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ABSTRACT. Birkhoff normal forms are commonly used in order to ensure the
so called “effective stability” in the neighborhood of elliptic equilibrium points
for Hamiltonian systems. From a theoretical point of view, this means that
the eventual diffusion can be bounded for time intervals that are exponen-
tially large with respect to the inverse of the distance of the initial conditions
from such equilibrium points. Here, we focus on an approach that is suitable
for practical applications: we extend a rather classical scheme of estimates
for both the Birkhoff normal forms to any finite order and their remainders.
This is made for providing explicit lower bounds of the stability time (that
are valid for initial conditions in a fixed open ball), by using a fully rigorous
computer-assisted procedure. We apply our approach in two simple contexts
that are widely studied in Celestial Mechanics: the Hénon-Heiles model and
the Circular Planar Restricted Three-Body Problem. In the latter case, we
adapt our scheme of estimates for covering also the case of resonant Birkhoff
normal forms and, in some concrete models about the motion of the Trojan
asteroids, we show that it can be more advantageous with respect to the usual
non-resonant ones.

1. Introduction. The Birkhoff normal form represents a milestone in the historical
development of the Hamiltonian perturbation theory, because it has been designed
in the simplest possible way so as to (at least) partially escape the results obtained
by Poincaré for what concerns both the non-existence of the first integrals and
the ubiquity of chaos (see [41]). Indeed, it was introduced about one century ago
(see [48], [10]-[11] and [6]) in the framework of the dynamics in the neighborhood
of an elliptic equilibrium point; in section 2 such a context is recalled by a set
of proper definitions. More recently, the scheme of analytical estimates has been
further improved in order to ensure that the stability time is exponentially big with
respect to (some fractional power of ) the inverse of the distance from the equilibrium
point (see [34]—-[35], [38]-[39] and section 4 of [20] for a brief summary of such a
kind of results).

The approach based on suitable estimates for Birkhoff normal forms has allowed
to introduce the concept of effective stability for physical systems, that can be stated
as follows. Let us focus on the motions starting from initial conditions staying in
a ball of radius gg, that is centered at an equilibrium point; we say that it is
effectively stable, if we can ensure that the solutions of the Hamilton equations stay
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at a distance not larger than o > gg for an interval of time 7T that is exceeding the
(expected) life-time of that system. This kind of approach has been successfully
applied to the so called Circular Planar Restricted Three-Body Problem (hereafter,
CPRTBP), where the vicinity of the triangular Lagrangian points (Ly and Lj) in
a model including Sun and Jupiter as primary bodies is considered. In [24], it is
shown that the orbits of the third massless body stay within a ball B,(0) having
radius o and centered in L4 or Ls for times larger than the age of the universe,
where the value of p is approximately the same as gy and the ball B,,(0) is large
enough to cover the initial conditions corresponding to the observations of four
Trojan Asteroids. Such a result has been extended in several ways, with applications
to problems arising, mainly, in Celestial Mechanics; the following list is far from
being exhaustive. In [46], a Trojan Asteroid is shown to be effectively stable in
the 3D extension of the model described just above. In [16], the effects induced
by Saturn are taken into account indirectly, because the problem is restricted in
such a way that the orbit of Jupiter is prescribed so as to be both periodic and
a good approximation of a numerical solution for a model including Sun, Jupiter
and Saturn. In the models studied in [14] and [33], the continuous Hamiltonian
flows have been replaced by symplectic mappings describing a CPRTBP and an
Elliptic Restricted Three-Body Problem, respectively. In [43], the effective stability
of the rotational motion of Mercury is shown in the framework of a Hamiltonian
model. Last but not least, in [42] Birkhoff normal forms are used in order to
efficiently calculate counter-terms, with the purpose of controlling the diffusion in a
symplectic map of Hénon type. This has been made also in view of further possible
extensions to similar models describing the dynamics of particle accelerators.

In spite of its paramount importance, in none of the previously mentioned articles
the construction of the Birkhoff normal form has been complemented with any
rigorous computer-assisted proof. On the one hand, the results obtained in all these
papers are based on the explicit calculation of huge numbers of coefficients appearing
in the Birkhoff normal forms, made by using software packages that are suitable for
performing algebraic manipulations. On the other hand, the computations do not
implement interval arithmetic; moreover, for what concerns the series expansions
appearing everywhere in the algorithms, the analytic estimates of both their radii
of convergence and the sup-norms are missing. The numerical evaluation of such
quantities is often made by using simplistic arguments. In this sense, those results
are not rigorous proofs. However, completely rigorous computer-assisted estimates
have been carried out in a paper that is focused on CPRTBP and is an ancestor of
a few of those mentioned above, but its results were strongly limited by a too naive
choice of the initial Hamiltonian expansions (compare [8] with [24]).

Computer-assisted proofs have been used in several different fields of Mathemat-
ics, for instance, ranging from combinatorial theory (the celebrated Four-Colour
theorem, see [1]-[3]) to PDEs (for a recent work, see, e.g., [5]). In particular, they
have allowed to increase very remarkably the threshold of applicability with respect
to the small parameter, that is a crucial problem in KAM theory (see [32], [37]
and [4]). In fact, while at the very beginning the first purely analytical results were
so limited that they were completely inadequate for any realistic application, recent
rigorous computer-assisted estimates have been able to get very close to the optimal
breakdown threshold on the small parameter, at least for some specific problems
(see [27] and [15], respectively). Until now, the performances of approaches based on
the application of KAM theorem are significantly better with respect to those using
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Birkhoff normal forms (for instance, compare [22] with [44], where a secular plan-
etary model including Sun, Jupiter, Saturn and Uranus is considered). For what
concerns the very specific case of the CPRTBP, [17] includes rigorous computer-
assisted proofs of existence of KAM tori in the vicinity of three Trojan Asteroids.
Moreover, in that same work it is shown the numerical evidence that the algorithm
constructing the Kolmogorov normal form is successful in 23 cases over the first 34
Trojan Asteroids listed in the TAU Catalogue. Let us recall that more than 7000
asteroids have been detected about the triangular Lagrangian points of the system
having Sun and Jupiter as primary bodies. Such a large number of observed objects,
compared with the rather small one for which the previously described results are
available, highlights the need for improvements of the mathematical framework, in
order to fully explain the orbital stability of these celestial bodies.

Our work aims to contribute in filling some of the gaps that have been dis-
cussed above. In particular, we want to settle a completely rigorous scheme of
computer-assisted estimates for Birkhoff normal forms. Moreover, we want to test
its performances. In view of such a purpose, we decided to focus just on a pair
of Hamiltonian systems, that are fundamental examples and have two degrees of
freedom. First, we apply our method to the Hénon-Heiles model (see [28] and the
very recent review in [12]), that is a very simple example of a perturbed couple
of harmonic oscillators. In particular, we study the case with two non-resonant
frequencies having opposite signs, because this implies the failure of any trivial
proof scheme of the stability. Indeed, the Hamiltonian is not a Lyapunov function
because of the lack of convexity around the origin. As a second application, we
reconsider the classical problem of stability of the triangular Lagrangian equilibria
in the CPRTBP. Let us recall that the structure of the Hamiltonian for the latter
model is very similar to that of the former one; in particular, trivial approaches to
the problem of stability are hopeless for both. For what concerns the CPRTBP,
we study a variety of situations by considering a few sub-cases where the role of
the second body is played by some different planets. This allows us to investigate
the problem also with very small mass ratios between the primaries and to check
when an approach based on resonant Birkhoff normal forms can be advantageous.
Let us recall that the first results about the expansions of the formal integrals of
motion for resonant systems go back at the dawn of the computer age and refer to
the Hénon-Heiles model (see, e.g., [26]).

While in KAM theory there are powerful computer-assisted techniques that are
not based on the Hamiltonian formalism for canonical transformations (see [7]
and [15]), we emphasize that the results about effective stability are intrinsically
related with normal forms. In order to explicitly construct them, we use the com-
position of the Lie series, that is a very mature algorithm and can be complemented
with a complete scheme of analytical estimates (see [18] for an introduction).

The paper is organised as follows. In section 2, we describe the construction of
the Birkhoff normal form by an approach based on Lie series. This is the starting
point for the definition of the scheme of estimates, which is explained in section 3. In
section 4, we discuss how to use the estimates to prove effective stability for Birkhoff
normal forms in both the non-resonant case and the resonant one. In section 5,
we describe our results for the Hénon-Heiles model and for the CPRTBP. Main
conclusions are drawn in section 6. Appendix A is devoted to an introduction to
those concepts of validated numerics, that are essential to implement our computer-
assisted proofs in a fully rigorous way. In appendix B, we describe in detail an
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application to the Hénon-Heiles model in a situation, that is tailored in such a way
that a relatively small number of computations are needed to obtain a (very limited)
result; this small tutorial example is discussed with the aim of making our work
more easy to reproduce for a reader that is interested in exporting our approach in
other challenging contexts.

2. Construction of Birkhoff normal form around an elliptic equilibrium
point. In this section we are going to describe the construction of the Birkhoff
normal form for a particular class of Hamiltonians. This is made by using Lie series
operators. Although such a method is rather standard in perturbation theory, a
detailed description of the formal algorithm is mandatory, in order to make well
definite the discussion in the next sections. The adoption of an approach based on
Lie series makes our work further different with respect to those that have been
mentioned in the Introduction and deal with effective stability estimates based on
Birkhoff normal forms, because they implemented algorithms using Lie transforms.
Let us give some definition. Let f be a polynomial function in the canonical
variables (y,x) € R" x R", then we define the Lie derivative operator with respect
to f as Lf(-) = {f, -}, being {-, -} the Poisson bracket' between two functions.
Moreover, the Lie series operator having f as generating function is defined as
follows:
+oo 1 .
expLy(r) = Zﬁﬁ}(-) (1)
j=0

and it will be used to define near to the identity canonical transformations. More-
over, we denote by P, the class of homogeneous polynomials of degree s in the
canonical variables (y, ). In the following lemma, we describe the behaviour of the

homogeneous polynomials with respect to the Poisson brackets.

Lemma 2.1. Let f and g be polynomial functions in Prio and Psia , respectively.
Therefore, {f, g} € Pstry2. Moreover, E;g € Pjryst2 ¥V j>0.

This simple property is fundamental, because it will be repeatedly used for reor-
ganizing the Hamiltonian terms (appearing in an expansion) with respect to their
polynomial degree, after each canonical change of coordinates defined by a Lie series
operator.

2.1. Hamiltonian framework. Since we aim to study the dynamics in the neigh-
bourhood of an elliptic equilibrium point, located in correspondence with the origin,
we consider a Hamiltonian of the following type:
+oo
+Y foly,) with fo € Prya, w €R™. (2)
=1

y; +
2

H(ya :13) = Z Wi
j=1

In the proximity of the origin, the magnitude order of the polynomial terms f; is
obviously smaller than that of the main part of the Hamiltonian, which is given by a
sum of harmonic oscillators. Moreover, if we introduce the action-angle coordinates
for harmonic oscillators, by the following canonical change of variables

xj = —y/21; cos (p;) y; =+/2Lsin(g;)  Vji=1,...,n, (3)

ILet us recall the definition of the Poisson bracket: {f, g} = > (;Tf% — %%)
J J J J
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then the Hamiltonian in (2) transforms to
+oo
H(ILp)=w-T+> fil,p) with (I,p)€R" xT", (4)
=1

with f, containing terms having total degree in the square root of the actions
I, ..., I, equal to ¢ and trigonometric expansions in ¢ with Fourier harmon-
ics k such that [k| =}, [k;| < €. These variables highlight the integrability of the
quadratic part, which depends on the actions only. Therefore, we will proceed in
a perturbative way, by leading the Hamiltonian to a Birkhoff normal form. This
means that, after having performed r canonical changes of coordinates defined by
the corresponding Lie series, the Hamiltonian will be such that

H(r)(I7 QO) =z (I) + R (Ia 90) ) (5)

where the upper index r in every Hamiltonian term refers to the number of nor-
malization steps that have been already performed. In some more words, we want
to remove step by step the angular dependence from the perturbative part of the
Hamiltonian, in order to decrease the size of the remainder R("). This is done to
provide a better integrable approximation Z(") with respect to the problem we are
studying.

