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Abstract

We propose a degenerate risk sensitive filter which is an extension of the risk sensitive filtering paradigm to the case in
which the evolution of the covariance matrix of the prediction error can be singular. We show that the corresponding
risk sensitive Riccati iteration, describing the evolution of the covariance matrix of the prediction error, converges if the
risk sensitivity parameter and the eigenvalues of the initial covariance matrix are sufficiently small.
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1. Introduction

The problem of designing robust versions of the Kalman
filter is an active research area since several decades, see
for instance [1, 2, 3, 4, 5, 6, 7, 8. A well known ro-
bust paradigm is represented by the so called risk sen-
sitive filters, [9, 10, 11, 12, 13, 14, 15, 16], in which the
Kalman gain minimizes an exponential quadratic loss func-
tion rather than the standard quadratic one. In plain
words, risk sensitive filters seek to penalize large errors
and the severity depends on the so called risk sensitivity
parameter that appears in the loss function.

Risk sensitive filtering has an interesting interpretation
in terms of a dynamic game. More precisely, there is a
minimax game which involves two players: one “hostile”
player tries to select an “actual” model far from the nom-
inal model, while the other player designs the optimum
filter by minimizing the mean square error according to
this actual model, [17, 18, 19, 20].

Risk sensitive filters are characterized by the so called
risk sensitive Riccati recursion, which describes the evolu-
tion of the covariance matrix of the prediction error over
time. The main limitation is that such evolution must be-
long to the cone of the positive definite matrices. Roughly
speaking, this means that it is not possible to apply the
risk sensitive filter to a model for which it is possible to
predict exactly certain directions of the state vector. On
the other hand, such limitation helped to gain some intu-
ition on how to prove the convergence of the iteration in
the case the state space model is with constant parame-
ters: the convergence of the risk sensitive iteration can be
established drawing inspiration from [21] where the con-
vergence of the standard Riccati iteration has been proved
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showing that the N-fold composition of the Riccati oper-
ator is strictly contractive over the cone of the positive
definite matrices. In the risk sensitive setting the conver-
gence is guaranteed if the risk sensitivity parameter and
the eigenvalues of the initial covariance matrix are suffi-
ciently small, [11].

In [22] it has been proposed a robust filtering paradigm
in which the uncertainty is specified incrementally, i.e. the
hostile player cannot concentrate the uncertainty only in
few time steps but rather spread it over the entire time
horizon. The mismatch budget allowed at each time step
is called tolerance. This filter, as well as its extensions
[23, 24, 13, 25, 26], can be understood as risk sensitive-like
filters because they are characterized by a time-varying
risk sensitivity parameter whose evolution cannot be cho-
sen arbitrarily, but it is regulated by the tolerance param-
eter. In the case the state space model is with constant
parameters and the tolerance is sufficiently small, then it is
possible to prove that the corresponding risk sensitive-like
Riccati iteration converges by means of the contraction
analysis, [27, 28]. The general case in which the evolu-
tion of the covariance matrix of the prediction error can
be singular has been recently addressed, [29, 30]. However,
such idea has not been formally extended yet for the risk
sensitive filters.

The aim of this paper is to introduce a degenerate risk
sensitive filter which is an extension of the risk sensitive
filtering paradigm to the case in which the evolution of the
covariance matrix lies to the cone of the positive semidef-
inite matrices. Moreover, we also show that the corre-
sponding risk sensitive Riccati iteration converges pro-
vided that the risk sensitivity parameter and the eigenval-
ues of the initial covariance matrix are sufficiently small.
The proof of this result follows a route which is different
from the ones for the existing generalized Riccati itera-
tions, see e.g. [31, 32, 33], as well as the one used in [29]
because the risk sensitivity parameter in this setting is se-
lected by the user. Finally, we show how the convergence
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result can be helpful in practice to gain some intuition
about the convergence region of the filter for a given state
space model.

The outline of the paper is as follows. In Section 2 we
present the degenerate risk sensitive filter. In Section 3
we introduce the conditions on the risk sensitivity param-
eter which guarantee the convergence of the filter, while in
Section 4 the conditions on the initial covariance matrix.
Section 5 presents some numerical experiments. Finally,
in Section 6 we draw the conclusions.

Notation: The image of matrix K is denoted by Im(K).
Given a symmetric matrix K: K > 0 (K > 0) means that
K is positive (semi)definite; opaz (K) and oy, (K) are the
maximum and minimum eigenvalues of K, respectively;
K'/? is a square root matrix of K; II(K) denotes the pro-
jection matrix such that Im(II(K)) = Im(K). The i-th
eigenvalue of a matrix A is denoted by o0;(A). The sym-
bol Tp (A1, A -- -, A,,) denotes the block upper triangular
Toeplitz matrix whose first block row is [A; As ... A, ].
x ~ N (m, K) means that z is a Gaussian random vector
with mean m and covariance matrix K.

