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WEAK-STRONG UNIQUENESS AND VANISHING VISCOSITY FOR
INCOMPRESSIBLE EULER EQUATIONS IN EXPONENTIAL SPACES

LUIGI DE ROSA, MARCO INVERSI, AND GIORGIO STEFANI

ABSTRACT. In the class of admissible weak solutions, we prove a weak-strong uniqueness
result for the incompressible Euler equations assuming that the symmetric part of the
gradient belongs to Li ([0, +00); L*P(RY; R¥*?)), where L®*P denotes the Orlicz space

loc
of exponentially integrable functions. Moreover, under the same assumptions on the limit

solution to the Euler system, we obtain the convergence of vanishing-viscosity Leray—
Hopf weak solutions of the Navier—Stokes equations.

1. INTRODUCTION

The present work is devoted to the analysis of the Euler and the Navier—Stokes equations
in the context of incompressible fluids. Despite their importance in modeling several
natural phenomena, their rigorous mathematical study remains vastly incomplete. Indeed,
even though these equations were proposed hundreds of years ago, major questions such
as existence and smoothness of solutions presently remain extremely challenging open
problems.

In this paper, we focus on the uniqueness of solutions of the Euler equations and on the
inviscid limit of solutions of the Navier-Stokes equations. Our results should be compared
with the ones obtained in [20]. In fact, our approach allows us not only to upgrade the
uniqueness result proved in [20] to a weak-strong one, but also to weaken the hypothesis
on the spatial regularity of the gradient of the velocity, actually noticing that such an
assumption is needed on its symmetric part only.

In the next part of this introduction, we summarize our main results together with
a brief overview of the (at the best of the authors’ knowledge) sharpest achievements
already known in the literature on this topic. We will state our results in the whole
space R? but we remark that the very same proofs apply on the d-dimensional torus T¢
with straightforward modifications.
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1.1. Euler equations. For a given time T' € (0, +00), the incompressible Euler equations
are the following system of partial differential equations

Ou+divu®@u)+Vp=0 inR?x (0,7T),
divu =0 in R? x (0,7), (E)
u(-,0) = ug in R?,
where u: R? x [0,T] — R? represents the velocity of the fluid, p: R? x [0,7] — R its
hydrodynamic pressure and ug: R? — R? is any given initial divergence-free vector field.
We recall the standard notion of weak solution of the system (El), which can be for-

mally obtained by multiplying the first two equations of (El) by two (regular enough) test
functions ¢ and ¢ and integrating by parts.

Definition 1.1 (Weak solution). Let ug € L?(R% RY) be such that divug = 0. We say
that a function u € L>([0,T]); L*(R% R?)) is a weak solution of the incompressible Euler
equations (El) with initial datum wg if

/0 /]Rd (u-Op+u®u: Vo) dedt = /Rdu(:c,T) ~p(z,7)dr — /Rduo(az) ~(z,0) dz
and
/ u(z,7) - Ve(r)de =0
R4
for a.e. 7 € (0,T), whenever
¢ € Lip(R? x (0, T); RY) N Lip((0, T); L*(RLRY) nWH2(REGRY),  dive =0,
and ¢ € WH2(R?).

Note that the regularity assumptions on the test functions ¢ and g guarantee that
all the terms involved in the weak formulation are well defined. We also remark that,
by standard density arguments, the definition we used readily follows from the usual
definition in which ¢ and ¢ are assumed to be smooth.

The existence of weak solutions of ([El) has been proved in [28], while their uniqueness is
known to fail [14,24], even from every smooth initial datum [10]. Non-uniqueness results
in the presence of an external forcing term have been proved by Vishik in the seminal
papers [25,26] (also see [2]).

Remark 1.2 (Weak solutions are C([0, T]; w — L?)). Every weak solution
we L(0, T); L3R RY))
as in Definition [T can be redefined on a negligible set of times in order to guarantee that
we C(0, Thw— LA(RGRY),

that is, u is continuous in time with values in L? endowed with the weak topology. For a
proof of this statement, we refer the reader to [9, Appendix A] for example. We also remark
that the same result holds true for weak solutions of the Navier—Stokes equations (NS
as defined in Definition below.

Throughout this note, we will always deal with the L? weakly continuous representative
of the weak solution under consideration. This will improve the readability of some
statements.
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1.2. Admissible weak solutions. Since the notion of weak solution given above in
Definition [[LT] is far from giving the well-posedness of the Euler system (El), one usually
restricts the class of weak solutions by imposing some additional constraints. The most
frequently considered is to assume that, at a.e. time, the kinetic energy of the weak
solution is below the one of the initial datum.

Definition 1.3 (Admissible weak solution). Let u € L>([0,T7]; L>(R% R?)) be a weak
solution of the Euler equations ([El) with initial datum ug € L?(R%R?), divuy = 0. We
say that u is admissible if

/Rd\u@,t)\?dx < /Rd\uo(x)\?dx (1.1)
for a.e. t € (0,7).

In virtue of Remark and by lower semicontinuity of the norm with respect to the
weak convergence, up to possibly redefining the weak solution u on a negligible set of
times, the energy inequality in (L)) is actually valid for every time ¢ > 0.

The notion of admissible weak solution given in Definition above plays a very im-
portant physical role, since it prohibits solutions to generate kinetic energy from nowhere.
However, the lack of compactness for the Euler system (El) (due to the absence of vis-
cosity) does not allow to prove the existence of admissible weak solutions starting from
a general divergence-free initial datum wuy, € L?(R% R?). Moreover, in virtue of [5,8],
uniqueness still fails in the class of admissible weak solutions.

1.3. Weak-strong uniqueness for admissible weak solutions. The lack of unique-
ness for admissible weak solutions of the Euler system ([El) motivates the current research
on weak-strong uniqueness results, that is, two admissible weak solutions of (El) starting
from the same divergence-free initial datum must coincide if at least one of them satisfies
suitable additional regularity assumptions. It is known that, in the class of admissible
weak solutions, it is sufficient to assume that one solution satisfies u € C’;t with symmet-
ric gradient such that Vsu € L} (LS°). We refer the interested reader to [27] for a proof
of this statement, together with a more detailed overview of the classical results in this
direction.

