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Local well-posedness

1. Introduction

In this paper we consider the Cauchy problem associated with the massless Dirac
equation with an electric Coulomb potential in 2 and 3 spatial dimensions. It reads as
follows:

10su + Dyu — ﬁu =0, 1)
(0, z) = ug(x)
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where u(t,z): Ry x R — CN, n € {2,3}, N =231 v e [ — 2L 2=1] and D, is the

Dirac operator on R™. In order to define the operator we introduce two sets of matrices:
the Pauli matrices 0; € May2(C)

0 1 0 —i 10
n=(0) = (FT) (Y

and the Dirac matrices a; € Myx4(C)

Ol] = <02><2 93 ) , ]: 1,2,3.

o;  Oax2

Then we can define the Dirac operator on R? as
DQ = —i0 - sz = 72‘(0'183; + O'Qay)

and on R3 as

3
D3 = —ix- VRB = —iZaj(“)j.

Jj=1

The massless Dirac equation is widely used to describe physical systems from Quan-
tum Mechanics; the 3D equation is a model for the dynamics of massless fermions, such
as the neutrinos. The 2D equation appears in the study of propagation of waves spec-
trally concentrated near some singular points on 2-dimensional honeycomb structures.
We remark that among the materials which enjoy this structure one finds the graphene,
a single-layer sheet of hexagonally-arranged carbon atoms, that is attracting a lot of
interest in the recent years due to its countless technological applications (see [15] for
a survey and the references therein). Notice that also with the Coulomb potential, de-
scribing interactions between particles, the system remains physically interesting (e.g.,
non-perfect graphene).

The restriction on the parameter v comes from the fact that, according to Quan-
tum Mechanics, we should work with self-adjoint operators on L2(R™;CY). We recall
that D, — 1%, defined on Cs°(R™\{0}; CV), is essentially self-adjoint’ with domain
HY(R™;CY)ifand only if n =2 and v =0 or n = 3 and |v| < @ Ifn=3and |v| = @
the Dirac-Coulomb operator is still essentially self-adjoint but with domain contained in
H? (R3; C*). For any other values of v there exist infinitely many different self-adjoint
extensions. However, it has been shown that for v in the range we consider it is possible
to define a distinguished (i.e. “physically relevant”) self-adjoint extension. In particu-
lar, for |v| < 251 one can choose the self-adjoint extension with domain contained in
Hz(R™;CN) (see the recent works [13], [21] and the references therein).

! That is, it admits only one self-adjoint extension, its closure.
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The free massless Dirac equation can be listed within the class of dispersive equations.
One way to see it is to look at the link between the Dirac equation and a system of
decoupled wave equations; by conjugating i0; + D,, one gets

(10 + D) (i0; — Dp) = (=04 + A)lnxn, (2)

since the sets of matrices {0} }x=12, {®;};j=1,2,3 are chosen in order to satisfy the anti
commutation relations

0,0j + 0o =20k ;1ax2, k,j=1,2

(7 e 7] + a0y = 25k,j14><47 k’] = 1,273.

In the last years, many tools have been developed in order to quantify the dispersion of

a system. Among these we find a priori estimates on the solutions, such as Strichartz esti-

mates and their generalizations, which appear to be fundamental tools in the study, e.g.,

of local and global well-posedness of nonlinear systems (possibly with rough regularity
data). We recall the Strichartz estimates for the free Dirac flow:

Heit’Dn

uollzr Ly < Clluoll ;g -2 -1,

for any couple (p, ¢) satisfying the wave admissibility condition

n—l(l 1

___>a (paQa)#(%’OO%(OO’OO)’ (3)

P,q € [2,+], 5 ¢

where we denote by ¢“P» the propagator for solutions of (1) with v = 0. Thanks to the
relation (2), these estimates are deduced directly from the one that hold for the wave
equation.

It has been observed (see [17] for a survey and the references therein) that one can
enlarge the set of admissible couples, requiring some additional regularity in the an-
gular variable. For the free Dirac equation one has the following generalized Strichartz
estimates

HeitD

"uollLyLs, L3@®xRr) < C||uo\|Hgfgf%(Rn) (4)

for (p, q) satisfying

n—1 1 n-1
+

p 2

psq € [2,400], or (p,q) = (00,2), (p,q) # (2,00), (00, 00).

In presence of potential it is a natural question to ask whether the dispersion of the
system, in the sense described above, is preserved. This analysis for the Coulomb case
has been started in [7]. The authors showed the validity of the following local smoothing
type estimates for solutions u of (1)
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yozz < Clluollzz )

S

1_
H|x|_“|Dn -5 ‘

where 1 < a < /k2 —v?+ % and k,, = 251. However, the case a = 3 is excluded,

therefore it doesn’t allow to deduce Strichartz estimates using the standard Duhamel

formulation and the combination of it with the Strichartz estimates for the free flow.
Then, in [8], the authors proved asymptotic estimates for the generalized eigenfunctions
of the Dirac-Coulomb operator on R? and, as an application, some generalized Strichartz
estimates for the solutions of (1) on R3.

The methods used to obtain these results are inspired by the ones developed in [3]
and [19] to investigate dispersive properties of the wave and Schrédinger equations with
inverse-square potential. The Coulomb and the inverse-square potentials leave, respec-
tively, the massless Dirac and the wave/Schrodinger equations invariant under their
natural scaling, that in the massless Dirac case is uy(¢,z) = w(A7'¢,A\"1z), A > 0. This
kind of invariance prevents, typically, the use of perturbative methods in the study
of the effect of these potentials, requiring the development of new tools. Moreover,
the Coulomb-type potentials seem to appear as a natural threshold for the validity of
global-in-time Strichartz estimates, in their decays at infinity. Indeed, if we look at the
literature concerning Strichartz estimates for the Dirac equation perturbed with electro-
magnetic potentials we find two types of results; in [11] the authors consider the equation
i0yu + Du + V(x)u = 0 on R3, where V(z) = V(x)* is a 4 x 4 complex valued matrix,
decaying (slightly) faster at infinity with respect to the Coulomb potential, precisely
such that

[V(x)] < L o>1
= [[(1 + [logx|[)7” '
They showed that the dispersion of the system is preserved, i.e. the solution u enjoys
the same Strichartz estimates, endpoint excluded, as the free one. The same result can
be also extended in the 2-dimensional setting. Other results in this direction include e.g.
[2], [12]. Instead, if one considers potential decaying slower at infinity, it is possible to
construct potential such that the associated system is no more dispersive (in the sense
described above). More precisely, in [1] the authors consider the magnetic Dirac equation
10yu + Dyu = 0, defining the vector field A as

0 10
A(z) = |z| Mz, 1<6<2, M=|-1 0 0].
0 00

Then, the solutions u of the associated Cauchy problems do not satisfy the Strichartz
estimates (4) for any admissible couple.

The aim of this work is two-folded; firstly, we continue the analysis of the dispersion
of (1). We extend, compared to the result in [8], the set of admissible couples for the
validity of generalized Strichartz estimates in 3D, we prove similar estimate for the 2D
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Fig. 1. Generalized Strichartz estimates. (For interpretation of the colors in the figure(s), the reader is
referred to the web version of this article.)

system and we also provide new local smoothing estimates. Then, we apply the obtained
results to the study of local well-posedness of nonlinear systems. Before we state the
results we introduce the following notations that will be used throughout the paper.

Notations. We denote with D, , the Dirac-Coulomb operator acting on R", that is
Dy, =Dy — ﬁ for n = 2,3 and, with an abuse of notation, we will omit the index n
when will be clear from the context.

