valued map x ~» 9y W(x) is upper semi-
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continuous, and the Clarke generalized gradient of W at x coincides with co d; W (x).
As sources for nonsmooth analysis we refer e.g. to [2, 6, 28].

Let W : R* \ C — [0, 400) be a continuous, proper, and positive definite function.
We can relate the level sets of W with the ones of the distance function d from C, by
introducing the functions dy+, dy- : (0, +00) — (0, +00), given by

dy-(r):=sup{a>0] {Z| W@ =a} S{z| d@) =r}}, “
dy+(r):=inf{a >0] {Z| W@) =a} 2{z| d@) =r}}. )

By [14, Lemma 3.6], these functions are well-defined, increasing, and
lim dy+(r) = lim dy-(r) =0, lim dy+(r) = lim dy-(r) =400. (6)
r—0t r—0* r—+00 r——+00

Moreover, one has
dyw-d(x)) < W(x) <dw+(d(x)) forallx € R"\C. 7

Approximating dy - from below and dy+ from above if necessary, we can thus assume
the existence of continuous, strictly increasing functions, still denoted dy - and dy+,
satisfying (6) and (7).

2 A Converse Theorem for Minimum Restraint Functions

Throughout the whole paper we assume that:

(1) U C R™ is a nonempty compact set, C C R" is a nonempty, closed subset with
compact boundary;

(ii) the functions f : R" x U — R", [ : R" x U — [0, +00) are continuous
onR" x U, x — f(x,u) and x — [l(x,u) are locally Lipschitz continuous,
uniformly with respect tou € U.

Under these assumptions, given z € R" \ C and u € M([0, +00), U), there exist a
maximal time 7% < +o00 and a unique solution x € AC ([0, T™#), R") such that
x(0) = z and

xX(@) = fx(),u)), ae. t € [0, T™). )

This solution (or trajectory) will be denoted x (-, u, z). If, in addition, some ¢ > 0 is
given, we define the corresponding cost x0(~, u,c,z)as

t
X u,c,z)i=c +/ [(x(s,u,2), u(s))ds for all t € [0, T™®). 9)
0

Let us preliminarily introduce some definitions.
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Definition 2.1 (Admissible controls, trajectories, and costs) Given an initial condition
z € R*\ C, acontrol u € M([0, +00), U) is called admissible from z if there exists
0 < T,(u) < T™* < 400 such that x(¢) := x(¢t,u,z) ¢ C forall t € [0, T;(u«)) and
limt_)Tz—(u) d(x(t)) = 0if T, (u) < +o0.

The set of admissible controls from z will be denoted U/(z). Given z € R" \ C,
¢ > 0, and a control u € U(z), when T (u) < 400 we will extend the corresponding
trajectory x = x(-, u, z) and cost x9 = xo(-, u,c,z)to[0+ o0), by setting3

% x)@) = lim % x)(r) foranys > T.(u).
=T (1)

We will call (x, u) and %, x, u) (both defined on [0, +00)) an admissible pair from
z and an admissible triple from (c, z), respectively.

We recall the notion of global asymptotic controllability with regulated cost, first
introduced in [20]. In the following, we will refer to any function 8 € KL as a descent
rate.

Definition 2.2 (GAC with regulated cost) The control system (8) is globally asymp-
totically controllable—in short, GAC—to C if there exists a descent rate 8 such that,
for any initial point z € R" \ C, there is an admissible pair (x, u) from z, satisfying

d(x(®) < Bd(z),t) forallt > 0. (10)

If, in addition, there exists a continuous, proper, and positive definite function W :
R\ C — [0, 400) such that, forany z € R"\C, there is an admissible triple %, x, u)
from (0, z) with (x, u) satisfying (10) and x0 satisfying

t
xo(t) =/ I(x(s),u(s))ds < W(z) forallt > 0, (11D
0

we say that (8) with the cost (9) is globally asymptotically controllable to C with W -
regulated cost. In this case, we will often simply say that (8)—(9) is GAC (to C) with
regulated cost.

Given a descent rate 8 and a continuous, proper, and positive definite function
W :R"\ C — [0, +00), for any z € R" \ C such that i/ (z) # ¥, we set

Us wie) = | ¥ € U(z) | the admissible triple (x°, x, u) from (0, z) satisfies
pw(2) = d(x(1)) < BA(z), 1) and xO(t) < W(z) forall 1 > 0

Since in the definition of GAC it is clearly equivalent to replace the “<” in (10) with

w9

<”, when (8)—(9) meet the properties in Definition 2.2 for some 8, W, we can assume
without loss of generality that g w(z) # ¥ forall z € R" \ C.

3 The limit always exists, as dC is compact and %, x) is Lipschitz continuous in any compact set
Br(C)\C,R > 0.
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Let us now give a slightly extended version of the notion of Minimum Restraint
function for (8)—(9), firstly introduced in [20]. To this end, we consider the Hamiltonian

H(x, po, p) i=min {(p, f(x, 1)) + pol(x,w)}. (12)

Definition 2.3 (MRF) Let W : R* \ C — [0, +00) be a continuous function, which
is positive definite and proper. We say that W is a Minimum Restraint Function—in
short, a MRF—for (8)—(9) if it satisfies the decrease condition:*

H(x, po(W(x)),pW(x)) < —y(W(x)) forallx e R"\C, (13)
for some continuous, increasing function pg : (0, +00) — [0, 1] and some continu-
ous, strictly increasing function y : (0, +00) — (0, +00).

As noted in the introduction, a MRF is a particular Control Lyapunov Function, in
which the classical decrease condition

milljl(apW(x), f(x,u)) < —y(W(x)) forallx € R"\C,
ue

is replaced by the stronger condition (13), also involving the current cost /.
Finally, we consider the following integrability condition.

Definition 2.4 Let pg : (0, +00) — [0, 1] be an increasing, continuous function. We
say that pg satisfies the integrability condition (IC), when 1/ pg is integrable at 0T,
namely, we can define the C 1 strictly increasing function P : [0, +00) — [0, +00),
given by

v dv/
P() = / - forallv > 0, (14)
o po(v)

and, moreover, P satisfies lim P (v) = +o0.
v—>+400

Clearly, if pg is a positive constant, as in the original definition of MREF, it trivially
satisfies condition (IC). We are now ready to state our main result.

Theorem 2.1 (Converse MRF Thm.) The following properties are equivalent:

(1) System (8) with cost (9) is GAC to C with regulated cost;
(ii) There exists a continuous MRF for (8)—(9), for some po and y such that pg
satisfies the integrability condition (IC).

The rest of the paper is devoted to the proof of Theorem 2.1.

Remark 2.1 Starting with the assumption that the system is GAC with regulated cost,
in the proof below we will explicitly build a MRF with pg = 1, as unique continuous

4 This means that H (x, po(W(x)), p) < —y(W(x)) for every p € dpW(x), where dp W(x) is the
proximal differential of W at x (see Sect. 1.1).
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viscosity solution of the Hamilton—Jacobi—Bellman equation (in short, HIB) associated
with an exit-time problem with vanishing lagrangian. As is well known, these HIB
equations are highly degenerate and have in general multiple solutions, for which the
continuity on the target does not propagate to the whole domain (see [22] and [18, 19,
27]). The proof technique thus consists in showing the continuity of the solution and
establishing an ad hoc comparison principle. In addition to allowing us to extend the
main result of [25] to the case with cost, this technique also provides an alternative
approach to obtaining the classical result.

