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ABSTRACT: We present a novel combination of the excursion-set approach with the peak theory
formalism in Lagrangian space and provide accurate predictions for halo and void statistics
over a wide range of scales. The set-up is based on an effective moving barrier. Besides
deriving the corresponding numerical multiplicity function, we introduce a new analytical
formula reaching the percent level agreement with the exact numerical solution obtained via
Monte Carlo realisations down to small scales, ~ 10'2A~'Mg. In the void case, we derive the
dependence of the effective moving barrier on the void formation threshold, ., by comparison
against the Lagrangian void size function measured in the DEMNUni simulations. We discuss
the mapping from Lagrangian to Eulerian space for both haloes and voids; adopting the
spherical symmetry approximation, we obtain a strong agreement at intermediate and large
scales. Finally, using the effective moving barrier, we derive Lagrangian void density profiles
accurately matching measurements from cosmological simulations, a major achievement
towards using void profiles for precision cosmology with the next generation of galaxy surveys.
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1 Introduction

Our knowledge of the underlying cosmological model of the Universe relies on the analysis of
summary statistics of observed data. One standard way to theoretically model these statistics
is to compute the distribution of over- and under-densities in the initial matter density field,
the so-called Lagrangian space, linearly evolved down to the epoch of interest.! In this
perspective, the two main approaches are the excursion-set formalism [1] and the theory of
Lagrangian density peaks [2], which have been widely explored to provide theoretical models

!Note that in the excursion-set and peak theory frameworks the initial density is intended as the matter
density field at a redshift high enough to consider it still in the linear regime.



for the dark matter (DM) halo mass function (HMF), bias, halo correlation functions [1-11,
and references therein], and cosmic void size functions (VSF) [12], hereafter SVAW, [13, 14].

On the one hand, to model in the initial density field the distribution of regions that
would form haloes or voids in the evolved Universe, the excursion-set approach considers the
density contrast field filtered, i.e. smoothed, on various scales at random positions, which
can be described by a random walk [1, 4]. haloes and voids are considered formed when
the random walks reach the formation threshold, also called barrier. The typical quantity
that can be obtained is the multiplicity function, which is the first-crossing distribution
of the forming barrier at a given scale. From this quantity, the HMF, the VSF, and the
corresponding local bias expansion can be derived [see 15].

On the other hand, the formalism associated to the peak theory models the progenitors
of haloes (and voids) using local maxima (minima) in the initial density field, filtered at
some scale [2]. However, in this case the link between the number density of peaks and the
corresponding multiplicity function is not straightforward. A way to obtain a multiplicity
function from peak theory is to combine the statistics of Lagrangian density peaks with
the excursion-set [16].

In this work we explore an effective way to combine the excursion-set framework with
peak theory, for both halo and void statistics. In particular, we show that this can be obtained
using the standard excursion-set framework with an effective formation barrier, which is
a moving barrier that does not correspond to the physical formation threshold, but it can
capture the statistical properties of haloes and voids. We show that this approach can be
used to model the multiplicity function and even higher order statistics, such as the density
profile. Our approach is valid for both haloes and voids; however, here we mainly focus on
voids statistics, as in this case a consistent theoretical modelling is still missing.

This paper is organised as follows. In section 2 we review the building blocks of the
excursion-set formalism and excursion-set of peaks, revisiting the halo and void formation
within these frameworks. In particular, we propose an effective way to merge the excursion-set
with peak theory via an effective moving barrier; in section 3 we discuss the exact numerical
solution of our new theoretical model and derive an accurate analytical approximation; in
section 4 we discuss how to obtain the effective barrier and derive the one for cosmic voids;
in section 5 we introduce the Lagrangian to FEulerian mapping for both haloes and voids;
in section 6 we apply our model to compute the Lagrangian density profile of voids; finally
we draw our conclusions in section 7.

2 Haloes and voids in Lagrangian space

The excursion-set approach is based on the concept of modelling the statistical properties
of haloes or voids in Lagrangian space and mapping them to the fully nonlinearly evolved
density field, the Eulerian space.

The fundamental quantity of the excursion-set formalism is the smoothed, linearly evolved
initial density field at a comoving coordinate q,

sa.7) = [ daW(ixl, R)s(a+x)
B | (2.1)
_ / WW(kR)é(k)e‘“"q.



Halo and void formation in the excursion-set are described by a thresholding process
of the filtered Lagrangian field. A halo with a Lagrangian radius R (and corresponding
mass M (R)) is formed at the Lagrangian position q if R is the maximum smoothing scale at
which the filtered density matter field, d(q, R), crosses the halo formation threshold [1, 4].
Void formation is analogous to the halo case, with the additional condition that the filtered
field that crosses the (negative) formation threshold has not crossed the (positive) halo
formation threshold at any larger scale [SVAW]. This shows that the treatment of halo and
void formation in the excursion-set framework requires the following quantities: formation
threshold, filtering function, and position.

Halo and void formation thresholds. A halo is a gravitationally bound, virialized object;
for this reason, the threshold for halo formation is chosen as the linear density contrast
corresponding to the full collapse in the Eulerian space [1]. At a first approximation, the
dynamics of the halo collapse can be incorporated through a scale-dependent threshold,
usually called “moving barrier” [24, hereafter SMT; 17-23].

Contrary to the halo case, cosmic voids do not experience any particular event in their
evolution, which may characterize their formation: an underdense region starts to grow
faster with respect to the background and continues its outward expansion forever (in the
single-stream regime). It follows that a map from the Lagrangian to Eulerian density contrast
of filtered underdense fluctuations always exists. This condition ensures that the properties
(density and size) of evolved voids can always be mapped in the linear theory, and vice versa.
In this perspective, the linear void formation threshold ¢, can be any negative value [25-28],
that can be mapped in the corresponding Eulerian one.

The filter function. The filter function W (kR), entering eq. (2.1), is statistically related
to the halo and void definitions in Lagrangian space [1]. In addition, the detailed statistical
properties of §(q, R) depend on the choice of the specific filter function; the most commonly
used ones are the top-hat, Gaussian, and sharp-k filters [see 2, for other physically motivated
filter functions|. In this work we consider the top-hat filter, which in Fourier space is defined
as W(kR) = 3j1(kR)/kR, where ji(z) = (sinx — x cosx)/z? is the spherical Bessel function
of order 1. This filter has a clear physical interpretation and a well-defined associated
Lagrangian mass, Mty = 47 R3py, /3, where py, is the mean comoving matter density [see
7, for details on other filters].

Lagrangian field positions. In the classical formulation of the excursion-set model, the
Lagrangian position, q, of the density contrast field is random, and the corresponding derived
statistics for haloes and voids are obtained weighting over the entire Lagrangian space. It
follows that the corresponding multiplicity function describes the fraction of the Lagrangian
volume where the filtered field §(q, R) (first) reaches the threshold value. Mapping this
quantity to the number density of discrete objects is not straightforward. However, massive
haloes and voids form and evolve around special positions, such as, respectively, maxima
and minima in Lagrangian space [18, 29, 30]. In the literature, it was shown that solving
the first crossing distribution problem over all the Lagrangian positions leads to a mismatch
between the moving barrier measured in cosmological simulations from the distribution of the



Lagrangian patches that will form haloes in the evolved universe, and the one obtained by
fitting the excursion-set multiplicity function against the measured HMF [SMT, 18]. To fix this
issue, Paranjape and Sheth [16] proposed an approximated method to derive the multiplicity
function from the excursion-set over the subset of maxima rather than over the entire space.
They found that at large scales (where the adopted approximations are accurate enough),
they can recover the difference between the barriers obtained in the two different ways.

The focus of this work is to further explore the excursion-set on the subset of Lagrangian
extremants, in order to provide a theoretical description of the halo and void statistics. To
to this aim, we introduce the following definition: a Lagrangian halo (void) with radius R
and the filtered density contrast d(q, R) satisfying the following conditions:

i) the Lagrangian position q = q(R) is not contained in any larger halo (void);

ii) the Lagrangian position q = q(R) is a maximum (minimum) of the Lagrangian density
field filtered at the smoothing length R;

iii) R is the largest scale at which d(q, R) crosses the positive (negative) formation threshold,
without having crossed, in the case of voids, the positive halo formation threshold at
any larger scale. Note that condition i) generalizes the cloud-in-cloud exclusion of the
excursion-set.

In principle, it is possible to derive the exact solution of various statistics by combining
the excursion-set with the peak theory. However, this is complicated both analytically and
computationally, and only approximate solutions are practically feasible [16, 31]. On the
other hand, the comparison between the approximated excursion-peak multiplicity function of
Paranjape and Sheth [16] with the (approximated) excursion-set one of Musso and Sheth [11]
(hereafter MS) and SMT, implicitly suggests an alternative approach to face this problem:
the excursion-peak multiplicity function can be derived from the standard excursion-set one
by using an effective moving barrier, which however does not correspond to the physical
density contrast of Lagrangian haloes and voids [32]. In this work, we show that such an
effective barrier contains the statistical information of the multiplicity function and beyond.
As a final remark, we underline that in this paper we focus on the void and halo statistics
in Lagrangian space; we introduce the mapping from Lagrangian to Eulerian in section 5,
nevertheless we leave the full implementation for future work.

3 The multiplicity function from a generic moving barrier

The stochastic evolution of the Lagrangian density contrast field is formally described by
the Langevin equations [1, 4, 7]. This field is assumed here to be a Gaussian random
field; nevertheless, it is possible to extend the following description to account also for
non-Gaussianity [33-38]. The effect of varying the smoothing scale R can be obtained by
differentiating eq. (2.1):

95(R) [ d*k oW (kR)
OR _/ (2m)3  OR

S(k)e~™*4 = Q(R), (3.1)



where §(R) = d(q, R). This has the form of the Langevin equation, which shows how an
infinitesimal change of the scale R affects the smoothed field as a function of the stochastic
force Q(R). The initial condition of this first-order stochastic differential equation is given
by 6(R) — 0 as R — oo. Since eq. (3.1) is linear, the stochastic force is also a Gaussian
random field with a vanishing expectation value, (Q(R)) = 0, and it is uniquely described
by its correlation function. Therefore, the Langevin equation is fully described by the
equation system [7]

95(R) / Bk oW (kR) (k)= — O(R)

“OR 2r)?  OR .
o0 2 * .
(Q(R1)Q(Ry)) = /0 d;ﬂ’; P(k)aﬂg(gll%l)awag&)’

where P(k) is the linear matter power spectrum. The coherence of each trajectory along
R depends only on the form of the filter function.

