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1. Introduction and main result

It is well known that the controllability properties of a finite dimensional quantum sys-
tem can be assessed using the (dynamical) Lie algebra £ := {iHq,...,iH,, } ;e generated
by the Hamiltonians {Hy, ...., H,, } of the system, that is, the smallest Lie algebra (closed
under commutation relation) which contains the skew-Hermitian matrices {iHq, ..., iH,, }
[4], [7], [8], [9], [12]. In particular the set of reachable evolutions for the quantum system
is (dense in) the connected Lie group associated with the Lie algebra L. If £ = u(n)
(su(n)), the Lie algebra of n x n skew-Hermitian matrices (skew-Hermitian with zero
trace), the set of reachable evolutions is the full set of unitary (special unitary) matri-
ces and the system is said to be operator controllable [4] or also completely controllable
[13]. We shall use the term ‘fully controllable’ in this paper. If, up to an isomorphism,
L :=sp (%), the symplectic Lie algebra (with n necessarily even in this case), then the
system is pure state controllable. In this case, the set of reachable evolutions is not the
full unitary group but it is rich enough to allow transfer from any state to any other
state. This is because the symplectic Lie group Sp (%) is transitive on the complex unit
sphere. Modulo the presence in the Lie algebra £ of multiples of the identity matrix,
which only add a multiplicative phase factor to the state, these are the only cases where
arbitrary transfers between two states can be achieved [3], [7], [13].

It follows from the application of representation theory ideas [6] that, in the presence
of a group of symmetries, that is, a group of matrices, which commute with all the
Hamiltonians of the system, the Hilbert space of the system splits into the direct sum
of a number of invariant subspaces. Therefore, in appropriate coordinates, the dynamics
of the system appear in block diagonal form. As a simple example, consider two spin %
particles interacting via Ising interaction H; = 0, ® 0., and subject to a common control
magnetic field in the x direction which gives Hamiltonian Hy = 0, ® 1 + 1 ® 0, and
in the y direction which gives Hamiltonian H; = 0, ® 1 + 1 ® oy. Here 1 is the 2 x 2
identity matrix and o, 4, . are the Pauli matrices defined by

w=(15) o=(07%) ~=G2%) o

The permutation group of two objects, which contains only the identity permutation and
the exchange of 1 and 2, is a symmetry group for this system since all the Hamiltonians
are invariant under the permutation of the 1 and 2 position. The Hilbert space splits
into two invariant subspaces which are given, in this case, by the so-called symmetric
sector spanned by {|00), [11), \/LE (jo1) + |10>)} and the anti-symmetric sector spanned

by {% (|01) — 10))}. One can in fact immediately verify the invariance of these two
subspaces under Hy, Ha, and Hz. We refer to [2] and [10] for the full case of symmetric
networks of two level quantum systems (qubits) and to [5] for the treatment of symmetric
networks of d-level systems for general d.
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If a quantum system is fully controllable on each invariant subsystem the system is
called subspace controllable (SC). In the presence of subspace controllability one can
think of performing universal quantum computation on one of the invariant subspaces
and use the dynamics on the other spaces for other purposes, e.g., for quantum error
correction and mitigation. Subspace controllability has been investigated and proved for
various topologies of quantum networked systems in recent literature, in various contexts,
(see, e.g., [2], [5], [10], [14], [15]).

The question we want to address in this paper is whether and when, in the presence
of subspace controllability, the addition of one extra Hamiltonian to the dynamics would
lead to full controllability of the quantum system, that is, the possibility of achieving
any (special) unitary transformation on the whole Hilbert space. It is known that full
controllability is, from a mathematical perspective, a generic property (see, e.g., [4], [11]).
Therefore almost every extra Hamiltonian will do the job of giving full controllability.
However, physical systems often present symmetries, which prevent full controllability.
So to give a precise characterization of the set of extra Hamiltonians that do or do not
re-establish full controllability is important from a physics perspective. We shall see that
the set of Hamiltonians which do not lead to full controllability is, in fact, very slim, and
we will describe it precisely.

Our investigation complements previous research in the literature where the consid-
ered vector space decomposition is as a tensor product decomposition of the underlying
Hilbert space # = ®;V; and controllability is assumed on each space Vj. It is known [16]
(cf. also [1] for the spin § case) that controllability on each of the spaces V;’s, that is, local
controllability together with the presence of an extra Hamiltonian which ‘connects’ the
various subsystems in an appropriate sense, is sufficient to obtain full controllability. In
this tensor-local case, there is no permutation symmetry in the system as local transfor-
mations are not required to be the same on each of the subsystems. On the other hand,
the presence of a group of permutation symmetries is often the decisive factor which
leads to the (direct sum) vector space splitting we are considering as in the example
above described.

In studying subspace controllability we shall neglect the consideration of common
phase factors (multiples of the identity) on each invariant subspace which determine the
allowed phase differences between the various subspaces and we shall assume that the
Lie algebra on each subspace of dimension n; is su(n;). We shall remove this restriction
at the end of the paper, in section 4. We shall also assume that the dimension n; of
each invariant subspace is > 2. In the case where one subspace has dimension n; = 1,
one cannot in principle talk about subspace controllability since the Lie group SU(1)
which is just the identity matrix is not transitive on the one dimensional circle. Still we
shall discuss some generalizations of the main theorem of this paper to this setting in
section 4.

Subspace controllability comes in two flavors and variations of them. They were named
strong and weak in [5] and we shall use this terminology here as well. In the strong case,
not only £ acts as su(n;) on every invariant subspace of dimension n;, but the various
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elements in su(n;) can be chosen independently one from the other. Therefore, in the
chosen coordinates, matrices in £ appear as block diagonal matrices diag(A1, Asa, ..., Apr)
with A; arbitrary in su(n;), j = 1,..., M, with n; the dimension of the j-th invariant
subspace. In the weak case, the matrices {4, Ao, ..., Aps} are related to each other. A
result proved in [5] (Lemma 8 therein) shows that if the dimension n; and ny, are different
then A; and Ay must be independent of each other. Therefore, if the dimensions n; are all
different, only the strong case is possible. If two dimensions n; and n, are equal, then it is
possible that A; determines Ay and, in fact, modulo a coordinate transformation in one
of the two subspaces we can assume A; = Aj. Obviously, mixed cases are also possible
between weak and strong with many possible situations. In this paper, we shall consider
only the case of strong SC, that is, we will assume that £ is spanned by matrices of the
form diag(Ai, Ag, ..., Ay) with A;, j = 1,..., M, arbitrary in su(n;), and independent
of each other.!

