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Abstract
A gravitational close encounter of a small body with a planet may produce a
substantial change of its orbital parameters which can be studied using the
circular restricted three-body problem. In this paper we provide parametric
representations of the fast close encounters with the secondary body of the
planar CRTBP as arcs of non-linear focus-focus dynamics. The result is the
consequence of a remarkable factorisation of the Birkhoff normal forms of
the Hamiltonian of the problem represented with the Levi—Civita regularisa-
tion. The parameterisations are computed using two different sequences of
Birkhoff normalisations of given order N. For each value of N, the Birkhoff
normalisations and the parameters of the focus-focus dynamics are repres-
ented by polynomials whose coefficients can be computed iteratively with a
computer algebra system; no quadratures, such as those needed to compute
action-angle variables of resonant normal forms, are needed. We also provide
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some numerical demonstrations of the method for values of the mass parameter
representative of the Sun—Earth and the Sun—Jupiter cases.

Keywords: three body problem, Birkhoff normalisation,
Levi—Civita regularisation

Mathematics Subject Classification numbers: 70F07, 70F15, 70F16, 37N0S,
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1. Introduction

The problem of determining the effects of a gravitational close encounter had been considered
few years after the publication of Newton’s Philosophiae Naturalis Principia Mathematica, in
an effort to better understand the apparitions of comets. Since comets are visible from Earth
when they are close to the Sun, their apparitions at different epochs may be attributed to the
same comet if they are linked by the same orbit. Using Newton’s solutions of the 2-body prob-
lem Halley attributed the apparitions of 1531, 1607 and 1682 to the same comet by conjectur-
ing a heliocentric elliptic orbit, and predicted its subsequent return [19]; this prediction had
been later refined by Clairaut by considering also the effects of planetary perturbations [10]. A
more puzzling situation manifested few years later, when the dramatic effects of close encoun-
ters with planet Jupiter had been indicated as possible explanation for the appearance of a new
comet (Lexell’s comet) and its subsequent disappearance'. The puzzling behaviour of Lexell’s
comet, which had an explanation within the theory of the circular restricted three-body prob-
lem, motivated the development of theories approximating the motion of Solar System bodies
transiting close to a planet by Laplace, Le Verrier and Tisserand [25, 26, 38]. Since these
pioneering papers the motion of a massless body P having close encounters with a planet
is conveniently approximated by a heliocentric motion of the two-body problem defined by
the primary body P; (the Sun), eventually modified by considering the effects of planetary
perturbations, as long as P remains far from the secondary body P, (the planet). And during
the short time of the close encounter, it is instead approximated by the motion of a planeto-
centric two-body problem defined by the secondary body P,. The switch between the different
heliocentric and planetocentric problems can produce a rapid and substantial alteration of the
heliocentric orbital parameters (see figure 1 for basic examples; more details will be given in
section 5). The analytic computation of the effects of close encounters remains relevant for the
modern astronomical applications which are related to the dynamics of comets (a remarkable
example is provided by the dynamics of the comets of the Jupiter family, such as for comet
67/P Churyumov—Gerasimenko, target of the recent mission Rosetta), for the study of asteroids
whose orbit represents a risk for potential Earth impacts, and for the modern space mission
design where close encounters are used to modify the orbital elements of a spacecraft. There
is therefore the problem of computing the change of the orbital parameters and of representing
parametrically the orbit during any individual close encounter.

There is a huge mathematical literature about collisions (for example the ejection-collision
orbits) and near collision orbits in the restricted three-body problem and related topics (for
example, for near collision orbits of Kolmogorov-Arnold-Moser (KAM) type moving on the

! Lexell’s comet, discovered in 1770, despite having an elliptic orbit of period of about 5.6 years, was not seen before
as well as in the next 10 years (not either afterwards). A possible explanation was that the comet had not been seen
before because of a close encounter with Jupiter in 1767, and it would be never be seen again because of a subsequent
close encounter.
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Figure 1. Representation on the inertial orbital plane Oxy of orbits with a close
encounter at = 0: the black curves represent the orbits computed for positive times,
the red curves represent the same orbits computed for negative times. On the top
panels we represent an orbit computed for ;o =3 107° (close to the Sun—Earth mass
ratio) for E = —1.35 and initial conditions u;(0) = —1072, u»(0) = 1072, U;(0) =
—4 10’6, U,(0) = 0.016243781387232425; the close encounter determines a change
of the semi-major axis of Aa ~ 0.04349 and Ae ~ —0.07084. On the bottom pan-
els we represent an orbit computed for p= 1073 (close to the Sun-Jupiter mass
ratio) for E = —1.35 and initial conditions u;(0) = 1072, u2(0) =2 1072, U;(0) =
—2107°,U,(0) = 0.092703 055510000 729; the close encounter determines a change
of the semi-major axis of Aa ~ —0.599 and Ae ~ —0.0708. The right panels repres-
ent a zoom close to the secondary body P,. Details about the numerical computation of
these orbits and additional analysis are given in section 5.
3
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so-called punctured tori, see [9, 11, 18, 39]; for near collision orbits arising from studies of
Poincaré second species solutions see [1-3, 12, 13, 20, 21, 27, 29]; for computer assisted proofs
see [4]; and references therein). This paper is about the representation of the arcs of solutions
which intersect a small neighbourhood of P,, obtained from computations of series.

Consider the planar circular restricted three-body problem defined by the motion of a body
P of infinitesimally small mass in the gravitation field of two massive bodies P, and P, the
primary and secondary body respectively, which rotate uniformly around their common center
of mass. In a rotating frame, the Hamiltonian of the problem is:

it l—p p

h(x,y,px,py) = 5 TPy P — = )

1
where r; = \/(x+ p)?2 +y?and r, = /(x — 1 + p)? + 2 denote the distances of P from Py, P,
(as usual the units of mass, length and time have been chosen so that the masses of P, and P, are

1 — pand p (0 < p < 1/2) respectively, their coordinates are (x;,0) = (—u,0), (x2,0) = (1 —
,0) and their revolution period is 27). Let o be arbitrarily small; for any motion (x(z),y(f))
entering the ball centred at P, of radius o at time 7y and leaving it at time ¢, the problem
is to provide a parametric representation of the arc (x(),y(z),p.(f),py(t)) for t € [ty,1,]. For
applications, a relevant point is to formulate parametric representations which are valid in
neighbourhoods defined by o as large as possible, for generic initial conditions (for example,
without restricting the analysis to symmetric orbits), and using methods which possibly can be
incrementally extended towards more realistic models of the Solar System. Different rigorous
approaches have been developed in the literature, reducing the problem to the computation
of series. Within the methods which exploit the regularisations at the secondary body P,, we
recall that a representation of close encounters for the planar problem had already been given
in the paper by Levi—Civita [24] (generalised to the spatial problem in [6]), obtained from
series representations of local solutions of the Hamilton—Jacobi equation of the regularised
Hamiltonian. A different representation has been introduced by Henrard [21] who defined
Birkhoff normalisations of the Hamiltonian regularised at P,. For representations using the
non-regularised equations of motion we quote the methods of [1] and [29], and subsequent
developments.

Let us give more details about the method of [21], which applies to the class of fast close
encounters, i.e. the encounters occurring for values E of the Hamilton function (1) satisfying?:

342E—4u+p?:=a*>0. )

In [21], suitable resonant saddle-saddle Birkhoff normal forms of the Hamiltonian (1) repres-
ented with the Levi—Civita regularisation had been considered. At this regard, we introduce the
regularisation of the Hamiltonian (1) following the method described in [24]: we first perform
the phase-space translation:

X=x—x2, Y=y, Px=p,, Py=p,—x, 3

2 For comparison with Paper [21], we recall that the value of the parameter 4 appearing in equations (10) and (11) of
[21] is related to E by E = h + p1/2 — p?/2. Also, the definition of the momenta Uy, U, conjugate to the Levi—Civita
variables u;,u, introduced in [21] is different from the definition given in Levi—Civita’s paper [24], which we follow
in this study. The two set of variables are related by a canonical transformation.
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and then we introduce the Levi-Civita variables u = (uy,u;), extended to the conjugate
momenta U = (Uy, U,) and to the fictitious time 7,

X=ul—u},Y="2uu “)
Uyu; — Usup Uyup + Usuy
Px= = 5
ST R T ©
dt = |ul*dr (6)

where |u|*> =u} +u3. For any given value E of the Hamiltonian (1), the Levi-Civita
Hamiltonian:
1
8
2 (1- N)z 2 1 2_ .0
—[ul” | E+ > — (1= p)[ul tuy—uy |,
\/1 +2(u? —u3) + |ul*

2 1 2 1
Keu,U) = = (Ur +2[ul*u>) +§(U2—2|u\2u1) —E|u|6—,u

(N

is aregularisation of the planar circular restricted three-body problem at P,, in the sense that the
solutions (u(7), U(7)) of the Hamilton equations of K satisfying Cg(u(0), U(0)) = 0 project,
as long as |u(7)| # 0, on the solutions of the Hamilton equations of (1), up to the reparamet-
risation of the time t = #(7).