We denote with H®, s € R, the standard homogeneous Sobolev spaces with the norm
llull s = |||D|Su||L2 where |D| = v/—A. Instead we use H%u to denote the homogeneous
Sobolev spaces induced by the action of the Dirac-Coulomb operator, i.e., with norm
lull iy, = [[1Dol"]

We say that v € L2(R";C¥) is Dirac-radial if it coincides with his projection on
the first partial wave subspaces. Then, we call u € L?(R";C¥) Dirac-non radial if it
is orthogonal to Dirac-radial functions. We postpone to Subsection 2.1 (Remark 4) the
precise definitions.

With an abuse of notation, we use the term function to refer to both scalars and
vector-valued functions. Their nature will be clear from the context.

Our first main result concerns Strichartz estimates with an additional angular regu-
larity for solutions of (1), as explained above. As we will see we will have some technical
conditions that will force us to slightly restrict the set of admissible v. Moreover, respect
to the free case, we obtain a smaller set of admissibility for the indexes p, ¢ (as shown in
Fig. 1). However we can recover the classical range (3) in two cases: if v = 0%or, for all

2 except for the segment corresponding to ¢ = +oco.
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v E [— %17 ”T_l], if the initial datum is Dirac-non radial.> We separate the cases n = 2

and n = 3 in order to lighten the notations. We have the following

Theorem 1 (Strichartz estimates 2D). Let |v| < ? and (p,q) such that

2 2
pe<p<+oo, 2<q<q, - p—(l—)<1or(p,q)(c>o,2)7 (6)
q p dc
v1+3 1 .
where q. = T Pe = ?Yl and YL =41~ v2. Then, there exists a constant C > 0
2

such that for any ug € HSDU (R2;C?) the following Strichartz estimates hold

e uollp s, 13 < Clluol gy, (7)

provided s =1 — ]% - %.
Moreover, if ug is Dirac-non radial, then the Strichartz estimates hold for all |v| <
5 and (p,q) satisfying the admissibility condition (6) with (pe,q.) = (2,400), ¢ = qc

included.

Theorem 2 (Strichartz estimates 3D). Let |v| < @ and (p,q) such that
2 1
2<p<+oo, 2<q<qe, —+—<1or(pg)=(c0,2), (8)
q P

where q. = 17\/% Then, there exists a constant C' > 0 such that for any ug €
H%V (R3; C*), the following Strichartz estimates hold

le"Puollzpra, 13 < Clluol g, (9)
provided s = 5 — + — =.
Moreover, if ug is Dirac-non radial, then the Strichartz estimates hold for all |v| <1

and (p,q) satisfying the admissibility condition (8) with ¢ = g. = 400, included.

[l

We describe in Fig. 1 the admissible range (region in gray) in the cases n =2, v =

andn=3,v= 5 Notice that if v = 0 we can extend the region up to the segments 0

where P = (% ) reaching the classical range.

Remark 1. Observe that in the 2D case the norm in the R. H. S. is the one induced by
the Dirac-Coulomb operator and it is not, in general, equivalent to the standard Sobolev
norm. A more detailed discussion is to be found in Subsection 2.4.

3 The reason behind this additional restriction on the indexes will appear clearly in the proofs of Theo-
rems 1 and 2; it is due to the behavior near the origin of the “first” generalized eigenfunctions.
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Remark 2. We notice that from the Strichartz estimates (7), (9) it is possible to deduce
standard Strichartz estimates with an additional loss of angular derivatives on ug. The
idea is to combine the estimates above with Sobolev embeddings on the sphere of di-
mension n — 1. We denote with Aj the angular derivative operator, which is defined in
terms of the Laplace-Beltrami operator on S™~1

A= (1— Agn1)5.

This operator does not commute with the Dirac operator D,,. However, it has been
observed in [5] (see formula (2.45))" that it is possible to define a modified operator Aj
commuting with D,, and such that

IRalp = 14315
Then, by Sobolev embeddings HZ (S"!) — Lg(gn—l)7 we get

||3itDVuO||LfLZ S/ HAgeitDuoHLfLZn_ldT ~ HeitDAZUOHLszn_ldr § ||A/~\gU0HHS

n—-1 _

where o = *5

”771, 0<s< an and v, (p,q) as in Theorems 1, 2.

The strategy developed in order to prove the above results is a refinement of the one in
[8]; let us briefly describe it. Firstly, we exploit the radial structure of the Dirac-Coulomb
operator, using the partial wave decomposition to reduce the Dirac-Coulomb operator to
a differential operator acting only on the radial component; then the “relativistic” Hankel
transform (see Section 2.2 for the definition) allows us to reduce the radial operator to a
multiplicative and diagonal one. This gives us an explicit representation for the solutions
of (1) (see (24)). Then, we use the pointwise estimates of the generalized eigenfunctions
to estimate the LY (R)L%([R,2R])-norm of the solution, R > 0, on a fixed angular level
for frequency localized initial data. Finally we conclude using the orthogonality of the
partial waves, scaling argument and dyadic decompositions.

With the same tools, we can also show the validity of a new smoothing estimate for
solutions of (1).

Theorem 3. Let ug € L2(R™;CY). Then the following estimate holds

le"P ol pzre, . < lluollzz- (10)

1
sup R~ 2 S
R>0 ol <R

Remark 3. We observe that the estimate in the Morrey spaces L*?(R™) can be viewed as
a limiting case of the local smoothing estimates (5) as o — % We mention also that the

4 In [5] the authors work in the 3D setting. However, one can use the same definition to build a modified
operator, with the same properties, also in the 2D setting.
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same estimate has been proved in [2] for solutions of small magnetic Dirac equations with
completely different techniques and in [6] for the Dirac equation in the Aharonov-Bohm
magnetic field.

As mentioned above, Strichartz estimates can be used in the study of the dynamics of
dispersive nonlinear systems. Therefore, as an application of Theorem 2 for Dirac-radial
functions, we discuss a local well-posedness result for the following 3D nonlinear system
i0iu + Dyu = N(u
t v ( )7 (11)

u(z,0) = up(x),

where |v| < @, ug is Dirac-radial and the nonlinearity is of the form

N = (s po)u 5= (52 %) (12)

with w radially symmetric, i.e., w(z) = w(|z|), w € LP(R3) for some p > 1.
We have the following

Theorem 4. Let w be a radial function, w € LP(R®), p € [2,+00]. Let also ug € H*(R3),

s = %, be Dirac-radial. Then there exists a positive time T = T (||uo|| -,

that (11) has a unique solution u € C([0,T]; H*(R?)).

|w||zr) such

Theorem 5. Let w be a radial function, w € LP(R3), p € (ﬁ, +oo). Let also ug €
H5(R3), s = %, be Dirac-radial. Then there exists a positive time T = T'(||uo|| g7+, [|wl]lz»)
such that (11) has a unique solution u € C([0,T]; H*(R®)) N L2 ([0, T]; L2 (R?)), where
p’ is the conjugate exponent of p.

