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1 Introduction

Defects in a quantum field theory (QFT) or in statistical lattice models and quantum
spin systems are broadly defined as inhomogeneities localized on submanifolds of positive
codimension, and appear in a variety of physical settings, with the codimension 1 case playing
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the distinctive role of interfaces between different theories. A more specific notion is the one
of topological defects, which are assumed to be invariant under continuous deformations as
long as the deformations do not move the inhomogeneities past other defects or field operator
insertions. Historically, in particular in the context of 2d QFT, topological defect lines (TDLs)
have been studied in Conformal Field Theories (CFTs), where conformal invariance provides
a very restrictive framework, even more so for Rational CFTs (RCFTs), because of their
connection to Boundary Conformal Field Theories (BCFTs), twisted boundary conditions,
and orbifolds [1–10]. However most recent developments stem from the realization that, in
QFT with generic dimension d, topological defects provide a natural generalization of the
notion of group symmetry, with the group elements corresponding to topological defects of
codimension 1 across which the value of field operators jumps by the respective symmetry
actions. This picture has naturally led to considering both “higher-form symmetries”, realized
by topological defects of higher codimension ( see e.g. [11]), and “non-invertible symmetries”,
corresponding to topological defects which cannot be fused with another topological defect
to produce the trivial defect. In two dimensions, the group structure is in the latter case
generalized by the one of fusion categories [12–15]. The classical example of fusion category
symmetry is the Ising one, defined by three simple TDLs: the trivial defect, the Z2 Ising
symmetry and the “Kramers-Wannier” duality defect in the Ising model [16–19], which relates
spin correlators in the Ising model at some inverse temperature to disorder/twist correlators at
the Kramers-Wannier dual inverse temperature. TDLs have been widely studied in RCFTs [1–
10], gapped boundaries of (2+1)D topological field theories, and anyon chains, and found to
encode nontrivial topological information about a theory, such as constraints on the operator
spectrum of CFTs and renormalization group flows in gauge theories [20]. Non-invertible
topological defects can also be considered in higher-dimensional theories where they also
provide relevant information about the dynamics, so that they are by now considered a tool of
paramount importance in unraveling the non-perturbative aspects of Quantum Field Theory.

One of the main hurdles in advancing our knowledge is the fairly limited number of
theories where the fusion category of defects or at least a subset thereof are known. This is true
even in the simple framework of 2d CFTs. While in rational CFTs some general techniques
have been developed, the much broader realm of non rational theories is largely unexplored.
In fact, topological interfaces, which in general separate possibly different theories, have been
studied in a very limited number of examples, in particular for the free boson compactified
on a circle and on an orbifold thereof [21–23] and for d-dimensional torus models, where
they are assumed to preserve a û(1)2d current algebra [24].

In this article, we consider topological defects in two-dimensional superconformal field
theories (SCFT) arising as supersymmetric non-linear sigma models with target space a
K3 surface. More precisely, we will focus on the defects that preserve the full N =(4,4)
superconformal symmetry at central charge c= c̃=6, and that are invariant under the spectral
flow transformations that relate the different (NS-NS, NS-R, R-NS, R-R) sectors of the theory.
Non-linear sigma models on K3 (or K3 models, for short), provide the simplest examples of
Calabi-Yau compactifications in type II string theory. A generic K3 model is not a rational
CFT, and it cannot be solved exactly. Nevertheless, due to the large amount of space-time
and worldsheet supersymmetries, many general results about these models are known, such as
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the geometry of the moduli space, the elliptic genus (which is the same for every K3 model),
the spectrum of short N =(4,4) representations, and even the finite groups of symmetries
at each point in the moduli space [25–27]. For these reasons, K3 models represent the ideal
framework to understand topological defects in a non-rational CFT, besides the torus models
examples. An interesting analysis of the topological defects in some non-rational K3 models,
using a different approach, recently appeared in [28]; we will comment about the relationship
with this article in the conclusions (see point 4 in section 7).

Because K3 models are not rational with respect to the N =(4,4) superconformal
algebra, one can expect infinitely many distinct simple defects. In particular, we will see
some examples of K3 models where a continuum of simple non-invertible topological defects
arise, a phenomenon that has already been observed in orbifolds of torus models [15, 22, 23].
This implies that, strictly speaking, we are putting ourselves outside of the mathematical
framework of fusion categories, at least in its most restrictive definitions. Nevertheless,
we will assume that the basic properties of fusion categories still hold for the defects we
consider. In particular, we will require that the fusion of any two defects is a superposition
of finitely many simple defects. We denote by TopC the fusion category (in a broad sense) of
topological defects in a K3 model C preserving the N =(4,4) superconformal algebra and
the spectral flow. We will only focus on certain properties of this category, in particular on
its fusion ring, on the behaviour of defects when moved past local operators, and on the
fusion with boundary states. We will mostly ignore the detailed properties of the fusion
matrices. The main constraints on the topological defects in TopC come from considering
the fusion with boundary states representing 1/2 BPS D-branes, i.e. preserving half of the
space-time supersymmetry of type II superstring compactified on C. The idea of studying
defects in the presence of boundaries is a very natural one, and has been explored in a number
of articles [29–37]. The 1/2 BPS D-branes we are interested in are always charged with
respect to the U(1)24 gauge group of R-R ground fields of the theory. One can argue that
fusion with defects in TopC preserves the set of such boundary states. This means that each
defect L∈TopC can be associated with a Z-linear map (endomorphism) L∈End(Γ4,20

R−R) on
the even unimodular lattice Γ4,20

R−R of D-brane R-R charges. The endomorphism L is further
constrained by the requirement that the defect cannot mix R-R ground fields belonging to
different representations of the N =(4,4) algebra. The map TopC →End(Γ4,20

R−R) gives rise
to a ring homomorphism from the fusion ring of TopC the ring End(Γ4,20

R−R) (or rather the
subring of endomorphisms satisfying suitable properties), so that properties of the former
ring can be deduced by studying the latter. One can argue that the property of a defect L to
be preserved by some marginal deformation of the model depends only on L.

Using this simple idea, we are able to derive several properties of topological defects in
generic K3 models (see in particular section 3.2). We argue that TopC is trivial (i.e. the only
simple defect is the identity) in most K3 models C, except a subset with null measure in the
moduli space (Claim 3). While the map TopC →End(Γ4,20

R−R) is not injective, we can show that
an endomorphism L proportional to the identity can only be associated to a superposition
of n copies of the identity defect. Given a point C in the moduli space of K3 models, we
will spell out some necessary conditions for TopC to be an integral category, i.e. such that
the quantum dimensions of all topological defects are integral (Claim 2). In particular, this
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condition is satisfied for the points in the moduli space of K3 models that are attractor points
for some 1/2 BPS configuration of D-branes [38–41]. We also derive some weaker constraints
on the quantum dimensions that are valid everywhere in the moduli space.

While we know some examples of K3 models C where TopC contains a continuum of
topological defects, Claim 3 implies that this cannot be the generic situation. It is natural to
ask for a characterization of K3 models where such a continuum exists. In section 4.5, we
conjecture that this only happens for (generalised) orbifolds of torus models.

The main limitations in our approach comes from the fact that the map TopC →
End(Γ4,20

R−R) is, in general, neither injective, nor surjective. In particular, whenever TopC
admits a continuum of defect Lθ, parametrised by some real parameter(s) θ, all such defects
Lθ are necessarily mapped to the same endomorphism L. As for surjectivity, while we are
able to put some constraints on the endomorphisms L∈End(Γ4,20

R−R) that arise from a defect
L, we cannot determine precisely what the image of the map TopC →End(Γ4,20

R−R) is.
The article is structured as follows. In section 2, we review some basic facts about

topological defects in two dimensional CFTs, and fix the notation that we will use in the
rest of the paper. Section 3 is the core of the article: after reviewing the main properties
of K3 models, we describe and prove the main results of our work in sections 3.2 and 3.3.
We stress that the proofs are on a physics level of rigour, as they are based on various
assumptions about K3 models and boundary states that are not mathematically rigorous.
This is why we prefer to call such statements ‘Claim’ rather than ‘Theorem’. In section 4
we focus on K3 models that can be described as torus orbifolds. We show that, in general,
they admit a continuum of topological defects in Top. In section 4.5, we conjecture that
the converse might be true: generalised torus orbifolds are actually the only K3 models for
which such a continuum exists. In sections 5 and 6, we describe some topological defects
in TopC in a couple of interesting K3 models. While in none of these two models we were
able to determine precisely the category TopC , the examples are useful both to confirm some
of the general arguments of section 3.2, and were used in the proof of some of the claims.
Finally, in section 7 we describe some avenues for future investigation. Various technical
details of our calculations are relegated in the appendices.

2 Generalities on topological defects in 2D CFT

In this section we give a simple and concise review about defects in two dimensional CFTs.
We refer to [13, 16, 42] for more detailed information.

Usually, when we talk about a generic CFT, we characterize it by specifying the whole
set of local operators and their corresponding OPEs. However, it is well known that in many
cases further extended objects associated with non-local operators can also exist in the theory.
Such objects encode additional properties of the quantum field theory that are not visible at
the level of the spectrum, and they are easily understood in the language of the defects.

In a generic QFT defined over a d-dimensional spacetime Md, such extended objects can
be described through operators D̂a

(
Md−q

)
supported on (d−q)−dimensional submanifolds

of Md, with q <d. These operators are called topological in the sense that small deformations
of their support manifold, which do not cross other operators of the theory, do not affect
the physical observables.
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Figure 1. Invertible TDL in 2d associated to the element g ∈G.

In the limit where the support manifolds of two distinct defects Da and Db overlap,
the generalized OPE between the corresponding operators defines a fusion algebra among
defects of the form:

Da

(
Md−q

)
×Db

(
Md−q

)
=
∑
c

N c
abDc

(
Md−q

)
. (2.1)

The simplest example of defects we can encounter in a QFT are the invertible defects, which
encode information about the standard and higher-form global symmetries owned by the
theory. More specifically, let G be the group of p-form global symmetries in our QFT, then
we can associate to each element g ∈G a (d−p−1)−dimensional topological defect Dg such
that the induced fusion algebra (2.1) satisfies the same group multiplication law as G:

Dg

(
Md−p−1

)
×Dg′

(
Md−p−1

)
=Dg′′

(
Md−p−1

)
, g′′= gg′. (2.2)

The name invertible for this class of defects comes from the fact that for each of them, i.e.
Dg, there exists a second defect Dg−1 such that their fusion produces the trivial defect De

associated with the identity operator:

Dg×Dg−1 =Dg−1×Dg =De, De 7→ I. (2.3)

The above definitions apply to any QFT of generic dimension d, where topological defects
supported on submanifolds of different codimensions may be present. In the rest of the
discussion we will focus our attention on 2D QFT, where topological defects have support on
oriented 1−dimensional manifolds (lines) of the 2d spacetime. For this reason, we will refer
to them as Topological Defect Lines (TDLs) and denote them with the notation L.

In particular, if G is the symmetry group of our CFT, we can associate to each element
g ∈G an invertible TDL Lg.

By definition of global symmetry, the elements of the group G define a non-trivial action
on the bulk operators:

g : Oi(xi) 7→ ρ(g)·Oi(xi) (2.4)

while they leave the correlators invariant:

∀g ∈G −→ ⟨
∏
i

Oi(xi)⟩= ⟨
∏
i

(ρ(g)·Oi(xi))⟩. (2.5)

We can represent the action (2.4) in the language of topological defects through the loop
contraction of the TDL Lg encircling the bulk operator Oψ(xi) as depicted on the left side
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ℒg

𝒪ψ(xi)

ℂ S1 × ℝ

ℒg

|ψ⟩

a) b)

Figure 2. (a) Action of Lg on the bulk operator Oψ(xi). (b) Action of Lg on the asymptotic
state |ψ⟩.

of figure 2. This mechanism is also valid for general TDLs that are not associated with a
global symmetry group. From now on we will use the hat notation L̂ to denote the extended
operator supported on the line L.

Invertible defects associated with the elements of a continuous global symmetry group G

offer the simplest explicit construction of an extended operator supported on an oriented line.
In this case the Noether’s theorem provides us a set of conserved currents J(r), such that:

⟨d∗J(r)(x) . . .⟩=0, (2.6)

where the dots denote any operator insertion away from the point x. Exponentiating the
integral of the Noether’s currents on the support line L:

L̂g = eiα
(r)
∫
L ∗J(r) . (2.7)

we get the extended operator L̂g associated with the element g ∈G specified by the group
parameters

{
α(r)

}
. The operator L̂g is topological due to the conservation law in (2.6).

Similarly, we can define extended operators associated with elements of discrete symmetry
groups satisfying the same above proprieties.

Beyond these objects, we can equip our theory with other point like operators where
TDLs can terminate or join. In the first case we can associate to each TDL L the space HL
of possible point like operators on which the line L can end. If HL ̸= ∅, then the line L is
said endable, and the point like operators of HL are called defect operators.

2.1 Defining properties of topological defect lines

Let us now focus on the case of topological defects L(γ) supported on lines γ in unitary
Euclidean two dimensional CFTs. In the same line of the Introduction, we can think about
topological defects as a generalization of global symmetries. As we spell out below, the set
of such defects is equipped with a composition law (2.1) that is generally non-invertible.
This means that one cannot define on this set the standard group structure, as for ordinary
symmetries, but rather a fusion category.
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I

a) b)

=

ℒ

ℒ⋆

Figure 3. (a) Involution map L 7→L⋆. (b) Identity operator in the trivial line.

In this subsection we will summarize the basic properties that we need in order to
specify this structure.

As stated above, topological defect lines (TDLs) L represent the fundamental objects
of the structure. They are supported on oriented lines γ on the worldsheet. On the set of
distinct defects {L} is defined an involution L 7→L⋆, shown in figure 3(a), that corresponds
to inverting the orientation of the support. A defect L is unoriented if L⋆=L.

Correlation functions with the insertions of topological defects are invariant under
deformation of the support line, as long as the line is not moved past another operator
insertion. We will say that a defect L and a local operator ϕ are ‘transparent’ to each other,
or that L preserves ϕ, if the support L can be moved past the support of ϕ without changing
any correlation function. In general, the holomorphic and anti-holomorphic stress tensors
T (z) and T̃ (z̄) are always preserved by any topological defects. In the following sections,
we will consider topological defects that preserve all supercurrents generating the N =(4,4)
superconformal algebra of a K3 sigma model.

The set of TDLs in a 2d QFT always includes the Identity defect I, typically represented
by the dotted lines as depicted in figure 3 (b). The insertion or removal of the identity
defect does not change any correlation function; equivalently, I is transparent to all local
operators of the theory.

Let us consider the two-dimensional CFT on the cylinder S1×R. A TDL L inserted
along the circle S1 defines a linear operator L̂ :H→H on the Hilbert space H of states on S1

(see figure 2.b). Equivalently, we can consider a closed line L encircling the insertion point
of a local operator ϕ(z, z̄), corresponding to a state ϕ∈H. By shrinking the circle around
the point z we obtain a new local operator (L̂ϕ)(z, z̄).1

On the other hand, inserting the defect line L along the Euclidean time direction R of
S1×R, correspond to modifying the space of states H. We denote by HL the new Hilbert space
of states on the circle S1 that are ‘twisted’ by the defect L. For example, if L is an invertible
defect associated with a symmetry g ∈G, then HL is simply the g-twisted sector of the theory.

1To be precise, the definition of L̂ on the sphere might differ from the definition of the cylinder by a phase,
see section 2.4 in [13]. In this case, we reserve the notation L̂ for the operator defined on the cylinder.
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ℂ∖{0}

ℒ

𝒪ψ

ta) b)

S1 × ℝ

|ψ⟩ ∈ ℋℒ

ℒ

Figure 4. An endable TDL in the cylinder (figure a) produces a non-local operator in the complex
plane (figure b).

The state/operator correspondence defined by the conformal mapping from the cylinder
S1×R to the plane C\{0}, allows us to identify every state |ψ⟩ ∈HL on the cylinder with a
non-local defect operator Oψ on the plane, i.e. an operator attached to an outgoing defect
L, as shown in figure 4. Using this identification, we will refer to HL indifferently as the
space of L-twisted states or as the space of L defect operators. When L= I we recover the
ordinary space HI =H of local point-like operators of the CFT.

If the defect L is transparent for a certain set of local (anti-)holomorphic operators, then
the space HL is a representation of the corresponding (anti-)chiral algebra. In particular,
HL is always a representations of the holomorphic and antiholomorphic Virasoro algebra.
More generally, the space HL is a L-twisted representation of the algebra of local operators
on the cylinder. This means that for every ϕ∈H, ϕ(z, z̄) defines a linear operator on the
Hilbert space HL that obeys the OPE relations with other local operators. By L-twisted, we
mean that correlation functions on S1×R with the insertion of a point operator ϕ(z, z̄) and a
defect line L along R are not quite periodic as z moves around S1, but have some non-trivial
discontinuities at the support of the defect that depend on L. A defect L is simple if the
space HL is irreducible as a twisted representation of the algebra of local operators.

When the CFT is defined on a torus S1×S1, the modular S-transformation exchanges the
insertion of a line L along the ‘space’ circle with the insertion along the Euclidean ‘time’ circle.
This establishes a relation between the linear operator L̂ on H and the twisted space HL.

The 2-point correlation functions on the sphere with two defect operators ϕ(z, z̄),ψ(w,w̄)
connected by a defect line L define a natural non-degenerate bilinear pairing (ϕ,ψ) between
HL and HL⋆ . The bilinear pairing is related to the hermitian product on the Hilbert space
HL by a anti-linear involution ι :HL→HL⋆ , such that ⟨ϕ1|ϕ2⟩=(ι(ϕ1),ϕ2).

The set of TDLs is endowed with the algebraic structure of a generally non-commutative
(semi-)ring defined by the two operations of direct sum (or superposition) (+) and fusion (▷).

The direct sum allows to associate to each pair of topological defects La and Lb a third
defect La+Lb such that:

HLa+Lb
=HLa⊕HLb

. (2.8)

– 8 –
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Figure 5. Fusion of two TDLs.

This first operation is associative and commutative. Unitary CFTs are expected to be
semi-simple, i.e. every defect L can be written as a superposition of simple defects

L=
∑

simple Li

niLi , (2.9)

for some non-negative multiplicities ni ∈Z≥0. Correspondingly, each reducible HL can be
decomposed into a direct sum of irreducible components HL=⊕iniHLi .

If there are no additional intermediate insertions between two TDLs L1 and L2, we can
define the fusion deforming one defect into the other, as shown in figure 5. The resulting
object is again a topological defect line denoted as:

L1▷L2 =L1L2. (2.10)

Fusion defines a notion of tensor product between defect operator spaces

HL1⊗HL2 =HL1L2 (2.11)

This second operation is associative but it is in general not commutative. The fusion of two
simple defects Li and Lj is not necessarily simple, so that one has a decomposition

LiLj =
∑

simple Lk

Nk
ijLk , (2.12)

for some fusion coefficients Nk
ij ∈Z≥0. Formally, this means that the set of defects has the

structure of a fusion ring, with the simple defects playing the role of a distinguished basis.
Sets of defects that also satisfy commutativity for the fusion form commutative rings.
The trivial line I is the neutral element under fusion

LI = IL=L. (2.13)

In analogy with the construction of the spaces HL, we can consider k parallel defect
lines L1, . . . ,Lk inserted in the time-like direction on the cylinder. The corresponding Hilbert
space HL1,...,Lk

of states on S1 is identified, via the state/operator correspondence, with
the space of k-junction operators. As a convention, we choose that all the involved lines
are outgoing from the junction. Once again, HL1,...,Lk

are genuine representations of the
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chiral and anti-chiral algebras preserved by the defects, and a suitable twisted representation
of the algebra of local operators.

By moving the parallel lines L1, . . . ,Lk on the cylinder S1×R very close to each other,
we get the identification

HL1,...,Lk
∼=HL1···Lk

∼=HL1⊗·· ·⊗HLk
, (2.14)

between the k-junction space HL1,...,Lk
and the space of defect operators of the fusion L1 · · ·Lk.

The subspace VL1,...,Lk
⊂HL1,...,Lk

of states with conformal weights (0,0) correspond to
junction operators that are themselves topological, i.e. such that the junction point can be
moved without changing a correlation function (as long as the insertion point is not moved
past the support of some other operator). We can restrict ourselves to consider the correlation
functions where all the k-junctions with k > 1 are topological, because all the other junction
operators can be obtained by suitable OPE with local operators.

For a simple defect L, the only topological L-twisted operator is the vacuum operator
for L= I, so that

dimVL=

1 for L= I
0 for simple L ̸= I .

(2.15)

For k > 1, a topological operator u∈VL1,...,Lk
can also be interpreted as a linear map u :

HL⋆
k
→HL1,...,Lk−1 that is a homomorphism of twisted representations of the algebra of local

operators. In particular, VL,L⋆ =Hom(HL,HL) has always dimension at least 1, because it
contains (multiples) of the identity map 1L :HL→HL. A defect L is simple if and only if
dimVL,L⋆ =1. Furthermore, for two simple defects L and L′,

dimVL′,L⋆ =

1 if L=L′

0 otherwise
.

As for topological 3-junctions, one can prove that if Li, Lj , and Lk are simple defects,
then the dimension of topological junction operators is exactly the fusion coefficient

dimVLi,Li,L⋆
k
=Nk

ij . (2.16)

This fits with the idea that VLi,Li,L⋆
k

is the space Hom(HLk
,HLiLj ) of morphisms from HLk

to HLiLj =⊕lN
l
ijHLl

. Notice that for L simple, one can think of the identity 2-junction
1∈VL,L⋆ as a 3-junction with the identity defect. As a consequence, L is simple if and only if
dimVL,L⋆,I =1, i.e. if and only if I appears with multiplicity 1 in the fusion of L with its dual

LL⋆= I+. . . . (2.17)

Here, . . . denotes a sum with non-negative multiplicities over simple defects distinct from
the identity.

At this point it is important to emphasize that the set of topological defect lines equipped
by fusion multiplication in general does not form a group. The reason is the absence of
an inverse element associated to each TDL. Only a subclass of all possible TDLs admit an
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ℒ1

ℒ2

ℒ4

ℒ3

ℒ5

= ∑
simple ℒ6

ℒ1

ℒ2

ℒ4

ℒ3

ℒ6
∘ Fℒ1,ℒ4

ℒ2,ℒ3
(ℒ5,ℒ6)

Figure 6. Equivalent configurations under the action of the fusion matrices FL1,L3
L2,L4

.

inverse under fusion. They are the invertible TDLs, and they form a group with respect
to this operation.

The remaining TDLs are called non-invertible and, equipped with the fusion multiplication
and the direct sum, they form a more complicated algebraic structure named Fusion Ring.

A fundamental quantity that we can associate with each TDL L is the quantum dimension
⟨L⟩≡ ⟨L⟩S1×R, defined as the vacuum expectation value of a defect L wrapping the circle
S1 on the cylinder:

⟨L⟩≡ ⟨L⟩S1×R := ⟨0|L̂|0⟩. (2.18)

Using the modular invariance properties of the partition function with the defect L inserted,
it is easy to prove that for unitary theories with a unique vacuum the quantum dimension
is bounded from below:

⟨L⟩≥ 0. (2.19)

Such constraint is more restrictive when we consider a unitary, compact CFT, where the
condition becomes:

⟨L⟩≥ 1. (2.20)

Notice that the quantum dimension is also the absolute value of the vacuum expectation
value ⟨L⟩S2 on the sphere, defined by considering an loop encircling only the vacuum on S2

|⟨L⟩S2 |= ⟨L⟩ ,

but in general the phase might be different. The quantum dimensions provide a 1-dimensional
representation of the fusion ring, so that, in particular,

⟨Li⟩⟨Lj⟩=
∑
k

Nk
ij⟨Lk⟩ , (2.21)

for any simple Li,Lj ,Lk. Together with the condition ⟨L⟩≥ 1, this means that for every
simple Li, Lj of finite quantum dimension, there are only finitely many non-zero fusion
coefficients Nk

ij . In this article, we only consider defects with finite quantum dimension;
see [22] for a discussion about more general possibilities.

The topology of a network of defects can be modified using the fusion rules shown in
figure 6, where the fusion matrices FL1,L4

L2,L3
(L5,L6) map the topological junctions VL1,L2,L⋆

5
⊗

– 11 –
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=
1

⟨ℒ⟩S2
+

ℒ

Figure 7. Equivalent configurations under the action of the fusion move. In the second term on the
right: the red defect is the superposition (with multiplicity) of the simple defects Lk ̸= I appearing
in the fusion LL⋆; the topological 3-junction operators are given by the images of 1⊗1 by matrices
FL,L⋆

L⋆,L (I,Lk).

ϕ

ℒ

= +

ℒ̂vϕ
ℒ̂(ϕ)
⟨ℒ⟩

v

Figure 8. Moving of a simple defect line through the local operator ϕ(z,z). The defect in the
second term on the right is a superposition of all simple defect lines Li ̸= I appearing in the fusion
LL⋆= I+. . .. The factor 1/⟨L⟩ is determined by observing that the defect must be transparent to the
vacuum operator and to its descendants.

VL5,L3,L4 in VL1,L6,L4⊗VL2,L3,L⋆
6
. In particular, FL,L⋆

L⋆,L (I,I) maps 1⊗1 to 1
⟨L̂⟩S2

1⊗1, see
figure 7.

This can be used to determine how the correlation function is modified when a simple
defect L is moved past a local operator ϕ(z, z̄), see figure 8. In particular, L is transparent
to ϕ if and only if L̂(ϕ)= ⟨L⟩ϕ, because in this case one can prove that the term L̂v(ϕ) in
figure 8 vanishes. We will use this property repeatedly in the following.

Formally, the properties of TDLs described in this section can be formulated in terms
of a fusion category, where the defects L are the objects and the topological junctions
u∈VL1,L⋆

2
≡Hom(L2,L1) are the morphisms. Sometimes in the definition of fusion categories

one requires that the number of simple objects is finite. This condition might be in general
violated when a CFT is not rational with respect to the chiral and anti-chiral algebra preserved
by the topological defects, as will be the case in this article.

3 Topological defects in K3 models

In this section, after a short review of non-linear sigma models on K3, we discuss the general
properties of topological defects in such models.
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3.1 General properties of K3 models

Let us review some of the main properties of supersymmetric non-linear sigma models on
K3 (or K3 models, for short), and fix our notation for the rest of the article. See [25, 27]
for more information.

All K3 models contain a holomorphic and an anti-holomorphic copy of the small N =4
superconformal algebra at central charge c=6 [43–45]. The bosonic subalgebra of N =4 is
generated by the stress-tensor and the three currents in a ŝu(2)1 current algebra. The SU(2)
group generated by the zero modes of such holomorphic currents is the R-symmetry group,
and the four supercurrents belong to two R-symmetry doublets. The unitary representations
of the N =4 algebra at c=6 can be labeled by a pair (h,q), where h is the conformal weight
and q ∈{0,1/2} the SU(2) highest weight of the ground states in the representation; similarly,
we will denote by (h,q; h̃, q̃) the representations of the full (holomorphic and antiholomorphic)
N =(4,4) algebra at (c, c̃)= (6,6). The Neveu-Schwarz (NS) version of the N =4 algebra
contains two unitary short (BPS) representations (h,q)= (0,0) and (h,q)= (1

2 ,
1
2) and infinitely

many long (massive) representations (h,0) with h> 0. The spectral flow automorphism
relating the NS and the Ramond (R) versions of N =4 maps the NS shorts representations
(0,0) and (1

2 ,
1
2) to the short R representations (1

4 ,
1
2) and (1

4 ,0), respectively, and the long
(h,0) with h> 0 to the long R representation (h+ 1

4 ,
1
2).

