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Abstract
According to some dialetheists, we ought to reject the
distinction between object and meta-languages. Given
that dialetheists advocate truth-value gluts within their
object-language, whether in order to solve the liar para-
dox or for some other reason, this rejection of the
object-/meta-language distinction comes with the com-
mitment to use a glutty metatheory. While it has been
pointed out that a glutty metatheory brings with it
expressive deficiencies, we highlight here another com-
plication arising from the use of a glutty metatheory,
this time evidential in nature. According to this coun-
termodel problem, while the thoroughgoing dialetheist
who embraces a glutty metatheory can justify their
acceptance of a rule of inference’s invalidity using coun-
termodels, to justify their renunciation of an unwanted
rule they actually require the means to warrant their
rejection of the rule’s validity—which cannot be sup-
plied by countermodels based on a standard dialetheic
semantics. We end by sketching out a possible solution
for the thoroughgoing dialetheist using a bilaterialist
semantics.
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2 FJELLSTAD and MARTIN

1 INTRODUCTION

According to advocates of dialetheism, some contradictions are true, as well as being false (Priest,
2006a; Weber, 2022). That is, there are truth-value gluts. Within the contemporary literature
dialetheism has been motivated by a whole host of reasons, including inconsistent obligations
(Priest, 2006b, Ch. 13), metaphysical considerations (Priest, 2006b, Ch. 11–12), and theologi-
cal puzzles (Beall, 2021). However, probably those arguments for the position that have gained
the greatest purchase in the literature are based upon the logico-semantic and mathematical
paradoxes, including the liar, Russell, and sorites (Priest, 2006b; Weber, 2022).
As is well known, if the dialetheist wishes to avoid a trivial theory they require a paraconsistent

logic, in which ex falso quodlibet (otherwise known as explosion) is invalid. While paraconsistent
logics have the advantage of allowing the dialetheist to avoid triviality, they also come at the cost
of invalidating other useful rules of inference, such as the disjunctive syllogism. Given that this
latter inference rule is often thought to play an important role within mathematical reasoning
(Burgess, 1983), its invalidation has led to the criticism that paraconsistent logics are unable to
support mathematical results (Tennant, 2004).
Related to this concern, and sometimes motivated by it, dialetheists disagree over the extent to

which they must always use (or, reason according to) a paraconsistent logic. Some, such as Beall
(2013b), propose that it’s possible to isolate and quarantine gluts, and thereby permit classically
valid reasoning in those cases we have assurance that the relevant domain behaves classically.
Consequently, if metalogic is such a domain, we can go ahead and use classical logic there with
the assurance that wewon’t meet any gluts that trivialise the theory. One potential positive upshot
for the dialetheist, if they could provide uswith this reassurance, is thatwe could reason classically
to prove the desired results about our target paraconsistent logic. This is prima facie advantageous
given that classical logic is deductively stronger than paraconsistent logics, and so we are more
likely to be able to successfully complete the desired proofs about our object theory than if we used
a glutty paraconsistent metatheory. In what follows, we’ll refer to variants of dialetheism which
allow for a non-glutty metatheory, and thus a distinction between an object and meta-language,
asmoderate dialetheism.
In contrast, other dialetheists reject the possibility of isolating these gluts and thus drawing a

distinction between those domains that behave classically and those which don’t (most notably,
Weber (2022)). One result of this view is that no viable distinction can be drawn between the logic
of our metatheory and that of our object theory. If we need to endorse a glutty paraconsistent
logic in virtue of the existence of gluts, then we need to accept one all the way up (so to speak). In
what follows, we’ll refer to versions of dialetheism which reject the distinction between an object
language and metatheory as thoroughgoing dialetheism.1

1 In addition to Weber’s own work, thoroughgoing dialetheism is also defended, or at least explored, in Badia et al. (2022)
and Tanaka and Girard (2023). More historically, Routley (1977a, 1977b, 1979) was probably also an advocate of thorough-
going dialetheism, with his quest for a universal “ultra” logic that allowed us to keep the “simplicity” of naïve set theory
and a semantically closed language. While Routley (1980) did at times suggest that a classical metatheory could be used,
this seemsmore for pragmatic reasons to preach to the unconverted; classical shackles that could be subsequently thrown
off. Priest (1990, p. 208) also probably counts as a thoroughgoing dialetheist, given his claim that the telos for a dialetheic
solution to the semantic paradoxes is a rejection of the object-/meta-language distinction (though, see the bootstrapping
argument for why it’s acceptable for a dialetheist to use a classical model theory in Priest, 2006a, p. 257; cf. Meadows,
2015). Our impression is that the view is slowly maturing into a research programme that deserves proper consideration
and discussion.
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FJELLSTAD and MARTIN 3

Our goal in this paper is not to assess the general motivations for being a dialetheist simpliciter,
nor to adjudicate over the choice between a thoroughgoing and moderated form of dialetheism.
Rather, it is to present a new interesting challenge for the thoroughgoing dialetheist, which we
call the countermodel problem, that has no respective impact on moderate dialetheism.
One of the properties we desire from the semantics of our chosen logic is that it is able to license

our acceptance or rejection of some given set of inference rules by demonstrating their validity or
invalidity, respectively (Martin &Hjortland, 2021). This is just as true for the dialetheist as anyone
else. In particular, they wish to renunciate certain rules of inference such as the disjunctive syllo-
gism, in order to avoid the charge of trivialism. With a non-glutty metatheory the method for how
one goes about showing a logic licenses the rejection of a rule of inference is straightforward—
one simply demonstrates that it is invalid in the logic by providing a countermodel (relative to the
logic’s consequence relation).
For the thoroughgoing dialetheist who uses a glutty metatheory, however, the situation is not

so simple. After all, as we shall see, once one embraces a glutty metatheory based on a stan-
dard semantics, demonstrating the invalidity of a rule of inference by producing a countermodel
fails to license its rejection, as the inference may still also be satisfied by the very same model.
An inference can have a countermodel and be satisfied by every model. Consequently, the thor-
oughgoing dialetheist currently lacks the means to warrant their rejection of the validity of these
unwanted rules, and so a newdialetheic-friendly semantics that possesses the resources to provide
this warrant is needed.2
The rest of the paper runs as follows. Section 2 provides the background to the countermodel

problem, including the thoroughgoing dialetheist’s favoured semantics and their recognised
upshots. Section 3 then presents the problem itself and distinguishes it from existent problems
in the literature, such as the “just true”-problem. Lastly, Section 4 sketches out a possible bilat-
eralist solution to the problem, highlighting that there are available semantics which can license
the thoroughgoing dialetheist’s rejection of the unwanted rules.

2 TOWARDS A GLUTTY SEMANTICS

2.1 Motivating thoroughgoing dialetheism

Several motivations have been given for rejecting the possibility of isolating gluts and drawing the
distinction between a glutty object-language and non-glutty metatheory.3

2A brief note on terminology: Throughout this paper we stick with the standard nomenclature of treating dialetheism
(simpliciter) as the claim that some contradictions are true, or some truth-bearers are both true and false, with the latter
being equivalent to the claim that some truth-value gluts actually exist (Priest 2006a, p. 1; Weber 2022, pp. x & 3). Jc
Beall (2022) has suggested in a recent review of Weber (2022) that we ought to move away from this nomenclature, and
instead refer to positions committed to true contradictions as simply “glut theories”, and keep the title “dialetheism” for
those positions that take on the further commitment of rejecting the meta-/object-language distinction (what we call
in this paper “thoroughgoing” dialetheism). While sympathetic to Beall’s terminological concerns, we don’t follow his
recommendation here so as not to confuse the general readerwhowill bemore used to the standard terminology.However,
of course, if Beall’s new nomenclature catches on, the same points we make here can be re-expressed in his terms. Many
thanks to an anonymous referee for asking us to clarify this point.
3What follow are just a few of the available reasons, not an exhaustive list. For a more detailed description of these and
other motivations, see Weber (2022, Chs. 1–3).
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4 FJELLSTAD and MARTIN

First, one may believe that gluts are particularly abundant, permeating all of our theories and
thus simply impossible to isolate. For instance, if one believes that gluts arise from instances of
vagueness then, given the abundance of the latter, gluts themselves will be found everywhere.
There is no domainwhich is immune, including inmathematics; “after all, almost every predicate
is vague” (Weber, 2022, p. 95).
Second, putting considerations of vagueness to one side, if one believes that the domain ofmath-

ematics itself has been permeated by gluts, for instance due to the set-theoretic paradoxes, then
the dialetheist might consider it ill-advised to expect a stable classically well-behaved metathe-
ory using objects from this domain—after all, who knows what new paradoxes might crop up?
As Weber (2022, p. 89) notes, “[a] non-classicist might assume that some finite abelian group is
consistent, and reason accordingly, without embarrassment; but when it comes to theories that
focus on the notions of truth and proof, I don’t see how the reliability of classical metatheory can
be taken for granted,” given that this is just where we would expect the problems to arise!
Third, following philosophical tradition, if one presumes that logical laws provide us with the

most general principles of reasoningwhich hold comewhatmay regardless of subjectmatter, then
onemight well think this commits one to using the same logic across one’s object andmetatheory.
After all, if one uses some logic 1 in one’s object language, but another 2 in one’s metatheory,
then this is tantamount to admitting that logic is not wholly general. Thus, if the dialetheist is
committed to a glutty paraconsistent logic in their object language and are “motivated by the
allure of a closed, complete theory” (Weber, 2022, p. 93), they may well feel the further pull to use
the same logic for their metatheory.
Finally, if one’s dialetheism is motivated by the goal of providing a comprehensive solution