2. Risk sensitive filtering

Consider the nominal linear state space model

Ter1 = Ay + Bevg (1)
ye =Cixe+ Divy, t2>0

where At € Rnxn’ Bt S Rnxn+p’ Ct € Rpxn’ Dt €
RPX7+P. o, 4 and vy are the state vector, the observa-
tion vector and normalized white Gaussian noise, respec-
tively. Moreover, zg ~ N(0,T) is independent from wv;.
We assume that D;D] > 0 that is all the components
of the observation process are affected by a full rank p-
dimensional noise. The state space model in (1) is com-
pletely described by the conditional probability density
of z =[x/, y ]T given the observations Y;_; :=
[40---9i—1]" which is denoted by f:(z|Y;_1), with t > 0,
and it is assumed to be Gaussian. We assume that the ac-
tual conditional probability density, denoted by ft(zt [Yiz1)
is Gaussian and unknown.

We consider the problem to find a prediction of x4
from the past observations Y; taking into account that
the nominal model could not coincide with the actual one.
This problem can be addressed through a risk sensitive
filtering problem, [34]. The latter can be relaxed by im-
posing a penalty term, see [17]:

Zr41 = argmin max J;(fr,g¢) — 07 D(fi, f1)  (2)
9:€G:  [ft€B:

where

Tfea) = [ lan =0 @I F Vi) ds - 3)

is the variance of the prediction error under the actual
model fi: D( i, f+) is the Kullback-Leibler divergence be-
tween f; and fi; 0 > 0 is the so called risk sensitivity pa-
rameter; By is the space of Gaussian probabilities ft such
that D(fy, fi) is finite; G; is the class of estimators having
bounded second order moments for any ft € B;. The es-
timator defined in (2) admits the following interpretation.
First, the objective function in the minimax problem (2)
has two terms: the first term is the mean squared error,
while the second one is a measure of the distance between
the actual and the nominal probability density. Moreover,
there are two players in (2): the first player minimizes the
mean squared error computed with respect to fh while the
“hostile” player, namely the maximizer, seeks to choose
the worst density f; in B;. More precisely, f; maximizes
the first term, the mean squared error, while keeping the
second term, i.e. the penalty term 0*1D(ft,ft), not too
large, which implies that the selected ft can not be too
much different from the nominal density f;; such a mis-
match is tuned by 6: the larger 6 is, the more f; can be
different from the nominal density f.

Problem (2) admits a closed form solution which has an
iterative structure similar to the Kalman filter. However,
this problem has been considered only in the case that f;
is non-degenerate.

Remark 1. [t is worth noting that the minimizer and the
mazimizer in the objective function in (2) are not indepen-
dent. Indeed, the minimizer @111 depends on fi(z | Yi—1),
i.e. the mazximizer:

Zi41 = E[z441]Y]

= / Te1 forr (Teg1|Ye) dwggs

where j:t+1 (441 | V) is given by

~th (2t | Yi1) .
fRn Je (ze | Yio1) daggs

fra1 (@eg1 | Y2) =

On the other hand, since ||z41 — g:(ye)||” is a nonnegative
definite quadratic form of z, the density fi(z | Yi—1) € By
that mazimizes the objective function in (2) can be ex-
pressed in the following form, see [20]:

~ 0
fP(z | Vi) o eXP(§ et — ge(ye)I”) (2 Vi)

where oc_means “proportional to”. Thus, the mazimizer,
namely f2(z | Y;_1), depends on the estimator g;(y;), i.e.
the minimizer.

In this paper we consider the situation in which f; can
be a degenerate density. Such a circumstance is common in
practice. The next example shows that it is not difficult to
construct a state space model for which the corresponding
density of z; given Y;_; is degenerate.