Every K3 model contains a single (0,0;0,0) representation of N =(4,4) (the vacuum and
its descendants), and 20 (1

2 ,
1
2 ;

1
2 ,

1
2) representations. There are no fields in the (1

2 ,
1
2 ;0,0) or

(0,0; 1
2 ,

1
2); such holomorphic and anti-holomorphic free fermions are a characteristic feature of

supersymmetric sigma models on T 4, where they are part of a ‘large’ N =(4,4) superconformal
algebra at (c, c̃)= (6,6). Besides these short-short (BPS) representations, a K3 model
contains infinitely many different short-long, long-short and long-long representations, with
multiplicities depending on the particular model. It is believed that the N =4 superconformal
algebra is the full chiral algebra of a generic K3 model, that is therefore not a rational CFT.
At special points in the moduli space of K3 models, the chiral algebra might be extended
so that the CFT is rational.

K3 models are invariant under spectral flow exchanging the NS-NS sector and R-R sector.
This implies that the R-R sector contains a single (1

4 ,
1
2 ;

1
4 ,

1
2) and 20 (1

4 ,0;
1
4 ,0) representations,

as well as infinitely many (h, 1
2 ; h̃,

1
2), with h+h̃ > 1/2. The four R-R ground fields of (1

4 ,
1
2 ;

1
4 ,

1
2)

transform in a (2,2) representation of the holomorphic and anti-holomorphic SU(2)×SU(2)
R-symmetry group; the OPE with such fields generate the spectral flow between the NS-NS
and the R-R sectors. For this reason, we will refer to such fields as the spectral flow generators.

It is often useful to think of the K3 model as the internal CFT in a six dimensional
compactification of type IIA superstring on R1,5×K3. In this case, one should also consider
the NS-R and R-NS sectors of the K3 sigma model, tensored with the corresponding sectors
of the space-time and superghost CFTs, and with the correct GSO projections. The NS-R
and R-NS sectors are also related to the NS-NS and R-R sectors by spectral flow, so that they
contain a single (1

4 ,
1
2 ;0,0) and (0,0; 1

4 ,
1
2) representations. The corresponding physical string

states are the space-time gravitinos, whose zero modes is associated with the space-time
N =(1,1) supersymmetry in six dimensions.
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In general, sigma models on K3 and on T 4 are the only known (and, conjecturally, the
only consistent) unitary SCFTs with N =(4,4) superconformal algebra at (c, c̃)= (6,6) and
whose spectrum is invariant under spectral flow.

Every K3 model admits deformations that preserve the full N =(4,4) superconformal
symmetry, corresponding to an 80-dimensional space of exactly marginal operators contained
in the 20 NS-NS (1

2 ,
1
2 ;

1
2 ,

1
2) representations of N =(4,4). There are compelling arguments

suggesting that conformal perturbation by any such operator converges in a neighborhood
of each model; we will assume that this is true. The corresponding 80-dimensional moduli
space MK3 of K3 models is given by a quotient

MK3 =O(4,20,Z)\TK3 (3.1)

where O(4,20,Z) is the integral orthogonal group. Here, the Teichmüller space TK3 is an
open subset in the Grassmannian

TK3 ⊂O(4,20,R)/(O(4)×O(20)) (3.2)

parametrising positive definite four-dimensional subspaces Π within the real space R4,20

with signature (4,20). The moduli space MK3 admits the following physical interpretation:
O(4,20,Z) is the T-duality group, and can be identified with the group of automorphisms of the
lattice Γ4,20 of D-brane charges, which is an even unimodular lattice of signature (4,20). One
can think of this lattice (or rather its dual) as being embedded in the 24-dimensional real space
V of (CPT self-conjugate) Ramond-Ramond ground states with conformal weights h= h̃= 1

4 :

Γ4,20 ⊂V := {R-R ground states}∼=Γ4,20⊗R∼=R4,20 . (3.3)

The space V contains a positive definite subspace

V ⊃Π := {spectral flow generators}∼=R4,0 , (3.4)

spanned by the four spectral flow generators, i.e. the R-R ground states in a (1
4 ,

1
2 ;

1
4 ,

1
2)

representation of N =(4,4). The orthogonal complement Π⊥⊂V is the space of R-R ground
states in the 20 N =(4,4) representations (1

4 ,0;
1
4 ,0)

V ⊃Π⊥ := {states in (14 ,0;
1
4 ,0) representations}∼=R0,20 . (3.5)

Then, MK3 is essentially the Grassmannian of the four-dimensional subspaces Π∼=R4,0

within V ∼=Γ4,20⊗R, modulo lattice automorphisms (T-dualities) O(4,20,Z)∼=O(Γ4,20). To
be precise, one needs to exclude some points in this Grassmannian, where the CFT is believed
to be inconsistent [25]. From a string theoretical point of view, these are the points in the
moduli space of type IIA superstrings where some D-brane becomes exactly massless, so that
the perturbative description breaks down even at small string coupling.

Henceforth, we will denote by

CΠ :=K3 model corresponding to Π⊂V ∼=Γ4,20⊗R (3.6)

the K3 model corresponding to a choice of Π⊂V , i.e. to a point in the Grassmannian TK3.
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3.2 Symmetries and topological defects

The main focus of this article are the topological defects in non-linear sigma models of K3. A
generic topological defect commutes only with the chiral and anti-chiral Virasoro algebra,
i.e. it is ‘transparent’ only to the holomorphic and antiholomorphic stress-energy tensor
T (z) and T̃ (z̄). In this article, we will focus on a subcategory of topological defects L that
satisfy some further constraints, namely:

1. They commute with the full N =(4,4) superconformal algebra, i.e. they are transparent
to all supercurrents and to the ŝu(2)1 R-symmetry currents, besides the stress-energy
tensor;

2. They commute with spectral flow generators. This implies that they are transparent
to the four R-R ground fields in the (1

4 ,
1
2 ;

1
4 ,

1
2) representation of N =(4,4). When the

K3 model is the internal SCFT in a full type IIA compactification, we also require the
defect to be transparent with respect to the NS-R and R-NS ground fields corresponding
to the space-time gravitini. These fields generate the purely holomorphic or purely
anti-holomorphic spectral flows.

For a K3 model C ≡CΠ, corresponding to a choice of a four dimensional positive definite
subspace Π⊂Γ4,20⊗R, we denote by

TopC ≡TopΠ (3.7)

the category of topological defects of CΠ satisfying the properties 1 and 2.
Properties 1 and 2 lead to a number of important consequences:

• As explained in section 2, each topological defect L is associated with a linear operator

L̂ :H→H (3.8)

on the Hilbert space of states on the circle S1 (or, equivalently, the space of local
point-like operators) of the K3 model C. The action of L̂ is defined by inserting a
defect L along the circle S1 on a cylinder S1×R. Because of the properties 1 and 2,
this operator commutes with the N =(4,4) algebra and the spectral flow. Therefore, it
maps N =4 primaries into N =4 primaries in the same representation. Furthermore,
because the defect L is transparent with respect to the spectral flow generators, once
the action of L̂ is known on one of the sectors (HNS−NS , HR−R, HR−NS or HNS−R),
then it is uniquely determined in all the other sectors as well.

• In general, the properties of topological defects in fermionic CFTs are more complicated
than the ones in purely bosonic ones. In particular, fermionic CFTs can contain
topological defects L of ‘q-type’, that admit topological 2-junctions ψ ∈VL,L⋆ with odd
fermion number (−1)FL+FR =−1, see [46, 47]. However, none of the topological defects
in the category Top is of q-type. Indeed, in the K3 models we consider, the holomorphic
and anti-holomorphic fermion numbers (−1)FL and (−1)FR can be identified with the
central Z2 elements in the holomorphic and anti-holomorphic SU(2) R-symmetry group.
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The topological defects L∈Top are transparent to the ŝu(2)1 currents in the N =(4,4)
algebra, and, as a consequence, they commute with the SU(2) R-symmmetry groups
generated by their zero modes, and therefore with the fermion numbers (−1)FL and
(−1)FR . Furthermore, all spaces of defect and junction operators are representations
of the N =(4,4) superconformal algebra, and the fermion number of each state is
determined by their SU(2) R-symmetry charges. In particular, topological operators
with h=0= h̃ have zero R-symmetry charges, and therefore they are always bosons.

In fact, each L∈TopC induces a topological defect in the purely bosonic CFT Cbos

obtained by a type 0 GSO projection, i.e. by including only the NS-NS and R-R fields
of the K3 model C with positive fermion number. Furthermore, all properties of the
topological defect L in the original supersymmetric model C are completely determined
in terms of the action of the operator L̂ in the bosonic model Cbos. Note, however,
that the definition of the category TopC is much more natural in the supersymmetric
setup. In particular, we do not know whether the condition of preserving the N =(4,4)
superconformal algebra admits an equivalent formulation in the bosonic model Cbos.

• With each defect L is associated a L-twisted space of states HL, with different sectors
HNS−NS

L , HR−R
L , HR−NS

L , HNS−R
L . When L∈TopC , each of these sectors decomposes

into representations of the N =(4,4) superconformal algebra. Furthermore, the sectors
are related to each other by spectral flow.

Topological defects that are invertible form the group of symmetries of the K3 model.
In [26], all group of symmetries commuting with the N =(4,4) algebra and the spectral
flow generators have been classified. In particular, consider a K3 model CΠ in the moduli
space MK3, corresponding to the choice of the positive definite four-dimensional subspace
Π of spectral flow generators in the space of RR ground fields V ∼=Γ4,20⊗R. Then, the
group GΠ of symmetries of CΠ satisfying 1 and 2 is isomorphic to the subgroup Stab(Π) of
O(Γ4,20)∼=O(4,20,Z) fixing Π pointwise [26].

Let us revisit the argument that led to this result, and then discuss to what extent such
argument can be generalized to the case of topological defects. Every symmetry g ∈GΠ maps
1/2 BPS boundary states to 1/2 BPS boundary states, and therefore maps the lattice Γ4,20

of RR charge vectors into itself. The map must be linear and preserve the bilinear form
of the lattice — indeed, the bilinear form is a Witten index counting the Ramond ground
states for open strings suspended between two D-branes, and is invariant under the action of
GΠ. Therefore, every g ∈GΠ induces an automorphism of the lattice Γ4,20. Furthermore, by
property 2, the induced action on RR ground states must act trivially on the spectral flow
generators in Π. We conclude that there is a homomorphism ρ :GΠ → Stab(Π)⊂O(Γ4,20).
Then one proves that such homomorphism is both injective and surjective. To show surjectivity,
one notices that O(Γ4,20)∼=O(4,20,Z) is the T-duality group, and Stab(Π) is a subgroup
of dualities mapping the model CΠ into itself, i.e. self-dualities. But all self-dualities are
symmetries of the model, so they must correspond to some g ∈GΠ. As for injectivity, let
KΠ ⊆GΠ be the kernel of ρ. Then KΠ acts trivially on Γ4,20, and, by linearity, on all RR
ground states. But the RR ground states in the twenty (1

4 ,0;
1
4 ,0) representations of N =4

are related by spectral flow to the 80-dimensional space of exactly marginal operators in the

– 16 –



J
H
E
P
0
7
(
2
0
2
4
)
1
1
1

NS-NS sector. Thus, the symmetries in KΠ act trivially on all such exactly marginal operators,
and as a consequence they are not broken by any deformation of the model. Given that the
moduli space MK3 is connected, we conclude that the kernel of ρ is the same group KΠ ≡K

for all K3 models. At this point, one just needs to consider a simple example of non-linear
sigma model on K3, where the group K can be explicitly described — for example the model
considered in section 5. It turns out that K is trivial in that model, and therefore is trivial
everywhere in the moduli space MK3. We conclude that ρ :GΠ → Stab(Π) is an isomorphism.
In [26], it was then proved that every group of the form Stab(Π) is isomorphic to a subgroup of
the Conway group Co0, the group of automorphisms of the Leech lattice Λ, fixing a sublattice
of Λ of rank at least 4. All subgroups of Co0 that are lattice stabilizers were classified in [48].

Let us now discuss how a similar argument could be generalized to a classification of
topological defects L∈Top. As described in section 3.3, the fusion of a boundary state ||α⟩⟩
and a defect L yields a new boundary state ||Lα⟩⟩. In particular, the defects L∈Top preserve
the space-time supersymmetry, so they map 1/2 BPS D-branes into 1/2 BPS D-branes, and
RR charge vectors to RR charge vectors. Therefore, we have a map

TopΠ →End(Γ4,20) (3.9)
L 7→ L

that assigns a Z-linear function L : Γ4,20 →Γ4,20 to each defect L∈TopΠ. This map is com-
patible with fusion product, i.e. it gives rise to a ring homomorphism from the fusion ring of
TopΠ to End(Γ4,20). The extension of L by linearity to the real space of R-R ground fields
V ∼=Γ4,20⊗R coincides with the restriction L̂|V ∈EndR(V ) of the linear operator L̂ to V ,

L̂|V :V →V . (3.10)

To summarize:

(a) The restriction L̂|V :V →V maps Γ4,20 ⊂V into Γ4,20, i.e. it is the extension by R-
linearity of some lattice endomorphism L : Γ4,20 →Γ4,20.

Henceforth, we use the symbol L to denote both maps L : Γ4,20 →Γ4,20 and L̂|V :V →V .
Because L̂ commutes with the N =(4,4) algebra, it cannot mix RR ground fields in different
representations. Furthermore, the condition that the spectral flow generators are transparent
with respect to L implies that the map L̂ acts on them in the same way as on the vacuum, i.e.
by multiplication by the quantum dimension ⟨L⟩≥ 1. The following property then follows:

(b) L :V →V is block-diagonal with respect to the orthogonal decomposition V =Π⊕Π⊥,
i.e. L(Π)⊆Π and L(Π⊥)⊆Π⊥. Furthermore, the restriction L|Π is proportional to the
identity L|Π = ⟨L⟩idΠ, where ⟨L⟩≥ 1 is the quantum dimension of the defect.

It is useful to introduce the real vector space

B4,20(R) :=
{(

d·14×4 0
0 b20×20

)
| d∈R, b20,20 ∈Mat20×20(R)

}
(3.11)

of block diagonal real 24×24 matrices, with a 4×4 upper left-corner proportional to the
identity and an unconstrained 20×20 lower-right block, and its subset

B4,20
+ (R) :=

{(
d·14×4 0

0 b20×20

)
| d≥ 1, b20,20 ∈Mat20×20(R)

}
⊂B4,20(R) . (3.12)
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Upon choosing a suitable orthonormal basis of V , compatible with the splitting V ∼=Π⊕Π⊥,
the space of linear maps V →V that satisfy property (b) can be identified with B4,20

+ (R).
Furthermore, if we define

B4,20
Π (Z) :=End(Γ4,20)∩B4,20(R) , B4,20

Π,+(Z) :=End(Γ4,20)∩B4,20
+ (R) , (3.13)

then the maps V →V satisfying both properties (a) and (b) can be identified with B4,20
Π,+(Z).

Then the image of the map (3.9) is actually contained in B4,20
Π,+(Z), so that we can restrict

the target and consider the map

TopΠ →B4,20
Π,+(Z)⊂End(Γ4,20) (3.14)

L 7→ L

which gives rise to a homomorphism of semirings. As the notation suggests, the intersections
B4,20

Π (Z) and B4,20
Π,+(Z) depend on the way the four-dimensional space Π is embedded in

Γ4,20⊗R, i.e. on the point on the moduli space MK3.
It is plausible that the maps L satisfy some further constraints associated with unitarity.

Let L be a simple defect, so that the Hilbert space HLL⋆ admits an orthogonal decomposition as

HLL⋆ ∼=H⊕HLL⋆−I ,

where HLL⋆−I is a sum (with suitable multiplicities) of simple defect spaces HLi with Li ̸= I.
Suppose that, in a correlation function, we move the support of the defect line L past the
insertion point z of a point-like operator ϕ(z), with ϕ∈H. Then, ϕ(z) gets replaced with
the sum of an operator 1

⟨L⟩ L̂(ϕ)∈H plus (possibly vanishing) contributions from each of the
components of HLL⋆−I (see figure 8 in section 2). This move defines a linear map H→HLL⋆ .
In a unitary CFT, it is natural to expect such a map to be an isometry; we call this assumption
a strong unitarity hypothesis. Because for a simple defect, the contribution 1

⟨L⟩ L̂(ϕ)∈H is
orthogonal to the contributions from HLL⋆−I , we get as a consequence

∥L̂(ϕ)∥2

|⟨L⟩|2
≤∥ϕ∥2 , ∀ϕ∈H , (3.15)

where the equality holds if and only if all the other contributions vanish. We call the
condition (3.15) the weak unitarity hypothesis. Notice that if (3.15) holds for all simple
defects L, then it must hold for all superpositions as well. While we do not know any
counterexample to these hypotheses,2 we are not aware of any general proof either. A proof
of (3.15) was given in [22] (see proposition 8), under certain conditions on L and ϕ. In
particular, eq. (3.15) holds for all Verlinde lines in unitary rational CFT. Unfortunately,
K3 models are not rational with respect to the N =(4,4) algebra and we were not able
to prove that such conditions are satisfied for all L∈Top. If (3.15) holds, an immediate
consequence is the following:

2There are well-known counterexamples in non-unitary theories though. For example, the Lee-Yang
model with central charge − 22

5 admits a simple defect L of quantum dimension ⟨L⟩=
√

5−1
2 where one of the

eigenvalues of L̂ is
√

5+1
2 > ⟨L⟩ [13].
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(c) (Assuming (3.15) holds.) The operatorial norm ∥L∥ := sup0 ̸=v∈V
∥Lv∥
∥v∥ equals ⟨L⟩. Here,

∥v∥ denotes the Euclidean norm on V .

Let us define the ‘bounded’ sets

B4,20
+,b (R)=

{(
d·14×4 0

0 b20×20

)
| d≥ 1, b20,20 ∈Mat20×20(R), ∥b20,20∥≤ d

}
⊂B4,20

+ (R) , (3.16)

and

B4,20
Π,+,b(Z)=End(Γ4,20)∩B4,20

+,b (R) . (3.17)

If property (c) holds we can further restrict the target of the map (3.14) to

TopΠ →B4,20
Π,+,b(Z)⊂End(Γ4,20) (3.18)

L 7→ L .

The map (3.18) still gives rise to a homomorphism of semirings. Notice that, for any given real
number d> 0, there are finitely many maps L∈B4,20

Π,+,b(Z) with quantum dimension ⟨L⟩≤ d.
We will not use property (c) to prove any of the claims in the rest of the paper.

The set B4,20
Π,+(Z) contains the group Stab(Π)⊂O(Γ4,20) of lattice automorphisms fixing

Π. In fact, Stab(Π) can be characterized as the subset of invertible elements in B4,20
Π,+(Z),

this follows immediately by noticing that if L∈End(Γ4,20) admits a multiplicative inverse
L−1 ∈End(Γ4,20), then both L and L−1 are in O(Γ4,20).

Therefore, the semiring homomorphism (3.14) (or (3.18), if (3.15) holds) can be under-
stood as an extension of the group isomorphism ρ :GΠ → Stab(Π).

Unfortunately, in general we expect the homomorphism (3.14) to be neither injective nor
surjective. As for surjectivity, recall that a topological defect L is invertible if and only if its
quantum dimension is ⟨L⟩=1. On the other hand, it is quite easy to construct elements of
B4,20

Π,+(Z) that have dimension d=1 but are not invertible, and therefore are not in the image
of ρ. Of course, one could put further restrictions on B4,20

Π,+(Z) by simply excluding such
elements. However, we have no guarantee that all the elements of B4,20

Π,+(Z) with dimension
larger than 1 are associated with topological defects.

As for injectivity, we can try to run an argument analogous to the one used in [26] to
classify the symmetry groups GΠ. Let KΠ denote the subcategory of topological defects L
of the model CΠ preserving N =(4,4) and spectral flow, and such that the corresponding
maps L are proportional to the identity on V , i.e. such that

ρ(KΠ)⊆{L= d·idV , d≥ 1}⊂B4,20
Π,+(Z) . (3.19)

We can prove the following:

Claim 1. For all K3 models CΠ the category KΠ of defects preserving N =(4,4) and spectral
flow, and acting by multiplication by some d∈R on the space of RR ground fields V is
generated by the trivial defect

KΠ = {dI, d∈N} . (3.20)

– 19 –



J
H
E
P
0
7
(
2
0
2
4
)
1
1
1

Proof. Let L be a defect in KΠ. Because L is transparent to the spectral flow generators,
the real number d must be the quantum dimension d= ⟨L⟩. As a consequence, all R-R
ground fields are transparent to L. This implies that L is transparent to all exactly marginal
operators of CΠ, and it cannot be lifted by any deformation of the model. Because the moduli
space of K3 is connected, this means that the category KΠ is the same for all K3 models.
Therefore, it is sufficient to determine KΠ ≡K in a specific model. In section 5, we will show
that in a certain torus orbifold the defects of KΠ are necessarily superpositions of d copies of
the identity defect (see Claim 7); in particular, d is a natural number.

This result generalizes the analogous statement for symmetry groups that the kernel of ρ
is trivial. However, in the case of defects, this is not sufficient to conclude that ρ is injective.
If g,h are elements of the group GΠ, then ρ(g)= ρ(h) implies that ρ(gh−1)= ρ(g)ρ(h)−1 =1,
and therefore gh−1 ∈ kerρ must be the identity and g=h. But if L and L′ are non-invertible
defects, the fact that ρ(L)= ρ(L′) does not imply that L and L′ can be obtained from each
other by fusion with a defect in K. Indeed, in sections 4, 5 and 6 we will see examples of
continuous families of distinct defects Lθ, all with the same image L.

The possible quantum dimensions of defect L∈TopΠ are strongly constrained by prop-
erties (a) and (b). In section 3.3 we will prove the following:

Claim 2. The quantum dimension ⟨L⟩ of a defect L∈TopΠ is an algebraic integer of degree
at most 6. Furthermore, if Π∩Γ4,20 ̸=0, then ⟨L⟩ is integral for all L∈TopΠ.

We recall that an algebraic integer is the root of a monic polynomial p(x) with integral
coefficients, and its degree is d if any such p(x) has degree at least d. We do not know
whether the upper bound on the degree is sharp. A slightly weaker necessary condition for
the quantum dimension to be integral is given in proposition 4 in section 3.3.

The condition Π∩Γ4,20 ̸=0 has a nice physical interpretation. Let v ̸=0 be a primitive
vector in Π∩Γ4,20. Because the subspace Π is positive definite, the vector v has positive norm
v2> 0. From the viewpoint of type IIA superstring, a primitive vector v ∈Γ4,20 with v2> 0
represents the charge of a BPS D0-D2-D4-brane configuration.3 The mass of such a BPS
configuration depends on the moduli, and is proportional to v2

Π, where vΠ and v⊥ are the
orthogonal projections of v along Π and Π⊥, so that v2 = v2

Π−v2
⊥. An attractor point in the

moduli space for the BPS state with charge v is a point where the BPS mass v2
Π = v2+v2

⊥
is minimized, and this happens if and only if v ∈Π [38–41]. Thus, the points in the moduli
space where Π∩Γ4,20 ̸=0 are exactly the attractor points for some BPS brane configurations.
Claim 2 then implies that whenever the K3 model C is ‘attractive’, all topological defects
L∈TopC have integral quantum dimension.

By combining Claims 1 and 2, we show that generically, i.e. outside of a subset of null
measure in the moduli space MK3, the category TopΠ is essentially trivial:

Claim 3. For a generic K3 sigma model CΠ, the only topological defects in TopΠ are integral
multiples of the identity.

3While the charges of BPS D-branes span the lattice Γ4,20, a generic vector v ∈Γ4,20 is the charge of a
system of branes and anti-branes that is not by itself BPS.
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Figure 9. Amplitude ⟨⟨α||ψ⟩ in the half-cylinder S1×R≤0 with boundary ||α⟩⟩ at t=0.

See section 3.3 for the proof. As a consequence, for any non-trivial topological defect
L∈TopΠ there is a deformation of the K3 model CΠ that lifts it. This is in particular true
for the K3 sigma models allowing for a non-trivial Stab(Π), whose elements can in general be
characterized as the invertible topological defect lines in TopΠ. We stress that our result does
not exclude that the subset of the moduli space where Top is non-trivial is dense in MK3.

3.3 Action on D-branes

Let us consider the set of BPS boundary states in a K3 model CΠ, corresponding to D-
branes in the full string theory that are 1/2-BPS, i.e. that preserve 8 out of 16 space-time
supersymmetries.

As in the previous section, we denote by V the 24-dimensional real space of RR ground
states that are CPT self-conjugate. The hermitian form on H induces a positive definite
bilinear form on V .

With each 1/2-BPS boundary state ||α⟩⟩ is associated a 24-dimensional charge vector
qα ∈V ∗. The pairing of qα with a R-R ground state ψ ∈V is given by the amplitude

qα(ψ) := ⟨⟨α||ψ⟩ ∈R , (3.21)

on a half-cylinder

S1×R≤0 = {(x,t) |x∈R/2πZ, t≤ 0} (3.22)

where |ψ⟩ is the asymptotic state at t→−∞ and α the boundary condition at t=0, see figure 9.
Geometrically, if S is the target K3 surface, we can identify V with the even real

cohomology Heven(S,R) (in fact, RR ground fields correspond to harmonic forms on S),
and the lattice of D-brane charges with Heven(S,Z), the integral even homology. We can
define a bilinear form (qα, qβ) on the lattice of D-brane charges, corresponding to the Mukai
pairing on Heven(S,Z):

(qα, qβ) :=TrHopen
R,α,β

(qHopen(−1)F )= ⟨⟨α||(−1)FL+1q̃Hclosed ||β⟩⟩R−R (3.23)

Physically, the bilinear form is given by a string amplitude on a bounded cylinder S1×[0,1]
with boundaries α and β, describing a loop of Ramond open strings with periodic conditions
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Figure 10. Amplitude ⟨⟨α|L̂|ψ⟩ in the half-cylinder S1×R≤0 with insertion of a TDL L∈Top.

for the fermions. This amplitude reduces to an index counting Ramond ground states in
the space Hopen

R,α,β of open strings with Chan-Paton factors α–β. In particular, (qα, qβ) is just
an integral (in fact, even) number independent of the size of the cylinder. With respect to
this pairing, the RR charge lattice is isomorphic to the (unique) even unimodular lattice
with signature (4,20).