Remark 2.2 1n this paper we continue the study, begun with [20], aimed at constructing
a unified theory, which has as extreme situations asymptotic controllability (with cost
! = 0) on the one hand, and the minimum time problem (with cost / = 1) on the
other, and for which the [ > 0 case represents, in a sense, the intermediate stage.
In the original notion of MRF in [20], po was a positive constant. Extending the
definition by considering po an increasing function, possibly vanishing at the origin
but satisfying the integrability condition (IC), generalizes the cost bound obtained in
[20], as it implies GAC with W—regulated cost, where W (x) = 4 P(W(x) /2) for P as
in (14) (see estimate (43) below).> In the special case of the minimum time problem,
this extension finally provides a result which is entirely consistent with the existing
literature. Indeed, let/ = 1 and assume that the distance function d is a MRF for some
functions pg and y such that (IC) holds true. Then, from the decrease condition (13),
it follows that d satisfies

min(dpd(x). f(x,w) < ~p(d() forallz e R"\C, (15)
ue

where y(r) := po(r) + y(r). As it is well-known, this condition combined with
the integrability property (IC) for y—sometimes called weak Petrov condition—
guarantees the small time local controllability of system (8) to C, and implies for
the minimum time function 7 the estimate 7'(z) < fod(Z) (1/y(r)) dr, in line with our
inequality (43) (see e.g. [2]). By the expression “weak", we mean that y can be O at
0, to distinguish it from the classical Petrov condition, in which y is replaced by a
positive constant. Notice that, considering only pg = po > 0 constant, we would have
y > po > 0, so our conditions would include just the ordinary, i.e. non-weak, Petrov
condition, which implies local Lipschitz continuity of T (see e.g. [1]).

Furthermore, we think that considering po not constant could play a role in regu-
larizing a MRF, in the fashion of [23].

3 Proof of Implication (i) = (ii)

Suppose that (8)—(9) is GAC to C with W-regulated cost, for a cost bound W and a
descent rate 8. We split the Eroof into several lemmas. In particular, in Lemma 3.1, we
build new functions 8 and W and an admissible triple (£°, £, &) from (0, z) such that

5 Actually, refining some estimates, we could likely get W(x) = P(W(x)), as a consequence of the fact
that W(x) < (1 42&)(P(W(x)/(1 + ¢))) for every ¢ > 0.
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neu 5w (2), forevery z € R" \ C. These objects play a key role in the construction of
a (larger) cost functional J, in Lemma 3.2. Furthermore, in Lemmas 3.3, 3.4 we show
that the value function V associated with the control system (8) and the new cost J, is
a continuous MRF. Lemmas 3.1, 3.2 are inspired by [25, Lemmas 3.8,3.17], where,
however, no cost is considered and relaxed controls are used. As already observed,
differently from [25], the present results are formulated in terms of (explicitly built)
new descent rate and cost bound, and are obtained by mixing nonsmooth analysis and
viscosity methods, which incidentally allow us to disregard relaxed controls.

We begin by introducing some definitions. We consider a bilateral sequence (7;);<7,
given by®

1
ro:=1, ri:=min {,BI(ri_l,O),d‘;L (Zdw(r,'_l)>} foralli € Z. (16)

Clearly, (r;)icz is positive, strictly decreasing, so that r; < 1, and satisfies

lim r; =400, lim r;, =0.
i——00 i—+400

Hence, we have
1 .
Bri,0) <ri—1, dw+(ri) < ZdW—(rifl) foralli € Z
and, consequently, recalling that dy - < dy+ (see (4) and (5)),

dy+(riyn) < 4LNdW7(r,~) < 4LNdW+(r,-) forallieZ, NeN, N>1. (17)
For any i € Z, let

Bi :={z e R"\C| d(2) € [rj, ri-11}, (13)
so that R"\C = U;<zB;. Finally, we define the i-th (8, W)-strip A;, as

A= (xo, x,u,z) | (x%, x, u) admissible triple from (0, z),
e ue€Ugw(z), z€B; '

Lemma 3.1 There exist a KL function E > B, a continuous, unbounded, strictly
increasing map ® : [0, +00) — [0, 400) with ®(0) = 0, and a function T :
(0, +00) — [0, +00) with T(R) = 0 forall R < r1,’

such that for any z € R" \ C there exists an admissible triple (x°, %, &t) from (0, z)
enjoying the following properties:

() A& (1) < B(d(z), 1) forallt > 0;

6 As ﬁ_l (r, 0), we mean the inverse of the strictly increasing function r’ — r = B(r’, 0).
7 The value r1 is defined as in (16).
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(i) £0(r) < W(z) := ®(d(2)) forallt > 0;
(i) d(®(1)) < B(1,1 — T(d(2))) forall t > T (d(z)).

Proof Step I (Properties of the (8, W)-strips). Fix i € Z and let (u®, x,u, z) € A;.
From the definitions of (7;);c7z, dw-, and dy+, it follows that

dx(0) < BA(), 1) < B(ri_1,0) <ri_n forallt >0, (19)
and
W) <dw+(ri-1) < él—ldw— (ri-2). (20)
Define
T:. = inf {z >0 d(x(1) = Hr%} .

Clearly, 0 < T; ; < T;(u), where T,(u) is as in Definition 2.1. Set

€i,; == inf {%(ﬂ(d(z), N —dx@)) |t €0, Ti,z]}

Note that by the continuity of g and of x, &; ; is actually a minimum and & ; > 0.

Also define &; := }wa+ (ri—1), & = “==1 and, finally, set

&i.; = min{&; ;, &, &;}.
Since by assumption f(-, u) and I(-, u) are locally Lipschitz continuous, uniformly
with respect to u € U, then there exists §; ; > 0 such that, for all z € R"\C satisfying
|z—z| < §; ;, the cost x9C, u, 0, 7) and the trajectory x (-, u, z) are defined on [0, T; .]
and satisfy

Ix(t) —x(t,u,2)| <& |xX°() —x°t,u,0,2)| <&, foralltel0,T;].

Hence, for all ¢ € [0, T; ;], using (20), we get

. 1
X, u,0,2) <x%0) 46, < W@ +8& < W)+ 2w Crien)

1 1
< —dwy-(ri2) + ZdW‘*'(rifl) < Edw+(ri72).

Ny

Moreover, in view of the definition of ¢; ;, we also have

1 1 1
dx(t,u,2)) =d(x(@)) + E(’B(d(Z)’ n—dx@)) = Eﬁ(d(Z)’ 1)+ Ed(X(t))
< pd(2),1) = B(ri-1,0) = ri-2,
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whereas the definition of 7; ; implies

d(x(r,u,2)) 2 d(x(1)) — & = d(x(Ti 7)) — &

ri+rign ri—rign  ri 3
= - = — + ZTit1 > Titl,
2 4 4 4

and

_ _ ri +r ri —ri
d(x(Ti;,u, %) < d(x(T; ) + & = ’2W1+’ ;“

1
=4l + gl < i

Summarizing the above results, we can conclude that, foreveryi € Zand z € B; (B; as
in (18)), with which we can consider an element (x°, x, u, z) € A; to be associated, by
the axiom of choice, there exists §; ; > 0 such that, forall z € R"\C with |z—z| < §; ;,
one has

(@) d(x(t,u,2)) € (riq1, ri—2) forall r € [0, T - ];

(®) d(x(T} 2, u, 2)) € (riq1,ri), e x(Tiz,u,2) € Bitr;

© x0(Ti e u,0,2) < 3dw+(riz2).

