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ABSTRACT: A large number of existing masonry arch bridges are still in use in the Italian 
roadway and railway networks. Most of them were built more than one hundred years ago, 
designed considering only gravitational loads without any seismic analysis. To keep these 
works in service, it is necessary to have tools that can describe and predict the structural 
behavior of the bridge when subjected to extreme actions. For this reason, a three- 
dimensional rigid-block analysis for masonry arch bridges has been developed. In the model, 
the main structural masonry elements (vault, pier, abutments, spandrel wall) are discretized as 
an assemblage of rigid blocks, which interact via no-tension contact surface with Coulomb 
friction. This approach allows reproducing with good accuracy the tri-dimensional collapses 
mechanisms of some real masonry arch bridges recently collapsed due to extreme events.

1 INTRODUCTION

Masonry is one of the most widely used materials in ordinary structures and monumental 
buildings in Italy and, for this reason, there are several masonry arch bridges in the Italian 
road and rail network which are still in service today. Most of them were built more than 
a hundred years ago and were designed considering only gravity loads, without taking into 
account any seismic or extreme actions. For this reason, several existing bridges are character
ized by structural and functional deficiencies: first, they were designed for less severe service 
conditions than those required today and, in addition, besides suffering progressive damage 
and natural deterioration, they can also be subjected to extreme actions such as earthquake, 
flooding and foundation settlements. In addition, flood-induced scour problems can occur on 
masonry piers because of the erosive effect and removal of bank material from bridge founda
tions located within the riverbed (Ragni, et al., 2019; Scozzese, et al., 2019).

To keep existing masonry arch bridges in service, it is necessary to have tools that can describe 
and predict their behavior. Currently, in the literature there are several structural models that 
enable the analysis of these structures up to the collapse condition (Zizi, et al., 2022; Galassi, 
2023; Galassi & Zampieri, 2023) but, one of the most popular is rigid blocks analysis, which 
quickly provides an estimation of the carrying capacity of the structure and the associated failure 
mechanism. Kooharian (1952) and Heyman (1969) were among the first to apply plastic limit ana
lysis theorems to masonry structures, assuming constituent blocks have infinite compressive 
strength, joints have zero tensile strength and sliding failures are not allowed. In the 1970s Livesley 
(1978) developed a formal linear programming (LP) procedure to compute the load factor of 
structures and plot their collapse mechanisms, considering also sliding failures. A similar approach 
was used by Melbourne & Gilbert (1995) to successfully model two-dimensional masonry arch 
bridges, assuming an associative friction model governed by Mohr-Coulomb law. Subsequently, 
to achieve more realistic behavior of structures, several authors such as Gilbert (2006), Ferris & 
Tin-Loi (2001), Orduña & Lourenço (2003) extended the formulation of the problem considering 
also a finite compressive strength of the material and a non-associated flow law. Some authors 
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like Orduña & Lourenço (2005) and more recently Portioli et al. (2014) and Cascini et al. (2020) 
have proposed a three-dimensional formulation of the problem by applying it to out-of-plane 
loaded walls and arches.

This paper aims to develop a three-dimensional rigid block analysis for masonry arch 
bridges, capable of capturing the out-of-plane behavior of the structures subjected to extreme 
actions. The main structural masonry elements, such as vaults, pier, abutments and spandrel 
wall are discretized as an assembly of rigid blocks, interacting through contact surfaces with 
no-tensile strength and Mohr-Coulomb friction. The developed code, based on rigid-block 
analysis, defines the collapse multiplier and the associated failure mechanism without taking 
load history into account, using a linear optimization procedure and an associated flow law.

2 THE RIGID BLOCK MODEL

To analyze the three-dimensional behavior of the masonry arch bridge in Figure 1, its struc
tural elements (arches, central pier, side abutments and spandrel wall) are modeled using a set 
of rigid blocks to study the interaction between the different elements. Instead, the backfill 
and road pavement are considered as external forces acting on the structural masonry elem
ents, proportional to their load area.

Rigid blocks typically have larger geometric dimensions than physical blocks to also 
account the mortar joint, which is not modeled explicitly. This approach is particularly appro
priate for analyzing existing masonry structures characterized by poor quality mortar (Baggio 
& Trovalusci, 1993). In fact, some experimental tests (Trovalusci, 1992) have validated the use 
of discrete, rather than homogeneous and isotropic, models and have shown how the global 
behavior of the structure is strongly influenced by the size, arrangement and orientation of the 
different elements rather than by their mechanical properties. For this reason, in the rigid- 
block analysis the collapse multiplier is obtained from local equilibrium conditions, assuming 
the hypothesis of: i) absence of tensile stresses at the interface and ii) the impossibility of 
crushing failure. In fact, masonry bridges are old structures subjected to cyclic loading, fatigue 
phenomena and freeze-thaw cycles for a long time so it is realistic to assume zero tensile 
strength in mortar joints. Finally, the attritive resistance at the interface is considered using 
the Mohr-Coulomb law and an associated flow law. The presented model is therefore capable 
of predicting the three-dimensional behavior of a masonry arch bridge subject to both vertical 
loads and hazard events such as earthquakes. In this paper, the constraint and loading condi
tions shown in Figure 2 are applied to the discrete model of a masonry arch bridge.