to the liar paradox, then one might also be wary of allowing for a non-glutty metatheory. After
all, according to dialetheists, all non-dialetheic solutions to the liar fail either because they: (i)
are susceptible to revenge versions of the paradox, and so incomplete; (ii) unnecessarily restrict
the expressibility of our natural languages, and are thus contrary to our non-logical commit-
ments (for example, regarding semantic closure); or (iii) are ad hoc, by lacking independent
motivation (Priest, 2006b, Ch. 1). In contrast, the dialetheist assures us that their theory suf-
fers none of these weaknesses. Unlike non-dialetheic solutions, the dialetheist suggests they
can provide a principled and comprehensive solution to the liar paradoxes that respects the
expressibility of our natural languages (by accepting semantic closure). Yet, these motivations
for rejecting non-glutty solutions to the liar also provide motivation for the dialetheist to reject
the object-/meta-language distinction.
Firstly, if the dialetheist were to use a non-glutty metalanguage in conjunction with their glutty

paraconsistent object language, then revenge versions of the paradox evading a dialetheic solution
would be bound to crop up. Just take whatever the “exclusionary” operator is from the non-glutty
metalanguage and use it to construct a revenge liar which evades a dialetheic solution, on pain of
the non-glutty metalanguage collapsing into a glutty language (Berto, 2014; Martin, 2015). Better,
then, to stick with a glutty metalanguage. Secondly, in arguing for a dialetheic solution to the liar
paradoxes, Priest (2006b) explicitly appeals to the ad hocness of discriminating between an object
and meta-language as a reason to reject the Tarski-inspired language-hierarchy solution to the
paradoxes. Consequently, if the dialetheist were required to distinguish between an object and
meta-language, their solution too would be at risk of being ad hoc according to (at least) some
dialetheists’ own lights.
Thus, in order to live up to the promise of providing a comprehensive solution to the liar which

doesn’t fall foul of their own criticisms of other solutions, there’s somemotivation for the dialethe-
ist to endorse a glutty metatheory too. Indeed, Priest (1990, p. 208) goes so far as to say that “the
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FJELLSTAD and MARTIN 5

whole point of the dialetheic solution to the semantic paradoxes is to get rid of the distinction
between object language and meta-language” (cf. Weber (2022, p. 94)).

2.2 Semantics for and with paraconsistent logic

In order to provide a dialetheic solution to the logico-semantic and mathematical paradoxes
without committing themselves to trivialism, the dialetheist requires a logic which is both
(i) glutty, that is allows propositions to be both true and false in an interpretation, and (ii)
paraconsistent, whereby {𝜑, ¬𝜑} ⊭ 𝜓, for some 𝜑 and 𝜓 (Martin, 2021a). Moreover, dialetheists
often wish to take on the further commitment that the extensional connectives should behave
like Boolean connectives to the extent that, for instance, adjunction is valid and the conjunctions
of contradictory propositions are false (Priest & Routley, 1989, pp. 158–9 & 164–5).
Not all paraconsistent logics fulfil these two further criteria. The preservationist logic of Jen-

nings and Schotch (1984), for instance, is paraconsistentwithout being glutty, and daCosta’s (1982)
𝐶𝑖(1 ≤ 𝑖 ≤ 𝜔) logics are often shunned by dialetheists for not containing a negationwhich ensures
that a proposition 𝜑’s negation is true if and only if 𝜑 is false (Priest & Routley, 1989, pp. 164-5).
Some logics do fulfil all three criteria, however, with the most popular being the logic presented
by Priest (1979) as the Logic of Paradox (LP).4
As has now become standard, we’ll use a relational rather than a truth-functional presentation

of LP’s semantics.5 Without going into details about themeta-theoreticmachineryweuse to define
the interpretations,we assume that the formulas forwhichweprovide a semantics are represented
by constants, and that we have defined for each interpretation 𝐼 (which is also represented by a
closed term in the metalanguage) a two-place predicate 𝑟𝐼 that satisfies the following principles
where 𝑡 and 𝑓 are further constants intuitively representing truth and falsity (with the expression
‘iff’ being the biconditional of the language):6

∙ 𝑟𝐼(𝜑, 𝑡) or 𝑟𝐼(𝜑, 𝑓)
∙ 𝑟𝐼(¬𝜑, 𝑡) iff 𝑟𝐼(𝜑, 𝑓)
∙ 𝑟𝐼(¬𝜑, 𝑓) iff 𝑟𝐼(𝜑, 𝑡)
∙ 𝑟𝐼(𝜑 ∨ 𝜓, 𝑡) iff 𝑟𝐼(𝜑, 𝑡) or 𝑟𝐼(𝜓, 𝑡)
∙ 𝑟𝐼(𝜑 ∨ 𝜓, 𝑓) iff 𝑟𝐼(𝜑, 𝑓) and 𝑟𝐼(𝜓, 𝑓)
∙ 𝑟𝐼(𝜑 ∧ 𝜓, 𝑡) iff 𝑟𝐼(𝜑, 𝑡) and 𝑟𝐼(𝜓, 𝑡)
∙ 𝑟𝐼(𝜑 ∧ 𝜓, 𝑓) iff 𝑟𝐼(𝜑, 𝑓) or 𝑟𝐼(𝜓, 𝑓)

4 Originally formulated by Asenjo (1966) as the Calculus of Antinomies. Other options include the propositional fragment
of Baten and De Clerq’s (2004) CLuNs. Nothing rests on our particular choice of logic here, however—the same results
apply to any logic that adheres to the three conditions above.
5 For the rationale behind using a Dunn (1976)-style relational semantics for LP, see Weber et al. (2016).
6 Given that modus ponens is invalid in LP for the material conditional, defined as ¬𝐴 ∨ 𝐵, the Boolean connectives are
usually supplemented with a further conditional validating the rule, and the language’s biconditional ‘iff’ defined in terms
of that conditional and conjunction in the usual way. Dialetheists disagree over the best account of this new conditional;
see, for instance, Beall (2009) and Priest (2006b), but also more recent proposals such as Weber (2010), Badia and Weber
(2019), and Badia et al. (2022). We won’t take a stand here on which of these candidates are best for the dialetheist’s
purposes. Exactly which properties such a conditional should possess, for instance whether it should contrapose or not
with the paraconsistent negation, are certainly substantive matters for any dialetheic project. However, we are not of the
impression that the exact properties of the conditional beyond modus ponens (as a rule of proof) are relevant to either the
formulation of the countermodel problem or our solution to it. Of course, if we are wrong on this score, this could provide
additional support for one of these specific candidate conditionals within the literature.
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6 FJELLSTAD and MARTIN

We can furthermore define a two-place predicate representing a notion of validity as follows:
𝜑0, … , 𝜑𝑛 ⊨ 𝜓 iff for every 𝐼 if 𝑟𝐼(𝜑𝑖, 𝑡) for each 𝜑𝑖 then 𝑟𝐼(𝜓, 𝑡).7

2.3 Expressive limitations?

As was recognised relatively quickly, without the aid of further communicative resources the
dialetheist’s semantics would possess expressive limitations (Parsons 1990). After all, as it stands
LP’s semantics do not facilitate the dialetheist’s ability to express disagreement over the truth of
a proposition. If a dialetheist’s interlocutor were to assert 𝜑, it isn’t enough for the dialetheist
to disagree by responding that 𝜑 is false, given that 𝜑’s falsity fails to preclude 𝜑’s simultaneous
truth. Nor can the dialetheist successfully disagree by asserting the negation of 𝜑 for, again, it
is perfectly possible that both 𝜑 and ¬𝜑 are true according to the dialetheist. Consequently, the
dialetheist requires another means to express their disagreement with the interlocutor’s assertion
that 𝜑, by somehow communicating their rejection of 𝜑; where rejection is the mental state of
refusing to believe 𝜑 (Priest, 2006b, p. 98).
The dialetheist’s now common line of response to this challenge is to accept that their object-

language semantics cannot itself successfully express rejection, and propose that the problem is
dealt with at the level of pragmatics with the introduction of two independent and exclusion-
ary speech-acts, assertion and denial (Priest, 2006b). While the speech-act of assertion serves to
express the dialetheist’s acceptance of a given proposition (as for the non-dialetheist), denial of
a proposition 𝜑 expresses the rejection of 𝜑 by precluding its simultaneous assertion. Thus, to
express their rejection of 𝜑, and subsequent disagreement with their interlocutor over 𝜑’s truth,
the dialetheist can do so by denying 𝜑.8
Whether the introduction of this new sui generis speech-act communicating rejection solves all

of the expressive deficiencies of the dialetheist’s semantics is a moot point. After all, as Shapiro
(2004) has pointed out, even the dialetheist may wish to express that a proposition is true only or
false only within contexts that the speech-act of denial is inappropriate. For instance, they may
wish to assume that a given proposition fails to be true, and then infer what follows. Or, more
generally, theymaywant to include the presumption that a proposition is false onlywithin a truth-
functional setting, such as ⌜ If 𝜑 isn’t true, then consequences 𝜓1, 𝜓2, . . .𝜓𝑛 follow ⌝.9
The problem we are interested in here, however, arises independently of whether denial can

be used by the dialetheist within all important contexts to express their rejection of a proposi-
tion’s truth (or, falsity). Or, indeed, other concerns over whether the dialetheist is always capable
of expressing important semantic properties and their own commitments accurately. While asso-
ciated with these expressive concerns, the countermodel problem is instead a concern about the
justificatory limitations of the thoroughgoing dialetheist’s semantics.10

