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Work extraction in quantum finite systems is an important issue in quantum thermodynamics. The optimal
work extracted is called ergotropy, and it is achieved by maximizing the average work extracted over all the
unitary cycles. However, an agent that is non-neutral to risk is affected by fluctuations and should extract work
by following the expected utility hypothesis. Thus, we investigate the optimal work extraction performed by
a risk non-neutral agent by maximizing the average utility function over all the unitary cycles. We mainly
focus on initial states that are incoherent with respect to the energy basis, achieving a probability distribution
of work. In this case we show how the optimal work extraction will be performed with an incoherent unitary
transformation, namely a permutation of the energy basis, which depends on the risk aversion of the agent.
We give several examples, in particular also the work extraction from an ensemble of quantum batteries is
examined. Furthermore, we also investigate how work extraction is affected by the presence of initial quantum
coherence in the energy basis by considering a quasiprobability distribution of work.

I. INTRODUCTION

Work extraction in isolated finite quantum systems is per-
formed by a cyclical change of the Hamiltonian parameters
(a unitary cycle). For instance, these quantum systems can
be used to temporarily store energy, and thus they can be
used as quantum batteries in a consumption center where an
agent will extract useful work from them (see, e.g., Ref. [1]
for a review). Work is typically affected by stochastic fluc-
tuations so that the extraction is not deterministic. Thus,
typically an agent aims to extract an amount of work mak-
ing a choice (among the different unitary cycles) under un-
certainty. When the agent is neutral to risk, he will choose
the unitary operator which maximizes the average work ex-
tracted. In this case, the optimal work extracted is given by
the ergotropy and the optimal unitary cycle leads the initial
state of the system to a passive state [2]. However, if the
agent takes in account the risk of his choice, he can make his
choice relying on the expected utility hypothesis, first for-
malized by von Neumann and Morgenstern within the the-
ory of games and economic behaviour in 1944 [3]. Depend-
ing on the risk aversion of the agent, the latter can choose a
unitary cycle that leads to a nonpassive final state. Formally,
risk aversion can be characterized in terms of a utility func-
tion, which quantifies the satisfaction gained from a choice.
Thus, the work extracted can be thought of as wealth and the
utility can be used to select the unitary cycle. Furthermore,
when the work satisfies some fluctuation theorems, these can
influence the expected utility and the choice performed by
the agent [4, 5]. In particular, in Ref. [5], we investigated
how an entropy coming from a detailed fluctuation theorem
can influence the decision of the agent. Here, we focus on
a completely different problem that is the optimal work ex-
traction performed by a risk non-neutral agent, generalizing
the concept of ergotropy by looking on the expected utility
hypothesis. We aim to answer to the questions: What is the
optimal unitary cycle of work extraction when the expected
utility hypothesis is taken in account? How does this dif-
fer from ergotropy? How to select between different initial
states that provide different work extraction statistics? To
answer to these questions, in Sec. II we introduce some pre-

liminary notions. In Sec. II A we review the concept of er-
gotropy, corresponding to the optimal work extraction by an
agent neutral to risk. In Sec. II B we introduce some rudi-
ments of expected utility theory. To get a probability dis-
tribution of work, we focus on initial states which are inco-
herent with respect to the energy basis. Then, we study the
optimal work extraction by an agent non-neutral to risk in
Sec. III. We mainly focus on an exponential utility function,
from a general point of view in Sec. III A, and by consider-
ing particular cases which are a qubit in Sec.III A 1, a qutrit
in Sec. III A 2, two qubits in Sec. III A 3 and an ensemble of
quantum batteries in Sec. III A 5. We also discuss the case
of an arbitrary utility function in Sec. III B. In particular, we
prove that the optimal expected utility function is achieved
by a cycle that is an incoherent unitary transformation in the
energy basis. Furthermore, in Sec. IV we briefly investigate
how the expected utility (by considering an exponential util-
ity function) is affected by the presence of initial quantum
coherence in the energy basis. When the initial state is not
incoherent, there may not be a probability distribution for the
work done, as proven by a no-go theorem [6]. This is related
to the quantum contextuality as discussed in Ref. [7]. Thus,
to perform our study we adopt the quasiprobability distribu-
tion of work introduced in Ref. [8], which is selected if some
fundamental conditions need to be satisfied [9].

II. PRELIMINARIES

We start our discussion by introducing some preliminary
notions, which are the ergotropy (see Sec. II A) and some
rudiments about the expected utility theory (see Sec. II B).

A. Ergotropy

Following Ref. [2], we focus on a quantum system with a
finite Hilbert space of dimension 𝑑 . The system is prepared
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in the initial state

𝜌 =

𝑑∑︁
𝑘=1

𝑟𝑘 |𝑟𝑘⟩⟨𝑟𝑘 | (1)

and with the initial Hamiltonian

𝐻 =

𝑑∑︁
𝑘=1

𝜖𝑘 |𝜖𝑘⟩⟨𝜖𝑘 | , (2)

where 𝑟𝑘 ≥ 𝑟𝑘+1 and 𝜖𝑘 < 𝜖𝑘+1. The system is thermally
isolated, and an agent extracts an amount of average work
by cyclically changing some Hamiltonian parameters, so that
at the end of the cycle the final Hamiltonian is equal to the
initial one 𝐻 . Thus, the agent perform a unitary cycle with
a unitary time-evolution operator 𝑈 = T𝑒−𝑖

∫ 𝜏

0 𝐻 (𝑡 )𝑑𝑡 gen-
erated by the time-dependent Hamiltonian 𝐻 (𝑡) such that
𝐻 (0) = 𝐻 (𝜏) = 𝐻 , where 𝑡 = 0 and 𝑡 = 𝜏 are the initial
and final time, and T is the time ordering operator. The final
state is 𝑈𝜌𝑈 † and the average work is minus the change of
average energy and reads

𝑊 (𝜌,𝑈 ) = 𝐸 (𝜌) − 𝐸 (𝑈𝜌𝑈 †) , (3)

where the average energy of the initial and final state is calcu-
lated with respect to the Hamiltonian𝐻 , and we have defined
𝐸 (𝜌) = Tr {𝐻𝜌}. The optimal work extraction is achieved by
maximizing the average work in Eq. (3) over all the unitary
cycles, i.e.,

E(𝜌) ≡ max
𝑈

𝑊 (𝜌,𝑈 ) =𝑊 (𝜌,𝑈𝐸) ≥ 0 (4)

The optimal value E(𝜌) is called ergotropy, and it is achieved
by performing the optimal unitary cycle with unitary opera-
tor

𝑈𝐸 =

𝑑∑︁
𝑘=1

𝑒𝑖𝜙𝑘 |𝜖𝑘⟩⟨𝑟𝑘 | . (5)

The ergotropy is zero if and only if the initial state is pas-
sive, i.e., commutates with the Hamiltonian, [𝜌, 𝐻 ] = 0, and
the populations with respect to the energy basis are sorted in
decreasing order, 𝑟𝑘 = ⟨𝜖𝑘 |𝜌 |𝜖𝑘⟩. The unitary cycle with oper-
ator𝑈𝐸 lowers the average energy in the best way. However,
the agent can be non-neutral to risk, in this case he will take
in account the work fluctuations.

B. Expected utility hypothesis

Work can be thought of as a stochastic quantity𝑤 affected
by fluctuations. For our purposes we aim to define a proba-
bility distribution of work, then we consider a general inco-
herent initial state in the basis of energy, i.e., a state such that
𝜌 = Δ(𝜌), where Δ(𝜌) ≡ ∑

𝑘 |𝜖𝑘⟩⟨𝜖𝑘 |𝜌 |𝜖𝑘⟩⟨𝜖𝑘 | is the dephas-
ing map. The initial state reads

𝜌 =

𝑑∑︁
𝑘=1

𝑝𝑘 |𝜖𝑘⟩⟨𝜖𝑘 | , (6)

where 𝑝𝑘 ’s are related to 𝑟𝑘 ’s by a permutation 𝜋𝑘 of the in-
dices, i.e., 𝑟𝑘 = 𝑝𝜋𝑘 for all 𝑘 . For instance, if the permutation
is the identity 𝜋𝑘 = 𝑘 , we get 𝑟𝑘 = 𝑝𝑘 and we can easily check
that the state 𝜌 is passive. For the unitary cycle with time
evolution operator 𝑈 , we define the extracted work as the
random variable 𝑤 having the two-projective-measurement
probability distribution [10, 11]

𝑝 (𝑤, 𝜌,𝑈 ) =
∑︁
𝑘,𝑛

𝑝𝑘 |⟨𝜖𝑛 |𝑈 |𝜖𝑘⟩|2𝛿 (𝑤 − 𝜖𝑘 + 𝜖𝑛) . (7)

To introduce some notions of expected utility theory, we fo-
cus on an agent who must choose between two procedures
that yield two different stochastic works 𝑤1 and 𝑤2 having
certain probability distributions. Thus, the works 𝑤𝛼 is ex-
tracted in a procedure with initial state 𝜌𝛼 and unitary time-
evolution operator 𝑈𝛼 , for 𝛼 = 1, 2. To give an example,
we consider an agent who must choose between extracting a
fixed work𝑤1 = 𝑤𝑑𝑒𝑡 or flipping a coin and extracting a work
𝑤2 = 𝑤ℎ𝑒𝑎𝑑 if heads or nothing otherwise. The utility func-
tion𝑢 (𝑤) quantifies the satisfaction gained from a choice, i.e.,
the risk aversion, so that the agent will choose the procedure
extracting the work 𝑤1 instead of 𝑤2 if [12, 13]

⟨𝑢 (𝑤1)⟩ > ⟨𝑢 (𝑤2)⟩ , (8)

which represents the expected utility hypothesis. Thus, in
our example, an agent with the utility function 𝑢 (𝑤) will
choose to flip the coin if 𝑢 (0) + 𝑢 (𝑤ℎ𝑒𝑎𝑑 ) > 2𝑢 (𝑤𝑑𝑒𝑡 ), is
neutral to the choice if equality holds or will choose deter-
ministic work 𝑤𝑑𝑒𝑡 otherwise. It is easy to see that the in-
equality in Eq. (8) remains unchanged if we perform an affine
transformation on the utility function, i.e., the transforma-
tion 𝑢 (𝑤) ↦→ 𝑎𝑢 (𝑤) + 𝑏, where 𝑎 is a positive variable. This
means that the utility function is defined up to affine trans-
formations. The work 𝑤 can be further characterized by the
certainty equivalent, denoted with 𝑤𝐶𝐸 , defined such that

𝑢 (𝑤𝐶𝐸) = ⟨𝑢 (𝑤)⟩ . (9)

Thus, the certainty equivalent is obtained as the Kolmogorov-
Nagumo average of the wealth, i.e., 𝑤𝐶𝐸 = ⟨𝑤⟩𝐾𝑁 ≡
𝑢−1 (⟨𝑢 (𝑤)⟩), where 𝑢 (𝑤) is a strictly monotonic function.
The meaning of the certainty equivalent becomes more clear
if we consider as usual a strictly increasing utility function
𝑢 (𝑤), so that Eq. (8) is equivalent to 𝑤𝐶𝐸1 > 𝑤𝐶𝐸2 , where 𝑤𝐶𝐸1,2
is the certainty equivalent corresponding to the work 𝑤1,2.
To understand in simple terms how the agent’s risk aver-
sion depends on the utility function 𝑢 (𝑤), we start by not-
ing that if 𝑢 (𝑤) is a linear function, the certainty equivalent
coincides with the average value, i.e., 𝑤𝐶𝐸 = ⟨𝑤⟩. In this
case, the agent prefers the procedure maximizing the aver-
age work and it is neutral to risk. Instead, if 𝑢 (𝑤) is a strictly
increasing concave function, then the agent is averse to risk,
since, by applying the Jensen’s inequality to Eq. (9), we get
𝑤𝐶𝐸 < ⟨𝑤⟩. On the other hand, if 𝑢 (𝑤) is a strictly increas-
ing convex function, then the agent will prefer to risk since
𝑤𝐶𝐸 > ⟨𝑤⟩. For instance, in our example, if 𝑢 (𝑤) is a convex
function, by applying Jensen’s theorem we get the inequality
𝑢 (0) + 𝑢 (𝑤ℎ𝑒𝑎𝑑 ) ≥ 2𝑢 (𝑤ℎ𝑒𝑎𝑑/2). Then, if 𝑤ℎ𝑒𝑎𝑑 > 2𝑤𝑑𝑒𝑡 from
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the previous discussion the agent will flip the coin. In sum-
mary, in terms of the certainty equivalent, we say that the
agent is risk averse if 𝑤𝐶𝐸 < ⟨𝑤⟩, risk neutral if 𝑤𝐶𝐸 = ⟨𝑤⟩
and risk loving if 𝑤𝐶𝐸 > ⟨𝑤⟩. Furthermore, the utility func-
tion allows us to quantify how risk averse an agent is. For a
utility function which is concave and strictly increasing, risk
aversion can be measured with the Arrow-Pratt coefficient of
absolute risk aversion defined as

𝑟𝐴 (𝑤) = −𝑢
′′ (𝑤)
𝑢′ (𝑤) , (10)

which is non-negative. It is clear that risk aversion depends
on how much the utility function 𝑢 (𝑤) is concave. Then,
the simpler quantifier of risk aversion should be the second
derivative 𝑢′′ (𝑤). However, 𝑢′′ (𝑤) is not invariant under
affine transformations, but we can work around this problem
by dividing it by the first derivative 𝑢′ (𝑤), which explains
Eq. (10). More details can be found, e.g., in Refs. [12, 13].

III. OPTIMALWORK EXTRACTION

Given the initial state 𝜌 in Eq. (6) and the initial Hamil-
tonian 𝐻 in Eq. (2), we aim to calculate the maximum over
all the unitary cycles with unitary time-evolution 𝑈 of the
average value of a utility function 𝑢 (𝑤), i.e.,

U(𝜌) ≡ max
𝑈

∫
𝑝 (𝑤, 𝜌,𝑈 )𝑢 (𝑤)𝑑𝑤 =

∫
𝑝 (𝑤, 𝜌,𝑈𝑢)𝑢 (𝑤)𝑑𝑤 .

