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MULTIVARIABLE DE RHAM REPRESENTATIONS, SEN THEORY AND p-ADIC
DIFFERENTIAL EQUATIONS

O. BRINON & B. CHIARELLOTTO & N. MAZZARI

ABSTRACT. Let K be a complete valued field extension of Q, with perfect residue field. We consider p-adic
representations of a finite product Gx A = GIA( of the absolute Galois group Gi of K. This product appears
as the fundamental group of a product of diamonds. We develop the corresponding p-adic Hodge theory by
constructing analogues of the classical period rings Byqr and ByT, and multivariable Sen theory. In particular,
we associate to any p-adic representation V' of G A an integrable p-adic differential system in several variables
Dgif (V). We prove that this system is trivial if and only if the representation V' is de Rham. Finally, we relate
this differential system to the multivariable overconvergent (¢, I')-module of V' constructed by Pal and Zabréadi
in [20], along classical Berger’s construction [5].
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1. INTRODUCTION

Let K be a finite extension of Q,, Gk its absolute Galois group, and A a finite set. After the work of
Scholze and Weinstein [25], [21], the finite product Gx A = GIA( can be understood as the fundamental group
of a diamond: the product xa SpdQ, = SpdQ,, x --- x Spd Q,, (this diamond is not associated to a perfectoid
space). It is then natural to consider p-adic representations for this fundamental group, viewed as coefficients for
the diamond x A Spd Q,,. Hereafter, we work in a slightly more general context: we assume that K is a complete
discretely valued extension of Q, with perfect residue field.

Of course the study of such representations can be considered in the classical framework of p-adic Hodge theory
as developed after the work of Fontaine (¢f [16], [22], [§]), .e. in terms of period rings and (¢, T')-modules. This
second approach has been pursued in recent works by Zabradi, Pal, Kedlaya and Carter ([26], [27], [20] and [12])
in terms of multivariable (multivariate) (o, I')-modules associated to p-adic representations of Gk .

In this article, we develop a multivariable Sen theory in this framework, and construct multivariable (multi-
variate) p-adic period rings Bgr A and Byt a. To any p-adic representation V of Gk a, we associate an integrable
differential system Dgif(V) in several (= #A) variables. We prove that this system is trivial (i.e. has a full set
of solutions) if and only if the Gk a-representation V is de Rham. Moreover, we relate the differential module
Daif (V') with overconvergent (¢, I')-module arising from Pal-Zébradi theory (¢f [20]).

Before giving a precise description of the content of this article, we make some remarks and thoughts for future
developments. First of all, we note that the theory we develop here does not fit in the framework of relative
p-adic Hodge theory as studied by Andreatta, Brinon ([I], [2], [3], [9]). In fact the geometric base for our objects
is merely a finite discrete space (¢f remark B.23). Secondly, this article should be seen as a first step towards
the introduction of the multivariable periods rings B.,is and By, and eventually, a step in the direction of full
analogue of Berger’s results via the theory of p-adic differential systems in several variables (as was foreseen in

20])-

We now describe more precisely the content of this work. In the second section we fix some notations and recall
useful results. In particular we recall classical Sen theory of C-representations, where C' is the completion of an
algebraic closure of K, and introduce the completion Ca of the tensor product of the #A-fold tensor product
of C over the maximal unramified subextension of K. In the third section we study free Ca-representations of
finite rank of G, a: more precisely, we develop an analogue of Sen theory in this context. Classically (i.e. when
#A = 1) Sen theory is an equivalence of categories between C-representations of Gx and K.-representations
of T'x = Gal(K/K), where K is the cyclotomic extension of K. Our result in the multivariable context is
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theorem B:28 there is an equivalence of categories between that of free Ca-representations of finite rank of Gx A
and that of free Ka oo-representation of finite rank of I'x A, where K o is the (non completed) #A-fold tensor
product of K, over the maximal unramified subextension of K. To the latter we can associate generalized Sen
operators (describing the infinitesimal action of I'x a) and develop a Hodge-Tate theory (cf corollaries and
B30). In the fourth section we introduce the period rings Bar A and Byt a and the corresponding de Rham and
Hodge-Tate representations: in particular we show that there are functors Dgg and Dyt having the expected
properties (propositions 17 .18 and ELT9)), in particular that being de Rham implies to be Hodge-Tate. In
the fifth section we prove the multivariable analogue of the work of Fontaine in [I6]: namely Sen theory for
Bar,a-representations. To do this we follow [3]: the central result (theorem [5I1)) is that the category of free
BIR, A-Tepresentations of finite rank of Gk A is equivalent to that of free I:{R, A = KA cofta]aca-representations
of finite rank of ' A (where ¢, is a p-adic 2im corresponding to the action of the factor of index « in Gg a). By

inverting [] ta, we deduce the analogue for Bqr,a (theorem [5:12]). The upshot is that we can associate a free
aEA

module Dgi¢ (V) with a regular, integrable connection in #A variables with coefficients in lar,A = I(J{R A [%} acA

to any p-adic representation V' of Gx a. This is the analogue to that introduced by Fontaine in [I6], and used

by Berger in [5]. In particular, we show that a p-adic representation V' of Gk a is de Rham if and only if the

associated module with connection Dgif(V) is trivial (proposition 18], and relate our construction to that of

overconvergent (p,I')-modules developed by Pal-Zébradi (¢f [20]) and Carter-Kedlaya-Zabradi (¢f [12]) by an

analogue of [5 Corollaire 5.8] (¢f theorem [(.23).

Remark 1.1. There is little doubt that a general Tate-Sen formalism (such as that of [2]) does exist in the
multivariable case, and that could be applied to families of multivariable representations (as for [6, §3] and [6]
Proposition 5.2.1]). This said, we proceed here with Tate-Sen descent by hand (this already contains most of the
necessary ideas).

B. Chiarellotto and N. Mazzari are supported by the grant MIUR-PRIN 2017 “Geometric, algebraic and
analytic methods in arithmetic”. O. Brinon thanks the Department of Mathematics of the University of Padua
for organizing his visits during a pandemic lull.

2. NOTATIONS

Let K be a complete discrete valuation field of characteristic 0, with perfect residue field k& of characteristic
p > 0. Fix an algebraic closure K of K and let Ci k = Gal(K/K). Denote by v the valuation on K normalized by
v(p) = 1. It extends uniquely to a valuation of K : let C' be the completion of the latter. If F' is a subextension
of C/K, we will denote by Op (resp. mp) its ring of integers (resp. its maximal ideal). By continuity, the
action of Gk extends to C. Fix ¢ = (¢(),en a compatible system of primitive p”-th roots of the unity (i.e.
such that ¢ =1, ¢® #£ 1 and (¢™*V)P = £ for all n € N). For each n € N, put K,, = K(¢(™) and let
K. = |J K, be the cyclotomic extension, and L = I/(o\o its completion with respect to v. Put Hx = Gal(K /K.)

n=0

and 'k = Gal(K/K). The cyclotomic character x: I'xx — Z,; is characterized by v(e™) = (5("))X(7)
v € I'k: it induces an continuous isomorphism between ' and an open subgroup of Z;. We still denote x the

for all

composite Gg — 'y X, Z;. In what follows, cohomology will always refer to continuous cohomology.

. L ifi=0
Using ramification estimates, Tate proved in [24] that H*'(Hg,C) = 0 le 0 and constructed the so-
1?2 >
called Tate’s normalized traces (R,: L — Kp)p>n, (for some integer nx € N), that he used to show that
) 1 ifq 0,1 1 ifq 0,1
dimye Hi(Tge, oty = J 1 iT1€{0. 1) ifi {01}
0 ifi>1 0 ifi>1
Recall that Tate’s normalized trace map R, : L — K, induces the map x pm—l,n Trx,,/k, (x) on Ky, for all
m > ng.

, so that dimx H (G, C) = {

Proposition 2.1. (¢f [24], §3], [6] §3.1 & Proposition 4.1.1] and [11, Proposition 14.1.6]) These maps have the
following properties:
(i) Ry is a Ky -linear projector onto K,: put X,, = Ker(ld —R,,) C L;
(ii) R, commutes to the action of T'k;
(iii) (Vea € Rso) (Vo € L) vp(Ry () > vp(x) — ca (in particular Ry, is continuous);
(iv) (Vz € L) nl;rrgo Ry (z) = z;

(v) for all cg > p—il, there exists ny > ny such that for alln > n and vy € Tk such that vy(1—x(7v)) < nl,
then v — 1 is invertible on X,,, and for all x € X,,, we have v,((y —1)7!(z)) > v,(x) — c3 (in particular,
~ — 1 induces an homeomorphism from X, to itself).

2



In what follows, we will use the previous properties with co = ¢3 = 1. This is certainly not optimal, but for
technical reasons, it is much more convenient to make computations and work with Oc¢, /(p) (¢f infra) rather
than with quotients by elements of non integral valuation.

Let d € N+o. Based on the work of Tate, Sen showed in [22] that the set H'(Hf, GL4(C)) is trivial, so that
the inflation map
H' (T, GLq(L)) — HY (G, GL4a(C))
is bijective. He also proved that the natural map

Hl(FK, GLd(KOO)) — Hl(FK, GLd(L))

is bijective. This means that if W is a C-representation of Gx (c¢f §8.6), there exists a K -representation W
of 'k such that W ~ C ®_ W as C[Gk]-modules.

As mentioned in the introduction, the first aim of this note is to generalize these results to the case where G i
is replaced by a finite power of Gk (along the lines of [20]).
Let A be a finite set, and put 6 = #A. Put Gxa = [] Gk, Hxka = [] Hx, and Tga = [[ Tk. We

a€A aEA aEA
have an exact sequence

1— HK,A — GK,A X—A) FK,A — 1.
The morphism xa = [] x identifies I'x A with an open subgroup of (Z:)A. Il « € A, we denote by G the

aEA
image of the group homomorphim ¢ : Gx — Gk A that maps g to the element whose component of index « is

g and the others are Idz. The groups Hg o and ', are defined similarly.

Notation. (1) If n = (na)aeca € ZA, we define a character x'x : Gx A — Z; by

X%((fh)aeA) = H X(ga)na-

aEA

This provides a Z,-representation Z,(n) of Gk a. More generally, if M is a Z,-module endowed with an action
of Gx.a, we put M(n) = M ®z, Z,(n), endowed with the diagonal action of Gk a.

(2) If F is a closed subextension of C'/Fy (where Fy := W(k) [1—17] ), let Op, be the p-adic completion of the tensor
product Op Qw(k) *** OwW(k) OpF (where the copies of Of are indexed by A), and Fa = Op, [%} Observe that
when F'/Fy is finite, Op is a free W(k)-module of finite rank, so that the tensor product O ®w) - - - @w(k) OF is
p-adically separated and complete, so that Fa is nothing but the tensor product F®2 = F®p, -+ ®p, F (where
the copies of F' are indexed by A).

Remark 2.2. (1) The ring Op, depends on k. This dependence is not indicated in the notation so as not to
make it heavier.
(2) When it is not mentioned, tensor products are taken over W(k).

The group Gk, naturally acts on O¢, and Ca. Note also that Op, is naturally a (9}8}?0 -algebra.

3. MULTIVARIABLE CLASSICAL SEN THEORY
3.1. The cohomology of Ca.

Lemma 3.2. Let r € Nsg. Then the cokernel of Or,/(p") — H(Hk A, Oc,/(p")) is killed by m}%i. Ifi >0,
the group H'(Hg a,Oc,/(p")) is killed by m}%i.

Proof. If A’ C A, we denote by OCA,A’ the p-adic completion of Oc¢,, @w(r) OLA\A" In particular, we have
OCA,Q = OLA and OCA,A = OCA-

We proceed componentwise: let A" C A and o € A\ A’, and consider the action of Hx o on Oc /., /(P")-
The topology on the latter is discrete: we have

HY (Hk Ocu priiay/(P) = 11?> H' (Hk,a: OF,a ®wW(k) OCa, (oy.ar/(P)

where F runs among the finite Galois subextensions of K /K. Recall that by [24, §3.2, Proposition 9], we
have my_, C Trp/k__(OF) for every such F. This implies that H (Hk .0, OFa Aw(k) OCA\{Q}VA,/(pT)) is killed by
Mo for all F (¢f [19, Lemma 3.1]): so does H'(Hk,a, Oc, a0,/ (®7)) for i > 0. If 2 € H'(Hr 0, OF,0 @w)
OCy\ (ay.ar/(P7)) and n € my__ o, let y € Op such that Trex (y) = 1. Then nz = Trp k. o(zy) € Oc, A, /(P7),
where Tre o OF,0 @w(k) OCA\{Q}VA,/(]?T)) = Ocy o /(p") denotes the tensor product of Trp, g on the factor
of index a with the identity on the other factors.

The lemma follows by applying the Hochschild-Serre spectral sequence finitely many times. O
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Lan ifi=0

Theorem 3.3. We have H (Hx A,CaA) = .
¢ have H'(Hx.a, Ca) {0 ifi>0

Proof. By [18, Proposition 2.7.4], there is a commutative diagram with exact rows

0 ——Tlim Oy, /(p" [ O /(0" [ O /(0" lim WO, /(p") —= 0
im Oz /(") Tl;ll La/(P") Tl;ll La/(P") im0, /(")

T

0 —1im(Oc, /(p")) "> — Hl(OcA/(pT))HK*A — Hl(OcA/(pT))HK‘A — lim M (Oc, /(p")) "> —0
The first three vertical maps are injective and the cokernels of those in the middle are killed by m?}A. This

implies that the cokernel of the first vertical map is killed by m . This implies that the cokernel of composite
map

Ory = Ocf® — @(ocmp’“»m

is killed by m% showmg (by injectivity of the second map) that the cokernel of
OLA — H (HK,A,OCA)

is killed by m?}i . On the other hand, the inverse system {Op,/(p")}, has the Mittag-Leffler property: we have
@(1)OLA/(pT) = 0. This implies that %iim(1)((9(;A/(pT))HKvA is killed by m?}i

If ¢ > 0, we have an exact sequence

0— @(1)Hi_l(HK7A’OCA/(pT)) — Hi(HK,Aa OCA) - @Hi(HK,Aa OCA/(pT)) —0

(¢f I8, Theorem 2.7.5]). By lemmal[3.2] (and what precedes when ¢ = 1) the modules im WOH=Y Hg A, Oc, /("))

T

and @ H{(Hk .a,Oc,/(p")) are killed by m?}i, implying that H{(Ha, O¢, ) is killed by (m?}i) = m?}A
The proposition follows by inverting p. O
Notation. If A’ ¢ A and n € N, we denote by OLA,A’,n, the p-adic completion of OLA\A’ ®wk) Ok, .- In

n,A’
particular, we have Op, , ., = Ok, A and Op, ,, = Or,. Put Laarp = OLA,A/,n [%] Let n > ng: the map
R,, induces a continuous map O — %OKTL- If « € A, denote by Ry o: La — La,A\{a},n De the map induced
by the tensor product of Tate’s normalized trace R, : L — K, (cf [24, §3]) on the factor of index o with the
identity on the other factors (this makes sense by the continuity of R,,). This defines a continuous L {q},n-linear

o0

projector that maps Op,, ,, , into %OLA,A’U{Q},n (¢f proposition 2.). We also put O, ,, = L;Jo OLa a, and
o n

Lanco= U Laan
n=0

Theorem 3.4. We have H/(Gg.a,Ca) ~ H (T a, La) = \' ( P Ka log(xa)).

acA
Proof. The first isomorphism follows from the inflation-restriction exact sequence. For all n € N, the map
KA — K, a is finite étale, it is enough to prove the statement replacing K by K,, with n > ng (¢f above).
Then the Horschild-Serre spectral sequence reduces the proof of the second isomorphism to the equalities

LA,A’U{&},H lf’L = 0
Hi(FKn,a’LA,A',n) = LA,A’U{a},n log(Xa) ifi=1
0 ifv>1

for all @ € A and A’ ¢ A\ {a}. Working modulo p” as we did in the proof of lemma B.2] and using the maps
Ry o for m > n, we deduce that the cokernels of the maps

OLAA’ n/( %HO(FKna’LA A’n/( ))
Op u /(") 108 (x0) = H (T, Lo ar/8)

are killed by p, as do the elements of H (', ., La,a/n/(p")) if i > 1. Then we can pass to the limit arguing as
in the proof of proposition to conclude that the cokernels of the maps

OLAYA,W — HO(FKn,aaLA,A’,n)

OLA,A/,n log(xa) — Hl(FKn,aaLAﬁA/yn)
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and the modules Hi(FKn,a,LAyAgn) with ¢ > 1 are killed by p. The theorem follows by inverting p. O

Theorem 3.5. If n € N and n € Z*\{0}, we have H(Gx.n,Ca(n)) =0 for all i € N.

