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KAM theory owes most of its success to its initial motivation: the application to problems
of celestial mechanics. The masterly application was offered by Arnold in the 60s who
worked out a theorem, that he named the “Fundamental Theorem” (FT), especially
designed for the planetary problem. However, F'T could be really used at that purpose
only when, about 50 years later, a set of coordinates constructively taking the invariance
by rotation and close-to-integrability into account was used. Since then, some progress
has been done in the symplectic assessment of the problem, and here we review such
results.
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1. Some Sets of Canonical Coordinates for Many-Body Problems

1.1. (1 4+ n)-body problem, Delaunay—Poincaré coordinates
and Arnold’s theorem

In the masterpiece [1], a young and a brilliant mathematician, named Arnold,
stated, and partly proved, the following result.

Theorem 1.1 (Theorem of stability of planetary motions”, [1, Chap. III,
p. 125]). For the majority of initial conditions under which the instantaneous
orbits of the planets are close to circles lying in a single plane, perturbation of the
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planets on one another produces, in the course of an infinite interval of time, little
change on these orbits provided the masses of the planets are sufficiently small. [. . ]
In particular [...] in the n-body problem there exists a set of initial conditions having
a positive Lebesgue measure and such that, if the initial positions and velocities of
the bodies belong to this set, the distances of the bodies from each other will remain
perpetually bounded.

Let us summarize the main ideas behind the statement above.
After the symplectic reduction of the linear momentum, the (1 + n)-body prob-
lem with masses mg, m1, ..., m, is governed by the 3n-degrees of freedom Hamil-

tonian (see [Appendix A)
lyil? NiMi) <yi Y mim; )

H= - + - : 1

Z ( Z/LZ |Xi| Z mo |Xi — le ( )

1<i<n 1<i<j<n

where x; represent the difference between the position of the ith planet and the
mass mg, y; are the associated symplectic momenta, x -y = >, ., -5 2;9; and
x| := (x - x)'/2 denote, respectively, the standard inner product in R? and the
Euclidean norm;

Moy

= —" M, := ;- 2
Mo o + 1y’ i mo + m; ()

The phase space is the “collisionless” domain of R3™ x R3"

{0, %) = ((y1,- - ¥n), (X1, Xa)) 8.6 0 # X3 # X5, Vi i}, 3)

endowed with the standard symplectic form

n

n 3
w= Zdyl- Adx; = sz}’ij A dxij,

=1 i=1 j=1

where y;;, x;; denote the jth component of y;, x;.
The planetary case is when my, ..., m, are of the same order, and much smaller
than mg. In such a case, letting m; — pum;, y; — py;, with 0 < g < 1, one obtains

_ lyil®  pai Yi'yi  mimy
M= 2 (2 Skl 2 |xi — ;] @

1<i<n N “Hi 1<i<j<n N O
with

momm;

i = —2 M= mg + . (5)
mo + um;
Consider the two-body Hamiltonians
lyil>  pa;

hi(y:, x;) :i= — . 6
iyi,xi) 20 || ©)

Assume that h;(y;,x;) < 0 so that the Hamiltonian flow qﬁ}ii evolves on a Kep-
lerian ellipse &; and assume that the eccentricity e; € (0,1). Let a;, P; denote,
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respectively, the semi-magjor axis and the perihelion of &;. Let C; denote the ith
angular momentum

Ci(y;,xj) ==X X yi. (7)
Define the Delaunay nodes
n; ==k x C; (8)
and, for u,v € R? lying in the plane orthogonal to a vector w, let ., (u,v) denote
the positively oriented angle (mod 27) between u and v (orientation follows the
“right-hand rule”).
The Delaunay action-angle variables (Figs. [1] and
Detaa = (2, G, A, (8, £) (9)
with
Z=(Z1,....Zy), C=1(C,---,Cn),
G=(Gi,...,Gn), g=(91,--,9n),
A=(A1,...,Ay), £=(l1,...,0n)
are defined as
{Ai = piv/Miay, {Gi = |Ci| = Aj/1 — €2,

¢; := mean anomaly of x; on &, |g¢; := ac, (7, P;),

Zi = Cz . k,
. (10)
Ci = anx(i, my).
The Poincaré variables
Poinc = ((Wp’ A)7 (En q, A))
with
TI:(Tllw--aTln)7 82(517"'7&1'7,)7
p:(pla"'vpn)a q:(qlv"'vqn),
A=A, A), A=A, 0)
with the A;’s as in and
Mi = 2(Ai — Gi) cos (G + gi),
Ai = Li+ gi + 0;, . :
& =—v20N — G;) sin (G + i),
pi = V2(Gi — Z;) cos(, (1)
In Poincaré coordinates the Hamiltonian takes the form
Ho(A A, 2) = he(A) + pfe(A A, 2),  2:=@,p, & q) € R™, (12)
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where (A, \) € R™ x T™; the “Kepler” unperturbed term hy, coming from hpj; in
, becomes

N HME
2AZ

n
he =Y b (A) = (13)
i=1 i=1
Because of rotation (with respect to the k-axis) and reflection (with respect to
the coordinate planes) invariance of the Hamiltonian , the perturbation fp in
satisfies the well-known symmetry relations called d’Alembert rules, see [4]. By

such symmetries, in particular, the averaged perturbation

1
V(AN 2) = —— AN 2)dA 14
P ( ’Z) (271_)71 T fP( ’ ,Z) ( )
is even around the origin z = 0 and its expansion in powers of z has the form®
2 2 2, 2
av +& +
2= Co) + o) = ) - B L o, (15)

where Qj, Q, are suitable quadratic forms. The explicit expression of such quadra-
tic forms can be found, e.g., in [8, (36), (37)].

By such expansion, the (secular) origin z = 0 is an elliptic equilibrium for f2v
and corresponds to co-planar and co-circular motions. It is therefore natural to put
into Birkhoff Normal Form (BNF) in a small neighborhood of the secular origin;
see, e.g., [10] for general information on BNFs for Birkhoff theory for rotational
invariant Hamiltonian systems.

Fig. 1. Delaunay coordinates Z;, ¢;, G;.
a0 . 42 denotes the 2-indices contraction > j Qijuiuj (Qij, u; denoting the entries of Q, u).
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\
7

» C; x n;

Xi

Fig. 2. Delaunay coordinates G;, g;, ;.

As a preliminary step, one can diagonalize , i.e.find a symplectic transfor-
mation defined by A — A and

A=A+o02), n=p)R, E=p(NE p=p,(A)F a=p,(A)d (16)
with pp, p, € SO(n) diagonalizing Qp, Q,. In this way, takes the form
Ho(A N, 2) = hi(A) + (A, A, 2), (17)
with the average over A of f av given by

a? + 07

F(82) = Colh) + 3 u(a)
i=1

+0(2[%),
(18)
zZ= (ﬂ"{)) = ((ﬁaﬁ)’ (éa d))

with m = 2n, and the vector Q(A) := (o1(A),...,0n(A),s1(A),...,5n(A)) being

formed by the eigenvalues of the matrices Qp and Q,,.

Theorem 1.2 (Birkhoff). Let H be a Hamiltonian having the form in (L7)—(138).
Assume that there exist € > 0, A C R™ and s € N such that H is smooth on an
open set M2mT2 = A x T" x B2™ and that

S Mk #£0 Vh= (k... kn) €Z™:0< |k[1 <25, VAEA  (19)
=0
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Then there exists 0 < ¢ < & and a symplectic map (“Birkhoff transformation”)
Dy s (A, L, W) € MZ™F20 5 (A 2) € By(MET2n) € p2mt2n (20)
which puts the Hamiltonian into the form
Hy (AL, W) 1= Hp 0 O = hie(A) + pufs (A, 1, w), (21)
where the average f& (A, w) := [, fodl is in BNF of order s:

av _ 2s5+1 L L u12 +v12
V(A w)=Co+Q-r+Py(r) + O(Jw| ) w:i=(u,v) 1= 5 (22)

P, being homogeneous polynomial in r of order s, with coefficients depending
on A.
In particular, if holds with s = 4,

(A w)=Co(A)+QA) - r+7-7(A)r + O(|w|5) w = (u,v)

o _wte? (23)
1 T 2 )
with some square matriz 7(A) of order m (“torsion”, or “second-order Birkhoff

invariants’).

Theorem 1.3 (|1, The Fundamental Theorem)]). If the Hessian matriz of h
and the matriz 7(A) do not vanish identically, and if u is suitably small with respect
to €, the system affords a positive measure set K, . of quasi-periodic motions in
phase space such that its density goes to one as € — 0.

Remark 1.1 (Arnold, Herman). It turns out that such invariants satisfy iden-
tically the following two secular resonances

n

@A) =0, > (0i(A) +si(A) =0. (24)

i=1
Such resonances strongly violate the assumption of Theorem (1.2

We remark that the former equality in is mentioned in [1], while the latter
been pointed out by Herman in the 1990s. Note that do not appear in the planar
problem, because the matrix Q,, hence the ¢;’s, do not exist in that case. Being
aware of such difficulty, Arnold completely proved Theorem via Theorem
in the case of the planar three-body problem, checking explicitly the non-vanishing
of the 2 x 2 torsion matrix for that case. However, in the case of the spatial problem,
the question remained open until 2004, when Herman and Féjoz |8] proved Theorem
[I1] via a completely different strategy, which does need Birkhoff normal form. We
refer to [6] for more details.
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1.2. The rotational degeneracy

In [1], Arnold wrote — without giving the details — that the former resonance in
(24) was to be ascribed to the conservation of the total angular momentum of the
system:

n

C:ZC]‘, Cj:Xijj. (25)

j=1
An argument which clearly shows this goes as follows. Using Poincaré coordinates,
the planets’ angular momenta have the expressions

N +E Pt
B R A
C; = ntE  pita
N A e e S
2 2 2 2
A,_T]J'i";*j p]+qj
J 2 2

—V/Aja; +0O(l21%)
= [ =VAjp; +O(%)
Aj+0(l21%)

In particular, the two former components of the total angular momentum are
given by

Cr==3 Ve +0(e), Ca==3 VAp;+ 0. (26)

On the other hand, it is possible to find a canonical transformation

(A7x7ﬁ7]§7 (E""(j) — (A7A7n’p7 qu) (27)
having the form with pp, = id and p, € SO(n) chosen such in a way that the
last row of p, ! is

NN (VAL - VA, (28)
_ 1 . . .
where N(A) = N fixes the Euclidean norm of to 1. With such choice,

we have
b1
n

Pn=py | 1| =NM)D VA

Jj=1
Pn

n

and, similarly,
dn = N(A) Z Vg
j=1
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Therefore, Eqs. become
C1=—=N(A)""G, +O(2]%), Co=-N(A)""pn+ O(|2%). (29)

Now, as the projection of the transformation on N’s is a A-independent trans-
lation, the averaged perturbing function using the new coordinates can be obtained
applying such transformation to the function in (15). We denote it as

72 4 £2 B 52 + G2
n 2& +QU(A),p 2(1

f* = Co(A) + Qn(A) - +0(z),

with Op,(A) = Qn(A) and Q,(A) = pu(A)~1Q,(A)py(A). Note that Q,(A) has the
same eigenvalues as Q,(A), as p, € SO(n). Let us now use

{.]Eavvcl} =0= {fav’cz} (30)

which hold because they are true for f, and C is A-independent. Using , it is
immediate to see that implies that the quadratic form

2 -«
- +
2
is independent of p,,, ¢,. Hence, the nth row and column of Q,,(A) vanish identically.
This implies that Q,(A), hence Q,(A), has an identically vanishing eigenvalue,

which is ¢, (A) in ([24).

