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We prove that the cohomology classes of the moduli spaces of residueless meromorphic differentials,
ie the closures, in the moduli space of stable curves, of the loci of smooth curves whose marked points are
the zeros and poles of prescribed orders of a meromorphic differential with vanishing residues, form a
partial cohomological field theory (CohFT) of infinite rank. To this partial CohFT we apply the double
ramification hierarchy construction to produce a Hamiltonian system of evolutionary PDEs. We prove
that its reduction to the case of differentials with exactly two zeros and any number of poles coincides
with the KP hierarchy up to a change of variables.
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Introduction

In recent years several constructions of moduli spaces of meromorphic differentials on smooth Riemann
surfaces, where both the differential and the curve are allowed to vary, have appeared in the literature. In
particular, Bainbridge, Chen, Gendron, Grushevsky and Moller [4; 5] and Sauvaget [25] constructed, with
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2794 Alexandr Buryak, Paolo Rossi and Dimitri Zvonkine

different techniques, smooth Deligne—Mumford moduli stacks parametrizing families of stable curves of
genus g and with # markings, together with a meromorphic differential with poles and zeros of prescribed
orders ay,...,an € Z with Y 7_, a; = 2g — 2 on their n marked points, and studied their geometry and
topology. Such families have a natural univocal definition as long as the underlying curve is smooth,
in which case their moduli stack, up to projectivization with respect to the multiplicative C*-action
on the differential, can be seen as a substack #g(a;,...,ay) inside g . The above constructions
provide different compactifications and all possess natural forgetful maps to the moduli space of stable
curves Mg,,, with respect to which their image, which is pure dimensional, but in general not irreducible,
is simply the closure ?_€g (ai,...,an) of Hg(ay,...,ay) inside Mg,n. This is in contrast, for instance,
with Farkas and Pandharipande [18], who construct a closed pure-dimensional substack %g (ai,...,an)
of JlTLg,n as a proper moduli space of twisted canonical divisors containing g (ay,...,a,) as an open
subset, but having in general irreducible components that do not lie in ?_Cg (ay,...,ap). In the strictly
meromorphic case, ie when there exists an a; < 0, the moduli space %g (ai,...,ay) carries a natural
weighted fundamental class Hg (a1, ..., ay), which was shown in Bae, Holmes, Pandharipande, Schmitt
and Schwarz [3] to equal Pixton’s 1-twisted double ramification (DR) cycle DR;, (aq,...,an), defined in
Janda, Pandharipande, Pixton and Zvonkine [21] as an explicit sum over stable graphs of tautological
classes.

While Pixton’s formula is expected to provide the weighted fundamental classes Hg (a1, ..., a,) with
the structure of an infinite rank partial cohomological field theory (CohFT), as already proven for the
(untwisted) DR cycle in Buryak and Rossi [12] (see also their paper [11]), we cannot expect the same
from the fundamental classes of g (ay, ..., ay,), simply for dimensional reasons, as #g (a1, ..., a,) has
codimension g — 1 inside J(TLg,n in the holomorphic case, and codimension g otherwise. The situation
however improves if we demand that all residues of the meromorphic differentials vanish. The correspond-
ing moduli stacks and compactifications were constructed in Sauvaget [25] and Costantini, Moller and
Zachhuber [14], and the corresponding substack of J(7Lg,n is denoted by ?Tfrges(al, ...,dy). Its codimension
isg—1+ Nag,y» where Na,; denotes the number of poles.

Our first result is that the fundamental classes of ?Tfrges(al, ...,dap), witha; #—1forall 1 <i <n, do
indeed form an infinite-rank partial CohFT. We show this in Section 1, after introducing the necessary
geometric notions and results from the aforementioned papers.

At this point the possibility of employing integrable systems techniques to study the intersection theory
of ?_61;5 (ai,...,ay) arises. In Section 2 we define the corresponding DR hierarchy and prove some of its
properties, including homogeneity with respect to the appropriate grading.

Finally, our main result is found in Section 3, where we prove that a reduction of the DR hierarchy
corresponding to moduli spaces of meromorphic differentials with exactly two zeros and any number
of poles with no residues coincides with the celebrated Kadomtsev—Petviashvili (KP) hierarchy up to a
Miura transformation.
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The precise identification of the aforementioned reduction of the DR hierarchy for residueless meromorphic
differentials with the KP hierarchy constructed via Lax operators is achieved thanks to a reconstruction
theorem, also proved in Section 3, which is of independent interest: the KP hierarchy can be uniquely
reconstructed, using the properties of commutativity of the flows, homogeneity, tau-symmetry and
compatibility with spatial translations, from exactly three coefficients in each component of the first
nontrivial flow together with the linear terms in the dispersionless limit of all other flows.

Natural future developments include the identification of the full DR hierarchy for the spaces of residueless
meromorphic differentials and the investigation of the Dubrovin—Zhang [16] side of the correspondence
of this partial cohomological field theory with integrable systems, guided by the DR/DZ equivalence
conjecture (see Buryak [6] and Buryak, Dubrovin, Guéré and Rossi [7]), which predicts that the KP
hierarchy and its parent hierarchy for differentials with any number of zeros should compute all intersection
numbers of ?ng,es(al, ..., dn) with any monomial in the psi classes. This is material for future work.

Notation and conventions
e Throughout the text we use the Einstein summation convention for repeated upper and lower Greek
indices.

e When it doesn’t lead to confusion, we use the symbol * to indicate any value, in the appropriate
range, of a sub- or superscript.

 For a topological space X, let H*(X') denote the cohomology ring of X with coefficients in C.

e Forn=>0,let[n]:={1,...,n}.

Acknowledgements The work of Buryak (Sections 3.3 and 3.4) is supported by the Russian Science
Foundation (project 20-71-10110), which funds his work at PG Demidov Yaroslavl State University.
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We would like to thank Matteo Costantini, Adrien Sauvaget and Johannes Schmitt for useful discussions
and guidance on the literature on moduli spaces of meromorphic differentials. We would also like to
thank Michael Finkelberg for valuable comments related to the proof of Proposition 1.8.

1 Moduli spaces of meromorphic differentials with residue conditions

For two nonnegative integers g, 7 such that 2g —2 +n > 0, let .y , be the moduli space of stable
curves of genus g with n marked points, .lg , its open locus of smooth curves, and .A/L‘fg"n the partial
compactification of Jlg , by curves of compact type, ie stable curves whose dual stable graph is a tree.
Naturally, Mg, C M, C Mg,p.

Geometry & Topology, Volume 28 (2024)
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1.1 Meromorphic differentials with residue conditions

For integers g, n,m,k > 0 such that 2g —2+n+m +k > 0, fix integers ay,...,a, > 0,by,..., by > 1
and cy,...,cr > 2. The space of projectivized meromorphic differentials with vanishing residues at the
last k& points is the subset

Hg(ay,....an,—by,...,~bpm;i—ci,....,—ck) C Mg pym+k
of smooth marked curves [C; X1, ..., X,+m+k] on which there exists a meromorphic differential @ whose
associated divisoris (0) = Y7 _, Clej—Z_;nzl bjxn+j—2§=l CjXnt+m+j and such thatresy, ., - @ =0
for 1 < j < k. We denote its closure in Mg ;4 m+k bY

%g(al, e ,an, _bl, ey _bm; _Cl, ceey _Ck) C l/‘/l/g,n_i_m_l’_k.
?_ﬁg (ai,...,an,—bq,...,—bm;—c1,...,—cy) is a closed substack of JITLg’n+m+k of codimension g + k if
m > 1, and of codimension g —1+k if m = 0. Itis empty unless )7 _; a; =) 7, b; —Z;;l cj=2g-2.
Notice that if m = 1 and [C;xy,..., X4 14k]) € Hg(ay, ..., an,—b1;—cy, ..., —ck), then the residue
theorem implies that the meromorphic differential w on C satisfies resy, , ; @ = 0 and hence

Hel(ay,...,an,—b1;—cy1,....,—cp) =Hg(ay,...,an;=b1,—c1,...,—Ck),

so the case m = 1 effectively reduces to m = 0.

In the £ = 0 and m = 0 cases, the notation can be simplified as follows.

Definition 1.1 Given aq,...,a, € Z, let us introduce the following notation:

(1) Denote by ¥g(ay,...,a,) C Mg, the space of projectivized meromorphic differentials, ie the
locus in Jlg , of smooth curves [C; x, ..., X,] on which there exists a meromorphic differential @
whose associated divisor is (w) = Z}l=1 a;xi. Denote moreover by ?_fg (ai,...,ay) its closure
in Mg p.

