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Abstract
We investigate the role of quantum fluctuations in the dynamics of a bosonic Josephson junction in
D spatial dimensions, by using beyond-mean-field Gaussian corrections. We derive some key
dynamical properties in a systematic way for D= 3,2,1. In particular, we compute the Josephson
frequency in the regime of low population imbalance. We also obtain the critical strength of the
macroscopic quantum self-trapping. Our results show that quantum corrections increase the
Josephson frequency in spatial dimensions D= 2 and D= 3, but they decrease it in the D= 1 case.
The critical strength of macroscopic quantum self-trapping is instead reduced by quantum
fluctuations in D= 2 and D= 3 cases, while it is enhanced in the D= 1 configuration. We show
that the difference between the cases of D= 2 and D= 3 on one side, and D= 1 on the other, can
be related to the qualitatively different dependence of the interaction strength on the scattering
length in the different dimensions.

1. Introduction

A Josephson junction is a device composed of a superconductor, or a superfluid, with a tunneling barrier
separating two regions. While the first studies on this kind of problem were targeting superconductors [1],
the achievement of Bose–Einstein condensation prompted investigations on this model in the setting of
ultracold atomic systems too [2]. Experiments using bosonic Josephson junctions have been performed since
2005 [3] and also ac and dc Josephson effects have been measured [4]. In contrast to superconducting
Josephson junctions, atomic Josephson junctions can exhibit a significant difference in population between
the two sides, and a self-trapping phenomenon called macroscopic quantum self-trapping (MQST) [5].
Eventually, the presence of normal currents has been shown to eliminate the MQST regime in long evolution
times [6]. In the context of atomic Josephson junctions, the role of dimensionality has been studied in the
context of elongated 1-dimensional junctions [7] consisting in two sites spatially separated by an optical
potential. Experimental realizations of the atomic Josephson junction can be based on the implementation of
a narrow potential barrier that spatially separate the condensate, and allows tunneling. In this scenario, it is
possible study extended Josephson junctions in D= 1 [8], corresponding to a potential that confines the
condensate around two parallel axis, and D= 2, in the case of separation in two parallel planes. This
approach is called external coupling [9]. In opposition, the technique of internal coupling has been recently
shown to be promising: two internal states in the condensate are coupled by Rabi resonant radiation, thus
obtaining an effective Josephson junction without the implementation of a narrow potential [9, 10]. In the
latter case, it is possible to investigate the behavior of the junction also in D= 3, a case that was sorted out
with external coupling due to the need of the barrier. Realizing extended atomic Josephson junctions is more
difficult with respect to single-mode systems, because of the presence of inhomogeneities in the atom density
and external fields. Analyzing the full dynamics at the Gross–Pitaevskii level, one obtains rich phase diagram
including dissipative, self-trapped regimes [11]. Analysis with D= 1 [12, 13] and D= 2 [14, 15] have
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highlighted the emergence of novel dissipation mechanisms, dispersive shock waves and BKT transition.
Moreover, the tunability of the interaction strength via Feshbach resonances allowed investigations with
fermionic superfluids near the BEC-BCS crossover, in experimental [16–19] and theoretical [20–23] studies.
In the case of fermionic superfluid, the role of dimensionality has been experimentally investigated in the
D= 2 case [24]. Another interesting setup, made available using optical lattices, is the realization of many
Josephson junctions in an array shape [25]. Such kind of system had been proposed as a platform for
quantum computing [26].

Typically, the complete quantum dynamics of Josephson junctions is explained using the phase model,
which depends on the commutation rule of the phase operator ϕ̂ with the number operator N̂ [27]. By
looking at the population imbalance and at the relative phase between the two sites, is it possible to separate
two qualitatively different dynamical regimes: the first one is the Josephson regime, which is characterized by
sinusoidal oscillations of both quantity around a zero mean value (in the deep tunneling regime). The
oscillation frequency is called the Josephson frequency. In the second regime, the self-trapping one, the
population imbalance exhibits small amplitudes oscillation around a non-zero mean value while the relative
phase increases in time. The rate of increase of the phase with time is called phase-slippage rate [28]. The
phase model approach is the starting point of many theoretical studies of Josephson junctions. For example,
the effect of the finite size of the system had been tackled by using the so-called atomic coherent states [29].
In this case, the computation of corrections to the MQST critical strength was shown to be particularly
subtle. In another study, the path integration technique had been used for obtaining an effective action
depending only on the phase dynamical variable: this approach was used to compute quantum corrections to
the Josephson frequency that are in principle verifiable for both atomic and superconducting systems in
specific regimes [30].

In the present work, we first review, in section 2 the mean-field calculations of the Josephson frequency
and the MQST critical strength, serving as a starting point for our analysis. In sections 3–5, by including
beyond-mean-field Gaussian corrections in D spatial dimensions [31] on each of the two sites, we
systematically calculate the effect of quantum fluctuations for the case, respectively, of D= 3,1,2. These
quantum fluctuations give rise to the Lee–Huang–Yang correction [32] for D= 3, to the Schick–Popov
correction [33, 34] for D= 2, and to the next-to-leading term of the Lieb–Liniger theory [35] for D= 1. In
section 6 we compare the phase-slippage rates in the self-trapping regimes, by solving numerically the
equations of motion. Our approach provides an analytically treatable approximation of the full quantum
dynamics, and significant corrections are derived.