In the closed string channel, the amplitude gets contributions only from the Ramond-
Ramond ground fields propagating between the corresponding boundary states, with the
insertion of a left-moving fermion number (−1)FL+1. The latter acts by +1 on Π (i.e. on
the spectral flow generators in the (1

4 ,
1
2 ;

1
4 ,

1
2) representation of N =(4,4)) and by −1 on

Π⊥ (i.e. on states in (1
4 ,0;

1
4 ,0)), and can be used to define a non-degenerate bilinear form

with signature (4,20) on V

(ψ,ψ′) :=−⟨ψ|(−1)F |ψ′⟩ . (3.24)

Let us focus on the dual of the charge lattice, i.e. the lattice Γ4,20 ⊂V of states with respect
to which the charge of any boundary state is integral

Γ4,20 := {Ψ∈V | ⟨⟨α|Ψ⟩ ∈Z , ∀||α⟩⟩} . (3.25)

Since the charge lattice is self-dual, Γ4,20 is again an even unimodular lattice of signature
(4,20) with respect to the bilinear form (3.24).

Let us now consider, as above, a half-cylinder amplitude ⟨⟨α|L̂|ψ⟩ for a boundary α

and a state ψ ∈V , with the insertion of a topological defect line L∈Top wrapping once
along the circle S1.

By moving the line L along the cylinder to t→−∞ or t→ 0, ⟨⟨α|L̂|ψ⟩ can be interpreted
as either the RR charge of the D-brane α with respect to L̂|ψ⟩, or as the charge of L⋆||α⟩⟩
with respect to |ψ⟩. Therefore,

qα(L̂ψ)= ⟨⟨α|L̂|ψ⟩= qL̂⋆α(ψ) . (3.26)

As in the previous section, we denote by L := L̂|V , the restriction of L̂ to V . In particular,
if Ψ∈Γ4,20 ⊂V , then

qα(LΨ)= qL̂⋆α(Ψ)∈Z , (3.27)
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for all ||α⟩⟩. It follows that L(Ψ)∈Γ4,20, i.e. L̂ gives rise to an endomorphism L∈EndZ(Γ4,20)
of the unimodular lattice Γ4,20

L : Γ4,20 →Γ4,20

Ψ 7→ L(Ψ) .

The operator L̂ commutes with the left-moving fermion number (−1)FL

[(−1)FL , L̂] = 0 , (3.28)

so that the linear map L preserves the orthogonal decomposition V =Π⊕Π⊥. In particular,
it is block diagonal with respect to an orthonormal basis {ψ1, . . . ,ψ24}⊂V satisfying

ψ1, . . . ,ψ4 ∈Π , ψ5, . . . ,ψ24 ∈Π⊥ . (3.29)

Finally, we notice that on a spectral flow generators ψ ∈Π, L acts by

L(ψ)= ⟨L⟩ψ , ∀ψ ∈Π⊂V , (3.30)

i.e. the 4×4 upper-left block of L is just ⟨L⟩ times the identity. This argument leads to the
conditions (a) and (b) described in section 3.2.

An easy but powerful consequence of this construction is the following:

Proposition 4. Let L∈TopCΠ , and suppose there is some Ψ∈Γ4,20, Ψ ̸=0, such that L(Ψ)=
⟨L⟩Ψ, where ⟨L⟩ is the quantum dimension of L. Then, ⟨L⟩ is integral. In particular, if for a
certain model CΠ, one has Π∩Γ4,20 ̸=0, then all L∈TopCΠ have integral quantum dimension.

Indeed, without loss of generality, we can assume the vector Ψ∈Γ4,20 is primitive (i.e.,
not an integral multiple of a shorter vector in the lattice). Then, because ⟨L⟩Ψ∈Γ4,20, it
must necessarily be an integral multiple of Ψ.

More generally, because the matrix L representing the action of L̂ on the space of RR
ground fields is an integral 24×24 matrix, it satisfies p(L)= 0 where p(x), the characteristic
polynomial, is a monic polynomial of degree 24 with integral coefficients. This implies that
the quantum dimension ⟨L⟩, which is an eigenvalue of L, is also a root of the same monic
polynomial, i.e. it is an algebraic integer. Let d= ⟨L⟩ be an algebraic integer, and let r(x) be
the minimal polynomial for d, i.e. the least degree monic polynomial with integral coefficient
having d as a root. Since d has multiplicity at least 4 as an eigenvalue, it follows that r(x)4

divides p(x), so that r(x) must have degree at most 6. We conclude that:

Proposition 5. The quantum dimension ⟨L⟩ of any defect L∈Top is an algebraic integer of
degree at most 6.

This result, together with Claim 1, leads us to a proof of Claim 3.

Proof of Claim 3. Consider a K3 model CΠ. Let Ψ1, . . . ,Ψ24 be generators of the lattice
Γ4,20 ⊂V , let d := ⟨L⟩ be the quantum dimension of a defect L∈TopΠ, and let Q[d] be the
extension of the field Q by the algebraic integer d. Then, for a generic model CΠ, we expect
the scalar products ⟨ψ|Ψ1⟩, . . . ,⟨ψ|Ψ24⟩, with some spectral flow generator ψ ∈Π, to generate
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a space of maximal rank 24 over the field extension Q[d]. Indeed, because the set of algebraic
numbers has measure zero in R, for a generic model CΠ every non-trivial linear relation among
⟨ψ|Ψ1⟩, . . . ,⟨ψ|Ψ24⟩ will contain some transcendental coefficient. Let us define the matrix
elements Lij by L|Ψi⟩=

∑
j Lij |Ψj⟩, so that Lij ∈Z. Using

d⟨ψ|Ψi⟩= ⟨ψ|L|Ψi⟩=
24∑
j=1

Lij⟨ψ|Ψj⟩ , (3.31)

we get ∑
j

(dδij−Lij)⟨ψ|Ψj⟩=0 ∀i=1, . . . ,24 . (3.32)

Because dδij−Lij ∈Q[d] and ⟨ψ|Ψj⟩ are linearly independent over Q[d], it follows that

dδij−Lij =0 ∀i, j=1, . . . ,24 . (3.33)

This means that L is d times the identity, and by proposition 4 d is integral. By Claim 1,
this means that L= dI, and we conclude.

3.4 Defects as boundaries in the doubled theory and other approaches

In this section we discuss other approaches to topological defects that are not used elsewhere
in this article.

First of all, a topological defect in a CFT C can be described as a boundary state in
the doubled theory C×C∗, where C∗ is obtained from C by worldsheet parity. In particular,
when C is a sigma model on K3, the doubled theory C×C∗ is a sigma model on the Cartesian
product of two K3 surfaces. This CFT contains a N =(4,4) superconformal algebra at
central charge c= c̃=12. Notice that the N =4 algebra at c=12 contains a copy of ŝu(2)2
at level 2, rather than 1.

The space of R-R ground fields of weight h= h̄= 1
2 of C×C∗ has dimension 242 =576,

and is isomorphic to V ⊗V ∗∼=EndR(V ). Similarly, the lattice of RR charges is the tensor
product4 Γ4,20⊗(Γ4,20)∗∼=EndZ(Γ4,20). Therefore, for each given L∈TopC one can naturally
identify L∈EndZ(Γ4,20) with the RR charge of the corresponding boundary state in C×C∗.
It follows that property (a) is just quantization of RR charges in the doubled theory.

In order to understand the analogue of property (b), let us consider the decomposition
of the space

V ⊗V ∗∼=V ⊗V =(Π⊕Π⊥)⊗(Π⊕Π⊥) (3.34)

into representations of the N =(4,4) algebra. There are three kinds of (short) Ramond
representations of N =4 at c=12 with h= 1

2 , that are labeled by the highest weight (charge)
q ∈{0,1/2,1} with respect to the ŝu(2)2 algebra. In particular, the subspace Π⊥⊗Π⊥ is
contained in 202 =400 representations of N =(4,4) with holomorphic and antiholomorphic
charges q= q̃=0; the 80-dimensional subspaces Π⊗Π⊥ and Π⊥⊗Π are contained in 40

4Actually, because Γ4,20 is unimodular, the non-degenerate bilinear form defines isomorphisms Γ4,20 ∼=
(Γ4,20)∗ and V ∼=V ∗.
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N =(4,4)-representations with (q, q̃)= (1
2 ,0) and (q, q̃)= (0, 1

2), respectively; finally, the 16-
dimensional subspace Π⊗Π decomposes into one N =(4,4)-representation with (q, q̃)= (1,1)
(9 RR ground states), one representation with (q, q̃)= (1,0) (3 states), one with (q, q̃)= (0,1)
(3 states) and one with (q, q̃)= (0,0) (one state). This gives an orthogonal decomposition

V ⊗V ∗=Σ0,0⊕Σ 1
2 ,0

⊕Σ0, 1
2
⊕Σ1,0⊕Σ0,1⊕Σ1,1 , (3.35)

where Σq,q̃ is the subspace of RR ground states of C×C∗ contained in the (q, q̃) representation
of N =(4,4). Here,

dimΣ0,0 =401 , dimΣ 1
2 ,0

=dimΣ0, 1
2
=80 , dimΣ1,0 =dimΣ0,1 =3 , dimΣ1,1 =9 .

It is clear that property (b) for L∈Top∗C is equivalent to the condition the corresponding
boundary state in C×C∗ is charged only under the 401 RR ground states in Σ0,0, and neutral
with respect to the other ones. In particular, the condition that the restriction of L to Π is
proportional to the identity implies that the map L commutes with the left- and right-moving
SU(2) R-symmetry groups; in turn, this means that the corresponding boundary state in
C×C∗ can only be charged under the singlet in Π⊗Π. In other words, the space B4,20(R) can
be identified with the 401-dimensional subspace Σ0,0 of R-R ground states of C×C∗.

This construction also provides some intuition as for why, for a generic K3 sigma model
C, the only simple defect in TopC is the identity. Indeed, while there are infinitely many
boundary states in C×C∗, whose RR charges span the whole lattice Γ4,20⊗(Γ4,20)∗, it is not
obvious at all that any of these lattice vectors is contained in the subspace Σ0,0 ≡B4,20(R).
Let us elaborate on this point in more detail. We know that in any K3 model C there is the
identity defect I, and the charge of the corresponding boundary state in the doubled theory
is an element 1∈Γ4,20⊗(Γ4,20)∗ lying in the 401-dimensional subspace Σ0,0 with (q, q̃)= (0,0).
Under the identification Γ4,20⊗(Γ4,20)∗∼=End(Γ4,20), 1 simply corresponds to the identity
map. Therefore, the intersection

(Γ4,20⊗(Γ4,20)∗)∩Σ0,0 =End(Γ4,20)∩B4,20(R)=B4,20
Π (Z) (3.36)

is always at least one-dimensional. Now, deformations of the K3 model correspond to
O(4,20,R) transformations of V ∼=Π⊕Π⊥ within Γ4,20⊗R. While V is an irreducible repre-
sentation of the orthogonal group O(4,20,R) (the vector representation), the tensor product
V ⊗V ∗∼=V ⊗2 decomposes as

V ⊗2 =1⊕∧2V ⊕Sym2
0V ,

where 1, ∧2V , and Sym2
0V are, respectively, the trivial, the anti-symmetric and the traceless

symmetric representations of O(4,20,R). Under the identification V ⊗V ∗∼=EndR(V ), clearly
the trivial representation 1 corresponds to the identity map, i.e. to the charge 1 of the
identity defect I. Because it is invariant under O(4,20,R) transformations, the charge
1∈Γ4,20⊗(Γ4,20)∗ is always contained in Σ0,0. This fits with the obvious fact that the identity
defect is not lifted by any deformation of the K3 model. On the other hand, both irreducible
representations ∧2V , and Sym2

0V have non-trivial intersection with Σ0,0 and with other Σq,q̃.
Thus, a generic O(4,20,R) transformation will mix any vector in the 400-dimensional space

(Σ0,0∩1⊥)⊂∧2V ⊕Sym2
0V
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with vectors in the other components Σq,q̃. Therefore, generically, we do not expect any other
lattice vector in Γ4,20⊗(Γ4,20)∗ to lie along Σ0,0∩1⊥. This means that the intersection (3.36)
is generically one-dimensional, and contains only the maps L that are multiple of the identity.
By claim 1, we conclude that L is a superposition of identity defects.

We stress that this result is not in contrast with the possibility that TopΠ is non-
trivial in a subset of null measure in the moduli space — in fact, we know that there
are families of K3 models with non-trivial symmetry group GΠ. Indeed, one can tune a
O(4,20,R) rotation so that the space Σ0,0 contains a non-trivial sublattice of Γ4,20⊗(Γ4,20)∗.
In fact, this happens whenever Σ0,0∩1⊥ has a non-trivial intersection with the rational space
(Γ4,20⊗(Γ4,20)∗)⊗Q⊂V ⊗V ∗. Starting from such a point in the moduli space MK3 of K3
models, corresponding to some Π⊂V , and acting by a rational orthogonal transformation
O(4,20,Q), one gets another point in MK3 with non-trivial intersection, and therefore
potentially non-trivial defects. Thus, the subset of MK3 where the category Top is potentially
non-trivial is dense in MK3 (though we stress that, apart from invertible symmetries, we
are not able to prove that such potential defects actually exist). Our argument, however,
shows that such a subset cannot contain a full open neighborhood of any point in the moduli
space, and therefore has zero measure. Indeed, a real O(4,20,R) transformation of Π⊂V ,
even an infinitesimal one, will generically lift any intersection.5

There is one point in our argument where we have been slightly naive. In general,
boundary states in C×C∗ correspond to defects in C that are conformal, but not necessarily
topological, i.e. they preserve a particular linear combination of the holomorphic and anti-
holomorphic stress energy tensor, but not T (z) and T̄ (z̄) separately. The topological defects in
Top correspond to a particular choice of gluing conditions for boundary states in C×C∗, where
the two copies of the holomorphic N =4 algebra are identified with the two anti-holomorphic
copies up to an automorphism exchanging them (i.e., they are ‘permutation branes’). In our
treatment, we are ignoring this restriction, and therefore what we get is an upper bound on the
actual number of topological defects. Boundary states satisfying the correct gluing conditions
are in one-to-one correspondence with topological defect operators L̂ :H→H commuting
with the N =(4,4) algebra. The requirement that the defect preserves the spectral flow puts
further constraints on the R-R charge of the corresponding boundary states. In particular,
the boundary state must preserve space-time supersymmetry, so that it must carry a non-zero
R-R charge in Γ4,20⊗(Γ4,20)∗. The argument above then shows that, outside of a null measure
subset in the moduli space, all operators L̂ corresponding to a defect L∈TopΠ must act on
the space of R-R ground fields as a multiple of the identity. Then, one needs to use claim 1
to conclude that all such defects L are multiples of the trivial one.

Let us now comment on other common approaches to determine topological defects in two
dimensional conformal field theories. One simple and powerful method pioneered by Petkova
and Zuber in [8] consists in imposing the analogue of the Cardy condition for boundary
states. In practice, a generic defect L preserving the chiral and antichiral algebra A×Ā is

5The subset of MK3 with non-trivial TopΠ, however, might contain submanifolds of strictly positive
codimension, corresponding to rotations of Π by proper subgroups of the real group O(4,20,R). Again, this
is compatible with the known fact that there are families of K3 models with the same non-trivial group of
symmetries.
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parametrized in terms of the (unknown) eigenvalues of L̂ on the primary fields. One can
then compute the torus L-twined partition function, obtained by inserting the L-line along
the ‘space’ direction of the worldsheet torus, as a function of these parameters. A modular
S-transformation relates this L-twined partition function to the L-twisted one, where the
defect runs along the ‘time’ direction. Because the L-twisted partition function is just a trace
over the L-twisted space HL, it must decompose into characters of the A×Ā algebra with
non-negative integral coefficients. Imposing such property on the latter coefficients gives a
set of quantization conditions on the unknown parameters of the defect L, whose solutions
form a lattice. In rational CFTs, where there is a finite number of primary fields and of
unknown parameters, this method is very effective and very often allows one to determine
all possible topological defects in the theory.6

The main difficulty in applying this method to study TopC in a K3 model C is that the
theory is not rational with respect to the N =(4,4) algebra, so that there infinitely many
primary operators and unknown parameters. It is known that the character of the N =4
algebra (in particular, for the BPS representations) are mock modular forms [43–45], and
their S-tranformations give rise to a continuum of massive characters. As is well-known
from the study of boundary states in non-rational theories, imposing Cardy-like conditions
to these cases is technically very difficult.

Despite these obstacles, modular properties of torus amplitudes have been successfully
used in the past to get information about the action of finite symmetry groups on the space
H (or, at least, on some subspace) of states of a K3 model. In particular, when L is an
invertible defect preserving the superconformal algebra, one can consider the L-twined elliptic
genus, which is a (weakly) holomorphic Jacobi function for a certain subgroup of the modular
group SL(2,Z). Because the space of such Jacobi functions is finite dimensional, the problem
is once again reduced to determining a finite number of unknown coefficients. In particular,
these methods were applied in the context of Moonshine conjectures for K3 models [49–54].

One crucial step in these methods is the fact that, for an invertible symmetry of order
n, the L-twined genus is modular with respect to a level n congruence subgroup of SL(2,Z).
This is a consequence of the fusion relation Ln= I. Furthermore, all possible orders n of these
symmetries can be determined by the general classification theorem of [26]. Unfortunately,
when L is an unknown non-invertible defect in some K3 model, we do not have any information
about the relations in the fusion ring generated by L. In principle, the decomposition of
Lk might involve new simple defects at every power k. For this reason, one cannot predict
what the modular properties of the L-twined genus are. In fact, we hope that the methods
developed in the present article will provide enough information about the fusion ring of
TopC so as to make these methods effective.

Finally, when the CFT C can be obtained as a IR fixed of a RG flow from a Landau-
Ginzburg model, there are well-developed techniques to study its topological defects and
their fusion with supersymmetric boundary conditions, relying in particular on matrix

6More generally, in order to determine all simple defects in a rational CFT, one needs to impose a Cardy-like
condition to all possible products L1L⋆

2, for all pairs of simple defects L1, L2. In the doubled theory, the
Petkova-Zuber method just corresponds to imposing the Cardy condition for open strings stretched between
any pair of boundary states.
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factorization [55–61]. It would be interesting to apply these methods to K3 models and use
them to verify and extend the general results of our article.

4 Topological defects in torus orbifolds

Many interesting examples of K3 models can be described in terms of orbifolds of super-
symmetric sigma models on T 4 by some finite group of symmetries. In this section, we will
show that for all such K3 models C the category TopC contains some family of simple defects
Lθ parametrized by continuous parameters θ. This result is an immediate generalization of
known properties of the orbifold S1/Z2 of a single free boson on a circle [15, 22, 23, 62].

4.1 Supersymmetric sigma models on T 4

A supersymmetric sigma model T on T 4 contains four holomorphic and four anti-holomorphic
u(1) currents i∂Xk, i∂̄Xk, k=1, . . . ,4, as well as their superpartners, the four holomorphic
and anti-holomorphic free fermions ψk, ψ̃k with weights (h, h̄)= (1

2 ,0) and (0, 1
2), respectively.

The full current algebra is ŝo(4)1⊕u(1)4, where the six currents of ŝo(4)1 ∼= ŝu(2)1⊕ŝu(2)1
are given by normal-ordered products :ψψ: of pairs of free fermions. These fields generate
the full chiral and anti-chiral algebra of the T 4 model at a generic point in the moduli space

— the algebra can be enhanced at subloci of positive codimension.
The NS-NS primary operators with respect to this algebra are the vertex operators

Vλ(z, z̄) labeled by vectors

λ≡ (λL,λR)= (λ1
L, . . . ,λ

4
L;λ1

R, . . . ,λ
4
R)∈R8 , (4.1)

with conformal weights h= λL·λL
2 and h̄= λR·λR

2 . For each given T 4 model, the allowed vectors
λ∈R8 are the points of a 8-dimensional lattice Γ4,4 (the Narain lattice) that is even and
unimodular with respect to the bilinear form

(λ,µ) :=λL ·µL−λR ·µR , λ,µ∈Γ4,4 , (4.2)

with signature (4,4). Notice that all even unimodular lattices Γ4,4 with signature (4,4) are
isomorphic to each other. There is a (non-unique) choice of basis {n1, . . . ,n4,w1, . . . ,w4} for
Γ4,4 with respect to which the bilinear form is

(ni,nj)= 0= (wi,wj) , (ni,wj)= δij . (4.3)

The vector λ∈R8 represents the weights of the corresponding primary state |λ⟩ with respect
to the U(1)4×U(1)4 group generated by the four bosonic currents i∂Xk, i∂̄Xk. In other
words, the invertible defects

Wθ , θ∈ (Γ4,4⊗R)/Γ4,4 ∼=(R/Z)8 , (4.4)

corresponding to the U(1)8 symmetries, commute with the full chiral algebra and act by

Ŵθ|λ⟩= e2πi(θ,λ)|λ⟩ , (4.5)
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on the primary state λ. Geometrically, U(1)8 ∼=U(1)4×U(1)4 is the product of the U(1)4

group of translations along the four direction of the torus T 4, times the U(1)4 group of
translations along the T-dual torus.

The RR sector representations of the chiral algebra are labeled by the same vectors λ∈Γ4,4.
For each such λ∈Γ4,4, there are 16 degenerate ground states with conformal weights h=
λL·λL

2 + 1
4 and h̄= λR·λR

2 + 1
4 , which form an irreducible representation of the Clifford algebra

of zero modes of the 8 fermions ψk ψ̃k, k=1, . . . ,4. With respect to the holomorphic and
antiholomorphic ŝo(4)1 ∼= ŝu(2)1⊕ŝu(2)1 algebras and the corresponding Spin(4)∼= SU(2)×
SU(2) groups, the 16 ground states decompose into four irreducible representations with
weights (s1,s2; s̃1, s̃2)(1

2 ,0;
1
2 ,0

)
,

(1
2 ,0;0,

1
2

)
,

(
0, 12;

1
2 ,0

)
,

(
0, 12;0,

1
2

)
. (4.6)

The chiral algebra of the T 4 model contains several copies of the small N =4 supercon-
formal algebra, corresponding to a choice of ŝu(2)1 current algebra (the R-symmetry algebra)
inside ŝo(4)1; we choose a small N =(4,4) once and for all. The four R-R ground states with
λ=0 (i.e. conformal weights h= h̄= 1

4) that are charged with respect to both the holomorphic
and antiholomorphic ŝu(2)1 algebra are the spectral flow generators, and belong to a single
(1

4 ,
1
2 ;

1
4 ,

1
2) representation of N =(4,4). The remaining 12 RR ground states belong to two

(1
4 ,

1
2 ;

1
4 ,0), two (1

4 ,0;
1
4 ,

1
2), and four (1

4 ,0;
1
4 ,0) representations of N =(4,4).

For a generic T 4 model T , the group GT of symmetries preserving the small N =(4,4)
algebra and the spectral flow generators is

GT ∼=U(1)8⋊Z2 , (4.7)

where the Z2 symmetry R is the coordinate reflection

∂Xk→−∂Xk , ∂̄Xk→−∂̄Xk ψk→−ψk , ψ̃k→−ψ̃k . (4.8)

The fusion of R with Wθ is

RWθ =W−θR . (4.9)

At special loci in the moduli space, GT can be enhanced to a larger group. In general, the
group GT is always a group extension

1−→U(1)8 −→GT −→G0
T −→ 1 , (4.10)

where G0
T ⊂O(Γ4,4)∼=O(4,4,Z) is a finite group of lattice automorphisms, that always

contains the reflection (4.8) as a central element. Physically, O(Γ4,4)∼=O(4,4,Z) is the group
of torus T-dualities, and G0

T is the group self-dualities of the model T . See [63] for a complete
classification of the groups G0

T .
The orbifold of a T 4 model T by a non-anomalous finite group of symmetries H ⊂GT is

again a N =(4,4) superconformal field theory at c= c̄=6, so it is a sigma model on either
K3 or T 4. In this case, the elements g ∈GT that normalize H, i.e. such that gHg−1 =H,
commute with ∑h∈H Lh and therefore give rise to invertible defects in the orbifold theory
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T /H. On the other hand, if g ∈GT does not commute with ∑h∈H Lh, then it can induce
a non-invertible defect in T /H. In the next sections, we will see some examples where H
is cyclic and the orbifold T /H is a K3 model.

If H is a finite non-anomalous subgroup of U(1)8, then the orbifold T /H is again a
torus model. If the symmetry group of T is the generic GT =U(1)8⋊Z2, then every g ∈GT
normalizes7 H ⊂U(1)8, and therefore necessarily induces an invertible symmetry in T /H.
On the other hand, if one starts from a model T with non-trivial G0

T , then one can get
non-invertible defects in infinitely many different torus models T /H, by varying the orbifold
subgroups H ⊂U(1)8. This is the higher dimensional analogue of a phenomenon observed
for a single free boson on S1 [23, 24]: at the self-dual radius Rsd there is a SU(2)×SU(2)
group of symmetries commuting with the Virasoro algebra; by taking orbifolds by suitable
non-anomalous H =ZN×ZM groups, one can get S1 models at every rational multiple N

MRsd
of the self-dual radius, so that in every such model there are non-invertible topological
symmetries labeled by a pair (g,h)∈ SU(2)×SU(2) [23]. A simple T 4 model example is given
by the product T =(S1)4 of four S1 free bosons at the self-dual radius (this corresponds to
the model denoted as A4

1 in [63]). The model T is self-dual under T-duality along each of the
four circles; furthermore, T-dualities in an even number of direction preserve the N =(4,4)
algebra and spectral flow, so that they correspond to elements g ∈GT . By taking orbifolds
by finite subgroups H ⊂U(1)8, one can get infinitely many T 4 models with non-invertible
topological defects induced by g. We stress that while the subset of such T 4 models is dense
in the moduli space, it is still of measure zero.

4.2 Continuous defects in T 4/Z2

Given any torus model T , the orbifold C= T /Z2 by the Z2 symmetry (4.8) is a non-linear
sigma model on K3.