Step 2 (Construction of a suitable admissible triple) Preliminarily, observe that, since
dC is compact, for every i € Z the set B3; is compact. Therefore, the cover of B; given
by the open balls Bs,  ({z}), z € B;, admits a finite subcover corresponding to the
points z € Z;, for some finite subset Z; of 5;. Fix a positive bilateral sequence (7;);c7
such that

o
T, > max{T; ; | z € Z;}, Z Tiyj = +oo, foreveryi € Z. 21
j=0

Furthermore, thanks to the properties of the bilateral sequence (r;);cz, we can define
the map i : (0, +00) — Z, given by

i(ry=i ifr e (ri,ri1l. (22)

Fixnowz € R"\Candleti :=i(d(Z)). Then,Z € Bgai,zo ({zy}) forsome z, € Z; C B;.
Let (x(()), Xo» Uy, Zo) € A; be the associated process from (0, z,). Since |2 —zy| < 8i 7,
from Step 1 it follows that £° := (., u,,0,z) and X := x(-, u,, z) are defined on the
interval [0, fo], fO = Ti,zo < T;, and satisfy

(@.0) d(E(1)) € (rip1, ri—2) forall t € [0, 7,];

(b.0) £(h,) € By

(€0) 20()) < 5dw+(ri-2).

Repeating the above procedure with the initial conditions 7| := £(fy) € Biy; and
¢ = Xo(fp), we get the existence of an admissible control u; € Ug,w(z1) and of a
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time 7 < Tj11, such that extending £° and % by setting 2°(r) = x°(t — #,, u1, 1, 71)
and £(¢) = x(t — 1, u1, 71) for t € [i,, 7, + 1], respectively, one has

(a.1) d@(1)) € (riza, ri—1) forall t € [£,, £, + 11];

(b.1) f(foj- flA) € Bit2;

(1) £, + 1) < 5dw+(ri—2) + 3dw+ (ri1) < 3dw+(ri—2) + gdw+ (ri—2).

Of course, setting u(r) = u, (t))([of ](t) + u(t — fo)X(; ; +f1](t), we have 20 =
0 0°'0

x(-,1,0,7) and x = x(-, i, 7). In this way, we can recursively construct sequences
of controls (uy)yen and times (fy) yen With £y < T; 4y for all N, such that, setting

N +o00
T_1:=0, Ty ::Zt/’, Two ::th
Jj=0 Jj=0

and
ﬁ(t) = MN(t—fN_l) forallz (fN—lafN]

we have u € M([0, Txo), U) and the corresponding solution (%9, %) from (0, Z) is
defined on the whole interval [0, T) and satisfies

@N) dE(1) € (riyn11.rign—2) forall € [Ty, Ty;
(bN) £(Ty) € Biynyis
(©N) 20(Ty) < fo(Ty—1) + 3dw+ (riyn—2) < Cdy+ (ri2). for C := 5 3252 L.

(The latter inequality can be easily proved by induction.) From these relations, it
follows immediately that TOO = T,(), lim, ;- d(x(#)) = 0, and xO(TOO) <
Cdwy+(ri—2) (actually, even if f"oo = +00). Hence, if in case TC>o < 400 we extend
the process (%9, %, %) to [0, +00) by setting u(t) ww e U arbitrary) and
%, @) = hmt_)Too (%0, 2)(¢) for any ¢t > Too, we can conclude that (39, %, 7)

is an admissible triple frgm O, 2).
Step 3 (Construction of B, @, and T). For alli € Z and N € N, set

N

T—1:=0, Tiy:= ZTiﬂ‘,
where the times 7; are as in (21), so that for any i € Z, ]_},N — +oo0as N — +oo.
Then, we define the function T : (0, +00) — [0 + o0), as

T(R) := Ti(R),—lv(—i(R)+1) forall R > O,

where i(-) is as in (22). Note that if R < r; < 1 then i(R) > 2 and this implies
T(R) = T;r),—1 = 0. Since a’Jr as well as R — r;(g) are increasing functions, the
composition R +—> dW (ri(ry—2) 1s a positive, piecewise constant, increasing function,

such thatd;{,(ri(m_z) — 0asR — 0" and dvT,(r,-(R)_z) — 400 as R — +4o0. There
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is thus a continuous, strictly increasing approximation from above @ : [0, +00) —
[0, +00) of this composition times C (C as in (c.N) above), vanishing at zero and
unbounded, namely

Cdif(rigry—2) < ®(R)  forall R > 0.
Finally, we introduce the function b : [0, +00) x [0, 400) — [0, +-00), given by

b(R, 1) :=rizn—2 if (R, 1) € (ri,ri1] x [T;n—1,Ti.N), i €Z, N €N
b(0,1) :=0 forallt > 0.

Note that b(-, t) is increasing and b(R, t) — +o0o0 as R — +o0, for all ¢+ > 0. Simi-
larly, b(R, -) is positive, decreasing and b(R, t) — Oast — +ooforall R > 0. Using
e.g. a linear interpolation procedure, it is not difficult to show that the discontinuous
function b can be approximated from above by some KL function B, which is > 8 by
construction.

Let z € R" \ C and set i := i(d(z)). Then, since Ty < 7_’,-,1\/ for all N > —1, the
admissible triple (£°, £, &) from (0, Z) built in Step 2, satisfies

dG®) <rign—2- Xz ;O <b@E,D < fAE), 1) forallt >0, (23)
and
0 < WE@) = @) forallr >0,
sothatu € Z’{B,W(Z)' Notice that W : R? \ C — [0, 4+00) is a continuous, proper and
positive definite function, in view of the properties of ® and d. This concludes the
proof of statements (i) and (ii).
In order to prove (iii), let us first suppose d(z) < r; < ro = 1. Inthiscase, i(d(z)) > 2

and T (d(z)) = Ti(d(z)),—l = 0. Hence (iii) follows from (23), because ,3(~, t) is strictly
increasing for every ¢t > 0, so that

d(x(1)) < BME@), 1) < B(1, 1) =B,t —T(d(Z)) forallt> T(d(z)=0.
If instead Ad(Z) > r;,wehavei :=i(d(z)) < 1.Set N := —i(d(z))+2 (= 1)and
ZN = X(Ty—1), so that, by property (b.N) of Step 2, r» < d(Zy) < r1 < ro = 1. Note
that, applying the above construction from the initial condition (0, Zy), the obtained
admissible triple, say ()?2,, XN, uy) from (0, 7y), satistfying
d(@En(s) < B@AEN),s), Xn(s) < P(d(Zy)) foralls >0,
is simply given by

A ~ ~ ~0 0 A - ~ ~ —
un() =u(- +Tn-1), Xy =x(,un,0,2y), Xy =x(,UpN,ZIN).
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This fact is crucial for property (iii) to hold. Indeed, using the monotonicities of B and
the inequality Ty —1 < T; y—1 = T'(d(Z)), it implies that

dGE (1) = dGEn(t — Ty-1)) < BAEN), 1 — Tn—1)
<B,t—Ty_1) <B(,t —=TMd(Z)) forallt>T@d(Z). O

Lemma 3.2 There exist two continuous, strictly increasing functions £, ¥ : [0, +00) —
[0, +00), with £(0) = O, Rlim L(R) = 400, such that the functional J
—+00

(R"\C) x M([0, +00), U) — [0, +00) U {+00}, defined as

T; ()
S — / (@G 2 w) + 1z u@)dt ifu € U,
’ L 0
+00 lfl/l (S M([O, +OO), U) \U(Z),

enjoys the properties (1)—(v) below.
For every z € R"\ C, let (x°, X, i) be the admissible triple from (0, z) built in
Lemma 3.1. Using the notations of Lemma 3.1, we have

(i) J(z, @) < 4o0; )

(i) ifd(z) < ry, then J(z, i) < B(d(z),0) + ®(d(z));

(iii) for any u € M([0, +00), U) such that J(z,u) < J(z,u), (u € U(z) and)
d(x(t,u,z)) <¥(d(z)) forallt > 0;

(iv) for all o > O there exists @ > 0 such that for any u € M([0, +00), U) with
J(z,u) < a, thend(z) < O;

(v) forall @ > O there exists § > 0 such that, if d(z) > «, then J(z,u) > 8 for all
u € M([0, +00), U).

