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Abstract
The hybrid finite element-peridynamic (FEM-PD) models have been evidenced
for their exceptional ability to address hydro-mechanical coupled problems
involving cracks. Nevertheless, the non-local characteristics of the PD equations
and the required inversion operations when solving fluid equations result in pro-
hibitively high computational costs. In this paper, a fast explicit solution scheme
for FEM-PD models based on matrix operation is introduced, where the graph-
ics processing units (GPUs) are used to accelerate the computation. An in-house
software is developed in MATLAB in both CPU and GPU versions. We first solve
a problem related to pore pressure distribution in a single crack, demonstrating
the accuracy of the proposed method by a comparison of FEM-PD solutions with
those of PD-only models and analytical solutions. Subsequently, several exam-
ples are solved, including a one-dimensional dynamic consolidation problem
and the fluid-driven hydraulic fracture propagation problems in both 2D and 3D
cases, to comprehensively validate the effectiveness of the proposed methods in
simulating deformation and fracture in saturated porous media under the influ-
ence of hydro-mechanical coupling. In the presented numerical results, some
typical strong dynamic phenomena, such as stepwise crack advancement, crack
branching, and pressure oscillations, are observed. In addition, we compare the
wall times of all the cases executed on both the GPU and CPU, highlighting
the substantial acceleration performance of the GPU, particularly when tackling
problems with a significant computational workload.
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1 INTRODUCTION

The interplay of multiple physics resulting from the interaction between porous media and fluids is of consider-
able interest to various engineering fields, including reservoir engineering, biomechanics, chemical engineering, and
environmental engineering.1–4 Comprehending and reliably forecasting the interrelated hydro-mechanical responses
of fluid-saturated porous media hold crucial significance for a wide array of engineering application.3 However, the
study of hydro-mechanical (HM) coupling remains a challenging research endeavour due to its intricate nature. Ana-
lytical solutions for hydro-mechanical coupled problems are often limited,5 while experimental investigations grapple
with the challenge of accurately capturing the intricacies of the HM coupled system,6 further compounded by their
resource-intensive and time-consuming nature. Consequently, numerical simulations have taken precedence as the pri-
mary approach for exploring and gaining insight into HM coupled phenomena.3,7,8 This necessitates the development
of advanced numerical models and simulation techniques capable of accurately representing the interactions between
multi-physics and delivering reliable predictions.9

Over the past few decades, a variety of complex numerical models have been developed. These models can
be broadly categorized into three main groups: continuous, discrete, and hybrid approaches.3,7,9 The hybrid finite
element-peridynamic (FEM-PD) model firstly introduced in Reference 3 belongs to the last category of methods. The
FEM-PD models have demonstrated exceptional capability in addressing hydro-mechanical coupled problems that
encompass crack-related phenomena.3,10–13 In the FEM-PD models, Peridynamics (PD), a novel and alternative non-local
continuum theory founded on integral-differential equations with unique capabilities for simulating discontinuities in
solids,14,15 is employed to characterize the deformation of the solid skeleton and to capture the propagation of cracks,
while finite element equations are used to describe the fluid flow within both intact and fractured porous media.
Despite their unparalleled advantages in addressing crack propagation issues within the hydro-mechanical coupled con-
text, the FEM-PD model does exhibit a common drawback shared by all PD-based approaches, namely, relatively low
computational efficiency. This limitation primarily arises from the inherent non-local characteristics of the PD.

To overcome this shortcoming, two potential strategies can be employed: (i) reducing the computational costs and (ii)
implementing parallel programming techniques. In order to reduce the overall computing cost of the PD portion, sev-
eral different methods have been proposed to couple PD-based models to models based on classical mechanics at either
continuous or discrete levels, as demonstrated in prior studies.16–21 Furthermore, parallel programming techniques for
PD models have been introduced in several research papers. In Reference 22, the implementation of bond-based peridy-
namic (BB-PD) models was integrated into the molecular dynamics package LAMMPS (Large-scale Atomic/Molecular
Massively Parallel Simulator). The calculations were parallelized using the distributed-memory Message Passing Inter-
face (MPI). The PD code, EMU, was created as a research code, as outlined in Reference 23. Subsequently, a scalable
parallel code named PDQ was developed and introduced in Reference 24 for use with BB-PD models. The open-source
PD code Peridigm, originally developed at Sandia National Laboratories, was initially released in 2011, as documented
in Reference 25. Notably, Peridigm enables parallel calculations to be executed efficiently across multiple CPU cores. In
the work presented in Reference 26, a parallel code for the BB-PD model was developed in Fortran, employing the Open
Multi-Processing application programming interface (OpenMP). This implementation involved coupling the PD model
with the finite element method to effectively reduce computational costs. In Reference 27, a parallel implementation
of the BB-PD model was executed on the Sunway Taihulight Supercomputer. In Reference 28, an innovative approach
to parallelization was introduced, involving asynchronous and task-based implementation of PD models, utilizing High
Performance ParalleX (HPX) in the C++ programming language. Indeed, alongside the CPU-based (Central Processing
Unit) parallelization techniques, there is a growing focus on GPU-based (Graphics Processing Unit) parallel program-
ming in the realm of high-performance computing. In the work described in Reference 29, a PD code was implemented
using GPUs to enable highly parallel computation. This was achieved by leveraging OpenACC, a programming standard
designed to simplify parallel programming for heterogeneous CPU/GPU systems, which was developed collaboratively
by Cray, CAPS, Nvidia, and PGI. In Reference 30, the Compute Unified Device Architecture (CUDA), which is a parallel
architecture specifically designed for NVIDIA GPUs, was exploited to implement a PD model. In the study outlined in Ref-
erence 31, the use of OpenACC was adopted to expedite the calculation of the internal PD force density on CUDA-enabled
GPU devices. An alternative approach for the GPU-based implementation of PD models involves the use of OpenCL, a
framework designed for creating programs that can operate across heterogeneous platforms, encompassing both CPUs
and GPUs, among others, and the relevant work can be found in Reference 32.
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The general consensus is that vectorized calculations are typically faster than nested loop calculations, a conclusion
supported by findings in Reference 31. Taking inspiration from this, we have introduced a matrix-based implemen-
tation approach for linearized ordinary state-based peridynamic (OSB-PD) models and have conducted a comparative
study with a non-parallel loop-based scheme, as detailed in Reference 33. Based on that work, this paper introduces
a fast explicit solution scheme for the hybrid FEM-PD models proposed in Reference 3, where both the FE and PD
equations are addressed through explicit time integration algorithms. An in-house software is developed in MATLAB,
including CPU and GPU versions. Then several typical numerical examples are solved by using the developed soft-
ware to investigate its capability and effectiveness in simulating the hydro-mechanical coupled problems in saturated
porous media.

The main contributions of this paper are outlined as follows:

• A fast fully explicit solution scheme is proposed for the implementation of hybrid FEM-PD model for hydro-mechanical
coupled problems in saturated porous media;

• A detailed explanation of the method for determining the critical time increment, which guarantees numerical stability,
is provided;

• An in-house FEM-PD software is developed in MATLAB, comprising both CPU and GPU versions;
• The developed software is successfully applied with remarkable high performance to simulate dynamic problems in

saturated porous media under the influence of hydro-mechanical coupling.

The structure of this paper is as follows. In Section 2, a concise overview of the FE and OSB-PD equations pertaining
to hydro-mechanical coupled problems in fracturing saturated porous media is provided. Section 3 describes the model
discretization and numerical implementation of the proposed approach. In Section 4, several numerical examples are
presented and discussed. Finally, Section 5 concludes the paper.