3.1 The numerical multiplicity function

To numerically obtain the statistical quantities we are interested in, such as the multiplicity
function, we solve the first crossing problem over a large number of realisations of the
stochastic eq. (3.2) [1, 14, 18, 19]. The direct solution is numerically expensive, to speed up
the computation we exploit the Gaussianity of the density contrast field plus the Cholesky
method [39]. Let us consider the correlation of the field §(R) filtered at different smoothing
lengths R

dk k?

GR)SR) = Cyy = [ Sy

P(k)W (ER;)W™*(kR;) . (3.3)
The matrix C, with elements Cj;, is real, symmetric, and positive-definite, so it has a unique
decomposition C = LL”, where L is a lower triangular matrix. It is therefore possible to
construct a stochastic numerical realisation of 6(R) as

§(Ri) =Y Li;Gj, (3.4)

where G is the 7 element of a vector of Gaussian variables, following a distribution with zero
mean and unit variance. The multiplicity function is computed as the fraction of realisations,
Ny /Niot, that first cross the formation barrier, B(R), between R; and R;i1

(Ri — Rit1) fRi,Riyy = Nx[B(Riy1)]/Niot- (3.5)
3.2 A new analytical multiplicity function

The exact analytical solution of the first crossing distribution exists only for a few cases,
which are the ones with uncorrelated or fully-correlated steps with a constant or linear
evolving threshold [1, 11, 12, 19, 40]. The first crossing distribution for the general case
can in principle be written as a formal expansion in an infinite series of functions involving
n-point correlations of the field ¢ and its derivatives evaluated at different scales [38, 39, 41],
but summing this series requires approximations. Therefore, approximated methods must



be used to analytically solve the Langevin equations in the excursion-set framework with
correlated steps and a generic moving barrier [4, 10, 16, 19, 42-47].

In the standard cosmological model, the variance of the fluctuation field, S = 02(R) =
C(R, R) (where C(R, R) is a diagonal element of the covariance matrix defined in eq. (3.3)),
is a monotonic function of the smoothing scale R; therefore, these two quantities are in-
terchangeable. To account for correlations, MS proposed a multiplicity function derived
from a bivariate distribution of the density contrast filtered field and of the velocity of the
filtered field with respect to the scale S, &' = dd(S)/dS. They replace the requirement of
d(s) < B(s) for all the scales s < S (with B(s) a generic moving barrier) by the milder
condition §(S) — AS < B(S — AS), with S — s = AS — dS — 0. In this limit, expanding in
a Taylor series both the field 6(.S) and the moving barrier B(.S), the above condition becomes

Bg < s < Bg + (5‘,3 — Bfg)AS, 5{51 > Bfg, (3.6)

with AS — 0, where dg = §(S5), 05 = 0'(S), Bs = B(S), and By = B'(S). The random walk
distribution is now approximated by the joint distribution p(dg, d%), and the corresponding
multiplicity function reads

/

Bg+(05—
£(8)dS ~ dé’ / " 405 pl3s, 3%)
(3.7)

- dSp(Bs) | as'n(6/Bs) (6% - BY).
S

where p(d5|Bs) = p(Bs, dg)/p(Bs) is the conditional probability of g at the barrier dg =
Bg [MS]. The resulting multiplicity function accurately reproduces the exact numerical
solution for a general filter at large scales R, i.e. at small S, nevertheless it becomes less
accurate when lowering the scale. This is expected since the correlation between different
smoothing scales is modelled for an infinitesimal distance from the crossing scale, so as
a local term. Spanning over a large range of scales, the local term is no longer sufficient
for an accurate model, since it is not able to capture the behaviour of the field at scales
significantly different from the crossing.

One possibility to extend this model consists in exploring the next leading orders of the
formal expansion of [38]. Nevertheless, here we explore an alternative way which relies on
accounting for correlations of the density contrast field on different scales. More precisely, we
consider the joint distribution p(dg, 0%, ds), where 65 = d(s), S is the scale at which the first
crossing occurs and s < S. In this way, by accounting for d%, we can model the correlation on
scales close to the crossing barrier, as in the MS, but accounting also for §(s) we can model
the behaviour of the field at very different scales. Using the same arguments of MS, we obtain

1 /S B(s) o0 Bg+dS(8—Bl)
S~ / ds / s, [ as / (65,8, 8,)d5s (3.8)
S 0 —00 B%

ds S B(s) oo , , , ,
= g/dS/ d(ss//d(SSp(BS,ds,(SS)(ds—Bs>,
0 —0o0 By

where in the last line §g = Bg. The integration over dg, d%, and ds represents the probability
that the field ¢ crosses the barrier B at scale S, without having crossed it at the larger scale



s. Integrating over s, we then obtain the probability that the field §, crossing the barrier
at S, has not crossed the barrier at any scale s < S. The 1/S term is the normalisation
factor: p(dg,ds,ds) is normalised to 1 at each s, therefore its integration over s from 0 to
S gives S. As the field is Gaussian, the joint distribution of dg, ¢, and d5 is a multivariate
normal distribution with covariance

(02) (0sd%) (9sds) S 1/2 C
= | (0sds) (9F) (d9g0s) | =|1/2 D C"]. (3.9)
(050s) (950s) (03) C C s

Here we used the fact that, by construction (6%) = S, (62) = s, (0gds) = C(S, s) defined in
eq. (3.3), that from now on we call simply C. We also define the quantities D = (§%) and
C' = (050s) = 0C/IS. It can be shown that (0gds) = 1/2 (see appendix B). Differently from
previous works, here we evaluate exactly the quantity <5fg2) In fact, for a of a top-hat filter,
this quantity is usually considered non-convergent, due to the slowly decreasing amplitude and
highly oscillating functions to integrate. In appendix A we discuss the convergence of (6{3),
showing how to properly compute it. Using the properties listed in appendix B, we obtain

B(s) oo
Pls)= [ do. [ " ddp(Bs,8,0.)(0% — BY) =
0 B’

2 2 _ nl
1 detx [_DBS+SBS BSBS]X (3.10)

- €Xp
471'\/ P55 F(;/(;/ 2F55

F(;/(; exp _SBQ(S) + SB% - QOB(S)BS i
471'5\/ F5/5/ 2F5/5/

_B2/2S detz
e U/ o ————F(x,a,8)+
{ 2rlsisv/ Ly

Bs/2S — B! S ol
—ig S [erf( T <B(s) — SBS)> + 1] },

with
I'pg=sD—C? T'py =CC' —5/2
F(S’é’ :SS—CQ FB(SZC//Q—CD (311)
Tss=SD—1/4 Tys=C/2—SC",
and -
Fla,a, ) = / dt et erf(p) (3.12)
—00
where
Lss ( [ps IV >
=% (B(s)+-22Bs+2"BL),
o V2 s150 det X2 () Tsis o Tsis S
TssT 550 Sdet X
a= 0N g 20 (3.13)
IS5 55

| T'ssr (Bs /
'B_\/2det2<25 BS)'



Finally, the analytical multiplicity function is given by integrating eq. (3.10):
ds s
f(s)as = / dsP(s) . (3.14)
0

Its computation is numerically straightforward, as the quantities appearing in eq. (3.10) are
a combination of the elements of the covariance matrix, 3, which can be easily computed
for any filtering function. Studying the behaviour of P(s), in appendix C we show that
lim,_,o P(s) = lims_, g P(s). It follows that, in the small S limit, eq. (3.14) can be further
approximated as

f(S) ~ e 55/ Lso ex _ 5 (BS — B )2
- VorS 27S P 2I'ss \ 2S s

1 /B S B

3 (25 - B{g) {erf [,/2% (25 - B’S> + 1}]] . (3.15)

This equation is formally the MS multiplycity function, with the difference that in this work

+

the I'ss term, which depends on D, is exactly computed accounting for its scale dependence
rather than using a fixed approximated value. This approximation is quite accurate at
medium and large scales, involving only four quantities: S, D, Bg, and By.

Egs. (3.10)—(3.14)—(3.15) are the first of the main results presented in this work: a
universal multiplicity function for a generic moving barrier, which holds both for haloes and
voids from small to very large scales S. In appendix D we discuss the local bias expansion
in the effective barrier approach.