(2) Similarly, denote by #g°(ay, ..., an) C Mg,n the space of projectivized meromorphic differentials
with everywhere vanishing residues, ie the locus in .ilg , of smooth curves [C;Xxq,...,Xy] on

n

_ J=1-

whose residues vanish at all poles. Denote moreover by #*(ay, . . ., ay) its closure in g,

which there exists a meromorphic differential @ whose associated divisor is (w) = Y ;_; a;x; and

Notice that ?_Crges(al, ...,ay) is empty if a; = —1 for some 1 <i < n and unless ZLI a; =2g—2.
For an index set I of finite cardinality || > 0 and an | |-tuple of integers a; = (a;)ies € Z!, let
Ng, :=|{i € I| a; < 0}| be the number of negative entries of ay. Then

(1-1) codim ¥ (ay., . ... an) = g — 1 + N

We call the homology class [%rges (ay,...,an)] € Hz(zg_2+n_Na[n])(l/l7Lg,n) the cycle of residueless mero-
morphic differentials and, by abuse of language, we will use the same name and notation for its Poincaré
dual cohomology class [%?S(al, ...,ap)] € Hz(g_HN”[n])(Mg,n).

Geometry & Topology, Volume 28 (2024)
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Remark 1.2 1In the strictly meromorphic case, ie when there exists an i € [r] such that ¢; < 0, a closed
substack %g (ay,...,ap) C J(TLg,n containing ?_€g (ay,...,an) was constructed in [18] as a proper moduli
space of twisted canonical divisors, carrying a natural weighted fundamental class Hg (a1, ... ,a,) €
H?¢ (J(7Lg,n). As proven in [3], Hg(ay, ..., a,) equals Pixton’s 1-twisted double ramification (DR) cycle
DR;, (ai,...,an), which is defined in [21] as an explicit sum over stable graphs of tautological classes.

1.2 Multiscale differentials with residue conditions

Let us briefly review the definition and properties of the moduli space ?sz,es(al, ..., dap) from the point of
view of multiscale differentials with residue conditions as treated in [14].

In [14, Sections 3 and 4.1] (see also [5, Section 2]) the authors identify the space %rges(al, ...,dp) with
the corresponding stratum Bg*(ay, ..., dn) inside the projectivized twisted Hodge bundle
P (n*a)(— Z a,-x,-)),
i€[n]la; <0

where w is the relative dualizing sheaf of the universal curve over Jlg ,, via its projection to Jlg, . Then
they construct a proper smooth Deligne-Mumford stack E?S(al, ..., ap) containing Bg*(ay, ..., an) as
an open dense substack whose complement is a normal crossing divisor. The stack Bg*(ay,...,an) is a
moduli stack for families of equivalence classes of multiscale differentials with residue conditions. Let us
recall their definition.

In what follows, given a stable curve C with associated stable graph I'c, we will denote its irreducible
components by C, for v € V(I'c) and we will use the same notation for the marked points of C and the
corresponding legs of the associated stable graph I'c, for nodes of C and the corresponding edges of I'c,
and for branches of nodes on irreducible components C, of C and the corresponding half-edges of I'c.
Given a leg x; € L(I'¢) or a half-edge & € H(I'¢), we denote by v(x;) or v(h) the vertex to which they
are attached.

Firstly, an enhanced level graph is a stable graph I' of genus g with a set L(I") of n marked legs together
with:

(1) A total preorder! on the set V(I') of vertices. We describe this preorder by a surjective level
function £: V(') — {0, —1,...,—L}. An edge is called horizontal if it is attached to vertices on
the same level and vertical otherwise.

(2) A function «: E(I") — Z>( assigning a nonnegative integer k. to each edge e € E(I"), such that
ke = 0 if and only if e is horizontal.

1A preorder relation < is reflexive and transitive, but x < y and y < x do not necessarily imply x = y.

Geometry & Topology, Volume 28 (2024)
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For every level 0 < j < —L, let C(;) be the (possibly disconnected) stable curve obtained from C by
removing all irreducible components whose level is not j, and let C ;) be the (possibly disconnected)
stable curve obtained from C by removing all irreducible components whose level is smaller than or
equal to ;.

Secondly, given a meromorphic differential @ on a smooth curve C and a point p € C, if w has order
ord, w = a # —1 at p, then for a local coordinate z in a neighborhood of p such that z(p) = 0 we have,
locally, @ = (cz% + O(z%T1)) dz for some ¢ € C*. Then the k = |a + 1| roots ¢ such that {41 = ¢!
determine k projectivized vectors £ d/9z|,€ TpC /R~ (if a = 0) or = 9/0z|,€ TpC /R>o (if a < —1)
which are called outgoing or incoming prongs of w, respectively. The set of outgoing (resp. incoming)
prongs at p is denoted by PI‘,’llt (resp. P;,“).

Thirdly, a multiscale differential of profile (ay, . ..,an) € Z", with Y i_, a; = 2g —2, on a stable curve C
of genus g with n marked points x1, ..., x, and with zero residues at xq, ..., x, € C consists of:

(1) A structure of enhanced level graph (I'c, £, ) on the dual graph I'c of C (where a node is said to
be vertical or horizontal if the corresponding edge is).

(2) A collection of meromorphic differentials w,, one on each irreducible component C, of C
for v € V(I'¢), holomorphic and nonvanishing outside of marked points and nodes, such that
the following conditions are satisfied:

(1) For1 <i <n, ordy; wy(x;) = di.
(i) For 1 <i <n, resy; wy(x;) = 0.

(iii) If g; € Cy, and g, € Cy, with vy, vy € V(I'¢) form a node e € E(I'c), then
ordg, wy, +ordg, wy, = —2.

(iv) If g3 € Cy, and g5 € Cy, wWith vy, v5 € V(I'c) form a node e € E(I'¢), then £(v) > £(vy) if
and only if ord,, wy, > —1. Together with the previous property, this implies that £(v) = £(v3)
if and only if ordg, wy, = —1.

(v) Ifgy € Cy, and g5 € Cy, with vy, v, € V(I'¢) form a horizontal node e € E(I'c) (ie k. = 0),
then

(1-2) reSy, Wy, +1eSq, wy, = 0.

(vi) For every level —1 < j < —L of I'c and for every connected component ¥ of C ),

(1-3) D resg- wy(g) =0,
qeYNCyj)

where gT €Y and ¢~ € C(j) form the vertical node ¢ € Y N C(jy.

(3) A cyclic order-reversing bijection oy : P“Lr — P for each vertical node ¢ formed by identifying
q q .
g™ on the upper level with ¢~ on the lower level, where k; = |P(‘;5r| = [PY].

Geometry & Topology, Volume 28 (2024)
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Remark 1.3 Using notation from [14, Section 4.1], condition (2)(vi) is a reformulation of the $R—global
residue condition in the particular case when A is the partition of H), in one-element subsets and Agpy = A.

Lastly, there is an action of the universal cover of the torus CL — (C*)L on multiscale residueless
differentials by rescaling the differentials with strictly negative levels and rotating the prong matchings
between levels accordingly, producing fractional Dehn twists. The stabilizer of this action is called the
twist group of the enhanced level graph and denoted by Twr. Two multiscale residueless differentials
are defined to be equivalent if they differ by the action of Tt := CL/Twr. By further quotienting by
the action of C*-rescaling the differentials on all levels and leaving all prong-matchings untouched, we
obtain equivalence classes of projectivized multiscale residueless differentials.

As a special case of [14, Proposition 4.2] (corresponding to the choice of R described in Remark 1.3),
we have the following result.

Proposition 1.4 [14] (1) Given ay,...,a, € Z, there is a proper smooth Deligne—Mumford stack
Eg,es(al, ..., dp) containing Bg*(ay, ..., an) as an open dense substack whose complement is a
normal crossing divisor. Bg*(ay, ..., an) is a moduli stack for families of equivalence classes of

projectivized multiscale residueless differentials. Its dimension is
dimErgeS(al, coonlp) =28 —24n— Ngy,.

(2) We denote the closure of the stratum parametrizing multiscale differentials whose enhanced level
graph is (I, £, k) by D 4 «) or simply by Dr. Then Dr is a proper smooth closed substack of
E?S(al, ..., dan) of codimension

codimDr =h+ L,
where h is the number of horizontal edges in (I', £, k) and L + 1 is the number of levels.
There is a forgetful map p: Erges(al, coydp) —> JITLg,,, associating to a projectivized multiscale differential

on a stable curve C the stable curve itself. It restricts to an isomorphism of Deligne-Mumford stacks
p: B;,es(al B %?S(al ,...,ay) C Mg, and, clearly,

[9g*(@1.....an)] = p+[Bg*(ar. ... an)].

We will use the above description of the boundary stratification of E?S (ay,...,ap) to understand the
intersection of [%fges (ay,...,an)] with the boundary stratum of stable curves with one separating node.

1.3 The class [9‘_62“‘ (ay,...,ay,)] as a partial cohomological field theory

Recall the following generalization from Liu, Ruan and Zhang [23] of the notion of cohomological field
theory (CohFT) from Kontsevich and Manin [22].
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Definition 1.5 A partial CohFT is a system of linear maps cg ,: V&" — Heven (./Vtg,n), for all pairs of
nonnegative integers (g, n) in the stable range 2¢g — 2 +n > 0, where V' is an arbitrary finite dimensional
C-vector space, called the phase space, together with a special element e1 € V, called the unit, and
* 2
)®

a symmetric nondegenerate bilinear form n € (V , called the metric, such that, chosen any basis

{eq}aca of V, where |A]| = dim V, the following axioms are satisfied:

(i) The maps cg,, are equivariant with respect to the Sy—action permuting the n copies of V in V ®"

and the n marked points in Jlg 5, respectively.

