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For a group G and a positive integer n write Bn(G) = {x ∈
G : |xG| ≤ n}. If s ≥ 1 and w is a group word, say that G
satisfies the (n, s)-covering condition with respect to the word 
w if there exists a subset S ⊆ G such that |S| ≤ s and all w-
values of G are contained in Bn(G)S. In a natural way, this 
condition emerged in the study of probabilistically nilpotent 
groups of class two. In this paper we obtain the following 
results.

Let w be a multilinear commutator word on k variables and 
let G be a group satisfying the (n, s)-covering condition with 
respect to the word w. Then G has a soluble subgroup T such 
that [G : T ] and the derived length of T are both (k, n, s)-
bounded. (Theorem 1.1.)

Let k ≥ 1 and G be a group satisfying the (n, s)-covering 
condition with respect to the word γk. Then (1) γ2k−1(G)
has a subgroup T such that [γ2k−1(G) : T ] and |T ′| are both 
(k, n, s)-bounded; and (2) G has a nilpotent subgroup U such 
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that [G : U ] and the nilpotency class of U are both (k, n, s)-
bounded. (Theorem 1.2.)

© 2024 Elsevier Inc. All rights are reserved, including those 
for text and data mining, AI training, and similar 

technologies.

1. Introduction

An interesting covering condition has emerged in the study of probabilistically nilpo-
tent groups of class two [8]. If G is a finite group, we set

dk(G) = |{(x1, ..., xk+1) ∈ Gk+1 : [x1, ..., xk+1] = 1}|/|G|k+1,

and we say that G is probabilistically nilpotent of class k if dk(G) is bounded away from 
zero.

The well-known theorem of P. M. Neumann [12] says that if G is probabilistically 
nilpotent of class 1, i.e. d1(G) ≥ ε > 0, then G has a subgroup H such that [G : H]
and |H ′| are both ε-bounded, that is, G is bounded-by-abelian-by-bounded. Throughout, 
we say a group G is X-by-Y to mean that there is a normal X-subgroup N in G such 
that G/N is a Y -group. We say “(a, b, c, . . . )-bounded” to mean “bounded by a function 
of a, b, c, . . . only. Where the parameters a, b, c, . . . are clear from the context we often 
just say “bounded”. The main result of [8] states that if d2(G) ≥ ε > 0, then G has a 
subgroup H such that [G : H] and |γ4(H)| are both ε-bounded. The structure of finite 
groups G with dk(G) ≥ ε > 0, where k ≥ 3 remains a mystery.

Much of the paper [8] consists of a study of groups satisfying a certain commutator 
covering condition. For a group G and a positive integer n write Bn(G) = {x ∈ G : |xG| ≤
n}. It was shown in [8] that if d2(G) ≥ ε > 0, then there are ε-bounded positive integers 
n and s with the property that G has a bounded index subgroup K and a subset S ⊆ K

such that |S| ≤ s and [x, y] ∈ Bn(K)S for any x, y ∈ K. Note that the condition makes 
sense for infinite as well as finite groups, and is satisfied by groups where all commutators 
have conjugacy classes of bounded size (the case S = {1}), which were studied in [5]. 
A theorem obtained in [8] says that any group K satisfying the above condition has a 
subgroup T such that [K : T ] and |γ4(T )| are both finite and (n, s)-bounded.

Given a group word w = w(x1, . . . , xk), write Gw for the set of all values w(g1, . . . , gk), 
where g1, . . . , gk are elements of G. We say that the group G satisfies the (n, s)-covering 
condition with respect to the word w if there exists a subset S ⊆ G such that |S| ≤ s

and

Gw ⊆ Bn(G)S. (1)

In the present paper we study groups G admitting a word w for which the set of 
w-values satisfies the above covering condition. In particular, we work with multilinear 
commutator words, sometimes also called in the literature outer commutator words. 
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Examples of multilinear commutators include the lower central words γk(x1, . . . , xk) =
[x1, . . . , xk]. Of course, γk(G) = 〈Gγk

〉 is the k-th term of the lower central series of G.
We obtain the following results.

Theorem 1.1. Let w be a multilinear commutator word on k variables and let G be a group 
satisfying the (n, s)-covering condition with respect to the word w. Then G has a soluble 
subgroup T such that [G : T ] and the derived length of T are both (k, n, s)-bounded.

Theorem 1.2. Let k ≥ 1 and G be a group satisfying the (n, s)-covering condition with 
respect to the word γk. Then

(1) γ2k−1(G) has a subgroup T such that [γ2k−1(G) : T ] and |T ′| are both (k, n, s)-
bounded.

(2) G has a nilpotent subgroup U such that [G : U ] and the nilpotency class of U are 
both (k, n, s)-bounded.

Note that in the cases where Gw ⊆ Bn(G) the above theorems have been established 
in [4] and [14]. All these results are natural generalizations of the theorem of B. H. 
Neumann saying that if G is an n-BFC-group, that is G = Bn(G), then G′ has finite 
n-bounded order [11].

