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Abstract This paper proposes a method for formation path following control of a fleet
of underactuated autonomous underwater vehicles. The proposed method combines several
hierarchic tasks in a null space-based behavioral algorithm to safely guide the vehicles. Compared
to the existing literature, the algorithm includes both inter-vehicle and obstacle collision
avoidance, and employs a scheme that keeps the vehicles within given operation limits. The
algorithm is applied to a six degree-of-freedom model, using rotation matrices to describe the
attitude to avoid singularities. Using the results of cascaded systems theory, we prove that the
closed-loop system is uniformly semiglobally exponentially stable. We use numerical simulations

to validate the results.
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1. INTRODUCTION

Autonomous underwater vehicles (AUVs) are being in-
creasingly used in a number of applications such as
transportation, seafloor mapping, and other ocean energy
industry-related tasks. It is often advantageous to perform
such tasks with a group of cooperating AUVs. Therefore,
there is a need for algorithms that can safely guide a
formation of AUVs along a given path while avoiding
collisions with each other and obstacles, and staying within
given operation limits.

As presented in Das et al. (2016), there exists a plethora
of formation path-following methods, most of them based
on two concepts: coordinated path-following (Borhaug and
Pettersen, 2006; Ghabcheloo et al., 2006) and leader-
follower (Cui et al., 2010; Soorki et al., 2011). In the
coordinated path-following approach, each vehicle follows
a predefined path separately. Formation is then achieved
by coordinating the motion of the vehicles along these
paths. In this approach, the formation-keeping error (i.e.,
the difference between the actual and desired relative
position of the vehicles) may initially grow as the vehicles
converge to their predefined paths. In the leader-follower
approach, one leading vehicle follows the given path while
the followers adjust their speed and position to obtain
the desired formation shape. This latter approach tends
to suffer from the lack of formation feedback due to
unidirectional communication (i.e., the leader may not
adjust its velocity based on the followers).

1 This work was partly supported by the Research Council of Norway
through project No. 302435 and the Centres of Excellence funding
scheme, project No. 223254.

2 The authors would like to thank Aurora Haraldsen for the discus-
sions on the collision cone concept.

Another formation path-following algorithmic paradigm is
the so-called null-space-based behavioral (NSB) approach
(Arrichiello et al., 2006; Antonelli et al., 2009; Pang et al.,
2019; Eek et al., 2021), a centralized strategy that allows to
combine several hierarchic tasks. In the NSB framework,
the control objective is expressed using multiple tasks.
By combining these simple tasks, the vehicles exhibit the
desired complex behavior.

This paper aims to extend our previous NSB algorithm
(Matous et al., 2022a) to control a fleet of AUVs. The
previous work uses a five degree-of-freedom (5DOF) AUV
model, considers only inter-vehicle collision avoidance, and
proves only the stability of the path-following algorithm.
Furthermore, the orientation of the 5DOF model was
expressed using Fuler angles, which causes singularities for
a pitch angle of £90 degrees. This work applies the NSB
algorithm to a full 6DOF model, uses rotation matrices to
describe the attitude of the vehicles to avoid singularities,
modifies and extends the tasks, and proves the stability of
the combined path-following and formation-keeping tasks.
We also add a scheme that keeps the vehicles within a given
range of depths to stay within the operation limits. As
opposed to the previous work, we do not limit the analysis
to a specific low-level attitude controller. Consequently,
the new algorithm can be integrated into existing on-board
controllers. Assuming that the existing low-level controller
allows exponential tracking, we use results from cascaded
systems theory (Pettersen, 2017) to prove that the closed-
loop system composed by the NSB algorithm and the
low-level controller is uniformly semiglobally exponentially
stable. We verify the results in numerical simulations.
The remainder of the paper is organized as follows. Sec-
tion 2 introduces the model of the AUVs. Section 3 defines
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the formation path-following problem. Section 4 describes
the proposed modified NSB algorithm. The stability of
the closed-loop system is proven in Section 5. Section 6
presents the results of the numerical simulations. Finally,
Section 7 presents some concluding remarks.

2. THE AUV MODEL

To simplify the notation, we will denote a concatenation
of vectors or scalars using angled brackets, e.g.,

(1, xn) = [Tk (1)
Let p = (z,y, z) be the position, R € SO(3) the rotation
matrix describing the orientation, v = (u, v, w) the linear
surge, sway and heave velocities, and w = (p,q,r) the
angular velocity of the vehicle. For brevity, let us also
define the velocity vector v = (v, w).