Example 1. Consider the nominal state space model

Tipyr = 1.8x1 — 1,3x2,; + ug
Tot+1 = T1t — 0.0 + Ut
Yt =Titpt+ To+ wy

where u; and wy are white Gaussian noises with vari-
ance equal to 1, moreover, we assume that they are in-
dependent. Such a model can be written as (1) with
T = [T14 :c;t]T and the corresponding density f; of z
given Yy is Gaussian and could be degenerate. Indeed, if
ft(l‘tpftfl) ~ N(.’fﬁt,Pt), with

Pt:{p p}
p P

and p > 0, then fi(z¢|Yi—1) is Gaussian and degenerate
because the corresponding covariance matriz is

0.25p+1 0.25p+1 P
0.25p+1 0.25p+1 p
p p p+1

Let A; C R™"P be the support of f;. To measure the dis-
crepancy between f; and ft through the Kullback-Leibler
divergence we need to assume that ft has the same support
of f;. Therefore, we have

A filzlYien) ) o
D(fefi) = [ Vi) tog <ft(2t|yt1)> dz (1)

In this way the uncertainty, characterizing the nominal
model, does not affect the “deterministic directions” of
the model.

Theorem 1. Let 0 > 0 be fixed. Let f; denote the condi-
tional density of z; given Y;_1 under the Gaussian nominal
model (1). Let &; denote the predictor at the previous step
and the corresponding prediction error, under ft,l, be zero
mean and with covariance matrix T'y. Then, the optimal
predictor solution to (2) is

Typ1 = Ay + Gy — Ciiy) (5)
and the prediction gain is

G; = (A + B, D)) (C,T.C + DD} )7L (6)

Moreover, the prediction error xi41 — Ti41, under fi, is
zero mean and with covariance matriz

Pep1 = (Ply — OTI(Per1)) ™ (7)
where
Py = AT Al — Gy(CT,CT + D, DG + B,B/. (8)
The aforementioned solution exists only if 6 is such that

0 <Umaa:(Pt+l)_1- (9)

Proof. First, notice that fi(z|Yi—1) ~ NM(m,,, K,,) where

K., — | ATAT +BBL ALCT+BDL ]
== | e Al + DB CT.Cl + DD/

and thus P;;; represents the Schur complement of the
block (2,2) of K_,. Since the maximizer f; in (2) is Gaus-
Sian? let ft(zt|Yt—1) ~ N(mZHKZt) Wlth

~ _ Thzt“ K — ﬁzt+1 Kx£+1,yt
mzt |: ~ :| ) z |: K K N

Yt Te41 Yt

Accordingly, the minimizer is

gt*(yt) = Krt+1,ytK;1(yt - myf) + m$t+1'

Moreover, jt(ft,gt*) = tr(T¢41)/2 where T'yq = IN(,;HI -
Koo 1, Ky_thyt,th is the Schur complement of the block

(2,2) of R’zt. Since f, and f; have the same support, then
it follows that Im(K,,) = Im(K,,) and thus Im(Py41) =
Im(T;y1). Therefore,

-~ 1 1
Ji(fe, 95) = itr(FHlH(Pt—&-l)) = §tr(rt+1HtTHt)

= [ Mo — g ) o alYics) o
Rn+p

where II(P;y1) = H, H; and H; is full row rank. We
conclude that Problem (2) can be written with respect to
the “reduced” random vector z,; := [ (Hyze41) " v |7 and
the corresponding nominal and actual densities are non-
degenerate. At this point, we can exploit the well known
results about risk sensitive filtering [17, 34] in order to
prove the statement. O

From Theorem 1 we obtain the degenerate risk sen-
sitive filter outlined in Algorithm 1. In the case that
P41 > 0, then II(P,41) = I. Thus, (7) becomes I'jy1 =
(Pt:_l1 —60I)~1. Accordingly, the minimax problem in (7)
boils down to the one in [34].

Algorithm 1 Risk sensitive filter at time ¢
Require: y;, &4, P;
1: Ty = (P —o1(P,)) "
2: Gt = (AtFtCtT +BtD;r)(CtFtC;r + DtD;r)_l
30 Ty = Ay + Gy (yr — Crity)
4: Pt+1 = AtFtA;r — Gt(CthCtT + DtD;r)G;r + BtBtT

In the situation that 8 = 0, i.e. the nominal model and
the actual one coincide, we have P, = I'y; in particular,
the recursion of P, becomes the usual Riccati equation
and thus we obtain the standard Kalman filter.

Remark 2. Consider the nonlinear nominal model

{ xt+1 = f(xt) + Btvt
Yt

= h(LI,‘t) + Dtvt



where £ and h are differentiable functions. Drawing inspi-
ration from the Extended Kalman Filter (EKF), at time t
we consider the linearized model around the previous esti-
mates &y and Ty :
{ th+1 = Atl‘t — Atjt\t + f(.f?t‘t) —|- Bt’Ut
Yt = C’txt — Cti’t + h(if) + Dt’l}t

where

:L’:a:”t

In [85, 36] a risk sensitive-like filter in the non-degenerate
case has been proposed. Combining this idea with the one
of this section, it is possible to set up a minimazr game, like
the one in (2), with respect to the linearized model and
derive the extended risk sensitive filter in the degenerate
case which is outlined in Algorithm 2.

