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ABSTRACT. We consider Hamiltonians associated with optimal control prob-
lems for affine systems on the torus. They are not coercive and are possibly
unbounded from below in the direction of the drift of the system. The main
assumption is the strong bracket generation condition on the vector fields. We
first prove the existence of a critical value of the Hamiltonian by means of the
ergodic approximation. Next, we prove the existence of a possibly discontin-
uous viscosity solution to the critical equation. We show that the long-time
behavior of solutions to the evolutive Hamilton-Jacobi equation is described in
terms of the critical constant and a critical solution. As in the classical weak
KAM theory, we find a fixed point of the Hamilton-Jacobi-Lax-Oleinik semi-
group, although possibly discontinuous. Finally, we apply the existence and
properties of the critical value to the periodic homogenization of stationary
and evolutive H-J equations.

1. Introduction. This paper gives several asymptotic results about non-coercive
Hamiltonians H : T™ x R™ — R possibly unbounded from below. By coercive, we
mean

lim inf H(z,p)= +o0.

|p| =00 z€T™

We are interested in Hamiltonians of the form
H(z,p) = b(z) -p+sgg{p-F(w)a—L(w,a)}7 (1)
a

where A C R™, possibly all R™, b is Lipschitz, L is continuous, bounded from
below, and quadratic in a at infinity, F/(z) is an n X m matrix, at least Lipschitz,
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and whose columns f* satisfy a Lie-bracket rank condition. All data are Z™-periodic
in z. Note that H is unbounded from below if b(z) ¢ span{f!(z),..., f™(x)} for
some z € T™.

Let us list the properties we are going to study and briefly review what is already
known, mostly in the coercive case and often under additional smoothness and
convexity conditions on H.

1. The critical or ergodic equation associated to H is

A+ H(z,Du) =0 inR", (2)
in the unknowns A € R and v € C(T"). The critical value of H is a number AER
such that (2) has no viscosity subsolutions for A > A and no viscosity supersolutions
for A < A. It is also called an ergodic constant or additive eigenvalue. The existence
of such a number is usually proved by the limit

513& dws(x) = A (3)
where
dws + H(z,Dws) =0 in R", 4)

the so-called vanishing discount problem. An alternative construction is the ergodic-
type limit
w(zx,t
lim (z,8)
t——+o0 t

=\ (5)
where
Oyw+ H(x,D,w) =0, inR" x (0,+00), w(-,0)=w, € C(T"). (6)

For Hamiltonians coming from calculus of variations or optimal control these results
describe the asymptotics of value functions and are related to ergodic control, as it
was first observed by Lasry in 1975 [39], see [10, 6, 7], [4, 5] for differential games,
and the references therein. The validity of one of the two limits (3) and (5) implies
the other, and it is called the ergodicity of H. Moreover, if for P € R™ one considers
the critical equation A\ + H(x, Du + P) = 0, then the critical value A = H(P)
is the effective Hamiltonian arising in periodic homogenization of the Hamilton-
Jacobi equations. This was the original motivation for studying the critical value
in the pioneering paper by Lions, Papanicolaou, and Varadhan [40]. In classical
mechanics, a smooth solution of the critical equation is a generating function of
canonical transformations for integrable systems; in the literature on Hamiltonian
systems, —\ is called the Mafié critical value, and H(P) is related to Mather’s
a-function, see the surveys [29, 32, 33].

The existence of the critical value via the limits (3) and (5) does not require the
coercivity of H, but only a uniform bound on the oscillation of the solution ws of
(4)

ws(x) —ws(z) <C Va,ze T, Vs> 0. (7)

For Bellman Hamiltonians, this follows from a weak controllability property of the
underlying control system, called bounded-time controllability in [5], see also [6, 36,
8]. It also extends to 2nd-order degenerate elliptic Hamiltonians arising in stochastic
control [7] and to the non-convex Isaacs Hamiltonians of differential games [5].
Barles [15] proved the ergodicity of some nonconvex H missing coercivity in one
of the space dimensions by proving (7) with PDE methods. Cardaliaguet and
Mendico [24] proved (5) for calculus of variations problems where the control is
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the acceleration, instead of the velocity, so the Hamiltonian is linear in a half of
components of p, and they apply this to mean field games.

2. A stronger property of the critical value X is that it is the unique X such that
(2) has a viscosity solution. A function x € C(T") solving

A+ H(z,Dx)=0 inR" (8)

is called a critical solution of H and a corrector in the jargon of homogenization.
The existence of a Lipschitz critical solution was proved by Lions, Papanicolaou,
and Varadhan [40] for coercive Hamiltonians on the torus, and by Fathi [30] on
compact manifolds without boundary for smooth H convex conjugate of a Tonelli
Lagrangian. This result is often called the weak KAM theorem. In these papers,
the coercivity of the Hamiltonian gives the Lipschitz continuity of yx, but it is not
needed for a merely continuous solution if the Hamiltonian is of Bellman type. In
fact, it was observed in [5] that for small-time controllable systems, i.e., such that
for any x, z € T" there is a control driving the system from z to z in a time smaller
than w(|z — z|) with w a modulus, there is a critical solution x with modulus of
continuity Cw. This includes symmetric control systems whose vector fields are Lie-
bracket-generating of order k, and then w(r) = Cr'/* and x is Holder continuous
(Example 2, p. 43 of [5]). In this case, the Hamiltonian is (1) with b = 0, so it
is bounded from below and coercive in the directions of the fields, it is sometimes
called pseudo-coercive. See also [20], [35], and [23] for similar results, respectively, in
the Heisenberg group, in vakonomic mechanics, and for sub-Riemannian structures
on the torus.

In [40], a critical solution y is constructed as the uniform limit of ws(z)—mingr w;
as  — 0+. The two uniform limits

. N . A -

i (o) = 3) =x(@), i (we) =) =%@.
where Y is also critical, improve strictly (3) and (5) by giving an explicit connection
between \ and critical solutions. They are both the subject of a large literature
that we do not try to review here. Note that the former says that, in the long time
limit, any solution of the evolutive HJ equation (6) tends to the profile x moving
up or down with velocity A. Some relevant references about this are Fathi [30, 31],
Roquejoffre [41], and Barles and Souganidis [17] in the coercive case under different
conditions, and Cannarsa and Mendico [23] in the pseudo-coercive case. For the
latter limit in (9), the main result was proved in [27].