Furthermore, let V. = (V,,V,, V,) be the velocities of an
unknown, constant and irrotational ocean current, given in
the inertial frame, and v. = (uc, v, w.) the ocean current
velocities expressed in the body-fixed coordinate frame

ve=RTV.. 2)
We will denote the relative linear velocities of the vehicle as
v, =V — v.. We will also denote the relative surge, sway
and heave velocities as u,, v, and w,, and the relative
velocity vector as v, = (v,,w).

Let f = (T,,d8) be the vector of control inputs, where
T, is the surge thrust generated by the propeller, and §
represents the configuration of fins. Furthermore, let M be
the mass and inertia matrix, including added mass effects,
C(v,.) the Coriolis centripetal matrix, also including added
mass effects, and D(v,.) the hydrodynamic damping ma-
trix. The dynamics of the vehicle in a matrix-vector form
are then (Fossen, 2011)

p=Rv, (%)
R =RS(w), (3b)
Mv, + (C(v,) + D(v,))v, + g(R) = Bf, (3c)

where g(R) is the gravity and buoyancy vector, B is the
actuator configuration matrix that maps the control inputs
to forces and torques, and S : R — 50(3) is the skew-
symmetric matrix operator.

Note that (3c) describes the dynamics of a generic un-
derwater rigid body. In the remainder of this section, we
will derive a more specific model for an AUV. First, let us
present the necessary assumptions about the vehicle.
Assumption 1. The vehicle is slender, torpedo-shaped,
with port-starboard and top-bottom symmetry.
Assumption 2. The hydrodynamic damping is linear.
Assumption 3. The vehicle is neutrally buoyant, with the
center of gravity (CG) and the center of buoyancy (CB)
located along the same vertical axis.
Assumption 4. The origin of the body-fixed frame is cho-
sen such that actuators produce no sway and heave accel-
eration. In other words, there exist f,,t,,t4,t, such that
M~ Bf = (f,,0,0,t,,t4, 1) . (4)
Remark. the mechanical design of typical commercial sur-
vey AUVs satisfies Assumptions 1 and 3. Assumption 2
is valid for low-speed missions and is often used as a
simplification also when designing controllers for higher-
speed missions, as the higher-order damping coefficients
are poorly known, and compensating for these may reduce
the robustness of the control system. The general structure
of M, C(-), D(-), and g(-) for vehicles that satisfy Assump-
tions 1-3 is shown, e.g., in Fossen (2011). In Borhaug et al.
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(2007), it is shown that if a 5DOF vehicle model with port-
starboard symmetry satisfies Assumptions 2-3, the origin
of the body-fixed coordinate frame can always be chosen
such that Assumption 4 holds. By assuming top-bottom
symmetry, the roll dynamics are decoupled from the rest of
the system. Consequently, the procedure demonstrated in
Borhaug et al. (2007) can be trivially extended to 6DOFs.
Assumption 5. The vehicle is equipped with a low-level
controller that allows exponential tracking of the surge
velocity, orientation, and angular velocity. Specifically, let
ug, Rq and wy be the reference signals. We define an error

X = <u — uqg, logm(f{),w - f{de> , R= RIR, (5)
where logm : SO(3) + R3 is the matrix logarithm (Iserles

et al., 2000). Note that by Assumption 4, X is controllable
through the input f. Consider the closed-loop system

X=F (5{ v, w,Vc) , (6)
consisting of (3b), (3c), and the low-level controller. We

assume that X = 0 is a globally exponentially stable
(GES) equilibrium of (6).

Remark. The aim of this paper is to demonstrate that
the proposed formation path-following algorithm can be
readily implemented on vehicles with existing low-level
controllers. Consequently, the choice of a low-level velocity
and attitude controller is not discussed in this paper.
An example of a global exponential attitude tracking
controller can be found, e.g., in Lee (2015).

Note that for a complete system analysis, we need to
consider the underactuated sway and heave dynamics
explicitly. Under Assumptions 1-4, the underactuated
dynamics have the following form
v = X, (up)r + Yy (ur)vr + Zy(p)wy + 0, (7a)
W= Xw(ur)q + Yw(ur)wr + Zw(p)vr + wca (7b)

where X (+),Y(+), Z(-) are affine functions of the respective
variables. From (2), it follows that

Ve = (Ui, Doy We) = Ve X W, (8)
where x denotes the vector cross product.