Proof Let f8 be a KL function as in Lemma 3.1. Extend the continuous strictly decreas-
ing function [0, +00) 3 ¢ +— B(1,) to a continuous strictly decreasing function
defined on R and tending to +00 as r — —o0. Let 7 : (0, +00) — R be the inverse
of this map, so that, in particular, t is continuous, strictly decreasing, t(R) — 400
as R — 01 and t(R) - —o0 as R — +o0.

Step 1. (Construction of a function £1) Define the continuous, strictly increasing,
and unbounded function ¢ : [0, +00) — [0, +00), by setting

1(R) := Re™™ ™ forallR >0, £,(0):=0.

For any 0 < b < ¢, we claim that there exists a function s(b, ¢) such that, if
71,22 € R"\ C,u € M(0,+00),U), and T > O satisfy zo = x(T,u,z1) and
b <d(x(t,u,z1)) <cforallt € [0, T], then

T
/0 (d(x(r, u, z1)))dt = (b, 0)|z1 — 22| = (b, O)|d(z1) —d(z2)|. (24)
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Indeeed, if z; = z, (24) is trivially satisfied. If instead z; # 72, then Mb,c) =
max{|f(x,u)| | b < d(x) < c,u € U} > 0and |71 — 22|<TM(b, c). Setting
%(b, ¢) ==L (B)M (b, ¢)~ !, since £; isincreasing, we have €1 (d(x (¢, u, z1))) > £1(b)
for all t € [0, T], and consequently

T
/ Q@G w2 = TEB) > b, )21 — 2],
0

Step 2 (Recursive definition of a sequence { ;) Starting from £, introduced in Step
1, for every j > 1 we will recursively define an increasing sequence of functions
£; : [0, +00) — R with the following property:

0<R=<B(,0 = £;11(R)=¢(R). (25)

Then, we will prove that the pointwise limit £ := lim;_,  », £; (finite, because of (25))
together with the map ¥ defined below, satisfies (i)—(v). Further, all the functions ¢},
(hence ¢ itself) will be continuous. We begin by assuming that, for some fixed j > 2,
we already defined the functions ¢; foralli < j,satisfying (25)foralli = 1,..., j—1.
Given z € R" \ C and any control u € U(z), let us set

T (u)
Ji(z,u) = / Ci(d(x(t,u,z)) +1(x(t, u,z),u)dr.
0

Observe that, if we consider the admissible triple (x°, x, u) from (0, z) defined on
[0, +00) (even in case T, (1) < 400, as in Definition 2.1), we can equivalently write

“+o0
Jiou) = / GAGO) + lim <00,
0

=T ()

as d(x(t)) = O for all ¥ > T,(u), whenever T, (u) < +4o00. Assume d(z) < j. Let
T(-) and (0, £, i) be the uniform time and the admissible triple from (0, z) built in
Lemma 3.1, respectively. Then, we have

d@E@) = B 1 =T(j) < f(1,0)  forallr = T()).
In particular, (25) (together with the fact that ﬁ(~, 0) is increasing) implies
LidE@)) = 6dE (@)  forallz > T(j).
If otherwise t < T'(j), we get

d(Z (1)) < B(d(z),0) < B(j,0).
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Hence, we have

+00 T(j) +o00
/0 £;[AE@))dt = /0 @GO + / s

T
- +o00
< G@EGOTG + [ e
T()
+o00 .
=BG ONTG) + [t ane T Dar
T()
+o00 B
< ¢ (BG,ONT()) +/ B(L, (t — T(j))) e "BALE=TUNg;
()

_ _ +00 '
<{;(BG,0NT () + B(1,0) e T W g
T(j)
=¢;(BG,ONT () +B(1,0) :=L;.
Therefore, from Lemma 3.1, (ii) it follows that

Ji(z, i) < Lj+ ®(j) forallz € R"\C suchthatd(z) < j. (26)

Now, set »; = %(,5( j,0) + 1, ,3( Jj,0) 4+ 2) and consider a continuous function
pj : [0, +00) — [0, +00) such that

0 if R <B(j,0) or R > B(j,0)+3,
i(Ry=3L;j+®() . 5 =
PitR) j%—(]) ifB(j,0)0+1=<R=<pB(,0)+2
J
Finally, define
Lit1(R) =1+ pj(R)L;(R) forall R > 0.
Clearly, £ satisfies (25).

Step 3. (Definition of £ and ¥) As anticipated above, we define £ as the pointwise
limit of the increasing sequence (£;). Incidentally notice that, by construction, £ is
continuous and £(R) > £;(R) for all R € [0, +00) and all j > 1. Furthermore, let
¥ : [0, +00) — [0, +00) be any continuous strictly increasing function, satisfying

Rel[j—1,j] = ¥R >pH(,00+2 forall j>1.
We show that £ and ¥ have the required properties. Let z € R" \ C be given.

In order to prove (i), it suffices to observe that there exists an integer j > 1 such
that j — 1 < d(z) < j. Then, (26) implies that

J(z, i) = Jj(z,u) < Lj+ ®(j) < +oo. 27
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Let us now prove (ii). Assume d(z) < r; < 1. Then, T(d(z)) = 0, £(d(x(t))) =
£1(d(x(2))) for all t > 0, and, arguing as in Step 2, we obtain

+00

+00
J(z, i) =/ [6L@E@) +1GE @), a@)] dr S/ BW(), 1) e di + P(d(2))
0 0

< Bd(2),0) + ®(d(z)) forallt > 0.

To prove (iii), consider u € M([0, +00), U) satisfying J(z, u) < J(z, u). Actu-
ally, u € U(z), so let (x%, x, u) be the corresponding admissible triple from (0, 7). As
above, let j be the integer > 1 such that j — 1 < d(z) < j. By the properties of 3,
we have B(j,0) > j, so that d(z) < B(j, 0). In contradiction to claim (iii), suppose
that there exists ¢ > 0 such that

d(x(1) > ¥(d() > B(j,0) +2.
Then, there exist 0 < #; < t» < T,(u) such that

dex(r) = BGLO + 1, d(x(12) = B(j.0) +2, 28)
B(,0)+1<dx() <B(,0)+2 forall ¢ € [11, 12].

Therefore, in view of (27), (24), and the definition of (£;) ;, we have

T;(u)

T;(u)
J ) = / (@) + LG (0, w(e)] dr = / e ()))dr
0 0

[5) _ )
>f Ljp1(d(x(1)))dt = (1+pj(ﬁ(j,0)+1))f £1(d(x(1)))dt
1 1

> (1+pj(B(j,0)+ D)sj =Lj + () > Jj(z, i) = J(z, ).

This provides the required contradiction and the proof of (iii) is complete.

Asin claim (iv), let us now suppose thatu € U(z) is acontrol satisfying J (z, ) < «,
for some a > 0. Let (x°, x, u) be the corresponding admissible triple from (0, z), and
let j > 1 be the smallest integer such that L; + ®(j) > a. We want to show that

d(z) < © :=B(j,0) +2.

Indeed, assume instead that d(z) > ,3( j,0) + 2. If there exists a time ¢ > 0 such that
d(x (1)) < ¢ := B(j,0) + 1, then there are 0 < #; < 1o < T.(u) as in (28). Thus,
arguing as in the proof of claim (iii) we can deduce the inequality J(z,u) > L; +
®(j) > a,in contradiction with the hypothesis J(z, u) < «.Ifinstead d(x (¢, z, u)) >
cforallt < T,(u), then T, (u) = 400 and we get the contradiction

+00

+00
J(z, u)z/ Zl(d(x(t)))dtz/ ¢1(c)dt = +o0.
0 0
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Let finally prove (v). Let « > 0 and assume d(z) > o«. For any u €
M([0, +00), U) \ U(z), the cost J(z, u) = 400, so (v) is trivially true. If u € U(z),
by the last part of the proof of (iv) (for ¢ := «/2) there exists a positive, finite time
tr ;= inf{r € [0, T;(u)) | d(x(¢,u, 7)) < /2}. Let 0 < 11 < 1> be a time such that
o/2 <d(x(t,u,z) <aforallt € [f1, 2]. Then, in view of (24), we have

r
J(z,u) > f2 L1(d(x(t,u,z)))dt > %%(Q/Z, a)=:6 > 0. O
n

Let J be as in Lemma 3.2. For any z € R" \ C, we define the value function
V(2) = inf,e M([0,400).0) J (z,u) forallz € R"\C, V(z) :=0 forallz € dC.