1.3. Jacobi reduction of the nodes

In the case n = 2, Arnold in [I] suggested to get rid of the rotation invariance
(described in the previous section) by means of the classical so-called Jacobi reduc-
tion of the nodes. This is a classical procedure with a remarkable geometric meaning,
which goes as follows. Let us consider a reference frame (i, j, k) whose third axis k is
along the direction of the total angular momentum C = C; + Cs, while i coincides
with the intersection of the planes orthogonal to C;, Cs. Such intersection is well
defined provided that C; |[f C3, namely, when the problem is not planar. With such
a choice of the reference frame, one cannot fix Delaunay coordinates completely
freely. Indeed, by the choice of i, we have that the (; satisfy

G—G=m. (31)

Moreover, a geometrical analysis of the triangle formed by C;, Cy and C shows
that the coordinates Z; satisfy

G G?-G3 G G? - G3
Zl 2+ 2G ) ZZ 2 2G ) (32)

where G := |C| = \/C? + C2 + C? is the Euclidean norm of C. As i moves, the
following fact is not obvious at all — in fact proved by Radau (Fig. [3]).
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Fig. 3. The construction underlying Jacobi reduction of the nodes.

Theorem 1.4 ([17]). Replacing relations (31)-(32) inside the Hamiltonian
with n = 2 written in Delaunay coordinates, one obtains a function, depend-
ing on (Aj,¢;,G;,9;) (j = 1, 2) and G, whose Hamilton equations relatively to
(Aj, 4;,Gj,g5) generate the motions of the coordinates (Aj,¢;,G;,g;) referred to
the rotating frame under the action of the Hamiltonian with n = 2. The motion

of Z; and ¢; can be recovered via 7.

1.4. Deprit coordinates
Arnold commented on the general problem of rotational degeneracy as follows:

Chap. II1, §5, n. 5] In the case of more than three bodies [n > 2] there is
no such [analogue to Jacobi reduction of the nodes| elegant method of reducing the
number of degrees of freedom |...].

However, exactly 20 years later, in 1983, Deprit 7] discovered a set of canonical
coordinates which, after a simple transformation, do the desired job and reduce to
Jacobi’s when n = 2. Let us describe them.

Consider the “partial angular momenta”

J
S;(y.x) =Y Cj; (33)
i=1
with C; as in . Notice that S,, = C is the total angular momentum of the system.
Define the “Deprit nodes”
Vit1 = S;41 X Cip1, 1<i<n—1,
v, =Sy X C; = —vo, (34)
Upnt1 =k xC=:p.
If n > 2, Deprit’s coordinates

Dep = (R,G,‘I’,I‘,(p,’(/)) (35)

2430006-9
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with
R:(Rla"'aRn)v ‘I’:(\Ijla"'aan)a G:(le"‘an)a ( )
36
r:(rl,"’7rn)’ 11):(121)17""1!]71)7 (p:(8017"‘780n)'
are defined as follows (compare also Figs. 4H0)):
X
Ri=y; — = |C;
Vi ] {Gz. |Cil,
i =%, pi = ac, (Vi xi),
|Si+1|, 1§i§n—2(n23),
U,:=<C:=|C|], i=n-—1, (37)

Z.=C-k, i=n,

as.,, (Viy2,vip1), 1<i<n—2(n>3),
Vi =y = ac(D,vy,), i=n-—1,
¢ = ax(i,v), i=mn,
We have the following.
Theorem 1.5 ([7]). Y0  yi-dx; =R-dr+ ¥ -dp + G -dy for alln € N.

For later need, we formulate an equivalent statement of Theorem We con-
sider the coordinates

De@ = (Z7G7R7Ca¢v I‘) (38)
Kk
NN
Z |
C ‘ ~
: 1
/j
%

Fig. 4. Deprit coordinates Z, C' and ¢ fix the angular momentum in the initial reference frame
(i7j7 k) :
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Sit1] ¥,

Vil

» Sit1 X Vigo

Viy2

Fig. 5. The frames D;; and the coordinates ¥;, ¥;_1, G;4+1 and ;.

\
7

» C; X v;

V; N

Fig. 6. The frames H; and the coordinates g;, G5, ¢;.
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with
Z=(Z,...,2Z,), G=(Gq,...,Gn), R=(Ry,...,Ry), (39)
39
C:(Cla"'agn% ¢:(¢17~-~7¢n), I':(T'l,...,T'n)7
where Z;, G;, (;, are as in , R;, r; are as in , and, finally,
¢i = ac, (ng,x;).
Let
1 0 0 cosf —sinf 0
Ri(1)= |0 cosi —sini|, Rs3(0)=|[sinf cosf 0 (40)
0 sin¢ cos? 0 0 1
and
X = R3(€)R1(Z)ia y = R3(9)R1(Z>y> C:=xx Y, C =X XY,
1 0
i=|0], k=10
0 1
with x,%,y,¥ € R?. The proof of the following fact is left to the reader.
Lemma 1.1. y-dx = C -kdf + C -idi + y - dx.
Lemma [1.1] immediately implies the following.
Lemma 1.2. y; -dx; = Z;d(; + Gjdo; + Rjdr; Vj=1,...,n, Yn€N.
Indeed, we have
{Xj =Rs(GI)R(i5)x]
- j=1,...,n,
y;j = Rs(¢)R1(i5)y;
where ¢} is the convex angle formed by k and C; and, finally,
G
R;cospj — —L sin oy
T COS @ Ty
xj = |rjsing; [, yj= Rjsing; + & cos b, (41)
0 "
0
verify, as well known,
y;f : dX;k = Rjd?“j + G]d¢j (42)

2430006-12
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Then, by Lemma and as C;" -i= 0, we have
y;- de = Cj deJ + Cj* . ide +y; . de
= Zijj + do¢j + Rjd?"j. O
We denote as
</5DEP Dee = (Z2,G,R, ¢, ¢.v) > D, = (¥, G, R, 9, p,1)
the map which relates D, and D, and as
¢D“’ Det = (2,G, ¢, ¢) = Dep = (¥, G, 1, )
is the natural projections on the coordinates above. It is easy to check that 57;:;’ is
independent of R and r. Indeed, 523; has the expression
G; = Gj,
©j :¢j+aci(l/j,ljj) with Dj ZkXCj,
S; 3 j n,
Znt o+ Zn, j=mn,
1/}. _ O[Sj+1(yj+251/j+l)a ] #nv
! O[k(i, D)? j =n,
where S;11, v, U; at the right-hand sides are to be written as functions of D,
(see and (10)):
J+1

Siv1 =Y GiRs(C)R1 (7K,

i=1

j+1
Vjt1 = (Z GiRg(Q)Rl(i?d)k> X GiRa(Gr)Ra(ifi)k, 1<j<n—1

=1

J+1
v =-—vy= (Z GiRS(Ci)Rl(i;Del)k> X GhR3(C)Ra(iT)k,

i=1

Vp+1 =Pk X <Z GiRS(Ci)Rl(iiDEl)k>

=1

with iP¢ = cos™! G . As the right-hand sides are defined only in terms of Cj,
they are functions of Z, ¢ and G, while are independent of R and r.

Theorem 1.6. Theorem [L.H is equivalent to stress that
op verifies:Z-d¢ + G -d¢ =W -dp+ G -dp forallneN.  (44)

2430006-13
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Proof. Use Lemma and that the coordinates (R,r) are shared by D., and
Des. [}
We prove Theorem (< (44)) by induction on n, with n > 2, as in [L1].

Base step. We prove the statement (Theorem with n = 2. We first observe
that, in such case, (y;,x;) are expressed, through (R, ¥, G,r, 1, ) via the formu-

lae
{xj = Ra(QOR1(DRa (MR (i), j=1,2,

¥i = R3(QR1()R3 (M R1(i5)y 5

where i is the convex” angle formed by k and C; i; is the convex angle formed by
C and C; and, finally, Xjp> Yip) Ar€ as in , with ¢; replaced by ¢;.
Using Lemma [T.1] twice, one easily finds

yj-dx; =C; kd(+C;-idi+ C; kdy+ Cj,, -id(i;)
+ ¥ X5,
=C; -kd(+C;-e1di+Cj-ezdy+y;, dx;,. (45)
We have used C; ,-i=0, C; = R3(¢)R1(i)C; and we have let
e; = R3(Q)R1(i)i, e3:=Rs(Q)R1(i)k. (46)
Taking the sum of with j =1, 2 and using and recognizing that
(C1+C3) - k=C-k=7,
(C1+Cy)-eg=C-e; =0,
(C1+Cy)-e3=C-e3=C
we have the proof. O

Induction. The inductive step is made on the statement . The map %g:}’ in

will be named $n We assume that holds for a given n > 2 and prove it
for n + 1. Consider the map

(b:erl :ﬁef,nJrl = (Z7 G7 C7 ¢) — 5ep,nJrl = (‘I’*7 G*7 11’*7 (P*)
defined as follows. If

Z= (Zv Z’VL-‘rl)a G = (G7 Gn—‘,—l), C = (Ca Cn+1)7 ¢ = (¢7 ¢7L+1)
where the tilded arguments have dimension n, we let
(¥, G, ¢, 9) =n(Z,G,(, @)
bThe expressions of i1, i3 and i — not needed here — can easily be deduced by the analysis of

the triangle formed by Ci, C2 and C: see Fig.

2430006-14
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and then
$511(2,G, ¢, ) = (¥, Znt1), (G, Grpa), (¥, 1), (P, Pn+1))
— (T*, G, ", "),
By the inductive assumption, ¢,, verifies
Z-dl+G - dp=T -dip+G-dp
and hence ¢y, | verifies
Z-d¢+G-dp=F*-dp" + G* - dp*
=0 dp+ G dp + Zni1dCosr + Gnirddni

n—2
= (DU dey +Gd@ | + Tpy - dihy 1 + Ty, - dihy,
j=1
+ Zn41dCni1 + Gry1dopny1  split the RHS (47)

having split

‘I’:({I\)la"'a{i}n% {L:(’(Zlafg/\;n)
We moreover define a map ¢, 41 on (¥*, G*, ¢*, ¢*) acting as
(‘11*7 G*7 ¢*7 w*) = ¢2 ((Ejﬂm Zn+1)7 ({Iv]n717 G’rLJrl)a (QZ’VH Cn+1)> (’(anla ¢n+1))

on the designed variables, and as the identity on the remaining ones. Note that the
arguments at left-hand side have dimension 2, that G, = (V,,—1,Gp+1), and put
@+ = (¢x1,Px2). Again by the inductive assumption, we have

Uy - dipp—1 + Uy - dy + Zyi1dCnsr + Gnyrddpir = O, - dip, + G, - dep,.