3. FORMATION PATH FOLLOWING

The goal is to control a fleet of n AUVs so that they move
in a prescribed formation and their barycenter follows a
given path.

The prescribed path in the inertial coordinate frame is
given by a smooth function p, : R — R3. We assume that
the path function is C*>° and regular, i.e., the function is
continuously differentiable and its partial derivative with

respect to £ satisfies HG%?H # 0. Therefore, for every
point pp(§) on the path, there exists a path-tangential

z 2P
Figure 1. Definition of the path angles and path-tangential
coordinate frame. O denotes the origin of the inertial
coordinate frame, OP denotes the origin of the path-
tangential frame.
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Figure 2. Definition of the formation. Of denotes the
origin of the formation-centered coordinate frame.

coordinate frame (2P, y?, 2P) and a corresponding rotation

matrix R, (see Figure 1).

The path-following error pj is given by the position of the

barycenter in the path-tangential coordinate flrame

p, =R, (pr — pp(¢)), Py = %Zpi- (9)
=1

The goal of path following is to control the vehicles so that
pj, = 03, where O3 is a 3-element vector of zeros.

To define the formation-keeping problem, we first define
the formation-centered coordinate frame. This coordinate
frame is created by translating the path-tangential frame
into the barycenter (see Figure 2). Let p?l, . ,p;’n be
the position vectors that represent the desired formation.
From Figure 2, one can see that these vectors are constant
in the formation-centered frame. Furthermore, the mean
value of p? , must coincide with the barycenter. Since the
barycenter is equivalent to the origin of the formation-
centered frame, the vectors must thus satisfy

n
> ppi=0s
i=1

The position of vehicle ¢ in the formation-centered frame
is then given by

(10)

p/ =R} (p; — py)- (11)
The goal of formation keeping is to try to maintain p; =
pj: , independently of the disturbances experienced by the

agents. This problem can also be expressed in the inertial
coordinate frame as

piERpp}c’i—l-pb, ie{l,...,n}.

4. CONTROL SYSTEM

The AUVs must perform the goals stated in Section
3 safely, i.e., avoid collisions with other vehicles and
obstacles, and remain within a given range of depths. An
upper limit on the depth of the AUVs is needed to prevent
them from colliding with the seabed or exceeding their
depth rating. A lower limit is needed in busy environments
(e.g., harbors), where the AUVs may otherwise collide or
interfere with surface vessels.

(12)

To solve the formation path following problem, we propose
a method that combines inter-vehicle collision avoidance
(COLAV), formation keeping, line-of-sight (LOS) path
following, obstacle avoidance, and depth limiting in a
hierarchic manner using an NSB algorithm. Since the NSB
algorithm outputs inertial velocity references, we also need
a method for converting these to surge and orientation.
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In this section, we first present the NSB algorithm and
the associated tasks. We then present in Section 4.6
a strategy for converting inertial velocity references to
surge/orientation ones.

4.1 NSB algorithm

The NSB algorithm allows us to define and combine mul-
tiple tasks in a hierarchic manner. For more information,
the reader is referred to Antonelli and Chiaverini (2006).

Achieving the desired behavior requires three tasks:
COLAV, formation-keeping, and path-following. Each task
will be described in detail in Sections 4.2, 4.3, and 4.4,
while in the remainder of this subsection, we introduce
some mathematical tools instrumental for describing each
of these tasks. As we will explain in Section 4.5, ob-
stacle avoidance and depth limiting will not be defined
as separate tasks but rather achieved through a mod-
ification to the path-following task. Let us denote the
variables associated with the COLAV, formation-keeping,
and path-following tasks by lower indices 1, 2, and 3,
respectively. Define the so-called task variables as o; =
fi(P1,--.,Pn),i € {1,2,3}, and their desired values as
04,1 €{1,2,3}.

Furthermore, let v;,¢ € {1, 2,3} be the desired velocities of
each task. In the standard NSB algorithm, v; is obtained
using the closed-loop inverse kinematics (CLIK) equation
(Antonelli and Chiaverini, 2006)

v, =J! (Gai—Aioy), (13)
where A; is a positive definite gain matrix, ; = 0; — 04,
and J;( is the Moore-Penrose pseudoinverse of the task

Jacobian 904

a<p13"'7pn>.
However, in our case, we need to modify this equation for

each task to make it applicable to underactuated AUVs.