Proof. Again, using the inflation-restriction exact sequence and the Horschild-Serre spectral sequence, we are
reduced to show that if & € A is such that n, # 0, then the cohomology groups H (I'k o, La(n)) all vanish. Let
v € T'k.o be such that the closure (7) has finite index in ['g ,: it is enough to show that H((v,), La(n)) = 0 for
all i € N, where v, € I'x A is the element whose components are the identity except that of index «, which is

. As these cohomology groups are those of the complex La(n) RLELNG N (n) (concentrated in degrees 0 and 1),
this is equivalent to showing that v, — 1 is bijective on La(n), i.e. that it is injective with cokernel killed by p”

for some r € N on Oy, (n). This follows from the fact that v — 1 is injective with cokernel killed by p” for some
r € N on Or(n,), since it is bijective with continuous inverse on L (¢f proposition 2] (v)). O

3.6. Sen theory for Ch-representations. We fix terminology and notation that will be used hereafter.

Definition. Let G be a topological group and B a topological ring endowed with a continuous action of G. A
B-representation of G is a topological module of finite type W endowed with a continuous and semi-linear action
of G, i.e. such that g(w; + bws) = g(w1) + g(b)g(w2) for all b € B, wi,wy € W and g € G. We say that W is
free (resp. projective) of rank d when the underlying B-module is. We denote by Repy(G) (resp. Rep's(G),
resp. Rep%(G)) the category of B-representations with G-equivariant maps (resp. the full subcategory of free,
resp. projective B-representations of finite rank).

Remark 3.7. If W is a free B-representation of rank d of GG, and B is a basis of W over B, we can denote
by U, € Mg(B) the matrix of g acting on W in the basis %B. Then U, € GL4(B) for all ¢ € G, and the
map g — U, is a continuous 1-cocycle G — GLg4(B). Conversely, the data of such a cocycle endows B¢
with a B-representation structure. Moreover, changing the basis precisely amounts to replace the cocycle by
a cohomologous one. This means that isomorphism classes of free B-representations of rank d are in bijection
with the continuous cohomology set H'(G, GL4(B)).

Fix d € Ns¢. Let Hy < Hg be an open normal subgroup, and put Hx = [[ Hp. If A’ C A, let Ha as be
acA
the subgroup of Hi a generated by the subgroups tq(Hp) for o € A’: we have Ha g = {1} and Ha Ao = Ha.

Note that although the groups Ha and Ha A depend on Hy, we do not indicate this dependency in order not
to make the notations too heavy.

Lemma 3.8. (¢f [22] Lemma 1] and [2, Lemme 2.1]) Let U: Hxo — GL4(Ca) be a continuous cocycle. Let
A CA ae A\A" and m € N>y be such that Uy, =14 for all h € Ha aor and Uy, € I +p™ I\/Id( oHa ') for all
h € Ha. Then there exists By € Iy +p™ ! My (Ogﬁ') such that By 1Uhh(B0) € Ig+pm T My (OHA & ) for all
h e Loy (HQ)

Proof. By continuity of U, there exists an open normal subgroup H; < Hy such that Uj, € Iy +p™ 12 My (OHA A/)
for all h € 1o (H1). Let T be a complete set of representatives of Ho/H1 ~ to(Hp)/to(H1): if b € 1o(Hp) and
T € T, there exists unique b’ € 1, (Hy) and 7/ € T such that hr = 7/h’: we have

UhT — U‘r’h’ = U T (Uh’) c UT, +pm+2 Md (OHA A/).

By [24, §3.2, Proposition 9], we can choose ¢ € Og* such that T, m,(c) = ) 7(c) =p. Put
TeT

= 13" 7(ca)Usr € Ma (C1**")
TeT
(where ¢, € O¢, is the image of the tensor 1 @ -+ - ®1®@c® 1 ® -+ ® 1, with ¢ on the factor of index ). As
Uy, € 1g+p™ My ((’)HA’A') for all 7 € T, we have By € Iy +p™ ! My ((’)HA’A'). This implies in particular that By

is invertible in Iz +p™~! My ((QHA 2"), with By! = Z (Iz —Bo)'. Moreover, if h € 1, (Hp), we have

=0

Bo) = 2> " hr(ca)h(Ur) = 2> hr(ca)U, ' Une = LU 71 (Co)Urine = U D 7 (ca)Urin

TeT TeT TeT TeT

As Uy € Upr + p™mt2 Md(OgAA'), we have

Unh(Bo) € L 7 7' (ca)Urr +p™ 1 My (0a2)

A
TeT

=B,

hence By 'Uph(By) € Ty+p™ 1 My (0522'). 0



Lemma 3.9. Under the assumptions of lemma [3.8, there exists B, € Ig+p™ ! My (OgAA’A/) such that the
cocycle U: Hy — GL4(Cn) defined by U;, = By 'Uph(Bq) is such that U; = 14 for all h € Ha arufay and
Up € Ty+p™ " My (0224 for all h € Ha.

Proof. Lemma 3.8 produces inductively a sequence (By,)5>0 in Ig +p™ " My ((’)gAA’A/) and a sequence of cocycles
HA,A’

(Un: H = GLy (Cx**")), ., such that Uy = U, By € Li+p™ " My (O422'), Unss = By, 'Up nh(By) for all
h € Ha and Uy, j, € Ig+p™™™ My ((’)gf”) for all h € 1o(Hp) and n € N. The infinite product B, = BgBj - - -

HA,A’

converges in Iy +p™ ! My (OCA ): for h € Ha, put U;, = B3 'Uyh(B,). By construction, we have U}, = I  for
all h € 1o(Hp).

If h € HA ar, we have h(B,) = B, and Uy, = I hence Uj, = I4. This shows that U; = 1Ig for all h € Ha aruay-
If e A\ (A" U{a}), h € ta(Ho) and 1 € 15(Ho), we have hn = nh, so U h(U}) = Uin(Uy): as U;, = 14, we get
h(U)) = U] This implies that U; € GLqg (CEA’AU{“}).

As By € Ty +p™ 1My (052") and Uy, € Ty+p™ Mg (O522'), we have

Up, = By 'Uph(Ba) € La+p™ " My (0522
for all h € H. O

Proposition 3.10. (cf [22, Proposition 4], [2| Proposition 2.2]) Let U: Ha — GLq(Ca) be a continuous cocycle
such that U, =15 mod p" My(Oc,) for all h € Ha, where r € N>sy1. Then there exists B € 14 4+p" 2 Ma(Oc,)
such that B~'Uyh(B) =1y for all h € Ha. In particular U has a trivial image in H*(Ha, GL4(Oc,)).

Proof. Using lemma [3.9] this follows inductively from the case A’ = @ and m = r, working componentwise. [

Corollary 3.11. (¢f [2| Corollaire 2.3]) The maps

limp  H'(Hg,a/H,GLi(CK)) = H'(Hk,a,GLa(Ca))
H<Hg A
H open

lim  H'(Gk.a/H,GLa(CY)) = H'(Gk.a,GLa(Ca))
H<JHg A
H open

induced by inflation maps are bijective.

Proof. The second statement follows from the first one. Let U: Hx A — GL4(Ca) be a continuous cocycle. By
continuity, there exists an open normal subgroup H < Hg A such that U, € 1y +pdtt Mg(Oc,) for all h € H.

Making H smaller if necessary, we can assume that H = [][ Hp where Hy < Hg is an open normal subgroup
acA
(note that such subgroups are cofinal among open normal subgroups of Hx a). Proposition BI0 shows that the

cocycle we started with has a trivial image in H'(H, GL4(Ca)). The inflation-restriction exact sequence of sets:
{1} - H'(Hx.a/H,GL4(CR)) = H' (Hk,a,GLa(Ca)) = H' (H,GL4(Cn))
(¢f 123, 1, §5.8]) shows that U is the induction of a unique class in H' (Hg a/H, GL4(CX)). O

Let Hy < Hx be an open normal subgroup. By [4], the field CH is the closure of K 0. The latter is a finite
extension of K% = K. If x is a primitive element for K0 /K, there exists n € N such that x is algebraic
over K,: if we put K’ = K,,(z), then KHo = K’_ and CHo = [/ .= I/(é\o In particular, if H = [[ Ho, we have

a€cA
C& = L'\ by Theorem 33l In what follows, we denote by R;, , the generalized normalized Tate traces relative
to K’ (¢f |24}, §3] and proposition [ZT]).

Fix A’ C A, a € A\ A" and n > n/y,. The topological decomposition L' = K|, & X (where X, = Ker(R})
gives rise to the topological decomposition

/A,A’ = L/A,A’U{oz},n D Ker(R;l,a)‘

Moreover, if v € T'k o is such that v,(1 — x(v)) < nk,, then v — 1 is invertible on Ker(R;, ), and for all
x € Ker(R;, ,) N O, we have (y — 1)~Yz) e %OL/A ., (¢f proposition 2.T)).

Lemma 3.12. (c¢f [22] Proposition 3], [6l Lemme 3.2.5]). Let v € I'gs o such that v,(1—x(v)) < n. Assume B €
GLd(L’AA,) and Vi, Vs € I +p% My (OLr ) are such that v(B) = V1 BVa. Then B € GLd(L/A,A’U{a},n)'

AN U{a},n
Proof. Put Z = B—R;, ,(B) € Ma(Ly a/): 88 R is Ly nrj(ay,,-linear and commutes with the action of I q,
we have v(Z) = V1 ZVa, hence

WZ)—2=V2Va—Z =WV —13)Z+V1Z(V2 —1a) = (Vi —La) Z(V> — La).
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If Z € p* My (OL/A A/), this implies that (y — 1)(Z) € p**t2 My (OL'A A,). As Z has entries in Ker(R], ), this
implies that Z € p®*t! My (OL/A A,). This shows that Z = 0, i.e. that B has entries in L/A,A'u{a},n' O

Lemma 3.13. (c¢f 22, Lemma 3], [6 Lemme 3.2.3]). Let a,b € N be such that b > a > 2 and v € T'xs o
such that vy(1 — x(7v)) < n. Assume U =13 +p°Us + pPUs with Uy € My (OL/ ) and Uy € My (OL/A A,).

AN U{a},n

Then there exists V € My (OL/A A,) such that M~ U~(M) = Ig+p®Vi + p*T1Vo with Vi € My (OL/A Ao ) and
Vo € My (OL/A A,), where M = I, 4+p*~1V.

Proof. We can write Uz = R;, ,(U2) + %(1 —3)(V), where V € My (OL'A A,) has entries in Ker(R;, ,). Then we

have M~ = S p/O-DVi € Iy —p*~ 'V 4+ p*H1 My (OL/A A,) (because 2(b—1) > b+ 1 since b > 3 by hypothesis),
j=0 '
so that

M~'U~N(M) € (Ig —p* ' V)U (g +p"" 17 (V) + " My (Or )

AL/

€U -p" M (VU = Uy(V)) + "' Ma (O, ,)-

We have U € 1, +p? My (OL'A A/) (because b > a > 2), so that VU —U~(V) € (1 —7)(V) +p? My (OL/A A/). This
implies that ’ ’

M7'Uy(M) e U —p" (1 =) (V) +p" Mg (O )

NN
€ La+p"Ur + " (R}, o(U2) + 5 (1 =7)(V)) =p" 11 =) (V) + 9" Ma (O, )
€Lg+p"Vi +p" My (O )

A,A7

with Vi = Uy + pP=*R}, ,(Us) € My (O ). O

AN U{a},n

Corollary 3.14. (cf [22, Proposition 6], [0, Corollaire 3.2.4]). Let a € Nsgo and v € T'ks o such that v,(1 —
X)) <n. AssumeU € Ig+p® My (OL'A A/). Then there exists M € Ty +p*~ 1 My (OL'A A/) such that MﬁlUv(M) €

14 +pa My (OL/ )

A,A'U{a},n

Proof. Using the previous lemma inductively, we can construct a sequence of matrices (Mp)p>q such that M, €
14 —l—pb_l Mgy (OL/A A/) and

(MgMeir - My) ' Uy(Mo Mgy -+ M) € Ig+p* Mg (Op )+ 0" Mg (O )

A,AU{a},n AN

[e ]
for all b > a. The infinite product [] M, converges in I +p®~1 My (OL'A A/) and has the required property. [
b=a ’
By definition, we have inclusions

! _ i li / _ /
A =Lagn CLaAn CLaa,=La

for all n € N, hence inclusions
o0
/ L / _ 7/ / /
Kp o = U Kyn =LA goo CLaA e C LA
n=0

for all A’ ¢ A. We put Ok, = U Ox K
500 n:0 n,

Corollary 3.15. (cf [6, Proposition 3.2.6]). Let U: Txr o — 1g+p* My (OL'A N ) be a continuous cocycle. Then
there exists M € 15 +p My (OL'A N ) such that M~1U,g(M) € 15 +p* My (OK'A ) forall g € Tgr .

,A'u{a},co
Proof. As T/ a is topologically generated by finitely many elements, there exists n > n’., such that U, €
Ig+p? My (OL/A N ) for all g € 'k’ a. Let v € I'ks o be an element of infinite order. Enlarging n if necessary,

n

we may assume that v,(1 — x(v)) < n. By corollary B.I4] there exists M € Ig+pMg (OL/A N ) such that

MU 0(M) € Lt Ma (O, ).

For all g € 'k A, put Uy = M~'Uyg(M): this defines a cocycle U': T'gr o — Li+p? My (OL/A N ) which is
cohomologous to U, and such that UIY € Iz +p* Mg (OL/ ) Let g € 'kr a. As T'gr A is commutative, we

A,AU{a},n
have vg = gy hence U!y(U,) = Ugg(U}) i.e. v(U,) = U;‘lU;g(UA’Y). Lemma [3.12] applied with V; = U'Iv_l and
Va = g(U) (here he use the fact that La ArU{a},n is stable by g, which follows form the commutativity of '+ A)

implies that U; has coefficients in L’A,A,U{O‘}’n7 so that U’ has values in I +p? Mg (OL/ O

A,A'u{a},n)'
Corollary 3.16. LetU: T'gr ao — Iy +p* My (OL’A) be a continuous cocycle. Then there exists B € 15 +p My (OL/A)
such that B~1U,g(B) € I +p* My ((’)K/A oo) forallg e Tgr A
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Proof. This follows by using corollary finitely many times. O

Proposition 3.17. (c¢f [6l Proposition 3.2.6]). Let U: Gx A — GL4(Ca) be a continuous cocycle. There exist
a finite subextension K' of K /K, a matrit B € GL4(Ca) such that B~'U,g(B) = 1 for all g € Hg:' A and
B~1U,q9(B) € GLq4 (OK’A) forall g€ Ggr a.