(48)
Let us now look at the composition
Pant1© Py (49)
It acts as
(Z,G,¢,0) = ((T1,..., Upy2, Ty 1,0,), (G, Grp1),
(P1,- - P2, 0u1, 1), (B, Pa2)
= (¥,G, 9, ¢))
and, by and , verifies
Z-d+G-dp = g@-diﬂré-d@ + ¥, - dy, + G- do,
j=1
=W -dy+ G-dep.
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It is not difficult to recognize — using — that the map coincides with
¢n+1. For the details, we refer to 11} 3]. |

The Deprit map. In this section, we provide the explicit expression of the map
DS
¢C PiC= (ylv"'v}’nvxla-“axn) — Dep = (‘P,G,R,IIJ,QO,I‘). (50)

The discussion in the previous section shows that each orbital frame H;,i =1, ..., n,
can be reached via a sequence of transformations which overlap the D, 11 := (i, ], k)
to H; through the following diagram (named tree by Deprit):

Dyy1—- Dy —Dpqg— -+ =Dy —Hy
\ \: 5 \
H, H,: : H
In turn,

— the transition D,y; — D, is described by the sequence of rotations
R3(tn)R1 (in), with cosi, = % = \I,\I'jl (see Fig. ;
— the transitions D;+; = Hij41,74+1=n—1, ..., 2, are described by the sequence

. . . . V21622 .
of rotations Rs(v;)R1(i;), with cosi; = W (see Fig. 5));
— the transitions D;y1 — D;, i+ 1=mn—1,...,1, are related by the sequence of
2_G2 4yl
rotations R (v; + m)R1(if) := Ra(vF)R1(¢f), with cosif = i Gipatliog (see

20, 1%,
Fig. noticing that Si-i—l X Ci+1 = _Si+1 X Sz)

Then we find that has the expression
{Yi =Ryy;,
x; = Rix;
with
R = Ra(¥n)R1(in)Rs(¥n_1)R1(iy—1) - Ra(¥] )R1(5 )R (¢i—1)Ra (i5-1)
and y;, x} as in (41).

1.5. The map K

The K-coordinates have been described in [12] for n = 2 and generalized to any
n € N, n > 2 in [14]. Here, for sake of uniformity with the coordinates D.,, we
change® notations a little bit compared to [14]. We let

K =(©,%R,9,k,r),

°The main changes regard the coordinates that in [14] are called O, Xn—1, which here are
called Xn, ©1. The other coordinates just underwent a different numbering: (©;)1<j<n—1, Xo,

(Xj)i1<j<n—2, A; here are denoted, respectively, as (©n—jt1), Xn—-1, (Xn—j—1), An—jt1. An
analogue change of notations holds of course for the conjugated coordinates.
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where R, r are as in , while
©=(01,...,0,), 0= (01,...,0,),
X=X1s---sXn), K= (Ri,...,Rkn)
are defined as follows. Let S; be as in . Define the K-nodes
. k x C, j=mn, A ]
D= {XjH <S5 =t n;:=9S;xx;, j=1,....,n (51)

and then the IC-coordinates as follows.

Xj

~ 1 | ~ X'AHA’f ) SS )
YD AR TR T ;(05,051), 2<j<n

|Cl|’ O‘C](fjlyﬁl)a .]: 1a

. . (52)

Z = C -k, ¢ = ax(i,vn), j=mn,
x; =4 C:=|C|, Rj=qv:=uqas,@nn,), j=n-—1,

ISj+1l, as, (Djr1,R)41), 1<j<n—2([n=3).

Remark 1.2. Note that the node ©,, coincides with v = v,,41 in ; the coor-
dinates Z and ( are the same as in and, finally, the coordinates x coincide
with the coordinates ¥ in . In particular, D., and K share the construction in
Fig. [4 The geometrical meaning of the other K-coordinates is pointed out in the
next section.

A chain of reference frames. We consider the following chain of vectors

k=S, =C—oxp—- =8, =-%x; 281> —=>8=C

N (53)

where ©;, n; are the K-nodes in , given by the skew-product of the two consec-
utive vectors in the chain.
We associate this chain of vectors to the following chain of frames

Gn+1—>13‘n—>@n—>~-~—>I3“j—>Gj—>I:‘j,1—>~--—>G1, (54)
where Gn+1 = (i,j, k) is the initial prefixed frame, while Fj, Gj are frames defined
via

Fj=(2;,-8;) Gj=(y,.x;) j=1...,n (55)
By construction, each frame in the chain has its first axis coinciding with the
intersection of horizontal plane with the horizontal plane of the previous frame
(hence, in particular, ; 1. S; and n; L x;).
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Explicit expression of the K-map. We now derive the explicit formulae of the

map which relates the coordinates to the coordinates (y1,...,¥n, X1, ...

We shall prove that such map has the expression

where

6,57k, =1,

where 7}, S; have the expressions

72 R3(<)R1(Ln)7 j:na
Jj= .
Rs(v ]Jrl)Rl(LJ) l<j<n-1,
. Rs(ij-1)Ra(ly), 2<j<n,
T RelRa (3), i1
with
Z
COS Ly = = ,
n—1
COS Lj L 2<j<n—1(n>3),
j—1
cost] = ,
cosij 1= — I 2<j<n,
Xj-1
) 7r
11 = 5

C, = {Sﬂ'l()%jlk —Xj-28iTj-ak) =% xFj, i=2..m,

' Xn).

(56)

(57)

(59)

Indeed, 7; is the rotation matrix which describes the change of coordinates from

GjH to Fj, while Sj describes the change of coordinates from ﬁ‘j to Gj, as it follows

from the definitions of (@7)@19, &) in (see also Figs. @i The formulae 1)

(59) are obtained considering the following sequence of transformations

S, S; Ti e &
_>

z\‘p

Gt

F Gn—>—>FJ—)GJ —>ij1—>--'—>61

¢
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[
<.

vl

> )Cl><f/1
\_/ X1

vy

Fig. 8. The reference F'; and the K-coordinates @1, 1.

connecting G, to any other frame in the chain. From this, and the definitions of
the frames , one finds

X;lAnSn T 13‘ 17A—‘k, j:2...n, PN " R A
Sj = NP A AJJF e . Xj =1 TnSn - Tj+18;+17T;S;k
01TnSn - - T2S2Tik, j=1
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AN

Fig. 9. The reference frames Gj and the IC-coordinates 7§j, (;)j7 Xj—1,J=1,...,n. When j =2,
take xo := ©1; when j = 1, disregard So, o and x_1.

whence
o S] - Sj_l = ﬁbsﬂ If;‘f‘lgj"rl’i}(x_]—lk X]—QS_]T]—lk)v J = 27 , 1,
! Sl - élﬁlgn . 722 A2’7A1k7 ] = 1
and finally
R; 1
y; = T-jx]' + écj X Xj.

Collecting such formulae, one finds 7.

Canonical character of K.

Lemma 1.3. K preserves the standard Liouville 1-form:

D yi-dx; =0©-d9+x-dik+R-dr. (60)

j=1

The proof of Lemma [1.3| again relies in Lemma [1.1

Proof. We use the expression in . We also define

C” .= Rﬂ(:j, C' =R,

~ . A—1pn
=R ¢, R =T7'R.

J
Applying Lemma [T.1] twice, we get
y!-dx} =C}-kd¢C+C} -idi, +C} kdiy_y +C} " -idi, +y7 " dx)

2430006-20



Rev. Math. Phys. Downloaded from www.worldscientific.com
by 151.15.85.31 on 04/25/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Perturbation theory and canonical coordinates in celestial mechanics

Continuing in this way, after n — j 4 1 iterates we arrive at

yj-dx; =C} kd(+C; -idu, + C; -kdin_1 +C} " -idi,

n—1
+3(Ch - kdlyg1 + C; - iduy + C; - kdhy_1 +CE - idiy)
k=j
0% (61)
with
. ™ ~ i— =~ ~ ~
11 = 5, Ko 2:191, C; 1:: Cj:Xij]‘.

We take the sum of with 7 =1,...,n. Exchanging the sums

and recognizing that

R

{Skilﬁﬁl 8IS = i Tik, 1<k<n—1,

Jj=1 S’ﬂ = X’ﬂ*lﬁlkv k = n7
ickﬂ ST SIS = kS 'k, 1<k<n—1,
j=1 7 a S;ltilsn = anlsglk, k =n,

k 7;7131;:17;;11 o ,3;17?—15]6 =xr—1k, 1<k<n-1,
B tﬁlsn = Xn—lk, kE=n

with yo := ©; and that, by , the last term in is
5’]‘ . df(j = Rjd’/‘j

we get

> yi-dx; =Y (C}-kd(+Cj -idi, + Cj -kdin_1+C} " -idiy)
j=1 j=1
n—1 k
Kk 3 =k . ol N k—1 + o
+ (Cj ~kd19k+1+Cj -lde-i-Cj ~kdl€k,1+Cj -idig)
1

1j=

=~
Il

+ Z Rjd’/‘j
j=1
= Xn-1Tnk - kdC + Xno1k - idin + Xn1k - kdiy—1 + Xn-1k - Snidi,
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n—1
+ ) (Re-1 Tk - kddiir + Kp—ik - ey, + X1k - kdAp—
k=1

+ X1k - Spidiy) + > Rydr;

j=1
= Owdli + Y Xndix + Y Rydr;
k=1 k=1 j=1

having used

. /o) .
Tik-k=cosiy= L $i-k=0, k-k=1, i-k=0. -

Xk—1
In the following section, we shall use the following byproduct of Lemma[I.3] Recall
the coordinates D,y in and denote

o5, :Det = (Z,G, R, ¢, 1) —» K = (0,%, R, 9, &, 1).
Consider the family of projections
95, Det = (2.G. ¢, ) = K = (0, %, 9, k) (62)
which, as it is immediate to see, is independent of r and R.
Lemma 1.4. The projections verify

Z-dC+G-dp=0-dd+x-dk, Vr.

1.6. The reduction of perihelia P

The P-coordinates have been described in [14]. Here, as in the case of K, we change?
notations a little bit and denote them as

P=(O,x,A9,k,£) € R" xR} xR} xT" x T" x T", (63)
where A, £ are as in , while
O =(01,...,0,), V= (V1,...,%),
X=X Xn), K= (Ki,...,kn)
are defined as follows. Consider a phase space where the Kepler Hamiltonians (@

take negative values. Let S; be as in and P; the perihelia of the instantaneous

dThe coordinates named in |14] ©q, (©5)1<j<n—1s X0, (Xj)1<j<n—2, Xn—1, Aj here are denoted,
respectively, as xn, (©n—j+1); Xn—-1, (Xn—j—1), ©1, Ap—_j+1. An analogue change of notations
holds for the conjugated coordinates.
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ellipses generated by @, assuming they are not circles. The coordinates A, £ are
the same as in Delaunay, while, roughly, (©,x, 9, k) in are defined as the
(©,x,9,k) of K, “replacing x; with P;” (see Figs. . Exact definitions are
below.