J; = (14)

The combined desired velocity, vnsp, is then given by
(Antonelli and Chiaverini, 2006)

UNSB = U1 + (I—JJ{Jl) (’UQ + (I—J;Jg) ’U3) s

where I is an identity matrix.

4.2 Inter-vehicle collision avoidance

Let dcorav be the activation distance, i.e., the distance
at which the vehicles need to start performing the evasive
maneuvers. The task variable is given by a vector of rela-
tive distances between the vehicles smaller than dcor,av

Vi,j€{l,...,n},j > 1,

(15)

g1 = [ j ) 16
1= Llp: = psl] lpi — pjll < dcorav. (16)
The desired values of the task are

041 = dcorav 1, (17)

where 1 is a vector of ones. To ensure a faster response
to a potential collision than in Matous et al. (2022a), we
propose the following sliding-mode-like COLAV velocity

U1,CLIK
v1 = Ucoray — e (18)
[v1,cLik|]
where Ucorav is a positive constant, ||-|| is the Euclidean

norm, and v1 crik is the velocity vector given by (13).

Note that this task does not guarantee robust collision
avoidance. During the transients, the relative distance
may become smaller than dcorav. Therefore, to ensure
collision avoidance, dcoypayv should be chosen as dpin +
dgsec, Where di, is the minimum safe distance between the
vehicles, and ds.. is an additional security distance.
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4.3 Formation keeping

The formation-keeping task variable is defined as

02 =(021,...,02n_1), 02 = Pi — P, (19)
and its desired values are
Oa2 = <Rp PRy p’}’n71> ) (20)

Similarly to COLAV, we use the CLIK equation (13) to
obtain the formation-keeping velocity. However, as moti-
vated in Section 4.6, this velocity needs to be saturated.
The desired velocity is thus given by
vy = JhG 42 — Vo maxd ) sat (Azda) (21)
where vz max is a positive constant, and sat is a saturation
function given by
tanh (||x||)

sat(x) = x ; (22)

where tanh is the hyperbolic tan function.

4.4 Path Following

Unlike the previous two tasks, the path-following task
uses LOS guidance instead of CLIK. Let us denote the
components of pj as x},yy, and z. Furthermore, let
A (p}) be the lookahead distance of the LOS guidance
law. Inspired by Belleter et al. (2019), we choose an error-
dependent lookahead distance

A =\A+ @)+ WD+ (23)

where Ay is a positive constant. The LOS velocity then is
U;

vios = Ry (A(R]). —vf. —2) =57, (24)

where Upog > 0 is the desired path-following speed, and

D= /A2 + 6 + () (25)
The task velocity is then given by
vz =1, ® ULoS (26)

where ® is the Kronecker tensor product.

Note that the path parameter £ in (9) can be treated as
an additional degree of freedom in the control design, and
used to get a stable behavior of the along-track error 7.
Inspired by Belleter et al. (2019), we choose the update
law of £ as

I

_1 P
x
U, b
LOS

A
i_;’_kgi ,

1)
P ieey?

where k¢ is a positive gain.
4.5 Obstacle avoidance and depth limiting

Obstacle avoidance is typically implemented individually
for each vehicle (Antonelli and Chiaverini, 2006). However,
we propose to perform this task globally by incorporating
it into the path-following algorithm so that it does not
interfere with the inter-vehicle COLAV.

To arrive at the proposed algorithm, we first restrict the
obstacle avoidance maneuvers to the xy-plane to avoid
interfering with the subsequent depth-limiting logic. Let
Po = {(Zo,Yo,%0) be the position of the obstacle and
r, the obstacle avoidance radius. Note that r, must be
chosen sufficiently large to cover the size of both the
obstacle and the AUV. Furthermore, let us define the
formation radius ry = maxieq1,..ny [[{T6 — i, o — ¥3)|l
and the relative position pre = (o — Tp, Yo — Yp). As
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(b) Collision cone

(a) Obstacle and formation radii
Figure 3. Tllustration motivating the obstacle avoidance
constraint (28) and conflict condition (30).

illustrated in Figure 3a, obstacle avoidance is ensured if

”prcl” 2T+ 1y (28)

To guarantee obstacle avoidance, we utilize the collision

cone concept (Chakravarthy and Ghose, 1998). Inspired

by Wiig et al. (2019), we employ a constant avoidance

angle and define a switching condition. More precisely, let

Vrel = (TLOS — To, YLOS — Vo) (29)

denote the relative line-of-sight velocity (Z10s and yros

are the components of vrog). As shown in Figure 3b, a
conflict between the AUVs and obstacle arises if

|4 (prehvrel)‘ < a, a =sin! (Tﬁ) + 1() ) (30)
Prel

where Z (a, b) denotes the angle between two vectors.