7 Of course, because one can have both 𝑟𝐼(𝛿, 𝑡) and 𝑟𝐼(𝛿, 𝑓), for some interpretation 𝐼 and formula 𝛿, one can also have
𝑟𝐼(𝜓, 𝑓) without the argument’s validity being impacted.
8 This may suggest that bilateralism, which treats both acceptance and rejection as primitive (as opposed to defining rejec-
tion as simply the acceptance of a negation), is particularly well-suited for the dialetheist’s purposes, as has been suggested
by Restall (2005). We come back to this point with our own solution to the countermodel problem in Section 4.
9 Formore on the debate over the putative expressive limitations of glutty semantics, and the consequences for the dialethe-
ist’s overall proposal, see (Littmann & Simmons, 2004; Jenny, 2017; Martin, 2015, 2021b; Omori & Weber, 2019; Young,
2015).
10We leave a more detailed discussion of how exactly the proposed countermodel problem differs from these established
expressive limitations until later, in Section 3.3 below.
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FJELLSTAD and MARTIN 7

2.4 A parallel asymmetry for justification?

Just as the means through which the dialetheist is able to express their rejection of a proposition
is different to a non-dialetheist, so is themeans through which theymay justify their rejection of a
proposition. After all, for the non-dialetheist, possessing justification for 𝜑’s falsity (and thus ¬𝜑’s
truth) is equivalent to possessing justification for rejecting 𝜑. In contrast, this inferential path is
closed for the dialetheist, given that neither a proposition’s falsity nor the truth of its negation
preclude its simultaneous truth. In fact, they must reject the following two principles which we
shall henceforth refer to as (FR) and (NR), respectively:
Falsity-Rejection: Justification for asserting the falsity of 𝜑 justifies the rejection of 𝜑.
Negation-Rejection: Justification for asserting the negation of 𝜑 justifies the rejection of 𝜑.
This ensures that for the dialetheist, providing justification for the rejection of a proposition

can be quite different than for the non-dialetheist. Indeed, the dialetheist using LP, or any other
glutty paraconsistent logic respecting the normal semantics for negation, in principle divorces the
process of justifying one’s rejection of a proposition 𝜑 from the processes of justifying acceptance
of 𝜑’s falsity or 𝜑’s negation.
In order to re-establish a close connection between the justified rejection of 𝜑 and evidence

for ¬𝜑, the dialetheist requires assurances that the sphere of enquiry in which 𝜑 is contained
behaves consistently. Only then can the dialetheist rely upon the same considerations that the
non-dialetheist does to justify the rejection of 𝜑.11 Otherwise, as Priest (2006b, p. 103) recognises,
“the arguments for the negation of something are not, without some other considerations pertain-
ing to the consistency of the situation, a complete case against the claim being negated. Hence,
arguments pro and contra are sui generis.” To emphasise the point—just as the speech-acts of asser-
tion and denial are sui generis, and only the latter communicates the rejection of a proposition 𝜑,
so the requirements for justifying the acceptance of a proposition, and justifying its rejection are
sui generis.
How the dialetheist successfully goes about providing justification for their rejection of a given

proposition will, of course, depend upon the circumstances and forms of evidence relevant to the
proposition’s evaluation. One option is to show that the relevant proposition 𝜑 entails another
𝜓 which we have independent reasons to reject. This is simply a dialetheic friendly version of
reductio.12 Another is to provide independent evidence for the target state of affairs failing to hold.
This could come in the form of direct empirical evidence. For instance, if observing the colour of
a wall, we can rationally reject the claim that the wall is blue on the basis that an absence of blue
shades is observed on the wall. Or, in the case of mathematics, it could come in the form of a
direct counterexample; in order to justify one’s rejection of “All linear functions in one variable
are perpendicular to one another”, it suffices (even for the dialetheist) to provide a linear function
that fails to possess this property.
Establishing how exactly the dialetheist can go about justifying their rejection of a proposi-

tion in all relevant cases is beyond the scope of this paper but unnecessary for our purposes.

11 How such an assurance could itself be justified is unclear. Priest has previously attempted to provide criteria for judging
when gluts are likely to occur and not (Priest, 1995). However, given the concerns since raised over these criteria (Beall,
2001, 2014), we consider it an open questionwhether (andhow) the dialetheist can provide uswith the required assurances.
12 One needs to be careful when using reductios within the context of dialetheism, as the traditional formal meta-rule
of reductio is invalid for dialetheists (given that contradictories can be simulatenously true). However, this does not
stop dialetheists from freely using reductio ad absurdum arguments which show a proposition to be rationally rejectable
because it entails an absurdity (which for the dialetheist need not include all contradictions). On this, see Priest (2006a)
and Martin (2021b).
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8 FJELLSTAD and MARTIN

Rather, we need only recognise here that the dialetheist’s requirements for rationally reject-
ing a proposition 𝜑 are independent of the requirements for rationally accepting ¬𝜑, and thus
𝜑’s falsity (unless, that is, we have assurances the relevant scenario behaves consistently). In
the next section, we consider what impact the dialetheist’s rejection of (FR) and (NR) has on
their ability to reject an unwanted rule of inference once they embrace a glutty paraconsistent
metatheory.

3 THE COUNTERMODEL PROBLEM

3.1 The need to reject rules of inference

There are various classical inference schemas that the dialetheist desires to avoid because they
would commit them to trivialism. However, it follows from our discussion in section 2 that, in
order to do so, the dialetheist must supply reasons to deny their validity rather than simply reasons
to assert their invalidity. Indeed, what the dialetheist really wishes to do is preclude the validity
of these rules of inference, for only then will they be assured to have blocked the implication to
triviality. It isn’t enough that triviality doesn’t follow, if it also does follow from one’s commit-
ments. In other words, what they require is justification for the rejection of the rules in question.
Recognition of this requirement is sometimes, at least, reflected in discussions of dialetheism and
paraconsistency:

[In order to permit a paraconsistent set theory, one must] allow for the set theory
to entail contradictions, but reject the principle ex contradictione quodlibet. (Priest,
2006b, p. 247)

Dialetheic paraconsistent logicians, by contrast, precisely reject explosion because
they think that at least some contradictions are (or may be) true. (Allo, 2010, p. 28)

Despite this, it still seems common in the literature to (implicitly) assume that although the
dialetheist rejects the principle (NR), in the particular case of logical consequence, demonstrat-
ing the invalidity of a schema is sufficient for precluding (and so rejecting) its validity. After
all, when one presumes a consistent metatheory, this is true. To demonstrate the invalidity of
some argument schema Γ ⊨ 𝜓, it suffices to show that for some interpretation 𝑟′, ∀𝜑 ∈ Γ, 𝑟′(𝜑, 𝑡)

and it is not the case that 𝑟′(𝜓, 𝑡). Given that within a consistent metatheory there is no inter-
pretation 𝑟′ in which both 𝑟′(𝜑, 𝑡) and it is not the case that 𝑟′(𝜑, 𝑡), for any formula 𝜑, this
countermodel precludesΓ ⊨ 𝜓 and thus suffices to justify the dialetheist’s rejection of the schema’s
validity.
The problem, of course, is that the dialetheist only has the right to accept (NR) in those cases

in which they are assured that the situation behaves consistently. While this is true in the case of
(in)validity when we have a consistent metatheory, in the case of the thoroughgoing dialetheist
who desires a glutty metatheory the situation is far trickier, for they have no means to ensure that
interpretations behave consistently. Indeed, one of their goals in embracing a glutty metatheory
is to ensure that they need not behave consistently. As we shall now see, this spells trouble for
their semantics.
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FJELLSTAD and MARTIN 9

3.2 No consistent metatheory, no useful countermodels

So far we’ve highlighted three points. Firstly, there are a sub-group of glut-theorists, the thorough-
going dialetheists, who reject the object-/meta-language distinction. Thus, in virtue of endorsing
a glutty paraconsistent object-language, they also accept a glutty paraconsistent metatheory for
their logic. Secondly, dialetheists (simpliciter) reject (NR) and (FR), except for those cases inwhich
they are assured the situation behaves consistently. Thus, justification for the acceptance of ¬𝜑
does not suffice as justification for the rejection of 𝜑. Finally, to be assured their logic blocks
absurd consequences (namely, triviality), the dialetheist must be justified in believing their logic
sanctions the rejection of the validity of certain argument schema.
These three commitments combined spell trouble for the thoroughgoing dialetheist. First, by

using a glutty metatheory, they are committed to accepting that there are interpretations 𝑟′ such
that for any formula 𝜑 and truth-value 𝑡 both 𝑟′(𝜑, 𝑡) and it is not the case that 𝑟′(𝜑, 𝑡). Inter-
pretations can be inconsistent. In fact, this is the whole point of having a glutty metatheory.
Thus, possessing justification for the invalidity of some argument schema Δ will not suffice for
being justified in rejecting the validity of these schema Δ; they require some independent means
with which to justify their rejection of the validity of these schema. Unfortunately, their current
semantics provide them with no such means.
Using these semantics, in order to justify their rejection of the validity of some given argument

schema Γ ⊨ 𝜑, they would need to somehow preclude the possibility that, for all interpretations
𝑟, if ∀𝜓 ∈ Γ, 𝑟(𝜓, 𝑡) then 𝑟(𝜑, 𝑡). However, the only means the thoroughgoing dialetheist has in
their semantics to attempt to preclude this possibility is by providing a countermodel in which
∀𝜓 ∈ Γ, 𝑟′(𝜓, 𝑡) and ¬𝑟′(𝜑, 𝑡). But ¬𝑟′(𝜑, 𝑡) fails to preclude 𝑟′(𝜑, 𝑡) in a glutty metatheory. So,
their current semantics provide no means to justify the desired rejection of the validity of these
unwanted schema. All the thoroughgoing dialetheist has at their disposal are countermodels that
within a glutty metatheory demonstrate invalidity; they do not license the rejection of validity.
The thoroughgoing dialetheist who accepts a glutty metatheory, therefore, is in a very different

situation to the non-glutty logician.13 Given that for the non-glutty logician the acceptance of
a statement 𝜑 automatically sanctions the rejection of 𝜑’s negation (and vice versa), in virtue of
having the right to accept the invalidity of some inference they concurrently gain the right to reject
the validity of the inference (and vice versa). In comparison, by rejecting (NR) and insisting upon a
glutty metatheory, the thoroughgoing dialetheist’s demonstration of the invalidity of an inference
licences solely the acceptance of its invalidity rather than the required rejection of its validity.
Where, then, does the thoroughgoing dialetheist go from here? They seem to be in a bind. After

all, they need their semantics to sanction the rejection of unwanted rules of inference, given that
they require their semantics to demonstrate how they are able to endorse contradictions without
triviality following. Yet, their current semantics with a gluttymetatheory fails to deliver the goods.
Further, removing the requirement for a glutty metatheory isn’t a viable option, as this would
amount to simply retreating to a moremoderate dialetheism.
The challenge then is to provide a way for the thoroughgoing dialetheist to preclude the validity

of an inference within their semantics, and so license the rejection of the unwanted rules of infer-
ence, without jettisoning the glutty metatheory and losing the putative benefits of their position.
We see two possible routes to achieve this.
First, the thoroughgoing dialetheist could provide an extra-logicalmeans to license the rejection

of the validity of the unwanted rules of inference. For instance, they could hope to show through