The Levi—Civita Hamiltonian (7) has an equilibrium point at (u, U) = (0,0,0,0). Although
this point does not belong to the level set Kg(u, U) = 0 (and consequently the equilibrium does
not correspond to a solution of the CR3BP), it is close to this set, which contains the circle
{(u,U) :u=0,||U||* = 81}. Therefore, the equilibrium point can be used to defined Birkhoff
normal forms which are meaningful to the CR3BP as long as their domain of definition inter-
sects the level set Kg(u, U) = 0, and this is expected to happen for small values of p (see also
Remark (IIT) below).

In the paper [21] it was noticed that the equilibrium point (u, U) = (0,0,0,0) is hyperbolic
for values E satisfying (2); in particular the Jacobian of the Hamiltonian vector field of (7)
computed at the equilibrium has eigenvalues +a,/2 of multiplicity 2. This property has been
exploited in the paper [21] by considering resonant hyperbolic Birkhoff normal forms (Bnf
hereafter) of the regularised Hamiltonian. In [21], the Bnf have been introduced to discuss the
application of Hartman’s theorem to the equilibrium point (u,U) = (0,0,0,0); therefore no
high order Bnf have been constructed, as would be required by a high precision representation
of the close encounters.

We recall that Birkhoff normal forms offer a highly effective method to approximate the
solutions which are close to the equilibrium points of Hamiltonian systems. The method is use-
ful also when the equilibrium is hyperbolic, since in this case it allows to study the stable/un-
stable manifolds, as well as the transits close to the equilibrium; for example, the method
has been extensively used in the last decades to represent the solutions transiting close to the
Lagrangian points Ly, L, (see, for example, [7, 17, 23, 28, 30-35, 37]). Depending on the res-
onant properties of Hamilton’s equations linearised at the equilibrium, a suitable normal form
Hamiltonian of arbitrary order N is conjugate to the original one, having the property that non-
resonant monomials appear only at degrees larger than N. For the case at hand, with a standard
procedure (which is recalled with all the details in appendix A), for any N > 4 we first define
a canonical transformation:

(u,U) = (¢:p)
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in a neighbourhood of (u,,U.) = (0,0,0,0) (which is a fixed point of the transformation)
conjugating the Levi—Civita Hamiltonian (7) to

Q ~ ~
Ky (q.p) = —p+ ) (qip1 + q2p2) + Ka (q,p) + ... + Ky (q,p) + Rn42(q,p) (®)

where the Taylor series of Ry, in ¢, p starts with terms of degree at least N 42 and IA(] are
polynomials of degree j in ¢,p (only the polynomials with even j appear in the expansion)
containing monomials:

Chndt 43" PPy’ ©)
with m = (my,my),n = (ny,n,) satisfying:
ny+ny =m +mp. (10)

Relation (10) is a direct consequence of the multiplicity of the characteristic multipliers, which
qualifies the origin as ‘resonant’. We will call ‘non resonant’ the monomials (9) which do not
satisfy relation (10); monomials which satisfy relation (10) will be called ‘integrable’ if n; =
my and ny = my, ‘resonant’ otherwise. The Hamilton function which is obtained by neglecting
in K¥(g,p) the remainder Ry2(q,p):

K (a.p) = —n+5 (a1 +ap2) + Ka(@.p) + .+ KV (a.p) (11)
will be called Bnf of order N. At variance with the full Hamiltonian (8), the Bnf (11) is
Poisson commuting with the function J(gq,p) = qi1p1 + q2p2 (this is a direct consequence of
property (10) of all the monomials of the normal form), and its Hamilton equations are integ-
rable by quadratures. For example, by introducing the canonical variables I;,0; (defined for
I; > 0; for I; < 0 obvious modifications are required):

g;=/Tie", pj= /e "

the integrable monomials are conjugate to functions depending only on the actions /;, while the
resonant monomials are conjugate to functions depending on the actions /; and on multiples of
01 — 0,. As a consequence, the Hamiltonian flow is integrable by quadratures (see section 2 for
more details). Nevertheless, working out the explicit solutions for any order N is cuambersome,
because of the presence of the resonant terms (or equivalently, because of the dependence
on ) — 6,). The computation by quadratures may be particularly tricky to perform explicitly
because the resonant terms depend on different powers of the action variables [, /1, and so the
solution by quadratures requires to represent the roots of an algebraic polynomial in the action
variables whose degree increases with the order N of approximation. This is a minor problem
if one is interested only in some low order approximation of the flow, but it poses a serious
challenge if one needs a parametric representation of the flow which is valid for arbitrary (or
for suitably large) order N. This problem does not exist for the Bnf of Hamiltonian systems
with an equilibrium point which, in the linear approximation, is not resonant (for example, this
happens for equilibria which are linear elliptic with Diophantine frequencies). In fact, in this
case the Birkhoff normal forms can be represented with a function depending only on action
variables, whose flow is easily represented.

In this paper, we obtain a major improvement in the computation of the solutions of
the flow of the Bnf (11). Precisely, after proving a remarkable factorisation property of
Hamiltonians (11) for all N, we are able to give its Hamilton equations a different Hamiltonian
representation, where the origin (#, U) = (0,0,0,0) is a non-resonant focus-focus equilibrium
point. As a consequence, we are able to perform an additional sequence of focus-focus Birkhoff
normalisations conjugating the Hamiltonian to a normal form depending only on the action

6
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variables. Thus, we obtain a considerable simplification in the computation of close encoun-
ters, which is valid for small values of the mass parameter u. The factorisation property that
we prove for the Bnf is the following: for all N the Birkhoff normal forms (11) are divisible
by the polynomial J(gq,p) = qip1 + q2p2, i.e. they are represented in the form:

A «
K% (q,p) = —p+ (q1p1 + q2p2) (5 +ka(g,p)+... +hkno (q7p)) ; (12)

where k;(g,p) are polynomials of degree j. Since both functions J(g,p) and k(q,p) = § +
ka(q,p) + ...+ ky_2(g,p) are first integrals for the Birkhoff normal form K¥, the solutions of
Hamilton’s equations with initial data satisfying

k(Q(O)»P(O)) =K, J(q(())’p(())) =,
with k7 = p, satisfy the Hamilton equations of:

H(q,p) = K (q1p1 +q2p2) +1 (k2 (q,p) + ka(q,p) + ... +kn-2(q,p)). (13)

Since n is hereafter treated as a parameter, the terms J(g,p)k;(¢,p) (which in the
Hamiltonian (12) are polynomials of degree j + 2), are transformed into polynomials 7k;(g, p)
which have degree j; in particular nk,(g,p) has degree 2 and modifies the linearisation of the
Hamiltonian vector field at (¢,p) = (0,0,0,0). Therefore, we have the opportunity to construct
a different Bnf for Hamiltonian (13) depending on this new linearisation.

For initial conditions satisfying KY(q,p) =0 we have 1 # 0, we therefore proceed by
considering the case 1 # 0. By representing explicitly the term k(q,p), we notice that
Hamiltonian (13) has the representation:

H(q.p) = hy(q.p)

jz1
with quadratic part’:

hy = Kk (q1p1 + q2p2) + k2 (q,p) = A(q1p1 + q2p2) + Q2 (p2g1 — P1g2)

with A = k and Q = n/(4a), while forj > 2 we have: hy;(q,p) = nksj(q,p). The origin (¢,p) =
(0,0,0,0) is an equilibrium point, with characteristic exponents:

LA+,

so that the equilibrium is focus-focus with eigenvalues of multiplicity 1. Therefore, we can
proceed by defining a second sequence of Birkhoff normalisations of A using the focus-
focus character of (¢,p) = (0,0,0,0). It is important to remark that the functions generating
these Birkhoff normalisations have small divisors proportional to 7, which may be very small.
However, this does not produce divergence of the norms since, by the factorisation property,
the polynomial terms of order larger than 4 of the Bnf are proportional to 1 as well, so that
the generating functions of Birkhoff normalisations are not singular at n =0. Moreover, the
generating functions depend in straightforward way on the parameters A, 2 (see section 4 for
details), so that the two additional parameters do not introduce any substantial complexity in
the symbolic computation of the normal forms.