The top panel of figure 1 shows: the numerical solution of egs. (3.2) via Monte Carlo
(MC) realisations, eqgs. (3.4)—(3.5) (black lines); the exact integration of eq. (3.8), i.e. eq. (3.14)
(blue lines); the corresponding approximation, given by eq. (3.15) (orange lines); the MS
multiplicity function, with I appearing in their eq. (5) fixed to 1/3 [MS], which correspond
to I'ss = 3/4 in eq. (3.15) (green lines). Solid and dashed lines show z = 0 and 1 results,
respectively. All the multiplicity functions are obtained as a function of S via the SMT moving
barrier with the top-hat filter. The middle panel shows the percent relative difference of the
multiplicity functions in the top panel with respect to the numerical solution. The shaded and
hatched areas show the accuracy of the numerical solution for the number of MC realisations
used, at z = 0 and 1 respectively. To better visualise the deviation from the numerical
solution, the bottom panel shows the relative difference between the analytical multiplicity
functions, egs. (3.14)—(3.15) and MS, and the numerical one in S units, i.e. the relative
difference divided by S. Note the importance of considering the exact D scale dependence:
both eq. (3.14) (blue) and eq. (3.15) (orange) accurately reproduce the numerical solution on
scales considerably smaller than the MS model with I'ss fixed at 3/4 (green). In particular, at
z = 0 for haloes with mass of 1014, 10'3, and 5 x 10'2 h=1 M), eq. (3.14) is accurate at ~ 1%,
3% and 5%, while eq. (3.15) is accurate at ~ 1.5%, 5%, and 7%, respectively, i.e. roughly 50%
less accurate than eq. (3.14). For comparison, the MS model (T'ss fixed) is accurate at ~ 5%,
8.5%, and 9%, at the same mass scales. Note, however, that the accuracy largely increases
with the redshift: at z = 1 for the same mass scales eq. (3.14) is accurate at ~ 0.25%, 1%
and 1.5%, while eq. (3.15) is accurate at ~ 0.25%, 1.5%, and 2%, respectively.
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Figure 1. Top panel: numerical multiplicity function via MC realisations, egs. (3.4)—(3.5) (black
lines); analytical multiplicity function, eq. (3.14) (blue lines); corresponding approximation, eq. (3.15)
(orange lines); the MS multiplicity function (see text, green lines). Solid and dashed lines show z =0
and 1 results, respectively. All the multiplicity functions are obtained as a function of S via the SMT
moving barrier with the top-hat filter. The upper axis shows the corresponding Lagrangian radius
and mass. Middle panel: percent relative differences of the multiplicity functions in the top panel
with respect to the numerical multiplicity function, egs. (3.4)—(3.5). The shaded and hatched area
show the accuracy of the numerical solution. Bottom panel: relative difference between the analytical
multiplicity functions, egs. (3.14)—(3.15) and MS, and the numerical one in S units.

4 The effective moving barrier for cosmic voids

To compute the moving barrier for haloes and voids we measure it using numerical realisations
of 3-dimensional Gaussian random fields, representing the Lagrangian space. The procedure
consists in finding haloes and voids, following their definition in section 2, to measure the
corresponding multiplicity function, and to derive the moving barrier generating it (see
appendix E for details). In this work, we use as Lagrangian space the initial conditions (ICs)
of cosmological simulations, which satisfy the above description. In this section we focus on
voids alone. This is because, in Lagrangian space, the halo treatment is analogous to the
void case, but with a positive formation threshold. In addition, in the literature, multiplicity
function models for voids are not as advanced as the ones for haloes.

4.1 Simulations and void finder

In this work, we use the standard “Dark Energy and Massive Neutrino Universe” (DEMNUni)
set of simulations [48, 49] and new high-resolution runs with 64 times better mass resolution
(HR-DEMNUni) [see e.g. 50]. These simulations have been produced using the tree particle
mesh-smoothed particle hydrodynamics (TreePM-SPH) code GADGET-3 [51], and are charac-
terised by a Planck 2013 [52] baseline flat ACDM cosmology with different values of the total
neutrino mass and the parameters characterising the dark energy equation of state. Both the
standard and HR runs involve 20483 DM particles and, when present, 20483 neutrino particles,



d(z10) oy Ez=1) 6E(z=0)

—0.035 —2.786 —0.684 —0.800
—0.023 —1.812 —0.566 —0.702
—0.016 —1.253 —0.463 —0.603
—0.011 —0.858 —0.362 —0.497
—0.008 —0.623 —0.287 —0.409
—0.0064 —0.497 —0.241 —0.352
—0.005 —0.388 —0.197 —0.294

Table 1. Void formation threshold explored. The first column, §(z1c), lists the actual density contrast
in the simulation ICs at zjc = 99; the second column, dy, is the corresponding linear density contrast,
linearly evolved to z = 0; the last two columns, 6¥(z = 1) and §¥(z = 0), list the corresponding
Eulerian (non-linear) density contrast evolved at z = 1,0, assuming the spherical symmetry.

in a volume of (2000 h~'Mpc)? and (500 h~'Mpc)3, respectively. Here we consider only the
massless neutrino flat ACDM case. In particular, we consider the initial matter density field
of the ACDM simulation, at z = 99, for both the DEMNUni and HR-DEMNUni simulations.
This set of simulations fits well with the goal of this work, as their ICs are produced at
high redshift with the Zeld’ovich approximation, ensuring that the realisation of the field is
Gaussian and fully described by the linear theory. Moreover, their combination of volume and
resolution ensure a statistically relevant sample of voids from small to large scales [27, 53-57].

To identify voids according to the definition given in section 2, we used the Pylians3? [58]
implementation of the void finding algorithm of [59], therefore no post-processing of the
void catalogue is needed. We explore several void formation thresholds, listed in table 1.
The first column lists their actual values in the simulation ICs at z = 99; the second one
the corresponding values linearly evolved at z = 0; the last two columns, 6¥(z = 1) and
6¥(z = 0), list the corresponding Eulerian (non-linear) density contrast evolved down to
z = 1 and 0, assuming the spherical symmetry [SVAW; 60, 61]. The exact mapping from
the Lagrangian to the Eulerian density contrast may be slightly different from the spherical
evolution. Nevertheless, for voids this is an accurate approximation [30, see section 5]. These
values are chosen to span a wide range of nonlinear values, from 6%(z = 0) ~ —0.8 to
6%(2 = 0) ~ —0.3. Note that the void sample target of galaxy surveys at z < 2 have a DM
density contrast in a range between —0.4 and —0.3 [28].

4.2 Methods and results

To find the effective moving barrier for voids, we fit the moving barrier against the multiplicity
function derived from the Lagrangian VSF (i.e. measured in the ICs density field of DEMNUni
and HR-DEMNUni simulations), considering the general functional shape [SMT; 17, 19, 21]

B(o) = a1+ (8/0)]. (4.1)

We perform a Bayesian MCMC analysis of the theoretical multiplicity function corresponding
to the above three-parameter moving barrier, to fit «, 8, and v as explained in appendix E.

2https://github.com/franciscovillaescusa,/Pylians3.
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Figure 2. Projected posterior distribution (orange violins) of the «, 3, v parameters of eq. (4.1),
measured against the Lagrangian VSF in the DEMNUni and HR-DEMNUni ICs, as a function of the
formation threshold §, (vertical orange dashed lines); each panel shows the corresponding projection.
Blue solid lines and dashed areas show the best-fit and 68% CL of the scaling relations described in
the text.

In the above equation, a modulates the global barrier amplitude, so we expect a dependence
from the void formation threshold. The /0 quantity has a clear relation with the threshold
density in terms of the standard deviation of matter fluctuations, o = v/S, usually defined
as v = |dy|/o. Therefore, a dependence of 5 on |dy| is expected. Finally, the v parameter
controls the shape of the moving barrier. Figure 2 shows the projected posterior distribution
(orange violins) for the parameters in eq. (4.1) resulting from each explored void formation
threshold, d,, whose reported value is the one linearly extrapolated at z = 0. We find that
the parameters a and ( are consistently described by a linear relation in terms of the linear
void formation threshold. The v parameter can be consistently described as constant at any
formation threshold. Implementing a linear fit with a MCMC, we obtain

m q
@ =Mma|0y| + qa : 0.517E093L | —0.089+]93%
B =mgldy| +qs: 0.098+0037 | 0.103+£5:033
v = 0.87 007 .

(4.2)

These results are shown in figure 2 as the blue solid lines, while blue shaded areas represent
the 68% credibility level (CL).

The upper panel of figure 3 shows the Lagrangian VSF with linear formation threshold
dy = —0.623, as measured from the DEMNUni ICs (black dots) and HR-DEMNUni ICs (red
dots), with the corresponding Poissonian uncertanty (errorbars), together with the following
theoretical modellings: i) the VSF from the standard excursion-set multiplicity function, i.e.
using a top-hat filter and a constant void formation threshold corresponding to the physical
one, B(S) = dy in egs. (3.4)—(3.5) (orange curve); ii) Lagrangian VSF of SVAW (green curve)
with the corresponding &, = —0.623: the global behaviour is similar to the previous case,

— 11 —
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Figure 3. Lagrangian VSF for the linear threshold J, = —0.623. Top panel: measurements from
the DEMNUni ICs (black dots), HR-DEMNUni ICs (red dots) with the corresponding Poissonian
uncertainty (error bars); VSF from the effective barrier approach presented in this work, eq. (4.1),
with the MCMC best-fit parameters, eq. (4.2). The solid blue line shows the exact numerical solution,
the blue dashed line the analytical multiplicity function, eq. (3.14), and the blue dotted line the
corresponding approximation, eq. (3.15); VSF from the standard excursion-set approach with a top-hat
filter, i.e. B = d, in egs. (3.4)—(3.5) (orange line); SVAW model (green line). Bottom panel: residuals of
the VSF obtained via the effective barrier best-fit with respect to the VSF measured in the DEMNUni
ICs (black lines) and HR-DEMNUni ICs (red lines), in units of the Poissonian uncertainty. Solid lines
shows the exact numerical solution, dashed lines the analytical multiplicity function, eq. (3.14), and
dotted line the corresponding approximation, eq. (3.15).

but its amplitude is slightly higher. This is because the SVAW multiplicity function is the
exact first crossing double barrier solution with the sharp-k filter, i.e. of Markovian random
walks, for which the crossing probability is higher; iii) the VSF from the effective barrier
approach presented in this work, eq. (4.1), with the MCMC best-fit parameters, eq. (4.2).
The solid blue line shows the exact numerical solution, eqs. (3.4)—(3.5), the blue dashed line
the analytical multiplicity function, eq. (3.14), and the blue dotted line the corresponding
approximation, eq. (3.15). The shaded area shows the 68% CL interval of the posterior
distribution of the parameters propagated to the VSF. Finally, the lower panel of figure 3
shows the residuals of the VSF obtained via our new multiplicity function and the effective
barrier model with respect to VSF measurements from the DEMNUni ICs (black lines) and
HR-DEMNUni ICS (red lines), in units of the Poissonian uncertainty. The solid lines shows
the exact numerical solution, egs. (3.4)—(3.5), dashed lines the analytical multiplicity function,
eq. (3.14), and blue dotted line the corresponding approximation, eq. (3.15). The shaded
areas show the 68% CL, while the hatched area shows +1c¢ interval. The agreement is within
1-0 on almost all the scales. The threshold d, = —0.623 is chosen as it is representative
of the void population detectable around z ~ 1 in galaxy surveys [28]. The results of the
other thresholds explored are qualitatively analogous. Eqgs. (4.1)—(4.2) represent the second

most important result of our work.
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As final consideration here we have modelled the void multiplicity function with a single
moving barrier. This may seam in contrast to what written in section 2, i.e. that void
formation is characterised by two barriers: the formation and the collapsing ones. The double
barrier was introduced to account for the void-in-cloud effect, which however occurs at scales
smaller than the ones explored in this work [SVAW]. Moreover, the use of a top-hat filter
and the focus on minima in the density field reasonably push the void-in-cloud effect at
scales even smaller than in SVAW.? We verified this by measuring in the DEMNUni-ICs the
density profile of each void up to 100 h~'Mpc. We have not found any void embedded in
large overdensities that reaches neither the linear spherical collapsing threshold extrapolated
at z = 0, §. ~ 1.686, nor the turn-around threshold, ;5 ~ 1.06.