2. Mean-field results

2.1. D-dimensional case
We want to construct an effective Lagrangian for a bosonic system with two sites of volume V= LD each
[30]. The corresponding Lagrangian density is made of three terms:

L = L1 +L2 +LJ. (1)

The first and the second term are given by

Lk = ih̄Φ∗
k (t)∂tΦk (t)−

1

2
g0|Φk (t) |4 k= 1,2, (2)

where Φk(t) is a complex time-dependent field describing the bosons in one of the sites (k= 1,2) and g0 is
the coupling constant. It is important to stress that the spatial dependence of the field Φk(t) is encoded only
in the subindex k. If we assume that the wavefunctions of the two sites have small overlapping in the barrier
region, we can write the third term, which phenomenologically introduces tunneling (hopping), as

LJ =
J

2
(Φ∗

1 (t)Φ2 (t)+Φ∗
2 (t)Φ1 (t)) , (3)

the constant J is connected to the exchange of particles between the two sites. Integrating in space the
Lagrangian density one obtains the Lagrangian [30]

L=

ˆ
V
L dDr⃗= LDL

=
∑
k

(
ih̄φ∗

k (t)∂tφk (t)−
U

2
|φk (t) |4

)
+

J

2
(φ∗

1 (t)φ2 (t)+φ∗
2 (t)φ1 (t)) ,

(4)

2
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where the new renormalized functions describing the system are

φk (t)≡
√
LDΦk (t) k= 1,2 , (5)

and

U≡ g0
LD

. (6)

Through the Madelung transformation [36], given by

φk (t) =
√

Nk (t)e
iϕk(t) k= 1,2 , (7)

the complex function describing the bosons can be rewritten in terms of its phase ϕk(t) and its modulus√
Nk(t), where the square of the latter corresponds to the number of bosons in the kth site. Then the

Lagrangian becomes

L=
∑
k

(
ih̄
Ṅk

2
− h̄ϕ̇kNk −

U

2
N2

k

)
+ Jcos(ϕ1 −ϕ2)

√
N1N2. (8)

Introducing the total number of particles N≡ N1(t)+N2(t), the relative phase ϕ(t)≡ ϕ2(t)−ϕ1(t), the
total phase ϕ̄(t)≡ ϕ1(t)+ϕ2(t) and the population imbalance z(t)≡ (N1(t)−N2(t))/N then

L=ih̄
Ṅ

2
+

Nh̄

2
zϕ̇− Nh̄

2
˙̄ϕ− UN2

4
− UN2

4
z2 +

JN

2

√
1− z2 cosϕ, (9)

however, the first term is zero since N is constant and the third and fourth terms can be removed since the
former is an exact differential and the latter is constant. The Lagrangian then reduces to

L=
Nh̄

2
zϕ̇− UN2

4
z2 +

JN

2

√
1− z2 cosϕ, (10)

and the corresponding Euler–Lagrange equations, called Josephson–Smerzi equations [2] are{
ż=− J

h̄

√
1− z2 sinϕ

ϕ̇= J
h̄

z√
1−z2

cosϕ+ UNz
h̄ .

(11)

2.2. Josephson frequency
To obtain a quadratic Lagrangian one consider the limit in which |ϕ(t)| ≪ 1 and |z(t)| ≪ 1. Therefore the
linearized Josephson–Smerzi equations are {

ż=− J
h̄ϕ

ϕ̇= J+UN
h̄ z,

(12)

and from these equations, one can get the harmonic oscillator equations for the population imbalance z(t)
and the relative phase ϕ(t): {

z̈+Ω2
mfz= 0

ϕ̈+Ω2
mfϕ = 0,

(13)

where the Josephson frequency is introduced [2], its expression is given by

Ωmf =
1

h̄

√
J2 +UNJ=

1

h̄

√
J2 + Jg0n. (14)

Note that there are two particular regimes. If J≫ UN then the frequency can be approximated with the Rabi
frequency ΩR [2]

Ωmf ≃ ΩR =
J

h̄
. (15)

Vice versa, if J≪ UN then the frequency can be approximated to [2]

Ωmf ≃ ΩJ =

√
UNJ

h̄
. (16)

Hence the frequency (14) can be rewritten as a function of these two particular cases as

Ωmf =
√
Ω2

R +Ω2
J . (17)

3
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2.3. Macroscopic quantum self trapping
In order to describe the MQST in the mean-field approximation, one needs to find the conserved energy of
the system, which is given by

E= ϕ̇
∂L
∂ϕ̇

−L, (18)

however the Lagrangian is independent from ż, therefore the conserved energy is given by

E=
UN2

4
z2 − JN

2

√
1− z2 cosϕ. (19)

The MQST happens when ⟨z⟩ ̸= 0 and the condition to have MQST is given, calling z0 = z(0) and ϕ0 = ϕ(0),
by the following inequality

E(z0,ϕ0)> E(0,π) , (20)

since z(t) cannot become zero during an oscillation cycle. The MQST condition can be expressed also with a
dimensionless parameter, known as strength, defined as

Λ≡ NU

J
. (21)

In fact, inserting (19) and (21) into (20) , one has

Λ> Λc, mf ≡
1+

√
1− z20 cosϕ0

z20/2
. (22)

where we defined the critical value of the strength, above which the MQST occurs. Equation (22) is the
familiar mean-field condition to achieve MQST in Bose–Einstein condensates.

In the next sections, the results found in the mean-field approximation are used as a starting point to
compute the beyond-mean-field corrections to the Josephson frequency and the MQST. As we will see,
contrary to the mean-field results, the beyond-mean-field Gaussian corrections are strongly dependent on
the spatial dimension D.

3. Beyond-mean-field:D= 3 case

We can express the beyond-mean-field energy density in D= 3 as [31, 32]

E =
1

2
g0n

2 +
8

15π2

√
m

h̄2

3

(g0n)
5
2 , (23)

where in the D= 3 case the coupling constant g0 depends on the s-wave scattering length as by the following
relation

g0 =
4πh̄2as
m

. (24)

The beyond-mean-field energy density is obtained from the beyond-mean-field grand potential. In
particular, in a generic spatial dimension D, the latter is calculated renormalizing the integral over the
momentum-space of the Bogoliubov spectrum, namely:

1

2

ˆ
dDq Eq (µ) =

1

2

ˆ
dDq

√
h̄2q2

2m

(
h̄2q2

2m
+ 2µ

)
, (25)

where µ is the chemical potential and q is the linear momentum. This integral is the zero-point energy of the
excitations, which exhibit an ultraviolet divergency, but we can regularize it by means of dimensional
regularization [31]. In this section we consider D= 3. Once one has the beyond-mean-field correction term
to the grand potential, it is possible to retrieve the beyond-mean-field energy density as follow: firstly, one
calculates the beyond-mean-field number density performing a derivative with respect to the chemical
potential to the beyond-mean-field grand potential. Then, inverting the obtained number density relation,
one obtains an expression for the beyond-mean-field chemical potential. Finally, integrating the latter