(i) One has n*cg,n(®;’=1 eai) = Cgn+t1 (®?=1 eq; ® el) for ay,...,a, € A, where 7 : Img,nﬂ —
Mg, is the map that forgets the last marked point. Moreover, ¢ 3(eq ®eg®e1) =n(eq®eg) =:1qp
for a, B € A, where we identify H* (Mo 3) = H*(pt) = C.

(iii) One has gl*cg,+g,.n,+n, (®?:1 eai) = Cgr,ni+1 (®ie] Ca; @ elL)n'qugzsnz-H (®je] a; ® ev)
for2g;—1+n; >0,2g,—14+n,>0and ay,...,an € A, where IUJ =[n], |I| =ny, |J| =n,
and gl: Mg, +1 X Mgy np+1 —> Mg, +gs.1,+n, i the corresponding gluing map, and where 7%
is defined by n*#n,,g = 8%‘ for o, B € A.

Definition 1.6 A CohFT is a partial CohFT cg ,: V®" — H®"(l, ) such that the following extra
axiom is satisfied:

(iv) One has gl*ce4 1. (Q7—; €a;) = Cont2(Ri—; ea; ®ep ®ey)n*”, where gl: Mg 42 — Mgt1,
is the gluing map, which increases the genus by identifying the last two marked points.

Definition 1.7 A partial CohFT cg,: V" — H®"(lg ,) is called homogeneous if V is a graded
vector space with a homogeneous basis {eq }qe 4, With ¢4 := deg ey, the metric  on V, seen as the map
n: V®2 - C, is homogeneous with § := —deg n, dege1 = 0 and complex constants ® for « € 4 and y
exist such that the following condition is satisfied:

n n

n n
(1-4)  Deg Cg,n(®€a,~) + TxCgnt1 (®eai R r"‘ea) = (ani + yg—S)cg,n(®ea,.),

i=1 i=1 i=1 =1

where Deg: H*(Jag,,,) — H* (/Vtg,n) is the operator that acts on H’ (Mg,n) by multiplication by i /2, and
7 ./17tg’,,+1 — ATLg,n forgets the last marked point. The constant y is called the conformal dimension of
our partial CohFT.

When a homogeneous partial CohFT is a CohFT, the loop axiom enforces the condition y = §.

As remarked in [11, Section 3], a sufficient condition for the definition of a partial CohFT to make sense
when V' is countably generated, say V := span({ey }qcz), ic A = Z in the above definition, is that the
set {an € Z|cg.n(Qi—; €a;) # 0} is finite for every g, n in the stable range and o1, ..., 0,1 € Z, and
that 7y has a unique two-sided inverse n“ﬂ.

Let us introduce the notation Z* :=7Z \ {—1}.
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Proposition 1.8 Let V := span({ey}qecz*) and let n be the nondegenerate symmetric bilinear form
onV given by 148 = 1(eq ® €g) := 8q4-p,—2. The classes cg p: yen Heve“(ﬂg,n) with g, n > 0 and
2g —2+n > 0, defined by

(1‘5) Cg!n(eal ®"'®ean) = [%I;s(al,,an)] € HZ(g_l—i_Na[n])(Mg’n) fOI‘ al,...,an EZ*,

form an infinite-rank homogeneous partial CohFT with unit ey, metric n and, with the notation of
Definition 1.7,

¢ go=0ifa>0,and gu =1 if ¢ < -2,
e y¥*=0forallx € Z*,

Proof For fixed g, n in the stable range and o1, . ., aty—1 € Z*, the set {ap € Z* | ¢g n(Q7—; €a;) 7 0}
is indeed finite (actually composed of one element) thanks to the fact that [?_62,“ (a1, ...,0)] = 0 unless

> o = 2g — 2. Further, Nap = Sa+p,—2 has a unique two-sided inverse, namely — SatB,—2-
Sy—equivariance of the linear maps cg 5 is clear from the definition.

On the marked curve (CIP'; 0, 0o, 1), a (unique up to a multiplicative constant) meromorphic differential,
whose divisor is «[0] + f[oo] + 0[1] if B = —a — 2, exists and is given by @ = z% dz, which shows that
co,3(eq ®eg®ep) =08y p,—>. Let us compute cg 541 (®?=1 eq; ®eo) when 2g —2+n > (. Consider the
lift 7 Erges(al, e, Oy, O)—>§rge5(a1, ..o,y of :ﬂg’,,_;_l — Mg.n throughnggfs(al, N B T
Since Bfg,es (o1, ..., ap,0) is the moduli stack of projectivized multiscale differentials where the last marked
point is unconstrained (neither a zero nor a pole), we have that 7 is faithfully flat. Consider then the
fiber product X of l_?rges (a1,...,ap) and JITLg’nH over ./17Lg5,,, denoting the two projections by a and b,
respectively. Since m is faithfully flat and p is proper, then «a is faithfully flat and b is proper and we have
¥ px = bxa™ in the Chow group. Moreover the maps 7 and p induce a proper birational morphism
I E?S((xl, ee e, 0y, 0) > X with p =bf and 7 = af. Now, always working in the Chow group, we
have T*[Bg* (a1, ..., 0n)] = [BZ* (1, . . ., an, 0)] and a*[BF* (et . . ., &tn)] = [X] by faithful flatness of
7 and a, while fi[BZ* (a1, ..., an, 0)] = [X] by birationality of /. Then we conclude that

n
Cgn+1 (@eai ®eo) = p*[E?S(al, o0y, 0)] = p*ﬁ*[E?S(al, e 0y)]

i=1
= b*f*ﬁ*[éz,es(al, )] = b*a*[E?s(ozl, )]

n
= ”*p*[E?S(al, )] = 7T*Cg,n(®€a,~)

i=1

in Chow and hence in cohomology.
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Next, we are interested in 0*cg 5 (®:‘l=1 eai), where o: Jl7tgl,|1|+1 X Mg2’|J|+1 — Jl7tg,n is the natural
boundary map with g; + g, = g and I U J = [r]. As explained in Proposition 1.4, the preimage
p! (0(./17Lg1,|1|+1 X Mgz,lllﬂ)) is a normal crossing divisor of E?S(al, ..., 0y), which is the union of
strata of the form Dr with I' being an enhanced level graph whose underlying stable graph is (possibly
a degeneration of) the connected graph with two vertices and one edge describing the aforementioned
gluing map o': Jagl,mﬂ X Mgz,\JHl — Mg,n. As prescribed by Proposition 1.4(2), in order for Dr to
be a divisor inside E?S(al, ...,0y), ' has to be either a one-level connected graph with two vertices
and one horizontal edge, a two-level connected graph with one vertex per level, one vertical edge and no
horizontal edges, or a two-level connected graph with at least two vertices on at least one of the levels
and no horizontal edges.

In the first case, Dr is actually empty: horizontal nodes correspond to simple poles and these are forbidden
by the residue theorem, since all other poles are at marked points, where residues are set to zero.

In the third case, the stratum Dr projects to a stratum of ?Tfrges(ozl, ..., 0y) of codimension at least 2
because the fibers of p|p.. are of dimension at least 1 (given a multiscale differential whose underlying
level graph has at least two vertices on the same level not connected by horizontal nodes, one can always
rescale the meromorphic differential on one vertex relative to the ones on vertices of the same level
without changing the underlying stable curve).

In the second case, notice that if Dr # &, then for the only edge e € E(I") identifying the two points
g~ € C_yy and gt € C(p), we have k, = }2g1 —1-=> s oz,-} = |2g2 —1 =2 ey Otj‘ # 0 and
resg— wy(g—) = 0, and moreover 2g; — 1 — ) ;. o; is positive if and only if the vertex of T" of level 0
is incident to the legs marked by /. Since T = C* in this case, this shows that there is a morphism
o: Ez,ef(oq, 281 =2 icr ozi) X E?;(Ol], 28, —2— Zje] ozj) — Eg,es(ocl, ..., ap) lifting o, which is
an isomorphism onto its image Dr, and therefore

o_l(?_ﬁr;s(al, cap)) = ?_ﬁz,ef(al,Zgl —2—20{,-) X%?;(O{J,zgz —Z—Zaj).
iel jeJ

The above considerations show that, writing k :=2g; —1 — Zie 7 @i, we have

i=1

n .
0 if k =0,
O—*Cg’n(®eal) == { .
meg 1+1( & e ®ex—1)cgy 41| & €a; ®e——1) if K #0,
iel jeJ
and the fact that 7 = 1 in the second case is equivalent to the fact that the intersection of ?_Cg,es (oq,...,0p)

with the image of o along ?_nfrgels (ar,c—1)x ?_62,"25 (ay, —K — 1) is generically transversal.