2. A technical result

We recall that multilinear commutator words (multilinear commutators, for short), 
are recursively defined as follows: The word w(x) = x in one variable is a multilinear 
commutator; if u and v are multilinear commutators involving disjoint sets of variables, 
then the word w = [u, v] is a multilinear commutator, and all multilinear commuta-
tors are obtained in this way. Well-known examples of multilinear commutators are the 
aforementioned lower central words γk and the derived words δi(x1, . . . , x2i), defined by 
δ0 = x1 and

δi+1(x1, . . . , x2i+1) = [δi(x1, . . . , x2i), δi(x2i+1, . . . , x2i+1)].

The main result of this section is the following quite technical proposition, which is a 
stronger form of Theorem 1.1 in [4]. As usual, 〈X〉 denotes the (sub)group generated by 
a set X.

Proposition 2.1. Let w = w(x1, . . . , xk) be a multilinear commutator, G a group and 
A1, . . . , Ak normal subgroups of G. Let B = Bn(G), H = 〈B〉, and Y = {w(g1, . . . , gn) :
gi ∈ Ai}. Assume that Y ⊆ B. Then the commutator subgroup [H, 〈Y 〉] has finite (n, k)-
bounded order.

We will require combinatorial techniques developed in [3].
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Let w = w(x1, . . . , xk) be a multilinear commutator. If A1, . . . , Ak are subsets 
of a group G, we write w(A1, . . . , Ak) for the subgroup generated by the w-values 
w(a1, . . . , ak) with ai ∈ Ai.

Let I be a subset of {1, . . . , k}. Suppose that we have a family Ai1 , . . . , Ais of subsets 
of G with indices running over I and another family Bl1 , . . . , Blt of subsets with indices 
running over {1, . . . , k} \ I. We write

wI(Ai;Bi)

for w(X1, . . . , Xk), where Xj = Aj if j ∈ I, and Xj = Bj otherwise. On the other hand, 
whenever ai ∈ Ai for i ∈ I and bi ∈ Bi for i ∈ {1, . . . , k} \ I, the symbol wI(ai; bi) stands 
for the element w(g1, . . . , gk), where gj = aj if j ∈ I, and gj = bj otherwise.

The following results are Lemma 2.4, Lemma 2.5 and Lemma 4.1 of [3], respectively.

Lemma 2.2. Let w = w(x1, . . . , xk) be a multilinear commutator. Assume that M is a 
normal subgroup of a group G. Let g1, . . . , gk ∈ G, h ∈ M and fix l ∈ {1, . . . , k}. Then 
there exist yj ∈ gMj , for j = 1, . . . , k, such that

w{l}(glh; gi) = w(y1, . . . , yk)w{l}(h; gi).

Lemma 2.3. Let w = w(x1, . . . , xk) be a multilinear commutator. Let G be a group and 
let A1, . . . , Ak, M be normal subgroups of G. Assume that

w(y1(A1 ∩M), . . . , yk(Ak ∩M)) = 1

for some elements yi ∈ Ai. Then

wI(yi(Ai ∩M);Ai ∩M) = 1,

for any subset I of {1, . . . , k}.

Lemma 2.4. Let w = w(x1, . . . , xk) be a multilinear commutator and let I be a subset of 
{1, . . . , k}. Let M be a normal subgroup of a group G. Assume that

wJ(Aj ;Aj ∩M) = 1 for every J � I.

Suppose we are given elements yi ∈ Ai with i ∈ I and elements mr ∈ Ar ∩ M with 
r ∈ {1, . . . , k}. Then we have

wI(yimi;mi) = wI(yi;mi).

Let G be a group generated by a set X such that X = X−1. Given an element g ∈ G, 
we write lX(g) for the minimal number l with the property that g can be written as a 
product of l elements of X. Clearly, lX(g) = 0 if and only if g = 1. We call lX(g) the 
length of g with respect to X. The following result is Lemma 2.1 in [5].
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Lemma 2.5. Let T be a group generated by a set X = X−1 and let M be a subgroup of 
finite index n in T . Then each coset Mb contains an element g such that lX(g) ≤ n − 1.

Recall that if G is a group, a ∈ G and H is a subgroup of G, then [H, a] denotes 
the subgroup of G generated by all commutators of the form [h, a], where h ∈ H. It is 
well-known that [H, a] is normalized by a and H.

In the sequel we will assume the hypotheses of Proposition 2.1; therefore w =
w(x1, . . . , xk) is a multilinear commutator, A1, . . . , Ak are normal subgroups of a group 
G, H = 〈B〉, where B = Bn(G), and every element of the set

Y = {w(g1, . . . , gn) : gi ∈ Ai}

has at most n conjugates in G.

Lemma 2.6. The subgroup [H, y]G has n-bounded order for every y ∈ Y .