Building on a logarithmic interpolation inequality between the (real) Hardy space
HY(RY) and the logarithmic Zygmund space Llog L(R?), in [20, Theorem 1.2] the au-
thors prove that uniqueness of weak solutions of the Euler system ([El) still holds if, for
some o > 0, u € L¥®(L*7) and Vu € L}(BMO,), thus relaxing to BMO the stan-
dard L*° assumption on the spatial regularity of the velocity gradient. Motivated by
the uniqueness result of [20] and having in mind the results achieved in [4] in the more
general class of measured-valued weak solutions of the FEuler system ([El), our first result
upgrades [20, Theorem 1.2] to a weak-strong uniqueness result under the weaker assump-
tion that V*U € L}(L®P). As a matter of fact, we prove the same logarithmic inequality
of [20, Theorem 1.1] in this more general framework. Here L®P denotes the Orlicz space
of exponentially integrable functions as defined in Section 2] below.

In order to state our first main result, we introduce the space of admissible weak
solutions we will employ throughout our paper.
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Definition 1.4 (The space X,,). Let ug € L?(R%R?) be such that divuy = 0. We
say that u belongs to the space X, if u € L>([0,T]; L*(R% RY)) is an admissible weak
solution to (El) and there exists o > 0 such that v € L>([0,T]; L*"*(R%; R?)).

We are now ready to state our first main result concerning weak-strong uniqueness of
admissible solutions of the Euler system ([E).

Theorem 1.5 (Weak-strong uniqueness). Let uy € L*(R%RY) be such that divuy = 0
and let u,U € X,,. If

VU € 1[0, T); [™(R%; RY)),
then u =U.

The proof of Theorem [[L0] similarly to that of [20, Theorem 1.2], is based on the relative
energy method, that is, we study the behavior of the relative energy

1
Bea(7) = 5 /Rd|u(x,7') —U(w, 7)Pde, >0, (1.2)

where u,U € X, are as in the statement of Theorem [[.LHl The key observation of this

method is that, if U can be used as a test function in the weak formulation of u, then we
find that

Era(7) g/O/R VU (U =) ® (u—U)de dt (1.3)

for 7 > 0.

Once inequality (L3) is established, the fact that E.q = 0 then follows via a standard
Gronwall-type argument. For a more detailed account on this approach, we refer the
interested reader to [27] and to the references therein.

It is worth noticing that the usual proof of inequality (L2) requires suitable regularity
assumptions on U and, in the standard setting, one typically assumes that U &€ C’;t as
already mentioned before, see [27, Theorem 11.1].

In our setting, U may not satisfy such a strong regularity. To overcome this issue, in
the inequality (L3) we replace U by its space regularization U, with ¢ > 0. However,
due to the non-linearity of the Euler equations ([El), this replacement inevitably generates
some error terms that must be taken under control. At this point, with some careful
manipulations, we prove that an exponential integrability assumption only on the sym-
metric part of the gradient V*U is enough to guarantee that all the error terms vanish
in the limit as € — 07. It is worth to mention that, to get uniqueness, the hypothesis on
the only symmetrical part of the gradient also appears in the compressible context [12].
Let us also mention that adding an external forcing term F' does not affect the validity
of Theorem [L.5] as well as of Theorem below, provided that one assumes the right
integrability. See Remark [3.7] for a more extensive discussion.

As a by-product of our approach, we also give a simpler proof of [4, Theorem 2] when
the class of measure-valued admissible weak solutions is upgraded to the usual notion of
admissible weak solutions as in Definition [Tl In this case, one does not even need to
consider solutions with the spatial integrability L2+ for some o > 0, since the standard
notion of finite energy solutions is enough.

Theorem 1.6 (Standard weak-strong uniqueness). Let ug € L*(R%RY) be such that
divug = 0 and let u, U be two admissible weak solutions with initial condition ug. If

V*U € L'([0,T); L= (R R™%)),
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then u="U.

In Theorem and Theorem above we assumed the solution U to be admissible. In
fact, under the respective assumptions on the symmetric part of the gradient of the weak
solution, one can prove the conservation of the energy, as stated in the following result.

Proposition 1.7 (Energy conservation). Let U € L>([0,T]; L*(R% R?)) be a weak solu-
tion of (El). If either

U € L>([0,T); L**7(R% RY)) for some o > 0, VU € LY([0, T]; L"P(R% R™4)),  (1.4)
or
U e L([0,T]; L*(R;RY)), V°U € LY([0, T]; L*(R% R™)), (1.5)
then U preserves the energy.

Since classical, although not present in the literature (at the best of our knowledge), we
will omit the proof of Theorem [L.6] as well as of the energy conservation in Proposition .7,
under the assumptions ([5). Anyway, the interested reader can easily reconstruct the
proof of these two results by adapting the ones we will give for Theorem and the
energy conservation assuming ([L4]) with minor modifications. We also remark that the
spatial regularity of the V*U in the energy conservation (L4]) is essentially sharp in
view of [7, Theorem 1.11] in which non-conservative solutions U € L;(C!~) have been
constructed.

1.4. Leray—Hopf weak solutions of Navier—Stokes equations. In the presence of a
positive viscosity v > 0, the Euler equations ([El) generalize to the incompressible Navier—
Stokes equations

O +div(u®@u) +Vp—vAu=0 in R4 x (0,7),
divu =0 in R x (0,7T), (NS)
u(-,0) = ug in R%.

As for the Euler equations ([El), we are interested in suitably defined weak solutions of the
Navier—Stokes system (NS)), known as Leray—Hopf weak solutions.

Definition 1.8 (Leray—Hopf weak solution). Let ug € L?(R%; R?) be such that divuy = 0
and let v > 0. We say that a function u € L>([0,T]); L*(R%; R4))NLA([0, T]; WE2(R?; R?))
is a Leray—Hopf weak solution to (NS|) with initial datum wg if

/TQ/Rd (u~6t<p+u®u:Vgp—uVu:Vgp)d:cdt

= / u(x, ) - p(x, ™) dz —/ u(x,m) - (x,m)dz
Rd Rd
and
/Rd u(z,7) - Ve(x)de =0
for a.e. 7,7, € (0,7T), including 77 = 0 and with 7 < 7, whenever

p € Lip(R? x (0, T); RY) N Lip((0, T); WH(RERY) NnWH(RERY)),  dive =0,
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and g € WH2(R?). Moreover, the following energy inequality holds

1 2 = 2 1 2
5/Rd u(z, )| d:c+u/n /Rdwu(x,t)\ dr dt < 5/Rd w(z,n)de,  (1.6)

for every 7, € (0,7) and for a.e. 71 < 7» including 7, = 0.

