International Journal of Non-Linear Mechanics 167 (2024) 104868

Contents lists available at ScienceDirect

International Journal of Non-Linear Mechanics

journal homepage: www.elsevier.com/locate/nlm

ELSEVIER

Check for

Using differential-algebraic equations and natural coordinates for | e
modelling and simulating cable-driven parallel robots

Giulio Piva, Dario Richiedei , Alberto Trevisani

Department of Management and Engineering, University of Padova, Stradella San Nicola 3, 36100, Vicenza, Italy

ARTICLE INFO ABSTRACT

Keywords:

Cable-driven parallel robots
Dynamic modelling

Numerical simulation
Differential algebraic equations
Natural coordinates

This paper proposes a comprehensive approach to the dynamic modelling of Cable-Driven Parallel Robots
(CDPRs) by means of Differential-Algebraic Equations (DAEs). CDPRs are usually modelled through a minimal
set of Ordinary Differential Equations (ODEs), often by making some simplification or just focusing on the un-
constrained platform/end-effector dynamics. The alternative use of redundant DAEs provides several benefits
since several non-ideal properties and peculiar operations of CDPRs can be easily and accurately modelled. To
provide a comprehensive modelling frame, the typical components of a CDPR with rigid cables are here discussed
and modelled by exploiting the concept of DAEs, which use redundant coordinates and embed kinematic con-
straints in the algebraic part of the equations. Through such advantageous features, it is possible to model
swivelling guiding pulleys with non-negligible dimensions and mass. The use of rheonomous constraints is
proposed as well, to represent in a simple way the effect of the movable exit-points, that are widely adopted in
reconfigurable CDPRs. Finally, the use of Natural Coordinates is proposed for representing spatial end-effectors
and modelling some challenging operations such as its overturning or the picking of heavy objects. Numerical
simulations and the comparison with the results provided by a benchmark software are shown to demonstrate the

accuracy and the computational efficiency of the proposed approach.

1. Introduction

Cable-Driven Parallel Robots (CDPRs) are parallel robots that exploit
cables to move an end-effector (EE). Compared to classical parallel ro-
bots, CDPRs have larger workspaces, higher dynamic performances,
higher payload-to-mass ratios and are easier to reconfigure ([1,2]). On
the other hand, their operation is not straightforward since positive and
bounded cable tensions must be ensured. Hence, motion planning and
control, as well as mechanical design, should properly account for these
features of CDPR nonlinear dynamic behaviour ([1-4]), which makes
the availability of accurate dynamic models a basic goal.

Following the typical approach used for traditional parallel robots
(see e.g., Ref. [4]), dynamic models of CDPRs are commonly formulated
through the Newton-Euler equations that directly lead to a minimal set
of Ordinary Differential Equations (ODEs) (see e.g., Refs. [1,5-10]).
Their formulation is straightforward if just the EE is considered and is
treated as an unconstrained rigid body excited by cable tensions and
external forces (generating the so-called external wrench); however,
equation complexity considerably rises when trying to consider motor
dynamics and other non-ideal or nonlinear dynamical terms such as

* Corresponding author.

swivel angles or movable cable exit-points (EPs).

An alternative approach is using redundant Differential-Algebraic
Equations (DAEs). DAEs are widely adopted to model multibody sys-
tems for easily handling the constrained dynamics, but have been oc-
casionally used to model CDPRs ([11-16]), usually just to include motor
dynamics. The benefits of DAEs compared to ODEs, have been widely
discussed in multibody dynamic modelling, and in general, they can be
summarized as follows: 1) DAEs allow the systematic assembly of open
and closed chain multibody systems, 2) the resulting equation can be
solved using several effective and efficient state-of-the-art solution
schemes and integrators, 3) DAEs can be directly connected to nonlinear
finite element formulations. When employed to model CDPRs, DAEs also
have the advantage of easily representing some peculiar features that are
difficult to model by ODEs, thanks to the redundant coordinates. The
benefit of DAEs and redundant coordinates can be extended if natural
coordinates (NCs) are adopted ([16-18]). NCs include the Cartesian
coordinates of some points together with the Cartesian components of
some unit vectors. The primary advantage of NCs is that they do not
exploit angles or angular parameters to define orientation, which leads
to constant mass matrices and to simple constraint equations. Another
advantage related to NCs, which is relevant for CDPRs, is the absence of
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Nomenclature at the acceleration level
H(q) = Projection matrix exploited to compute the absolute
A= i-th EP angular velocity of the EE
ap, &, wp = Parameters of the “penalty formulation” In.n =  Identity matrix of dimension n x n
a= Vector of parameters describing the position of the CM of Imi = Moment of inertia of the i-th motor
the EE with respect to the local reference frame Jpulley = Moment of inertia of the swivel pulley
a; = Vector of Cartesian coordinates describing the absolute J= Inertia tensor of a rigid body
position of the i-th EP A= Lagrange multiplier vector
B; = i-th anchor point L= Length of the i-th cable
b, b; = Vectors of the absolute and local Cartesian coordinates of M= CDPR mass matrix
the i-th anchor point Mee = Mass of the EE
G = Matrix related to point p projecting the natural coordinates ne = Number of elements of generic set t
in the three-dimensional Cartesian space n; = Unit vector exploited in the swivel pulley formulation
Y1Y2,xs = angular parameters exploited for representing the rigid = Origin of the global reference frame
connection between two rigid bodies yi = Angle involved in the swivel pulley formulation
c= Vector encompassing the components of the local position p= Vector of Cartesian coordinates of EE absolute position
of a point with respect to the basic point r; q,q,q = Dependent coordinates at the position, velocity and
D; = Point exploited in the swivel pulley’s formulation acceleration level
& = Vector connecting the i-th anchor point to the point of ri= Radius of the i-th winch coiling the cable
rotation of the i-th guiding pulley = Radius of the guiding pulley
d; = Vector of Cartesian coordinates describing the absolute r= Vector of Cartesian coordinates used to describe the
position of D; absolute position of a basic point of the Natural Coordinate
E= Origin of the body fixed local reference frame Formulation
e, €=  Minimal coordinates used to describe the EE pose and o= Swivel angle of the i-th guiding pulley
absolute velocity §; = Unit vector starting from d; and directed to the center of
@ = Set of parameters exploited in the minimal parametrization the guiding pulley
of the rotation of the EE 6,6,60 = Angular position, velocity and acceleration of a motor
@1,¢2,p3 = Angular parameters exploited in the Natural Coordinates u= Unit vector describing the direction of a cable tension
Formulation V= Unit vector exploited in the Natural Coordinate
@, d&,d = Set of algebraic constraints at position, velocity and Formulation
acceleration level w, = Vector of external actions exerted on the EE
D, = Matrix of partial derivatives of ® with respect to the X= Matrix exploited to represent the global orientation of a
generic set t rigid body described through natural coordinates
fi= Modulus of tension on the i-th cable Z= Matrix projecting the inertia tensor of a rigid body on the
f= Vector of external forces natural coordinates
f. = Vector of reaction forces arising from the kinematic zZ= Vector of independent coordinates
constraints = Angular velocity of the EE
Y= Vector of components arising from the algebraic constrains

singularities of the transformation matrix, which are instead experi-
enced by several rigid-body representations ([19]). As a consequence,
NCs are suitable to represent very challenging operations, such as the
overturning of the EE, and the on-the-fly joining between the EE and an
object to be transported, since no barycentric coordinates are required:
indeed, the change in the position of the centre of mass of the EE cannot
be neglected when dealing with transport operations but is difficult to
handle through traditional coordinate representations used in robotics.