The obstacle avoidance task is activated if simultaneously
such a conflict arises and the cone angle satisfies o > ain,
where 0 < apmin < 7/2. Note that Wiig et al. (2019) use a
switching condition based on distance, i.e., ||pre1|] < dmin-
Since our definition of a safe distance (28) is not constant,
we instead suggest using a switching rule based on the cone
angle.

When the task is active, the z- and y-components of
the LOS velocity are replaced by the obstacle avoidance
velocity voa given by

VoA = HUT@IH <COS(wOA)vSin(wOA)> + <j"0a y0> ’ (31)

Yoa = atans (Yo — Yb, o — Tp) T (32)
where atang is the four-quadrant inverse tan. Note that
1o has two solutions corresponding to the clockwise and
counterclockwise directions. Inspired by Haraldsen et al.
(2021), we propose the following method for choosing
a direction: When the conflict first happens, we choose
the value of ¥pa that is closer to the direction of vy e.
Afterwards, we maintain the same direction.

As for the depth-limiting logic, let zpiy, and zpax be
the operation limits. We assume the limits to be wide
enough to accommodate the formation. We then propose
to replace the z-component of the LOS velocity with a
depth-limiting velocity 2, given by

Uz, if minie{l,...,n} Zi < Zmin,
(33)

Zlim = § — Uz, if maxi;e{i,...,n} %i 2 Zmax,

Z10s, otherwise,
where v, is a positive constant.
4.6 Surge and orientation references

Since the NSB algorithm outputs inertial velocity refer-
ences, we also need a method for converting these to surge
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and orientation references. The strategy for choosing these
references changes depending on whether the avoidance
or depth-limiting tasks are active. The proposed strat-
egy allows us to prove the closed-loop stability of both
the path-following and formation-keeping tasks (c.f. Ar-
richiello et al. (2006), where no stability proofs are given,
and Eek et al. (2021); Matous et al. (2022a), that only
prove the stability of the path-following task).

First, let us consider the case when neither the avoidance
nor depth-limiting tasks are active. Note that due to the
properties of the task velocities and Jacobians, (15) can

be simplified to UNSE = Vs + Vs, (34)
Let vngp,; denote the desired velocity of vehicle i. To

achieve the desired behavior, the surge reference u4; must
satisfy

ug; = A/ |lonss.ill? — v2 — w2, (35)
However, (35) can only be satisfied if
lonss.ill* > vf + w}. (36)

In addition, AUVs typically need to maintain a minimum
surge velocity to be able to maneuver, implying a stricter
inequality 9
|onss.ill® > ul, +v7 + w? (37)
where wupmi; > 0. This inequality can be satisfied by
choosing a time-varying path-following speed Uros.

Substituting task velocity definitions (21) and (26) into
(34) and exploiting the structure of the task Jacobian Jo,
we get that the NSB velocity of vehicle i is given by

UNSB,; = ULOS + Rp(§)P§,i + va, (38)
where
(V2,1,...,V2.n) = —U2 max Sat (J£A252) . (39)
Let wy(§) be a vector such that .
R, (&) =Ry (§) S(""p(f)) 3 (40)
(27) implies the following upper bound
-1
: Ipp(§)
§| < D¢ Uros (1 + kg) . (41)

Substituting (39), (40), and (41) into (38), we get the
following lower bound on the NSB velocity

—1
o
lunss,ill > Uros (1 — [lwspll H 81? ‘

1+ k&))

— U2 max- (42)
Now, assuming the existence of an upper bound on the

product |jw,(€)|| [0p,(€)/0€]| ", there exists a positive
constant knsp such that for every vehicle

f
Py

lunss,ill > (1 — knse)Unos — V2,max- (43)
Assuming that knsg < 1, we can satisfy (37) by choosing