A torus orbifold C= T /Z2 always admits an invertible defect Q (the quantum symmetry)
acting by −1 on the twisted sector and trivially on the untwisted one. Besides Q, it also
contains some invertible simple defects that are induced by the simple defects Wθ of the torus
model T that commute with R, i.e such that θ≡−θ mod Γ4,4. More precisely, with each
defect Wλ

2
, λ∈Γ4,4/2Γ4,4 of T , are associated two defects ηλ

2
,η′λ

2
≡Qηλ

2
of C. In particular,

for λ=0, one has η0 = I (the identity defect) and η′0 =Q.
While the defects Wλ

2
, λ∈Γ4,4, generate an abelian group of symmetries Z8

2 ⊂U(1)8 of
the torus model T , the group generated by the ηλ/2 is a non-abelian extension of Z8

2 by a
central Z2 generated by the quantum symmetry Q. Consider a basis {n1, . . . ,n4,w1, . . . ,w4}
for Γ4,4 as in (4.3). The defects ηni , ηwi and Q obey the following relations

η2
ni
2
= I = η2

wi
2
, Q2 =1 , ηni

2
Q=Qηni

2
, ηwi

2
Q=Qηwi

2
(4.11)

If λ=∑i(aini+biwi), ai, bi ∈Z/2Z, is an element of Γ4,4/2Γ4,4, then we define

ηλ
2
= η 1

2
∑

i
(aini+biwi) := ηa1n1

2
· · ·ηa4n4

2
η b1w1

2
· · ·η b4w4

2
, η′λ

2
:=Qηλ

2
. (4.12)

7Notice in particular that RhR=h−1 for all h∈U(1)8.
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We have the fusion rules

Q2 = I , ηλ
2
Q=Qηλ

2
, (ηλ

2
)2 =Q(λ,λ)/2 (4.13)

which imply

η2
ni
2
= I = η2

wi
2
, ηλ

2
ηµ

2
=Q(λ,µ)ηµ

2
ηλ

2
(4.14)

Different choices of the basis {n1, . . . ,n4,w1, . . . ,w4} just lead to exchanging ηλ
2
↔ η′λ

2
for some

values of θ — this is just a relabeling of the defects. Altogether, these invertible elements
have group-like fusion rules, corresponding to an extraspecial group 21+8 [64]

1−→⟨Q⟩∼=Z2 −→ 21+8 −→Z8
2 −→ 1 . (4.15)

Besides invertible defects, torus orbifolds T /Z2 always contain a continuum of defects Tθ,
parametrized by θ∈ ((R/Z)8)/±1, that preserve the N =(4,4) algebra and the spectral flow
generators, and that are induced by the R-invariant superposition Wθ+W−θ of topological
defects of the torus model T . The defects Tθ have dimension 2 and satisfy the fusion rules

TθTθ′ =Tθ+θ′+Tθ−θ′ ,

While Wθ+W−θ are clearly a superposition, the Tθ are actually simple for generic values
of θ. The only exceptions are when θ is one of the R-fixed points θ= λ

2 ∈ 1
2Γ4,4/Γ4,4, and

in this case they are superpositions

Tλ
2
= ηλ

2
+Qηλ

2
. (4.16)

Notice that T0 = I+Q, so that

(Tθ)2 =T0+T2θ = I+Q+T2θ , (4.17)

that implies that Tθ is unoriented, (Tθ)⋆=Tθ. The fusion with the invertible defects is

QTθ =TθQ=Tθ , ηλ
2
Tθ =Tθηλ

2
=Tθ+ λ

2
, (4.18)

where in the last identity, one uses λ
2 ≡−λ

2 mod Γ4,4, so that Tθ+ λ
2
=Tθ−λ

2
.

According to [15], the operators T̂θ associated with these defects act on the untwisted
sector as the operators Ŵθ+Ŵ−θ in the original theory, while they annihilate the twisted
sector. On the RR ground states, all T̂θ act by twice the identity on the states in the untwisted
sector, and annihilate all the states in the twisted sector.

If 2θ∈ (Γ4,4⊗R)/Γ4,4 is a R-fixed point, i.e. if 2θ≡−2θ mod Γ4,4, then θ= λ
4 for some

λ∈Γ4,4, and the fusion product (4.17) becomes

(Tλ
4
)2 = I+Q+ηλ

2
+Qηλ

2
. (4.19)

The right-hand side is just the sum over all invertible defects in the order 4 group generated
by Q and ηλ

2
(this is either Z2×Z2 or Z4, depending on whether (ηλ

2
)2 equals I or Q, i.e.

if (λ,λ) equals 0 or 2 mod 4). Therefore, Tλ
4

is a duality defect, providing an equivalence
of our theory to the orbifold by this subgroup.
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4.3 Topological defects in T 4/ZN models

Let us generalize the construction of the previous sections to the case of a K3 model C
obtained as the orbifold T /ZN of a torus model T by a cyclic group ⟨g⟩∼=ZN .

In order for T /ZN to be a K3 model, all holomorphic and anti-holomorphic fields of spin
1/2 must be projected out. Because the U(1)4×U(1)4 group generated by Wθ acts trivially
on such fields, this implies that g must be a lift of an automorphism of the Narain lattice Γ4,4.
Furthermore, because the eight fermions transform in the same representation as Γ4,4⊗R, we
require g to have no fixed vectors in such representation. Notice that, for N > 2, the group GT
preserving the small N =(4,4) algebra and spectral flow contains such lifts only at special loci
in the moduli space of torus models. All such models and symmetries were classified in [63].

The quantum symmetry Q has order N and acts by multiplication by a phase e 2πik
N on

the gk-twisted sector. The orbifold procedure can be described as the gauging of the finite
group ⟨g⟩, and defect line Qk is interpreted as a Wilson line associated with the 1-dimensional
representation ρk of ⟨g⟩, where ρk(g)= e

2πik
N . In particular, operators that were local in the

original torus model T and transforming in the ρk representation of ⟨g⟩ become operators
in the defect space HQk in the orbifold C.

For each θ∈Γ4,4⊗R/Γ4,4, there is a continuum of topological defects Tθ ∈TopC of dimen-
sion N induced by a superposition of defects Wgk(θ) of the torus model T

Wθ+Wg(θ)+. . .+WgN−1(θ) −→Tθ . (4.20)

The defect Tθ only depends on the orbit of θ with respect to the action of ⟨g⟩, and its dual is
(Tθ)⋆=T−θ. For generic θ, when the ZN -orbit has N distinct elements gk(θ), Tθ is simple,
while it decomposes into a sum of N/d simple defects when θ has a non-trivial stabiliser
ZN/d⊂ZN . More precisely, when the stabiliser subgroup Stab(θ) is ⟨gd⟩∼=ZN/d for some
d|N , there are N/d simple defects ηθ,Qηθ,Q2ηθ, . . . ,Q

N/d−1ηθ of dimension d induced by
d−1∑
k=0

Wgk(θ) −→ ηθ (4.21)

and we have a decomposition

Tθ = ηθ+Qηθ+. . .+QN/d−1ηθ . (4.22)

This decomposition can be understood as follows: when gd(θ)= θ, each defect space HW
gk(θ)

in the torus model, with k=0, . . . ,d−1, carries a non-trivial representation of ⟨gd⟩, and
operators in HW

gk(θ)
with different gd-charge must belong to different (non-isomorphic)

irreducible modules of the orbifold theory C. The OPE with defect operators in HQ modifies
the gd-charge, and therefore maps each of these N/d modules into one another. Therefore, the
defect lines for these modules can be written as Qkηθ ≡ ηθQ

k, k=0, . . . ,N/d−1. We notice
that operators in QN/d have trivial gd charge, so that we have the fusion rule

QN/dηθ = ηθQ
N/d= ηθ . (4.23)

This fusion rule also implies that the linear operator η̂θ :H→H associated with ηθ must
annihilate all gk-twisted states, unless k is a multiple of d. Similarly, the fusion rule

QTθ =TθQ=Tθ , (4.24)

implies that T̂θ annihilates all gk-twisted sectors, for all k ̸=0 modN .
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The fusion rules are

TθTθ′ =
N−1∑
k=0

Tθ+gk(θ′) , (4.25)

and, in particular, for generic θ,

TθT−θ =T0+
N−1∑
k=1

Tθ−gk(θ) =1+Q+. . .+QN−1+
N−1∑
k=1

T(1−gk)(θ) . (4.26)

Finally, because the reflection (4.8) commutes with every automorphism of the lattice Γ4,4,
we have that R is also an invertible topological defect of the orbifold model C.

The elements θ that are stabilised by g are all the solutions x∈ (Γ4,4⊗R)/Γ4,4 of the
equation

(1−g)(x)≡ 0 mod Γ4,4 . (4.27)

Because by hypothesis g has no fixed vectors on Γ4,4⊗R then

1+g+. . .gN−1 =0 , (4.28)

and (1−g) is invertible, with inverse

(1−g)−1 =− 1
N

(g+2g2+. . .+(N−1)gN−1) , (4.29)

as can be easily verified. Thus, the fixed vectors x are all elements of

((1−g)−1Γ4,4)/Γ4,4 ⊆
( 1
N

Γ4,4
)
/Γ4,4 . (4.30)

The number of distinct points in this quotient is given by det(1−g) and can be easily
computed once the eigenvalues of g are known.

Consider for example the case when N is prime. The analysis in [63] shows that the
possible values are N =2,3,5 (for N =5, the symmetry g has no geometric interpretation
as an automorphism of the target T 4 torus.). In this case, for any θ∈ (Γ4,4⊗R)/Γ4,4, either
the orbit of θ contains N distinct elements, or θ is fixed by the full group ⟨g⟩. For each N ,
the eigenvalues of g are all primitive N -th roots of unity with the same multiplicity [63].
Therefore, the number det(1−g) of distinct points in the quotient ((1−g)−1Γ4,4)/Γ4,4 equals
28 for N =2, 34 for N =3 and 52 for N =5. The corresponding simple defects ηx are invertible,
and together with Q they generate some non-abelian central extension of Z8

2, Z4
3 and Z2

5
called extraspecial groups 21+8, 31+4 and 51+2 for N =2, N =3 and N =5, respectively:

1−→⟨Q⟩∼=ZN −→N1+k−→ZkN → 1 . (4.31)

In particular, two lines ηx and ηx′ do not necessarily commute

ηxηx′ =Qcg(x,x′)ηx′ηx . (4.32)

The 2-cocycle cg(x,x′) (4.32) characterizing the central extension N1+k are determined by
the ’t Hooft anomaly in the U(1)8 symmetry of the torus model, see [65–68].
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Similar arguments hold when N is not prime. The possible values of N , in this case, are
4,6,8,10,12 (they are the values o(±g0) in table 2 of [63]; the eigenvalues of g when acting
on the space Γ4,4⊗R are denoted by ±ζL,±ζR,±ζ−1

L ,±ζ−1
R in the same table). For each

d|N , consider the element gd. If 1 is an eigenvalue of gd, then the points x∈ (Γ4,4⊗R)/Γ4,4

stabilized by gd form a continuum, corresponding to the gd-fixed subspace of Γ4,4⊗R. On the
other hand, suppose that none of the eigenvalues of gd equals 1, so that (1−gd) is invertible.
In this case, the gd fixed vectors x∈Γ4,4⊗R/Γ4,4 are the det(1−gd) elements in the quotient
((1−gd)−1Γ4,4)/Γ4,4. When d=1, the corresponding defects ηx are invertible, and form a
group that is a central extension of some ZkN by the quantum symmetry Q.

Consider the case where g has prime order N , and (1−g) is invertible. Let x∈ (Γ4,4⊗
R)/Γ4,4, x ̸=0, be a non-trivial fixed point of g, i.e. such that x≡ g(x) mod Γ4,4; this is
the image x=(1−g)−1λ of some vector λ∈Γ4,4. If we apply the operator (1−g)−1 once
again to x, we obtain a vector

v := (1−g)−1x, (4.33)

with some special properties. In particular, we get

(1−gk)v=(1+g+. . .+gk−1)(1−g)(1−g)−1x= kx mod Γ4,4 . (4.34)

Let us define the simple defect

Nx :=RTv =R
N−1∑
k=0

Wgk(v) =R
N−1∑
k=0

Wv−kx . (4.35)

We get

N 2
x =RTvRTv =T−vTv =

N−1∑
k=0

Tv−gk(v) =
N−1∑
k=0

Tkx

=(1+ηx+. . .+η(N−1)x)(1+Q+. . .+QN−1) , (4.36)

and

Nxηx=RTvηx=RTv+x=R
N−1∑
k=0

Wv−kx+x=R
N−1∑
k=0

Wv−(k−1)x=Nx (4.37)

Therefore, Nx is a duality defect for the abelian group of order N2 generated by ηx and
Q. This group could be isomorphic to either ZN×ZN or ZN2 , depending on the norm of
x. This argument shows that the torus orbifold T /⟨g⟩ is self-orbifold with respect to any
such group of symmetries.

More generally, one expects a continuum of defects in TopC whenever C can be described
as an orbifold of a torus model T by some (possibly non-abelian) symmetry group G of
T . Such defects are induced by superpositions ∑g∈GWg(θ) of topological defects of torus
models, and are simple for generic values of θ.
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4.4 An example of torus orbifold T 4/Z4

Let us consider an example of the general theory described in the previous section. We
consider a torus model T with a large group U(1)8⋊G0

T of symmetries commuting with
a small N =(4,4) superconformal algebra, where G0

T has order 192. This is the torus
model described in section 4.4.1 of [63], and contains a ŝo(8)1 chiral and anti-chiral algebra.
The Z2 orbifold by R (the centre of G0

T ) gives the K3 model with the ‘largest symmetry
group’ [69, 70] that we will consider in section 5.

The winding-momentum lattice Γ4,4 of this model is given by the columns of the fol-
lowing matrix

1√
2



2 0 0 −1 1 1 1 1
0 2 0 −1 1 0 0 1
0 0 2 −1 0 1 0 0
0 0 0 −1 0 0 1 0
0 0 0 0 1 1 1 1
0 0 0 0 1 0 0 −1
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0


(4.38)

In each column, the first four coordinates are the eigenvalues λ1
L, . . . ,λ

4
L of the zero modes

of ∂X1, . . . ,∂X4, while the last four are the eigenvalues λ1
R, . . . ,λ

4
R of the zero modes of

∂̄X1, . . . , ∂̄X4.
Notice that the vertex operators Vλ(z) corresponding to the first four columns are

holomorphic currents (h= λL·λL
2 =1, h̄= λR·λR

2 =0), which together with ∂Xk generate the
ŝo(8)1 current algebra.

Let us focus on a symmetry g ∈G0
T of order N =4, acting by

−1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 −1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 −1 0


(4.39)

on Γ4,4⊗R. One can easily verify that this is a lattice automorphism, g ∈O(Γ4,4), and that
det(1−g)= 64 ̸=0. This is a symmetry in the class −4A, in the notation of [63], and the
orbifold T /⟨g⟩ is again the K3 model with largest symmetry group that we will describe
in section 5 (see section 6 of [69]).

Let us consider the g-fixed points in Γ4,4⊗R/Γ4,4. As explained in the previous section
they correspond to the points

((1−g)−1Γ4,4)/Γ4,4 ∼=Z2×Z2×Z4×Z4 (4.40)
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with generators

y1 =



0
1
0
0
0
0
0
0


y2 =



−1/2
−1/2
−1/2
−1/2
0
0
0
0


u1 =



3/2
3/2
0
0
1
0
0
0


u2 =



3/2
0
1

1/2
3/2
1/2
1/2
1/2


, (4.41)

where y1 and y2 have order 2, while u1 and u2 have order 4 (modulo Γ4,4).
The invertible topological defects Wx of the torus model T , where x∈ ((1−g)−1Γ4,4)/Γ4,4

are g-fixed points, induce invertible defects ηx,Qηx,Q2ηx,Q
3ηx in the K3 model T /⟨g⟩, where

Q is the quantum symmetry of order 4. The group they generate is a central extension
of ((1−g)−1Γ4,4)/Γ4,4 ∼=Z2×Z2×Z4×Z4 by ⟨Q⟩∼=Z4. In order to determine the central
extension in detail, one needs to know the ’t Hooft anomaly for the abelian group

H = ⟨g⟩×((1−g)−1Γ4,4)/Γ4,4 ∼=Z4×Z2×Z2×Z4×Z4 . (4.42)

The anomaly is encoded in a cohomology class [ω]∈H3(H,U(1)), with representative a
3-cocycle ω :H×H×H→U(1). It is known that

H3(Z2
2×Z3

4,U(1))∼=Z18
2 ×Z7

4 , (4.43)

and a basis of generators can be found, for example, in [71]. In order to determine which
class in H3(H,U(1)) is relevant in this case, one can just consider, for each k∈H , the failure
of the level matching condition for the k-twisted sector of T . In particular, if k∈H has order
o(k), the level matching condition is satisfied if the spin spin(k) (i.e. the difference h−h̄ of
conformal weights) of the k-twisted states take values in 1

o(k)Z; in this case, the restriction of
the anomaly class [ω] to the cyclic group ⟨k⟩ is trivial. More generally, if the restriction of
[ω] to ⟨k⟩ is non-trivial, one has the following relation [16, 65–67, 72]

e2πio(k)spin(k) =
o(k)−1∏
i=1

ω(k,ki,k) , (4.44)

between the spin and the cocycle ω. If we know the spin of the k-twisted sectors for all k∈H ,
we can use (4.44) to determine the class [ω]. In fact, for elements x∈ ((1−g)−1Γ4,4)/Γ4,4 ⊂H

the spin of the x-twisted ground state is

spin(x)= (x,x)
2 . (4.45)

On the other hand, the cohomology class [ω] is trivial when restricted to the cyclic subgroup
⟨g⟩⊂H (see [63]). More generally, the restriction of [ω] to any cyclic group of the form
⟨gx⟩⊂H is trivial for all x∈ ((1−g)−1Γ4,4)/Γ4,4, because g and gx are conjugate within the
group G. These data are sufficient to determine the class [ω] uniquely.
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Once the cocycle ω representing the ’t Hooft anomaly of H is known, one can determine
the central extension of ((1−g)−1Γ4,4)/Γ4,4 by the quantum symmetry Q that is induced on
the orbifold theory T 4/⟨g⟩. In particular, the commutation relations are

ηy1ηy2 =Q2ηy2ηy1 , ηu1ηu2 =Qηu2ηu1 , ηyjηuk
=Q2ηuk

ηyj , j,k=1,2 .

Furthermore, while ηy1 and ηy2 can be chosen of order 2

η2
y1 =1= η2

y2 , (4.46)

the symmetries ηu1 and ηu2 have order 8

η4
u1 =Q2 = η4

u2 , Q4 =1 . (4.47)

The orbifold theory T /⟨g⟩ contains a continuum of topological defects Tθ of dimension 4,
with θ∈ (Γ4,4⊗R)/Γ4,4, that are simple for generic θ. These defects, as well as the defects of
the form QkTθ, k=0,1,2,3, are induced by the superpositions ∑3

j=0Wgj(θ) in the torus model

Wθ+Wg(θ)+Wg2(θ)+Wg3(θ) −→Tθ, QTθ, Q
2Tθ, Q

3Tθ . (4.48)

When θ≡x∈ ((1−g)−1Γ4,4)/Γ4,4 is one of the g-fixed points, Tθ ≡Tx is not simple, but
becomes a superposition of four invertible defects

Tx= ηx+Qηx+Q2ηx+Q3ηx , (4.49)

and satisfies QTx=Tx.
An intermediate case occurs when θ is fixed by g2, but not by g. This happens when θ is

of the form θ=(θL,0), so that g(θ)=−θ. In this case, Tθ decomposes as a sum

Tθ = ξθ+Qξθ , (4.50)

where ξθ and Qξθ are dimension two defects induced by Wθ+W−θ on T

Wθ+W−θ −→ ξθ,Qξθ . (4.51)

The defects ξθ, where θ=(θL,0), are simple for generic θL, while they decompose as ξx= ηx+
Qηx when x≡ (θL,0) is fixed by g. Furthermore, the ξθ are always unoriented and satisfy

Q2ξθ = ξθQ
2 = ξθ , ξθξθ′ = ξθ+θ′+ξθ−θ′ . (4.52)

As described in the previous section, for each g-fixed vector x∈ ((1−g)−1Γ4,4)/Γ4,4, we
can consider v=(1−g)−1x. There are two cases to be considered, depending on whether x is
fixed by g2 or not. In the first case, x is a linear combination

x= a1y1+a2y2+2b1u1+2b2u2 , (4.53)
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with a1,a2, b1, b2 ∈{0,1}. Notice the x has always order 2 in this case, 2x∈Γ4,4, and g(x)=−x
mod Γ4,4. In this case, we have

v= a1



0
12
0
0
0
0
0
0


+a2



−1/4
−1/4
−1/4
−1/4
0
0
0
0


+b1



3/4
3/4
0
0
0
0
0
0


+b2



−1/2
0
0

−1/2
0
0
0
0


(4.54)

so that g(v)=−v and g2(v)= v. Thus, in the orbifold theory T /⟨g⟩ there are two dimension
2 unoriented simple topological defects, ξv and Qξv, induced by the defect Wv+W−v of T ,
as in (4.51). The fusion of ξv and Qξv with themselves gives

ξ2
v =(Qξv)2 = ξ0+ξx=1+Q2+ηx+Q2ηx . (4.55)

Furthermore, because v+x≡−v mod Γ4,4, one gets

ξvηx= ηxξv = ξv . (4.56)

Therefore, both ξv and Qξv are duality defects for the Z2×Z2 group generated by ηx and Q2.
In the second case, where x is not fixed by g2, we have

x= a1y1+a2y2+c1u1+c2u2 , (4.57)

where a1,a2, c1, c2 ∈{0,1}, with at least one among c1 and c2 being odd. In this case, x has
order 4, i.e. 4x∈Γ4,4, and v := (1−g)−1x is not fixed by either g or g2. Thus, the orbifold
theory T /⟨g⟩ contains four dimension 4 defects QkTv, k=0,1,2,3, induced by ∑3

k=0Wgk(v),
as in (4.48). The treatment is analogous to the case described in the previous section, where
the order N of g was a prime number. One defines

Nx :=RTv , (4.58)

and the resulting topological defect Nx is unoriented and satisfies

N 2
x =(1+Q+Q2+Q3)(1+ηx+η2x+η3x) (4.59)

Thus, it is a duality defect for the Z2×Z8 group with generators ηx of order 8 and Qη2
x

of order 2.

4.5 K3 models with continuous defects: a conjecture

In the previous sections, we have seen that all K3 models C that can be described as torus
orbifolds contain a continuous family of topological defects Lλ ∈TopC , that preserve the
N =(4,4) algebra and spectral flow, and that are simple for generic values of λ. On the other
hand, in claim 3 we argued that for a generic K3 model TopC is trivial, and in particular has
no such family of defects. Thus, it is natural to look for a characterisation of the K3 models
admitting such continuous families. We propose the following conjecture:
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Conjecture 6. Let C be a K3 model that admits a continuous family of topological defects
Lλ ∈TopC, preserving the N =(4,4) superconformal algebra and spectral flow, and simple
for all λ except possibly a zero measure set. Then, C is the (generalised) orbifold of a torus
model T .

Let us recall the notion of generalised orbifold [16, 61, 73]. In a ‘standard’ orbifold of a
CFT C by a finite group of symmetries G, one can consider the superposition A=∑g∈GLg
of all invertible defects in the group. Then, the Hilbert space of local operators in the
orbifold theory C/G is just the subspace of G-invariant operators in HA, and their correlation
functions can be obtained as correlation functions in the original theory with an insertion
of a fine enough network of defects of type A. This construction can be generalised to any
topological defect A, for which there exist some ‘multiplication’ and ‘co-multiplication’ maps,
i.e. topological junction operators µ :HA⊗HA→HA and µ̃ :HA→HA⊗HA satisfying some
suitable conditions — essentially, that the associator of the multiplication map is trivial, and
that µ̃◦µ is the identity. When such properties are satisfied, one can define a new consistent
CFT, the generalised orbifold C/A, whose space of local operators is a suitable subspace of
HA, and whose correlation functions are obtained by inserting networks of defects A in the
C correlators, with the operators µ and µ̃ inserted at trivalent junctions. Furthermore, the
generalised orbifold procedure is always reversible: if C′= C/A is obtained as a generalised
orbifold of some CFT C, then C= C′/A′ is a generalised orbifold of C′.

Let us now sketch an argument for a possible proof of conjecture 6. According to [15],
the presence of a continuum of operators Lλ is related to the presence of a conserved current
j ∈HLλL⋆

λ
:

j := J(z)dz+J̃(z̄)dz̄ , (4.60)

where ∂̄J(z)= 0= ∂J̃(z̄). This current is such that an infinitesimal deformation Lλ+δλ of
the defect Lλ can be obtained as

Lλ+δλ=Lλeiδλ
∫
j , (4.61)

where j ∈HLλL⋆
λ

∼=HLλ
⊗H∗

Lλ
is interpreted as a linear operator from HLλ

to itself, and the
integration

∫
j is over the support of the defect Lλ.

In the case we are interested in, since Lλ and Lλ+δλ are defects in TopC , then the current j
must preserve the N =(4,4) superconformal algebra and the spectral flow. In particular, J(z)
and J̃(z̄) must be neutral with respect to the holomorphic and anti-holomorphic ŝu(2)1 R-
symmetry, and must be the supersymmetric descendants of holomorphic and anti-holomorphic
spin 1/2 fields. This implies that the NS-NS sector of HLλL⋆

λ
contains two N =(4,4) BPS

representation (1
2 ,

1
2 ;0,0) and (0,0; 1

2 ,
1
2) containing the currents J(z) and J̃(z̄). As a matter of

fact, because the ground states of these representations are a ŝu(2)1 doublet on complex spin
1/2 fields, and because (LλL⋆λ)⋆=LλL⋆λ, there must be 4 holomorphic and 4 anti-holomorphic
Majorana spin 1/2 fields (in other words, one needs to include also the CPT conjugates of these
BPS representations). The OPE of the four holomorphic spin 1/2 fields is very constrained,
and only the vacuum operator can appear in a singular term. We can take Lorb⊆LλL⋆λ to
be the smallest unoriented (L⋆orb=Lorb) defect containing I, with Lorb⊂ (Lorb)2, and such
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that HLorb
contains the four holomorphic and antiholomorphic spin 1/2 fields and is closed

under OPE. Then HLorb
contains a holomorphic and a antiholomorphic copy of the algebra

generated by N =4 and the free fermions. This is just the chiral algebra of a generic T 4 model,
i.e. the algebra of four free bosons and four free fermions. Furthermore, HLorb

decomposes
into (possibly twisted) representations of this chiral and anti-chiral algebra. What remains
to prove is that A :=Lorb (or possibly some extension of Lorb), satisfies all properties such
that the generalised orbifold C/A is well-defined. It might be possible to prove this fact using
properties of the category of (twisted) representations of the chiral algebra of T 4. If the
orbifold C/A is consistent, then it contains four free fermions and four free bosons and has
central charges c=6= c̃, so that it is necessarily a sigma model T on T 4. By reversibility of
the orbifold procedure, we conclude that C is a generalised orbifold of the torus model T .

In the examples of continuous defects discussed in the previous sections, Lorb was given
by I+Q+. . .+QN−1, and indeed the orbifold of C by Lorb gives back T .

5 An example: a K3 model with Z8
2 : M20 symmetry group

In this section, we discuss the topological defects L∈TopC preserving the N =(4,4) supercon-
formal algebra (SCA) in a particular K3 sigma model CGTVW , the ‘most symmetric model’
of [69] (see also [70]). The bosonic parts of the holomorphic and anti-holomorphic chiral
algebras of this model are isomorphic to A := (ŝu(2)1)6 (six copies of the su(2) current algebra
at level 1). Recall that ŝu(2)1 has two irreducible representations with conformal weights
0 and 1/4, and the fusion ring of ŝu(2)1 is the group ring of the cyclic group Z2 of order
two, which we represent as the additive group with elements 0,1. Each irreducible A-module
is labeled by an element in Z6

2, as Ma1,...,a6 , ai ∈{0,1}.
The NS-NS sector of CGTVW is given by the sum⊕

[a1,...,a6;b1,...,b6]∈ANS−NS

Ma1,...,a6⊗M̄b1,...,b6 , (5.1)

where the set ANS−NS ⊂Z6
2×Z6

2 is given by the disjoint union

ANS−NS =A(NS−NS)+⊔A(NS−NS)− (5.2)

of a ‘bosonic’ subset (corresponding to the subsector with positive fermion number)

A(NS−NS)+ = {[a1, . . . ,a6;b1, . . . , b6]∈Z6
2×Z6

2 | ai= bi,
∑
i

ai≡ 0 mod 2} (5.3)

and a ‘fermionic’ one

A(NS−NS)− = {[a1, . . . ,a6;b1, . . . , b6]∈Z6
2×Z6

2 | ai= bi+1,
∑
i

ai≡ 0 mod 2} . (5.4)

Similarly, the R-R sector is a sum over the modules whose labels take values in the set
AR−R=(AR−R)+⊔(AR−R)− with

A(R−R)+ = {[a1, . . . ,a6;b1, . . . , b6]∈Z6
2×Z6

2 | ai= bi,
∑
i

ai≡ 1 mod 2} (5.5)
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and

A(R−R)− = {[a1, . . . ,a6;b1, . . . , b6]∈Z6
2×Z6

2 | ai= bi+1,
∑
i

ai≡ 1 mod 2} . (5.6)

The bosonic CFT CbosGTVW that contains only the states in the (NS−NS)+ and (R−R)+

sectors of the SCFT CGTVW is just the diagonal modular invariant of the (ŝu(2)1)⊕6 algebra.
The K3 model CGTVW can also be defined as the orbifold T /Z2 of a particular torus

model T by the Z2 symmetry R reflecting all torus coordinates, see section 4. Alternatively,
it can be described as a T /Z4 orbifold of the same torus model T by a symmetry of order 4,
as described in section 4.4. See also [69] for more details on this construction.