3 From the computation of the Bnf kg of order N > 4 (see section 2, equation (24)) we have k» = (q1p2 — p2g1)/ (4av).

7
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We therefore show that Hamiltonian (13) is conjugate by a (complex) canonical
transformation:

(¢,p) — (Q,P)

defined in a neighbourhood of (¢,p) = (0,0,0,0) (which is a fixed point of the transformation)
to the focus-focus Bnf:

HY (Q,P) = (i — A) Q1 Py — (iQ + A) QoP> + 1 (Q1 P1,0>P) + Ry (Q, P) (14)

where fz(]l,lz) is a polynomial in /;,/, containing monomials of degree ranging between 2
and (N —2)/2, and the remainder Ry(Q, P) is a series which starts with terms of degree N.
By neglecting the remainder we obtain the integrable Hamiltonian:

HY(Q,P) = (i — A) Q1 Py — (i + A) Q2P2 + h (Q1P1,02P5) (15)

whose flow is represented explicitly by the same formulas, independently on N, since the func-
tions I1 = Q1 P1,I, = Q, P, are first integrals:

Q; (1) =0;(0)e"™, P;(r)=P;(0)e "7, j=1,2 (16)
where:

_2
= o

i ((iQ—A)I1 - (iQ+A)12+iz(11,12))

1=, 0),1,=15(0)

For each order of approximation, all the Birkhoff normalisations and the parameters of the
focus-focus dynamics (16) are represented by polynomials whose coefficients can be com-
puted iteratively with a computer algebra system (see appendix A and section 5).

Remarks. (I) Parametric representations of close encounters may be used to implement a
numerical integrator of the close encounters by explicitly representing with a computer
program the flow of the Bnf K% (g,p).

(II) The parametric representations of the solutions offered by the Bnf are approximate,
because they are obtained by neglecting the remainders Ry(g,p), which are polynomials
in the (g, p) variables of order N. Therefore, the distance of (g, p) from the equilibrium
point (0,0,0,0) is the small parameter of the problem. We recall that the normal form
variables g, p are obtained from the composition of a linear transformation of the Levi—
Civita variables (u, U) with the Birkhoff normalisations. During a transit in a ball of radius
o centred at P, we have |u|> < o (which becomes 0 at collision); but also |U| remains
small (with limit value proportional to ,/j at collision).

(III) For given N (and o > o > 0) one may formally prove the convergence of the canon-
ical transformations providing the first and second Birkhoff normal forms of degree N,
together with suitable estimates of the remainders and their derivatives, in a neighbour-
hood of radius Ry of the equilibrium point (0,0,0,0). This neighbourhood intersects
the level set Kg(u, U) = 0, supporting the solutions of the CR3BP, only if /8y < Ry.
Therefore, initial conditions for the solutions of the CR3BP belong to the domain of
definition of the Bnf for all 11 < yo := RS /8, ensuring the asymptotic applicability of the
method for small values of . Instead, the applicability of the method to specific values
of 1 would be ensured from the explicit computation of the threshold Ry, which could
be obtained with computer assisted methods. In fact, a well known issue of the gen-
eral methods of perturbation theory when applied to problems of Celestial Mechanics
characterised by peculiar symmetries is related to the highly inefficient computation of

8
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the thresholds (such as Ry) of convergence of the composition of sequences of canon-
ical transformations. Instead, realistic computations of the thresholds for the three—body
problem have been obtained with computer assisted proofs (see for example [8, 15, 16])
including estimates of Birkhoff transformations at an equilibrium point (see [15, 16];
we refer to [5] for a fully rigorous computer-assisted procedure applying to the Birkhoff
normal forms of any finite order and their remainders). In section 5 we use an indir-
ect numerical method to check the convergence of the Bnf canonical transformations
along specific solutions, by numerically computing the error €y on the conservation of
the actions 11,1, defined by the Bnf of different orders N € [2,...,Ny], along the numer-
ically computed solution. In fact, when a solution belongs to the domain of convergence
the action variables I;,l,, which are constant in the approximated dynamics which is
obtained by neglecting the remainders of the Bnf, are conserved within an error ¢y when
we consider the flow of the complete Hamiltonian of the CR3BP. An exponential reduc-
tion of the error ey measured when the solution is at a distance p from the equilibrium
point, for increasing values of N € [2,...,Np|, provides a strong indication of the con-
vergence of the method at the distance p up to the order N (for details see section 5,
figures 3 and 4).

(IV) Asitis typical of normal form Hamiltonians, and also of numerical integrators of given
order, the remainder Ry(q,p) may depend on N in a non-trivial case, so that the incre-
ment of N may produce an improvement of the method at a given distance p from the
equilibrium point (i.e. a reduction of sup(, )<, [|Rn(¢,p)|) only up to a finite large
value Ny. For the numerical examples of section 5, obtained for the large order Ny = 30,
we see that we would still have the opportunity to reduce the error of the parametric
representation by considering also larger values of N> Nj.

The paper is organised as follows: in section 2 we describe the properties of the first
sequence of saddle-saddle Bnf; in section 3 we prove that all the Birkhoff normal forms
presented in section 2 are divisible by qp; + g2p2; in section 4 we provide all the details
needed to construct the second sequence of focus-focus Bnf, and the solution of its Hamilton
equations; in section 5 we provide some numerical demonstrations of the method for val-
ues of the mass parameter representative of the Sun-Earth and the Sun-Jupiter cases; in the
appendix A we present the technical details of the construction of the Birkhoff normal forms
for 2-degrees of freedom Hamiltonian systems; in the appendix B we provide the generating
functions which define the Bnf of order N = 6; in appendix C we provide an error analysis
based on the Gronwall lemma; conclusions and perspectives are provided in section 6.

2. The resonant saddle-saddle Birkhoff normal form
We expand the Levi—Civita Hamiltonian (7) as a Taylor series of the variables u, U:

Kg=—p+Ks (u, UE) + Ky (u,U) + > Ko (u)

=3
where:
1 1 1 2
Ky = g(U%+U§) —§(3+2E—4u+u2) (ui +u3) = S (UF+13) —%(u’f‘mg),
1
’C4= 5 (M%—FM%) (U]Mz—Uzl/l]),
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and, for allj > 3,

1
]Czj = —(1 —/.L) sz |M‘2 (17)

\/1+2(u%—u%)—|—|u\4

where Tif(u, U) denotes the Taylor term of degree k of a function f{u, U). We remark that only
terms of even degree appear in the expansion of g, since the Hamiltonian (7) is the sum of
a polynomial containing only terms of even degree and of a function which is even in u,u;.
For E satisfying

?=3+42E—4u+ > >0

the origin is a hyperbolic equilibrium point with real eigenvalues +«a/2 of multiplicity 2.
Therefore, we introduce hyperbolic variables by means of the canonical transformation:

(q1,92,p1,2) = C~" (u1,u2, Uy, U2) (18)

where C is the real matrix:

1 1
va 9 Tz O
0 1 0 1
C= 2/a 2Va
Va 0 Va 0
0 Va 0 Va
The transformation (18) conjugates the Hamiltonian /Cg, to:
Ke(q,p) = —n+Y_Ky(q,p) (19)
=1

with:

«
K = ) (q1p1 + q2p2)

and, for all j, we introduce the representation:

m.__n
K2j: § Cmanq P,
m,neN?:|m|+|n|=2j

where m = (my,my),n = (ny,n;) are multi-indices and, following standard notation for multi-
indices, for any multi-index v € 72, we denote |v| = vy + 1.

The Hamiltonian K is given the Birkhoff normal form by a canonical transformation Cy,
defined in a neighbourhood of (g.,p.) = (0,0,0,0) (which is a fixed point of the transforma-
tion) conjugating K, to:

Q ~ ~
Ky (q.p) = —p+ 5 (@1p1 +42p2) + Ka(q,p) + -+ Kn (,p) + Rvs2 (4:) (20)

where the Taylor series of Ry in g, p starts with terms of order at least N + 2 and IA(] are poly-
nomials of order j in g,p (only the polynomials with j even number appear in the expansion)
containing monomials:

chindi" 45" Py’ @1
with m = (my,my),n = (ny,n,) satisfying:

ny+ny =m +mp. (22)
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The definition of the canonical transformation is defined following a standard procedure, which
we describe in detail in the appendix A.

Remark. The standard procedure which is described in appendix A is applied by setting
the parameters A\, A\, = /2, so that the divisors entering the definition of the generating
functions (62):

)\1(}11 —m1)+)\2(n2—m2) = (04/2) (I’Ll +n, —my —m2)7

are proportional to the integer n; + n, — m; — my. As a consequence, the resonant relation (55)
becomes the relation (22).

We consider the Hamiltonian which is obtained by neglecting the remainder Ry2(q,p) in
K (q.p):

A (0% N ~
K} (q,p) = —p+ 5 (qip1 + q2p2) + Ku(q.p) + ...+ K" (q,p), (23)

which will be called Bnf of order N. For example, at order N = 6 we have:

N o 1
K%(q,p) = —p+ = (qip1 + q2p2) — To (P192 — P291) (q1p1 + q2p2)

2
191 + D292
- @Toﬁ) [7 5(1—p) (qipt +43p3) +2p1p241g2 (6 — Tpa)
+(glp3+a3p7) (43 u)] _ o0

Higher order Bnf can be computed using modern computer algebra systems, with a symbolic
representation of the coefficients of all their monomials as a function of the parameters p, E.