13 And, indeed, themoderate dialetheist, who allows for a non-glutty metatheory.
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10 FJELLSTAD and MARTIN

empirical observations that, for some instances of the rule, the premises actually are truewhile the
conclusion fails to be true.14 In this case, the dialetheist could hope to provide real-life “counter-
models” by specifying instances of premise sets that they ought to (jointly) accept, and conclusions
that they ought to reject.15 This proposal is not without its challenges, however. Firstly, one would
need to establish that there are available empirical observations whichwould indisputably license
the rejection of the rules of inference, by showing that there are instances of the argument schema
in which the premises ought to be accepted and conclusion rejected (this is a topic considered in
the past by Priest (2006a), without conclusive results). Secondly, endorsing this option would be
tantamount to admitting that, unlike their non-dialetheic colleagues, the thoroughgoing dialethe-
ist fails to possess a semantics which shows whether they are licensed to accept or reject some
argument schema. Given that possessing a semantics that is able to deliver on a position’s goals
is an important criterion for a theory of logic (Martin & Hjortland, 2021), this lack would itself
count against the plausibility of thoroughgoing dialetheism in comparison to its non-dialetheic
rivals.
This leads us onto the second route, to develop a semantics that rectifies the shortcomings of

the present approach. This requires providing a semantics that: (i) respects the need for a glutty
metatheory, whilst (ii) including within its semantics markers that justify the rejection of a propo-
sition, and thus successfully preclude its simultaneous acceptance, facilitating the production of
countermodels that license the rejection of an inference. The challenge for this latter approach
is to provide such a semantics without revenge paradoxes resurfacing. It is the possibility of just
such a semantics we explore in Section 4.
Before we move onto discuss these semantics however, it will be instructive to briefly outline

how the countermodel problem is distinct from those existent expressive concerns raised over the
dialetheist’s semantics, noted in Section 2.

3.3 Four distinct problems

There are three notable concerns that have already been raised against the dialetheist’s glutty
semantics: (i) the just-true problem (Beall, 2013a; Littmann & Simmons, 2004; Young, 2015); (ii)
the recapture, or exclusion, problem (Beall, 2013b; Berto, 2014; Jenny, 2017); and (iii) the invalidity
revenge problem (Young, 2019). Each, though connected to the countermodel problem, are distinct
from it.
According to the just-true problem, the dialetheist lacks the ability to express within their

semantics that a given proposition is true only (or, false only), thereby precluding its simultane-
ous falsity (or, truth). Showing that this is so with a glutty metatheory is straightforward. For any
interpretation 𝑟 and proposition 𝜑, the most that the dialetheist can do within their semantics to
express that 𝜑 is true (or false) only is to state that it is not the case that 𝑟(𝜑, 𝑓) and it is not the case
that 𝑟(𝜑, 𝑡), respectively. Yet, given that the metatheory is glutty, both effectively fail to preclude
that 𝜑 is also false or true, as we can have both 𝑟(𝜑, 𝑓) and 𝑟(𝜑, 𝑡), respectively, as well. Thus, the

14Whether the dialetheist is able to express that the conclusion fails to be true, given a gluttymetatheory, is of course another
point. However, we are interested here in the evidential constraints placed upon dialetheists by a glutty metatheory, not
expressive constraints.
15We consider a quasi-experimental approach to formal systems, where one rejects inference rules because the result of
adding them to some preferred system trivialises the system, as a variation on this first route. Thanks to an anonymous
referee for pushing us on this point.
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FJELLSTAD and MARTIN 11

semantics fail to be able to express that a given proposition is true (or, false) only, leading to an
expressive limitation in the thoroughgoing dialetheist’s semantics.
How much this expressive limitation matters depends on the extent to which one thinks

the dialetheist ought to be able to distinguish between propositions which are glutty and those
which behave consistently. After all, the (non-trivial) dialetheist doesn’t think that all propo-
sitions are glutty: most will think that “Boris Johnson is a fried egg” is only false, and most
will believe that “2 + 2 = 4” is only true. On this point, given that the dialetheist criticises the
non-dialetheist’s semantics for being expressively deficient, it seems that the inability to express
their own commitments counts equally against the dialetheist’s semantics (Littmann& Simmons,
2004).16
The recapture, or exclusion, problem by contrast is the criticism that the dialetheist is unable

to “recapture” classical validity in cases where we have assurances the situation behaves consis-
tently. That we should desire this from the dialetheist’s semantics is due to the fact that: (i) as
dialetheic semantics only invalidate certain important rules of inference such as the disjunctive
syllogism and modus ponens because of inconsistent scenarios, we ought to be able to use these
important rules of inference when we have assurances that the situation is consistent, such as
in mathematics. Not licensing these rules of inference in such cases will lead to important infer-
ential deficiencies, including when it comes to proving mathematical results (Williamson, 2017);
further, (ii) rival semantics, such as the gappy K3, are able to recapture classical rules of inference
without problem in non-gappy situations (Jenny, 2017). What we have then is not only potentially
a theoretical weakness on the part of the dialetheist’s semantics, but a comparative weakness in
light of rivals’ ability to meet the challenge.
While the recapture problem is connected to the just-true problem, they are nonetheless distinct

(Young, 2015). A solution to the just-true problem should also bring a solution to the recapture
problem. By being able to specify that a set of propositions are either true only or false only, and
thus precluding the troublesome glutty interpretations, the dialetheist can ensure the interpreta-
tions behave classically and suitably recapture classical validity.17 However, solving the just-true
problem is not the only possible route to solving the recapture problem. Instead, one could intro-
duce into one’s semantics non-logical constants which somehow communicate that the relevant
situation behaves consistently, without one’s semantics thereby having the capacity to express
that a given proposition is true only or false only. Such a solution has been explored by both
Beall (2013a) with his “Shrieking” operator, and Berto (2014) with his “exclusionary” operator
on predicates, which is intended to communicate that two properties are somehow primitively
metaphysically incompatible.
While obviously associated with these existent problems, the countermodel problem is

nonetheless distinct from both. Unlike these previous concerns, it is not primary a problem of
expressive limitations. Rather, it highlights an inability on the thoroughgoing dialetheist’s part
to demonstrate with their semantics that they are justified in rejecting the validity of unwanted
argument schemas. It is one matter not being able to express a commitment within one’s object
language, and another for one’s semantics to fail to justify the results one demands. As Weber
(2022, 104) notes, while the thoroughgoing dialetheist’s putative expressive limitations may lead
to social or interpersonal problems in virtue of not being able to effectively communicate with
non-dialetheists, these limitations do not themselves undermine the truth of the dialetheist’s

16 See Weber (2022, pp. 103–104) for the dissenting view, that the force of the just-true problem has been overstated.
17 On the assumption, of course, that the connectives are given their usual meaning. However, given that most dialetheists
explicitly desire this property of their logics (as noted in Section 2.1), this is a fair assumption to make.
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12 FJELLSTAD and MARTIN

thesis or their justification for holding the position. In contrast, the countermodel problem gets
to the heart of the dialetheist’s justification for their position, calling into question the thorough-
going dialetheist’s ability to justify (including to themselves) their rejection of unwanted rules of
inferences, which is itself required to demonstrate their non-commitment to triviality.
In this regard, the recapture problem is probably closest in kind to the countermodel problem,

for the former emphasises the inability of the dialetheist’s semantics to show that we have the
right to rely upon classically valid, but dialetheically invalid, rules of inference within consistent
scenarios. However, it is one matter for a semantics to be at a comparative disadvantage because
it is unable to license the recapture of classical validity in desirable circumstances (which is what
the recapture problem shows), and another entirely to be unable to license the rejection of those
rules of inference which call into question the viability of the proposal. The whole feasibility of
the dialetheist’s position relies upon the capacity of their semantics to demonstrate that they are
not committed to these unwanted rules of inference, just as any research programme in logic is
required to provide a semantics which delivers on their desired inferential commitments. This is
the challenge the countermodel problem poses the thoroughgoing dialetheist.
Further, there’s reason to think that the countermodel problemwill continue to be problematic

for the thoroughgoing dialetheist even if they are willing to deny the importance of the recap-
ture problem. For instance, Weber (2022, pp. 96–102) is understandably unmoved by the latter
problem, on the basis it presupposes that the thoroughoing dialetheist should be attempting to
achieve the results already accomplished within classical mathematics. By Weber’s lights, this is
just another consistentist prejudice. An inconsistent mathematics should not be hamstrung by
the requirement to (re-)establish everything that classical mathematics can.18 In comparison, the
countermodel problem makes no such presumption in favour of consistency or classical mathe-
matics. It only relies upon the assumption that each research programme in logic should be able to
demonstrate it can deliver on its own promises and desired results. In the case of the thoroughgo-
ing dialetheist, this means showing through their semantics that they are justified in rejecting the
unwanted inference rules that would otherwise commit them to triviality. No part of the coun-
termodel problems conceals a presumption in favour of classicality, and thus has force against
thoroughgoing dialetheism even when the recapture problem does not.
Lastly, we have the invalidity revenge problem presented by Young (2019), according to which

the use of a glutty metatheory commits the thoroughgoing dialetheist to (at least) the invalid-
ity of any argument schema where the conclusion contains only extensional connectives.19 The
invalidity revenge problem concerns an overgeneration of invalidities, andWeber (2024) sees this
issue as solvable through the addition of a constant ⊥ to the language defined in such a way that
𝑟(⊥, 𝑡) iff ⊥. This effectively blocks the construction of countermodels for a significant subset of
the inferences.
The countermodel problem, on the other hand, does not concern an overgeneration of invalidi-

ties. Instead, it highlights that a proof that some inference is invalid through the construction of a
countermodel fails to provide a warrant to reject the validity of the inference for a thoroughgoing