As anticipated, our goal is to study under what conditions, in the presence of strong
subspace controllability, as defined above, and under the above assumptions, the addition
of an extra Hamiltonian, which we will denote by Heyyrq, will result in full controllability
for the system. Defined £ the dynamical Lie algebra generated by £ and the new extra
Hamiltonian i H.y4q, that is,

E = {£7 iHe:rt’ra,}Liev

we investigate when £ = su(n), with n = ny + na + -+ - + npr. The matrix i Hepprq will,
in principle, be completely general. However a necessary condition for full controllability
will be that Hegtrq contains off diagonal nonzero blocks ‘connecting’ the various indexes
(subspaces). In a graph with M edges each representing a block (that is a subspace),
1 through M, there exists a path from 1 to M such that for any edge (a,b) the cor-
responding block of He.rq is different from zero. We shall use a connectivity graph for
the extra Hamiltonian where the nodes represent the subspaces 1 through M and an
edge connects two nodes a and b if the corresponding blocks of Heytrg (Cup and —C’lb in
(2) below) are different from zero. We shall assume such a graph to be connected. This
excludes the possibility of bigger invariant subspaces. We shall call such a type of extra
Hamiltonian a ‘connecting’ Hamiltonian. Since £ contains all matrices, which are block
diagonal, i.e. A = diag(A41,...,Anm), with A; € su(n;), without loss of generality we
may assume that the extra Hamiltonian has the following block form:

! The above recalled splitting of the Hilbert space due to the presence of a group of symmetry S is a
consequence of what is known as Schur- Weyl duality. The duality implies that irreducible representations
of S of dimension mg which appear with multiplicity ds give rise to mg isomorphic irreducible (standard)
representations of u(dg), that is, the dimension and multiplicity of irreducible representations are exchanged
between S and the unitary group (Lie algebra). The case where the representations of u(ng) appear with
multiplicity 1 corresponds to irreducible representations of S of dimension 1, as for the case of Abelian
groups. We refer to [6] for details.
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0 012 Clg ClM
. -cl, o Cos ... Con
iHegtra = : : : : :
-cf,, -ci, =cl, ... 0
iM1l,, 0 0 ... 0
0 idel,, O ...
+ : : Do : (2)
0 0 o idla,,

where each Cj; is a general complex n; x np matrix, 1,; is the identity matrix of
dimension n;, A, As, ..., Ay real numbers with Zjvil Ajng = 0.2 We remark that the
constants A; could be, in principle, experimentally obtained by measuring Heyirq for
any state |¢) that belongs to the j-th invariant subspace. According to the postulates of
quantum mechanics, the average of such a measurement would be n;\; = (V|Hegtra|¥).

Our main result summarized below states that, in the presence of strong SC, the
introduction of a connecting extra Hamiltonian gives full controllability always except in
a very specific case, which we will describe. The special case concerns the situation where
all the n; are equal to 2 and the A;’s in (2) are all zeros. In this special case, one defines
a weighted connectivity graph with M nodes (representing the row or column blocks) and
an edge connecting the node j to the node k if Cji # 0 in (2). The weights on each edge
are assigned as follows: For every block Cji # 0, 1 < j < k < M, in iHegerq, write its
singular value decomposition

b; 0
Co=U (% ion )V 3)

for U and V matrices in SU(2) and m;j; > 0, and ‘phases’ ¢;, € R. We shall only need
such connectivity graph for the case where mj, = b;, # 0. Therefore, the phases ¢;; are
determined without ambiguity, up to multiples of 2. Then the phase ¢, is the weight
assigned to the edge (4, k), for j < k.

Theorem 1. Assume L = @JNil su(nj), that is, strong subspace controllability, and let

Heyirq in (2) be a connecting Hamiltonian. Let n = Z]Ail
1,2,.... M.

n;, with n; > 2, for j =
1. If one of the n;’s, j = 1,...,M is greater than 2, then
E = {‘CviHe.’L‘tT’a}Lie = su(n) (4)

2. If ngy =ng =+ =ny =2 full controllability in (/) is also true in all cases except
when the following conditions are all simultaneously verified

2 Since we assume iHegirg € su(n) as well, and therefore, with zero trace.
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(a) )\1 :)\2:"':>\JV[:0 m (2)

(b) bj = mjx in (3) for all jk’s.

(¢c) The associated weighed connectivity graph is such that for any loop the sum of
the weighs is equal to a multiple of 2w, where in the loop ¢ji (for j < k) is taken
with the + sign if we go from j to k and with the — sign if we go from k to j.

In this case we have, up to conjugacy,

~ ) n
L= {£77/Hea:tra}Lie = SP(E) = Sp(]\f)7 (5)
and pure state controllability [4}] is verified.

We remark that, as a consequence of the above theorem controllability of the state is
always verified in the presence of subspace controllability and an arbitrary connecting
extra Hamiltonian. We highlight this fact in the following corollary.

Corollary 1.1. Assume L = @;\11 su(n;), that is, strong subspace controllability, and let
Heytra in (2) be a connecting Hamiltonian. Then for any couple of states, |1o) |11),
there exists a control driving from |tg) to |11) (pure state controllability).

Remark 2. A hint that the sp(g) (pure state controllability) case may occur in the
direct sum decomposition case (considered here) and not in the tensor-local case of [16]
can be obtained by considering for simplicity the low dimensional 2 + 2 case. Recall

that in appropriate coordinates sp(2) is defined as the space of matrices A satisfying

AJ + JAT = 0 where J is the matrix J := _22 102> By a permutation of rows and

columns (2 <> 3) we can replace J with J := on UO ), and the matrices in sp(2) in
y

these coordinates are the A satisfying AJ + JAT = 0. These include all matrices A :=

(g g) with arbitrary B € su(2), C' € su(2). Therefore in the subspace controllable

case L = su(2) @ su(2) is a Lie subalgebra of sp(2) and the addition of an appropriate
element (in sp(2)) may lead to a full Lie algebra sp(2). In the local tensor case, £ is again
su(2) @ su(2), but the representation of £ is an irreducible one (no invariant subspaces)
which is given, modulo a change of coordinates (often referred to as the ‘magic basis’),
by the standard representation of so(4). Since so(4) is maximal in su(4) the addition of
any extra element will lead to su(4), that is, full controllability.