(11)
This equation defines the optimal expected utility U(𝜌) and
the optimal unitary cycle with unitary operator 𝑈𝑢 . These
are the main objects of investigation of this paper. In partic-
ular, for a given unitary operator𝑈 , we get the average of the
utility function

⟨𝑢 (𝑤)⟩ =

∫
𝑝 (𝑤, 𝜌,𝑈 )𝑢 (𝑤)𝑑𝑤 (12)

=
∑︁
𝑘,𝑛

⟨𝜖𝑛 |𝑈 |𝜖𝑘⟩𝑝𝑘𝑢 (𝜖𝑘 − 𝜖𝑛)⟨𝜖𝑘 |𝑈 † |𝜖𝑛⟩ . (13)

Then, we can get some advantage in the calculation of the
maximum in Eq. (11) if 𝑢 (𝜖𝑘 − 𝜖𝑛) factorizes as 𝑢 (𝜖𝑘 − 𝜖𝑛) =
𝑢 (𝜖𝑘 )𝑢 (−𝜖𝑛). In this case, from Eq. (13) we get

⟨𝑢 (𝑤)⟩ =
∑︁
𝑘,𝑛

⟨𝜖𝑛 |𝑈 |𝜖𝑘⟩𝑝𝑘𝑢 (𝜖𝑘 )⟨𝜖𝑘 |𝑈 † |𝜖𝑛⟩𝑢 (−𝜖𝑛) (14)

= Tr
{
𝑈𝜌𝑢 (𝐻 )𝑈 †𝑢 (−𝐻 )

}
. (15)

A natural choice can be the exponential function 𝑢 (𝑤) =

−𝑒−𝑟𝑤/𝑟 . To discuss further the characteristics of this choice,
we focus on 𝑟 > 0, so that𝑢 (𝑤) is a concave function and thus
the agent is averse to risk. In this case the agent aims to opti-
mize the work fluctuations by minimizing the average ⟨𝑒−𝑟𝑤⟩
over all the unitary cycles. To explain this, we note that if the
probability distribution 𝑝 (𝑤, 𝜌,𝑈 ) is a Gaussian having vari-
ance 𝜎2

𝑤 = ⟨𝑤2⟩ − ⟨𝑤⟩2, we get ⟨𝑒−𝑟𝑤⟩ = 𝑒−𝑟 ⟨𝑤⟩+𝑟 2𝜎2
𝑤/2, then

the agent wants to maximize the quantity ⟨𝑤⟩ − 𝑟𝜎2
𝑤/2. In

FIG. 1. The average work ⟨𝑤⟩ and ⟨𝑒−𝑟𝑤⟩ corresponding to the
optimal unitary operator in the function of 𝑟 for a single battery
with 𝑑 = 3. We put 𝑝1 = 0.1, 𝑝2 = 0.4, 𝑝3 = 0.5, 𝜖1 = 0, 𝜖2 = 0.579
and 𝜖3 = 1. We calculate the optimal unitary operator by selecting
the unitary operator giving the minimum value of ⟨𝑒−𝑟𝑤⟩.

simple terms, the agent prefers to reduce the spread along
with getting maximum work. In general, minimizing ⟨𝑒−𝑟𝑤⟩
is equivalent to maximize the Kolmogorov-Nagumo average
⟨𝑤⟩𝐾𝑁 , obtaining the maximum

E𝐶𝐸 (𝜌) = max
𝑈

⟨𝑤⟩𝐾𝑁 = −1
𝑟

min
𝑈

ln⟨𝑒−𝑟𝑤⟩ . (16)

In our case, the Kolmogorov-Nagumo average can be ex-
pressed in terms of the cumulants series

⟨𝑤⟩𝐾𝑁 =

∞∑︁
𝑛=1

(−𝑟 )𝑛−1

𝑛!
𝜅𝑛 (𝑤) , (17)

where 𝜅𝑛 (𝑤) is the n-th cumulant of the work, e.g., 𝜅1 (𝑤) =
⟨𝑤⟩, 𝜅2 (𝑤) = 𝜎2

𝑤 , 𝜅3 (𝑤) = ⟨(𝑤 − ⟨𝑤⟩)3⟩, 𝜅4 (𝑤) = ⟨(𝑤 −
⟨𝑤⟩)4⟩ − 3𝜎4

𝑤 , and so on. In particular, the average of Eq. (17)
has been recently discussed in Ref. [14] when 𝑤 is replaced
with the energy. A further explanation is given by consider-
ing the Chernoff bound

Pr(𝑤 < 𝑥) ≤ ⟨𝑒−𝑟𝑤⟩𝑒𝑟𝑥 , (18)

where Pr(𝑤 < 𝑥) is the probability to get a work smaller than
a fixed amount 𝑥 . Thus, by minimizing ⟨𝑒−𝑟𝑤⟩, we minimize
the upper bound of the probability Pr(𝑤 < 𝑥) and so the left
tail of the work probability distribution. In particular, this
bound can be asymptotically saturated for a large number of
quantum batteries for an optimal value of 𝑟 , and 𝑥 < ⟨𝑤⟩, as
we will see in Sec. III A 5. Thus, in this case the agent max-
imizes the probability Pr(𝑤 ≥ 𝑥) = 1 − Pr(𝑤 < 𝑥) to get a
work 𝑤 non-smaller than 𝑥 . Furthermore, we note that, for
a given state 𝜌 , work fluctuations are typically connected to
the average work: If the agent wants to optimize work fluc-
tuations somehow, e.g., minimizing ⟨𝑒−𝑟𝑤⟩, he can inevitably
reduce the work extracted in average (see, e.g., Fig. 1). In
the end, we note that, from the expected utility hypothesis,
given a set of states, the agent prefers to extract work from
the state with the largest value of E𝐶𝐸 , where the fluctuations
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are minimal, although the corresponding average work, i.e.,
the ergotropy E, can be lower than that of other states. Fi-
nally, a similar discussion can be done for 𝑟 < 0. In this case,
the agent is risk loving and will prefer large fluctuations.

A. Exponential utility function

We focus on the following exponential utility function de-
fined such that the absolute risk aversion, Eq. (10), is constant

𝑢 (𝑤) = 1
𝑟
(1 − 𝑒−𝑟𝑤) (19)

for 𝑟 ≠ 0, and 𝑢 (𝑤) = 𝑤 for 𝑟 = 0, which is a strictly increas-
ing function. The agent is risk averse for 𝑟 > 0, risk neutral
for 𝑟 = 0 and risk loving for 𝑟 < 0, and the absolute risk aver-
sion of Eq. (10) is constant and it is 𝑟𝐴 (𝑤) = 𝑟 . For a linear
𝑢 (𝑤), i.e., 𝑟 = 0, we get the ergotropy and 𝑈𝑢 = 𝑈𝐸 . In or-
der to calculate the maximum in Eq. (11) over all the unitary
operators we note that:

Theorem 1. In general, for any 𝑟 the stationary points are
incoherent unitary operators expressed as

𝑈𝐼 =

𝑑∑︁
𝑘=1

𝑒𝑖𝜙𝑘 |𝜖𝑘⟩⟨𝜖𝜋𝑘 | , (20)

where 𝜋𝑘 is a permutation.

Thus, we have 𝑑! non-trivial stationary points since the
phases 𝜙𝑘 play a trivial role, i.e., do not appear in the ex-
pectation value of the utility function.

Proof. To prove that the stationary points are of the form of
Eq. (20), we start by considering

⟨𝑢 (𝑤)⟩ = 1
𝑟

(
1 − Tr

{
𝑈𝜌𝑣 (𝐻 )𝑈 †𝑣 (−𝐻 )

})
, (21)

where we have define the function 𝑣 (𝑤) = 𝑒−𝑟𝑤 , so that 𝑣 (𝑥 +
𝑦) = 𝑣 (𝑥)𝑣 (𝑦). We calculate the variation

𝛿 ⟨𝑢 (𝑤)⟩ ∝ Tr
{
𝛿𝑈 𝜌𝑣 (𝐻 )𝑈 †𝑣 (−𝐻 )

}
+Tr

{
𝑈𝜌𝑣 (𝐻 )𝛿𝑈 †𝑣 (−𝐻 )

}
.

(22)
We note that 𝛿𝑈 = 𝑋𝑈 where𝑋 is infinitesimal and such that
𝑋 † = −𝑋 . A variation over the set of the unitary operators
can be obtained by considering a curve in the set, which has
the Schrödinger equation ¤𝑈 = 𝑀𝑈 , with 𝑀† = −𝑀 , where
the derivative has been done with respect to the parameter 𝑠
of the curve, thus the variation is given by 𝛿𝑈 = ¤𝑈𝛿𝑠 = 𝑋𝑈 ,
where 𝑋 = 𝑀𝛿𝑠 . We get

𝛿 ⟨𝑢 (𝑤)⟩ ∝ Tr
{
𝑋 [𝑈𝜌𝑣 (𝐻 )𝑈 †, 𝑣 (−𝐻 )]

}
. (23)

By considering 𝑋 arbitrary, we get the stationary condition

[𝑈𝜌𝑣 (𝐻 )𝑈 †, 𝑣 (−𝐻 )] = 0 . (24)

Since 𝑣 (−𝐻 ) and 𝜌𝑣 (𝐻 ) are diagonal operators in the basis of
energy, 𝑈𝜌𝑣 (𝐻 )𝑈 † must be diagonal in the same basis if the
commutator in Eq. (24) is zero, which implies the stationary
points in Eq. (20) and completes the proof. ■

Then, Eq. (11) reduces to a maximum over all the 𝑑! per-
mutations 𝜋𝑘

U(𝜌) = max
𝜋𝑘

1
𝑟

(
1 −

𝑑∑︁
𝑛=1

𝑝𝜋𝑛𝑒
−𝑟 (𝜖𝜋𝑛 −𝜖𝑛 )

)
. (25)

To calculate the optimal value U(𝜌), we define 𝑦𝑘 = 𝑒𝑟𝜖𝑘 /𝑟 ,
so that 𝑦𝑘 < 𝑦𝑘+1. Then, we sort {𝑝𝑘𝑒−𝑟𝜖𝑘 } in decreasing or-
der, i.e., we choose the permutation 𝜋𝑘 such that 𝑝𝜋𝑘𝑒

−𝑟𝜖𝜋𝑘 =

𝑢𝑘 with 𝑢𝑘 ≥ 𝑢𝑘+1. From these considerations, we get our
main result

U(𝜌) = 1
𝑟

(
1 −

𝑑∑︁
𝑘=1

𝑢𝑘𝑒
𝑟𝜖𝑘

)
. (26)

Concerning the optimal certainty equivalent, from Eq. (9) we
get

E𝐶𝐸 (𝜌) = 𝑢−1 (U(𝜌)) = −1
𝑟

ln (1 − 𝑟U(𝜌)) , (27)

which is equivalent to Eq. (16) and generalizes the ergotropy
E(𝜌) to an agent non-neutral to risk. Let us study these ob-
jects. Operatively, the optimal values can be calculated by
sorting the elements {𝑝𝑘𝑒−𝑟𝜖𝑘 } in decreasing order achieving
the sorted 𝑢𝑘 . If for a given 𝑟 the elements are already sorted
in decreasing order, i.e., 𝑝𝑘𝑒−𝑟𝜖𝑘 ≥ 𝑝𝑘+1𝑒

−𝑟𝜖𝑘+1 or equivalently
𝑢𝑘 = 𝑝𝑘𝑒

−𝑟𝜖𝑘 , the agent prefers to do nothing. In this case
U(𝜌) = 0. Interestingly, if there are at least two populations
𝑝𝑘 and 𝑝𝑛 different from zero, there is always some 𝑟 such
that 𝑢𝑘 ≠ 𝑝𝑘𝑒

−𝑟𝜖𝑘 , and for this 𝑟 we get U(𝜌) > 0, and the
agent prefers to try to extract work instead to do nothing. To
prove it, we consider 𝑘 > 𝑛 and we search 𝑟 such that

𝑝𝑛𝑒
−𝑟𝜖𝑛 < 𝑝𝑘𝑒

−𝑟𝜖𝑘 , (28)

which is satisfied for

𝑟 <
1

𝜖𝑛 − 𝜖𝑘
ln

𝑝𝑛

𝑝𝑘
. (29)

Thus, we deduce that:

Theorem 2. U(𝜌) > 0 if and only if

𝑟 < max
𝑘,𝑛 |𝑘>𝑛

1
𝜖𝑛 − 𝜖𝑘

ln
𝑝𝑛

𝑝𝑘
=

1
𝜖𝑛̄ − 𝜖𝑘

ln
𝑝𝑛̄

𝑝𝑘
. (30)

For instance, if the initial state is thermal 𝑝𝑘 = 𝑒−𝛽𝜖𝑘 /𝑍 ,
where 𝑍 =

∑
𝑘 𝑒

−𝛽𝜖𝑘 and 𝛽 is the inverse temperature, then
the condition in Eq. (30) reduces to 𝑟 < −𝛽 . It results that
U(𝜌) ≥ 0 and it is zero if and only if 𝑝𝑘+1𝑒

−𝑟𝜖𝑘+1 ≤ 𝑝𝑘𝑒
−𝑟𝜖𝑘

for all 𝑘 , or equivalently Eq. (30) is not satisfied. States such
that 𝑝𝑘+1𝑒

−𝑟𝜖𝑘+1 ≤ 𝑝𝑘𝑒
−𝑟𝜖𝑘 for all 𝑘 are a generalization of the

passive states achieved for 𝑟 = 0. Concerning the optimal
certainty equivalent in Eq. (27), we note that since E𝐶𝐸 (𝜌)
needs to be real, from Eq. (27) it results the bound U(𝜌) <

1/𝑟 when 𝑟 > 0. In this case we get E𝐶𝐸 (𝜌) ≥ 0 since the
argument of the logarithm is smaller than one. Furthermore,
by noting that for 𝑟 = 0 we get the ergotropy and for 𝑟 < 0
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the argument of the logarithm is larger than one, we get that
in general E𝐶𝐸 (𝜌) ≥ 0. Since 𝑢 (0) = 0, we get E𝐶𝐸 (𝜌) = 0
if and only if U(𝜌) = 0. Moreover, since for 𝑟 > 0 we have
0 ≤ U(𝜌) < 1/𝑟 , we get U(𝜌) → 0 as 𝑟 → ∞. We note that
U(𝜌) and E𝐶𝐸 (𝜌) can be also related to the Tsallis and Rényi
divergences defined as

𝐷Tsallis
𝛼 (𝑝 | |𝑞) =

1
𝛼 − 1

(∑︁
𝑗

𝑝𝛼𝑗 𝑞
1−𝛼
𝑗 − 1

)
, (31)

𝐷
Rényi
𝛼 (𝑝 | |𝑞) =

1
𝛼 − 1

ln

(∑︁
𝑗

𝑝𝛼
𝑗

𝑞𝛼−1
𝑗

)
, (32)

which for 𝛼 > 0 are non-negative and equal to zero if and
only if 𝑝 = 𝑞, where 𝑝 = {𝑝𝑖 } and𝑞 = {𝑞𝑖 } are two probability
distributions such that 𝑝𝑖 ≥ 0,

∑
𝑖 𝑝𝑖 = 1, 𝑞𝑖 ≥ 0 and

∑
𝑖 𝑞𝑖 = 1.