Proof. Choose y ∈ Y . Since CH(y) has index at most n in H = 〈B〉, by Lemma 2.5 we 
can choose elements h1, . . . , hn such that lB(hi) ≤ n − 1 and [H, y] is generated by the 
commutators [hi, y]. Note that, as lB(hi) ≤ n − 1, each hi has at most nn−1 conjugates 
in G, so CH(hi) has finite n-bounded index in H. As CH(y) has index at most n in H, 
the centralizer C of T = 〈y, h1, . . . , hn〉 in H has finite n-bounded index in H. Since 
C ∩ T is an n-bounded index subgroup contained in the center of T , we deduce that 
Z(T ) has n-bounded index in T . Thus, Schur’s theorem [13, 10.1.4] tells us that T ′ has 
finite n-bounded order. As [H, y] ≤ T ′, it follows that [H, y] has n-bounded order.

Observe that [H, y] has at most n conjugates in G and the conjugates normalize each 
other. Thus, [H, y]G is a product of at most n subgroups that normalize each other and 
have n-bounded order. The lemma follows. �

The following lemma can be seen as a generalization of Lemma 2.4 in [4]. It plays a 
central role in our arguments.

Lemma 2.7. Let M be a normal subgroup of G of finite index j and choose ai ∈ Ai for 
i = 1, . . . , k. Then there exist elements ãi ∈ ai(M ∩ Ai), for i = 1, . . . , k, and a normal 
subgroup M̃ of M of finite (j, n)-bounded index, such that the order of [H, w(ã1(A1 ∩
M̃), . . . , ̃ak(Ak ∩ M̃))]G is finite and n-bounded.

Proof. Consider the set

S = {w(a1u1, . . . , akuk) : ui ∈ Ai ∩M for every i}.

Choose ãi ∈ ai(M ∩ Ai), for every i, such that a = w(ã1, . . . , ̃ak) has the maximum 
number of conjugates in H among all the elements of S, that is |aH | ≥ |gH | for all g ∈ S.
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By Lemma 2.5 we can choose b1, . . . , br ∈ H such that lB(bi) ≤ n −1 and aH = {abi :
i = 1, . . . , r}. Let M̃ be the intersection of M and all conjugates of CG(〈b1, . . . , br〉). 
Since lB(bi) ≤ n − 1 and CG(x) has index at most n in G for each x ∈ B, the subgroup 
CG(〈b1, . . . , br〉) has n-bounded index in G, and so M̃ has (j, n)-bounded index.

Consider the element w(ã1v1, . . . , ̃akvk) ∈ S where vi ∈ (Ai∩M̃), for i = 1, . . . , k. We 
have

w(ã1v1, . . . , ãkvk) = va,

for some v ∈ M̃ ≤ CG(b1, . . . , br). It follows that (va)bi = vabi for each i = 1, . . . , r. 
Therefore the elements vabi form the conjugacy class (va)H because they are all different 
and their number is the allowed maximum. So, for an arbitrary element h ∈ H there 
exists b ∈ {b1, . . . , br} such that (va)h = vab and hence vhah = vab. Therefore [h, v] =
v−hv = aha−b and so [h, v]a = a−1aha−ba = [a, h][b, a] ∈ [H, a]. Thus [H, v]a ≤ [H, a]
and

[H, va] = [H, a][H, v]a ≤ [H, a].

This shows that [H, w(ã1(A1 ∩ M̃), . . . , ̃ak(Ak ∩ M̃))] ≤ [H, a]. Lemma 2.6 states that 
[H, a]G has n-bounded order. The result follows. �

For the reader’s convenience, the most technical part of our argument is isolated in 
the following proposition.

Proposition 2.8. Let I ⊆ {1, . . . , k} with |I| = s. Under the hypotheses of Proposition 2.1, 
assume that G contains a normal subgroup R of finite order r and a normal subgroup M
of finite index j such that

[H,wJ(Ai;Ai ∩M)] ≤ R for every J � I.

Then there exists a finite normal subgroup RI of G of (r, j, n, s)-bounded order with 
R ≤ RI and a normal subgroup MI of G of (j, n, s)-bounded index with MI ≤ M such 
that

[H,wI(Ai;Ai ∩MI)] ≤ RI .

Proof. For every i = 1, . . . , k choose a left transversal Ci of Ai ∩M in Ai. Observe that 
|Ci| ≤ j. Let Ω be the set of k-tuples c = (c1, . . . , ck) where ci ∈ Ci if i ∈ I and ci = 1
otherwise. Notice that the size of Ω is at most js. For any k-tuple c = (c1, . . . , ck) ∈ Ω, 
by Lemma 2.7, there exist elements di ∈ ci(Ai ∩ M), with i = 1, . . . , k, and a normal 
subgroup Mc of (j, n)-bounded index in G such that the order of

[H,w(d1(A1 ∩Mc), . . . , dk(Ak ∩Mc))]G
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is n-bounded. Let

MI = M ∩
( ⋂

c∈Ω
Mc

)
,

RI = R
∏
c∈Ω

[H,w(d1(A1 ∩Mc), . . . , dk(Ak ∩Mc))]G.

As |Ω| ≤ js, it follows that MI has (j, n, s)-bounded index in G and RI has (r, j, n, s)-
bounded order.