The rest of the paper is mostly devoted to proving the above Theorem 1. In the next
section, we consider the first case of the theorem, that is, when one of the n;’s is greater
than 2. In section 3 we prove the second part of the theorem, which concerns the case
where all the n; are equal to 2. We give here the necessary graph theoretic background.
The last section 4 is devoted to some discussion and generalization of the results. We
present a remark showing that the addition of an extra Hamiltonian may transform weak
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SC to strong SC. We then examine how the result of the above theorem modifies when
strong SC is verified with possibly a phase factor in some or all the invariant subspaces,
that is, the dynamical Lie algebra £ acts as u(n;) rather than su(n;) on some of the
invariant subspaces. This is the content of Theorem 7. Lastly we discuss the case where
some of the invariant subspaces have dimension 1. In this case in general Theorem 1 does
not hold, that is, the connectivity assumption of the extra Hamiltonian is not sufficient
to guarantee full controllability. We describe some necessary conditions and conjecture
that these conditions are actually also sufficient.

2. n; > 2 for some j

In this section we will prove the first statement of Theorem 1. The proof is by induction
on the number of invariant subspaces M starting from M = 2, as the base step. We refer
to formula (2) for the extra Hamiltonian Heyztra-

Let A = diag (A1,...,Anm), and B = diag (B, ..., Bu), with A;, B; € su(n;). The
matrices [A, iHeytre] and [B, [A, iHcztra]], have the same block form as the first matrix
in iHeytrq, where now each matrix Cjy is replaced respectively by é'jk and C‘jk, given
by:

Cjv = A;Cjk — CirA (6)
Cijr=BjA;Cj, — BjCi A — A;Cj B + Cjr Ay By
Fix a pair (j, k) with 1 < j < k < M, choosing the matrix A with all A; = 0, for all
1 # j and B with all B; = 0, for all | # k, we have that the Lic algebra £ contains all the
partitioned matrices, where the only non-zero blocks are the ones in the places 7 and k,
that is, matrices of the form

b Al
Jk: . . .

BiCl A, 0

Notice that since we have assumed n; > 2 foralll =1..., M, if Cj, # 0 then A;Cy, By, #
0 also, for some choice of A; and By, for example, we may take both matrices diagonal
with all diagonal elements different from zero. (Notice that this does not hold if one of
the dimensions n; or ny is equal to one since su(1) = 0.)*

3 As it will be discussed in section 4, this is the only point where we use the assumption that all the n;’s
are different from 1.
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2.1. Case M =2

In this case, the extra Hamiltonian can be written as

‘ _ 0 Ci2 iA11,, 0
Heotra = (—CIQ 0 )*( 0 didaly, ) ®)

with C12 # 0 because of the connectivity assumption.
We shall use the following fact:

Lemma 3. Assume L = su(ny) @ su(nsg), with ny > 2 and (without loss of generality)
ny > ng. Assume Cha in Hegirq in (8) has a single element different from zero. Then
{‘CaiHeactra}Lie = Su(nl + n2)

The result of this Lemma was already proved in [5] for the case where such a nonzero
element is a multiple of the imaginary unit i. Even if the proof in our more general case
can be carried out similarly, we present it here for completeness. We remark that the
lemma does not assume that n; and ns are different from 1. It is enough that one of
them is, which is a natural assumption; otherwise £ would be zero.

Proof. Since the second matrix in (8) commutes with all matrices of the type A =

diag(A1, As), for A; € su(n;), by choosing A = diag(D;,0), where D; is any diagonal
matrix in su(n;) with all elements different from zero, we have that £ contains the

B 0 D1Cq2
o= (cip 0. )

where the matrix D1C12 has only one non-zero element. Write this non-zero element as

matrix:

re’®. Since all the block diagonal matrices with blocks in su(n1) and su(nz) are in £, we
can, without loss of generality, replace Hyo with U HoU with arbitrary U = diag(Vi, Va),
for any V; € SU(n;), j = 1,2.* Choose Vi € SU(n;) to be diagonal with ie~* in the
position corresponding to the row of the nonzero element of D1C12, and Vo = 1, the
identity matrix in SU(ny). Then UH;2UT will be equal to the one in equation (9) with
D;C45 replaced by V3 D1C15Vs, where now the only nonzero element is equal to ir. After
this modification, the proof follows the one in [5].

For 1 < a, b <nji+mne, a# b, we denote by X (Yap) the matrix that is 0 everywhere
and has the Pauli matrix io, (i0y) (cf., (1)) at the intersection of the rows and columns
a and b. It can be verified that:

4 To prove this fact, we argue as follows. For any H € £ and U = diag(V1, V), for any V; € SU(ny),

j = 1,2, we have that V; = Wi for some W, € su(n;), so letting W = diag(W1, W) we have UHU =
2 %ad{,VH € L since L is a closed Lie algebra.
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[Xaln Yac] - Xbc and [Xab7 YE)d] = Xac~ (10)

Notice that the matrices X,p and Yy, when a,b € {1,...,n1}ora,b € {n1+1,...,n14+ns}
are block diagonal and therefore in L.

Assume that the nonzero element of V43 D1C13V5 is in the j row (1 < j < n;) and in
the [ column (n; +1 <1 < ny + ny), then UH U = rXj. Take any 1 < k < ng with
k # j and any n; + 1 < m < nj + ng, with m # [, we have, using (10),

(X1, Yik) = Xip € £ and [Xog, Vi) = Xpm € £

Since 1 < k < mnp and n; + 1 < m < ny + ng are arbitrary, we have that all matrices
Xjm are L. Denote by Zi,, the diagonal matrix which is zero everywhere except for
the k£ element which is equal to ¢ and the m element which is equal to —i. It holds
[Zkm, Xir] < Yinr, where we write A o B, if the two matrices are proportional, with
a nonzero proportionality factor. Since £ contains all Zj,, where 1 < k,m < nj or
ny+1<k,m,<ni+ ng, we have that, for 1 < k <nyand n; +1 < m < nj; +ny all
matrices Yy, are L.