Denote by S; and S, the smooth parts of ?f’_nffg,ef (¢y, 6 —1) and ‘9’_62,62“ (o, —K — 1), respectively. Write
S = %7_61;5 (aeq,...,ay) for brevity. Let us show that the intersection of S with the image of ¢ is transversal
along S x S5.
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Pick points p; € S1 and p, € S,. Denote by p € JlTLg,n the point o(p1, p2). By the smoothness of
stratum S'7, we can choose local coordinates U; x V; on Mgl,l I1]+1 in the neighborhood of p; such that
S1 = Uy x{0}. We choose local coordinates U, X V5 in the neighborhood of p; in Mg2,| J|+1 in the same
way. Denote by A C C the unit disc. We claim that we can choose local coordinates Uy x Vi x Uy X V5 X A
on Jl7tg,,, in the neighborhood of p so that the stratum S is Uy x {0} x U, x {0} x A and the image of ¢ is
Uy x V1 x Uy x V5 x {0}. The transversality of the intersection is then obvious. So let us describe the
choice of local coordinates.

Every curve Cy in U; x{0} carries a residueless meromorphic differential. It is unique up to a multiplicative
constant. Choose this constant in some way over U; and denote the meromorphic differential by «.
Similarly, denote by B the meromorphic differential on a curve C, of U, x {0}. At the marked points to be
glued into a node there is a local coordinate z on Cy and w on C; such that & = d(z¥) and 8 = d(w™%).
The choice of such local coordinates is unique up to the multiplication by a kth root of unity; we fix one
uniform choice over all of U; and U,. We extend the local coordinates z and w to curves in U; x V; and
U, x V, in an arbitrary way. Now, to a curve Cy € Uy x V;, a curve Cp € Uy x V5, and a number ¢ € A
we assign the curve obtained by removing the neighborhoods of the marked points z = 0 and w = 0
and gluing in the “waist” zw = ¢. In the case when C € Uy x {0} and C, € U, x {0}, the curve thus
obtained does carry a residueless meromorphic differential, because « and ek B agree on the waist. Thus
the stratum S is indeed given by U; x {0} x U, x {0} x A, while the image of ¢ is {&¢ = 0}.

We conclude that 0™ cg. (®?=1 eai) =2 wez* Cor.lll+1 (®iel Ca; ®eot)cgz,|1|+1 (®j€J Ca; ®e—0¢—2)’
as required.

Finally, from formula (1-1) we obtain Deg cg n(®)i—; €a;) = (& — 1 + Nay,))Cgn(Qi— €q; ), Which
shows that with the constants ¢, = 0if @ > 0 and g4 = 1 if « <—2, and y = § = 1, which are compatible
with degeg = 0 and deg n = —4, equation (1-4) is satisfied, thus completing the proof. a

2 The DR hierarchy for the cycle of residueless meromorphic differentials

Here we briefly review the notion of double ramification (DR) hierarchy for a partial CohFT and then
apply this construction to the partial CohFT formed by the cycles of residueless meromorphic differentials.

In [6], the first author introduced a construction associating an integrable Hamiltonian system of evolution-
ary PDEs to a given CohFT. In [7] it was proved that the same construction also works for partial CohFTs
and, in [11], the first example of DR hierarchy associated to an infinite rank partial CohFT was computed.
Finally, in [10; 1], the construction was generalized to associate an integrable system of evolutionary
PDE:s to any F-CohFT (a generalization of the notion of partial CohFT introduced in [10] and further
studied in [2]). Although this last generalization will not be needed in this paper, it has several points in
common with a reduction of the DR hierarchy associated to the infinite rank partial CohFT (1-5) (the
reduction corresponding to only considering the spaces of meromorphic differentials with exactly two
zeros), which we will study in Section 3.
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Let y; € H? (J(TLg,n) be the i™ psi class, ie the first Chern class of the tautological line bundle over ./thg’n
whose fiber at a stable curve is the cotangent line at its i ™ marked point. Let A j€H 2J (J(_Ag,n) be the jI
Hodge class, ie the j™ Chern class of the Hodge bundle E, which is the rank g vector bundle over Mg,n
whose fiber at a stable curve is its space of holomorphic one-forms.

For any ay,...,an € Z such that Y !, a; = 0, let DRg(ay,...,an) € Hzg(ATLg,n) be the (untwisted)
double ramification (DR) cycle. The DR cycle is the pushforward, through the forgetful map to JITLg,n,
of the virtual fundamental class of the moduli space of projectivized stable maps to CP! relative to 0
and oo, with ramification profile ay, ..., a, at the marked points; see eg [13] for more details. More
precisely, the pushforward itself lies in Hy(2g—34 ) (Jﬂg,n), while its Poincaré dual cohomology class
lies in H?8 (A7Lg,n). By abuse of notation, we will denote both the pushforward and its Poincaré dual by
DRg(ay, ..., an).

The restriction DRg (ay, ..., ay)| e where we recall that J(/LZ},” is the moduli space of stable curves of
compact type, is a homogeneous polynomial inay, . . ., a, of degree 2g with the coefficients in H28 (A/Lfgt’n);
see eg [21]. The polynomiality of the DR cycle on J(/L‘fg"n together with the fact that A vanishes on
Mg \_JI/LZ}’,, (see eg [17, Section 0.4]) implies that the cohomology class A DRg (27=1 aj.ai,....dy)€
H*8 (Mg »+1) is a degree 2g homogeneous polynomial in the coefficients ay, . .., ay.

We define the spaces ) 4 and A 4 of differential polynomials and local functionals in formal variables u%
with @ € A and k > 0, and ¢, where A4 is an index set (as above, finite or countable). In the case of finite A,
the definitions and the notation can be taken from the paper [24, Section 2.1]. However, since a minor
adjustment is needed in order to include the case of countable A in our considerations, we restate all
definitions in the general form here. Let the ring C[u%] be graded by the grading degy u§ := k (which
we refer to as differential grading), and the degree d part of it be denoted by &Qf]. We then define

sy = Bgzody), sdgi=slyle]l and Ay :=sla/(Oxsls ® Cle]),

where 0y =) g5 Uf 41 0/0uy. We denote the image of f € Ay through the natural projection to Ay by
f = dx. Assigning degy ¢ := —1, the degree d parts of &’Q\A and A 4 are denoted by A9 and IA\[d],
dx A A
respectively.

Remark 2.1 In the case of finite 4 we have 4 = C [u*Mu’ oMl where u® := ug, which is the standard
way to introduce the space of differential polynomials, but for countable A we have Ay # Clu*[uZ,le].

Given a partial CohFT cg ,: V&" — Heven(ﬁg,n) with V = span({eq }oe4), unit e1 and metric 7, the

Hamiltonian densities for the associated DR hierarchy are the generating series [9] in 5@[0],

2-1) goa:=

n n
E T E Coef ki kn / . MgV Cent1 €a®® € | | Upe
. n — .
g.n=0 K1 sk =0 ! DRg (—Xi=1 ai-1..an) i=1 i=1
2g—1+n>0
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where o € 4 and d € Z>. To this definition one can add gy, —1 := nguu* for « € A. The Hamiltonians
of the DR hierarchy are the local functionals g, 4 € /A\E;)] for @ € A and d > —1. By a result of [6], the
Hamiltonians of the DR hierarchy are in involution with respect to the Poisson brackets on A 4 defined by

— §f 5z
(g = [ (ﬁnaﬂax&l—gﬁ) dx

for any two local functionals ]7 ge IA\A, that is, {24, .4, 8ay,d,t = 0 forall @y, 0 € A and dy,dr > —1.
This implies that the infinite system of evolutionary PDEs, called the DR hierarchy,

o 8_
22 e L1

8t5 X5 for o, e Aand d > 0,

where, for any fe KA, _
§f K 9f
— = —0x)" — f €4
su® Ig( ) g fore
satisfies the compatibility conditions

d Ju” 0 ou”®
v “ forall o, 81,2 € Aand dy,d, = 0.

2 1 1 2
8td2 azdl azdl azd2

In [9; 7; 8] the authors showed that the DR hierarchy of a partial CohFT is a hierarchy of DR type, which
means in particular that it is a tau-symmetric Hamiltonian system and its Hamiltonian densities can be
reconstructed uniquely from the Hamiltonian g1,; only, via a universal recursion equation.

If the partial CohFT cg,: V& — H®*"(lg,) is homogeneous, with notation as in Definition 1.7,
consider the Euler differential operator on ) A

0 -y 0

E = Z((l —qa)ll% +5k’0}"a)w + 5 8@.
k=0

Then it follows easily from dimension counting in the integral appearing in equation (2-1) that
(2-3) E(gad) = (d +2+qu—8)gaa +1"c? gy a1 foraeAandd >0,
where ¢j” 1= 1% n¥7 co 3 (ep ® eg®ey) € C forall u,a,v e A.

Let us apply the DR hierarchy construction to the partial CohFT of Proposition 1.8.