As already observed for Definition [T the regularity of the test functions in Defini-
tion [L.§ is not the classical one in which one assumes the test functions ¢ and ¢ to be
smooth. However, Definition [L.§ can be derived by standard density arguments from
the one employing smooth test functions. We refer the reader to [22] for an account on
this subject, as well as for a panoramic on the different notions of weak solutions for the
Navier—Stokes system (INS)).

The existence of Leray—Hopf weak solutions, as well as their regularity properties with
respect to the time variable, have been proved in the fundamental works of Leray [17]
and Hopf [I3] in the physically relevant cases d = 2,3. We refer the interested reader to
[18, Section 3.1] for the corresponding results in arbitrary dimension.

On the other hand, uniqueness of Leray-Hopf weak solutions remains a formidable
open problem. Very recently, non-uniqueness in the presence of an external force has
been established in [1].

1.5. Vanishing-viscosity limit of Leray—Hopf weak solutions. To date, in addition
to the uniqueness problem, the wvanishing-viscosity limit of Leray—Hopf weak solutions
represents a question of major importance, that is, whether or not Leray—Hopf weak
solutions (u”),~o of the Navier—Stokes system (NS) converge to a weak solution of the
Euler system ([El) in the limit as the viscosity vanishes, v — 0.

The inviscid limit problem for Leray—Hopf weak solutions stands as one of the most
challenging open problems in incompressible fluid dynamics. We refer the reader for
instance to [I1] for a more detailed description of the main difficulties arising in the
inviscid limit.

Up to the authors’ knowledge, the best available results on the convergence of the
vanishing-viscosity scheme assume additional regularity on the limiting solution of the
Euler system, see [15,[19,20,23]. Our second main result moves in this direction and
represents the L®P-counterpart of the inviscid limit proved in [20, Theorem 1.3].

Theorem 1.9 (Vanishing-viscosity limit). Forv > 0, letu” be a Leray—Hopf weak solution
of (NS) and let U € X,, be an admissible weak solution of (El), both with the same initial
condition ug € L*(R%RY), divug = 0. Let us assume that, for some o > 0,

VU )| oo (ray < f(2), for some f € L([0,T]),
VU @) L2 (ray + sup VIV ()| 2@ey < g(t),  for some g € L*([0,TY),
1U ()] p2+e ey + ittpl)nuy(t)HL”“(Rd) < h(t), for some h € L*([0,T]),

for a.e. t € [0,T). There exist two constants v > 0 and M > 1, depending on T, o and
the functions f, g and h above only, with the following property. If v € (0,v), then

sup [[u”(t) — U(t)|| p2qey < My, (1.7)
t€[0,T]

In particular, v* — U in L*°([0, T]; L*(R%RY)) as v — 0F.
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1.6. Plan of the paper. The remaining part of our paper is organized as follows.

In Section [2, we recall the basic theory of Orlicz spaces needed to deal with L®P
functions. Building on a basic real-variable estimate Lemma 1] we prove a logarith-
mic interpolation inequality in Proposition 2.2l This is our key tool and it provides an
alternative and more elementary route to the aforementioned |20, Theorem 1.1].

In Section B, we detail the proof of our first main result Theorem [[.Al together with
the proof of the energy conservation claimed in Proposition [LL7]

In Section M, we prove our second main result Theorem about the convergence of
the vanishing-viscosity limit.

2. PRELIMINARIES

In this section, we recall some definitions and preliminary tools which will be used
throughout the paper.

2.1. The space L*P and a log-interpolation estimate. We define ¢(s) = e® — 1
for all s > 0 and we denote the corresponding Orlicz space of exponentially integrable
functions as

L*P(RY) = {f: RY = R :33 > 0 such that /}Rdw<@> dx<+oo}.

In addition, given f € L®P(R%), we let

||f|LeXP:inf{6>0 : /ﬂ@ﬁ(@) dxsl} (2.1)

be the Luxemburg norm associated to . Since ¥ is a Young function, by the standard
theory of Orlicz spaces (see [3,[16,21] for instance) the set L=P(RY) is a vector space and
(L=P(RY), || - || Lex») is a Banach space. In addition, the Luxemburg norm satisfies

/()] _
Ad¢<||f|Lexp> dr =1 (2.2)

for all f € L™P(RY), f # 0.
It is worth noticing that
L= (RY) C LP(RY) (2.3)
for all p € [1,400) with continuous embedding. Indeed, for any p € N, we can easily

estimate () |f(2)]
1 )|\’ z
Pl Jr (Hfump) s [ (Hfuw> .

whenever f € L®P(R%), f # 0, so that

1
[fllze < ()7 f
The John-Nirenberg inequality implies that BMO(R?) C L;>®(R%) and moreover, by play-

loc
ing with the function = — log |z| (with an appropriate cut-off at infinity), it is also easily

seen that L*P(R?) ¢ L>*(R?) and BMO(R?) & Li;? (R?).
The following result is a particular instance of the well-known Legendre—Fenchel trans-
formation, see [21,, Chapter 1, Theorem 3] for example. For the reader’s convenience, we

provide a simple proof of it.

Lexp.
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Lemma 2.1 (Duality estimate). If s,t > 0, then
st < (e —1)+tlog(t+1). (2.4)
Proof. 1t is enough to prove that, for any fixed ¢y > 0, the function
Gio(s) = €® =1+ tolog(to + 1) — sty, s>0,

satisfies gy, (s) > 0 for all s > 0. Since g; (s) = e* > 0, the function g, is strictly convex
and it thus has a unique global minimum in [0, +-00). If t, < 1, then g; (s) = e® — 15 > 0
and so gy, achieves its minimum at s = 0, whence ¢;,(0) = tolog(1 +1t9) > 0. If tg > 1,
then g;, achieves its minimum at some Sy, € (0, +00) such that e*™» = t,. Therefore

1
gto<3min) =ty — 1+ 1tglog (1 + t_) >0
0
and the conclusion follows. -

The simple estimate proved in Lemma ZTabove implies that the space L'(R?)NL>(R?)
is contained in the dual space of L®P(R?). More precisely, we have the following result,
which reproduces [20, Theorem 1.1] via a much simpler and more elementary approach.