In order to deal with the construction of the normal form and the subsequent
scheme of estimates, it is convenient to work with the complex canonical variables
(—iz, z), introduced by the following canonical transformation

zj=—\/IjeT® VYj=1,...n. (6)

In these new variables I; = z;Z; , then a new normal form term should contain only
monomials where z; and Z; appear with the same exponent. Moreover, since the
polynomial degree is the same if we are using either the canonical variables (y, x)
or the complex ones (—iz, z), we will maintain the symbol P, , V £ > 0, to denote
every class of homogeneous polynomials.

2.2. Description of the r-th normalization step. We are going to describe in
detail how to perform a single step of the normalization algorithm. Let us suppose
that we have been able to perform the first » — 1 steps, in such a way that the
Hamiltonian is given the following form:

r—1 +oo
HOD iz, 2) = S Zu(z2)+ 3 f D (—iz,2), (™
=0 l=r

where Zy € Py is depending on the actions only and féril) € P42, while the
upper index r — 1 (appearing also in the symbol denoting the Hamiltonian) refers
to the normalization step. When r = 1, this is nothing but Hamiltonian (4) once
it has been expressed in complex variables. We want to normalize the main term

among the perturbative ones, that is fﬁril). For this purpose, we introduce the
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new r-th Hamiltonian as follows?:
+oo
(") (—iz. 2 (=D (_iz 3 Lri -0 iz 2
H' (—iz,z) =exp Ly, H (—iz,2) = =L H (—iz,2). (8)
=
Since we are asking that the term of polynomial degree equal to r 4+ 2 is depending
just on the actions, then we have to determine the generating function y, in such

a way that the following homological equation is satisfied:
Ly, Zo+ f7Y =2, (9)

where Zj is the quadratic part, i.e., Zy = Z;;l w;jzjZj, and Z, is the new term in
normal form we have to define. Hereafter, it is convenient to adopt the standard
multi-index notation; for instance, this means that (—iz)* = [[j=i (=i z),V z €

C" and £ € N". Moreover, for what concerns the complex conjugate variables, the

notation has to be read as follows: z¢ = H?:1 ij, V z € C" and £ € N". Let us
write the generic expansion of the perturbative term fr(r_l) so that
_ —1)_2¢ Y . -1 9

fr=b = Z CZE )z (—iz) with CZZ Jec, £, N, (10)

||+ [e|=r+2

therefore, the generating function that solves the homological equation (9) is such
that

Z 027{1) ¢ ¢
o - =z (—iz)", (11)
i W (6=

)

where w is the vector of frequencies of the unperturbed harmonic oscillators in (2).
Clearly, this generating function can be properly defined if and only if the frequency
vector w is non-resonant, otherwise w - (£ — £) could vanish. Therefore, we assume
that w satisfies the Diophantine inequality, that is

|k-w\zﬁ ¥ ke Z"\ {0}, (12)
for some fixed values of v > 0 and 7 > n — 1. This condition is not so strict, since
for 7 > n — 1 it is satisfied by almost all the frequency vectors in R™. The terms
with £ = Z, that cannot be removed by this procedure, depend on the actions only,
since z and z appear with the same exponent. As a consequence, we are forced to
include them in the new term Z, making part of the normal form, that is

Zy= > oy V(-izz)t. (13)
2/€|=r+2

From definitions (11) and (13), it is evident that both x,. and Z, belong to P,42.
In order to conclude the normalization step, we have to perform the canonical
change of coordinates induced by exp £, and to update accordingly all the terms
that compose the Hamiltonian. For this purpose, it is convenient to use a notation
which mimics a programming code. At first, we put the new terms fe(r) = fé(rfl);
this simply corresponds to the initial summand with j = 0 in (1). Then, each

2In formula (8), we make use of the so called ezchange theorem (see, e.g., formula (4.6) in [18])
which states that, if x is a generating function, f(p, @)|(p,q)=exp £y (#',0") = &XP Lx fl(p.a)=(p’.a")-
Therefore, we can apply the Lie series to the Hamiltonian function and, only at the end, rename
the variables. For more detailed explanations we defer to the whole section 4.1 of [18]. Here, we
do not rename the variables in order to avoid the proliferation of too many symbols.
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contribution due to the j-th iteration of the Lie derivative with respect to the

generating function x, (for 7 > 1) is added to the corresponding class. More

precisely, using repeatedly the property described in lemma 2.1, the new summands,

which are generated by the application of the Lie series to the terms in normal form

(that are denoted with Z) and to the perturbative ones (i.e., f{" "), are gathered
in the following way:

f(r)lelﬁjZ VO<s<r j32>1

S+]7' ]' Xr S - ) j — )

(14)

r 1., ‘
f£+)j7' A *,Ei fs(ril) Vs > T, > ]-7
Jooor

where the notation a <= b means that a is redefined so as to be equal to the sum
given by its previous value plus b. At the end of all these redefinitions, the following
expansion of the new Hamiltonian is well defined:

T +oo
WO (—iz,2) =Y Zi(zz)+ > [ (~iz,2). (15)
=0 l=r+1

Let us emphasize that in this procedure we do not modify the terms that are
already in normal form. This is why the integrable part has nearly the same expres-
sion when (7) is compared with (15), with just one exception due to the occurrence
of a new normal form term Z,., while the perturbative terms are different, being
redefined as it has been prescribed by formula (14).

The algorithm can be iterated at the next step, by restarting from the Hamil-
tonian (7) where r — 1 has to be replaced with 7.

2.3. About the divergence of the Birkhoff normal form. In spite of the fact
that we are interested in providing results holding true for a ball of initial conditions
By, (0), where gy is fized, now we are going to briefly discuss some asymptotic
properties of the Birkhoff normal form.

It is well known that the series introduced by the algorithm constructing the
normal form are asymptotically divergent, with the exception of some particular
cases. This means that the sup-norm of the remainder R(") (appearing in (5)) does
not go to zero for r» which tends to infinity. However, the Birkhoff normal form is
still very useful, because there is an optimal normalization step which minimizes
the remainder. The mechanism of divergence is mainly due to the accumulation
of the so called “small divisors”. In fact, at each step r, new divisors w - (€ — 2)
(being [£| + |€| = r + 2) are introduced by the definition of the generating function
Xr in (11). Because of the redefinitions described in formula (14), the size of the
generating functions clearly impacts on the growth of the terms constituting the
remainder. If the frequency vector satisfies the Diophantine condition in (12), it
is rather easy to see that factorial coefficients O(r!) appear in the estimate of the
remainder at the r-th normalization step. This prevents the convergence of the
normalization algorithm when it is iterated ad infinitum.

Nevertheless, when the series are estimated on open balls B,(0), with a fixed
value of p, it is convenient to proceed with the normalization algorithm until the
remainder is decreasing. The optimal step 7op¢ is determined, by comparing two sub-
sequent remainders R(") and R("~1). As discussed, e.g., in [18] (see formula (3.30)),
this allows to conclude that

Topt ~ (Co) ™71 , (16)



432 CHIARA CARACCIOLO AND UGO LOCATELLI

where C' is a positive constant, 7 is the exponent appearing in the Diophantine
condition (12) and p is the distance from the equilibrium point. As a consequence,
an analytical estimate of the remainder at the optimal step can be easily provided;
in fact, it is exponentially small with respect to the inverse of a fractional power
of the distance from the equilibrium p, that in this case assumes the role of small
parameter. Near the elliptic equilibrium, the Birkhoff normal form is a good ap-
proximation of the real problem and it is convenient to perform a big number of
normalization steps. On the other hand, far away from the origin the Birkhoff nor-
mal form starts to diverge earlier. Let us mention that in [13] the mechanism of
divergence is carefully investigated in a numerical way and it is shown to be much
more subtle with respect to what has been discussed just above. Moreover, this has
allowed those authors to conclude that the analytical upper bounds should largely
overestimate the effective size of the remainders.

In practice, when dealing with explicit expansions, two additional problems have
to be tackled: truncations and computational costs. In fact, the Hamiltonian at
step r is expanded as in (5) and (15), with

RO = fD 4 f 4 with  fr € Pra V> (17)

T

Of course, efficient coding and a powerful computing system are more than wel-
come, because they allow better evaluations of the remainder terms. However, any
computer cannot represent all the infinite sequence of terms giving contributions to
R, In the next section, we will explicitly provide rigorous upper bounds for the
series defining the remainder.

3. Iterative estimates for Birkhoff normal form. In this section we are going
to discuss how to construct a scheme of estimates, in order to keep control of the
norms of the Hamiltonian terms, starting from the algorithm described in section 2.
In spite of the fact that every purely analytical work based on Birkhoff normal
forms exploits a suitable scheme of estimates, our approach significantly differs
from all the previously existing ones in the scientific literature for what concerns the
following untrivial point, that is clearly highlighted, for instance, in the statements
of propositions 1 and 2. Here, the estimates are designed in such an iterative way,
that they take advantage of being applied in the framework of a computer-assisted
proof, in order to provide the best possible final results.

Before proceeding with the description of the scheme of estimates, the introduc-
tion of some new notation is mandatory. For every f € P, whose expansion is the
following:

F= Y cpa(-iz)zt, (18)
|€)+|2|=s
we denote by || - || the functional norm defined as
IFl=" D" legsl- (19)
|€]+12|=s

Therefore, in the domain
ANp={(-iz.2): |zl <o, 1<j<n}={L@): [; <o’ ¢; €T, 1<j<n},
the sup norm of f can be easily estimated as follows:

[fle = Sup [f(=iz,2)| < o f]- (20)
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For the sake of simplicity, in the previous definitions we have not introduced
more general domains that are polydisks; this has been done with the aim to avoid
all the modifications that are necessary to adapt norms and estimates. However,
let us recall that in some applications of the Birkhoff normal forms the approach
based on polydisks has been useful (see, e.g., [24]).

Hereafter, we will assume to have explicitly built the Birkhoff normal form up
to a fixed order r = R; and we will define estimates for the norms of the infinite
terms we did not calculate. In order to do that, for every normalization step we will
distinguish between two classes of terms making part of the power series expansion:
those belonging to Py with £ < Ryy, for which we will give explicit estimates of the
norms, and the infinite terms with degree greater than Ry; + 2, that we will control
by a sequence of majorants growing in a geometrical way. In the next subsections,
we describe how to define iteratively the estimates for the norms of these two kinds
of polynomial terms.

3.1. Tterative estimates for finite expansions of the power series. Let us
suppose that we have already performed the first r — 1 steps of normalization, so
that our Hamiltonian is expanded as in (7); moreover, let us assume to know upper
bounds for the norm of every term appearing in (7), i.e.,

I1Zs]] < Z Vo<s<r-—1,

21
DI < FED vss e, 2D

with Zg, ]-"y_l) € RT. We have now to describe how to estimate the norms
of the terms that compose the new Hamiltonian ("), namely how the estimates

fﬁ’“*” change after a step of Birkhoff normalization. Since the canonical change
of coordinates that transforms H( =1 into H(") is defined by a Lie series with
generating function y,, we need an estimate for the norm of the Poisson brackets
between two functions. In the following lemma, we adapt to the present context a
well known estimate that can be found, e.g., in [19].

Lemma 3.1. Let f and g be polynomial functions such that f € Psya, g € Prio
and suppose that || f|| < F and ||g|| <G for some constant G, F € R ; therefore,

I{f; g} I < (s +2)(r +2)FG. (22)

In the framework of computer-assisted estimates, sometimes it is more convenient
to use the following lemma.