Proof. By continuity, there exists a finite Galois subextension K’ of K /K such that U, € I;+p*** My (OCA)
for all g € G/ ,a. Proposition BI0 applied with Hy = Hgs and r = 2 + ¢ implies the existence of By €
I +p* My (Oc, ) such that By 'Uyh(By) = 14 for all h € Hg/ a. By construction, we have Uy = By 'U,9(By) =
Ig +p% My (OCA) for all g € Ggra. Let g € Gk a and h € Hgr a. As Hir A <Gk a, we have M = g7 1hg €
Hyr a, so that Uyh(Ug) = Uyg(Uy,) de. h(Uy) = U, (since U, = Uy, = 14). As this holds for all h €
Hpr A, this implies that Uy, € My (CfK"A) = My(Ly) (¢f theorem B3). This shows that in fact, we have
U, € GLd((’)L/A) for all g € Gk, A, and that, in particular, the restriction of U’ defines a continuous cocycle
U’ T'rn—1g +p2 My (OL/A) C GlLy (OL’A)-

By corollary[3.16, there exist By € I +p My ((’)L/A) and n € N such that B;lU;g(Bg) € I;+p?> My (OK%,A) for all
g € Txs a. Replacing K’ by K, we may assume that K, = K'. Put B = ByB; € GLq(Ca) and U, = B~U,q(B)
for all ¢ € Gk .. By construction, we have U;’ =14 for all g € Hg' o and U;’ € Iz +p* Mg (OK/A) for all
g € GKfyA.

Let g € Gg,a and v € Ggr a. As K'/K is Galois, we have Gg' A < Gk A, so that v/ := g lvg € Gk a. By the
cocycle condition, we have (Uy) = U;'Uyg(U,/). A repeated application of lemma (for each o € A) thus
implies that U, € GLq4 (OK/A). (I

Corollary 3.18. (¢f [2| Théoréme 3.1]) The natural map

lim H'(Gx,a/Hrkr,a, GLa(KA)) = H'(Gk,a, GLa(Ca))
K/
(where K' runs among the finite Galois subextensions of K /K ) induced by inflation maps is bijective.

Proof. Surjectivity is nothing but proposition BTt it remains to prove the injectivity. Let K’ be a finite
subextension of K /K and U,U’: Gk a/Hr' a — GLy(K') be two continuous cocycles that induce cohomologous
cocycles Gg,a — GL4(Ca). This means that there exists B € GL4(Ca) such that U, = B~'U,g(B) for all
g € Gk,a. By continuity, we may enlarge K and assume that Uy, U € Ig+p? Ma(Og/ a) for all g € Ggra. If
g € Hgs a, we have Uy, U} = 1g4, so that g(B) = B: this shows that B € GLq(L/y), where L' = C*x’. Then we
have v(B) = U;'BU/ for all v € Gx,a/Hk' .. Applying lemma 312 finitely many times (for each oo € A) shows
that B € GL4(K} ). Replacing K’ by Kj, for n € N large enough implies that U and U’ are cohomologous as
cocycles with values in GL4(K ), proving the injectivity. O

We now refine the previous statement by translating it in terms of Ca-representations of Gg a.

Theorem 3.19. (c¢f [22, Theorem 3]). Let W be a free Ca-representation of Gk a of rank d. Then there exists
a free KA oo-representation Y of U'x A of rank d and such that W ~ Ca @k, . Y (as Ca-representations of
GK,A)~

Proof. CorollaryB.I8implies that there exists a finite Galois subextension K’ of K /K and a free Ky -representation
of rank d of G ,a/Hgk' A such that W ~ Ca Rk, W' as Ca-representations of Gx a. Enlarging K’ if necessary,
we may furthermore assume that K'/Fj is Galois. By restriction, the group Gal(K. /K ) identifies with a
subgroup G = Gal(K'/K'N K+) of Gal(K'/Fp). Put F = K'Y = K'N K. Note that G is the kernel of the map
Gal(K'/Fy) — T'k induced by the restriction to K: this implies that F/Fy is Galois. If A’ C A and a € A\ A’,
the finite Galois extension F' — K’ induces a finite étale extension

FA/U{a} R K/A\(A’U{a}) — FA/ RK KIA\A/

with group G,. By Galois descent, if W, is a rank d projective Far @ K’A\A,-representation of Gy, then W&«
is a rank d projective Faryfa) @K K’A\(A,u{a})—module of finite rank and the natural map

/ Ga
(FA/ ®K KA\A/) ®FA/U{Q}®KK/A\(A,U{Q}) Wa — Wa

is an isomorphism. Starting from W’ and applying what precedes for each o € A implies that W'¢2 is a
projective Fa-module of rank d, and that the map
K\ ®@py, WO W/

is an isomorphism. As F/Fy is finite and Galois, Fa is a finite product of copies of F' (indexed by Gal(F/Fp)°~1),
so that a projective Fa-module is necessarily free of rank d (the dimension over F' of all its localizations is d,
since it is free of rank d after tensoring with Ca). Then we have G, a-equivariant isomorphisms

W ~ Ca ®K/A W' ~ Ca QFa W'Ga ~ Cha OKa oo Y
8



where Y = KA oo ®F, W'Ga is a K oo-representation of I'x o, which is free of rank d. O

Corollary 3.20. If W is a Ca-representation of Gk a, then WH®.2 s q free La-representation of ' A of rank
d, and the natural map
Ca ®@p, WHEA 5 W

is a G, a-equivariant isomorphism.

Proof. By theorem [3.19, we may assume that W = Ca ®k, o Y where Y ia a free Koo a-representation of I'g A
of rank d. Then WHra = [ A @Ko a Y is a free La-representation of I'r o of rank d, and the natural map
CA ®LA WHras 5 W isa G k,a-equivariant isomorphism. O

Corollary 3.21. (c¢f [22] Theorem 1]) The natural map
Hl(FK,A, GLd(KApo)) — Hl(G}gA, GLd(CA))
18 bijective.

Proof. Here again the surjectivity follows from theorem [3.19] and the injectivity is proved exactly as in the proof
of corollary B.I8 O

Proposition 3.22. If€ C La is a sub-Ka-module of finite type stable by Tk A, then € C K o (more precisely,
there exists n € N such that € C Kp a).

Proof. Enlarging K, we may assume that K/Fp is Galois, with group Gk /p,. The map
K@p K — K9x/m
TRY (za(y>>U€GK/FO

is an isomorphism of K-algebras (with the left structure on the LHS, and the diagonal structure on the RHS).
Fix an ordering a; < as < --+ < ag of A: by induction, what precedes provides an isomorphism of K-algebras

~ G671
t: Kp — K 7K/Fo
where the component of index g = (02,...,05) € Gig/;o of t(x1 ® -+ ® xs) is given by

z102(x203(23 - - T5—105(5) - )

(here the K-algebra structure on the LHS is through the factor of index «; and that on the RHS is the diagonal

one). For each g € Gi(_/}o, we thus have a surjective morphism of K-algebras ¢, : Ko — K corresponding to the

s—1
projection onto the factor of index o. Similarly, we have an injective map tog: KA 00 — K=/ that extends
5—1 Géfl
into an injective map too: La — L%/ (because 1o maps Ok, ., into O Keo/¥o wwhich is p-adically separated

and complete). Let o € G%1 : the map i, is a localization, so that the natural map

K/Fo
oot Kig®raLa— [ L
16G§(;<1,/F0
higa
is injective. Note that if g = (91,---,95) €Tk A and x1,...,25 € Ko, we have

Loo (9(21 @ - @ 75)) = Loo(1(21) @ -+ ® gs(xs))
= (91(21)72(92(22)3 (93 (x3) -+~ 95 -1(w6-1)76 (95 (26))) ) s

= (91 (:m (91 '7292) (w2 (95 "393) (23 - - (95 147595 (w5) - - ))))

This shows that 7o+ is I'k, A-equivariant when the I1 L is equipped with the action given by

5-1
JEGKDO/FO

e

s—1

1€GKOO /Fo

g- (xl)l = (gl(zg-1>)77

where g -y = (91 '7292, 5 V393, - - - » 951 V695) € G‘;;/}O if v = (72,...,7s) (note that this indeed maps to ¢ if v
does).
By hypothesis, the localization & := K, ,®x, £ is a finite dimensional sub-K-vector space of K, @k, La that

is stable under the action of I'x a. If Yo = (v2y---,7s) € Gi(;l/Fo, the projection pr, 0looo: K, @xp La — L
onto the factor of index ~ o, maps &, onto a finite dimensional sub-K-vector space 5% of L. Moreover, if g € T'g,

define the element g = (g1,...,9s) € l'x.a by g1 = g and g; = 'yi_lgi,lfyi for all i € {2,...,0} (we have indeed
9



'y;lgi,yyi € 'k since ' is normal in Gg_/p, because K/Fy is Galois). By construction, we have g - Yo =2

Lo’
and the component of index Yo in

9( (zl)l)

is precisely g(x%) for all (z4) € II L. As &, is stable under I'k A, this implies in particular that S'Vo is

5—1
V€ ke /7o

stable under I'k. By [22 Proposition 3], this implies that there exists an integer n, such that 510 C Ky,-

As Fi{l C I'k,a acts transitively on the set of those elements v € Gi(;f /F mapping to g (by the action given

by (g2,...,95) - (Y25---,75) = (7292,9517393, . ,g(;illm;g(;)), and as g - ((ml)l) = (xg.l)’y when g1 = ldg__, the
stability of & under I'x A implies that the projection pr,, © Too,o K,,®ry La — L onto the factor of index ol
maps &, into Ky, for all v € Gi(zi/Fo mapping to g.

The injectivity and equivariance of 1, imply that &, is fixed by ', a. Now if we call n the maximum of

those n, (there are finitely many of these, since G‘;(_/}O is finite), this shows that all the localizations K,, ®x, £

are invariants under I'g., A: the same holds for £. O

Remark 3.23. The previous proposition shows that our geometric setting is that of a finite discrete space,

corresponding to a finite product of fields: there are finitely many finite extensions E; /K such that Ka ~ [] F;.

iel
The data of a Ka-module M is thus equivalent to that of the collection of its localizations (E; X g, M )icr. In
particular, the Ka-module M is free of rank d if and only if dimg, (E; xx, M) =d for all i € I.

Definition. Let X be a La-representation of I'x A. An element x € X is said to be K a-finite if its orbit under
'k, A generates a Ka-module of finite type in X. We denote by X¢ the subset of elements elements that K a-finite
in X. In other words, Xf is the union of all sub-Ka-modules of X that are of finite type and stable by I'x A.
Note that X is a sub-Ka-module of X, and that it is stable under I'x A.

Corollary 3.24. If X € Repy, (I'x,a) is free of rank d, then X; is a free Ka oo-module of rank d, and the
natural map
LA ®Kp o Xf— X

15 a I'k a-equivariant isomorphism.

d
Proof. By corollary 321} we can find a La-basis B = (e1,...,eq) of X such that ¥V := @ Ka i C W is
i=1
stable by I'x o. By construction, the natural map La ®k, . Y — X is a I'k a-equivariant isomorphism.
We have to show that Y = X¢. The action of 'k, A on Y is described in the basis B by a continuous cocycle

d

U: Tk a — GLi(Ka,00): there exists m € N such that U has values in K, o. This implies that Y,,, := @ K a€;
i=1

is stable under the action of I'x A, so that Y,, C X;. As X¢ is a K. a-module, this implies that ¥ C X.

d

Conversely, let z € Xf. As x € X, we can write uniquely x = > A\;je; where A\q,..., g € La. Let £ be the
i=1

sub- K, a-module of La generated by the coordinates in B of all the elements g(z) with g € Tk a. As z € X¢,

the K, a-module £ is of finite type, and stable under the action of 'k A by definition (because the coordinates
g(A1)

of g(x) in B are given by the matrix product U, < : > and U, € GL4(Kpm,a)). By proposition B:222 we have
g(Xa)

€ C Koo a, hence x € Y. O

Proposition 3.25. Let K’ be a finite extension of K in K. Recall that L = I/(O\O and put L' = I/(g\o The
extensions Ka oo — Kj o, and La — L)y are finite étale, and Galois with group Gal(KL,/Kuo)® if K. /Ko is
Galois. Moreover, we have K'A’OO QKn. oo Ln = L.

Proof. « If A’ ¢ A and a € A\ A/, the finite separable extension K, — K/ tensored with K/®% @p
KEONAUAD) over F provides a finite étale map
K/(Aued) @ o g@A\AU{a})
for all n € N. the latter is Galois with group Gal(K. /K ) when n>> 0 if K /K is Galois. The composition
of all these maps thus provides a finite étale map
K®A N K/®A

which is Galois with group Gal(K’ /Ko )® when n > 0 if K/ /K. is Galois. Put together, this shows that the
map Koo = K} o is finite étale, and Galois with group Gal(K/, /Kx)? if K! /Ko is Galois.

e There exists ng € N such that n > ng = [K}, : K,,] = [K) : Koo, s0 that K/, ®, Koo — K... By [I, Corollary
3.10], making ng larger, we may assume that the cokernel of the map Oxs ®o,, Ok, — Ok is killed by p
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whenever n > ny (we could replace p by any element on positive valuation in Ok __, but we will not use this).
This implies that for n > ng, there is an exact sequence

®A ®A ®A
0— Ok, ®o§§01{w =0, = T—=0
where T is a group killed by p. If » € N+, we deduce the exact sequence

Torf(Z /p" 2,0%7) = Tor{ (Z /p" Z,T) — OF ©pes OR2 /(07) = OF2 /(") = T/(0") = 0.

As O%2 has no p-torsion (resp. T is killed by p), we have Tor?(Z /p" Z, 0%2) = {0} (resp. T/(p") = T and
Tor?(Z /p" Z,T) ~ T), hence an exact sequence

0= T = O3 Bges O /() I 092 J(pr) = T — 0.
It splits into two exact sequences

0= T = OR; @pea OR2/(p7) = Im(f;) =0

0— Im(f,) = O /(p") — T — 0.
Passing to inverse limits gives exact sequences

0— T — limOF> Dpga OR2 /(") — limIm(f,) =0

T

0— @Im(ﬁ) —Op, =T
T
(the exactness on the right in the first sequence follows from the fact that the constant inverse system (7),>1
has the Mittag-LefHler property). As O is free over Ok, , so is O}%,A over O%ﬁ: this implies that

. A A A . A A
lim OF ©oea OR2/(17) = OF @oea lm OF2 /(57) = OF @oea Ov,.
s T

The previous exact sequences thus provide an exact sequence
A
0T — O}% Doga Opy = Op, = T

Inverting p gives an isomorphism

KP2 @poa La = L,

hence an isomorphism K /A,oo QKa o La 5 L'y, showing the last assertion. The statements on the map La — L'y
follow. O

Proposition 3.26. The Ka o-algebra La is faithfully flat.

Proof. e Assume that K/F, is Galois: so is K, /Fp for all n € N. Recall that the choice of an ordering on A
5§—1

Kn/Fo

G
provides an isomorphism K, A ~ K, (where G, /r, = Gal(K,,/Fp)): the localizations of K, A at maximal

ideals are given by the projections ¢, : K, Ao — K, indexed by the elements o € Gi(_nl/ Fo- The corresponding
localization K, — K, ., ®K, o La is flat (because K, is a field!): this proves that the map K, A — La is
faithfully flat. B

Let I C Ka,o be a nonzero ideal. For each n € N, put I,, = I N K,, o (where K,, o is seen as a subring of

KA ). By flatness, the natural map I, ®K, r La — La is injective for all n € N. The commutative diagram

In @iK\IA LA\
n .