3. Weak KAM theory also studies in depth the properties of the Laz-Oleinik
semigroup on continuous functions ¢

Tiop(x) := zieann {he(z,2) + ¢(2)} (10)

where h; is the minimal action of the Lagrangian L conjugate to H

ha(z, ) = in { / Ly(s).9(s)) ds = y(0) = = y(t) = } |

Another characterization of the critical value is the existence of a common fixed
point x for Ty — At for all ¢ > 0, see Fathi [31, 32, 33] for the classical Tonelli
setting, Cannarsa and Mendico [23] for the sub-Riemannian case, and references
therein. The function y is called the weak KAM solution and it is also a critical
solution. A crucial step for these results, as well as for the first limit in (9), is an
equicontinuity estimate on the functions h;.



4 MARTINO BARDI

4. Homogenization problems concern HJ equations with highly oscillating Hamil-
tonian

Ot + H (z E,DZUC) —0, (2, €R"x (0,T), (11)

aiming at finding a limit to the solutions v¢ as € — 0+. Lions, Papanicolaou, and
Varadhan [40] showed, for coercive Hamiltonians Z"-periodic in the second entry,
that the limit of v¢ satisfies the HJ equation

0w+ H(z,D,v) =0 in R™ x (0,7), (12)

where the effective Hamiltonian H(z, P) is the critical value associated to the Hamil-
tonian H(z,x,p+ P) with z and P frozen. Among the many papers on the subject,
let us mention Evans [28], who introduced the perturbed test function method that
considerably simplified the proofs, and some papers for non-coercive Hamiltonians
[20, 15, 5, 13, 25, 42], see also the references therein.

Now we turn to Hamiltonians of the form (1). We will treat two cases: (i) the
control set A bounded, so that H has at most linear growth in p at infinity, (ii)
A=R" and

L(z,a) = a* G(x)a + I(z), (13)
where G(z) is positive definite and has an inverse with Lipschitz square root 7(z).
Then, the Hamiltonian is quadratic in p

H(x,p) =b(z) -p+ %|0(’£)pl2 —l(z), ofx):= (Fr)" (). (14)

In this introduction, we will focus on case (ii). It was studied by Agrachev and
Lee [1] on a general compact manifold without boundary M. They have two main
results. The first assumes the family of vector fields {f!,..., f™} is 3-generating,
namely, for each z € M, f'(z), and the Lie brackets up to order 2, [f¢, f/](x) and
[f%, [£%, £7]](x) span the tangent space to M (R™ in our case). Then, the minimal
action h; is continuous, and in this case they develop a weak KAM theory as in
points 1, 2, and 3 above. The second main result of [1] is, for any k > 4, an example
of a simple explicit family of two vector fields in two dimensions that is k-generating
and such that h; is discontinuous. Hence, some crucial estimates of classical weak
KAM theory fail and new methods appear to be necessary.

The goal of the present paper is to go beyond this difficulty for general families
of fields f* with the bracket generation condition, without restrictions on the order.
We give results on all asymptotic properties described above, sometimes in a weaker
form within the theory of discontinuous viscosity solutions. To our knowledge, this
is the first time such theory is used for weak KAM problems.

In Section 3 we prove the existence of the critical value A and its approximation by
the ergodic limits (3) and (5) via the bounded-time controllability of the associated
control system

g(t) = =bly(t) — > eu(®)f (y(t), t>0, (15)
=0

with controls a(-) taking values in a sufficiently large set of R™. This controllability
result might be of independent interest. It is proved in Sect. 2.2 by geometric control
methods, in particular using a not very well-known result of Brunovsky and Lobry
[21]. Other useful tools throughout the paper, presented in Sect. 2.1, are comparison
principles between viscosity sub- and supersolutions that are not standard for the
quadratic non-coercive Hamiltonian (14) and are adapted from [16, 9, 11].
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Section 4 is devoted to several results of weak KAM type. In Section 4.1 we
show that the critical equation (8) has a u.s.c. subsolution, an l.s.c. supersolu-
tion, and not-necessarily-continuous solutions. For various definitions of possibly
discontinuous viscosity solutions, see Sect. 4.1 and the survey in Chapt. V of [10].
An important tool here and in all Section 4 is the backward dynamic programming
principle (see, e.g., [10]).

Section 4.2 provides some weakened versions of the limits (9) in terms of relaxed
semilimits. The main result on the long-time behavior of solutions to the evolutive
equation (6) is that

vg(z) = liminf (w(y,t) — At)

t—+o0,y—x

is an lsc-solution, or bilateral supersolution, of (8), namely,
A+ H(z,p)=0 Vpe€ D vy(r) VreR",

where D~ denotes the usual sub-differential of an Isc function.
In Section 4.3 we consider the Hamilton-Jacobi semigroup

Ti¢(x) := inf {/O L(y(s), a(s)) ds + ¢(y(t)) : y(-) solves (15),y(0) = w}

acA

which is a forward variant of the Lax-Oleinik semigroup (10). We study the existence
of weak KAM solutions, i.e., fixed points of T; — At, and their connection to the
critical equation. The main result is the existence of a function x such that

x(x) + Mt = Tyx(z) Ve R™Vt>0,

the usc envelope x* is a subsolution of (8), and the Isc envelope x, is a bilateral
supersolution of (8).

Section 5 is an application of the results on the critical value in Section 3 to
the periodic homogenization of stationary, discounted HJ equations, as well as of
evolutive equations. We use the methods of [28, 2, 3, 5] to prove the uniform
convergence of solutions of (11) to the solution of (12) satisfying suitable initial
data, where H is the critical value of an auxiliary Hamiltonian with parameters.

In this paper, we do not treat the Aubry-Mather theory that completes the
weak KAM theory in the classical cases [32, 33] and recently extended to the sub-
Riemannian setting in [23]. It is a possible natural continuation of the present
research. Another one is dropping the compactness of the state space and consider-
ing problems in all R™ without periodicity. Several classical results were extended
in that direction, see, e.g., the recent papers [38, 22, 12] and the references therein.