This model contains several different copies of the N =(4,4) superconformal algebra,
related to each other by symmetries of the CFT. We focus on one of them, such that the
ŝu(2)1 subalgebra of the (anti-)holomorphic N =4 is identified with the first factor in the
(anti-)chiral algebra (ŝu(2)1)6. The four supercurrents of the holomorphic N =(4,4) are
suitably chosen ground states in the M1,1,1,1,1,1⊗M̄0,0,0,0,0,0 module of A×Ā. The space
of ground states of this module is isomorphic to a tensor product (C2)⊗6, and the N =4
supercurrents can be nicely described in terms of a quantum error correcting code [70]. The
full (bosonic and fermionic) chiral algebra of the theory is generated by the bosonic (ŝu(2)1)6

and one of the supercurrents.
The 24 (real) Ramond-Ramond states with conformal weight h= h̄= 1

4 generating the
space V are the ground states in the six A×Ā representations

[1,0,0,0,0,0;1,0,0,0,0,0] , [0,1,0,0,0,0;0,1,0,0,0,0] , [0,0,1,0,0,0;0,0,1,0,0,0]
[0,0,0,1,0,0;0,0,0,1,0,0] , [0,0,0,0,1,0;0,0,0,0,1,0] , [0,0,0,0,0,1;0,0,0,0,0,1] (5.7)

each one containing 4 ground states; we will call any such a set of four states a tetrad. In
particular, the first tetrad, i.e. the ground states in [1,0,0,0,0,0;1,0,0,0,0,0], are the spectral
flow generators, spanning Π⊂V .

The full group of symmetry of CGTVW is (SU(2)6×SU(2)6)⋊S6, where the two SU(2)6

subgroups are generated by the zero modes of the holomorphic and anti-holomorphic currents,
while S6 is the group of permutations of the six ŝu(2)1 factors in (ŝu(2)1)6 acting diagonally
on the holomorphic and anti-holomorphic currents. To be precise, such a group does not
act faithfully on H, because a certain subgroup Z0 ⊂ SU(2)6×SU(2)6 acts trivially on all
the states of the theory. Indeed, let

ti, t̃i , i=1, . . . ,6, (5.8)

be the generators of the centre Z6
2×Z6

2 of SU(2)6×SU(2)6, where ti and t̃i act on the
representation Ma1,...,a6⊗M̄b1,...,b6 by multiplication by (−1)ai and (−1)bi , respectively. Then,
the subgroup

Z0 = {
6∏
i=1

(tit̃i)ri |
6∑
i=1

ri ∈ 2Z}∼=Z5
2 (5.9)

acts trivially on all states of the theory. Thus, the group acting faithfully is ((SU(2)6×
SU(2)6)/Z0)⋊S6. In particular, the quotient (Z6

2×Z6
2)/Z0 ∼=Z7

2 is the group of symmetries
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commuting with the full bosonic chiral algebra A, and we can take

t1, . . . , t6, t̃1 , (5.10)

as representatives of the generators (modulo Z0).
In [69] it was shown that the subgroup GGTVW ⊂ ((SU(2)6×SU(2)6)/Z0)⋊S6 fixing the

N =(4,4) superconformal algebra and the spectral flow generators is finite and isomorphic
to a split extension Z8

2 :M20 of the Mathieu group M20 by Z8
2. In turn, M20 is a split

extension Z4
2 :A5 of the alternating group A5 by Z4

2. See appendix A for a description of
the generators. The intersection

GGTVW ∩(Z6
2×Z6

2)/Z0 = {
6∏
i=2

tri
i |

6∑
i=2

ri ∈ 2Z}∼=Z4
2 , (5.11)

is the subgroup of symmetries commuting with both N =(4,4) superconformal algebra and
with the bosonic current algebra (ŝu(2)1)6×(ŝu(2)1)6.

5.1 Topological defects

Let us now consider the possible topological defects L∈TopGTVW ≡TopCGT V W
preserving

the N =(4,4) algebra and spectral flow. The following result was used in section 3.2 to
prove that an analogous statement holds for the category of defects TopΠ of any K3 models
CΠ (see claim 1).

Claim 7. The only defects L∈TopGTVW that are transparent to all 24 R-R operators in V

are integral multiples of the identity defect.

To prove this statement, we notice that if L is transparent to the N =(4,4) algebra and
to all R-R operators in V , then it is also transparent to all the operators that can be obtained
from their OPE. Thus, we just need to prove that one can obtain all operators in H by OPE
of R-R operators in V and their N =(4,4) descendants. In fact, by taking the OPE of the
four operators the i-th tetrad, i=1, . . . ,6, one can obtain the currents in the holomorphic
and anti-holomorphic i-th ŝu(2)1 factor. Thus, in this way we can generate the full chiral
and antichiral algebra A×Ā. Furthermore, the fusion rules between A modules imply that
the OPE of the A×Ā primary fields in the six modules (5.7), together with the ones in the
[1,1,1,1,1,1;0,0,0,0,0,0] and [0,0,0,0,0,0;1,1,1,1,1,1] modules, where the supercurrents
live, generate every other A×Ā primary operator in the spectrum, and we conclude.

Some examples of defects in TopGTVW are as follows:

1. Invertible defects. We have one simple defect Lg for each g ∈GGTVW ∼=Z8
2 :M20 ∼=Z8

2 :
(Z4

2 :A5).

2. Defects induced by the torus orbifold description. Since the model CGTVW can be defined
as a torus orbifold T /Z2, it inherits all defects from the torus model T . In particular,
as described in section 4, TopGTVW contains a continuum of non-invertible defects
Tθ, θ∈ (Γ4,4⊗R)/Γ4,4 of dimension 2 that are simple for generic values of θ. One can
identify the first two tetrads in (5.7) as the RR ground states in the untwisted sector
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of the orbifold, and the last four tetrads as the twisted sector. Then, all operators T̂θ
act on the first two tetrads by multiplication by 2, while they annihilate the last four
tetrads. Notice that symmetries in GGTVW permute the second tetrad with the last
four, while keeping the first tetrad of spectral flow generators fixed; therefore, they
change the identification of the tetrads with the twisted or untwisted sector of the
orbifold. This means that fusion of Tθ with invertible defects in TopGTVW provide
further sets of continuous defects of dimension 2. Any such defect acts by multiplication
by 2 on the spectral flow generators (the first tetrad) and on one more tetrad (the
untwisted sector RR ground states), while annihilating the remaining four tetrads (the
twisted sector).

The model CGTVW can also be described as a T 4/Z4 orbifold. In fact, this is exactly the
model described in section 4.4. We denote by Q4 the quantum symmetry of order 4 in
this torus orbifold description. Among the elements of the group GGTVW , the quantum
symmetries Q4 can be characterised by their eigenvalues on the 24-dimensional space
V of RR ground states (±1 with multiplicity 4 each, and ±i with multiplicity 8 each).
From the T 4/Z4 description, one can deduce that TopGTVW must contain a continuum
of topological defects T (4)

θ of order 4 and a continuum of topological defects ξθ of order
2. The former act on the first tetrad of RR ground states by multiplication by 4, while
they annihilate all other 5 tetrads. The latter act by multiplication by 2 on two tetrads
(including the first), while they annihilate the remaining four tetrads.

3. Verlinde lines for (ŝu(2)1)⊕6. Since this SCFT is rational with respect to the chiral
algebra A, it is useful to consider the topological defects that preserve the whole algebra
A. For rational CFTs, there is a finite number of such defects. In particular, for a
bosonic CFT corresponding to the diagonal invariant of A, simple topological defects
preserving A are completely classified, and are given by the Verlinde line defects. In
general, Verlinde lines are in one-to-one correspondence with representations of the
algebra A, and their fusion ring is the same as the fusion ring of A representations. Let
us consider the simple topological defects of the bosonic CFT CbosGTVW that preserve
the (ŝu(2)1)⊕6 chiral and anti-chiral algebras. They are 26 Verlinde lines, one for each
(ŝu(2)1)⊕6 representation, and obey group-like Z6

2 fusion rules; this means that they are
all invertible, so that they form a Z6

2 group of symmetries. The lifts of such symmetries
from the bosonic CFT CbosGTVW to the SCFT CGTVW , together with the fermion number,
generate the full group (Z6

2×Z6
2)/Z0 ∼=Z7

2 of symmetries fixing all (ŝu(2)1)⊕6. Notice
that not all Verlinde defects preserve the N =(4,4) superconformal algebra and the
spectral flow generators — A only contains the even subalgebra of N =4, but not the
supercurrent. In fact, only the subgroup (5.11) of (Z6

2×Z6
2)/Z0 is contained in GGTVW

and therefore gives rise to defects in TopGTVW . In particular, t1, t̃1, and t1 · · · t6 can be
identified, respectively, with the left-moving and right-moving fermion number, and
with the Z2 symmetry acting by −1 on all R-R states. In conclusion, Verlinde lines
only provide topological defects that are generated by ordinary symmetries.

4. Lines preserving some ‘large’ chiral algebra. There are two ways we can generalize
the construction of Verlinde lines in the previous point. One is to consider topological
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defects that act on the (ŝu(2)1)⊕6 chiral and anti-chiral algebra by some non-trivial
automorphism. The full analysis is performed in appendix C. The final outcome
is that, besides the invertible defects, there are a few more duality defects (see the
next point), related to the fact that the SCFT TopGTVW is self-orbifold TopGTVW =
TopGTVW /H with respect to certain subgroups H of the subgroup GGTVW ∩(Z6

2×
Z6

2)/Z0 of symmetries fixing all the (ŝu(2)1)⊕6 currents. Actually, it turns out that the
duality defects obtained in this way are elements in the family of continuous defects Tθ,
at special values of θ. The possibility that some Tθ are duality defects was discussed in
section 4.

The other possibility to discover new objects in TopGTVW is to consider the defects
that preserve some chiral algebra B that is smaller than the full chiral algebra of the
theory, but such that the theory is still rational with respect to B. There are many
simple subalgebras of the bosonic (ŝu(2)1)⊕6 whose representation theory are well
known, such as, for example, products of affine subalgebras ĥ⊂ (ŝu(2)1)⊕6 and cosets
(ŝu(2)1)⊕6/h. The main difficulty with this approach is to find the defects that preserve
the N =4 supercurrents. We were not able to find any new defects in TopGTVW using
this technique.

5. Duality defects. By definition, a duality defect N is such that the fusion with the
reversed orientation defect N⋆ is a superposition of invertible defects

N⋆N =
∑
h∈H

Lh , NLh=N , (5.12)

for some group H of symmetries. Duality defects occur when a model C is self-orbifold
with respect to the group H, i.e. if the orbifold theory C/H is a consistent CFT
isomorphic to C. This means that there is an isomorphism between the space H of local
operators of C and the one of C/H such that correlation functions are the same. In this
case, moving a local operator of C through N gives the corresponding operator in C/H.
In particular, when N =N⋆ is unoriented, and H is an abelian group, the category
generated by N and Lh, h∈H, is called a Tambara-Yamagami (TY) category, with
fusions

N2 =
∑
h∈H

Lh , LhN =N =NLh . (5.13)

If N ∈TopGTVW is a duality defect, then the corresponding H must be an subgroup
of GGTVW , the group of symmetries acting trivially on the N =(4,4) superconformal
algebra and spectral flow. Notice, however, that the converse is not true in general: even
if a certain subgroup H ⊂GGTVW is such that CGTVW /H ∼= CGTVW , the corresponding
duality defect N is not necessarily transparent to the N =(4,4) algebra and spectral
flow, and in this case it is not in TopGTVW (see appendix B for an example).

Let us discuss the possible abelian groups H for which CGTVW /H is isomorphic to
CGTVW . One necessary condition is that the orbifold model contains bosonic chiral and
antichiral algebras isomorphic to (ŝu(2)1)⊕6. We can separate the subgrops H ⊂GGTVW

– 44 –



J
H
E
P
0
7
(
2
0
2
4
)
1
1
1

into two classes, depending on whether they act trivially on the chiral and anti-chiral
A×Ā or not.

In the first case, H must be a subgroup of (5.11), i.e. the intersection of GGTVW and the
centre (Z6

2×Z6
2)/Z0. Furthermore, N̂√

|H|
must act by an automorphism on (ŝu(2)1)⊕6.

All such defects N ∈Top are discussed in appendix C. The results are as follows. We find
three kind of duality defects (up to conjugation in GGTVW ): Nijk for all 2≤ i< j <k≤ 6,
with N 2

ijk = I+Ltitj +Ltjtk+Ltitk ; Nij,kl for all pairwise distinct i, j,k, l∈{2, . . . ,6}, with
N 2
ij,kl= I+Ltitj +Ltktl+Ltitjtktl ; and N23456 where N 2

23456 equals to the superposition
of the 16 invertible defects in GGTVW ∩(Z6

2×Z6
2)/Z0 ∼=Z4

2.

Let us now consider the case where H acts non-trivially on the chiral algebra. In order
for C/H to be isomorphic to C, there must be holomorophic currents in some twisted
sector Hh, for some h∈H.

By a direct calculation of the h-twisted partition function, we found that the group
GGTVW admits only three conjugacy classes of elements h such that Hh contains
holomorphic currents. One class is given by symmmetries of the form titjtktl, 2≤ i<

j <k< l≤ 6, that are contained in the group (5.11). Each of them can be interpreted
as the quantum symmetry in a description of the model as a torus orbifold T 4/Z2.
This means that the orbifold of the CFT CGTVW by Z2 group generated by any such
symmetries is a torus model, and in particular cannot be isomorphic to CGTVW itself.
However, there could be larger abelian groups containing symmetries of the form titjtktl,
under which C is self-orbifold. In fact, we already found some of these abelian groups
among the ones acting trivially on currents.

The second class are given by symmetries Q4 of order four, such as, for example

(11xxxx ; 111111)(1)6 (5.14)

in the notation of appendix A; the third class is related to the second by exchanging
the action on the holomorphic and anti-holomorphic sectors. The elements Q4 in either
the second or the third conjugacy class are quantum symmetries in a description of the
model CGTVW as a Z4 torus orbifold T 4/Z4. As in the previous case, this means that
the orbifold of C by ⟨Q4⟩∼=Z4 is a torus model (more precisely, the model described in
section 4.4), and therefore is not isomorphic to CGTVW . On the other hand, from the
results in section 4.4, we know that there are duality defects Nx ∈TopGTVW of order
4 for groups of the form Z2×Z8 generated by Q4 and by some other symmetry ηx of
order 8. In principle, there could be even larger abelian groups with respect to which C
is self-orbifold, but we did not attempt a full classification.

5.2 D-branes and RR charges

Let us describe the lattice Γ4,20 of RR charges of the K3 model CGTVW , expressed in the
orthonormal basis {|1, i⟩, |2, i⟩, |3, i⟩, |4, i⟩}i=1,...,6 of the space V of R-R ground fields that is de-
scribed in appendix A. In particular, for each fixed i=1, . . . ,6, the subset {|1, i⟩, |2, i⟩, |3, i⟩, |4, i⟩}
corresponds to a ‘tetrad’ of states, belonging to one of the six representations of A×Ā listed
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in eq. (5.7). The first tetrad (i=1) is given by the spectral flow generators and spans the
subspace Π⊂V , while Π⊥ is spanned by the remaining tetrads with i=2, . . . ,6.

In order to find Γ4,20 the most direct way would be to find an explicit description of a
suitable set of 24 boundary states. However, we will consider a simpler method, that uses the
group of symmetries GGTVW . The outcome of this analysis is that the only even unimodular
lattice Γ⊂V with signature (4,20) that is invariant under the action of the GGTVW on V , as
described in appendix A, is the one spanned by the columns of the following matrix:

1√
8



8 4 4 4 4 4 4 2 4 4 4 2 4 2 2 2 4 2 2 2 2 0 0 1
0 4 0 0 0 0 0 2 0 0 0 2 0 2 0 0 0 0 0 2 0 0 0 1
0 0 4 0 0 0 0 2 0 0 0 2 0 0 2 0 0 2 0 0 0 0 0 1
0 0 0 4 0 0 0 2 0 0 0 2 0 0 0 2 0 0 2 0 0 0 0 1
0 0 0 0 4 0 0 2 0 0 0 0 0 2 2 2 0 2 2 2 2 0 0 1
0 0 0 0 0 4 0 2 0 0 0 0 0 2 0 0 0 0 2 0 0 0 0 1
0 0 0 0 0 0 4 2 0 0 0 0 0 0 2 0 0 0 0 2 0 0 0 1
0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 2 0 2 0 0 0 0 0 1
0 0 0 0 0 0 0 0 4 0 0 2 0 2 2 2 0 2 2 2 2 2 2 1
0 0 0 0 0 0 0 0 0 4 0 2 0 2 0 0 0 2 0 0 0 2 0 1
0 0 0 0 0 0 0 0 0 0 4 2 0 0 2 0 0 0 2 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 2 0 0 0 2 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 4 2 2 2 0 0 0 0 2 2 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 2 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 2 2 2 2 2 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 2 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 2 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1



(5.15)

This is a slight modification (necessary because of the different signature) of the basis of vectors
of the Leech lattice in [74]. It is easy to verify by a direct calculation that the lattice generated
by these vectors is invariant under the group GGTVW , and that it is even and unimodular
with respect to the diagonal metric η=diag(1,1,1,1,−1, . . . ,−1) of signature (4,20).

The proof that the lattice with these properties is unique (up to O(4)×O(20) trans-
formations that do not affect the splitting V =Π⊕Π⊥) is as follows. It is known from [26]
that the group of symmetries GC of any K3 model C is isomorphic to a subgroup GΛ of the
Conway group O(Λ)∼=Co0, the group of automorphisms of the Leech lattice Λ. Furthermore,
if ΓG⊂Γ4,20 and ΛG⊂Λ denote the sublattices of G-fixed vectors and ΓG :=Γ4,20∩(ΓG)⊥
and ΛG :=Λ∩(ΛG)⊥ their orthogonal complement, then there is an isomorphism ΓG∼=ΛG
(reversing the sign of the quadratic form) that is compatible with the action of GC ∼=GΛ. The
relevant subgroups of Co0 were classified by Höhn and Mason in [48], and GGTVW appears
as group 99 in their table. In particular, up to conjugation in Co0, [48] shows that there
is a unique sublattice ΛG∼=ΓG for this group; this means that Γ∩Π⊥∼=ΓG is unique up to
O(20) transformations of Π⊥. As described, for example, in [75] (see also [48]), the genus of
the primitive sublattice ΓG⊂Γ4,20 determines the genus of its orthogonal complement ΓG in
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the even unimodular lattice Γ4,20. We checked, with some computer aid, that such a genus
contains a unique isomorphism class of lattices; this means that Γ∩Π∼=ΓG is also uniquely
determined up to O(4) transformations. Therefore, for any choice of even unimodular lattice
Γ⊂V invariant under GGTVW , there is a primitive embedding of ΓG⊕ΓG into Γ. Different
choice of the lattice Γ would lead to primitive embedddings that are not related by either
O(ΓG)×O(ΓG) or O(Γ) automorphisms (the latter can thought of as changes of basis in
a given lattice Γ). The possible equivalence classes of such primitive embeddings, up to
O(ΓG)×O(ΓG) and O(Γ) transformations, are described by proposition 2.1 of [48], which is a
reformulation of propositions 1.4.1 and 1.6.1 of [75]. In particular, the fact that for group 99
in [48] the index īG equals 1, implies that there is a unique class of such embeddings, and this
concludes the proof. We refer to [48, 75] for more information about embeddings of primitive
sublattices into even unimodular lattices, and in particular for the meaning of the index īG.

Notice that the first four vectors in the lattice basis
8√
8
|1,1⟩ , 4√

8
(|1,1⟩+|2,1⟩) , 4√

8
(|1,1⟩+|3,1⟩) , 4√

8
(|1,1⟩+|4,1⟩) , (5.16)

are contained in the subspace Π⊂V of spectral flow operators. By Claim (2), this implies
that all topological defects L∈TopGTVW in this model have integral quantum dimension.

As described in section 3.2, with each L∈TopGTVW is associated a lattice endomorphism
L : Γ4,20 →Γ4,20, which is contained in the intersection B4,20

Π (Z)=End(Γ4,20)∩B4,20(R) of
End(Γ4,20) with the 401-dimensional real space B4,20(R) of block diagonal matrices defined
in eq. (3.11).

Using some computer aid [76], we found that for the model CGTVW the Z-module B4,20
Π (Z)

has maximal rank, and computed a set of 401 generators {Li}i=1,...,401, so that any such
map L can be written as

L=
∑
i

kiLi , ki ∈Z . (5.17)

We stress that not all elements L∈B4,20
Π (Z) are expected to correspond to actual topological

defects in TopGTVW . The Z-module B4,20(Z) contains a submodule,

B4,20
Π,inv(Z)⊂B4,20

Π (Z) (5.18)

generated by all maps Lg induced by invertible defects Lg, g ∈GGTVW . Notice that, since
the 24-dimensional representation of GGTVW is faithful, B4,20

Π,inv(Z) is isomorphic to the group
ring Z[GGTVW ]. We found that B4,20

Π,inv(Z) has also maximal rank, has index 2168 in B4,20
Π (Z),

and that for all L∈B4,20
Π (Z) one has 4·L∈B4,20

Π,inv(Z). In particular,

B4,20
Π (Z)/B4,20

Π,inv(Z)∼=Z8
4⊕Z152

2 . (5.19)

In fact, all the examples of topological defects L∈TopGTVW described in this section,
including the simple non-invertible ones, correspond to elements L in B4,20

Π,inv(Z) (recall that
the map L→ L is not injective). Unfortunately, we were not able to determine which elements
(if any) L∈B4,20

Π (Z), L /∈B4,20
Π,inv(Z), are actually induced by topological defects in TopGTVW .
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It is interesting to consider the action on RR charges of the duality defects Nijk, described
in appendix C. For example, the map N256 related to the defect N256 is

N256 =



2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 −1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 1 1 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 −1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 1 1 −1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 −1 1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −1 1 −1 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0



(5.20)

While N256 ∈B4,20
Π,inv(Z), it cannot be written as a sum of the form Lg+Lh, for some g,h∈

GGTVW : one always needs an integral linear combination of (at least) four Lg, g ∈GGTVW
with (at least) one negative coefficient. This can be proved, for example, by noticing that
each Lg acts by a signed permutation in this basis, so that each row or column in Lg has
always a single non-zero entry, equal to ±1. Thus, any sum Lg+Lh has at most two non-zero
entries in each row or column, so it cannot be equal to N256. This example shows that the
image of TopGTVW in End(Γ4,20) by L→ L is strictly larger than the image of the subcategory
generated only by invertible defects.

Finally, let us show an example of a deformation of this model lifting all topological
defects in TopGTVW . Let us relabel {|ψ1⟩, . . . , |ψ24⟩} the ordered basis of R-R ground states,
where |ψ4k−3⟩, . . . , |ψ4k⟩ are the states in the k-th tetrad

|ψ4k−3⟩= |1,k⟩, |ψ4k−2⟩= |2,k⟩, |ψ4k−1⟩= |3,k⟩, |ψ4k⟩= |4,k⟩.

We denote by ψ1, . . . ,ψ24 the corresponding operators. The exactly marginal operators are
the supersymmetric descendants of NS-NS operators of weights h= h̄= 1

2 , obtained from
OPE of one of the spectral flow operators ψ1, . . . ,ψ4 and one of the other 20 RR ground
fields ψ5, . . . ,ψ24. Thus, we can label a basis of such NS-NS operators by χi,j , i=1, . . . ,4,
j=5, . . . ,24. Each infinitesimal deformation is generated by a linear combination χ of the
χi,j . A defect L is preserved by the deformation generated by χ if and only if χ is transparent
with respect to the defect L. This is equivalent to saying that the operator L̂ acts on the
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state |χ⟩ in the same way as on the vacuum, i.e.

L̂|χ⟩= ⟨L⟩|χ⟩ . (5.21)

Let us consider the following linear combination

|χ⟩= |χ1,5⟩+π|χ1,6⟩+π2|χ1,7⟩+. . .+π19|χ1,24⟩=
24∑
j=5

πj−5|χ1,j⟩ , (5.22)

where π=3.14 . . .. Because L is transparent to the spectral flow operators ψ1, . . . ,ψ4, the
action of L̂ on χi,j is the same as on ψj

L̂|χi,j⟩=
24∑
k=5

Ljk|χi,k⟩ .

Thus, for the deformation (5.22), the condition (5.21) reads
24∑

k,j=5
πj−5Ljk|χ1,k⟩= ⟨L⟩

24∑
k=5

πk−5|χ1,k⟩,

which is equivalent to
24∑
j=5

πj−k
Ljk
⟨L⟩

=1, ∀k=5, . . . ,24 . (5.23)

It is now sufficient to observe that, in this basis, the matrix 1
⟨L⟩Ljk has rational entries, so

that the only way this relation can be satisfied is

Ljk
⟨L⟩

=

1 for j= k

0 for j ̸= k .
(5.24)

Thus, the only topological defects that are preserved by the deformation χ are the ones
that are proportional to the identity, in agreement with the general statements in section 3.
The same result would hold for any linear combination |χ⟩=∑24

j=5αj |χi,j⟩ such that the
ratios αj/αk are irrational for all j ̸= k.

6 Another example: the Gepner model (1)6

The second example of K3 model we will analyse is the Gepner model (1)6, that was considered
in [26]. In general, Gepner models are obtained by considering products of N =2 minimal
models, each one having central charge ck = 3k

k+2 with k∈N, and then taking an orbifold that
projects on the states carrying integral total U(1) R-charge. When the total central charge is
c=6 and the spectrum is invariant under spectral flow, then the N =(2,2) superconformal
algebra is enhanced to N =(4,4) and the CFT is always a non-linear sigma model on K3.