The choice of such initial datum is twofold motivated. First, we notice that (see
Proposition 5) if ug is Dirac-radial then the Strichartz estimates hold in the classical way.
Second, the Dirac-radiality of the solution is preserved by the nonlinearity (as observed
in Remark 9). Then, the proofs of Theorems 4 and 5 will be based on standard fixed-
point arguments on suitable complete metric spaces (see [10], [18] and references therein
for related results). Observe that in the first one we do not use any kind of Strichartz
estimates; they come into play if we want to require less integrability for w. However,
we shall remark that, in both cases, we strongly exploit the equivalence between H* and
H%V norms, which holds for every s € [0, 1] if || < @ The failing of this equivalence
in the general 2D setting (see Subsection 2.4), prevents us from extending the result on
R2. To conclude, notice that the conditions on w are satisfied by the Yukawa potential
Vp(z) = el ¢ LP(R3) for all p < 3, b > 0 and by w(x) = (z)~* € LP(R3) for all

p > %, a > 0. It would be interesting to consider the case w = dgp, in order to recover

||

the standard cubic nonlinearity N(u) = (Su, u)u. However, one expects to obtain local
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well-posedness results in H*(R?) in the subcritical case s > s.. The critical exponent s,
is given by the homogeneity of the Cauchy problem and it can be obtained by scaling
arguments. In this case s, = 1. However, for s > 1 we don’t have anymore the equivalence
between H*® and H%y norms. This would prevent the use of standard tools developed in
Sobolev spaces, e.g. Sobolev embeddings, and would require additional work to adapt
them in the spaces obtained by the action of the Dirac-Coulomb operator. This would
be the object of future works.

The paper is divided into 4 Sections. In Section 2 we introduce the necessary prelimi-
naries: the partial wave decomposition, the “relativistic” Hankel transform and we recall
the estimates for the generalized eigenfunction in 3D, deducing the ones in 2D. We also
discuss the relationship between the standard Sobolev norms and the ones induced by
the Dirac-Coulomb operator. Section 3 is devoted to the proofs of the a priori estimates,
i.e., Theorems 1, 2 and 3. Lastly, in Section 4 we prove the nonlinear applications, i.e.
Theorems 4 and 5.

2. Preliminaries

In this section we collect some tools that we will use in the proof of the results
presented above.

2.1. Partial wave decomposition

A crucial aspect of the Dirac-Coulomb operator is that it can be seen as a radial
operator with respect to some suitable decomposition, both in dimension 2 and 3. We
recall these decompositions, referring to [23] for all the details.

We use spherical coordinates to write

L*R™;,CN) =2 L2((0,00), 7" tdr) @ L*(S" ;).
Then, we use the partial wave decompositions to define the isomorphisms

L*(shch) = P i,
k€Z+3

k|- 3

rsuieh=2d P b

k€Z* mp=—|k|+3

where each subspace h™ is two-dimensional and it is left invariant under the action of the
Dirac-Coulomb operator. The orthonormal basis of each b7, {E] (), Z; (6)} is expressed
in terms of the “classic Fourier basis”, that is

_ 1 feit1/20  __ 1 0
:;(e):E(e ; ) :k(e):E@(kHW), (13)
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analogously, the orthonormal basis of each b%mk, B my (01,602), 5 (01,600)} is ex-
pressed in terms of the standard spherical harmonics Y, (61, 62), that is

Qe — 0
‘:;:mk(61792) = ( Ol; ) v Skomy (QT_?LLC) (14)

where

Q 1 \/ |k —mp + 35 |Y|Zl_|]_c 1—
komy = ——— o
Y V2k 1]\ sgn(—k)y/|k +mp + 2 |Y|k:+|2

We thus have the unitary isomorphisms

L*(R*C?) = B L2((0,00), rdr) @ by,
k

L*(R%; C*) = @5 L*((0,00), r%dr) @ b .,

kmk

given, respectively, by the decompositions

Z o (r) B (0) + o5 () 2, (0)

k€Z+1
k- (15)
= Z Z T/JIImk( )_k mk(91’92)+wk mk( )“k mk(91’92)

k€Z* m=—|k|+3

The action of D,,,, on each partial wave subspace L?((0,00), 7" 1dr)? ® h™ can be rep-
resented by the radial matrices

v d n—1 k
drulk ( d n—1 k ( " 12174 ! ) ) (16)

which are well defined on C§°((0,00), 7" 1dr)? c L?((0,00),r"~1dr)2.

Notice that formulas (16) only depend on k, then, in order to give a unified treatment
of the two cases n = 2,3, in what follows we will maintain only the dependence on the
parameter k for n = 3. Moreover, we will omit the dependence on n of the angular part.
Thus, if ¢ € L2(R™; C*) we will decompose it as

= D> Pl (=) +op (NEL(0) = Y wnlr) - Ex(6) (17)

keAp keA,

where if n = 2, Ay = Z + %, 0 € S! and the functions Z; are the ones defined in
(13), instead if n = 3, A3 = Z*, 0 € S? and the functions Zj, are as in (14) (omitting
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the dependence of my). With this decomposition, by Stone’s theorem, the propagator is
given by

e"Prd(x Z er (6, T) EL () + ¢ (8,7) E; (0)
keA’ﬂ

(Getin) = (G0

Remark 4. Observe that the radial functions (meaning a vector of four radial functions)

where

are contained in the firsts eigenspaces (corresponding to k = :i:% ifn=2and to k= =1
if n = 3) but they are not left invariant, in general, by the Dirac operator. In order
to consider invariant sets of functions, we call u € L?(R";C") Dirac-radial if in the
decomposition given by (17), for n = 2 uf(r) = 0 for all |k| > 1 and for n = 3
uimk (r) = 0 for all |k| > 1. On the contrary, u € L?(R™; CN) is Dirac-non radial if it
is orthogonal to the first partial wave subspaces; more precisely if, in the decomposition
given by (15), for n = 2, uj (r) = 0 if |k| = 3 and, for n =3, uimk(r) =0if |k =1.

2.2. Relativistic Hankel transform

Once one has decomposed the Dirac-Coulomb operator in a sum of radial operators,
the key idea is to looking for an isometry that transforms each radial differential opera-
tor into a multiplication operator. This is the rule of the “relativistic” Hankel transform,
which is built with the generalized eigenfunctions )y . of D, . The idea of this con-
struction was borrowed by [3] in which the author considered the Hankel transform.
This is built with the Bessel functions that are the generalized eigenfunctions for the
radial Schrédinger operator (see e.g. [3], Section 2.1). In this sense the transform we
consider can be viewed as a relativistic counterpart of the standard one. For the sake
of completeness we recall in this Subsection the definition and its properties, without
proofs. We refer to [7] (Section 2.2) for a complete presentation.

Definition 1. Let ® € L2((0,00),r" 'dr) @ b7 for some fixed k and let ¢(r) =
(¢1(r),p2(r)) be the vector of its radial coordinates in decomposition (17).
We define the following integral transform

+
Pk@(@:(fpk(pe) /Hk er) - o(r)r*~tdr
where

= (£ ) = ().
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Here
Fi(r)
n _ k,e
Vi e(r) = (G};g(r) ) (18)

represents the vector of radial coordinates of the generalized eigenfunctions. That is, in
the notation of (17), ¥™(z) = >, c 4 ¥p (7)< Ex(0) “solves”

v
(Dn - —)\I!” — U™, &> 0.
|z
For the sake of completeness we recall the formulas for Fi'_, Gy _, that are

V2D(y+1+dw)|

FL(r) = =gy ¢ (@) Re{e TRy — v 2y + 1, —2ien)},
’ v
V2ID(y + 1+ iv)| = . _
v () = zx/_lrg;; 1J)r w)| = (2er)Y= "7 Im{e "+ Fy (v — iv, 2y + 1, —2ier)}

(19)

where 1Fy(a,b, z) are confluent hypergeometric functions, v = vk2 — 12 and e 2% =
y—iv

+— is a phase shift.

Remark 5. We recall that the spectrum of D,, is purely absolutely continuous and it is
the whole real line R. The formulas in (19) give the generalized eigenstates of the con-
tinuous spectrum corresponding to the positive energies € > 0. The ones corresponding
to negative energies can be obtained using a charge conjugation argument. Then, one
gets that

- (E4)- (B0

where F, G™ are the functions obtained by (19) by changing the sign of v.