4
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expression in the number density one retrieves the beyond-mean-field energy density. Considering also (23),
the Lagrangian density acquires a new term

L =L0 −
8g

5
2
0

√
m3

15π2h̄3
(
|Φ1 (t) |5 + |Φ2 (t) |5

)
, (26)

where L0 is the mean-field Lagrangian density. Integrating the Lagrangian density in space one obtains

L= L0 −
8g

5
2
0

√
m3

15π2h̄3L
9
2

(
|φ1 (t) |5 + |φ2 (t) |5

)
. (27)

3.1. Josephson frequency
Performing the Madelung transformation (7) one obtains

L= L0 −
8
√

m3g50
15π2h̄3L

9
2

(
N

5
2
1 (t)+N

5
2
2 (t)

)
, (28)

and rewriting the number of particles in each site as a function of the total number of particles and the
population imbalance N1,2 = N(1± z)/2 one gets

L= L0 −
√

2m3g50N
5
2

15π2h̄3L
9
2

[
(1+ z)

5
2 +(1− z)

5
2

]
. (29)

Now, since we are in the low population imbalance limit, it is possible to do the following expansion

(1± z)n ≃ 1± nz+
n(n− 1)z2

2
, (30)

and summing the two contributions

(1+ z)n +(1− z)n ≃ 2+ n(n− 1)z2. (31)

Inserting it into (29) and removing the term constant in z stemming from the calculations, one obtains

L= L0 −
√

m3g50N
5
2

2
√
2π2h̄3L

9
2

z2. (32)

Finally, the Lagrangian in the D= 3 case is

L=
Nh̄

2
zϕ̇−

(
UN2 + JN

4

)
z2 − JN

4
ϕ2 −

√
m3g50N

5
2

2
√
2π2h̄3L

9
2

z2. (33)

The Euler–Lagrange equations are {
ϕ̈+Ω2ϕ = 0

z̈+Ω2z= 0,
(34)

where the corrected Josephson frequency is

Ω≡ 1

h̄

√
J2 + JUN+

J
√

2g50n
3m3

π2h̄3
. (35)

Defining the reference energy εs and the gas parameter γ as

εs ≡
h̄2

ma2s
γ ≡ a3s n, (36)

the Josephson frequency can also be written, using the definition of Rabi frequency ΩR, as

Ω= ΩR

√√√√1+ 4πγ
εs
J

(
1+ 8

√
2γ

π

)
. (37)

5
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Figure 1. 3D beyond-mean-field relative correction to the Josephson frequency. In the plot is pictured the ratio between the
beyond-mean-field Josephson frequencyΩ and the mean-field oneΩmf as a function of the strength parameter Λ = g0n/J for
different values of the gas parameter γ = a3s n: γ = 3× 10−4 (red solid line), γ = 3× 10−5 (green dashed line) γ = 3× 10−6

(blue dotted line) and γ= 0 (black dash-dotted line). The last line corresponds to the mean-field case.

To understand the magnitude of the beyond-mean-field correction to the Josephson frequency the ratio
between the beyond-mean-field Josephson frequency Ω and the mean-field one Ωmf as a function of the
strength parameter, given by Λ = 4πγεs/J, is done. Namely it is considered

Ω

Ωmf
=

√√√√√1+Λ

(
1+ 8

√
2γ
π

)
1+Λ

. (38)

Looking at figure 1 one observes the following behavior: the correction is more significant at higher strength
parameters Λ. For strength parameters Λ→ 0 the beyond-mean-field correction is irrelevant regardless of
the gas parameter. Instead, for larger Λ, the relative correction is given by

Ω

Ωmf

∣∣∣∣∣
Λ≫1

=

√
1+ 8

√
2γ

π
. (39)

Focusing now on the bounds of the gas parameter γ, while the lower bound is γ= 0 and this is given by the
fact that both the quantities defining γ, namely the s-wave scattering length as and the number density n are
non-negative quantities. Instead, the upper bound limit is due to the fact that to obtain the
beyond-mean-field correction we used a perturbative approach, assuming γ ≪ 1, for this reason, by setting a
beyond-mean-field relative correction to the number density smaller than 0.1, it follows that the upper
bound on γ must be set to γ = 3× 10−4, as reported in figure 1. In figure 1 the relative correction is higher
for larger values of the gas parameter, while for γ= 0 one retrieves the mean-field case.

3.2. Macroscopic quantum self trapping
Starting from the beyond-mean-field Lagrangian written in terms of the total number of particles N, the
population imbalance z, and the phase difference ϕ

L=
Nh̄

2
zϕ̇− UN2

4
z2 +

JN

2

√
1− z2 cosϕ−

√
2m3g50N

5
2

15π2h̄3L
9
2

[
(1+ z)

5
2 +(1− z)

5
2

]
, (40)

one finds that the conserved energy is

E=
UN2

4
z2 − JN

2

√
1− z2 cosϕ+

L3
√
2m3

15π2h̄3
(UN)

5
2

[
(1+ z)

5
2 +(1− z)

5
2

]
. (41)

Imposing the inequality condition (20) to have MQST one gets

Λ

2
z20 −

√
1− z20 cosϕ0 +

2L3
√
2m3

15π2h̄3
ΛU

3
2N

1
2

[
(1+ z0)

5
2 +(1− z0)

5
2

]
> 1+

4L3
√
2m3

15π2h̄3
ΛU

3
2N

1
2 , (42)

6
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Figure 2. 3D beyond-mean-field relative correction to the MQST critical value. In the plot is pictured the ratio between the
beyond-mean-field MQST critical value Λc, 3D and the mean-field one Λc, mf as a function of the initial population imbalance
z0 ≡ z(t= 0) = (n1(0)− n2(0))/(n1(0)+ n2(0)) for different values of the gas parameter γ = a3s n: γ = 3× 10−4 (red solid
line), γ = 3× 10−5 (green dashed line) γ = 3× 10−6 (blue dotted line) and γ= 0 (black dash-dotted line). The last line
corresponds to the mean-field case.