In particular, as the name suggests, the (1)6 model C(1)6 is obtained by taking six copies
of the k=1 minimal model with ck=1 =1. We refer to [26] for a description of this CFT
as a Gepner model. Here, we notice that this particular Gepner model admits different
descriptions that might be more useful to study symmetries, defects and D-branes.
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6.1 The (1)6 Gepner model as a free scalar CFT

Let us describe the K3 model C(1)6 as a rational CFT. Both chiral and anti-chiral superalgebras
A and Ā contain8 the product of six copies of the N =2 superconformal algebra at c=1. It
is known (see appendix D) that the bosonic subalgebra of N =2 at c=1 can be completely
described in terms of a chiral free boson on a circle of suitable radius. This means that the
K3 model C(1)6 is generated by 6 holomorphic and six antiholomorphic chiral free bosons

i∂Xk(z) , i∂̄Xk(z) , k=1, . . . ,6 ,

together with the vertex operators Vλ(z, z̄)∼: ei(λ⃗L·X⃗L(z)+λ⃗R·X⃗R(z̄)) : of conformal weights
(hL,hR)= ( λ⃗

2
L
2 ,

λ⃗2
L
2 ), where λ≡ (λ⃗L, λ⃗R) takes values in a suitable integral (odd) lattice Υ∈R6,6.

Let {e1, . . . ,e6, ẽ1, . . . , ẽ6} denote an orthonormal basis of R6,6, so that λL=
∑6
i λiei and

λR=∑6
k λ̃kẽk. The lattice Υ is given by the union Υ=ΥNS−NS∪ΥR−R of a NS-NS and

a R-R component.
The chiral and anti-chiral algebras A and Ā are generated by the currents i∂Xk and

i∂̄Xk, and by purely holomorphic (respectively, anti-holomorphic) vertex operators V(λ⃗L,0)(z)
(respectively, V(0,λ⃗R)(z̄)) with λ⃗L takes values in a suitable six dimensional positive definite
lattice ΛA⊂R6, such that

(ΥNS−NS∩R6,0)∼=ΛA , (ΥNS−NS∩R0,6)∼=ΛA(−1) , (6.1)

where ΛA(−1) denotes the lattices with opposite quadratic form. In particular, the (N =2)6 ⊂
A algebra can be described as the lattice super vertex operator algebra (SVOA) associated
with the odd lattice (

√
3Z)6 ≡ (

√
3Z)⊕. . .⊕(

√
3Z) (six copies), so that

(
√
3Z)6 ⊂ΛA .

The (N =2)6 algebra is not the full chiral algebra A of the model C(1)6 : one needs to extend this
SVOA by two additional holomorphic currents V±⃗(λL,0)(z), corresponding to the lattice vectors

±λ⃗L=±
( 1√

3
,
1√
3
,
1√
3
,
1√
3
,
1√
3
,
1√
3

)
⊂R6 .

The full chiral and antichiral algebras A and Ā of the theory are therefore both isomorphic
to the lattice SVOA associated with the integral odd lattice

ΛA= { n√
3
(1,1,1,1,1,1)+

√
3(x1, . . . ,x6) |n,x1, . . . ,x6 ∈Z}⊂R6 . (6.2)

The bosonic chiral algebra is the lattice VOA associated with the even lattice

ΛbosA = { n√
3
(1,1,1,1,1,1)+

√
3(x1, . . . ,x6) |n,x1, . . . ,x6 ∈Z,

∑
i

xi ∈ 2Z}⊂ΛA . (6.3)

Therefore, the NS-NS lattice ΥNS−NS contains Λ⊕Λ(−1) as a sublattice, corresponding to
the chiral and anti-chiral algebra A×Ā.

8Notice that this is not the full chiral algebra of this CFT.
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The representations of the algebra A×Ā are labeled by cosets [v] : v+(ΛA⊕ΛA(−1)), for
suitable v ∈R6,6 so that ΥNS−NS and ΥR−R decompose as unions of cosets

ΥNS−NS =
⋃

[v]∈A(NS−NS)

v+(ΛA⊕ΛA(−1)) (6.4)

and

ΥR−R=
⋃

[v]∈A(R−R)

v+(ΛA⊕ΛA(−)) (6.5)

In particular, the NS-NS sector contains the representations

A(NS−NS) =
{[ 1√

3(a1, . . . ,a6;a1, . . . ,a6)
]
| ai ∈Z/3Z, ,

6∑
i=1

ai ∈ 3Z
}

while the R-R sector includes

A(R−R) =
{[ 1√

3(a1, . . . ,a6;a1, . . . ,a6)
]
| ai ∈

1
2+Z/3Z, ,

6∑
i=1

ai ∈ 3Z
}
.

Notice that we have the identifications

[v]∼ [v+ 1√
3
(1,1,1,1,1,1;1,1,1,1,1,1)]

and the fusion rules

[v]×[v′] = [v+v′]

In this description, the N =4 superconformal algebra at c=6 is given as follows. The
ŝu(2)1 R-symmetry algebra is generated by

J3(z)= 1
2
√
3

6∑
k=1

i∂Xk(z) , J±(z)=V(± 1√
3
,...,± 1√

3
;0,...,0)(z) (6.6)

while the supercurrents are given by

G±(z)=
√

2
3

6∑
k=1

V±
√

3ek
(z) , G̃±(z)=

√
2
3

6∑
k=1

V∓
√

3ek±( 1√
3
,..., 1√

3
;0,...,0)(z) (6.7)

The 24 R-R ground states are given by Vλ with the following vectors λ∈ΥR−R:

± 1
2
√
3
(1, . . . ,1;1, . . . ,1) ± 1

2
√
3
(1, . . . ,1;−1, . . . ,−1) 4 spectral flow generators

1
2
√
3
(1,1,1,−1,−1,−1;1,1,1,−1,−1,−1) and permutations 20 operators .

The symmetries of the model preserving the N =(4,4) algebra form a group

G(1)6 ∼=Z4
3⋊A6 , (6.8)
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i.e. the extension by Z4
3 of the alternating group A6 of even permutations of six objects [26].

Here, the normal subgroup Z4
3 is the group of CFT symmetries acting trivially on the chiral

and anti-chiral algebras A×Ā. It is generated by elements tm1
1 · · · tm6

6 acting by

6∏
k=1

tmk
k (Vλ)= e

2πi
3
∑6

k=1mkakVλ , λ∈ 1√
3
(a1, . . . ,a6;a1, . . . ,a6)+(ΛA⊕ΛA(−1)) , (6.9)

where m1, . . . ,m6 ∈Z/3Z satisfy the condition ∑6
k=1mk≡ 0 mod 3. Notice that, because of

the condition ∑6
k=1ak≡ 0 mod 3, we have that the action is trivial whenever m1 = . . .=m6

t1t2t3t4t5t6 = t21t
2
2t

2
3t

2
4t

2
5t

2
6 =1 . (6.10)

The alternating group A6 acts by even permutations σ on the left- and right-moving
û(1) currents, and transforms the vertex operators accordingly:

i∂Xk 7→ i∂Xσ(k) , i∂̄Xk 7→ i∂̄Xσ(k) , V∑
k

(λkek+λ̃k ẽk) 7→±V∑
k

(λkeσ(k)+λ̃k ẽσ(k)) ,

where the sign in front of each Vλ must be chosen in such a way that the OPE between
vertex operators is preserved.

The full group of symmetries of the CFT is [(SU(2)×U(1)5)×(SU(2)×U(1)5)]⋊S6, where
the two SU(2)×U(1)5 factors are generated by the zero modes of the holomorphic and anti-
holomorphic currents. The permutation group S6 acts simultaneously on each of the U(1)5

factors as in the 5-dimensional irreducible representation.

6.2 The (1)6 model as a torus orbifold T 4/Z3

The C(1)6 Gepner model can also be described in terms of a torus orbifold T 4/Z3. In fact,
there are actually many different ways to obtain this model from an orbifold. One simple
way to prove that C(1)6 is a torus orbifold is to notice that the symmetry group Z4

3 :A6
contains some symmetry Q of order 3 (e.g. the element of Z4

3 with m1 =m2 =m3 =1 and
m4 =m5 =m6 =0) whose trace on the 24 dimensional representation of RR ground states V is
−3. The orbifold of C(1)6 by Q gives a sigma model T := C(1)6/⟨Q⟩ on T 4, as can be checked by
verifying that the elliptic genus of C(1)6/⟨Q⟩ is 0 [77]. By reversibility of the orbifold procedure,
because T = C(1)6/⟨Q⟩ with ⟨Q⟩∼=Z3, we must conclude that the K3 model C(1)6 is an orbifold
C(1)6 = T /⟨g⟩ of the T 4 model T by a cyclic group ⟨g⟩∼=Z3, and Q is the ‘quantum symmetry’
acting trivially on the untwisted sector and multiplying by e

2πik
3 the gk-twisted sector.

Knowing the action of Q on the states of C(1)6 allows us to identify the untwisted sector
and the gk twisted sector in the bosonic description of the previous section:

untwisted sector: x1+x2+x3 ≡ 0 mod 3 ,

gktwisted sector: x1+x2+x3 ≡ k mod 3 .

It is easy to construct the sigma model T on T 4 corresponding to the orbifold T =
C(1)6/⟨Q⟩. We know that the symmetry Q can be written as

Vλ 7→ e2πi(δL·λL−δR·λR)Vλ=Vλ (6.11)
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where

δ= 1
2
√
3
(4,4,4,0,0,0;0,0,0,0,0,0) (6.12)

is a vector such that 3δ ∈Γ and δ2
L−δ2

R ∈ 2Z. The untwisted sector of C(1)6/⟨Q⟩ contains the
currents i∂X i(z), i∂̄X i(z̄), as well as the vertex operators Vλ, λ∈ΥQ, where

ΥQ= {λ∈Υ | δL ·λL−δR ·λR ∈Z} . (6.13)

The full orbifold C(1)6/⟨Q⟩ is generated by the i∂X i(z), i∂̄X i(z̄) currents together with the
vertex operators Vλ with λ taking values in the extended lattice

Υ′=ΥQ∪(δ+ΥQ)∪(2δ+ΥQ) . (6.14)

Let us consider the holomorphic fields of this orbifold. As expected for a supersymmetric
sigma model on T 4, there are four holomorphic fields of weight 1/2, namely

χ±
1 (z)∼V±( 1√

3
, 1√

3
, 1√

3
,0,0,0;0,...,0) χ±

2 (z)∼V±(0,0,0, 1√
3
, 1√

3
, 1√

3
;0,...,0) .

By taking normal ordered products of pairs of these four fermions, one obtains the 6 currents
of a ‘fermionic’ so(4)1 = su(2)1⊕su(2)1 algebra, where one of the su(2)1 is the R-symmetry
of the N =4 superconformal algebra with currents (6.6), and the second commuting su(2)1
algebra is generated by

i
3∑

k=1
(∂Xk−∂Xk+3) , V±( 1√

3
, 1√

3
, 1√

3
,− 1√

3
,− 1√

3
,− 1√

3
;0,...,0)(z) .

Besides the so(4)1 currents that can be obtained from the OPE of the spin 1/2 fields,
the orbifold C(1)6/⟨Q⟩ contains 16 additional spin 1 fields, that can be arranged into two
commuting algebras

i√
2
(∂X1−∂X2) , i√

2
(∂X2−∂X3)

V±( −2√
3
, 1√

3
, 1√

3
,0,0,0;0,...,0)(z) V±( 1√

3
,−2√

3
, 1√

3
,0,0,0;0,...,0)(z) , V±( 1√

3
, 1√

3
,−2√

3
,0,0,0;0,...,0)(z)

and
i√
2
(∂X4−∂X5) , i√

2
(∂X5−∂X6)

V±(0,0,0,−2√
3
, 1√

3
, 1√

3
;0,...,0)(z) V±(0,0,0, 1√

3
,−2√

3
, 1√

3
;0,...,0)(z) , V±(0,0,0, 1√

3
, 1√

3
,−2√

3
;0,...,0)(z).

These two commuting algebras have dimension 8 and rank 2, and this is enough to conclude
that they are both isomorphic to su(3)1. Thus, the orbifold model C(1)6/⟨Q⟩ has both a chiral
and anti-chiral algebras isomorphic to (su(3)1)2, besides the so(4)1 from the free fermions.
For this reason, we denote this torus model as TA2

2
, so that

C(1)6/⟨Q⟩= TA2
2
. (6.15)
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The (su(3)1)2 currents include the superconformal descendants i∂Z±
i of the free fermions

χ±
i . The scalar fields Z+

1 ,Z
+
2 can be identified with the complex coordinates on the target

torus T 4, with Z−
1 ,Z

−
2 their complex conjugate. Notice that the currents i∂Z±

i are linear
combinations of the i∂Xk and of suitable vertex operators Vλ; this means that one cannot
give the Xk any geometric interpretation as the coordinates on the target torus.

As a CFT, any supersymmetric non-linear sigma model TA2
2

on T 4 can be described as
the product TA2

2
=F (4)⊗F̄ (4)×T bos

A2
2

of a theory F (4)⊗F̄ (4) of four chiral and four antichiral
free fermions with central charges (2,2), times the bosonic sigma model T bos

A2
2

on the same
torus T 4, with central charges (4,4). Let us focus on the bosonic sigma model factor, whose
fields are characterised by having non-singular OPE with all the chiral and anti-chiral free
fermions (i.e. they commute with all the free fermion modes). This is an honest bosonic CFT,
with modular invariant partition function. It contains the chiral algebra (su(3)1)2 — the free
fermions have zero charge with respect to this algebra, so their OPE with the currents is
non-singular. More generally, every Vλ with λ orthogonal to the vectors

±( 1√
3
,
1√
3
,
1√
3
,0,0,0;0, . . . ,0), ±(0,0,0, 1√

3
,
1√
3
,
1√
3
;0, . . . ,0)

and their anti-holomorphic counterparts, belong to the bosonic sigma model.
As we show below, the bosonic sigma model T bos

A2
2

on T 4 is just the product T bos
A2

2
= T bos

A2
⊗

T bos
A2

of two isomorphic bosonic sigma models T bos
A2

on T 2, each one corresponding to the
diagonal modular invariant for the algebra su(3)1. Recall that su(3)1 admits three different
modules, which we denote by M1 (the vacuum), M3 and M3̄; the latter modules are charge
conjugate of each other, and their highest weight vector has weight 2/3. Therefore, the
spectrum of the diagonal modular invariant is

(M1⊗M1)⊕(M3⊗M3)⊕(M3̄⊗M 3̄) .

More precisely, the first T bos
A2

is generated by the first (holomorphic and anti-holomorphic)
su(3)1 factor, by the 9 non-holomorphic vertex operators of conformal weights (2/3,2/3)

V( 1√
3
,−1√

3
,0,0,0,0; 1√

3
,−1√

3
,0,0,0,0) V(0, 1√

3
,−1√

3
,0,0,0;0, 1√

3
,−1√

3
,0,0,0) V( −1√

3
,0, 1√

3
,0,0,0; −1√

3
,0, 1√

3
,0,0,0)

V( 1√
3
,−1√

3
,0,0,0,0; −1√

3
,0, 1√

3
,0,0,0) V(0, 1√

3
,−1√

3
,0,0,0; 1√

3
,−1√

3
,0,0,0,0) V( −1√

3
,0, 1√

3
,0,0,0;0, 1√

3
,−1√

3
,0,0,0)

V( 1√
3
,−1√

3
,0,0,0,0;0, 1√

3
,−1√

3
,0,0,0) V(0, 1√

3
,−1√

3
,0,0,0; −1√

3
,0, 1√

3
,0,0,0) V( −1√

3
,0, 1√

3
,0,0,0; 1√

3
,−1√

3
,0,0,0,0)

that are the ground states of the M3⊗M3 modules, and by the 9 vertex operators Vλ with
the opposite signs for λ, namely

V−( 1√
3
,−1√

3
,0,0,0,0; 1√

3
,−1√

3
,0,0,0,0) V−(0, 1√

3
,−1√

3
,0,0,0;0, 1√

3
,−1√

3
,0,0,0) V−( −1√

3
,0, 1√

3
,0,0,0; −1√

3
,0, 1√

3
,0,0,0)

V−( 1√
3
,−1√

3
,0,0,0,0; −1√

3
,0, 1√

3
,0,0,0) V−(0, 1√

3
,−1√

3
,0,0,0; 1√

3
,−1√

3
,0,0,0,0) V−( −1√

3
,0, 1√

3
,0,0,0;0, 1√

3
,−1√

3
,0,0,0)

V−( 1√
3
,−1√

3
,0,0,0,0;0, 1√

3
,−1√

3
,0,0,0) V−(0, 1√

3
,−1√

3
,0,0,0; −1√

3
,0, 1√

3
,0,0,0) V−( −1√

3
,0, 1√

3
,0,0,0; 1√

3
,−1√

3
,0,0,0,0)

that are the ground states of the charge conjugate module M3̄⊗M 3̄. The second T bos
A2

torus
model is generated in a similar way, by exchanging the first free set of bosonic coordinates
X1,X2,X3 with the second set X4,X5,X6.
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The analysis in this section is sufficient to identify TA2
2

with the supersymmetric T 4

sigma model denoted by A2
2 in section 4.4.4 of [63]. Geometrically, the target space is the

product T 2×T 2 of two tori T 2 =C/(Z+e 2πi
3 Z) with a suitable B-field.

The K3 model C(1)6 can be obtained by the orbifold of TA2
2

by a symmetry g of order 3.
More precisely, g belongs the class denoted by 3A in [63], and corresponds to a geometric
rotation obtained by multiplying the complex coordinates (z1,z2) parametrizing the first and
second torus T 2 =C/(Z+e 2πi

3 Z) by (z1,z2) 7→ (e 2πi
3 z1,e

− 2πi
3 z2). Indeed, only for this class

of symmetries the orbifold TA2
2
/⟨g⟩ contains 6 R-R ground states in the untwisted sector

and 9+9 in the two twisted sectors, as expected for the model we are considering. The
g-invariant untwisted sector contains a subalgebra ŝu(2)1⊕û(1) from the ‘fermionic’ ŝo(4)1
algebra of TA2

2
, as well as subalgebras û(1)2 ⊂ ŝu(3)1 for each of the factors in the bosonic

ŝu(3)1. Altogether, we get ŝu(2)1⊕û(1)5, which is the current algebra of C(1)6 = TA2
2
/⟨g⟩ —

no further currents come from the twisted sectors.
The full symmetry group of the TA2

2
torus model preserving the small N =(4,4) algebra

and the spectral flow generators is U(1)8⋊G0 where G0 is a group of order 36 acting by
automorphisms on the winding-momentum lattice. The subgroup commuting with g is
⟨g⟩×(Z4

3⋊Z6), where Z4
3 ⊂U(1)8 and Z6 is generated R : (z1,z2) 7→ (−z1,−z2) and by a non-

geometric symmetry of order 3 that rotates only the holomorphic currents (∂Z1,∂Z2) 7→
(e 2πi

3 ∂Z1,e
− 2πi

3 ∂Z2) while keeping the anti-holomorphic currents (∂̄Z1, ∂̄Z2) fixed. These
torus symmetries induce a group of symmetries of the orbifold C(1)6 = TA2

2
/⟨g⟩ isomorphic

to 31+4⋊Z6, obtained from ⟨g⟩×(Z4
3⋊Z6) by first quotienting out ⟨g⟩, and then taking a

non-trivial central extension by the quantum symmetry ⟨Q⟩∼=Z3, as described in section 4.

6.3 Symmetries and topological defects

After describing in some detail the model C(1)6 , we are now ready to discuss the topological
defects in Top(1)6 that preserve the N =(4,4) algebra and the spectral flow. Such a category
includes:

1. Invertible defects. There is one defect Lg ∈Top(1)6 for each g ∈G(1)6 ∼=Z4
3⋊A6.

2. Defects acting by automorphisms on the chiral algebra. The Verlinde lines preserving
the full chiral and anti-chiral algebras A×Ā must be in one-to-one correspondence
with the representations of A×Ā and with the same fusion rules. This implies that the
Verlinde lines are all invertible, and generate the subgroup Z4

2 ⊂G(1)6 .

It is more interesting to consider topological lines acting on A×Ā by algebra automor-
phisms that fix the N =(4,4) subalgebra, and do not lift to CFT symmetries. The
analysis is very similar to the one in appendix C, so we just summarize the main
points. Recall that the full group of symmetries of the CFT is ((SU(2)×U(1)5)2)⋊S6).
Up to conjugation by such CFT symmetries, we can focus on defects that act on the
chiral algebra A by an outer automorphism ρL, while acting trivially on Ā. Outer
automorphisms preserving the N =4 subalgebra correspond to even permutations in
A6; it is sufficient to consider a representative ρL for each even conjugacy class in S6,
i.e. for each even cycle shape. There are five possible cycle shapes, corresponding to
the partitions 1+1+2+2, 1+1+1+3, 3+3, 2+4, 1+5. Let L(ρL,1) denote one of these

– 55 –



J
H
E
P
0
7
(
2
0
2
4
)
1
1
1

Partition ρL ⟨N⟩ H Generators of H
1+1+2+2 (ij)(kl) 3 Z3×Z3 tit

−1
j , tkt

−1
l

1+1+1+3 (ijk) 3 Z3×Z3 tit
−1
j , titjtk

3+3 (ijk)(lmn) 3 Z3×Z3 tit
−1
j t−1

l tm, titjtk
2+4 (ij)(klmn) 9 Z4

3 All ∏k t
mk
k

1+5 (ijklm) 9 Z4
3 All ∏k t

mk
k

Table 1. For each partition of {1, . . . ,6}, we report the cycle shape of a generic automorphism ρL ∈A6,
the dimension ⟨N⟩ of the duality defect N acting on A×Ā by automorphisms (ρ′

L,ρ
′
R) as in (6.17),

the group H ⊆Z4
3 appearing in (6.18), and the generators of H in the form (6.9).

defects. Then, the A×Ā representation labeled by a1, . . . ,a6 ∈Z/3Z is annihilated by
the operator L̂(ρL,1) unless it satisfies

(aρL(1), . . . ,aρL(6))= (a1, . . . ,a6)+n(1, . . . ,1) , (6.16)

for some n∈Z/3Z. For a given (ρL,1), the number of simple defects L(ρL,1) equals
the number of representations satisfying (6.16), and can be obtained from each other
by conjugation LgL(ρL,1)L⋆g by invertible defects Lg with g ∈Z4

3 ⊂G(1)6 . Let us also
notice that for every invertible defect Lg with g ∈Z4

3 ⊂G(1)6 and acting trivially on all
representations satisfying (6.16), one has LgL(ρL,1) =L(ρL,1)Lg =L(ρL,1).

For all L(ρL,1) we can find an invertible Lg such that N =LgLρ is unoriented — this
implies that N acts on the chiral and antichiral algebras by involutions (ρ′L,ρ′R),

ρ′L
2 =1= ρ′R

2
, ρ′Lρ

′
R= ρL . (6.17)

Furthermore, because N 2 acts trivially on the chiral and antichiral algebra, it must be
a superposition of Verlinde lines, i.e. invertible defects in Z4

3 ⊂G(1)6 . This implies that
all the N obtained in this way are duality defects for some subgroup H ⊆Z4

3

N 2 =
∑
h∈H

Lh , (6.18)

of order |H|= ⟨N⟩2. The basic information about these duality defects is contained in
table 1. This analysis implies that the K3 model C(1)6 is self-orbifold with respect to
the groups H ⊆Z4

3 in this table.

3. Defects induced by the description as a torus orbifold T 4/Z3. We have seen in section 6.2
that C(1)6 = TA2

2
/⟨g⟩ for a suitable torus symmetry g of order 3 preserving the small

N =(4,4) superconformal algebra. From the general analysis of section 4, this implies
Top(1)6 contains a continuum of topological defects Tθ of quantum dimension 3, that
are induced by superpositions Wθ+Wg(θ)+Wg2(θ) of torus model defects, and that are
simple for generic θ∈Γ4,4/(Γ4,4⊗R). When x∈Γ4,4/(Γ4,4⊗R) is a g-fixed point, i.e.
g(x)=x mod Γ4,4, the defect Tx decomposes as a superposition ηx+Qηx+Q2ηx, where
Q is a quantum symmetry of order 3 and ηx are invertible defects. The invertible
defects ηx obtained in this way, together with Q, generate an extraspecial group 31+4,
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that must be a subgroup of G(1)6 . Indeed, the quantum symmetry Q can be identified,
for example, with a symmetry t1t2t3 = t4t5t6 acting as in (6.9), and the subgroup of
G(1)6 commuting with Q is isomorphic to 31+4⋊Z6. The generators of the latter group
are induced by the symmetries of the torus model T that commute with g. The group
31+4⋊Z6 contains the subgroup Z4

3 fixing the chiral and anti-chiral algebra A×Ā —
indeed, the index of 31+4⋊Z6 in G(1)6 is 20, which is not divisible by 3. However, none
of the elements ηx are contained in this Z4

3 group, because they all act non-trivially on
some holomorphic or antiholomorphic operator.

4. Duality defects. We do not attempt a classification of all abelian groups H ⊂G(1)6

with respect to which C(1)6 is self-orbifold, i.e C/⟨H⟩∼= C(1)6 , but just mention a few
examples. When H leaves invariant the full chiral and anti-chiral algebra, then the
corresponding duality defect N must act on A×Ā by automorphisms. All cases where
N preserves the N =(4,4) algebra were considered in point 2 above. As discussed in 4,
the continuum of defects induced by the torus orbifold construction contains also the
duality defects N for the order 9 groups H generated by ηx and Q. Notice that the
element ηx, and therefore the group H, does not act trivially on A×Ā, so that N is
not one of the defects considered in point 2 above.

Let us describe the lattice Γ4,20 of R-R charges in this model. A set of boundary states
generating the full lattice was determined in [26], using the Gepner model description. The
same lattice can be also obtained in a way similar as section 5.2, using arguments based
purely on the symmetry group G(1)6 of the model and on lattice theory. In particular, G(1)6

correspond to group 101 in the list of [48], and their results imply that there is a unique point
in the moduli space of K3 models with this symmetry group. It is easier to describe Γ4,20 as
a complex lattice in C2,10, the complex vector space with indefinite sesquilinear form

⟨z,w⟩= z̄1w1+z̄2w2−z̄3w3−. . .−z̄12w12 ,

of signature (2,10), where z≡ (z1, . . .z12)∈C2,10 and w≡ (w1, . . .w12)∈C2,10. Using the
notation ω := e

2πi
3 and θ=ω−ω̄= i

√
3, we find that Γ4,20 ⊂C2,10 is generated by the rows
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of the following matrix

√
2
3



3 0 0 0 0 0 0 0 0 0 0 0
3ω 0 0 0 0 0 0 0 0 0 0 0
0 3θ 0 0 0 0 0 0 0 0 0 0
0 3θω 0 0 0 0 0 0 0 0 0 0
0 −3 −3 0 0 0 0 0 0 0 0 0
0 3ω̄ 3ω̄ 0 0 0 0 0 0 0 0 0
0 −3 0 −3 0 0 0 0 0 0 0 0
0 3ω̄ 0 3ω̄ 0 0 0 0 0 0 0 0
0 −3 0 0 −3 0 0 0 0 0 0 0
0 3ω̄ 0 0 3ω̄ 0 0 0 0 0 0 0
0 −3 0 0 0 −3 0 0 0 0 0 0
0 3ω̄ 0 0 0 3ω̄ 0 0 0 0 0 0
θω −θω −θω −θω θω −θω θω 0 0 0 0 0
−θω −θω θω −θω −θω −θω 0 θω 0 0 0 0
−θω 0 0 θω −θω −θω 0 0 θω 0 0 0
0 −θω θω 0 θω −θω 0 0 0 θω 0 0
θω 0 −θω θω 0 −θω 0 0 0 0 θω 0
0 θω θω θω θω 0 0 0 0 0 0 θω
θ −θ −θ −θ θ −θ θ 0 0 0 0 0
−θ −θ θ −θ −θ −θ 0 θ 0 0 0 0
−θ 0 0 θ −θ −θ 0 0 θ 0 0 0
0 −θ θ 0 θ −θ 0 0 0 θ 0 0
0 θ θ θ θ 0 0 0 0 0 0 θ
0 2ω−ω̄ 1 1 1 1 1 1 1 1 1 4



(6.19)

The image of this complex lattice with respect to the standard map

C2,10 ∈ (z1, . . . ,z12) 7→ (ℜ(z1), Im(z1), . . . ,ℜ(z12), Im(z12))∈R4,20,

defines a real even unimodular lattice of signature (4,20), as can be checked by a direct
computation. The construction is analogous to the definition of the complex Leech lattice (see
for example chapter 7 section 8 in [74]), with some modifications due to the different signature.
The first two columns in (6.19) correspond to complex coordinates z1,z2 for the space Π⊂V

of spectral flow generators, while the remaining 10 columns are complex coordinates z3, . . . ,z12
for its orthogonal complement. Notice that first four vectors (rows) in the lattice basis, namely

(3 0 0 0 0 0 0 0 0 0 0 0)
(3ω 0 0 0 0 0 0 0 0 0 0 0)
(0 3θ 0 0 0 0 0 0 0 0 0 0)
(0 3θω 0 0 0 0 0 0 0 0 0 0)

are contained in the subspace Π. By claim 2, the existence of such charges imply that all
defects L∈Top(1)6 have integral quantum dimension.