The Bnf of any order N has the first integrals K (g,p) and J(¢,p) = q1p1 + qapa (this is a
direct consequence of relation (10) of all the monomials of the normal form), and is integrable
by quadratures. In fact, by introducing the canonical variables I;,0; (defined for I; > 0; for
I; < 0 obvious modifications are required):

) —0;
g5 =/Tie", pj=+/lie™"
the monomials of i(be are conjugate to:

/—Ilm1+n1 szernze(ml—nl)ele(mz_nz)gz: Tlm]er szﬁnze(m]—111)(91—92),

where the last equality follows from relation (10). With a further change to the action-angle
variables I,,1,,0,,6,:

Lh=0hL ,Lh=hL+L ,0,=0—6,, =06,

the Bnf is finally conjugate to a Hamiltonian hY (?1 b, 91) which is independent on 6,, and
therefore for any value of the first integral I, = J (g,p) can be studied as a reduced 1-degree of
freedom Hamiltonian system. Nevertheless, working out the explicit solutions for its Hamilton
equations by quadratures, which in particular requires finding the solutions of the equation:

HY (iljz,él) -0 (25)
in the form I, := I, (22, él) for any N, is cumbersome.

1
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3. A remarkable property of the Birkhoff normal forms

3.1. A permutation symmetry

We say that the polynomial F(g,p) of the hyperbolic variables g, p:

L
F(Qap) = Z Z C(m,n)qmpn (26)

=1 m,n: |m|+|n|=2¢
has the permutation symmetry if for each multi-index (m,n) = (m;,my,n;,n,;) we have:

+n|—2
-+ 220

C(m,n) = (_1) CW 5 (27)
where (m,n) = (ny,ny,my,m;) and o(,, .y = 1is my +ny is odd, o, ,) = 0 otherwise.
We denote by 1IF the expansion obtained by summing all the resonant terms of F:

~

IIF .= Z Z C(m,n)qmpn'
=1 |m|+‘n|:2f,m1+m2:"l+n2
We have the following:

Proposition 1. For any polynomial F(q,p) as in equation (26) satisfying the permutation sym-
metry, we have:

F(q,p) = (qip1 +q2p2) (c +12(q,p) + .- - +for—2(q,p))

where f(q,p) are homogeneous polynomials of degree j in the variables q,p.

Let us prove proposition 1. First, from the property (27) we have:

@) conymymy,myy =0 for any my,my with my+mp > 1. In fact, for ny =my,np =my,
equation (27) becomes:

o T(m. my+my—1
COmy,my,mymy) = (=1)7 (=1) C(my,ma,my,my) -

If mi+n =m +m is even, then (—1)°tn» =1 and (—1)"T™=1; if m +
ny=m +m is odd, then (—1)°=» =—1 and (—1)"*™ =—1. In both cases
we have (—1)7om+"3=5 = (1) (—1)m+m=1 = _1, from which it follows

C(m17m2,m27m1) = O
(ii) Consider any m,n with ny,ny # my,m; and m; +my = ny +n,. The two coefficients
Clmn)» €y satisfy:
Cony (Z1)" ey (1) = 0. (28)

In fact, since m| +m, = n; + np we rewrite equation (27) as:

C(mpn) = — (_1)0'"’” (_1)m1+m2 ¢

(m,n)
If my + ny,m, + ny are both even, on the one hand we have (—1)?t» = 1 so that:

my+my

Clmn) = — (_1) C(m,n)’

12
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as well as:

Clmn) (—l)m' + 07(_1)’“2 =0.

(m,n)

On the other hand, since m; + n; is even, we have (—1)" = (—1)7" = (—1)™, and so we
obtain (28). If instead m; + n;,m, + n, are both odd, we have:

Clmn) = (=pymt (mn)’
as well as:
Comm (1) = o) (-1)™ =0.
Since m; + n, is odd, we have (—1)"™ = —(—1)"" = —(—1)", and so we obtain (28).

We now show that (i) and (ii) imply that we can represent IIF in the form:

F(q,p) = (qip1 +q2p2) (c +12(q,p) + - .- +for-2(q,P))

where f;(g,p) are polynomials of degree j in the variables g, p.

In fact, in I F(g,p) we have all the monomials of F corresponding to m,n with m; + my =
ny +ny. If m,n =m,n, from (i) we have c(,, ,) = 0. If m,n # m,n we consider the sum of the
symmetric terms:

S(m,n) = C(m,n)qunlqigzpllllpgz + cwqqlzqglprlnngm P (29)
and prove that S, , is divisible by gipi1+qap>. Necessary condition for a polyno-
mial S(g1,42,p1,p2) to be divisible by (qip; + ¢2p2) is that the rational function S =
S(—qap2/p1,42,p1,p2) is identically zero. Since the ring of polynomials of four variables has
unique factorisation (see [22], p 153, 154), the condition is also sufficient. Let us therefore
consider the rational function:

Simn) = S(mm) (—q202/P1,92,P1,P2)

my _mo4my__ny—m 117+m1_|_
c

= Cmay (1) @3> " py M Py

(_1)"2 ni+ny my—ny

4 P

my—+ny

1%

(m,n)

Since the monomials of IIF satisfy m| 4+ m, = n; + n,, the powers of ¢,,p;,p> are the same
for both terms appearing in S, »), and therefore we have:

S(m,n) = (C(m,n) (_l)ml + C(m,n) (_1)”2) 6],2nz—"_m]pl]1]_m]pgz-"_mI .

By property (ii) the rational function S, ,) vanishes identically, and therefore the polynomial
S(m,ny in (29) divisible by q1p1 + q2p». Since IIF is the sum of polynomials (29), it is divisible
by q1p1 + g2p» as well, and proposition 1 is proved.

3.2. The Levi-Civita Hamiltonian has the permutation symmetry
In this subsection, we prove the following:

Proposition 2. Any truncation Zle K>i(q.p) of the Taylor expansion of the Levi-Civita
Hamiltonian K(q,p) represented with the hyperbolic variables q,p has the permutation
symmetry.
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From the definition of the Levi—Civita Hamiltonian and of the hyperbolic variables (g, p)
introduced in section 2, one directly checks that the terms:

[0
K, = 2 (q1p1 + q2p2)
api’pr  q1g°pa Q@p’ @ pips op @’
Ki= (- - +(- - +
8« 8a 4o 4o 8« 8«
2 2 2 2 3 3
L (ePir | 97 Q@PiP2 | 19202 _qp2 qUp
8« 8« 4o da 8« 8«

have the permutation symmetry (the symmetric terms have been grouped together; for all the
terms of K4 we have o, ,) = 1 and |m| + |n| = 4, so that (27) becomes ¢, ) = o))"

To prove the property for all the other terms K»; with j > 3, we introduce the parametric
function:

I
K20 (u; 1) = —Z(l — ) Toe | |ul?
> V1420 (8 = 8) + X2 uf?

and the Taylor expansion:

K20 (u; \) = Z NP (u).

j>2

We notice that P;(u) are polynomials in the variables u;,u; of degree 2j + 2: in fact, the coeffi-

cient of ¥V of the Taylor expansion of NESNT L BESUPTL which is a polymomial of degree 2/
uy—uy u

in u;,u (since in this function A multiplies 42,43 and A\> multiplies |u|*), is further multiplied
by |u|?). For A =1 we have:

K (4, U) = —p+ Ko (u, U) + Ky (u, U) + K26 (151) .
The composition of the functions X>® and ‘P; with the canonical transformation:
(u,U) = C(%p)

provides the functions K=°, P;:

K>%(q,p;)) =Y _NP;(q.p)
i>2

with Pj(Qap) = K2j+2 (Qap) for au] = 2.
For any (¢,p), by denoting with (u,U) := C(q,p), (41,42,P1,P2) = (P2,P1,92,91) and

(i1, U) := C(q,p), we have (it,U) = (—ua, —u1, U, Up) as well as:
K20 (it =X) = K2° (u; ),

and consequently:

D NPi() = N (=1YP;(@) -

i22 iz2
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By identifying the coefficients of the two Taylor expansions in A on both sides of the last
equation, we obtain:

Piu) = (=1) Py (@), (30)
as well as:

Pi(g.p) = (1) P;(p2,p1,42.41) - 31
From:

pj= > Cmmq"P",

m,n:|m|+|n|=2j+2

by equating the coefficients of the same term ¢”p" from both sides of equality (31) we obtain:

Jm|+|n] 2
2

Clm,n) = (_1>ch = (_ CW ’ (52)

Since the polynomials P; depend on the u only through u?, 43, in the corresponding polynomial
Pi(q,p) = Kaj42(q,p) there are only monomials c(,, ,y¢"p" where m; +ny,m; +ny are even
numbers, and 5o o, ,y = 0. Therefore, equation (32) can be rewritten as:

n|—2

- ||+
Clmy = (=1)700 T e (33)

as it is required by (27). Therefore we have proved proposition 2.