2. Basic assumptions and preliminary results. We consider Hamiltonians of
the form

acd (i3
where A C R™, a = (ay, ..., a,,), under the standing assumptions that b, f* : R® —
R™ i =1,...,m, are Lipschitz and Z"-periodic, i.e.,
b+ k) =b(a), fz+k)=f(), Vkez,
and L : R® x A — R is continuous and Z"-periodic in z. We will denote with Mk

the space of [ x k real matrices, and with M7T the transpose of a matrix M. We
also call F(z) € M,, ,,, the matrix whose columns are the vector fields f*, i.e.,

F(x)j; = f;’(a:), j=1,..,n,i=1,..,m, (17)

H{(z,p) =b(w)~p+sup{zaif"($) -p—L(w,a)}7 (16)
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so that the summation in the definition of H can be written p- F'(x)a. We will treat
two cases: (i) A bounded, (ii) A = R™, and

L(z,a) = a"G(x)a + I(z), (18)

where G(x) is a positive definite m X m symmetric matrix, and its inverse matrix
has a Lipschitz Z™-periodic square root,

G (z) = 7(x)r" (), 7:R" = My, Lipschitz. (19)

Since G~! is positive definite, the sup in the definition of H is a max, attained at
a=—G 'FTp, and then

1
H(z,p) =b(z) -p+ -p' FG ' F'p — ()

2
which can rewritten as
H(r,p) = b(z) -p+ slo(@pl ~ 1(z), (20)
where
o(x) = (Fr)"(x) (21)

is Lipschitz, [ is continuous, and both are periodic. The Hamiltonian (16) is associ-
ated to control problems with running cost, or Lagrangian, L(x,a), and trajectories
driven by the affine system
§(t) = —b(y(t) — F(y()alt) = -by(®) = S as®fi(y(®), >0,  (22)
i=0

with control functions «a(-) € A := L*>([0,T], A).

In the rest of the paper, when we refer to “the case A = R™”, we mean that
(18), (19), (20), and (21) also hold true.
Notations. We say that a function ¢ : X — R, X C R¥, is in B(X), or, re-
spectively, BC(X), BLSC(X), and BUSC(X), BUC(X) if it is bounded or, re-
spectively, bounded and continuous, bounded and lower semicontinuous (briefly,
Isc), bounded and upper semicontinuous (briefly, usc), or bounded and uniformly
continuous.

2.1. Comparison principles. We say that a Hamiltonian H satisfies the compar-
ison principle if, for all 6 > 0, any subsolution u € BUSC(R"™) and supersolution
v € BUSC(R™) of
dw+ H(zx, Dw) =0 in R"

verify v < v in R™.

This property is well known for H defined by (16) in the case of linear growth,
i.e., A bounded, see, e.g., [14, 10]. For the quadratic case, it requires some additional
tricks introduced in [16, 14].

Theorem 2.1. Assume H is given by (20) with b,o Lipschitz and bounded and
l € BC(R™). Then, the comparison principle holds.

Proof. 1t is obtained by adapting with standard methods the proof of Theorem 11
in [16] or the proof of Theorem 3.5 in [11], see also Theorem 1.1.5 in [9]. O

Next we state the comparison principle for the evolutive HJ equation

dww~+ H(xz, Dw) =0, (z,t) € R" x(0,T). (23)
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Theorem 2.2. Assume H is given either by (16) with A bounded or by (20) with
with b, Lipschitz and bounded and | € BC(R™). Let w € BUSC(R™ x [0,T]),v €
BLSC(R™ x [0,T)]) be, respectively, a sub- and a supersolution of (23). Then,
sup (u—v) <sup(u—v)(-,0).
R™x[0,T] R™
Proof. The case of A bounded is well-known [14, 10]. For the quadratic Hamiltonian
(20) with b = 0, the result follows immediately from Theorem 3.5 in [11]. The proof
can be adapted to the case b # 0 by standard methods, see Theorem 1.1.2 in [9] for
details. O

2.2. Bounded-time controllability of affine control systems. We consider
the system (22) and denote with y,(-,«) the trajectory starting at z, i.e., with
Yz(0,) = z. We will also denote with B(x, R) the open ball in R™ with center z
and radius R, and
B (R) :={a € R™ : |a| < R}.
Define the time taken by the system to join two points as
t*(z1,29) := inf{t > 0| 3a € A such that y,, (t,a) — zo € Z"},

which is 400 if there is no trajectory joining the points. If t# is finite for all pairs
of points, the system is called completely controllable in [26].
Our main assumption is the strong Lie bracket generation condition:

the vector fields f1, ..., f, and their commutators of any order

n : n (SBG)
span R" at each point of R™.

The next complete controllability result is obtained from Prop. IIL.8 in [21] by
Brunovski and Lobry in the special case of a state space being the flat torus T" =
R™/Z™, which is compact with the norm |z1 — 23| := infregn |21 — 22 + K.

Proposition 2.3. (Brunovski and Lobry) Assume (SBG). Then there exists K > 0
such that, if A D B, (K), then, t*(x1,22) < +o0o for all z1, 5.

We will also need an estimate on t¥. Following the terminology of [5], we say
that system (22) is bounded-time controllable on T™ if

there exists S > 0 such that tﬂ(.ﬁl,l‘g) < S forall z1,z0 € T". (BTC)

This property is also called uniform ezxact controllability in [6] and total controlla-
bility in [8].

The next result follows from Krener’s theorem, stating the local accessibility of
(22) under a weak bracket generation condition (implied by (SBG)), see Theorem
A.4.4 in [26].

Proposition 2.4. Assume (SBG). Then, for oll T, the set
{z|30<t<1,a€ A such that y,(t,a) = &}
has non-empty interior.

The next lemma combines the two previous propositions and it will be crucial
for proving the bounded-time controllability of (22).

Lemma 2.5. Assume (SBG) and A 2 B,,(K). Then, for any Z there exists C(Z)
such that
th(z,7) < C(z) VY. (24)
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Proof. By Proposition 2.4, there exist 1 and r; > 0 such that, for all z € B(x1,r1),
there is a control a,, and ¢ € (0, 1] satisfying

y.(t, o) = T (25)
On the other hand, for any x, Proposition 2.3 provides a control a and T' > 0 such
that

Yo (T, ) = 1.
Note that o and T depend on x and z1, and x; depends only on %, so we will write
a=oa,zand T =T (z,%). Now, we use the continuous dependence on the initial
position of the solution of (22) with fixed control «, z and get ro = ro(x,Z) such
that

Yu (T, 0y z) € B(x1,71) Yw € B(x,rs).
Next we take the concatenation & of the controls o z until time T'(z, z) and o, (- —
T), with z = y,, (T, @z z), and obtain
Yo (T +t,a) = y.(t, o) =z, Yw € B(x,rs),
by (25) and using that z € B(xy,71).
Now we use the compactness of T" to extract a finite number of points x;,

Jj=1,...,, N such that the balls B(z;,72(x;,Z)) cover the unit cube. Then, for any
y € T™ there is k such that y € B(zg, r2(zk, Z)), and so

t*(y, 7) < T(xg,7) +t < maxT(z;,7) + 1 = C(z).
J

The next is the main result of this section.