Proposition 2.2 (log-interpolation estimate). There exists a constant C' > 0 with the
following property. If f € L®P(RY) and g € L*(R%) N L®(RY), then

[1£(@) g(@)| o < Cl gl | Tog (1 + llglz=) + [10g gl

Proof. Without loss of generality, we can assume that both f and g do not vanish identi-
cally. Letting A > 0, by (24]), in combination with (2.1I) and (Z2)), we can estimate

Rd|f(ff)g(x)| dz = Al Sl zex /Rd ||;|(|je)xp @

@)/ fllexp _ lg()] lg()]
Lexp[/Rd<e 1)d:p+/Rd—)\ log 3 +1| do

— M| f| o l1 + /R \g(;)\ log <‘9<;)‘ + 1) d:c] .

Since clearly

/]Rd &;” log (wa)' i 1) de = Um(znsx * /g@c

+ 1] (2.5)

dx

<X|f

) A
ol g ()
and
og (126204 1) = 1ol + )~ tow A < o1+ 2ll=) + oA
whenever |g(z)| > A, we get that
/ |f(x) g(z)] dz < N||f]|Lexr [1 + HgﬂL (log2 +log(1 + 2|9l p=) + \log)\|)1 :

Choosing A = ||¢|| ., the conclusion readily follows. O
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3. PROOF OF THEOREM

In this section, we prove Theorem [LLAl To this aim, we need some preliminary results.
We begin with the following simple differential identity involving the symmetric gradient
of a function. Here and in the following, we let p’ be the conjugate exponent of p € [1, 4+00],
so that % + 1% = 1. In addition, we adopt Einstein’s convention on summing repeated
indices.

Lemma 3.1 (Differential identity). Let ¢ > 0. If U € L**(R% R?) is such that
VeU e LU (RY R, divU =0,

then o
o K ) -
o,(U'U’) + 0; (T) =20 (V*U)Y (3.1)
for every j =1,...,d in the sense of distributions.

Proof. Let 0 > 0 and let Us be the mollification of U. Since Uy is smooth and div Us = 0,

we can compute

U;Us
2

0:(U3U3) + 0 ( ) = UL QUL + UL 0,UL = 2UL(V*Uy)¥ (3.2)

proving the (pointwise) validity of (B.1]) for Us. Now, by multiplying (3.2) above by a test
function ¢ € C°(R?) and integrating by parts in the left hand side, we get
o Uiyi 4 y
o ir7l 9. 0¥ o o 7 s iJ
/Rd <U5U5 B+ = anJ) dr = 2/Rd U(V*U)9 o da.
Letting 6 — 0" and observing that
Us — U in L*" (R4 RY),  V*Us — VU in LU+ (R4 R,

we easily conclude that

- /Rd (Uin Dip +

and the proof is complete. O

Ui

aj<p> dx = Q/Rd UH(VSU)Y o da (3.3)

As we already pointed out, the key step towards the proof of Theorem is to establish
inequality (L3). However, it is useful to prove an energy conservation result for the

solution U which is apparently transversal to the usual Onsager’s condition L?(Bé/ci)
from [6].

Remark 3.2. The fact that U conserves the energy plays a crucial role to conclude the
proof of Theorem [[LAl Indeed, after deducing that E., = 0 in some small time interval
(0,9), one needs to iterate the procedure in the interval (d,29) and more generally in every
(46, (i + 1)d) for i = 1,..., N, up to covering the whole interval (0,7"). To fix the ideas,
we focus on the first step in passing from (0, d) to (d,20). In order to make the iteration
possible, one has to check that u is also an admissible weak solution in the interval (9, 29)
which is not true for a general admissible weak solution in (0,24). In our case, this holds
since in the previous step we have shown that u = U in (0,d). Thus, if U conserves the
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energy, then u does too. In particular, the admissibility of w in the interval (0,T") transfers
to the admissibility in (6,20).
Proposition 3.3 (Energy conservation). Let o > 0 and let

U € L>([0,T); L* N L**7(R%: RY)))
be a weak solution of (El). If

ViU € L'([0, T); L8 (R R )),
then

/ U (2, 7)| dz = / Uz, 0)[2 da (3.4)

Rd R4

for all T > 0.

Proof. Let ¢ > 0 and let U. be the space mollification of U. We clearly have that
U. € Lip([0, T] x R%: R?) N Lip([0, T]; L*(R%: RY) N W2 (RY; RY)).
Indeed, it is easy to check that
r s Uz, t) € CY(RYGRY) N LA(RY RY) N W (R RY)
for every t € (0,7, so that the Lipschitz regularity with respect to the time variable can
be recovered from the equation
U, = —-div(U®U), - VP,

where P. is the corresponding regularized scalar pressure. Now, by mollifying the mo-
mentum equation in the first line of the system ([El) and by multiplying by U., we readily
obtain the well-known local energy balance

2 . 2 .
o (155) + div (%5 + P.) U.) = div (RYUL) = RV - VUL,
where
RI=U.0U.—-(UaU),
stands for the usual commutator. Note that the above computations make sense in virtue
of the regularity of U.. By integrating in space and time, we obtain that U. obeys the
energy balance

Eu.(r) — Ep.(0) = —/ RY : VU. de dt = —/ / RV :VeU.dedt,  (3.5)
0 JRd 0 JRd
where in the last equality we exploited the fact that RU is a symmetric matrix. As a

consequence, we get that

B () = Bo.(0) < [ [ |RY||V°U.] duat, (3.6)
0

where we set Ey(7) = 3 [pa |[U(7)[>dz for all 7 > 0. Now, since U(-,7) € L2 for every
7 > 0, the left-hand side of (B:6) converges to |Ey(7) — Ey(0)| as e — 0. Thus, we just
have to prove that the right-hand side of (B.6]) vanishes as ¢ — 0%. To this aim, notice

that we can estimate
LRV U.0] do < IR, 1o 900108
< 2||U(t)||ig+oIIVSU(t)IIL;w%y e L'([0, 7])
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for all £ € (0, 7). In addition, recalling that
U('a t) € LiJrUv (U ® U) (7t) € Li—‘_g
for t € [0,T], we can further estimate