It is easy to see that there is a relation for the case of thermal
populations 𝑝𝑘 = 𝑒−𝛽𝜖𝑘 /𝑍 . In this case, by defining 𝑞𝑘 = 𝑝𝜋𝑘 ,
from Eqs. (26) and (27) we get

U(𝜌) = −𝛽𝐷Tsallis
𝛼 (𝑞 | |𝑝) , (33)

E𝐶𝐸 (𝜌) = −𝛽𝐷Rényi
𝛼 (𝑞 | |𝑝) , (34)

where 𝛼 = 1 + 𝑟/𝛽 . In particular, for 𝛼 > 0, namely 𝑟 > −𝛽 ,
both the divergences are non-negative for any permutation
𝜋𝑘 , which means that 𝑝 = 𝑞 and the optimal permutation is
𝜋𝑘 = 𝑘 . This is in perfect agreement with the condition in
Eq. (30).

To see how the optimal values U and E𝐶𝐸 differ from
the egotropy, we start to define the characteristic function
of work as 𝜒 (𝑥, 𝜌,𝑈 ) =

∫
𝑒𝑖𝑥𝑤𝑝 (𝑤, 𝜌,𝑈 )𝑑𝑤 (alternatively

also the definition 𝜒 (𝑥, 𝜌,𝑈 ) =
∫
𝑒−𝑥𝑤𝑝 (𝑤, 𝜌,𝑈 )𝑑𝑤 is typ-

ically used), which is the generating function of the work
moments, and the generating function of work cumulants
𝑔(𝑥, 𝜌,𝑈 ) = ln 𝜒 (𝑥, 𝜌,𝑈 ). In general, the optimal values can
be expressed as

U(𝜌) = 1
𝑟
(1−𝜒 (𝑖𝑟, 𝜌,𝑈𝑢)) , E𝐶𝐸 (𝜌) = −𝑔(𝑖𝑟, 𝜌,𝑈𝑢)

𝑟
. (35)

Thus, to achieve the optimal unitary cycle, we are minimizing
𝜒 (𝑖𝑟, 𝜌,𝑈 )/𝑟 over all the unitary cycles, instead of the average
energy of the final state 𝐸 (𝑈𝜌𝑈 †) for the ergotropy. Since the
optimal incoherent unitary changes by jumping from a per-
mutation to a different one, we expect that there is a neigh-
borhood of zero such that if 𝑟 ∈ (𝛿−, 𝛿+) we get the optimal
unitary operator 𝑈𝑢 = 𝑈𝐸 , where 𝛿− < 0 and 𝛿+ > 0. Thus,
for 𝑟 ∈ (𝛿−, 𝛿+) we get

U(𝜌) = 1
𝑟
(1−𝜒 (𝑖𝑟, 𝜌,𝑈𝐸)) , E𝐶𝐸 (𝜌) = −𝑔(𝑖𝑟, 𝜌,𝑈𝐸)

𝑟
, (36)

from which, we have

U(𝜌) = E(𝜌) − 𝑟

2
⟨𝑤2⟩𝐸 + O(𝑟 2) , (37)

E𝐶𝐸 (𝜌) = E(𝜌) − 𝑟

2
(
⟨𝑤2⟩𝐸 − E2 (𝜌)

)
+ O(𝑟 2) , (38)

where ⟨𝑤𝑛⟩𝐸 =
∫
𝑤𝑛𝑝 (𝑤, 𝜌,𝑈𝐸)𝑑𝑤 , e.g., ⟨𝑤⟩𝐸 = E(𝜌). Given

two states 𝜌 and 𝜌 ′, by following the expected utility hypoth-
esis an agent prefers the one with largest optimal value U

(or equivalently E𝐶𝐸 ). Thus, if the agent is near to be neu-
tral to risk, 𝑟 ∈ (𝛿−, 𝛿+), the selection of the initial state
is determined by the ergotropy and its higher moments (or
cumulants). In general, given two states 𝜌 and 𝜌 ′, it is im-
portant to compare the optimal expected utilities of the two
states. To deduce a sufficient condition for the inequality
U(𝜌) ≥ U(𝜌 ′), we start by considering

U(𝜌) − U(𝜌 ′) = 1
𝑟

𝑑∑︁
𝑘=1

(𝑢′
𝑘
− 𝑢𝑘 )𝑒𝑟𝜖𝑘 (39)

=

𝑑−1∑︁
𝑘=1

𝑒𝑟𝜖𝑘+1 − 𝑒𝑟𝜖𝑘

𝑟

𝑘∑︁
𝑗=1

(𝑢 𝑗 − 𝑢′
𝑗 ) −

𝑒𝑟𝜖𝑑

𝑟

𝑑∑︁
𝑗=1

(𝑢 𝑗 − 𝑢′
𝑗 ) ,(40)

where we used the summation by parts [15]. All the pa-
rameters with apostrophe, e.g., 𝑢′

𝑘
, correspond to 𝜌 ′. Since

𝜖𝑘 < 𝜖𝑘+1, and 𝑦 (𝑥) = 𝑒𝑟𝑥/𝑟 is a strictly increasing function,
we get (𝑒𝑟𝜖𝑘+1 −𝑒𝑟𝜖𝑘 )/𝑟 > 0, thus the weak majorization gives
a sufficient condition, which is

{𝑢𝑘 } ≻𝑤 {𝑢′
𝑘
} and

(
𝑟 < 0 or

1
𝑟

𝑑∑︁
𝑗=1

(𝑢 𝑗 − 𝑢′
𝑗 ) = 0

)
⇒ U(𝜌) ≥ U(𝜌 ′)
⇒ E𝐶𝐸 (𝜌) ≥ E𝐶𝐸 (𝜌 ′) , (41)

where the weak majorization is defined such that {𝑢𝑘 } ≻𝑤
{𝑢′
𝑘
} if and only if

𝑘∑︁
𝑗=1

𝑢 𝑗 ≥
𝑘∑︁
𝑗=1

𝑢′
𝑗 for 𝑘 = 1, . . . , 𝑑 . (42)

As 𝑟 → 0, we get that U(𝜌)−U(𝜌 ′) is equal to the ergotropy
difference E(𝜌)−E(𝜌 ′) and the condition

∑𝑑
𝑗=1 (𝑢 𝑗−𝑢′

𝑗 )/𝑟 = 0
is equal to 𝐸 (𝜌) = 𝐸 (𝜌 ′), i.e., the two states have the same
average energy. Of course, also the majorization gives a suf-
ficient condition for 𝑟 ≠ 0, which is

{𝑢𝑘 } ≻ {𝑢′
𝑘
} ⇒ U(𝜌) ≥ U(𝜌 ′) ⇒ E𝐶𝐸 (𝜌) ≥ E𝐶𝐸 (𝜌 ′) , (43)

where the majorization is defined such that {𝑢𝑘 } ≻ {𝑢′
𝑘
} if

and only if

𝑘∑︁
𝑗=1

𝑢 𝑗 ≥
𝑘∑︁
𝑗=1

𝑢′
𝑗 for 𝑘 = 1, . . . , 𝑑 − 1 (44)

and
∑𝑑
𝑘=1 𝑢𝑘 =

∑𝑑
𝑘=1 𝑢

′
𝑘
. This implies that both U(𝜌) and

E𝐶𝐸 (𝜌) are Schur-concave functionals of {𝑢𝑘 }. Let us now
give some examples.

1. d=2

For 𝑑 = 2 we get a qubit, where the computational basis
can be defined as |𝜖1⟩ = |0⟩ and |𝜖2⟩ = |1⟩. We have only two
permutations which are the identity 𝜋

(𝐼 )
𝑘

, defined as 𝜋 (𝐼 )
1 = 1
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FIG. 2. Optimal permutation in the plane (𝑝, 𝑟 ). In the orange
region we get the NOT (2, 1), in the white region the identity (1, 2).
The critical value 𝑟 = 𝑟∗ is the bottom boundary of the white region.

and 𝜋
(𝐼 )
2 = 2, i.e., in the usual notation (1, 2), and the NOT

gate 𝜋
(𝑁𝑂𝑇 )
𝑘

defined as 𝜋 (𝑁𝑂𝑇 )
1 = 2 and 𝜋

(𝑁𝑂𝑇 )
2 = 1, i.e., in

the usual notation (2, 1). It is easy to see that the optimal𝑈𝑢 is
the identity for 𝑟 > 𝑟 ∗, whereas we get the NOT permutation
(2, 1) and U(𝜌) > 0 for 𝑟 < 𝑟 ∗ (see Fig. 2). To find 𝑟 ∗ in
the function of the populations, we require that the expected
utility ⟨𝑢 (𝑤)⟩ for (2, 1), which reads

⟨𝑢 (𝑤)⟩(2,1) =
1
𝑟

(
1 − 𝑝2𝑒

−𝑟 (𝜖2−𝜖1 ) − 𝑝1𝑒
−𝑟 (𝜖1−𝜖2 )

)
, (45)

is zero. From this condition we get

𝑟 ∗ =
1
𝜖

ln
1 − 𝑝

𝑝
, (46)

where 𝜖 = 𝜖2 − 𝜖1 and 𝑝 = 𝑝1. We note that for 𝑟 = 0, the
identity permutation (1, 2) is selected for 𝑝1 > 1/2 (passive
state), the NOT permutation (2, 1) for 𝑝1 < 1/2 (active state),
in agreement with the ergotropy, that is nonzero only if the
state is active. For an initial active state such that 𝑝1 < 1/2,
we get 𝑟 ∗ > 0, so that a risk averse agent for 0 < 𝑟 < 𝑟 ∗

prefers to gamble and to perform the cycle with NOT per-
mutation, since the state is active and average work can be
extracted. For an initial passive state 𝑝1 > 1/2, we get 𝑟 ∗ < 0,
so that a risk loving agent prefers to do nothing (i.e., the iden-
tity) for 0 > 𝑟 > 𝑟 ∗ instead to gamble performing the NOT
permutation (2, 1). We can have a deterministic work extrac-
tion, i.e., the probability distribution is a Dirac delta, when
𝑝1 = 1 or 𝑝2 = 1. When 𝑝1 = 1 we get the ground-state
𝜌 = |𝜖1⟩⟨𝜖1 |, and the identity is preferred for any 𝑟 . Instead
for 𝑝2 = 1 we get the excited-state 𝜌 = |𝜖2⟩⟨𝜖2 |, and the NOT
is preferred for any 𝑟 . This is because in both cases we obtain
a deterministic protocol for extracting the work.

2. d=3

For 𝑑 = 3, i.e., a qutrit, we have 3! = 6 permutations.
We focus on an active state (the ergotropy is nonzero) with

𝑝𝑘+1 ≥ 𝑝𝑘 for all 𝑘 . For 𝑟 = 0, we get the ergotropic permuta-
tion (3, 2, 1), and the average utility is equal to the ergotropy
and it is nonzero. Let us see how permutation are selected as
the risk aversion change. For 𝑟 ≠ 0, for this permutation we
get

⟨𝑢 (𝑤)⟩(3,2,1) =
1
𝑟

(
1 − 𝑝3𝑒

−𝑟 (𝜖3−𝜖1 ) − 𝑝2 − 𝑝1𝑒
−𝑟 (𝜖1−𝜖3 )

)
.

(47)
As 𝑟 → −∞, we get

⟨𝑢 (𝑤)⟩(3,2,1) ∼
1
𝑟

(
1 − 𝑝2 − 𝑝3𝑒

−𝑟 (𝜖3−𝜖1 )
)
. (48)

On the other hand, for the permutation (3, 1, 2) we get

⟨𝑢 (𝑤)⟩(3,1,2) =
1
𝑟

(
1 − 𝑝3𝑒

−𝑟 (𝜖3−𝜖1 ) − 𝑝1𝑒
−𝑟 (𝜖1−𝜖2 ) − 𝑝2𝑒

−𝑟 (𝜖2−𝜖3 )
)
.