Theorem 2.6. Assume (SBG) and A D By, (K). Then, system (22) has the
bounded-time controllability property (BTC).

Proof. Consider the system

m

9(t) = bly(®) + Y () fiy(t), >0,

i=0
whose trajectories are the trajectories of (22) run backward. This system also
satisfies the bracket condition (SBG). Then we can apply Lemma 2.5 to it and get,
for any z,
t(z,x) < O(z) V.
Combining this estimate with (24), we obtain, for any x1, zo,
t(x1, x9) < tH(21,0) + 15(0, 25) < 2C(0),

which proves the claim. O

3. The critical value: existence and approximation. The critical equation
for a Hamiltonian H is

A+ H(z,Du) =0 (26)
where the unknowns are A € R, called the critical value, and a periodic function w,
called critical solution, or corrector. The candidate critical values are

A1 :=sup{A : 3 a subsolution in BUSC(R") of (26)},
A2 := inf{\ : 3 a supersolution in BLSC(R") of (26)}.
The next lemma is well-known, see [40, 7, 3, 5].
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Lemma 3.1. If H satisfies the comparison principle, then Ay < Ao.

Next is the main result of Section 3. It identifies the critical value and approxi-
mates it by solutions of the stationary discounted HJ equation

Sws + H(z, Dws) =0 in R™. (27)

In the terminology of [3, 5], it says that the Hamiltonian H is ergodic. It gives
enough information for the applications to homogenization of Section 5. However,
it can be made more precise and more similar to weak KAM theorems, see Section
4.

The statement and proof involve the auxiliary ”truncated” Hamiltonian

Hg(z,p):=b(z)-p+ sup ){p~F(x)a—L(x,a)}

a€B,,

where K is the constant appearing in Theorem 2.3 and the data b, F, and L satisfy
the assumptions of Section 2.

Proposition 3.2. Let H be any continuous Hamiltonian satisfying the comparison
principle, |H(z,0)| < C for all x, and H(z,p) > Hg(x,p) for all x,p. Assume the
vector fields f', ..., f™ satisfy (SBG), and, for each 6 > 0, ws solves (27). Then,
A= A =: )\ and

lim dws(z) = A uniformly in R™.

6—0
Proof. Since w; are subsolutions of ws + Hk (z, Dws) = 0, they satisfy a subopti-
mality principle [10](Theorem I11.2.32), namely, for all 7 > 0,

ws(x) < inf { | e Lt e at)de + e ustn a>>} ,

acAk

where Ak denotes the measurable functions of time taking values in B,, (K ). We fix
x, 7 and use the property (BTC) from Theorem 2.6 to find o € A and < 2t¥(z, 7)
such that y,(t,a) —z € Z". Call Cp := maxgnyp,, (k) |L|. Then, taking 7 =1,

ws(z) — e_t_‘sw(;(i‘) < %(1 — 6_625)).

The condition |H(z,0)| < C implies that —C/d and C/§ are, respectively, a sub
and a supersolution of (27). Then, the comparison principle gives

—Clo<ws(z) <C/6 vz
and
Sws(z) — dws(7) < (Cp +C)(1 —e 9% Va,z.
By exchanging the roles of z and Z, we obtain
[0ws (x) — dws(Z)] < O(6) Va,Z. (28)

Now, we fix T and extract a sequence d; — 0 such that dpws, (Z) — p € R. Then,
(28) implies the uniform convergence of d,ws, tO fi.

In order to show that the limit is unique, we take A < p and an index k such
that A < dpws, (z) for all . Then, ws, is a subsolution of (26), and so A < A;.
This gives p < A1. A symmetric argument with supersolutions gives p > A, which,
combined with Lemma 3, completes the proof. O
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Corollary 3.3. For H defined by (16) and under the assumptions of Section 2,
suppose either that A D By, (K) is bounded, or that A =R™ and

L(z,a) = a* G(z)a + I(z)
with G and | as in Section 2. Suppose the vector fields f*, ..., f™ satisfy (SBG) and
ws solves (27). Then, the conclusions of Prop. 3.2 hold true.

Proof. The assumptions of Prop. 3.2 are easily checked if A is bounded. In the
case of quadratic L, the comparison principle is Theorem 2.2 and H(z,0) = —I(x),
which is bounded, so again Prop. 3.2 gives the conclusion. O

Remark 3.4. Note that Proposition 3.2 applies also to Hamiltonians not necessar-
ily of the form (16) and possibly also non-convex in p.

Next, we approximate the critical value by the long time limit of the solution of
the evolutive H-J equation (23). This is a result of Abelian-Tauberian type similar
to Theorem 5 in [6] and Theorem 3 in [3].

Proposition 3.5. Assume the same conditions of Cor. 3.3 and w(x,t), the solution
of the Cauchy problem

Ow+ H(z, Dyw) =0, (z,t) € R" x (0,+00), w(-,0) = w,, (29)
with w, € C(R™) and Z"™-periodic. Then,
) -
lim M = A=A = Xy uniformly in x.

t——4o00 t

Proof. Let u € R be such that there is a subsolution v € BUSC(R™) of p +
H(x,Dv) < 0. By subtracting a constant, it is not restrictive to assume v < w,,.
Then v+ ut is a subsolution of the Cauchy problem (29). The comparison principle
for such problem is standard for A bounded, and it is Theorem 2.2 for the quadratic
case. Then, v(x) 4+ ut < w(x,t) for all z. We divide by ¢, send ¢ to 400, and take
the sup over u to get

w(z,t)

lim inf min > A
t—4oo t
In a similar way we get
w(z,t
lim sup max (z,%) < A
t—+oo z t
and the conclusion follows from Prop. 3.2. O

4. Weak KAM theorems. In all this section we consider the critical equation
(26) for the Hamiltonian defined by (1) (equivalently, by (16)), under the assump-
tions of Corollary 3.3, namely,
e b, % are Lipschitz and Z"-periodic, the columns f? of F verify the bracket
condition (SBG);
e cither (i) A is bounded and A D B,,(K),
e or (ii) A =R™, L is given by (18) with G satisfying (19).