By highlighting these peculiar and advantageous features of DAEs
and NCs, this paper introduces and discusses their use in CDPR model-
ling and simulations, paying particular attention to the practical and
numerical issues related to CDPRs. As a result, a comprehensive
approach is devised, which also introduces some novel formulations,
thus enlarging the use of DAEs in the field of CDPRs compared with the
existing literature. In detail, the following topics are covered by the
paper.

e The general model formulation through DAEs for CDPRs with rigid
cable is outlined in Section 2.

e The representation of 6-DOF EEs through NCs is proposed in Section
3, where the picking of a load is discussed too.

e The inclusion of motors and swivel guiding pulleys is discussed in
Section 4, by also handling pulleys with non-negligible dimension
(and hence variable EP) and non-negligible inertia.

e The representation of movable cable EPs, as those often used in
reconfigurable CDPRs ([20,21]), is proposed in Section 5, by
exploiting the concept of rheonomous constraints, thus avoiding the
dynamic modelling of the subsystems used to drive such points.

Numerical assessments are provided through several examples, by

also comparing the results with those sported by the benchmark soft-
ware MSC ADAMS.

2

. General Index-3 formulation of the DAE model

The modelling approach proposed in this paper relies on formulating

the model as a set of DAEs with differential index equal to 3:

{M(iJr(I)/Tx—f

1 1
®(q,1) = 0 @

The CDPR is described through a set of n, generalized (redundant)

coordinates q € R"™, related by ne, linearly independent, holonomic ki-

n

ematic constraints ®(q,t) € R", and including both the coordinates of

the EE and the motor rotations (and of the guiding pulleys whenever

1

ecessary). The dependence on time vanishes if all the constraints are

scleronomous. @ will include the constraints due to cables, collected in
®, and the rigid-body constraints required whenever natural
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coordinates are adopted to model a spatial EE, that are collected within
®,;,. (see Section 3.3)

The number of degrees of freedom (DOF) of the system is therefore
Npor = Ng— Ng. ®/q = {%—ﬂ € R"™*" js the Jacobian matrix of the
constraints, and A € R™ is the vector of Lagrange multipliers. All the
external forces applied to the overall system are collected in vector f €
R™ together with all the velocity-dependent forces (if present). The
reaction forces introduced by the kinematic constraints, f, € R™, are
represented through Q/qu € R™, also including cable tensions. Finally,
M € R™*™ is the mass matrix: a wise choice of q makes constant such a
matrix, and hence Coriolis and centripetal terms in f vanish (see
Ref. [24] and Section 3.3).

By assuming massless and inextensible cables with a point-like rep-
resentation of the exit-point (EP) (see Section 4), the i-th cable (i = 1,...,
n., with n, denoting the number of cables) is represented within ®,,
through the following algebraic constraint

@ =(b;—a;) (b, —a) -~ 1>=0 2
I; is the length of the cable, and it is linked to the angular position of the
motor ¢; by means of the radius of the winch that coils the cable r; (Iy; is
the cable length corresponding to 6; = 0):

li=lp; +16; 3

b; € R? denotes the absolute position of the i-th anchor point B; (i.e., the
point of the EE connected to the i-th cable), while a; € R® denotes the
position of the i-th EP A; More details can be found in Section 4.

The forces arising from the kinematic constraints related to the ca-
bles, i.e., the cable tensions, are represented in the differential part of the
DAEs through the Lagrange multipliers. Details on tension computation
are provided in Appendix A.

The overall number of constraints is related to the choice of q, and to
the physical properties of the CDPR. Section 3.3 discusses how to choose
q and then how to formulate M and ® in accordance with the features of
the main components of a CDPR.

Formulating complex dynamic models with DAE has been widely
shown that is easier, thanks to using redundant coordinates and incor-
porating the algebraic constraints. Then, the numerical solution of such
DAEs for forward dynamics usually exploit transformations to ODEs, by
means of some well-established methods [16] and the resulting ODEs
can be numerically integrated to solve the forward dynamics, by
exploiting the efficient approaches proposed in the literature ([18]).

In particular, the use of either the penalty formulation and method
based on the index-1 DAE formulation (such as the Udwadia-Kalaba
method, see Ref. [16] for an overview) that leads to ODEs with redun-
dant coordinates, allow easily solving models of overactuated (over-
constrained) systems, without requiring the complex algebraic
manipulations required by ODE-based models and allowing for accurate
calculations of the cable tensions. This is another advantage of
DAE-based formulations.

3. Modelling of the EE
3.1. 3-Dimensional lumped EE

When the EE has negligible dimensions, it can be modelled as a
lumped mass, m,., whose motion is described by three absolute Carte-
sian displacements, p € R3 ([3,22]). The EE contributes on M is through
the following constant submatrix:

me O 0
M, = 0 Mee 0 (4)
0 0 me
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3.2. 6-Dimensional EE modelled through minimal coordinates

Six DOFs are assumed if the EE dimensions cannot be neglected. By
following the typical approach of robotics, the minimal representation
exploits three absolute Cartesian positions, p, and three rotational co-
ordinates ¢ that describe the origin and orientation of the body-fixed
coordinate system with respect to the global frame, leading to the co-
ordinate vectore = [p! ] !, Several definitions of @ can be adopted,
such as, for example, the Euler angles, the Euler/Rodrigues parameters
[19]. The absolute velocity of the EE, & = [p” mT}T, includes the
translational velocities, p, and the angular velocity vector ®, that are
“quasi-coordinates” that exist only as differentials. By means of the ki-
nematic differential transformation ¢ = H(¢)® (where the formulation
of H is related to the definition assumed for the angles), the coordinate
vector at the velocity level can be obtained.

The equations of motion of the unconstrained subsystem made by the
EE are expressed as

Mee (8)§ = fee (5)

where f,. includes the external forces applied to the EE (the so-called
external wrench), as well as Coriolis and centripetal terms caused to
the pose-dependent, non-constant mass matrix Me.(¢) ([23,24]), and the
effect of the cable tensions on the platform through the so-called
structure matrix.

The drawback of such a representation is that the non-constant
projection matrix H(q) becomes singular for some values of ¢. There-
fore, large rotation of the EE, such as overturning or singular configu-
rations leading to a gimbal lock, cannot be represented.