Algorithm 2 Extended risk sensitive filter at time ¢

Require: y;, T;, P,
1 Ty = (P —o1(R)) "
2: Ot = Oh(z)

ox A
T=XT¢

8 L, =T,C (C:IC + DD/ )~
4: jt‘t = jt + Lt (yt - h("'i‘t))

5: At = ag(;)

T=qy)¢
6: Tyy1 = f(i‘t‘t)
7. Py = A +CJ (DD 1O YAl + BB,

3. Convergence analysis

In this section we consider the asymptotic behavior of
the risk sensitive filter proposed in Section 2 in the case
that the nominal state space model in (1) has constant
parameters, i.e. A, = A, By = B, C; = C and D; =
D. Without loss of generality we assume that BDT = 0.
Indeed, it is always possible to rewrite the filter of Section 2
in terms of A= A—BDT(DD")~'C, B such that BBT =
B(I-D"(DDT)™'D)BT, C = C and D = D. In view of
Algorithm 1, the behavior of the filter is governed by the
covariance matrix P which obeys the risk sensitive Riccati
recursion

P =ro(P) (11)
where the mapping ry(-) is defined as

rg(P) := ATAT — ATCT(CTCT + R)™'CTA" +Q
(12)

where I' = (PT — 0II(P))", Q = BB and R = DD".
The main result of the next two sections is to show that,
under the assumption that (A, B) is stabilizable and the

corresponding reachable subsystem is observable, the Ric-
cati recursion (11) converges to the unique solution P, of
the algebraic equation P = r¢(P) provided that: i) 6 > 0
is sufficiently small; ii) the initial condition Py has eigen-
values not so large. In doing that, we need the following
lemmata whose proofs are similar to the ones of the results
in [29].

Lemma 1. Let P, t > 0, be the sequence generated by the
standard Riccati equation

Py = AP AT — APCT(CP,CT + R)T'CRAT +Q
(13)

with Py = Py. If the sequence P;, t > 0, generated by (11)
is well defined, i.e. Opmaz(P;) < 071, then we have

Im(P;) = Im(P,). (14)

If the pair (A, B) is stabilizable and the pair (A,C) is
detectable, then for any initial condition Py > 0 we have
that P, converges to the unique solution P, of the ARE
corresponding to (13). Let U and V' be two matrices whose
columns form an orthonormal basis for Im(P,,) and its
complement in R™, respectively. In view of Lemma 1, there
exists ¢ € N such that

PE.=UTRU >0, Vt>t (15)
Lemma 2. Assume that (A, B) and (A,C) are stabiliz-
able and detectable. If Py is such that Im(FPy) C Im(U)
and the sequence generated by (11) is well defined, i.e.
Omaz(Pr) < 07Y, then Im(P;) C Im(U) for any t > 0.
Moreover, the subsystem (U"TAU,U" B,CU, D) is reach-
able.

We need the following matrices which can be computed
from the state space matrices of the nominal model:

Ap:=U"AU, Qr:=U'"BB'U, Cg:=CU.
In = OF — LAHGDNDY + HaHL] 0N

-
On:=[ (CrAx T (CrAR)" C} |

Of = [ (AN T ap 1]’
Dy :=Iny® D
Hy = Tp(o Hy, Hy, - ’HN*Q’HNfl)

LN = Tp (O7L1aL2? T ’LN_27LN_1)

t—1,1/2
H, = CRAR R t>1
0 otherwise
—141/2
L; = A;‘i 1QR/ t>1
0 otherwise.

Let

0 € (0, 0maz (LI +HG(DNDY) T HA)LLY) ™Y (16)



be the maximum value for which the matrix

OL(DNDY + HaHL)  1ON
+ TE (LN +HY(DNDY) Y HN) Ly — 07 ) TN

is positive definite. Next, we consider the subsequence

P :=Pyn, keN (17)

with N > n.

Proposition 1. Assume that the sequence gemerated by
(11) is well defined, i.e. Omaz(P;) < 071, Let the pair
(A, B) be stabilizable, and the reachable subsystem be also
observable. Then, there always exists 8 > 0, defined as
above, such that if 0 < 6 < 6 and Im(Py) C Im(U), then
the subsequence (17) converges to Py, i.e. the unique so-
lution of the algebraic equation P = ry(P).