In case (ii), the critical equation (26) can be written as
1
A +b(z) - Du+ 5|a(as)Du|2 =I(z) inR", (30)

with o given by (21).
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4.1. Existence of a critical solution. We recall two definitions of viscosity solu-
tion valid for not necessarily continuous functions, the first from Ishii [37], and the
second from Barron and Jensen [18], see also [34]. A survey is in [10], Sections V.2
and V.5, respectively.

Definitions. A locally bounded function w is a non-continuous viscosity so-
lution of a PDE in an open set if its upper semicontinuous envelope u*(z) :=
limsup,,_,, u(y) is a viscosity subsolution and its lower semicontinuous envelope
Uy () := liminf, ,, u(y) is a viscosity supersolution.

A function u € LSC(Q) is a lower semicontinuous viscosity solution, or briefly
an Isc-solution, or bilateral supersolution of F(x,u, Du) = 0 in the Q open set, if
F(z,u(z),p) = 0 for all p € D~ u(x) and = € Q, where D~ u(z) is the subdiffer-
ential of u at x. In other words, u is a viscosity supersolution of both F' = 0 and
—F(x,u,Du) = 0.

Theorem 4.1. Under the standing assumptions of this section,

A = max{\ : 3 a subsolution in BUSC(R™) of (26)},

31
= min{\ : 3 a supersolution in BLSC(R"™) of (26)}, (1)

and so A\ = \ it the unique constant such that the critical equation (26) has both a
sub- and a supersolution.

Moreover, for X\ = X\ the equation has a non-continuous viscosity solution and an
Isc-solution.

Remark 4.2. In Section 4.3 we prove that there also exists a function x € B(R")
such that x is a non-continuous viscosity solution and x. is an Isc-solution of (26).

Proof. Define vs(z) := ws(x) — ws(0), where ws solves (27). By estimate (28), we
have |vs(x)| < C for all z. Moreover, vs solves

dvs + dws(0) + H(z, Dvs) = 0. (32)
Note that dvs — 0 as § — 0, and dws(0) — X by Cor. 3.3. Consider the relaxed
semilimits

o(z) := limsup vs(y), v(z):= liminf vs(y).
§—0,y—x §—=0,y—z

By the well-known stability properties of viscosity semi-solutions, we get
A+ H(z,Dv) <0, A+ H(x,Dv) >0,

and so the sup and inf in the definitions of A\; and A are attained, which proves
(31).

The existence of a non-continuous solution is proved by the Perron-Ishii method
[37]. Observe that |o(x)|, |v(z)| < C for all z, and so v — 2C < w. Since v — 2C is a
subsolution of (26) and v is a supersolution, by Theorem V.2.14 in [10] we get that

u(z) := sup{v(z) :  — 2C < v < v, v* subsolution of (26)}

is a non-continuous solution of (26).
To prove the existence of an Isc-solution, we claim that vs is also a bilateral
supersolution of (32). Then, the semilimit v € BLSC(R™) also satisfies

—\— H(z,Dv) >0,



12 MARTINO BARDI

which is what we want. To prove the claim, we recall that vs is the value function
of an optimal control problem

usle) = i, [ e (Ll0a(t.0). ) — dus(0) .

Then, vs satisfies the backward dynamic programming principle, see Prop. 111.2.25
n [10], which implies the claim, as in Cor. II1.2.28 of [10]. O

Remark 4.3. If b = 0, then there is a continuous solution of (26) with A = X
provided that A contains a neighbourhood of 0, even smaller than B,,(K). In fact,
in this case system (22) is symmetric, and by (SBG) it is small time controllable
everywhere. This means that (BTC) is strengthened by the existence of a modulus
w such that
t#(l‘l,xg) < w(|m1 — $2|T) le,xg c R"™.
Then, in the proof of Prop. 3.2, the estimate (28) is improved to
[0ws(x) — dws(Z)| < O(6)w(|z — Z|T).

This implies that ws are equicontinuous, and therefore so are vs in the proof of
Theorem 4.1. Then, by Ascoli-Arzela there is a sequence vs; converging uniformly
to a continuous v, which solves the critical equation by the stability properties of
viscosity solutions. In the case of A bounded, this was proved in Rmk. 6.2 and
Example 2, p. 43 of [5].

4.2. Asymptotic behaviour of solutions to HJ equations. The proof of The-
orem 4.1 constructs critical sub- and supersolutions from the solution of the dis-
counted equation (27). The next results give a more explicit connection among the
critical value, critical sub- and supersolutions, and the approximating equations
(27) as well as the evolutive HJ equation (29). We recall that in classical weak
KAM theory for coercive Hamiltonians, the limits (9) exist uniformly, and they
produce critical solutions, i.e., they solve the critical equation

A+ H(xz,Du) =0 in R", (33)
which for the case (ii), A = R™, becomes
. 1
A+ b(x) - Du+ §|U(x)Du|2 =l(z) inR"™ (34)
In the current context, we do not expect such a result because continuous critical
solutions may not exist. We can prove the following weaker result.

Theorem 4.4. Under the assumptions of Theorem 4.1, the semilimits of solutions
of the discounted equation (27),

w(z) := limsup (wg(y) - )\> and w(z):= liminf (wg(y) - )\) . (35)
§—0,y—x 1) 0—0,y—x )

are, respectively, a bounded sub- and supersolution of the critical equation (33).
The same conclusion holds for the semilimits of solutions of the evolutive equation
(29),

#(z) = i 1) — Mt d = liminf t) — At) .
@)= Jmswp (w(y,t) = M) and vp(e) = lmint | (w(,t) - X)
(36)

Moreover, w and vy are lsc-solutions of (33).
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Proof. Define us(x) := ws(x) — X/d and observe that it solves
ous + A + H(Qj, DU5) =0. (37)

We know from Cor. 3.3 that dus — 0 as § — 0. We claim that the family us
is equibounded. Consider the sub- and supersolutions ¢ and v found in Theorem
4.1 and a constant C such that v — C < 0,v +C > 0. Then, v — C and v + C
are, respectively, a sub- and a supersolution of (37). By the comparison principle
Theorem 2.1, we get

5—C§U6SE+C»

and then, for some C, |us(x)| < C for all x and § > 0. Therefore, the semilimits w
and w of us are bounded, and so they are, respectively, a sub- and a supersolution
of (34) by applying the stability property of viscosity solutions to equation (37).