In the following two lemmas we show that V' is a MRF for (8)—(9).
Lemma 3.3 The function V : R" \ C — [0, +00) has the following properties:

(1) domV :={ze€R*\C|V(z) < +oo} =R"\ C;
(i) V is positive definite;
(iii) V is proper;
@iv) V is continuous.

Proof Property (i) holds, because, if 7 € dC,then V (z) = 0 < +o0, while,ifd(z) > 0,
by Lemma 3.2, (i) we have V(z) < J(z, 1) < +00.

In order to prove (ii), observe that given z € R” \ C, then d(z) > « for some
a > 0. Hence, by Lemma 3.2, (v) there exists § > 0, depending only on «, such that
J(z,u) > § forallu € M([0, +00), U). As a consequence, V(z) > § > 0, thatis V
is positive outside the target.

The function V satisfies (iii) whenever, for all @ > 0, the sublevel set E, := {z €
R™\C | V(z) < «} is bounded. If V (z) < «, then by definition there exists u € U(z)
such that J(z, u) < «, as well. Hence, by Lemma 3.2, (iv) we deduce that d(z) < ®
for some ® > 0 (depending only on «) and, consequently, the set E,, is bounded, as
Ey, C Be(C)\C.

Let us finally prove (iv), i.e. the continuity of V. Fix ¢ > 0 and let us first consider
7z € oC. By virtue of Lemma 3.2, (ii), for any z such that d(z) < r, we have V(z) <
J(z,u) < d>(d(z)) = ,B(d(z) 0) + ®(d(z)), where, in particular, d is continuous,
strictly increasing and equal to O at 0. Hence, choosing

1 2
O<88<§(r1/\cl> (s)), (29)

we get the continuity of V at z, as

V()= V@)=V < J(zh) <Pdiz) <e forallz e By, (z).  (30)
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Assume now z € R" \ C. Setting Sg,g = 8. A @, we have 3235,5 (z) € R™\C. We

claim that for any z € BS:g /2({2}) there exists an admissible triple (x%, x, u) from
(0, z) such that

d(x(0) = Mz = max |V (@(2)) | z € Byyja((ED] forall 1 20,
J(z,u) < V(z) + .

€2V

Indeed, an e-optimal triple (9, x, u) satisfying J(z, u) < V(z) + € always exists, as
V(z) < 400 by (i) above. Furthermore, we can clearly assume J(z, u) < J(z, i),
where (£°, £, 1) is the admissible triple from (0, z) built in Lemma 3.2. But then the
first of the inequalities above follows from Lemma 3.2, (iii).

Set

T, :=inf{r > 0| d(x(1)) < bz} (32)

Note that 7, > 0, since d(z) > d(z) — 675 > %Sg,g. Let j = jz . be a positive integer

such that j > d(2) + 875 > d(z). Then, using (27) (which is valid for every j > d(z),

in view of (26)) and setting mz  := min £1(R) > 0, we get
Re[5z,0,M:]

T;

Lj+00) = J(i) = J(zu) = f e @Ge())dt = Toms.
0

Thus, there exists an uniform upper bound for the times 7. Precisely, we have

Li. . + Oz Z
_ Lje + PGz forall z € By, ({z}).
mz’s Z,&

To prove the continuity of V at z, consider arbitrary points z1, z2 € BSz,s /2({2}) and

suppose, for instance, V(z1) < V(z2). Let (x(l), X1, u1) be an admissible triple from
(0, z1) satisfying (31) (for z = z1). In particular, this implies that x1 (¢) lies in a compact
set K depending only on Z for all # > 0. Hence, if L; denotes the Lipschitz constant
in x of the dynamics function f on the compact set B;(K), by a standard cut-off
technique we can derive that the trajectory x (-, u1, z2) is defined for all ¢ € [0, T3 ]
and satisfies

L:T:
sup |x1(t) —x(t,u1, z22)| <l|z1 — 22l €™ %%,

tel0,Tz (]

as soon as |71 — 2| < e L2 T:

setting

. Actually, from this inequality it also follows that,
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(8¢ asin (29)), and assuming z1, z2 € Bg;gﬂ({f}), we have that (|71 — 22| < 8_5,8 and)
% (T2 w1, 22) — x1(T2))| < % (T, s as in (32), for x = x;). Since d(x (%)) < 8.
this implies that z, := x(f‘Zl ,U1,22) € Bos, (Z). At this point, if &1 € U(z2) denotes
an admissible control from (0, z) as in Lemma 3.2, the last part of (30) implies that
J(Z2, ti2) < €. Therefore, the control u, given by

_Jmo 1el0, T,
ux(t) == 4 . ~ -
ur(t = T,) t e (I, +00)

belongs to U(z2), x2(t) := x(t, uz, z2) belongs to By (K) for all r € [0, TZ]], and
denoting with w; the modulus of continuity of B{(K) 3 x +— £(d(x)) + I(x, u)
(uniform w.r.t. the control, because of the assumptions on /), we finally obtain

0=<V(z2) = V(z1) £ J(z2,u2) — J(z1,u1) + &

Sf(; IE@(0)) — €@Cr (O] di + (2 (), ur (1)) — 11 (0, wi (0)[1de

+ J(Z2.l2) + & < Tz o 0:(83,) + 26 < 3e,

where the last inequality holds by replacing 8z . with 8; ¢ A - ! (TE - ) The continuity

of V at z hence follows by the arbitrariness of ¢. O
Lemma 3.4 The value function V satisfies the decrease condition (13).

Proof We divide the proof in three steps.
Step 1. Let us first show that, if V is a viscosity supersolution of the following
Hamilton—Jacobi—Bellman equation

max{~(DV (@), f(z.w) ~ 1w} = @) forallz eR"\C.  (33)

then it satisfies the decrease condition (13), characterizing MRFs. Indeed, (33) implies
that (see e.g. the survey paper [3])

maé({—(p, f(z,u) —1l(z,u)} > £(d(z)) forallz e R"\C, forall pe€ dpV(z),
ue
so that, for H defined as in (12) and pg = 1, one has

H(z,1,0pV(z)) < —€(d(z)) forallz e R"\C, forall p€dpV(z),

Setting y (= £ o d‘j}, and recalling that L is increasing as well as dy+, by (7) we
finally obtain that V satisfies condition (13) for pp = 1 and such a y, namely

H(z,1,0pV(x)) < —y(V(z)) forallz e R"\C.
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Thus, the next two steps will be devoted to prove that V is a viscosity supersolution of
(33). This proof is not completely standard, because we do not have the usual growth
hypotheses on f, £ and [ (see e.g. [1, Ch. III]). Actually, these assumptions can be
avoided here thanks to the results in Lemma 3.2.