5 Eulerian mapping

In this section, we introduce the Lagrangian to Eulerian mapping assuming the sim-
plest possible approximation: the spherical map. With this assumption, each Lagrangian
halo and void is considered evolving following the spherically symmetric gravitational col-
lapse/expansion [12, 60, 61]. For both the halo and the void cases, the number of objects is
assumed to be conserved from Lagrangian to Eulerian space. Considering the void case, due to
mass conservation, the corresponding Eulerian radius is Rg = (1+ 5‘]::)_1/ 3R, where the super-
and sub-script E denotes Eulerian quantities. For haloes, the spherical symmetric collapse
implies that all fluid elements of a Lagrangian halo collapse in the Eulerian space, therefore
Mg (R) = Mt (R) as defined in section 2. Note that the multiplicity function is a differential
quantity; therefore, to express it as a function of Eulerian quantities, we use the relation

£(8)dS = f(R)dR = f(Rg)dRg = f(Mg) dMg. (5.1)

5.1 The cosmic void case

From the above equation it follows that the Eulerian multiplicity function is fg(Rg) =
f[R(Rg)]dR/dRg = (1 4 6F)'/3f[R(RE)]. The Eulerian void size function, therefore, is

dn(R 3
d(REE) _ 47TR3(RE)fE(RE)' (5.2)

The upper panel of figure 4 shows the VSF of voids reaching at z = 0 the non-linear formation
threshold (5\1:3 = —0.409, which corresponds to the spherical non-linear evolution of the linear
void formation threshold d, = —0.623 (see table 1). Black and red dots show the VSF for
voids with 6% = —0.409 measured at z = 0 in the DEMNUni and HR-DEMNUni simulations,
respectively. Errorbars show the Poissonian uncertainty. The scales represented correspond
to the Lagrangian ones in figure 3, that appear larger in Eulerian space due to void expansion.
The curves show the following theoretical models:

3This last condition describes the filtered density fields as Markovian random walks corresponding to a
large variation of the field at relatively high o (low R). This enhances the void-in-cloud fraction with respect
to the correlated step case.
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Figure 4. Top panel: VSF measurements from DEMNUni (black dots) and HR-DEMNUni (red dots)
at z = 0, for voids reaching 0¥ = —0.409 threshold, corresponding to the linear threshold &, = —0.623
when the spherical symmetric evolution is assumed. Blue curves are the theoretical VSF in Eulerian
space, eq. (5.2), obtained assuming: spherical symmetry in void evolution, using the effective moving
barrier egs. (4.1)-(4.2) for ¢, = —0.623, with the corresponding numerical multiplicity function (blue
solid); egs. (3.4)—(3.5), and the two analytical approximations eq. (3.14) (dashed blue) and eq. (3.15)
(dotted blue). Eulerian SVAW model (solid green) and Vdn model (solid pink). Bottom panel: relative
difference between the theoretical models appearing in the upper panel (same colours) with respect
to the VSF measured in DEMNUni (dark colours) and HR-DEMNUni (transparent). The errorbars
show the corresponding Poissonian uncertainty.

i) Our VSF model with the effective moving barrier, eq. (4.1), using the exact numerical
multiplicity function (solid blue) from egs. (3.4)—(3.5) and the moving barrier of eq. (4.1)
with the MCMC best-fit parameters obtained in Lagrangian space, eq. (4.2). The blue
dashed line shows the corresponding analytical approximation, eq. (3.14), while the
dotted blue line represents the approximated integration, eq. (3.15). They are mapped
in Eulerian space assuming a spherical symmetric evolution, eq. (5.2).

ii) The SVAW model (green curve) with linear formation threshold ¢, = —0.623, mapped
in Eulerian space via eq. (5.2).

iii) The Jennings at al. 2013 [13] VSF model (hereafter Vdn) with linear formation threshold
dy = —0.623 (pink curve). This model, also known as the volume-conserving model, is
a Eulerian mapping of the SVAW, which relies mainly on one assumption: the total
volume fraction of voids is conserved from Lagrangian to Eulerian space, at the expense
of the conservation of the number of voids. This assumption was introduced to avoid
normalisation problems in the sharp-k multiplicity function [SVAW] mapped in Eulerian
space assuming spherical symmetric evolution.

Finally, the lower panel of figure 4 shows the residuals at z = 0 of the above Eulerian VSF
models with respect to the VSF measured from DEMNUni (dark colours) and HR-DEMNUni
(transparent). Errorbars represent the Poissonian uncertainty. It can be observed that the
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Fulerian mapping of SVAW and the Vdn model is not able to reproduce the VSF from
simulations. Concerning our model, it can be noticed that the spherical mapping is accurate
within 1o at both large and intermediate scales, while it becomes less accurate at lower scales,
on which the spherical Eulerian map over-predicts the number of voids by about ~ 50%. The
accuracy at larger scales is in agreement with the fact that the anisotropic part of the strain
of the displacement field around density extremants decreases as the scale increases [2, 63].
In particular, the expected value of the ellipticity is proportional to o(R)/|dv| [SMT], which
makes the spherical approximation accurate on large scales. On smaller scales, other effects,
such as non-sphericity and non-locality, may become relevant. From the same arguments, it
follows that the accuracy of the spherical Eulerian mapping increases with the redshift.

5.2 The DM halo case

Lagrangian haloes undergo a full collapse in Eulerian space, which makes the mapping
conceptually different from the void case. On the one hand, at each redshift it corresponds a
unique linear collapse threshold (see appendix F for details); on the other hand, the spherical
symmetric evolution can hardly be accurate in the strongly nonlinear regime of the collapse.
In the literature it is shown that, at the first-order approximation, the non-spherical collapse
is reflected in a scale-dependent [SMT] and fuzzy formation threshold [18, 29] in Lagrangian
space. In addition, non-linear evolution can break the top-hat Lagrangian to Eulerian mass
conservation, Mg(R) = Mrtu(R), as the fluid elements of a Lagrangian spherical overdensity
may not all and exclusively collapse in the corresponding Eulerian halo [29]. Finally, above
all, there is the problem of estimating which regions in the Universe (or in simulations)
are collapsed and eventually virialized, i.e. are DM haloes. Different prescriptions result in
different halo finders [64]. This makes an a priori modelling of haloes statistics, such as the
HMF, extremely challenging. As a consequence, the halo multiplicity function needs to be
fitted according to the different halo finders considered* [62, SMT], and for each different
halo finding algorithm, a different effective barrier would correspond to it, representing the
statistics of each different halo population. In this perspective, we use the HMF measured at
z = 0 from the DEMNUni simulations to find the corresponding halo formation threshold for
Lagrangian haloes, as defined in section 2. In particular, to test the stability of our approach
against the used halo-finder, we consider different halo catalogues, such as: Friend-of-Friends
(FoF) haloes; subhaloes obtained by post-processing FoF haloes with the GADGET-3 SUBFIND
algorithm (which identifies locally overdense regions, i.e. areas enclosed by an isodensity
contour that traverses a saddle point) [65, 66]; and Spherical-Overdensity (SO) halo catalogues
corresponding to an overdensity threshold equal to the virial value and obtained by exploiting
the SO package within the SUBFIND algorithm. We found that the barrier slightly changes
to accommodate the HMFs of the different catalogues, while variations on the formation
threshold values are minor.

Then, according to the spherical mapping approximation, we assume the linear halo
formation threshold, dy,, to be scale independent and the Eulerian mass to be the same as the

4Note that analogous considerations are valid for void finding algorithms for which the corresponding void
definition cannot be easily mapped to the excursion-peak theory one. In that case, exactly as for haloes, the
effective barrier describing the statistics needs to be fitted against simulations.
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Figure 5. Eulerian HMF. Top panel: HMF measured from DEMNUni at z = 0 (black dots) and
corresponding Poissonian uncertainty (errorbars); Eulerian spherical mapping of the effective barrier
approach implemented in this work (blue), egs. (3.15), (4.1), fitting the halo threshold from eq. (4.2);
SMT best-fit model (orange); 4-parameters Tinker et al. 2008 [62] best-fit model. Bottom panel:
relative difference between the theoretical models of the upper panel (same colour libelling) with
respect to HMF measured in the DEMNUni in unit of Poissonian uncertainty. Errorbars and hatched
area show +1o interval, dashed area shows the +1% uncertainty.