(49)
As 𝑟 → −∞ we get

⟨𝑢 (𝑤)⟩(3,1,2) ∼
1
𝑟

(
1 − 𝑝3𝑒

−𝑟 (𝜖3−𝜖1 )
)
. (50)

Thus, since 𝜖3 − 𝜖1 is the largest difference and for 𝑝3 ≠ 0 ap-
pears only in the expected utility with permutations (3, 2, 1)
and (3, 1, 2), as 𝑟 decreases from zero to−∞, if 𝑝2 ≠ 0 the opti-
mal permutation jumps from (3, 2, 1) to (3, 1, 2). Conversely,
for 𝑟 → ∞ all the utility expectation values are negative ex-
cept the identity that is zero, thus the optimal permutation is
the identity (1, 2, 3). However, for intermediate values of 𝑟 ,
between the permutations (3, 2, 1) and (1, 2, 3) there may be
other permutations, depending on the values of 𝑝𝑘 and the
values of energies 𝜖𝑘 . For other states, such that 𝑝𝑘+1 ≥ 𝑝𝑘
is not satisfied for some 𝑘 , the ergotropic permutation is not
(3, 2, 1), but a similar behavior occurs (see Fig. 3).

3. d=2+2

We consider a bipartite system of two qubits. The Hilbert
space of a qubit has the computation basis {|0⟩, |1⟩}. The
Hamiltonian of a qubit is 𝐻𝑞𝑢𝑏𝑖𝑡 = 𝜖 |1⟩⟨1|, so that the Hamil-
tonian of the total system is 𝐻 = 𝐼 ⊗ 𝐻𝑞𝑢𝑏𝑖𝑡 + 𝐻𝑞𝑢𝑏𝑖𝑡 ⊗ 𝐼 ,
giving the energies 𝜖1 = 0, 𝜖2 = 𝜖3 = 𝜖 and 𝜖4 = 2𝜖 , and
the eigenstates |𝜖1⟩ = |00⟩, |𝜖2⟩ = |01⟩, |𝜖3⟩ = |10⟩ and
|𝜖4⟩ = |11⟩. We start to consider the initial state 𝜌 = 𝜌⊗2

𝑞𝑢𝑏𝑖𝑡
,

where 𝜌𝑞𝑢𝑏𝑖𝑡 = 𝑝 |0⟩⟨0| + (1 − 𝑝) |1⟩⟨1|. Thus, the popula-
tions of the total system are 𝑝1 = 𝑝2, 𝑝2 = 𝑝3 = 𝑝 (1 − 𝑝)
and 𝑝4 = (1 − 𝑝)2. In this case, it is easy to see that the
ergotropy E(𝜌) can be extracted with an incoherent uni-
tary operator 𝑈𝐸 = 𝑈 ⊗2

𝐸,𝑞𝑢𝑏𝑖𝑡
without generating correlations

in the final state 𝑈𝐸𝜌𝑈
†
𝐸

. The local incoherent unitary op-
erator 𝑈𝐸,𝑞𝑢𝑏𝑖𝑡 is the ergotropic one for 𝑑 = 2. We have
𝑈𝐸,𝑞𝑢𝑏𝑖𝑡 = 𝐼 if the state 𝜌𝑞𝑢𝑏𝑖𝑡 is passive, i.e., for 𝑝 ≥ 1/2,
whereas 𝑈𝐸,𝑞𝑢𝑏𝑖𝑡 = 𝑈𝑁𝑂𝑇 ≡ |0⟩⟨1| + |1⟩⟨0| for 𝑝 < 1/2. For
𝑟 ≠ 0, we find that two permutations are essentially involved:
the identity 𝜋

(𝐼 )
𝑘

= 𝑘 , i.e., the permutation (1, 2, 3, 4), and the
NOT permutation 𝜋

(𝑁𝑂𝑇 )
𝑘

, such that 𝜋 (𝑁𝑂𝑇 )
1 = 4, 𝜋 (𝑁𝑂𝑇 )

2 = 3,
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FIG. 3. In the top left panel, we plot the probability 𝑃𝑘 in the
function of 𝑟 . 𝑃𝑘 is the probability to get a permutation 𝑘 , where
𝑘 = (1, 2, 3), (1, 3, 2), . . . , (3, 2, 1), by choosing randomly 𝑝1 and 𝑝2,
e.g., by flipping a coin. In detail, 𝑃𝑘 is calculated as the frequency
to get a certain permutation in the plane (𝑝1, 𝑝2). In the remaining
panel, the optimal permutation in the plane (𝑝1, 𝑝2) for different
value of 𝑟 . In detail, we put 𝑟 = 0 (top right panel), 𝑟 = −1 (bottom
left panel) and 𝑟 = 1 (bottom right panel). We consider the energies
𝜖𝑘 = 𝑘 .

𝜋
(𝑁𝑂𝑇 )
3 = 2, 𝜋 (𝑁𝑂𝑇 )

4 = 1, i.e., the permutation (4, 3, 2, 1).
Then, we have the optimal unitary operator 𝑈𝑢 = 𝑈 ⊗2

𝑞𝑢𝑏𝑖𝑡
,

where 𝑈𝑞𝑢𝑏𝑖𝑡 = 𝐼 if 𝑟 ≥ 𝑟 ∗, whereas 𝑈𝑞𝑢𝑏𝑖𝑡 = 𝑈𝑁𝑂𝑇 if 𝑟 < 𝑟 ∗,
where 𝑟 ∗ is again the one in Eq. (46). To prove it, we consider
the permutation (4, 3, 2, 1) which gives

⟨𝑢 (𝑤)⟩(4,3,2,1) =
1
𝑟

(
1 − 𝑝4𝑒

−2𝑟𝜖 − 𝑝3 − 𝑝2 − 𝑝1𝑒
2𝑟𝜖 ) , (51)

so that 𝑟 ∗ is solution of ⟨𝑢 (𝑤)⟩(4,3,2,1) = 0 and we get Eq. (46).

4. Initial correlations

To study the role of initial correlations, we label the two
qubits of Sec. III A 3 with 𝐴 and 𝐵, and we consider an
initial state showing correlations between the two parties
𝐴 and 𝐵. Thus, we consider an initial incoherent state in
Eq. (6), such that 𝜌 ≠ 𝜋𝜌 , where 𝜋𝜌 = 𝜌𝐴 ⊗ 𝜌𝐵 . The re-
duced states are given by calculating the partial trace, getting
𝜌𝐴 = Tr𝐵 {𝜌} and 𝜌𝐵 = Tr𝐴 {𝜌}. The mutual information
𝐼𝐴:𝐵 (𝜌) = 𝑆 (𝜋𝜌 ) −𝑆 (𝜌) = 𝑆 (𝜌𝐴) +𝑆 (𝜌𝐵) −𝑆 (𝜌) is nonzero, so
that there are only classical correlations, since the initial state
𝜌 is classical-classical. In detail, 𝑆 (𝜌) = −Tr {𝜌 ln 𝜌} is the
von Neumann entropy. We find that the optimal permutation
corresponding to the initial state 𝜌 can be different from the
one corresponding to the initial state 𝜌 ′ = 𝜋𝜌 . Furthermore,

𝑢𝑘 does not necessarily majorize𝑢′
𝑘
, and there are states such

that U(𝜌) < U(𝜋𝜌 ) for 𝑟 < 𝑟𝐼 , whereas U(𝜌) > U(𝜋𝜌 ) for
𝑟 > 𝑟𝐼 . For instance, for the state with populations 𝑝1 = 0.33,
𝑝2 = 0.34, 𝑝3 = 0.22 and 𝑝4 = 0.11, we get 𝑟𝐼 ≈ −0.8. In par-
ticular, for 𝑟 = 0, we get 𝛿𝑇 (𝜌) ≡ E(𝜌) − E(𝜋𝜌 ) ≥ 0 for two
qubits (see Ref. [16]), which suggests that 𝑟𝐼 is nonpositive.
Then, for certain initial states, a very risk loving agent tends
to prefer the uncorrelated state 𝜋𝜌 instead of the correlated
state 𝜌 , i.e., the agent prefers to discharge the correlations
between the two qubits 𝐴 and 𝐵.

5. Ensemble of quantum batteries

As a last non-trivial example, we consider an ensemble of𝑛
quantum batteries, where every battery has the Hamiltonian
𝐻 in Eq. (2) and it is prepared in the state 𝜌 . We recall that a
state 𝜌 is called completely passive if 𝜌⊗𝑛 is passive for any
number 𝑛 of batteries. One can show that a state 𝜌 is com-
pletely passive if it is equal to the Gibbs state 𝜌𝛽 ≡ 𝑒−𝛽𝐻/𝑍 ,
where 𝑍 = Tr

{
𝑒−𝛽𝐻

}
and 𝛽 is solution of 𝑆 (𝜌𝛽 ) = 𝑆 (𝜌),

where 𝑆 (𝜌) is the von Neumann entropy. This can be under-
stood by noting that E(𝜌⊗𝑛) ≤ 𝑛(𝐸 (𝜌) −𝐸 (𝜌𝛽 )) for any 𝑛. In
particular, it is possible to perform a unitary cycle such that

E(𝜌⊗𝑛) ∼ 𝑛(𝐸 (𝜌) − 𝐸 (𝜌𝛽 )) (52)

as 𝑛 → ∞, which optimizes the average work extracted (see
Ref. [17]). Here we aim to calculate E𝐶𝐸 (𝜌⊗𝑛) for the most
interesting case 𝑟 > 0 and thus for a risk averse agent, which
tries to minimize the work fluctuations. Thus, the agent aims
to minimize

⟨𝑒−𝑟𝑤⟩ = Tr
{
𝜌⊗𝑛

(
𝑒−𝑟𝐻

)⊗𝑛
𝑈 †

(
𝑒𝑟𝐻

)⊗𝑛
𝑈

}
(53)

over all the unitary operators 𝑈 . We calculate the trace in
Eq. (53) with respect to the basis of the energy eigenstates
|𝑖1, . . . , 𝑖𝑑⟩ ≡ |{𝑖𝑘 }⟩ = ⊗𝑛

𝑘=1 |𝜖𝑖𝑘 ⟩ of the 𝑛 batteries system.
Given a state |{𝑖𝑘 }⟩, we define 𝑛𝑖 as the number of the in-
dices 𝑖𝑘 that are equal to 𝑖 . Then, the energy of this state is
𝜖𝑛1 ...𝑛𝑑 ≡ 𝜖{𝑛𝑖 } =

∑𝑑
𝑖=1 𝑛𝑖𝜖𝑖 , so that its value is specified by

the occupation numbers set {𝑛𝑖 }. The Hilbert space of the 𝑛
batteries system can be expressed as the direct sum

H =
⊕

𝑛1,...,𝑛𝑑 |
∑

𝑖 𝑛𝑖=𝑛

H𝑛1 ...𝑛𝑑 , (54)

where the subspace H𝑛1 ...𝑛𝑑 has dimension

𝑊𝑛1 ...𝑛𝑑 =
𝑛!

𝑛1! · · ·𝑛𝑑 !
. (55)

Namely, 𝑊𝑛1 ...𝑛𝑑 is calculated as the number of states |{𝑖𝑘 }⟩
having occupation numbers {𝑛𝑖 }.

In general the average ⟨𝑒−𝑟𝑤⟩ is minimum when𝑈 is an in-
coherent unitary operator, which performs a permutation of
the states |{𝑖𝑘 }⟩. This incoherent unitary operator, given an
initial state |{𝑖𝑘 }⟩ ∈ H{𝑛𝑖 } with the initial occupation num-
bers {𝑛𝑖 }, leads to a final state |{𝑖𝑘 }⟩ ∈ H{𝑛̄𝑖 } with the final
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occupation numbers {𝑛𝑖 }. We can write this incoherent uni-
tary operator as

𝑈 =
⊕

𝑛1,...,𝑛𝑑 |
∑

𝑖 𝑛𝑖=𝑛

𝑈𝑛1 ...𝑛𝑑 , (56)

where 𝑈𝑛1 ...𝑛𝑑 : H𝑛1 ...𝑛𝑑 → H ′
𝑛1 ...𝑛𝑑

. In particular, the sub-
space H ′

𝑛1 ...𝑛𝑑
has dimension 𝑊{𝑛𝑖 } , and in general we can

define the number

𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 =
∑︁

| {𝑖𝑘 }⟩∈H{𝑛𝑖 }

∑︁
| {𝑖𝑘 }⟩∈H{𝑛̄𝑖 }

��⟨{𝑖𝑘 }|𝑈{𝑛𝑖 } |{𝑖𝑘 }⟩
��2 ,

(57)
where

��⟨{𝑖𝑘 }|𝑈{𝑛𝑖 } |{𝑖𝑘 }⟩
�� is zero or one, since 𝑈 is an inco-

herent unitary operator. Thus, we note that∑︁
𝑛̄1 ...𝑛̄𝑑 |

∑
𝑖 𝑛̄𝑖=𝑛

𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 =𝑊𝑛1 ...𝑛𝑑 , (58)

from which we define the conditional probability

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 =
𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑

𝑊𝑛1 ...𝑛𝑑

. (59)

To evaluate the trace in Eq. (53), we note that for the state
𝜌⊗𝑛 we get the occupation numbers {𝑛𝑖 } (and so the energy
𝜖𝑛1 ...𝑛𝑑 ) with probability

𝑝𝑛1 ...𝑛𝑑 =𝑊𝑛1 ...𝑛𝑑𝑝
𝑛1
1 · · · 𝑝𝑛𝑑

𝑑
. (60)

Thus, from Eq. (53), we get the expectation value

⟨𝑒−𝑟𝑤⟩ =
∑︁

𝑛1 ...𝑛𝑑 |
∑

𝑖 𝑛𝑖=𝑛

∑︁
𝑛̄1 ...𝑛̄𝑑 |

∑
𝑖 𝑛̄𝑖=𝑛

𝑝𝑛1 ...𝑛𝑑𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑

×𝑒−𝑟
∑

𝑖 (𝑛𝑖−𝑛̄𝑖 )𝜖𝑖 . (61)

The optimal 𝑈 , i.e., the optimal conditional probabilities
𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 are such that Eq. (61) is minimum. We note that,
for a given set {𝑛𝑖 }, determining 𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 for all {𝑛𝑖 } is
equivalent to determinate the operator𝑈{𝑛𝑖 } up to irrelevant
phases, since 𝑈 is an incoherent unitary operator.