Proposition 2.2 Let us endow the ring g~ with the triple grading
(k,1,—a) ifa>0,

(k,0,—a) ifo <=2,
Then the Hamiltonian densities of the DR hierarchy associated to the homogeneous partial CohFT of

(2-4) deg u ::{ dege:=(—1,0,1).

Proposition 1.8 satisty, for d > —1,

O,d+1,0a+2) ifa>0,

2-5 deg =
2-5) Bbad {(0,d+2,a+2) ifa <-2.
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Proof The first entry in the triple degree deg coincides with degy . The three entries in the triple degree
of equation (2-5) follow easily from the fact that g, 4 € &Q[Z]*, from equation (2-3), and from the fact that
cgn(ea ® Qi—; eq;) =0 unless =) 7_; o +2g = o + 2, respectively. i

3 A reduction to meromorphic differentials with two zeros and the KP
hierarchy

In this section we describe a reduction of the DR hierarchy for the cycles of residueless meromorphic
differentials. As we will see, this reduction does not respect the Poisson structure, in the sense that it is
only defined at the level of vector fields. As the main result of the paper, we will prove that the reduction
coincides with the KP hierarchy up to a Miura transformation.

3.1 A reduction of the DR hierarchy

Consider the DR hierarchy for the partial CohFT formed by the cycles of residueless meromorphic
differentials with

ou”® 5§5,d
(3-1) - Oxg —a2

for a, B € Z* and d > 0.

Proposition 3.1 The subset of flows of the DR hierarchy (3-1)

u® 53
(3-2) U9, 08B0 o aeZ* and B> 0
a1 Su—e—2

preserves the submanifold {uj = 0,a,k > 0}.

Proof The statement is equivalent to

du® og
uﬁ = 0y é:'i’gz =0 for a’ﬂ > (.
8l‘0 uz0 Su uz0=0

Since, by (2-5), deggﬂo—(O,l,;3+2) for B > 0 and, by (2-4), degu_‘" 2 =(k,0,a+2) fora >0,

we have
dg ﬁ 0

d?g8 =(—k,1,,3—oz) for o, B > 0.

k
But, again, deg uZ = (k,0,—y) for y <=2, which implies

0
gﬂ,02 =0 for a,8>0.
8“]:0[_ uz%=0
This implies
3g8,0
’ =0 fora f>0,
Juo2 uf‘):o IB
as desired. O
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Let us summarize our considerations regarding the above reduction and also introduce more convenient
notation.

Let u((xk) =u” 1y = u((xo) and 1% =15~ . for o > 1 k > 0. In particular, u(k) = ak . Consider

the ring R, := Clu S= )] and the following three gradings on it:

* The differential grading degj u( )

degree d will be denoted by 9{[ ]
(k)

(k) .

:= k. The corresponding homogeneous component of &, of

e A grading deg, given by deguy’ :(=a + 1+ k.

e A grading deg, given by degu := 1. The corresponding homogeneous component of R, of

degree d will be denoted by R,,.;. We will also use the notation R,,.>; 1= Py>; Ruza-
Let Ry := Py0 %Ed]. We extend the three gradings to the ring Ry = Ry [e] b

degy e:=—1, dege:=0, agés = 0.
Let @ZV =R [e].

’>[01], which appears in the theorem below is the ring of polynomials with complex

For instance, the ring RE
coefficients in the variables u((xk) for « > 1 and k > 0, and &, such that each monomial has at least one
u—variable, an even number of x—derivatives and a matching even power of the variable ¢; see Example 3.8

for some instances of polynomials of this type.

Theorem 3.2 For two integers «, 8 > 1, consider the generating series

(3-3) Pup:=

2g

> oY [

g>0,n>1 " ki,..k,>0i=1

xCoef n(/ Ao[IS (a—1, B—1, —a1—1, ..., —« —1)]).
a,'..aj DR, (—X/— ai,0,a1,....an) §e "
Then Pyg € @ivz[ol] with deg Pyg = a + B and the system of equations
34 o _ o Py R >
(3-4) at—ﬂ—xaﬁ ora,f >

satisfies the compatibility condition

0 Oug 3 dug
B2 9tB1  9tB1 91B2 forall o, By, 2 = 1.

Moreover, the polynomials Pyg satisty the property

(3-5) Py p—ug €Im(d2),
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Proof The system (3-4) is just the restriction of the system (3-2) to the submanifold {uf = 0, a, k > 0},
expressed in the new variables u((xk) for « > 1 and k > 0, which form a system of coordinates on it.

Compatibility and degree conditions follow from those for the DR hierarchy via the change of coordinates.

ev;[0] of

In particular the degree conditions guarantee that for all &, B > 1, Pyg belongs to the subring 9/]}”.21

the ring (C[[ufk*)]][[s]].
Equation (3-5) follows from (3-3) where, for « = 1 and unless g = 0 and n = 1, we have

/ n )\g[%?s(o,ﬂ—l,—al—1,.."_05”_1)]
DRg(—Zi=1ai,0,a1,...,an)

/ n )\'g[?_erges(ﬂ_l,_al—1,...,—0ln—1)],
7« DRg (—Zi=1 ai,O,al,...,an)

where 7 : ‘/17Lg’,Z+2 — JITLg,,,H forgets the first marked point, and from the fact, proven in [7, Lemma 5.1],
that Agmms« DRg (=Y j—; @i, 0,ay., ..., ap) is a polynomial in the variables ay. ..., a, which is divisible

by (7= @i)”. =
3.2 The Miura transformation

The degree condition deg Py o = « + 1 together with the property (3-5) implies that the difference
Py o — uy depends only on the variables ”fg*) with 8 <« — 2 and on ¢. Therefore, the polynomial
change of variables uy > vy (ufk*), g) := Py 4 is invertible. We refer to this change of variables as Miura

transformation, following the terminology of [16].

Since Pj 4 —uq € Im(dy), the system (3-4) in the new variables vy, o > 1 has the form

Vg
(3-6) 81_/3 = 0x Oaups
where, by the theorem,
(3-7) Qotﬂ € 97?«?;;01]’ deg Qaﬂ =ua +,3, Qa,l = Ql,(x = Vo, Qaﬂ = Qﬂa-

3.3 The KP hierarchy

Let us briefly recall the construction of the KP hierarchy and some of its properties. A more detailed
introduction can be found, for example, in [15].

Consider formal variables fl.(j ) for i > 1 and j > 0, and the associated ring %y = C[ f*(*)]; here and
in what follows we use the notation and gradings introduced in Section 3.1 for the ring R, in the
variables ui*) and apply it to differently named formal variables whose indices have the same ranges. A
pseudodifferential operator A is a Laurent series

m
A= > apd%. with meZanda, €Ry.

n=—0oo
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Let A4 := ) 7 an0” and res A := a_;. The product of pseudodifferential operators is defined by the
commutation rule

o0
aioazzzk(k_l)”l"(k_l'i‘l)

(0La)a*=! for a e Ry and k € Z,
[=0

which endows the space of pseudodifferential operators with the structure of an associative algebra.

Let
L:=0x+)  fidy
i~1
The KP hierarchy is the system of evolutionary PDEs with dependent variables f; defined by
aL
=[(L")y, L] f > 1.
o7 =1L+ L] for n

Example 3.3 Using that

L2=8i+2f1 +(2f2+f1(1))a;1 +(2f3+f12+f2(1))8;2+ ’
we compute
o

af2
—= =2
aT,

1O 4o f O 4 @),
T,

= 2f2(1) + f1(2) and
We can extend the grading deg from the ring R ¢ to the ring of pseudodifferential operators by assign-
ing deg 8, := 1. We then obtain deg L = 1 and therefore deg L¥ = k and deg[LX , L] = k + 1, which
implies that the equations of the KP hierarchy have the form

dfi
aTy,

= S,"k with Si,k € %f;zl’
where deg S; x =1 +k + 1.

We also see that degres L% = k + 1 for k > 1, and

ai, res L¥ = Z res(L% o 8;]‘ oLb) =k.
fk a+b=k—1

Therefore, res LK — k fj, depends only on the variables fa(l) with ¢ < k — 1, which implies that the
polynomial change of variables fy > wg( f*(*)) :=res L* for @ > 1 is invertible. Note also that

0 0
/ T res L% dx = /res(aTn L“) dx = /reS[(L")Jr, L% dx =0,

where the last equality follows from the fact that [ res[4, B]dx = 0 for any two pseudodifferential

operators A and B. As a result we obtain that the KP hierarchy written in the variables wy, with o > 1,
has the form
0Wq
0Tg

(3-8) = Oy Ryp,
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where

(3-9) Rop € Rup;z1,
(3-10) deg Ryp = a + B,
(3-11) Ra,1 = Ria = Wa,
(3-12) Ryp = Rpy-

Example 3.4 Using Example 3.3 we compute

ow
wy = f1, w2—2f2+f(1), w3=3f3+3f12+3f(1)+f1(2) and a—T2=8x(§w3—2wf 3w§2)).
>

3.4 The main result

Note that putting € = 1 gives an isomorphism 9’7\{5,0] —=> Ry. Therefore, putting ¢ = 1 in the system (3-6),
we don’t lose any information about the equations.