[
L4

Fig. 10. The references F; and the P-coordinates x;_1, 7 =2, ..., n.
C;
N
CF
n;
™
2

> )C1><1/1
\/ P1

9. _ T
J1 — 3

vy

Fig. 11. The reference F; and the P-coordinates ©1, 91.
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\
7

Fig. 12. The references G; and the P-coordinates ©;, 9;, xj—2, 5 =1, ..., n. When j = 2, take
xo0 := ©1; when j = 1, disregard Sp, vo and x_1.

Define the P-nodes

{ka, j=n,

n,=S,xP,, j=1,...,n. (64
Pj+1><sj7 j:l,...,n—l, ! ! ! ( )

v; =

Then the P-coordinates are

SP) a'_ﬁ-,17<7 , 2<j<nm,
@j::{J J 19'{PJ(J Jl) ‘J

Jj—

|Cl|7 Oécl(ljlanl)a J=1
Z:=C -k, ¢ = on(i, Un), j=n, (65)
x; =1 C:=|C|, ki =8y =as, (Vn,ny,), j=n-—1,

Sj+1l, as, (V41 054), 1<j<n—-2(n2=3).
To prove that are canonical, we consider the map
$p.y o Detiaa = (Z,G, A, €, 8,8) = P = (©,x,A,9,K,£)
relating action-angle Delaunay @D and P and its projection
Dy Detiaa = (Z,G,(,8) > P =(0,x,9,K)
which is independent of A, £ (even though this will not be used).
Lemma 1.5. égee‘aa coincides with the map (Z)%e[ mn .
Combining Lemmas [T.4) and [I.5] we have the following.
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Lemma 1.6. The map
P ) _ B
¢Del,aa : Dez,aa = (Z, G, A, C, g, é) — P = (@7 X, A’ 19’ K,E)
verifies

@ - dd+x de+A-db=27 d¢+G-dg+A-de.

Explicit expression of the P-map. We now provide the explicit formulae of the
map which relates the coordinates to the coordinates (y1,...,¥n,X1,.-.,Xn)-
We shall prove that such map has the expression

(66)

where
Rj = TnSn - Tj+18j117T;S;,
%j = aj((cos&; — ej)k + /1 — e?sin; Qy), (67)
o ey 2 A
Yi= 1 ej sinﬁj( sin;k + /1 —efcos§;Q;),

where 7;, S; have the expressions

- {R3(C)R1(Ln)7 j=n,
i = ,
R3(Wj+1)Ri(ey), 1<j<n—1,
. . (68)
Rs(kj-1)Ra(i;), 2<j<n,
Sj = T
R3(191)R1 (7), ] = 1
with
Z
COS Ly, = ,
Xn—1 .
o cosij = —*, 2<j<m,
cosij = ]H, 2<j<n-1(n>3), Xj-1
Xj—1 ; T
N
cos L] = 92 ?
1 — @17
(69)
and
. C.
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with
Cj = |Gyl
\/X?1 X3, =203 42\ /3, — 03 \3, —OFcosd;,  j=2..m,
o =1
G St (xjo1k — x2S, Ti1k) =% Xy, i=2,...,n,
7 @181_1k, ] _ 17
c?
ej = 1-— Aijz

. ; . . .
a; as in (|10), n; = /=4 the mean motion, and &; the eccentric anomaly, solving
J » 1Y) aj ’ J ’
& —e;sing; = 4.

These formulae are easily obtained using the well-known relations
x; = aj((cos&; —e;)P; + /1 —esing;Q;),
Lin;a; .
yj = o (—singP; + /1 — ef cos§;Q;)

1—e;sing;

with P; the jth perihelion and Q; = g—j x P, and the relations which relate Cj,
P;, Q; to P, which, similarly to how done for K, are

C;=R}C;, P;=R'k, Q;=R}Q;.

1.7. The behavior of K and P under reflections

The maps K and P have a nice behavior under reflections, which turns to be useful
if they are applied to Hamiltonians which are reflection—invariant.
We denote as

x" = (‘Tla 7%2,.%3) (70)

the vector obtained from x = (x1,x2,x3) by reflecting its second coordinate, and
as

Ro (Y- yn)s (%150 xn)) o= (Y15, ¥0)s (X155 %3,)

the simultaneous reflection of the second coordinate of all the y; and all the x; in
the system of Cartesian coordinates (y,x) = ((y1,-..,¥n), (X1,--.,Xp)). We aim
to show the following lemma.

Lemma 1.7. Using KC, the reflection R is obtained by changing
((é27 s éna Z)’ (1927 s 7”97“ C)) - ((_C:)Q) e T énv _Z)’ (_192a EERE _gTH _C))
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Similarly, using P, it is obtained by changing
((@27 s ®n7 Z)7 (ﬂQa s ’,197“ C)) — ((_@27 e T @na _Z)7 (_192) R —19”, _C))

Proof. We prove for K. We write as

1 00
x*=Iyx, I, =10 -1 0
0 0 1

Now use the formulae in 7 such that
I, Rs(a) = Ra(—a)Iy, Iy Ra(B) = Ra(w = B)Ty
and finally the change
(©2,...6,,2) = (=Oa,... — 0,,-2)
acts on the functions in (59)) as
(b1yeylnydoyeoidn) = (T =1y ey T — Ly, ™ — gy ... T — ip).
The proof for P is similar. O

Lemma reflects on the Hamiltonian as well as in all Hamiltonians which
are R, -invariant as follows.

Lemma 1.8. Let H(y,x) be Ry -invariant. Using the coordinates K, the manifolds
©;=0, J;e{0,n} j=2...,n Z=0, Ce{0,n}

are equilibria. Similarly, using the coordinates P, the manifolds
©,=0, v,€{0,7} j=2,....n Z=0, (e€{0,7}

are equilibria.

2. Applications
2.1. Arnold’s Theorem

Here we retrace the main ideas of the proof of Theorem [L.1] given in [5]. Such proof
uses on the coordinates . The first step is to switch from the coordinates (35|) to
a new set of coordinates which are well fitted with the close-to-be-integrable form
of the Hamiltonian . Then we modify the coordinates to the following form:

Dep,aa = (AvalI’aea77¢) )

)

(7
which we call action-angle Deprit coordinates, where ¥ = (Uy,... U,) 1 =
(1, ...,%,) are left unvaried, while A = (Ay,...,A,), G = (T'1,...,Ty), £ =
(b1,...,0n), v = (71,--.,7vn) are obtained replacing the quadruplets (R;, G;, 7, ¢;)
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with the quadruplets (A;,T;, ¢;,v;) (with G; = T';), through the symplectic maps
(depending on p;, M;)
(Ri, Gisris i) = (M, Tiy iy vi)

which integrate Kepler Hamiltonian @ This step is necessary to carry the inte-
grable part in to the form

- (448)

1<i<n

Recall that the new angles ~y; provide the direction of the perihelion of the instan-
taneous ellipse generated by @, however they have a different meaning compared
to the analogous angles g; appearing in the set of Delaunay coordinates , as,
by construction, the 7;’s are measured relatively to the nodes v; in (because
the ¢; were), while the angles g; in the Delaunay set are measured relatively to 7;
in .

The 3n — 2 degrees of freedom Hamiltonian which is obtained is still singular.
Singularities appear when the coordinates are not defined and in correspondence
of collisions among the planets. The latter case will be later excluded through a
careful choice of the reference frame. The singularities of the coordinates appear
when the some of the convex angles (Deprit inclinations)

Z;k = (Sj, Sj+1) ] = ]., ey, Sn+1 =k (72)

take the values 0 or m, because in such situations the angle 1; is not defined (see
Figs. and when the instantaneous orbits of some of the Kepler Hamiltonians
@ is a circle, because in that case, the corresponding +; is not defined. Such singu-
larities are important from the physical point of view, because the eccentricities and
the inclinations of the planets of the solar system are very small, hence the system
is in a configuration pretty close to the singularity. To deal with this situation, a
regularization similar to the Poincaré regularization of Delaunay coordinates
has been introduced in [5]. Note that, in principle, there are 2™ singular configura-
tions (corresponding to any choice of if € {0, 7}, besides e; = 0 for some j). Here
we discuss the case i; = 0 for some j. Another regularization will be discussed in

Sec. 2.3

RPS coordinates and Birkhoff normal form. The rRPS variables are given by
(A, 2z) := (A, A\, n,& p,q) with (again) the A’s as in and

i = /2(A; — T) cos (”yi + 1/)?71)7

& = =208 =T0) sin (i +¥1y),
pi= 2T + Py — ;) cosyl,

{Qi = —\/2(Fi+1 +V; 1 - \I]l) sianL,

)\iei+7i+¢?—1{

(73)
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where
Vo:=T1, [up1:=0, =0, oy := Z ¥j. (74)
i<j<n
Let ¢rps denote the map
¢y, x) = (A, A 2). (75)

Remark 2.1. The coordinates have been constructed as follows. First of all,
we look for a linear and canonical transformation which replaces ¥;, I';, A; with

Ii I:Ai—].—‘i, Jz I:Fi+1+\I’i,1—\I/i Ai, izl,...,n

with the conventions in . To find the coordinates «;, (5;, A;, respectively, con-
jugated to I;, J;, A; we impose the conservation of the standard 1-form:

n n

i=1 1=1

= Z Aid(a; + N;) + Z Iid(—oy + Bi—1)
i=1 i=1

+ D Wid(=5; + i)

i=1

with 8y := 0, Bp+1 := 0. This provides the following relations:

i + A =4,
—o; + Bic1 = Vi,
—Bi + Bir1 = Vi-

These equations may be solved recursively, and give
i = L +vi + P,
o = —(vi +¥il1), (76)
Bi = =y

Note that \;, «;, §; are in fact angles as the linear combinations at right-hand sides
of have integer coefficients. As a second step, one defines

1, = \/2I; cos oy, p; = \/2J; cos f3;,
¢ = \/2J;sin f;

and obtains . The transformations are well known to be canonical.

(77)
gi = 2[1 sin (67

The main point is the following.

Lemma 2.1 ([5]). The map ¢ can be extended to a symplectic diffeomorphism
on a set P where the eccentricities e; and the angles i in are allowed to be
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zero. In particular,

e ¢; = 0 corresponds to the RPS coordinates 1; = 0 = &;;
e i; =0 corresponds to the RPS coordinates p; =0 = g;.

From the definitions f it follows that the variables

{pn =21 — ¥y)costh, = /2(C — Z)cos(,

(78)
n = — 2(\1171—1 - \I’n) sinp, = — 2(0 - Z) sin ¢

are integrals (as they are defined only in terms of the integral C), hence, cyclic
for the Hamiltonian . Therefore, if Hyps denotes the planetary Hamiltonian
expressed in RPS variables, we have that

HRPS(Aa A7 Z) = H o ¢%PS = hK(A) + MfRPS<A7 Aa Z>7 (79)

where H is as in and ¢gps as in has 3n — 1 degrees of freedom, as it depends
on A, \, z, where

ZZ("aﬁaévﬁ) Wlthf):(plaapn—l)

We denote as a; = ﬁ(%)Q the semi-major axis associated to A;. The next result

solves the problem of the construction of the Birkhoff normal form for the Hamil-

tonian , mentioned in Sec.