V2 max + max; V 1)1'2 + w¢2 + ur2nin

1 — knsB

However, the max function would introduce switching

behavior. To avoid this, we approximate the former with

U2,max + \/Z?:l (UZQ + w?) + u?nin (45)

1 — knsB

If the avoidance or depth-limiting tasks are active, we still

choose Upog in accordance with (45). However, since (37)

cannot be satisfied with a generic NSB velocity (15), we
choose the surge reference as

g = {\/||1)1\ISB¢||2 —v? —w?, if (37) satisfied, (46)

Uros = (44)

Uros =

Umin, otherwise.
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Finally, let us discuss the choice of desired orientation. Let
Unss,; and V; denote normalized vectors. We are seeking
Ry, € SO(3) such that
UnsB,i = Ra,i V- (47)

Assume that at a given time, there is Rg; that satisfies
(47). Differentiating (47) with respect to time yields

UnsB,i = Ra,i S(wa,i) Vi + Ra,i Vi, (48)
where wy; is the desired angular velocity of the vehicle.
Let us define

Wynsp; = UNSB,i X UNSB,i, Wy, = Vi X Vj. (49)
Then, (48) can be rewritten as
Wouysp,: X UNSB,i = Rd,i (wdvi X Vi + Wy, X Vi) . (50)
Therefore, the desired angular velocity must satisfy
(wdyi + wy, — Rg‘,ivaSB,i) x v; = 0. (51)

Thus, instead of finding Ry ; directly, we propose to choose

Wd,i = Rg‘,ivaSB,i — Wy, (52)
and then evolve the desired orientation according to
Rd,i = Rdﬂ-S(wdﬂ-). (53)

Note that choosing wg; according to (52) leads to the
smallest (in terms of Euclidean norm) angular velocity
that satisfies (51). We also note that there exists a sub-
space of angular velocities that satisfy (51) and a sub-
space of rotation matrices that satisfy (47). This differs
from three degree-of-freedom (3DOF) (Eek et al., 2021;
Arrichiello et al., 2006) and 5DOF (Matous et al., 2022a)
models, for which only one solution exists.

5. CLOSED-LOOP ANALYSIS
In this section, we analyze the closed-loop behavior of the
system. Throughout this section, we assume that neither
the avoidance nor depth-limiting tasks are active. Let us
define the combined formation-keeping and path-following

error as o = (52, (Py)) (54)
and the combined low-level controller error as
5&:<)~(1,...,X”>. (55)

First, let us investigate the closed-loop dynamics of o.
Differentiating (19), (20), and (9) with respect to time
yields

oo =Jop— 042,

,Pn) (56a)

. I, . :
ot =m0 ) St o
i=1

From (3a) and (5) it follows that p; is given by

p=(P1,...

p: = R;v; = expm (61) Ra;: (ud,i + Uy, v;, wi> , (57)
with 0= 0]
expm(d) = cos 0T + sS(8) + cS(8)?, s= %, (58)
c = 1709025(0) )
Substituting (58), (35), and (47) into (57) we get
Pi = UnsB,i + $(8; X UnsB,i) (59)

+cd; x (8; x vnsp,i) + Ri (1;,0,0) .
Defining a perturbing term g; as
gi = 5(0; X vnsB,i) +¢d; X (0; X vnsB,i) + R (1;,0,0)
(60)
and substituting (60) and (59) into (56) yields

G={(g1,...,8n) (6la)

p, =R, (:A > (onss +8) — p;; — S(wpé)ph. (61b)

i=1

02 = Jaunss — G422 + J2G,
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Now, to account for the underactuated dynamics, we
define a vector of concatenated sway and heave velocities

Vo = <’U1,U)1,...,’Un,’u)n>, Vau,e = 1n® <'Ucawc>~ (62)
The underactuated dynamics can then be written as
Vu =XQ+Y (vy — Vue) + Ve, (63)

where Q = (w1, ...,w,), and X and Y are block diagonal
matrices consisting of blocks Xi,..., X and Yq,...,Y,,
that are given by
o 0 0 XU (ur,i)
Xz - {O X’w(ur,i) O :| 9 (64)

Zu(pi) Yalur) (69)
Theorem 1. Let Assumptions 1-5 be satisfied. Then,
<5’, X > = 0 is a uniformly semiglobally exponentially sta-
ble (USGES) equilibrium point of the closed-loop system
(61), (6), (63). Moreover, if the second and third partial
derivatives of p,(§) with respect to £ are bounded and (92)
is satisfied, the underactuated sway and heave dynamics
X)=0.