2 MODEL DESCRIPTION

2.1 Ordinary state-based peridynamic model for the fracturing saturated porous media

Shown as Figure 1, a solid body governed by a PD model is assumed to be composed by a series of material points. Each
of these material points represents a specific location within the body and occupies an infinitesimally small volume or
region. Given that x represents a material point within the studied body, it is subject to interactions with all other points
located within a specified neighborhood. The neighborhood can be marked as x, which is usually a circle in 2D and a
sphere in 3D, being described by the radius 𝛿 (the horizon) and mathematically defined as:

x = (x, 𝛿) = {||𝝃|| ≤ 𝛿 ∶ x′ ∈ } (1)

where x′ represents a point within x’s neighbourhood. The vector 𝝃 describes the relative position between the points x
and x′ in the initial configuration (0):

𝝃 = x′ − x (2)

and the symbol || ⋅ || denotes the Euclidean norm, thus, ||𝝃|| represents the distance between the two points. In fact, within
the framework of PD theory, a concept known as ‘bond’ is introduced to characterize the connection between points, and
𝝃 represents the bond connecting the points x and x′.

As shown in Figure 1, in the deformed configuration (denoted as t), points x and x′ experience displacements
represented by u′ and u′, respectively. Consequently, the relative displacement vector between these two points is
expressed as:

𝜼 = u′ − u (3)
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F I G U R E 1 Schematic diagram of a PD model in its initial (left) and deformed (right) configurations.

Within the framework of OSB-PD theory, the reference vector state, denoted as X⟨𝝃⟩, and the deformation vector state,
denoted as Y⟨𝝃⟩, are defined as:

X⟨𝝃⟩ = 𝝃and Y⟨ 𝝃⟩ = 𝝃 + 𝜼 (4)

In addition, the reference position scalar state and deformation scalar state are defined as:

x = ||X|| and y = ||Y|| , (5)

respectively, which represent the lengths of the bond in its initial and deformed states.
As in References 15,34, the strain energy density at point x in an isotropic elastic body can be expressed as:

W
(
𝜃, ed) = 𝜅𝜃

2

2
+ 15𝜇

2m ∫
x

w ed eddVx′ (6)

where dVx′ is the infinitesimal volume associated to point x′. The parameters 𝜅 and 𝜇 represent the bulk and shear moduli
of the material, respectively, and they are defined as:

𝜅 = E
3(1 − 2v)

(7)

and

𝜇 = E
2(1 + v)

, (8)

in which E and v represent the Young’s modulus and Poisson’s ratio of the material.
The parameter 𝜃 represents the volume dilatation value at point x, while ed denotes the deviatoric extension state.

Their definitions are provided as follows:35–37

𝜃 = A
m ∫x

w x edVx′ (9)
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and

ed = e −
𝜃x
3
, (10)

where A is a constant given as:

A =

{
3 , 3D
2 , plane strain

, (11)

m represents the weighted volume, which is defined as:

m =
∫
x

w x xdVx′ , (12)

where w denotes the influence function, and the various possible forms have been summarized in Reference 21. In this
paper, for the sake of convenience, we adopt the value w = 1. Furthermore, e is the extension scalar state, describing the
longitudinal deformation of the bond, which is defined as:

e = y − x (13)

As derived in References 3,7, the hydro-mechanical coupled OSB-PD equation of motion for the fluid saturated porous
media can be given as:

𝜌ü(x, t) =
∫
x

{
T[x, p, t]⟨𝝃⟩ − T

[
x′, p′, t

]
⟨𝝃⟩

}
dVx′ + b(x, t), (14)

in which, 𝜌 is the mass density of the two-phase porous media, which can be defined as:38

𝜌 = (1 − n)𝜌s + n𝜌w (15)

where n is the porosity; 𝜌s and 𝜌w are the mass densities of the solid and fluid phases. ü is the acceleration; b is the
force density applied by an external force field. p and p′ are the values of pore pressure at points x and x′, respectively.
T[x, p, t]⟨𝝃⟩ and T

[
x′, p, t

]
⟨−𝝃⟩ are the total force density vector states of points x and x′ in the deformed configuration at

time t. The force density acting on x′ due to point x is aligned with the deformed bond in the OSB-PD theory. Consequently,
the total force density vector state T[x, p, t]⟨𝝃⟩ can be defined as:3

T[x, p, t]⟨𝝃⟩ = ttot ⋅M⟨𝝃⟩ (16)

where M⟨𝝃⟩ is a unit state in the direction of Y defined as:

M⟨𝝃⟩ =
Y

||Y||
, (17)

which has the approximation M⟨𝝃⟩ ≈ X∕||X|| under the hypothesis of infinitesimal deformations. ttot is called the total
force density scalar state. The expression of ttot in 3D case can be given as:

ttot = (K𝜃 − 3𝛼p)
w x
m

+ Ged w
m
=

[(

K − G
3

)

𝜃 − 3𝛼p
]w x

m
+ Ge

w
m
, (18)

while in the context of plane strain, the expression for ttot is given as:

ttot =
[(

K − G
3

)

𝜃 − 2𝛼p
]w x

m
+ Ge

w
m

(19)
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In Equations (18) to (19), 𝛼 is the Biot coefficient; the constants K and G represent positive values that are associated
with material parameters, which are defined as follows:

K =

{
3𝜅 , 3D
2𝜅 − 2

3
𝜇 , plane strain

(20)

G =

{
15𝜇 , 3D
8𝜇 , plane strain

(21)

To describe the failure and crack propagation in solid materials, the use of bond-breakage criteria is indispensable in
a PD model. Referring to Reference 39, a specific ‘critical bond stretch’ criterion has been developed for OSB-PD models
in References 7,33, and it is also applied in this paper.

In the adopted failure criterion, a scalar variable 𝜚 is defined to assess the bond connection status, which is expressed
as:19,40

𝜚⟨𝝃⟩ =

{
1 , if s⟨𝝃⟩ < sc

0 , otherwise
, (22)

where s⟨𝝃⟩ represents the stretch value of bond 𝝃, and it is defined as:

s⟨𝝃⟩ =
e⟨𝝃⟩
x⟨𝝃⟩

, (23)

sc is the critical stretch value, which is given as:

sc =
⎧
⎪
⎨
⎪
⎩

√
Gc

(9𝜅−15𝜇)Λ+15𝜇Λ′
, 3D

√
Gc(

4𝜅− 28
9
𝜇

)

Λ+8𝜇Λ′
, plane strain

, (24)

where the expressions of Λ and Λ′ can be obtained as:

Λ =

{
125𝛿
1848

, 3D
1087𝛿

1250𝜋2 , plane strain
(25)

and

Λ′ =

{
5𝛿

24𝜋
, 3D

4𝛿
5𝜋
, plane strain

(26)

In order to characterize the failure and cracks, the damage level 𝜑x at point x is defined and expressed as:

𝜑x = 1 −
∫
x

w⟨𝝃⟩ 𝜚⟨𝝃⟩dVx′

∫
x

w⟨𝝃⟩dVx′
, (27)

where 𝜑x is constrained within the range of [0, 1], and the presence of cracks can be identified whenever
𝜑x ⩾ 0.5.
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2.2 Classical continuum mechanics-based governing equations for fluid flow
in fractured saturated porous media

As illustrated in the fig. 4a of Reference 3, the entire domain of a fractured porous medium modeled by using the PD
approach can be categorized into three regions based on the damage levels 𝜑 defined in Equation (27), represented asΩr,
Ωf and Ωt. These regions are delimited by two threshold values, c1 and c2, which are defined as follows:

• The unbroken domain (reservoir domain), denoted as Ωr, is identified when 𝜑 ≤ c1;
• The fracture domain, labeled as Ωf , is recognized when 𝜑 ≥ c2;
• The transition domain, referred to as Ωt, is characterized when c1 ≤ 𝜑 ≤ c2.