Theorem 2.1 ([5), |4]). For any s € N there exists an open set A C {a; < --- <
an}, a set M2 C A x T™ x R*™ containing the strip MJ" ™% = Ax T" x {0}gan,
a positive number € and a symplectic map (“Birkhoff transformation”)

Dy (AL w) € ME"™2 — (A, N, 2) € Dy(ME"2) (80)
which carries the Hamiltonian into

Hy (A1, W) := Hips 0 By = hi(A) + pfu(A, 1 W), (81)
where the average f2¥(A,w) := an fsdl is in BNF of order s:

av — — |2s+1 — u22 +vz‘2
(A, W) =Co+Q-r+Ps(r) + O(|w| ) wi=(u,v) 1= > (82)

P, being homogeneous polynomial in r of order s, parameterized by A. Furthermore,
the normal form f is non-degenerate, in the sense that, if s > 4, the (2n —
1) x (2n — 1) matriz T7(A) of the coefficients of the monomial

2n—1

Z T(A)ijrﬂ“j (83)

i,j=1

with degree 2 in P4(r) is non-singular, for all A € A.

2430006-30



Rev. Math. Phys. Downloaded from www.worldscientific.com
by 151.15.85.31 on 04/25/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

Perturbation theory and canonical coordinates in celestial mechanics

Denote by B. = B2"2 = {y € R?"2 : |y| < €} the 2ny-ball of radius € and let
P.: =V xT" x B.. (84)

The second ingredient is a KAM theorem for properly-degenerate Hamiltonian sys-
tems. This has been stated and proved (with a proof of about 100 pp.) by Arnold
in [1], who named it the Fundamental Theorem (FT). Here we present a refined
version appeared in [2].

Theorem 2.2 (Fundamental Theorem, [1]). Let

H(Iv(pvpvq) = HO(I) +/$P(I7<p,p,q) (85)
be real-analytic on P, and assume

(A1) I€V — OiHy is a diffeomorphism;
(A2) Bv(p.asD) = R(D) + X2, @i + 3305, Bi(Drirj + os where
2 2
ri = P40 and o4/|(p,q)|* — 0 as (p,q) — 0;
(A3) The matriz f(X) = (B;;(I)) is non-singular for allT € V.

Then, there exist positive numbers €., p., Cix and b such that, for

O<e<e, O0<pu<piu, p< (86)

1
C,(loge—1)2b’
one can find a set T C P formed by the union of H-invariant (ni +mns)-dimensional
tori, on which the H-motion is analytically conjugated to linear Diophantine quasi-
periodic motions. The set T is of positive Liouville-Lebesque measure and satisfies

meas P, > measT > (1 — C.(y/ (loge ) + /€)) meas P.. (87)

An application of Theorem with ng = n, n; = 2n — 1 to the system in
with s = 4 now leads to the proof of Theorem [I.1

2.2. Global Kolmogorov tori

The quasi-periodic motions of Theorem provide almost circular and almost
planar orbits. This is because the normal form of Theorem [2.1]is constructed around
the strip Mg”_2, and the origin corresponds to zero eccentricities and zero mutual
inclinations. The question whether similar motions may exist outside such regime
is therefore natural and important from the physical point of view. To this end, one
has to understand that the Birkhoff normal form (assumption (A2) of Theorem
is used in the proof only to construct a reasonable integrable approximation
for the whole Hamiltonian, in fact given by

na no

Hin (1) = Ho(D) + 1 | oD+ 3 2O+ 5 By(Drars

4,j=1
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Therefore, a possible construction of full-dimensional quasi-periodic motions outside
the small eccentricities and small inclinations regime should start from a different
integrable approximation. In this section we describe an approach in such direction,
where we look at the first terms of the series expansion of the £-averaged f with
respect to a small parameter. The small parameter will be taken to be the inverse
distance between the planets (the idea goes back to Harrington [9]). In addition,
the use of the coordinates P will allow to construct (3n — 2)-dimensional quasi-
periodic motions without singularities when the inclinations become zero. Recall
that the tori of Theorem may be reduced to (3n — 2) frequencies (as shown
in [5]), in a almost co-planar, co-centric configuration, but away from it, due to
singularities.
Here we discuss the following result.

Theorem 2.3 (Global Kolmogorov Tori in the Planetary Problem [14]).
Fix numbers 0 < e; < € < 0.6627...,7 = 1,...,n. There exists a number N
depending only on n and a number ag depending on e;, €;, and n such that, if
a < ag, p < o, in a domain of planetary motions where the semi-major aves
Op < Gp_1 < +-- < ay are spaced as follows

ot
5 (88)

a; <a; <a; witha; i@ 2t i)

there exists a positive measure set K, «, the density of which in phase space can be
bounded below as

dens(K,,o) > 1 — (loga™')P/a,

consisting of quasi-periodic motions with 3n—2 frequencies where the planets’ eccen-
tricities e; verify

e, <e < €.

Let us consider a general set of coordinates C = (A,£,u,v) which puts the
Kepler Hamiltonians @ into integrated form and hence carries the Hamiltonian

to

g
He(A,l,u,v) :=HoC = —; 207 + pfe(A,u,v),
where
Yi'y; mgm;
AL = — C.
fe(A,£,u,v) 1<;< ( mg |Xi_Xj|)O
<i<j<n

We denote

— 1

fe(Aju,v) = W - fe(A L,u,v)de, (89)
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so that

fe= > g8 Te= > g7

1<i<j<n 1<i<j<n
oo (YiYi iy ) oC, fFi= i [ fPdly -t
= — = 1 .
¢ ( mo ‘Xi - Xj‘ ’ ¢ (27’(’)” Tn ¢ "

For such any C one always has, as a consequence of the motion equations of (@,
the following identities

1 1 1

27 T X5 a;

1 I )

— [ yydt; = L [ a0, =

o Tyj P = gy Tx] =0, (90)

1 Xj

1
— —dﬁ»:i/y'dﬂzo
2 Jp %127 2mp My Jp 7T

with a; the semi-major axes. Consider now the average fe(A,u,v) in with
respect to £. Due to the fact that y; has zero-average, one has that only the New-
tonian part contributes to fc(A,u,v):

= _ mimj dgldgj
fe== 2. Gmp / =]

1<i<j<n

We now consider any of the contributions to this sum

i m;m; / d&dgj 1<i<i
=— < i<n 91
¢ (2m)? Jr= [xi — % 1)

and expand any such terms

- ) —(1) —0®
C]: CJ +ij +fC] +’

where

de;de,

—7 '__mimj/ 1 d 1
T e=0

¢ T (27‘(’)2 2 ﬁdé‘ih |X¢ — 6Xj|

is proportional to %(Z—])h Then the formulae in imply that the two first terms
of this expansion are given by

—=(0) - mgm;

e

—(1)
O )
K3
Namely, whatever is the map C that is used, the first non-trivial term is the double
average of the second order term, which is given by

—(2) m;m; 3(xi - x4)? — |xi]?[x;]?
fCJ (A,U,V) - (27T')g Az ; j d&dgj

Using Jacobi coordinates, Harrington noticed the following lemma.
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Lemma 2.2 ([9]). If n = 2, f12 @) depends on one only angle: the perihelion
argument of the inner planet, hence is integrable.

When n = 2, Lemma provides an effective good starting point to construct
quasi-periodic motions without the constraint of small eccentricities and inclina-
tions, because in that case one can take, as initial approximation,

2 3
Z K
HHarr = -
=1

The motions of Hyarr have indeed widely studied in the literature, after |9]. When

2
mim —=(2
: +H< -2 + [ (A17A27F17F27’Yl)> . (92)

n > 2, the argument does not seem to have an immediate extension using Deprit
coordinates (which, as said, are the natural extension of Jacobi reduction). The
generalization of for such a case is

n 3M2
rpaa:_z 2A2 Z < mlm]""f )

1<i<j§n

It turns out that, even looking at the nearest neighbors interactions

n 3M2 n—1

m;m; —1®
Hpn = — Z 2A2 + Z< Milvid1 ’D’ejl ) (93)

J=1

the terms fz ) with 1 < 4 < n — 2 depend on two angles: 7; and ;_1, so
the effective btudy of the unperturbed motions of is involved. Using the P-
coordinates

n

mzmz 1 7,1 i@

Jj=1

—1®
one has that the terms fl S with1<i<n—2 depend on three angles: k;_1,
9¥; and 9;41, but the dependence upon x;_; and ¥J; is at a higher order term. This
is shown by the following formula, discussed in [14]:

—(2) a? A3 [
1,041 i+1 7 2
J = m;m;i1 302 — Xi_
P b+ 4&? X?71(Xi—l . Xi—2)3 ( 1+1 7 1)

3 46z+1 X1 (

TaoAn,

+ 2\/ —07,1)(xi1 — ©7,1) cosVis1)

+§(Xi 1~ 07 0¢ - ©31)

X+ X, — 2612+1

sin2 191’ 1
2 Az2+1 i
+O(@?+(19i—19?)2)} i=1,...,n—1, (95)
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where xo := 01, x_1 := 0, ¥? € {0,7} and the O(07 + (¥; — ¥9)?) term vanishes
identically when ¢ = 1.
We denote as

Hp(Xp, £) = hi, (A) + nfp(Xp,0), Xp:=(0,x,A,0,k), (96)
where
n M M2
h?ast(A) = Z ;AQJ ) (97)
j=1 J

the (3n — 2)-dimensional Hamiltonian (1)) expressed in P-coordinates. The proof of
Theorem is based on three steps: in step 0 we compute the holomorphy domain
of Hp; in the step 1 the Hamiltonian is transformed to a similar one, but with
a much smaller remainder. In step 2, a well fitted KAM theory is applied. Note
that, as the terms of the unperturbed part are smaller and smaller as and when
the distance from the sun increases, such KAM theory will be required to take such
different scales into account.

Step 0: Choice of the holomorphy domain. A typical practice, in order
to use perturbation theory techniques, is to extend Hamiltonians governing
dynamical systems to the complex field, and then to study their holomorphy
properties.

It can be proven that a domain of holomorphy for the perturbing function fp
in 7 regarded as a function of complex coordinates can be chosen as

]D)'p = 7é+’79+ X (Xg X T?) X (.Ag X T?),
where, for given positive numbers

of,

+ + +
Foo0f, GEOAR 6, s

J
withi=1,...,n,j=1,...,n—1,
Tot+ g+ = {(6,9) = (O2,...,0,,9s,...,9,) € C" 1 x TE
[9; — 7| <O0F,10;] <O, Vji=2,...,n},
Xg = {(elaY) = (917(X1a~"7Xn71)) € CnG; < |Xj*1 _Xj*2| < Gj’
|Im(Xj—1 _X]—2)| S 0_7 v] = lavn}7
Vji=1,...,n},

Ty :=T+i[—s, s] (98)
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with xy_1 := 0, xo := 01, and

AF = i/ MiaE, Gf:=C;A;, G :=CiAS,

K2

A7 /
+ . - + . i — -
GJ = SGl 3 19] = D»LGiii_, 02 =S A,L

with s € (0,1) arbitrary, D;, C; 6: depending only on my, ..., m,, azi as in .

Y

(99)

Step 1: Normal Form Theory.