Theorem 3.5 Consider the reduction of the DR hierarchy from Theorem 3.2 written in the variables v,
(the system (3-6)) and the KP hierarchy written in the variables w, (the system (3-8)). If we pute =1,
then these two systems are related by the change of variables

1
(3-13) va=-_wy and 1f=pTp.
The proof of the theorem is split into three steps.
3.4.1 Step 1 of the proof: more properties of the DR hierarchy

Lemma 3.6 The polynomials P,g satisfy the following properties fora, B > 1:

(3-14) Py =uq.
(3-15) Pop =g tp-1+ ﬁaﬁ(ugo),+5 3:€) for some ﬁaﬂ € @Zv_iol],
2 v
016 =it D R0 0 forsome P, <58
Uilg— o
(-17) Pop =gt + % + 5 2 ;2)1 + é,z(ugi_z, g) for some P&,z € %zvz[ol]
o,

where we adopt the convention ul(*) :=0fori <0.

Proof Equation (3-14) follows from (3-3) where, for B = 1, all the cycles involved in the integral
over Mg,n_l’_z, are pullbacks via the morphism 7 : ‘/I7Lg’n+2 — J(TLg,nH forgetting the second marked point,
unless g = 0 and » = 1, in which case the integral is over J(7L0,3 and all the nontrivial cycles involved
equal 1.
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Equation (3-15) follows from the fact that, on JITLO, 3, all the nontrivial cycles involved in (3-3) equal 1.

To prove equations (3-16) and (3-17), we have to check that

(3-18) / [ (a—1,1,-2,—a)] =1 for a > 2,
Mo, 4
_ -2
/ xl[%ffS(o,oz—1,—oz+1)]=azM for a > 3,
DR (a,0,—a) 24
(3-19) / MHT(@—-1,1,—a)]| = — for a > 2.
DR (a,0,~a) 24
Note that the second equation is equivalent to
_ -2
(3-20) / MHT (=1, —a+1)] = M for o > 3,
.2 2

where we have used that
[F(0,0 — 1, —a + 1)] = 7 *[#F (@ — 1, —a +1)] and 74(h; DRy(a,0,—a)) = a®Ay,
where 7 : JITLI, 3 — JI7L1,2 forgets the first marked point; see eg [7, Lemma 5.4].

We have two substantially different proofs of equations (3-18), (3-19), (3-20), and we think that it is
instructive to present both of them.

First proof of equations (3-18)—(3-20) To prove equation (3-18), let us explicitly describe the set
Hy (@ —1,1,-2,—a) C Ao,4. The moduli space .o, 4 is isomorphic to C \ {0, 1}, with an isomorphism
sending a point ¢ € C\ {0, 1} to the isomorphism class of the marked curve (CIP'; 1,¢, 0, c0). A unique, up
to a multiplicative constant, meromorphic differential on CP!, whose divisor is (a—1)[1]+[¢]—2[0]—e[oc],
is given by

. z—D)*(z-1) -

72

Its residue at 0 is equal to (—1)*"!(1 4+ (¢ — 1)¢). Thus, the differential w is residueless if and
only if 7 = —1/(a — 1). We conclude that #;*(¢ — 1,1, -2, —a) C Jg 4 is a point. It follows that
‘%{fs(a -1,1,-2,—a) C ATLOA is also a point, which proves (3-18).

The proof of equations (3-19) and (3-20) is based on the following lemma.

Lemma 3.7 Fora > 1, we have

2
_ a-—1
V1 [H5 (a, —a)] = .
s 1 24

Proof Consider an arbitrary smooth elliptic curve C with two marked points x; and x,. Since C carries
a nowhere vanishing holomorphic differential, the fact that there exists a meromorphic differential w on C
with (w) = a[x] — a[x;] is equivalent to the fact that there exists a meromorphic function f on C with
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(f) = a[x1] — a[x;]. Therefore, [?_frles (a, —a)] coincides with the version of the double ramification cycle
defined using admissible coverings rather than relative stable maps (see eg [13, Section 2.3] and [20]),
which we denote by DRa{Glm (a,—a). The fact [ i, V1 [DR?dm(a, —a)] = (a® —1)/24 follows, for example,
from [13, Theorem 6]. O

For I C [n] and 0 </ < g, denote by 8}5 € H?(Mg ) the class of the closure of the substack of stable
curves from JlTLg,n having exactly one node separating a genus /2 component carrying the points marked
by I and the genus g — 4 component carrying the points marked by [r]\ 7.

For (3-20) we compute

M (@ —1, —a + 1)] = /M W1 — 8IS (@ — 1, —a + 1)]

: ) B
= —a(<xz4 ) _ (/ml,l[%rleS(O)]) (/Mm[%f)es(—la —1,—a+ l)])

_ala—2)
24
where the second equality follows from Lemma 3.7 and Proposition 1.8, and both integrals in the product

MI.Z

in the second line vanish because of degree reasons.
To prove equation (3-19) we use Hain’s formula [19, Theorem 11.1]
_ 2(1 {1,2}
DR, (a,—a)|Mc11,2 =a (5)\1 —|—80 ),

which, together with the fact )\,% =0, gives

(3-21) MFS@—1,1,—a)] = a® / M8 4 52T (@ — 1,1, —a)]
My.3

DR (a,0,—a)
:aZ( i xl[%ﬁ“(on) ( / [%BCS(—z,a—l,l,—a)l)v
Ay Mo .4

where the second equality holds by Proposition 1.8. Since any smooth elliptic curve carries a nowhere
vanishing holomorphic differential, we have 3*(0) = /ly,; and therefore [?_(fres(O)] =1eH° (./17t1 1)-
Since [ Wy
by (3-18).

the expression in line (3-21) is equal to 24a fMo4 %res( 2,0 — —a)] = +a?

24’ 24

Second proof of equations (3-18)—(3-20) Equation (3-18) follows from [14, Propositions 8.2 and 8.3],
based in turn on [25, Theorem 6(1),(3)], where, for g, n, k >0 and m > 2 such that 2g—2+n+m—+k >0,
and integers ay,...,dn > 0,by,...,b;y > 1,cy,...,cp =2, the authors computed the class of the moduli
stack

%g(al,...,an,—bl,...,—bm;—cl,...,—ck)

inside the moduli stack of projectivized meromorphic differentials with one less residue condition,
%g(dl, . ,Cln,—bl, ey —bm_l;—bm, —Cly.nny —Ck),
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as a linear combination of psi classes and boundary divisors. According to that formula,

(35" (0 = 1. 1. =2, —a)] = (= DYa — (@ = 286" =y,
which immediately yields the desired result.

Equations (3-19) and (3-20) follow from [18, equation (31)], which, for ay,...,a, € Z with at least
one negative entry, computes the discrepancy between the class [?}_fg (ay,...,ap)] and the weighted
fundamental class Hg (a; ..., ay) of the moduli space of twisted canonical divisors %g (ai,...,an). By
the results of [3], Hg(a; ..., an) equals the 1-twisted DR cycle DR}g (ai,...,an) of [21], so in particular
one obtains
[Hy(a—1,—a+1)] = DR%(cx —1l,—a+1) —8({)1’2} for o > 3,
[H(a—1,1,—)] = DRi(O[ —-1,1,—a) —8({)1’2’3} for a > 2.

Since the 1-twisted DR cycle DR% (ai,...,an) equals the untwisted DR cycle DRy (a1, ..., ay) in genus 1
via geometric arguments, a simple application of Hain’s formula yields both desired results. O

Example 3.8 The lemma fully determines several polynomials Pyg:

_ _ 1.2, (2) — 1,2 2,.(2)
P1,2—u2, P1’3—M3+ ge& U, P2,2—u3+§u1+248 u; .

Recall that the polynomials Qg satisfy the properties

(3-22) Qup € @ivz[ol]

(3-23) deg Qop = + B,

(3-24) Qo1 = Q1,0 = Va,

(3-25) Qup = Qpa-

The lemma implies that we also have

(3-26) Qup = Vatp—1 + Qaﬂ(vi*(3+lg 35, with Ogp € R,

V1 Vg—1 —1 e (*) . Sevi[0]
1+5a,2_ 5 Va- 1‘9 —}—Qaz(v ), with Q&JEQRW )

<a—2’ v;>1

(3-27) Qa2 = Vot1+

3.4.2 Step 2 of the proof: more properties of the KP hierarchy
Lemma 3.9 Ryp € QRw >1-

Proof There is an involution on the space of pseudodifferential operators given by

m

T m
( Z a,,a';) = Z (=0x)" o ay.

n=—0oo n=—0o0

It satisfies the properties (A4 o B)T = Bto A" and res AT = —res 4 for any two pseudodifferential operators
A and B.