Moreover, as in the previous proof, us is the value function of an infinite horizon
optimal control problem, so it satisfies a backward dynamic principle and it is a
bilateral supersolution of (37). Then, the semilimit w also solves —\ — H (z, Dw) >
0.

For the second statement, define z,(z,t) := w(z,nt) — Ant, where w solves (29),
and note that it solves

1 _
—O¢zyg + A+ H(z,Dzy) =0, (z,t) € R" x (0,+00). (38)
n

To prove the equiboundedness of z,, consider again v and v as above and pick a
constant C such that o — C < w, and v+ C > w,. Then, 7 —C + At and v+ C + Mt
are, respectively, a sub- and a supersolution of the Cauchy problem (29), so the
comparison principle Theorem 2.2 gives

o(z) — C+ Mt < w(z,t) <v(z) +C+ M.

Therefore, there is C such that |z, (z,t)| < C for all (x,t) € R" x [0, +00) and 1 > 0.
This implies the boundedness of the semilimits

Z(x,t) = nﬁjiozr}ysilg’sﬁt zy(y,s) and z(z,t) = n~>+loior%/i~r>l£,sﬂt zn(y, s).
Now the stability property of viscosity solutions for equation (38) as  — 400 gives,
for ¢t > 0, that z(x,t) and z(z,t) are a sub- and a supersolution of (33). Finally
we observe that, for all t > 0, z(z,t) = v#(z) and z(z,t) = v4(x), which gives the
conclusion.

It remains to prove that vy also satisfies By - H(z, Dv#) > 0. Since z, is the
value function of a finite horizon control problem, it satisfies a backward DPP as
in Prop. II1.3.20 of [10]. Then, it is a bilateral supersolution of (38) by Theorem
II1.3.22 of [10]. Therefore, its lower semilimit vy verifies the desired inequality. O

Remark 4.5. Note that our result on the long-time limits (36) is weaker than The-
orem 10.2 of [23] for the pseudo-coercive case without drift, based on equicontinuity
estimates that we do not have in our framework. That result states the uniform
convergence of v(-,t) — At to a critical solution, where v is the solution of the Cauchy
problem generated by the Lax-Oleinik semigroup. This is not known to be unique
in their framework, see Remark 10.4 of [23]. For our quadratic Lagrangian and
b = 0, we can combine their result and our uniqueness Theorem 2.2 to obtain the
uniform convergence of w(-,t) — M to a critical solution.
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4.3. Fixed points of the Hamilton-Jacobi semigroup. For any bounded func-
tion ¢ € B(R™), define the value function of the optimal control problem with finite
horizon ¢ > 0 and terminal cost ¢

1io(e) = int, { [ Lua(s.0).0(6) s + 00000} (39)

where y, (-, ) is the trajectory of (22) with y,(0,«) = . Note that T;¢ € B(R")
because L is bounded from above for any fixed control, and it is bounded from
below. If ¢ is continuous, w(z,t) = Tyo(x) is also the unique viscosity solution of
the Cauchy problem

Oyw + H(x, D,w) =0, inR"™ x (0,+00), w(-,0) = ¢, (40)

by Theorem (2.2). The basic properties of T; : B(R") — B(R") that we need are
collected in the next proposition.

Proposition 4.6. 1) For all $ € B(R") andc € R, Ty(¢p+¢) =Tip+ ¢ ;
2) ¢ < implies Typ < Ty for allt >0 ;
3) Ty has the semigroup property, i.e., Ty(Tsp) = Ti1s¢ for all ¢ € B(R™).

Proof. Properties 1) and 2) are immediate consequences of the definition. Prop-
erty 3) expresses the dynamic programming principle for the finite horizon control
problem, see, e.g., Prop. II1.3.2 in [10]. O

Remark 4.7. In the classical weak KAM theory, the semigroup is defined with
exchanged roles of the initial and the terminal conditions of the trajectories, and it
is called the Lax-Oleinik semigroup [30, 32, 33]. As remarked in Sect. 7.1 of [23],
that definition has a backward character, whereas (39) is forward in time and fits
better the current context.

As in the classical weak KAM theory, we are interested in finding a fixed point x
of the semigroup T; — At, which is usually called a weak KAM solution. This means

x(@) + M =Tix(z) Vo eR™ Vt>0. (41)

Note that any weak KAM solution is also a critical solution, i.e., x is a non-
continuous solution of (33) and x, is an lsc-solution of (33) by applying the dynamic
programming principle.

The next result says that the converse is also true in two particular cases, i.e.,
any critical solution, such as those found in Theorems 4.1 and 4.4, is also a weak
KAM solution.

Proposition 4.8. (i) If the control set A is bounded, then any lsc-solution x €
BLSC(R™) of A+ H(z,Dx) = 0 also satisfies

x(@) + At = (Tyx)«(z) Vo € R™ )Vt > 0.

(ii) If A = R™ and x € BC(R™) is a continuous solution of \+ H(z, Dx) = 0, then
it satisfies (41).

Proof. Both statements use that the function y(x) + At solves the Cauchy problem
(40) with initial data ¢ = x.

In case (ii), x(x) + At and T}x are continuous in R™ x [0, +00) and continuously
attain the initial data. Then we get the equality from the Comparison Theorem
2.2.

For case (i), it is known from [19] that w(-,t) = (TiX)« is an lsc-solution of (40)
with ¢ = x and the additional property that (wjg>o03)«(2,0) = x(), see also [10].
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Then, equality (41) follows from the uniqueness theorem for lsc-solution holding
under the assumption |H(z,p) — H(z,p)| < Clz — y||p| + w(|z — y|), where w is a
modulus, see [18, 10]. O

Remark 4.9. If b = 0, there is a continuous critical solution y by Rmk. 4.3. Then
(i) of the last proposition applies in this case.