and finally

Λ> Λc, 3D, (43)

where we have defined the critical value as a function of the gas parameter γ

Λc, 3D ≡
1+

√
1− z20 cosϕ0

z20
2 + 16

√
2

15
√
π

√
γ
[
(1+ z0)

5
2 +(1− z0)

5
2 − 2

] . (44)

To understand the significance of the beyond-mean-field correction to the MQST critical value one divides
by the mean-field critical value Λc, mf

Λc, 3D

Λc, mf
=

[
1+

32
√
2

15
√
π

√
γ
(1+ z0)

5
2 +(1− z0)

5
2 − 2

z20

]−1

. (45)

Note that since the denominator of Λc, 3D is larger than the Λc, mf one, then the beyond-mean-field MQST
critical value is smaller than the mean-field one Λc, 3D < Λc, mf, as pictured in figure 2. Furthermore, the
relative correction grows as the gas parameter decreases and it is marginally more significant for lower values
of |z0|.

4. Beyond-mean-field:D= 1 case

The procedure to find a modified Josephson frequency is analogous to the one used in the D= 3 case.
Recalling the procedure aforementioned, the beyond-mean-field energy density is derived from the
renormalization of the integral over the momentum-space of the Bogoliubov spectrum, given by
equation (25) with D= 1. Then, calculating the beyond-mean-field number density by taking a derivative of
the beyond-mean-field grand potential with respect to the chemical potential and inverting it, an expression
for the beyond-mean-field chemical potential as a function of the number density can be found. Finally,
integrating this expression with respect to the number density allows you to obtain the beyond-mean-field
energy density. Hence, from the D= 1 beyond-mean-field energy density [31, 35]

E =
1

2
g0n

2 − 2

3π

√
m

h̄2
(g0n)

3
2 , (46)

where

g0 =− 2h̄2

mas
. (47)

7
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The Lagrangian density is given by

L = L0 +
2
√

mg30
3πh̄

(
|Φ1 (t) |3 + |Φ2 (t) |3

)
, (48)

where L0 is the mean-field Lagrangian density and the second term arises from the beyond-mean-field
calculation accounting quantum fluctuation. The Lagrangian is thus

L= L0 +
2
√

mg30
3πh̄L

1
2

(
|φ1 (t) |3 + |φ2 (t) |3

)
. (49)

where the 1-dimensional coupling constant g0 can be expressed as a function of the s-wave scattering length
as as follow

g0 =− 2h̄2

mas
. (50)

4.1. Josephson frequency
Again, a Madelung transformation (7) is performed, obtaining

L= L0 +
2
√

mg30
3πh̄L

1
2

(
N

3
2
1 (t)+N

3
2
2 (t)

)
, (51)

which can be rewritten in terms of the total number of particles N and the population imbalance z as

L= L0 +

√
mg30N

3
2

3
√
2πh̄L

1
2

[
(1+ z)

3
2 +(1− z)

3
2

]
. (52)

Using the relation of expansion (30), valid in the low population imbalance limit, and removing the constant
terms, one gets

L= L0 +

√
mg30N

3
2

4
√
2πh̄L

1
2

z2. (53)

Finally, the Lagrangian in the D= 1 case is given by

L=
Nh̄

2
zϕ̇−

(
UN2 + JN

4

)
z2 − JN

4
ϕ2 +

√
mg30N

3
2

4
√
2πh̄L

1
2

z2. (54)

Therefore the Euler–Lagrange equations have the same form of equation (34) but with the following
corrected Josephson frequency

Ω≡ 1

h̄

√
J2 + JUN− J

√
g30nm√
2πh̄

. (55)

Writing now the Josephson frequency as a function of the s-wave scattering length as

Ω= ΩR

√
1− 2h̄2n

masJ

(
1− 1

π
√
−asn

)
, (56)

and defining the reference energy εs and the gas parameter γ in the 1-dimensional case as

εs ≡
h̄2

ma2s
, γ ≡ asn, (57)

8
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Figure 3. 1D beyond-mean-field relative correction to the Josephson frequency. In the plot is pictured the ratio between the
beyond-mean-field Josephson frequencyΩ and the mean-field oneΩmf as a function of the strength parameter Λ = g0n/J for
different values of the gas parameter γ = asn: γ =−20 (red solid line), γ =−200 (green dashed line) γ =−2000 (blue dotted
line) and γ →−∞ (black dash-dotted line), which corresponds to the mean-field case.

the Josephson frequency can also be written as

Ω= ΩR

√
1− 2γ

εs
J

(
1− 1

π
√
−γ

)
. (58)

Note that the gas parameter γ must be negative due to the presence of the inverse of the square root of it.
Analogously to the 3-dimensional case to acknowledge the degree of the beyond-mean-field correction to

the mean-field Josephson frequency is taking into account the ratio between the corrected frequency and the
mean-field one as a function of the strength parameter Λ =−2γεs/J

Ω

Ωmf
=

√√√√1+Λ
(
1− 1

π
√
−γ

)
1+Λ

. (59)

The beyond-mean-field Josephson frequency is lower than the mean-field one. Indeed, as pictured in figure 3
the relative correction Ω/Ωmf ⩽ 1, where the equality is obtained for γ →−∞ or when the strength
parameter is Λ = 0. Analogously to the 3-dimensional case, in obtaining that beyond-mean-field correction,
a perturbative analysis is used, so by setting a beyond-mean-field relative correction to the number density
smaller than 0.1, it follows that the upper bound on γ must be set to γ =−20, as reported in figure 3.
Furthermore, the beyond-mean-field correction becomes more important as Λ grows. In fact, for larger
strength parameters, Λ≫ 1, the asymptotic behavior of the relative correction is given by

Ω

Ωmf

∣∣∣∣∣
Λ≫1

=

√
1− 1

π
√
−γ

. (60)

The relative correction Ω/Ωmf behavior also depends on the gas parameter γ, for higher values of the gas
parameter the correction is more important and so the value of Ω/Ωmf decreases.