Proof. 1t is not difficult to see that P/, = rf!(PF) where
rg (Pf) := Ag(PF)™' =01 + CRLR™'CR) " AR + Q.

By Lemma 2 the pair (Agr,Qgr) is reachable and thus,
by assumption, (Ag,CRr) is observable. Accordingly, by
[37, Proposition 3.1] § defined as above exists. Moreover,
by using the results of [37, Section 4] the algebraic equa-
tion P = rf(P®) admits a unique solution P£ and the
subsequence P,fd = P,fN, k € N, converges to P£ for
0 < 0 < 0 because the N-fold composition, say rZt(-), of
(), Le. PR = rfi4(PRY), is a strict contraction in the
matrix space of positive definite matrices equipped with
the Thompson part metric J:

S(ri(X),r§(Y)) < nnd(X,Y), X, Y >0  (18)

for some 0 < ny < 1. Finally, by (15) and Lemma 2
we have that Im(P?) = Im(U) for ¢ > ¢ which implies
Im(P?) = Im(U) for k > [t/N] and thus P = UPFIUT.
We conclude that P converges to P, := UPEUT as k
approaches infinity. a

In the next proposition we remove the condition on the
image of Py.

Proposition 2. Assume that the sequence gemerated by
(11) is well defined, i.c. Opmar(P;) < 071, Let the pair
(A, B) be stabilizable, and the reachable subsystem be also
observable. Let 0 < 6 < 6. If VTPde — 0, then the
subsequence (17) converges to Puo.

Proof. Let rd(-) denote the N-fold composition of rg(-).
Since 7¢(-) and rp(-) are continuous mappings over the
cone of the positive definite matrices and VTP,‘jV — 0,
we have

Pl =ri(PH=rg(UUTPIUUT) + M,
where || M| — 0. Thus,

P = (P + Ny

where 7(-) is the N-fold composition of rf(-), Ny =

UT MU and || Ny|| — 0. Since the Thompson part metric
is continuous with respect its arguments, we have

S(Pfe, PE) = o(rf*(PF") + Ny, P)
= 0(rg"(PF), PE) + ex = 6(rf(PEY), rf(PR)) + ek
< nno(PEY PEY + ¢ (19)

where €, — 0 and we exploited the contraction property
of 7*(+) with contraction coefficient 0 < ny < 1. Accord-
ingly, 5(P,€Rf1, PZ) —0,ie. PRt — PR Finally,

Pl=UUTPIUUT +VVTPIVVT - UPEUT = P..
—PE —0

4. Constraints on the initial condition

Next, we show how to impose conditions on Py in order
to guarantee that the sequence in (11) is well defined, i.e.
Omaz(Pr) < 071, and VT P,V — 0. Notice that the latter
conditions imply that Jmam(Pkd) < 671, and VTP,fV —
0. Let (A, B,C, D) be the reachability standard form of
(A,B,C,D) with A=TAT~', B=TB, C = CT~" and
T is the corresponding transformation matrix. Hence, we

have
| A A 5 | B1
s R

C=[C1 Cy], D=D (20)
and the pair (A1, By) is reachable.

Proposition 3. Assume that the sequence in (11) is well
defined, i.e. Opmae(P) < 07Y, and let 0 < 0 < 0. If
PO < 9_1(1 — max; |UZ‘(A22)|2)I, then VTPtV — 0.

Proof. We prove the claim in the new basis defined above.
Let P, := TP,T" and I, := TT,T" denote the covari-
ance matrices in the new basis. We partition P, and I,
conformably with (20):

pt: P;ll,t ]:312,15 ft: lill,t I:‘12,t
Pl—g,t P22,t Frz,t F22,t '

Then, we have to prove that: if Py < =11 —
max; |0;(A22)[?)I then Py — 0. It is not difficult to
see that

Pog i1 < Agalan 1 Agy. (21)

Since I'y = TT,T" > TP,T" = P,, we wonder whether
there exists v > 1 such that

Iy < 4P (22)

Let A denote a nonnull eigenvalue of P;, then the cor-
responding eigenvector is also an eigenvector for I'; and



corresponding to the eigenvalue (A=! — @)=, Thus, in
view of the fact that Im(P;) = Im(I';), Condition (22) is
equivalent to (A~ —0)~! < 4\ for any nonnull eigenvalue
of P, and thus, recalling that P, and P, have the same
eigenvalues,

v Z (1 - eamaz(Pt))_l >1 (23)

where the last inequality follows from the assumption that
Omaz(P:) < 071, Under such condition, taking into ac-
count (21) and (22), we have

; 5 T
P11 < yA22Pog 1 Ags.