Thus the Lie algebra £ contains all the block diagonal matrices with blocks in su(n;)
and su(ns), and also all the matrices X, and Yy, for 1 <k <njandn;+1 <m <n;+
na. So, it is a Lie algebra of dimension at least (n —1)+(n3—1)+2n1ns = (n;+ng)?—2.

Moreover, for 1 < k < nj and n; + 1 < m < ny 4+ n2, we have [Xgm, Yim] X Zim,
which give an extra dimension (the possibility of having a block of nonzero trace in one
(and therefore both) diagonal blocks). So £, is a subalgebra of su(ni 4 ng) of dimension
(n1 +no)? — 1, therefore £ = su(n; +ny). O

By the singular value decomposition, and since C}s in (8) is non zero, we know that
there exist unitary matrices U € SU(ny) and V' € SU(ng), such that

U012VT:< Draxn > (11)

0(711—712))(”2
with Dy, xn, diagonal and with the first element real and > 0. Letting W = diag(U, V),

with U € SU(n;) and V € SU(nsy), we can replace Heyirq in (8) with W H o W1 (see
footnote 4) Thus we have the following fact:

Lemma 4. Assume L = su(ni) @ su(nz), with ny > 2. Then we can assume, without loss
of generality, C12 in (8) of the form Cig := ( Drnaxna ) with Dy, xn, diagonal and

O(nlfnz)xng

with the first element real and > 0.

The Lie algebra £ is spanned by the matrices A”IOX"I 0 ) with An,xn, €

B’ﬂzX’ﬂz
su(ny) arbitrary and By, xn, € su(ng) arbitrary.
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Since we are assuming that one of the blocks has dimension different from (in fact
greater than) 2, we can assume n; > 3. Let A = diag(D12,0) and B = diag(Ds3,0),
where D;j, € su(nq) is the diagonal matrix having ¢ in position j and —¢ in position k
and zeros everywhere else. Then specializing (6), we obtain,

‘ _ 0 D13D12C12
[B, [A, 'LHextraH - (_CI2D13D12 0 .

Since the matrix Ci5 has the form given by Lemma 4, the matrix Dy3D12C12, has
only the first element of D;,,xn, (cf. Lemma 4) different from zero, so full controllability
follows by applying Lemma 3.

2.2. Case M > 2

Assume M > 2. Let j be one of the blocks with nj > 2, which exists since we
are assuming that not all the blocks have dimension 2. Since iH¢y4rq iS a connecting
Hamiltonian, one of the blocks Cj;, for k =1,..., M, k # 7, in equation (2) has to be
different from zero. Assume C5j; # 0.

To simplify notation, we assume that the blocks corresponding to j and & are the first
two, after possibly a permutation of the blocks and also ny > ns.

The Lie algebra £ contains all the block diagonal matrices A = diag (A1, As,0,...,0),

with A; € su(n;). Moreover £ contains the matrix Hy2 of equation (7), i.e.,

0 ~A1C19Bs 0 ... 0
A,Cl.B 0 0
Hyp = ' .12 ? . . (12)
0 0 .0

Therefore we can apply the result for M = 2 to the first two blocks, and we get that L
contains all the block diagonal matrices A = diag (Aj2, As, ..., Anr), where now Aqs €
su(ny + ng) is arbitrary. So now we have the same model with M — 1 blocks, where the
1Hez1ro Hamiltonian is still a connecting one, and again not all the blocks have dimension
2. Full controllability follows from the inductive assumption.

3. ni=ng=---=npy =2

In this section, we shall prove the second statement of Theorem 1. In the proof, we
shall use some notions and terminology of graph theory. Such notions are not necessary
to understand and apply Theorem 1 but they facilitate the exposition of the proof. Given
the fundamental and elementary nature of the notions we will describe, we assume they
are known although we are not aware of a reference for them. The reader familiar with
graph theory might recognize some known concepts with perhaps a different terminology.
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3.1. Some graph theory

We are interested in connected graphs with M nodes labeled by the natural numbers
1 through M and weighted edges where each edge connecting nodes j and k, with 5 < k,
has a weight ¢;, € R. Every pair of nodes are joined by at most one edge and the
ordering of the nodes naturally induces an orientation on the edges since if j < k the
edge is assumed oriented from j to k. A (non-oriented) path between node j and node k is
a sequence of edges connecting j with k. The length of the path is the sum of the weights
of the edges of the path taken with a positive sign if the path goes in the direction of the
edge and with a negative sign if it goes in the opposite direction. Notice that, contrary
to standard terminology in mathematics, the length of a path maybe a negative number.
Notice also that we can assume a path to cross an edge only once, that is, it is a simple
path. Paths that cross an edge more than once can in principle also be considered but
their length will be the same as the one of a corresponding simple path since crossing
an edge two times will give a zero net contribution to the length.

In analogy to the theory of path integrals, we shall call a graph of the above type a
potential graph if every path between two nodes has the same length. For a potential
graph, the distance between two nodes, j and k, d(j, k), is the length of any path between
j and k. Notice, again, that such a number can be a negative number. However, the
distance from j to j itself is zero. An alternative, equivalent, definition of a potential
graph is that the length of any cycle is zero. Furthermore, for a potential graph, given
three points on a path, a, b, and ¢, d(a,c) = d(a,b) + d(b,c). A basic example of a
potential graph is a connected graph without cycles. In this case, given any two nodes
there is only one (simple) path joining them.

Given a potential graph G we can define its completion G¢ as another potential graph
which is also complete, that is, every two nodes are connected by an edge. We use the
following procedure: Start with G and pick two nodes that are not joined by an edge,
say a and b, with a < b. Introduce an edge from a to b with a weight ¢A)ab = d(a,b).
The new graph is still a potential graph. To see this, take a simple path connecting
two nodes r and s. If the path does not include the new edge (a,b), then its length is
d(r,s). If the path includes the new edge (a,b), its length is [ = d(r,a) + bap + d(b,s) =
d(r,a)+d(a,b)+d(b,s) = d(r, s). Thus every path between r and s has the same length
and the new graph is therefore a potential graph also and the distances between nodes
are unchanged. We can then proceed with the new graph adding a new edge between
any two nodes not directly connected by an edge, and so on. The resulting final graph
is a complete graph which is potential and such that all the distances are unchanged as
compared to the original graph. Notice also that the final complete graph is independent
of the way we perform such a completion procedure.