18Weber’s view here seems markedly different from those of the other potential thoroughgoing dialetheists, such as Priest
and Routley, both of whom at one time or another note the importance of not losing a “great chunk” of classical mathe-
matics (cf. Weber, 2022, pp. 96–102). For Weber, in comparison, how much of classical mathematics should be retained is
an open question.
19 Depending upon the dialetheist’s treatment of the conditional, and certain other additional semantic principles they
endorse, this can be enough to ensure that they are committed to all argument schemas being invalid (see Young, 2019,
Sect. 3). The particular details here are not important for our purposes, however.
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FJELLSTAD and MARTIN 13

dialetheist. In other words, the countermodel problem calls into question the epistemic value
of the thoroughgoing dialetheist’s countermodels, since those theorems about the existence of
some model involves a paraconsistent negation expressing that the conclusion is untrue. Yet,
being untrue is compatible with being true when the metatheory is dialetheic; in which case, the
inference remains satisfied by the same model.
Ultimately, all four of the (putative) problemshave their source in the fact that the inconsistency

of the thoroughgoing dialetheist’s metatheory impacts the behaviour of the logic’s consequence
relation. But, that is hardly a surprise. Despite this, the countermodel problem is notably distinct
from those expressive problems already recognised in the literature. Firstly, it is fundamentally an
evidential shortcoming on the part of the thoroughgoing dialetheist’s semantics, not an expressive
problem, and secondly it continues to holdweight against the thoroughgoing dialetheist’s position
even if the other concerns can be rejected as based upon consistentist prejudices.
Now that we have outlined this novel problem for the thoroughgoing dialetheist’s current

semantics, and shown how it differs from those already in the literature, it’s time to sketch out a
possible solution. In doing so, we’ll highlight the case for the thoroughgoing dialetheist building
their semantics upon the primitive acts of acceptance and rejection; a solution which should be
natural for the dialetheist given that for them these acts are exclusionary, unlike the truth-values
of truth and falsity.20

4 BILATERALIST SEMANTICS FOR THE DIALETHEIST

4.1 Desiderata for the solution

In order to provide a successful solution to the countermodel problem for the thoroughgoing
dialetheist, it isn’t enough to ensure that they are able to preclude the validity of unwanted rules
of inference in their semantics. After all, as we noted at the beginning of this paper, the prob-
lem arises because of other commitments they wish to take on. Thus, our solution should also

20 In this paper, we have taken on the assumption shared bymost dialetheists, even those entertaining a gluttymetatheory,
that both the speech-acts of assertion and denial, and the related cognitive acts of acceptance and rejection, are mutually
exclusive (Berto, 2014; Priest, 2006a, 2006b). Perhaps this is ultimately wrong-headed, and the thoroughgoing dialetheist
ought to consider the supposed incompatibility between accepting and rejecting the same proposition as yet another resid-
ual byproduct of years of inconsistency intolerance in logic. In which case, the dialetheist could propose that a warrant
to believe the falsity of a proposition sufficed to reject the proposition, and thus any warrant to believe the simultaneous
truth and falsity of a proposition sufficed for its simultaneous acceptance and rejection. Let us just briefly note why we
haven’t considered this option for the thoroughgoing dialetheist. Firstly, without an advocate for the proposal, we are
unclear how it would work exactly. For instance, how rejection in this case could be said to constitute a refusal to believe
something if it is compatible with the simultaneous acceptance of the proposition. Secondly, the proposal would also need
to independently address those concerns over expressive limitations which led to the introduction of these exclusionary
mental acts in the first place. Again, it isn’t clear to us how the proposal would achieve this. Lastly, it isn’t clear that allow-
ing for the simultaneous acceptance and rejection of a proposition would solve the countermodel problem. In particular, if
rejection is compatible with acceptance then demonstrating that one is justified in rejecting the validity of an unwanted
rule of inference would fail to preclude one’s simultaneous acceptance of its validity. Yet, now we are in the same position
as before—the thoroughgoing dialetheist still requires (for their own sake) assurances that they are not committed to the
validity of these unwanted rules of inference. Thus, while wemay ultimately bemistaken in taking on the assumption that
acceptance and rejection are mutually exclusive, without detailed proposals to the contrary, it seems best for us to work
within the confines of this assumption that (at least most) dialetheists currently adhere to. Many thanks to an anonymous
referee for pushing us on this point.
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14 FJELLSTAD and MARTIN

respect these wider desiderata for the thoroughgoing dialetheist’s semantics. These are: (i) that
the resulting logic should be glutty and paraconsistent, (ii) that the logic should respect the nor-
mal semantics for the Boolean connectives, (iii) that the logic should require no distinction to be
made between object andmeta-language, and (iv) that the semantics should not produce new ver-
sions of a liar sentence which don’t admit of a dialetheic solution. We call these the background
desiderata for our solution to the problem.

4.2 Bilateralism with provability and refutability

As our discussion from Section 3 made clear, if the dialetheist is to be able to provide counter-
models within their logic, they will need to preclude or reject certain possibilities. Now, given
that for the dialetheist truth-values fail to possess this preclusionary character but the speech-acts
of assertion and denial, as well as the mental acts of acceptance and rejection do, it makes sense
to attempt to answer the countermodel problem by couching our semantics in terms of such acts.
In other words, by using a bilateralist semantics.
Bilateralism in logic is typically associated with either Smiley (1996) and Rumfitt’s (2000)

approach to natural deduction systems for classical logic based upon signed formulas (with one
sign for acceptance and another for rejection), or Restall’s (2005) interpretation of two-sided
sequents, where a sequent represents a position according towhich one has asserted everything in
the antecedent and denied everything in the succedent. A sequent is then valid just in case assert-
ing everything in the antecedent and denying everything in the succedent is “out of bounds”; that
is, it is in some sense inappropriate.
However, rather than couching our bilateralism directly in terms of assertion and denial, or

acceptance and rejection, we will favour here a semantics in terms of provability and refutability.
The case for this adaptation is due to the nature of models. Models are formal abstract objects of
some sort, whether constructed or real (depending upon yourmetaphysical leanings), andwe evi-
dence our claims about themby proving or refuting these claims. Thus, provability and refutability
belong more naturally to the domain of semantics than to the domain of pragmatics or mental
states, as is the case with assertion and denial, and acceptance and rejection, respectively. This
makes them a more natural addition to our metatheoretic vocabulary than acceptance and rejec-
tion. Nonetheless, this choice should not obscure the fact that we take provability and refutability
to be useful features of the semantics because they serve as suitable analogues for acceptance and
rejection. In other words, we take provability to suffice for a warrant to accept, and a refutation to
suffice for a warrant to reject.
The notion of refutation in philosophical logic is typically associatedwith refutation calculi, the

aim of which are to recursively capture the set of formulas that are refutable according to some
logic (Goranko et al., 2020). Our use of refutation will differ from this however, as we do not seek
to present separate calculi for what is provable and what is refutable according to some standard,
such as classical or paraconsistent logic. Instead, our approach is closer to research in provability
logic, where it is common to treat it is provable that as an embeddable modal operator.21

21 For an introduction to provability logic, see Verbrugge (2017). We are not aware of any corresponding research on
refutability logic. However, one could perhaps understand the approach of Rosenblatt (2021) along these lines, where
a sequent calculus with both sequents and “anti-sequents” is developed in order to define validity predicates for some
non-classical logics using a non-classical meta-theory, as long as we understand the sequent arrow and the anti-sequent
arrow as object language operators, rather than expressions of some metalangauge. Indeed, there could be an interest-
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FJELLSTAD and MARTIN 15

Thus, while it is common to sign formulas, or present two calculi (one for what is provable and
another for what is refutable), we shall instead take the status of being refutable or provable to be
representable with modal operators in the language. By treating both provable and refutable as
embeddable operators, we can subsequently use them to define a notion of validity from which
a notion of countermodel may be extracted. From a thoroughgoing dialetheic perspective, simply
signing formulas would seem to enforce a distinction between object and meta-language which
they actively resist, in line with desideratum (iii) above. By using operators on the other hand, we
are in a position thatwemay include themetatheoretic vocabularywithin the object language, and
thus respect background desideratum (iii) by making no distinction between an object and meta-
language.