The latter implies pgg,t = 0if (1 —004:(P))" <~y <
max; |o;(A22)| 2. The latter condition is guaranteed by
(1_0Umaz(Pt))_1 < max; |U,‘(A22)|_2 that is Py < 6‘_1(1—
max; ‘0’1'(1422”2)[. ]

Next, we characterize the condition on Py which guar-
antees that 0,4, (P) < 671

Lemma 3. Let 0 < P; < Py be two positive semidefinite
matrices and opmaz(Py) < 071, Then, ro(P) < 19(P2), i.e.
ro(+) is monotone nondecreasing over the cone of positive
semidefinite matrices with respect to the partial order of
symmetric matrices.

Proof. The mapping r¢(-) is the composition of two map-
pings, i.e. ro(:) =7 o wp(-) where

r(P):= APAT — APCT(CPCT + R)“'CPA" +Q
wy(P) := (P — 0TI(P))*.

7(-) is the Riccati mapping and it is monotone nondecreas-
ing over the cone of positive semidefinite matrices, [38]. It
remains to analyze the property of the mapping wg(-).

First case: Py < Py < 071 with Im(P;) = Im(P,). Let
V denote the vector space of symmetric matrices whose
image coincides with the one of P; and P,. Then, the
first variation of wy(P), with P € V positive semidefinite,
along the direction P € V is

5w9(P; 5P) = wg(P)P+5PP+w9(P)
which is nonnegative for any 6P > 0. Accordingly,
wg(P2) > we(Py). Since r(-) monotone nondecreasing, we
have

ro(P1) < ro(Pe). (24)

Second case: P, < Py < 711 and the eigenvectors of P;
corresponding to nonnull eigenvalues are also eigenvectors
of P,. Hence,

p1 p2
_ y.ay | _ Ly
P = g Al,ijvj, P, = E )\Q,ijvj
j=1 j=1

where 0 < A1 ; < A4, p1 < p2 and v;’s form an orthonor-
mal basis. Moreover,
P1 P2 1

1
we(P1) = Z )\_1 — avjva < Z /\_1 — QUjUjT = wO(PQ)-
1,j 2,5

Jj=1 Jj=1

Since r(-) monotone nondecreasing, we have
ro(P1) < ro(P2). (25)

General case: P, < P» < §~'I. Tt is always possible to
take a matrix P3 > 0 such that Py < P35 < Py, Im(P3) =
Im(P,) and the eigenvectors of P; corresponding to non-
null eigenvalues are also eigenvectors of Ps. Indeed, let
P, = UD>UT be the “reduced” eigenvalue decomposition
of Py, i.e. U € R™P2 guch that UTU = I, and Dy > 0
is diagonal. Since P; < P, implies Im(P;) C Im(FP2),
then we can always decompose P; as P, = UXU T where
X >0. Hence, Py := Ul[e(X +1) —eIl(X)]JUT, with ¢ > 0
taken sufficiently small, satisfies the aforementioned prop-
erty. Therefore, we conclude that

ro(P1) < ro(P3) < r9(P2)

where the first inequality follows from the second case
above, while the second inequality follows from the first
case above. d

For any observer gain matrix G = [G] Gg |7, con-
formably partitioned with (20), it is not difficult to see
that

Piy1=(A-GON(A-GC)" +Q+GRGT
—[(A- GO CT - GRI(CT,CT + R)™
x [(A- GO, CT —GR)T (26)

where Q = TQT" and R = R. The closed loop observer
matrix is

T A A1 — G101 A — G110y

A-GC e Ay — Gl |- (27)
If we take G = 0, then the eigenvalues of A — GC' are the
ones of Aj; — G1Cy and Ass. Since (Ay1,C1) is observ-
able, it is possible to select Gy, with G = 0, such that the
matrix A — GC is stable. Therefore, it is always possible
to take G with G # 0 a perturbation matrix (i.e. a ma-
trix whose norm is sufficiently small) such that A — GC is
stable because the eigenvalues of a matrix are continuous
functions of the entries of the matrix. Let

o = max|o;(A - GO)| < 1. (28)

For 1 < p < o', the matrix p(A — GC) is stable and the
algebraic Lyapunov equation

5, = P2(A— GOV, (A— GO + BBT + GRGT  (20)



admits a unique solution which is positive semidefinite. It
is worth noting that condition p? S — (S —60I1(S,))* > 0,
ie. 9H(2p) <(1- p_2)53;'7 holds if and only if

p* =1
pQU max (Zp)
where 3, is always strictly positive.