Let Z/RI be the center of HRI/RI in the quotient group G/RI and let Ḡ = G/Z. 
The image of a subgroup U of G in Ḡ will be denoted by Ū , and similarly for the image 
of an element.

Pick an arbitrary element wI(ai, hi) ∈ wI(Ai; Ai ∩Mi) (where ai ∈ Ai for i ∈ I, and 
hi ∈ Ai ∩MI otherwise). Define the k-tuple c = (c1, . . . , ck) ∈ Ω by ai ∈ ci(Ai ∩M) if 
i ∈ I and ci = 1 otherwise. Let d1, . . . , dk be the elements as above, corresponding to 
the k-tuple c. Then

[H,w(d1(A1 ∩MI), . . . , dk(Ak ∩MI))] ≤ RI ,

that is

w(d1(A1 ∩MI), . . . , dk(Ak ∩MI)) = 1,

in the quotient group Ḡ = G/Z. By Lemma 2.3, we deduce that

wI(di(Ai ∩MI);Ai ∩Mi) = 1. (2)

Moreover, as ci(Ai ∩M) = di(Ai ∩M), we have that ai = divi for some vi ∈ Ai ∩M . It 
also follows from our assumptions that

wJ(Ai;Ai ∩M) = 1

for every proper subset J of I. Thus we can apply Lemma 2.4 obtaining that

wI(ai;hi) = wI(divi;hi) = wI(di;hi) = 1,

where in the last equality we have used (2). Since wI(ai, hi) was an arbitrary element of 
wI(Ai; Ai ∩Mi), it follows that

wI(Ai;Ai ∩Mi) = 1,

that is

[H,w(Ai;Ai ∩Mi)] ≤ RI ,
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as desired. �
Now the proof of Proposition 2.1 is an easy induction.

Proof of Proposition 2.1. We will prove that for every s = 0, . . . , k the group G contains 
a finite normal subgroup Rs of (n, k)-bounded order and a normal subgroup Ms of 
(n, k)-bounded index such that

[H,wI(Ai;Ai ∩Ms)] ≤ Rs

for every subset I of {1, . . . , k} with |I| ≤ s. Once this is done, the theorem will follow 
taking s = k.

Assume that s = 0. We apply Lemma 2.7 with M = G and ai = 1 for every i =
1, . . . , k. Thus there exist elements ai ∈ Ai for each i = 1, . . . , k and a normal subgroup 
of n-bounded index M0 of G, such that the order of

R0 = [H,w(a1(A1 ∩M0), . . . , ak(Ak ∩M0))]G

is n-bounded.
Let Z/R0 be the center of HR0/R0 in the quotient group G/R0 and let Ḡ = G/Z. 

Since

w(a1(A1 ∩M0), . . . , ak(Ak ∩M0)) = 1,

it follows from Lemma 2.3 that

w(A1 ∩M0, . . . , Ak ∩M0) = 1,

that is, [H, w(A1 ∩M0, . . . , Ak ∩M0)] ≤ R0. This proves the result in the case s = 0.
Now assume s ≥ 1. Choose I ⊆ {1, . . . , k} with |I| = s. By induction, the hypotheses 

of Proposition 2.8 are satisfied with R = Rs−1 and M = Ms−1, so there exists a finite 
normal subgroup RI of G of (n, k)-bounded order with Rs−1 ≤ RI and a normal subgroup 
MI of G of (n, k)-bounded index with MI ≤ Ms−1 such that

[H,wI(Ai; (Ai ∩MI)] ≤ RI .

Let

Ms =
⋂

|I|=s

MI , Rs =
∏
|I|=s

RI ,

where the intersection (resp. the product) ranges over all subsets I of {1, . . . , k} of size 
s.
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As there is a k-bounded number of choices for I, it follows that Rs (resp. Ms) has 
(n, k)-bounded order (resp. (n, k)-bounded index in G). Note that Ms ≤ Ms−1 and 
Rs−1 ≤ Rs. Therefore

[H,wI(Ai;Ai ∩Ms)] ≤ Rs

for every I ⊆ {1, . . . , k} with |I| ≤ s. This completes the induction step. The proposition 
is established. �
3. Proof of Theorem 1.1

Throughout this section we will assume that w = w(x1, . . . , xk) is a multilinear com-
mutator word and the group G satisfies the (n, s)-covering condition:

Gw ⊆ BS, (3)

where B = Bn(G) = {x ∈ G : |xG| ≤ n}, and S is a subset of G of size s. We will show 
that G has a soluble subgroup T such that [G : T ] and the derived length of T are both 
(k, n, s)-bounded. Actually, T can be chosen of derived length at most 2k + 1.

We will use the following key property of multilinear commutators.

Lemma 3.1. Let w = w(x1, . . . , xk) be a multilinear commutator and let δk−1 be the 
(k − 1)-th derived word. Then Gδk−1 ⊆ Gw for every group G.