IRV @)]ivs < I ©U). (1) = (U &) ()] 155 + 200 e r200) 10 (1) = U] 20

for t € [0,T]. Since the right-hand side of the above inequality goes to 0 as ¢ — 0% for
a.e. t € (0,7), by the Dominated Convergence Theorem we conclude that the right hand
side in (B.6]) vanishes as ¢ — 0. The proof is complete. O

Remark 3.4 (Solutions of ([El) as in Proposition are in C'([0,T]; L?)). Under the as-
sumptions of Proposition B3, we infer that U € C([0,T]; L*(R% R%)). Indeed, the map
t — U(t) is weakly continuous in L? and, in virtue of Proposition [L7, ¢ ~ U(t) has
constant L2-norm.

We are in the position to prove the validity of inequality (L3]).

Proposition 3.5 (Key estimate on the relative energy). Under the assumptions of The-
orem [, inequality (IL3]) holds for every T € [0,T].

Proof. As already discussed above, we would like to use (a regularization of) the solution U
as a test function in the weak formulation of u. To this aim, let £ > 0 and let U, be the
space mollification of U. As already remarked in the proof of Proposition 3.3l we know
that

U. € Lip([0, T] x R%:RY) N Lip([0, T); L*(R% RY) 0 WHe (R RY)).

For any ¢ > 0, we let

E ( / lu(zx, T) (x T)|2dl‘
and we notice that
ES(r / u(z, 7|2 dz + = / \U. (2, 7)[2 da — /du(T) U(r)de. (3.7
R

for all 7 € [0, T]. We now introduce the usual commutator
RV=U.@U. - (UsU)..

As observed in the proof of Proposition B3], U, satisfies the energy balance (B.3]), where
now U.(0) = (up)e. Since u is an admissible weak solution according to Definition [[3] by
combining GB:H) and (B.3]), we can estimate

B ( /\u0|2dx+ /\uo \dx—/ / RY: V*U. dazdt—/ u(r) - Uu(r) dz
:—/ lug — (ug)e|? dx—/ / RU:VSUEd:EdtJr/ ug - (up)e dz
2 Jra 0o Jrd ° R4
_/ u
R4
1 T
:—/ |u0—(u0)€\2daz—/ / RY: V*U. du dt
2 Jre 0 JRd
—/ / (U - u+u®u: VU,)dzdt.
0 Jrd

(1) - U(7) dx
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By standard manipulations, we can rewrite the last term of the above chain as

_/T/d(atUa'quu(}?u:VUg)dxdt
o Jr
:/T/d(diV<U5®U€>'u_diVRg'u+VPe'U—u®u:VUe)dxdt
o Jr
== [ [ uwedivR dwat+ [" [ VU (Uoou—u@u)dedt
0 JRd 0 Jrd

:_/T/ u.dingda:dt+/T/ VU.: (U —u) ® (u—U.) dz dt

where, as usual, P. stands for the corresponding convoluted scalar pressure. By combining
the above estimates, we conclude that

By (r _2/ o — (ug).? d:c—/ / RY: V*U. du dt

—//u.dingda:dt—l—//VSUe: U:. —u) ® (u—U,)dxdt.
0 JRd 0 Jrd

Now we need to justify how to pass to the limit as ¢ — 0. Since up, U(-,7) € L2, we
clearly have that

(3.8)

lim EL (7)) = Era(T), lim lug — (u0)€|2 dr = 0.

e—=0t e—=0t JRd
Since V*°U(-,t) € L$®, thanks to (23)) we surely have that V*U(-,t) € L;H%),, so that
HVSUE(t)HL;H%)/ S |’vsU(t)”L;1+%)/ S C(O') ”vsU(t)”L;XP & Ll([O,T])
Thus, as already shown in the proof of Proposition B3] we know that
lim [ [ RV:V°U.dzdt=o0.
e—0t Jo JRd
At this point to conclude the proof, we are only left to show that
lim VU (U — ) @ (u— U)dxdt:/ VU (U—u)@ (u—U)dedt (3.9)
e—07 R4 0 JRr4
an T
lim / /d u - div RY dx dt = 0. (3.10)
R

e—=0* Jo

We now deal with each limit separately, the most delicate one being (B.10).
Proof of [B3). As remarked above, we have that VU € L} (L;(L«H%)/), so that

VeU(-,t) — V°U(-,t) in L8 as e — ot Moreover, since U(-,t) € L*™, we know
that U.(-,t) — U(-,t) in L2*°. Hence, we have that
U. =) ® (u—U)(-,t) = (U —u) @ (u—U)(-,t) in Ly 2.
Combining the above limits, we infer that
VU, - (U, —u) @ (u—U)(-,t) = VU : (U—-u)® (u—U)(-,t) in L.
In addition, by Holder’s inequality, for every € > 0 we have that

IVUe s (U —w) @ (u = V) ()llzy < VU asgrll(w = Ue) (0)][7 240
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< COIV U@ e llul o gzeoy | U e 200, € L(0.T).

)

By combining all the bounds given above, we get (3.9) by the Dominated Convergence
Theorem.