By employing Darcy’s law to depict fluid flow in saturated porous media, the governing equation, that is, the mass
balance equation, describing the fluid flow in the reservoir domain is provided as follows:38

sr
𝜕p
𝜕t
+ 𝛼r

𝜕𝜀v

𝜕t
+ ∇ ⋅

[
kr

𝜇w
(−∇p + 𝜌wg)

]

= 0 (28)

where sr, 𝛼r and kr represent the storage coefficient, Biot coefficient and permeability of the media in the reservoir domain,
respectively. Additionally, 𝜇w and 𝜌w denotes the viscosity coefficient and density of the fluid, while 𝜀v signifies volumetric
strain and g is gravity. The storage coefficient is defined as:38

sr =
(𝛼r − nr)(1 − 𝛼r)

Kr
+ nr

Kw
, (29)

where Kr and Kw denote the bulk moduli of solid and fluid in the reservoir domain, respectively, and nr represents the
porosity.

Similarly, the governing equation for the fluid flow in the fracture domain can be given as:

sf
𝜕p
𝜕t
+ 𝛼f

𝜕𝜀v

𝜕t
+ ∇ ⋅

[ kf

𝜇w
(−∇p + 𝜌wg)

]

= 0 (30)

where sf , 𝛼f and kf are the storage coefficient, Biot coefficient and permeability of the media in the fracture domain.
For simplification purposes, as employed in Reference 3 it is assumed that the fracture domain is completely filled
with fluid. Based on this assumption, the cubic law can be utilized to determine the permeability of the fracture
domain:1,41

kf =
1

12
a2
, (31)

and a is the aperture of the macro crack. The cubic law is derived from the parallel plate model, representing a simplest
model of flow through a rock fracture,42 where the fracture is conceptualized as being confined between two smooth,
parallel walls with a separation distance denoted as aperture a. Remarkably, this model stands as the sole geometric
representation for which a precise determination of hydraulic conductivity is achievable. By comparing the expression of
total volumetric flux within the fracture with the one-dimensional Darcy’s law formula, the permeability coefficient of
the fracture is obtained as Equation (31).43

Note that for the fracture domain, the porosity and Biot coefficient are assumed to be nf = 1 and 𝛼f = 1, following the
works of References 1,3. Additionally, the corresponding storage coefficient is considered as sf = 1

Kw
.

The transition domain is introduced to facilitate a gradual transition between the fracture domain and the reser-
voir domain, as discussed in Reference 1. The governing equation for the fluid flow in the transition domain can be
defined as:

sT
𝜕p
𝜕t
+ 𝛼T

𝜕𝜀v

𝜕t
+ ∇ ⋅

[
kT

𝜇w
(−∇p + 𝜌wg)

]

= 0 (32)
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8 of 35 NI et al.

Utilizing the linear indicator functions 𝜒r and 𝜒f defined in Equations (29)–(31) of Reference 3, the relevant material
parameters in the transition domain can be computed through interpolation between those in the reservoir and fracture
domains. This interpolation yields the following expressions:

• Storage coefficient: sT = sr𝜒r + sf𝜒f ;
• Biot coefficient: 𝛼T = 𝛼r𝜒r + 𝛼f𝜒f ;
• Porosity: nT = nr𝜒r + nf𝜒f ;
• Permeability:kT = kr𝜒r + kf𝜒f .

In order to solve the governing equations, it is necessary to establish the initial and boundary conditions within
the solution domain (Ω) and on the boundary (Γ). The initial conditions for the pore pressure field at time t = 0 are
provided as38:

p = p0 in Ω and on Γ (33)

In addition, the Dirichlet boundary conditions are given by:38

p = pc on Γw , (34)

and the Neumann boundary conditions for the fluid flow are defined as:38

𝜌w
k
𝜇w
(−∇p + 𝜌wg)T ⋅ n = qw on Γq

w, (35)

where qw is the fluid source and n is the unit vector normal to the applied boundary.

3 DISCRETIZATION AND NUMERICAL IMPLEMENTATION

In this section, we will use the three-dimensional case as an illustrative example to introduce the discretization and
numerical implementation of the FEM-PD model.

3.1 Discretization of the hydro-mechanical coupled PD equations

The discretized hydro-mechanical coupled OSB-PD equation of motion of the reference point xi at time instant t is
expressed as:10,44

𝜌üt
i =

N
i∑

j=1

{
T
[
xi, pi, t

]⟨
𝝃ij

⟩
− T

[
xj, pj, t

]⟨
−𝝃ij

⟩}
⋅ Vj + bt

i (36)

=
N
i∑

j=1

{
T[xi, t]

⟨
𝝃ij

⟩
− T

[
xj, t

]⟨
−𝝃ij

⟩}
⋅ Vj (37)

− 3𝛼
N
i∑

j=1

[

pi
wij xij

mi
M

⟨
𝝃ij

⟩
− pj

wij xij

mj
M

⟨
−𝝃ij

⟩
]

⋅ Vj + bt
i (38)

where xj represents a family node of xi, and Ni is the number of family nodes in xi’s neighbourhood. Vj corresponds to
the volume associated with node xj. pi and pj represent the pore pressure values at nodes xi and xj, respectively.
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Equation (38) can also be reformulated as:7

𝜌Viüt
i =

N
i∑

j=1
F𝝃ij

ssi −
N
i∑

j=1
F𝝃ij

swi + bt
iVi (39)

where, F𝝃ij

ssi and F𝝃ij

swi represent the forces related to solid deformation and pore pressure acting on node xi through the
deformed bond 𝝃ij. Similarly, F𝝃ij

ssj and F𝝃ij

swj denote the forces applied to node xj. Based on Equation (18), these forces can
be calculated by:

[
F𝝃ij

ssi

F𝝃ij

ssj

]

=
[

Ks𝜃
ij

]
[
𝜃i

𝜃j

]

+
[

Kse
ij

]

eij (40)

[
F𝝃ij

swi

F𝝃ij

swj

]

=
[

Ksw
ij

]
[

pi

pj

]

(41)

where 𝜃i and 𝜃j are the volume dilatation values at nodes xi and xj, and the contributions of the deformed bond 𝝃ij to these
two values can be computed by:

[
𝜃
𝝃ij

i

𝜃
𝝃ij

j

]

=
[

C𝜃

ij

]

eij (42)

eij is the extension scalar state value of bond 𝝃ij, which can be obtained by:

eij =
[

Ce
ij

]
[

Ui

Uj

]

, (43)

where Ui = [Ui1,Ui2,Ui3]T and Uj = [Uj1,Uj2,Uj3]T represent the displacement vectors of nodes xi and xj, respectively.
[

Ks𝜃
ij

]

,
[

Kse
ij

]

,
[

Ksw
ij

]

,
[

C𝜃

ij

]

and
[

Ce
ij

]

are the bond-associated matrices, and their detailed expressions can be found in
References 7,33.

Drawing from the principles outlined in the sect. 3.1 of Reference 33 and the appendix C of Reference 7, the assembly
of all bond-associated matrices results in the global matrix representation of the equation of motion, given as:

Mü +Kssu −Kswp = Fext
, (44)

where M denotes the mass matrix, typically selected in a lumped form for the PD-based approaches, with its main diagonal
entries specified as:

Mii = 𝜌Vi, (45)

Kss is the global stiffness matrix of OSB-PD model, which can be obtained by:33,36

Kss =
(
Ks𝜃 ⋅ C𝜃 +Kse

)
⋅ Ce, (46)

where the matrices Ce, Ks𝜃 , Kse and C𝜃 , as well as Ksw in Equation (44), represent the global forms of the bond-associated
matrices provided in eqs. (C.9) to (C.14) of Reference 7.
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10 of 35 NI et al.