Step 2. Let us show that, for every 7 > 0 and every z € R" \ C, one has

T.(W)AT
V(z) = inf {/ [Ed(x (@) + 1(x (@), u(®)]ldt + V (x(T;(w) A T))
ueld(z) 0

(34)

where x = x(-, u, 2), L?(z) = {u € Z)(z) | J(z,u) < J(z, 1)}, and # is as in
Lemma 3.2. In view of Lemma 3.2,(i), the set U (z) # @ and

T (u)
V(z) = inf / [d(x(2))) +1(x(), u(?))]dt < +o0.
ueld(z) /0

Let us refer to the right-hand side of (34) as vy (z). Given u € U (2),if T;(u) < T we
have V(x(T,(u) AT)) = 0and J(x, u) > vr(z). Ifinstead T, (1) > T, in view of the
definition of vy, we get

T (u)

T
JGou) = fo [@Cx(t))) + 1(e(r), u(e)dr + fT (e (D)) + 1Ce (), u(@)dr
T Tep 0y (1)
- /O [L@x(0))) + 1 (0), u(@)ldr + /0 @ () + 1Ger (), ur (0)1dt
T
> fo [@Cx(e) + 1Ge (D), u@)d + V(x(T)) = vr(2),

where x7(t) ;= x(t+T),ur(t) ;= u(t+T),and T, ) (ur) = T;(u) — T . Therefore,
Vz) = infuez;,(z) J(z,u) > vr(z), that is, the relation (34) is proven.

Step 3. Let us now deduce from (34) that V is a viscosity supersolution of (33). To
this aim, fixed z € R" \ C, we preliminarily observe that, in view of Lemma 3.2,(iii),
every admissible trajectory-control pair (x, u) with u € U(z), satisfies

d(x()) <¥(d(z)) =: R; forallt > 0.

Furthermore, on the compact set B(C, R;) \ C, depending only on z, the functions
f and [ are Lipschitz continuous in x, uniformly w.r.t. the control, and we can fix a
modulus of continuity for £ and a bound M, > 0O for | f|, ¢, and [. Hence, choosing e.g.
T = gﬁfl ,forany u € L{(z) the trajectory x (-, u, z) is defined on [0, T ] and satisfies
0 < d(x(t,u,z)) < R, forallt € [0, T.]. For arbitrary ¢ > 0and 0 < T < T, (34)
implies that there exists some i = il 7 € u (z), such that

T
/ [@(x(@))) + 1(x(0), u()ldt + V(X(T)) = V(2) + €T,
0
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where x := x(-, u, z). In view of the above considerations, from now on, taken a test
function ¢ € C'(R") such that ¢(z) = V(z) and ¢(Z) < V(Z) for all Z € B(z, r), for
some r > (0, the proof that V is a viscosity supersolution of (33) proceeds as usual,
hence we omit it (see e.g. [1, Prop. III, 2.8]).

O

Surveying the results on V in Lemmas 3.3 and 3.4, we see that the proof of implication
(i) = (ii) is concluded.

4 Proof of Implication (ii)) = (i)

The proof that the existence of a MRF implies GAC to C with regulated cost relies on
the following result, establishing a super-optimality principle satisfied by any MRF.

Proposition4.1 Letr W : R\ C — [0, +00) be a continuous MRF for (8)—(9) for
some continuous and increasing function pg : (0, 4+00) — [0, 1] and some continuous
and strictly increasing function y : (0, +00) — (0, 400). Then, for any z € R" \ C,
we have

T
W() > inf  sup /0 [PoW @G (D), u(®) + 7 (W(x )] dr
u€l(2) 0<T <T, (u) +W(x(T))

(35)

where x(+) := x(-, u, z).

The proof of this proposition relies on the definite positiveness and properness of
W coupled with an extension of results which are already known only under more
restrictive assumptions than ours (see e.g. [1, Thm. 2.40] and [10, Thm. 3.3]), and it
will be given at the end of the section.

Let W : R"\ C — [0, +00) be a continuous MRF for (8)—(9) for some functions
po : (0, +00) — [0,1] and y : (0, +00) — (0, +00) as in Definition 2.3. Assume
that pg satisfies the integrability condition (IC). Fix z € R” \ C. From (35) it follows
that, for g; := @ > 0 there exists some admissible control u; € U/(z) such that, for
any0 < T < T,(u1), we have

T
/0 [Po(W (et ()L (x1 (1), ur (D)) +y (W1 ()]de + W (x1(T))

W@ +e = W)+ WZ(Z), (36)
where x1(-) := x(-, u1, z). We set
w
1 := inf {t €0, Tx(u) | Wxi(2)) < ©) } 71 = x1(t).

@ Springer



408 Journal of Optimization Theory and Applications (2024) 203:386-418

Clearly, 71 is > 0 and is actually a minimum. Hence, (36) implies that

l W) < Wxi(t)) < E W(z) forallt € [0, 1],
2 (37)
W(z1) = Wxi(t) = 2 W(2),

so that

11 1
PO(W(Z1))/0 l(Xl(t),ul(t))dIS/O Po(W(x1(1))) L(x1(t), u1(2)) dt

W(z)
2

=W+ — Wz = W(z) =2[W(2) = W(z1],

which yields the cost bound

n W(z) — W(z1)
/0 [(x1(®), ur(2))dt < ZW. (38)

From (36), using the functions dy -, dy+ introduced in (7), we also obtain

1 i 3 3
14 (5 dy- (d(z))) fp <yWpn = /0 y(W(xp())de < 3 W(z) < 5dW+ d(2)).

Define now the continuous function 7 : (0, +00) — (0, +00), given by

3dw+(R)

Ti(R) = —— V7
: 2y (Ldw-(R)

forall R > 0.

Hence, the latter inequality yields the following uniform time bound

11 < T1(d(2)). (39)
Starting from z; and choosing &7 := W(211) = %, arguing as above we can deduce
from (36) the existence of a control uy € U(z;1) and a time 7, > 0, such that, denoting
by x, the trajectory x (-, uz, z1) and setting zp := x3(#), we get relations (37)—(39)
with z, z1, u1, x1, and ¢ replaced by z1, z2, U3, x2, and ,, respectively. Set zg := z. In
arecursive way, for any integer N > 1, we can thus choose ey := vggvz) and construct
ZN, Uy, Xy, and ty > 0, such that uy € U(zy—1), and xny(-) = x(-, un, ZN-1),

ZN = xn(ty), satisfy

1

L Wieno) = Won @) = 2 Weew_)  forallz € [0, iy,

2 1 12 (40)

Wzn) = 3 Wn-1) = o W(z),

Wzn-1) — W(zn) 4 Wzn) — Wzn+1)
po(W(zn)) po(Wi(zn))

IN
/ Len (1), un (D) di <2
0
@1)
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and
tv < Tn(d()). (42)
where
Ty (R) = — v () for all R > 0.
2Ny (3 dw-(R))
Setnow Ty := 0, Ty = Z?]:l tj,and T := j;xl’ t; and, for every integer N > 1,

define the control u € M([0, +00), U) given by

u(t) =un(t —Ty-1) forallt € [Ty_1, Tn),
u(t) = w forall t > T, if Too < +00,

(for w € U arbitrary). Recalling that W is proper and positive definite, from (40) it
is easy to deduce that lim, T3 d(x(t,u,z)) =0,s0u € U(z). Let (x x, u) be the
corresponding admissible trlple from (0, z) (deﬁned on [0, +00)). In view of (41) and
recalling that 1/ p is decreasing, the cost x° satisfies

Teo Wzn) — Wizn+1)
0
x°(1) 5[0 [(x(@),u())dt < NE ]4 oW ew)) 43)

W@/2 gy _
<4 / =W(z) foreveryt >0,
0 po(v)

as soon as we set W(z) := 4P(W(z)/2) for all z € R"\C (P as in (14)). Notice
that this function W is continuous, proper and positive definite, by the integrability
assumption (IC). So, the triple (x9, x, u) satisfies the cost bound condition (11) with
regulation function W. To conclude the proof that control system (8) with cost (9) is
GAC to C with regulated cost, it remains only to prove the existence of a descent rate
B, such that

d(x(r)) < p(d(z),t) foreveryr > 0. (44)
First of all, we claim that there exist a strictly increasing, unbounded, continuous
function I" : R>g — R with I'(0) = 0, and a function T : R2>0 — R.p, such

that, for any 0 < r < R, for every z € R"\C with d(z) < R, the trajectory x from z
considered above satisfies the following conditions:

(@) d(x(1)) < T'(R) forallt > 0,
(b) d(x(1)) < r forall t > T(R, r).
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Condition (a) follows from (40), because by (7) we have
3
d(x() < dy L (WE0) < dy! (5 dw+(d(z))> < I'(R) forallt =0,

as soon as we choose I'(R) := d;vl, (% dw+(R)), R > 0. This I' has all the required
properties in view of the properties of dy,— and dy +. In order to derive (b), we observe
that (40) implies

d(x(1) < dy (W) <d,t (;N dW+(R)> forallt > Ty,

. . . dy+(R)
so, if N(R, r) is the smallest integer > log, (3 d”vVvt ) ), we get

dix(@)) <r forall t > TN(R,r)~
The time Ty (g, depends on z, but, by (42), the value
N(R.r)
T(R.r):= Y  T;j(R)
j=1
is a uniform upper bound for Ty (g ). Hence, also condition (b) is valid. Now, arguing

as in [26, Sec.5], for any R > O let us introduce a strictly increasing, diverging
sequence of positive times (;) j>1 depending on R, such that

R
.
j+1

and define the function b : [0, +00) X [0, +00) — [0, +00), given by
I'(R) forallt €[0,1),

bR, 1) : forallt € [tj,tj11), j>1
- or a tinl), .
j 1 ! ! : J

From (a) and (b) it follows that
d(x(1)) <b(d(2),1) forall r > 0.

As already noticed in the proof of Lemma 3.1, Step 3, it is actually a routine exercise
to find a ICL function 8 > b. Therefore, the proof of implication (ii) = (i) is thus
complete. O
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4.1 A Comparison Principle and the Proof of Proposition 4.1

In the proof of Proposition 4.1, we will use the slightly modified version below of the
classical Comparison Principle for the infinite horizon problem. In particular, in the
known results it is basically necessary to assume the unilateral Lipschitz continuity
hypothesis (i) below® (seee. g. the comments after [1, III. Thm. 2.12]). In the following
lemma we show that, when the state has two components and the dynamics F depends
on only one of them, x-Lipschitz continuity of the F-component that corresponds to
the missing variable is not necessary.

Lemma 4.1 (Comparison Principle) Let U C R™, A C R™ be compact control sets
(not both empty), let L : R" x R" x U x A — R be a continuous running cost,
andlet F1 :R"xU x A —>R" Fh:R'xU x A — R be continuous dynamics
components, such that

() for some C > 0, (Fi(x,u,a) — Fi(x',u,a),x —x') < Clx — x'|? for all x,
X eR"andu e U, a € A;
(i) for some K > 0, |F>(x, u, a)| < K(1+ |x|) forall (x,u,a) € R" x U x A and
X +— F>(x, u, a) is uniformly continuous, uniformly w.r.t. the controls;
(iii) L is bounded and (x,z) +— L(x, z,u, a) is uniformly continuous, uniformly
w.r.t. the controls.

Let H : R" x R" x R" x R" — R be the Hamiltonian defined as
H(x,z, p1, p2) := min maX{ —{(p1, p2), (F1(x,u,a), Fa(x,u,a))) — L(x, z, u,a)}‘
acAuelU

. . / . .
Giveno > 0, if vy, va : R" x R" — R, bounded and continuous, are, respectively, a
viscosity sub- and supersolution of

ov(x,2)+ H(x,z, Dv(x,2)) =0 forall (x,z) € R" x R",

then vi(x, z) < va(x, z) forall (x,z) € R" x R".

Proof The proof is a careful adaptation of the proof of [1, III. Thm. 2.12], which we
give in detail for the sakes of clarity and selfconsistency. If we divide the equation
by o > 0, the functions Fj /o, F>/o and L /o satisfy the same structural hypotheses
as above. Hence, we can assume o = 1 without loss of generality. In view of [1,
III. Rem. 2.13] we can also assume v; and v, uniformly continuous.

Set (x) := (1 + |x|2)%. Take the map @ : R" x R"” x R" x R" — R, given by

=y Jz—wl
2¢e 2p
=AY + @V + N + (w))

(D(.X, Y, w) = Ul(-xv Z) - UZ(% w) -

where €, p, B, N are positive parameters to be chosen conveniently.

8 An alternative hypothesis to (i) is local Lipschitz continuity and at most linear growth in the state,
uniformly w.r.t. the control.
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Suppose by contradiction that there exist § > 0 and (x,7) € R" x R" such that
v (X, Z) — v2(X, z) = 8. Choose B > 0 such that B(x) < §/8 and B(z) < §/8, so that
forall0 < N < 1 we have 28((x)N + (z)V) <2 (% + %) = %, and
8 8 < - = s S\N | s\N IR
5 = §— 5 = vi(x,2) — (X, 2) = 2((x)" +(2)7) = P(x,2,X,2) <supP.

Since @ is continuous and tends to —oo as |x| + |z| + |y| + |w| — +o00, there exists
a maximum point (X, z, ¥, w), for which, in particular, we get

0< ; < d(x,z,y, w) = sup d. (45)
The obvious inequality ®(x, z, X, z) + ®(y, w, y, w) < 2d(x, z, y, w), yields
L _ o . o
Pu , = vi(x,2) —vi(y, w) + v2(x, 2) —v2(y, ),
so the boundedness of v and v, implies that
X =3l <cee,  1Z—w|<cyp, (46)

for some ¢ > 0. From the inequality ®(x, z, x, w) + ®(y, z, ¥y, w) < 2P(x, z, y, w)
and thanks to the uniform continuity of vy, vy, we can thus derive that

X — 3|2

<v1(¥,2) = v1(,2) + 02X, w) — v2(¥, W) < ©(IX = J|) < w(cVe),

(47
for some modulus of continuity w.
Consider now the C! test functions

) )
(. 2) = v2(5, B) + 28y| Lk pr' + BN + @Y + GV + @),
e (T = X —y* Z-wl “\N | /o\N N N
YO,w = - 2 “BURY + @Y + Y + )Y
& 20

By definition of (x, z, ¥, w), the function vy (x, z)—¢(x, 7) = ®(x, z, y, w) obtains its

maximum at (x, z), while va(y, w) — ¥ (y, w) = —P(x, z, ¥, w) obtains its minimum
at (y, w). As it is easy to see, we have

- - _ xX—=y _z—w -
De(x,2) = (Dxg, D:9) (¥, 2) = | —— + ni, +nz),

_ o xX—y _Z—w _
Dy (y, w) = (D, D ¥)(y, w) = <T +uy, —+ rzw) ,
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if y1 == BNE@N 2, 0 = BN@ON 2 1 = BNG)V T2, 1 = BN @)V The
definition of viscosity sub- and supersolution yields

vi(x,2) + H (x,2, Dp(x,2)) =0 <2y, w) + H (y, w, DY (y, w)),

so that, for some u € U and a € A, we have

_ o . _X—y ) _
vi(x,2) —n(Q,w) <H y,w,TJrny,TJrrzw

Z—w _
+J/21>
0

X—73 _ . Z—w . _
< T+V1x,F1(x,u,a) + Tﬂ/zz, F(x,u,a)

__X—Yy _
- H x,z,Terlx,

+ L(x,Z,u,a)

xX—y _ _ Z—w _ _
-\ +0y, F1(y,u,a))+ o +nw, F2(y,u,a)
— L(y,w, u,a).