In the rest of this section, we shall consider the above construction with the only
change that all the arithmetic (sums and difference of the weights of the edges) is done
mod 27. We start the proof of the second statement of Theorem 1 by considering the
condition (b) of the statement and prove that if b;p # mj i for one pair jk then full
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controllability is verified (Proposition 5). This leaves us with only the case where bj;, =
myy, for all pairs jk. In subsection 3.3, we consider a Lie algebra £ which is constructed
using the above graph theoretic ideas and it is such that £ C L C L. We prove that
such a Lie algebra is isomorphic to the symplectic Lie algebra sp(M). Since L contains
a subalgebra isomorphic to sp(M) and we know that sp(M) is mazimal in su(2M) (cf.
[3]), we conclude the proof of the theorem in subsection 3.4 by using the fact that if (and
only if) one or both the conditions (a) and (c) are violated, £ contains an additional
element not in £. Therefore, £ = su(2M) = su(n) in these cases.

3.2. mj # b for some pair jk

Since all blocks have dimension 2, the Cjj blocks in the iHeqyr, Hamiltonian (see
equation (2)) are 2 x 2 matrices. For 1 < j < M, let A’ be the block diagonal matrix,
with the j block equal to io, (cf. (1)) and all the other blocks equal to zero. Fix a pair
jk, with 1 < j < k < M, then the matrix [A* [A7 iH 44r4]], has (cf., equation (7))
all the blocks equal to zero except the jk block which is equal to —(io,)Cjx(io). By
repeating the same Lie bracket, we obtain again a partitioned matrix zero everywhere
except in the jk block which is given by the matrix (io,)?Cjy(io,)* = Cjj. Thus the Lie
algebra £ contains all the following matrices, for pairs (jk) such that Cji # 0, that is,
for all (4, k) edges in the connectivity graph:

0 ... 0
0 ... Oy ..
Hjy = : : : . (13)
—Cl, ... 0

By using the singular values argument as in (11), we may assume that the Cj;’s in (13)
are diagonal. We will denote these matrices by (cf., (3))

bir 0
Cir = ( (]) mjkemjk) ) (14)

with b;, > 0 and mj; > 0 and ¢, € R.
In the following proposition, we prove that if condition (b) of the second statement of
Theorem 1 does not hold, then full controllability holds.

Proposition 5. Assume that there exists a pair jk such that the matriz Cj, # 0 in (14)
has bji, # mjk, then L = su(2M). Thus, the model is fully controllable.

Proof. Consider the case M = 2 first. In this case, by the connectivity assump-
tion of Heytrq, necessarily Cio # 0. If one between bjs and mio is equal to zero
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(and the other one is necessarily different from zero), full controllability follows from
Lemma 3. Assume therefore that bis and mio are both different from zero. The Lie
algebra £ := {L,iHcztra }Lie also contains, for any U and V in SU(2), the matrix

"
(g 3) Hio ([{) ‘9T ) , where Hio is the matrix given in equation (13), specialized to

—e W 0 —e 0
we get another matrix of the form Hys as in (13), that is,

. 0 etV 0 e\ .
the case M = 2. By choosing U := ; V= ; with n—¢ = ¢19,

Hys = A , 15
” (CIQ 0 ) (19)
. A —mi2 0 . . . .
with Cio := 0 broeitrz |- Since bis # mgsz, the linear combination His +
—012
751122 His, gives a matrix where the block Cis + 7;1122 é’lg has a single element different

from zero, and therefore full controllability follows again from Lemma 3.

Assume now M > 2. Without loss of generality (by performing a change of coordinate
if necessary), we may assume that b1o # mqs. The Lie algebra L contains all the block
diagonal matrices A = diag (A1, 42,0, ...,0), with A;, Ay € su(2). Moreover £ contains
the matrix Hyo of equation (13). Since we are assuming bjs # my2, we may apply what
we have just proved for M = 2, and we get that £ contains all the block diagonal matrices
A = diag (A2, As, ..., An), with Ao € su(4) and A; € su(2), for j = 3,...,M. The
sum of all the Hi, except Hyz in (13) (multiplied by ¢) is a new Hegrq for a new system
with M replaced by M — 1. This new Heytrq is still a connecting Hamiltonian, and, in
this system, we have one of the blocks with dimension greater than 2 (the first one has
dimension 4). Thus we can conclude full controllability from section 2. O

3.3. A Lie algebra £ with LC L C L

In view of the above result, we shall now consider the case where each nonzero block
Cj in (14) has bji = mji. Fix jk such that Cj; # 0. Since the corresponding matrix
Hjj, in equation (13) is in L, we may assume bjr = mjr = 1. Thus L, contains all of the
following matrices:

A=|" . with 4; € su(2), (16)
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Fig. 2. Subgraph G.

0 oo By ... 1o
ij = : . : : 5 Wlth (b]k; = (0 ei¢jk> ) (17)
~®L, ... 0

for all jk, j < k, such that Cj # 0, with ‘phases’ ¢;, € R.

In the following lemma we shall study the Lie algebra L generated by the matrices
A in (16) and a subset of the matrices Hji in (17). In particular we choose a subgraph
G of the connectivity graph of the system which is both connected and without loops,
that is, G is a spanning tree for the connectivity graph of the system. We pick the Hj’s
corresponding to the (j, k) edges of G. We shall denote matrices of the form Hjj, in (17) in
the Lie algebra L by H ;% and the corresponding ‘phases’ by gigjk, with the understanding
that if (4, k) is an edge in G, then I:Ijk = Hjj, and éjk = djk.

Figs. 1 and 2 give an example of these two graphs. In these pictures, we have M =
6. Fig. 1 is the weighted connectivity graph associated with H;:., where each edge
represents a block different from zero in Hy 4o Fig. 2 represents the associated spanning
tree, i.e., the subgraph G, where the qgjk = Qjk-

By doing Lie brackets among matrices H,; (of the form (17)) in £ we shall obtain
new matrices of the same form with the phases related by a ‘congruence relation’. The
crucial observation is that the original graph G is, in the terminology of subsection 3.1,
a potential graph and the procedure of taking Lie brackets corresponds to the graph
completion procedure described in subsection 3.1.