Proof of (310). Fix t € (0, 7). Since x — U.(x,t) is smooth enough and divu = 0, we
can write

/ding-udx:/ (Ui 007 — 0,(U'V7).) W da
R4 R4

= /d (U;‘ (OU? 4+ 0,UY) — 0,(U'UY). — 0; <U2U ) ) u dx
R

it ‘ (3.11)

— /R d <2Ug (V*U.) — 9,(U 7). — 8 (T) ) W d

_ 9 /R NCACK AR GRS EN I R

where in the last equality we exploited Lemma Bl In addition, since U.(-,t) — U(-,t) in

L% and V*U.(-,t) — V*U(-,t) in L;(EH%),, we get that

(Ue - VPUL) () = (U - V°U)-(, 1) = 0 in L+,
All in all, since u € L2, in virtue of (3.IT)) we infer that

lim u-divRY dz =0

e—=0t JRd

for a.e. t € (0, 7). To conclude, we notice that, for ¢ > 0 and t € (0, 7), we can use (B.11])
to estimate

L, utt) - div BY(¢)da| < [lu(®) |22 U@l 2= VU@ v
< C(O) ull oo 10l gz | 9V ()

LoXP c Ll([O, T])
We thus get (3.9) by the Dominated Convergence Theorem and the proof is complete. [

Remark 3.6 (Uniform bound on relative energy for small times). As a by-product of
Proposition B.5, we can obtain a uniform bound on the relative energy for small times,
which will be crucial in the proof of Theorem Precisely, under the assumptions of
Theorem [LE, from inequality (L3]) we get that

Era(7) < /0 IV U@ gvoro 1U(E) — u(t) 7240 dt

for any 7 > 0. Consequently, for any given n > 0 we can find a time ¢,, € (0,7, depending
on 7 only, such that
sup Era(1) <. (3.12)
T€[0,ty]

We are now ready to prove Theorem by combining Proposition together with
some basic integral inequality arguments. Our strategy is very similar to that of [20],
although some adaptions are needed in order to deal with our weaker integrability as-
sumption V°U € L and the weak-strong uniqueness result.
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Proof of Theorem[L.4. We divide the proof in three steps.

Step 1: integral inequality for the relative energy. By Proposition B.5, for every 7 €
(0,T) we have that

Era(r) < /0 [ VU (U= w0 @ (- U)dud. (3.13)

Let us set
a(a,) = UG, t) —u(e, )P, (t,2) € [0,T] x R?
and, for any given m > 0,
Oz;; =« 1{a>m}, o, =« 1{a§m}. (314)

By Proposition 2.2, we can exploit (B.I3]) to estimate
()| 1 32/ / o |VEU| da dt
¢ 0 JRd
:2/ / a,;|v3U\dxdt+2/ / ot |VoU | dx dt
0 JRd 0 JRd

< C/OTHVSU(t)

o o (0122 ( logllup, (8) 12| + Tog (Jla (8) 3= + 1) + 1) dt

+2/ / ot VU da dt
0 Jrd
(3.15)
for all 7 € (0,7). Recalling the definition in (3.14)), we have that
lag ()l zge < m

for all ¢ € [0, T]. Therefore, observing that the function r — r (|logr| + log(m + 1) + 1)
is non-decreasing for all » > 0 whenever m > 0, we can estimate

o0 (ol + 1o el +1) +1)

< a0 el (011 + Tt + 1) +1) (3.16)

< a0l Joslla ] + 1og(m +1) +1),

for all ¢ € [0,7]. On the other side, since V*U(-,t) € L&P by (23) we surely have
VeU(-,t) € LI/ Moreover, since u, U € X,,,, we have

a € L]0, T); LY (R%) N L2([0, T); L5 (RY)),

so that
a € L=([0,T); L' 5 (RY) (3.17)
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by interpolation. Therefore, recalling the definition of «;f in (8.I4), we can estimate
l@dmﬂtxHVWﬂtxﬂdxiHaﬁﬁﬂuy%HV7N0H¢u$/
<CX0H{a@w)>wnHﬁﬂ%@5Ha@Mug%HVWNOHQW (3.18)
< Clo)ym ™ a(0)]| 175 19U () |1z
for all t € (0, 7). All in all, by putting (B.16) and (BI8)) into (B15), we get that
nmmmsqfwwofwmwﬁmmmmmn“%m+n+uﬁ (3.19)

+C(o m4w/HWU)

o lla(®)] 14+"dt

<m= [T+ [0 la®lu ( Jog(la®)lz)

+log(m + 1) + 1) dt
(3.20)
for all 7 € [0, T, where we denoted

£O) = 19U 10 (C+ C@)lla@} 77 € (0.7
Step 2: Gronwall’s inequality. Letting
T

y(r) = oy, Cr= [ foyat, 9=

we can equivalently rewrite inequality (B.20) as

<—+/ f(t) (|logy )| + log C, )dt (3.21)
_'_

for all 7 € [0,T]. Now define ym( ) = y(7)
time ¢o > 0 such that y(7) < 3 for every 7 € [0,

1
— < gm(r) <1 forall 7 € 0,1 (3.22)
m

Possibly choosing ¢y > 0 even smaller, we can also assume that

Amﬂwa<§. (3.23)

We remark that the choice of t, realizing (3.22) and (3:23) does not depend on m. Since
the function y — y (|logy| + log C,,) is increasing for each m > 0, possibly enlarging the
constant Cp from line to line in what follows, from (B:21]) and (8:22]) we obtain

In(r) < [ 500 ) (o 1)+ Tog )

< S8 [ 50 ) og(m C)

for all 7 € [0,t]. By Gronwall’s inequality, we thus deduce that

o
4+o0

, Cpm=(1+m)e,

. In view of Remark B.6] we can pick a

1
to]. In particular, for m > 2 we get

Jm(T) < Cj(; log(m Cm) [y £ dt < G =042 g FOdt < =5
m
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for all 7 € [0,to], in virtue of ([3:23). Therefore, recalling that y = §, — - and letting
m — 400, we conclude that

y(t) =0 forall 7 €0, (3.24)

Step 3: iteration argument. Let to € (0,T) be the time fixed at the end of the previous
step. Note that ¢y uniquely depends on ¢ and on suitable integral norms of v, U and V*U.
In order to iterate the argument of Step 2 in the time interval (¢, 2ty), we need to check
that w is still an admissible weak solution in this interval. In virtue of ([B.:24)), we know

that w = U in (0,t). Therefore, since U is energy conservative by Proposition and
since u is admissible in the whole time interval (0,7"), we can infer that

/ |u(t,x)|2dt§/ |u0(x)|2dt:/ |U(0,x)|2dt:/ |U(t0,x)|2dt:/ luto, 2)|? dt
R4 R4 R4 R4 R4

for all ¢ € [0,7]. Thus u is admissible in (to,2tp), so the argument of Step 2 used to
prove (3.24]) can be iterated in subsequent intervals of (at most) size to. This iteration
eventually leads to E.q = 0 in (0,7), concluding the proof. O