Hence, by standard calculations (see also [1, Lemma 2.11]), using the definitions of
Y1, V2, T1, and 12, (46) and (47), we get
= -2

_ . _ - |x — ¥l |z — w| . o
vi(x, 2) =@y, w) <C - + p w2(|x = y) +or(|x =yl + 1z —w|)

+ KA+ 1EP) +a KA+ 15 + KA+ 121
0K (1 +[B) < w@ﬁH%jf)mL(c\/ﬂ N

+ KN + @Y + )Y + (@)Y,
where C is as in (i) above, K is a suitable positive constant (depending on C and K,

K asin (i1)), and w7, wy are the moduli of continuity of F> and L, respectively. At
this point, by choosing N := 1 A %, 0 = wr(c/¢), and using (45), we obtain

<O, 7,7, W) < vi(F 2) — @ ) — AR + @ + G + w)N)

< Coe/e) + ey (eVe) + wL(ev/e + can(cVe)),

NSHISC

which leads to a contradiction as soon as we make ¢ > 0 small enough. O

This comparison principle is interesting in itself. For instance, it implies that the
lipschitzianity conditions on the current cost under which the optimality principles
in [10, 19, 22, 27] were obtained, can be replaced by mere continuity plus growth
assumptions.
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Proof of Proposition 4.1 From [4, Thm. 8.1] it follows immediately that, given a MRF
W for some po and y, the decrease condition (13) is equivalent to the viscosity
supersolution condition

max {=(D"W @), f(z,w)) = po(W(@)l(z,u) =y (W)} =0 (48)

forall z € R" \ C. For any 0 < b < ¢, we define the sets

Sp:={zeR*\C| W() < b}, S(b’c)ZZ{ZGRn\C| b<W() <cl

Since W is continuous, proper, and positive definite and dC is compact, these sets are
open, bounded, and nonempty.

Step 1. Fix M > 0. Then, the set S := Sy is contained in the interior of
S = 3M+2 and we can define a C! function n : R"™ — [0, 1] such that

“(2) = 1 ifzes,
T=00 itzern\ S,

For all (z,u) € R" x U, we set
fGouw) =@ fzu), €z u) =i [po(WE)l(z u)+y(W@)] = 0).

The functions f s 2 are_ continuous, bounded, x — f (x, u) is (globally) Lipschitz
continuous and x +— £(x, u) is uniformly continuous, uniformly w.r.t. the control.
Since 1 > 0, from (48) it follows that W also satisfies

max {—(D_W(z), Fzw) -G, u)} >0 forallzeR"\C. (49)
ue

Step 2. Fix ¢ € (0, 1) and let 5, : R” — [0, 1] be a C' function such that

1 ifZ€S<gl>’
Ne(z) = .
0 1fZ€]R"\$( 7

[STE)
™ 18
~—

Setting, for all (z,u) e R" x U,

felzou) == ne(@) fz,u), ez, u) = ne(2)E(z, ),

we finally obtain that W satisfies
max {-(D—W(z), Folzow) — Uu(z, u)} >0 forall z € R". (50)
ue
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LetA:R — (0,1) be a C! function such that 0 < i < C for some C > 0, A(s) > 0
ass — —oo and A(s) — 1 ass — 400, as, for instance, A(s) = % (arctan(s) + 7).
Hence, by [1, Prop. 2.5], the function

Viz,r) :=A2(W(2) +r)

turns out to be a bounded, continuous, and nonnegative viscosity supersolution of the
Hamilton—Jacobi—Bellman equation

max {—(Dv(z, r), Fo(z, u))} =0 forall (z,r) € R,
uelU

where F,(z, u) := (fo(z, u), €s(z, u)). Set ¥ (z,r) := V(z,r). Since V > 0, given
o > 0, V is also a viscosity supersolution of the obstacle equation

min {a v(z. r) + max |—<Dv(z, . Fu(z, u))} () — Wz, r)} — 0 on R"™!,
ShH

l§y introducing a new control a € {0, 1} and defining I:"g(z, u,a) ;= a I:"g(z, u),
L(z,r,u,a):= (1 —a)o¥(z,r), we can reformulate (51) as

o v(z,r) + min max {—(Dv(z, r), F.(z,u, a)) — i(z, r,u, a)] = 0onR"!,
aef{0,1} uel
(52)

where all the assumptions of Lemma 4.1 are met. Thus, (52) (equivalently, (51))
satisfies the comparison principle for bounded viscosity sub- and supersolutions. In
particular, by a standard dynamic programming procedure, the unique bounded, con-
tinuous solution of (51) is the value function

Vir)= it supe W), FT)  forall ) € R
ueM([0,400),U) 7>0

where (X, ig) is the unique solution of the control system (i, %) = F.(x, u) with
initial condition (z, r). From the comparison principle,

V(z,r) = Véi(z,r) forall (z,r) € R"M!, (53)

Given z € S(e l) and for every u € M([0, +00), U), set

Tj(u) = inf {t >0] WEe(r)) > é or W(X. (1)) < s} < +o00.

Clearly, ng () > 0,as e < W) < % Furthermore, for all ¢+ € [0, ng (u)), the
solution (X, )Zg) corresponding to u coincides with the solution, say (%, £°), of the
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control system (X, %0 = (f, 0)(x, u) with (%, ¥°)(0) = (z, r). Hence, letting o tend
to zero in (53), for every (z,r) € S (8 1 ) x R, we get the inequality

’e

Vz,r) > inf sup  V(E(T), #%T)),
ue M([0,+00),U) TE[O Tf(u))

that, by a recursive procedure as in [27], finally implies

Z,r Z n Sllp X , X ora Z,r S .
V(z,r) inf V(E(T), #%(T)) forall (z,r) € R"™!, (54)
ue M([0,+00),U) T [ -
e[o.7w)

if - (u) is the first time at which ¥ reaches the target C (possibly equal to +00).

Step 3. Let z € Sy \ C, namely 0 < W(z) < M,and fix 0 < p < —A(M) +
A(M + 1). From (54) with initial point (z, 0), it follows that there exists a control
u € M([0, +00), U) such that, for any T € [0, Tz(u)), we get

T
V&), 5UT)) = A (W(i(T)) +/ LE (), u(t))dt) < V(00 +p < MM +1),
0

namely,
T ~
W(x(T)) +f LX), u())dt <M + 1.
0

Therefore, x(¢) belongs to S for all + € [0, Tz(u)), so tha44441t 5 as in Step
1 is identically 1. As a consequence, we have f(x,u) = f(x,u), Z(x,u) =
poW(O)I(x,u) + y(W(x)), x(-) = x(-,u,z), and Tz(u) = T,(u) as in Defini-
tion 2.1, so that, in particular u € U(z). By the arbitrariness of M > 0, the above
considerations imply that W satisfies (35) for all z € R" \ C. The proof of Proposi-
tion 4.1 is thus complete.

5 Conclusions

In this paper, we extend the well-known result that a nonlinear control system is glob-
ally asymptotically controllable to a target if and only if a Control Lyapunov Function
is associated with it. Our extension considers the case where a cost is associated with
the control system —in the form of the integral of a non-negative Lagrangian depending
both on state and control—, which must be “regulated”, i.e. bounded above by a contin-
uous function of the initial state. Specifically, we show that a necessary and sufficient
condition for a strategy to exist for each initial state, for which the system is GAC
to C with corresponding regulated cost, is the existence of a continuous Minimum
Restraint Function. A Minimum Restraint Function is a special Control Lyapunov
Function, that satisfies a dissipative inequality including the Lagrangian in the cost.

@ Springer



Journal of Optimization Theory and Applications (2024) 203:386-418 417

The main novelty is the necessity implication, whose proof relies on a combination of
classical nonsmooth analysis techniques adopted in converse Lyapunov theorems and
viscosity solutions arguments.
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