Proof. We analyze the closed-loop system as a cascade
where X perturbs the dynamics of & through G. Consider
the nominal dynamics of & (i.e., (61) with G = 0) and the
following Lyapunov function candidate

v,= [fleg 2o

are bounded near the manifold <5',

v=35"= (51e o) Bp). (60
The time-derivative of V is
V =5, (Jounss — 6a2) — (P))' S (wpé) P,
(67)

T 1 .
+(py) R, (n Z UNSB,i — pp) :
i=1

Due to the properties of the NSB tasks defined in Sections
4.3 and 4.4, the following identities hold:

Jaunss = Javg, > vnss.i = vLos- (68)
i=1
By definition (see Section 3), R, must satisfy
=& 22| e er=(1,0,0.  (69)
Substltutlng (21) and (24) into (67) leads to
V = —us ‘max02 Tsat (Ag03)
(70)

- vhos (b + (B + ).

For any & € {& € R*" : ||&|| < r}, the following holds:

tanh ~ 2
mh(r) |G, ||

V S _U2,max)\2,min
U . ke 1 (71)

— Urosmin § =, \/W ||Pb||
where A2 min is the smallest eigenvalue of As. From (71),
we conclude that there exists a positive constant k, such

that .

V< —k |&|*. (72)
All assumptions of (Pettersen, 2017, Theorem 5) are thus
satisfied, and the origin of the nominal system is USGES.

Moreover, note that the low-level controller is GES by
Assumption 5. Therefore, if the following two assumptions
hold, the origin of the cascade is USGES (Pettersen, 2017,
Proposition 9):
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Vel = n,

(1) There exist three positive constants ¢y, ¢, 7 such that
il <avien. (73)

oV
-
%

(2) There exist two continuous functions ay,ag : R>g —
R>¢ such that

<J2G Zgz>

Since ||0V/0c || = ||a||, the first assumption is satisfied for
c1 =1/2, co =n, and any 1 € R>q.

< ca, Vgl <n, (74

<a (IX]) + e (IX]) 151 (75)

To validate the second assumption, we first need to inves-
tigate the perturbing terms g; from (60). From (38) we get
the following upper bound on vnsB,;

lunsg,ill < Uros (1 + knse) + U2,max tanh (|lo2[)), (76)
and from (58), we get the inequalities
s <1, llcd]| < v2/a. (77)
Therefore, g; can be upper-bounded by
& (14 v2/2) [|6;]] + |uil - (78)
Consider then the two functions oy ;, a2 : R>g — Rx>g
al’i(r) = (ULOS (1 + kNSB) (1 + \/5/2) + 1) T, (79)
a2,;(r) = Va,max (1 + v2/2) 1 (80)

Then, the following holis: N
el < avi (I%i]]) + ez (I1%l]) 1511
Therefore, (75) can be satisfied by
Z (€5)] z

T’ = E 06171‘

i=1
and consequently all assumptions of (Pettersen, 2017,
Proposition 9) are satisfied. To summarize, the origin of
the closed-loop system is USGES. _
As for the underactuated dynamics, the assumption X = 0
implies w; = wgq,; and u; = ug,;. Therefore the underac-
tuated dynamics depend on the desired angular velocity.
Recall the definition of wg; in (52). To find a closed-loop
expression for wy ;, we shall analyze wy, oy ; and wy,.

(81)

(82)

Due to space constraints, we omit the derivations. An
extended version of this paper with complete derivations
and additional plots is available on arXiv (Matous et al.,
2022b). First, we consider Wy ;- It can be shown that
there exist positive constants ansg and bysp such that

[wonss.:|| < ansp [Val| + bnss. (83)
Now, let us consider wy,. We note that w, depends on the
angular velocities of the vehicle, thus formmg an algebraic
loop. However, under certain condltlons this loop can be
resolved. It can be shown that wy, is aﬁ"lne in w;. In other
words, there exist wg; and A,,, such that

wy, =wp,; + Ay, wi. (84)
Moreover, we can show that A,,, satisfies
det I+ A,,) >1—kg, (85)

where k, is a positive constant depending on the physical
properties of the vehicle, the minimum surge velocity, and
the ocean current. If @ < 1, then (I+ A,,,) is invertible,
and the desired angular velocity is