Lagrangian one, Mg(R) = M (R). Following SMT, we consider the subhalo catalogues and,
as explained in appendix F, we use eq. (4.2) as a prior to fit the threshold, after substituting o,
with &,. We find a redshift independent best-fit &, = 2.424+0:37. Moreover the corresponding
effective barrier parameters in eq. (4.1) are found to be redshift independent as well, satisfying
the regime in which the HMF can be considered self-similar, confirming its redshift universality
(see appendix F for details). Note that, even if this value seems to be larger than the usual
spherical collapse threshold, d. ~ 1.686, actually our results confirm previous finding in the
literature [18]. In fact, the barrier height corresponding to &), = 2.424+3:979 is v = 1.20943-998,
only a ~ 15% different from the SMT moving barrier, v/0.75. ~ 1.4.

Figure 5 shows the results. The upper panel shows: i) the sub-HMF measured at z = 0
from DEMNUni (black dots), with the corresponding Poissonian uncertainty (error bars);
ii) threshold fit d}, of theoretical HMF from the moving barrier approach using eqgs. (3.15)—
(4.1)-(4.2) (blue curve); iii) the SMT best-fit model (orange curve); iv) 4-parameters Tinker
et al. 2008 [62] best-fit model. The bottom panel shows the relative differences between
the measurements from simulations and the best-fit models of the upper panel in units of
the Poissonian uncertainty. The errorbars and the hatched area show the +1c¢ interval, the
dashed area shows the 1% uncertainty. It can be noticed that, on the scales considered, the
model presented in this work, egs. (3.15)—(4.1)—(4.2), plus the fitting of the linear formation
threshold 6y, allow us to reach a better accuracy than for the SMT best-fit model and similar
to the 4-parameters Tinker et al. 2008 [62] best-fit model. Appendix F shows the redshift
dependence of all these theoretical HMFs.
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A more accurate Lagrangian to Eulerian mapping should get rid of the spherical ap-
proximation, and include off-diagonal terms of the strain tensor as well as tidal effects.
This is beyond the scope of this work, which focuses on Lagrangian space, and we leave
it for future studies.

6 The void density profile from the effective barrier

In this section, we explore the effective barrier approach for statistics beyond the multiplicity
function, by considering the void density profile of Lagrangian voids. Note that this is the
integral of the void-matter cross-correlation function. Here we focus on the density profile of
voids because, beyond the motivations explained at the beginning of section 4, halo collapse
destroys the one-to-one map between the Lagrangian and Fulerian profile, which is not the
case for voids. Moreover, a theoretical modelling of the Lagrangian density profile of voids
would be useful for their analysis in the redshift space [67-71].

In the standard excursion-set approach, each stochastic realisation of the d(q, R) field,
given by egs. (3.1), statistically corresponds to a realisation of the integrated density profile
with respect to a random Lagrangian position q. Here, we apply this feature using our effective
barrier approach to void formation, in order to verify whether it can reproduce the density
profile around minima. As the effective barrier B in eqs. (4.1)—(4.2) does not correspond
to the void formation threshold d,, the corresponding density profile realisations would not
describe the physical ones. We avoid this effect by considering two steps. First, at scales larger
than the crossing radius, Ry, we normalise the field to the actual void formation threshold as

5(R) = 8(R)6y/B(R) for R > Ry. (6.1)

This step aims to rescale the amplitude of the field from the effective to the physical one.
Second, at scales smaller than the crossing radius, we shift the stochastic realisation of
the field as

5(R) — §(R) — B(Rx) + 6, for R < Ry. (6.2)

This shifts the stochastic realisation 6(R) by an offset chosen to match the physical void
formation threshold at the crossing radius, 6(Ryx) = dy. After crossing, the field behaves as a
random walk pinned at the coordinate (R, dy) in the R — ¢ plane and therefore satisfies the
above equation. It follows that the width of the distribution of void profiles is approximated
by /s — S(Rx) as s increases (R decreases).

Figure 6 shows the comparison between the void density profile measured in simulations
ICs and linearly evolved at z = 0 (dashed lines), with respect to stochastic realisations of
d(R), obtained with the corresponding effective moving barrier, eqgs. (4.1)—(4.2), rescaled via
egs. (6.1)—(6.2) (solid lines). Different colours represent voids with different formation radii,
as specified in the caption. The shaded areas show the shortest interval subtending 68% of
the distribution of density profiles in simulations 1Cs; while the hatched areas show the same
quantity for stochastic realisations. Interestingly, in both cases, the distributions are well
described by a Gaussian PDF for each radius R. The correspondence between simulations
ICs and stochastic realisations is very good, in particular: i) the void profile distribution
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Figure 6. Lagrangian density profile, linearly evolved at z = 0, for voids with linear formation
threshold of ¢, = —0.388 and void radius between 15-21Mpc (purple), 33-39Mpc (red), 58-65Mpc
(green), and (72-79) h~'Mpc (blue). Solid lines show the excursion-set prediction with the effective
moving barrier obtained as described in 6; light hatched areas the shortest interval subtending 68% of
the distribution; dashed lines show the mean void density profile measured in simulations ICs; light
shaded areas the shortest interval subtending 68% of the distribution.

obtained via the effective barrier approach closely matches the one from simulations ICs, as
can be noted by the shaded and hatched areas in figure 6; ii) the mean of the excursion-set
profile distribution reproduces the global behaviour of the mean profile measured in the
simulations ICs, while the accuracy depends on the void scale considered; iii) the change
of slope around the crossing radius is accurately reproduced; iv) interestingly, the effective
barrier predicts the formation of a non-collapsing overdensity in which smaller voids are
embedded, as observed in simulations ICs.

Our void profile prediction in Lagrangian space is the third main result of this work, and
the methodology to model it has been presented here for the first time in the literature. In
particular, this modelling uses the same effective barrier of eqs. (4.1)—(4.2) used to derive
the theoretical multiplicity function and VSF presented in this work. This modelling would
not be representative of simulation ICs measurements unless the effective barrier contained
statistical information beyond the multiplicity function. In this work we do not explore the
Lagrangian to Eulerian mapping for the void density profile, which we aim to study in a
future work. However, it has already been shown in the literature that it is possible to obtain
the Eulerian void density profile from the Lagrangian one analytically [30, 72] and we think
that similar techniques can be applied also to our formalism.
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7 Conclusions

In this work, we show that using an effective moving barrier in the excursion-set framework,
it is possible to combine the latter with the peak theory in Lagrangian space. In particular: i)
we provide in section 2 a precise halo and void formation definition in Lagrangian space, that
was missing for voids, which combines excursion-set and peak theory; ii) in section 3, for a
general moving barrier in the presence of scale correlations, we derive egs. (3.14) and (3.15),
i.e. a multiplicity function able to recover both halo and void statistics from small to very
large scales S. In particular, we show that the exact computation of ((5@ is crucial to
obtain accurate analytical approximations of the general solution (see figure 1 for a detailed
comparison with the numerical multiplicity function obtained via MC realisations); iii) in
section 4 we derive, in the void case, the parameters characterising the SMT-like effective
moving barrier, in eq. (4.1), as a function of the void formation threshold, dy, by inserting
eq. (4.1) in eq. (3.5), eq. (3.14) and eq. (3.15), and fitting the VSF obtained via the latter
against the Lagrangian VSF measured in the DEMNUni ICs; iv) in section 5 we discuss the
Lagrangian to Fulerian mapping, in particular we implement the spherical map in Eulerian
space for the Lagrangian VSF and HMF, introduced in sections 3—4. We obtain a good
agreement with simulations for intermediate and large voids and we accurately reproduce
the HMF by fitting the linear halo formation threshold from simulations; v) in section 6 we
show that, in the excursion-set framework with the effective barrier, it is possible to derive
the Lagrangian void density profile, using the effective barrier of eqs. (4.1)—(4.2) entering
the corresponding multiplicity function, eq. (3.5), derived in this work. See figure 6 for a
comparison against the DEMNUni void profiles.

Our results may have several applications in upcoming galaxy surveys analysis, in
particular concerning DM tracer statistics as the HMF, VSF, and the void-galaxy cross-
correlation. As shown in figure 3, our multiplicity function provides a much better accuracy
than previous modellings when compared with measurements from cosmological simulations.
Moreover, it is accurate up and beyond the scale of the lightest clusters [73, 74] and the
smallest voids detectable in galaxy surveys [75]. In addition, an accurate modelling of the
Lagrangian void density profile can help improving the modelling of redshift space distortions
around voids [67, 69-71, 76-82]. These results are particularly relevant for data analyses
from ongoing and forthcoming galaxy redshift surveys, such as Euclid [83], Roman [84],
SPHEREXx [85], DESI [86], PFS [87], etc., where the amount of data and the galaxy density
will require high precision and accuracy in the theoretical modelling, from the smaller to the
larger scales. In this respect, note that in this work we considered around 2 x 10° voids (see
table 2), while, for example, in Euclid the number of expected voids is around 6000 [28]. This
makes the modelling presented in this work very accurate, with much smaller uncertainties
than those expected from future surveys. In this respect, in a future work we plan to
further explore the mapping from the Lagrangian to the Eulerian space at scales smaller than
~ 40h~'Mpc at z = 0, on which the spherical mapping already holds within 1o. For voids in
galaxy surveys other observational effects beyond the Lagrangian to Eulerian mapping in real
space should be considered, such as the redshift-space distortion impact. We plan to explore
them in future works by applying well known techniques in the literature [e.g. 70, 77, 88-91].
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A Correlation of the density contrast field scale derivatives

The explicit expression of (0¢) = ((dds/dS)?) for a generic filter function W (kR) reads

(05) = (Zu;:)? <(&§$))2> : (A.1)

where, considering egs. (2.1)—(3.1),

<(8(§f?>2> - /ooo dzlifp(k) (W)z- (A.2)

The derivative of the top-hat filter function with respect to the smoothing lenght R is

81/1(;(}/;}%) _ R?;?’ {(;UQ _ 3) sin(z) + 3z Cos(:v)} , (A.3)

with z = kR. Note that for k£ > 1/R, this function behaves as ~ sin(kR)/k. Therefore, for
large k, the integrand of eq. (A.2) behaves as ~ P(k)sin?(kR). As a result, the convergence
of the integral relies solely on the behaviour of P(k) at large k, without any additional
suppression term; therefore, in the cases where the integral convergences, the convergence is
slow [see appendix B in 19]. This makes the direct evaluation of this integral computationally
expensive, as it requires the knowledge of P(k) up to very high k values. As a consequence,
in the literature, this quantity is generally not computed with a top-hat filter; even when the
top-hat filter is used for other quantities, such as (§%(R)). Usually, (02) is evaluated with
a Gaussian filter smoothed at Rq, and mapped to a different top-hat scale Rry according
to various prescriptions [7, 31, 92, 93].