In the general case, we can prove the existence of at least one fixed point of the
semigroup, and that it is also a critical solution.

Theorem 4.10. Assume H is defined by (20). Then there exists x € B(R™)
satisfying (41). Moreover, x is a non-continuous viscosity solution of the critical
equation (34) and x. is an lsc-solution of (34).

Proof. Consider the functions w < w found in Theorem 4.4. Let us first observe
that a bilateral supersolution of the critical equation (34), such as w, satisfies a
sub-optimality principle, namely,

w(z) < inf {/0 (L(ya(s, @), a(s)) — A) ds —&-w(yg;(t,a))} =Taw(z) — M Vt>0,

acA
(42)
by Theorem 3.2 of [43]. In the jargon of weak KAM theory, this says that w is
dominated by L — \.
The candidate y is the long-time limit of Tyw — A\t. We claim that this function
is non-decreasing in ¢. By inequality (42) and the properties of the semigroup in
Prop. 4.6, we have

Tiw(z) — Mt < Ty(Tsw — As)(x) — M = Ty sw(z) — At +s),

for all s > 0, which gives the claim. To find a bound from above, we observe that
w+At+C is a supersolution of the Cauchy problem (40) with initial data ¢ = w, for
C' large enough, whereas Tiw(x) is a subsolution. Then, property 2) of Proposition
4.6 and the Comparison Principle Theorem 2.2 give

Tyw(z) < Tyw(x) <C+ Xt Va,t>0.

Therefore,
lim (Tyw(z) — At) = sup (Tyw(z) — At) =: x(z) (43)
t——+oo t>0
defines a function y € B(R™). Then, the properties of the semigroup in Prop. 4.6

imply

Tix(z) — M\t =T} (ig% (Tyw — Z\s)> () — X\t =

sup Ty (Tsw — As) (x) — Mt = sup (T4 sw(z) —

(s+1) = x()
5>0 s>0

for all ¢ > 0, which is the desired fixed point property (41).

For the last statements, we observe that the fixed point equation (41) is a sub-
and a superoptimality principle for a control problem with running cost L — .
Then, it is well known that the upper and lower envelopes of x are, respectively, a
sub- and a supersolution of (30), see, e.g., Theorem V.2.6 in [10]. Moreover, the
suboptimality principle

x(z) < inf {/0 (L(ya(s, @), a(s)) — A) ds+ X(yz(t,a))} , Yt>0,

acA
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implies the backward dynamic programming principle

x(@) > x(ys(—t,a)) — / (L(ya(~s,0),a(—s)) — A) ds, ¥t>0,

for all & : (—00,0] — A measurable and z € R", as in Lemma V.5.4 of [10]. Then,

X« is also a supersolution of —\ — H(z, Dy.) = 0, as in Prop. V.5.2 of [10]. O

5. Application to periodic homogenization. In this section, we consider the
problem of the convergence as € — 0+ of the solutions of the equation

2+f(§>-Dsz:g(z,§), zeR” (44)

and of its evolutive counterpart, where o is as in Section 2 with the vector field F'
satisfying the bracket condition (SBG), f : R™ — R™ is Z"-periodic and Lipschitz,
and g € BUC(R™ x R™) is periodic in the second variable. The existence, for each
e > 0, of a bounded viscosity solution v¢ follows form a standard method (e.g.,
Perron-Ishii, or representation as value function of an infinite horizon discounted
control problem), and uniqueness comes from Theorem 2.1.

We want to find an effective Hamiltonian H such that the limit of v¢(z) satisfies

v+ H(z,D,v) =0.

1
v¢ + = ’0’ <i> D, v®
2 €

To guess what H can be, we make the formal expansion v¢(z) = v(z)+eu(2)+ Lo.t.
and plug it into the equation to get

v+ %|a (g) (Dv + Du (z))|2 +f (g) - (Dv + Du (z)) =g (z, z) + lo.t..

This suggests to freeze z and P = Duv(z), set « = z/e, and consider H(z, P) = —)\,
where A and wu(z) solve the cell problem

- 1
A+ §|a(x)(P + Du)|* + f(z) - (P + Du) = g(z,7) z €R™
This becomes the critical equation (34), with parameters z and P, once we set

) = F(@) + o) o ()P, 1(x) = g(e,7) ~ @) P~ Slo@PP. (45)

We define the effective Hamiltonian by the critical value defined in Theorem 4.1 for
the data b,! given by (45)

H(z,P):=—\. (46)
Theorem 5.1. Under the assumptions listed above, the solution v¢(z) of (44) con-
verges locally uniformly as e — 0+ to the unique bounded solution of

v+ H(z,Dv) =0 in R". (47)

Proof. We follow the approach to homogenization via singular perturbations of
[2, 3, 5]. We double the space variables and consider the PDE

€

€ 1 € DIUC ? € Dfu : n n

u —|—§ o(x) | Dyu + + f(z) - | Dyu®+ —— | = g(z,2z), inR" xR"
€ €

(48)

This equation has a bounded viscosity solution u¢(z, z) by standard methods, unique
by Theorem 2.1, and it is easy to check that

ve(z) = u(z, g) ,
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where v¢ solves (44). The Hamiltonian in (48) fits the general conditions of [3, 5],
except the regularity in x required there for using standard comparison principles.
In (48), the Hamiltonian is quadratic, but we have the comparison principles stated
in Sect. 2. Moreover, such Hamiltonian is ergodic in the sense of [3]. To see this,
consider the associated discounted equation with z and P frozen:

Sus + lo(@)(P+ Dup)” + f(@)- (P+ Dug) = gl=w)  w R, (49)
and use (45) to rewrite it as
dws + %|0(az)(Dw5)|2 + b(x) - Dws = l(x) z eR",
where b and [ depend on the parameters z, P. Then, Corollary 3.3 gives
}i_% Sws(z) = —H(z, P) uniformly in R", (50)
This says that ws can be used as an approximate corrector in the perturbed test

function method adapted from Evans [28] to singular perturbations [3]. This theory
entails that, if u¢ are locally equibounded, the semilimits

u(z) := limsup supu(z’,z), wu(z):= liminf infu(z’,x)
e—0,2'—z = e—0,z2'—z =
are, respectively, a sub- and a supersolution of the effective PDE (47), see Theorem
2 in [3]. Since +sup|g| are a super- and a subsolution of (48), the comparison
principle gives the estimate

—sup |g| < u(z,7) < sup|g|

and therefore the equiboundedness.