Remark 3.7 (Adding an external force). Let us discuss how it is possible to add an external
force F' to our analysis. Assume that the right-hand side of the first equation in (El) is
equal to F' € L*([0,T]; L*(R%)). In this case, note that the notion of admissibility from
Definition has to be replaced with

1 1 t
SO gy < Slluolaey + [ [ Fudeds

for ¢ € [0,T]. Moreover, the energy balance (3.3]) for U. becomes
Eu(r) = B (0) = — [ [ BV veU.dedt+ [* [ Fovdvdr
0 JRd 0 JRrd

and, consequently, (3.4 becomes

1 2 1 2 t
U@ ey = SOy + [ [ F-Udads,

for t € [0, T]. Furthermore, it is easy to see that, in this case, the extra term

Ea(r) = / / (F—F). ud:cdt—i—/ / (F. — F)-U.dzdt
0 JRd 0 JRrd
appears as an additional error in the right-hand side of the estimate (3.8)). By the Dom-
inated Convergence Theorem, we have E%(7) — 0 uniformly in [0,7]. Thus, the very
same inequality (IL3]) still holds, and the proof of Theorem does not modify.
4. PROOF OF THEOREM [[L9]

The proof of Theorem [[L9]is very similar to that of Theorem More precisely, given
v > 0, we want to estimate the viscous relative energy

Bar) = 5 [ JU(r) — (r,0) dr (4.1)

uniformly with respect to 7. To begin, we prove the following result, which rephrases
Proposition in the present context.
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Proposition 4.1 (Key estimate on viscous relative energy). Fiz v > 0. Under the
assumptions of Theorem 1.9, we have

Ery(m) < Epy(n) + /T2 /dVSU (U —u")® (' —U)dedt + l//T2 /qu”: VoU dx dt
1 R 1 R
(4.2)

for every 7o € (0,T) and a.e. 7y < T, including 7 = 0.

Proof. 1t is enough to prove (£2)) for a.e. 71,72 € (0,7T). Indeed, since both u” and U can
be redefined on a negligible set of times in order to have u”, U € Cy(w—L?), having ([£2]) for
a.e. time 1y is equivalent to have the same inequality for every 7, by lower semicontinuity
of the L2 norm under weak convergence.

As before, we would like to use U as a test function in the weak formulation of u".
To this aim, we consider the space mollification U. of U. As shown in the proof of
Proposition B3] it is immediate to check that

U. € Lip([0, T] x R%:RY) N Lip([0, T); WH(R% RY) N WH(RY RY)).
Now, let us define

rel

E(r / \u”(z,7) — Uz, 7)|* do
for all 7 € [0, 7] and € > 0. We have that
1 1
B =5 [ @ nPde+ s [ Ve )P de = [ w(er) Udw,ryde. (43)
2 Jrd 2 JRrd R4
Since U. is regular enough, we can introduce the usual commutator
RI=U.0U.— (UaU).

and recognize the validity of the following energy balance for U,

Uz, 1 dx— U (z,7) 2dx — RU VU, dx dt
ol
:—/ \U.(x,7)|? dx—/ / RY: V*U. dx dt,
2 Jrd n JRA

where in the last equality we used that RY is a symmetric matrix. Since u" is a Leray—Hopf
weak solution of the Navier—Stokes system (NS)), we have that

/Rd\u”(x,TQ)\Q dr < /Rd\uV(x,ﬁ)\? dz

for every 7 € (0,7") and a.e. 1 < 7o, including 71 = 0. Thus, with the same computations
shown in details in the proof of Proposition 3.0, by (&3)) we obtain that

BV (1) < BV (m) // RY: VSUadxdt—/m/ w-div RV dz dt
T1 R4 T1 R4
+// VoL - (Ue—u”)®(u”—U€)dazdt+y/2/ Vu: VUL da di
T1 Rd m Rd

for a.e. o, € (0,T) and a.e. 77 < 7o, including 73 = 0. Letting ¢ — 0" as in Proposition 3.5
and using Lemma Bl we get (£2]), concluding the proof. O
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Remark 4.2 (Uniform bound on the viscous relative energy for small times). As a product
of Proposition ], we can obtain a bound (uniform in v) of the relative energy for small
times, which will be crucial in the proof of Theorem Precisely, under the assumptions
of Theorem [T, from inequality ([A2]) we get that

Bia(r+7) < Ba(r) + [ 19Ul g 1U() = 0 (02 dt
+ / IV Ollz2 19U (1) 12 at

T+T1 (

< Ef(n)+C@) [ (£ h(t? + 9(t)?) dt.

71

for any 7 > 0 and for a.e. ; € [0,7], including 7, = 0, and for any v € (0,1). Since
fh? + ¢* € L}, we deduce that, for any given n > 0, we can find a time 7, € (0,77,
depending on 7 only, such that

Ea(r+m) < Egu(n) +1 (4.4)

for all 7 € [0, 7,] and a.e. 7y € [0, T, including 7 = 0.

We can now detail the proof of Theorem [.L9 The strategy is very similar to that
followed in the proof of Theorem [LL3] since we just need to combine Proposition [4.1]
together with a (integral) Gronwall-type argument.

Proof of Theorem[I.d. We divide the proof in three steps.