We propose here a different approach to exactly compute (5’3) with any filter, top-hat
included. Let consider the correlation of the R-derivative of density contrast field filtered
at different smoothing lengths

95(R1) O5(Rs) o 0
< 8R11 0R22 >: ok, oR, ") (A.4)
o 9 '
= am om, e B2
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Figure 7. ((06(R)/OR)?) computed as the ensemble variance of MC realisations (orange line); same

quantity computed with eq. (A.5) (black dashed line); 0?(R) = (§2(R)) (blue line). All the quantity
showed are computed with a top-hat filter.

where C(Ry, R2) is the covariance defined in eq. (3.3), which is a well defined quantity. From
that, the variance of the scale derivative of the density contrast field can be easily derived as

66(R)>2 o 0
—_— = ——C(Ry,R . A5
<< OR R, or,C (F F2) Ri—Ra—R (4.5)
This relation can extended at any order in the derivative of the filtered field,
J"6(R) amé(R)> gt om
= C(Ri, R . A6
< OR"  OR™ ORT ORY (B, By) BB R (4.6)

To further confirm the above relation, we measure the ensemble variance over many MC
realisations of the field 99(R)/0R, obtained by finite differentiation of the field 6(R) from
eq. (3.4) with the top-hat filter. Figure 7 shows the results: ((93(R)/OR)?) computed as the
ensemble variance of MC realisations (orange line); same quantity computed with eq. (A.5)
(black dashed line); 0?(R) = (62(R)) (blue line).

B Derivation of the analytical multiplicity function

The joint distribution of dg, ¢, and ds is a multivariate normal distribution

ds
/ _ 1 _1 / -1 /
p(55,55,63) - (27r)3/2\/m €xXp 2(55765‘755) E (;S (Bl)

where 3 is the covariance matrix of eq. (3.9). The exponent of eq. (B.1) reads

-1

2det T PppB§ + Dy 05 + Dasd] + 2T gy Bsds + 20 ps Bsds + 21“55/5%55] (B.2)

where

det ¥ = sSD — SC” 4+ CC" — s/4 — DC? (B.3)
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and Ei_jl =T;/ det X, with I';; listed in eq. (3.11). The integral with respect ¢’ of eq. (3.8) is

(o]
/B " d8'p(Bs. ., 8.)(8% — BY) = (B.4)
1 det X ox _F(;/(;/Bg + 2I€Bg~ (B 5)
(27)3/2/det B | Tos 2det X )

mdet X K HQ/F5/5/ F5/5/ K

— B f B ) -1

2 F(;/(;/ ( o * F5/5/> exXp [ 2det X2 o 2det X ( S + Fg/g/ ’
where k = I'gs'Bg + I'sis0s. The integration of the above expression with respect to § can
be reduced into sums and products of integrals of the form

1. [dzeol=p)?
2. [dxxze @=h)?

3. [dze @B erf[y(z + €)]

e

. [ dzze= @B erf[y(z + €)]

which all have an explicit solution as combinations of Gaussians and error functions, except
for the last case. Taking into account the following relations

o TssTpp — %5 =DdetX

o Tyglos —T%5=5Sdet™

o I'ssI'pp — F235, =sdetX

o I'psTss —Tpslos = —% det =
o I'psTsi5r — 5Ty = —C det I

we obtain eq. (3.10).

C Global and boundary behaviour

C.1 s — S limit

Eq. (3.10) behaves as 0/0 as s — S. The quantities I';; and det 3 can be written in terms of
s, S, D, C, C'". In particular, C and C’ can be expanded around S as

c() = 30 E D a0y
o am (C.1)
() = 3 O 500y,

where (n) denote the n'' —derivative with respect to s. We consider the correlation of the
fields, both eventuated at the same s = S, up to the 4" —derivative of the second field.
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where (§”?) can be evaluated following appendix A. Using these relations, it is possible to
Fourier expand I';j, eq. (3.11), and det X, eq. (3.9), in the limit s — S. The first non-zero
coefficient of the Taylor expansion around S of det 3 is the 4'" one, i.e. det ¥ o (s — S)*
as s — S.

For convenience, we rewrite eq. (3.10) as

P(s) =L + I+ e B3/2 (I + 1), (C.2)

where the 4 terms I; are in the same order of the ones appearing in eq. (3.10). I3, the
first term on the right-hand-side of eq. (3.10), i.e. the second and third lines, goes to zeros,
as the exponential and I'ss are constant, while sy o< (s — S)2. Therefore, the quantity
det X /Ts5 o< (s — S)?, which multiplies a finite quantity, i.e. [; — 0 as s — S. Expanding
up to the second order, the second term, Iy, i.e. the fourth line of eq. (3.10), becomes

VTss DB% + SB' — BsB
I — . C.3
27 47 S P 2F55 ( )
The third and fourth terms are multiplied by e~ B5/28 , which is finite and constant. The

argument of the error function in the second term inside the curly brackets, Iy, is

S c S /Bs >
o <B(s) SBS)—>,/2F66(2S B). (C.4)

Finally, the last quantity is

B det X
27/ Tyr5 L5

where det 3 /(/Tg5:Tsi5) o< (s —S)?, and F(z, o, B) is defined in eq. (3.12). It can be noticed
from eq. (3.13) that

Iy Flz,a, ) (C.5)

Tss (D' 2) By
—— ||——-D — C.6
v 2det2(4)[ 2 2T's5 ( )
B/ B/l
D' +D —
(SD'+ D)+ 5.
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where det 34 is the 4% _order coefficient of the Taylor expansion. The above equation is a
finite quantity, while a o< (s — S)? and 3 o (s — S)~!. It follows that in the limit s — S,
the exponential term appearing in the integral of eq. (3.12) behaves as a Gaussian infinitely
wide and centered at —oo. Note, however, that the width of this Gaussian, i.e. \/2/a, and
the center position, i.e. —3, compensate for each other,

F 1857 B 2 S B 2
2 8’ S S /

This means that the exponential contributes to the integral as a finite positive quantity in the
entire range from —oo to x. As a consequence, the upper integration limit, x, is negligible
and can be considered x — 0. The same argument applies to the error function: the scale
range in which it differs from -1 is negligible, therefore we can consider erf(t) — —1 over all
the scales of interest. In this limit, the integral of eq. (3.12) becomes

0
Flz,a,p) — —/ dtte=(t+h)? (C.8)

_QBQ f B
e T
_ VTP 1 ferf
5 T 75 \/a[ + erf (vVag)] ,
from which, the limit for s — S of eq. (C.5), is
VIss _ap2 L oflvap) +1 erf(\fﬁ) +1 ( B’>
4nS 4/sm 28 ’

Substituting the four I; terms computed here in eq. (C.2), we find that eq. (3.10), in the
limit s — S, becomes

2
i P(s) — /28 WW o[- (22 - )

I3 — (Cg)

g 218 T, \25  °5) | T (C.10)

(Bs/2S — BL) [S (Bs
2218 ) {erf[ 2F55< 29 BS) }N ’

where we use the fact that the exponent appearing in I; can be factorized as

DB%—FSB,—BsB_ S (BS B/>2+BS (Cll)

oss T ol \28 S 28"
C.2 s — 0 limit

We now explore the s — 0 limit of P(s), eq. (3.10). Note that S > s by construction, so
Rs < R,. Considering S as a finite quantity, Rg < Rs; — oo as s — 0, entailing that

C = / W(kRs)W* (kR,) (C.12)

%/ﬁ P(k)W (kRs) = O(s) , (C.13)

since W(kRg) ~ 1 for k <« 1/Rg, while W(kR;) — 0 as k 2 1/Rs with 1/R, < 1/Rg.
Due to the phase shift in the derivative of the filter function W (kR) with respect to R,
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OW (kRg)/ORs — 0 for k < 1/Rg; while |W (kRs)| > 0 for k on the range between 0 and a
few times ~ 1/Rs, and 1/Rs < 1/Rg. It follows that C’ — 0 at higher order than s and C.
Taylor expanding up to the first order in s around s = 0, the following quantities becomes

det ¥ ~ s(SD — 1/4) = sT'ss
I'pp ~ sD Cpy ~ —s/2
Tsisr = sS I'ps 2~ —-CD
Tss = SD —1/4 Tgs~C/2,

(C.14)

where I'ss is a constant quantity.
We start considering the first term on the right-hand side of eq. (3.10), I3, i.e. the second
and third lines. The argument of the error function goes as

Css ( I'p Fa 5 )
B B 2B
2det X (S) * F&; F&; o

1 DBs — By/2
DBs — By/2 C>.

- V2s <B(S) - Css

The behaviour at s — 0 depends on the barrier shape. Taking into account a barrier of
the form eq. (4.1), in both the cases B(s) — const, i.e. ¥ > 0, and B(s) — oo, i.e. 7 < 0,
as s — 0, the above quantity goes to oo, and the corresponding error function to 1. Using

(C.15)

egs. (C.14), the factor multiplying the exponential and the curly brackets behaves as
det X 5 vV F(s(s
471'\/ F55F5/5/ 47 S ’

and, therefore, since the exponential term does not depend on s, the first term of eq. (3.10)
at s — 0 is

(C.16)