To perform our calculations, we focus on a large number
𝑛 of batteries. Then, by defining 𝑝𝑖 = 𝑛𝑖/𝑛, we get

𝑊𝑛1 ...𝑛𝑑 ∼ 𝑒𝑛𝐻 (𝑝̃ ) (62)

as 𝑛 → ∞, where 𝐻 (𝑝) = −∑
𝑖 𝑝𝑖 ln𝑝𝑖 is the Shannon en-

tropy of the distribution probability 𝑝 = {𝑝𝑖 }. Thus, the prob-
ability in Eq. (60) reads

𝑝𝑛1 ...𝑛𝑑 ∼ 𝑒−𝑛𝐷 (𝑝̃ | |𝑝 ) , (63)

where 𝐷 (𝑝 | |𝑝) = −𝐻 (𝑝) −∑
𝑖 𝑝𝑖 ln𝑝𝑖 is the Kullback–Leibler

divergence, and we have defined the probability distribution
𝑝 = {𝑝𝑖 }. Furthermore, without loss of generality we assume

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 ∼ 𝑒−𝑛𝐷 (𝑝 ) (64)

for a certain function 𝐷 (𝑝) ≥ 0 of the probability distribu-
tion 𝑝 = {𝑝𝑖 }, with 𝑝𝑖 = 𝑛𝑖/𝑛. To minimize Eq. (61) we can

proceed similarly to the maximization of average work given
in Appendix A, resulting in Eq. (52). As 𝑛 → ∞ we get

⟨𝑒−𝑟𝑤⟩ ∼
∑︁

𝑛1 ...𝑛𝑑 |
∑

𝑖 𝑛𝑖=𝑛

∑︁
𝑛̄1 ...𝑛̄𝑑 |

∑
𝑖 𝑛̄𝑖=𝑛

𝑒−𝑛𝐷 (𝑝̃ | |𝑝 )𝑒−𝑛𝐷 (𝑝 )

×𝑒−𝑛𝑟
∑

𝑖 (𝑝̃𝑖−𝑝𝑖 )𝜖𝑖 . (65)

We can obtain a lower bound of this expression by consider-
ing that, for a given set {𝑛𝑖 = 𝑛𝑝𝑖 },∑︁

𝑛̄1 ...𝑛̄𝑑 |
∑

𝑖 𝑛̄𝑖=𝑛

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑

∑︁
𝑖

𝑛𝑖𝜖𝑖 ∼ 𝑛
∑︁
𝑖

𝑝′𝑖𝜖𝑖 , (66)

where {𝑛′𝑖 = 𝑛𝑝′𝑖 } with 𝐻 (𝑝′) = 𝐻 (𝑝), which is Eq. (A4)
proven in Appendix A. Thus

exp
𝑟

∑︁
𝑛̄1 ...𝑛̄𝑑 |

∑
𝑖 𝑛̄𝑖=𝑛

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑

∑︁
𝑖

𝑛𝑖𝜖𝑖

 ∼ 𝑒𝑟
∑

𝑖 𝑛
′
𝑖𝜖𝑖 . (67)

Sinceℎ(𝑥) = 𝑒𝑟𝑥 is a convex function, we can use the Jensen’s
inequality ⟨ℎ(𝑥)⟩ ≥ ℎ(⟨𝑥⟩), from which∑︁

𝑛̄1 ...𝑛̄𝑑 |
∑

𝑖 𝑛̄𝑖=𝑛

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑𝑒
𝑟
∑

𝑖 𝑛̄𝑖𝜖𝑖 ≥ 𝑒𝑟
∑

𝑖 𝑛
′
𝑖𝜖𝑖 . (68)

Then, it results the lower bound

⟨𝑒−𝑟𝑤⟩ ≥
∑︁

𝑛1 ...𝑛𝑑 |
∑

𝑖 𝑛𝑖=𝑛

𝑒−𝑛𝐷 (𝑝̃ | |𝑝 )𝑒−𝑛𝑟
∑

𝑖 (𝑝̃𝑖−𝑝′𝑖 )𝜖𝑖 . (69)

As for the maximization of the average work (see Ap-
pendix A), only a distribution 𝑝 = 𝑝∗ dominates in the
sum, which is the one that makes stationary the Lagrangian
𝐹 [𝑝] = 𝑓 [𝑝] + 𝜇

∑
𝑖 𝑝𝑖 , where

𝑓 [𝑝] = 𝐷 (𝑝 | |𝑝) + 𝑟
∑︁
𝑖

(𝑝𝑖 − 𝑝′𝑖
∗)𝜖𝑖 (70)

and the choice 𝑝′ = 𝑝′∗ makes ⟨𝑒−𝑟𝑤⟩ minimal. By requiring
𝛿𝐹 [𝑝] = 0, we get that the stationary point 𝑝 = 𝑝∗ satisfies
the equations

ln𝑝𝑖 − ln𝑝𝑖 + 1 + 𝑟𝜖𝑖 − 𝑟
∑︁
𝑗

𝜖 𝑗
𝜕𝑝′𝑗

∗

𝜕𝑝𝑖
+ 𝜇 = 0 . (71)

Thus, from Eq. (69) we get the bound

⟨𝑒−𝑟𝑤⟩ ≥ 𝑒−𝑛𝑓 [𝑝̃
∗ ] , (72)

where equality in Eq. (72) asymptotically holds for the condi-
tional probabilities of the form in Eq. (A2), then the bound in
Eq. (72) can be saturated and the right side gives the min-
imum value of ⟨𝑒−𝑟𝑤⟩. The optimal unitary operator 𝑈 is
such that 𝑈{𝑛𝑖 } : H{𝑛𝑖 } → H{𝑛′

𝑖
} for {𝑛𝑖 = 𝑛𝑝∗𝑖 }. To de-

terminate 𝑝′∗, we start by noting that 𝑝∗𝑖 depends only on 𝑝′𝑖
∗

through the partial derivatives 𝜕𝑝′𝑗
∗/𝜕𝑝∗𝑖 , with 𝑗 = 1, . . . , 𝑑 ,

then it is easy to see that 𝜕𝑝∗𝑖 /𝜕𝑝′𝑗
∗ = 0 for all 𝑖, 𝑗 . The op-

timal 𝑝′ = 𝑝′∗ makes stationary the Lagrangian 𝐹 ′ [𝑝′] =
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FIG. 4. The optimal certainty equivalent E𝐶𝐸 (𝜌⊗𝑛) versus the num-
ber 𝑛 of batteries (blue points). We put 𝑟 = 1, 𝑝1 = 0.538, 𝑝2 = 0.237,
𝑝3 = 0.225, 𝜖1 = 0, 𝜖2 = 0.579 and 𝜖3 = 1. For the asymptotic value
in Eq. (75)(red dashed line) we get 𝑓 [𝑝∗] ≈ 0.0043.

𝑓 [𝑝∗] + 𝜆(𝐻 (𝑝′) − 𝐻 (𝑝∗)) + 𝜈
∑
𝑝′𝑖 (where in 𝑓 [𝑝∗] we re-

placed 𝑝′𝑖
∗ with 𝑝′𝑖 ), from which we get the equations

𝑟𝜖𝑖 + 𝜆(ln𝑝′𝑖 + 1) + 𝜈 = 0 , (73)

giving

𝑝′𝑖
∗
=
𝑒−𝛽𝜖𝑖

𝑍
, (74)

with 𝑍 =
∑
𝑖 𝑒

−𝛽𝜖𝑖 and 𝛽 solution of 𝐻 (𝑝′∗) = 𝐻 (𝑝∗). Thus,
the optimal certainty equivalent reads

E𝐶𝐸 (𝜌⊗𝑛) ∼ 𝑛𝑓 [𝑝∗]
𝑟

, (75)

which is checked for 𝑑 = 3 in Fig. 4. An approximated ex-
pression for small 𝑟 is given in Appendix B.

It is important to note that for 𝑟 ≠ 0 we get 𝑝∗ ≠ 𝑝 , thus we
can minimize and maximize simultaneously the asymptotic
values of ⟨𝑒−𝑟𝑤⟩ and ⟨𝑤⟩, respectively, differently from the
result shown in Fig. 1 for a single battery. This because the
maximization of the asymptotic value of ⟨𝑤⟩ fixes only the
operator 𝑈{𝑛𝑖 } for typical occupation numbers {𝑛𝑖 = 𝑛𝑝𝑖 }.
Then, for 𝑟 ≠ 0 we are free to choose 𝑈{𝑛𝑖 } with {𝑛𝑖 = 𝑛𝑝∗𝑖 }
in order to get the minimum asymptotic value of ⟨𝑒−𝑟𝑤⟩.
Furthermore, for large 𝑛, the Chernoff bound is saturated as
usual, and we get

Pr(𝑤 < 𝑥) ∼ 𝑒−𝑛𝐼 (𝑥 ) = 𝑒−𝑛 sup𝑟>0 (𝑓 [𝑝̃∗ ]−𝑟𝑥/𝑛) , (76)

where 𝐼 (𝑥) is the so-called rate function. We note that Eq. (76)
defines a relation 𝑥 (𝑟 ) between 𝑥 and the optimal 𝑟 . This
explains how calculating E𝐶𝐸 for a given risk aversion 𝑟

is equivalent to minimize the probability Pr(𝑤 < 𝑥) for
𝑥 = 𝑥 (𝑟 ), as 𝑛 → ∞. In the end, as for the case 𝑛 = 1,
we expect that there is a neighborhood of zero such that if
𝑟 ∈ (𝛿−, 𝛿+) we get the optimal unitary operator 𝑈𝑢 = 𝑈𝐸 .
In this case, for 𝑟 ∈ (𝛿−, 𝛿+), we get the generating func-
tions 𝜒 (𝑖𝑟, 𝜌⊗𝑛,𝑈𝐸) ∼ 𝑒−𝑛𝑓 [𝑝̃

∗ ] and 𝑔(𝑖𝑟, 𝜌⊗𝑛,𝑈𝐸) ∼ −𝑛𝑓 [𝑝∗],

e.g., the ergotropy cumulants can be calculated as 𝜅𝐸,𝑚 (𝑤) ∼
𝑛(−1)𝑚+1𝜕𝑚𝑟 𝑓 [𝑝∗] |𝑟=0, where 𝜅𝐸,1 (𝑤) = E(𝜌⊗𝑛), 𝜅𝐸,2 (𝑤) =

⟨𝑤2⟩𝐸 − E2 (𝜌⊗𝑛), and so on. For instance, the first two cu-
mulants can be obtained from the small 𝑟 expressions given
in Appendix B.

B. Arbitrary utility function

For an arbitrary utility function we get Eq. (13). By con-
sidering 𝛿𝑈 = 𝑋𝑈 , we get the variation

𝛿 ⟨𝑢 (𝑤)⟩ =
∑︁
𝑘,𝑛

(
⟨𝜖𝑛 |𝑋𝑈 |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 † |𝜖𝑛⟩ − ⟨𝜖𝑛 |𝑈 |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 †𝑋 |𝜖𝑛⟩

)
×𝑝𝑘𝑢 (𝜖𝑘 − 𝜖𝑛) . (77)

It is easy to see that the variation 𝛿 ⟨𝑢 (𝑤)⟩ is zero if 𝑈 =

𝑈𝐼 where 𝑈𝐼 is an incoherent unitary operator of the form
in Eq. (20). In principle, we can also have non-incoherent
unitary operators as stationary points. If the maximum of
⟨𝑢 (𝑤)⟩ over all the unitary cycles is achieved for an incoher-
ent unitary operator of the form of Eq. (20), we get

U(𝜌) = max
𝜋𝑘

𝑑∑︁
𝑘=1

𝑝𝜋𝑘𝑢 (𝜖𝜋𝑘 − 𝜖𝑘 ) . (78)

We find that Theorem 1 results to be a corollary of the fol-
lowing theorem:

Theorem 3. If the utility function 𝑢 (𝑤) is a monotonic func-
tion, the stationary points are incoherent unitary operators of
the form of Eq. (20), from which we obtain Eq. (78).