Lemma 3.2. Let x, and g be polynomial functions with x, € Pryo and g € Psi2,
being the expansion of the former function such that

Xr = Z ckﬁ(—iz)kzk . (23)
|k|+|k|=r+2
Therefore, ¥V j > 1, the following estimate holds true:

1, I (s+ir+2)
G| = 1

< Dgll, (24)
where Dy = 37 4 4 1k =rt2 g ol 2 { K5 |k}

Indeed, if we replace D, with (r 4+ 2)||x.||, the previous statement easily follows
by induction from lemma 3.1. The above definition of D, allows to estimate more
carefully the partial derivatives of y, that appear in the Poisson brackets. This is
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particularly advantageous when the optimal normalization step is not greater than
the maximal value Ry of the index r for which we compute explicitly the expansion
of the generating function y,. On the other hand, when the number R; is lower than
the optimal step 7oy , it is convenient to provide an estimate for the norm ||x.|| < G,
and, then, D, can be replaced by (r+2)G, , for all those r € [Ri+1, 7op] for which
the coeflicients ¢, ; appearing in the expansion (23) are unknown.

In order to determine upper bounds for the norms of the new perturbative terms
(introduced by the r-th normalization step of the algorithm), we have to focus on
the redefinitions in formula (14) for using inequality (24). Therefore, it is easy to
realize that we substantially need to find an estimate for the norm of the generating
function. Obviously, if » < Ry, we know exactly the expression of y, and we
can calculate D, as prescribed in lemma 3.2. When the normalization step r >
Ry, recalling the expansion of x, in (11), we can say that the coefficients of the
generating function are equal to those of fy(,rfl) divided by w - (£ — Z) Let o, be
the smallest divisor introduced at the r-th normalization step, i.e.,

o= min |w-(£—20)|, (25)
€] +12=r+2
e£E
which is well-defined in view of the non-resonance condition assumed in (12). There-

fore, we can write || x| < G, with
]_-ﬁrfl)

Qp

G,

(26)

Analogously, by definition of the new term in normal form Z, in (13), the norm
of Z, cannot be greater than Z, = .F,Sr_l). We are now ready to define the new

majorants .7{5”, providing upper bounds for the perturbative terms appearing in
the Hamiltonian H(").

Proposition 1. Let us suppose that the terms of the Hamiltonian introduced at
r — 1-th normalization step are bounded as in (21). Therefore, the new Hamiltonian
terms of H") are bounded so that ||Z,| < Z, = FY and Hfs(r)H <FI Vs>,
where these new constants are given by the following sequence of redefinitions:

Fo=FY V>0,
I l(g 4 , (27)
F, e LG D o) g oy 20

being Dy = 3 k)4 i) =rt2 | | max; {| K] \kj|}, if the expansion of the generating
function x, is explicitly known, as it is written in (23), else D, = (r + 2)G, , with
G, =F"/a,.

The previous statement is basically a summary of all the discussion explained in
the present subsection. In particular, formula (27) can be easily verified, starting
from the iterative definitions of the new perturbative Hamiltonian terms in (14)
and using the estimates in lemma 3.2.

3.2. Power series expansions of Birkhoff normal forms: Geometrical in-
crease of majorants for the infinite tails of terms. In this subsection, we are
going to describe how to estimate the norm of the terms that cannot be explicitly
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calculated or iteratively estimated, as it has been described in the previous subsec-
tion. In order to do that, it is convenient to bound in a different way the terms
constituting the Hamiltonian at the » — 1-th normalization step, i.e.,

|1Z I < €att Vi<s<r—1, V<€t Vs>, (28)
with £,a,_1 € RT. Of course, the estimates above are expected to be less strict
than the ones in (21). However, let us imagine to be able to justify the same kind
of estimates at the r-th normalization step, holding true for all fs(r) with s > r+1,

with a new constant value a,; therefore, we could control the sup norm of the
remainder (recall equations (5) and (15)) as follows:

Ri1 400
sup [R™| < Z Fgst2 L ¢ Z (ay0)*2, (29)
Ao s=r+1 s=Ri+1

where we include the upper bounds as iteratively defined by proposition 1 when
they are available, while for the terms with polynomial degree greater than Ry; + 2
we use the wanted geometric estimates. These are obtained by iteration of the rule
described below.

Proposition 2. Let us assume that the estimates in (28) hold true for all the terms
appearing in the expansion (7) of H"=Y . Therefore, the norms of the terms making
part of the new Hamiltonian H"™) satisfy the following inequalities:

1Zs| <Eatt? Y1<s<r, IfD < Eas*? YVs>r+1, (30)

being

(r + 1)Dr> B 7 31)

ar = Qp_1 <1+ =

Ap_q

where Dy =37 44 (= rt2 [0 | max; {|K5], |kj|} if the expansion (23) of the gener-
ating function x, is explicitly known, else D, = (r 4+ 2)G, with ||x+|| < G- .

Proof. Let us start from the estimate for Z; with 1 < s < r. Since a,_1 < a,,
all the estimates in (28) are still valid when a,_1 is replaced by a, . By comparing
the polynomial expressions (10) and (13) that are related to the functions £
and Z, , respectively, it is easy to realize that the norm of the latter cannot be
greater than the former one, because in a normal form term there are just a part of
the summands appearing in expansion of the corresponding perturbative function.
Therefore, in view of (28) we can write the following chain of inequalities: || Z,| <
1AV < €art? < £ar+?; this ends the justification of the first inequality in
formula (30).

Let us now focus on the estimates for fs(r), with s > r + 1. First, we discuss the
case with s = jr+mform=1,..., r—1 and j > 1: the new perturbative terms

are defined as the sum of fgrfl) plus the new contributions due to £§Q Zm /3! and

Eir ((;:el))r+m/€! for ¢ =1,..., j— 1. Therefore, inequality (24) allows us to write
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the following estimate:

(r) (r=1) 0D
Fio, m = Firem + 5 U m+Z€, F et

Hi:O (m+ir +2)

r—1) j
< Foh o i DiZ,
10m+(¢7_g+7’)r+2) ¢ —(r—1)
+Z ( /! D?"]:(j—l)wrm ’

Using the estimate in hypothesis (30) and the trivial inequality m < r, we obtain

T jr+m H (Z + 1) j m
Fflm < eaifl 2y BT )PP E G
= —lFi+1) -
+ Z [(r +1)D,) € a2

4
[laril

Therefore,

Fiy < £l

=1 . . ,
v

jr+m
£=1 Ur—1
J . 4 J
]r+m+2 J (T + I)DT Jjr+m—+2 (T + I)Dr
o =0 <€) ( 1 =& 1+ 1
17 Jr+m+42
<€ la 1 1 + ﬂ "
N - a’r 1

This concludes the proof of the case s > r, not being a multiple of r.
Let us now consider s = jr with j > 2. In such a case, it is convenient to rewrite
formula (14) in the following more extended form:

(r) 1 p(r—1) (rl
fir H U ZO+( )ﬁj fr +Zg| FG-or

where we have separated the term generated by fr(r_l). Since x, solves the homo-

logical equation (9), we can rewrite the first two contributions as follows:

l'ag'm_ZOJr(j%)!c;;lf;’"—U LN Ly Zo+ 1Y) + 5 ,CJ SLpr=b
:%/j{;lzrﬁ_ /y 1f(r 0
Therefore, for j > 2 we can write
A S E 1)+; ‘(3—11)' i +T"(jj1)!£§?rlfﬁrl)
(r 1

e
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.
B G L (G )

. : : DI Z, |+
Jr 7 G=1) 12|
_’_(J'—‘l). zo(r"‘”"‘Q) i fr(r—l)H_i_
] (=1t
Hz 0(]—()7“4—27"—1—2) 2| p(r— 1)
+ Z i D!
1 =
(r—1) ; j—1 (r—1)
< F:

i=2 4=

1 ¢ (r=1)

JrEZZH ]f€+z)r+2]D]-"(; or
—1 i—

j—1

,_n

1 ¢ (r—1)
ZH (G — €+ i) +2DrF
0=0 i=0

where we used again inequality (24) and ]-'T(T*l) as upper bound for the norm of Z,. .
The second inequality in formula (30) follows from calculations similar to those we
have previously described for the case where s is not a multiple of r. O

Let us emphasize that the same scheme of estimates is valid also for a resonant
Birkhoff normal form, since we did not use any explicit definition of the terms Z,
appearing in (15). Therefore, in order to cover the extension to such a case, it will
be enough to adapt the definition of the smallest divisor a,. and, as a consequence,
the estimate for the generating function x, .

4. Computer-assisted proofs about effective stability. Here we are going
to use the scheme of estimates described in the previous section for producing
results on the effective stability in the neighborhood of an elliptic equilibrium point.
We will study separately two different cases: a non-resonant Birkhoff normal form
and a resonant one. For what concerns the effective stability in the vicinity of
equilibrium points, up to the best of our knowledge other computer-assisted rigorous
estimates are available in [8] only, but such a reference has to be considered rather
outdated, because of some technical reasons affecting the final quality of the results
(see also the comments in the Introduction). Moreover, an application of this kind
of approach to a resonant Birkhoff normal form is entirely new.

4.1. Estimates on the escape time for non-resonant Birkhoff normal forms.
Let us suppose that the Hamiltonian has been already brought in Birkhoff normal
form, after having performed r normalization steps, i.e., H(" = Z(") + R(") with

o))

Z(") depending on the actions only and R(") = . Therefore, we can

calculate the time derivative of the action I; = z;Z; as follows:
Iy = {5, u0b = {1,204 RO} = {[,ROY vi=1,..n, (32

because {I;, Z(")(I)} = 0. Using the expansion (15), the estimate on the sup norm
in (20) and lemma 3.1, we can find the following upper bound for the sup norm of
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the time derivative of the actions®:

+oo “+o00
L], = sup ;] = sup {Ij, > fﬁ”} < > o {n £}
Be Ae s=r+1 s=r+1
< Y (s+20 210
s=r+1

We can now provide rigorous estimates for the norms of all the terms appearing in
the previous series. More precisely, we can use the estimates ]-"S(T) (as recursively
defined in (27)) for the first Ryy terms. Moreover, for what concerns the first Ry
terms, we can do even better, because we have explicitly performed Ry steps of the
normalization algorithm; therefore, for such terms the estimates can be replaced by
the actual values of the corresponding norms. For all the remaining terms, we limit
ourselves to use the uniform estimate in (30). Thus, we just need to compute the
value of the upper bound in the r.h.s. of the following inequality:

+00 Rp R
S (s +2 PN < >0 s+ 2PN+ D (s +2)0"TFD
s=r+1 s:r+1+oo s=Ri+1 (34)
+E ) (s+2)0"art
s=Ru+1

Since the remainder is expected to be exponentially small at the optimal step, it
is clear that the quantity in (33) can be very small as well. From a computational
point of view, iterating estimates is much cheaper than doing algebraic calculations
on huge expansions; this is why such a procedure can be very convenient when we
are near the equilibrium point, where the optimal normalization step is far beyond
the number of steps we are able to explicitly perform, by using any kind of software
that is specialized for doing computer algebra.

Let us now suppose that the initial value of the action vector belongs to an open
domain, e.g., I(0) € A, ; we aim to determine a time T > 0 (as long as possible)
such that we can ensure that I(t) € A,V t € [-T, T, being the domain A, a little
larger than A, , i.e. o > go. First, let us remark that

10 < 1O+ = LO) < @+ LT Yi=1...n  (35)
When an estimate for |I ilo V j is available, it is convenient to define T as
2 2
97?0 (36)
max; I,

to obtain the wanted confinement. Combining (33) and (34) with (36), we obtain
the following lower bound about the escape time from A, :

2 2
0" — 0
T(Q, 00, 7’) = R Rus 0 )
Yo s+ 202 f7 ]+ D (s + 2002 R + € (s +2)(ar0)H
s>r s> Ry s>Rir

(37)

3The general formula in lemma 3.1 would give a factor 2, but here we take advantage of the
fact that I; = z;Z; so we do not have terms with z]2
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where the dependency on different parameters of such an expression is emphasized;
IOreover, I = Topt 1S chosen so as to minimize the estimate (29) of the remainder
R, Tt is rather easy to verify that the value of gy making a further optimization*
of the expression above is 0o = [(Topt + 1)/ (Topt + 3)]*/? 0.