VTss b SBZ + DB% — ByBg

I — —
L7 g & Mss

(C.17)

Let us consider the second term, Iy, i.e. the fourth line of eq. (3.10). The factor
multiplying the exponential behaves as

P
47S+/ F5/5/ 87rS\/

where the dependence x /s is obtained Taylor expanding C' up to the first order in s,

x v/, (C.18)

C ~ 95C|s=ps. The 3 terms in the exponential behave as
SB%(s)/(2T's:s/) — B?(s)/s — oo
sB%/(2D's15/) — B%/2S = const (C.19)
CBgsB(s)/I'sist — 0sC|s=0BsB(s)/S — const or oo,
where the first equation goes always to oo for any behaviour of B(s), considering a form as

eq. (4.1), while the last equations may got either to a constant value or oo depending on B(s)
behaviour. In any case, the exponent term tends to —oo as s — 0, so Iy — 0.
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The last term on the right-hand side of eq. (3.10), i.e. 4" — 5 lines of eq. (3.10), is
composed of a constant exponential term multiplying the sum I3 + I4. The argument of the
error function of Iy, i.e. 5*" line of eq. (3.10), in the limit s — 0, behaves as

S C B(s)—CBs/S B(s)
o (B(s) - SBS> o S o (C.20)

which goes to oo for any behaviour of B(s), if the functional form of eq. (4.1) is considered.
It follows that the corresponding error function goes to 1 and

Bg/2S — B
[, — Bs/25 = Bs (C.21)
2278
as s — 0. The remaining term in the curly brackets is I3, which is the product of
2det 3 r r 1
e 55 [ 56 (C.22)

— = — = Y=,
47TV F6’5’F5/5 C S \/gasc|s:0 \/g

multiplying F(x, «, §). Let us consider the x, o, 8 quantities of eqs. (3.13). The x quantity

behaves as
05Cs=0 < Bg 25 _, )
——— | B(s) — B C.23
T 5 sty \B6) 5.6 T a.cPs) (C.23)

which goes to oo if B(s) — oo as s — 0, or to a constant value otherwise. The other

quantities behave as

SdetX 4TssS's 4TssS 1
= - C.24
F?% - c? 7 (05Cls=0)? s ( )
and
S (Bg ,) B
B — ST (25 By | = const (C.25)

as s — 0. From the above quantities, it follows that the exponential e—a(t+h)? appearing in
the integrand of F(x, o, (), eq. (3.12), behaves as an infinitesimal narrow Gaussian centered
in —f3. In the regime we are considering, it can be shown comparing x and 3, together with
egs. (C.14), that —3 < x, and therefore

™

F(z,a,p) — terf\tziﬁ/ dte—t* — Berf () o

BS/QS — Bg S (BS ,)
— f — — B . C.26
2218 “ 255 \ 25 s (C-26)

Now it is possible to sum all the terms of eq. (3.10) in the s — 0 limits, from which it follows

that lims_,0 P(s) = lims_, 5 P(s), as appearing in eq. (C.10).

— 26 —



1.00
£ 0.99
= (.98
Qa

0.97 1

0.0 0.5 1.0 15 2.0 25 3.0
S

Figure 8. Upper panel: P(s)/P(S) for various S, listed in the legend. Bottom panel: P’(s)/P(s),
the colour refers to the same S as in the upper panel.

C.3 Derivative of P(s) and global behaviour

We now consider the global behaviour of P(s). The upper panel of figure 8, shows the
behaviour of P(s) with respect to its value at the crossing scale, P(S), for various crossing
scales S corresponding to different colour. The P(s) function shown here is the same as
that described in section 3, at z = 0. It can be seen that lims_oP(s) = lim,_, g P(s), as
previously derived, and that P(s) slowly varies in the range 0 — S, from sub- to a few
percent level, depending on the corresponding crossing scale S. The lower panel shows the
derivative P’(s) with respect to P(s), for various crossing scales S. The derivative value is
always within a few percent level the corresponding P(s) function. This further confirms
that P(s) is a slowly varying function. From these properties, it follows that the integral
of P(s) over s can be approximated as f(gg P(s)ds ~ Slims_oP(s) = SlimsgP(s) in the
limit of small S, obtaining eq. (3.15).

D Local bias expansion

For any multiplicity function with dependence on the formation threshold, the corresponding
local bias expansion naturally arises in the peak-background split framework, as a response
of the formation threshold on the background variation [2, 6, 9, 94-96]. This is the case
for the effective barrier approach explored in this paper. A modification in the background
density due to a long-wavelength perturbation can be treated as a modification of the
formation threshold, f(S,d|A;) = f(S,0—A|0), where A, is the long-wavelength perturbation.
Therefore, the local bias expansion can be written as

(DY N f(S)

bn(5) = F(S) aoN

(D.1)

Since the dependence with respect to the formation threshold is contained in the moving
barrier Bg, we separate the derivative of Bg with respect to ¢ and the derivative of f(.5)
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with respect to the barrier. From the above equations, the first bias terms are

_ —19Bs 9

0(S) = 75795 ams ) (D-2)
1 |9®°Bs 0 0Bs\? 02

ba(5) = £(S) l 962 OBg ( D6 ) aB?J 1(S),
-1 [9*Bs 0 dBs 0°Bg 02 d0Bs\* o°

b3(:9) = f(S)l 063 OBg 3755 992 0B2 ( 96 ) aBglf(S)'

Note that the barrier is formally a function of two variables, Bg = B(S,d). When imple-
menting the above equations with the analytical multiplicity functions presented in this
work, egs. (3.10)—(3.15), this has to be taken into account when computing the derivative
of B’ with respect to the barrier, which reads

OBy  0By| {8BS]_1 OB D3)
0Bs  0Bsls | 96 96’ '
9’By  [0Bg] ' 0°By  [0Bs] % 0*Bs 0By

8B§{ } 62 [85} 962 95’

By  [0Bg]™! 3333 0Bg]™? 9*Bgs 0*By

oB: { } { 96 } 962 942

) {8Bg}_ 9*Bs]” {8BS}_2 &*Bs | 9B
06 042 06 043 a6

When considering the approximated multiplicity function, eq. (3.15), we obtain
df(S)  Bg e~B%/25 S

= ——f(S) + ——=0pAp x |erf —A
OBg S 7(S) 2Wars PP “ Mss
’2f(S) (BE 1 e~ BE/25 s | S SA2

=== - = A = =B
0B% 525 ) IO g (A grr, P Ty, )

1/ B [ S

63 g 3B B3 7B2/25
f(3)7 S — o3 f(S) +
B3 2 g V2rS
3B g S SA2
ApdpAp — 5 (0pAB)* — - Ap(05Ap)° 2
{{383 BOBAB S(aB B) Tss 5(0p B)} 27TF556XP< 2F65>+
1 B B
2{(3_3)(93@_3

2 D% (o) )

where AB = (Bs/QS—B:g), 8BAB = 1/25—83%/0B5, (9?3A2 = —8235/83%, and 8%A% =
—03Bl/0B3.

X

OEAp + OB AR

E Measuring the moving barrier

In this section we describe how the MCMC to fit «, 8, and v described in section 4 is
performed. We proceed in various steps. First, we obtain the multiplicity functions of the
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VSF measured in both the DEMNUni ICs and HR-DEMNUni ICs, for each of the void
formation thresholds considered, table 1. Then we consider the minimum useful void radius,
in order to avoid scales in which voids are noise dominated. This minimum radius depends
simultaneously on the spatial resolution of the simulation ICs, the void finder grid size, and
the threshold value. In particular, we found that the void radius cannot be smaller than ~ 5
times the voxel side of the void finder grid. We found that 1000 grid division per box side
guarantees the best possible spatial resolution given the number of particles of DEMNUni
simulations, for both the standard and HR ICs, see section 4. This results in a minimum
useful radius of ~ 10 h~'Mpc for DEMNUni ICs and ~ 2.5 h~'Mpc for HR-DEMNUni
ICs. Beyond the effect of the grid, the minimum useful void radius can be evaluated as
a function of the scale corresponding to the Poissonian noise associated to the number of
particles in a void with a given underdensity threshold. The expected number of particles
in a sphere with radius R is N(R) = 4wn,R3/3, where n, is the mean number density of
particles in the simulation box. The associated Poissonian uncertainty is v/N. The number
of particles contained in a void with formation threshold §(z1c) and radius R detected by
the void finder is AN(R) = 6(z21¢) 47n, R3/3. We can define the radius Rp(P) as the radius
of the void containing a number of particles equal to P times the Poissonian uncertainty
associated with the sphere with radius Rp(P): AN[Rp(P)] = P\/N[Rp(P)]. We use this
radius as an estimator of the Poissonian uncertainty associated to the detection of a void
with threshold §(zic) and radius Rp(P)

poN2B [ 3\
RP(P):(5(210)> <4mp> . (E.1)

Exploring various minimum radii in our analysis, we find that the corresponding posterior

distributions of the MCMC are stable for radius greater than Rp(~ 2), i.e. containing a
number of particles that is at least 2 times the Poissonian uncertainty of the mean number
density. Table 2 lists the minimum radius used for each threshold explored.