3.2 FEM discretization of the governing equation for fluid flow

By applying the weighted residual method with an appropriate selection of weighting functions ww to the governing
equation and boundary conditions, we obtain the following weak form:38

∫Ω

[
(
ww)Ts

𝜕p
𝜕t
+

(
ww)T

𝛼mTL𝜕u
𝜕t

]

dΩ (47)

−
∫Ω

[
(
∇ww)T

(

− k
𝜇w
∇p + k

𝜇w
𝜌wg

)]

dΩ +
∫Γq

w

[
(
ww)T qw

𝜌w

]

dΓ = 0 (48)

for the fluid flow process in the saturated porous media.
Subsequently, the finite element method can be employed to implement the spatial discretization of the governing

equation presented in its weak form. When applying the Galerkin method with the shape functions Nu and Np for the
fields of displacement and pore pressure, the governing equations undergo the following transformation:

∫Ω

[

NT
p sNp

𝜕p
𝜕t
+NT

u𝛼mTLNu
𝜕u
𝜕t

]

dΩ (49)

+
∫Ω

[
(
∇Np

)T k
𝜇w

(
∇Np

)
p −

(
∇Np

)T k
𝜇w
𝜌wg

]

dΩ +
∫Γq

w

[

NT
p

qw

𝜌w

]

dΓ = 0 (50)

which can be rewritten in the following form:38

Cwwṗ +Kwsu̇ +Kwwp = Qw (51)

where Cww, Kws and Kww represent the storage, coupling and permeability matrices, and Qw the source vector, respectively.
These matrices and vector can be computed by:38

Cww =
∫Ω

NT
p sNpdΩ (52)

Kws =
∫Ω
(LNu)T𝛼mTNpdΩ (53)

Kww =
∫Ω

(
∇Np

) T k
𝜇w

(
∇Np

)
dΩ (54)

Qw =
∫Ω

(
∇Np

)T k
𝜇w
𝜌wgdΩ −

∫Γq
w

[

NT
p

qw

𝜌w

]

dΓ (55)

In the equations presented above, L is a differential operator defined as:

L =

⎡
⎢
⎢
⎢
⎢
⎣

𝜕

𝜕x
0 0 𝜕

𝜕y
0 𝜕

𝜕z

0 𝜕

𝜕y
0 𝜕

𝜕x
𝜕

𝜕z
0

0 0 𝜕

𝜕z
0 𝜕

𝜕y
𝜕

𝜕x

⎤
⎥
⎥
⎥
⎥
⎦

T

, (56)

and m is a vector defined as:

m = [1, 1, 1, 0, 0, 0] (57)
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3.3 Explicit time integration schemes for the dynamic solutions of the FEM-PD
coupled model

The dynamic solution of the OSB-PD model can be achieved through the implementation of a modified explicit central
difference time integration scheme, as elaborated in Reference 45. This scheme involves the integration of velocities using
a forward difference method and displacements using a backward difference method. Consequently, the velocity and
displacement at the (n + 1)th time increment can be computed by:

u̇n+1 = u̇n + Δtün

un+1 = un + Δtu̇n+1 (58)

where ün denotes the acceleration at the nth time increment, by considering the pore pressure, it can be determined
through the application of Newton’s second law:

ün = M−1(Fext +Ksw ⋅ pn − Fint)
, (59)

in which, Fext and Fint = Kssun−1 represent the external and internal force vectors, respectively. pn is the vector of pore
pressure at the nth time increment. M is the diagonal mass matrix, therefore, its inverse matrix is also in diagonal form,
with the main diagonal entries being 1∕Mii = 1∕(𝜌Vi).

In addition to the consistent form presented in Equation (52), the storage matrix can also be represented in a diagonal
form (marked as Cww for the later use), with its main diagonal entries being defined as:

Cww
ii = sVi (60)

Based on that, the pore pressure field at the (n + 1)th time increment can be updated by the using following explicit
time integration scheme:

pn+1 = pn + C−1
ww

[
ΔtQn

w − ΔtKwwpn −Kws(un − un−1)
]

(61)

where the inverse matrix of Cww, i.e. C−1
ww, is also in diagonal form, with the main diagonal entries being 1∕Cww

ii = 1∕(sVi).
The time incrementΔt in Equations (58) and (61) is taken as a constant value here. For an undamped system using an

explicit method, it is essential to select a time step smaller than the critical time increment (Δtc) for the numerical stability.
Since the governing equations for the solid domain and the fluid domain correspond to different-order time-dependent
systems and are solved using distinct time integration schemes, the critical time increment required to ensure their
respective numerical stability are typically different and should be estimated using separate methods.

According to Reference 46, the stable time increment for the solid domain of the PD model can be defined as:

Δt < Δts
c = 𝛿∕c′ (62)

in which, c′ =
√
(𝜆 + 2𝜇)∕𝜌 represents the dilatational wave speed, where 𝜆 and 𝜇 are the Lame’s elastic constants of the

material, and 𝜌 is the mass density.
For the fluid domain of FE model, the stability condition of the adopted explicit integration scheme can be defined

as:47,48

Δt ≤ Δtf
c =

2
𝜆s

(63)

where 𝜆s =
[
𝜆1, 𝜆2, … , 𝜆Nn

]
represents the vector of eigenvalues of the system matrix, that is, C−1

wwKww. We then select the
maximum eigenvalue, denoted as 𝜆max, from 𝜆s to satisfy the stability requirements:48

Δt ≤ Δtf
c =

2
𝜆max

(64)
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12 of 35 NI et al.

In addition, methods for evaluating the maximum eigenvalues and critical time increment in different cases can be
found in Reference 49.

Remark 1. The numerical stability represents an inevitable issue encountered by explicit time integration
schemes, where a relatively small-time step size must be generally used. This will significantly limit the appli-
cability of explicit integration algorithms in solving engineering-scale problems. Due to its better stability
characteristics, implicit time integration is more commonly employed in solving hydro-mechanical coupled
problems.50,51 However, when dealing with issues involving extremely large scales, implicit time integration
schemes can be a time-consuming and memory-intensive problem due to the need to perform matrix inversion
operations when solving large systems of linear equations. In Reference 12, an implicit time integration has
been applied to FEM-PD model for solving hydraulic fracturing problems. Therefore, when employing implicit
integration schemes, some available libraries can be used to solving large systems of linear equations leverag-
ing CPU or GPU parallelism,52 including PARDISO, MUMPS, PETSc, Trilinos, CUSP, MAGMA, cuSOLVER
and penBLAS, et al.

3.4 Implementation and GPU acceleration of the FEM-PD models in MATLAB

The staggered approach is used to solve the described hydro-mechanical coupled problems,3,7,10 and the roadmap for
the implementation of the software is shown in Figure 2. The rectangle blocks with a light-blue background repre-
sent pre-processing sections, those with a pink background denote solver sections, and the grey block designates the
post-processing section. The rhombus blocks are conditional sections.