We also want to underlain that the homogeneity of the generalized eigenfunctions
Yy -(r) with respect to € and 7 is the same, in particular we have that ¢ _(r) = ¥, (er).
The lack of this homogeneity in the massive case prevents us from extending the results
to that case.

Proposition 1. The following properties hold:

i) Py is an L%-isometry,
if) (Prdurp)(e) = o3e(Pry)(e), € > 0,
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iii) The inverse transform of Py is given by
+oo
r) = / HE(er) - p(e)em1de (20)
0

where Hi(er) = (Fk,s(” Fk,e(r>)_

Gre(r) Gp—c(r)

2.8. Asymptotic estimates of the generalized eigenfunctions

Other fundamental tools that we will use are some asymptotic estimates of the gen-
eralized eigenfunctions ¢ : these will allow us to obtain an estimate on the L9 norm of
such functions on fixed interval, uniformly with respect to the parameter k. Notice that
this is another substantial difference respect to the cases of the wave equation with an
inverse square potential ([19]) and the Dirac equation with Aharonov-Bohm magnetic
potential (see [6]). In these cases, indeed, the generalized eigenfunctions are basically
Bessel functions for which asymptotic estimates are well known (see Remark 6 below).

Theorem 6. Given v € [— ol ";] and k € A,, let Vk%2 —v2 and consider the gen-
eralized eigenfunctions ¢} of D, , with eigenvalue ¢ = 1 given by formulas (18) and
(19). Then there exist positive constants C, D independent of k,v such that the following

pointwise estimate holds for all p € R\{0}:

(min{m 1})7—"7’1 ~Dlk| 1 0<|pl < max{@,?},
n 271 2n—3 I
lur(p)| < C L (||k\ lol| +1k[3) "%, Bl <ol < 2k], (21)
p lp| > 2|k|.

Moreover, with a possibly larger C' and a smaller D > 0, both independent of k,v, the
following estimate holds

1

(min{!2l, 1}) 0 < |p| < max{1l 2},
WP (p)] < C 4 k|25 3(\|k\ |p|| + [k]3 > Lo Bl<ip <2, (22)
=", Ip| > 2|k|,

Proof. The proof for the case n = 3 is given in [8], Thm. 1.1. For the case n = 2 we ob-
serve that, from formulas (19), we have a relation between the generalized eigenfunctions
in dimensions 2 and 3; they differ from a factor (2er)2 and from the range where the
parameter k lives. Then, it is possible to adapt the proof in [8], with minor modifications,
to deduce the estimates in dimension 2. O
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Remark 6. Notice that the obtained estimates are the same, for large value of k, that
holds for the generalized eigenfunctions of the wave equation with inverse square poten-
tials; in fact, in that case the functions are given by

PR () = (or) T Ty (pr)

where J, is the Bessel function of order v, v(k) = \/u(k)? + a, pu(k) = %52 +k, k € N

2
and a > 7@_ The Bessel functions J,,, for v > 2, enjoy the pointwise bounds

—dv v

e , 0<p< 9
L)l <CLvmi(lp—v|+vi)~i,  §<p<2,

p’%, 2V < p < o0,

for some C' and d non depending on v (see, e.g., [22]).
2.4. Equivalence of norms

As stated in the Introduction, in order to prove the local well-posedness of the non-
linear system we exploit the equivalence between the Sobolev norms H® and the ones
induced by the action of the Dirac-Coulomb operator D,, ... In this Subsection we recall
it and we also add some results in this direction about the 2D setting.

For what concerns the 3D case we have the following

Proposition 2. Let |v| < @ and u € dom(Ds ). Then for every s € [0, 1] there exist two
positive constants Cy, Cy such that

Cl||“||Hs(R3) < ||U||H;,U(]R3) < CQHUHHS(]R3)'
Proof. We start observing that if || < @ then the domain of the self-adjoint extension
of D3, is H'(R3;C*) (see [23] Section 4.3.3). Moreover, for v in this range, min{1, 1 +
V1—v2} = 1. Then, the statement comes directly from the following Lemma (it is
Corollary 1.8 in [14]).
Lemma 1. Let |v| < 1. For any f € C°(R3;C*) we have

i) if s € [0,min{1, 1 + V1 — v2}], then

lI=a

Al Sos 117 ] o
ii) if s €[0,1], then

1D Fll o Sone [

e ©
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In the 2D case we cannot hope to obtain the same results; firstly, we recall that the
domain of the distinguished self-adjoint extension of Dy ,, is not contained in H'(R?; C?)
(see [20], Corollary 16), for any v # 0. Secondly, the property i) is proven using the
Hardy’s inequality, which we know to fail on R2.

However, the distinguished self-adjoint extension is chosen such that its domain is
contained in Hz(R?;C*%), if |v| < i. This suggests that at least inequality 4) in Lemma 1
could hold if we take s € [0, 1]. In fact, we have the following

Proposition 3. Let |v| < % For any v € dom(D, ) and s € [O, %] , we have

lell 7o Sves P10 2

Proof. From [20] [Thm 1] we have that for every v € ( — 1, 1) there exists C,, > 0 such
that

|Du| 2 Cy V -A & ]12~

Then, by operator monotonicity of the map f(¢t) = t¥, p € [0,1] (see [9] [Thm 2.6]), we
conclude that

D[P > CEV=A" ® 1,
that is the estimate with 2s =p. O

For what concerns the reverse inequality, we observe that even if the Hardy’s inequality
fails in 2D, it still holds for non-radial functions (see [3], Prop. 1 p. 8). Then we have
the following

Proposition 4. Let [v| < . For any u € dom(Ds,,), u Dirac-non radial and s € [0, 3] we

have

P ull 2 S [l1=A

%UHU

Proof. We first prove that, if f € C2°(R?;C?) and Dirac-non radial, then the Hardy’s
inequality holds, i.e.

el A2 < IV £l - (23)

We can decompose f as:

@)= > FOFO) + £ (0 (0) =: £1(r,0) + f(r,0),

KEZ+5,k#3

and we recall that 9= (0) = (k F 1)Z;5 (). Then,
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27 27
JUSEZENED SRR SIS 3 ey YRR
0 k€Z+3, k#3: k€EZ+% k#3 0

and thus

oo 21
1
et 112 < [ [ 0005+ 100~ Plaorar < [

0 0

Hence, by the Cauchy-Schwarz inequality and by (23), we have

(DV)2 < (_A) ® 12-

~

Then, by monotonicity,” we get that for any f € C°(R? : C?), f Dirac-non radial and
for any s € [0,1]

1y, 2y Sos (11 grs m2y-

We conclude recalling that if |[v| < 3 then dom(Ds,) C Hz(R%,C2), but not in
H(R?;C?) (see [21]). O

3. Proofs of the results

Before going into the proofs of the above mentioned results, we exploit the tools
described in Subsections 2.1 and 2.2 in order to work with a “nice” representation of the
solution. Let uy € L2(R™;C¥), by (17) and property ii) in Proposition 1, we have

uo(r) = Y uok(r) - Ex(0),

keAn

Doy (s Z Pt €77 (Pruo ) (p)] (1) - Ex(6) 29

ke A,

where x = (r,0) € R™. Moreover, thanks to the L2-orthogonal decomposition,

1
2
luollzz = (3 lluos(r)lZe, ) (25)

keA,
i 2 itpo - 2
e ol = || 3 Pt Pruon @026,
ke A, t¥rn—ldr
) . (26)
= > |t e Pkuo,w(p)](r)]L o
kEAn rn—1gp

5 as in the proof of Proposition 3.
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More generally, for p,q > 2, by Minkowski’s inequality ||-||za2z < |||z« Vg > 2, we get

HeitD,, L = Hpk—1 [eitpo’g (Pkuo,k)([))] (7“)‘

n—14,"760

uo
HLfLZ LYLY, , 12(A)

ldr

< (X P e @0, )

ke A,

(27)

3.1. Proof of Theorem 3

Thanks to (25) and (26), it suffices to show that, for any fixed k € A,

2

P et (P ) () ()

<C 2
e, (R [wok(r)llz2, _,
where C is a positive constant independent of k£ and R.
Let gx(p) = Pruo,r(p). Then, from (20) and Plancherel’s theorem in ¢ (on each com-
ponent), we get

2

[Pt (e (9e(0)] ()

£z12, ., ([0.R)

= H 03—>t{Hk T’p gk( B }‘

([o,R)L

rdr

IA

o\%— o\—é—

* n—1[2 n—
|Hj (rp)gi(p)p™ | 7" drdp

S (198 o) + [03 (=rp)*) lgw(p) 2 o>~ Ve~ drdp.