To speed up the analysis, we start exploring the parameter space of the effective barrier
of eq. (4.1) performing a MCMC with the approximated analytical multiplicity function,
eq. (3.15). We consider a Gaussian likelihood function,

1

log [£(D])] = —5 3 | (nP —n] (©))” =7+ log(5)] (B2)

where the theoretical model is the theoretical multiplicity function integrated in the radius bins
considered n! (0) = fSS((R]?)*l) f(9)dS with © = {a, B,7}; the data vector with elements n?

i
which is the measured multiplicity function in the various i*" bin, n? = Nin((R);/Lvox)?/3,
where Nj is the number of voids with radius between R;_1 and R; and (R); = (R;—1 + R;)/2;
the variance ¥; is given by the Poissonian uncertainty of the measured multiplicity function,
¥ = N; [4r((R)i/Lvox)/ 3]2. The prior is a flat distribution over the 3 parameters explored.
Note that the radius bins explored in this analysis are thin, with a thickness ranging from
0.5 to 1 A~ *Mpc. We repeat the analysis exploring several minimum void radius values. For
each minimum radius, we verify to be in the regime in which the approximated analytical

multiplicity function is an accurate approximation of the exact one corresponding to the
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§(z1¢) Rmin(2000)  Ny(2000)  Rumin(500) Ny (500)  RA

—0.035 11 361 2.5 92965 4
—0.023 17 419 5 14900 7
—0.016 17 9586 7 6703 11
—0.011 19 18419 9 3601 19
—0.008 22 16437 11 2031 28
—0.0064 30 6556 9 3198 35
—0.005 39 3185 12 1386 45

Table 2. Minimum radii for each threshold explored. The first column, §(z1¢), lists the actual density
contrast in the simulation ICs at z1c = 99; the second and fourth columns, Ry, (2000) and Ry, (500),
list the minimum radii used for the analysis with the numerical multiplicity function, which contains
to ~ 1.5-2.5 times the number of particles associated to the Poissonian noise (see text); the third
and fifth columns, N, (2000) and N, (500), list the number of voids in the simulation ICs with radius
larger then the minimum one; the last column, R2. | lists the minimum radius used for the MCMC

min>
analysis with the analytical approximation, Eq. (3.15), chosen in a conservative way. All radii are in
h~'Mpc unit.

effective barrier. To do so, we compare the best-fit approximated multiplicity function,
eq. (3.15), with the numerical one obtained with the same moving barrier, eq. (3.4)-(3.5).
According to the precision of the analytical approximation eq. (3.15) and to the uncertainty
of the VSF from ICs, we select a minimum radius in which the analytical approximation
can be safely used, in a very conservative way, listed in the last column of table 2. Then
we select the parameter space region to be further explored as the region in which the
logarithm of the posterior distribution is larger that the maximum value minus 5: 6 s.t.
log(pmax) — log (p(z,0)) > 5, where 6 = (v, 3,) and = the measured VSF. We then use this
region in the parameter space as the flat prior for the analysis with the numerical multiplicity
function, eq. (3.4)—(3.5). We repeat this procedure for all the void thresholds considered. It
is worth noting that both eq. (3.14) and eq. (3.15) are able to fit the VSF from simulation
1Cs even at small radii, but beyond the radius in which the analytical approximation breaks,
this is no more representative of the first crossing solution of a generic moving barrier. This
means that even if in principle we can use egs. (3.15), to fit the parameters of the moving
barrier eq. (4.1), at scales smaller than the radius at which the analytical approximation
breaks, we lose the map between this function and the effective barrier. Since the aim of
section 4 is to find the effective moving barrier, we proceed to measure it using the numerical
multiplicity function.

To perform the MCMC up to the smallest possible radius allowed by ICs resolution, we
use the numerical solution of the first crossing problem, egs. (3.4)—(3.5), implemented with
the 3-parameters barrier eq. (4.1). To obtain a numerical multiplicity function with enough
precision to be used in such MCMC, we use 108 MC realisations of eq. (3.4) for each «, 3,
and ~ values, computed with a binning radius size at least 4 times smaller than the binning
used for the VFS measured in simulations ICs. This guarantees a numerical precision that
is, at worst, less than 1/10 the Poissonian uncertainty of the measured VSF. Since this is
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computationally expensive for a MCMC analysis, we interpolate the numerical multiplicity
function over a sample of a, 8, and ~ values. The computational cost scales linearly with the
number of realisations performed and quadratically with the number of radius bins considered.
For reference, with the above specifications, the first crossing distribution computed with 103
realisations in a random position in the parameter space within domino for the §, = —0.62
case, and 109 radius bins, takes around 13 seconds on a core with 48 CPUs at 2.90GHz. To
select the range in a convenient way, we produce a large number of numerical multiplicity
over a random sapling of a, 8, and ~, selected within the parameter space region delimited
by the MCMC analysis involving the analytical multiplicity function, as described before.

At each MCMC step, we interpolate over this sample finding the closest tetrad in
which the point of coordinates («, 3, 7) is embedded (which in most of the cases does
not correspond to the 4 closest sample points). For interpolating, we weight the numerical
multiplicity function corresponding to each point using the barycenter coordinates. The
likelihood is the same as eq. (E.2), however, the theoretical model is now obtained by
numerically integrating over the 4 theoretical radius bins composing one data radius bin,
ie. nZT(@) = Z?:l Ny (Rj)/Niot, with Nigy = 108, where Ny (Rj) is the number of crossing
interpolated with the barycenter coordinates. In addition, the variance is now the square
sum of the numerical uncertainty of the theoretical model and the Poissonian uncertainty
of measurements from simulations: 3; = N; [47((R)s/Luex)?/3]” + Y11 N (Rj)/NE,. We
verified that, for this specific application, this interpolation method is more accurate than
the standard ones over a grid. Moreover, this approach allows to simply increase the sample
resolution if necessary, by producing more realisations at random positions within the same
parameter space region, without worrying about the grid.

As a last consideration, it is worth noting that the moving barrier shape, eq. (4.1),
is robust in modelling the Lagrangian VSF measured from simulation ICs. In particular,
the five larger radius bins are always enough to constrain the 3-parameter barrier and to
predict the VSF down to the smaller radii. However, using all the available radius bins,
the uncertainty in the posterior decreases.

All the MCMC analyses are performed using the emcee sampler [97].

F Redshift dependence of the HMF

In this section we discuss the redshift dependence of the Eulerian HMF, as described in
section 5, obtained using eq. (4.2) as prior to fit the formation barrier é,. The redshift
dependence of the theoretical HMF is better expressed as a function of og(z) = \/C(R, R)
at a given redshift, with R = 8 h=!Mpec. In particular, og(z) = os(z = 0)Dy(z)/Do(z = 0),
where Dy(z) is the linear growth factor of perturbations. In this way, the normalisation
effects of the Lagrangian space and any redshift dependence are automatically included.
Nevertheless, figure 9 shows that all the parameters of the effective barrier, eq. (4.1) and oy,
can be consistently considered redshift independent. The orange violins shows the posterior
of the parameter at the og(z) values corresponding to the redshift values explored, z = 0,
0.47, 1.05, 1.46, 2.05. Blue lines show the best-fit value and the shaded area the 68% CL.
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Figure 9. Dependence of the halo formation threshold 4y, and the moving barrier parameter parameters
of eq. (4.1) as a function of og(z). The upper axis shows the corresponding redshift. Orange violins
show the posterior distribution obtained at each DEMNUni snapshot considered, z = 0, 0.47, 1.05,
1.46, 2.05. Blue solid lines and dashed areas show the best-fit and 68% CL of the scaling relations
described in the text.

The best-fit values are the following:

6n = 2.424491¢ o = 1.20940008 (F.1)
B=—0072+003 v =0.776 =g 52 .

It is worth noting that redshift independent barrier parameters entail a self-similar HMF, i.e.
an HMF that depends on S = (§2) (and D) values only. Note that the Lagrangian space is
the initial density field linearly evolved up to the redshift of interest with the linear growth
factor. This means that the linear formation threshold §;, does not depend on the redshift,
but the linear growth factor used to evolve the Lagrangian space does. In computations, this
can be considered alternatively by using the linear power spectrum of the redshift considered,
or using the power spectrum at a reference redshift, e.g. z = 0, and extrapolating the
formation threshold at the redshift of interest: d, — dnDo(z = 0)/Dp(2z) [SMT]. According
to the same argument, the effective moving barrier can be used either with the linear power
spectrum at the redshift considered, or with the power spectrum at a reference redshift
and extrapolating the barrier, which means @ — aDy(z = 0)/Dq(z), where we considered
z = 0 as the reference redshift. Moreover, any parameter multiplied or divided by o, or
more generally by any quantity derived from the power spectrum, must be corrected for the
growth factor. Therefore, also 5 — SDg(z = 0)/Dp(z).

The blue curve in figure 10 shows the relative difference between the Eulerian spherical
mapping of the effective barrier approach implemented in this work (blue), egs. (3.15), (4.1),
fitting the halo threshold from eq. (4.2) as described in section 5. Each panel shows a
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Figure 10. Relative difference between theoretical HMFs and with respect to the HMF measured in
the DEMNUni in unit of Poissonian uncertainty: Eulerian spherical mapping of the effective barrier
approach implemented in this work (blue), eqs. (3.15), (4.1), fitting the halo threshold from eq. (4.2);
SMT best-fit model (orange); Tinker et al. 2008 [62] best-fit model (green). Each panel shows a
different redshift, z = 0, 0.47, 1.05, 1.46, 2.05. Errorbars and hatched area show +1¢ interval, dashed
area shows the +1% uncertainty.

different redshift, corresponding to the DEMNUni snapshots considered. The error bars
and the hatched area show +1c interval, dashed area shows the +1% uncertainty. The
agreement is almost always within 1o. Similarly to the case of fitting the moving barrier
for the Lagrangian VSF, appendix E, the model presented here is robust in modelling the
Eulerian HMF measured from simulation. As in the previous case, the posterior distributions
of the considered parameter are stable from the larger scale explored down to the resolution
limit of the simulation. For comparison, the best-fit of the SMT model (orange lines) and the
best-fit of the 4-parameters Tinker et al. 2008 [62] model are shown. It can be noticed that the
agreement of our model with the HMF measured in simulation is almost always as good as the
Tinker et al. 2008 [62] one. The main differences are the clearer physical interpretation and the
smaller parameter space of the model presented in this work. Moreover, our model converges
much faster in the MCMC fit than the 4-parameters Tinker et al. 2008 [62] model. Note that
the multiplicity functions of eq. (3.14) and eq. (3.15) can be also used as a versatile fitting
function with as many fitting parameters as desired, which modify B, and By quantities.
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