InJrl ®Kn+1,A LA

La

thus implies that the natural map i,: I, ®k, » La — Ini1 Ok, i1
limit, this implies that the following composite of the natural maps

LA is injective. Passing to the inductive

M (In @k, 0 La) =1 @k La = La

n

is injective. As the first map is surjective, it is an isomorphism, so that the natural map I ®x, ., La — La is
injective. This proves the flatness in this case.
11



As seen in the proof of proposition B.22 if o € Gig/;o, there is an injection 7oo o1 K\, @k, La — II LIt

d—1
1€k /70

inserts in the commutative diagram

K, 9y Knoo— ]I K-
1€G571

e’ o
?oo,z {\
K,y La — L
5§—1
AL

As the top horizontal map is faithful (because its components are precisely the localizations of K, ®x, Ka oo
at its maximal ideals), and as the right vertical map is faithful, so is the composite

K, ®Ks Koo =+ K@k, La—  [[ L

§—1
A€ Cksg /o

hence K,, @k, Kaco = K., ®x, La is faithful as well. As this holds for all o € Gig/;o, this implies that
KA 0o = La is faithful.

e In general, let K’ C K be the Galois closure of K/Fy. By what precedes, the map Kp o = L is faithfully
flat. Moreover, K/A,oo is free as a Ka oo-module, so that Ka oo — L'y is flat as well. Let I C Ka o be a nonzero
ideal. The natural map I ®x, ., L — L5 is thus injective. On the other hand, L) is free over La since K
is over Ka oo and K’A7OO ®Ka o La 5 L'\ by proposition 325 This implies that I OKn o La =1 @K, L is
injective, so that the composite map I ®x, .. La — L'\ is injective. As it factors through La, this implies that
I ®K, . La — La is injective, showing the flatness of KA oo — La.

If M is a KA so-module such that M ®k, . La =0, we have

(M @K, o Kh o) Ky L M ®gn o Ln = (M ®kga o La)@p, Ly =0
so that the faithfulness of Ly over K ., implies that M ®k, . K o, = 0, hence M = 0 since K} . is free over
KA. O
Corollary 3.27. (cf [3, Lemme 3.15]) Let X1 and Xo be free La-representations of finite rank of T a. The
natural maps
Homg A (X1, Xo¢) = Homp, (X1, Xo)f
HomRepKOC’A(FK,A)(Xl,f; Xaf) = Hompep, (1) (X1, X2)
EXt%{eprwA(FK,A)(Xl,f; Xof) — EXt%&epLA(FK,A)(Xla X5)

are bijective.

Proof. By corollary B.24] we have La ®k, .. X1f 5 X, and La QKoo a Xof 5 X, so that the map
La ®Koo,A Home’A (Xl,f, XQ,f) — HomLA (Xl, XQ)

is an isomorphism of La-representations of I' A (since X1 ¢ and Xz are free of finite rank over Koo a). If we
pick bases of X7 ¢ and X5 ¢ over K a, the same proof as in the previous corollary shows that there is a natural
isomorphism

Home,A (XLf, X27f) :) HomLA (Xl, XQ)f

of Ko a-representations of I'x a. Taking invariants under I'k A gives the K a-linear isomorphism
HomRepr A(FK,A) (Xl,f, XQ,f) :> HomRepLA(pK,A) (Xl, XQ).
As EXt%lepr (X1, X2f) = HY(T'k A, X5) and EXt%{epLA(FK,A)(Xl’X2) = H!(T'k A, X) where we have put
X =Homp, (X1, X>2) € Repy, (I'k,a), the last statement reduces to showing that the natural map
HY Tk, X5) = H Dk a, X)

is bijective. Let c: I'x A — Xt be a cocycle whose image in Hl(FK,A, X) is trivial: there exists € X such that
(Vg €Tk a)c(g) = g(x) —z. Fix B a K a-basis of Xf. The action of ', A on X¢ and X is given, in the basis
B, by a continuous cocycle U: I'x A — GLg(K o A) (where d is the rank of X over La). Let u, € Kgo,A (resp.

ATra)

v € L4) the column vector whose coefficients are the coordinnates of ¢(g) (resp. z) in the basis B: we have

ug = Ugg(v) —v i.e. g(v) = U, H(ug+wv) for all g € T a. Taking m € N large enough, we can assume that U has

values in GLg(Km,a) and ug € K,y A for all g € T a. Let € be the sub-K,, A-module of La generated by 1 and

the entries of v: it is of finite type and stable under the action of I'x o. By proposition B:22] we have £ C K A,
12



so that x € X¢, which means that the class of H!(I'x a, X¢) is trivial. This shows the injectivity of the map. To
prove the surjectivity, start from a continuous cocycle c¢: I'x A — X. It defines an extension X of La par X.
As La-modules, we have X = X @ La, the action of g € Tk a is given by g(z,X) = (g(z) + c(g)g(A), g(A)). By

corollary B:24] the Ko, a-module X: is free of rank d + 1 and the map La k. o Xf — X is an isomorphism.
This shows that the sequence

0*}Xf4))?f*)KA7004)0
is exact when tensored by La over Ka o: as La is faithfully flat over Ka o by proposition 320 this implies

that it is exact, so that )?f defines an extension of K., A by X¢, that corresponds to a cohomology class in
H!(I'k A, Xf) mapping to the class of ¢ in H(I'k A, X). O

Theorem 3.28. The functors

Repl, (Gk.a) <> Repy, (Tx,a) Rep}, (T'k,a) <> Repl, _(Tk.a)
W s Whka X = X¢
Car®@p, X+ X LA ®Ka Y Y

are equivalences of categories.
Corollary 3.29. If W € Repl., (Gx.a), we have H/(Hyg a, W) =0 for all i € Nxo.

Proof. By what precedes, we have W ~ Ca ®__ . Y where Y = (VVHK’A)f € Rep';(oo ~TxA). AsY is free of
finite rank over Ko, A, we have

Hi(HKyA,W) ~ Hi(HKﬁA, CA) ®KQO,A Y =0
for all 7 € N5 by theorem O

3.30. Generalized Sen operators. Let Y be a free Ka -representation of rank d of 'k A.
Definition. The Sen operators of Y are the maps (pq)aca given by

_ 1)~y
#ol) = B8 Tog(x(n))

y—Id

Note that ¢, € Endg, (V) for all @ € A. As 'k a is commutative (since I'¢ is), the operators ¢, commute in
Endg, . (Y). Also, each ¢, commutes with the action of I'x, A by construction.

These operators describe the infinitesimal action of I'x A on Y. More precisely, we have

Proposition 3.31. (c¢f [22] Theorem 4]). For ally € Y, there is an open subgroup I'g a y <T'x A such that for
allae A and vy € 'k, NT'k Ay, we have

Y(y) = exp (log(x(7))¢a)y-

Corollary 3.32. The set of elements in' Y on which the action of T'x A is finite (i.e. factors through a finite

quotient) is [ Ker(vq).
acA

Proof. Let y € [ Ker(¢q). By proposition B31] there exists an open subgroup I'x A, <A T'k,a such that for all
aEA

a€Aandy €Tk aNTk A,y wehave y(y) = exp (1og(x('y))gaa)y =y, so that the action of I'x o on y factors

through the finite quotient 'k A /T'k A . Conversely, if the action of I'x A on y € Y is finite, there exists a open

normal subgroup I'y << A such that y(y) = y for all v € I',. This implies in particular that ¢, (y) = 0 for all

a € A. O

Proposition 3.33. Ifn € ZA, the K a-module Y (n) 5.2 is of finite type, and vanishes for all but finitely many
values of n. Moreover, the map Ka oo @k, Y54 =Y is injective, and its image is precisely the set of elements
in'Y on which the action of I'ic A is finite.

Proof. There exists mo € N and a basis B = (e1,...,eq) of Y over Ka o such that the cocycle describing the

d
action of ' A on Y in B has values in GLg(Kp.a). If m € N>y, put Vs, = @ Kppoae;. If A C A and
i=1
a € A\ A’, we have a semi-linear action of ' A on (Km,A\{a} ®F, Koo,{a}) ®K,..a Ym: restricting the action
to to(Tk) C Tk A provides a K-representation of I'. By [22] Theorem 6] (¢f also [16, Proposition 2.6]), the
K-vector space
La(FK)
((Km,A\{a} QF, Koo,{a}) ®Km7A Ym(ﬂ))
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is finite dimensional, and vanishes for all but finitely many values of n, (the other components of n being fixed).
Making m larger if necessary, we thus may assume that it lies in Y;,,(n). Then we have

La(FK)
((Km,A/ QFy Koo,a\A7) @Koma Ym(ﬂ))

ta(Tk)
= (Karvgay ®F Koo, a\(a0{a})) @K ari gy @50 K sy arogey ((Km,A\{a} ®F Ko {a}) @K a V(1 )

C (Km.a0(a) ®F Koo a\(A1U{a})) @Kona Y ().
A finite induction thus proves that Y (n)'*4 lies in Y;,(n) if m > 0 (in particular it is of finite rank over Ka),

and vanishes for all but finitely many values of n.
Put Y, = [ Ker(pa)y,,) C Ym. This is a K, A-module of finite type endowed with a discrete semi-linear
a€A

action of I'i a. By flatness of K, A over K, A, we have Y, ~ K, A ® Koy Y,im. Take a K-basis of Y,imz for

m > 0, it is fixed by T'x, A, so that the action of 'k A on Y, factors through ' A /T'k,, A ~ Gal(K,,/K)»

Galois descent, the natural map K, A ® k. Y&FK’A — Y, is an isomorphism. Tensoring with K A,c0 thus shows

that
Koo ®a Y 2 =Y = (1) Ker(pa)
aEA

is an isomorphism when m > 0, implying that Vi 8 = YTxa when m > 0. As YT5a € Y/ C Y, we have
YTxa = Y/T'x.a hence an isomorphism

Kpoo @, YE2SY CY.

The previous proposition can be further refined in order to include all Hodge-Tate weights:

Proposition 3.34. The natural map
D Knool—n) ks (V) ™ =Y
nezs
18 injective.
Proof. Keep notations of the previous proof. Let N € N and Exy = {—N,...,N} C Z. Take N large enough

so that (Y(Q))FK’A vanishes when n ¢ ES (cf proposition B33). If A’ C A and n = (n4)aca’ € 72| we
denote (n, Oay Ar) € Z* the element whose component of index « is n, if @ € A’ and 0 otherwise. Assume

a € A\ A, We can see (Ym(ﬂ,QA\A,))FK’N (where we identify I'g A with T ar x {ld}a\ar € Tk,a) as a
Kar ®F, Ky, a\a-module endowed with a semi-linear action of I'g a\as. We can view it as a K,,-vector space
(via the map in: Ky — Kar @p, Kppaar given by 2= 1@ - @1 @2 ®1®---® 1, where  is the factor of
index ) endowed with a semi-linear action of I' (via to: I'r — I'x a\a/). By [1I, Lemma 2.3.1], the map

@ Km(—q) ®K;, ((Ym(ﬂ, QA\A/))FK’A/ (q))ba(rk) - (Ym(ﬂ, QA\A,))FK,A/

is injective. For all ¢ € Z, let (n, q,QA\(A,U{a})) € Z* be the element whose components are all equal to those
of (n, QA\A/), except that of index « which is equal to q. As

r 'Ufe r ’ ta(lx)
(Ym(ﬂaanA\(A’U{a}))) foatuter — ((Ym(ﬂaQA\A’)) o (q)) )

if we tensor with K, a/(n) ®r, Ka\ar over KA and sum over all the n € EA/ we deduce that the map
I 'Ufa I N
D Enav (0 Ok, Ynll0ayangay) <> = @ (Yinln,0aa)
EEEA/U{O‘ QGEA/
is injective. The composition of these maps for growing A’ gives the natural map
r
@ KmA ®KA (Ym(ﬂ)) s — Ym
neEy
which is thus injective. The inductive limit (as m — o0) of these is the natural map
F r
P Knoo(-n) @k, V(@) “* = P Kaw(-n) @k, V() “* =V
nezZA neEY

which is injective as well. (I
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Corollary 3.35. If W € Repch(GK,A), there are finitely many n € Z* such that (W(ﬂ))GK’A # {0}, and the
natural map

G
CYHT7O(W): @ CA(_E) ®KA (W(ﬂ)) e — W
nezZA
18 injective.
Notation. If V € Repg (Gk,a), we put Dsen(V) = ((Ca ®q, V)HK’A)f € ReprA _(Tk,a). By what precedes,
the infinitesimal action of I'x o on Dsen(V') endows it with Ka oo-linear operators ¢, for a € A. Similarly, we

put De, (V) = (Ca ®q, V)Gr.a: this is a Ka-module.

Corollary 3.36. IfV € Repr(GKA) and n € Z*, the Ka-module De, (V(n)) is of finite type and vanishes

for all but finitely many n. The natural map Ka 0o @A Dca (V) — Dsen(V) is injective, with image [ Ker(gq).
aEA
Moreover, the natural map

arro(V): @ Cal-n) ®xs Dea(V(n) —+ Ca®q, V
nezs

18 injective.
4. MULTIVARIABLE PERIOD RINGS, DE RHAM AND HODGE-TATE REPRESENTATIONS

4.1. Construction and first properties of Byr a. Let Cc’ = 1&1 C be the tilt of C: this is an algebraically
T—xP
closed complete valued field of characteristic p, endowed with a continuous action of Gk . Denote by Oc» its ring

of integers. Recall there is a surjective map

0: W (ch) — O¢
whose kernel is principal, generated by £ = p — [p] where p = (p,pl/p, ...) € Ocv. Tt extends into a surjective
ring homomorphism 6: W (Og»)[p~!] — C. We denote by BJ;; the completion of W (O )[p~!] with respect to

the Ker(#) = (¢)-adic topology. The map 6 extends into a surjective ring homomorphism 6: B} — C. The ring
BIR is a DVR with uniformizer ¢ and residue field C. Another unifomizer is given by

o0
(1—[eh”
t=1 = - —_—
ogle] > -
n=1
where € = (1,(p,(p2,...) € Og» is a compatible sequence of primitive p”-th roots of unity. The natural map

k — Og» gives rise to a ring homomorphisms W(k)[p~1] — W (Ogs ) [p~!] — Blg. It extends into a field extension
K — Bl

Notation. & We have O¢, /(p) ~ (Oc/(p))®? (the tensor product is taken over k). As the Frobenius map on
Oc¢/(p) is surjective, the same holds on O¢, /(p). We can thus define the tilt of O¢, as

0%, = lim Ocy = {(2")nen € OF, 5 (vn € N) (") = 2l .

T—xP

This is a perfect k-algebra (the map k — O being given by z — ([z], [2'/7], [21/7°],...)), endowed with an
action of Gk a, induced by its action on O¢,. Moreover, the map

Oa: W(OL,) — Oc,
(an)nEN = anagzn)
n=0

is a Gk, a-equivariant surjective morphism of W(k)-algebras (c¢f [10, §5.1]). By localization, it induces a G a-
equivariant surjective morphisms of Fy-algebras

Oa: W(OL,)[2] = Ca.

P

e Put (ch)®A =O¢» ®p -+ QO Ocw (where the copies of O are indexed by A). If o € A, put
5(1:1@"'@1@5@1@"'@1

(where p is the factor of index «).