4.2. Macroscopic quantum self trapping
To compute the conserved energy one considers the beyond-mean-field Lagrangian in the D= 1 case given
by

L=
Nh̄

2
zϕ̇− UN2

4
z2 +

JN

2

√
1− z2 cosϕ+

√
mg30N

3
2

3
√
2πh̄L

1
2

[
(1+ z)

3
2 +(1− z)

3
2

]
, (61)

one finds that the conserved energy is

E=
UN2

4
z2 − JN

2

√
1− z2 cosϕ− L

√
m

3
√
2πh̄

(UN)
3
2

[
(1+ z)

3
2 +(1− z)

3
2

]
. (62)

9
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Figure 4. 1D beyond-mean-field relative correction to the MQST critical value. In the plot is pictured the ratio between the
beyond-mean-field MQST critical value Λc, 1D and the mean-field one Λc, mf as a function of the initial population imbalance
z0 ≡ z(t= 0) = (n1(0)− n2(0))/(n1(0)+ n2(0)) for different values of the gas parameter γ = asn: γ =−20 (red solid line),
γ =−200 (green dashed line) γ =−2000 (blue dotted line) and γ →−∞ (dark dash-dotted line). The last line corresponds to
the mean-field case.

Imposing the inequality condition to have MQST, given by (20), one gets

Λ

2
z20 −

√
1− z20 cosϕ0 −

L
√
2m

3πh̄
ΛU

1
2N− 1

2

[
(1+ z0)

3
2 +(1− z0)

3
2

]
> 1− 2L

√
2m

3πh̄
ΛU

1
2N− 1

2 , (63)

and finally

Λ> Λc, 1D, (64)

where we have defined the critical value Λc, 1D using the gas parameter γ

Λc, 1D =

(
1+

√
1− z20 cosϕ0

)[
z20
2
− 2

3π

1√
−γ

[
(1+ z0)

3
2 +(1− z0)

3
2 − 2

]]−1

. (65)

However in this case the critical value is reached for larger values of Λ since Λc, 1D > Λc, mf, namely the
beyond-mean-field critical value Λc, 1D is larger than the mean-field one. Indeed, dividing Λc, 1D by the
mean-field critical value Λc, mf one gets

Λc, 1D

Λc, mf
=

(
1− 4

3π

1√
−γ

(1+ z0)
3
2 +(1− z0)

3
2 − 2

z20

)−1

, (66)

and looking at figure 4 one finds Λc, 1D/Λc, mf ⩾ 1, where the equality is verified for γ →−∞. In fact, the
beyond-mean-field correction becomes less significant as the gas parameter decreases. Furthermore, at fixed
γ it is more important for higher values of |z0|.

5. Beyond-mean-field:D= 2 case

The 2-dimensional case is more delicate that the 1-dimensional and the 3-dimensional cases for many
reasons [31, 33, 34]. Firstly, renormalizing the zero-point energy of the excitations is not enough to deal with
the UV divergency, since a Γ(−2) appears. Under the minimal subtraction scheme we obtain a finite result
[37] for the zero-point energy of the excitations, which now depends on an energy cut-off Λ. However this
energy cut-off cancels out with the same energy cut-off which appears in the expression for the mean-field
2-dimensional coupling constant, giving a Λ−independent expression for the beyond-mean-field grand
potential. The beyond-mean-field grand potential is equal in form to the mean-field one, with the care of
substituting the mean-field coupling constant with the beyond-mean-field one, namely:

gr,k =−4πh̄2

m

1

ln
(

µk

ε0

) k= 1,2 . (67)

10
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Here, µ is the chemical potential and the constant ε0 is given by ε0 = 4h̄2/(ma2s e
2γE+

1
2 ), where as is the

s-wave scattering length and γE = 0.5772156649 is the Euler–Mascheroni constant. We can then
approximate this expression as a function of the number density of the site as follows

gr,k =−4πh̄2

m

1

ln(Cnk)
k= 1,2 , (68)

where C≡ π e2γE+1a2s . Secondly, the corrected Lagrangian is no more composed of a mean-field part and a
correction, but rather it is equal in form to the mean-field Lagrangian although with the renormalized
coupling gr replacing g0.

Therefore, before computing the potential term, a discussion on the coupling is needed [37]. Since the
coupling gk,r is different for each site, it is useful to define a coupling gr for the entire system

gr =−4πh̄2

m

1

ln(Cn)
, (69)

where n is the number density of the system and it is given by the mean of the number densities of the sites

n=
n1 + n2

2
. (70)

Then the number densities of the sites n1,2 can be expressed in terms of the population imbalance variable
z(t) = (n1 − n2)/(n1 + n2) and the number density of the system n as

n1 = n(1+ z)

n2 = n(1− z) .
(71)

The couplings gr,k in equation (68) can rewritten in terms of z(t), n and gr and therefore, after some
manipulations using equation (71)

gr,k = gr

[
1+

ln(1± z)

ln(Cn)

]−1

, k= 1,2. (72)

5.1. Josephson frequency
In the case of D= 2, the beyond-mean-field energy density is given by

E (n) = grn2

2
. (73)

Hence, the Lagrangian density is given by

L =
∑
k

(
ih̄Φ∗

k (t)∂tΦk (t)−
1

2
gr,k|Φk (t) |4

)
+

J

2
(Φ∗

1 (t)Φ2 (t)+Φ∗
2 (t)Φ1 (t)) (74)

and it is obtained substituting g0 with gr. Integrating in space the corresponding Lagrangian is

L=
∑
k

(
ih̄φ∗

k (t)∂tφk (t)−
Uk

2
|φk (t) |4

)
+

J

2
(φ∗

1 (t)φ2 (t)+φ∗
2 (t)φ1 (t)) , (75)

where

Uk ≡
gr,k
L2

, φk (t)≡ LΦk (t) k= 1,2. (76)