As we will see, the constraint on Py ensuring 0,44 (FP;) <
6! depends on Ep: the larger the eigenvalues of f}p are,
the more freedom we have on the choice of Py. The in-
troduction of the observer gain allows to maximize the
eigenvalues of X,. For instance, under the assumption
that the index of cyclicity of matrix Ass' is less than or
equal to p (the output dimension), we can obtain Ep >0
because it is always possible to take G such that A — GC
is stable and the pair (A — GC,[B GR'?]) is reachable.
Indeed, under this cyclicity condition it is always possible
to select G with Go as a perturbation matrix such that
the pair (/122, G’g) is reachable and A — GC is stable. Let

s = [s{ sy ] be conformably partitioned with (20) and

such that s"[A — GC — X[ B GR'Y?] = 0 where ) € C.
Hence, we have

5?/111 = )\slT slT/vllg + 5;/122 = )\S;r

slTBl =0 sfél + 5;(?2 = 0;
by the Popov-Belevitch-Hatus (PBH) test, we have that

s1 = 0 because the pair (/111,31) is reachable. Accord-
ingly, the above conditions simplify to

S;FAQQ = AS;

S;—GQ = 0;

0<0<B,:= (30)

again, by the PBH test we have that s, = 0 because
the pair (Ag,Gy) is reachable. Therefore, [A — GC —
M B GRY?] is full row rank for any A\ € C, there-
fore by the PBH test we conclude that the pair (/1 —
GC,[B GR'Y?)) is reachable.

Proposition 4. Let the pair (A, B) be stabilizable, and
the reachable subsystem be also observable. Take the ob-
server gain such that the closed loop observer matriz is
stable.  Consider the sequence generated by (11) with
0< Py <%, withS,=T718,T"", and 0 < 0§ < 3,.
Then P, < ¥, and omaz(Pit1) < 6—'. Moreover, for
Py =1%,, the sequence is monotone nonincreasing.

Proof. We prove the last claim by inductive reasoning. For

t = 0 we consider the sequence FP;, i.e. the one obtained

avfter tvhe basis change in (20). More precisely, we have

Py = X,. By subtracting (26) for ¢t = 0 from (29) we have
Sp =P = (A= GO)(p*S, —To)(A-GO)T

R(CE,CT + Ry

r,C" -GR]'. (31)

|
Q)
(@Y
:‘j\
QX

p
Q¢

1The cyclicity index of a matrix is the maximum number of
miniblocks which can appear in a block of the Jordan form of the
matrix.

Notice that
P22p —Ty= PQEP - (2; - 91_[(29))+

which is positive semidefinite by (30). Taking into account
(31) it follows that

P <3,=h.
Notice that the latter in the original basis becomes
P < P. (32)
For t > 0 assume that P, < P;_1, then
Py =r9(P) <rg(Pir) =P,

where we exploited the monotonicity of r¢(+), see Lemma 3.
Hence, we have shown the monotone nonincreasing prop-
erty of the sequence which also implies, since Py < X,
that P, <3, for any ¢ > 0.

To prove the first part of the statement, consider the
sequence P/ | =ry(Pf), t > 0, with P = 3,. In view of
the previous result we have that P/ < ¥,. Next, we prove
the claim by inductive reasoning. First, for ¢ = 0 note that
Py < Pj. For t > 0, assume that P, < P/ then

Piy1 =r19(P) <ro(P}) =P/,

where in the last equality we exploited the monotonicity of
ro(+) proved in Lemma 3. Therefore, P, < P/ < ¥, which
also implies, in view of (30), that o4 (P;) < 671 O

In view of all the results that we have found, we ob-
tain the following convergence result of P, of the proposed
degenerate risk sensitive filter.

Theorem 2. Let the pair (A, B) be stabilizable, and the
reachable subsystem be also observable. Take the observer
gain such that the closed loop observer matrix is stable.
Let 0 < 0 < 0. 1If Py is such that Py < 67'(1 —
maxi|ai(A22)|2)I and 0 < Py < Ep with 0 < 6 < ﬁp
and 1 < p < o', then the sequence (11) converges to a
unique solution Pa.