3.3. 6-Dimensional EE modelled through natural coordinates

An effective technique that overcomes the problems arising from a
minimal coordinates representation is the Natural Coordinates Formu-
lation (NCF) ([17,18,25-27]), that simplifies modelling of multibody
systems. Such a formulation represents a spatial rigid body through
points and unit vectors, the so-called natural coordinates (NCs): a proper
choice of the natural coordinates leads to a constant mass matrix of the
body, M., and therefore no Coriolis and centripetal forces appear in Eq.
(1) ([24]). Additionally, this choice of coordinates does not experience
singularities.

The usual definition of the vector of NCs for a spatial body, q,,, € R'2,
is based on two points, defined through their absolute position vectors r;,
1 € R3, and two non-coplanar unit-vectors v, v; € R3 ([18]), (see Fig. 1)
defined with respect to the global reference frame Oyy,:

Fig. 1. Rigid body described through NCs.
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Qe=[tF & v V] 6)
The NCs can be arranged into a full rank matrix:

X= [(I‘j — l'i) Vi Vj} S RBXB )

and its counterpart expressed with respect to the local reference frame
EX—I
yz

X-[(5-%) v v] ®
This matrix encompasses the triplet that defines three directions

associated to the q,,. and can be used to retrieve the global orientation of
the body and its angular velocity ([27]), ® = xx 1

3.3.1. Mass matrix

The following developments are taken from ([23]); here, just the
main results are proposed. The mass matrix M € R'2*12 for a spatial
body defined through the twelve coordinates q,, is the following con-
stant matrix:

(m—2ma; +211)Isxs  (May — z11)Is.3  (Maz — 212)Is.3

M. — (may — z11)Is.3 21113x3 212133
e (maz — 221)Is.3 2113.3 Z2213.3
(mas — z31)Iz.3 2311343 2321343

m = [,pdQ denotes the overall mass of the body (Q is the body volume).

The scalars a, and 2y, (for arbitrary indexes r, k, h) denote entries of
vector a (related to the position of the center of mass (CM) in the moving
reference ¥cyr) and of matrix Z (related with the inertia tensor J;), and
are given by the following:

Fig. 2. NCs and angular parameters.
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32271 (fCM 7?1) (10)

z=X "Jx " an

The inertia tensor of the NCF, J;, is related to the “standard one” used
in Euler equations, Jey:

BT RFy, Tl
Jeu= [ | -7 P47 —Hr |dm (12)
Q 7szx 7szy 7,2( +7§

by means of the following expression:

1 _ - _
J; :EIBXStrace(JCM) — Jom + m(Fem — T) (Femr — F)" (13)

3.3.2. Constraints
The rigid body conditions that need to be ensured are expressed as
six kinematic constraints which should be defined between the NCs to

(mas — z13)I3.3
Z1313x3
223133
2331343

)

ensure the rigid body condition, leading to the set of holonomic, scle-
ronomous constraints ®. € R®. A distance constraint (the first one in
Eq. (14)) is defined to impose the constant distance between two basic
points r; and rj, namely ry = ||rj — r;||. Two constraints are defined to
impose the constant length of the unit vectors v; and v;. Three orienta-
tion constraints between pairs of vectors are finally introduced by
exploiting the dot product and three constant, scalar parameters ¢;, ¢,
and ¢3, as shown in Fig. 2.

(5—r) (5 —n) —r5

U

vivi—1
@y — vivi—1 -0 14)
rbc — T -
(1, — ;) v; — 1y cos(hy)
(t; — 1) Vi — 1y cos(¢b,)
v/ Vi — cos(¢s)
4, 4,
AI [
> A

o =
- ] X7
Vipl E”

;

" :

O x ipl

Fig. 3. EE of a CDPR and payload described through NCs.
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3.3.3. External forces

An external lumped force wh e R3 acting on a point p of the body
(that is not a basic point of the NCs) is projected onto the NCs through
matrix C; ([17D):

fee :ng£7 (15)
where
Co=[(1—c1)lss c1lzx3 Calaes  Calsyz). (16)

ck is the k-th element of vector ¢ computed through ¢ = X! (p—71;)andp
is the counterpart of p expressed with respect to the local reference
frame Esy;.

When an external torque w., € R® is considered, it is firstly replaced
by an equivalent pair of forces wh, — wl' € R®, with equal magnitudes
(and opposite orientation), w = (rj— ;) x W., to be applied at the

beginning and at the end of a unit vector vy, = m%, which has r;
17 ) X W)
as origin.
The projection of these two forces is based on Eq. (15) through
matrices C,, and (& (computed through Eq. (16) using 1y, = 1+ Vg.),

leading to the following term:
T
fee = <Cri - er,‘) W);* (17)

3.3.4. Application example: joining of two bodies

The use of DAEs together with the natural coordinates allows
modelling an EE that picks an object (a payload), by creating a rigid
connection between the two bodies The new dependent coordinates of
the grasped body are added in vector of the dependent coordinates,
while the same number of rigid body constraints are included among the
kinematic constraints.

The two rotation matrices that describe the orientation of the two
rigid bodies are X, (for the EE) and X, (for the payload), as defined in
Eq. (7). The NCs describing the pose of the EE are gathered in vector
Q.. € R'? and the mass matrix related to this subsystem is M, € R'2*12,
The NCs describing the pose of the payload are collected in vector g, €

R'?, while M,; € R'">*!? is its mass matrix. The whole vector of the

dependent coordinates, by assuming a point-like representation of the
T

cable EPs (see Section 4.1), is q = [qETE quz 07|, with 0 € R™ col-

lecting the motor rotations. The resulting block-diagonal mass matrix
M,, € R™*™ is:

M. O O
M=|0 M; O (18)
0 0 M,

T
The external forces are collected in vector f = [feTe f;l TT] . The i-

th cable enter in the robot workspace at point A; and it is fixed to the EE
at the i-th anchor point B;. The payload is simulated to be in initial rest
condition, and it is assumed that picking, i.e., the join between the two
bodies, is performed with null relative speed. When the two objects are
joined, the set of the constraint equations is enlarged to include the
constraints representing the rigid connection ®,, € R®. Such constraints
are formed by three distance constraints ®; € R® and three orientation
constraint ®, € R®, and therefore constraint forces appears thanks to the
Lagrange multipliers in Eq. (1). At the same time, the constraint force
due to the frame, that counteracts gravity force, vanishes.