Proof. To prove it, we write Eq. (77) as

𝛿 ⟨𝑢 (𝑤)⟩ =
∑︁
𝑘,𝑛,𝑗

⟨𝜖𝑛 |𝑋 |𝜖 𝑗 ⟩⟨𝜖 𝑗 |𝑈 |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 † |𝜖𝑛⟩

×𝑝𝑘 (𝑢 (𝜖𝑘 − 𝜖𝑛) − 𝑢 (𝜖𝑘 − 𝜖 𝑗 )) . (79)

By considering ⟨𝜖𝑛 |𝑋 |𝜖 𝑗 ⟩ arbitrary, from 𝛿 ⟨𝑢 (𝑤)⟩ = 0 we get

𝑑∑︁
𝑘=1

⟨𝜖 𝑗 |𝑈 |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 † |𝜖𝑛⟩𝑝𝑘 (𝑢 (𝜖𝑘 − 𝜖𝑛) − 𝑢 (𝜖𝑘 − 𝜖 𝑗 )) = 0 (80)

for all 𝑛 and 𝑗 . The 𝑑 equations for 𝑛 = 𝑗 are automatically
satisfied. The equations for 𝑗 < 𝑛 can be achieved from the
equations 𝑗 > 𝑛 by complex conjugation. Thus we focus only
on the equations for 𝑗 > 𝑛. If 𝑢 (𝑤) is a monotonic function
(on the support of the work), e.g., 𝑢 (𝑥) > 𝑢 (𝑦) for any 𝑥 > 𝑦,
then for all 𝑘 we get 𝑢 (𝜖𝑘 −𝜖𝑛) −𝑢 (𝜖𝑘 −𝜖 𝑗 ) ≠ 0 for any 𝑗 > 𝑛.
For 𝑘’s such that 𝑝𝑘 ≠ 0, then Eq. (80) is satisfied if and only
if ⟨𝜖 𝑗 |𝑈 |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 † |𝜖𝑛⟩ is zero for 𝑗 > 𝑛. This happens only if
the unitary transformation applied to the projector of energy,
i.e., 𝑈 |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 †, is a projector of energy such that the off-
diagonal elements (with respect to the energy basis) are zero,
i.e., 𝑈 maps |𝜖𝑘⟩ to 𝑒𝑖𝜙𝑘 |𝜖𝜋𝑘 ⟩, for 𝑘 such that 𝑝𝑘 ≠ 0. The
complementary subspace generated by |𝜖𝑘⟩ with 𝑘 such that
𝑝𝑘 = 0 does not play any role in the expectation value, thus
we can consider an incoherent unitary operator of the form
reported in Eq. (20). ■
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From the proof, we note that, in addition to the fact that
the optimal incoherent unitary operator still remains defined
up to irrelevant phases𝜙𝑘 , the corresponding optimal permu-
tation can be not unique (it is unique only if 𝜌 has full rank).
We note that a deterministic optimal work extraction can be
obtained from a pure state 𝜌𝑘 = |𝜖𝑘⟩⟨𝜖𝑘 |. In this case, by
considering a strictly increasing utility function 𝑢 (𝑤), from
Eq. (78) we get U(𝜌𝑘 ) = 𝑢 (𝜖𝑘 − 𝜖1). Given a general incoher-
ent state 𝜌 =

∑
𝑘 𝑝𝑘 |𝜖𝑘⟩⟨𝜖𝑘 |, by using the Jensen’s inequal-

ity, it is easy to see that an agent that is averse to risk (𝑢 (𝑤)
is concave) prefers to extract the certain amount of work
𝑤𝑑𝑒𝑡 = E(𝜌𝑘 ) =𝑊 (𝜌𝑘 ,𝑈𝐸) = 𝜖𝑘 − 𝜖1, i.e., U(𝜌) < U(𝜌𝑘 ), if
𝑊 (𝜌,𝑈𝑢) < 𝑤𝑑𝑒𝑡 or if E(𝜌) < 𝑤𝑑𝑒𝑡 . On the other hand, for a
risk loving agent (𝑢 (𝑤) is convex) 𝑊 (𝜌,𝑈𝑢) > 𝑤𝑑𝑒𝑡 implies
that U(𝜌) > U(𝜌𝑘 ) and thus, in this case, the agent prefers
to extract work from the state 𝜌 instead of the deterministic
work extraction from 𝜌𝑘 .

Furthermore, from Eq. (78), we can give a sufficient con-
dition such that U(𝜌) > 0, in analogy with Theorem 2. For
simplicity, we assume that 𝑢 (𝑥) is a strictly increasing func-
tion and 𝑢 (0) = 0. If there are 𝑛 and 𝑘 > 𝑛 such that
𝑝𝑛𝑢 (𝜖𝑛 − 𝜖𝑘 ) + 𝑝𝑘𝑢 (𝜖𝑘 − 𝜖𝑛) > 0, we can consider the per-
mutation 𝜋𝑘 such that 𝜋𝑘 = 𝑛, 𝜋𝑛 = 𝑘 and 𝜋𝑠 = 𝑠 for
𝑠 ≠ 𝑛, 𝑘 . Thus, since 𝑢 (0) = 0, for this permutation we get
⟨𝑢 (𝑤)⟩𝜋𝑘 = 𝑝𝑛𝑢 (𝜖𝑛 − 𝜖𝑘 ) + 𝑝𝑘𝑢 (𝜖𝑘 − 𝜖𝑛) > 0. By noting that
𝑢 (𝜖𝑛 − 𝜖𝑘 ) < 𝑢 (0) = 0 and 𝑢 (𝜖𝑘 − 𝜖𝑛) > 𝑢 (0) = 0, we get:

Theorem 4. U(𝜌) > 0 if there are some 𝑛 and 𝑘 > 𝑛 such
that

𝑝𝑘

𝑝𝑛
>

|𝑢 (𝜖𝑛 − 𝜖𝑘 ) |
𝑢 (𝜖𝑘 − 𝜖𝑛)

(81)

By considering that for the exponential utility function
𝑢 (𝑤) of Eq. (19) we get |𝑢 (𝜖𝑛 − 𝜖𝑘 ) | /𝑢 (𝜖𝑘−𝜖𝑛) = 𝑒𝑟 (𝜖𝑘−𝜖𝑛 ) , we
note that the result is in perfect agreement with Theorem 2.

We now proceed by discussing how the optimal value
U(𝜌) differs from the ergotropy E(𝜌) as done for the ex-
ponential utility function. Given an arbitrary utility function
𝑢 (𝑤), we write it as𝑢 (𝑤) = 𝑤+𝛿 (𝑤), where 𝛿 (𝑤) = 𝑢 (𝑤)−𝑤
depends on some parameter 𝑟 and we assume that the agent
tends to be neutral to risk, i.e., 𝛿 (𝑤) → 0 as 𝑟 → 0. Then,
there is a neighborhood of zero such that if 𝑟 ∈ (𝛿−, 𝛿+) we
get 𝑈𝑢 = 𝑈𝐸 and thus U(𝜌) = E(𝜌) + ⟨𝛿 (𝑤)⟩𝐸 . By consid-
ering 𝑢′ (0) > 0, we can redefine 𝑢 (𝑤) by multiplying it by a
positive constant such that we get the Taylor series around
zero 𝛿 (𝑤) = 𝑢′′ (0)𝑤2/2 + · · · . Thus, for 𝑟 ∈ (𝛿−, 𝛿+) we have

U(𝜌) = E(𝜌) − 𝑟𝐴 (0)
2

⟨𝑤2⟩𝐸 + · · · , (82)

where 𝑟𝐴 (0) is the absolute risk aversion in Eq. (10) evalu-
ated at 𝑤 = 0. Then, Eq. (82) generalizes Eq. (37) achieved
for an exponential utility function to an arbitrary one. Simi-
larly to the exponential case, given a set of states, the selec-
tion of the initial state with largest U is determined by the
ergotropy and its higher moments through the absolute risk
aversion 𝑟𝐴 (0) (in first approximation). Finally, to conclude
our analysis, let us further discuss the conditions such that
U(𝜌 ′) > U(𝜌). To do this we focus on the case 𝑑 = 2. In

general, the utility function reads 𝑢 (𝑤) = 𝑢𝑒 (𝑤) + 𝑢𝑜 (𝑤),
where 𝑢𝑒 (𝑤) = 𝑢𝑒 (−𝑤) and 𝑢𝑜 (𝑤) = −𝑢𝑜 (−𝑤), defined as
𝑢𝑒,𝑜 (𝑤) = (𝑢 (𝑤) ± 𝑢 (−𝑤))/2. For simplicity we consider
𝑢 (0) = 𝑢𝑒 (0) = 0. Given a state 𝜌 = 𝑝 |𝜖1⟩⟨𝜖1 | + (1−𝑝) |𝜖2⟩⟨𝜖2 |,
we get the NOT permutation as the optimal one and

U(𝜌) = 𝑢𝑒 (𝜖2 − 𝜖1) + (1 − 2𝑝)𝑢𝑜 (𝜖2 − 𝜖1) (83)

if 𝑢𝑒 (𝜖2 − 𝜖1) +𝐶 (𝑝) > 0, where 𝐶 (𝑝) ≡ (1 − 2𝑝)𝑢𝑜 (𝜖2 − 𝜖1),
or the identity permutation and U(𝜌) = 0 otherwise. Given
another state 𝜌 ′ = 𝑝′ |𝜖1⟩⟨𝜖1 | + (1 − 𝑝′) |𝜖2⟩⟨𝜖2 |, if U(𝜌) > 0
and U(𝜌 ′) > 0, we get the general condition

U(𝜌 ′) > U(𝜌) ⇔ 𝐶 (𝑝′) > 𝐶 (𝑝) . (84)

For the exponential utility function, 𝐶 (𝑝′) > 𝐶 (𝑝) is equiva-
lent to 𝑝 > 𝑝′. In particular this general condition is equiv-
alent to the majorization condition in Eq. (43) when this can
be applied, e.g., for 𝑢1 + 𝑢2 = 𝑢′

1 + 𝑢′
2. However, for an ar-

bitrary utility function, 𝐶 (𝑝′) > 𝐶 (𝑝) is not equivalent to
𝑝 > 𝑝′. For instance, we can consider a quadratic utility
function 𝑢 (𝑤) = 𝑎𝑤 + 𝑏𝑤2. In this case, for 𝑎 < 0 we get
that 𝐶 (𝑝′) > 𝐶 (𝑝) is equivalent to 𝑝 > 𝑝′, and for 𝑎 = 0
we get U(𝜌 ′) = U(𝜌) for any 𝜌 and 𝜌 ′ such that U(𝜌) > 0
and U(𝜌 ′) > 0. This shows how the majorization condi-
tion does not hold for an arbitrary utility function, i.e., U(𝜌)
and E𝐶𝐸 (𝜌) are not Schur-concave functionals of {𝑢𝑘 }. Thus,
finding a general condition that holds for an arbitrary utility
is extremely difficult if not downright impossible, although
some conditions can be found for specific utility functions. In
general, depending on the specific utility function, the only
way to see if U(𝜌 ′) > U(𝜌) can be to explicitly calculate
U(𝜌) and U(𝜌 ′) from Eq. (78) by finding the corresponding
optimal permutations.

IV. INITIAL QUANTUM COHERENCE

If there is initial quantum coherence in the energy basis,
i.e., [𝜌, 𝐻 ] ≠ 0, for the unitary cycle with unitary time-
evolution 𝑈 , we get the quasiprobability distribution [8, 9]

𝑝𝑞 (𝑤, 𝜌,𝑈 ) =
∑︁
𝑘,𝑗,𝑖

Re⟨𝜖𝑖 |𝜌 |𝜖 𝑗 ⟩⟨𝜖 𝑗 |𝑈 † |𝜖𝑘⟩⟨𝜖𝑘 |𝑈 |𝜖𝑖⟩

×𝛿 (𝑤 − 𝑞𝜖𝑖 − (1 − 𝑞)𝜖 𝑗 + 𝜖𝑘 ) . (85)

In particular, it reduces to the quasiprobability distribution
of Ref. [18] for 𝑞 = 0, 1 and the one of Ref. [19] for 𝑞 = 1/2.
We aim to calculate the optimal value in Eq. (11), where
the average in Eq. (11) is now calculated with respect to the
quasiprobability distribution 𝑝𝑞 (𝑤, 𝜌,𝑈 ) instead of the prob-
ability distribution 𝑝 (𝑤, 𝜌,𝑈 ). We focus on the exponential
utility function in Eq. (19). We get

⟨𝑢 (𝑤)⟩ = 1
𝑟

(
1 − ReTr

{
𝑈𝑣 (𝑞𝐻 )𝜌𝑣 ((1 − 𝑞)𝐻 )𝑈 †𝑣 (−𝐻 )

})
.

(86)
Of course, for 𝑟 = 0 we get the ergotropy E(𝜌) and in general
we still getU(𝜌) ≥ 0, since we get ⟨𝑢 (𝑤)⟩ = 0 for the identity



11

𝑈 = 𝐼 . To find the optimal 𝑈𝑢 , we consider

𝛿 ⟨𝑢 (𝑤)⟩ ∝ ReTr
{
𝑋 [𝑈𝑣 (𝑞𝐻 )𝜌𝑣 ((1 − 𝑞)𝐻 )𝑈 †, 𝑣 (−𝐻 )]

}
.

(87)
The variation 𝛿 ⟨𝑢 (𝑤)⟩ is zero and ⟨𝑢 (𝑤)⟩ is maximum if there
exists a unitary operator 𝑈 = 𝑈𝑢 which reads

𝑈𝑢 =

𝑑∑︁
𝑘=1

𝑒𝑖𝜙𝑘 |𝜖𝑘⟩⟨𝑢𝑘 (𝑞) | , (88)

where we define |𝑢𝑘 (𝑞)⟩ and 𝑢𝑘 such that 𝐴𝑞 |𝑢𝑘 (𝑞)⟩ =

𝑢𝑘 |𝑢𝑘 (𝑞)⟩, where 𝐴𝑞 = 𝑣 (𝑞𝐻 )𝜌𝑣 ((1 − 𝑞)𝐻 ) and 𝑢𝑘 ≥ 𝑢𝑘+1.
In this case, we get the optimal expected utility of the form
in Eq. (26), with the new 𝑢𝑘 ’s defined above. We have that
𝑢𝑘 ’s are nonnegative and do not depend on 𝑞.