Step 1: integral inequality for the viscous relative energy. Since EX,(0) = 0 by assump-

rel
tion, by Proposition [ we can estimate
B\ (r </ / VU (U — ) ® (u”—U)da:dter/T/ Vo' VU dedt  (4.5)
Rd 0 JRd
for all 7 € (0, 7). As in the proof of Theorem [[L3] we consider the quantity
0 (o,0) = [U(z,t) — w(2,0)F, (L) € [0,T] x R
Letting v € (0, 1] to be chosen later, we set

of = alygs-y, o, = alpy<,-y, (4.6)
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for any v € (0,1). Thanks to (£3) and Proposition 2.2, we can estimate

low (7)1 §2/ / (1) VSU(t)\d:cdt+2u/ IV ()| 2 [V2U (1)) 2 dt

<2// 1) | VU ( )|dazdt+2// 1) |VoU(t)| da dt
20 [V (@)1 97U ()22 dt

< [0z o <>||L;[!10g<||a;<t>||m
w2 [ [ af@ VU@ ldedt+ 2w [V @) VU0

<c [ s \aAt)HL;C[1og<uay<t>m>
+C/OT (90(t) + Vv g(t)?) dt

a0z + 1)+ 1] ar

+log (v +1) +1] dt

(4.7)

for all v € (0,1) and all 7 € [0, T], where we defined

ao(t) = / at (1) [VoU (2,1)| de = / o (2,1) VU (z,1)| da.
R4 {ow () >v=7}

Note that, in the last step of the above chain of inequalities, we used the fact that the
function

¥(s) = s [Jlog(s)| + log(1+ v~ +1]

is non-decreasing for any v € (0,1). We now need to estimate the function go. To this
aim, since V*U(-,t) € L%®, we note that V*U(-,t) € L{+7/%" so there exists a constant
C(o) > 0 such that

IV U jgroray < C@IVU@1e < Clo)f(1), €Ly

Recalling that a,(t) = |U(t) — u”(t)|* € L°(L:+9/?), by Chebyshev’s inequality we get
that

{au(®) > v} < (ol yeerm)
Thus, by Holder’s inequality, we infer that
90(t) < (IVU@ avorar low @)1l arers
< C(0) f(t) {aw(t) > v} |miEm [low ()| L+o/2
< C(0) f(H) V7% o ()] 500
< C(0) f(t) h(t)F57 pvs.
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Therefore, going back to (4.1), we have that
o Dllzs < € [ 1) (@) [Jlogllon (8)122)
+C/ PR F75 v Vo g(t)?) dt
<v# [Tgtyat+ [ p®) oy (o(la()z)

+ log (1/_7 + 1) + 1} dt

+log(v ™ +1) +1) dt,
(4.8)
for all 7 € [0,T] and all v € (0,1). Here and in what follows, p,q € L'([0,T]) are two

non-negative functions depending on f, g, h and o only. Moreover, we assumed that o is
small enough to guarantee that % < 7 1 Note that this assumption is not restrictive, in

virtue of the interpolation between L? and L2,

Step 2: Gronwall’s inequality. We now choose v = 1. Letting

b =@l 0=77—  CG=0"+1e
we can equivalently rewrite inequality (48] as
Y (1) < / t)dt +/ ) (|log y,(t)| +1og C,) dt. (4.9)
Define 4, (7) = y,(7) + v. Since the function y — y (|logy| + log C,) is increasing, we get
o (r)<v+v / dt+/ ) (|log 3, (t)| +1log C,) dt.

In view of Remark .2 we can pick a time ¢, > 0 such that y, (1) <
and for every 7 € [0, ¢y]. In particular, for v < %, we have

1 for every v € (0,1)

v<g,(r) <1 forallTel0,t).

We remark that the choice of ¢( is independent of v. With this choice, we have |log 7, (7)| <
—log v and thus

3(r) <0 (14 [ att)dt) + 0 M) ["p(0)3(0)
where we defined M, = C, /v. Note that

—1
MV:MS
14 1%

¢

27

(4.10)

for some universal constant C' > 0. By Gronwall’s inequality, we get that
7.(1) < o (1 +/T o) dt) log My, [ p(t) dt <o 2[7p t)dt’
0

for all 7 € [0,%p], where in the last inequality follows from (ZI0) and from the fact
q € L'(]0,T7]). Since also p € L*([0,T1]), by possibly decreasing further ¢, depending on 6
and p but not on v, we can enforce

s+t 9
sup Op(t) dt Z (4.11)
s€[0,T—to] /s
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yielding that 7,(17) < C Vs forall 7 € [0, to] for some constant C' > 0 only depending on 6
and on the functions f, g and h in the statement of Theorem [L.9l In particular, we have

Y (1) < Cvi
for all 7 € [0, t] and all v € (0,1/2).

Step 3: iteration argument. Now we need to iterate the same procedure followed in
Step 2 in every interval of the form [ito, (i + 1)to], ¢ € N, until we cover the whole interval
[0,7] in a finite number of steps, say N € N, where ¢, > 0 is the positive time chosen
in Step 2. We remark that ¢y depends only on ¢ and on the equi-integrability of the
functions f and fh? + g2, recall Remark

To fix the ideas, we describe in details how to get the desired estimate in the interval
[to, 2to]. Since 2EY,,(to) = y,(to) < Cv% according to Step 2, by Proposition B together

with Remark 4.2] we have

1
Y (1) < C’V% + 3

for all 7 € [to, 2tg]. Now define 3, (1) = y, (1) + V3. It is clear that, by possibly choosing v
even smaller depending on C' and € only, we can ensure that
Vi< g, (r) <1

for all 7 € [to,2ts]. By repeating all the computations from the beginning (that is, by

considering (A8 starting from 7 = ¢, instead of 7 = 0) and this time choosing v = g, we

get

(1) < 2E%,(to) + v? + v (1 + /T q(t) dt)

to

/ ) Gu(t) log (1+ 9/2)+log( 91/2))dt
<ov ( +/t0 q(t ) :p(t) gu(t) log () dt

for all T € [tg, 2tg]. Therefore, once again by Gronwall’s inequality, we deduce that
T [ p(dt 02
G(r) < O (1 +/ q(t) dt) <i9) N < e WL
to v

for all 7 € [to, 2to]. By our choice of ¢y in (&I1]), we have [ 20 p(t) dt < 4, from which

02 _ 4 [2to 02 g2 02
N Y =

Thus
2
7,(1) < C2'T
for all 7 € [to, 2ts]. Repeating the above argument for the subsequent time intervals of

size ty for a finite number of steps, say N, we can cover the whole interval [0, 7] and we
finally obtain

(MRS

Y (1) < oV(8)”
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for all 7 € [0, 7], where C' > 0 is a constant only depending on ¢ and the functions f,
g and h in the statement of Theorem The desired estimate in (7)) thus follows by

setting M = max {CN, (%)N} and the proof is complete. ]
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