As shown in Fig. 4, the distance constraint relies on the definition of
two points that describe the locations where the joining happens; such
points are described through three Cartesian coordinates with respect to
the local reference frame of the EE (E®yecyeezec) P§° € R, and with respect
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Zee yee
ee ee
P; Té.x
Q‘ Eee
pl .".‘deefpl
::V Zpl
[ pl
P 7 Y
“1 i pf L]
0 / » | E Xpl

Fig. 4. Joining of two bodies.

to the local reference frame of the payload (Eplxpxypz,ﬂ) pg € R3. The
constant vector connecting the two points is dee i =P, — P1 = Cp,qp —
Cp, q,.- Once the rigid connection occurs, point p, is enforced to be
rigidly fixed to the EE, hence its Cartesian coordinates are de_p =
C4.. »9e.- The components of Cy,, , are computed through Egs. (15) and
(16) using diifp, and the rotation matrix X.. As a result, the following
distance constraint should be enforced:

D= sz Ay — CP] Qee — Cdeefplqee =0 19)

The remaining three constraints are the constant orientation con-
straints that rely on the definition of three angular parameters (v, .y, .¥5),
as shown in Fig. 5. The orientation constraints are reported in Eq. (20)
and rely also on two vectors connecting two basic points of the EE (I,, =
Tjee — Tie) and of the payload (1; = 1, — 1;,), whose magnitudes are
computed through rye = ||Le| and ryp = ||L|:

leTelpl = TijeeTijpl COS(¥1)
V}jeevj,pl - COS(X2) =0

vzeeviﬁl - COS(XB)

D, = (20)

The complete set of algebraic constraints therefore includes: the
constraints related to the cables (®,), the rigid body constraints for both
the EE (@) and the payload (@) and the constraints representing

the joining between the EE and the payload ®,. = [®] tI)Z}T.

Together, these set of constraints compose the full set ® =

X2
Vj._ee

. Vipl
j,ee
X1

L'; ce Ljpl

Fig. 5. Angular parameters.
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(I)T

[ (I);I' P 5 rbe.pl

rbc.ee (ch ] ' in Eq (1)
3.3.5. Numerical example: joining of two bodies

The numerical test case proposed in this Section consists of three
phases: an approaching stage of the EE that moves downward through a
rest-to-rest vertical motion from the initial configuration to the “pick
position”. Then, the picking phase occurs. Finally, the CDPR lifts the
payload through a vertical motion. The simulated CDPRs consists of an
underactuated CDPR, with a 6-DOF EE actuated by four cables, to make
visible the oscillations due to underactuation. The motors driving the
four cables are controlled by four independent co-located PID
controllers.

Both bodies are modelled as rectangular cuboids: the EE has a mass
me. = 62.8 kg, while the payload has mass my; = 6.28 kg. By referring to
Fig. 3, the two rigid bodies are modelled through NCs: those of the EE,

T T T T T h f th 1
Qee = | Tice Tjee Viee Vjee and those of the payload qQp =
T
{riT_pl vy vﬁl] . Table 1 reports the initial values of the NCs,

the absolute coordinates of vectors a; that connect the origin of the
global frame and the cable EPs A; (that are assumed as fixed points B;, as
in Section 4.1), and the local coordinates of vectors b;* connecting the
anchor points with the local reference frame E®yecyec,ec (see Fig. 3).

The origins of the body fixed reference frames E®yecyee,e. and Eplxplyplzul
coincides respectively with the EE and payload CM. Moreover, the

and rﬁlpl are set to 1, =[0 0 0] m and

ee —
values of rf o ipl =

Lee
[0 0 0]" m. By referring to Fig. 4, the link connecting the two bodies,
de._pi, starts from the CM of the EE (p;* =[0 0 0 ]T m) and reach the

payload at location p,?' = [0.1 0.2 0]" m.

The DAE-ODE conversion for solving the model has been done
through the penalty formulation (see Refs. [3,16] for more details in its
use for CDPRs), that exploits the following representation of the
Lagrange multipliers, by means of three tuning parameters, a;, &, and
Wp:

r=a, (il‘>+ 2§Pwpd>+w§<1>) (21)

In this test, by following a common rule-of-thumb in the literature, a, =
108, £, =1 and w, = 102. By adopting a sample time At=1- 10" s
(with a Runge-Kutta integration scheme), the simulation, lasting 20 s,
just requires on average (over 10 simulations) 19.5 s. The model is
solved in Matlab\Simulink running on a PC embedding an Intel Core i7-
10700 CPU, by just exploiting one core.

The proposed model represents the step behaviour of gravity force,
due to mass change at t = 11 s, and the related oscillating behaviour of
tensions (see Fig. 6) and of the EE, represented in Fig. 7, through the
n, r ]T and

iee iee iee

Cartesian coordinates of the CM of the EE r;,, = [r’(

rZ

T
of the payload rjp; = [rfpl r : pl] . Both figures clearly resemble a

ipl

Table 1
Initial values of EE’s NCs and payload’s NCs, Cartesian coordinates of EPs and
anchor points.

EE Payload
Tiee [m] [0o15]" typ [m] [oool”
Tjee [m] [00.1 151" 11 [m] [00.1 01"
Viee [-] [1ool” Vipt [-] [tooy”
Vee [-] [0o1" Vipt [-] [oo1"
EPs Anchor points
a; [m] [-1-121" bs® [m] [-0.1-0.1 01"
a, [m] 112" b§® [m] [-0.10.1 01"
ag [m] 112" S [m] [0.10.10]7
a4 [m] [1-1217 % [m] [0.1-0.1 017
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800 T .

700 - m i
600 - —H )
500

300 |
200 |
100 1
0 L 1 1
0 5 10 15 20
Time [s]
Fig. 6. Cable tensions behaviour during the simulation.
_ 0.1 2 :
\é 0.05 ipl i, ee
. 0 L " /\/\L/\/\ —
0 5 10 15 20
0.2
= y \}
E, 0.1 H ,i,p/ i,ee
. 0 N \/\/\/\/\ 7
0 5 10 15 20
1.5 - .
E‘ Lt ’; pl ’; ee g
W 0.5 /
,‘/
0 r = . .
0 5 10 15 20

Time [s]

Fig. 7. Time-history of the EE and payload centres of mass.

step response of an underactuated system, that oscillates with the system
damped natural frequencies.

4. Inclusion of the motors and guiding pulleys

The mass submatrix in in Eq. (1) related to the motor rotations 6; is
M, = diag(Jm;), where Jpn; denotes the moment of inertia of the i-th
motor, Jn; (including the contributions of the rotor, the shaft, and the
drum). The exerted torques are collected in f together with friction
forces.

As for the guiding pulleys used to gather the cables in the robot
workspace, there are different approaches to model them, depending on
their features. In the following subsection the following modelling ap-
proaches are proposed.

e Point-like representation (Subsection 4.1)

e EPs with non-negligible dimensions and negligible moments of
inertia (Subsection 4.2.1)

e EPs with non-negligible dimensions and moments of inertia
(Subsection 4.2.2)
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4.1. EPs: point-like representation

When guiding pulleys have negligible dimensions, if compared with
the cable lengths, they can be simply modelled as points, typically are
referred to as the “EPs”. In such a case the global position of the A; is
described through the constant and known point a; € R® thus making
the kinematic constraints in Eq. (2) directly employable within the set of
DAEs without the need for other equations.