The coordinates z3, . . . ,z12 are a complex basis for the space V ∩Π⊥ of R-R ground states
in the (1

4 ,0;
1
4 ,0) representation on N =(4,4). In particular, the basis consists of the 20

highest weight vectors for the chiral and anti-chiral algebra A×Ā labeled by

[a1, . . . ,a6] =
[
+1
2 ,+

1
2 ,+

1
2 ,−

1
2 ,−

1
2 ,−

1
2

]
and permutations.

– 58 –



J
H
E
P
0
7
(
2
0
2
4
)
1
1
1

Let us denote by |i, j,k⟩, 1≤ i< j <k≤ 6, the highest weight vector with the + signs in
positions i, j,k, i.e. in the A×Ā representation [a1, . . . ,a6] with

an=

+1/2 if n∈{i, j,k}
−1/2 if n /∈{i, j,k} .

This is a complex basis, since the CPT conjugate of [a1, . . . ,a6] is the opposite [−a1, . . . ,−a6].
We identify the states |i, j,k⟩ with the complex coordinates z3,z

∗
3 , . . . ,z12,z

∗
12 as follows:

z3 →|1,2,3⟩ z∗3 →|4,5,6⟩ z8 →|1,3,4⟩ z∗8 →|2,5,6⟩
z4 →|1,2,4⟩ z∗4 →|3,5,6⟩ z9 →|1,5,6⟩ z∗9 →|2,3,4⟩
z5 →|1,2,5⟩ z∗5 →|3,4,6⟩ z10 →|1,3,5⟩ z∗10 →|2,4,6⟩
z6 →|1,4,6⟩ z∗6 →|2,3,5⟩ z11 →|1,3,6⟩ z∗11 →|2,4,5⟩
z7 →|1,4,5⟩ z∗7 →|2,3,6⟩ z12 →|1,2,6⟩ z∗12 →|3,4,5⟩

(6.20)

The group of invertible defect in Top(1)6 is G(1)6 ∼=Z4
3⋊A6. All such symmetries act trivially

on the spectral flow operators, and therefore on the complex coordinates z1,z2. A permutation
σ ∈A6 acts in the obvious way on the states |i, j,k⟩

|i, j,k⟩ 7→ |σ(i),σ(j),σ(k)⟩ . (6.21)

Using the correspondence (6.20), it is immediate to derive the action of σ on the coordinates
z3,z

∗
3 , . . . ,z12,z

∗
12.

The elements of the subgroup Z4
3 are labeled by (m1, . . . ,m6)∈ (Z/3Z)6, with the condition∑

imi≡ 0 mod 3 and modulo (1,1,1,1,1,1). They multiply the states |i, j,k⟩, and therefore
complex coordinates z3, . . . ,z12, by some cubic roots of unity, determined by

|i, j,k⟩ 7→ exp

2πi
3

 ∑
n∈{i,j,k}

mn−
∑

n/∈{i,j,k}
mn

 |i, j,k⟩ . (6.22)

It is easy to check that these transformations of the space C2,10 correspond to automorphisms
of the lattice spanned by the rows of 6.19.

As for the model CGTVW , we computed a set of generators for the intersection

B4,20
(1)6 (Z) :=End(Γ4,20)∩B4,20(R) ,

between the Z-linear endomorphisms of the lattice Γ4,20 and the 401-dimensional real space
B4,20(R) of block diagonal 24×24 matrices, with a upper left 4×4 block proportional to the
identity, and an unconstrained lower right 20×20 block, see (3.11). As in the previous example,
the Z-module B4,20

(1)6 (Z) has maximal rank 401, i.e. equal to the dimension of B4,20(R).
We also computed the submodule

B4,20
(1)6,inv(Z)⊂B4,20

(1)6 (Z)

generated by the L where L is a superposition of invertible defects in Top(1)6 . As in the
previous example, we find that the submodule B4,20

(1)6,inv(Z) has full rank 401, with quotient

B4,20
(1)6 (Z)/B4,20

(1)6,inv(Z)∼=Z104
3 . (6.23)
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For all the defects L∈Top(1)6 that are discussed above, the corresponding map L is
contained in B4,20

(1)6 (Z), i.e. it can be written as an integral linear combination L=∑g ngLg of
maps Lg related to invertible defects Lg, g ∈G(1)6 , for some ng ∈Z. However, some L cannot
be written as linear combinations ∑g ngLg with non-negative integral coefficients ng ∈Z≥0.
An example is given by the duality defect N(12)(34) considered in point 2 above, that acts
on the chiral algebra A by a permutation with cycle shape (12)(34), while preserving the
anti-chiral algebra Ā. The square of N(12)(34) is a superposition of 9 invertible defects in
the Z3×Z3 group generated by t1t

2
2 and t3t

2
4

N 2
(12)(34) =(I+Lt1t22+Lt21t2)(I+Lt3t24+Lt23t4) . (6.24)

This determines (up to a sign) the action of N(12)(34) on the basis (6.20) of RR ground
states in the (1

4 ,0;
1
4 ,0) representation of N =(4,4), and therefore on the space C2,10 with

coordinates z1, . . . ,z12. In particular, the action is via the diagonal matrix

N(12)(34) =



3 0 0 0 0 0 0 0 0 0 0 0
0 3 0 0 0 0 0 0 0 0 0 0
0 0 −3 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0



(6.25)

where the minus sign is fixed by the requirement that this linear map induces an endomor-
phisms of the lattice of D-brane charges. On the other hand, all invertible defects Lg act
on the basis (6.20) by multiplication by some cubic root of unity followed by a permutation.
This means that in the corresponding matrix Lg the sum of the entries in each row or
column is a cubic root of unity. Because it is impossible to obtain −3 as a sum over three
cubic roots of unity, it follows that N(12)(34) cannot be written as a sum of three matrices
Lg1+Lg2+Lg3 for any g1,g2,g3 ∈G(1)6 .

As for the GTVW model, it is easy to exhibit a deformation of the model that lifts all
non-trivial topological defects L∈Top(1)6 . It is sufficient to consider a basis χi,j , i=1, . . . ,4,
j=5, . . . ,24 of the 80-dimensional space of exactly marginal operators with respect to which
all the linear operators L̂ are represented by matrices with rational entries — or, more
generally, entries in some algebraic number field. For example, one could take the |χij⟩ to be
the states related by spectral flow to the R-R |i, j,k⟩ in (6.20). With respect to this basis,
the operators L̂ are represented by matrices with entries in the algebraic number field Q[ω],
where ω= e2πi/3. Then, one can take a linear combination χ=∑24

j=5αjχ1,j whose coefficients
have transcendental ratios αj/αk, for example αj =πj−5 as in (5.22). The same argument
as in section 5.2 shows that the only defects that satisfy (5.21), and are therefore preserved
by the deformation χ, are the ones proportional to the identity.
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7 Conclusions

In this article, we discuss some general properties of the categories TopC of topological defects
preserving the N =(4,4) superconformal algebra and the spectral flow in a supersymmetric
non-linear sigma model on K3 C. In particular, we focus on the fusion of such topological
defects with boundary states corresponding to BPS D-branes, and define a homomorphism
from the fusion ring of Top to the ring of Z-linear endomorphisms on the lattice of D-brane
charges. This construction, together with some standard assumptions about the moduli space
of K3 models, allows us to derive a number of general properties of the topological defects in
TopC . For example, we show that the set of K3 models where Top is not trivial (i.e., where
there are simple defects distinct from the identity) has zero measure in the moduli space.
Furthermore, we provide some restrictions on the possible quantum dimensions of the defects
in Top and a sufficient condition on the model C (or rather on the corresponding point in
the moduli space) for all quantum dimensions to be integral. Finally, we apply our methods
in a couple of well understood examples of K3 models.

There are many directions of investigation that would be interesting to pursue:

1. One of the main tools in our analysis is the map Top→End(Γ4,20) that associates
with each topological defect L a Z-linear endomorphism L of the lattice Γ4,20 of RR
charges of the model. In section 3.2 we provided some conditions that must be satisfied
by the endomorphisms L that are associated with some defect. It is clear, though,
that in general these conditions are not sharp enough to identify the image of the
Top→End(Γ4,20). Can we refine them?

2. Similarly, we know that the map Top→End(Γ4,20) is in general not injective. In fact,
in the two K3 models C that we studied, we found some families of defects Lθ ∈TopC
depending on real parameters θ, corresponding to the same L∈End(Γ4,20). On the
other hand, there are some cases (for example, when L is a multiple of the identity)
where we were able to prove that L is the image of a single L. Can we determine for
which L the corresponding defect L is unique?

Let us give some more insight into this question. It is known that each topological
defect L in the CFT C can be described as a boundary state in the double theory C×C̄,
see section 3.4. In this description, it is natural to identify L∈End(Γ4,20) with the
R-R charge L∈Γ4,20⊗(Γ4,20)∗ of the boundary state in the double theory. Thus, a
continuum of defects for L in the model C corresponds to a moduli space of D-branes
with a given charge L in the double theory. In particular, the twisted conserved currents
implementing the deformations of the topological defect (see the discussion in section 4.2
and references therein) should correspond to suitable massless modes for open strings
with both ends on the D-brane in the double theory. It is natural to wonder whether
there can be examples where there is a discrete set of defects L∈Top with the same
image L via the map Top→End(Γ4,20). They would correspond to a discrete set of
different BPS D-branes carrying the same R-R charge in some non-linear sigma model
on K3×K3.
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As a second observation, we notice that a given topological defect L is preserved by a
marginal deformation of the K3 model if and only if the defect is ‘transparent’ for the
corresponding exactly marginal operator. This property is completely encoded in the
form of L. As a consequence, all defects L with the same L are either all lifted or all
preserved by a certain deformation. Thus, for each L, one can identify some connected
families of K3 models C in the moduli space, with the property that TopC contains a
set of defects L with action L on the D-brane charges. These arguments suggest that
the cardinality of this set of defects might only depend on the connected family, and
not on the particular K3 model.

3. In section 4.2 we conjectured that TopC contains a continuum of defects only if C is a
(possibly generalised) orbifold of a torus model. It would be very interesting to either
prove this conjecture or to find a counterexample. Notice that both models studied in
our article are actually torus models. In this respect, it would be very useful to study
an example of K3 model that is not a torus model. Unfortunately, while torus orbifolds
are necessarily a zero measure set in the moduli space of K3 models (they are a discrete
union of subloci of dimension at most 16), finding such an example of K3 model that is
reasonably under control (e.g. it is rational) is not an easy task. In particular, we do
not know of any simple criterion to determine whether a given K3 model admits or not
a description as a generalised orbifold of a torus model.

4. In [28], the authors study the topological defects in various CY manifolds, including
some K3 models. The idea is to classify the topological defects for some rational models
(Gepner models), and then consider deformations by exactly marginal operators that
preserve some of the defects. In this way, one can obtain information about topological
defects in models that are (probably) not rational. This method is very effective in
establishing the existence of topological defects in a neighborhood of known rational
CFTs. In contrast, our approach, based on the action of topological defects on D-brane
charges, allows us to provide information about possible defects even at points in the
moduli space that are far from any (known) rational point. On the other hand, while
our methods are effective in putting restrictions on properties of putative defects, they
are not sufficient to prove the existence of such defects without an explicit description of
the model. It would be very interesting to combine the two approaches: one could study
the topological defects in many Gepner models, and then use our methods to determine
precisely the sublocus of the moduli space where the topological defect is preserved.
Furthermore, by considering the points in the moduli space at the intersection of several
such loci, one might be able to establish the existence of K3 models with large categories
of topological defects.

5. Given a symmetry g of a K3 model C, one can define a twining genus ϕg(τ,z) by
computing the elliptic genus of the model C with the insertion of the topological defect
Lg along one of the cycles of the torus. In the same spirit, one can define a twining
genus ϕL(τ,z) for any topological defect L∈TopC . On general grounds, one expects
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such functions to be holomorphic and modular, in a suitable sense.9 Twining genera
play a prominent role in the calculation of the microstates degeneracy for 1/4-BPS black
hole in string compactifications on K3 and on orbifolds thereof (CHL models). See for
example [54, 78–88]. They are also the main characters in the ‘moonshine’ conjectures
for string theory on K3 [49–53, 89, 90].
The study of twining genera related to topological defects, rather than symmetries,
opens a number of new paths for the research in these subjects.

6. A mysterious correspondence has been observed [91] between symmetries of K3 sigma
models and automorphisms of a certain N =1 supersymmetric vertex operator algebra
V s♮ (a holomorphic superconformal field theory, in physics parlance) with central charge
12. In particular, most (though, probably, not all) of the twining genera ϕg of K3 models
can be exactly reproduced by certain g-twisted supertraces in V s♮. It is reasonable
to expect the SCFT V s♮ to admit suitable topological defects that preserve the N =1
superconformal symmetry — to the best of our knowledge, such defects have not been
studied yet. While one cannot define boundary states in a purely holomorphic theory,
we do expect some modification of our methods to apply to this case as well. We are
planning to describe such methods in a forthcoming paper [92]. It is natural to wonder
whether the K3-VOA correspondence extends to the case of defects.
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A Generators of Z8
2 : M20

In this section, we provide an explicit description of the group of symmetries GGTVW ∼=Z8
2 :

M20 of the K3 model CGTVW considered in section 5; see [69] and [70] for a derivation. Recall
that the full symmetry group of the CFT is (SU(2)6×SU(2)6) :S6, where the SU(2)6 factors are
generated by the zero modes of the holomorphic and antiholomorphic currents, while GGTVW ∼=
Z8

2 :M20 is the subgroup that preserves the N =(4,4) superconformal algebra and the spectral
flow. Every element of (SU(2)6×SU(2)6) :S6 can be written as (A1, . . . ,A6 B1, . . . ,B6)π
where Ai and Bi are SU(2) matrices, and π ∈S6 is a permutation. As discussed in section 5,
SU(2)6×SU(2)6 does not act faithfully on the operators of the CFT. There is a subgroup
Z0 ∼=Z5

2 of the center Z6
2×Z6

2 of SU(2)6×SU(2)6 that acts trivially on all states of the
9More precisely, we expect them to be weak Jacobi forms of weight 0 and index 1 with respect to a suitable

subgroup of SL(2,Z).
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theory (see eq. (5.9)). This means that there is an ambiguity in writing the symmetries as
(A1, . . . ,A6 B1, . . . ,B6)π, as one can multiply by any element in Z0 ∼=Z5

2.
The SU(2) matrices that one needs to write all elements of Z8

2 :M20 are

1=
(
1 0
0 1

)
, x=

(
0 1
−1 0

)
, y=

(
0 i

i 0

)
, z=

(
i 0
0 −i

)
(A.1)

and their opposite matrices

1=
(
−1 0
0 −1

)
, x=

(
0 −1
1 0

)
, y=

(
0 −i
−i 0

)
, z=

(
−i 0
0 i

)
. (A.2)

Notice that x,y,z obey the quaternionic relations x2 = y2 = z2 =−1, xy= z=−yx. Finally
we need the matrices

Ω=
(

1−i
2

1+i
2

−1−i
2

1+i
2

)
, Ω†=

(
1+i

2
1+i

2
1−i

2
1−i

2

)
(A.3)

that satisfy Ω3 =−1, so that Ω6 = 1 and Ω†=−Ω2. Furthermore, ΩxΩ†= z, ΩyΩ†=x,
ΩzΩ†= y. The permutations π will be denoted by their non-trivial cycles.

In this notation, the generators of Z8
2 :M20 are as follows:

• Generators in the Z6
2×Z6

2 subgroup of SU(2)6×SU(2)6:

t23 =(111111 111111)(1)6 (A.4)
t24 =(111111 111111)(1)6 (A.5)
t25 =(111111 111111)(1)6 (A.6)
t26 =(111111 111111)(1)6 (A.7)

These generators form a Z4
2 group, with Z4

2 ⊂Z8
2 ⊂Z8

2 :M20, that contains 10 elements
tij , 2≤ i< j≤ 6 with non-trivial SU(2) factors Ai=Aj = 1, and 5 elements tijkl, 2≤ i<

j <k< l≤ 6, with non-trivial SU(2) factors Ai=Aj =Ak=Al= 1.

• Further generators of the Z8
2 normal subgroup of Z8

2 :M20

s1 =(11xxxx ; 11xxxx)(1)6 (A.8)
s2 =(11y y y y ; 11yyyy)(1)6 (A.9)
s3 =(1xz yx1 ; 1xz yx1)(1)6 (A.10)
s4 =(1z yxz 1 ; 1z yxz 1)(1)6 (A.11)

• Generators of the Z4
2 subgroup of M20 ∼=Z4

2.A5 (modulo elements of the form tijkl)

v1 =(11xxxx ; 11z z z z)(1)6 (A.12)
v2 =(11yyyy ; 11xxxx)(1)6 (A.13)
v3 =(1yy1xz ; 1xx1z y)(1)6 (A.14)
v4 =(1xyz 1x ; 1zxy1z)(1)6 (A.15)

Altogether, the tij , s1, . . . ,s4, and v1, . . . ,v4 generate the subgroup of Z8
2 :M20 contained

in SU(2)6×SU(2)6.
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• Generators of the quotient A5 of M20 ∼=Z4
2.A5

p1 =(111111 ; 111111)(34)(56) (A.16)
p2 =(111111 ; 111111)(35)(46) (A.17)
p3 =(11Ω†Ω11 ; 11Ω†Ω11)(25)(34) (A.18)

Action on the currents. The 18 left-moving currents of su(2)6 can be denoted by a
pair (σ⃗ ·n⃗, i)L, where i=1, . . . ,6 denotes the su(2)1 factors, and σ⃗ ·n⃗ is a traceless hermitian
matrix, written a linear combination of Pauli matrices with coefficients n⃗=(n1,n2,n3)∈R3,
n⃗·n⃗=1. The action of g=(A, . . . ,A6;B1, . . . ,B6)π on (σ⃗ ·n⃗, i)L is

g ·(σ⃗ ·n⃗, i)L=(Aπ(i)σ⃗ ·n⃗A
†
π(i),π(i))L (A.19)

where we make the permutation act before the SU(2)6×SU(2)6 adjoint action. Similarly,
the action on the right-moving currents is

g ·(σ⃗ ·n⃗, i)R=(Bπ(i)σ⃗ ·n⃗B
†
π(i),π(i))R . (A.20)

Action on the RR ground states. An orthonormal basis of the 24-dimensional space
of RR ground states is given by six ‘tetrads’ of states |1, i⟩, |2, i⟩, |3, i⟩, |4, i⟩, i=1, . . . ,6. One
can assign with each element |a,i⟩ in a tetrad a 2×2 matrix Ua, a=1,2,3,4, as follows

|1, i⟩−→U1 =
1√
2

(
0 1
−1 0

)
= x√

2
(A.21)

|2, i⟩−→U2 =
1√
2

(
1 0
0 1

)
= 1√

2
(A.22)

|3, i⟩−→U3 =
1√
2

(
i 0
0 −i

)
=− z√

2
(A.23)

|4, i⟩−→U4 =
1√
2

(
0 i

i 0

)
= y√

2
, (A.24)

in such a way that ⟨a,i|b,j⟩= δijTr(U †
aUb). The action of g=(A1, . . . ,A6;B1, . . . ,B6)π on

|a,i⟩≡ (Ua, i), a=1, . . . ,4, i=1, . . . ,6 is

g ·(Ua, i)= (Aπ(i)UaB
t
π(i),π(i)) . (A.25)

B A duality defect not in TopGT V W

Consider the K3 model CGTVW described in section 5 and let H ⊂GGTVW the abelian group
H ∼=Z2 generated by the symmetry g= t5t6. By computing its partition function, one can
show that the orbifold C/H is a consistent K3 model with the same bosonic chiral and anti-
chiral algebras and representations as C; therefore, the two CFTs must be isomorphic C ∼= C/H .
In particular, all holomorphic and anti-holomorphic currents are g-invariant; the g-twisted
sector contains no further currents. Thus, we expect a topological duality defect N such that

N 2 = I+Lg , LgN =NLg =N . (B.1)
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In this section, we describe the duality defect N and show that N ̸∈TopGTVW , and in
particular that N does not preserve the N =(4,4) superconformal algebra.

The fusion rules for N ≡N56 imply that N̂ must act with eigenvalues ±
√
2 on the states

that are fixed by g, while eigenstates of g with eigenvalue −1 must be in the kernel. On the
other hand, these topological defects N cannot commute with the whole (ŝu(2)1)⊕6 algebra

— we have already identified all such defects, and they are all invertible.
What is the possible action on the chiral algebra?

• Consider moving a defect N through local holomorphic operators in A, we obtain a
map from A to itself in a way compatible with OPE. This means that the defect should
act on A by an automorphism of order 2.

• The action of N on A should not lift to a symmetry of the whole CFT. Indeed, if this
was the case, then for a suitable CFT symmetry h, the fusion LhN would act trivially
on A. But the only simple defects with this property are the Verlinde lines for the
algebra A and all such defects are invertible. It would follow that N is a superposition
of invertible defects, which cannot be true for a duality defect.

• Because N̂ 2 acts trivially on the g-invariant space of states Hg, then N acts by
permutations on the set of A×Ā representations contained in Hg. In particular, it
cannot map any such representation into one that is not contained in Hg.

The group of outer automorphisms of the chiral and antichiral algebra is the S6×S6 permu-
tation group acting separately on the holomophic and anti-holomorphic currents. Only the
diagonal S6 ⊂S6×S6 lifts to a symmetry of the whole theory; the other elements of do not
preserve the set of A×Ā representations in the space of states H. If instead we consider the
subgroup of S6×S6 that preserve only the set of representations contained in the subspace
Hg ⊂H of g-invariant states, then there is one non-trivial choice (modulo the diagonal S6
symmetry): the involution exchanging the 5-th and the 6-th ŝu(2)1 components on the (say)
holomorphic side, while keeping the anti-holomorphic side fixed.

Therefore, modulo automorphisms that lift to CFT symmetries, this is the only possible
action of N on the algebra (ŝu(2)1)6.

We can calculate the N -twined partition functions

ZNSNS1,N =TrNS−NS(N̂ qL0− c
24 q̄L̄0− c̄

24 ) , Z̃NSNS1,N =TrNS−NS((−1)F+F̃ N̂ qL0− c
24 q̄L̄0− c̄

24 )
(B.2)

ZRR1,N =TrR−R(N̂ qL0− c
24 q̄L̄0− c̄

24 ) , Z̃RR1,N =TrR−R((−1)F+F̃ N̂ qL0− c
24 q̄L̄0− c̄

24 ) (B.3)

using the characters of ŝu(2)1, namely

ch1,0(τ,z)=
θ3(2τ,2z)
η(τ) , ch1, 1

2
(τ,z)= θ2(2τ,2z)

η(τ) , (B.4)

from which

ch1,0(τ,0)=
θ3(2τ,0)
η(τ) = η(2τ)5

η(τ)3η(4τ)2 , ch1, 1
2
(τ,0)= θ2(2τ,0)

η(τ) = 2 η(4τ)2

η(2τ)η(τ) . (B.5)
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The S-transformations are

ch1,0(− 1
τ ,0)=

1√
2
(
ch1,0(τ,0)+ch1, 1

2
(τ,0)

)
, ch1, 1

2
(− 1

τ ,0)=
1√
2
(
ch1,0(τ,0)−ch1, 1

2
(τ,0)

)
(B.6)

Recall N̂ acts on the t5t6 invariant states by
√
2 times the permutation of the fifth and sixth

holomorphic ŝu(2)1 components. It follows that the N -twined partition function are

ZNSNS1,N =
√
2

∑
a1,...,a4∈{0, 1

2}∑
ai∈Z

[ 4∏
i=1

|ch1,ai(τ,0)|
2 (ch1,0(2τ,0)ch1,0(τ,0)

2+ch1, 1
2
(2τ,0)ch1, 1

2
(τ,0)2)

+
4∏
i=1

ch1,ai(τ,0)ch1, 1
2−ai

(τ,0)
(
ch1,0(2τ,0)ch1, 1

2
(τ,0)2+ch1, 1

2
(2τ,0)ch1,0(τ,0)

2)]

Z̃NSNS1,N =
√
2

∑
a1,...,a4∈{0, 1

2}∑
ai∈Z

[ 4∏
i=1

|ch1,ai(τ,0)|
2 (ch1,0(2τ,0)ch1,0(τ,0)

2+ch1, 1
2
(2τ,0)ch1, 1

2
(τ,0)2)

−
4∏
i=1

ch1,ai(τ,0)ch1, 1
2−ai

(τ,0)
(
ch1,0(2τ,0)ch1, 1

2
(τ,0)2+ch1, 1

2
(2τ,0)ch1,0(τ,0)

2)]

ZRR1,N =
√
2

∑
a1,...,a4∈{0, 1

2}∑
ai∈ 1

2 +Z

[ 4∏
i=1

|ch1,ai(τ,0)|
2 (ch1,0(2τ,0)ch1,0(τ,0)

2+ch1, 1
2
(2τ,0)ch1, 1

2
(τ,0)2)

+
4∏
i=1

ch1,ai(τ,0)ch1, 1
2−ai

(τ,0)
(
ch1,0(2τ,0)ch1, 1

2
(τ,0)2+ch1, 1

2
(2τ,0)ch1,0(τ,0)

2)]

Z̃RR1,N =
√
2

∑
a1,...,a4∈{0, 1

2}∑
ai∈ 1

2 +Z

[ 4∏
i=1

|ch1,ai(τ,0)|
2 (ch1,0(2τ,0)ch1,0(τ,0)

2+ch1, 1
2
(2τ,0)ch1, 1

2
(τ,0)2)

−
4∏
i=1

ch1,ai(τ,0)ch1, 1
2−ai

(τ,0)
(
ch1,0(2τ,0)ch1, 1

2
(τ,0)2+ch1, 1

2
(2τ,0)ch1,0(τ,0)

2)]
By a direct calculation we obtain

Z̃RR1,N =(16+36q+96q2+. . .)+O(q̄1) . (B.7)

This shows that N does not preserve any holomorphic supercurrent. Indeed, if a holomorphic
supercurrent were preserved by N , then Z̃RR1,N would receive contributions only from the RR
ground states, and it would be a constant in q.