Denote by Iy C (ch)®A the ideal generated by {Da }aca-

Lemma 4.2. The ring ((9(;»)®A is Iz-adically separated.
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Proof. Let {ex}rea C Oc» be a subset whose image modulo p is a k-basis of O /(). Then the familly {p'e) }ien
AEA

is linearly independent over k, and generates a dense subspace of Opy. In particular, there is an injective k-
linear map f: Og» — EN XA such that f(ﬁ”@cb) C kEN=n XA The tensor product of these provides an injective

k-linear map fa: (ch)®A — EN® A% and faly) C kB A% yhere B, = {(ia)aeA eN?; iy > n} In
aEA

particular, we have fA( N Ig) C ) kBA% = {0} (since () En = @), so that I3 = {o}. O
n=0 n=0 n=0 n=0

Proposition 4.3. There is a natural injective morphism of k-algebras (ch)®A — O%A, that induces an iso-
morphism T A (ch)®A/Iﬁg Oc,/(p). Moreover, O%A is isomorphic to the Iz-adic completion of (ch)®A
Proof. Recall that for each m € N, we have a surjective morphism of k-algebras

Tm: Oc» = Oc/(p)

(fc(n))neN  z(m)
(where the k-algebra structure on O¢/(p) is given by x + x'/P™), and Ker(m,) = pP" Ocs, hence an isomor-
phism 7, : Ocs /(PP ) = Oc/(p). Taking the tensor product of these, we get an isomorphism of k-algebras
Tm,A (ch/(fﬂ”m))égA 5 (OC/(p))®A ~ Oc,/(p). This means that there is a natural surjective morphism of
k-algebras m, A : (OCb)®A — Oc, /(p), whose kernel is the ideal Iém) generated by {pr" }aeA. The diagrams

0 Izgm) (ch)®A T2

Ocs /(p) ——0
H -

0——=I"" —— (0c:)

RA Tm+1,A

Ocn/(p) —0
(where F is the Frobenius map) commutative. Passing to inverse limits provides the exact sequence
. m RA b
0%1&115 ) 5 (000)%% = O,
As Iém) C Igm, we have @I(m) = mgl Iém) C mrll Igm = {0} (¢f lemmald2), i.e. (ch)®A is separated for the

. . . .. . . A . . ~
Iz-adic topology. This provides the injective morphism (ch)® — O%A and the isomorphism 71 A.
As seen above, the isomorphisms 7, A insert in the commutative diagrams

(0c)%%/ ™ "2 0c, /(p)

| i

A m Tm+1,
(06s) 2 /1™ 222 O, / (p)

Passing to inverse limits gives an isomorphism lim (ch)®A / Iém) = ObCA, so that ObCA is the completion of O¢,

<—

m
with respect to the topology associated to the family of ideals (Iém))mer. As I§m6 - Iéum) - Igm for all
m € N, this topology coincides with the Iz-adic topology, proving the last part of the proposition. ([

Notation. For a € A, put &, = p — [pa] € W(OZ, ). We have &, € Ker(fa).
Corollary 4.4. The ideal Ker(6a) is generated by {€a}aca-

Proof. We have 0a(&,) = 0 for all @ € A, so that the ideal generated by {4 }aeca lies in Ker(6a). To prove
that this inclusion is an equality, it is enough to check it modulo p (because the source and the target of 6 are
p-adically separated and complete), i.e. that the kernel of the map

O, = Oca /()
(given by z +— x(o)) is the ideal generated by I;. This kernel contains [5: passing to the quotient, we get a

morphism Oc¢, /Iy — Oc,, which is nothing but 71, o. We conclude using proposition O

Definition. e Let Aj,; A the completion of W(ObCA) with respect to the 6" (pOc,) = (p, Ker(f))-adic topology
(cf [8, Définition 2.2]). This is a W(k)-algebra endowed with an action of Gx a (because 64 is equivariant). The
map O extends to a surjective G, a-equivariant morphism of W(k)-algebras

Oa: Aint,a = Ocy

(because O¢, is p-adically complete).
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o Let BCJ{R,A the completion of Ajnf A [%} with respect to the Ker(6)-adic topology. This is a Fyp-algebra endowed
with an action of Gx A, and the map 6 extends to a surjective Oa-equivariant morphism of Fy-algebras

GA: B:{RA — CA.

By definition, we have B:{R,A = ]gl Ainf A [1—1)] / Ker(0a)™. We endow each quotient Aiuf, A [%}/ Ker(0a)™ with the
m>1

Banach space topology (induced by the p-adic topology on Ains, A ), and B(J{R, A with the inverse limit (i.e. product)

topology, which we call the canonical topology. Otherwise mentioned, B:{R, A 1s considered as a topological ring
with this topology.

Remark 4.5. In contrast with BZ{R, the ring BIRA depends of k when 6 > 1.

Proposition 4.6. If F is a finite subextension of K /Fy, the Fy-algebra structure of BIR,A extends uniquely to
a Fa-algebra structure.

Proof. This follows from the fact that Fa is a finite étale Fy-algebra. O

Notation. If & € A, the O»-algebra structure of ObCA (induced by themap z — 1®---®1®2x81®---®1, where
x is the factor of index «) induces a BIR—algebra structure on BIR, A- All together, this provides a B;ﬁ? A—zadgebra

structure on BIR A- In particular, any element b € le'R provides an element b, € BIR, A (which is nothing but
the image of 1®---®1®@b®1®---®1). For instance, we have the elements t, and (p — [D])a = &a-

Proposition 4.7. The ideal Ker(0a) C B:{R,A is generated by {totacn.-

Proof. This follows from corollary [£4] and the fact that ¢ and & both generate Ker(6) in BCJ{R, so that they differ
by a unit in B:{R. (I
We endow B 5 with the filtration defined by
Fil' Bg o = Ker(0a)'

0 .

for all 4 € N. This filtration is decreasing and exhaustive. Let gr B(J{R A= gr Bj& A be the associated graded
i=0

ring.

Proposition 4.8. Let R be a ring, x1,...,T, a reqular sequence in R and R= @R/Im the I-adic completion
m

of R, where I C R the ideal generated by {x1,...,x,}. Then the sequence x1,...,x, is reqular in R.
Proof. This follows from [I7, Theorem 39 (2)]. O

Lemma 4.9. The sequence (ﬁa) is reqular in O%A.

aEA

Proof. By proposition 3] ObCA is isomorphic to the Iz-adic completion of (OCb)®A: lemma .8 shows that it is

enough to check that the sequence (ﬁa)aeA is regular in (ch)®A, i.e. that for each A’ C A and o € A\ A’, the

®(A\A,). This follows from

A\(A'U{a})

element p,, is regular in the quotient (ch)®A/<ﬁ5>5€A/ ~ (ch/@})®A, @k (Oc»)
the regularity of p in the domain O¢», by taking the tensor product with (ch/@})@A Ok (ch)®(
above the field k. 0

Proposition 4.10. The sequence (ga)aeA is regular in B$R7A. Similarly, the sequence (to)aca is Teqular in
+

Bir,a-

Proof. By lemma L9 the sequence (]bva)a ca is regular in O%A. As p is regular in W(O%A), this implies that

(p, §a)aeA is regular in W(O%A). By proposition[.8] the same holds in Ajys A. As Aint,a is separated with respect

to the (p,&a)aeca-adic topology (the same holds for Aing A / (P, {a)acar for any subset A" C A), [7, Théoreme 1]

implies that any permutation of the sequence (p,&n)aca is regular in Ajyr A as well. This shows in particular

that (fa)a cA is regular in Ajse A. As localization is an exact functor, this implies that («Ea)a cA is also regular in

Aint,A [%] . Lemmal[£.§ then implies that it is also a regular sequence in B:{R, A- The second part of the proposition
follows. U

Note that gr° BIR,A = BIR,A / Ker(6a) ~ Ca. By an abuse of notation, we still denote by ¢, its image in
gr! BIR, A-

Corollary 4.11. The morphism of Ca-algebras Ca[Xa]aca — gr B(J{RA mapping X to to for all a € A is an
isomorphism.

Proof. This follows from proposition LT0 and [7, Théoréme 1]. O
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Corollary 4.12. We have H'(Gk a,Big a) ~ Ka.

Proof. Let © € HY(Gk a, BCJ{R,A): we have y := Oa(x) € CgK’A = K since 6a is equivariant. This implies
that z ==z —y € H*(Gg a, Fil® Bar,a). Assume z # 0: as the filtration is separated, there exists i € N such
that 2 € Fil' B:{R,A \ Fil“+t BijA, so that the image Z of z in gr’ BjRﬁA is not zero. This implies in particular
that H*(Gk a, gr! BchrR,A) #£ 0. By corollary EI1] we have gr’ B(J{RVA ~ @ Ca(n): by theorem B3] this implies

neN®

|n|=i
that HY(G g a, gt B(J{R’A) = 0: contradiction. This shows that z = 0 i.e. =y € Ka. The reverse inclusion is
obvious. O

Corollary 4.13. For all r € N, we have H'(Hg a,gr" Big o) = H' (Hk a, Fil" By ) = {0}

Proof. The equalities H'(Hg A, gr" Blz o) = {0} follow from the fact that gr" BJ; o =~ Symg, ( @ Cata)(as
’ ’ acA
G, a-modules) by corollary 11l and theorem

If s > r, we prove by induction on s —r that H'(Hg a, B;.s) = {0}, where B, 5 := Fil" B:{R,A / Fil® B:{R,A) = {0}.
This is obvious if s —r = 1 since By 41 = gr" Bj{RyA. Assuming that HY(Hg a, By s) = {0}, we have the exact
sequence of G g a-modules

0— grf B(J{RA — Brsi1— Brs — 0

so that H'(Hk a,8r* Big o) = H' (Hk A, Brot1) = HY(Hk A, Bys) is exact, hence H'(Hg A, By o41) = 0. To
conclude we use the exact sequence

0 = lim WH(Hi A, Brs) = H' (Hre,a, Fil" Big o) = lim H! (Hi,a, Brs) = 0

and the fact that the sequence (HO(HKA,BM))S>
surjective, which follows from the vanishing of the cohomology of gr® BCJ{R, A forall s >r). O

, has the Mittag-Leffler property (the transition maps are

Definition. Put to = [] to € Biz A, and Bar,a = Blz A [i] As Gx acts on t by multiplication by the
i : :

cyclotomic character, the group G A acts on ta by multiplication by XLA, where 1 it the element in Z* whose
components are all equal to 1. In particular, the action of Gk A on BIR A extends into an action on Bgr,a. Also,

we endow Bgr,.a = ligtz B(J{R, A with the inductive limit topology. Finally, we endow Bgr,a with a filtration

indexed by Z by putting

T . —i 0 +r p+
Fil" Bar,a = h_r>ntAl Fil Bir.A

i>r

for all r € Z. This defines a decreasing separated and exhaustive filtration on Bqr ,a. Note that Fil" Bag,a is
stable under the action of G a for all r € Z.

Proposition 4.14. We have gr” Bar,a =~ D Catx, where tx = [ tie if n = (na)aea. In particu-
n=(na)aca€Z° acA
o Ma=T

lar, we have

Kan ifr=0
H(Gk A, gr" B = .
(Gk,a, 8" Bar,a) {0 ifr 40
Proof. By definition we have
gl’r BdR,A = h_I)nt;Z gri6+r BchrR,A ~ lim @ CAf%_ll = @ CAt%
i2r i2r m:(ma)aeA GNA ﬂ:(na)QEAEZA
o Ma=10+Tr o Na=T
The second part follows from theorems [3.4] and O

Definition. Put Byt A = grBar,a. By what precedes, this is a graded Ca-algebra endowed with an action of

Gr.a, and Bura =~ Calta,t; aea = @ Ca(n) (as G a-modules).
nezZA

Corollary 4.15. We have HO(GKﬁA, BdR,A) = HO(GKyA, BHT,A) = Kn.
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4.16. De Rham and Hodge-Tate representations. Put Gr, = Gal(K /F). Similarly as we have seen in the
proof of proposition[3.22] the choice of an ordering o; < - -- < a5 of A provides an injective and Gk a-equivariant
ring homomorphism
nCa— [ ©
1eG§gl
(induced by the map sending x; ® - -- ® x5 to the element whose component of index v = (y2,...,7s) € GaFgl is
w172 (223 (x3 - - -ys(xs) - -+ ))), where the action of g = (g1,...,95) € Gk A on the LHS is induced by the action

defined by g - (71 ® ---w5) = g1(21) ® - - - @ gs(25) on K®2, and that on the RHS is given by g - (Ty) yeqo-1 =
= = LiaeGg

(912g.5),, Where g -7 = (977292, 95 1395, -+ 9517696) if ¥ = (72,...,7s). The tilt of this map gives an

injectiveiG K,A-equivariant ring homomorphism D& C’bA = II C®. The diagram
1€Gigl
b\ W) +
W(Og, ) —— I W(Oc)—— II By

§—1 6—1
v€GR, 1€GE,

[N J{HV
Oca I[I Oc

5—1
Y€GE,

<)

is commutative. This induces an injective and G'x a-equivariant ring homomorphism
tar: Bip A — H Bk -
1€Gigl
The component of index y of the image of t,, by the previous map is x(y2---;)t: this shows that it extends
into an injective and Gk a-equivariant map

tar: Bar.a — H Bar
1eG§gl
(which shows in particular that Bqr, a is reduced).

Notation. If V € Repq (Grk,a), we put Dar (V) = (Bar,a ®q, V). This is a Ka-module which is endowed
with the filtration induced by that on Bgr a (i.e. Fil"Dar(V) = (Fil" Bar,a ®QPV)GK’A). By Bar,a-linearity,
the inclusion Dgr(V) C Bar,a ®va extends into a Bqr,a-linear and G'x a-equivariant map

aqr(V): Bar,a @ka Dar(V) — Bar,a ®q, V-
We define Dyr(V) and apr(V) similarly.

Proposition 4.17. The Ka-modules Dar(V') and Dut(V) are of finite type, and the maps aqr (V') and apr(V)
are injective.