4.2. EPs: elements with non-negligible dimensions

Conversely, when the cable routing systems of a CDPR exploit
guiding pulleys with non-negligible dimensions, the Cartesian co-
ordinates of a; change with the motion of the EE ([7]. [28-30]) There-
fore, new coordinates should be included in the model and the algebraic
constraint must be properly modified to account for their motion. In the
following subsections, the kinematic relationships linking the i-th
guiding pulley to the i-th anchor point on the EE is presented, by pro-
posing both the ideal model of massless guiding pulleys (Section 4.2.1)
and the case of pulleys with rotational inertia (Section 4.2.2).

4.2.1. Massless guiding pulleys

As a first simplified representation, the rotational moment of inertia
about the swivel axis is neglected. This representation exploits 5
dependent coordinates for each cable ([7]), (8;,0,58i,y;,n;) as explained
in the following, without altering the number of DOFs. However, due to
the assumption of negligible mass, the direct inclusion of &;, 53, s;, ;, n;
within the set of redundant coordinates (together with 5 kinematic
constraints) would lead to a singular mass matrix. Although this
occurrence can be handled, e.g. through the penalty formulation, in this
paper it is proposed a different approach to simplify the numerical so-
lution of the equations of motion. The proposed approach does not in-
crease the size of both q and ®. In contrast, it treats §;, 0y, s;, y;, n; as
“intermediate” variables by means of the explicit formulation of the
geometric dependencies between them and q.

The geometry of the i-th guiding pulley is described by its radius 7.
The i-th swivel pulley is associated to a local reference frame (x;,y;,z;)
that can be conveniently directed as the global axes of Oyy,. and has as
origin point D;. The spatial position of D; is described through three
Cartesian coordinates gathered in d; € R®. The swivel axis of the pulley
coincides to z;, which is tangent to the outer circumference. All these
relevant quantities for the modelling of the swivel pulley are shown in
Fig. 8.

The pulley lies on a plane which contains vector §; = b; — d; and
forms the angle o;, hereafter denoted as “swivel angle”, with respect to
the z;x; plane. Such an angle can be easily retrieved through ¢; =
atan 2(y; -8;,%; -8;).

Two unit vectors, s; and n;, must be introduced to compute the
Cartesian coordinates of the EPs a; where the cable leave the guiding
pulley. s; is the unit vector starting from d; and heading to the center of
the pulley (Cp; it is computed through s; = cos(s;)x; + sin(s;)y;. The

Fig. 8. Relevant parameters of the formulation.
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angle (y;) between s; and n; can be retrieved from Eq. (22) and it is
exploited to assess the cable wrapping arc d;a; which has a length
[dial| =7(z— ).

1 6i~z,-

51'51

y;=2tan" (22)

Finally, unit vector n; is computed through n; = cos(y;)s; + sin(y;)z;
and, thus, a; is retrieved from a; = d; + 7(s; + n;). Therefore, the new
algebraic constraint replacing Eq. (2) is:

D= (b — ay) - (bi — &) +7(m — ) + 2r(m — )/ (by
-r%6*=0

—a;)-(b; — a;)

(23)

that exploits the following intermediate algebraic calculations:
ﬁi = bi — di
o; = atan 2(y;-8;, X;-8;)

s; = cos(0;)X; + sin(o;)y; 24
6i'Zi
61'51

n; = cos(y;)s; + sin(y;)z;

tan(y,/2) = oot 4+

The partial derivative of Eq. (23), @ 4, and its time-derivative @, /q
are detailed in appendix B.1.

4.2.2. Guiding pulleys with rotational inertia

When both radii and rotational moments of inertia of guiding pulleys
are non-negligible, swivel angles must be treated as independent co-
ordinates ¢;. One additional independent coordinate for each of the n,

cables is added thus leading to q = [q%, ¢ 7] € R2"2" (to recall:
12 coordinates are adopted to represent the EE through NCs; n. co-
ordinates represent the motor rotations; n, swivel angles are newly
introduced). No additional constraints are defined within ®. As in the
model proposed in previous section, the other variables needed to
represent the guiding pulleys (i.e., 8;,s;,y;,n;) are not included in q as
dependent coordinates, to avoid mass matrix singularity. These four
coordinates are treated, again, as “intermediate” variables by means of
the explicit formulation of the geometric dependencies between them
and q. As far as the kinematic relations is concerned, Eq. (31) and Eq.
(24) are still considered.

Therefore, by considering the swivel angles as generalized co-
ordinates, the system has gained n. DOFs since no new algebraic

s MISC ADAMS

103 Model 1 ===+ Model 2w Model 3]

0.5 1 1.5 2 2.5 3 35
Time [s]

Fig. 9. Time-history of the CM of the ee.
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constraints are introduced. Additionally, since n, coordinates have been
included, the model matrix size should consistently increase as well. In
particular, M should include the diagonal submatrix with the rotational
moments of inertia of guiding pulleys, Jyuiey,. The partial derivatives of
Eq. (23) are reported in appendix B.2.

4.3. Numerical comparison

This Section provides a comparison between the three different
models proposed in this section, by also comparing the results with those
sported by MSC ADAMS (Figs. 9 and 10). The numerical test case con-
sists of an underactuated CDPR with a 6-DOF EE driven by four motors,
which makes it underactuated. The models proposed in this paper have
been implemented in MatLab\Simulink. The EE has been modelled
through redundant natural coordinates, as described in Section 3.3. The
DAE to ODE conversion has been performed through the Udwadia-
Kalaba method with the Baumgarte stabilization [16] (with both its
tuning parameters equal to 10%). The resulting ODEs have been inte-
grated through the Runge-Kutta method, with a sampling time equal to
At=1-10"%s.

The EE is a rectangular rigid body whose overall dimensions are 0.2 x
0.4 x 0.01 m (along the x, y and z directions, respectively) and has a
mass me, = 6.24 kg. The coordinates of the CM of the EE are gathered
into p=[p* p’ p*]" (whose initial value is [0 —0.25 0.37]" m).
The local reference frame Egy; has no relative rotation with respect to
the global reference frame. Table 2 reports the local (=) and the global
Cartesian coordinates of points B; and D;.

The three formulations introduced in Section 5.1, 5.2.1 and 5.2.2
have been exploited to obtain three dynamic models of the CDPR (Model
1, 2 and 3 respectively).

Model 1 assumes that the cables enter in the robot workspace
through known and fixed positions equal to the D; points. In contrast,
Model 2 and 3 account for the swivel pulleys radii that (¥ = 0.05 m for all
the pulleys). Model 2 dynamic model treats the swivel angles as
dependent variables that are algebraically computed through Eq. (24).
Model 3 represents the rotational inertias of the pulleys which have been
set to Jpuley = 5.1073 kgm2 and includes swivel pulley rotations among

the generalized (redundant) coordinates q” = [qJ, GT}T, with ¢ =

[0’1 0y O3 0'4]T.