O\DU O\PJ

We thus need to estimate

+oco R
[ (frrenprtar)aore-ap. 29
0 0

Lemma 2. Let 9;} be the generalized eigenfunction of Dy, with eigenvalue 1. Then, there
exists a positive constant C' depending on n but not on k and v, such that

R
é/w,’;(rn%"*ldr <C. (29)
0

Remark 7. We observe that the same estimate holds for ¢} (—r), that is the generalized
eigenfunction with eigenvalue —1. In fact, as stated in Remark 5, such eigenfunctions
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are obtained by v} by changing the sign of k£ and v. However, all the estimates in the
proof will be independent by the sign of v and k.

Proof. Let R > 0. We use (21) to estimate the integral in (29); we need to consider three
different cases:

i) if0<R< ‘Qil, then we have

(min{Z, 1})27~ ("= D= 2DIkl =1 g,

R/wk ()P tar

E:U |

(mln{g,l}) (n—1) 72D|k| n— 1d7“

= =

S O —
w
=

if min{5,1} =1 then

(30) < RR" —2DR < ¢,

otherwise, if % <1,

(30) <

672D|k|2n71R < c‘v7

x| =

i) if |2ﬂ < R < 2|k|, then we split the interval [0, R] = [0, |k|/2] + [|k|/2,R] = I1 + I2:

kl
2 n— 1d < 72D|k:\ | < C
/ PRI dr S e

1
2 Tn_ld’l“

—/wk

NULEERLE

20k
< k| / k| — 7| Fdr < C

L
2

iii) if R > 2|k|, then [0, R] = [0, |k|/2] + [|k|/2, 2|k|] + [2|k|,R] = I1 + I> + I:
estimates over Iy, I5 as before,

R
71/\¢g(r)|27‘"71dr <R! / dr<C. O
I3 |k|

2
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Then, coming back to (28), we have, after a change of variable £ = rp,

+oo  Rp

= [ ([iores) oo a
0 0

+oo
SR [ o) dp = CRPraos},
0

then the claim since Py, is an L2-isometry.
8.2. Proofs of Strichartz estimates

In order to lighten the notation, in the following we will treat separately the cases
n = 2,3 and we will omit the dependence on n of the generalized eigenfunctions. We
start with the 2-dimensional case.

Proof of Theorem 1. The proof is divided in four steps. The key step is the second one
in which we prove the following Lemma. This provides us Strichartz estimates on a
fixed radial interval for a frequency localized solution on a fixed angular level. Then the
linear estimates in Theorem 1 will follow by scaling arguments and interpolation with
the standard L$°L2-estimate.

Lemma 3. Let (p,q) € (2,00] x [2,+00) and k € Z + 5. Let I = [4,1] and g; €
Lidp((O, +00)) such that supp(gr) C I. Then

[Pt et geto)) )

< Cligr(p)l 22

R R<1
LY L}, ([R,2R]) pap(D)

RIHW0O-2) pso

where

1 1 .
swy=1n"2 TP
-3 ifp>4

and the constant C is independent of k, v, but eventually depends on p and q. Moreover,
if ¢ = 400, for all p > 2 we have

[Pt e gn()] )]

< Cligr(p)l 2

R~ R<1
LPLE ([R,2R)) 2D %

RO®) R>2,

Step 1: By relying on the pointwise estimates of Theorem 6, we estimate the L? norms
of the generalized eigenfunctions on a fixed interval of length R;
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Lemma 4. Letk € Z+ %, v=Vk?>— 12, [v| < 1 and q € [2,400]. Then, the following
estimates hold

T3 if R <
H,(/)kHLq([R,ZR]) sCx {]]:B(q)7 | Zziz 1:
and
T+i—3 if R <
Hw;cHLQ([RJR]) =Cx {gﬁ(q)’ 7 Zﬁ; i
where
5(a) = { T Fecha,
5 if g € [4, 4]

and all the constants are independent of 7y, k, but eventually dependent on q.

Proof. We split the proof in two cases:

i) R<1:
Let g € [2,400); observing that R < r < 2R implies r < 2, we have
2R 2R 2R
/|1/Jk(r)|qdr < /(min{%,l})W*%e*Dq‘k'dr < /r‘”’%dr < quf%ﬂ’
R R R
and
2R 2R 2R
S s [ ingg,miee P < [ vy < gt
R R R

Now let ¢ = +00. Then, as before,

sup |Yr(r)|< sup P1T3277s < 23R
r€[R,2R)] r€[R,2R]

In the same way we estimate ||¢'|| .

i) R>1:
We write the interval of integration as [R,2R] = I; + Iz + I3, where

L= [R72R] N [07 %]7 I = [Ra 2R] N [@72“{7']7 I3 = [R72R] N [2|k|,+OO)

and we estimate each interval separately.
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For I; we can assume 2R < |k|, otherwise I; = ). Let ¢ € [2,+00), then
/|wk(r)|qdr < /(min{g, 110~ fePalklgr < LR, Va > 0;
I I
in fact, if min{g,1} = 1, then
Jrontoypar < e Mgk < Core,
I

otherwise r < 2 and, again

2R
/|wk(r)\qd7‘ < /rfgefqudr < CoR™%;
11 R
Let now ¢ = +o0, then
_DR .
S, =2
r=22z¢ DR ifr<2

and we get the claim.
For I, we can assume @ < R < 2|k|, otherwise Is = (). Let g € [2,4), we compute
the integral and obtain

2|k

/\W)deﬂs /|k|*%(||k|—r|+|k|%)*%dr
Iz %

2
= [ (kR = ol 1) Far

N

< [k

For g € [4,400) we estimate the norm as
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2R
/\wmw < /|k|-%q(|\k| ol k) T E b < |k|-%q/r% <R-h (31
Iz 12

R

w0

It remains to estimate the L norm, for which is enough to observe that, if r € I

[n(r)] S k| 75772 ~ R75.
Lastly, for I3 we get

2R

Jrntyears [o-tar s it
I3

R

and

sup |vy(r)] S R72.
r€[R,2R]

Similar computations bring to the estimates of |1}, || La((r,2r)) for R > 1. O

Step 2: We can now provide an estimate for the localized solution on a fixed angular
level k£ and with the radius r varying on a fixed interval of length R.

In order to lighten the notation, in the following we will write e’*” instead of e®*73r
since all the estimates are to be understood on every component of the functions with
values on CN. Moreover, we observe that all the estimates hold also for the generalized
eigenfunctions corresponding to negative energies.