F. Albertini, D. D’Alessandro / Linear Algebra and its Applications 705 (2025) 207-229 221

Let 1 <j<k<Mand1l<Il<m<M.Itis obvious that:
[Hjr, Hi] =0 i {j,k} N {l,m} = 0 or {j,k} = {l,m}, (18)

In the case where {j,k} and {l,m} have a single element in common the Lie bracket
[ij,Hlm] depends on the relative ordering of j,k and I, m (recall that by definition
H « and Hj,, are defined with j < k and I < m). In particular, consider j < k < m.
By direct verification we obtain (we omit possible multiplicative — signs in the resulting
commutators which do not play any role in the argument that follows)

[Hjk, Him) = Hym, With dpm = Gjm — dji; (20)
[H iy Hin) = Hj, With ¢k = djm — drm. (21)

These relations are, in fact, easily verified by noticing that only blocks corresponding to
three indexes are involved in the commutators (the other blocks are zero) and therefore
we can assume without loss of generality j = 1, £ = 2 and m = 3. To verify the condition
for [ﬁ ks H im], for example, we calculate

0 (i)lz 0 0 0 13 0 0 AOA
~al, 0 o). [ 0 0 o f=f0 0o &Ly,
0 0 0 —ol, 0 0 0 dl,dy, 0

which gives the relation (;323 = q?)lg — élg. Notice that all the three above relations can
be summarized by the following congruence relation

For all j <k <m, @m = qgjk + ékm + 2sm. (22)

Now, let us start with the potential graph G defined above (that is, the spanning
tree of the weighted connectivity graph) and the matrices ﬁjk with (j,k) an edge in
G. These are a subset (in £) of the Hjj, in (17). For each edge (4, k), qgjk = ¢ji is
the distance on the graph between j and k. Consider now two nodes a and ¢, with
a < ¢, which are not directly connected but are joined through a node b. By doing one
of the commutators [ﬁab,ﬁb5]7 or [f]ba,flbc], or [ﬁab,ﬁcb], depending on the relative
positioning of b with respect to a and ¢, we obtain H,. where qgac is, according to the
above relations (22), the distance between a and c¢. We have therefore obtained a new
matrix H,, € £ and a new potential graph. We can continue the process of completing
the graph G following the algorithm in subsection 3.1 adding new edges and by doing the
corresponding Lie brackets. The end result is a set of all fljk matrices, for 1 <j <k <M
and a corresponding complete potential graph G° with phases (;Aﬁjk in H i1 corresponding
to the weight (distance) d(j,k) in G (and G¢).

Fig. 3 represents the complete graph G¢ for the subgraph G given in Fig. 2. Here
all nodes are connected, and the phases (ﬁjk corresponding the edges that are not in
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Fig. 3. Graph G°.

G, like <£14, are computed using (recursively) the congruence relation (22). For example
P14 = P12 + Pos.

There is also another set of linearly independent matrices in L. It is the set, defined,
for each j < k, by

0 ... OuFy ... . . 1 0
Wi = : : .|, with Fj, € su(2), Qi = (O eiﬂf;jk) ,

A

Fpdl, ... 0

(23)
where éjk are the weights of the edges of the complete graph G¢ (the distances from j
to k). To obtain these matrices, it is sufficient to notice that, if we let A be the matrix
of the form (16) with all zeros except the one in position k and Ay = —Fjj, then
(A, Hj,] = Wi, Here Fjj, is arbitrary in su(2).

If the A’s in (16), the I:Ijk’s corresponding to the edges of the complete graph G€ (cf,
(17)) and the W;y,’s in (23) were to span a Lie algebra (which would coincide with £) such
a Lie algebra would have dimension 3M (matrices in (16)) + w (matrices Hjy,) (cf.,
(17)) + % (matrices in (23)). This is equal to M (2M + 1) and it coincides with
the dimension of sp(M). Therefore, it is reasonable to expect that £ is isomorphic, which
is the same as conjugate (see [3]), to the symplectic Lie algebra sp(M). The following
Lemma shows that this is indeed the case.

Lemma 6. The Lie algebra L, generated by the matrices (16) and (17) for any pair (j < k)
in the graph G (the spanning tree extracted from the connectivity graph) is conjugate to
the symplectic Lie algebra sp(M).

Proof. We need to show two things: 1) A in (16), Hj, and Wjy in (23) span a Lie algebra,
that is, the span of these matrices is closed under commutation. This is the Lie algebra
L; 2) Such a Lie algebra £ is isomorphic (conjugate) to sp(M). Let us denote by £
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(consistently with the rest of the paper), # and W the spans of the matrices in (16),
(17) (hatted and considered for any j < k) and (23), respectively.

[£,L] C L is obvious while [£,H] C W follows from the same argument we have
used to prove that we can generate the matrices in (23) where we took in £ a matrix
with only one block different from zero. We can write any general matrix in £ as a
sum of such matrices. We now consider [£,W)]. Given any A = diag(Ay,..., An), the
matrix [A, ij] is a partitioned matrix as ij with éijjk replaced by (see equation
(6)) Aj@ijjk — @ijjkAk = <i>jk (é;kAjfﬁijjk — ijAk). Direct verification shows
that given two matrices in su(2), E and F,

EF =aly+ L (24)

for some a real and L € su(2).” Therefore by applying this to @;kAjfi)ijjk, and to
Fj, Ay, we have ((i);kAjtf’ijjk — ijAk) =aly + ﬁ‘jk, for some a real and ij € su(2).
Thus we have

[A, Wik] = aHi + Wi,

for some W;y, of the same form as Wjy, in (23). Therefore [£, W] C H & W.

Formulas (19), (20) and (21) together with (18) imply that [H, #] C H.