The EE is excited by an impulsive external force f,, = [50 100 0]"
N applied at p from t = 0.51 s, to t = 0.52 s, that makes the load oscil-
lating with its natural damped frequencies. During the simulation, the
absolute displacement of p and the swivel angles ¢ have been tracked to
compare the outcome different models, and the related computational

[=——=MSC ADAMS —-='=~Model 2 wwme Model 3 |
0.62 -0.61
k=) =)
E 0615 £ -0615
- ~
e &
-0.62
0.61
0 1 2 3
Time [s] Time [s]
2.52

0 1 2 3 0 1 2 3
Time [s] Time [s]

Fig. 10. Time-history of the swivel angles.
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Table 2
Cartesian coordinates of B; and D; points.

by [m] [-01 -02 o] d; [m] [-30 -20 20]"
b, [m] [-01 02 o] d [m] [-3.0 25 20]"
bs [m] (01 02 o] d3 [m] 30 25 20]"
by [m] (01 -02 o]" dy [m] 30 —20 20]"
efforts.

It is noteworthy to highlight that MSC ADAMS exploits the “cable
system wizard” to model cables, which requires defining the axial elas-
ticity and the mass density of each cable. Additionally, the coupling
between cables and pulleys imposes modelling the contact by means of
static and dynamic frictions, the Hertzian contact forces and the pene-
tration coefficients. All these features are not modelled in the proposed
DAE-based model and are usually neglected in the literature. This model
discrepancies leads to minimal differences among the model results. On
the other hand, including the contact model remarkably increases the
computational time to solve the model and introduces several uncertain
parameters, whose values are difficult to evaluate in practical applica-
tions. Therefore, MSC ADAMS is here interpreted as a further compar-
ative model instead of a benchmark to be exactly reproduced.

Fig. 9 and 10 show an excerpt of the overall simulation. No position
drift has been experienced, thus proving that constraints are properly
enforced. Fig. 9 shows the time-histories of the CM of the EE sported by
all the simulators. Model 2, 3 and MSC ADAMS are almost overlapped,
while Model 1 shows that neglecting the swivel pulley dimension leads
to wrong estimation of the oscillation frequencies and amplitudes. A
more detailed analysis is provided in Table 3 that summarizes the Root
Mean Square (RMS) values of the differences with respect to the MSC
ADAMS model (over the whole simulation lasting 10 s) and corroborates
that MSC ADAMS and Model 2, 3 provide almost the same results with
differences remarkably smaller than 1 mm. As for the differences in the
estimated first damped natural frequency between Model 2, Model 3,
and ADAMS, it is about the 0.5 %; this value is mainly related to the
different friction models.

On the other hand, despite such negligible differences, the CPU time
required by MSC ADAMS to simulate 10 s is 141.2 s (by averaging over
10 simulations), thus preventing its real-time implementation. In
contrast, the numerical simulation of the proposed DAE-based models
and performed through MatLab\Simulink is significantly smaller
(although no code optimization has been performed to improve its
computational effort and no parallel computing is exploited). The
simulation of the three dynamic models requires 11.9s,9.1 sand 10.6 s,
for Model 1, 2 and 3 respectively (by averaging over 10 simulations).
Although real-time computation is still not achieved, it is reasonable
supposing that code refinement, as well as parallel computing, might
lead to real-time capability.

The four swivel angles, sported by MSC ADAMS and by the proposed
Model 2 and 3, are shown in Fig. 10, by corroborating the similarity
between the three models investigated. The RMS differences are sum-
marized in Table 4.

5. Movable EPs

Another relevant feature that can be effectively modelled through
DAE:s is the presence of movable EPs, that leads to the so-called recon-
figurable CDPRs ([20,21]). Two modelling approaches are proposed.

Table 3
RMS differences in EE’s CM Cartesian coordinates.
Model 1 Model 2 Model 3
RMS [m] 221073 1.9-10~* 1.9-10*
4
d3V [m] 1-102 6.7-10°* 6.9-10*
RMS [m] 3.9.10°* 4.7.107° 4.410°°
4
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Table 4
RMS differences on swivel angles.

Model 2 Model 3
dfff”s [rad] 7.1-10°4 6.9-10~*
di¥S [rad] 1.5-103 1.7.1073
dRS [rad] 7.1-107* 6.7-10°4
dR¥S [rad] 151073 161073

5.1. Full model approach

The full model approach includes the coordinates of the EPs (g,
with i = 1,...,n,) among the independent coordinates. Therefore, the
DAEs governing the system should be augmented with those repre-
senting the dynamics of such points. Such an approach is useful to study
the whole system made by the robot and the movable EPs. On the other
hand, it requires a precise dynamic model of such movable EPs (also
including all the external forces acting on them, such as friction), that
can be cumbersome to develop in some cases (e.g., in the case of an EP
moved by a robot), and often are not of interest for the study of the
CDPR.

5.2. Rheonomous constraints

As an alternative approach, the motion of the movable EPs is treated
as rheonomous constraints. In practice it is assumed that the motion of
the movable EPs is just a function of time (a;(t), a;(t) and &;(t)), and is
not affected by the motion of the CDPR coordinates. This assumption is
reasonable in the presence of small inertia ratio or in the presence of
effective controllers driving such EPs.

Rheonomous constraints are represented through the following po-
sition and time dependent kinematic constraint equations ([17]):

‘ ®(q,t) =0
®(q,t) = B/qq + B =0 (25)

l.I'>(q7 t) = ®/q + PG + d)/t =0

In Eq. (25), the time-derivative of the rheonomous part of ® are intro-
duced through ®/, that is the partial derivative of the constraint equa-
tions with respect of time, and & e = dd,/dt.

By exploiting the acceleration level of ®(q,t), the following index-1
DAEs can be obtained.

M @ |[g f
NI (26)
|:(I)/q 0 } {7»} {*d’/qq - ‘I’/t}
It is evident how the rheonomous constraints affect the dynamics of
the system by acting as external excitations. On the other hand, no in-
formation about the dynamic models of the EPs (and hence on the forces

generating a;(t)) is required, thus remarkably simplify the model
development and tuning.

5.3. Example: EE overturning in a CDPR with a reconfigurable EP

5.3.1. Test description

As stated in Section 3.3, the use of natural coordinates to represent
the EE avoids pose singularities during numerical simulations. To pro-
vide evidence, the overturning of the EE of an underactuated reconfig-
urable CDPR has been numerically simulated. A rigid-body EE is
actuated by n,, = 2 motors (and by n,, cables) and ng, = 1 movable EPs
has been considered.

The EE has been modelled through the NCs formulation presented in
Section 3.3 and the NCs describing its pose have been collected in vector
Q.. € R!? (the mass matrix of the EE is M,, € R2*12), The motor-driven
cables are coiled around winches whose angular displacements are
collected in vector § € R™; (the equivalent rotational inertias of the
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motors and winches are collected in the block-diagonal matrix
M,, € R™*™)_ Therefore, the vector of the generalized coordinates is

q =[q’, 0"]", and the mass matrix of the CDPR is:

M, O
M:{ . Mm} @7)

The force vector collects the external forces acting on the EE (f,.) and

the commanded torques (t), namely f = [f0, tT]T. The full set of
algebraic constraints of the dynamic model includes the 6 of rigid body
constraints (see Eq. (14)), the n,, scleronomous, holonomic constraints
related to the ny, cables with fixed EPs, and the n,, rheonomous, holo-
nomic constraints related to the reconfigurable EPs (by adopting the
formulation of Section 6.2).