Proof. The proof is by induction on k. If k = 1 then w = δ0 = x and the result is true. 
So now assume that k ≥ 2. Then w = [v1, v2] where v1, v2 are multilinear commutators 
on k1 and k2 variables respectively, where clearly k1, k2 ≤ k − 1. By induction, every 
δki−1-value is a vi-value. In particular, every δk−2-value is a vi-value, for i = 1, 2, and 
the result follows. �

At some point, without loss of generality, we will be able to assume that G satisfies 
the following “stability condition”.

Any w-value x such that |xG| ≤ n2k

is contained in B. (4)

Lemma 3.2. Suppose G satisfies the condition (4). Let H = 〈B〉. Then w(H, G, . . . , G)
has derived subgroup of finite (n, k)-bounded order.

Proof. For any element h ∈ H, let lB(h) be the minimal number j such that h can be 
written as a product of j elements from B. Clearly |hG| ≤ nlB(h).

Assume there is an element h ∈ H such that w(h, g2, . . . , gk) /∈ B for some gi ∈ G

and choose h in such a way that lB(h) is minimal. Note that, if h ∈ B, then the element 
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w(h, g2, . . . , gk) can be written as a product of 2k−1 conjugates of the elements h, h−1, 
whence, by the stability condition (4), w(h, g2, . . . , gk) ∈ B, a contradiction.

Thus, lB(h) ≥ 2 and we can write h = h1h2 where lB(h1), lB(h2) < lB(h). By 
Lemma 2.2 there exists y1 ∈ hG

1 and yj ∈ gGj , for j = 2, . . . , k, such that

w(h1h2, g2, . . . , gk) = w(y1, y2, . . . , yk)w(h2, g2, . . . , gk).

By minimality, both factors on the right hand side of the above equality belong to B. 
So w(h, g2, . . . , gk) has at most n2 conjugates, and therefore, by the stability condition 
(4), it belongs to B, a contradiction.

This proves that for every h ∈ H and every gi ∈ G the element w(h, g2, . . . , gk)
belongs to B. So we can apply Proposition 2.1 to deduce that w(H, G, . . . , G)′ has finite 
(n, k)-bounded order. �
Proof of Theorem 1.1. Note that it is sufficient to prove that G has a subgroup T̃ such 
that [G : T̃ ] and |T̃ (2k)| are both (k, n, s)-bounded, since then CT̃ (T̃ (2k)) will be a soluble 
subgroup of derived length at most 2k + 1 and (k, n, s)-bounded index in G.

Without loss of generality we may assume that 1 ∈ S. In what follows we argue by 
induction on s. If s = 1, then Gw ⊆ B and it follows from Theorem 1.2 in [4] that w(G)′
has finite (k, n)-bounded order. Since G(k−1) ≤ w(G) by Lemma 3.1, we conclude that 
G(k) has finite (k, n)-bounded order.

So assume s ≥ 2 and let A = 2k. Suppose there is some commutator x ∈ Gw such 
that n < |xG| ≤ nA. By the covering condition x ∈ Ba for some nontrivial a ∈ S. This 
implies that |aG| ≤ nA+1. Then for any g ∈ Ba we have |gG| ≤ nA+2. Hence we can 
remove a from S at the cost of increasing n to nA+2 and then apply induction on s. 
Hence we may assume B satisfies the stability condition (4): Any w-value x such that 
|xG| ≤ n2k is contained in B.

Let H = 〈B〉. It follows from Lemma 3.2 that w(H, G, . . . , G) has commutator sub-
group of finite (k, n, s)-bounded order. Note that H(k−1) ≤ w(H) by Lemma 3.1. Hence, 
H(k) ≤ w(H)′ ≤ w(H, G, . . . , G)′ and we deduce that H(k) has finite (k, n, s)-bounded 
order as well.

Note that H is a normal subgroup of G. Taking into account the covering condition 
observe that w takes at most s values in G/H. As w is a boundedly concise word 
(see [7]), it follows that the verbal subgroup w(G/H) has (s, k)-bounded order. So the 
centralizer C/H = CG/H(w(G/H)) has (s, k)-bounded index. Moreover G(k−1) ≤ w(G)
by Lemma 3.1, whence C(k) ≤ H. Therefore C(2k) ≤ H(k) has finite (k, n, s)-bounded 
order. This completes the proof. �
4. Proof of Theorem 1.2

The goal of this section is to furnish a proof of Theorem 1.2. We start with some 
general facts that will be used in the proof.
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If K is a subgroup of a finite group G, the commuting probability Pr(K, G) of K in 
G is the probability that a random element of K commutes with a random element of 
G. Thus,

Pr(K,G) = |{(x, y) ∈ K ×G : xy = yx}|
|K| |G| .

Note that if |xG| ≤ n for every x ∈ K, then Pr(K, G) ≥ 1/n. It was shown in [2] that if 
Pr(K, G) ≥ ε > 0, then there is a normal subgroup T ≤ G and a subgroup B ≤ K such 
that the indices [G : T ] and [K : B] and the order of the commutator subgroup [T, B]
are ε-bounded. Moreover, if K is normal in G, then we can assume that B is normal in 
G and K ∩ T ≤ Z3(T ) (see [2, Remark 2.7]).