Therefore, in applications where the value of p is considered as fixed, we will
compute the lower bound for the escape time (0, [(Topt + 1)/ (Topt + 3)1*/2 0, Topt)
according to formula (37), where 7, makes optimal the estimate for the remainder
RM.

Let us recall that, in the framework of purely analytical estimates, the denom-
inator appearing in formula (37) would be made just by its third summand with
the series starting from 7 4 1 instead of Rjr 4+ 1; moreover, one can verify that
a, ~ (r!)™T1C", being C a suitable positive constant. By choosing 7 = rop¢ as in
formula (16), one can obtain the asymptotic law for the purely analytical estimate
about the escape time from A, i.e.,

T~ exp l(g)] , (38)

where ¢ is a positive constant. For more details we refer to theorem 3.5 in [18],
where a complete proof of such a lower bound can be found.

4.2. Resonant Birkhoff normal forms: Bounds on the escape time. In the
case of a resonant Birkhoff normal form, the estimate of the diffusion of the actions
is not so straightforward as for the non-resonant one. Indeed, we cannot use directly
the remainder in order to estimate the variation of the resonant actions as we did
in (33). Here, we will discuss the case in which there is only one resonant angle.

Let us assume we have already performed the construction of a resonant Birkhoff
normal form up to order r, in such a way that the Hamiltonian of the system has
the following structure:

HOI, o) = ZO(T, 0,) + R, ), (39)

where I € R™ and ¢ € T" are action—angle canonical coordinates, being ¢, the
resonant angle. Therefore, the estimates in (33) and (35) still hold true for what
concerns the diffusion of the actions Iy, ..., I,,_1, since we removed the corre-
sponding angles from the normal form. On the other side, it is more difficult to
provide good estimates for the diffusion of the action I, , that is conjugated to the
resonant angle ¢,, . Since the computation of the stability time T" as in formula (37)
is valid when all the actions are confined in the domain A,, it is necessary to control
the variation of the action I,, in order to use such an estimate about the value of T'.
For this purpose, it is convenient to combine the conservation of the total energy of
the system, i.e., the Hamiltonian, with the slow diffusion of the actions Iy,...,I,,_1.
More precisely, by omitting the dependency on the index r in formula (39), we can

4When r = ropt , for the sake of simplicity, let us assume that the geometrical decrease
of the terms in the series appearing at the denominator of equation (37) is so sharp that it
can be approximated by its first term, then we can write T'(g, 00,7opt) =~ g(0), being g(o) =
C(0® — 03)/[(ropt + 3)o(Tort+3)] and C a suitable positive constant. After having remarked
that g(o0) = limy—o0 g(0) = 0, one immediately realizes that the function g : [go, o0) — R
takes its maximum value in correspondence to the solution of the equation g’(g) = 0, i.e.,
0 = [(ropt +3)/(ropt + /2 0o
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write the following equation:

E— wj z
I, = Z] 177 J Zl(I’(pn)+R(I7§0), (40)

Wn Wn

where E is the energy level and we denote with Z; the sum of all the normal form
terms but the linear ones with respect to the actions (that are still of the form w - I
as in the initial Hamiltonian (4)). By assuming the confinement of all the actions
in a ball of radius o2, we can evaluate an upper bound of

{E Y wil; 21, en) +R(I»‘P)} (41)

Wn Wn

I; max = max sup
[tI<T A,

and a lower bound of

Ip; min = min inf

{E Y wil Z_I(Ia@n)'FR(I’SO)}. (42)
T =T A,

Wn, Wn,
This allows us to give an estimate of
AIn = In; max In; min - (43)

Of course, the excursions experienced by the values of the normal form Z mainly
depend on the linear terms; this explains why we have written them separately
in the equations above. The bounds for the sup-norm and inf-norm appearing in
formulee (41)—(42), respectively, can be easily calculated, by using the inequali-
ties (21) and (28). Since the normal form is composed by a finite number of terms,
the estimate for AZ; can be evaluated very strictly when its expansion is explicitly
known.

Recalling that the estimate for the variation of I,, holds true only if all the actions
are confined in a ball of radius p?, the maximal radius on I,, in order to validate
such an estimate is defined as

(0p)* = 0* = Al . (44)
Therefore, if we define T as in formula (36) for j = 1,...,n — 1, we can assure
that I(t) € A,V t € [T, T), provided that |I;(0)| < 03 Vj =1,...,n—1 and
|1,(0)] < (¢)?. Let us remark that the more gy is close to g, the more the variation
of I, is prescribed to be small; at the same time, as it follows immediately from
formula (37), the stability time decreases for gy going to o. In order to balance
these two effects, it is convenient to define the parameter gg in a different way to
what has been done at the end of the previous subsection. In the next section, we
will discuss in a practical example how the radius gy of the open ball containing the
initial conditions can be determined in the case of resonant Birkhoff normal forms.

5. Effective stability of a couple of physical models.

5.1. An application to the Hénon-Heiles model. The Hénon-Heiles model was
introduced in [28] for studying the dynamics of a star in a galaxy. The Hamiltonian
that describes the system is composed of a couple of harmonic oscillators perturbed
with cubic terms, i.e.,

22 + 12 22 4 12 23
Hly, @) = w1 " 91,22 . 2 4 a2, - T with (y.@) €. (45)
Here, we consider the non-resonant case only; in particular, we fix w; = 1 and

wy = —(v/5 —1)/2, so that the angular velocity vector is Diophantine with 7 = 1
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according to its definition in (12), because the ratio of its components |w;/ws| is
equal to the golden mean®. We focus on the study of the dynamics in a neighborhood
of the origin. This Hamiltonian belongs to the general class described in (2), for
which we have explained how to perform the normalization procedure a la Birkhoff.

Using Xopdvo(, which is an algebraic manipulator specially designed to implement
approaches that are common in the framework of Hamiltonian perturbation theory
(see [23]), we explicitly constructed the Birkhoff normal form for this model by
representing terms having total polynomial degree less than or equal to 102 and by
performing Ry = 100 normalization steps. Using the iterative estimates described
in section 3, combined with the norms that have been determined for the first
R; = 100 terms (for which we have explicit expansions), we provided rigorous esti-
mates for the remainder and the time derivative of the actions, for any fixed value of
0. Indeed, for the first Ry = 1500 terms we iterated the estimates of the norms as
described in proposition 1, while for the rest of the infinite terms we used the upper
bounds reported in formula (28), updating the value of a, as prescribed in (31);
finally, we produced an estimate for both the remainder and the escape time T', by
using formulee (29) and (37). For each value of ¢ we considered, the computational
algorithm was stopped, after having identified the optimal step rop¢ as the one cor-
responding to the minimum value of the remainder; thus, we fixed our final estimate
for the escape time in such a way that 7 = T'(o, [(Topt + 1)/ (Topt + 3)]*/2 0, Topt ), in
agreement with the discussion at the end of subsection 4.1.

Let us recall that a similar technique, with the same meaning of the integer pa-
rameters Ry and Ry, allowed to obtain a fully rigorous computer-assisted proof of
existence for the KAM torus related to the golden mean ratio of frequencies in the
case of the forced pendulum with a value of the small parameter that is ~ 92%
of the breakdown threshold (see [9]); as far as we know, this is still the best result
of such a very particular kind, for what concerns the applications of KAM theory
to a Hamiltonian continuous flow. In order to fit with a so successful approach,
in our programming codes we have implemented validated numerics exactly in the
same way. Therefore, every coefficient appearing in all the polynomial expansions
that are explicitly computed (for Hamiltonians or generating functions) are replaced
with intervals and all the mathematical operations between intervals are performed
by taking into account the round-off errors. For what concerns the iteration of the
estimates, validated numerics is used in order to properly provide all the needed
bounds. In summary, the whole computational procedure is aiming at ensuring
that the final result is fully rigorous. Appendix A is devoted to a short introduc-
tion to validated numerics, that is described with the only goal of explaining our
implementation of it. Furthermore, in appendix B we have included a pedagogical
discussion of a computer-assisted estimate of the stability time for the Hénon-Heiles
model in a very simple situation: we have focused on a so small neighborhood of
the equilibrium point (i.e., we have fixed ¢ = 0.0001) that a few normalization steps
are enough to obtain a final result that is poor but still meaningful.

In Table 1 we have included our results for some values of the distance o from the
equilibrium point: let us emphasize that each row corresponds to a single computer-
assisted proof. Therefore, we think that every item of that list can be useful for

5The prominent role exerted by the so called noble numbers is highlighted in [36]; the golden
mean is the main representative of such a class of numbers, forming a subset of the Diophantine
ones with 7 = 1.
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20 4 Topt ar logyo [RUer)], | logyg 1], | logyo T
9.96e-04 | 1.00e-03 | 232 | 1.00e+03 -1.82e4-02 -1.80e+-02 | 1.72e+02
1.24e-03 | 1.25e-03 | 230 | 8.02e4-02 -1.59e4-02 -1.57e4-02 | 1.49e+02
1.55e-03 | 1.56e-03 | 164 | 6.40e+4-02 -1.42e+02 -1.39e+02 | 1.32e4-02
1.94e-03 | 1.95e-03 | 144 | 5.13e+4-02 -1.28e4-02 -1.26e+02 | 1.18e4-02
2.42e-03 | 2.44e-03 | 110 | 4.10e+02 -1.16e+02 -1.14e+4-02 | 1.07e+02
3.02e-03 | 3.05e-03 | 102 | 3.28e+-02 -1.06e+02 -1.04e+4-02 | 9.73e+01
3.78e-03 | 3.81e-03 | 100 | 2.63e+02 -9.63e+01 -9.43e+4-01 | 8.77e+01
4.72e-03 | 4.77e-03 | 100 | 2.11e402 -8.63e+4-01 -8.43e+01 | 7.79e+01
5.90e-03 | 5.96e-03 | 100 | 1.69e+02 -7.63e+01 -7.43e+01 | 6.82e+01
7.38e-03 | 7.45e-03 | 100 | 1.35e4-02 -6.63e-+01 -6.43e+4-01 | 5.84e+01
9.22e-03 | 9.31e-03 | 100 | 1.08e+-02 -5.64e4-01 -5.43e+4-01 | 4.86e+01
1.15e-02 | 1.16e-02 | 74 | 8.63e+01 -4.78e+4-01 -4.59e+4-01 | 4.05e+4-01
1.43e-02 | 1.46e-02 | 58 | 7.07e+01 -4.18e4-01 -4.00e+4-01 | 3.48e+-01
1.79e-02 | 1.82e-02 | 52 | 5.66e+01 -3.67e+01 -3.49e+-01 | 3.00e+01
2.23e-02 | 2.27e-02 | 52 | 4.49e+401 -3.13e+4-01 -2.96e+-01 | 2.49e+01
2.79e-02 | 2.84e-02 | 48 | 3.57e+01 -2.67e+01 -2.50e+4-01 | 2.05e+01
3.46e-02 | 3.55e-02 | 38 | 2.84e+01 -2.27e401 -2.11e+4-01 | 1.68e+01
4.30e-02 | 4.44e-02 | 30 | 2.32e+01 -1.97e4-01 -1.82e+4-01 | 1.43e+-01
5.36e-02 | 5.55e-02 | 26 | 1.86e+-01 -1.71e+401 -1.56e+4-01 | 1.19e+4-01
6.70e-02 | 6.94e-02 | 26 | 1.49e+01 -1.42e+01 -1.28e+01 | 9.30e4-00
8.37e-02 | 8.67e-02 | 26 | 1.15e+4-01 -1.14e+01 -9.94e+00 | 6.65e+00

TABLE 1. In this table we report the results obtained for the
Hénon-Heiles model with frequencies w; = 1 and wy = —(v/5—1)/2.

comparisons with the results eventually obtained by using other techniques. More-
over, in Figure 1 we have reported the main content of Table 1, that is about the
behaviour of both the optimal step and the estimate for the escape time as functions
of 0. In the left box of Figure 1 one can appreciate that the limit value of g for
which we are able to produce stability results is around 0.1. This limitation is due
to the rate growth of a, , whose values get close to 10 just after a few normalization
steps; this prevents the convergence of the normal form, when ¢ 2 0.1, because
the common ratio of the majorants series is too large: a,0 > 1. Looking at the
definition in (31), one immediately realizes that having sharp estimates for the gen-
erating functions is crucial to obtain good final results. This fact is emphasized also
by the occurrence of the plateau in the plot of the function rop¢(0), that is in corre-
spondence with the number of normalization steps R; = 100 for which we explicitly
compute the expansions. Indeed, the worsening effect induced by the transition to
the mere iteration of the estimate is so remarkable that we have to strongly decrease
the ball radius g in order to take a real advantage of performing more normalization
steps. With the only noticeable exception of the already mentioned plateau, the
plot of the optimal normalization step looks consistent with the expected law, i.e.,
Topt(0) ~ 1//0 (see formula (16)). The agreement between the observed behavior
and the expectations is even better for what concerns the plot in the right box of
Figure 1. In fact, from the asymptotic law (38) one can deduce that log7" ~ 1/,/o,
that is coherent with the fact that such a semi-logarithmic plot fits rather well
with a straight line. Thus, we can conclude that our computer-assisted estimates
about (the lower bound of) the stability time preserve its main property: being
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exponentially large with respect to the inverse of the square root of the distance
from the equilibrium point.