Proof. e Assume that K/Fy is Galois with group Gk/r,, and put EdR,A = ][ Bar: as recalled above, there
WEGiTI
- — 0

is an injective Gk a-equivariant ring homomorphism tqr: Bar,a — Bar,a (that depends on the choice of an

ordering a1 < --- < as on A). Put BdR(V) = (EdR,A ®q, V)GK’A c JI Bar ®QTJV: the map tgr induces a

1€G§g1
K a-linear injective map ¢: Dgr(V) — Dar (V). If (y)y € Il Bar®q,V and g = (g1,...,95) € Gr.a, We
I i
have g - (24)y = (g1(2g~))y, thus (z,), € Dar(V) if and only if 91(xg.) = x4 forall g € Gx a and 7y € G‘SF;l. If
g € Gk and Y= (v2,.--,7s) € G%g17 define the element g = (91,...,95) € Gk,A by g1 = g and g; = Wflgi_wi
for all i € {2,...,8} (we have indeed v; 'g;_17; € G since G is normal in G, because K/Fp is Galois). Then
we have g - Yo = Vo> and the component of index Yo of g(a:l)V is g(mlo): this shows that Ty € Bar ®q,V is
fixed under G, i.e. that z, € Dar,a,(V) = (Bar ®va)GK7 (where the action of Gx on V is via the map
tay : Gk — Gk ,a). This implies that (J:l)l is fixed by Gk, if and only if its components all belong to Dyg,a, (V)

and x4y =z, for all 7 € Gi{l and g = (ldg, g2,...,95) € {ldz} x Gt As G571 acts transitively on those ol
that map to a fixed g € G(;(_/i%’ this shows that
Dar(V)= ]| Dare(V)C J] Daran (V)
2€G Tk, 1EGT, "
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(where we embed the factor Dygr o, (V) of index ¢ diagonally in  [[ Ddr,a, (V)). As Ddr,a, (V) is a finite
ZEG%f
ol
dimensional K-vector space, this shows in particular that BdR(V) is a K a-module of finite type.
The natural map Bar @k Dar,o, (V) — Bar ®va is injective: so are the maps

( II BdR)<®KTDdRﬂ10/)‘>< II BdR)<®QP‘/
1€G! V€G!
=g y=a
for all o € Gig/}o, so that the map

aqr(V): EdR,A @xca Dar(V) — EdR,A ®q, V

is injective (since its localizations via the projection maps ¢y: Ko — K are precisely the maps above). The
diagram

Bar,a ®k, Dar(V) ) Bar,a ®q,V
Lar®1
EdR,A Qra Dar(V) Lar®1
1@
aar (V)

Bar,a @k, Dar(V)———>=Bar,a ®q, V
is commutative: this implies that agr(V) is injective.

e If K/F, is not assumed to be Galois, let K’ C K the Galois closure of K over Fy: what precedes shows that
Dar,x/ (V) := (Bar.a ®q, V)9’ .a is a K'\-module of finite type (hence projective of finite rank) endowed with
a semi-linear action of Gal(K’/K)?, and that the natural map

aar, k' (V)1 Bar,a @k Dar,x (V) = Bar,a ®q,V
is injective. By Galois descent, we have Dar r/ (V) =~ K\ @, Dar(V) as Gal(K’/K)®-modules, and Dgg (V) is

of finite type over KA. The commutative diagram

Bar,a @K, Dar(V)

Otd*(v)

Bar,a ®q,V

e
)

Bar,a @k Dar,x(
this implies that aqr (V) is injective.
e Consider now the Hodge-Tate side. By corollary B.36] the K a-module
Gr,A
Dur(V) = ( P Calm) @q, V) = P (Can) @q, V)9x2
nezs nezs
is of finite type (the sum is finite and all but finitely many factors are zero). Moreover, the natural map
anr,o(V): @ Ca(—n) @k, (Caln) ®q, V)92 = Ca ®q, V
nezs

is injective and G, a-equivariant. If we tensor with Ca (m) over Ca and sum over all m € ZA7 this shows that
the maps in the diagram

@ Calm—n) @k, (Caln)®q, V)9 —= @D Calm)®q,V

n,mezZs meZA

\8 o

@D Cal(l) ®ks Dur(V) Bur ®q,V
Lezs

are injective. 0

Definition. A p-adic representation V of Gi a is said de Rham (resp. Hodge-Tate) when the map agr(V) (resp.
aut(V)) is bijective. We denote by Repyr(Gi,.a) (resp. Repyr(Gi,a)) the full subcategory of Repq, (Gk.a)
whose objects are de Rham (resp. Hodge-Tate) representations.
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Recall that Dgr (V) is equipped with a decreasing filtration Fil® Dgr (V): denote by gr Dar (V') the correspond-
ing graded module. Note that the map aqr(V') is compatible with filtrations (Bqr,a @k, Dar(V') being endowed
with the tensor product filtration, given by Fil"(Bar,a ® k. Dar(V)) = Y. Fil' Bar,a @k Fil" " Dar (V) for all

i€Z
i€Z).
Proposition 4.18. The filtration Fil® Dar(V) is separated and exhaustive. There is a canonical injective map

grDar(V) — Dur(V), and agr(V) is strictly compatible with filtrations. Moreover, if V' is de Rham, then it is
Hodge-Tate and the map gr Dar(V') — Dur (V) is an isomorphism.

Proof. The first assertion follows from the corresponding fact on Bqr,a and the finiteness of Dgr(V') as a Ka-
module. If r € Z, the exact sequence

0 — Fil"™' Bgg A — Fil"Bgr.a — g Bar.a — 0
tensored with V' induces the exact sequence
0 — Fil"™ Dgr (V) — Fil" Dgr(V) — (gr" Bar.a (X)QPV)GKA
i.e. an injective map gr” Dgr(V) — ) (Ca(n)®q, V)Gx.a (cf proposition EI4). Summing over r € Z

ﬂ:(na)aeA EZA
> Na=T

provides an injective K a-linear map iy : gr Dar (V) — Dur(V).
As agr (V) is compatible with filtrations, it induces a Ka-linear map
gr adR(V): gr(BdR’A QKA DdR(V)) — gr BdR,A ®KAV-

We have grBgr,a = Bur,a and gr(Bar,a @k, Dar(V)) ~ grBar.a @k, grDar(V) ~ Bur @k, grDar(V) (as
K is a product of fields, the proof of this isomorphism reduces to the case of tensor products of filtered vector
spaces). Via these isomorphisms, we have the commutative diagram

ragr (V)
But ® x4 g Dar (V) B LN Bur,a ®q,V

1®iy
[ %7

Bur,A ®kxa Dur(V)

which implies that gr agr (V) is injective, so that agr (V) is strictly compatible with filtrations.

Assume V is de Rham, so that agr(V') is an isomorphism. Then graqgr (V') is an isomorphism: the preceding
diagram shows that apr (V) is surjective: it is an isomorphism by proposition .17, and V' is Hodge-Tate. This
implies that 1 ® 4y is an isomorphism. As Byt a is faithfully flat over Ka (because Ca is), this shows that iy
is an isomorphism. (I

Proposition 4.19. IfV € Repq (Gk,a) is de Rham (resp. Hodge-Tate), then Dar (V') (resp. Dur(V)) is free
of rank dimq (V) over Ka.

Proof. Assume V' is de Rham: the map aqr(V): Bar.a ®k, Dar(V) — Bar,a ®q,V is an isomorphism. Use
remark [3.23] and its notations: for each ¢ € I, its localization

E; @ aar(V): (BE; @k, Bar,a) @k, (B @k, Dar(V)) — (B ®k, Bar,a) ®q, V/
is a B @k, Bar,a-linear isomorphism. This implies that
dimg, (E; ®k, Dar(V)) = dimq (V).
As it holds for all ¢ € I, this shows that Dqr (V) is free as a Ka-module. The proof of the Hodge-Tate case is

the same. 0

Question : Is the converse true, i.e. is it true that if Dar (V') is free of rank dimq (V') over Ka, then V is de
Rham?
5. SEN THEORY FOR B A-REPRESENTATIONS
5.1. Almost étale descent. Put Ljz , = H'(Hg A, BIRA). We have
IIR,A = K, ofta]aea C LIR,A'

These subrings of B(J{R A are endowed with the filtration induced by the latter. In the sequel, we follow rather
closely [3].
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Lemma 5.2. For all r € N, we have natural isomorphisms

Symia . ( ® K nta) — =g i o
(03

/

sy (@ Late) — =g Ly
aEA

[

Syme, ( &P CAta) ——gr" Bji_R,A'
aEA

Moreover, the map I(J{RA/ Fil” I(J{RA — L(J{RA/ Fil” L(J{RA 1s faithfully flat.
Proof. The bottom map is an isomorphism by corollary [£.111 This implies that the filtration on I:{R A I8 given

by the powers of the ideal generated by (ts)aca, showing that the top map is an isomorphism as well. To check
that the middle map is also an isomorphism, we start from the exact sequence

0 — Fil'™ BJz o — Fil" Bl o — &' Big.a — 0.
Taking invariants under Hx a gives the exact sequence
0— Rl L A = Fil" Lz o = HO(Hk a 8" Big o) = H (Hia, Fi' BIG A)-
By corollary EET3] we have H (Hx A, Fil"™! BZ{R’A) = {0}, so that the natural map

gr’ L(J{RA — HY(Hg n,gr" B:{RA) ~ Sym7p ( @ LAta)
aEA

is an isomorphism. The last statement follows from proposition [3.26] (]
Corollary 5.3. Under the assumptions of proposition [3.23], put

Lgﬁ,A = HO(HK/,Av BIR,A) and 'gﬁ,A = K/A,oo[[ta]]aeA'
The natural maps Lji_R,A — ng,A and l:l_R,A — lg%,A are finite étale, and Galois with group Gal(K'_ /K )> when
K! /K is Galois.

Proof. By lemmal5.2land proposition[325] the natural maps K/82® poaliz o — Lk o and K/22® oallz A —

Igﬁ, A induce isomorphisms on graded rings: these are isomorphisms. The statements thus follow from proposition
0. 20) Il

Proposition 5.4. (c¢f [3| Proposition 3.4]) The maps

lim  H'(Hg,a/H,GLa(BIz'A)) = H' (Hi,a, GLa(Big 4))
H<JHEk A
H open

H'(Ck,a, GLa(Lir A)) = H'(Gk.a, GLa(Bg A))
induced by inflation maps are bijective.

Proof. Being inductive limits of inflation maps, they are injective. Let U: Hg A — GLd(BIR A) be a continuous
cocycle. The composite 0aoU: Hx an — GLg(Ca) is a continuous cocycle (by definition of the canonical topology
on Bji_R, A): by corollary B.TT] there exists a normal open subgroup H of Hx a (which we may and will assume of
the form Hg a for some finite Galois extension K’ of K in K ) such that the restriction of 64 oU to H has a trivial
cohomology class. This implies that there exists By € GLd(BIR, A) such that the cocycle Uy: g — By 1Ugg(Bo)
is such that Oa(Up,4) =14 for all g € H.
Let M € N and assume sequences (Bm)0§m<M and (Um)0§m<M have been constructed such that:

(1) B € Ig+ Mg(Fil™ B;R,A) and Up,: Hx A — GLd(Bj{R’A) is a continuous cocycle;

(ii) Upm,g = Bj'Upm—1,49(Bp) for all g € Hg A and 1 <m < M;

(ifi) Upm,g € ldg+Mg(Fim "' Bfy o) for all g € H and 0 < m < M.
Denote by Vis,4 the image of Upr—1,4 in

Md(F”M BchrR,A)/ Md(F”MJr1 BchrR,A) = Md(ng BchrR,A)'
If g,h € H, we have
Umvi—1,gn —La =Upn—1,49(Uni=1,0) — 1o = Uni—1,g — La)9(Uni—1.0) + 9(Uni—1,n — L)

so that

Unt—1,9h — Lo =Unr—19 — Lo +9(Un—1,5 — 1g) mod My(Fil™*! BchrR,A)
22



since g(Upns—1.) =Ig mod My(Fil™ BCJ{R,A). Reducing modulo Mg (Fil* ™! B(J{R’A) gives
Vir,gh = Varg + 9V n),

so that g — Vs 4 is a continuous cocycle H = Hgr A — Md(ng Bj{RyA). In particular, the entries of Vj; are
cocycles H — grM BIRA. By corollary ALI3] these are trivial: there exists Bys € Ig+ Mg(Fil™ B:{R,A) such that
if we put Unr,g = By Uni—1,09(Bur) for all g € Hi a, then Unr,g € ldg+ Mg(FilM ™ B, o) for all g € H.
By induction, we thus construct an infinite sequence (B, )men. Property (i) ensures that the infinite product
B = ByB1Bs--- converges in GLd(BcJ{R,A), and condition (ii) and (iii) imply that B~'U,g(B) =1, for all g € H.
This shows that the image of U in H(H, GLd(B:fR A)) is trivial. The inflation-restriction exact sequence

{1} = H'(Hk,a/H,GLa(B{g5)) = H' (Hk,a, GLa(Bix 2)) — H'(H, GLa(Bix 4))

thus implies that the class of U in H'(Hg,a, GL4(BJg o)) lies in the image of H' (H a/H, GL4a(BJ 1)), showing
the surjectivity of the first map.

The proof of the bijectivity of the second map is identical, replacing Hx A by Gk a. Note that in that case, we
can take H = Hg A by corollary 3211 O

Corollary 5.5. If W is a free B$R7A—Tepresentation of rank d of Hx a, then WHK.2 s a projective Lji_R A-module
of rank d, and the natural map

+ Hp A
BdR,A ®Ld+RAW — W
is an isomorphism of BT, A-representations of Hy A.
p dr,A"T€P ,

Proof. By proposition [5.4] there exists a finite Galois extension K’ of K in K and a basis B of W over B:{R A

fixed under the action of Hg/ a. The Lgﬁ A-mmodule W’ generated by B coincides with WHx (it is thus stable

under the action of Hx a/Hpr a =~ Gal(K. /K)?) and is free of rank d. Moreover, BIz A ® 1 AVV’ — W is
’ R,

an isomorphism of B:{R, A-representations of Hx a. As L:{R A Lgﬁ A is finite Galois étale with Galois group
Hya/Hroa ~ Gal(KL,/Koo)® (cf corolary 5.3), we have L A ®, + N W'Hxa/Hira Z 977 by Galois descent,
) dR,
and W'Hxa/Hira = WHra ig projective of rank d over L:{RA. Extending the scalars to B:{R,A provides the
isomorphism B A @ AVVHK’A — W of B a-representations of Hx A. O
: R :

Corollary 5.6. (c¢f [16]) Let Wy, Ws be free B(J{I{A—representations of Hxk.n. Then

Homgep ,  (Hx.a) (W1, Wa) =~ Hom ¢ (WlHK'A,WQHK’A) and Extﬁep (HKA)(Wl,WQ) = {0}.
BiRr.A dR,A B;R,A )

+ Hr,a + Hx,a
Proof. We have B A Lt AI/V1 ~ Wi and Big A @yt AVV2 ~ Ws, thus
Homg: (Wi, Wa) =~ Homg: (Big A @+ WYS2 Bl a®c Wy %)
BdR,A BdR,,A ) LdR,,A ) LdR,,A
o R+ Hi A Hg A
~ BdR,A ®LIR, R HomLIR R (Wl , W2 )
as BCJ{R a-representations of Hyx a. Taking invariants under Hx A provides an isomorphism

H H
HomRepBIRA(HK’A)(Wl, W) ~ Homl_IR’A (I/V1 ©a ] K,A)

(recall that Hom + (W, % W, %) is projective over LI o since W, ** and W, ** are). Moreover, we
L, o WV, Wy dR,A 1 2 ;

have

1 1
ExtRepB+ (HK,A)(Wl, W) ~ ExtRepB+ (Hi.a) ( BIR,A, HomBIR . (W, Wg))
dR, A AR, A )

~ yl + Hg A Hg A
~ H' (Hk.a,Big,a Bt Homuy | (W8, Wy )
~ H1 + Hgi A Hi A
~H' (Hk.a,Bir,a) ®is, o Homer (W7o, Wy o8)
={0}
. Hg A Hg A\ - . . + _ 1 + —
since Homl_IR’A (VV1 , Wy ) is a projective Ljp -module and H (HKA, Bir.a ) = {0} by corollary[13l O
Definition. We say a Lji_R, A-mmodule X is potentially free if there exists a finite extension K’ of K in K such that

L:ff{’ A ®Ld+R . X is a free L:;h A-module of finite rank. We denote by Modpf(Lj{& A) the corresponding category.

Corollary 5.7. The functors
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Repg;  (Hica) = Mod® (L ») Repy:  (Gra) = Repry  (Tka)

and
W WhHra W WhHra

are equivalences of categories.
5.8. Decompletion along Ka o/KAa.

Definition. Let X be a LIR a-representation of I'x A.

(i) If X is killed by Film+! L(J{R A for some r € N, we denote by Xt the union of its sub-Ka-modules of finite
type that are stable under the action of I' A (this is the set of elements in X whose orbit under I'gx A
generates a Ka-module of finite type). Note that this matches with definition of §3.0lin the case r = 0.

(ii) In the general case, we put X5 = Jim (Xx/FiIrt? LCJ{R AX)

T

£
Note that Xf is a sub—I:{R A-module of X and is stable by the action of I'x A.