Geometry & Topology, Volume 28 (2024)



2814 Alexandr Buryak, Paolo Rossi and Dimitri Zvonkine

Consider the change of variables f; f; ( f*(*)) given by
L=0x+) fidy' = L=+ i) oy

i>1 i>1

= L' =0+ f1 0 + (o= ) 07+ (230 + [PV 7+
It is clearly invertible and it induces a change of variables wq > Wg, (w )) for which we compute
@a(w* )) =res L% = (=1)%res(LT)? = (=1)%res(LY) " = (=1)* ' res L? = (=1)*T 1w
Therefore, the KP hierarchy written in the variables W, has the form
0Wg,

(3-28) = dxRop,  where Ry = (—1)*T'R
3Tp

. ) € Ri:>1-
aﬂ|w§/k)=(_1)y+lw§/k) w;>1

On the other hand, we compute

9L oL \' - -
ﬁ _ —(%) — (L4 LT = (P4 LT = ()PP T,

and therefore 0y /30Tg = (=1)A+! res[(zﬂ)+, Z"‘]. Hence, Eaﬂ = (_1)ﬂ+1RaB|w§,"’=~§,")- Combining
this with (3-28) we obtain (—1)a+ﬂRaﬁ|w§,’*”»—>(—1)V+1w§,"’= Ry g, which, together with the property

deg Ryg = a + B, implies that R“5|w(k> Ry, giving Ryg € R7], as required. a
v

N

Lemma 3.10 Letk > 1.

(1) The coefficients of the pseudodifferential operator

k-1
Lk gk -3 Z(/l‘)fl_(k—l—l) gt

i>11=0
belong to the ring Rf.>5.
(2) Fori > 1,
. () (%)
Sik= () A0 + Sk Ui,
Jj=1
where §,-,k ERf.>.
(3) The formula
Nk M ©
k(A =Y (o ) A+ 1+5 flfk 2+ Te( /5
i=0

holds, where Ty, € Ryr,>5.
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(4) With %B; denoting the Bernoulli numbers,

LN (K ()
2z U L
(%) kj_o(f)%’wk—j ifk <2,
1k 'k ) 1 k-1 Ko (™ h 3
k <J) Ik T T s k—2 k2 k(wegg) if k=3,
Jj=0 ,

where Ky € Ryy:>».

Proof (1) This can be easily proved by induction.

(2) Using the first part we see that, up to terms from %R r,>,, for i > 1 the coefficient of 35" in (LK), L]
is equal to the coefficient of B;i in [8’;, > i1/ 0%’ ], from which we get the required formula for Sik-

(3) The formula for the linear part of wy ( f*(*)) =res Lk immediately follows from the first part of the
lemma. In order to determine the coefficient of fj f;_, for k > 3, we compute
dres Lk .
fk—2

> res(Lod* 2oLl =k(k—1) 1.
a+b=k—1
(4) The formula for the linear part of f (wi*)) follows from the previous part and the standard property

of the Bernoulli numbers: B

Z(a—]i-_l)%j = 5a,0,

Jj=0
where a > 0. The coefficient of wqwy_, is found from the previous part by an elementary computation. O

The last two lemmas imply that

ap

Ryg= ——0
b a+p-1

Wo+p—1+ Eaﬂ(w(s*3+ﬂ_3),

where Eaﬂ e RY

w1
Lemma 3.11 (1) For k > 1 we have
Ska =210 + 1P 20k =) fioa 7+ 1L (S5,
where S,/c’2 €Rp.>r.

(2) Fork > 2 we have

2k 1 2k k (2 (%)
= — - — == R ,
kT lwk+1 A k_lwlwk 1 wyZy T Ry, (woy 5)

6
where R;c,z e R

w;>1"

Ry »
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Proof (1) From Lemma 3.10 and the property deg Sk » = k + 2 we conclude that

Sia =2+ 1O+ afi i+ A o + Sp (S8 ,). where S), € Rz,

In order to determine « and 8 we compute, for k > 2,

MY _
a;’z Coefy f[LZ,L] Coefyk[02 +2/1,95"] =2(-DF &V,
1 X X
Sk, 2 2 —(k—1) (1)
= = Coefy_k ——[L%, L] = Coefy_«[d% +2/1,0 =2(k—1 ,

which implies the required formula for Sy ».

(2) This is an elementary computation based on the first part and Lemma 3.10. a

Summarizing our computations with the KP hierarchy, we have the properties

(3-29) Rop € Riyysq
(3-30) deg Rygp = a + B,
(3-31) Ry1 = Ry g = W,
(3-32) Ry = Rpa.
as well as
ap = (%)

(3-33) Ryp = rﬂ_lwa+ﬂ—l + Raﬂ(w5a+/3_3),
with Rog € RS, and

20 we 1 200 WiWe—1 w® / (%)
(3-34) Rys= - e+ R,

2T 01 a—11+40,, 6 ot

for o > 2, with R’ , €ERS

w;=>1"

3.4.3 Step 3 of the proof: a limited amount of data determines the hierarchies uniquely It is clear
that the change of variables (3-13) (together with putting ¢ = 1) transforms the properties (3-22)—(3-27) of
the system (3-6) exactly to the properties (3-29)—(3-34) of the system (3-8). Thus, the following theorem
will complete the proof of Theorem 3.5.

Theorem 3.12 The commutativity of the flows d/dt* together with properties (3-22)—(3-27) determines
all the polynomials Q4 uniquely.

Proof We start with the following lemma.
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Lemma 3.13 For any «, f > 1 we have the relation

a+p-3 BQ s Q
j 2
B39 0xQurip=ixQurprat 3 3o O ZZ ST
i=1 j=0 oV; l—1j>0 Y;
Proof The relation
d dvg  d Juy
9t2 3B 3B or2
gives
I M 8.0, 4) — 3 M g
ﬁ(va—i—ﬂ 1 + Qaﬂ) ( Vot1 + Qa 2)s
which immediately implies (3-35). |

Note that if « + 8 + 1 = d, then the right-hand side of (3-35) contains only the polynomial Q4_5 >
together with the polynomials Q.5 with y + 8 < d — 1. Therefore, relation (3-35) recursively determines
all the polynomials Qg with &, B > 3, starting from the polynomials Q, >.

We now have to show how to reconstruct the polynomials Q. 2, a > 2, starting from the polynomial Q5 »,
which, by (3-27), is equal to
(3-36) 022 =v3+ 102 — Le2®,

Let 8 > 4. Then relation (3-35) for o = 2 is

Qzﬂ 301, LU+D
0x Q3,8 =0x Qﬂ+12+ZZ 50 chsz—Za(J) vy ",

i=1 j>0 v; j=0
which by (3-36) becomes
- Q2B +1 o 4 £y
(3-37) Qsp=0x0pr12+ ) D2 — Gyt Qi + v,
i=1j>0 9V;

On the other hand, relation (3-35) also gives

0
63 0205 =0xQprat 3T Q”U§3af+1 Ny Qﬁ(jizaf“gm.

i=1j>0 i i=1j=0 i

Equating the right-hand sides of equations (3-37) and (3-38), and canceling the terms dx Q g 1,2, We obtain

ad ad
ZZ Q(zj;‘f it v(1)+12 [(33) ZZ Qﬂ(1;38]+1 ZZ ﬂ(];23’+lQi,3-

i=1j>0 v; i=1j>0 vy i=1j>0 V;
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Again using relation (3-37) to express Q 1,3 = Q 3,6—1 and Q; 3 = Q3 ; in terms of the differential
polynomials Q,, >, we obtain

B-1 =
0028 .74 M, &
227Gy T Qi ey
1

i=1j>0

200 g2 .
[Zza (1)( xQﬂ2+ZZ 25) ! 81+1Qk,2—v1vf31) + — (3) 8§c+1Qi,2

Vg
i=1j20 k=1120 12
00 1,2 8Q2
Ty — 5 ok s 0iiat N (1; 110 —on® + Su),
i=1j20 ai k=110
which, canceling the underlined terms and using (3-24), is equivalent to
)] @ —
V1V +12 8
B—1B-2
8 8Q2 —1 . N
i=1k=1j, l>0 a

i 30512 002, 141 (1) @
_ZZ a (]) 8J 8 Ql+12+ZZ (l) a Qk,Z_vlv + .