Definition 2.1. Given m, v1,...,Vp € Ny v i= v 4+ - + VUl Y1yeo 3 Ymy T €
R;. We call m-scale Diphantine set, and denote it as D, . ,. -, the set of w =
(Wi .. wm), with w; € RY such that, for any k = (ki,..., k) € Z¥\{0}, with
k; € 7V, the following inequalities hold:

71 .
if ]{71 75 0;
||

|Z\27 itk =0, ky#0:

jw k[ = > wy k| > (100)
j=1

RTE

=1 =0, Ko 0.
ol : #

The set Dy, ... ...~ reduces to the usual Diophantine set taking v; = v Vj. The
first multi-scale Diophantine set was proposed by Arnold in [1] with m = 2.

Proposition 2.1. Let p1;, M; be as in and m; := Il mg, with j =2,...,n,

=
X0 := ©1. There exists a number c, depending only on n, mg, ..., My, af, €, €j,
and a number 0 < ¢ < 1, depending only on n such that, for any fived positive
numbers ¥ < 1 < K, o > 0 verifying

C

K< 372 (101)

and

1 +\° g2r+2 (741

Zmax{ (‘“1) < (102)

c a; gl v
there exist natural numbers vq,...,Von_1, with Zj v; = 3n — 2, open
sets B  C ng,/'\.’* Cc X, positive real mnumbers v 0> - >
Yon—1€1y - - - ,6‘”_1,71, e ,Fn_l,?l, e ,77”, a domain

Dy, = B 5= x A x Az x Tgg x Tg,
a sub-domain of the form
Dy = Bl x &7 x Ay x Tz, x Tg,
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verifying
meas D} > (1 - %) meas Dy (103)
a real-analytic transformation
On: (g, X, Ak, 0) € Dy — Dp
which conjugates Hp to
Hn (D, 4 X5 Ay £, £) := Hp © G = Btastsee (P, 4, X5 A) + 11 foxp (P, 45 X A K, £)
where fexp(D, q, X, A, K, 0) is independent of k,—1, and the following holds.
(1) The function hast sec (D, ¢, X, A) is a sum
Nfast sec(Ds 65 Xo A) = Dtast (A) + phsee(py ¢, X, A),

where, if

§; = (p% + 45 Piy1 T ai
1 T

2 PR 2 aXOa"'axiaA17"'aAi+1)7 it=1,...,n—1

then he.st and hgee are given by

" om3M2 "I Mom2mam;
hfast (A) = - Z 2]A2] .y %a hbeC p7 q, X7 Z hsec
Jj=1 J j=1 J

where the functions hl,. have an analytic extension on D, and verify

+ 32 )2
L < g ) < 2
(aj)? ¢ (a;)
(2) The function fexp satisfies
le”
| fexp| <

(3) If € is §n—1 deprived of xn—1 = C, the frequency-map
C — wfast,scc(g) = 8Chfast,scc(C)
is a diffeomorphism of HC(Bi‘/ﬁ x XX x A%) and, moreover, it satisfies 1 ,
withm=2n—1,7=7> 2, and
7=1,...,n,
j=3, n=2,
j=n+1 n>3,
n+2<57<2n—-2, n >4,
j=2n—1, n >3,

X
|
oD W N =

2430006-37



Rev. Math. Phys. Downloaded from www.worldscientific.com
by 151.15.85.31 on 04/25/24. Re-use and distribution is strictly not permitted, except for Open Access articles.

G. Pinzari

anhfast sec ] = 1, oo, n,
9 p%+q2 Dfast,sec j=3, n=2
1X0)
wj = 8(P2+q2 X1,X0) hfast,sec j=n+1 n2>3,
8(M,Xjfn hfaSt7seC " + 2 S ’] S 2n - 27 n 2 4?
ap%+q% hfast,sec Jj=2n-1, n>3,
1 =
— 1<j<n,
a; 0;
= ne + )2 _ (104)
Aoy Jj+1 Y

(CL;,L ])3 ej—n n+1§j§2n_1.

(4) The mentioned constants are

_ A
gji=cy/b;, T;:= [(J%—H’ T =cl;

<

with 7 > 2.

The lengthy proof of Proposition[2-1]is obtained as a generalization of the normal
form theorem of [16]. See [14] for full details.

Step 2: KAM theory.

Theorem 2.4 (Multi-scale KAM Theorem, [14]). Let m,¢,v1,..., vy € N,
vi=w+ oty >l >, > 2y > 0,0 < 4s <5 <1,
PlyeeesPtsTlyeeesTuty€1,---,60 >0, B1,..., By CR? D; ::{"Ezng eR: (z,y) €
Bj} CR,B:=DB; x--xB CR¥* D:=Dyx--xD, CR CC R,
A:=D,xC,. Let

H(p,q,I,%) = h(p,q,I) + f(p,q,1,%)

be real-analytic on B g5 x Cy. X ngf, where h(p,q,I) depends on (p,q) only via

2. 2 2 .2
p1+¢q Py +4q
J(p’q)::< 12 17"" 62 Z)'

Assume that wy 1= 0j(p,qn)h is a diffeomorphism of A with non-singular Hessian
matriz Uy 1= 6(21(p,q,1)h and let Uy denote the (v + -+ + vp) X v submatriz of U,
i.e. the matriz with entries (Uy)i; = Usj, forvi+-- -+ 1 +1<i<p, 1 <j<uy,
where 2 < k <m. Let

Mk ZsuplUk|7 MZSUP|U_1|a EZ |f|p,§+sa
A A
Ty
My >sup|Ty| fU =] : 1<k<m.
A
T
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Define
EM2L\
K = 6 log,. <21) where log, a := max{1,loga},
s 71
pAk::L pri=min{P1, ...y Py Plo- s PO T1y oy Tt}
3MkKT*+1, ) ) ) ) ) ) ) ) )
L := max{M, M, ..., M,'},
- EL
Ei=—.
p

Then one can find two numbers ¢, > c¢, depending only on v such that, if the
perturbation [ is so small that the following “KAM condition” holds

B <1,
for any w € Qy :=wo(D) N Dy, ... .7, On€ can find a unique real-analytic embed-
ding
G0 = (0,9) € TV — (6(0;w), D + 4(0; ), Ry a(90)W1s - - - » R pa(osoye)

€ ReC, x T"* x Re B

T”

where T = c,,E[) such that Ty = ¢ (TY) is a real-analytic v-dimensional H-
invariant torus, on which the H-flow is analytically conjugated to 9 — ¥ + wt.
Furthermore, the map (9;w) — ¢, (9) is Lipschitz and one-to-one and the invariant
set K=, cq. Tw satisfies the following measure estimate

meas (Re (D,) x T"\K)
< ¢y (meas (D\D~, ... ~,..~. X T") + meas (Re(D,)\D) x T"),

where Dy, .. 5, - denotes the wo-pre-image of D,
Q., the following uniform estimates hold

Amor. 1 D. Finally, on TV x

o) — 19| < ey ( 1) B

2
where vy, denotes the projection of v = (0,0) € R¥* x -+ - xR¥™ over R"*, ¥, := ‘“’5‘

and I°(w) = (IY(w), ..., I%(w)) € D is the wy-pre-image of w € Q.

Theorem generalizes |2, Theorem 3] and hence the FT of [1], to which The-
orem 3 in [2] is inspired.

Proof of Theorem [2.3l Let
_ _ 1 1
7y :=c/a(loga ™™, K= glog =’
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where € is as in (103)) and ¢ will be fixed later. We aim to apply Theorem to the
Hamiltonian #,, of Proposition with these choices of 4 and K. To this end, we
take
1
cra; 62 B
M; = . L=M=

+ 2
a .
Mgl con
C1 (a2n7j) 93

1<j<n,
1 62(a})’

¢z pla,_1)?’

-1

1 1 1 n)? 7
pel bk o Ligg (L) _oer)

C3 Gn Cy Y (anfl)

793 .
) = Km+1 l<j=n, ) 917
pj = pi= = Te >3n—2
79]‘,” < i< K7+l
5 Jer 1 n+1<j5<2n-1,

~ 11 (af)?

=—= 7n e—cI_(f(Q(‘r*—&-l)
67 (a,_1)?

9

where K := max{K, K}. The number %% can be bounded by - for a
sufficiently large N depending only on n. Hence, if ¢ < & and a < c¢g, we have
E < 1 and the theorem is proved. O

2.3. On the co-existence of stable and whiskered tori

In this section we loosely show how the use two different sets of coordinates lead
to prove the co-existence of stable and unstable motions. We refer to (13| [15] for
complete details.

We deal with the following situation, which we shall refer to as outer, retrograde
configuration (ORC):

Two planets describe almost co-planar orbits, revolving around their common
sun, in opposite sense. The outer planet has a lower angular momentum and retro-
grade motion, as seen from the total angular momentum of the system.

We aim to discuss the following.

Theorem 2.5 (|13, [15]). (1) There exists an eight-dimensional region Ds in
the phase space almost completely filled with a positive measure set of five-
dimensional KAM tori, in ORC configuration.

(2) There exists an eight-dimensional region Dy, in the phase space including a siz-
dimensional, hyperbolic invariant region DY consisting of co-planar, retrograde
motions for the outer planet.

(3) Ds and DY have a non-empty intersection.

(4) Full-dimensional quasi-periodic motions and hyperbolic three-dimensional tori
co-exist in Dy.
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The proof of statements (1) and (2) in Theorem relies on the use of two
different sets of coordinates for the Hamiltonian with n = 2:

2 M 2 M. : mym
H3BP:\Y1| My paMa (Y1 yeo 17m2 ) (105)

2/.L1 ‘X1| 2/142 B |X2| mo - |Xi —Xj|

Proof of (1). We consider the coordinates with n = 2. It will turn to be
useful to work with regularizing complex coordinates, which we denote as

RPSC := (A, A t,t%, T, T%) = (A1, Ao, A1, Mot to, ta, t5, 85, 5, T, T) (106)

and define via the formulae

Ay = Ay, Ao =Lla+r2+7+C,
Ay = Ay, M=b+7—7-C
t; = _imei(—“fﬁ-ﬁ-()’ th = _me—i(—71+7+4)’ (107)
to = /Ay — g el72H7+0), th = —iy/Ay — [y e~ (2740,
ty = —iyO—T3 T3¢0+, |15 = —JO—T3FT; 71049,
T = T =76k, T = O —Z e,
We also define, for later need, 11, 72, p, &1, &2, q Via
ty = 772;152, ty = i — 61 ts == ip—qv T::P_iQ,
V2 V2 V2 V2 (108)
A S S L SR AL R
V2i V2i V/2i V2i
Observe that
= {(A At t%): (¢, %) = (0,0)} (109)

corresponds to co-circular, co-planar orbits for the two planets, with the outer
planet in retrograde motion.

We denote as

pIME M3
27 2A2
the expression of the Hamiltonian (105)) using the coordinates RPSC in , which,
similarly to the prograde case, HRPSL is 1ndependent of (T, T*). Abusively, we shall
continue calling RPSE the coordinates (106) deprived of (T, 7).