3.3. The Birkhoff normal forms of the Levi-Civita Hamiltonian have the permutation symmetry
In this subsection, we prove the following:
Proposition 3. The Bnf (23) of arbitrary order N have the permutation symmetry.
from which, using also proposition 1, we get immediately the following:
Corollary 1. The Bnf (23) of arbitrary order N are divisible by qip1 + qap».
Consider any couple of functions:

F:Z Z Cmmq"P"

JZ 1 |m|+|n|=2j
F=2 > Cund"p"
JZ 1 |m|+|n[=2
having the permutation symmetry, and the generating function:
— C(ma”) m,n
Xo = Z %(|m|_‘n|)q P
[m|+]n|=2i,|m| #n|

which is constructed from the coefficients of the monomials of degree 2i of the function F. We
prove that {F,x,, } has the permutation symmetry. It is sufficient to prove that, for any j > 1,
by considering:

Fy= > Cand"r"
jil+rI=2
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the function {F5;, x, } has the permutation symmetry.

We have:
F E‘(’7',71)6('11,n)
{F2j7X2i} = Z Z A
[m|+|n|=2i,|m|#|n| || +|7|=2) 2 (|m| - |”|)
X {(ﬁun] — mlﬁl)quﬂl-i-ﬁu—lqrzﬂz-‘rrthi]?l-‘rﬁl—lp;z.;-ﬁz
+ (many — manty) q'1"1+rh1 qgl2+i712—lprlll+ﬁ|pgz+ﬁ2_1:|
- Z Z [Pony, .5 + Q. ()] (34)
|m|+|n|=2i,|m|#|n| |m|+|7|=2j
where:
Clini C 3 i - ) . )
P(m,n),(rh,ﬁ) = % (myn fmlnl)q’lnl-&-ml 1 qg12+m2p;111+n1 ]p;ﬁ'nz
2
CiiniC R ) i - ) N
Qmn), (i) = % oy — maiiy) M a1 pm o4 ot =1
2

The double sum in (34) can be rearranged as the sum of couples of symmetric monomials

Py iy = € 5"p)" P and Qs s 1= nah gy pipl! satisfying:
M)+ |N| 2
§= (-, (35)

which implies that {F}, x, } has the permutation symmetry.

To see why, consider m,n,m,n such that (m,n) # (m,n) and (/m,n) # (fm,7) (otherwise
C(in,i)C(m,n) = 0 and there is nothing more to prove), and the term:

Cin,ii) € (myn)

Py, (i) = & (amy — mufiy) g " gt p T plt s
(m,n), (1) 5(|m|_|n|) 1 2 1 2
=&q\" gy pY' 5" (36)

where we denote:

My =m +my —1,My =my +my,Ny =ny +n; — 1,Ny =np + 1. (37
and:

¢ i) C(m,n ~ ~
fzw(mln]_m,m), (38)

5 (Jm]| = nl)

We consider the symmetric term:

Q0 _ Sy - ~ Mot A —1_mading my+ig—1
G ) ([ — ) 1 ) R
= n4\*d5'pi"py" (39)

where M, M,,N,N, have been defined in (37), and:

(i) € (mon)

c
N = o (imy —nymy).
S (In| = |ml)
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Since F, F satisfy the permutation symmetry we have:

||l L | =4 S )

f _ (71)U(mm)+o(ﬁl,ﬁ)+
5 (Jm| = |n|)

(ming —myny)

=(-1 )"(nm) +o g+ M2

We have the two possibilities:

— if m; + n; and my 4 ny are both even or both odd we have (—1)"<"u">+‘7<fﬂ=ﬁ> =1;M+N, =
my +my +ny + iy — 2 is even and therefore: (—1)7n TG = (—1)70m

— if my +ny is even and my + 1y is odd (or my 4+ ny is odd and m; + 1y is even), we have
(=1)7mmto@n = —1; My + Ny is odd therefore (—1)7eunToG@n = (—1)70m

Therefore we have:
|M] 4 |N| 2
2

€ = (-1

Since the Birkhoff normal forms are constructed with Lie series of functions having the
permutation symmetry (and the generating functions are constructed from the coefficients of
functions having the permutation symmetry) the Bnf of any order N has the permutation sym-
metry and proposition 3 is proved.

4. A different Hamiltonian representation of the Birkhoff normal forms

Since the Bnf of any order N has the permutation symmetry, it is divisible by J(gq,p) = qi1p1 +
qop2, 1.e. we have:

“ o “ “
K} (q,p) = —p+ B} (q1p1 + q2p2) +Ka(q,p) + ...+ Kn(q,p)

= —u+(q1p1 +q2p2) k(q,p)

where:
o
k(g.p) = 5 +ka(q,p) + .- +kn-2(q.p)

and k; are polynomials of order j in the variables g,p. We remark that all the monomials
of k(g,p) satisfy the resonant relation m; +my = n; +n, and moreover we have: {k,K¥} =
k{k,J} = 0. Therefore, both functions J(q,p),k(q,p) are first integrals of the Bnf.

Let us consider the Hamiltonian flow of the resonant Bnf of order N with initial conditions
satisfying K¥(¢(0),p(0)) = 0. The Hamilton’s equations of K% have the form:

Ok
7i = qi k(q, J(g,p) — , i=1,2
gi = qi k(q,p) +J(q,p) oy

) Ok .
pi = —pik(q,p) —J(q,p) 9 i=12

and therefore the solutions with initial data satisfying

k(q(0),p(0)):=A, J(q(0),p(0)) :=n=4af,

17
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satisfy also the Hamilton equations of:

H(q,p) = Aqip1 + qop2) + 40 (k2 (q,p) +ka(q,p) + - - +kn-2(q,P)) - (40)

The condition KY(g(0),p(0)) =0, equivalent to 4aAQ = y, excludes in particular the
cases* A =0 and Q = 0. We therefore proceed by considering the case Q2 # 0 and we rep-
resent Hamiltonian (40) in the form:

H(q,p) =h2(q,p) +ha(q,p) + ...+ hn-2(q,p)
with quadratic part (see equation (24)):
hy := A(qip1 + q2p2) + Q2(p2g1 — p1g2)
and hyj(q,p) = nkyj(q,p) = 4aldky(q,p) for j = 2.
The origin (g,p) = (0,0,0,0) is an equilibrium point for the Hamiltonian flow of , with
characteristic exponents:
+A+iQ
so that the equilibrium is of focus-focus type. We therefore proceed by defining a second

Birkhoff normalisation of # using the focus-focus character of (g,p) = (0,0,0,0).

4.1. The focus-focus Birkhoff normal forms

We first define the symplectic linear transformation:

7 = Pl\;ipz Cpi= Qz\%Ql
gt R, e (41)
V2 V2

which conjugates H to

H:=hy(Q.P) +ha(Q,P) +...+hy-2(Q,P) (42)
where:

hy = (iQ— A) Q1P| — (i + A) 0, P, (43)
and, forj > 4, izj is a polynomial of degree j containing only monomials

corm @) QP Py’ (44)

np

with M + M, = N; + N». In fact, any monomial ¢}" ¢52p'' p5* is conjugate by (41) to the poly-

nomial:
(P] P2>m' (l.Pl +P2)m2 (Qle)n' (l.Ql Jer)”2
V2 V2 V2 V2 ’

which is a sum of terms proportional to the monomials:

i1 pmi—j1 pi2 pM2—J2 fyit ;y1 —it iz Y2 —i2 _ HMi1 AM2 pNi pN2
PIIPZ PIPZ QIIQZ 1Q1Q2 _Ql Q2 P]IVPIZV

4 The case AQ =0 is ruled out also if we consider the equation Kﬁ(q,p) =0, where K’g’(q,p) is the complete
Hamiltonian (8) including also the remainder Ry4>), by assuming a a mild condition on N (see appendix C for
details).
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with My =i +iy,My = ny +ny — iy — iz, N1 =j1+j2,No =my +my —ji —j2; from my +
my = n; +np we have My + M, = Ny + N,.

The Hamiltonian  is in the suitable form to apply a sequence of Birkhoff normaliz-
ing canonical transformations following the procedure which is described in detail in the
appendix A, by setting the parameters A\; = i§2 — A, A, = —if2 — A, so that the divisors enter-
ing the definition of the generating functions (62) are represented by:

A (Ny = M)+ X (N2 —My) =iQ2(Ny — Ny + My — M) — ANy + N, — My — M) . (45)
For M, N satisfying M| + M, = N; + N,, the resonant relation (55) becomes:

Al (Nl —M1)+)\2(N2—M2) :iQ(Nl —N2+M2—M1) =0

which is satisfied if and only if Ny = M| and N, = M,.