Due to the use of an explicit time integration scheme in solving fluid equations, when dealing with problems involving
cracks and gradually updating the permeability matrix based on crack aperture, the maximum eigenvalue of the system
matrix in the fluid domain will continuously change. This behavior significantly augments the intricacy of algorithm
implementation, making the preservation of numerical stability a more challenging endeavor. Referring to the findings
outlined in Reference 53, the assumption of constant permeability in the fracture changes slightly the fracture path as
compared to the cubic law, and thus, this paper’s algorithm will incorporate specific permeability coefficients for frac-
ture domains. On the other hand, employing a partitioning scheme could offer an alternative solution for the case with
updating fracture permeabilities, where the fracture domain is segregated from the reservoir domain. Within the reser-
voir domain, the original critical time step size remains unchanged, whereas for the fracture domain, the critical time
step size is dynamically adjusted based on the updated effective permeability. Furthermore, fluid flow within the frac-
ture domain will be iteratively resolved in each solving sequence. Consequently, the stable time increment for a FEM-PD
model can be a constant and obtained as:

Δtc = min
(

Δts
c , Δtf

c

)

(65)

MATLAB, an abbreviation of “matrix laboratory”, constitutes a proprietary, multi-paradigm programming language
and computational environment renowned for its exceptional efficiency in handling vector and matrix operations. The
solver sections illustrated in Figure 2 can be effectively realized through the use of vector and matrix operations. There-
fore, this paper will implement the FEM-PD software for hydro-mechanical coupled problems within the MATLAB
environment, inheriting the framework of the linearized OSB-PD software introduced in Reference 33.

The global matrices C𝜃 , Ce, Kse, Ks𝜃 , Ksw, Kws and Kww play a pivotal role in the matrix-based FEM-PD software.
Evidently, these matrices exhibit sparsity and are constructed through the assembly of bond-associated and element matri-
ces. In the software, the system matrices are created and stored using the MATLAB function ‘sparse’. For a 3D discrete
FEM-PD model comprising of Nn nodes and Nb bonds, the initialization of essential solver variables within the MATLAB
environment is detailed in Appendix A. An illustrative implementation of the solver sections can be found in Appendix B.

In a simulation utilizing explicit iterative solution algorithm, the pre- and post-processing sections will be executed
once, while the solver sections will iterate several times. Consequently, enhancing the execution efficiency of the solver
sections is pivotal for optimizing the overall computational speed. In MATLAB, the Parallel Computing Toolbox is
available for enabling parallel computations on multi-core processors, GPUs, and computer clusters. This capability can
markedly enhance program execution efficiency, especially when tackling computationally and data-intensive tasks. In
the solver sections illustrated in Figure 2 and Appendix B, a substantial portion of calculations is vectorized. Therefore,
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NI et al. 13 of 35

F I G U R E 2 Flow chart of the solution algorithm for the FEM-PD coupled model in hydro-mechanical simulations.

the acceleration of the simulation can be easily achieved by transferring the vectors and matrices utilized in the solver to
GPUs, a task facilitated by the MATLAB function ‘gpuArray’.

Remark 2. We opted to utilize MATLAB due to several compelling reasons. Firstly, MATLAB boasts com-
prehensive libraries tailored for numerical computation, facilitating efficient algorithm implementation.
Secondly, its user-friendly interface expedites prototyping and rapid development, aligning well with our
research objectives. Moreover, MATLAB enjoys widespread acceptance within the academic community, ren-
dering it an ideal choice for research endeavors. While we acknowledge that MATLAB may not offer the same
level of performance optimization as lower-level languages, our primary focus in this study was to showcase
the effectiveness of our proposed method within a research framework. Additionally, MATLAB’s versatility
enabled us to swiftly iterate and validate our approach, a crucial aspect given the exploratory nature of our
research.

4 NUMERICAL EXAMPLES

In this section, four examples are presented to demonstrate the effectiveness of the proposed approach and to evaluate
the performance of the developed software. All cases have been discretized using uniform grids, with a constant value of
the m-ratio parameter set to 3.
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14 of 35 NI et al.

The in-house software is developed in MATLAB 2023a, and all the simulations are executed on a Desktop computer
equipped with a CPU of Intel® CoreTM CPU i9-12900K, 3.20 GHz, and 128 GB of RAM. The GPU acceleration is performed
on a NVIDIA GeForce RTX 3090 Ti.

4.1 Example 1: Pore pressure distribution in a single crack

The first example concerns the time-dependent hydraulic pressure distribution within a single crack. This case has previ-
ously been addressed in References 2,3,54 to validate their models for simulating the dynamic evolution of pore pressure
in fractured saturated porous media. Geometry and boundary conditions are shown in Figure 3.

In the studied specimen, a sudden hydraulic pressure of P0 = 9.5 MPa is applied at the left edge, while the other edges
are impermeable. This case represents an ‘unsteady’ or evolving problem, and the analytical solution is documented
in References 2,3. For comparison with the analytical solution, we only focus on the fluid flow portion. The necessary
material parameters for the simulation have been listed in Table 1.

The problem is solved using both FEM-PD and PD-only models, with executions performed on both CPU and
GPU for comparative analysis. Three cases with different discretization parameters have been considered. The spe-
cific spatial and temporal discretization parameters are outlined in Table 2. The total simulation duration is 6.06 ×
10−4 s. Figure 4 presents the comparison between the numerical and analytical solutions for pore pressure variations
along the crack at the end of the simulations. Corresponding pore pressure distributions are displayed in Figure 5.
All FEM-PD solutions exhibit remarkable consistency and closely align with the analytical solution. Conversely, the
PD-only solutions exhibit a noticeable difference compared to the analytical solution; however, as Δx decreases, the
PD-only solutions gradually converge towards the analytical solution. Figure 6 displays the wall times per thousand
iterations for all the conducted cases, confirming that the FEM-PD model outperforms the PD-only model in terms
of efficiency. Furthermore, an intriguing observation can be made from Figure 6. In cases with relatively small com-
putational workloads, such as Case 1, the efficiency of execution on CPU may surpass that of GPU. However, as the

F I G U R E 3 Geometry and boundary conditions for a rectangular rock sample with a single crack.

T A B L E 1 Mechanical and fluid parameters used in the Example 4.1.

kr [m2] kf [m2] 𝜶 n 𝝁w [Pa ⋅ s] Kw [GPa]

1 × 10−40 7.5 × 10−11 1 2 × 10−5 1 × 10−3 2.2

T A B L E 2 Spatial and temporal discretization parameters used in cases 1, 2 and 3 of the Example 4.1.

Case 𝚫x [mm] 𝜹 [mm]
Number
of nodes 𝚫t [s]

Number of
iterations

1 5 15 8442 2 × 10−8 30,300

2 2.5 7.5 32,882 1 × 10−8 60,600

3 1.25 3.75 129,762 5 × 10−9 121,200
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NI et al. 15 of 35

F I G U R E 4 Comparison between the analytical and numerical solutions of the pore pressure distribution along the crack.

F I G U R E 5 Pore pressure distributions in the fractured rock specimen at t = 6.06 × 10−4s obtained by FEM-PD model in cases (A) 1,
(B) 2 and (C) 3. (A) Case 1, (B) Case 2, (C) Case 3.

F I G U R E 6 Comparison of wall times between the FEM-PD and PD-only models executed on CPU and GPU for the problem of pore
pressure distribution in a single crack.
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16 of 35 NI et al.

(A) (B)

F I G U R E 7 Wall times of the matrix and vector operations in the solver sections of the FEM-PD and PD-only models for the problem of
pore pressure distribution in a single crack. (A) Wall times of the vector operations in the solver sections, (B) Wall times of the matrix
operations in the solver sections.

computational workload gradually increases, the acceleration advantage of GPU over CPU becomes increasingly pro-
nounced. To investigate which type of operation benefits more from GPU acceleration, we have separately recorded
the wall times per thousand iterations required for vector operations and matrix operations during the solving pro-
cess and plotted them in Figure 7A,B. It can be observed that, in comparison to vector operations, GPU acceleration
has an extremely significant impact on matrix operations. In addition, Figures 6,7A,B also demonstrate that when run-
ning on GPU, the PD-only model can achieve computational efficiency similar to that of the FEM-PD model. However,
it is important to note that, compared to the FEM-PD model, the PD-only model is not memory-friendly. When solv-
ing the same problem, it incurs a larger computational workload and requires more GPU memory, as described in
Figure 8A–F.