Wi = (I + Awi)_l (RdT,ivaSB,i - wO,i) .
In addition, there exist a,, b, > 0 such that

(86)
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lwo,ill < av [[Vull + bo. (87)

By combining (83), (85), and (87) we can upper bound the
angular velocity with

(ansB + ay) [|Va || + bns + by
wail < 1k . (88)
a
The Lyapunov function candidate
1
Vu = §v3vu (89)

for the underactuated dynamics may then be shown that,
leveraging (63), has its time-derivative bounded by

Vu < V;FYVu + aXmax ||Vu||2 + H ([[vall, [[Vell) s (90)

where a = (ansp+ay)/(1—kq), Xmax is the largest singular
value of X, and H represents the terms that grow at most
linearly with v,. Since Y contains terms associated with
hydrodynamic damping, it is negative definite. Therefore,
V,, can be further bounded by
Vi < = (Ymin — aXmax) ||VU||2 + H(-), (91)
where Y., is the real part of the smallest eigenvalue of
—Y. For a sufficiently large v,,, the quadratic terms will
dominate the linear terms. Consequently, the underactu-
ated dynamics are bounded if
Yrmin > aXmax- O

6. SIMULATIONS
We simulate the proposed approach on a fleet of six LAUVs
(Sousa et al., 2012) using MATLAB, delegating low-level
control to an attitude-tracking PID controller as in Nakath
et al. (2017) and an output-linearizing P surge controller
as in Matous et al. (2022a).

The desired path is a spiral given by
Pp(§) = Ppo + (& ap cos(wp §), by sin(wy, §))
where
Ppo = (0,—40,25), a, =40, b, =20,
while the desired formation is an isosceles triangle parallel

to the yz plane. Specifically, the desired positions in the
formation-centered frame are

0 0 0
pf, = 150 ., Py= —510 , Ply=|0

(92)

(93)

100

wp = -,

—10

For the simulation parameters, we choose the velocity of
the ocean current to be V. = (0,0.15, 0.05), the formation-
keeping gain Ay = 0.1, the maximum formation-keeping
velocity U2 max = 0.5ms~ !, and the lookahead distance
AO =5m.

The very minimum relative distance to avoid collision
is the length of the LAUV, i.e., 2.4 m. For additional
safety, we design the COLAV task with dyjn = 5 m. For
additional safety during transients, dcopav is chosen to
be 10 m.

We then let the vehicles encounter an obstacle of similar
size as the LAUV that moves east at a constant speed
of 0.3ms™!. Given its size, we choose r, = dcoray. The
minimum cone angle is set to amyi, = 15°. The operation
limits are chosen as zpin = 1m, zpmax = 49m, and the
depth-limiting velocity is v, = 0.3ms~!. Note that the
limits are deliberately chosen too small for the given path
and formation, so that depth limiting is activated.

] . (94)

Figures 4 and 5 show the results of this numerical simu-
lation. Figure 4a shows the distance between the vehicles

6737

and the distance to the obstacle. At t = 20s, the COLAV
task is activated, and the distance between the vehicles
drops to approximately 9.5 meters during the transient.
The situation is resolved after 30 seconds. At t = 35s, the
vehicles enter the collision cone and perform an evasive
maneuver in a clockwise direction. The distance to the
obstacle is always above the required limit.

Figure 4b shows the depth of the vehicles. At ¢t = 73s and
t = 212s, the depth-limiting task is activated. When the
task is active, the depth of the vehicles fluctuates around
the prescribed limit.

Figures 4c and 4d show the path-following and formation-
keeping errors. We can see that the path-following errors
diverge when obstacle avoidance or depth limiting is ac-
tive. Conversely, the formation-keeping errors diverge dur-
ing inter-agent COLAV. This behavior corresponds to the
interpretation of the NSB tasks — path-following is global
and thus cannot be satisfied during obstacle avoidance,
whereas formation-keeping works with relative velocities
and thus cannot be satisfied during inter-agent COLAV.

7. CONCLUSIONS AND FUTURE WORK

This paper extends a formation path-following NSB al-
gorithm to underactuated 6DOF vehicles while adding
obstacle avoidance and depth-limiting capabilities. Both
the path-following and formation-keeping parts are proven
to be stable. In the proofs, we assume that the avoidance
and depth-limiting tasks are not active. An analysis of
the closed-loop system with active avoidance and depth-
limiting tasks is left for future work.
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