4.3 The sketch of a formal framework

To illustrate the approach, it will be useful to be slightly more formal in our presentation.
We’ll now sketch one way to develop a formal framework with embeddable modal oper-
ators for provability and refutability, with which countermodels can be provided for the
thoroughgoing dialetheist.
As noted above, it is common to include within a glutty paraconsistent semantics an additional

conditional that satisfies at least modus ponens as a rule of proof; that is, as a rule which may
be applied on theorems but not assumptions.22 We do not want to commit ourselves here to one
particular such conditional, butwill assume for the sake of simplicity that it satisfies the properties
of BCK.23
We now expand the language with two unary operators ⊕ and ⊖ representing provable and

refutable, respectively.24 They should be defined in such a way that the following rules of proof
are admissible:

𝐴0 ∧ … ∧ 𝐴𝑛 → 𝐵0 ∨ … ∨ 𝐵𝑚
⊕𝐴0 ∧ … ∧⊖𝐵𝑚 → ⊕𝐵0 ∨ … ∨⊖𝐴𝑛

D

∃𝑥(⊕𝐴0 ∧ … ∧⊕𝐴𝑛 ∧ ⊖𝐵)

⊖∀𝑥((⊕𝐴0 ∧ … ∧⊕𝐴𝑛) → ⊕𝐵)
∃∀

𝐴

⊕𝐴
N

(⊕𝐴 ∧⊖𝐴) → 𝐵
E

Being rules of proof, it is important to note that any piece of reasoning that applies these rules
on assumptions, or formulas obtained from (undischarged) assumptions, may be rejected.
These rules are intended as necessary conditions for⊕ and⊖, not a complete characterisation

of the operators. A complete characterisationwould depend on the rest of the language; especially

ing connection between the approach we develop here and the system obtained by applying the approach of Rosenblatt
(2021) to a paraconsistent logic, as opposed to the substructural logics focused on in that paper. However, exploring such
connections goes beyond the scope of this paper.
22 For an introduction to the notion of a rule of proof, see Humberstone (2010).
23 This is the basic non-contractive conditional inmultiplicative affine logic, also found in Cantini (2003). This assumption
is in line with recent work on paraconsistent metatheory and inconsistent mathematics by Badia andWeber (2019), Weber
(2022), and Badia et al. (2022).
24We’re aware that⊕ is sometimes used as a binary operator for additive disjunction in linear logic, but we do not think
this will be an issue for the typical reader. Instead, we think that it would have been worse to use simply + and − due to
their use for signed formulas by Smiley (1996) and Rumfitt (2000).
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16 FJELLSTAD and MARTIN

the choice of conditional, but also the exact rules for conjunction, disjunction, negation, and the
quantifiers. For example, one could opt for a logic based on LP with either the BCK conditional
or the conditional proposed by Beall (2009), or one could opt for a logic along the lines of that
proposed by Badia et al. (2022). Each would deliver us with a bilateralist semantics that fulfils
background desideratum (ii). At this point, we see no reason to take a stand on which of these
choices is optimal (though, that isn’t to say it won’t turn out that one of them is).
With regard to representing provability and refutability, rule N ensures that provability tracks

theoremhood, while E expresses the inappropriateness of refuting and proving the same formula.
Thus, E shows that ⊖𝐴 is a contrary of ⊕𝐴, rather than (the truth of) 𝐴; there is no inconsis-
tency in refuting something that happens to be true. This, we take it, suffices to ensure⊖𝐴 is not
equivalent to the negation of 𝐴, and so is not a classical negation in disguise.25
The purpose of rule D, on the other hand, is to distribute provability and refutability oper-

ators across a conjunctive antecedent and a disjunctive consequent of a valid conditional, in a
fashion familiar from a Tarskian theory of compositional truth. It can also be understood as a
generalisation of contraposition for refutability. In the basic case, D permits the derivations of
both⊖𝐵 → ⊖𝐴 and⊕𝐴 → ⊕𝐵 as theorems from 𝐴 → 𝐵 as a theorem.
The distribution over disjunctions in the consequent is required for the operators to match the

semantic clauses adequately. After all, we would like to prove, for instance, that if it is provable
that 𝑟𝐼(𝜑 ∨ 𝜓, 𝑡) and refutable that 𝑟𝐼(𝜑, 𝑡) then it is provable that 𝑟𝐼(𝜓, 𝑡), or alternatively that if
it is provable that 𝑟𝐼(𝜑 ∨ 𝜓, 𝑡) then it is either provable that 𝑟𝐼(𝜑, 𝑡) or provable that 𝑟𝐼(𝜓, 𝑡). A
derivation of this could look like the following which starts with one direction of the positive
clause for ∨ in the semantics presented above in section 2.2:

𝑟𝐼(𝜑 ∨ 𝜓, 𝑡) → 𝑟𝐼(𝜑, 𝑡) ∨ 𝑟𝐼(𝜓, 𝑡)

⊕𝑟𝐼(𝜑 ∨ 𝜓, 𝑡) ∧ ⊖𝑟𝐼(𝜑, 𝑡) → ⊕𝑟𝐼(𝜓, 𝑡)
D

However, we do not want to be committed to something akin to bivalence in general for ⊕
and ⊖, so that ⊕𝐴 ∨⊖𝐴 is a theorem for every formula 𝐴. After all, we would not expect every
proposition to be either accepted or rejected by an agent; one may rather suspend judgement. To
avoid D implying this result for every formula𝐴, we prefer the variant of D with a suitable restric-
tion ensuring that the disjuncts in the conclusion-sequent must be formulas expressing decidable
semantic facts. After all, analogously, we do think that a bivalence-like principle holds for accep-
tance and rejection under complete information, and thus it’s equally plausible for provability and
refutability over decidable fragments.
Finally, the ∃∀-rule we expect to be admissible using D, E and the suitable rules for ∧, ∨, ∀ and

∃, but we mention it explicitly here as it is crucial for our solution. It ensures we can translate the
existence of a countermodel into a refutation of a claim about what is valid. We thus think of the
relational atoms that assign 𝑡 or 𝑓 to a formula at an interpretation as a ternary relation, and our
intended applications of the ∃∀-rule will involve quantification into the “interpretation”-position
of such relational atoms. The rule as stated is thus stronger than we require, since it allows us in
general to transform the premise-formula into the conclusion-formula in such away thatwhatever
the existential quantifier bound is now bound by the universal quantifier.
This proposed semantics delivers a definition of validity according to which an inference from

Γ to 𝐴 is valid just in case, for every interpretation, if for every formula 𝐵 ∈ Γ it is provable that
𝐵 is true, then it is provable that 𝐴 is true. A countermodel will, therefore, be a model in which

25 Thanks to an anonymous referee for pushing us on this point.
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FJELLSTAD and MARTIN 17

for every 𝐵 ∈ Γ it is provable that 𝐵 is true, but 𝐴 is refutable. In other words, switching back
momentarily to talk in terms of acceptance and rejection, a model in which every member of Γ is
accepted, but𝐴 is rejected. Having a countermodel for an inference then suffices with the ∃∀ rule
to reject the inference’s validity.
However, to obtain countermodels at all, we require that there is at least one formula whose

truth is refutable at some interpretation. There are at least three ways to achieve this. First, we
could follow Badia et al. (2022) and stipulate that the language contains a constant ⊥ defined in
such a way that, for every interpretation, it is refutable that it is true. Second, along the lines of
Carnap (1947), we could assume that for every propositional variable there is an interpretation
at which it is refutable that it is true. In the current context, this corresponds to the position that
trivialism ismerely a possibility. Third,we could provide a formulawith the desired property using
⊕ and⊖. After all, our semantics should ultimately interpret formulae involving⊕ and⊖ in such
a way that ensures⊕𝐴 ∧⊖𝐴 ⊨ 𝐵, given the exclusionary character of provability and refutability.
Exactly how this is accomplished is beyond this paper. However, it’s reasonable to expect that we
would need at least one interpretation where it is refutable that⊕𝐴 ∧⊖𝐴 for every formula 𝐴 to
produce the desired result.
We won’t take a stand here on which of these three options is best, but simply assume there is

some formula 𝜅 with the property that its truth is refutable at an interpretation. This assumption
is in no way controversial. Even the thoroughgoing dialetheist wishes to admit some sentences
that ought to only be rejected, such as the aforementioned “Boris Johnson is a fried egg”.
With that assumption in place, we can now show how this machinery suffices to obtain a

countermodel to modus ponens for the material conditional defined as ¬𝐴 ∨ 𝐵 (i.e. disjunctive
syllogism), as the dialetheist desires. With minor modifications, this procedure can be used to
provide any desired countermodel, demonstrating how the approach solves the current problem.
To simplify the notation, we’ll write 𝑇(𝑥, 𝑦) for the claim that 𝑟𝑥(𝑦, 𝑡) and 𝐹(𝑥, 𝑦) for the claim

that 𝑟𝑥(𝑦, 𝑓). We assume that the metalanguage has a closed term for every formula of the object
language and, taking inspiration from Gödel-codes, we assume that ⌜𝐴⌝ is a closed term for the
formula 𝐴. The following formula expresses that there is an interpretation that refutes the truth
of 𝜅:

∃𝑥 ⊖ 𝑇(𝑥, ⌜𝜅⌝)

For simplicity, we don’t quantify explicitly over numbers naming propositional variables. Now,
with 𝜆 as an instance of the standard liar, it follows that:

∀𝑥[⊕𝑇(𝑥, 𝜆) ∧ ⊕𝐹(𝑥, 𝜆)]

From which it follows that:

∃𝑥[⊕𝑇(𝑥, 𝜆) ∧ ⊕𝑇(𝑥, ⌜¬𝜆 ∨ 𝜅⌝) ∧ ⊖𝑇(𝑥, ⌜𝜅⌝)]

Which subsequently implies that:

⊖∀𝑥[((⊕𝑇(𝑥, 𝜆) ∧ ⊕𝑇(𝑥, ⌜¬𝜆 ∨ 𝜅⌝)) → ⊕𝑇(𝑥, ⌜𝜅⌝)]