5. Numerical experiments

Theorem 2 shows that imposing some conditions on 6
and Py, then it is guaranteed the convergence of the de-
generate risk sensitive filter in the case of constant pa-
rameters. Clearly, there is an interplay between these two
variables. Accordingly, by Theorem 2, we can define the
region

R:={(0,P) : 3p,Gs.t. A—GC stable,
0<0<0,0<B,,1<p<al,
0< Py <%, Py <6 (1—max|oy(As)[*)1 }

where the robust filter is guaranteed that it converges. The
numerical characterization of R is very difficult. However,



in the case the index of cyclicity of the state matrix of
the unreachable subsystem is less than or equal to p, it is
possible to consider the following subset of R

R*:={(0,02I) : 3p,G s.t. A— GC stable,
0<0<0,0<B,,1<p<al
0< 0(2)1 <3, U%I < 971(1 — max|0i(A22)|2)I}
where 03 := 0naz(Po). It is worth noting that R* is iso-
morphic to the set

5:=1{(0,02) : (0,051) € R*} CR2

Accordingly, the characterization of R3 means to find a
region in R2. In what follows we propose a method in
order to find R3 numerically.

First, we fix N > n sufficiently large (as suggested in
[37]); in this way we can compute the constant . Let
6 € (0,0]. If (0,52) € R4 then

{(0,02) : 0 fixed, 02 <52} C RS

Thus, the problem to characterize R3 boils down to the
problem to find the point (6,02) € R3, with 6 € (0,0]
fixed, which maximizes o3. More precisely, we can consider
a grid for the interval (0, 6] of K points. Then, for any 6
of this grid, the corresponding maximum for o3 is given
by the following optimization problem

max ag
p,G,03

st. A— GC stable
X, >0
0<os<c
Ug < Umin(zp)
0 <5

1<p< a™!
where the constant ¢ := 71 (1 — max; |0;(A22)[?). In what
follows, we will solve this problem through the Matlab
function “fmincon” of the nonlinear optimization Toolbox.
It is worth noting that it is not guaranteed that Problem
(33) admits solution. Indeed, for a given 6 € (0, ] it is not
guaranteed that there exists G and p such that § < B,
On the other hand, Theorem 2 guarantees that there ex-
ists 0 < < 6 such that Problem (33) admits solution
for 6 € (0,6]. In practice we can check whether Problem
(33) admits solution for a given 6 € (0, 6] through a Monte
Carlo experiment composed by many trials: in each trial
we randomly generate G such that A — GC' is stable and
(A — GC,[B GR'Y?]) reachable; then we consider a grid
for the interval (1,a~1) and for any p of this grid we com-
pute X, and j3,; if there is a p of this grid, say pg, such
that @ < B; then Problem (33) admits solution and G,
py 05 = min{c/2,0in(X;)} can be used as initial point
for “fmincon”; if in all the trials it is not possible to find

such p then it is plausible that Problem (33) does not ad-
mit solution for such 6. Moreover, since Problem (33) is
not concave, it is necessary to avoid getting stuck in a lo-
cal maximum. Therefore, we will solve Problem (33) with
different initial points and then we take the solution for
which o2 takes the maximum value.

Next, we show the convergence region R3 obtained with
the numerical method presented above and corresponding
to the state space model (1) where

12 01 01 10

A=| 0 045 —078 |, B=[0 0|,
0 078 0.45 00

C=[10 0], D=[0 1].

It is worth noting that the pair (A, B) is stabilizable, but
not reachable, while the pair (A4, C) is observable. Hence,
the hypotheses in Theorem 2 hold. Moreover, the cyclicity
index of the state matrix of the unreachable subsystem is
equal to the output dimension. In order to find R} we
set N = 50. Figure 1 shows the region of convergence
(purple area) found by means of Theorem 2. In order to
assess the goodness of such region we also computed the
real region of convergence (red area in Fig. 1) as follows:
for 0 fixed we compute the maximum value of o2 such that
the sequence in (11) with Py = 021 converges (moreover,
we also checked the uniqueness of the limit considering
the sequence in (11) with different Py < ¢2I). From the
figure we can see that R3 does not coincide with the real
region of convergence, however, it provides an acceptable
approximation of it.

10°

0.07 0.08 0.09

Figure 1: Region of convergence found by means of Theorem 2 (pur-
ple area) versus real region of convergence (red area).

6. Conclusions

In this paper we have proposed an extension of the risk
sensitive filter which considers also the situation in which



the conditional probability density is degenerate. The cor-
responding risk sensitive Riccati rercusion evolves on the
cone of the positive semidefinite matrices, i.e. the covari-
ance matrix could be singular. We have shown that such
recursion converges to the unique solution of the corre-
sponding algebraic equation under the assumption that
the risk sensitivity parameter and the eigenvalues of the
initial covariance matrix are sufficiently small. We have
showed that there is an interplay between these two vari-
ables. In particular, our result can be useful to compute
numerically an approximation of the region (depending on
these two variables) in which the degenerate risk sensitive
filter converges.
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