We want to show that the effective equation (47) satisfies the comparison prin-
ciple. The continuity of (z,p) — H(z,p) is a known consequence of ergodicity, see
e.g. Prop. 3 in [3]. We claim that

|I_{(z,p)—f[(z’,p)| Sw("z_z/‘) Vz,zl7pERn, (51)

where w is the modulus of continuity of g, and therefore of [, with respect to z. To
prove this estimate, we compare the solution ws of (49) with the solution wj of the
same equation with z replaced by z’. Then, wj satisfies

dws + %|0(93)(Dw3)|2 +b(x) - Dws < U(z,2) + w(]z — 2'|)

and so wj — +w(|z — 2'|) is a subsolution of (49). Then, the comparison principle
Theorem 2.1 gives

1
wy < ws + gw(|z —2'))

and by (50) we get
(zp) — A(2',p) < w(lz - 7).
By inverting the roles of z and 2/, we get (51). Then, the comparison principle for
(47) is a standard result (see, e.g., [10]). We use it for the semilimits and get that
@ < u, and so @ = u =: v is the unique bounded solution of (47).
Finally, we go back to the solution v¢ of (44). Clearly,

9(z) := limsup v°(2') < u(z), v(z) ;== liminf v°(2") > u(z).
e—0,2"—z e—0,z'—z

Then, v = v = v, which implies the convergence of v¢ to v locally uniformly. O
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Remark 5.2. In the same way we can prove the locally uniform convergence of the
solutions of the equation

v€—|—b(f>~Dve+sup{DU€-F<i)a—l1 (ia)}:g(z,f), z € R
€ acA € € €

where A is bounded and contains B,,(K). The cell problem in this case is

A+b(z) - (P + Du) + Slelg{(P—l- Du) - F(x)a—1li(z,a)} = g(z,2) =z e€R",

which can be written in the form of the critical equation (33)

A +b(x) - Du+ sup {Du - F(x)a — L(x,a, z, P)},
a€cA

where z and P are parameters and

L(z,a,z,P) :=1li(x,a) + g(z,2) — P - (b(z) + F(x)a).
We set again H(z, P) = —\ and obtain that the limit v of v¢ is the unique solution
of the effective equation (47).

Finally, we consider the homogenization of solutions of the Cauchy problem with
oscillating initial data

vf + 5o (2) Do + f(2) - Dove = g(2, %), (2,1) € R x (0,T),

ve(z,0) = h(z, %),
where h € BUC(R"™) is periodic. The existence, for each € > 0, of a bounded

viscosity solution is again standard, and uniqueness comes from Theorem 2.2.

Theorem 5.3. Under the assumptions listed above, the solution v*(z,t) converges
locally uniformly in R™ x (0,T) as ¢ — 0 to the unique bounded solution of the
Cauchy problem

v+ H(z,D,v) =0 inR" x (0,T), v(z,0)=h(z):=minh(z,z), Vz, (52)
where H is defined by (46)

Proof. Most of the proof is the same as that of Theorem 5.1, so we only discuss the
differences. We consider the evolutive version of the singularly perturbed equation
(48) where u€ is replaced by u§ and with the initial condition u®(z,x,0) = h(z, x).
Then,

ve(z,t) = u(z, §7t) , InR"x[0,T).
We have the estimate
—tsup|g| — sup |h] < u(z,z,t) < tsup|g|+ sup|hl,
and the semilimits, for ¢ > 0,

u(z,t) ;== limsup  supu®(2,x,t'), wu(zt):=  liminf  infu(z’,z,t")
e—0,(z,t")—=(z,t) = e—0,(2/,t')—>(2,t) ©
are a sub- and a supersolution of the effective PDE in (52), by Theorem 2 in [3].
It remains to handle the boundary layer at the initial time. We extend u and u
by

u(z,0):= limsup a(2',t'), u(z,0):= liminf a(2’,t").
(2 )= (2,0+) (2,t")=(2,0+)
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The initial condition satisfied by these semilimits comes from the property of sta-
bilization to a constant of the solution to the homogeneous equation

1
we + §\a(x)Dzw|2 =0 in R" x (0,+00), w(x,0) = h(z,x), Vz, (53)

where z is a frozen parameter, namely

t_l}?oow(xﬂf; z) = const. =: h(z).

Then, Theorem 3 in [3] gives
u(z,0) < h(z) and u(z,0) > h(z),

and so u(-,0) = u(-,0) = h. (Actually, in [3] the Hamiltonian is 1-homogeneous and
here it is 2-homogeneous, but the proof holds without changes). The stabilization
property of equation (53) comes from the fact that it is the HJB equation of an
optimal control problem for the driftless control system y(t) = —F(y(t))a(t). If
A D By (K), this system satisfies (BTC) by the assumption (SBG), and moreover
it is stoppable, i.e., for each point of the state space there is a control allowing it
to remain there forever. Then, Prop. 6.5 in [5] gives the conclusion, as well as the
explicit formula h(z) = min, h(z, ).

Now, the comparison principle for the Cauchy problem (52), which holds by
estimate (51) on H, implies that @ = u =: v is the unique bounded solution of
(52). Finally, as in the previous proof, we consider the weak limits of v¢, compare
them with @ and u, and conclude the uniform convergence of v¢ locally uniformly
in R" x (0, 7). O

Remark 5.4. As in Remark 5.2, we can consider also the case of bounded A D
By, (K) and the Cauchy problem

vtEer(f) - D€ + supge 4 {Dv“F(f)afll (f,a)} :g(z,f), in R™ x (0,7),

ve(z,0) = h(z, %).

By the same proof, we obtain again that the relaxed semilimits @ and u are a sub-
and supersolution of the effective equation vy + H(z, D,v) = 0 with H defined in
Remark 5.2. We obtain also the locally uniform convergence of v¢ to the unique
solution of (52) if either b = 0 or the initial data do not oscillate, i.e., h = h(z).
In the general case, the existence of some effective initial data h does not follow
from known results. In fact, the homogeneous equation arising in the study of
stabilization is not (53), it is instead 1-homogeneous in D,w and has the term
b- D,w. Hence, the associated control system is not driftless and therefore not
stoppable in general. This case is left open to future research.
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