Figure 1.  Three-dimensional rigid block model of a masonry arch bridge.
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3 LINEAR PROGRAMMING FOR RIGID-BLOCK ANALYSIS

The numerical model of a masonry arch bridge is composed of n rigid blocks and m contact points, 
located at the vertexes of interfaces (Figure 3). External loads and the displacement rates applied to 
the centroid of each 3D rigid block are respectively collected in vector f 2 R 6n and u 2 R 6n:

The loads in f can be expressed as the sum of the known dead loads fD and live loads fL, 
multiplied by an unknown scalar factor α:

The three internal resultant forces (i.e., axial force nk, shear force t1k and t2k) acting at each k-th 
point of contact can be arranged in vector x 2 R 3m:

The kinematic variables q 2 R 3m, that correspond to the static variables x in a virtual work 
sense, are the relative displacement rates at the contact points (i.e., normal displacement rates 
ε1k, tangential displacement rates γ1K and γ2K ) defined as:

The compact equilibrium equation can be written as follows

Figure 2.  Loading and constraint condition of the masonry arch bridge.
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where B 2 R 6n�3m is the equilibrium matrix.
The following constraint conditions are then specified for each contact point:

where μ is the friction coefficient and the compressive force nk is positive according to the con
vention shown in Figure 3. Equation (7) represent the failure modes by opening and sliding 
but the interaction of contact points considers other failure modes that may occur such as 
rocking and twisting.

In order to use linear programming techniques, the Lorentz cone, which describes the slid
ing failure condition, is linearized using 8 hyperplanes. The constraint conditions can be writ
ten as follows:

In general, constraint conditions are defined as:

where y is the vector of failure conditions and NT is the matrix that collects the constraints 
conditions.

Both the static and kinematic approaches of limit analysis (Ferris & Tin-Loi, 2001; Portioli, 
et al., 2014; Zampieri, 2020; Hua & Milani, 2023) are used to identify the collapse condition 
of the masonry arch bridge, then solving the problem through linear programming techniques. 
In particular, the LP related to the static theorem is given by

whereas the LP arising from the kinematic theorem is

Figure 3.  (a) Static and (b) kinematic variables at the block centroid i and contact point k (rearranged 
from Portioli et al., 2014).
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where z is the vector of resultant strain rates (analogous to plastic multipliers in classical 
plasticity).

4 RESULTS AND DISCUSSION

In this section, the results of a rigid block analysis performed on a masonry arch bridge, 
expressed in terms of load multiplier and associated mechanism, are presented.

The structure under consideration is composed by two arches with a thickness of 0.55 m, 
a span L = 6.0 m and rise f = 2.4 m. They are connected to a central pile of height 5.0 m and 
two side abutments of height 3.5 m. A coefficient of friction at the interface of 0.75 is assumed.

In addition to considering the self-weights of each element, calculated proportionally to the 
geometry of the block assuming a unit weight of 22 kN/m3, variable horizontal loads are 
applied on each element, proportional to their weight force (Figure 4).

A parametric analysis is then performed, calculating the collapse multiplier and the associated 
failure mechanism when the angle of inclination β 2 0; 90½ � of the horizontal force fL is varied 
(Figure 4). For β ¼ 0� the variable load acts in the longitudinal direction while for β ¼ 90� the 
horizontal action is parallel to the transverse direction.

Analyzing Figure 5, an increment in collapse multipliers is observed as the angle β increases, rep
resentative of a greater resistance of the structure to transverse actions than to longitudinal ones.

The collapse mechanisms shown in Figure 4 highlight that, for values of β � 60�, there are 
transverse failures affecting the central pier and the two masonry arches. In fact, the discret
ization employed is functional to the failure mechanisms: the pile is a slender element in the 
plane, subject to failure by rocking and sliding. In contrast, transversely it has a considerable 
size and a discretization with more elements is made in order to capture the classical mechan
isms of rocking and sliding but also diagonal shear failure, evident in Figure 4(c,d).

Figure 4.  (a) Representation of the external horizontal force applied with variable angle β; (b) Failure 
mode for β ¼ 0�(c) Failure mode for β ¼ 70� (d) Failure mode for β ¼ 90�.
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Like most bridges in Italy, the arches are discretized with a single element on the thickness, 
allowing for rocking and sliding mechanisms. In contrast, multiple elements are used at depth 
to also capture diagonal cracking mechanisms and localized sliding.

5 CONCLUSIONS

In this paper, results on the collapse condition of masonry arch bridge subject to inclined hori
zontal inertial action have been presented.

To identify the collapse condition, expressed in terms of load multiplier and associated 
failure mechanism, rigid-block analysis has been performed, assuming the absence of ten
sile stresses at the interfaces and the impossibility of crushing failure. An attritive resist
ance at the interface has been considered, using the Mohr-Coulomb principle and an 
associated flow law.

A parametric analysis has been performed on the structure, varying the angle of appli
cation of the horizontal external actions, expressed as a function of the self-wight of each 
block. The results obtained showed that the use of a three-dimensional analysis of the 
structure is also capable of capturing transverse failure mechanisms, which occur on the 
structural elements of the masonry arch bridge for out-of-plane actions, in addition to 
longitudinal in-plane actions.
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