250 T T T T T T T T 1.0e+180

1.0e+160 F

200 1.0e+140
1.0e+120 F

150 F
1.0e+100 F

Topt

1.0e480
100 F
1.0e460

1.0e440

1.0e420

FIGURE 1. On the left, plot of the optimal normalization step rops
as a function of the ball radius g; on the right, graph of the eval-
uation of our lower bound about the escape time T as a function
of 1/,/0. Both the plots refer to results obtained by applying
computer-assisted estimates to the Hénon-Heiles model with fre-
quencies wy = 1 and wy = —(v/5 — 1)/2.

Let us conclude this subsection with a short discussion about the choice of the
parameters Ry and Ryp. Obviously, it is convenient to perform the largest possible
number of explicit steps. Therefore, our choice of the parameter Ry is mainly due
to the computational cost in time and memory that is needed by our algebraic ma-
nipulations. The choice of the parameter Ry is more delicate, because it somehow
rules the size of the “infinite tail” of terms in the series. For small values of p,
the main contribution to the remainder (29) is due to the low order terms and the
series of common ratio a, 0 does not affect the result in an appreciable way, even for
small values of Ryr. In such a situation, choosing larger values of Ry; has the only
effect to increase the computational time, without any substantial improvement for
what concerns the estimate of the remainder. Conversely, for larger values of g, the
common ratio a, ¢ can approach 1 and the contribution of the infinite tails becomes
predominant. Therefore, it is convenient to increase Ry in order to estimate more
properly the remainder. This explains why, in our calculations, we have usually
fixed Ry = 1500, but we have suitably increased such a value when a9 < 1. How-
ever, the computational cost of the iteration of the estimates is negligible; to fix
the ideas, when Ry = 1500 it took less than a minute, while performing explicitly
R; = 100 normalization steps required about one day of CPU-time on a computer
equipped with an Intel quad-core I5-6600 - 3.3 Ghz and 16 GB of RAM. Let
us recall that such an impressive difference of computational cost is due to the fact
that the representation of the polynomials defined by the normalization algorithm
requires a huge occupation of the memory if compared with a single upper bound
on the corresponding norm and, therefore, many more operations are needed to ma-
nipulate their explicit Taylor expansions. For planning new applications it is also
important to know the scaling law of the computational time Tcpy as a function
of Rr: we have found that for the first 100 normalization steps such a law is not
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extremely sharp but it can be bounded from top (and conveniently approximated)
in such a way that Tcpy ~ RI8 .

5.2. Applications to the asteroidal motions of the Trojans. Let us briefly
recall the Hamiltonian model we start from (that is described, e.g., in [24] and [17]),
in order to study the long term stability in the vicinity of the triangular Lagrangian
equilibria for the CPRTBP. As a first preliminary step, a rotating frame Ozy with
origin O in the centre of mass of the two primary bodies and rescaled physical units
is introduced. The Hamiltonian of such a system is usually written as follows (see,

e.g., [47]):
2 4 2
2 Yt upe —apy - 212 312
VE—p)2+y? JE+l-p)?+y

where p is the mass ratio between the primaries and (p, , p,) € R? are the kinetic
momenta that are canonically conjugate to the positions (z,y) € R?, respectively.
Therefore, it is convenient to perform a preliminary transformation to heliocen-
tric polar coordinates; afterwards, we introduce local coordinates (Px, Py, X,Y)
centered in a triangular point. They are defined in such a way that

H(szpyax,y) =

sin (Y:F"’,T’“)

z=(X+1)cos(v¥2)+p, ps=Pxcos(vsz)-— X1 (Py +1),
. . cos (YF2x
y= (Xt sintr) . py=Prsintrre) + ST (1),

where minus and plus refer to the equilibrium points L, and Ls , respectively. In
these new variables, the Hamiltonian takes the form

1[5  (Py+1)?
2 [PX (X +1)2

2 1-
H(Px,Py,X,Y) = } — Py — u(X + 1) cos (Y:Fi) - X+“1

3
I

\/(X+1)2+1+2(X+1)COS(YZF2;) .

After having skipped a constant term, the basic Taylor expansion of the previ-
ous Hamiltonian writes as H(Px, Py, X,Y) = Q(Px, Py, X,Y) + (9(||(PX,Py,X7
Y)H3), where the terms that are quadratic with respect to the canonical vari-
ables are gathered in Q. It is well known that if p is smaller than the so called
Routh-Gascheau critical value (9 — 1/69)/18, then the equation of motion are lin-
early stable. This means that there is a class of linear canonical transformations®
(Px,Py,X,Y) = C(y1,y2,x1,x2) conjugating the quadratic approximation to a
couple of harmonic oscillators, i.e., Q(C(y1,y2, 21, 22)) = v1(2F + 47)/2 + v2(23 +
y2)/2. Therefore, the Taylor series expansion of the Hamiltonian H = H o C can be
written in the same form described in (2), that is suitable to start the normalization
procedure a la Birkhoff, i.e.,

I O

2 2

—+oo
H(y1, y2, ¥1,22) = 11 + ) felyr, ya, w1, 29)  with fy € Py,
=3

(46)

6 A procedure determining such a canonical transformation C can be found in section 7 of [19].
The code allowing Mathematica to compute the symplectic matrix related to C is freely available
at the web address http://www.mat.uniroma2.it/~locatell/MCSH/programmi/diag_L4oL5.mth
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being the angular velocities 11 and v, such that

14 4/27u% —2 1 1—4/27u% —2 1
1/1\/ + 7,u2 s and 1/2\/ 2 Tt . 4D

2

As an immediate consequence, we have that vy — 1 and vy = O(u) for p — 0.
The second frequency is therefore much slower than the first one, for small values
of the mass ratio u between the primaries. Let us remark that during the standard
procedure constructing the Birkhoff normal form (that has been widely discussed in
section 2), very small divisors can be introduced because of the fact that |vs| < 1.
Therefore, it is natural to expect that a resonant Birkhoff normal form, aiming to
remove just the first angle (i.e., the fastest) can be more advantageous. Let us also
recall that the bodies orbiting around a triangular equilibrium point are commonly
called “Trojans”, according to the tradition started by Max Wolf at the beginning
of the XX century. In fact, he decided to choose names from Homer’s Iliad for the
first bodies which were observed in the vicinity of Ly or L5, in the system having
Sun and Jupiter as primary bodies.

In the next subsection we will compare the performances of these two kinds of
Birkhoff normal forms, by considering a few realistic values for the parameter p,
which correspond to systems having the following couples of primary bodies: Sun—
Jupiter, Sun—Uranus, Sun-Mars and Saturn—Janus. In particular, we aim to prove
the stability for a time that is comparable with an overestimate of the residual life
of the Sun in the main sequence, i.e., 6 x 10° years.

5.2.1. Effective stability of trojan celestial bodies in the Solar system. As it has been
discussed in the introduction, an approach merely based on the Birkhoff normal
form is not enough to obtain realistic results about the stability of the Jupiter
Trojans in the framework of the CPRTBP model. In [24], it has been shown that
orbital motions starting from initial conditions contained in the domain (I, z) €
[0,0.0008] x [0,0.0005] are effectively stable. This is far from explaining why the
regions in the proximity of Ly and Lj are so populated; indeed, that domain covers
the observational data of a very small fraction of Trojans. The results get even
worse when all our rigorous estimates about both the remainder and the stability
time are taken into account. As it is clearly shown in the left hand side of Table 2,
the construction of the non-resonant Birkhoff normal form allows us to ensure the
effective stability for initial conditions such that (I, I) € [0,0.00025] x [0, 0.00025].
In that table we reported only a couple of results for two different (and very close)
values of p. In fact, for this particular problem, it has no physical meaning to prove
stability for a time longer than the life-time of the Sun. Therefore, as it has been
done in [24], we examine the values of g for which the stability time is comparable
with the so called expected life-time T 1+, of the system. This number is rescaled
with respect to the revolution period of the celestial body, i.e., we impose that
Ters. = (6 Gyrs) - 5= ~ 5 x 108 (in number of Jupiter revolutions, because v; is
expressed in rad/yrs). As it has been highlighted in Figure 2, a small decrease of the
value of the radii containing the initial condition gy can very significantly change
the stability time (because of the exponential dependency of T on the inverse of
0). Such a behaviour is evident also in Table 2, where with a change of the 1% of
0, the stability time is almost doubled in the non-resonant case. Let us emphasize
that in our estimates, we use the same radius for both the actions, while looking at
the initial conditions of the real trojan asteroids for Jupiter in [17], the value of the
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i | & | T d | @ | & | T
9.49¢-04 | 2.59¢-04 | 6.366+08 2.056-04 | 1.83¢-04 | 2.076-04 | 5.936408
92.47e-04 | 2.57¢-04 | 1.01e+09 2.02e-04 | 1.80e-04 | 2.04e-04 | 7.23¢+08

TABLE 2. Comparison for the estimates on the stability time be-
tween the non-resonant and resonant Birkhoff normal forms. The
Jupiter case (u ~ 0.000954) with T 1. ~ 5 x 108.

second action is usually smaller with respect to the first one. Therefore, we believe
that considering the initial conditions of the actions in polydisks of different radii
for the actions, as in [24], could improve the results.