Proof of Lemma 3. i) R<1:

1

Let p € [2,+0¢0] and Q be an interval. Then by the embedding H%_E(Q) — L1(Q),
that holds for every ¢ € [2,+00), and interpolation we have

H / P (rp)gr(p)pdp
0

LY Ly, ([R,2R])

< H / """y (rp)gi(p)pdp
0

11
LYH? 4 ([R,2R])

+

=
Q=

1_1
2 q
X

LYLE,.([R.2R])

< H [ erntepaoipde
0

/ "y (rp)gr(p) pdp
0

LPHY([R,2R])

< R7Tats .
S g (o)l ot 1y
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Where the last inequality comes from Minkowski and Hausdorff-Young inequalities
and Lemma, 4°:

S 1w (ro)gu (o)l
1713 (R.2R) L, (1)L3,([R,2R))

H 7e“p bi(rp)gr(p)pdp
0

< [l vnlzs, i mal,
dp

5 R’y”gk(p) ||L,1;:ip(l)’

and

S 1k ro)gr (o)
L2125 (R2R) L34, (DL, (1R,2R))

H / "y (rp)gr(p)pdp
0

< [loe oz, mozmal
pdp

S; Rry_l ”gk(p)”Lz;p(I)

Therefore we obtain

1,2
SR gk (p) 2, ()
LY L}, ([R,2R])

H Ze“% (rp)gr(p)pdp

ii) R>2:
Let p € [2,+00]. We prove the following estimates

S Ré(p)Hgk(P)HLgdp(z) (32)
LPL% ([R,2R])

rdr

H / """y (rp)gi(p)pdp
0

and

1
S R ge(p) 2, 1), (33)
LYL%,,.([R,2R])

H / e"Py(rp)gr(p) pdp
0
then the result will follow by interpolation. To estimate (32) we need to split the
cases p € [2,4) and p € [4, +o0].
If p < 4 we observe that, from Minkowski and Hausdorff-Young inequalities and
Lemma, 4, we have’

8 Notice that since p € [£,1] then pR <1 and p” < 1.
7 We observe that since p € [%, 1] then Rp > 1.
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= [ Foso (i (rp)ar(p)oxe+ (0) | 12 (5 2myre
LfLST([RQR})

+oo
H / " (rp)gi(p)pdp
0

<[ loenn,y

L, ([R,2R])

2R 1 a1
< </gk(p)p' (/|¢k(rp)|17dr> dp) < R5_5||9k(10)||L§;p(I)'
I R

The same holds also for ¢},(rp). Then, from the embedding W'?(2) < L (), we
get

H 0/ eun(rp)ow(p)pdp = H / ¢ (rp)gi(p) pdp

LY L%, ([R:2R])

<H/ ey (rp)gr(p )pdp

1

1_1
S B2 lgr(p)llez,,

pap(D)”

LYL$([R,2R])

H / Py (rp)gr(p)pdp

P ) -
LPL? ([R,2R]) LPL? ([R,2R])

If p > 4, we use the embedding W14(Q) — L>®(Q), § = 4e with ¢ ~ 1% and
proceeding as before we get

H [ erintrorgnoion
0

11
< BEHgi(p)llzz,, )
LPL ([R,2R))

rdr

The estimate (33) comes easily observing that Rp > 1 then from Lemma 4 we have

2R %
(/|1/Jk(rp)|2rdr> < CR>.
R

Lastly, we can estimate the L3S ([R,2R]) norm as

H / "1y, (rp) gr(p) pdp
0

S; Rry_lngk(p)”dep(I)v for R < ]-7
LYLE.([R,2R))

H /e”"wk(m)gk(p)pdﬁ S R Pllgr(p)l sz, o, for R>2,
0

LY L,

rdr

([R.2R])

8 This means that the next estimates hold for any e € (%, 1) but we want £ near 1.
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where for the former estimate we use the embedding H!(Q) < L*>(Q). O

Step 3: We remove assumptions on the localizations on the solution in order to get
the generalized Strichartz estimates with the indexes p,q in the range of admissibility
given by the following
Lemma 5. Let

€ (2, +o0, 6<qg<

Then

I
|
2
N[
Q| =
+
VS
AR
|
N
~_
S
=
|
)
~_
AN
o

le"P ol prs,, g < Clluol gy,
where s =1—1 —2 gnd 1 =

p \/ 7 — V2. Moreover, if ug is Dirac-non radial we can take
€ (6, +00].

We remove the assumption of the frequency localization of the solution, to get the
Strichartz estimates for (p, ¢) admissible for Lemma 5; Thanks to (27), it suffices to show
that

> |Pitte

2
07 (Praio ) )], < Clluoliy,
keZ+31 ’

rdr

Let N, R be dyadic numbers and ¢ € C2°(|

|) such that Y- ycoz @(pN ') = 1. Then
for ¢ < 400, from the embedding (?> < (9 and scaling we have the following

> Pt

s Prao )0
keZ+1 tLra
H Z ’P —ztpas Pkuo,k)(P)(lS(%)](r ‘iqu
k€eZ+i Ne2Z t Ly,
e it 03 r q 2
et H(R%;ZHNEE;ZP ’ Pkuo”“)(p)d)(f\’”(r)’ Tdr([RQR])) Lp (34)
2
—’Lt 03 o
ke;r R%Z H NEZP r Pkuo,k)(P)QS(N)}(T)‘ 1LY ((R.2E))
< Y Y (X [Pete e P s £
keZ+ Re2Z Ng2Z

2
LpLTdT [R,2R]))
X Y (X

e (Prio ) (Np)R())(7)|
keZ+ 5 Re2Z

Ne2Z

LYL?

2
TdraNszNR])) '

25
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Moreover, from Lemma 3 we can continue the chain of inequalities and we get

Y Y (Xt

P
keZ+4 Re2Z  Ne2Z

1Q(NR)||(Pruor)(Np)é(p) HLidﬁ) 2

Y Y (T MR Pae 06§, )
k€Z+5 Re2Z

Ne2Z
where
NR) " 2+3 if NR<1,
oum =M
(NR)aH®0=0  if NR > 2.
We note that if we take p, ¢ such that
1 2 1 2
y——-+->0, —-+4dp((1l—--)<0,
5500 i) (1—)
then
sup Q(NR) < 400, sup Z Q(NR) < +o0.
Re2® N ooz Ne2® peooz

Recall that v = V&2 — 12 > /2 if |k| >
71 —%+%>O.

Let AN,]€ = ]\7171

1

2

. Then, the first condition in (35) becomes:
P

%H(Pkqu)(p)qﬁ(%)HLidp, we use the Schur test Lemma:

( SN (Y Q(NR)AN,,C)Q)Z

-

= sup
Re2Z Ne2Z

> Q(NR)An,Br
IBrll;2<1
which is bounded by

Re2Z Ne2Z

RE2Z Ng2Z

o[ % @(NR)AN,,CQ);( S Y QUVR)BAP

>§
RE2Z Ng2Z
< C( sup Z

NR NR))? An |2
Re2® Neoz ! )J\?lelgz Z A )) ( Z A

) ( 3 |BR|2)
Re2Z Ne2Z
< c( > |AN,,€|2> :

Re2Z
Ne2Z

Putting the estimates together, we have obtained



E. Danesi / Journal of Functional Analysis 286 (2024) 110251 27

le P uollZppe, iz <C > > (2 Q(NR)ANk)z

keZ+i Re2Z Ne2Z

<C 3 3 N Pruor)0)o(R)

pdp
k€Z+3 Ne2Z

< Clluol® ,_3 3.