The reconfigurable EP is a3(t); for the sake of simplicity, and without
any lack of generality, its cable is assumed to have the fixed length I3 =
0.6 m. The EE is modelled as a rigid body with a triangular shape and a
mass me, = 2.1 kg. Table 5 collects the initial values of the NCs

T
describing the EE pose (q,, = [I‘de t,, Vie V.| ), thelocal Car-

tesian coordinates of the anchor points, collected in b; (i = 1,2,3), and
the absolute Cartesian coordinates of the fixed EPs, collected in a; and
as.

The motors have equal equivalent rotational inertias J,, = 8.5-107>
kgm? and radii 7 = 0.03 m. The dynamic model has been obtained by
employing the penalty formulation of Section 2.3.1 with the following
parameter values @, = 108, & =1 and w, = 102 By adopting a simu-
lation step size of At = 1-10~* s the model is solved using the Runge-
Kutta integration scheme. The numerical solution of the forward dy-
namics simulation lasting 14 s just requires 2.56 s (averaged over 10
runs).

The reconfigurable CDPR operates in open-loop control: the motors
driving the cable lengths are commanded by means of pre-computed
profiles; the reconfigurable EP is moved through 5th degree poly-
nomial motion law from the initial as(t = 0), to a final az(t = T)
configuration (with T = 10 s being the EP motion duration); from t = 10
s to t = 14 s the EP is required to be at rest.

5.3.2. Numerical results

Just some plots are shown here, to focus on the absence of singu-
larities. Fig. 11 shows three sample captures of the simulation. The
movable EP is represented through three coloured points, and the same
colours are adopted to represent the EE: the red point represents the
initial configuration, at t = 0 s; the green one represents an intermediate
configuration just after overturning, at t = 7.8 s; the blue point repre-
sents the final configuration, at t = 14 s. The two fixed EP are repre-
sented through grey points.

Fig. 12 reports the “Z-Y-X" Euler angles (a,  and y). Such angles have
been retrieved from matrix X, introduced in Eq. (7). It is evident that
using the traditional minimal coordinate representation of the EE does
not allow the overturning to be simulated since singularities are expe-
rienced at t = 7.6 s, thus corroborating the effectiveness of the NCs
formulation exploited for the EE dynamic modelling.

Table 5
Initial values of EE’s NCs, Cartesian coordinates of EPs and anchor points.

NCs EPs Anchor points
Fice [0.41 a; [m] [0o21" b [-0.09 -0.15
m] 061" [m] 01"
Tiee [0.51 a, [m] 022" b, [-0.09 0.15
(m]  0.6]" [m] 01"
Viee [o1o01” as(t = 0) [0.821 b3 [0.17 001"
-1 [m] 1.151" [m]
Viee [oo1” az(t=1) [-0.68 1
[-] [m] 1.317
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Fig. 12. “Z-Y-X” Euler angles during the overturning.

6. Conclusion

This paper proposes a comprehensive approach for modelling
CDPRs. Whilst these robots are usually modelled in the literature
through ODEs, this work uses a multibody system perspective and
therefore exploits DAEs. Such an approach allows for the straightfor-
ward inclusion of several features of CDPRs, also including some non-
ideal behaviours whose representation through ODEs is often very
cumbersome, since DAEs deal with a set of redundant coordinates and
embed algebraic kinematic constraints within the equations of motions.
The following components of a CDPRs are discussed, by providing de-
tails on their model development and solution.

e 6-DOF end-effectors, whose representation through Natural Co-
ordinates is proposed to avoid singularities and to easily represents
object picking;

e rigid cables, that are modelled by exploiting the kinematic constraint
equations and the Lagrange multipliers;

10
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redundant cables, that can be easily handled by converting the DAEs
to redundant ODEs;

driving motors, that are easily embedded in the model by exploiting
the redundant coordinates, and hence augmenting the model co-
ordinates with the motor rotations, thus avoiding cumbersome cal-
culations to condensate them within the minimal coordinates;
guiding pulleys with non-negligible dimensions, that can be either
represented through dependent coordinates whenever moments of
inertia of these components are negligible, or alternatively through
some additional independent coordinates;

movable robot EPs, as those often used in reconfigurable CDPRs, that
are treated as rheonomous constraints, thus avoiding the dynamic
modelling of the subsystem used to drive such points.

Some numerical tests, also comparing the results with those sported
by MSC ADAMS, show the method correctness, its reduced computa-
tional effort and the easiness of formulation, that make it a good
candidate for developing accurate simulators of CDPRs.
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Appendix A

A. Cable tension computation

The reaction forces introduced by the kinematic constraints, f. € R™, are represented through the term d)/Tq)» € R™. Among these forces, the
contribution of cable tensions projected onto the direction of the model coordinates is therefore computed as follows

T
f. = {‘I’/.qm } by (28)

where @,/ = {gq&} consider just the constraints related to cables.

T
€1/
of the i-th cable constraint with respect to the set of NCs and the total effect of all cable forces can be evaluated through > ; f b,

T.
€1/ Qe

Generally speaking, the i-th cable tension produces an effect on the EE coordinates equal to f g ; = @ i, where @ ;/q is the partial derivative

In addition, f.ge; = @ 4; can be usefully exploited to compute the magnitude and the direction of the cable tension, respectively, through f; =

Gy, @7

andy; = — o
Cp, @7

i cd/Ane

fcable‘i
B. Analytical derivation of constraint Jacobian matrix for inclusion of guiding pulleys

B.1 Without rotational inertia

This subsection provides the analytical derivation of the time-derivative of Eq. (23) for the case of massless guiding pulleys with non-negligible
geometry (see Section 4.2.1). The assumption of modelling the EE through NCs (q,, € R'?) is made, therefore the Cartesian coordinates of the i-th
anchor point are retrieved through b; = Cy,q,,.

The constraint Jacobian matrix for the algebraic constraints of Eq. (23) takes the form:

@ jq=[Pesq, Pepo (29)

By referring to Eq (29), the analytical form of the two submatrices, ®./q, and @ is here reported. The i-th row of submatrix ®/q  is computed by
substituting b; = Gy, q,, in Eq. (23) and differentiating it with respect to q,,:

D j/q, =2 (1 +M) (Cb, Qe — a,-)TCbl (30)

i'Hi
which can be rewritten in compact form as

Deijq, =8 (31)

where the termsj~c and g are

¥ Fa— Wi)) 5 T

=214+ = (Cpq,, —a) Gy, (32)
d ( viw ) £ (@)
@, /o submatrix is a diagonal matrix whose elements are ®.;5 = — 2r20;, withi=1, ...,np.