In order to make easier the comparisons, in our opinion it is convenient to report
the results about both the non-resonant normal form and the resonant one next each
other, as we have done in Table 2 and also in Figure 2. For the sake of definiteness,
we have to explain how to determine the radius g9 of the open ball containing the
initial conditions. Let us recall that at the end of subsection 4.1 we have chosen a
value of gy in order to optimize our evaluation of the lower bound of the escaping
time T. Instead, here we focus our attention on the consistency of the procedure,
in the sense that we aim to ensure that the motion is confined in the domain A,
for all |t| < T. Therefore, we fix gg € (0, g) as the unique solution of the equation

,BQQZQQ—FM ) (48)

V2

where 11 and v have opposite signs in view of (47) and 8 < 1 is another parameter
we have the freedom to choose, because it essentially represents the price we are
willing to pay in terms of a further restriction concerning the domain of the initial
value of the resonant action I5(0). This last concept definitely deserves a more
detailed explanation. Indeed, in agreement with (44), we define (03)% = 0*> — Al
with Al given as in (43). Since the main contribution to the maximal variation of
the resonant action is due to the linear terms (see formulee (41)—(43)), we have that
Al ~ —v1(0® — 03)/v2 and, therefore, (05)? ~ Bo?. Let us rephrase a conclusion
discussed at the end of section 4.2, by adapting it to the present context: we
have that I(t) € A, V t € [-T, T}, provided that |[;(0)] < 08 and |I2(0)] <
(03)* ~ Bo® This ends the explanation on the meaning of 3 as the parameter
ruling the restriction on the set of values of I5(0). For what concerns the choice of
the value of 3, we are interested in setting it very close to 1, in order to enlarge
the domain of stability in I5(0) as much as possible; on the other side, we have
to take into account oscillations of the value of the resonant action that are due
to the angular dependence of the normal form part Z;(I, ;) (see formulee (41)-
(42)). Indeed, this so called modulating term for the resonant action I is such that
Z; = O(|I||?). This remark allows to imagine a further optimization procedure
on the determination of 3, that in principle would not be so difficult, due to the
already mentioned fact that the maximal variation Al of the resonant action is
linear with respect to the the actions (I, I3) in view of formulee (41)—(43). For
the sake of simplicity, we prefer to avoid such a further optimization procedure: in
all the systems we have studied in the framework of the CPRTBP model, we have
simply set 5 = 0.9. Indeed, we consider that an eventual further enlargement of
the domain of stability in I5(0) is not so crucial, because it cannot be greater than
10 %; therefore, it cannot substantially improve our results, as it is clearly shown
in the summary of the comparisons reported in the final Table 6.



COMPUTER-ASSISTED ESTIMATES FOR BIRKHOFF NORMAL FORMS 447

Jupiter: non resonant normal form Jupiter: resonant normal form
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FIGURE 2. Plots of the evaluation of our lower bound of the escape
time T (in semi-log scale). On the left, the graph is a function
of go, on the right, of 5. The horizontal line corresponds to
T.1t. = 5 x 108. See the text for more details.

The right hand side of Table 2 includes the results based on the construction of
a resonant Birkhoff normal form, whose performance is worse with respect to the
non-resonant one. The difference of behaviour between the two methods can be
explained, by looking at the top-left box in Figure 3, where there is the comparison
between norms of the generating functions y, for the resonant and non-resonant
constructions, in the case of the system having Sun and Jupiter as primary bodies.
The increase of the norms proceeds more and less at the same rate up to the first
25 steps; afterwards, the norms of the generating functions related to the resonant
normal form start to grow up faster than the other ones. On the one hand, while
the algorithm for the resonant normal form is performed, there are less terms where
small divisors are introduced by the solution of the homological equation (9); on the
other hand, the normal form part is larger in the case of the resonant construction
and this clearly has an impact on the size of the generating function. In fact, when
the r—th normalization step is performed, new perturbative terms are introduced
by the application of Lie series to the Hamiltonian 7("~); the main ones are of
type Ly, Zy for k < r. Let us recall that in the non-resonant construction we have
Z; = 0 for all odd values of index i; therefore, in that case we have a lower number
of new terms and the main new contribution is expected to be due to £, Z>. This
explains why in the non-resonant case the growth of the generating functions has
two different trends for odd and even indices, as it is clearly shown by the plots
reported in Figure 3. On the contrary, in the resonant case the behaviour of the
norms of the generating functions is more regular, at least up to a threshold value
of r, for which the worsening effect due to the terms generated by the normal form
part becomes predominant with respect to the advantage gained because of the
better accumulation of small divisors.

@ | o | T @ | (@ | * | T
8.30e-05 | 8.800-05 | 6036107 9.23¢-04 | 7.570-04 | 9.246-04 | 7.186.+07
8.13¢-05 | 8.63¢-05 | 1.44¢+08 9.04¢-04 | 7.440-04 | 9.05¢-04 | 1.27¢+08

TABLE 3. As in Table 2 for the Uranus case (u ~ 4.36 x 107°) with
Tors. ~ 6 x 107,
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FIGURE 3. Growth of the norms (in semi-log scale) of the gener-
ating functions for the non-resonant Birkhoff normal form (contin-
uous line) and the resonant one (dashed line). From top to down
and from left to right, the boxes refer to the cases of the systems
having Sun—Jupiter, Sun—Uranus, Sun—-Mars and Saturn—Janus as
primary bodies, respectively.

6 | o | T @ | | P | T
7.36e-06 | 7.84e-06 | 3.09e+09 1.28e-04 | 1.08e-04 | 1.28e-04 | 3.87e+409
7.22e-06 | 7.69e-06 | 6.15e+4-09 1.27e-04 | 1.07e-04 | 1.27e-04 | 5.86e+09

TABLE 4. As in Table 2 for the Mars case (u ~ 3.21 x 10~7) with
Tors. ~ 3 x 109,

6 | o | T @ | (@)? | o | T
6.00e-07 | 6.37e-07 | 3.10e+12 1.18e-05 | 1.10e-05 | 1.18e-05 | 3.50e+12
5.89e-07 | 6.24e-07 | 5.40e+12 1.15e-05 | 1.08e-05 | 1.15e-05 | 6.83e+12

TABLE 5. As in Table 2 for the Janus case (u ~ 3.36 x 10~?) with
To1p. ~ 3 x 10'2.

Let us now focus on the comparison between the performances of the resonant
and non-resonant constructions, when they are made for different values of p: the
results are summarized in the top-right, bottom-left and bottom-right boxes of
Figure 3 and in Tables 3-5, which refer to the systems having Sun—Mars, Sun—
Uranus and Saturn—Janus as primary bodies, respectively. These systems have been



COMPUTER-ASSISTED ESTIMATES FOR BIRKHOFF NORMAL FORMS 449

chosen because of two reasons: all of them host at least one trojan body and the
corresponding values of the mass ratio p allow a study where such a parameter spans
rather regularly several orders of magnitude. In all the plots of Figure 3 (except the
one referring to the case of the Jupiter Trojans) the size of the generating functions
produced by the resonant construction algorithm is remarkably smaller with respect
to the corresponding non-resonant ones. Therefore, the series introduced by the
resonant normalization procedure are convergent in a bigger neighbourhood of the
origin; in other words, in such a situation we are able to iterate the computer-
assisted estimates for larger values of p.

The results described in the present subsection are further summarized in Table 6,
where the records are listed in decreasing order with respect to the mass ratio pu.
This allows us to emphasize that the comparison between the computer-assisted
estimates based on the non-resonant Birkhoff normal form and the resonant one are
more and more in favour of the latter, when the value of i tends to zero.

0 5 (non —res.) | (03)* (reson.) | (05/00)”
Jupiter | 9.54 x 10~% | 2.49 x 104 1.83 x 104 0.73
Uranus | 4.36 x 107> | 8.30 x 1075 7.57 x 1074 9.12
Mars |3.21x 1077 | 7.36 x 10~6 1.08 x 10~4 14.67
Janus | 3.36 x 1072 | 6.00 x 10~7 1.10 x 107° 18.33

TABLE 6. Comparisons between the values of the radii o3 and (o3)?
which refer to the stability domains for the non-resonant Birkhoff
normal form and the resonant one, respectively. The results are
reported as a function of different values of the mass ratio u, the
name of the smaller primary in the corresponding CPRTBP model
is reported in the first column.

6. Conclusions and perspectives. Since the very beginning of our research
project, one of our main goals was to complement the Birkhoff normal form with a
coherent scheme of computer—assisted estimates, in order to provide rigorous eval-
uations of the effective stability time. This has been accomplished. Moreover, in
our opinion we have developed a technique that could be adapted in such a way
to apply also in proximity of equilibrium points that are not purely elliptical (see,
e.g., [30] and [29] to find examples of interesting problems that could be studied
with such an approach).

We have successfully applied our procedure to two simple systems, which are close
to elliptic equilibrium points such that the quadratic approximation of the Hamil-
tonian is not convex (so preventing a trivial proof of stability using the energy as
Lyapunov function): the Hénon-Heiles model and the Circular Planar Restricted
Three-Body Problem (CPRTBP). For the latter, we have easily adapted our ap-
proach to the construction of the Birkhoff normal form of resonant type and we
have shown that the consequent computer-assisted estimates are in a better posi-
tion when the mass ratio between the primary bodies is very small. Nevertheless,
the extent of the domain covered by our results is still far from being enough to
explain the effective stability of most of the Trojans.

In the near future, we plan to work for improving our computer-assisted results,
for what concerns the applicability to realistic physical models, that are of interest,
in particular, in Celestial Mechanics and Astronomy. We think that in these fields
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there still are problems that are open and fundamental”, where rigorous proofs of
stability can be tackled by using an approach purely based on the normalization
algorithm for KAM tori, which can ensure a perpetual topological confinement in
models with two degrees of freedom. Nevertheless, there is a much wider range
of possible applications to Hamiltonian systems defined on phase spaces of higher
dimensions. In such a framework, a very promising strategy is based on the local
construction of the Birkhoff normal form in the neighborhood of an invariant KAM
torus: it has already started to provide some remarkable results (see, e.g., [22]).
Here, in the context of the discussion about the perspectives of our computational
method, it is natural to describe the scaling properties of our approach with respect
to the number n, i.e., the degrees of freedom of the Hamiltonian model. It is well
known that the remainder of the Birkhoff normal form is exponentially small with
respect to the distance o form the equilibrium point; this allows to deduce the
following best possible estimate about the stability time: T ~ exp[(3/0)'/"], that is
corresponding to the most non-resonant frequencies in the small oscillations limit,
being g a positive constant (recall formulse (12) and (38)). Such an asymptotic law
is intrinsic to an approach based on Birkhoff normal forms and we have shown that
it is in agreement with the results produced by our computational method. This is
due to the fact that for small distances p the so called optimal normalization step
Topt can largely exceed the maximal polynomial degree Ry + 2 of the Hamiltonian
terms whose expansions are explicitly computed; in such a condition, our method
starts to iterate the estimates, i.e., a procedure that is very weakly affected by the
eventual increase of the number of degrees of freedom n. Nonetheless, the accuracy
of the final estimates about the stability time remarkably deteriorates when 7ops
becomes greater than Ry (see Figure 1). Increasing n strongly reduces the maximal
integer value, say Rimax that can be conveniently fixed for the parameter Rj ruling
the size of the expansions stored on a computer. Since a polynomial function of
maximal degree Ry + 2 and depending on 2n variables hosts a number of terms
that is O(R%”), it is natural to expect the following scaling law for the threshold
corresponding to the deterioration of our computational results: Ri.max ~ MY (2"),
being M a suitable positive constant.

In the very particular case of the PCRTBP, there are other possible sources of
further improvements. Indeed, the normal form construction that has been designed
in [40] adopted (since the very beginning) canonical coordinates which are much
more suitable for such a kind of Celestial Mechanics model. This is the reason why
the approximation provided by that normal form describes much more carefully the
dynamics, when it is compared with the numerical results based on the Birkhoff
normal form. We think that our computer-assisted estimates can be adapted to
complement also the constructive algorithm explained in [40]. This should provide
results about the effective stability holding true in wider domains, hopefully covering
an important fraction of the trojan asteroids.

Acknowledgments. This work was partially supported by the “Mission Sustain-
ability” programme of the Universita degli Studi di Roma “Tor Vergata” through the
project IDEAS (E81118000060005) and by the “Progetto Giovani 2019” programme
of the National Group of Mathematical Physics (GNFM-INdAM) through the

"For instance, see C. Caracciolo, U. Locatelli, M. Sansottera, M. Volpi: “Librational KAM tori
in the secular dynamics of the v—Andromedae planetary system”, in preparation. A preliminary
version is available on request to the authors.



COMPUTER-ASSISTED ESTIMATES FOR BIRKHOFF NORMAL FORMS 451

project “Low-dimensional Invariant Tori in FPU-like Lattices via Normal Forms”.
The authors acknowledge the MIUR Excellence Department Project awarded to
the Department of Mathematics of the University of Rome “Tor Vergata” (CUP
E83C18000100006), in particular, because of the availability of the computational
resources.