Therefore, we have the opportunity to construct a non-resonant Birkhoff normalisa-
tion, i.e. a finite sequence of Birkhoff elementary canonical transformations conjugating
Hamiltonian (42) to a Hamiltonian of the form:

HY(Q,P) = (i — A) Q1P — (i2+ A) Q2P + h(Q1P1,0:P>) + Ry (O, P) (46)

where iz(] 1,12) is a polynomial in I} = Q; Py, I, = Q,P, containing monomials of degree ran-
ging between 2 and (N — 2)/2, and Ry(Q, P) has Taylor series starting at order N.

Therefore, the Bnf which is obtained by neglecting in (46) the terms of order larger than
N — 2, is integrable since it contains only monomials satisfying M; = N} and M, = N,, i.e. it
depends on the variables Q, P only through the actions I) = QPy, I, = Q»P».

Remark. Even if the small divisors (45) are proportional to €2, which may be very small, the
generating function (62) x4 is defined from the polynomial /4 which is the sum of monomials
proportional to €2 as well. Therefore 4 is independent of ) and the Lie series:

3 jl!z:g(ih -y jl!cfx;l (Ko — ).

j>1 =1
1, s

D 2L, (22

=0/

are the sum of monomials proportional to 2. The argument is repeated at all orders. Therefore,
at any step of the sequence of Birkhoff normalisations we have generating functions which
are independent on {2, A, and the Lie series produced by the normalisation depend on these
parameter in straightforward way. This means that we do not need to introduce A, ) as addi-
tional parameters (beyond a straightforward multiplicative factor) to compute symbolically the
Birkhoff normal forms of Hamiltonian .

4.2. The Hamiltonian flow of the focus-focus Birkhoff normal form

By neglecting the remainder from Hamiltonian (46) we obtain the integrable Hamiltonian:
HY(Q,P) = (iY— A) O\Py — (i2+ A) Q2P + h(Q1P1,0:P5) 47)

which in particular is Poisson commuting with I} = Q\Py, I, = Q»P. Since I,I, are first
integrals, the Hamiltonian flow of (47) is represented explicitly by the formulas:

Qi (1) =0;(0)e"™ | Pi(1)=P;j(0)e ™7 | j=1,2 (48)

19
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where:

.0

Rj=or (('Q—A)Il - (iQ+A)12+iz(11,Iz))

=1 ©0),1=1(0)
The representation of the solutions is now complete. For example, for N = 8, we have:

HY(0,P) = (i2 — A) Q1 Py — (iQ+ A) 02P>

327;3 ((PIOT+P303) (3 — ) +4Q1P10:P2 (1 —2p))

+

i 3
+ s [(5=3m) (P03~ PI0}) - § (95— 178u+750°) (PIOIP202 — P1QIP3Q3) |

Remarks. (I) For each order of approximation, the Birkhoff normalisations and the paramet-
ers of the focus-focus dynamics (48) are represented by polynomials whose coefficients
can be computed iteratively by a computer algebra system (see appendix B, for the gener-
ating functions of the Bnf of order N = 6).

(IT) Solutions (48) of the Hamilton equations of the focus-focus normal form ﬁ]fg (Q,P), when
mapped back to original regularizing variables u, U, can be compared to solutions of the
CR3BP using the methods of Hamiltonian perturbation theory. In fact, while all the trans-
formations of variables from the original variables u, U to the focus-focus variables Q, P
conjugate solutions of a Hamiltonian system to solutions of another Hamiltonian sys-
tem as long as ||(Q(7),P(7))|| remains smaller than a suitable positive Ry, two sources
of errors have been introduced when we neglected the small remainders in the first
and second Birkhoff normal forms (precisely, we neglected the small remainder Ry in
Hamiltonian (46) and the small remainder Ry, in Hamiltonian (20)). These errors can
be controlled analytically using the Gronwall Lemma (see, for example, [36]), as explained
in appendix C.

5. Numerical demonstrations

In this section we provide some numerical demonstrations of the application of the Birkhoff
normalisations described in the previous sections. The goal is to show the effectiveness of
the representations provided in this paper for some realistic choices of the parameters u, E. A
systematic investigation of the effectiveness of the method for a wider range of applications is
left to a further paper.

The most important parameters of the problem are the mass parameter p and the value E of
the Hamiltonian characterizing the close encounter. We consider two numerical values for the
mass parameter 4 = 1073 and p = 3. 10~® which are representative, up to a small correction,
of the three-body problems which are defined by considering the couples Sun—Jupiter and Sun—
Earth as primary bodies respectively. The method considered in this Paper applies to the fast
close encounters, whose parameter E satisfies inequality (2). Since the parameter A = /2 > 0
appears in the denominators of the coefficients of the Bnf (e.g. see equations (36) and (39)),
the values of « close to zero (and in general /2 € (0,1)) imply larger coefficients of the
monomials of the Bnf as well as larger errors in the representation of the solutions transiting
at a given distance from P,. Therefore, we consider the value of E = —1.35 which is close to
the limit value ov =0 (precisely the small divisor in this case is a/2 ~ 0.27); the results are
expected to improve for larger values of E.

20
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For each value of 1, we choose an initial condition u(0), U(0) well inside the Hill’s sphere of
the secondary body and we numerically compute its orbit for positive and negative times; this is
equivalent to consider orbits having a close encounter with P,. The orbits corresponding to the
selected initial conditions are computed by numerically integrating the Hamilton’s equations
of the Levi—Civita Hamiltonian using an explicit Runge—Kutta algorithm of order 6, with a
very small integration time step of 7 = 107>, and extended floating point numerical precision
(the absolute value of the regularised Hamiltonian remains smaller than 3.5 10~'°).

The numerically computed solutions will be used to check the conservation of the integ-
rals of motions of the first and second Birkhoff normal forms, and compared with the solu-
tions provided in parametric form by the equation (48). Two orbits, numerically computed
for positive (black curve) and negative times (red curve), are represented in figure 1 for the
case it =3 107% and ;. = 1073 respectively. The time variations of the semi-major axis a and
eccentricity e are reported in figure 2: we appreciate that there is a sharp variation of a, e in
both cases, associated to the close encounter; in the case of the smaller mass value 4 = 3 10-°
the variation is almost stepwise.

These orbits are then analysed using the Birkhoff normalisations described in sections 2
and 4. The canonical transformations and the normal form Hamiltonian I:III}’ are computed by
implementing with a computer algebra system the algorithm described in appendix A. The
implementation of the Birkhoff transformations requires:

e the computation of Taylor expansions of functions up to a given polynomial order N;

o the computation of the generating functions y; from the Taylor expansion of the Hamiltonian
represented with the hyperbolic variables;

e the computation of the Lie series defined by x; up to the degree N.

The operations required by these three steps are performed by several available computer
algebra systems. The implementation can be symbolic, i.e. the coefficients of all the monomi-
als are given as functions of the parameters p,a (and no floating point approximations are
introduced), or numeric, i.e. for a given value of u, « the coefficients of all the monomials are
given as floating point numbers. The second choice allows to reach larger orders N. A sym-
bolic implementation has been executed up to N =20; a numerical implementation (where
u, E are treated as floating point numbers) has been executed up to N =30, and this is the
procedure whose results are reported below. In the numerical implementation the generat-
ing functions and the Birkhoff normal forms Hamiltonians are computed as polynomials with
floating point coefficients. The canonical transformations, which are the flow at time 7= 1
(or 7 = —1 for the inverse) of the generating functions, can be also represented by polynomi-
als. The direct numerical evaluation of these polynomials along the flow is computationally
expensive; a less expensive evaluation (which is used in the computations described below) is
obtained by numerically computing the Hamiltonian flow of the generating functions using an
explicit Runge-Kutta algorithm of order 6 with 100 steps (further details about the numerical
implementation are provided in section 5.1).
For each orbit:

e We compute the function

IV = qip1 + @2p2

along the numerically computed orbit for different orders of the first Birkhoff normalisa-
tion ranging from N =2 (no normalisation) up to N = 30. We also check the conservation
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of the actions Q; P and Q, P, for different normalisation orders of the second Birkhoff nor-
malisation (which are implemented from the first Bnf of order N = 30). Since the real and
imaginary parts of Q P, Q,P, are proportional to g;p; + g2p» (which is already conserved
up to order N = 30 from the first Bnf) or g;p» — g2p1, and in particular we have

q1p1 +q2p2 | .P192 — P2q1
— > +1 > ,

O\P =
we just need to check the conservation of
W =S (01P)

along the numerically computed orbits (N refers to the order of the first Bnf, N to the order
of the second Bnf). The relative variations of JV, WMV are represented versus the distance
r = |u|* from the secondary body, providing us an estimate of the error which we have at
some distance from P, using different normalisation orders. In fact, the approximation of
the solutions of the three-body problem with the solutions of the Hamilton’s equations of
Hamiltonian (40) during the transit inside a sphere centred at P, of radius p is justified if
the variations of the function JV, W"¥-" remain extremely small during the transit, possibly
smaller than the numerical precision.