In the mean-field D= 2 case we can easily express the potential terms as a function of the variables N and z.
This is because the coupling constant, denoted as U, is not influenced by the quantity nk. Consequently, the
potential term exhibits a quadratic dependence on nk

−
∑
k

U

2
N2

k =
UN2

4
z2. (77)

In the beyond-mean-field case it is not so simple since there is also a dependence on nk in the coupling gr,k,
hence the potential term transforms differently. For k= 1, upon defining

Ur ≡
gr
L2

, (78)

11
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and after performing a Taylor expansion due to the low population balance regime, |z(t)| ≪ 1, one finds

1

2
U1|φ1 (t) |4 ≃

UrN2

8

(
1+

z2 − 2z

2 ln(Cn)
+

z2

ln2 (Cn)

)(
1+ 2z+ z2

)
. (79)

For k= 2 the procedure is analogous. Summing the two contributions one obtains

∑
k

Ur,k

2
|φk (t) |4 =

UrN2

4

(
1+ z2 − 3z2

2 ln(Cn)
+

z2

ln2 (Cn)

)
. (80)

Writing this result in terms of the system coupling, inverting the relation (69)

1

ln(Cn)
=− mgr

4πh̄2
, (81)

one gets

∑
k

Ur,k

2
|φk (t) |4 =

UrN2

4

[
1+ z2

(
1+

3

8

mgr
πh̄2

+
1

16

m2g2r
π2h̄4

)]
. (82)

The term is similar to the mean-field one, given by (UN2z2)/4 with caution to substitute U with Ur and add
the beyond the mean-field corrections to the contact interaction term. Therefore to obtain the Josephson
frequency in the 2-dimensional beyond-mean-field framework is sufficient to substitute inside (14) the
constant U with

U→ Ur

(
1+

3

8

mgr
πh̄2

+
1

16

m2g2r
π2h̄4

)
. (83)

Doing so, the 2-dimensional beyond-mean-field Josephson frequency is given by

Ω=
1

h̄

√
J2 + JUrN

(
1+

3

8

mgr
πh̄2

+
1

16

m2g2r
π2h̄4

)
, (84)

or, alternatively, expressing it as a function of gr and n

Ω=
1

h̄

√
J2 + Jgrn

(
1− 3

2 ln(Cn)
+

1

ln2 (Cn)

)
. (85)

Note that, in the limit of low density n≪ 1, the terms 1/(lnℓ (Cn)) become smaller and smaller the higher is
ℓ, therefore keeping only terms of the order ln(Cn)−1 then (83) can be approximated to Ur and so the
Josephson frequency in D= 2 is formally equivalent to mean-field one (14)

Ω=
1

h̄

√
J2 +UrNJ, (86)

with the care of substituting U with Ur. Writing explicitly the Rabi frequency, the s-wave scattering length as
and the number density n one obtains

Ω= ΩR

√
1− 4πh̄2n

mJ ln(Cn)

(
1− 3

2 ln(Cn)
+

1

ln2 (Cn)

)
. (87)

Introducing the reference energy εs and the gas parameter in the 2-dimensional case

εs ≡
h̄2

ma2s
, γ ≡ a2s n, (88)

and calling C∗ = π e2γE+1 the Josephson frequency can be written as

Ω= ΩR

√
1− 4πγ

ln(C∗γ)

εs
J

(
1− 3

2 ln(C∗γ)
+

1

ln2 (C∗γ)

)
. (89)
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Figure 5. 2D beyond-mean-field relative correction to the Josephson frequency. In the plot is pictured the ratio between the
beyond-mean-field Josephson frequencyΩ and the mean-field oneΩmf as a function of the strength parameter Λ = g0n/J for
different values of the gas parameter γ = a2s n: γ = 1× 10−2 (red solid line), γ = 1× 10−3 (green dashed line) γ = 1× 10−4

(blue dotted line) and γ= 0 (dark dash-dotted line). The last line corresponds to the mean-field case.

The beyond-mean-field relative correction to the Josephson frequency Ω is given by

Ω

Ωmf
=

√[
1+Λ

(
1− 3

2 ln(C∗γ)
+

1

ln2 (C∗γ)

)]
(1+Λ)

−1
, (90)

where the strength parameter is given by Λ =−(4πγεs)/(ln(C∗γ)J).
As pictured in figure 5, the relative Ω/Ωmf correction at fixed gas parameter γ is more significant for

higher values of the strength parameter Λ and for larger values of the strength parameter Λ, the relative
correction Ω/Ωmf is independent on Λ and is given by

Ω

Ωmf

∣∣∣∣∣
Λ≫1

=

√
1− 3

2 ln(C∗γ)
+

1

ln2 (C∗γ)
. (91)

Instead, focusing on the gas parameter γ dependence one has an increment of the relative Ω/Ωmf correction
for a higher value of γ. Conversely for γ= 0 one retrieves the mean-field result.

5.2. Macroscopic quantum self trapping
Unlike the Josephson frequency calculation, in the MQST one, the low population imbalance limit is not
taken. Therefore it is necessary to evaluate how the interaction terms transform in the case the population
imbalance is generic. Taking into account the contact interaction terms

∑
k

1

2
Uk|φk (t) |4 =

N2

8

[
U1 (1+ z)2 +U2

(
1− z2

)]
. (92)

Using the definitions of Ur and Uk, they can be linked by the followed relation

Uk = Ur

[
1+

ln(1± z)

ln(Cn)

]−1

k= 1,2. (93)

Then the interaction term reduces to

∑
k

1

2
Uk|φk(t)|4 =

UrN2

4

[(
1+ z2 +(1+ z)2

ln(1− z)

2 ln(Cn)
+ (1− z)2

ln(1+ z)

2 ln(Cn)

)

×
((

1+
ln(1+ z)

ln(Cn)

)(
1+

ln(1− z)

ln(Cn)

))−1
]
. (94)
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Figure 6. 2D beyond-mean-field relative correction to the MQST critical value. In the plot is pictured the ratio between the
beyond-mean-field MQST critical value Λc, 2D and the mean-field one Λc, mf as a function of the initial population imbalance
z0 ≡ z(t= 0) = (n1(0)− n2(0))/(n1(0)+ n2(0)) for different values of the gas parameter γ = a2s n: γ = 1× 10−2 (red solid
line), γ = 1× 10−3 (green dashed line) γ = 1× 10−4 (blue dotted line) and γ= 0 (dark dash-dotted line). The last line
corresponds to the mean-field case.