4.2 Example 2: One-dimensional dynamic consolidation problem

The second example pertains to a one-dimensional dynamic consolidation problem of a saturated porous column. This
example was previously investigated by Schanz and Cheng55 involving the transient wave propagation of displacement
and pore pressure during the dynamic consolidation process. Analytical solutions for comparison were obtained using
Dubner and Abate’s method.56

Geometry and boundary conditions are shown in Figure 9. The top boundary is characterized by drainage conditions
with a pore pressure of p = 0 and is subjected to a sudden surface pressure of Ps = 1Pa, whereas the remaining boundaries
are both impermeable and constrained in their normal direction. The mechanical and fluid parameters employed in
the simulations are listed in Table 3. Three cases with varying discretization parameters are conducted for comparative
analysis, and their descriptions are provided in Table 4.

Figure 10A,B shows the variations of the vertical displacement on the top edge and the pore pressure at the bottom
edge over time obtained by the FEM-PD models. The analytical solutions are also plotted for comparison. The numerical
results obtained in cases 2 and 3 exhibit good agreement with the analytical solutions. All numerical results show a
trend to converge towards the analytical solution as the mesh size decreases. Furthermore, the wall times per thousand
iterations for the three cases executed on CPU and GPU have been recorded and are displayed in Figure 11, describing
that, as the computational workload increases, the acceleration effect of GPU compared to CPU becomes increasingly
pronounced, achieving a speed-up ratio up to 25 times.
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(A)

(D) (E) (F)

(B) (C)

F I G U R E 8 The shapes of the global permeability matrices obtained by FEM-PD and PD-only models. (A) FEM-PD model: case 1, (B)
FEM-PD model: case 2, (C) FEM-PD model: case 3, (D) PD-only model: case 1, (E) PD-only model: case 2, (F) PD-only model: case 3.

F I G U R E 9 Geometry and boundary conditions of the one-dimensional dynamic consolidation problem.
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18 of 35 NI et al.

T A B L E 3 Mechanical and fluid parameters used in the Example 4.2.

E [GPa] 𝝂 𝝆r [kg∕m3] 𝝆w [kg∕m3] 𝜶

0.254 0.3 2700 1000 0.981

n Kr [GPa] Kw [GPa] 𝝁w [Pa ⋅ s] kr [m2]

0.48 11 3.3 1 × 10−3 3.55 × 10−12

T A B L E 4 Spatial and temporal discretization parameters used for Example 4.2.

Case 𝚫x [mm] 𝜹 [mm] Number of nodes 𝚫t [s] Number of iterations

1 10 30 11,012 1 × 10−6 100,000

2 5 15 42,021 5 × 10−7 200,000

3 2.5 7.5 164,042 2.5 × 10−7 400,000

(A) (B)

F I G U R E 10 Variations of (A) vertical displacement on the top edge and (B) pore pressure on the bottom edge versus time obtained by
FEM-PD models in cases 1 (Δx = 10 mm), 2 (Δx = 5 mm) and 3 (Δx = 2.5 mm). (A) Vertical displacement on the top edge, (B) Pore pressure
on the bottom edge.

F I G U R E 11 Comparison of wall times of the FEM-PD models executed on CPU and GPU for the dynamic consolidation problem.
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4.3 Example 3: Fluid-driven fracture propagation–reproducing the results of the KGD
model

The third example is a problem of fluid-driven fracture propagation in a rectangular saturated porous domain, where
the loading term is initially applied to the fluid mass balance equation, and its effects are subsequently transmitted to
the momentum balance equation through coupling terms. Based on a set of ideal assumptions, Geertsma and De Klerk57

derived the solution for the problem of fluid-driven fracture propagation under plane strain conditions, which is widely
recognized as the KGD HF model. Consistent with the findings reported in Reference 58, a direct comparison between
the KGD solution and the results of the developed FEM-PD model is not feasible. This is primarily because the KGD
model operates independently of fracture energy, whereas the results from the FEM-PD model are notably influenced by
the fracture energy value.3

To assess the accuracy of the proposed method for fluid-driven crack propagation, we conducted simulations sim-
ilar to the case presented in Reference 12. The geometry and boundary conditions are illustrated in Figure 12. The
mechanical and fluid parameters used in the simulations are listed in Table 5, with a constant permeability coefficient
of kf = 2 × 10−11 m2 adopted for the fracture domain. The problem is addressed under plane strain conditions, and the
fluid injection initiates from the center of the initial crack with a constant injection rate of Q0 = 10−4m3∕s. A total time
duration of 10s is simulated.

Firstly, a series of numerical experiments is conducted to determine the appropriate fracture parameter, where varying
values of fracture energy release rate Gc are used. The discretization parameters are taken as, the grid size: Δx = 0.05m,
time step size: Δt = 2.5 × 10−5s. Figure 13A,C,E show the numerical results obtained with Gc = 15, 25, 35 and 45 J/m2,
respectively. Clearly, at the same injection rate, a smaller value of Gc will result in a faster crack propagation speed, thereby
affecting the solutions of pore pressure and crack mouth opening displacement. The numerical results obtained with Gc =
35J∕m2, 37.5J∕m2 and 40J∕m2 are compared in Figure 13B,D,F, demonstrating that Gc = 37.5J∕m2 appears to be a suitable
choice, as it yields results closest to the analytical solutions. Figure 14A–C present the the change over time of damage
levels, y-direction displacement, and pore pressure within the simulation domain in the case of Gc = 37.5J∕m2. They
illustrate that, with the injection of fluid, the injected fluid flows along the cracks, leading to an increase of fluid pressure
in the vicinity of the crack tip, consequently, the solid skeleton undergoes deformation, and the crack propagates. These

F I G U R E 12 Geometry and boundary conditions of the two-dimensional rectangular porous domain.

T A B L E 5 Mechanical and fluid parameters used in the Example 4.3.

E [GPa] 𝝂 𝝆r [kg∕m3] 𝝆w [kg∕m3] 𝜶

14.4 0.2 2500 1000 0.7883

n Kw [GPa] 𝝁w [Pa ⋅ s] kr [m2] kf [m2]

0.19 3 1 × 10−3 2 × 10−14 2 × 10−11
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20 of 35 NI et al.

(A) (B)

(C) (D)

(E) (F)

F I G U R E 13 Comparison between the analytical solutions from Reference 57 and numerical results obtained by the FEM-PD model
with different fracture energy release rates (Gc = 15, 25, 35, 37.5, 40and45 J/m2). (A) Variations of crack length versus time, (B) Variations of
crack length versus time, (C) Variations of pore pressure at injection point versus time, (D) Variations of pore pressure at injection point versus
time, (E) Variations of crack mouth opening displacement versus time, (F) Variations of crack mouth opening displacement versus time.
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NI et al. 21 of 35

F I G U R E 14 Contours of (A) damage levels, (B) y-direction displacement component and (C) pore pressure obtained by the FEM-PD
model with Gc = 37.5 J/m2 at several selected time instants. (A) Contours of damage levels, (B) Contours of y-direction displacement
component (unit: m), (C) Contours of pore pressure (unit: Pa).

observations suggest that the present method effectively describes the phenomena of spontaneous crack propagation and
fluid flow within fracturing saturated porous media in a straightforward and realistic manner.