In other words, there is a countermodel to modus ponens and this countermodel implies that
the inference is refutable. Clearly, the same approach can be used to provide countermodels
for other (meta-)inference schemas that the dialetheist wishes to reject, such as explosion and
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18 FJELLSTAD and MARTIN

reductio. For instance, to obtain a countermodel for explosion, we simply employ the claim that
∀𝑥[⊕𝑇(𝑥, 𝜆) ∧ ⊕𝑇(𝑥, ¬𝜆)].
This suffices to show that there is an available solution to the countermodel problem thatmeets

the thoroughgoing dialetheist’s desiderata of producing a logic that (i) is glutty and paraconsis-
tent, (ii) respects the normal semantics for the Boolean connectives, and (iii) makes no distinction
between an object and meta-language. This leaves us with the requirement to show that the
semantics fail to produce any new version of the liar which doesn’t admit a dialetheic solution,
and thus threatens the comprehensiveness of the dialetheist’s proposal.
As is well known, introducing some form of “exclusionary” operator into the dialetheist’s

semantics buys expressive power at the cost of producing a revenge version of the liar paradox
using this new operator (Berto, 2014; Martin, 2015). Yet, in the case of our bilateralist semantics
there’s good reason to think this won’t occur, as⊖ does not behave like a paracomplete negation
defined as𝐴 → ⊥, where→ is the suitable non-contractive conditional. As mentioned above,⊖𝐴

is not the contrary of𝐴, but rather of⊕𝐴. Thus, it is not𝐴 ∧⊖𝐴 that implies anything, but rather
⊕𝐴 ∧⊖𝐴. For a bilateralist, this is precisely how things should be: the contrary of rejecting 𝐴 is
not the truth of 𝐴 but rather the acceptance of 𝐴.26 From a perspective based on provability and
refutability, this also seems correct: while 𝐴 could be true even if it is refutable, 𝐴 being provable
and refutable should make your logic explode, metaphorically speaking. Further, this property of
the semantics captures the dialetheist’s thought that one cannot both accept and reject a propo-
sition (simultaneously), which is what provides these acts with the exclusionary character that
truth-values fail to possess.
Finally, and importantly, the standard mechanism by which one produces paradoxical cases

is blocked precisely because it is the combination of a proposition’s provability and refutability
which explode, and not the combination of being true and refutable. In the latter case, one would
proceed by turning a negated formula into a truth with which it is equivalent, and then contract
the two copies of the same truth into one. In contrast, with the semantics presented here, using this
mechanismmerely produces the truth of a refutation and the acceptance of what is being refuted,
and so there is nothing to contract. This suffices to handle any potential revenge “refutation”-liar
such as:

(R) it is refutable that R is true

However, what about being unprovable? Considering the underlying bilateralism, it is natu-
ral to define unprovable as simply the negation of being provable, and not in terms of the sui
generis property of being refutable. Will unprovable then become a dialetheia, as in the approach
to paraconsistentmetatheory sketched byWeber (2024)?While this certainly depends on the finer
details of the proposal, our preliminary answer is that this shouldn’t be the case. Let 𝑈 be an
“unprovable”-liar: “it is not provable that 𝑈 is true”, and assume that “it is not provable that 𝑈 is
true or it is provable that 𝑈 is true” is derivable. With transparent truth and the proposed rules
for being provable, we can either say that the entire sentence is provable, or distribute the prov-
ability operator across each disjunct to obtain “it is provable that 𝑈 is true or it is provable that it
is provable that𝑈 is true”. Yet the latter fails to entail “it is provable that𝑈 is true or it is provable
that 𝑈 is true”, from which the contradiction would follow.

26 Of course, if 𝐴 ∧⊖𝐴 is a theorem then⊕𝐴 ∧⊖𝐴 is also a theorem, but this does not imply explosion involving⊖, i.e.
𝐴 ∧⊖𝐴 → 𝐵. One shouldn’tmix reasoning from theoremswith reasoning from assumptions. Correspondingly, we are not
committed to the factivity of provability, that is,⊕𝐴 implies𝐴; this should, of course, only be the case if⊕𝐴 is a theorem.
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FJELLSTAD and MARTIN 19

In the same vein, one could speculate upon whether ⊕𝐴 ∨⊖𝐴 as a theorem would be prob-
lematic and lead to contradiction in the same way as 𝐴 ∨ ¬𝐴. The simple answer to that is
“no”. Let’s take the above sentence (R) as an example. Then the relevant instance would be
⊕Tr(⌜𝑅⌝) ∨ ⊖Tr(⌜𝑅⌝). Applying transparent truth gives us now ⊕Tr(⌜𝑅⌝) ∨ Tr(⌜𝑅⌝). However,
from this point there is not much more we can do beyond distributing further layers of⊕ and⊖
across both formulas, but there will not be an even number of⊕ or⊖ to justify a contraction.
Another example, equally instructive, is the explosive reasoning starting out from a reductio

rule according to which if 𝐴 → ⊖𝐴 is a theorem then so is ⊖𝐴. This would allow us to derive
anything with a liar-like sentence involving ⊖. However, the admissibility of this rule does not
follow from our given rules D, ∀∃, N and E. Instead, applyingD on𝐴 → ⊖𝐴 delivers (for instance)
⊕𝐴 → ⊕⊖𝐴 or⊖⊖𝐴 → ⊖𝐴. With an unrestricted D, we could have obtained⊖𝐴∨⊕⊖𝐴 from
𝐴 → ⊖𝐴. But, that is still a far cry from the troublesome⊖𝐴 ∨⊖𝐴 which we could contract into
⊖𝐴, leading us to paradox.27
Consequently, there’s good reason to think our solution also meets the thoroughgoing

dialetheist’s desideratum (iv).28

4.4 Alternatives to bilateralism

Aswe see it, the thoroughgoing dialetheist has two live options with which to provide a semantics
that delivers countermodels to those inferences they desire to reject, and so solve the counter-
model problem. Either they can (i) go down a bilateralist route, such as that sketched here, or (ii)
use an incompatibility operator route along the lines of Berto (2014), where the resulting operator
is a contrary-forming device. We end with a few words on why we prefer the former route over
the latter.
Whichever tools one employs to define and justify the incompatibility route, the key will be

obtaining a statement representing a countermodel for an inference that suffices for a warrant
to reject the inference. A contrary-forming operator like 𝐴 → ⊥ could certainly both imply the
desired warrant and be used for such a purpose. However, a countermodel cannot then be a for-
mula of the form 𝐴 ∧ (𝐵 → ⊥), since assuming this is a theorem does not suffice for deriving
(𝐴 → 𝐵) → ⊥. Instead, we would need an intensional (i.e. multiplicative) conjunction for that
purpose. The “substructural” paraconsistent logic recently presented by Badia et al. (2022) would
seem to be a better fit, given that it includes such a connective and we can even show that the
truth of 𝐴&(𝐵 → ⊥) implies the truth of (𝐴 → 𝐵) → ⊥.

27We thank an anonymous referee for suggesting we consider these instructive cases.
28 Interestingly, one can showwith a classicalmetatheory the non-triviality of the theory obtained by expanding a paracon-
sistent theory of truth based on LP and a basic non-contractive conditional with the operators⊕ and⊖ satisfying the rules
above, assuming the non-triviality of the original paraconsistent theory. We sketch a partial cut-elimination proof in the
appendix. The proof establishes the conservativeness of the rules for⊕ and⊖ with regard to the underlying theory. This
tells us that, looking at the resulting theory from a classical perspective, such a representation of provable and refutable
does not introduce any revenge paradox. It follows that, as far as the classical perspective goes, our approach is revenge-
free since assuming the derivability of a revenge paradox is inconsistent with the partial cut-elimination proof. While this
result will please a reader that still prefers their classical metatheory, a dialetheically minded reader is, of course, free to
find the result insufficient given its reliance on a classical metatheory. In any case, we think it’s safe to deny the possibility
of a rejection liar involving the currently formalised concepts in the system. Of course, one can always think of further
principles that onemight like regarding provability or refutability for expressive reasons, whichwhen added to the current
package reintroduces triviality. We can’t rule this out. However, at present, we have good reason to think the proposal can
handle all liars it can express.
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20 FJELLSTAD and MARTIN

However, we are hesitant to go down this path just yet, given that themultiplicative fragment of
the logic presented by Badia et al. (2022) can be shown to be𝜔-inconsistent (Fjellstad, 2024). Now,
perhaps 𝜔-inconsistency is a result that the thoroughgoing dialetheist ought to embrace, because
it is necessary or at least useful for certain model-theoretic purposes (as illustrated by Badia et al.,
2022), but we don’t know that yet. Thus, at present, it’s best to recommend caution even if it would
certainly fit the label of “thoroughgoing” to embrace 𝜔-inconsistency.
In order for an approach like Badia et al. (2022) to avoid 𝜔-inconsistency, we would need a

working theory of multiplicative quantification that doesn’t introduce sufficient contraction to
introduce 𝜔-inconsistency. Unfortunately, the current approach to multiplicative quantification
by Zardini (2011) is clearly unsuitable for such purposes.29 Thus, on the one hand, we take the
proposed multiplicative strengthening of the additive quantifier by Badia et al. (2022) as indicat-
ing that any serious metatheoretical reasoning involving a multiplicative conjunction requires
also a quantifier that is, to some extent, more multiplicative than the additive/extensional quan-
tifier. On the other hand, we take the problems that arise from that strengthening to show that
any solution to the countermodel problem along these lines requires formal tools that are still
under development.
Of course, a proponent of an incompatibility operator can also choose to work with the logic

presented byWeber (2024), in which the quantifiers haven’t been strengthened in the same “mul-
tiplicative” way. Assessing whether that will be satisfactory is beyond the scope of this brief
discussion, but we note that ⊥ is not assigned such a role in the semantics presented by Weber
(2024).
Both the bilateralist and incompatibility operator routes are open possibilities that should be

further developed. However, as we note above, in ultimately choosing among these proposals it is
not enough that they solve the problem at hand, but that they are in keeping with the thorough-
going dialetheist’s additional background commitments. In that regard, the bilateralist proposal
is motivated by the long-standing commitment among (some) glut theorists that whereas truth-
bearers can simultaneously be true and false, it is a physical impossibility to jointly assert(/accept)
and deny(/reject) a claim.
Of course, this long-standing commitment may ultimately be ill-advised for the thoroughgoing

dialetheist, but again prima facie it seems beneficial to have a solution to the problem which is
underpinned by a prevalent commitment among the group for whom the problem is pertinent.
Ultimately, the goal of the solution to the countermodel problem sketched out in this section has
been to instigate the debate over what would constitute a good solution to the problem for the
thoroughgoing dialetheist. We don’t intend it to be the final word on the matter, and we look
forward to further developments.