Proof. To prove it, let us show that the eigenvalues 𝑢𝑘 of
𝐴𝑞 do not depend on 𝑞. It is enough to note that 𝐴𝑞 =

𝑒−𝑟𝑞𝐻𝜌𝑒−𝑟𝐻𝑒𝑟𝑞𝐻 is a similarity transformation of𝐴0 = 𝜌𝑒−𝑟𝐻 ,
thus 𝐴𝑞 has the same eigenvalues of 𝐴0, namely 𝑢𝑘 ’s do not
depend on𝑞. To prove that they are real, we consider𝑞 = 1/2,
in this case 𝐴1/2 = 𝐴

†
1/2 and they are also nonnegative since

𝐴1/2 = 𝐵𝐵†, where 𝐵 = 𝑒−𝑟𝐻/2𝜌1/2. ■

However, since𝐴𝑞 and𝐴0 are related by a similarity trans-
formation, we get

|𝑢𝑘 (𝑞)⟩ ∝ 𝑒−𝑟𝑞𝐻 |𝑢𝑘 (0)⟩ , (89)

then the states |𝑢𝑘 (𝑞)⟩ in general are not mutual orthogonal,
𝑈𝑢 in Eq. (88) is not unitary and 𝐴𝑞 ≠

∑
𝑢𝑘 |𝑢𝑘 (𝑞)⟩⟨𝑢𝑘 (𝑞) |,

except for 𝑞 = 1/2. In general only for 𝑞 = 1/2, 𝐴1/2 = 𝐴
†
1/2

and |𝑢𝑘 (1/2)⟩’s are mutual orthogonal, so that 𝑈𝑢 in Eq. (88)
is a unitary operator. Then, the maximum value U(𝜌) in
Eq. (26) (with 𝑢𝑘 sorted eigenvalues of 𝐴𝑞) can be achieved
with the optimal unitary operator 𝑈𝑢 in Eq. (88) only for the
quasiprobability representation achieved for 𝑞 = 1/2. Fur-
thermore, in this case we note that the sufficient conditions
in Eqs. (41) and (43) still hold with 𝑢𝑘 defined above. To get
some insights for 𝑞 ≠ 1/2, we write

⟨𝑢 (𝑤)⟩ =
1
𝑟

(
1 − ReTr

{
𝑆𝑞𝑒

− 𝑟
2𝐻𝜌𝑒−

𝑟
2𝐻𝑆−1

𝑞 𝑣 (−𝐻 )
})

(90)

=
1
𝑟

©­«1 −
∑︁
𝑘,𝑗

𝑢 𝑗𝑥 𝑗𝑘𝑒
𝑟𝜖𝑘 ª®¬ , (91)

where we have defined 𝑆𝑞 = 𝑈𝑒−𝑞𝑟𝐻𝑒
𝑟
2𝐻 , and 𝑥 𝑗𝑘 =

Re⟨𝜖𝑘 |𝑆𝑞 |𝑢 𝑗 (1/2)⟩⟨𝑢 𝑗 (1/2) |𝑆−1
𝑞 |𝜖𝑘⟩. We have that

∑
𝑗 𝑥 𝑗𝑘 =∑

𝑘 𝑥 𝑗𝑘 = 1, so that if 𝑥 𝑗𝑘 ≥ 0 for all 𝑗 and 𝑘 then we get
that 𝑥 𝑗𝑘 ’s are the entries of a doubly stochastic matrix. Thus,
from the Birkhoff’s theorem, the matrix with entries 𝑥 𝑗𝑘 can
be expressed as a convex combination of permutation matri-
ces. Then, the expected utility can be expressed as

⟨𝑢 (𝑤)⟩ = 1
𝑟

(
1 −

∑︁
𝛼

𝜃𝛼

∑︁
𝑘

𝑢
𝜋
(𝛼 )
𝑘

𝑒𝑟𝜖𝑘

)
, (92)

where 𝜃𝛼 ’s (which depend on the state 𝜌 , the unitary operator
𝑈 and the parameter 𝑞) sum to one. The optimal value reads

U(𝜌) = 1
𝑟

(
1 −

∑︁
𝛼

𝜃𝛼

∑︁
𝑘

𝑢
𝜋
(𝛼 )
𝑘

𝑒𝑟𝜖𝑘

)
, (93)

which depends on 𝑞 only through the coefficients 𝜃𝛼 . How-
ever, in a neighborhood of 𝑞 = 1/2, we have that 𝑥𝑘𝑘 ≥ 1 and
𝑥 𝑗𝑘 ≤ 0 for all 𝑘 and 𝑗 ≠ 𝑘 , and all the equalities hold only for
𝑞 = 1/2. For instance, let us focus on the case 𝑑 = 2, where
we have 𝑥12 = 𝑥21 and 𝑥11 = 𝑥22. For 𝑞 ≠ 1/2, we find 𝑥12 < 0
and so Eq. (93) is an affine combination with 𝜃𝐼 + 𝜃𝑁𝑂𝑇 = 1,
where 𝜃𝑁𝑂𝑇 < 0 and 𝜃𝐼 > 1.

Proof. To prove it, we note that for any 𝑑 , for 𝑈 = 𝑈𝑢 ,
we get 𝜕𝑞𝑥 𝑗𝑘 |𝑞=1/2 = 0 for all 𝑗 and 𝑘 . Thus, 𝑞 = 1/2 is
a stationary point of all the entries 𝑥 𝑗𝑘 . In particular, for
𝑞 = 1/2, 𝑥𝑘𝑘 = 1 and 𝑥 𝑗𝑘 = 0 for all 𝑘 and 𝑗 ≠ 𝑘 . Due to
the symmetry under the transformation 𝑞 ↦→ 1 − 𝑞, the
stationary point can be a minimum or a maximum. We
find that 𝜕2

𝑞𝑥 𝑗𝑘 |𝑞=1/2 = 2𝑟 2 (⟨𝑢𝑘 (1/2) |𝐻 2 |𝑢𝑘 (1/2)⟩𝛿𝑘,𝑗 −��⟨𝑢𝑘 (1/2) |𝐻 |𝑢 𝑗 (1/2)⟩
��2) + · · · . Actually, the omit-

ted part is equal to −2(⟨𝜖𝑘 (1/2) |𝑀2
1/2 |𝜖𝑘 (1/2)⟩𝛿𝑘,𝑗 −��⟨𝜖𝑘 (1/2) |𝑀1/2 |𝜖 𝑗 (1/2)⟩

��2), where 𝜕𝑞𝑈𝑢 = 𝑖𝑀𝑞𝑈𝑢 , with
𝑀

†
𝑞 = 𝑀𝑞 , in detail 𝑀𝑞 = 𝑖𝑈𝑢𝜕𝑞𝑈

†
𝑢 . This contribution has

the same form of the one coming from the Hamiltonian, but
with opposite sign. However, due to the symmetry under
the transformation 𝑞 ↦→ 1 − 𝑞, we get 𝜕𝑞𝑈𝑢 |𝑞=1/2 = 0, i.e.,
the omitted part is equal to zero. Then 𝜕2

𝑞𝑥𝑘𝑘 |𝑞=1/2 > 0 (since
we get a variance, which is positive) and 𝜕2

𝑞𝑥 𝑗𝑘 |𝑞=1/2 < 0 for
𝑘 ≠ 𝑗 , which completes the proof. This means that, e.g., for
𝑑 = 2, 𝜃𝐼 gets its minimum value for 𝑞 = 1/2 that is equal
to one and 𝜃𝑁𝑂𝑇 gets its maximum value for 𝑞 = 1/2 that is
equal to zero. Then, 𝜃𝐼 > 1 and 𝜃𝑁𝑂𝑇 < 0 for 𝑞 ≠ 1/2. ■

Then, in this case we find that the decomposition in Eq. (93)
holds for any 𝑑 , with

∑
𝛼 𝜃𝛼 = 1, where 𝜃𝐼 ≥ 1 and 𝜃𝛼 ≤ 0

for 𝛼 ≠ 𝐼 , and all the equalities hold only for 𝑞 = 1/2 (the
proof in Appendix C). This affine decomposition implies that
the optimal expected utility U(𝜌) in the function of 𝑞 gets its
minimum value for 𝑞 = 1/2. This means that an agent, who
selects a quasiprobability representation, obtains at least the
optimal value U(𝜌) achieved for 𝑞 = 1/2.

A. Coherent contribution

We define the coherent contribution to the expected utility
as

U𝑐 (𝜌) = U(𝜌) − U(Δ(𝜌)) . (94)

For 𝑞 = 1/2, we have that U𝑐 (𝜌) ≥ 0, thus the agent
prefers the state with quantum coherence instead of the de-
phased Δ(𝜌). This generalizes the 𝑟 = 0 result E𝑐 (𝜌) =

E(𝜌) − E(Δ(𝜌)) ≥ 0 in Ref. [20].
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Proof. To prove it, we use Eq. (43). We note that Δ(𝜌) is a
unital map, i.e., Δ(𝐼 ) = 𝐼 , and

Δ(𝑣 (𝑞𝐻 )𝜌𝑣 ((1 − 𝑞)𝐻 )) = Δ(𝜌)𝑒−𝑟𝐻 , (95)

then 𝑢𝑘 majorizes 𝑢′
𝑘
, where 𝑢′

𝑘
are the sorted eigenvalues

of Δ(𝜌)𝑒−𝑟𝐻 . For 𝑟 ≠ 0, the condition
∑𝑑
𝑗=1 (𝑢 𝑗 − 𝑢′

𝑗 ) = 0 is
equivalent to Tr {𝜌𝑣 (𝐻 )} = Tr {Δ(𝜌)𝑣 (𝐻 )} which is satisfied.
Thus by using Eq. (43), we get U𝑐 (𝜌) ≥ 0. ■

A similar definition can be given for the coherent contri-
bution to the certainty equivalent

E𝐶𝐸,𝑐 (𝜌) = E𝐶𝐸 (𝜌) − E𝐶𝐸 (Δ(𝜌)) , (96)

such that E𝐶𝐸,𝑐 (𝜌) ≥ 0 for 𝑞 = 1/2. For 𝑟 = 0, we get the er-
gotropy and so U𝑐 (𝜌) = U(𝑈𝐼𝜌𝑈𝐼 ), where 𝑈𝐼 is the optimal
incoherent unitary operator for the initial state Δ(𝜌). How-
ever, for 𝑟 ≠ 0 a similar equality does not hold since, while
the work is additive under composition of unitary cycles, i.e.,
if 𝑈 = 𝑈𝑐𝑈𝐼 we get𝑊 (𝜌,𝑈 ) =𝑊 (𝑈𝐼𝜌𝑈𝐼 ,𝑈𝑐 ) +𝑊 (𝜌,𝑈𝐼 ), the
expected utility ⟨𝑢 (𝑤)⟩ (or the certainty equivalent) is not
(when 𝑢 (𝑤) is nonlinear). Finally, to study the behavior of
the utility as a function of initial quantum coherence, we fo-
cus on a qubit in the state

𝜌 = 𝑝 |𝜖1⟩⟨𝜖1 | + (1 − 𝑝) |𝜖2⟩⟨𝜖2 | + 𝑐 |𝜖1⟩⟨𝜖2 | + 𝑐∗ |𝜖2⟩⟨𝜖1 | , (97)

where |𝑐 | ≤
√︁
𝑝 (1 − 𝑝), and 𝐻 = 𝜖 |𝜖2⟩⟨𝜖2 |. The case 𝑐 = 0 was

discussed in Sec. III A 1. For 𝑞 = 1/2 the coherent contribu-
tion can be exactly calculated and reads

U𝑐 (𝜌) =
(
|𝜂 | −

√︁
4|𝑐 |2𝑒𝑟𝜖 + 𝜂2

) 𝑒−𝑟𝜖 − 1
2𝑟

, (98)

where 𝜂 = 𝑝 (1+𝑒𝑟𝜖 )−1. Thus, we deduce that, in this particu-
lar case, U𝑐 (𝜌) increases as the initial quantum coherence |𝑐 |
increases for any 𝑟 . In the end, we also note that the results
of an ensemble of 𝑛 batteries of Sec. III A 5 can be easily gen-
eralized in the presence of quantum coherence for 𝑞 = 1/2
(see Appendix D).

V. CONCLUSION

An agent that is non-neutral to risk performs the selection
of a work extraction procedure with a given work statistics
by looking on the expected utility, which characterizes the
satisfaction of the selection. Here, we answer to the ques-
tion: given a Hamiltonian, from which state does a risk non-
neutral agent prefer to extract work? To answer to this ques-
tion, we introduce the optimal expected utility by maximiz-
ing over all unitary cycles, generalizing the concept of er-
gotropy. The selection is made thanks to the expected utility
hypothesis, comparing the optimal expected utility among
the available initial states and choosing the state with the
highest one. For incoherent initial states, we find the form
of the optimal expected utility, which is achieved by an opti-
mal incoherent unitary transformation. In the case of an ex-
ponential utility function, we find that majorization gives a

sufficient condition to perform the selection. The optimal in-
coherent unitary cycle is investigated with the help of some
examples, which are a qubit, a qutrit and two qubits. Fur-
thermore, we examine an ensemble of quantum batteries,
also showing that it is possible to get the maximum certainty
equivalent and the ergotropy at the same time for certain uni-
tary cycles. In particular, a general formula for the generating
function of the ergotropy cumulants trivially follows from
our results. Interestingly, concerning the effects of the initial
quantum coherence, by adding quantum coherence in an ini-
tial incoherent state the optimal expected utility increases, so
that the agent prefers the state with initial quantum coher-
ence instead of the incoherent one. For instance, for a qubit
the agent prefers the state with more initial quantum coher-
ence, if the populations remain fixed. In the end, we think
that expected utility gives an important criterion on how to
optimize work extraction from quantum batteries in situa-
tions where the fluctuations are relevant. For instance, a sin-
gle realization of the unitary cycle, which gives the maximum
average work (i.e., the ergotropy), can give a random work
far from the average value. In this case, searching an alter-
native unitary cycle that optimizes the extraction process by
also looking at reducing fluctuations can be vital for agents
averse to risk, and one way to achieve this is to maximize the
expected value of a suitable utility rather than average work.
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Appendix A: Maximum work extractable from an ensemble
of quantum batteries

Let us focus on the average work and derive the result of
Eq. (52). The average work can be obtained from Eq. (61) by
considering that ⟨𝑒−𝑟𝑤⟩ ∼ 1 − 𝑟 ⟨𝑤⟩ as 𝑟 → 0, getting

⟨𝑤⟩ =
∑︁

𝑛1 ...𝑛𝑑 |
∑

𝑖 𝑛𝑖=𝑛

∑︁
𝑛̄1 ...𝑛̄𝑑 |

∑
𝑖 𝑛̄𝑖=𝑛

𝑝𝑛1 ...𝑛𝑑𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑

×
∑︁
𝑖

(𝑛𝑖 − 𝑛𝑖 )𝜖𝑖 . (A1)