The calculations for [, W] and [W, W] are similar to each other, the former being,
in some sense, a special case of the latter. Let us consider the latter and then we shall
mention how to modify the calculation to consider the former. Analogously to (18), we
have [Wik, Wim] = 0 if {j,k} N {l,m} = 0 or {j,k} = {I,m}. So the only nonzero case
is when only one index for the W’s is in common. Fix 1 < J <k <m < M. There
are three cases analogously to (19), (20) and (21). Consider, as an example, the case
corresponding to (19). We have,

0 0

0 @ Fji @ From

Wik, Wem] = ; (25)

Fl, & FloT . 0

for matrices Fji and Fip, in su(2). We have:

_(i)ijjk‘i)kkam = _‘i)jk‘i)km (‘i);rcijki)kkam)

5 To check this, write a general matrix in su(2) as (_Zg* —éb)’ with b real and 8 a general complex

number.
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Using equation (24) we have that @Lijkékkam = aly + Fj,, for some a real and
Fjm € su(2). Thus we have:

_Ci)ijjk(i)kkam = _d(i)jk(i)km - (i)jk(i)kijm-

Since

A A 1 0
D Prm = (0 ei(qBquBk,,n)) ) (26)

we have from (22) that @jk@km = @jm. Thus

A

_aci)jk(i)km — i)jki)kijm = &ci)jm — q)ijjm = [ij, ka] = —dﬁj — ij.

Similar calculations hold in the other cases showing that [W,W] € H & W. When
considering [H, W], the calculations are similar but if, for instance, we replace Wjy
with A ik in (25), in the right hand side Fj; has to be replaced by the identity. These
considerations lead to conclude that [#, W] C W.

We are left with proving that the Lie algebra £ is isomorphic to sp(M). A quick test
for this is given in Corollary 3.3.13 in [4]. One takes the (density) matrix p which is
zero everywhere except for 1 in position (1,1) (this corresponds to a pure state) and
calculate the dimension of [p, £] which should be 2(2M —1). We look at the elements of
the first row (and column) of a general matrix in £. There are 3 parameters coming from
the first diagonal block (in su(2)) + 4(M — 1) parameters coming from the off diagonal
blocks. One parameter cancels in the commutator (the one corresponding to the first
diagonal element of the commutator), so that the total number of free parameters is
3+4(M —1)—1=2(2M — 1) as desired. O

3.4. Conclusion of the proof

We are now ready to complete the proof of the second statement of Theorem 4.
We have already proved in Proposition 5 that if condition (b) is not satisfied, then full
controllability follows. So we assume that (b) holds. By construction we have that LCL,
so we know that £ contains a subalgebra which is conjugate to sp(M).

First, we assume that conditions (a) and (¢) hold. Since (a) holds, the extra Hamil-
tonian has only the first matrix in the right hand side of (2). This matrix together with
the matrices A of equation (16), generate all the matrices Hj;, such that Cj;, # 0. Under
the assumption (c¢), the connectivity graph is a subgraph, with matching weights, of G¢
and therefore the matrices H,j, in (17) are a subset of the matrices ﬁjk defined for all
1 < j < k < M. Therefore £ C £, which implies £ = £ = sp(M) from Lemma 6. If
condition (a) is not verified, then £ contains an element different from zero which is not
contained in £. Tt is a diagonal matrix having (at least two) blocks different from zero
on the diagonal and multiples of the identity. Since L= sp(M) is a mazimal subalgebra
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in su(2M) this implies that £ is equal to su(2M). Analogously, if condition (c) is not
verified, one of the matrices Hjj in (17) is not contained in L, and full controllability
holds.

4. Discussion and extensions
4.1. An extra Hamiltonian may transform weak into strong subspace controllability

The introduction of an extra Hamiltonian may have the effect of transforming weak SC
to strong SC. To see this, consider a system with (purely) weak SC where the Lie algebra
L is given by block diagonal matrices of the form diag(A, A, ..., A) with A arbitrary in
su(d). We can write an arbitrary matrix in £ as 1)y ® A, with A € su(d). Assume we
add to the system an extra Hamiltonian of the form H.;., := B ® C where C' # 14 and
B a Hermitian M x M matrix with all the eigenvalues A1, As, ..., Aps of multiplicity 1.
We shall show that this new extra Hamiltonian leads to strong SC.

Notice that, in this case, the new dynamical Lie algebra L= {L,iHextra} Lie, cOntains
all the matrices of the form B ® D with D arbitrary in su(d). To see this, notice that by
taking (repeated) Lie brackets of B ® (iC') with elements of the form 1, ® A with A in
su(d) we can obtain all matrices of the form B® D where D is an arbitrary element in the
ideal generated by i(C — %151) in su(d). Since C is not a multiple of the identity such
an ideal cannot be zero, and, since su(d) is a simple Lie algebra,’ it must be su(d) itself.
The new dynamical Lie algebra £ will also contain matrices of the form B? ® D with
arbitrary D € su(d), obtained by doing Lie brackets of element B® Dy and B ® D5, with
D, and D5 in su(d), since su(d) is a semisimple Lie algebra [su(d), su(d)] = su(d). Thus
every arbitrary D € su(d), in B2® D can be achieved. Extending this argument, we find
that £ contains matrices B¥ @ D for arbitrary D € su(d) and arbitrary k = 0,1,2,3, ....
After a change of coordinates, we may diagonalize B (and therefore B for any k), so
we assume B = diag(A1, ..., Ay ). Thus, for any arbitrary Xo, X1, ..., Xpr—1 in su(d), we
have all the block diagonal matrices diag(A\} Xy, \§ Xy, ..., Ak, X}, for k= 0,1,..., M — 1.
Then the linear system with unknowns Xg, X1, ..., Xpr—1 in su(d) given by

M-1 M-1 M—1
YoOMXp=An, Y MXp=Ay, - Y Ny Xe= A,
k=0 k=0 k=0

has a matrix of coefficients which is given by a Vandermonde matrix which is nonsin-
gular since all the \;’s are assumed different from each other. Therefore L contains all
matrices of the form diag(Ay, As, ..., Am), with arbitrary A; € su(d) and strong subspace
controllability is achieved.