C Defects acting by automorphisms of the chiral algebra

In this section we classify the topological defects L∈TopGTVW of the model CGTVW of
section 5, such that L̂ acts on all holomorphic fields generating the bosonic chiral algebra
A∼=(ŝu(2)1)6 by an algebra automorphism ρL times the quantum dimension ⟨L⟩. This
implies that when a defect line L is moved past the insertion point of one of the holomorphic
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currents j(z), the latter gets simply transformed into the current ρL(j(z)). Similarly, we
require the defect to act on the anti-holomorphic fields by a (possibly different) automorphism
ρR. The group of automorphisms of (ŝu(2)1)6 is SO(3)6⋊S6, where SO(3)6 are the inner
automorphisms generated by the zero modes of the currents; note that the center Z6

2 of
SU(2)6 acts trivially on the algebra itself. We still require ρL and ρR to act trivially on
the N =(4,4) superconformal algebra; this condition constrains ρL and ρR to be in a finite
subgroup of SO(3)6⋊S6. If the automorphisms (ρL,ρR) extends to a symmetry of the CFT,
then there is an invertible defect Lg, for some g ∈GGTVW ∼=Z8

2 :M20, such that the fusion
LgL acts trivially on the whole A⊗Ā. The only simple defects with this property are the
Verlinde lines discussed in section 5.1, where it is shown that they are all invertible. This
means that, in this case, L is just a superposition of invertible defects.

Therefore, in order to get some new defects, we have to require that (ρL,ρR) does not
lift to a symmetry of the CFT. Now, inner automorphisms SU(2)6×SU(2)6 are generated
by the current zero modes, and therefore always define CFT symmetries. The group of
outer automorphisms of A×Ā is S6×S6, and in this case, only the diagonal Sdiag

6 ⊂S6×S6,
permuting the holomorphic and antiholomorphic ŝu(2)1 factors in the same way, lifts to a
CFT symmetry. Thus, the defects acting by algebra automorphisms, modulo fusion with
invertible defects from the left or from the right, correspond to non-trivial double cosets in(

(SU(2)6×SU(2)6)⋊Sdiag
6

)
\
(
(SU(2)6×SU(2)6)⋊(S6×S6)

)
/
(
(SU(2)6×SU(2)6)⋊Sdiag

6

)
.

(C.1)
For each such coset, we can always choose a representative (ρL,ρR) with ρR=1. Further-

more, we can choose one ρL for each S6-conjugacy class, i.e. for each possible cycle shape.
Finally, we require ρL to preserve the N =4 superconformal algebra and the spectral

flow generators. This implies that the induced permutation must be contained in the A5 ⊂S6
subgroup of even permutations fixing the first ŝu(2)1 factor. There are only three possible
non-trivial cycle shapes, corresponding to the partitions 1+1+1+3, 1+1+2+2 and 1+5.
Let us consider each of these three cases in detail.

Partition 1+1+1+3. It is known (see appendix A), that GGTVW contains a symmetry

g3 = p1◦p3 =(11ΩΩ† 11 ; 11ΩΩ† 11)(265) , (C.2)

where we denote the elements of (SU(2)6×SU(2)6)⋊Sdiag
6 by (A1, . . . ,A6 ;B1, . . . ,B6)π, with

Ai,Bi ∈ SU(2) and π ∈Sdiag
6 , and where

Ω=
(

1−i
2

1+i
2

−1−i
2

1+i
2

)
∈ SU(2) . (C.3)

This means that if we define (ρL,ρR) as

ρL=(11ΩΩ† 11)(265) , ρR=1 .

the left automorphism ρL acts on the holomorphic algebra in the same way as the symmetry
element g3. This ensures that the holomorphic N =4 supercurrents are invariant under
ρL. However, ρR is not the same as for g3, and in particular the left- and right-moving
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ŝu(2)1 factors are permuted in different ways. This means that the pair (ρL,ρR) cannot
be extended to a symmetry of the whole CFT.

More explicitly, any such symmetry would have to map any field in the representation
[110000;110000], for example, to a field in a representation [100010;110000]; however, while
the former field is in the spectrum of the theory, the latter is not. This implies that there
cannot be any invertible defect acting by (ρL,ρR) on the chiral and antichiral algebras.
However, there is no obstruction to having a non-invertible defect with such an action. Indeed,
a non-invertible defect L, when circling a field in the [110000;110000] representation, can
simply annihilate it. More generally, the operator L̂ associated with any such defect needs to
annihilate any field in a representation [a1 . . . ,a6;b1 . . . b6] such that [ρL(a1 . . . ,a6);ρR(b1 . . . b6)]
is not in the spectrum. The NS-NS representations [a1 . . . ,a6;b1 . . . b6] that are not necessarily
annihilated by L are the ones satisfying

a2 = a5 = a6 , b2 = b5 = b6 , (C.4)

and can be grouped into four sets:

Ω1 = {[000000;000000], [111111;000000], [000000;111111], [111111;111111]} ,
Ω2 = {[101000;101000], [010111;101000], [101000;010111], [010111;010111]} ,
Ω3 = {[100100;100100], [011011;100100], [100100;011011], [011011;011011]} ,
Ω4 = {[001100;001100], [110011;001100], [001100;110011], [110011;110011]} .

The four members in each set are related to each other by the action of the N =(4,4)
supercurrents. Therefore, the requirement that the N =(4,4) algebra is invariant under L̂
implies that the action of L̂ is the same on all representations in the same set Ωi. We conclude
that the action of L̂ on the NS-NS sector depends only on four parameters α1, . . . ,α4 as

L̂=
4∑
i=1

αiP
i
ρL,ρR

. (C.5)

Here, for each i=1, . . . ,4, P iρL,ρR
acts by the automorphism (ρL,ρR) on the representations

in the set Ωi, while it annihilates all fields in the representations in Ωj for j ̸= i.
Requiring L to commute with the spectral flow operators fixes the action of L̂ on the

R-R sector to be of the same form (C.5) with the same parameters αi, where now each P iρL,ρR

is non-zero only on the set of representations Ω̃i with

Ω̃1 = {[100000;100000], [011111;100000], [100000;011111], [011111;011111]} ,
Ω̃2 = {[001000;001000], [110111;001000], [001000;110111], [110111;110111]} ,
Ω̃3 = {[000100;000100], [111011;000100], [000100;111011], [111011;111011]} ,
Ω̃4 = {[101100;101100], [010011;101100], [101100;010011], [010011;010011]} .

The four parameters α1, . . . ,α4 are constrained by the Cardy-like conditions that are obtained
by considering the torus partition function with the defect line L wrapping one of the
cycles. Notice that if (α1,α2,α3,α4) correspond to a consistent defect L acting by (ρL,ρR)
on the chiral and antichiral algebras, then also (α1,−α2,−α3,α4), (α1,α2,−α3,−α4), and
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(α1,−α2,α3,−α4) correspond to consistent defects, since they can be obtained by fusion
of L with the invertible defects acting trivially on all the currents and all the N =(4,4)
supercurrents (in particular, fusion with the symmetries t2t3, t2t4 and t3t4 gives all such
defects; fusion with the symmetries t2t5, t2t6, and t5t6 leaves each of these defects invariant).

Let us consider the possible fusion products of the simple defect L with α1 = . . .=α4.
The dual defect L⋆ acts on the space of states by the adjoint operator

L̂⋆=
4∑
i=1

α∗
iP

i
ρ−1

L ,ρ−1
R

(C.6)

so that the product LL⋆ acts by

L̂L̂⋆=
4∑
i=1

|αi|2P i , (C.7)

where P i is the projector on the representations in the set Ωi. On the other hand, we
know that LL⋆= I+. . . acts trivially on the whole algebra ŝu(2)6

1⊕ŝu(2)6
1 as well as on the

N =(4,4) algebra. This means that it must be a superposition of the invertible defects Ltitj
generating the Z4

2 subgroup of Z8
2 :M20 that is contained in the centre of SU(2)6×SU(2)6.

Furthermore, LL⋆ must annihilate the representations [a1, . . . , b6] of the chiral algebra that
do not satisfy (C.4), and must be a sum with positive coefficients of the projectors Pi. The
only possibility is

LL⋆= I+Lt2t5+Lt2t6+Lt5t6 , (C.8)

so that

|αi|= ⟨L⟩= ⟨L⋆⟩=2 .

The torus partition function with the insertion of L is

ZL(τ)=Tr(L̂qL0− c
24 q̄L̄0− c̄

24 )=
4∑
i=1

αiTr(P iρL,ρR
qL0− c

24 q̄L̄0− c̄
24 ) , (C.9)

where

Tr(P iρL,ρR
qL0− c

24 q̄L̄0− c̄
24 )=

∑
[a1,...,b6]∈Ωi

[
cha1(τ,0)cha2(3τ,0)cha3(τ,

1
6)cha4(τ,

1
6)(

chb1(τ,0)chb2(τ,0)3 chb3(τ,0)chb4(τ,0)
)]

Let us calculate ZL with the ansatz

α1 =α2 =α3 =α4 = ⟨L⟩ (C.10)

Using the su(2) characters, ZL(τ) takes the form:

ZL(τ)=
⟨L⟩

η(τ)6η(τ)3η(3τ)

{(
θ3(2τ)6+θ2(2τ)6

)[
θ3(2τ)θ3(6τ)θ3

(
2τ, 13

)2
+θ2(2τ)θ2(6τ)θ2

(
2τ, 13

)2
]
+

+
(
θ3(2τ)2θ2(2τ)4+θ2(2τ)2θ3(2τ)4

)[
2
(
θ3

(
2τ, 13

)
θ2

(
2τ, 13

))
(θ3(2τ)θ2(6τ)+θ2(2τ)θ3(6τ))+

+
(
θ3(2τ)θ3(6τ)θ2

(
2τ, 13

)2
+θ2(2τ)θ2(6τ)θ3

(
2τ, 13

)2
)]}

.
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Applying the transformation τ 7→−1/τ we get:

ZL(τ)= ⟨L⟩q1/18

32η(τ)6η(τ)3η(τ/3)

{[(
θ3

(τ
2

)
θ3

(τ
6

)
θ4

(τ
2 ;
τ

6

)2
+θ4

(τ
2

)
θ4

(τ
6

)
θ3

(τ
2 ;
τ

6

)2
)
+

+2
(
θ3

(τ
2 ;
τ

6

)
θ4

(τ
2 ;
τ

6

))(
θ3

(τ
2

)
θ4

(τ
6

)
+θ4

(τ
2

)
θ3

(τ
6

))](
θ3

(τ
2

)4
θ4

(τ
2

)2
+θ4

(τ
2

)4
θ3

(τ
2

)2
)
+

+
[
θ3

(τ
2

)
θ3

(τ
6

)
θ3

(τ
2 ;
τ

6

)2
+θ4

(τ
2

)
θ4

(τ
6

)
θ4

(τ
2 ;
τ

6

)2
](

θ3

(τ
2

)6
+θ4

(τ
2

)6
)}

,

which series expansion in q and q̄ is:

ZL= ⟨L⟩
q1/4q1/4

[(
q1/6

2 +3
2q

1/2+2q2/3+3q5/6+6q+9q7/6+12q4/3+39
2 q

3/2+28q5/3+36q11/6+

+54q2+149
2 q13/6+96q7/3+273

2 q5/2+182q8/3+234q17/6+O
(
q3
))

+q̄1/2
(
6q1/6+40q1/3+

+82q1/2+128q2/3+196q5/6+320q+524q7/6+776q4/3+1098q3/2+1616q5/3+2320q11/6+

+O
(
q2
))

+q̄
(
33q1/6+160q1/3+355q1/2+548q2/3+838q5/6+O (q)

)
+O

(
q3/2

)]
.

As predicted above, we find that such expansion produces only integer non-negative coefficients
if ⟨L⟩=2.

Notice that the automorphism (ρL,ρR) has order 3, so that L2 acts on the chiral algebra
by (ρ2

L,ρ
2
R)= (ρ−1

L ,ρ−1
R ) (the same as L⋆), while L3 acts trivially on the chiral algebra. This

suggests

L2 =2L⋆ , (C.11)

and

L3 =2LL⋆=2(I+Lt2t5+Lt2t6+Lt5t6) , (C.12)

which fits with the quantum dimensions.
We notice that if Lp1 is the invertible defect corresponding to the symmetry

p1 =(111111 ; 111111)(34)(56)

of order 2, then Lp1LLp1 acts by (ρ−1
L ,ρ−1

R ) on the chiral algebra. This suggests that

Lp1LLp1 =L⋆ . (C.13)

As a consequence, if we define

N256 :=LLp1 , (C.14)

then N256 is unoriented N256 =N ⋆
256, and

N 2
256 = I+Lt2t5+Lt2t6+Lt5t6 . (C.15)

This means that N256 is the duality defect related to the fact that the theory is self-orbifold
with respect to the Z2×Z2 group of symmetries with generators t2t5 and t2t6. Similarly,
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by conjugating by invertible defects, for every 1<i< j <k≤ 6 one can find duality defects
Nijk of order 2 such that

N 2
ijk= I+Ltitj +Ltjtk+Ltitk . (C.16)

Partition 1+1+2+2. Let us now consider the class of defects acting by

ρL=(111111)(34)(56) , ρR=1 , (C.17)

on the chiral and anti-chiral algebra. We denote such defects by L(34)(56)
a , a=1,2, . . .. Because

ρL act in the same way as p1 ∈GGTVW on the chiral algebra, L̂(34)(56)
a must preserve the

N =(4,4) SCA. The only representations where L̂(34)(56)
a can be non-zero are the ones

satisfying

a3 = a4 , a5 = a6 , b3 = b4 , b5 = b6 . (C.18)

Once again, we arrange such representations (in the NS-NS sector) in sets

Ω1 = {[000000;000000], [111111;000000], [000000;111111], [111111;111111]} ,
Ω2 = {[110000;110000], [001111;110000], [110000;001111], [001111;001111]} ,
Ω3 = {[001100;001100], [110011;001100], [001100;110011], [110011;110011]} ,
Ω4 = {[000011;000011], [111100;000011], [000011;111100], [111100;111100]} ,

so that

L̂(34)(56)
a =

4∑
i=1

αiP
i
(34)(56) .

Because there are 4 parameters αi, we expect (at most) 4 simple defects of this kind. Let us
denote by L :=L(34)(56)

1 one of these defects. Then, by fusion of L(34)(56) with the invertible
defects Lt2t3 , Lt2t5 , Lt3t5 , we find three more simple defects L(34)(56)

2 , L(34)(56)
3 , L(34)(56)

4 whose
parameters αi differ only by signs. The product LL⋆=L⋆L= I+. . . acts trivially on the
whole chiral and antichiral algebra, as well as on the N =(4,4) superconformal algebra, and
annihilate the representations that do not satisfy (C.18). This leads to

LL⋆= I+Lt3t4+Lt5t6+Lt3t4t5t6 . (C.19)

It follows that

|α1|= |α2|= |α3|= |α4|= |L|=2 . (C.20)

The torus partition function is

ZL(τ)=Tr(L̂qL0− c
24 q̄L̄0− c̄

24 )=
4∑
i=1

αiTr(P iρL,ρR
qL0− c

24 q̄L̄0− c̄
24 )
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where

Tr(P i(34)(56)q
L0− c

24 q̄L̄0− c̄
24 )=

∑
[a1,...,b6]∈Ωi

[
cha1(τ,0)cha2(τ,0)cha3(2τ,0)cha5(2τ,0)

(
chb1(τ,0)chb2(τ,0)chb3(τ,0)2 chb5(τ,0)2)]

Using the ansatz αi= ⟨L(34)(56)⟩, the partition function with a L(34)(56) insertion can be
written in terms of the Theta functions as:

ZL(34)(56)(τ)=
⟨L(34)(56)⟩

η(τ)6η(τ)2η(2τ)2

{(
θ3(2τ)6+θ2(2τ)6

)(
θ3(2τ)2θ3(4τ)2+θ2(2τ)2θ2(4τ)2

)
+

+
(
θ2(2τ)2θ3(2τ)4+θ3(2τ)2θ2(2τ)4

)(
θ2(2τ)2θ3(4τ)2+θ3(2τ)2θ2(4τ)2

)
+

+2
(
θ3(2τ)4θ2(2τ)2+θ3(2τ)2θ2(2τ)4

)(
θ3(2τ)2θ3(4τ)θ2(4τ)+θ2(2τ)2θ3(4τ)θ2(4τ)

)}
.

Upon an S-transformation, we obtain the twisted function ZL(34)(56)(τ)=ZL(34)(56) (−1/τ)
in the form:

ZL(34)(56)(τ)

= ⟨L(34)(56)⟩
32η(τ)6η(τ)2η(τ/2)

{(
θ3

(
τ

2

)6
+θ4

(
τ

2

)6)(
θ3

(
τ

2

)2
θ3

(
τ

4

)2
+θ4

(
τ

2

)2
θ4

(
τ

4

)2
)

+
(
θ4

(
τ

2

)2
θ3

(
τ

2

)4
+θ3

(
τ

2

)2
θ4

(
τ

2

)4)[(
θ4

(
τ

2

)2
θ3

(
τ

4

)2
+θ3

(
τ

2

)2
θ4

(
τ

4

)2
)
+

+2
(
θ3

(
τ

4

)
θ4

(
τ

4

))(
θ3

(
τ

2

)2
+θ4

(
τ

2

)2
)]}

,

whose expansion in q and q̄ and is:

ZL(34)(56)(τ)

= ⟨L(34)(56)⟩
q1/8q1/4

[(
1
2+5q1/2+47q

2 +75q3/2+403q2

2 +501q5/2+1158q3+2502q7/2+10309
2 q4+

+10228q9/2+O
(
q5
))

+q1/2
(
6+32q1/4+128q3/8+60q1/2+192q3/4+512q7/8+282q+

+672q5/4+1792q11/8+900q3/2+1984q7/4+5120q15/8+O
(
q2
))

+q
(
33+128q1/4+512q3/8+

+330q1/2+768q3/4+2048q7/8+1551q+2688q5/4+7168q11/8+O
(
q3/2

))
+O

(
q̄3/2

)]
The minimal integer value required for the quantum dimension of L(34)(56) in order to have
just positive integer coefficients in this expansion is ⟨L(34)(56)⟩=2. The three additional
simple defects, obtained by fusion with Lt2t3 ,Lt2t5 and Lt3t5 , act on the representations Ωi
through the operators ±2P i(34)(56), where the minus sign appears for i=2,3, or i=2,5, or
i=3,5, respectively. In all such cases, the q-expansion of the resulting L-twisted partition
functions have positive integer coefficients, as expected.

Because the coefficients αi are real and (ρL,ρR) has order two, we find that L⋆=L
is unoriented, and

L2 = I+Lt3t4+Lt5t6+Lt3t4t5t6 . (C.21)
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This implies that L(34)(56) coincides with the duality defect N34,56 ≡L(34)(56) related to the
fact that the theory is self-orbifold with respect to the Z2×Z2 subgroup of Z8

2 :M20 generated
by t3t4 and t5t6. Similarly, for every choice of pairwise distinct i, j,k, l∈{2, . . . ,6}, we have
duality defects Nij,kl≡Nkl,ij of dimension 2 such that

N 2
ij,kl= I+Ltitj +Ltktl+Ltitjtktl . (C.22)

Notice that, in a suitable description of the model CGTVW as a torus orbifold T 4/Z2, the
symmetries titj , tktl and titjtktl can be identified, respectively, with ηλ

2
, Qηλ

2
, and Q, where

ηλ
2

is induced by the half-periods along one of the directions of T 4, and Q is the quantum
symmetry of the orbifold, see sections 4.2. This suggests that Nij,kl can be identified with
the topological defect Tλ

4
in eq. (4.19).

Partition 1+5. Finally, let us consider the class of defects that act by the automorphism

ρL=(11ΩΩ† 11)(23645) , ρR=1 (C.23)

of order 5, preserving the N =(4,4) supercurrents (in our conventions, the permutation acts
after the SU(2)6 transformation). The only possible for a simple defect L(23645) in this class
is as follows (we set L≡L(23645) in this part)

L̂= ⟨L⟩P(23645) , (C.24)

where P(23645) acts by the automorphism (ρL,ρR) on the four NS-NS representations

[000000;000000], [111111;000000], [000000;111111], [111111;111111]

that satisfy

a2 = a3 = a4 = a5 = a6 , b2 = b3 = b4 = b5 = b6 (C.25)

and annihilates any other representation in the NS-NS sector. The characters contributing
to torus NS-NS partition function are:

ZL(23645)(τ)= ⟨L⟩
1∑

a,b=0
cha(τ,0)cha(5τ,0)chb(τ,0)

6
, (C.26)

which expressions in terms of the su(2) characters is:

ZL(23645)(τ)=⟨L⟩ 1
η(τ)6

1
η(τ)η(5τ)

(
θ3(2τ)

6+θ2(2τ)
6)(θ3(2τ)θ3(10τ)+θ2(2τ)θ2(10τ))

The twined partition function, obtained from the previous one by modular transformation,
takes the form:

ZL(23645)(τ)= ⟨L⟩
16η(τ)6

η(τ)η(τ/5)

(
θ3

(
τ

2

)6
+θ4

(
τ

2

)6)(
θ3

(
τ

2

)
θ3

(
τ

10

)
+θ4

(
τ

2

)
θ4

(
τ

10

))
,
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with corresponding series expansion given by:

ZL(23645)
(τ)= ⟨L⟩

q1/20q1/4

[(
1
4+

3
4q

1/5+q3/10+q2/5+q1/2+7
4q

3/5+3q7/10+13
4 q

4/5+4q9/10+11
2 q+

+7q11/10+19
2 q

6/5+11q13/10+55q7/5

4 q7/5+18q3/2+83
4 q

8/5+26q17/10+129
4 q9/5+39q19/10+O

(
q2))+

+q1/2
(
15+45q1/5+60q3/10+60q2/5+60q1/2+105q3/5+180q7/10+195q4/5+240q9/10+O (q)

)
+

+q
(
129
2 + 387

2 q1/5+258q3/10+258q2/5+258q1/2+903
2 q3/5+774q7/10+1677

2 q4/5+O
(
q9/10

))
+O(q3/2)

]

From such expansion we can extract the condition for the minimal value of the quantum
dimension at ⟨L⟩=4.

The product LL⋆ must act trivially on the whole chiral and antichiral algebra and
annihilate any representation that does not satisfy (C.25). Because the defect with smallest
quantum dimension satisfying these properties has dimension 16, this implies ⟨L⟩=4 and

LL⋆= I+
∑

2≤i<j≤6
Ltitj +

6∑
i=2

Ltit2t3t4t5t6 . (C.27)

The defects L(26534), L(24356), L(25463) ≡L⋆ can be obtained by conjugation LgL(23645)L⋆g
with suitable invertible defects Lg, with g ∈Z8

2 :M20, so that all such defects have dimension 4,
and are the unique simple defects acting with the given automorphism on the chiral algebra.

Let p2 ∈Z8
2 :M20 be the order 2 symmetry acting by p2 =(111111 ; 111111)(35)(46),

so that L⋆=Lp2LLp2 . Then (Lp2L)⋆=Lp2L is unoriented, has dimension 4, and

(Lp2L)2 = I+
∑

2≤i<j≤6
Ltitj +

6∑
i=2

Ltit2t3t4t5t6 . (C.28)

This means that N23456 :=Lp2L is the duality defect related to the fact that the theory is
self-orbifold under the Z4

2 group of symmetries generated by titj , 2≤ i< j≤ 6.

D The N = 2 c = 1 superconformal algebra as a free boson.

The N =2 superconformal algebra at central charge ck = 3k
k+2 , k∈N, can be described in terms

of a coset ŝu(2)k⊕û(1)4
û(1)2k+4

, which provides the bosonic subalgebra of N =2. In the particular
case of k=1, the bosonic subalgebra of the N =2 algebra, simplifies and becomes essentially
the û(1)12 algebra [93–95]. Here, û(1)2l denotes10 the c=1 chiral algebra generated by
a single chiral free boson i∂XL(z)=

∑
nαnz

−n−1 (whose modes generate the Heisenberg
algebra), together with the holomorphic vertex operators Vn√2l(z)∼: ein

√
2lXL(z) :, n∈Z,

of α0-eigenvalue n
√
2l and conformal weight n2l. In other words, this is the lattice VOA

10Our normalization differs by a factor 2 from the conventions in [96]: the algebra û(1)2l in this paper is
denoted as û(1)l in [96].
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associated with the lattice
√
2lZ. The irreducible representations M l

[x] of û(1)2l are labeled
by [x]∈Z/2lZ, and the characters are given by

K2l
[x](τ,z)=

∑
Q∈ x

2l
+Z q

lQ2
yQ

η(τ) , y= e2πiz , (D.1)

where Q is the α0-eigenvalue divided by
√
2l (this strange normalization is justified below).

In particular, the ground state of M l
[x] has conformal weight h= x2

4l and charge Q= x
2l , where

x∈Z is a representative of [x]∈Z/2lZ in the range −l+1≤x≤ l.
The N =2 superconformal algebra at c=1 is obtained by adjoining the bosonic algebra

û(1)12 (i.e., l=6) with its module M6
[6], which contains the two supercurrents and the other

fermionic fields. The charge Q is the U(1) R-charge with the standard normalization such
that the supercurrents have charge ±1/2. In general, the N =2 modules are given by sums
M6

[x]⊕M
6
[x+6] of û(1)12 modules, and the representations are NS or Ramond depending on

whether [x] is even or odd, respectively. In other words, the N =2 algebra at c=1 can be
identified with the lattice SVOA related with the odd lattice

√
3Z. The representations of

this superalgebra are given by R[x] =M6
[x]⊕M

6
[x+6] where now x∈Z/6Z, and correspond to

the lattice cosets x
2
√

3+
√
3Z⊂ 1

2
√

3Z.
Gepner models are usually described in terms of the coset algebra (ŝu(2)1⊕û(1)4)/û(1)6,

whose representations are labeled as [l,m,s]≡ [1−l,m+3,s+2], l=0,1, m∈Z/6Z, s∈Z/4Z
with l+m+s≡ 0 mod 2. As mentioned above, the algebra (ŝu(2)1⊕û(1)4)/û(1)6 is isomor-
phic to û(1)12, and the respective representations can be identified as follows:

[0,m,0]≡M6
[m] m∈{0,±2} ,

[0,m,2]≡M6
[m+6] m∈{0,±2}

[0,m,1]≡M6
[m] m∈{3,±1} ,

[0,m,−1]≡M6
[m+6] m∈{3,±1} .

In terms of representations of the N =2 superconformal algebra, one has the following
identifications

[0,m,0]⊕[0,m,2]≡R[m] m∈{0,±2} ,
[0,m,1]⊕[0,m,−1]≡R[m] m∈{3,±1} .

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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