Subsequently, three cases with different discretization parameters are examined. Detailed information for each case
is listed in Table 6. The simulated variations of crack length, pore pressure at injection point and crack mouth opening
displacement versus time are plotted in Figure 15A–C. Figure 16A,B present the corresponding contours of damage levels
and pore pressure obtained by the FEM-PD model at the end of simulations. These results indicate that, in the case with a
smaller value ofΔx, a slower crack propagation speed is observed. Consequently, this leads to higher pore pressure within
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22 of 35 NI et al.

T A B L E 6 Spatial and temporal discretization parameters used for Example 4.3.

Case 𝚫x [m] 𝜹 [m]
Number
of nodes 𝚫t [s]

Number of
iterations

1 0.1 0.3 5304 5 × 10−5 200,000

2 0.05 0.15 20,604 2.5 × 10−5 400,000

3 0.025 0.075 81,204 1.25 × 10−5 800,000

(A) (B)

(C)

F I G U R E 15 Comparison between the analytical solutions from Reference 57 and numerical results obtained by the FEM-PD model
with Gc = 37.5 J/m2 and different discretization parameters. (A) Variations of crack length versus time, (B) Variations of pore pressure at
injection point versus time, (C) Variations of crack mouth opening displacement versus time.
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NI et al. 23 of 35

F I G U R E 16 Contours of (A) damage levels and (B) pore pressure obtained by the FEM-PD model with Gc = 37.5 J/m2 and different
discretization parameters. (A) Contours of damage levels, (B) Contours of pore pressure (unit: Pa).

F I G U R E 17 Comparison of wall times of the FEM-PD models executed on CPU and GPU for the two-dimensional fluid-driven
fracture propagation problem.

the crack domain and a greater crack mouth opening displacement. Overall, it is evident that all cases yield satisfactory
numerical results, displaying approximate agreement with the analytical solutions. Figure 17 describes the wall times
per thousand iterations of the FEM-PD models executed on CPU and GPU. In line with the findings in the previous
subsections, as the computational load increases, the acceleration effect of the GPU comparing to CPU gradually becomes
more significant.

Remark 3. The influence functions in the state-based peridynamic model are used to modulate the magnitude
of a non-local interaction within the neighbourhood. Some different forms of influence functions have been
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(A) (B)

(C)

F I G U R E 18 Comparison between the analytical solutions from Reference 57 and numerical results obtained by the 2D FEM-PD
model with Gc = 37.5J∕m2, Δx = 0.05m, and different influence functions

(

w = 1 and w = exp
(

− ||𝜉||2

𝛿2

))

. (A) Variations of crack length
versus time, (B) Variations of pore pressure at injection point versus time, (C) Variations of crack mouth opening displacement versus time.

introduced in References 21,59,60. In the existing literature,61 the influence function of w = exp
(

− ||𝜉||2

𝛿2

)

is the

most commonly used for the OSB-PD models. Therefore, we simulated the KGD model using w = exp
(

− ||𝜉||2

𝛿2

)

for the purpose of comparison. In addition, when w = exp
(

− ||𝜉||2

𝛿2

)

is adopted, the critical stretch value can be
derived in the plane strain conditions as:

sc =
√
√
√
√

Gc
(

4𝜅 − 28
9
𝜇

)

Λ + 8𝜇Λ′
(66)

where Λ = 813𝛿
1000𝜋2 and Λ′ = 379𝛿

500𝜋
. The same discretization parameters as those of case 2 are employed,

with a fracture energy release rate of Gc = 37.5J∕m2. Figure 18A–C depict comparisons between analytical
solutions and obtained numerical results, with the results for w = 1 also provided for reference. These results
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NI et al. 25 of 35

F I G U R E 19 Comparison between the analytical solutions from Reference 57 and numerical results obtained by the 2D and 3D
FEM-PD models with Gc = 37.5J∕m2 and Δx = 0.05m. (A) Variations of crack length versus time, (B) Variations of pore pressure at injection
point versus time, (C) Variations of crack mouth opening displacement versus time.

demonstrate that utilizing different influence functions yields some variations in outcomes. Nonetheless, all
numerical results closely approximate the analytical solutions, suggesting that the choice of influence function
does not significantly impact result reliability in the studied case. Conversely, as per the findings in Reference
59, the form of the influence function notably influences the dispersion behavior of the PD model. Hence,
additional investigation is warranted to explore the impact of the influence function on the FEM-PD model
when addressing dynamic problems characterized by pronounced fluctuations.

Finally, simulating the KGD model in three dimensions serves to further validate the accuracy and reliability of
the proposed method in this paper. In addition to the parameters described in Table 5, the fracture energy release
rate is selected as Gc = 37.5J∕m2. The discretization parameters for the PD domain are horizon 𝛿 = 0.15m, m-ratio
m = 3 and consequently grid spacing Δx = 𝛿∕m = 0.05m. Given the model thickness as 1m, a 3D discrete model with
453,288 nodes is obtained. A time step size of Δt = 2.5 × 10−5s is adopted for a simulation duration of 10s. Figure 19A–C

 10970207, 2024, 18, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7504 by C
ochraneItalia, W

iley O
nline L

ibrary on [17/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



26 of 35 NI et al.

F I G U R E 20 Contours of (A) damage levels, (B) y-direction displacement component and (C) pore pressure obtained by the 3D
FEM-PD model with Gc = 37.5J∕m2 at several selected time instants. (A) Contours of damage levels, (B) Contours of y-direction
displacement component (unit: m), Contours of pore pressure (unit: Pa).

present comparisons between analytical solutions and numerical results obtained by the 2D and 3D FEM-PD mod-
els. Correspondingly, Figure 20A–C display the contours of damage levels, y-direction displacement components, and
pore pressure at selected time instants of 2.5, 5, 7.5, and 10 s. Although some disparity exists between the showcased

 10970207, 2024, 18, D
ow

nloaded from
 https://onlinelibrary.w

iley.com
/doi/10.1002/nm

e.7504 by C
ochraneItalia, W

iley O
nline L

ibrary on [17/01/2025]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



NI et al. 27 of 35

numerical results and the analytical solutions, overall comparability remains, underscoring the accuracy of the proposed
approach.

4.4 Example 4: Fluid-driven fracture propagation in a three-dimensional porous
domain

The final example involves a fluid-driven fracture propagation problem in 3D, which is addressed to showcase the capa-
bility of the proposed approach in simulating 3D HF problems and to further emphasize the efficiency of the developed
software.

The geometry and boundary conditions are illustrated in Figure 21. The mechanical and fluid parameters remain
consistent with those outlined in Table 5. The fracture energy release rate is taken as Gc = 100J∕m2. The discretization
parameters are taken as, the grid size: Δx = 0.05m and the time step size: Δt = 2 × 10−8s, resulting in a discrete model
with 551,368 nodes.

Three cases with different fluid injection rates are considered. The fluid injection rates of Q0 = 0.05m3∕s, 0.1m3∕s
and 0.2m3∕s are applied in cases 1, 2 and 3, respectively. In the simulations, the pore pressure values at the injec-
tion point are recorded and plotted versus time in Figures 22A, 23A and 24A. Figures 22B,C, 23B,C and 24B,C show
crack patterns and pore pressure distributions at several selected time instants after the initiation of hydraulic frac-
ture propagation. These results reveal that, when the injection rate is sufficiently high, the bifurcation of hydraulic
crack can be observed, demonstrating non-planar crack propagation behavior in three-dimensional space, which is a
typical dynamic phenomenon in fracturing porous media. Moreover, a larger injection rate will cause crack branch-
ing behavior to occur earlier and result in wider angles between branching cracks, being consistent with the trends
described in References 13,62. Figure 25 describes the comparisons of wall times per thousand iterations of the FEM-PD
model executed on CPU and GPU in the simulations of the 3D HF propagation problem. The wall time in case 3 is
greater than those in cases 1 and 2. This is primarily due to the generation of a larger number of fractures in case 3,
which results in a higher frequency of matrix update operations. Nevertheless, across all the devised cases, the accel-
eration effect of the GPU remains highly significant, with a speed-up ratio of approximately 30 times compared to
the CPU.