In the limit 𝑛 → ∞, the sums over {𝑛𝑖 } give integrals over
{𝑝𝑖 }. Thus, in the first sum of Eq. (A1), only a distribution
𝑝 = 𝑝∗ = {𝑝∗𝑖 } gives the dominant contribution, which makes
stationary the Lagrangian 𝐹 [𝑝] = 𝐷 (𝑝 | |𝑝) + 𝐷 (𝑝∗) + 𝜇

∑
𝑖 𝑝𝑖 ,

where we have introduced the Lagrange multiplier 𝜇 such
that

∑
𝑖 𝑝𝑖 = 1 and 𝑝∗ = {𝑝∗𝑖 } is a stationary point which gives
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the dominant contribution of the second sum of Eq. (A1). Be-
fore to give the precise definition of 𝑝∗, we note that the
maximization of the asymptotic value of the average work
in Eq. (A1) gives a condition that fixes the conditional proba-
bilities 𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 , i.e., the operator 𝑈{𝑛𝑖 } , only for the oc-
cupation numbers {𝑛𝑖 = 𝑛𝑝∗𝑖 }. Thus, we focus on {𝑛𝑖 = 𝑛𝑝∗𝑖 }.
We start to note that there are unitary operators 𝑈 giving

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 =
∏
𝑖

𝛿𝑛̄𝑖 ,𝑛′𝑖 , (A2)

where the set {𝑛′𝑖 } is defined such that the number
𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 is equal to 𝑊𝑛1 ...𝑛𝑑 for {𝑛𝑖 } = {𝑛′𝑖 } and zero
otherwise. Thus, as 𝑛 → ∞, 𝑛′𝑖 = 𝑛𝑝′𝑖 where 𝑝′ = {𝑝′𝑖 } has the
same Shannon entropy of 𝑝∗,𝐻 (𝑝′) = 𝐻 (𝑝∗). We aim to show
that the optimal 𝑈{𝑛𝑖 } gives conditional probabilities of the
form of Eq. (A2). By considering only the term 𝑝 = 𝑝∗ in the
first sum in Eq. (A1), and noting that 𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 ∼ 𝑒−𝑛𝐷 (𝑝 ) ,
we get ∑︁

𝑛̄1 ...𝑛̄𝑑 |
∑

𝑖 𝑛̄𝑖=𝑛

𝑒−𝑛𝐷 (𝑝 )
∑︁
𝑖

𝑛𝑖𝜖𝑖 ∼ 𝑛𝑒−𝑛𝐷 (𝑝∗ )
∑︁
𝑖

𝑝∗𝑖 𝜖𝑖 , (A3)

where 𝑝∗ makes stationary the Lagrangian 𝐹 [𝑝] = 𝐷 (𝑝) +
𝜇
∑
𝑖 𝑝𝑖 , where we have introduced the Lagrange multiplier

𝜇 such that
∑
𝑖 𝑝𝑖 = 1. We note that the left side of Eq. (A3)

is non-smaller than
∑𝑊{𝑛𝑖 }
𝑖=1 𝐸𝑖/𝑊{𝑛𝑖 } , where 𝐸𝑖 are the ener-

gies of the states |{𝑖𝑘 }⟩ sorted such that 𝐸𝑖 ≤ 𝐸𝑖+1. By con-
sidering 𝜖𝑖 ≥ 0, we get that Eq. (A3) is larger than 𝜖2 and
thus different from zero as 𝑛 → ∞. This implies that the sta-
tionary point 𝑝∗ is such that 𝐷 (𝑝∗) = 0, otherwise Eq. (A3)
exponentially decays to zero as 𝑛 → ∞. By noting that
𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 ∼ 𝑒𝑛 (𝐻 (𝑝̃∗ )−𝐷 (𝑝 ) ) , since 𝐷 (𝑝∗) = 0, for {𝑛𝑖 =

𝑛𝑝∗𝑖 } we get 𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 ∼ 𝑒𝑛𝐻 (𝑝̃∗ ) , thus 𝑊𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 ∼
𝑊𝑛1 ...𝑛𝑑 with {𝑛𝑖 = 𝑛𝑝∗𝑖 }. Then, we deduce that 𝑝∗ = 𝑝′,
since 𝑝′ is a general distribution probability defined such that
𝑊𝑛′1 ...𝑛

′
𝑑
|𝑛1 ...𝑛𝑑 ∼𝑊𝑛1 ...𝑛𝑑 . Thus, 𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑 decays exponen-

tially as 𝑝𝑖 is different from 𝑝′𝑖 , and we get∑︁
𝑛̄1 ...𝑛̄𝑑 |

∑
𝑖 𝑛̄𝑖=𝑛

𝑝𝑛̄1 ...𝑛̄𝑑 |𝑛1 ...𝑛𝑑

∑︁
𝑖

𝑛𝑖𝜖𝑖 ∼ 𝑛
∑︁
𝑖

𝑝′𝑖𝜖𝑖 . (A4)

Furthermore, since 𝐷 (𝑝∗) = 0, from 𝛿𝐹 [𝑝] = 0 we get the
stationary point 𝑝∗ = 𝑝 , and so 𝑈{𝑛𝑖 } : H{𝑛𝑖 } → H{𝑛′

𝑖
}

for the typical values of the occupation numbers {𝑛𝑖 = 𝑛𝑝𝑖 }.
Thus, by considering only the stationary points in the sums
in Eq. (A1), the average extracted work can be expressed as

⟨𝑤⟩ ∼ 𝑛
∑︁
𝑖

(𝑝𝑖 − 𝑝′𝑖 )𝜖𝑖 . (A5)

The value of 𝑝′ = 𝑝′∗ that maximizes the asymptotic formula
in Eq. (A5) will make stationary the Lagrangian 𝐹 ′ [𝑝′] =∑
𝑖 𝑝

′
𝑖𝜖𝑖 +𝜆𝐻 (𝑝′) +𝜈 ∑

𝑖 𝑝
′
𝑖 , where we have introduced the La-

grange multipliers 𝜆 such that 𝐻 (𝑝′) = 𝐻 (𝑝) and 𝜈 such that∑
𝑖 𝑝

′
𝑖 = 1. By requiring that 𝛿𝐹 ′ [𝑝′] = 0, we get

𝑝′𝑖
∗
=
𝑒−𝛽𝜖𝑖

𝑍
(A6)

where 𝑍 =
∑
𝑖 𝑒

−𝛽𝜖𝑖 with 𝛽 solution of 𝐻 (𝑝′∗) = 𝐻 (𝑝). This
means that the final average energy is asymptotically equal
to the one of the completely passive state, and so we get the
result in Eq. (52).

Appendix B: Expressions for small 𝑟

For small 𝑟 , by looking for a solution 𝑝∗𝑖 =
∑
𝑠=0 𝑝𝑠,𝑖𝑟

𝑠 of
Eq. (71), and 𝜇 =

∑
𝑠=0 𝜇𝑠𝑟

𝑠 , we get 𝑝0,𝑖 = 𝑝𝑖 , 𝜇0 = −1, thus
as 𝑟 → 0 we get the conventional result for the optimal 𝑝′∗
with 𝛽 solution of 𝐻 (𝑝′∗) = 𝐻 (𝑝). At the first order we get

𝑝1,𝑖 =
∑︁
𝑗

𝜕𝛽

𝜕𝑝𝑖

𝜕

𝜕𝛽

(
𝑒−𝛽𝜖 𝑗

𝑍

) ����
𝑝̃𝑖=𝑝𝑖

𝜖 𝑗𝑝𝑖 − 𝜖𝑖𝑝𝑖 − 𝜇1𝑝𝑖 , (B1)

𝜇1 =
∑︁
𝑖, 𝑗

𝜕𝛽

𝜕𝑝𝑖

𝜕

𝜕𝛽

(
𝑒−𝛽𝜖 𝑗

𝑍

) ����
𝑝̃𝑖=𝑝𝑖

𝜖 𝑗𝑝𝑖 −
∑︁
𝑖

𝜖𝑖𝑝𝑖 , (B2)

from which

𝑝′𝑖
∗
=

(
𝑒−𝛽𝜖𝑖

𝑍

) ����
𝑝̃𝑖=𝑝𝑖

+
∑︁
𝑗

𝜕𝛽

𝜕𝑝 𝑗

𝜕

𝜕𝛽

(
𝑒−𝛽𝜖𝑖

𝑍

) ����
𝑝̃ 𝑗=𝑝 𝑗

𝑝1, 𝑗𝑟 +𝑂 (𝑟 2)

(B3)
and

𝑓 [𝑝∗] =
∑︁
𝑖

𝑝2
1,𝑖

2𝑝𝑖
𝑟 2 + 𝑟

∑︁
𝑖

(𝑝𝑖 + 𝑝1,𝑖𝑟 − 𝑝′𝑖
∗)𝜖𝑖 +𝑂 (𝑟 3) . (B4)

Appendix C: Affine decomposition

We consider the 𝑑 × 𝑑 matrix 𝑥 with entries 𝑥 𝑗𝑘 , such that∑
𝑗 𝑥 𝑗𝑘 =

∑
𝑘 𝑥 𝑗𝑘 = 1, 𝑥𝑘𝑘 ≥ 1 and 𝑥 𝑗𝑘 ≤ 0 for all 𝑘 and

𝑗 ≠ 𝑘 . We aim to show that there is an affine combination of
permutation matrices 𝑃 (𝛼 ) such that

𝑥 =
∑︁
𝛼

𝜃𝛼𝑃
(𝛼 ) , (C1)

with
∑
𝛼 𝜃𝛼 = 1, 𝜃𝐼 ≥ 1 and 𝜃𝛼≠𝐼 ≤ 0, with 𝑃 (𝐼 ) = 𝐼 . For 𝑑 = 2,

Eq. (C1) is true since we have

𝑥 =

(
𝜃𝐼 𝜃𝑁𝑂𝑇

𝜃𝑁𝑂𝑇 𝜃𝐼

)
= 𝜃𝐼𝑃

(𝐼 ) + 𝜃𝑁𝑂𝑇𝑃 (𝑁𝑂𝑇 ) . (C2)

For 𝑑 = 3, we get 3! = 6 permutations, which are 𝐼 : (1, 2, 3),
2 : (1, 3, 2), 3 : (2, 1, 3), 4 : (2, 3, 1), 5 : (3, 1, 2) and 6 : (3, 2, 1).
We get that Eq. (C1) is true by choosing

𝜃2 = 𝑥11 − 𝜃𝐼 , 𝜃3 = 𝑥33 − 𝜃𝐼 , 𝜃6 = 𝑥22 − 𝜃𝐼 , (C3)
𝜃4 = 𝑥12 − 𝑥33 + 𝜃𝐼 , 𝜃5 = 𝑥13 − 𝑥22 + 𝜃𝐼 (C4)

and𝜃𝐼 any real such that𝜃𝐼 ≥ max𝑘 𝑥𝑘𝑘 . By considering 𝑥11 ≥
𝑥22 ≥ 𝑥33, we get that 𝜃𝛼 in Eq. (C3) are trivially nonpositive,
and 𝜃𝛼 in Eq. (C4) are also nonpositive since 𝜃4 ≤ 𝑥23 ≤ 0 and
𝜃5 ≤ 𝑥32 ≤ 0. To prove it for any𝑑 , we define 𝜃𝐼 = max𝑘 𝑥𝑘𝑘 =

𝑥𝑘𝑘 ≥ 1 and the matrix 𝑥 = (𝑥 −𝜃𝐼𝑃
(𝐼 ) )/(1−𝜃𝐼 ). We get that
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the entries are nonnegative 𝑥 𝑗𝑘 ≥ 0 and
∑
𝑗 𝑥 𝑗𝑘 =

∑
𝑘 𝑥 𝑗𝑘 = 1,

then 𝑥 is a doubly stochastic matrix. Since 𝑥𝑘𝑘 = 0, from the
Birkhoff’s theorem we get the convex combination

𝑥 =
∑︁
𝛼≠𝐼

𝜃𝛼𝑃
(𝛼 ) , (C5)

from which

𝑥 = 𝜃𝐼𝑃
(𝐼 ) + (1 − 𝜃𝐼 )

∑︁
𝛼≠𝐼

𝜃𝛼𝑃
(𝛼 ) , (C6)

which is equal to Eq. (C1) by noting that 𝜃𝛼 = (1 − 𝜃𝐼 )𝜃𝛼 ≤ 0
for 𝛼 ≠ 𝐼 .

Appendix D: Ensemble of quantum batteries with initial
quantum coherence

We focus on 𝑞 = 1/2, so that we get

⟨𝑒−𝑟𝑤⟩ = Tr
{(
𝑒−

𝑟𝐻
2 𝜌𝑒−

𝑟𝐻
2

)⊗𝑛
𝑈 †

(
𝑒𝑟𝐻

)⊗𝑛
𝑈

}
. (D1)

We can consider the spectral decomposition 𝑒−
𝑟𝐻

2 𝜌𝑒−
𝑟𝐻

2 =∑𝑑
𝑖=1 𝑢𝑖 |𝑢𝑖⟩⟨𝑢𝑖 |, where we recall that 𝑢𝑖 ≥ 0. The optimal uni-

tary 𝑈 maps a state ⊗𝑘 |𝑢𝑖𝑘 ⟩ to a state |{𝑖𝑘 }⟩. For simplicity,
we assume that 𝑢𝑖 ’s are nondegenerate. Then, by proceeding
as for the incoherent case in Sec III A 5, we get the optimal
certainty equivalent in Eq. (75) with

𝑓 [𝑝] = −𝐻 (𝑝) −
∑︁
𝑖

𝑝𝑖 ln𝑢𝑖 − 𝑟
∑︁
𝑖

𝑝′𝑖
∗
𝜖𝑖 , (D2)

where 𝑝 is solution of

ln𝑝𝑖 − ln𝑢𝑖 + 1 − 𝑟
∑︁
𝑗

𝜖 𝑗
𝜕𝑝′𝑗

∗

𝜕𝑝𝑖
+ 𝜇 = 0 , (D3)

and 𝑝′∗ is given by Eq. (74).
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