We recall the following well-known criterion for nilpotency of a group. The result is 
due to P. Hall [9].

Theorem 4.1. Let N be a nilpotent normal subgroup of a group G such that N and G/N ′

are both nilpotent. Then G is nilpotent of class bounded in terms of the classes of N and 
G/N ′.

The following results are Lemma 2.2 and Lemma 2.4 in [14].

Lemma 4.2. Let G be a group and k, m positive integers.

(1) |γk(G)| ≤ m if and only if |γk(H)| ≤ m for any finitely generated subgroup H ≤ G.
(2) If G is residually finite, |γk(G)| ≤ m if and only if |γk(Q)| ≤ m for any finite 

quotient Q of G.

Lemma 4.3. Let G be a metabelian group and suppose that a, b ∈ G are l-Engel elements. 
If x ∈ 〈a, b〉, then x is (2l + 1)-Engel.

We say for short that a group A, acting on a group G by automorphisms, acts co-
primely on G if the orders of A and G are finite and coprime, that is, (|A|, |G|) = 1. The 
following lemma records a standard result on coprime action (see [1, (24.5)]).

Lemma 4.4. Let A be a finite group acting coprimely on a finite group G such that 
(|A|, |G|) = 1. Then [G, A, A] = [G, A].

Throughout the remaining part of the paper we assume the group G satisfies the 
(n, s)-covering condition with respect to the word γk:

Gγk
⊆ BS,

where B = Bn(G) = {x ∈ G : |xG| ≤ n} and S is a finite subset of G of size s.
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First, we prove that, under the above hypothesis, γ2k−1(G) has a subgroup T such 
that [γ2k−1(G) : T ] and |T ′| are both (k, n, s)-bounded.

Proof of Theorem 1.2 (1). We may assume 1 ∈ S. If s = 1, then the result holds by 
Theorem 1.2 in [4], since γk(G)′ turns out to have finite (n, k)-bounded order.

Assume s ≥ 2 and argue by induction on s. Suppose there is a commutator x ∈ Gγk

such that n < |xG| ≤ n2k . By the covering condition x ∈ Ba for some nontrivial a ∈ S. 
This implies that |aG| ≤ n2k+1. Then for any g ∈ Ba we have |gG| ≤ n2k+2. Hence we 
can remove a from S at the cost of increasing n to n2k+2 and then apply induction on 
s. Hence, we may assume B satisfies the stability condition (4):

Any γk-value x such that |xG| ≤ n2k

is contained in B.

Let H = 〈B〉. It follows from Lemma 3.2 that [H, G, . . . , G]′ has finite (k, n)-bounded 
order.

Now it is sufficient to prove that [H, G, . . . , G] has bounded index in γ2k−1(G).
Note that in G/H there are at most s values of the word γk. As γk is boundedly 

concise (see [7]), we deduce that γk(G/H) has finite bounded order. Therefore the index 
of H ∩ γk(G) in γk(G) is bounded.

Let G be the quotient group of G over [H, G, . . . , G]. The image H of H in G is 
contained in Zk−1(G). Here and throughout Zi(M) denotes the ith term of the upper 
central series of a group M . Since the index of H∩γk(G) in γk(G) is bounded, we deduce 
that Zk−1(G) ∩ γk(G) has bounded index in γk(G).

It follows from Theorem B in [6] that Z2k−1(G) has bounded index in G. Hence, we 
deduce from Baer’s theorem (see [13, 4.5.1]) that γ2(k−1)+1(G) has finite bounded order. 
Therefore [H, G, . . . , G] has bounded index in γ2k−1(G), as claimed, and the proof is 
complete. �

Now we proceed with the proof of the second part of Theorem 1.2. We need to show 
that G is nilpotent-of-bounded-class-by-bounded, with bounds depending only on s, n
and k.

Proof of Theorem 1.2 (2). By Theorem 1.1, we can assume that G is soluble of bounded 
derived length.

By induction on the derived length, G′ has a nilpotent subgroup A of bounded index 
and class. In view of [10] we can assume that A is characteristic in G′. It follows that 
A is normal in G. If A′ 	= 1 then by induction on the class of A there is a nilpotent 
subgroup of G/A′ of bounded index and class. By Hall’s criterion we are done in this 
case, so we may assume that A is abelian. Since G′/A is bounded, we may replace G
with a bounded-index subgroup whose image in G/A has class at most 2. Thus, without 
loss of generality we assume that G is abelian-by-class-2. By another classical result of 
Hall, any abelian-by-nilpotent group is locally residually finite (see [13, 15.4.1]). Thus, 
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by Lemma 4.2, it is sufficient to prove the result for finite quotients of finitely generated 
subgroups of G. Therefore without loss of generality we may assume that G is finite and 
γ3(G) is abelian.

Assume first that G is metabelian. Let N = G′. Set

G = G× · · · ×G (k − 1 factors).

If g = (g1, . . . , gk−1) ∈ G, let Ng = [N, g1, . . . , gk−1]. As N is abelian, the map a 
→
[a, g1, . . . , gk−1] is a homomorphism N → Ng, thus the subgroup Ng consists of γk-values, 
hence Ng ⊆ BS.