6 It contains no ideal beside zero and the Lie algebra itself.
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4.2. Addition of phase factors

The term ‘strong subspace controllability’ also refers to the case where on each or
some of the invariant subspaces, the j-th one, it is possible to have general unitary
transformations in U(n;) not just any special unitary in SU(n;). In Lie algebraic terms,
this means that £ contains not only @JM:l su(n;) by also the span of a basis of block
diagonal matrices where the blocks are some multiples of the identity matrix. These
matrices span the center of the dynamical Lie algebra £ and are responsible, in quantum
control theory problems, for our ability, to change the relative phase between the various
subspaces (cf. [10]). If £ has a nonzero center, this does not affect the situation of the
first part of Theorem 1 since in that case we already have full controllability even without
such matrices. As for the second part of Theorem 1, assume we have the situation where
all conditions (a) (b) and (c) are verified and £ = sp (%). We have used above the fact
that the addition of an extra nonzero matrix in su(n) to sp (g) generates the whole
su(n). Therefore, adding the nonzero center of £ to the L in part 2 of Theorem 1 results,
again, in full controllability. Therefore, we can conclude with the following theorem.

Theorem 7. Assume that a quantum system is strongly subspace controllable with Lie
algebra L having a nontrivial center. Then the addition of any connecting extra Hamil-
tonian Heypirq, gives

L ={L,iHestra}y;, = su(n)
4.8. Presence of invariant subspaces of dimension 1

In the above treatment we have used the fact that all n; are > 2 only in section 2, and
in particular in formula (7) to separate the various blocks C}j, of the extra Hamiltonian.
In that situation, we needed the A;’s and By’s (cf. formula (7)) to be different from zero,
which is not possible for n; or ni equal to 1 since su(1) = 0. If we were able to separate
blocks Cj # 0 for couples 1 < j < k < M giving a connected graph, the result of the
first part of Theorem 1 would still hold by replacing ‘greater than 2’ with ‘different from
2’. One tool to separate such blocks are the matrices in the center of L. In particular,
if the center contains a block diagonal matrix which is all zeros except in the block j
and in the block k which are i1,, and —iZ—ilnk, respectively, it is possible to repeat the
argument in formula (7) with A; = i1y, and B, = fz'%lnk_ and separate the block Cjy.
The block diagonal part of Hegtrq in (2) does not play any role in this argument as its
Lie bracket with any block diagonal matrix would be zero.

The most unfavorable case is when the center of L is zero, and, in that case, the first
part of Theorem 1 is not true in general, that is, it is not possible to replace ‘greater
than 2’ with ‘different from 2’, under the only assumption of H.,:-, being connecting.

To see this, consider the case of a single block of dimension n; > 1 and m blocks of

dimension 1. The matrices in £ have the form (61 00 ) with A arbitrary in su(n)
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0 Chri xr
and Heytrg = ( nlJer X "). If the columns of the sub-matrix (g"lxm> are

7Cn1><m Dnxm mxm
linearly dependent, then there exists a nonzero vector ¢ := <£1> such that both L7 =0

and Hepro¥ = 0 and therefore £ = 0. Thus @ is a fixed vector for the dynamics and
the system is not even pure state controllable. Therefore a necessary condition even for

niyXm

pure state controllability is that such a matrix has full rank. This argument

mXm
can be extended directly to the case where there is more than one block of dimension

> 1. First we may put together all the blocks j with dimension n; > 1 which are
connected by He,irq, neglecting the connections that occur via the blocks of dimension 1.
In practice, we remove from the connectivity graph all the nodes and edges corresponding
to blocks with dimension 1. The resulting ‘reduced’ connectivity graph will have one or
more connected components to which we can apply the analysis of sections 2 and 3. By
reordering the rows and columns, we can always assume that the blocks of dimension
1 are the last ones, and we need that the corresponding columns of H.,¢., are linearly
independent, i.e. the submatrix of Heysrq formed by these last columns has full rank.

It is possible that this full rank condition is not satisfied but the connectivity graph of
Hytrq is connected. Consider for example again the case where there is only one block of

dimension > 1, and m blocks of dimensions 1. Then, assume that the matrix (C"l Xm)
mXm

has Dyyxm = 0 and C,, xm has only one row different from zero, with all the elements
different from zero. Then the rank is 1, but the connectivity graph is connected. Here,
the connectivity graph has a star shape with the node corresponding to the first block
connected to all the nodes corresponding to blocks of dimension 1, however the full rank
condition, in this case, is satisfied if and only if there is only one block of dimension 1.
On the other hand, it is also possible that the full rank condition is satisfied but the

connectivity condition is not. Consider for example the case ny = 2 and m = 2 in the

above notation with Cayxo = 02 and Dayo = _01 (1) .

In summary, these two conditions, full rank and connectivity, are in general indepen-
dent, and both necessary for pure state controllability. We have not found any example
where these two conditions were both satisfied and the resulting system with dynamical
Lie algebra £ was not (at least) pure state controllable. Therefore we conjecture that
such two conditions are also sufficient. We conclude by briefly describing a few cases
where we were able to prove controllability. For simplicity, we assume that there is only
one block of dimension n; > 1 and m blocks of dimension 1, with M = m + 1. The
first block may be the result of a single connected component in the reduced connec-
tivity graph once all the nodes and edges corresponding to the blocks of dimension 1
are removed. Extensions to the general situation of several connected components are
possible.

In the case m = 1, one can, in general use Lemma 3 to conclude full controllabil-
ity. Let us therefore consider the case m > 2. Let us assume n; > m and Cp, xm (in
the above notations) with full rank m. In this case, both the linear independence and
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connectivity are satisfied even if D, ., = 0. We can do a global change of coordinates,
that is, a similarity transformation with a block diagonal matrix (‘61 ‘92 ) with

and V5 in U(ng) and U(m), respectively, so that, by the singular value decomposition,
Dme

O(nl—m)Xm

the diagonal). Even in this context, the case ny = 2 is somehow special. Consider the

Chixm = with ﬁmxm diagonal and full rank (with positive numbers on

case m = 2 and C, xm = Cax2 = 1a. In this case a direct calculation similar to the ones
done in section 3.3 shows that £ = sp(2) (independently of Days). If one (and therefore
at least two) of the A;’s in (2) are different from zero, one can use the maximality of
sp(2) in su(4) argument to conclude full controllability. If ny > 3, the Lie bracket of

matrices of the type (61 8) with A diagonal with ¢ and —i only in two positions and

N

Dme
0(711 —m)Xm
where only one element is nonzero. Successive applications of Lemma 3 shows by induc-

zeros everywhere else, breaks down the matrix Cp, xm = ( ) into matrices

tion that £ contains su(ny + 1), su(ni + 2) and so on up to su(n; +m) = su(n), and
therefore full controllability is satisfied in this case as well.
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