5 CONCLUSION

In this paper, we have presented a new justificatory problem for the thoroughgoing dialethe-
ist, who wishes to embrace a glutty paraconsistent metatheory. According to the countermodel
problem, the thoroughgoing dialetheist is unable using their existent semantics to provide coun-
termodels which sanction the rejection of unwanted rules of inference. In this sense, their current
semantics fail to deliver on the justificatory burden we require of our semantics. In response,
we have proposed that one fruitful means to address this problem is by embracing a bilateralist

29 See Fjellstad and Olsen (2021) for a discussion of the problems with the approach in Zardini (2011).
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FJELLSTAD and MARTIN 21

semantics in terms of provability and refutability, treating these as analogues for themental acts of
acceptance and rejection, respectively, which even the dialetheist agrees are exclusionary, unlike
truth and falsity.
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APPENDIX
The aim of this appendix is to show that the approach sketched above in subsection 4.3 is non-
trivial if definedwithin a classicalmetatheory. To that purposewewill assume thatwe areworking
with a sequent calculus where sequents are pairs of sets for LP expanded with a suitable con-
ditional and a transparent truth predicate. The truth-predicate 𝑇𝑟 where ⌜𝐴⌝ is a closed term
functioning as a name for the formula 𝐴 satisfies the following rules:

𝐴, Γ ⇒ Δ

𝑇𝑟(⌜𝐴⌝), Γ ⇒ Δ

Γ ⇒ Δ,𝐴

Γ ⇒ Δ, 𝑇𝑟(⌜𝐴⌝)

The conditional satisfies the following rules:

⇒ 𝐴 𝐵 ⇒ Δ 𝐶 ⇒ 𝐴 𝐵 ⇒ 𝐷

Γ,𝐴 → 𝐵 ⇒ Δ Γ,𝐴 → 𝐵 ⇒ 𝐶 → 𝐷,Δ

𝐴 ⇒ 𝐵

Γ ⇒ 𝐴 → 𝐵,Δ

We could have increased the complexity of the sequents in order to get a more interesting condi-
tional, for example by using hypersequents as in Metcalfe et al. (2008), labelled formulas inspired
by Negri (2005), or let the sequents be pairs of structures along the lines of Restall (1999). This
would merely add noise with regard to the proof strategy presented here since the rules for⊕ and
⊖ presented below can be generalised to such settings in ways that are somehow obvious.
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For our purposes, it suffices to establish that the addition of suitable rules for⊕ and⊖ is a con-
servative extension. This can be achieved with a partial cut-elimination theorem.With the partial
cut-elimination proof we show that, if a sequent is obtained with a derivation containing cuts on
subderivations that involve applications of the rule for ⊕ and ⊖, then that sequent can also be
obtained with a derivation in which the cuts are applied on subderivations that do not contain
applications of the rule for ⊕ and ⊖. In effect, we show how to transform every derivation with
cuts after applications of the rule for⊕ and⊖ to a derivation where each cut is before the applica-
tions of those rules. The proof sketch is based primarily on the cut-elimination proofs presented
by Cantini (1990) and Nicolai (2021).
As regards the sequent calculus, we will assume that it is expanded with the following initial

sequents and rules. If𝐴 is of the form 𝑇𝑟(⌜𝐵⌝),⊕𝐵, or⊖𝐵, then the following are initial sequents:

𝐴, Γ ⇒ Δ,𝐴

We also expand the calculus with the following rule:

𝐴0,… ,𝐴𝑛 ⇒ 𝐵0, … , 𝐵𝑚
Γ,⊕𝐴0,… ,⊖𝐵𝑚 ⇒ ⊕𝐵0,… ,⊖𝐴𝑛, Δ

𝐷′

where every formula in the premise-succedent may be “⊖-ed” into the conclusion-antecedent,
and every formula in the premise-antecedent may be “⊖-ed” into the conclusion-succedent. The
special case where there is only one formula in the premise-succedent is also permitted.
We now proceed to sketch how to prove that applications of the following rule can be partially

eliminated from a derivation:

Γ ⇒ Δ,𝐴 𝐴, Γ′ ⇒ Δ′

Γ, Γ′ ⇒ Δ,Δ′
cut

To that purpose, we define two measures on a derivation in this sequent calculus:modal depth
and truth depth.
Based on Cantini (1990), the modal depth of a derivation 𝑑 is defined inductively as follows: if

𝑑 is an initial sequent, the modal depth of that sequent is 0. If 𝑑 is obtained from derivations 𝑑𝑖 ,
where 0 < 𝑖 < 𝑗 with any rule except𝐷′, then the modal depth of 𝑑 is the supremum of the modal
depths of 𝑑𝑖 for each 𝑖 < 𝑗. If 𝑑 is obtained from 𝑑′ with 𝐷′, then the modal depth of 𝑑 is that of 𝑑′
plus 1.
Based on Schröder-Heister (2016) and Nicolai (2021), the truth depth of a formula 𝐴 relative to

the position (antecedent or succedent) in the endsequent of a derivation 𝑑 is defined inductively
as follows: if 𝑑 ends with an initial sequent, then every formula in the sequent has the truth-depth
0. If 𝑑 is obtained from 𝑑′ with an application of a truth rule, then the truth-depth of the principal
formula is 1 plus themaximum of the truth-depth of the active formula in 𝑑′ and the possible copy
of the principal formula already occurring in that position of the sequent in 𝑑′. The other formulas
keep their truth-depth from 𝑑′. If 𝑑 is obtained with some other rule, then the truth-depth of the
principal formula is the supremum of the truth-depth of the active formulas and the possible copy
of the principal formula already occurring in that position in 𝑑′. The other formulas keep their
truth-depth from 𝑑′ and contracting formulas get the supremum of each copy.
We now claim that the following holds:

If there is a derivation of Γ ⇒ Δ ending with an application of cut with modal depth
𝑚 > 0, then there is a derivation of Γ ⇒ Δ with modal depth 𝑛 < 𝑚.
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Proof is by induction on the modal depth of the derivation, with subinductions on the truth
depth of a formula, the complexity of a formula, and the cut-height. The latter two measures are
defined in the standard way.
Since most of the cases are standard, and details can be found in Negri (2005), Nicolai (2021)

and Fjellstad (2022), we focus here on the single case that distinguishes this proof from the full
cut-elimination proofs presented by Cantini (1990) and Nicolai (2021) (for significantly differ-
ent consistent theories of truth). Consider the following (slightly simplified) cut where the left
premise is an initial sequent and the modal depth of the right premise is greater than zero:

𝑇𝑟(⌜𝐴⌝) ⇒ 𝑇𝑟(⌜𝐴⌝)
𝑇𝑟(⌜𝐴⌝),𝐴⇒Δ

𝑇𝑟(⌜𝐴⌝)⇒Δ

𝑇𝑟(⌜𝐴⌝) ⇒ Δ

Given that the truth depth of 𝑇𝑟(⌜𝐴⌝) as it occurs in the right premise is greater than the truth
depth of 𝑇𝑟(⌜𝐴⌝) as it occurs in the antecedent of the left premise, we cannot simply “eliminate”
this cut by just keeping the left derivation. Had we rejected initial sequents of that form, then this
case would not have been a problem and we could in fact have concluded consistency along the
lines of Nicolai (2021). But then our theory of truth would have been non-reflexive.
Instead, we accept that we will only obtain a partial cut-elimination, and in particular we shall

only push cuts until the modal depth is reduced to zero. Now, the calculus is such that 𝐴 ⇒ 𝐴 is
derivable with modal depth 0 and truth depth 0 for every formula 𝐴. Consider now the following
transformation of the above case:

𝐴 ⇒ 𝐴 𝐴, 𝑇𝑟(⌜𝐴⌝) ⇒ Δ

𝐴, 𝑇𝑟(⌜𝐴⌝) ⇒ Δ

𝑇𝑟(⌜𝐴⌝) ⇒ Δ

This transformation may increase the complexity of the cut formula and the cut-height, but
does not increase the modal depth of the end sequent and decreases the truth depth of the cut
formula. Consider now the following case involving not truth but⊕:

⊕𝐴 ⇒ ⊕𝐴
𝐴 ⇒ Δ

⊕𝐴 ⇒ ⊕Δ

⊕𝐴 ⇒ ⊕Δ

We can transform it into the following:

𝐴 ⇒ 𝐴 𝐴 ⇒ Δ

𝐴 ⇒ Δ

⊕𝐴 ⇒ ⊕Δ

In this case, we have decreased themodal depth of the cut.With this observation,we conclude that
we can push each application of cut up beyond applications of 𝐷′. 𝐷′ is a conservative extension
of the underlying sequent calculus. It follows that if a theory defined with a sequent calculus
satisfying the conditions assumed in this appendix is trivial, then that triviality result is obtainable
without the 𝐷′-rule.
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