Proposition 5.9. Let r € N and X a free LdR A/ Fil™ ! LCJ{R A-representation of rank d of g A. Then X¢ is

|’r’+1

free of rank d over |dR A/ Fi IR A» and the natural map

+
LdR,A ®Id+R,A Xr— X
s an isomorphism of LCJ{R A-representations of F;r( A

Proof. The proof is similar to that of [3, Proposition 3.17]. We use induction on r, the case r = 0 being corollary

B2& assume r > 0. Put X' = Fil" L:{R AX: this is a free La-representation of rank d(T‘g‘sIl) of Tk A; and

X'=X/X"~ (L:fR A/ Fil” L:fR A) @y X this is a free LdR A/ Fil” LdR A-Tepresentation of rank d of 'k A. By
the induction hypothesis and corollary B:?ZL the natural maps
LA ®Koa X{— X'
s B, 3 X"

are isomorphisms. In particular, we can find a basis B” of X" over L(J{R A/ Fil" L(J{R A such that the cocycle U”
glvmg the action of ' A on X" in the basis B” has values in GLgl(IdR N Fil" I+ dR A)- Let B be a basis of X over

dR N Film 1 L;rR A lifting B”: by construction, the cocycle U giving the action of I'x, o on X in the basis B
has values in GLg4 (pr; (dR A/ Fil' I 4R, A)), where pr,. LCJ{R A/ Fill't? LdRA — LdRA/ Fil" LdRA is the canonical

surjection. By lemma IB:ZI, we have

pr (dr,a/ Fil" iR a) = lir o/ Fi' ™ G A 8 (Lig a)
= Koo,A,<r[Ta]a€A o gr (LdR A)
where Koo A <r[Talaca is the sub-Ko a-module of elements in Koo A[To]aeca of total degree < r. For all
g € Tk,a, we thus can write uniquely Uy = U}/ + Uy where Uy € GLg(Koo a,<r[Talaca) and Uy € Ma(gr™ LI, ).
Note that U” is a lift of U”, but it is not a cocycle. As Ik a is finitely generated, we can find n > ng (cf
proposition XT]) such that U] € GL4(Ky A <r[Talaca) for all g € T A.

Recall that if a € A, there is a La A\{a},n-linear and 'k a-equivariant projector Ry, o: La — La A\{a}.n (¢f
notations before theorem [34). They commute to each other: their composite provides a K, a-linear projector
Roa: La — Ky a. We extend Ry, A to ng(LIR A) by putting R, A(ta) = tq for all @ € A (¢f lemmal52). As
U is a cocycle, we have Uy, = Uyg(Uy) i.e.

Ugy + Ugy = Uy + ﬁg)g(U: + ﬁv)
= ﬁ"g(ﬁ") + ﬁ'/g(ﬁ ) + ﬁgg(ﬁ”)
for all g,y € Tk A (since ﬁgg(ﬁw) =0in Md(LdR A/ Film ! L:{R A) because Fil? LdR A C Fil™ 1 LdRA) Applying
Ry A, we get
Uy + Bua(Ugy) = Ug9(0F) + Ug'g(Bu.a (U5)) + Ba,a (Ug) 9 (UF)
= (U3 + Bn,a(Ug)) g (U + B (U5))

since Ry, A is K, a-linear and I'x a-equivariant. If we put U;n) = ﬁ;’ + Ry A (ﬁ ) for all g € 'k A, this means
that U™ : T'g A — GLy (dRA/ Filr+t| dRA) is a cocycle. For g € 'k A, put U(n) Uy — U(") e My (gr LdR A)
By the computation above (with U™ and U™ instead of U” and U), we have

U+ O = U a(U) + U F97) + T a(UL)
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so that B N N B N
) = Ua(040) + U5 9(UL0) = Uy (047) + T a(05)

since U™ is a cocycle. This means that U™ is a cocycle that defines an extension of Lan ®k_ o X{ by
LA ®K. A X{ as La-representations of I'x a. By corollary .27, this extension comes from an extension of X¢’
by X as K a-representations of I'x A, by extension of scalars: there exists N € Mg (gr” LdR A) such that
U™ + Ugg(N) — NU, € Ma(gr” 1z 4)
for all g e 'k a. Now put B=1;+N € GLd(L:fRA) for all g € Tk A we have
B™'Uy9(B) = (14 —N) (U™ + US™) (1g +9(N))
= Usgn) + Usgn) - NU;") + Ug(”)g( ) € GLd(ldR A/ Fil™ ™1 ldr, A)-

This means that if we make a change of basis from B using B, we reduce to the case where the cocycle U takes
values in GL4(17, dr.a/ Fil™ ™t F lir,a)- Proposition3.22then shows that X is nothing but the |dR A/ Fil"T dR A-Span
of the basis just constructed: in particular, it is free, and the map

+
LdRqA @%$LA Xr— X
is an isomorphism of LIR’ A-representations of F} A ([

Proposition 5.10. Let X le a free L;‘R a-representation of rank d of 'k n. Then Xt is free of rank d over IIR N
and the natural map
Lj{R A ® + A Xf — X

is an isomorphism of LdR A-representations of FK A- Moreover, X¢ is the union of the sub- |dR A-modules of X
that are of finite type and stable under the action Of I'k.a.

Proof. For r € N, put X, = (L dRA/ Fil™ 1 LdRA) i X. This is a free LZ{RA/ Fil™ ! LdR A-Tepresentation
of rank d of 'k a. By proposition 0.9, X, ¢ is a free IdR N Fil" 1| dR A-Tepresentation of rank d of I'g A, and
the natural map LdR’A ®'IR,A X, ¢ — X, is an isomorphism of LdR’A/ F,|T+1 LCJ{R,A—representations of 'k a. The
maps Xr41 — X, are surjective: so are the maps X, 15 — X, ¢ by faithful flatness of Ld A/ Film 1 LdR A Over
dR A/ Fil" T+ dRA (¢f lemma [5.2). This implies that any basis of X, can be lifted to a basis of X, 11 by
induction, we can construct a sequence (B, ),en such that 9B, is a basis of X, ¢ over IdR A/ Film 1 I(J{R A and is the
image of 8,41 in (I}, iR, A/ Fil" Tt lig A)®'IR,A X141 for all » € N. This sequence defines a basis B of X = l'ngnf

ks

over IQ'R’ A- By extension of scalars, 95 is a basis of X over Lji_R, A as well, so that the natural map
L;hqA @%$LA Xr— X
is an isomorphism of LIR’ a-representations of I'g A.

Let X{ be the union of the sub—I:fR’ A-modules of X that are of finite type and stable under the action of I'g a:
we have Xy C X/. The reverse inclusion is checked modulo Fil 1t dR A forall r € N. Let Y be a finite type
" k,a) Bt o ¥ C Xr
(¢f lemma [52). Let y1,...,ys be a generating family of Y, over ldR,A and g1, ..., g, a finite set of topological

sub- |dR A-module of X that is stable under the action of ' A, and Y, = (IdR A/ Fi

S
generators of I'k . There exists n € N and coefficients (cl(.‘}))1<i,j<s in K, a such that g,(y;) = > cgaj)yj. This
Y T<a<a j=1

<a<u
implies that for all m > n, the sub-K,, o-module Y, ,, of Y, generated by y1,...,ys is stable under the action of
Ik a: wehave Y., C X, 5. AsY, = |J Y, we thus have Y, C X,.¢. O
m>n

Theorem 5.11. The functor
Repl: (Gxa)— Repl, (Ika)
dR,A dR,A

H
W (W),

s an equivalence of categories.

Proof. This follows from corollary 5.7 and proposition [5.10) O

Notation. Put Lqr,a = L(J{R’A[i} and lggA = I(J{RA [i] = KA,OO[[ta]][i]aeA. We have lgr,.a C Lar,a =
HY(Hk A, Bar,a)-

Definition. (1) A lattice of a free Bgr,a-module (resp. lgr a-module) M of finite rank, is a sub—BgRﬁA—
module (resp. sub-lj{R A-module) generated by a basis of M.
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(2) We denote by Repg>  (Gk,a) (resp. Rep;;c ('k,a)) the isogeny category of Rep};+ (Gk.a) (resp.
s dR,A

Bar,a

Repl+ (Tk,A)), i-e. the category whose objects, which are called regular representations, are free Bqr a-
R,A

modules (resp. lar,a-modules) of finite rank endowed with a semi-linear action of Gx a (resp. 'k a),
and admitting a G a-stable (resp. I'k a-stable) lattice which defines an object of Reij A(CT‘KA)
R,

(resp. Rep'IR,A(FK’A))'

Theorem 5.12. The functor
Repg® (Gx.a)— Rep,® (T'k.a)

Bar,a lar, A
induced by that of theorem [5 11l is an equivalence of categories.

5.13. The module with connection associated with a IgRyA-representation.

Notation. Let Q1 = Qlt

dra/Ka e lar,a/Ka,

of IT3 A (resp. lar,a) having poles of order < 1 on the divisor (ta = 0). This is the free IJ; -module (resp.

%)QEA'

(resp. Q = Qr ) be the IQ'R’ A-module of continuous K a -differentials

lar,a-module) with basis (

Definition. A module with connection over ICJ{R,A is a free ICJ{R,A—module Y of finite rank equipped with a KA oo-
linear map
Vy:Y Y@+ QF
dR,A
satisfying the Leibniz rule: Vy(A\y) = y ® dy + AVy(y) for all X € I;RA and y € Y. If Y7 and Y3 are
two modules with connection over IIRA, we endow Y1 @ V5 (resp. Hom,, A(Yl, Y5)) with the connection
Vy, ®ldy, + Idy, ®Vy2 (resp. f+— Vy,of— (f®|d9+)oVY1) A morphism betweén two modules with connection
is an horizontal |7, dr a-linear map. This defines a tensor category denoted %, foa
Similarly, one defines the category % an.a Of free lyr, a-modules of finite rank with connection. If (Y,Vy) €

g%dR’A, the connection Vy is said regular if there exists a lattice ) in Y such that Vy () C Y ®, S Q71 so that

(I, Vy|y) € %+ K We denote %% the full subcategory of %, , made of modules with regular connection.
dR, s ,

: f : — (1t Jr+l+ :
Notation. Let Y € Rep'IR,,A(FK’A)' If » € N, the quotient Y, := (IdR’A/FllT iR, A) Bt a Y is a free
IZ{R A / Film+! IZ{R A-module of finite rank endowed with a continuous semi-linear action of I'x A: in particular,

it defines an object of ReprA _(Tk,a) (¢f lemma (2). The infinitesimal action of 'k o on Y, provides Sen
operators (Vy, a)aca: these are Ka oo-linear endomorphisms of Y, characterized by the fact that for all y € Y.,
there exists an open normal subgroup 'k A 4, < ', A such that for all @ € A and v € I'x o NT'k,A,y, We have

Y(y) = exp (log(x(7))Vy,.a)y (cf section B30).

These maps are compatible as r grows: we thus obtain Ka o-linear endomorphisms (Vy,q)aeca of Y such that
for all y € Y and all » € N, there exists an open normal subgroup I'x A y.» << I',a such that for all @ € A and
v E€Tk,a NT K Ay we have

~v(y) = exp (log(x('y))Vyma)y mod (FllT‘|r1 I:{RA)Y

Proposition 5.14. Let Y € Reps A(FKA) and o € A. Then Vy,o(7(y)) = Y(Vy,a(y)) for ally € Y and
v €' A. Moreover, ify €Y and ﬁ € A, we have

_ tlgVY,a(y) if B #a
VY,a(tﬂy) - {tay + taVYyA(y) Zfﬂ = .

Proof. This is checked modulo Fil"™ for all 7 € N. The first statement follows from the corresponding property

of Sen operators. For the second one, fix y € Y,: we have Vy, o(tgy) = ’YéiIEIllﬁl %_ If y €Tk, and B # «,

y—Id
we have y(tgy) = tgy(y), so that Vy, «(tsy) = t3Vy, o(y): assume 8 = a. We have v(tay) = x(7V)tav(y), so
that

tay) —tay _ Xx(Mtay(y) —tay _ (x(v) — L ) = y)
log(x(7) log(x(7) log(x(7) log(x(7)
which converges to to(y + Vy, o(y)) as v converges to Id. O

Definition. Let Y € Repld+R A(FKA)' IfyeY, we put
dta +
E Vyaly) ® — €Y ®+ . Q.

Proposition 5.15. Let Y € Rep,+ A(FKA). The map Vy is an integrable connection.
dR,

Proof. The Leibniz rule follows from proposition[5.14] and the integrability from the fact that T'x a is abelian. O
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We thus have a functor
Repf+ (Tr,A) = %+
dR,A dR,A

which induces functors
RepIdR Tra)— %lr:gA and RedeR (Gr.A) — %8

lar,a
Let Y € RepTIR,A(FK’A)' If y € YI'®a  we have Vy,o(y) = 0 for all @ € A, hence Vy(y) = 0. By
KA oo-linearity, the inclusion YI'#24 C YV¥=0 induces a map
cv(Y): Knoo @K, YA 5 YVY=0,
Proposition 5.16. The Ka-module Y'5:2 is of finite type and the map cv(Y) is an isomorphism.

Proof. If r € N, put Y, = (dR A/ Fil"H dRA) Bt Y': this is in particular a object in ReprA,w(FK,A)- Put
also

YVY=0 = {y € Y,; (Va € A)Vy, o(y) = 0}
(this is a an abuse of notation since Vy does not make sense on Y;.). By proposition B:33] the natural map

Ka oo ®15 T8 = ¥,7¥ =0

T

is an KA -linear isomorphism. We have YV¥=0 = @YTV”:O, so in particular the inverse limit of the above

isomorphisms is an isomorphism
lim Ka o0 @g, YiKa JyVy=0,
(— ’
T

Similarly, we have YTxa = limY; **. The exact sequence

Ar
0—>gr'Y—>Y.11—->Y. >0
induces the exact sequence
0= (grY) ™ v Ks 5 yTea,
I'k,a I'k,a " .

We have gr'Y ~ @ Yi(n), so that (gr"Y) “% ~ @ (Yi(n)) “°. By proposition B33 again, we know

neN4 neN4

|n|=r |n|=r
that (Y3 (Q))FK’A = {0} for all but finitely many values of n. This implies that (gr" Y)FK'A = {0}, i.e. that the

natural map YH_KlA — ¥;" % is injective when r > 0. As Y, <

of finite dimension) for all » € N, this implies that Y +K1A YTFK’A is in fact an isomorphism when r > 0. In

2 is a Ka-module of finite type (hence a Fy-space

particular, the map YTxa — YTFK’A is an isomorphism for 7 >> 0 (this proves the first part of the proposition),
and lim Ka oo @ ks Yy % = Ka oo @y YA, O

5.17. Application to p-adic representations: link with multivariate (¢, ')-modules. Let V € Repq (Gr,a)-
Then Bar,a ®q,V € Rep{gclR L (GK.a) (a Gk a-stable lattice being given by BCJ{R,A ®q,V € ReprBeifR L (GK.A)).
Put ,
D (V) = ((B;’l—R,A ®QPV)HK’A)f

and Dgis(V) = lar,a ®'IR N Djif(V). By what precedes, this provides objects in ‘%'IR N and %,rdei . Tespectively.