Hence, the beyond-mean-field Lagrangian in the D= 2 case is

L=
Nh̄

2
zϕ̇+

JN

2

√
1− z2 cosϕ− UrN2f(z)

4

(
1+ z2 +

(1+ z)2 ln(1− z)+ (1− z)2 ln(1+ z)

2 ln(Cn)

)
, (95)

where the function f (z) is introduced to lighten the expression

f(z)≡
[(

1+
ln(1+ z)

ln(Cn)

)(
1+

ln(1− z)

ln(Cn)

)]−1

. (96)

From the Lagrangian one can compute the conserved energy

E=
UrN2f(z)

4

(
1+ z2 +

(1+ z)2 ln(1− z)+ (1− z)2 ln(1+ z)

2 ln(Cn)

)
− JN

2

√
1− z2 cosϕ, (97)

and imposing the MQST inequality condition, given by E(z0,ϕ0)> E(0,π), one obtains

UrNf(z0)

2J

(
1+ z20 +(1+ z0)

2 ln(1− z0)

2 ln(Cn)
+ (1− z0)

2 ln(1+ z0)

2 ln(Cn)

)
−
√

1− z20 cosϕ0 > 1+
UrN

2J
. (98)

Defining the adimensional constant Λr as

Λr ≡
UrN

J
, (99)

the inequality reduces to

Λr > Λc, 2D (100)

where the critical value Λc, 2D is given by the following definition, using the gas parameter can be rewritten as

Λc, 2D =

[
1+

√
1− z20 cosϕ0

]
×
[
z20
2
+

( f(z0)− 1)(1+ z20)

2
+

f(z0)[(1+ z0)2 ln(1− z0)+ (1− z0)2 ln(1+ z0)]

4 ln(Cn)

]−1

. (101)

Dividing by the mean-field MQST critical value Λc, mf one obtains

Λc, 2D

Λc, mf
=

[
1+

( f(z0)− 1)(1+ z20)

z20
+

f(z0)[(1+ z0)2 ln(1− z0)+ (1− z0)2 ln(1+ z0)]

2 ln(C∗γ)z20

]−1

. (102)

Looking at figure 6 one notes that the ratio is equal to 1 when the gas parameter goes to zero, γ= 0, retrieving
the mean-field result. Since the beyond-mean-field correction is obtained by a perturbative analysis, by
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setting the maximum value of the relative correction to the number density to 0.1, one obtains the upper
bound on γ of γ < 1× 10−2, as reported in figure 6. Since in general the ratio is lower than 1, then one
deducts that the beyond-mean-field correction decreases the MQST critical value. Another consideration is
that increasing the gas parameter the relative correction is more important since the ratio decreases.

6. Solution of the equations of motion

In this section, we solve numerically the equations of motion that are derived from the beyond-mean-field
Lagrangians. A particularly interesting dynamical feature to investigate is the phase-slippage rate [28],
defined as

ω = ⟨ϕ̇⟩, (103)

where the average is taken over the whole evolution time, i.e. ⟨y⟩ ≡ limT→∞
1
T

´ T
0 dt y(t). This term depends

on the difference between the chemical potentials. The chemical potential of the site k is defined as µk =
∂E
∂Nk

,
and the difference can be written as

∆µ= µ1 −µ2 =
∂E

∂N1
− ∂E

∂N2
=

2

N

∂E

∂z
. (104)

This relation is exactly the formula for h̄ϕ̇ coming from Euler–Lagrange equations, or, equivalently, from
Hamilton equation, so we can write

ϕ̇=
∆µ

h̄
. (105)

This value can be nonzero in the regime of MQST with running phase.
We write now the equations of motion, assuming for simplicity a scaled time τ = h̄/J. We also set the unit

of length to L, and the unit of action to h̄. In the mean-field case the equations become
dz

dτ
=−

√
1− z2 sinϕ (106a)

dϕ

dτ
=

z√
1− z2

cosϕ+Λz. (106b)

It is clear that in the self-trapping regime equation (106b) contains a steady state contribution to the
derivative of the phase, due to the term Λz, with z that performs little oscillations around a nonzero mean
value. In the beyond-mean-field equations of motion, the equation for the population imbalance (106a)
stays the same, and the one for the phase difference (106b), for D= 1,3, acquires some correction terms. The
D= 3 corrected equation reads

dϕ

dτ
=

z√
1− z2

cosϕ+Λz+
8

3

√
2

π
Λ
√
γ
[
(1+ z)3/2 − (1− z)3/2

]
, (107)

and in D= 1 it reads

dϕ

dτ
=

z√
1− z2

cosϕ+Λz− 1

π

Λ√
−γ

[
(1+ z)1/2 − (1− z)1/2

]
. (108)

In the case of D= 2, the equation changes form slightly and is written as

dϕ

dτ
=

z√
1− z2

cosϕ+
Λr

4
ln(C∗γ)

[
(1+ z)

2 ln(C∗γ(1+ z))− 1

ln2(C∗γ(1+ z))
− (1− z)

2 ln(C∗γ(1− z))− 1

ln2(C∗γ(1− z))

]
. (109)

In figure 7 we consider the ratio of the phase-slippage rate in the beyond-mean-field and the mean-field
dynamics, with initial conditions z(0) = 0.6 and ϕ(0) = 0. In the D= 3 case, represented in figure 7(a), we
observe that the frequency is enhanced for lower values of the strength and higher values of γ. At the same
time, low values of γ make the dynamics more similar to the mean-field case. The case of D= 2 is depicted in
figure 7(b), which reports a similar tendency as the D= 3 case, but yielding significatively larger deviations.
Finally, the case of D= 1 is represented in figure 7(c). In this case, we notice that the frequency gets reduced
by increasing γ, and has a weak decrease when decreasing Λ. We notice that the trend is opposite with respect
to the other cases.
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Figure 7. Comparison of the phase-slippage rate computed using the beyond-mean-field dynamics and the one computed using
the mean-field dynamics.