Dy, !
Let us now suppose that ug is Dirac-non radial, that is Pyug ; = 0 for |k| = l Then the
first condition in (35) is satisfied for all ¢ < 400. Then, the previous estlmates prove the
claim for any ¢ € (6,4+00). If ¢ = +00, we argue as before; we take N, R dyadic numbers
and ¢ € C°([1,1]) such that 3y ooz ¢(pN~') = 1. By the immersion [> < [°°, the
Minkowski’s inequality and scaling we have

[Pt e (P ) (o))
k€Z+3

S 3| X A (Patos) ()6 ()10

LYLE.

k€Z+L Ne2Z LYLE
2
S sup Pfl[eitpUS (,Pkuo,k)(P)d)(ﬁ)}(T)
kezzi; Re2? NZ@:Z ’ N 'LsiaR,ZR]) .
it 2 % 2 (36)
S Z ( Z H Z P et ( Pkuo,k)(p)(b(%)](r)‘ LM[RQR])
keZ+1 Re2Z  Ng2Z a2, L?
2
: Z Z ( Z HP ”PUS Pkuoyk)(p)qﬁ(%)](r)‘ LPL°°([RA2R])>

k€Z+4 Re2Z *Ne2Z

> oy (XA

keZ+4 Re2Z  Ne2Z

(€773 (Pruo ) (N p)p(p)] (7")‘

2
L{’Lgﬁ([NRQNR])) ’

for every p > 2. Then, we conclude using the Schur test Lemma as before.
Step 4: We observe that the set of admissible exponents is not empty if and only if

2 V2

6 < = |y < —.
31 3

In this case, we have the validity of the Strichartz estimates in the set with blue boundary
2
I

described in Fig. 2, where we define ¢, = and the corresponding endpoint index

[N

71 +1
2 . Then, we can interpolate between the estimate

satisfying (35) as pe, that is p. == 71

in Lemma 5 with (p,q.), p € (pe, —l—oo} and the standard estimate
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1
61
1 A
2 [ 2 c 2\
s tEl-2)=1
é* """" -~ 1 11 2
Noogt(G-2)-3)=0
1 |B Y, C
a—)- —————————————— ) .
0 1 11 1
4 P2 5

Fig. 2. Case n =2, v = 3.

le"Puoll e r2,, 13 < Clluollze

to reach the triangle ABC (Fig. 2). Lastly, the estimates for Dirac-non radial solutions
follow from the same argument. O

3.2.1. Strichartz estimates 3D case

We now discuss the 3-dimensional case. We retrace the proof of the 2D case. For the
sake of brevity we omit the proofs of the first three steps since the computations are
basically the same.

Step 1:

Lemma 6. Let k € Z*, v = vk =12, [v| < 1 and q € [2,+0]. Then, the following
estimates hold

Y5 -1 if R <
V6]l paramy < € % {]]:B(qx 7 Zi ; t
and
a2 R<1,
[kl o g, 2mpy < C {R/%q), R>1,
where

! if ¢ € [2,4),
Pla) = {% % if g € [4, 4]

and all the constants are independent of 7y, k, but eventually dependent on q.
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Step 2:

Lemma 7. Let (p,q) € [2,400] x [2,+00) and k € Z*. Let I = [{,1] and gp €
L2:4,((0,+00)) such that supp(gx) C I. Then

RYITG R<1

-1 itpos <
HPk (€72 i (p)] (T)‘ £BLt,, (R2R) Cllgr(P)l2,, (1) X {R;+5(p)(1—3)7 R>2

where
L1 ifp<y,
<5(p)={7"1 )
=—1 ip=4

and the constant C is independent of k, v, but eventually depends on p and q. Moreover,
if ¢ = 400, for all p > 2 we have

R~%,  R<1

L (R, 2R]) Cllgr(p )HLpdp (I * {R(s(p)’ R>2,

[Pt e o) ()|

Notice that in this case we can take p = 2 since §(2) < 0.
Step 3:

Lemma 8. Let

10 3 1 1 2
€ [2,400], —<q< , -+-=1Jl1-=]<0O.

3 L=m q \p q

Then
D,

Hezt uo”L{’LszTLg < CHUOHH%D
where s = % — % — % and v1 = V1 —v2. Moreover, if ug is Dirac-non radial we can take
qc ( 3 7+c><>]

Proof. Notice that it suffices to show that

S|Pt P o)),

Pra
keZx* Lterdr

< Cluolly,

We proceed as in Lemma 5, with suitable modifications. O

Step 4: In the last step we want to combine the previous estimate with the conservation
of mass in order to get the Strichartz estimates in Theorem 2. We notice that ¢ = 4 is
admissible if and only if
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1
ql
A
1 2 1_
2 1. q+p_1
T atG-n-3)=0
19 ERRGET
4
10D
dc C >
0 1 1 1
4 2 1_3
Fig. 3. Casen:S,u:%.
3 V15
4< =¢. = V< —.
1—")/1 4

In this case, we have the validity of the Strichartz estimates in the set with blue boundary
described in Fig. 3. Then we interpolate between the estimates in Lemma 8 with exponent
(p,4), p > 2 and the Lf"szerg—estimate, widening the admissible set up to cover the
region ABCD in Fig. 3.

4. Nonlinear application

This Section is dedicated to the proof of the well-posedness results for the system (11)
with Dirac-radial initial datum. We start by proving the classical Strichartz estimates
for Dirac-radial functions (Proposition 5 below) as well as two Lemmas that we will use
throughout the proofs of the nonlinear results.

Proposition 5. Let |v| < @ and (p,q) such that

2 1
2<p<+4o0, 2<q<q, -+-<1or(pq)=(0,2), (37)
q p

where q. = 17\/% Then, there exists a constant C > 0 such that for any ug Dirac-
radial, uy € H*(R3;C*), the following Strichartz estimates hold

e+ uol| Lr g < Clluoll - (38)
provided s = 5 — i

Proof. Let ug be Dirac-radial. From (24) and observing that the functions Zj are
bounded, we get
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lullzger = | D2 Pl (Pro.c)(p))(r) - 24(6)|

|k|=1 Rt
< Y Elgl P 7 (Pruo ) (D) ()] Ly
lkzzl il ) U0,k HLtLT% (39)
( Z HP [eftPo3 (P, kUO,k)(p)}(T)Himd )
|k| 1 T T

Then we can proceed as in the proof of Lemma 8 and we conclude by interpolation with
the L°L2 estimate. O

Remark 8. We observe that Proposition 5 holds the same if the initial datum wug is such
that, in the decomposition given by (24), uo x 7 0 only for a finite number of k € Z*. In
fact, inequality (39) remains true if we sum over a finite number of indexes. Moreover, a
similar result can be proved for the 2D case.

Remark 9. We observe that N(u) = (w * (Bu,u))u preserves the Dirac-radiality of w.
More precisely, it has been shown in [4] (Lemma 5.5) that if u is a Dirac-radial function,
then (Bu,u) is a radial scalar function (in the classical sense). Moreover, we recall that w
is radial, then w* (Bu, u) is a radial function which implies that N (u) is still Dirac-radial.