We have Dgie(V) = DL(V)[%], Djif(V)FK,A = (B(J{RA (X)QPV)GKA and Dgie(V)'%:8 = Dgr(V).
Proposition 5.18. (cf [3, Proposition 7.1]) Let V € Repq (Gk.a). Then V is de Rham if and only if Dgir(V')
is trivial (as a module with connection,).
Proof. Assume V is de Rham: there exists n € Z such that V(n) has Hodge-Tate weight whose components are

all non-positive, so that Dar(V (n)) = Dz (V(n)) =: (BJRA ®QPV(Q))GK’A. The map aqgr (V) is an isomorphism,
hence

air: Bir,a ®xa Dgr(V(n)) = Big a ®q,V(n)
is injective with cokernel killed by ta. Taking invariants under Hx A, we get an injective map
g: L:fR,A ®xs Dir(V(n)) = (Bji_R,A ®QPV(E))HK’A
whose cokernel is killed by some power of tA. The commutative diagram

I ®Ka Dig(V(0) —L— DE(V(n)

g
LchrR,A ®xa Dp(V(n) — (BIR,A ®QPV(B))HK’A
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shows that f is injective. If y € D¢(V (n)), there exists N € N such that tXy € Im(g)NDZ¢(V (n)). By definition
of the functor X +— X, this shows that tNy € 173 \ ®x, DIz (V(n)). The cokernel of f is thus of ¢a-torsion, so
that f induces an isomorphism

lar,a @ x5 DI (V (1)) = Daie(V (1)) = Dai(V')

which implies that Dgi¢(V') is trivial (as a module with connection).
Conversely, assume that Y := Dgir(V') is trivial as a module with connection over lqg a: the natural map

lar,A ®Ka YV 0 Y

is an isomorphism. As YV¥=0isa K o-module of finite type, there exists n € N such that YV¥=0 C ¢" D;}(V).
Replacing V' with V' (n) for an appropriate n € 72, we may asume that n = 0, so that YV¥=0 = D (V)Vy=0 =
KA 0o®Ka D:{R(V) (the last equality by proposition[5.106). Extending the scalars from Ka oo to Bagr,a, we deduce
that

aar(V): Bar,a @k DIR(V) — Bar,a ®q,V

is an isomorphism, ¢.e. that V is de Rham. (I

Now we relate our constructions to multivariate overconvergent (¢,I')-modules. These were constructed in
[20] and [12], under the hypothesis that K is a finite extension of Q,,, what we thus assume henceforth. We start
by recalling the definitions and results we will need from [20] and [I2]. In the classical, univariate case, put

Ap, = { Z anw™; (Vn € Z)a, e W(k) lim a, = 0}

n——oo
nez

where w is seen as a variable. This is a Cohen ring for the field Ep, = k(%0)). We equip A, with the commuting
(semi-linear) Frobenius operator and I'g,-action given by

o(w) = (1+@)? —1and y(w) = (1 + )XV — 1.
Put Bp, = Frac(Ap,) = Ap, [1—17] and let B”},w'r0 the maximal unramified extension of Bp,: this is a DVF with
uniformizer p and whose residue field E is a separable closure of Er,. We have an injective morphism Ag, —
A :=W(C") sending @ to [¢] — 1. It extends into an injective map A — A, where A is the p-adic completion of
the ring of integers of Bz . There is a Frobenius operator ¢ and a action of Gg, on B = A [1—1)} so that the previous
map is Gp,-equivariant and compatible with Frobenius. Moreover, there is an isomorphism Hpg, ~ Gal(B /Bpg,).
As Hx < Hp,, we put Bg = B« this is a finite Galois extension of By, and there exists an element wg € By
such that its ring of integers
_ n . N1 _
A = { > anwic; (Y € Z)an € W(K) lim_a, = 0}
nez
where k' is the residue field of K,. This is a Cohen ring for the field Elx = Ex = K (T k).
By [15], the functor T' — (A ®z, T)% induces an equivalence between Repy (Gk) and the category

Modik(go,l") of étale (¢,I')-modules over Ak, whose objects are A jx-modules of finite type endowed with
commuting and semi-linear Frobenius operator and I' x-action, such that linearization of the Frobenius operator
is an isomorphism. By inverting p, there is a similar equivalence between the isogeny categories.

The multivariate generalization of Fontaine result was proved in [26]: let A a be the p-adic completion of the
tensor product A g Rz, Qz, A i where the copies of Ak are indexed by A (the copy of Ax of index a € A
will be denoted Ak q), and Bxa = AK,A[%] We have A a/(p) = Exan = Ex ®F, --- ®F, Ex (where the
copies of Ex are indexed by A). For each o € A, let po and 'k o = 1o (I'x) denote the actions of ¢ and I'x on
the factor of index « fixing the other factors. Denote by ¢ the monoid generated by the ¢, for a € A. There
exists a multivariate analogues of A and B: let Aa (resp. Ba) be the p-adic completion of H_r)nA r,A Where

F
F runs over the finite subextensions of K /K (resp. Ba = Aa [%}) These rings are endowed with commuting
actions of pa and Gg A, and Aa/(p) ~ h_H)lER A- There is an equivalence of categories
F
Repy (Gx.a) = Mody, , (pa,Tk.a)

T +— (AA Rz, T)HK’A

where Repzp(G Kk,a) s the category of Zj,-modules of finite type endowed with a continuous linear action of
Ggk,a, and Modf{K’A (pa, 'k A) the category of étale (pa, 'k a)-modules over A i A, whose objects are finitely
generated projective A g a-modules with commuting semilinear actions of the ¢, for @ € A and I'k A, and
such that the linearization of ¢, is an isomorphism for all & € A (¢f [12, §2.3] and [I2] Theorem 4.1]). By
inverting p, there is a similar equivalence RepQP(G K.A) — ModéBfKW A(pa, Tk A) between the corresponding
isogeny categories.
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On the other hand, Fontaine result was refined by Cherbonnier-Colmez as follows. Let v” be the valuation on

C” normalized by v*(p) = 1. If r € Q,, let A7 ¢ A be the subset made of those elements z = 3. p™[zp,]
m=0

(with (zm)men € (C*)N) such that liin 70 (2m) + m = +00. Recall there are embeddings Ax C A < A: put

A(Ig’r] = Ax N A0 and AOT = A N A©T] Tnverting p, we define analogues B(Ig’rl c B The subring

of overconvergent elements in Ax (resp. A)is Al = U AD" (resp. AT := J A7), Inverting p, we
r>0 r>0

define analogues B}( c B (these are fields). Those rings are stable under the action of Gk, and we have
(AT Hr — Agg,r] and (A1)Hx = Al Moreover, we have p(A(©71) ¢ A(07/7] 5o that At and Al are stable
under . Defining ModiT (p,T) similarly as Modf{K (p,T), we have:
K
Theorem 5.19. ([13 Proposition II1.5.1 & corollaire I11.5.2]) The functor
Repy, (Gi) = Mody; (¢,T)
P K
T (AT @z, T)"%

is an equivalence of categories.

r]

This result was extended to the multivariate case in [20] and [12]. If » € R, let A;?U”A C Ap, a be the
subring made of those elements Y (ap, @™) ® -+ ® (an; @) (With (an,,. .., an;) € W(k)?) such that

a1 ags
nczZs
lim wvp(an, - ang) + 725 min{ny,...,ns} = +oo.
|n| o0 P
Al = ACTT - A aBt = Al JL he subrings Af d Bt fB
Put Fo.A U Fo.A C AR,A an Fo.A FO’A[p]. The subrings Fo,A I Fo.A © Fy,A are

réRso
stable by ¢a and I'r, a. In this context, the analogue of AT is constructed as follows. For a finite subextension

F of K/Fy and r € Q., we put Agﬁo = AEI,?’T] ®z, -+ Vz, AES” (where the copies of AEI,?’T] are indexed
by A), and ALY = APT) © A, We have AR = lim AR, = A0 @y @y, AT Put

F
A(AO’T] = A;%’T]A ® 5 (0.1 A(AO’Z] and Ak = U A(AO’T]. Inverting p we get rings B(AO’T] C Bl. These rings admit
’ Fo.A0 7 r>0

an action of Gx . By [20, Lemma 3.2.1], we have (Al )#rxa = Al , = | A(I?’TA]. Moreover, if a € A, we
’ r>0 ’

(0,7]
AH%A

have an operator ¢, : A(AO’T] — A(AO’T/p], so that there is an action of pa on ATA and BTA. The natural map
Al — A (induced by the maps A(AO’Z] — A extended by A(I?’T]—linearity) is Gk A and pa-equivariant. The
generalization of theorem [£.19]is:

Theorem 5.20. ([20, Corollary 3.4.4], [12, Theorem 6.15]) The functor
D': Repg, (Gx.a) = Modyi (pa,Tka)
K,A

T (A} ®z, T)"*

is an equivalence of categories, where the target category is defined similarly as Modf{K’A (pa,Tr.A)-

Moreover, by [20, Theorem 3.4.2] and [I2, Theorem 6.14], base extension to Ax A over ATKA induces an
equivalence of categories
REOdiigA(WA’FKZA):334056L<A(WA’FK1A)

Notation. If 7' € Repy (Gk,a) and r € Q. , we put DOI(T) = (A(AO’T] ®z, T)HK’A. This is an Agg:g]—
module endowed with an action of I'x o. Moreover, for each oo € A, the operator ¢, induces a semi-linear map
D(O’T](T) %D(O’T/p](T).

Lemma 5.21. Let T € Repg (Gk,a) be free of rank d. There exists 11 € Qs such that for all r € QN]0, 7],
the natural map

DT - AP @y T

T
A

a(0-7] (T): A(AO’T] ® 400,
K,

is an isomorphism and D] (T) is projective of rank d over A(I?’TA].

Proof. The ATKﬁA-module D'(T') is projective of finite type: we can find a finite set (a;)1<i<s generating the unit

ideal in ATKA such that the localization DY(T),, is free of rank d = rkz, (T") over (ATK,A)ai for alli e {1,...,s}.
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We can choose rr € Q- small enough such that a; € Agg’TAT] and there exists a (Al A)a,-basis (2;;)1<j<da of

d
made of elements in DO"7N(T),, for alli € {1,...,s}. Put D; = @ (Agg:g](T))a_xm c DO(T),,. By
J=1 ‘

DN(T)a,

theorem [5.20, the natural map
ol(T): Ay @,y DN(T) = Al g, T

is an isomorphism. Localizing, this provides an isomorphism (ATA) ®pt DT(T) — (ATA) ®z T, which
a; K,A a; 4

implies that the localization (a(®r71(T)),, : (A(O’T]) ®A(0 i D(O’T]( ) — (A(O’T])

basis (1 ® x; j)i1<j<a and the basis induced by any bas1s of T over Z,, this isomorphism is given by a matrix

M; € GLq ((A A)a-)' Shrinking 77 further if necessary, we may assume that M; € Gl ((A(AO TT])G_). This means
that the composite map

o 92, T is injective. In the

(@OrTI(T))a,
e

(A(AOWT])M ® D - (A(O TT]) [¢23 ®A§?’ZT] D(OJAT](T) (A(AOJAT])U,Z' ®Zp T

(ALK a,

is an isomorphism. This implies that (a(%"71(T)),, is surjective, hence an isomorphism, so that the map

(A(AO’TT])G_ ® p©rr) Di — (A(AO’TT])G_ ® p ©rr] D(0:rr] (T) is an isomorphism as well. Taking invariants under H A
i K,A i K,A

implies that the map D; — (A(I?’TAT}) ® p0r7] D7) (T) is an isomorphism. As this holds for all ¢ € {1,..., s},
s a; KA

]

that the similar statement holds when rr is replaced by any r € QN]0, rr]. O

this shows that a(®"7)(T) is an isomorphism and that D(®"7/(T) is projective of rank d over A(0 "' This implies

Ifn€ Nsgandr > r, := W, there is an injective map i, : A1 — B such that i, (w) = [¢1/P"] -1 =

e exp(t/p™)—1 and in(Agg’T]) C K,[t] (¢f [14, Proposition III.2.1]). The tensor product of these maps, indexed
by A, induces a ring homomorphism

(0,r]
ZnA AA0_>®B _>BdRA
aEA

(note that it is not injective in general, since the tensor product in the LHS is taken over Z, whereas it is taken
over Fy in the RHS). It restricts into a ring homomorphism

. 0,
In,A' A(K,TA],O - ® Knlta] = 13g A
a€cA
Lemma 5.22. Ifr > max{r,,dp~"}, the restriction of in a to A(O T] . extends into a map A(O T] — Focofte] —
[
dR,A

Proof. This is checked modulo Fil*** %, lir,a foralls € N. Ifz = ZA (An, @)@ @ (an;w™) € A;?U’T]A, we have
nez

9 .
to check that the series ina(z) = > an, - Gn, H (e exp(ta, /p") — 1)"7' converges in Fy o [talaea/(ta)SEh
nezs i=1

for the p-adic topology. For each n € ZA, we have

5 5 g
I (= explto /") = 1) =TT (30 (-0 (e)" () explite )
i i=1  k;=0
5
=TI(E™ =1+ Z () (1) (explkita, /p) — 1))
=1
If m = (mq,...,ms) € NA, the coefficient of 7! - - -3¢ in the latter expression is
> i .
1<i<é i

Cng = (£ — 1) =0 H (Z(_1)m—ki(5(n>)ki(zz)(%)mi)

1<i<s  k;=0

whose valuation is larger that W( > nl) —n|m|. The coefficient of ¢\t ---¢'0 in i, a(z) is the sum
1<i<s
=0

of the series 3 Gn, - GnsCom. If 1 € Z%, we have vp(an, - GnsCom) > W( > ni) — n|m| if
nezA 1<i<§
’mi:O
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fn = min{nq,...,ns) > 0, and this goes to +0o when |n| — co. Assume p, < 0: we have

Up(am e 'anacnym) = Up(am e 'an5> + 1%.“@ + Up@mm) - pT_pl Hn

2 vp(an, -+ ang) + %uﬂ+ W Z ni —nlm| — pT_len
1<i<s
mi:O
> 'Up(an1 e 'ans) + pTTpllu’ﬂ + W(suﬂ - n|m| - p’rz)luﬂ
> Up(anl o 'a’n5> + I%ILLQ - 7’L|m| + 1%(1)% - T):uﬂ > vp(a’nl e ana) + I%HQ* n|m|
As lim vp(an, - - an,) + % min{ni,...,ns} = +oo by hypothesis, this shows that the series indeed converges.

|n|—o0

O

r]

If r > max{r,,op~"}, lemma [5.22] implies that BIR,A is equipped with a A;?U’ A-algebra structure: the map

. 0 . . .
inA: A(A::] — BIR A extends into a ring homomorphism

inat AL = Biga -
Theorem 5.23. Let T € Repzp (Gr,a). If r € Qg is small enough, there is a T g a-equivariant isomorphism
of I(J{R A-modules
0,r ~ . 1
IdR,A ®A§?,’2 D( ](T) — Dyif (T[E} )
Proof. By lemma [5.21] there exists rr € Qs such that for all » € QN]0, r7], the natural map

AL @y 0 DONT) = AR @, T

is a Gk a-equivariant isomorphism. Take n € Ny large enough such that max{r,,dp~"} < rp, and assume

that 7 € Q. is such that max{r,,dp~"} < r < rp. Extending the scalars to BIRA via in A provides a
G g, a-equivariant isomorphism

B:irR,A ®A;g;g D] (T) — B;l‘rR,A ®z, T ~ BchrR,A ®'IR,A D;rif(v)

where V' = T[ﬂ S Repr(G K, A). Taking invariants under H K,A gives a I'g a-equivariant isomorphism

0,r ~ +
Lir.a Ba@ DOUT) 3 Lk a ®1t, o Pair(V)-
Applying the functor X +— Xt provides an isomorphism
(LIR,A ®A§?’g D(Oﬂ (T))f = D;f(v)

and it remains to show that (LJg A IR D(©-r] (1)) = l3x.a N DO(T). As DOI(T) is projective of finite

rank over Agg:g, it is enough to show that D®"}(T") is mapped to DL(V) by i, . By [20, Lemma 3.2.4], we have

Hpg, .. RS o 0,7 0,r Hg,
D(T) = ATFO,A ®A}0,A,o (ALO ®z,T)" " similarly, we have DO (T = A%O,]A ®A§%’,T]A,o (A(Ap] ®z,T)" %, so
we are reduced to check that (A(AO::] ®z, T) fic.a maps to D (V) by i, a. Working componentwise, this follows
from [5 Proposition 5.7]. O
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