Remark 4. In the proposed approach, when utilizing GPUs to accelerate the calculation, all the system matri-
ces are stored in the GPU memory, prioritizing solving efficiency over memory conservation. For instance, in
Example 4.4, the discrete model encompasses 551,368 nodes, resulting in over 2 million degrees of freedom.
Executing this simulation consumed more than 22 GB of the 24 GB of memory available on the graphics card.
Consequently, multi-GPU computing platforms emerge as a viable solution, distributing larger-scale compu-
tations across multiple GPUs through matrix partitioning, thus enabling the resolution of even more extensive
problems.

F I G U R E 21 Geometry and boundary conditions of the three-dimensional cubical porous domain.
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28 of 35 NI et al.

F I G U R E 22 Numerical results obtained by the FEM-PD model with an injection rate of Q0 = 0.05m3∕s. (A) Variation of pore pressure
versus time at injection point, (B) Damage levels (𝜙 > 0, half model) at the selected time instants, (C) Pore pressure distribution (half model)
at the selected time instants.
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NI et al. 29 of 35

F I G U R E 23 Numerical results obtained by the FEM-PD model with an injection rate of Q0 = 0.1m3∕s. (A) Variation of pore pressure
versus time at injection point, (B) Damage levels (𝜙 > 0, half model) at the selected time instants, (C) Pore pressure distribution (half model)
at the selected time instants.
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30 of 35 NI et al.

F I G U R E 24 Numerical results obtained by the FEM-PD model with an injection rate of Q0 = 0.2m3∕s. (A) Variation of pore pressure
versus time at injection point, (B) Damage levels (𝜙 > 0, half model) at the selected time instants, (C) Pore pressure distribution (half model)
at the selected time instants.
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F I G U R E 25 Comparison of wall times of the FEM-PD models executed on CPU and GPU for the three-dimensional fluid-driven
fracture propagation problem.

5 CONCLUSIONS

This paper presented a fast explicit solution scheme for the hybrid FEM-PD models designed to simulate the dynamic
behavior of saturated porous media under the influence of hydro-mechanical coupling. The matrix-based implementa-
tion of this approach was described in detail. The paper also discussed the numerical stability conditions of the adopted
explicit method in the undamped system of the FEM-PD model and offered a method for determining the critical time
increment. An in-house software was developed in MATLAB, featuring both CPU and GPU versions. Several typical
numerical examples were included for validation and to demonstrate the capabilities and effectiveness of the proposed
approach.

Firstly, a problem related to pore pressure distribution in a single crack was simulated to validate the capability and
effectiveness of the proposed approach in simulating fluid flow in fractured saturated porous media. The accuracy of
the proposed method was evidenced by a comparison of FEM-PD solutions with those of PD-only models and analytical
solutions. Subsequently, a one-dimensional dynamic consolidation problem was addressed, with the agreement between
the numerical results and analytical solutions demonstrating the model’s capability to describe the interaction between
the fields of deformation and pore pressure in saturated porous media. Finally, fluid-driven hydraulic fracture propagation
problems in both 2D and 3D cases were simulated. Various dynamic phenomena, such as stepwise crack advancement,
crack branching in a 3D context, and pressure oscillations, were observed, comprehensively validating the effectiveness
of the proposed methods in simulating the dynamics of deformation and fracture in saturated porous media under the
influence of hydro-mechanical coupling.

Furthermore, the performance of the matrix-based scheme, executed on both CPU and GPU, was also evaluated in
terms of wall times per thousand iterations. The findings indicated that, with increasing computational workload, the
acceleration effect of the GPU in comparison to the CPU gradually becomes more pronounced.

In summary, the implementation scheme based on the vector and matrix operations in MATLAB offers a significant
improvement in efficiency and simplifies the GPU parallel programming of FEM-PD models for hydro-mechanical cou-
pled problems in saturated porous media. This approach minimizes programming complexity, maximizes performance,
and opens up possibilities for applying FEM-PD models to solve engineering problems with a substantial number of
degrees of freedom. It’s worth noting that the proposed matrix-based scheme can also be implemented in other pro-
gramming languages with efficient libraries for matrix operations, such as Python and Julia, while maintaining high
efficiency.33
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APPENDIX A. INITIALIZATION OF THE VARIABLES REQUIRED FOR THE SOLVER
EXECUTED ON CPU

1 %Array of the pore pressure value of each node.
2 P=zeros(Nn,1);
3 %Array of the pore pressure value of each node in previous iteration.
4 Pold=zeros(Nn,1);
5 %Array of the external source term of each node.
6 Q=zeros(Nn,1);
7 %Array of the current source term of each node.
8 Qc=zeros(Nn,1);
9 %Array of the displacement components of each node.

10 U=zeros(3*Nn,1);
11 %Array of the velocity components of each node.
12 VEL=zeros(3*Nn,1);
13 %Array of the velocity components of each node in previous iteration.
14 VELold=zeros(3*Nn,1);
15 %Array of the acceleration components of each node.
16 ACC=zeros(3*Nn,1);
17 %Array of the peridynamic force components of each node.
18 PDF=zeros(3*Nn,1);
19 %Array of the external force components of each node.
20 EXF=zeros(3*Nn,1);
21 %Array of the residual force components of each node.
22 RF=zeros(3*Nn,1);
23 %Array of the dilatation values of each node.
24 Theta=zeros(Nn,1);
25 %Array of the extension scalar state value of each bond.
26 E=zeros(Nb,1);

APPENDIX B. AN EXAMPLE OF IMPLEMENTATION OF THE SOLVER BASED ON VECTOR
AND MATRIX OPERATIONS

1 for it=1:IntTimeStep
2 %===========Block for applying Boundary Conditions============%
3 ...
4 %===========Block for updating pore pressure field============%
5 Qc=Dt*(Q+Kww*Pold)+Kws*(U-Uold);
6 P(PFreeDofs)=Pold(PFreeDofs)+Qc(PFreeDofs)./Cww(PFreeDofs);
7 Uold=U;
8 %====Block for the computation of Peridynamic force Array====%
9 %Calculate the extension scalar values of each bond.

10 E=CE*U;
11 %Compute the dilatation values of each node.
12 Theta=CTH*E;
13 %Calculate the peridynamic internal force components of each node.
14 PDF=KTH*Theta+KE*E;
15 %=======Update the displacement components of each node=======%
16 %Calculate the residual force components of each node.
17 RF=EXF+PDF+Ksw*P;
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18 %Calculate the acceleration components of each node.
19 ACC=RF./M;
20 %Calculate the current velocity components of each node.
21 VEL=VELold+ACC*Dt;
22 %Calculate the current displacement components of each node.
23 U(UFreeDofs)=U(UFreeDofs)+Dt*VEL(UFreeDofs);
24 %Store the current velocity components and ppressure value of each node.
25 VELold=VEL;
26 Pold=P;
27 %============Block for applying failure ctriterion============%
28 ...
29 %=================Block for the result output=================%
30 ...
31 end
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