— For the same initial conditions of the numerical integrations we also compute the solution
provided by the parametric representation of equation (48) (mapped back to the original
Levi—Civita variables u, U). The difference between the parametric and the numerical solu-
tion is represented versus the distance |u|? for different normalisation orders.

During the fast close encounters, the orbits have a sharp change of the semi-major axis and
eccentricity (see figure 2). In the left panels of figures 3 and 4 we represent the relative
variations:

_ M@ (®).p() =77 (4(0),4(0)]

¥ (4(0),4(0))]
for different orders of the first Birkhoff normalisation ranging from N =2 (no normalisation)
up to N = 30, computed during the close encounter occurring from initial time until P reaches a
distance r = 0.1 from P,, for the orbit of the case ;» = 3 10~ (figure 3) and ;1 = 1073 (figure 4).
The relative variations are indeed extremely small for N =30 (~ 1071) up to r ~ 0.02 for
both orbits, with a possible improvement which still could be obtained by considering larger
values of N. In the same panels we also report the relative variation of W¥-V, computed after
the N =30 normalisations of the first Bnf:

[W¥N (g (1),p (1) — WM (g(0),4(0))|
[WN-N(q(0),4(0))]
which is very small up to r~ 0.02 already for N =10 (figure 3) and N =16 (figure 4)

respectively.
In the right panels of (figures 3 and 4) we represent the distance:

DIST = || (x" —x",y" —y") | (51

DJ

(49)

DW =

(50)

in Cartesian variables (x, y) between the solutions (x",y") computed by numerically integrat-
ing the Hamilton’s equations of the Levi Civita Hamiltonian and the solutions (x”,y") provided
by the parametric representation (48): the distances are smaller than 10~'¢ up to r = 0.02.
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Figure 2. Representation of the time evolution of the semi-major axis a and eccentricity
e for the orbits represented in figure 1: the top panels refer to the case = 3 107°, the
bottom panels to the case p = 107°.

5.1. Numerical tools

The sequence of functions Y, generating the canonical normal forms which conjugate the
Levi—Civita Hamiltonian to the saddle-saddle Birkhoff normal forms (see appendix A) and
then to the focus-focus normal forms, as well as the normal form Hamiltonians, are com-
puted using the algebra system provided by the software package Mathematica. Within the
program, all the functions are represented as polynomials in the variables ¢, p (or Q, P), whose
coefficients can be expressed either by explicit functions of the parameters p and « (sym-
bolic representation) or by floating point numbers, for given values of x and « (numerical
representation).
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Figure 3. Left panel: relative variation DJ (defined in equation (49)) computed for the
same orbit of figure 1, top panels (case ;=3 107°) represented versus the distance
ri= \u|2 from P, for N =2 (black) and the improvements provided by the Birkhoff
normalisations with N =8 (gray), N = 16, (violet), N =30 (green). The blue line rep-
resents instead the relative variation DW (defined in equation (50)) computed for
N =30,N = 10. Right panel: variation of DIST (defined in equation (51)) represented
versus the distance r := |u\2 for N,N = 2 (black) and the improvements provided by the
Birkhoff normalisations with N,N =4 (gold), N,N = 10 (light blue), N = 30,N = 14
(green).

Apart from the elementary algebra, the normal form computations required: the symbolic
computation of the derivatives of any function (which are needed to define the Taylor expan-
sions as well as the Poisson brackets and Lie derivatives) and the Replace command (which
is used to compute the compositions of functions; each composition is then replaced by its
Taylor expansion computed up to order N + 2). The factor (g, p) of the resonant normal form
kg is computed by processing the polynomial representation of the normal form with the
Mathematica command Factor. Then, the product of functions J(g,p)k(g,p) is processed with
the Mathematica command Expand to check the correspondence of —p +J(gq,p)k(g,p) with
the polynomial representation of kg The coefficients of the generating functions Y, of the
normal form Hamiltonians and their derivatives have been then exported to external ASCII
files using the Mathematica commands FortranForm and Export, so they could be used by
programs written in Fortran.

The other numerical results were obtained using numerical computations performed with
the GNU Fortran f95 compiler.

6. Conclusions and perspectives

The method presented in this paper allows to compute the close encounters with the secondary
body of the planar circular restricted three—body problem using integrable dynamics approxim-
ating the regularised Hamiltonian at any order N of its Birkhoff approximations. The numer-
ical implementations of the method show that it indeed can be applied to problems whose
parameters are compatible with important Solar System three-body problems, with errors on
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Figure 4. Left panel: relative variation DJ (defined in equation (49)) computed for the
same orbit of figure 1, bottom panels (case p = 1073) represented versus the distance
ri= \u|2 for N =2 (black) and the improvements provided by the Birkhoff normal-
isations with N =8 (gray), N = 16, (violet), N =30 (green). The blue line represents
instead the relative variation DW (defined in equation (50)) computed for N = 30,N =
16. Right panel: variation of DIST (defined in equation (51)) represented versus the dis-
tance r:= |u|* for N = N = 2 (black), and the improvements provided by the Birkhoff
normalisations with N, N = 4 (gold), N, N = 14 (light blue), N = 30, N = 14 (green).

the predicted orbits which can be reduced below the round-off approximation. Therefore, it
provides a Hamiltonian integrator of the close encounters as a single step.

We have therefore the opportunity to compare the output of numerical integrations with
these Hamiltonian dynamics to confirm their correctness when they agree below a precision
threshold. In fact, there is no way to state the correctness of the numerical integration of a
close encounter, apart from the necessary conservation of the Hamiltonian (which implies the
approximate conservation of the Tisserand parameter before and after the close encounter).

Let us discuss the directions of future investigations aimed at establishing the boundaries of
the method’s applicability. The numerical tests presented in this paper (which are concerned
with two values of the mass ratios, representative of the Sun—Earth and Sun—Jupiter cases,
the value of £ := —1.35, and N = 30) already provide an indication of the applicability of the
method to study the planetary close encounters (since all the planets of the Solar System have
mass ratio smaller than Jupiter) for values of E > —1.35; possible improvements of the preci-
sion can be obtained by further increasing the order N of normalisations. In future research,
applications of the method for a full range of parameters j, E which are relevant for Solar
System applications will be investigated: on the one hand, it would be interesting to know
which is the lower value of the energy E for which the method applies; on the other hand it
would be interesting to know if the method applies also for larger values of the mass ratios, pos-
sibly including the Earth-Moon case. From preliminary results obtained for the Earth—-Moon
case (and E := —1.35) we still appreciate a reduction of the errors for increasing values of
N, but the error obtained with the best normal form currently available (i.e N = 30) is above
the required precision (for N =30 we obtain an error in the conservation of J(q,p) of about
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5.1077 at | P — P,|| = 10~2). Therefore, current results are compatible with a possible applic-
ability of the method also to the Earth—-Moon case, which however needs an increment of the
implementation to significantly larger orders N to receive confirmation.

Also, in view of applications, future research will be devoted to consider the implications of
the present results for the dynamics of models which are more representative of the dynamics
of a realistic model of the Solar System.

Data availability statement

There are no external data used for this research. The data that support the findings of this
study are available upon reasonable request from the authors.

Acknowledgments

The author thanks Profs. E Detomi and A Lucchini for presenting to me the sufficient condition
for the factorisation of polynomials of four variables. He also acknowledges the project MIUR-
PRIN 20178CJA2B ‘New frontiers of Celestial Mechanics: theory and applications’.

Appendix A. Definition of the Birkhoff normal forms for 2-degrees of freedom
Hamiltonians

Consider the two-degrees of freedom Hamiltonian system of the form:

H(q,p) =hy(q,p) +ha(q,p) +he(q,p). ... (52)

where:

h2 (q,p) = Miqip1 + Aaqapa,

and the functions %,;(q, p) are polynomials of degree 2;.

For any even number N > 4, we apply iteratively a finite sequence of canonical transform-
ations, called Birkhoff normalisations, whose composition is a close to the identity canonical
transformation defined in a neighbourhood of (¢,p) = (0,0,0,0) (which is a fixed point of the
transformation), conjugating H to

H" (q,p) = 1> (q.p) +ha(q,p) + ...+ hn(q,p) + Ru+2(4.p) (53)

where Ry, is a series in g, p starting with terms of degree at least N + 2 and the izj are poly-
nomials of order j in ¢,p (only the polynomials with j even number appear in the expansion)
containing monomials:

N ah Py Py (54)
with m = (my,my),n = (n;,n,) satisfying:
A (g —my) 4+ Ay (ny —my) = 0. (55)

The Hamiltonian which is obtained by neglecting the remainder Ry2(q,p) in H¥(q,p):

HY(q,p) = hy(q,p) + ha (q,p) + ...+ hy(q,p),
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will be called Birkhoff normal form of H of order N. The Birkhoff transformations and the
transformed Hamiltonians can be computed explicitly with a computer algebra system, by
representing them with the Lie series method (for a modern presentation of the Lie series
method we refer to [14]), following the procedure described below.