12"
i=1j>0 k=120
Splitting the two summations over i and collecting
2,3 _ 1,243 1249375
1267V — 1567 03 0p-12 = 156" 03 01,2,
we obtain

8
U U}il)__a3 Op-12=
J aQZﬂ 16141 i1
[ Z > (1)( (1) dy Qk,z)ai Qin

ik=1j, l>0
3 (9024 .
+ Z Z () ( (?) 8§+1Qk,2)3i+lQﬂ—1,2—vgl)”,(sl_)l _vlaachﬂ—l,z:|

k=1j,1>0 31} dvy

E:=
3 Qﬂ 1,2 902, . () NE)
_ J i +1 _
ZZ 9 (J) d (8 QlJrlZ"'ZZ N0 — 9 v1Y; + = Vi )
i=1;>0 k=11z0 OV

00p-1,2 0022 111 ) O
Z a (]) a] 8 Qﬂ 12+ZZ (l) a Qk,Z_vlvﬂ_z 12 ﬂ 2)

j=0 9Vg_5 k=1120

F:=
Geometry & Topology, Volume 28 (2024)
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From this, computing E and F using formula (3-27),

007 - 1m3+'ka),+1 005, 902,81 0142
E= Z 2 W ) 0z =20 300 0" 0p-1.2
k=1j,1>0 Vg—1 =0 vg_,

B—2
= Ula,zc Qﬂ—l,z —¢? 2 31 Qﬂ—l,z,

B3
001 8->
F = Ul(axQﬂ—1,2+ >y . (113) 31+1Qk,2—vlv,(gl_)2 I 2;3)2

k=11>0
Qz, -2 &2
i 82(8 Qp- 12+ZZ (/zg) 0! Oka —vrvg)y + v )
k=1130 v 12
we obtain
A2 0 (9024-1 : M1
(3-39) 0:‘9;1[ > D 3 (j)( 3 ) axﬂQk’z)aiHQ” —Uy Vg }
ik=1j,1>0 9Y; Uk

3Qﬁ 12 002, 141 ) 3)
_ZZ 3,0 (3 Q’+”+ZZ wa Q2= +12’)

i=1,j>0 Vi k=11=0

B-3
01,42
(00t L LA 01

k=11>0

2:3 2.5 00282 741 (1) O (1) 3
8 (ZZ 9 (1) 8 Ok k,2—V1 Uﬂ 2+12 B2 + v vﬂ +58XQ5_1,2.
k=11>0

In the rest of the proof, we will show how to use this relation in order to determine all the polynomials
Oy, fory > 1.

For any y > 1, introduce a polynomial r (vy,...,vy—1) € Ry, with agéry = 2, defined by

Qy,2 = Vy41 + 1y + (monomials of deg > 3) + O(&?).

Lemma 3.14 ry = % Z Vi Vg .
i+k=y

Proof We already know this for y = 1, 2, so we need to prove it for y > 3. Consider equation (3-39),
where we recall that 8 > 4. Let
20p-12

Fik =
ik ov; vy

V=0
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Note that r; = ry ;, and that r; x = O unless i +k = 8 — 1. We know that r; g_, = 1. Equation (3-39)
in particular means that

9 (90 .
/( Z Z ( 25) laHle,z)aiHQi, vﬁl)vfgl) )dx:O,

i,k= 1]l>0

which implies

Irg—1 ) \. G+1) _ oDy
/( Z Za (J)( Jur k—H)UH—l vgZy | dx =0.

i,k=1j>0

The last integral is equal to
Prp_1 OB 8r,3 L@ @ )
/( Z v; dux Vit1 k+1+Z Jux V42—V Vg )dx

B—2 -3
_ (1 (1) (€9
= /(Z Z Fig (V; VL —Y; k+2)) dx.

i=1k=1
Note that if for a quadratic polynomial p in the variables vgl), cees vl(sl_)2 we have [ pdx =0, then p = 0.
Therefore, we have
B—2 -3
NG 1..Q NN
0= Z Z ri,k(vl(—i-)lvl(c—})—l_ 1( ) /(c-i)-Z) = Z (Fik —Tit1,— 1)U1+1vk+1 +(rp—2,1— 12,8 3)U( . ( )
i=1k=1 ik=2
which implies
rl,ﬂ_2:Y2’B_3, r,-+1,k_1+r,»_1,k+1=2r,-’k for 251,](5,3—3 such that l+k:ﬂ—1
Since r1,g—, = 1, this immediately gives that r; y = 1 for i +k = 8 — 1, as required. O

Consider relation (3-39) and suppose that we know the polynomials Q,, , for y < 8 —2. Then (3-39)
can be considered as a linear equation for the polynomial Qg_ . Let us show that it has a unique
solution (assuming of course that the properties (3—22)—(3—27) are satisﬁed) This would determine all the
polynomials Q,, > step by step, starting from Q3 » = v3 + 128 v§ ) Suppose that equation (3-39)

has two solutions, Qg_1 , # Qﬁ 1,2 Then, if we write R = Qﬂ 12— Qﬁ 1,2 # 0, the expression

(3-40) [Z > (j)(a 0 o+ Ok, )8§;+1Qi,2]

i,k= ljl>0

00
|: ZZ (]) (a Ql+12+zz (21)1 8l—i_IQk,Z_vlvi(l)—i_ 12 1(3))

l—lj>0 k=11>0

—v18 R+Ea)3€ :|
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vanishes. Let us decompose
R = Rype?® + 0(81?),

where g > 0 and R,g # 0. Let us further decompose
Ryg = A+ B,
where A4 # 0, aEéA =d>1land B€Ry.>q41.

Casel (d=1) Since Qg_i, and Qﬂ_l’z have the form (3-27), we have g > 2. Let us express the
polynomial R as

R = (Avl(gz;gz)g + Q + (monomials of deg > 3))e2€ + O(s2812)

with B > 2g + 1 and A # 0, and
B—2g-2 2g

g-1l (), (28=1)
Q=3 Zwu” Vg ag1oit

i=1 j=0
where w;,j = ®Wg_2g_1-i2¢—j-

Then the expression (3-40) has the form 28 (C + D) + O(£2612), where C € Ry:2 1s given by

G+ (D _ G+D (41
Z ) (,)a (1)( i1 Yk U Vego )
i,k= ljl>0

92&+1 G+1D (2g+1) qj+1
[ZZ (n( T rp2g)Viy +ZZ (1)(ﬁ2g+1)a§€ ”’]

1—11>O 1—1]>0

B—2g—1
rg—2¢ (1 1 2g+1
_)\aig+1|:axrﬂ—2g+l + Z avkgv]((_i)_l —Ulvé_)Zg:| _)‘ax(vlvé_gzg ))’

and D € R,.>3. Since (3-40) is equal to zero, we have C = 0. The underlined terms cancel each other.

3(dx P) aP
Yo e = Lo 5e)

()
j=0 a”i j=0

Using the identity

for P, Q € Ry and i > 1, we also compute

B—2

J  2g+1 G+1) _ q2g+1 8V/3 2g (1)
ZZ 9 — Ox gy =03F Z Ju; it
i=1j=0 Y; i=1

As a result,

(+1) (1+1) (]+1) (l+1) 2g+1 (1) 2g+1)
¢ = Z Z (1)3 (l)( it1 Yk+1 U Vk+2 )+ A (03 (v1v5—2g)_a’C(v1vB—2g ),
i,k= ljl>0
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which, setting y := f§ —2g > 1, we write as

y—2 2g

2 2 1
Z Zw’ j(vl(i-il-l) )(/gl jt1 ”UH)”;(/-fl Jl+ ))+k(3ig+1(v1v)(,1))—ax(vlv)(,zgﬂ)))
i=1j=0
y—2 2g
. 1 1
= ZZ(WU a’erlj)vz(iJlr ) ;(/gz s Zw (j+ ) (2g +n
i=1j=0
+ 1028 (v v(l)) dx (1 v(2g+1)))
y 2 2g
(G4 =3 22(2601] —Wi1,j — O 1J)vl(f1r1) }(/Zgl J+1
1-1] 0
(3-42) —Zw o FYRETTD 4 3 (02 (0 0() — 0, (v vPE DY),

where we adopt the convention w; ; :=0ifi <Oori >y —1.

The expression in line (3-41) doesn’t contain monomials of the form vgi) v](,j )

in lines (3-41) and (3-42) vanish:

and, therefore, the expressions

(3-43) 2wj,j —wjy1,j —wi—1,; =0 for 1 <i<y—-2and 0<j <2g,
2gA if j =0,
(3-44) w1,j = (28+1 - ;
<j<
(j—l—l)k if 1 <j <2g.

If y=1ory =2, then Q =0, and from (3-44) we immediately get A = 0, which contradicts the assumption
A # 0. Suppose y > 3. Solving relations (3-43) step by step fori =1,2,...,y—3, weobtain w; ; =iwy ;
for 1 <i <y —2. Then for i =y —2 relation (3-43) says that 0 = 2w, _» j —w,_3, j = (y —1)w;,;, which
gives w1 ; = 0 and hence all w; ; = 0. From relation (3-44) we then obtain A = 0, which contradicts
the assumption A # 0.

Case2 (d >2) The expression (3-40) has the form £2¢ (C + D) + O(¢?812), where

0?4 (41 @+ (I+1)
Z 9 (,)8 (1)vz+1 Vk+1 ZZ ( (l)) k2 €PRuid
i,k=1j,1>0 k=11>0

N

/3_
(3-45) C

and D € R,.>441. Since (3-40) is equal to zero, we have C = 0. Let kg be the largest k such that
a4/ 31)](([) # 0 for some / = /y. Then from (3-45) it is clear that

aC 04
v (lo+1) = —0x v (lo) 7& 0,
k +2 ko
which contradicts the fact that C = 0. O
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