We now define a domain where lettmg the RPSC coordinates vary. First of all,
we observe that ORC configuration can be realized only if the planetary masses
are tuned with the semi-major axes. More precisely, that, if we denote as “2” and
“1” the inner,® outer planet; as as, ay, the semi-major axes of their respective

Hm»sg ==

+Ufnps£(Aa)\>t>t*) (110)

¢Compared to [13], here “2” and “1” are exchanged, in order to keep uniform notations along the
paper.
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instantaneous orbits around the sun; a_, a4, with 0 < a_ < ay < 1, two numbers

such that the semi-axes ratio o := Z—f

verifies
o <oa<oy, (111)

then the following inequality needs to be satisfied
™ o> 1. (112)
my

Indeed, since the motions are almost-circular, the lengths of the angular momenta
of the planets, C7, Cy are arbitrarily close to the action coordinates A1, Ao related
to their semi-major axes, which in turn are related to the semi-axes and the mass

Co Aoy po [Ms
1< 2202 e [0 o
i Ao M1f

where p;, M; are as in . This inequality does not make conflict with (111)) if one
assumes that

ratio via

ﬂz M2
ki :i=—4/—/ay >1. 113
T m VM (1)

whence the necessity of (112]).
We then fix the domain as follows. The coordinates A1, Ao will be taken to vary
in the set

,65: {AZ (Al,Ag) IA_ SAl SA+,]C_A1 SAQ Sk+A1} (114)
with k4 as in (113]), and 0 < A_ < A4 to be chosen later.
The coordinates A = (A, A2) will be taken to run in the torus T2.
As for the coordinates (t,t*), we take a domain of the form
Uy := {(t,t*) € CO: |(t,t%)] < e}
The domain for RPSE will then be
Dy = L x T? x Us. (115)

The following statement is a more precise version of statement (1) in Theo-
rem

Theorem 2.6 ([13]). There exist two numbers 0 < e4 < g9, 0 < ag < 1, such
that, for any 0 < e <eq, 0 < a_ < at, 0 < A_ < A4, one can find ps(e) >0
such that, for any 0 < p < py(g), in the domain Dy there exists an invariant set
Feu C D with density going to 1 as € — 0 which is foliated as

fs,u = U%,a,ua (116)

w

where Ty, is diffeomorphic to T°, where T := R/(27Z) is the standard, “flat’
torus. Moreover, on T, ., the motions are quasi-periodic, in ORC configuration,
with suitable (“Diophantine”) irrational frequencies.
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Theorem extends Theorem to ORC motions. As we briefly discuss below,
even though the setting is similar, the extension is not completely trivial. Here we
provide a sketch of the proof.

In [13] it is shown that Hgpsc is related to the Hamiltonian Hygps in with
n = 2 by a simple relation. If, in order to avoid confusions, we equip with “tildas”
the coordinates with n = 2 and denote as

RPS(C = (A, X,Z,Z*,f, f*) (Al,AQ, )\1, )\Q,tl,tg,tg,tl,tQ,tg,T T*)
their complex version, defined via

- m-i& - e-i& - P-ig . P-iQ

tl = ) 2 = ) 3 ) T := )

V2 V2 V2 V2

N ﬁl + 1&71 N 772 + lé Tk 5+ 1(7 Tk ﬁ + 1@

] = ———, tlgi=—r—, t3:= —, T7:= -
\/51 \/51 ﬂl \/51

and, finally, introduce the involution

d)l_(Al,AQ,)\l,)\Q,t,t*,T,T*) = (—A17A27—Al,Ag,t,t*,T7T*). (118)

(117)

Then we have the following proposition.
Proposition 2.2 ([13]). Hpc = Hipse © 05 -
In particular, the coefficients of the expansion

= Co(A) + ity - o(A)t™ +ic(A)tstz + O4(t, t*; A) (119)

RPsC -

of fav ipsc A€ obtained from the corresponding coefficients a(A), <(A) computed
in [5] by applying the projection on (A, ) of the transformation in . This
immediately provides

S . S

s 5
A VAN

o(A1, Ag) = F(—Ay, Ag) = ,; Sl >

AR N (120

S(A) = (A1, A) = <A12 - All>

with
~ a a
S = —mlmg—bél/é( ), S —mlmg—b;/)Q( ), a= a—2, (121)
1
where bgj)(oz)’s being the Laplace coefficients.f It is to be remarked, from the
formulae in (120)—(121)) that the matrix ¢ is symmetric but not real. This is a

fThe Laplace coefficients defined via the Fourier expansion

! =30 (@) 1= /().

(1—2040050+a2 py=r
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remarkable difference with the prograde case studied in [8} |5], which, in particular,
does not ensure “a priori” the reality of its eigenvalues. However, the following turns
true:

Lemma 2.3. The eigenvalues of the (2 x 2) matriz o(A) in (119) are real. Hence,
(t,t*) = (0,0) € R? x R3 is an elliptic equilibrium point for f¥

C -
RPSG

Proof. The eigenvalues of o can be explicitly computed:

t 1
01,09 = %iix/(tra)g—éldeta. (122)

Since tro = (A% - A%)b is real, we have to check that the discriminant

1 1\? 4
A= tr02—4detaz(—) P24 — (2 -3

is positive. Recalling that the Laplace coefficients verify
b9 (B) > bUTV(B) foralls >0, jeZ, 0<|B <1,

(see [8] for a proof), one has

2
« 1 2

22— = (mlmgal> ((6515(0))? = (b7 (e))2) > 0. (123)

and we have the assertion. O

The formulae in (120)—(121)) show that, as in the prograde case, the eigenvalues
of o(A) and the number ¢(A) verify, identically

o1+ o1 +c=0. (124)

By analogy with the latter identity in (24)), we shall refer to (124) as Herman
resonance. The asymptotic values of the eigenvalues 01, 02 and ¢ in the well-spaced

regime ([114]) can be computed directly from (122))—(123)), or from the corresponding
ones in (8, 5] applying the transformation (118)). In any case, the result is

3 a3 a3
=4+-"—2240
o1 +4A1 a‘;’+ (G%Al ’

3a3 (1 1
=-—=—-— )
N 4 a% (AQ A1 ) +
It shows that there is no other resonance besides Herman resonance in (124]), pro-
vided the semi-axes are well spaced. Recall the definition of £ in (114)).
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Lemma 2.4. For any K > 0, there exist Ay, ax such that the triple QC(A) :=
(01(A), 02(A),5(A)) verifies

Q%A) - k#0 VkeZ® 0<|k<K, k#N(1,1,1) YAcL (125)
with some N € 7.

At first sight, Lemma [2.4] might seem an obstruction toward the construction of
the Birkhoff normal form for the Hamiltonian (110). However, as in the prograde
case, the conservation of the angular momentum length

C=Ay— Ay —it-t* (126)

is of great help. Indeed, by the commutation of frpsc and C, it turns out that, in
the Taylor expansion {D only monomials with literal part L verifying

Zai = Za: (127)

appear. In [4] it is shown that, because of (127), then is sufficient for con-
structing a Birkhoff normal form (i.e. Theorem [2.1] with n = 2) for the Hamiltonian
(T10). Moreover, the torsion matrix (i.e. the matrix 7(A) defined via (83)) for this
case can be computed from the analogue one from the prograde case again apply-
ing to the torsion of the prograde problem. The computation is omitted (see
[13] for the details), apart for stating that it is non-singular. An application of
Theorem then leads to the proof of Theorem

Proof of (2). As a second set of coordinates, we use the P-coordinates defined in
Sec. In the case n = 2, they reduce to
P=(Z,C,0,A,(, k0,¢£)
with
A= (A1,A2), ©=(01,03), £=(l1,l2), V= (V1,02).

We denote as

2 2

3 M
Hp==)_ ~gxo T nfp(A.©.£9:C)

j=1

the four-degrees-of-freedom Hamiltonian (105]) written using P-coordinates, which
is independent of Z, ¢ and k.
The manifolds

DY = {(A,©,£,9;C):(0,95) = (0,0)} (128)

correspond to retrograde motions. It is invariant as fp has an equilibrium on it and
includes, in particular, the manifold M, in (109).
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We establish a suitable domain (including DY) for the coordinates P where Hp
is regular. We check below that the following domain is suited to the scope:

Dp(C) = {(A,01) € A(O)} x {(£,91) € T°} x {(O2,92) € B(©1,C)},  (129)

where

A(C) == {(A1,A2,01): (A1, A2) € L(C), 01 € G(A1,A2,C)},

@la

/—/h«

1
(02,12):[02] < 5 min{C,O1}, 9] < g}
(130)
{A Ael, AN>CH+ - ./a+A1},

2
Q(Al,Ag,C’) = (C,,C+), Cc_ .= E\/Oé+A1 C+ = min{Ag - C,Al}

with £ is as in (114)), while ¢ is an arbitrarily fixed number in (0,1). We need to
establish two kinds of conditions.

(a) Ezistence of the perihelia. We need that the planets’ eccentricities e, es stay
strictly confined in (0, 1). Namely, that the following inequalities are satisfied:

0<BO; <A, 0<Cy<As (131)

with Cy := |Cy|, Cs as in . The expression of Cs using P is

Cy = \/02 + 02 — 203 + 2\/((72 — ©3)(62 — ©3) cosVs.

We observe that Cy may vanish only for (©2,92) = (0,7). Since we deal with the
equilibrium (|128]), the occurrence of this equality is automatically excluded, limiting
the values of the coordinates (O2,%2) in the set B in (130) since in this case

3
CcZ> 102' (132)
Moreover, the two right inequalities in (131)) are satisfied taking
0 < min{AQ — C, Al} = C+,

where we have used the triangular inequality Cy = |C—C;| < |C|+|Cy| = C+0O;.

(b) Non-collision conditions. We have to exclude possible encounters of the planets
with the sun and each other. Collisions of the inner planet with the sun are excluded

by (130)). Indeed, using (132]),

2 2
_eo G 3cC

A3 T 4A3
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whence the minimum distance of the inner planet with the sun as(1—e2) is positive.
In order to avoid planetary collisions, it is typical to ensure the following inequality:

as(1+e) < c*ar(1—e)
with 0 < ¢ < 1. A sufficient condition for it is

2
@1 Z 7,/()4+A1 =C_
c
Indeed, if this inequality is satisfied, one has
aq @16 aq

2 A2 = 5(1 —eH? <ar(l—ep)c

as(l4e3) < 2as < —

The hyperbolic equilibrium [13]. By the formulae f with n = 2, the £
of Hp is given by

2 372 2
_ Wi M: mim
Hp=-Y ;A;-‘F/L( ! 2+f >+ O(a%)

j=1 i
with
(2) a2 A3 [5
713'2 = mima 4@2‘% @7%’ [2(363 - @%)
4 2 2
_ g¥(02 +07 - 203 +2,/(C2 - 03)(6% — ©3) cos )
2
3 (02 - 3)(C2 - 63
4 3 (€1 2[1(2 2) sin? Us.
2

We shall now prove that, restricting the domain (129) a little bit, so that the
manifolds are hyperbolic for f . We fix the following domain:

Dy = Ay x By x T3 (133)
with
-Au(c) = {(A17A2) € ‘Cu(c); G)1 S gu(AlaA2aC)}a
o (134)
Bu(C) = { (©2,0):16a] < G102 < 3 )
where
2 2
L4(C) = {A = (A1, Ap) € L:5A2C — (c + Cﬁﬁa#\z)
2
X <40+ CVO[JFAQ) >0, A > C,
2
Ay > maX{C’—l- C\/‘ﬁAvaC}}’
gu(AlaAQaO) = (6—a6+)7 (135)
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where £ is as in (114) and, if C*(Ag,C) is the unique positive root of the cubic
polynomial Cy — 5A3C — (C + C3)2(4C + C3), then

_ ) _
C_ = max{c,/a+A1,C} Cy = min{A;,C*}. (136)
Implicitly, we shall prove that
C_<0Cy. (137)

We check that the coefficients in front of ©3, ¥3 in the Taylor expansion about

(©2,72) = (0,0) have opposite sign in the domain (133), so that the equilibrium

manifold (128)) is hyperbolic. Indeed, the part of degree 2 in such expansion is
a3l A3 3a

mimo——= X
a8A20; " | C

03 + 3003 + 0(03 + v3)|,

where
a:=5A3C — (C+©,)*(4C +0©;) and b:=C —0;. (138)

Both ©; — a(A1,01;C) and ©; — b(01;C), as functions of ©; decrease mono-
tonically from a positive value (respectively, C'(5A3 — 4C?) and C) to —oo as O
increases from ©7 = 0 to ©; = +o0. The function a(A;,01;C) changes its sign
for O equal to a suitable unique positive value C*(Ag, C'), while b(0©1;C) does it
for ©; = C. We note that (i) inequality C' < min{C,,C*} follows immediately
from the assumptions (in particular, the two last ones) and (ii), more gen-
erally, that C* < C is equivalent to Ay < 2C. Since, for our purposes, we have
to exclude C* = C' (otherwise, a(A1,01;C) and b(01;C) would be simultaneously
positive and simultaneously negative, and no hyperbolicity would be possible), we
distinguish two cases.

(a) C > 2 /a; Ay and C + 2, /ayA; < Ay < 2C. In this case C* < C. We show
that no such G, can exist in this case. In fact, since C* < C, in order that the
interval (C*,C) and the set G have a non-empty intersection, one should have,
necessarily, Cy = supG > C*, hence, in particular, Ay — C > C*. Using the
definition of C*, this would imply Ay > 2C, which is a contradiction.

(b) Az > max{2C,C+ 2,/aA1}. In this case C < C* < Ay — C. In order that the
interval (C,C*) and the set G have a non-empty intersection, we need

C_<C* and Cy>C (139)

and such intersection will be given by the interval G, as in (135]). Note that
the definition of C'; does not include Ay — C' in the brackets because, as noted,

C* < Ay — C. But (139) are equivalent to (135)).

Proof of (3). Here we prove the following.
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Theorem 2.7. Let oy < %6, There exist universal numbers 1 < k < k such that,

if
k? k s [Ms k
ol < Say, — < 2R < =
E2 + e 1 My A/
then Ds N DY is non-empty. The following values work:

1 —
k=3 1%(69“1\/@) ~ 157, k=2 (140)

Proof. The sets Dy in and DY in are expressed with different sets of
coordinates. To prove that Dy and DY have a non-empty intersection, we need to
use the same set for both. We choose to use the coordinates P, so we rewrite Dy in
terms of P.

Using P, the set Dy becomes (at the expenses of diminishing ¢, if necessary)

D, = Ag x Bs x T3,

where, if
Ls(C):={A=(A1,A2) € Lo:|A2 — Ay — C| < &}, (141)
Gs(A1) ={01:0< A1 — Oy <&},
then
As = {(A1,A2,071): (A1, A2) € Ls,01 € Gs(A1) ],
(142)

Bs = {(@2,192) : ‘(@2,’192” < E}.

All we have to do is to check that the intersection Ag N A, is non-empty.
Recalling the definition of A, in (134))-(135) and the definition of A in (141])—
(142)), asserting that As N Ay, # 0 is equivalent to asserting that

L(C)NLy(C) #0
and
Gs(A1) NGu(A1, A2, C) # DV (A1, Ag) € L(C) N Ly(C).

It will be enough to check that

L(C) N Lu(C) N Lsu(C) # 0 (143)
and

Gs(A1) NGu(A1, A2, C) # 0V (A1, Az) € Li(C) N L(C) N Lsu(C),  (144)

where, if C'4 are as in , Ly is defined as

Loy = {(A1,A2):CL = Ay} (145)
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Note that (144) is certainly satisfied provided (143)) is, since in fact, for (A1, Ag) €
L(C)YN Ly(C) N L (C),

gs(Al) ﬂgu(Al,Ag,C) = {@1 : max{é,,/h — E} <0< A1}

which is well defined by (136])—(137).
On the other hand, in view of the definition of C'y in (136]), and of C* a few

lines above, Ly, in (145) is equivalently defined as
Lew = {(A1,A2):5A5C — (C + A)*(4C + Ay) > 0} (146)

Therefore, in view of this definition and the definitions of Ls, £, in (135) and (141)),
one sees that the set on the left-hand side in ((143)) is determined by inequalities

A <A <Ay,

k_Ay < Ay < kiAq,

5A5C — (C + 2y/az A2)*(4C + 2\ /atAs) > 0,

Ay > C, (147)
Ag > max{C + 2,/a; A, 2C},

Az — A1 = C <,

5A2C — (C + Ay)*(AC + Ay) > 0.

We observe that no phase point® (Aj, Ag) with A — A; — C < 0 will ever satisfy
(147), and that inequality Ay > 2C' is implied by A; > C and (146)). Then, we divide
such inequalities in three groups, so as to rewrite the set (143 as the intersection
of the sets

L= {(Al,AQ):A_ <Ay <Ay, A >C, Ay > 20,

max{k_Al, (C+ A1)/ 46;5/\1} <Ay < k+A1}7

Ly:={(A1,A2):0<Ay— Ay —C <e, Ay >C+2/az A, Ay > C},
Ls = {(A1,A2):5A2C — (C + 2/azA2)*(4C + 2\ /asAs) > 0, Ay > 2C}.

We now aim to choose the parameters A1, k1 and a4 so as to find a non-empty
intersection of the sets a above.

8Inequalities A1 < Cj (which is equivalent to (146) and Cx < Az — C (which is equivalent to
©1 > C, in turn implied by the definition of Gsy above) imply As — Ay — C > 0.
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Let us denote as C the curve, in the (A2, A1)-plane, having equation
[4C + Ay
C:No=(CH+A _
2= (C+ A1) 50

A =KAo

(148)

Let

be any straight line through the origin. The straight line intersecting C into the
point (A1, As) = (C,2C) has k = 2, and intersects this curve, also in the higher
point

(A, 1) = (;(13 +VIR5), (13 + \/ﬁ)) c.

Any other line with k¥ > k has a lower intersection (A;’,As’), with A;" < C and
Ay’ < 2C and a higher intersection (E/,EI) with /Tl/ > Ay and /Tg/ > As.

The last straight line, in the plane (A, Ag), through the origin intersecting C is
the tangent line, and it is easy to compute (see below) that such a tangent line has
slope k as in (Fig. . We then conclude that, as soon as we choose k_ < k,
ky >k, A_ <A1, AL > Ay, we have the inclusion

~ IC+A
Lo L= {(Al,Ag):(C+A1)1/C;1} < As §2A1}.

1

Let us now turn to Ls. Since we are assuming ay < we conclude that the

162
strip
Lo:={(A1,A2):0< Ao — Ay —C < e, Ay > C)
5[
20
15[
10l
sf_—
=1
n [ n n 1 1 1 1 1
4 6 8 10 12
Fig. 13. (Color online) The blue curve is C; the orange line has slope k, the green one has slope

k (MATHEMATICA).
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¢i

Fig. 14. (Color online) The blue strip corresponds to the set L1, the green one to Lo
(MATHEMATICA).

is all included in the region
Lo={(A1,As): Ay > C +2/az Ay, Ay > C)
and this allows to conclude
Lo=L2NLs = Lo

Since the sets £; and Ly have a non-empty intersection, independently of a.
(see Fig. , a fortiori, £1 and Lo have one

21(7223;61(7;6275@.

Observe, in particular, that £; N Ly (hence, 21 N Eg) has non-empty intersection
with any strip R x [2C, y], with y > 2C (see Fig. [15).

On the other hand, it is immediate to check that L3 includes the horizontal
strip

C 1
=4 (A, A9):2 A —— A ER —
L3 {( 1,A2):2C < 2<2\/OT+, 1€ } 0<ay <o

and so we conclude
L(C) N L(C) N Lw(C)=L1NLyN L3 D L1NLyN L3 D

In order to complete the proof, it remains to prove that the tangent straight line
to C through the origin has slope k as in ([140]).
We switch to the homogenized variables

A A
“c YT

xT .
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2 /
n n n n 1 n n n n 1 n n n n 1 n n n n 1

2 3 4 5

Fig. 15. (Color online) Li: the blue region; L2: the green region; L3: the violet region
(MATHEMATICA).

so that the curve C in (148]) becomes

~ 4
C:y=(1+2) ;x

We look for a straight line through the origin y = kx with k£ > 0 which is tangent
to C at some point (a,b), with a > 0.

The intersections between C and any straight line through the origin y = kx are
ruled by a complete cubic equation, given by

23+ (6 — 5k%)2% + 9z + 4 = 0. (149)

In order that such an equation has a double solution x = a for k& = k, one needs
that, when k& = k, it can factorized as

(z —a)?(x —c) = 0. (150)

Therefore, equating the respective coefficients of (149) and (150) one finds the
equations

—(c+2a) = 6 — 5k,
2ac+a? =9,
—a’c = 4.
Two last equations, allow to eliminate b so as to obtain the equation for a
a’—9a—8=0
which has the following three roots:

14++/33

ag = _17 aty = )
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The only admissible (positive) value is then

and it provides the values

—17++/33 1 /3

The details of the proof of (4) are here omitted, since they rely on refined tools of
KAM and Normal Form Theory, whence go beyond the purposes of this paper. We
refer the interested reader to [15]. |
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Appendix A. The mg-Centric Reduction

The Hamiltonian of 1 4+ n masses my, ..., m, interacting through gravity is
"L )2 m;m;
H= = — — A1)
; 2mi o<;<n [vi = vjl (

We switch from the position coordinates v; to new ones, denoted x;, where xq is
the coordinate of mg, while x; is the coordinate of m; relatively to mg. The change
is

X0, 1= 07

As the change does not involve the u;’s, the coordinates y; conjugated to x; may
be computed imposing the conservation of the standard 1-form

A:iyi-dwi = iui~dvi.
i=0 i=0
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We find

n

D uwivi=ug-x0+ Y ui- (% +Xo)

=0 i=1

= <§n:uz> -Xo—‘riui © X
i=0 i=1

So we identify

n
E uw;, i=0,
Yi = i=o

u;, 1=1,...,n.

We recognize that yg is the total linear momentum, which keeps constant along the
motions of H, as H is translation-invariant. Fixing a reference frame moving with

the center of mass of my, ..., m,, we have yy = 0 and hence
n
- Yi, 1= 07
Yi, Z=177n

Replacing (A.3) and (A.2)) into (A.1)) we arrive at , with p;, M; as in .
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