Suppose that [a1, g1, . . . , gk−1], [a2, g1, . . . , gk−1] ∈ Bx for some a1, a2 ∈ N and x ∈ S. 
Then

[a1a
−1
2 , g1, . . . , gk−1] = [a1, g1, . . . , gk−1][a2, g1, . . . , gk−1]−1 ∈ B2.

As |S| ≤ s, it follows that

Pra∈N ([a, g1, . . . , gk−1] ∈ B2) ≥ 1/s,

so

Pra∈N h∈G([a, g1, . . . , gk−1, h] = 1) ≥ 1
sn2 ,

that is, Pr(Ng, G) ≥ 1
sn2 . As N = G′ is abelian and ggi ∈ Ngi for each g ∈ G and for each 

i, it follows that Ng is a normal subgroup of G. By Proposition 1.2 and Remarks 2.6 -
2.7 in [2] there are two normal subgroups Tg and Bg ≤ Ng such that the indices [G : Tg]
and [Ng : Bg] and the order of [Tg, Bg] are (n, s)-bounded. Moreover, the subgroup Tg

can be chosen in such a way that Ng ∩ Tg ≤ Z3(Tg).
We now will handle the particular case where G is a metabelian p-group.
As [Tg, Bg] is a normal subgroup of n-bounded order, it follows that there is an n-

bounded number e such that Ze(G) contains [Tg, Bg] for every g ∈ G. Pass to the 
quotient G/Ze(G) and assume that [Tg, Bg] = 1 for any g ∈ G.

We now prove the following claim:

(*) Suppose that G is l-Engel for some l ≥ 1. Then G is nilpotent of (k, l, n)-bounded 
class.

Since G/Tg has bounded order, G = 〈x1, . . . , xr, Tg〉 for some elements x1, . . . , xr ∈ G

and bounded r. Moreover G is metabelian and l-Engel, so N〈xi〉 has class at most l for 
each i, and therefore N〈x1, . . . , xr〉 has nilpotency class at most lr by Fitting’s theorem. 
In particular Bg〈x1, . . . , xr〉 has bounded class. It follows from [Tg, Bg] = 1 that Bg is 
contained in Zj(G) for some bounded number j. Moreover Ng/Bg has bounded order, 
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so Ng is contained in Zj′(G) for some bounded number j′. Thus [N, g1, . . . , gk−1] is 
contained in Zj′(G) for all g1, . . . , gk−1 ∈ G. As N = G′, we conclude that γk+1(G) ≤
Zj′(G) and so G is nilpotent of class at most k + j′. Hence, the claim follows.

Thus, it suffices to find a bounded-index subgroup of G which is l-Engel for some 
bounded l. We will use the notation [x, iy] to denote the long commutator [x, y, . . . , y], 
where y is repeated i times.

If g ∈ G, for short we will write

g̃ = (g, . . . , g) ∈ G,

so Ng̃ = [N, k−1g]. Since Ng̃/Bg̃ is a p-group of bounded order, there is a bounded 
number f such that

[Ng̃, fg] = [N, k−1+fg] ≤ Bg̃

for all g ∈ G. For g ∈ G and i ≥ k− 1 write Bi,g for [Bg̃, i−k+1 g]. As Bg̃ ≤ N is abelian 
and gy ∈ Ng for each y ∈ G, it follows that Bi,g is normal in G. Put Ci,g = CG(Big). 
Let βi be the maximal index of Ci,g, where g ranges over G. Since [Tg̃, Bg̃] = 1, it follows 
that βk−1 is (|S|, n)-bounded. It is clear that βk−1 ≥ βk ≥ βk+1 ≥ · · · , thus there is a 
bounded number u such that k − 1 ≤ u and βu = β2u+f+k−1.

Choose g ∈ G such that Cu,g = C2u+f+k−1,g is of index βu in G. We have Cu,g = Cj,g

for j = u, u + 1, . . . , 2u + f + k − 1. Let h ∈ Cu,g. Note that

B2u+f+k−1,g = [Bu,g, u+f+k−1g] = [Bu,g, u+f+k−1 (gh)]

≤ [N, u+f+k−1 (gh)] ≤ [Bg̃h, u (gh)]

≤ Bu,gh.

So Cu,gh ≤ C2uf+k−1,g = Cu,g. Since βu is maximal and since h was chosen in Cu,g

arbitrarily, we are forced to conclude that

Cu,g = Cu,gh whenever h ∈ Cu,g.

Set Cu,g = C0 and note that C0 centralizes Bu,gh for any h ∈ C0.
Obviously, C0 is a normal subgroup of index βu in G. Let G = G/Z(C0). Since Z(C0)

contains Bu,gh = [Bg̃h, u−k+1 (gh)] and also [N, k−1+f (gh)] ≤ Bg̃h we conclude that gh
is (u + f + 1)-Engel in G for any h ∈ C0. We deduce from Lemma 4.3 that C0 is l-Engel 
for l = 2u + 2f + 3. Now it follows from the above claim (∗) that C0 is nilpotent of 
bounded class and so in the case where G is a metabelian p-group the result follows.