The Birkhoff normalisation of Hamiltonian (52) is obtained, for any N > 4, with a canonical
transformation Cy defined as the composition of a sequence of canonical Birkhoff transform-
ations:

(@:p) = (42,02) = (69.p9) > .= (q™,p™) (56)
where each elementary transformation:
(qV2.p" ) =) (gV,p")) (57)

is the Hamiltonian flow <I>;<J at time 1 of a Hamiltonian y,, which is polynomial of degree J.
The elementary transformations (57) can be computed explicitly as the Lie series:

(= [eLxJ(} (q(1)7p(f)) = (/—l—{(,xj} <q(J)7p(J)) +%{{C7XJ}7XJ} (6](]),]7(1)) I (58)

where L, = {-,x,}, and (,¢’ denote any couple of variables g2 qY or pV=2 pU) The
Hamiltonian H®) := H is conjugate to the sequence of Hamiltonians H*), ..., H) which can
be computed as Lie series as well:

HY) = e V=2, (59)

and the iteration ends for / = N. The aim is to define the generating functions X, such that, at
any step J, the intermediate normalised Hamiltonians:

IS

HY =+ H) + > ) (60)
j=2 i=+2)/2

) (

have the property that ngj and IEIZJ{) are polynomials of degree 2j, and moreover Hg) contain

only monomials satisfying:
Al (I’l] —I’I’l1)+/\2 (I’lz—l’l’lz) =0. (61)

We suppose that the Hamiltonian has been normalised up to given J > 2, and we define the
subsequent normalisation with a generating function x,,, which is polynomial of degree J + 2.
Therefore, from equations (58) and (59), and the representation (60), we have:

J
2
HOD — iy S HS + ({h2xs } + HL ) + 0 +4),
i=2

whose term of degree J + 2 is {h, x,., } + 1:1522 By denoting with a,%)}mzy,,l md1" gy Py py the

monomials of Hﬁ)z, and defining the generating function Y, , by:

()
— E : am17m27"17”2 mp _mp . nj._np 62
XJ+2 [}\1 (m]*n])ﬁ’)\z(n’lZ*nz)} Q] q2 p] p2 ( )

(my,ma,ny ) ELF
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where:
2
ﬁj: (ml,mg,nl,nz)6D\I4:Z(n,~+mj):J, and )\1 (ml—nl)—|—)\2(m2—n2)7§0 s
j=l1
we have
{hz,Xj+z} +I~1§{22 = 1’[1':1522 = Z a%l,qmp". (63)

myn:|m|+|n|=J+2, 1 (n1—my)+X2 (n—my)=0

Therefore, H*?) is normalised up to degree J -+ 2. Since the generating function y , 1s poly-
nomial of order larger than 4, its flow at time 1 is close to the identity and has the origin
(¢,p) = (0,0,0,0) as a fixed point.

Appendix B. The Birkhoff normalisation for N =6

The saddle-saddle Birkhoff normalisation of order N =6 is obtained using the generating
functions:

_pilpa ple piple | pae  pe’ | pla pa’ pag’

X4= g2 8a? 8a? * 8a? + 8a? 8a? 8a? 8a?
2.2 2 3.2 2.2 2 2.3
o= Prprar Op=11)  3piprgi(p=1)  prpra Op—11) 3pi'prgx(p—1)
6 32at 32at 32at 32at
Lt (e=1) o pipet(p=1) | ppeaia2(Bu=2)  3pypaga (n—1)
640t 64a* 8ot 64a*
2 2 2 4 2 2 4 5
Lt (=9  Lpige(p—1)  15prg(p—1)  3p7q(p—1)
32a4 64a* 64a* 64a*
L2l Gu=T)  pet (=3 p*(p=1)  pip2’919:(p=2)
640t 6404 19204 8at
C3pipta (p—1) +1)11)26/13(12(2—3/0eruvquqf (2—3u)+31’1q136122(/~t—1)
6404 8at 8at 32a4
_3pad (n=1) | 3paiat (p=1) | pra’eet (11=9p) | paar* (7= 3u)
6404 6404 32a4 64at
fa*Bu— 15p 2 (u—1)  15p > (u—1)  3ps° -1
L P Bu=T)  15pg(p= 1) 15pp (p=1) | 3p2qa(p—1)
64a4 640 64a4 640t
_pi(p=1) | 3paa’@ (=) | 3paitaa(p—1)  3pag’(n 1)
19204 32a4 640 640t
2 4 4 2 6 6
_ate (=) glfe(u=1)  qlk=1) g (u—1)
64a” 64a” 19204 19204
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The focus-focus Birkhoff normalisation of order N = 6 is obtained using the generating func-
tions:

_15iP°Q¢ % (u—1)  15iP Q)% (u—1)

X4

3202 3202
U ISiPPP0C (1) T5iP2P201Q2% (u— 1) 45PPP2Qy° (1 — 6+ 5)
X6 = 12803 - 12803 - 256a%
15iPP01%0x (n—1)  45P10105% (1 — 6 +5)  175iP305° (u— 1)
B 12843 25604 B 38403
75iP\ P20 20y (n—1)  45P1P*Q0° (1 —6p+5)  15iP P20 (u—1)
12843 B 25604 B 12843
45P,*01° 0, (u* — 61+ 5) N 175iP23 0% (1 — 1) . 15iP3 010, (11— 1)
25604 38403 12803

Appendix C. Error estimates through the Gronwall lemma

In this appendix we describe how a standard application of the Gronwall lemma (see, for
example, [36]) together with an estimate of the time intervals characterizing the close encoun-
ters allow to bound the errors which are introduced when we neglect the small remainders of
the Birkhoff normal forms (20) and (46).

Consider any Hamiltonian of the form:

k(q,p) =ka(q,p) +ki(q,p) + ... +k;(q,p) + Ryy2(q,p)

where k; are homogeneous polynomials of degree j and C,R > 0 are constants such that for
any p € [0,R] we have’:
sup  max{|Ryy2(¢:p) |0 Xrt2(q:p) |} < Cp"™*? (64)
l(@.p)lI<p

where X, denotes the Hamiltonian vector field X;,, of R,1,. Let (¢(7),p(7)) be a solu-
tion of the Hamilton equations of k(g,p) satisfying ||(¢(7),p(7))|| < p for all 7 € [0,7], and
(g(7),p(7)) a solution of the Hamilton equations of

k(q,p) = k2 (q,p) +ka(q,p) + ... +k;(q,p)

with (g(0),p(0)) = (¢(0),p(0)) satisfying ||(g(7),p(7))|| < p for all T € [0, T]. As a standard
application of the Gronwall lemma we obtain:

g (),p(1)) = (q(7),p()) || < Aiﬂ”l [ —1] (65)

3 In the analytic setting, when Ry is a Taylor series in the variables (g, p) starting at degree J + 2, inequalities (64)
follow from standard Cauchy estimates.
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where ); is a Lipschitz constant for the Hamiltonian vector field of k in the ball of radius R.
Estimate (65) allows to compare the solutions of the Hamilton equations of Hamiltonians (11)
and (20), as well as the solutions of the Hamilton equations of Hamiltonians (47) and (46)
expressed using the real variables (g, p) (see equation (41)). Let us discuss, for example, the
comparison of the solutions of the Hamilton equations of Hamiltonians (47) and (46) for a
given value of « and N (the other comparison is indeed very similar).

Using equation (48), one first estimates the time 7 characterizing the close-encounter as
follows. Each solution (¢(7),p(7)) of the Hamilton equations of (47) transits through a set
lqll,Ip]l < p in the time:

(L) = L (66)

where A = |RA1| and I, = QP is the complex action of the focus-focus dynamics, which
in particular satisfies |1;| > |J(g(0),p(0))|/2 = 2af2. Since the initial condition is on the zero
level set of the complete Hamiltonian (20), we have:

11— 4a0A| < [ Ryl (67)

By assuming the mild condition on p, N ensuring ||Ry+2]|| < p/2, on the one hand we rule out
the possibility of AQ2 = 0, on the other hand we obtain:

o

1| > .
1| ik

Therefore, the right-hand side of inequality (65) is bounded by:

>

2k
€ i {e?ln“f—l} < S <2A”2) " (68)
/\]} /\i{ 12

In the analytic setting, using standard estimates and inequality (67), one proves that for suitably
small p the constants \;, A, A are close to cv/2, making the dependence on p and y of the left-
hand side of inequality (68) completely transparent.
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