Appendix A. Basics of validated numerics on a computer. In order to give
a completely rigorous support to our computer-assisted proofs, in the present work
we have implemented everywhere validated numerics in two complementary ways.
First, interval arithmetic has been used to calculate the coefficients of the Taylor
expansions for the normal forms (as far as possible), while rigorous computations of
upper [lower] bounds have been performed to estimate other quantities of interest,
e.g., norms of functions [stability times, respectively]. The present appendix is
devoted to summarize our approach to validated numerics, that essentially follows
what is described in section 3 of [31].

All our codes are written in C language and all the quantities of interest are
computed using the double type in C. The set of floating point numbers of double
type that are representable on a computer is defined as follows:

51
R"={0}uU {i (Zij) 27102 djzo,wj:o,...m}

=0

52
d; " 4
U {i<1+z2;> 227 :d;=0,1Vj=1,...52,0 €Z, —1022gag1023},
j=1

(49)
where o is the exponent and the digits dy.dids ... ds2 make up the so called man-
tissa® m; they appear in the binary scientific notation £ = 4+m 2° of each number z
belonging to the set R. Therefore, an overflow [underflow] situation can occur when
a computational operation attempts to generate a number whose absolute value is
greater [smaller] than 9t = (1 — 2753) . 21024 [than m = 271974 and it is different
from 0, respectively]. Let us generically use the symbol * to refer to any elementary
arithmetic operations 4+, —, - and /; moreover, the result provided by a computer
when it performs that same operation will be denoted with ®. According to such
a setting, for instance, a @ b is the computer output for the usual sum a + b, where
both a and b belong to R. Therefore, the machine epsilon for double type floating
point numbers in C (hereafter, simply ¢) is defined as

e=min{neR: 1dn>1} .

By comparing the definition above with that in (49), one can easily realize that
e=2"2ande/2=min{neR: loy<1}.

The 64 bit IEEE standard ensures that, if a xb ¢ R and m < |a * b| < 9, then
either a ® b = max {9 N (—o0, a*b)} or a®b = min {R N (axb, c0)}; furthermore,
if axb € R, then a ® b = a*xb. In words, these prescriptions can be summarized as
follows: when a generic elementary operation does not create a situation of either

81n the first row of formula (49), ds2 is fixed to be zero, while dg is set to 1 for the numbers
appearing in the second row, according to the so called “hidden bit” rule. By taking into account
that the integer exponents between —1023 and 1023 require 11 bits to be represented and 1 bit is
needed for the sign, it should be evident that the information to be stored for each double type
number must be spread over 8 bytes (=64 bits).
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overflow or underflow, then the result provided by a computer must be correct up
to the last significant digit®.

In order to prevent the occurrence of overflows or underflows generated by an
elementary arithmetic operation ®, we restrict to the “safe range” (according to
definition 3.2 in [31]), which is the following set of numbers:

G = {O} U {x eM: 27 <z < 2511} . (50)
We can rephrase the prescriptions of the 64 bit IEEE standard for the arithmetic

elementary operations in a very quantitative way, by referring to the relative error,
ie.,

Va,be S : ifa®b=0, thenaxb=0, else *I;fl

<e.
a®

There is an obvious exception to such a general rule: the division by zero. Of
course, validated numerics is performed on a very restricted domain with respect to
the real numbers and it is not expected to extend operations that are meaningless in
R. Therefore, the computational algorithm must be set in such a way that divisions
by zero (and square roots of negative numbers, etc.) are avoided.

Looking at the way the mantissa is represented in the second row of formula (49),
one can immediately realize that for that type of floating point numbers multiplying
by the factor 1+ [by 1 — €] is enough to increase [decrease, resp.] their absolute
value by the last significant digit. This last remark joined with the prescriptions
of the 64 bit IEEE standard allows us to establish a few simple rules, in order
to rigorously perform interval arithmetic. Let us introduce the following binary
operators ®; : G x & +— R and ®_ : & x & — R, that are defined as follows:

(a®b)O(1+e) ifa®b>0, 7{(a®b)®(1—5) ifa®b>0,
(a®b)®(1—¢) fa®b<0; C e®b)o(1+e) ifa®b<0.

(51)
In view of the prescriptions of the 64 bit IEEE standard, for what concerns the true
results of any arithmetic elementary operation we can conclude that

a®_b<axb<a®,.b Vabe&, (52)

where, again, * generically denote +, —, - and / (with the only exception of the
division by zero). We emphasize that the inequalities in formula (52) are fundamen-
tal, because they allow us to implement the rigorous computations of upper bounds
(or lower ones) for quantities that have to be estimated. Moreover, the validated
numerics can be applied to interval arithmetic by suitably extending the binary
operators introduced in (51). In fact, let ®4 : &2 x &2 — M2 be defined in such a
way that [a_, a4] ®4 [b_, by] = [c—, c4], where

c_ = min{a, ®_b_,a_®_by,ar ®_b_,ar ®_ b+}

cy =max{a_®; b ,a_® by, a @b ,a @ b}

a®+b:{

(53)

Because of the definition of @+ and in view of formulee (52)—(53), we can write the
following relation that is fundamental for the (rigorous) interval arithmetic:
axb€la_,ay] ®s b, by] Vacla_,ay], beb_, by, (54)

where, once again, the case with 0 € [b_ , by ] and * representing the division must be
excluded. Let us stress that two (possibly redundant) list of elements appear after
the minimum and the maximum in the definitions (53) of ¢_ and cy , respectively,
in order to take into account of the effects induced by the signs, when we are dealing

9 Also the square root v/ enjoys such a peculiar property (see, e.g., section 3.1 of [45]).
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with products and divisions. To fix the ideas, it is convenient to realize that, for
instance, the rigorous extension of the sum to intervals, can be defined in a much
shorter way, i.e., [a—, a4]®4[b_, by] = [a— ®_b_, ay ®4 by]. Since the algorithm
constructing the Birkhoff normal form is based on Lie series (therefore, Poisson
brackets), one can immediately realize that the computations of the coefficients
appearing in the expansions involve elementary arithmetic operations, only. Thus,
their rigorous extension to intervals is enough to perform validated numerics on the
truncated expansions of the Hamiltonian as far as they can be explicitly computed.
Let us stress that the whole computational algorithm can be iterated provided that
each generic arithmetic operation of type [a— , a+]®4 [b_, by] = [c—, c4+] generates
a new result such that c_ , ¢y € &. This is the reason why, in our codes, we included
tests, in order to verify that such a condition is always satisfied; if it is not so, the
running of a program is immediately stopped.

The situation concerning the rigorous bounds on the estimates is slightly more
complicated, because, very quickly, it occurs a violation of the condition that all
the majorants of the norms are given by numbers belonging to the “safe range” set
G. This is because the estimates can be iterated for many more normalization steps
with respect to the explicit calculation of the expansions, each of them requiring
a huge occupation of the memory if compared with a single upper bound on the
corresponding norm. Due to the dramatically fast growth of the norms of terms
composing the series (that are asymptotically diverging for the number of normal-
ization steps going to infinity), the limit max & is usually trespassed even for values
of Ry that are relatively small with respect to those considered in the applications
described in section 5. Let us recall that we are interested in iterating the estimates
of the norms for a large number of normalization steps Rj;, in order to obtain
better results. Therefore, it is convenient to represent the logarithm of the (positive
values of the) upper bounds of the norms. For such a purpose, we have to introduce
a function log, : 6 N Ry — & such that logz < log, « for all positive z € &.
This can be done in a rather obvious way, by adapting the approach described in
section 3.1 of [45], in order to combine validated numerics with a truncated series
expansion of a logarithm. To fix the ideas, let us limit to the case x € G N [1,0),
then we define'’ log, z = 2" ©4 log, &, , being (&, ©4 1) € N[0, 0.01] such that
& =xand & = (,/fj_l)Jr vV j=1,...,n, where n is the minimum nonnegative
integer such that &, < 1.01 and the function (\/)Jr is nothing but (1 4 €)+/+, in

agreement with what has been explained in the corresponding footnote’. The rig-
orous upper bound for log (1 + (&, ©4 1)) V & € &N [l, 1.01] is introduced in
a similar way to the (simpler) definition of the function exp, (-) (see formula (55)
below). The definition of log = for 2 € &N (0, 1) is analogous to the case discussed
just above with = > 1.

The translation of the iterative estimates in terms of upper bounds on the loga-
rithms of the norms is obvious, when just products and divisions are involved. For
instance, let us focus on the last two definitions appearing in the statement of Propo-
sition 1, i.e., D, = (r +2)G,., with G, = ]-'T(T_l)/ar . In our codes we can write the
corresponding rigorous estimate as log D, = log, (r+2) @ log .Fr(r_l) @ylog, (1 O+
ar) , where we mean that log .Fr(r_l) is a previously defined number belonging to the

10Let us stress that in order to ensure that loga < log, = where log, = = 2" ©4 log, &, and

provided that log &, <log, £n V &, € &N (1, 1.01], we exploit the fact that integer powers of two
belong to &.
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“safe range” set &. When algebraic sums are involved, the procedure is slightly more
complicate. As a further example, let us focus on (31): in order to properly define

an upper bound for the logarithm of a, = (al._; + (r+1)D;) Y7 e have to compute
log, (z+y), where the values of logz = r®log a,—; and log y = log, (r+1)®,log D,
have to be considered as known, because both loga,_; and log D, have been pre-
liminarily estimated by some rigorous computations; moreover, let us recall that
we want to avoid to compute z = exp(log z) and y = exp(logy), because they are
expected to be too large numbers, eventually exceeding max &. Without any loss
of generality, let us assume that x > y, therefore, it is convenient to set

log, (z 4+ y) = logx &4 log . (1 @4 exp, (logy O logx)) .

Thus, we are lead to the problem of defining a function exp, : &N [0,1] — &
such that exp(z) < exp, (z) Vo € &N [0,1]. Once again, we follow [45]; first, we
introduce §; = z©427 V j =0,...,n, where n is the minimum positive integer such
that &, € N[0, 0.03]. Hence, we compute

exp, (&) = (8, (mor i) os (oMY os10-6)) (9

=0
where @, (1, @04+1) =1®4... &4 (v O N) withm, =m 104 & Vi=1,... N
=0

(being my = 1); moreover, A is the minimum positive integer such that my @4 N1 <
e, while . & /il < (mn @04 N1) @4 (1 ©- &,) is nothing but the estimate
of the truncated remainder for the expansion in Taylor series of exp(&,). The
rigorous computation of exp, (x) = exp, (&) is completed by recursively defining
expy (&) = expy(§+1) O+ expo(&41) in such a way to proceed backwards from
j=N—-1toj=0.

The whole of the elementary operations'' described in the present appendix
represent the bare minimum that is sufficient to implement validated numerics, in
order to make fully rigorous our computer-assisted proofs.

Appendix B. A complete example of application to the Hénon-Heiles
model in a case with short expansions. The aim of this appendix is very
pedagogical: we explain step-by-step an application of the algorithm described in
the sections 2—4. For the sake of clarity, here we focus again on the Hénon—Heiles
model (that is the simplest one among those considered in section 5), by performing
a very low number of normalization steps. In fact, the example described in the
present appendix deals with the case where Ry = 2 and Ry; = 5; this means that the
expansions of larger polynomial degree to be explicitly computed are quartic while
the iteration of the estimates provides upper bounds for terms up to the seventh
degree. In our opinion this choice is a good balance: on the one hand it is non-trivial,
on the other hand the representation of the Hamiltonians is still readable because
it is not too large. Moreover, we have decided to further simplify our example, by
omitting the study of our better estimate for the stability time as function of the
radius o, whose value is fixed to ¢ = 0.0001.