Then, the time-derivative of Eq. (29) is:

g =[Desg, Deso) 33)

and the analytical form of time-derivatives of its submatrices (®./q, and @) is here reported. The elements of the ®, /o diagonal submatrix can be
straightforwardly computed as b 10, = — 2r20;, withi=1, ...,y Conversely, the terms encompassed in @, /q,, T€quire a more involved formulation.
By taking the time-derivative of Eq. (31), one gets:

. d ~ o =
Deija, = g f81=F8+f8 B4

Where time-derivatives of ? and g are defined as follows.

2?1//1\/@ + 27‘(7[ - WI) (Cbi qQee — ai) ’(Cbiqee - ai)

f Wil = g: (Cbiqee - éi)TCbi (35)

In order to compute Eq. (35), the analytical expression of the a;, n;, §;, 6; and i, terms must be available. In the following, the analytical derivation
of such terms is proposed.

-
I

By supposing that di(t) = 0 Vt, the time-derivative of a;, can be computed as follows.

a;=r(8+mn) (36)

11
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Equation (36) requires the analytical expressions for n; and s;, which are reported here below.

1, = Cos(y)$: — Sin(y i + cos(y, )iz @7
$; = ( — sin(o;)x; + cos(o;)y;)6:

In order to compute §; the expression of 6; needs to be available, therefore, by recalling that 6; = atan 2(y, -5;,X; -8;), 6; can be computed as follows.

_(xe8) (y8) — (%8 (y,-80)

= 38
(xi-8:)° + (v,-8:)° 8

The analytical expression of y;, which needs to be available to compute Egs. (37)-(35), is reported here below. For sake of clarity, the analytical

: _ -1 [z
equation of angle y; = 2 tan :—5 +

n=a+Jat+1-p
w;=2tan" (&+ Vit +1 7:ﬁv> =2tan"'(n) (39)

Therefore, the time-derivative of Eq. (39) takes the following form.

2
14

s;-0; S;-9;

2 N _ ~
(ﬂ) +1- 1) can be rewritten in compact form by introducing three terms, namely a = %, p =2 and

Wi Ul (40)

Equation (40) requires the expressions of terms 7, E and @, which take the following forms.
- 2 ~l T S,wﬁ,» + Si‘si - Zi‘si Si‘ﬁi — Zi‘ﬁi Si‘ﬁi + s,-~5,-
2 e ); _ (zd)(s8) — (280 ) .

n=a+ =
V@ +1-p (5:8)” (5:-8:)

B.2 With rotational inertia

This subsection provides the analytical derivation of the time-derivative of Eq. (23) for the case of guiding pulleys with non-negligible geometry
and moment of inertia (see Section 4.2.2). The assumption of modelling the EE q,, € R'? through NCs is made, therefore the Cartesian coordinates of
the i-th anchor point are retrieved through b; = Gy,q,,.

Since o; and 6; belong to q and the constraint Jacobian matrix changes with respect to Eq. (29) and is structured as follows:

(I)c/q = [(I)c/qee (I)C/(‘F (I)c/() } (42)

the analytical expression of the diagonal submatrix @/, can be retrieved by exploiting Eq (30). The expression for the -th element @, s, is reported here
below.

> T —yy)ais W
D, =285, W+ 25 Yo (W; — ) +2 (H#

In order to compute Eq. (43), the analytical expressions of a;/s,, Ni/s,, Si/o;» U/o; 1 o1 and y; Joi need to be available. The analytical expression of term
a;,, takes the following form.

— Wi VI ) (43)

ai/ci :’F(si/al + ni/ci) (44)
Therefore, s/, and n;/;, must be computed as follows:

Si/s, = €08(01)y; — sin(o1)x;

. 45
ey = COSY)Si/0, — SIW)W 11 + COSY W “5)

It is evident that, in order to compute Eq. (45) the equation of v, should be available. By recalling Eq. (39), term y;,, takes the following

expression
2
Vije, = ﬁ”z’? Joi (46)

which requires the computation of 7, and /.

_a =Bi8i/0,
0oy = Afo; + ad; + 1 P
F+1-p (s::81)
47
P (818, ) (2i-81)
Afo; = = 2
(2::8;)
The time-derivative of Eq. (42) is straightforwardly composed as:
d)C/q = [‘i)C/qee ‘i’C/G d)C/ﬂ} (48)
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which involves the submatrices @, /a,, and @, /0, that have been derived in the previous Section, and diagonal submatrix @, /s Whose elements are the

time-derivative of Eq. (43), namely <i>c7i/51. For sake of clarity, it is useful to decompose the analytical expression of ‘i)c,i/a, as the sum of three terms

. L1

1T
Do, = <I)c.i/zx,v

ci/o;

11T
cijo;*

+d.. 4+

(Cbi Qee-ai) ) (Cbi qee-ai)
(Cbi qee_ai) ) (Cbi qee_ai) o
m '11)3/2 N
(ai _Cbi qee) “Aj/o; My 'ai/ﬁi
VRl

= 1 . . . ~ ~.
d)c,é =2 (ai/ﬁi W+ (ai'cbi qee) i/, T/, rll’i/c; vV Hi By )

BBa | )

Such terms take the following analytical expressions.

49

In order to compute the terms of Eq. (49), it is necessary the availability of the expressions of a;/q,, Ny/s,» Si/o;> ¥ Jo00 7 /o2 a /61> and /~i /s, terms. The time-

derivative of a;, is basically:

ayo, =T ($i/o; + Ni/o,) (50)
where $;/;, and n;/;, can be computed as follows.
Si/s, = —0; cOS(0;)X; — 6; sin(oy)y;
Dijo, = —SINW )0, Si — SIW W6, Si — Wi COSWWyo,Si — Wy SIN(Y,)Sio,+ (51)
Cos(W;)Sije; + COS(W W1/, 2i — Wy SIN(W,)Wy 6, Zi
The analytical expressions of y;, and i, are:
. ﬁ/ai ’Iﬂ/aiﬁ ~ Lo
Wije, = 2 2y 2 (2aa,, — B/s,) (2aa — . . <
e Taaey | [ 1o) (2 — ) (200 o, + 2006, — ;)
5 L 4(0 +1-— ﬂ)
N5, = Aoy (52)
2\/@*+1-p
with terms @/;, and B /s, computed as follows.
a 2(Zi'8i) (Si‘si/cx.)(si-ﬁi)(srﬁi + Si'si) ((zi~6i)(si~6i) + (zi~6i)(8i~si/6i +6i-si/<,x.))(si~6,-) (53)
/ot — 4 - 4
(si°8:) (si°8;)
. . . . 5
< ~(8:-8y/5,) (3-8 + 51-01) — (8i-8y/0, + 8i-Sy/c,) (5°81)
p o = 2r 7; (54)
(si°8:)
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