Now we deal with the particular case where G/N is an abelian p-group while N is a 
p′-group.

Since Ng ∩ Tg ≤ Z3(Tg), we have that [[Ng, Tg], Tg, Tg, Tg] = 1. It follows from 
Lemma 4.4 that Tg centralizes Ng.
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So we simply assume that Bg = Ng and Tg = CG(Ng). Note that if g ∈ G and 
g = (g, . . . , g) ∈ G, then Ng = [N, g] so in what follows we write Ng in place of Ng and 
Tg in place of Tg.

Choose g ∈ G such that the index [G : Tg] is maximal. Let h ∈ Tg. Because of 
Lemma 4.4 we have

Ng = [Ng, g] = [Ng, gh] ≤ Ngh.

It follows that Tgh ≤ Tg for any h ∈ Tg. Since [G : Tg] is maximal, deduce that Tgh = Tg

for any h ∈ Tg. So Tg centralizes both Ng and Ngh. It is easy to see that Nh ≤ NgNgh, 
so Tg centralizes Nh. This holds for every h ∈ Tg and so [N, Tg, Tg] = 1. In view of 
Lemma 4.4 deduce that [N, Tg] = 1. Therefore Tg is nilpotent of class at most 2 and this 
proves the theorem in the coprime metabelian case.

We now handle the case where G is metabelian without making any assumptions on 
the order of N and G/N . Let e = n!. As G acts on B by conjugation and each orbit 
has size at most n, it follows that Ge centralizes B. So 〈B〉 ∩Ge ≤ Z(Ge). The covering 
condition implies that the number of γk-values in the group Ge/Z(Ge) is at most s. 
Taking into account that γk is a boundedly concise word it follows that γk (Ge/Z(Ge))
has bounded order, and its centralizer in Ge is a bounded-index subgroup of nilpotency 
class at most k + 1. For each prime p ≤ n let Gp be the preimage in G of the Sylow 
p-subgroup of G/N . For p > n, the Sylow p-subgroups of G are contained in Ge. Hence 
G = Ge

∏
p≤n Gp. Therefore by Fitting’s theorem it suffices to prove the result for 

G = Gp. Thus we may assume that G/N is a p-group. Let P be a Sylow p-subgroup 
of G. Then G = NP . By the result on p-groups, we can replace P with a subgroup 
of bounded index and bounded class, so without loss of generality we assume that P
has (k, n)-bounded class c, say. It follows that [P ∩N, cG] = 1 and so P ∩N ≤ Zc(G). 
Factoring out Zc(G), we may thus assume that N is a p′-group. By the result in the 
coprime case we are done.

We now drop the assumption that G is metabelian and consider the general case. As 
γ3(G) is abelian, G′ is metabelian. Therefore, by the above, G′ has a nilpotent subgroup A
of bounded index and bounded class. In view of [10] we can assume that A is characteristic 
in G′ and in particular normal in G. Applying Theorem 4.1 we reduce to the case where 
A is abelian.

If A = G′, then G is metabelian and the result holds. We therefore assume that 
A < G′. Further, replacing G by CG(G′/A) we assume that G/A is nilpotent of class at 
most 2. In particular, γ2(G′) ≤ A. Fix a set X of size at most |G′/A| such that G′ is 
generated by A and X. Set

X = X × · · · ×X (k − 1 factors).

If x = (x1, . . . , xk−1) ∈ X, the subgroup Ax = [A, x1, . . . , xk−1] consists of γk-values. 
Hence, arguing as above, we deduce that Pr(Ax, G) ≥ 1

2 . As G centralizes G′/A, we 
sn
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have that xg
i ∈ Axi for each i, and because of the fact that A is a normal abelian subgroup 

of G it follows that Ax is normal in G. By [2, Remark 2.7] there is a normal subgroup 
Tx and a normal subgroup Bx ≤ Ax such that the indices [G : Tx] and [Ax : Bx] are 
(s, n)-bounded and Tx ∩Ax ≤ Z3(Tx). Set

H =
⋂
x∈X

Tx.

Since |X| ≤ |G′/A|k−1, observe that the index of H in G is bounded. Therefore it is 
sufficient to show that H has a nilpotent subgroup of bounded index and bounded class. 
Note that Ax∩H ≤ Z3(H) for any x ∈ X. Since γ2(G′) ≤ A, we have γ2(H ′) ≤ A ∩H ′ ≤
G′ = A〈X〉. Thus every γ2+k−1-value of H ′ can be written as a product of elements each 
of whom belongs to Ax ≤ Z3(H), for some x ∈ X. Therefore γ2+k−1+3(H ′) = 1 and 
H ′ is nilpotent of class at most k + 3. An application of Hall’s Theorem 4.1 reduces the 
problem to the case where H ′ is abelian. We already know that for metabelian groups 
the theorem holds. This completes the proof of Theorem 1.2. �
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