First, let us emphasize that, during our computer-assisted proofs, a Hamilton-
ian #("=1Y (the Taylor expansion of which is explicitly given in equation (7)) is

I These functions are included in 1ib_val_num. c file, making part of the package freely available
at the web address http://www.mat.uniroma2.it/~locatell/CAPs/BirkCAP_AppsA-B.zip
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represented by a set'? gathering both polynomial functions and numbers:

r— r—1 r—1
G ={Zo, oo Dintr—1 Ry Fomnry o F s
log Z 10g Zpni log FUr- V) log Fyp
O ZRi+1 5 + -+, 108 Zmin{r—1, Ry;} » 108 max{r,Rj+1}7 """ > 08 S R

log &, logaTl} .

(56)
The polynomials in the first row of definition (56) are written in terms of their
expansions Zs = Y o p—, Céfl?;i (—iz)fz¢ and f"7Y = > el jEl=s cgé_;’s)(—iz)eie,
where the coefficients are complex numbers expressed as intervals, that are explicitly
computed with the help of an algebraic manipulator'®. Moreover, the values Z, and
.FS(T) are the rigorous upper bounds for the norms of the corresponding Hamiltonian
polynomials whose expansions are not explicitly computed, while £ and a, are the
parameters needed to estimate the infinite tail of terms of type fsfr_l) with s > Ryr.
Let us recall that the values appearing in the second and third rows of definition (56)
are expressed in logarithmic scale because some of them can eventually exceed the
“safe range” set & of representable numbers on a computer, as it has been widely
discussed in appendix A.

In our opinion, the main concept to be kept in mind can be summarized as follows.
The prescriptions included in sections 2-3 allow to perform the r—th normalization
step, in such a way to explicitly determine all the elements appearing in S("), which
represents H(") and is a set having finite cardinality with the same structure as that
described in (56) (where r — 1 has to be replaced with ). As a short reformulation,
this means that the algorithm iteratively maps S~ into S and now we are
going to do it from S to SO,

Input. We focus on the Hamiltonian of the Hénon—Heiles model (45) with'* w; =1
and wy = —/2/2. After having rewritten it in complex canonical variables (—iz, Z)
(see (6) and (3) for the definition), the set S(©) representing the initial Hamiltonian

121et us stress that in formula (56) some unpleasant lower indexes (that are involving either
the minimum or the maximum between nonnegative integers) are somehow unavoidable, because
the number of already performed normalization steps, i.e. 7 — 1, can be greater than R or not;

therefore, either the explicit expansions of fr(ni;{lz Rypr oo g;l)

log Zg;41, -+ ;108 Zumin{r—1, Ry} disappear in the list of elements making part of the set Str=1),

13 Tt is not easy to code with Xodvo(, which is the algebraic manipulator we actually used
for all the applications discussed in the present paper, because its syntax looks quite difficult for
new users. Therefore, we think that an implementation of the algorithm constructing the Birkhoff
normal form in the framework provided by Mathematica can be more helpful for a reader that is
interested in reproducing our results. We have written such a code (named birkhoff HH.mth) in a
version computing exactly the coefficients as algebraic numbers. It makes part of the package freely
available at the web address http://www.mat.uniroma2.it/~locatell/CAPs/BirkCAP_AppsA-B.
zip and its output is easily converted in rigorous upper bounds on the norms by another program
(named estimates.c). Also this further code is included in that same software package and is in
charge to compute rigorously all the upper and lower bounds that are needed, in order to conclude
the computer-assisted proof of the same result discussed in the present appendix.

14We have made such a choice for the values of the angular velocities wy and w2, because all
the coefficients of the expansions defined by the normalization algorithm can be represented in the
form (I +m~/2)/n, being I, m, n € Z. This makes easier the exchange of information between the
codes birkhoff HH.mth and estimates.c as it has been described in the previous footnote .

are missing or the majorants
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H©) can be written as follows:

SO = {207 FO 0, —10%, —10%, —10%, 0, 0.4424676} , (57)
where

Zy = 1.000000000000000001 950 (—iz1)Z1 — 70.707106781186547573 16884 (—i22)Z2

and
0) _
V=

—i0.353553390593273731 13054 (—i22)Z2 — 0.353553390593273731 10850 (—i21)2 %
+0.353553390593273731 10603 222 — 0.707106781186547462-051 (—i21 ) (—iz2) 21
+i0.707106 781186547462+ 5715 (—i21) 71 22 + 1 0.117851130197757920 1034 (—i22)°
+0.353553390593273731 13100 (—i22) 22 + i 0.353553390593273731 10850 (—iz2)Z2
—0.117851130197757920 951 25 — 7 0.353553390593273731 13026 (—i21)2(—i22).

In both the expansions above we adopted the notation ¢y = ai,, + iby,, for
each coefficient, where a and b are the central values referring to the intervals of
the real and imaginary part, while o, and o} allow to determine the half-widths
0o X 107% and o5 x 107 of those same intervals, being e, and e; the number of
digits appearing after the floating point in the writing of a and b, respectively. For
instance, the last summand in the expansion of Z; reads as

i[—0.707106781186554457 , —0.707106781186540689] (—iz2)Z2 -

We remark that fs(o) =0V s > 2, because the Hénon—Heiles model is defined by
a cubic Hamiltonian. This explains why the third element of S(© is equal to zero.
Since we have decided to describe the upper bounds of the norms in a logarithmic
scale (in order to maintain the agreement with more challenging applications in-
volving huge expansions), therefore, we have put log(fgo)) =—-10tfor3<s<5
in formula (57); in practice, this means that we are overestimating 0 with the very
low positive number e 1990 ~ 1074343 For what concerns the last two parameters
£ and log ag appearing at the end of the representation S~ (56) in the case with
r = 1, usually they are determined taking into account both the sup norm and the
geometrical decay of the power series in a domain where the Hamiltonian H(? is
an analytic function. In this particular case, any choice of a pair of positive values
for £ and log ap would be acceptable. However, since the value of the common ratio
a,—1 (that is related to the majorants of the infinite tail of terms appearing in the
remainder of H("~1) affects the next one, i.e., a,, through the relation (31), we
have found reasonable to set £ and ag in such a way to describe the relative increase
of fl(o) with respect to Zp . This is the reason why the last two elements making part
of S© in (57) have been fixed so that log € = 0 and logag = log ]_.1(0) @4 3, where
log .7-"1(0) = 10g+(\|f1(0) II) and the definitions of the elementary arithmetic operators
allowing to implement validated numerics (like, e.g., @) are given in the previous
appendix A.

First normalization step: » = 1. We have to put in Birkhoff normal form the cubic
term. In order to do that, we solve the homological equation L, Zy + fl(o) =7
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and, in view of equation (11), we obtain

Y1 = 0.499999999999999889 1 50315 (—i22)Z2 + 0.130601937481870711 4 5046 (—izs) 22
+40.999999999999999889 1 40524 (—i21)(—iz2)Z1 — i 0.0555555555555555525 19055275
—0.999999999999999889.1 40080 (—i21 ) 71 22 + 0.0555555555555555525 190034 (—iz2)?

—40.499999999999999889 1 20401 (—iz2)2Zs — i 0.130601937481870711 4 5046(—i21)2 22
+0.273459080339013560.+ 20345 (—i21)? (—iza) — 1 0.273459080339013560 120006 2> Z2.-

The new normal form term Z; is equal to 0, due to the fact that the normalization
step is odd (see (13)). We have now to apply the Lie series of generating function
x1 to H©): since we are considering terms up to degree 4, the only contributions
we have to calculate are %ﬁilZo and Exlfl(o); in fact, according to formula (14),
they will produce terms of degree 4, which are collected together in the definition
of fg(l) = %EilZo + £X1f1(0). In order to properly describe all the Hamiltonian
terms at the end of the first normalization step, we have to update the parameters
appearing in the second and in the third row of the generic representation described
in (56). Since we know the expansion of the generating function x1, we can use the
formule in Proposition 1 to rigorously compute the upper bounds Dy and log(}"s(l))
for 3 < s < 5; moreover, we can compute the norm of'® f2(1), that is log+(||f2(1)|\) =
2.446291. We define loga; = 2.599403 by using formula (31). Therefore, the
representation of the new Hamiltonian H") can be summarized by the following
set:

S — {ZO, 0, £{", 6.685803, 8.979949, 11.16873, 0, 2.599403} .

Finally, we use formula (29) to determine the rigorous estimate of the sup norm of
the remainder after having completed the first normalization step: log(|R™M|,) =
—34.71383.

Second normalization step: r = 2. For what concerns the second step, we proceed
in an analogous way with respect to the first one. The homological equation we
have to solve is Ly, Zo + 2(1) = Z5. We compute the generating function ys by
using formula (11) and the new normal form term Z, as defined in (13). All the
other terms generated by the Lie series are of polynomial degree greater than 4,
therefore, their Taylor expansion is not explicitly computed. By repeating the same

computations we have done for the first step, we can write
S? = {Zy, 0, Z3, 6.685803, 9.014286, 11.55494, 0, 2.664144} ,

where

Z2 = 1.98564213380166632i125900(7212,’1)(7112’2)2122
—0.656599153958936865 1325684 (—i21 )2 27
—0.589255650988789514 4 313083 (—i22) Z3.

As a new estimate for the remainder, we obtain log(|R(®|,) = —39.36487. Since
it is smaller with respect to the upper bound for the same quantity at the first
normalization step, then it is convenient to further iterate the algorithm.

15For brevity reasons, here we have decided to not include the expansion of f2<1). However, its
normal form part, i.e., Za, is written within the following description of the second normalization
step.
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Third normalization step: » = 3. As a major difference with respect to the second
step, now an explicit expansion for féz) is not available and, therefore, the same
holds for the generating function ys3. Instead of computing Ds by using the ex-
pansion of x3, we have to set D3 = 5G3 (see formula (26) and the definition of D,
in Proposition 1). Indeed, G3 can be easily computed because ]—"3(2) is known and
a, can be determined, because it is the smallest divisor which could appear at the
third step (see (25)). After having determined the upper bounds Z5 and log( g(‘s))
for s =4, 5 (by following the prescriptions in Proposition 1), we can conclude that
at the end of this normalization step the Hamiltonian is represented by

S®) = {Z,, 0, Zs, 6.685803, 9.014286, 13.18247, 0, 3.937671} .

The new estimate of the remainder is log(|R®)|,) = —42.15919; once again, it has
decreased.

Fourth normalization step: r = 4. We can proceed exactly in the same way as for
the third step. The representative set corresponding the new Hamiltonian H(® is

SW = {Z,, 0, Z, 6.685803, 9.014286, 13.18247, 0, 4.002009} .

The new remainder can be estimated as log(|R¥)|,) = —41.66110. Since it has
increased, the third normalization step can be considered as the optimal one with
respect to these parameters and the algorithm stops here.

End of the algorithm. We reconsider the set S() because it represents the Hamil-
tonian at the third normalization step, which is related to the smallest remainder.
The value of g9 that optimizes the escaping time, as defined at the end of sub-
section 4.1, is gg = 0.00008165. We can finally compute the lower bound for the
stability time T by using formula (37) and we obtain log T = 24.92920.

Final comments. It is easy to realize that the explicit computation of the expansions
for the terms belonging to the Hamiltonians up to the degree R;+2 does not depend
on the evaluation of the upper bounds for higher order polynomials. This remark
explains the reason why it is convenient to separate the computer-assisted proof in
two different programs, that are designed in order to handle with the expansions and
the estimates, respectively. These two codes are included in BirkCAP_AppsA-B.zip
and they are in a version that is adapted to the example discussed in the present
appendix. Such a file is conceived as a sort of supplementary material'® with respect
to this work, thus, it can be interesting for readers willing to reproduce the compu-
tational algorithm in their own codes (or to adapt our ones). For such a purpose, in
BirkCAP_AppsA-B.zip we have included a program computing exactly the polyno-
mial expansions in the framework of Mathematica, in order to provide a code that
is rather easy to read. On the other hand, the explicit expansions reported in this
appendix have been produced by using Xgdvo( for the algebraic manipulations of
polynomials with coefficients that are complex numbers expressed as intervals. We
think that this can be useful for the initial comparisons with a new code, eventually
designed by a reader interested in much more challenging applications with respect
to the very simple example discussed in the present appendix.
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