7. Conclusions

In this paper we have adopted the mean-field phase Lagrangian and applied Gaussian correction terms on
both sites, taking into account a generic dimensionality of the system. Our calculations for D= 1,2,3 have
generalized the mean-field Josephson frequency in the low population-imbalance limit, and, on the other
hand, computations for a severe population imbalance are provided for the critical MQST strength. The
proposed method is complementary to the zero-dimensional approach described in [30]. The outcomes of
our study indicate that, in situations where D= 2 or D= 3, the Josephson frequency is enhanced by the
quantum corrections, whereas it is reduced when D= 1. Moreover, we demonstrate that the critical strength
for MQST is lowered for D= 2 or D= 3 compared to mean-field calculations, while it is raised for D= 1. In
particular, as illustrated in figures 8 and 9 the corrections in the D= 2 case are stronger than the ones in the
D= 3 case when considering the same gas parameter. Focusing instead on the different behavior between the
D= 3,2 cases and the D= 1 case could be explained as follows: in all the three-dimensional cases the ratio
between the beyond-mean-field Josephson frequency and the mean-field one increases when the absolute
value of the gas parameter increases. The latter can be interpreted as the number of particles inside a
D-dimensional box of size given by the D-dimensional s-wave scattering length as. As γ increases, the system
is denser, and thus the Josephson frequency is enhanced in all the cases. However, while in the D= 3,2 cases
the mean-field approach is an adequate approximation for highly dilute systems, or in other words when the
gas parameter is close to zero; vice versa, in the D= 1 case the mean-field approximation is correct once one
considers systems with the limit of the gas parameter that is going to−∞. This difference is related to the
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Figure 8. Comparison between the beyond-mean-field relative correction to the Josephson frequency in 3D and in 2D. In the plot
is pictured the ratio between the beyond-mean-field Josephson frequencyΩ and the mean-field oneΩmf as a function of the
strength parameter Λ = g0n/J for different dimensional cases: 3-dimensional case (red solid line), 2-dimensional case (green
dashed line). The value of the gas parameter is γ = 3× 10−4 for each dimensional case.

Figure 9. Comparison between the beyond-mean-field relative correction to the MQST critical value in 3D and in 2D. In the plot
is pictured the ratio between the beyond-mean-field MQST critical value Λc bmf and the mean-field one Λc mf as a function of the
initial population imbalance z0 ≡ z(t= 0) = (n1(0)− n2(0))/(n1(0)+ n2(0)) for different dimensional cases at the same value
of the gas parameter: 3-dimensional case (red solid line), 2-dimensional case (green dashed line). The value of the gas parameter
is γ = 3× 10−4 for each dimensional case.

Table 1. Beyond-mean-field relative corrections to the Josephson frequency in dimension D= 1,2,3. The correction is determined by
the D-dimensional gas parameter γ ≡ aDs n, where as represents the s-wave scattering length as, and n is the number density, and the
strength parameter Λ≡ UN/J. In the case of D= 2, the result depends also on the parameter C∗ = π e2γE+1a2s , where
γE = 0.5772156649 is the Euler–Mascheroni constant.

D Ω/Ωmf

3

√
1+Λ

(
1+8

√
2γ
π

)
1+Λ

2

√
1+Λ

(
1− 3

2 ln (C∗γ)
+ 1

ln2 (C∗γ)

)
1+Λ

1

√
1+Λ

(
1− 1

π
√

−γ

)
1+Λ

expression of the interaction parameter g0, which is qualitatively different in the various dimensions [37].
Indeed, while in D= 3 we have g0 ∝ as, in D= 2 we have g0 ∝ ln−1(κas), with a constant κ, and in D= 1, the
relation is g0 ∝ a−1

s . To summarize, the values of the corrections for each dimension are shown in tables 1
and 2.

Our results suggest a method to verify experimentally the effects of beyond-mean-field corrections. For
example let us consider an elongated bosonic Josephson junction in one dimension, made with a trapped gas
of 87Rb, similar to a recent experiment [8]. Consider a hopping term of J/h= 2 Hz, with h the Planck
constant, and with the same trap frequencies of the reported setup. Let us suppose the trap frequency such
that the axial confinement length is lz =

√
h̄/(mωz)≈ 1000 µm, and the transverse one is

17
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Table 2. Beyond-mean-field relative corrections to the MQST critical value in dimension D= 1,2,3. The correction is determined by
the D-dimensional gas parameter γ ≡ aDs n, where as represents the s-wave scattering length as, and n is the number density, and on the
initial population imbalance z0 ≡ z(t= 0) = (n1(0)− n2(0))/(n1(0)+ n2(0)). In the case of D= 2, the result depends also on the
parameter C∗ = π e2γE+1a2s , where γE = 0.5772156649 is the Euler–Mascheroni constant and on the function f (z) reported in
equation (96).

D Λc, bmf/Λc, mf

3

(
1+ 32

√
2

15
√
π

√
γ (1+z0)

5
2 +(1−z0)

5
2 −2

z20

)−1

2
(
1+

( f(z0)−1)(1+z20)
z20

+ f(z0)[(1+z0)
2 In (1−z0)+(1−z0)

2 In (1−z0)]
2 In (C∗γ)z20

)−1

1

(
1− 4

3π
1√
−γ

(1+z0)
3
2 +(1−z0)

3
2 −2

z20

)−1

l⊥ =
√

h̄/(mω⊥)≈ 0.2 µm. Initiating the atom populations to a total atom number N = 41000 with a low
imbalance, and setting the three-dimensional scattering length to as,3D = 1600a0 with a0 the Bohr radius [38,
39], we predict the measure of the Josephson frequency with a deviation from the mean-field value by a
reduction of about 3.5%. We believe that our theoretical predictions could be tested in near-future
experiments with superfluid Josephson junctions made of ultracold atomic quantum gases.
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