Lemma 9. Let u € S(R?;C*) and w € L7 (R3) N L*(R®). Then, the following inequality
holds

u“%@ﬁa (40)

[ (w (Bu,u))ul| o S Nlwllz el g lull zee ull oo + ]| ol -

where s > 0, «, B,y € [1,400], pa, ua € (1,400] such that

1 1 1 1

— —] — — =1

)

1
Yo P2 2 a

Proof. Let D° := (—A)2. In the following all the estimates have to be thought compo-
nent by component and then summed back together. From generalized fractional Leibniz
rule (see e.g. [16] Thm. 1),

H(w * <,8u,u>)uHH = HDS[(W * <ﬁu,u>)u]’

e (41)

< HDS(w * (ﬁu,u})HLm ||| ree + Hw * <ﬂu,u>“mc ||D5u||L2,

where
1 1

+1 € (1,+00), p2 € (1, 4]
a5 = IR , TOO), , TOQO
2" o1 pa b1 b2

and p; € [1,+00) if s = 0. We estimate separately:
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o Using Young’s inequality

[l (Bu, )| oo S Nlwllze [[(Bu, w)][ s < llwllze el Z2s,

where

1=—+ a,f € [1,00];
o

o Using Young’s inequality and generalized Leibniz rule

| Buw) | = o D*(Buw)]| S Illeo || D*(Bus ]
S Mwllzv [ D*ul| ol iz,

where

1 11 1
1+ —=—+-, =_+

1
- 5 Y € [1,+OO], M2 S (1’00]
Py B2

1
)
M2
Summing up, we obtain the result. O

Lemma 10. Let u,v € S(R?;C*), then

1D ((Bu, u) = (Bv,v) || S D7 (w = 0)|| oy (lell vz + [0 202)+
+ (1Dl o + 12| s Yl = 0l 202

where s > 0 and

1 1 1 1 1
—=— +—- =—- +—.
1% Ky Ko Y1 72

Proof. We notice that, if u,v are scalar functions, we have
D*(|u|? = [v|]?) = D*(ui — vo £ va) = D*((u — v)a) + D*(v(u — v))

Then we conclude arguing component by component and by the fractional Leibniz
rule. O

We can now prove Theorem 4.
Proof. Let T, M > 0, we define the space
Xoo ={ue€ LT H": ||ul| o g < M},

that, endowed with the metric
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d(u,v) = [lu — UHL%CHS;

is a complete metric space, and the map
t
®(u)(t, z) = e Prug(z) — i/ei(t_S)D”N(u)(s,x)ds. (42)
0

Then, the proof relies on standard contraction argument; we want to find 7', M such that
®: X7 — X, is a contraction map on (Xr ar, d).

Step 1: We observe that, since s < %, H* < L= and that Lemma 9 holds with the
choice

3

,LL2:P2:2B: 3_623 :2p/7

Moreover, since s < 1 and |v| < ?, llull e =~ Hu||H% (Proposition 2). Then, from

Minkowski’s inequality and (40), we have
T
1@ 1. S ol + [ 1PN @), )]
0

T
S ool + [ V)] .
0

3—2s

T
S luoll g +||W||LP/||U||H6||U||i o, AT
0

and, from the Sobolev’s embedding, we get

[ e o S N0l e + Nwlle Tl e < Clluoll g + Cllwll Lo TM?,

for some C' > 0.
Step 2: Proceeding as before, we get

[@(w) = @()| e e S [ [IN(w) = N(0)| ydr



34 E. Danesi / Journal of Functional Analysis 286 (2024) 110251

T
/I+II
0

We estimate separately I and IT; from Lemma 9 and Young’s inequality, we have

IS [Jw s (D) ((Bu, u) — (Bv,v)) | 2 [lul
S llwllze [{D)* ({Bu, u) = (Bv, v)) |

+lwllze |l

+ Hw * ((Bu, u) — <5U,U>)HLOOHUHHS

L3— Oss

_6__
Ls s L3—2s

ull g

6
L3-2s

where for the second term we have used that, for two scalars functions f, g, || f|? —| g\2| <
If = gl(If] + |g]).” To estimate the first term we observe that Lemma 10 holds taking

{M1=’71=2’
/1’2:’72:%7

then by the Sobolev’s embedding, we have

IS wllellu =l gallull o (el o + 1ol g-)

In addition, we have

11 5 J|lw* (D)*(Bo,v)|| sllu =l o+ [l (Bo,0)]] o lu = vl .

L3— Sr

+lwlzelol? o

u—|

S llwllzellol o lollge 1555

Putting all the estimates together, we have obtained that there exists C' > 0 such that

T

2 = 80| < Cllslznllu = vl e [ (i + o)
0

Then, if we choose T, M such that

CHUOHHS S %7

: 1 1
T < min { 2CI|WHLPM27 SOHUJ“LPM2 }7

® maps X into itself and it is a contraction on (X7 a7, d) and applying the Banach
fixed-point theorem we get the claim. O

9 Then, for u,v is true that [(Bu, u) — (Bv,v)| < 4|lu —v|(Ju] + |v]).



E. Danesi / Journal of Functional Analysis 286 (2024) 110251 35

Now we turn to the proof of Theorem 5; notice that in the proof above we didn’t use
any kind of Strichartz estimates. We will exploit them in the following.

Proof. The idea is to apply the Banach contraction theorem on a ball in the space
Yy = L>=([0,T]; H*(R*)) N L7 ([0, T); LY(R?)), T > 0, endowed with the norm

ullyz = sup [lullgsrs) + lullLro,m),00R2))
te[0,T]

)

for some (r,q) admissible for Proposition 5 so that
e P uo Ly < Clluoll -

conjugate exponent of p. We claim that this is an admissible couple and that we can
find T, M > 0 such that the map ® is as in (42), is a contraction on the complete metric
space (Y ar,d), where

Yo = {ue€ LPH N LPL? : ully, < M},  d(u,v) = |lu— vy,

Let us now prove the claim. We notice that if p € (ﬁ, +00) then (2p, 2p’) satisfies

conditions (37) and s = 3 — % - 2%/ = % < 1. Moreover, estimate (40) holds with the

following choice of indexes

{M2=p2 =203 =2p,
o =77 =Dp.

Then, proceeding as before, we get

T
2@l S ol + [ e 7PN w)r,2)| e rotr
0

T
< Jluole + / N ()| godr
0

T

S lwollgrs + llwllze llull e e /IIU(T)IIizp/dT
0

1—1
Slluoll gre + TP llwll e el oo e 1l 720 20

and

_1
12|z 2 S Nt ze + T el e a2z -
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Moreover
T
2 - 2l 5 [ NG - N 5.0
0

S

(1o (8 ) = (B0 )l . + [| @ (Bv. ) (1w = 0)]| . ]

(I +II)(r)dr.

St~ “T—n

We estimate I, I separately; from Lemma 9 and Young’s inequality, we have

IS |Jws D ((Bu, u) = (Bo,0) || oy llull o + [Jw  ((Bu, u) = (B, v)) || Lo 1l 7+
< lwllze [|D* ((Bu, w) = (B, 0) || pullull 2w + ol o || (Bu, w) = (Bo, 0)| L ull -,

where g = (2p)’. From Lemma 10, we can estimate the L* norm as

D ((Bu, w) = (Bv,v)) || o S llu—vll g

|ull o + [0l L2p ) + 1w =0l 2o (lull o + [0l g72)-
Then, we can continue the chain of inequalities

IS wllzrllu = ol g gre (lull 2 4 0] 20 )0l p2r +

- llwllzo s = 0l o [l e e+ ol e o)l oo + el s e 1l + 0] 200

We estimate 11 using again Young’s inequality and fractional Leibniz rule, getting

1T < lwllzollw = vll oo gy 1ol 7200 + Iwllzollu = vl oo 1l e e 0l 20 -

Summing up, there exist two positive constants C, C' such that

1

1e(w)ly, < Clluollvy +CT* ¥ wllzallul}ap o

My,
[@(w) = @)y, < CT* #llwller (lullyy + [vllve)?llu = 0]y,

To conclude, if we choose T, M > 0 such that

Clluol - < %

Tlfl . 1 1
p m =
< min 2C wllLp M2 scuwuLpMZ}’

we get the claim. O
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