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ABSTRACT

Rule-based systems from the tradition of artificial intelligence possess reliable reasoning
capabilities, but struggle with flexibility and scalability. Conversely, modern deep learning-
based systems have demonstrated impressive performance in a wide variety of tasks requiring
“fast thinking”, but lack robust reasoning capabilities. Motivated by the need to overcome
these limitations, this thesis investigates the design of AI systems that can learn to reason
systematically. Drawing from a rich tradition of AI and cognitive science, we leverage the
concept of compositionality as a common thread in our research. The contributions we offer
are twofold. First, we investigate the systematic reasoning capabilities of Large Language
Models probing them on the simplification of nested mathematical formulas, a problem that
reflects key properties of compositionality. Our experimental results on Llama 2 and GPT
models reveal that while scaling LLMs brings some improvements, their systematic reasoning
capabilities remain limited, even with specialized prompting methods like chain-of-thought
reasoning. Second, we propose a neuro-symbolic framework designed to learn and execute
convergent term rewriting systems, which can formally describe simple algorithms for the
iterative simplification of nested mathematical formulas. The framework is implemented in
two variants: NRS and FastNRS. We benchmark these implementations against the Neural
Data Router, OpenAI’s GPT-4 and o1-preview, demonstrating the robust systematic rea-
soning capability of our neuro-symbolic approach, while critically assessing the impact of
our design choices on efficiency and their limitations.
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Chapter 1

Introduction

This thesis offers a contribution to the debate on a central and current topic in machine
learning and artificial intelligence: learning systematic reasoning procedures from data. Cre-
ating artificial systems that possess general-purpose reasoning capabilities is a paramount
goal in artificial intelligence, and it has persisted in the history of the discipline. In this
chapter, we consider the broader context in which our investigations are placed. We start
with an overview on the two dominant paradigms in AI systems: the one based on rules
and formal reasoning that was predominant in AI systems developed until the 1990s, and
the machine learning-based one that has become prevalent afterwards. By considering the
limitations of each paradigm, we motivate the need of research on learning reasoning proce-
dures from data, and give an overview of different perspectives that are currently competing
in the scientific debate on this topic. Finally, we describe the contributions offered in this
thesis and the research questions that guide our investigation.

1.1 Reasoning and learning in AI

Artificial intelligence (AI) has long been driven by the ambition to replicate and even surpass
human cognitive abilities, with abstract reasoning representing the paramount goal of this
scientific endeavor. Abstract reasoning—the ability to manipulate concepts, solve problems
and plan in the long term—has historically been considered a uniquely human capability,
setting us apart from other animals. This focus on reasoning has shaped the early develop-
ment of AI, where the primary goal was to create systems capable of solving formal reasoning
problems, mirroring human intellectual tasks.

In its early days, AI research concentrated heavily on the logical aspects of intelligence.
Researchers sought to create algorithms that could replicate the structured and rule-based
processes humans use to solve complex problems, especially in highly specialized domains
and scientific disciplines.

One of the earliest and most well-known examples of AI systems designed with formal
reasoning capabilities is the Logic Theorist, developed by Allen Newell and Herbert A. Simon
in the mid-1950s [1]. The Logic Theorist was designed to prove mathematical theorems, a
task that required sophisticated deductive reasoning. The program successfully proved 38 of
the first 52 theorems in Whitehead and Russell’s Principia Mathematica, including a proof
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that was more elegant than the original. This achievement demonstrated the potential of AI
to tackle complex reasoning tasks and laid the groundwork for subsequent developments in
the field.

Another seminal AI system designed to implement formal reasoning procedures was the
chess-playing program developed by Claude Shannon and later improved by others [2]. Chess,
a complex game requiring the finest strategic skills developed through years of study and
practice, was seen as the perfect testbed for AI’s reasoning capabilities. The success of these
programs, culminating in IBM’s Deep Blue defeating world chess champion Garry Kasparov
in 1997, was a landmark achievement. It demonstrated that AI could indeed perform at
superhuman levels in domains requiring rigorous logical reasoning.

These early AI systems, grounded in formal logic and symbolic reasoning, set the stage
for the evolution of the field. However, the limitations of these approaches also became
apparent, as these systems and their successors could only be applied to the specific domains
they were programmed for, requiring significant human labor to be adopted and maintained,
leading to the exploration of alternative learning-based methods, including the deep learning
approaches that dominate AI research today.

Starting from the 1990s, the focus of AI research has shifted markedly from the early em-
phasis on formal reasoning to the learning aspect of intelligence. This shift has been heavily
influenced by advances in neuroscience and cognitive science, where the understanding of
how the brain learns and processes information has provided inspiration for the development
of artificial neural networks and deep learning systems. One notable example is the structure
of convolutional neural networks: CNNs are designed with multiple layers that progressively
capture more abstract features of an image [3], just as the visual cortex processes visual in-
formation through a hierarchy of layers. Another significant parallel between deep learning
and neuroscience is found in the backpropagation algorithm [4] used to optimize artificial
neural networks, which resembles the adjustment of connection strengths between biological
neurons based on feedback, following the principles of Hebbian learning [5, 6].

Deep learning models have become the cornerstone of modern AI, driving breakthroughs
in various applications. These systems are exceptionally good at identifying patterns in vast
datasets, making them useful for processing natural data in different modalities, including
text [7], images [8, 9], speech [10], also across modalities [11, 12] and for a wide variety
of tasks [13]. Generally speaking, deep learning models excel at tasks requiring intuitive,
fast, and automatic thinking—often called System 1 tasks, following Daniel Kahneman’s
dual-process theory of cognition [14]. Moreover, large language models (LLMs), which have
recently emerged as the most advanced application of this approach in AI, seem to push the
boundaries of what can be achieved with neural technology. LLMs can convincingly simulate
reasoning in specific contexts, such as solving school-level problems in various domains. In
some scenarios, they can even pass the Turing Test, fooling humans into believing they
are conversing with another human. While still a benchmark for evaluating AI, the Turing
Test is increasingly seen as insufficient to measure true reasoning capabilities, as people can
frequently fail to distinguish other people from LLMs in real-world scenarios [15, 16].

Despite these impressive achievements, the capacity of current AI systems to perform
tasks requiring System 2 thinking in Kahneman’s theory [14] —deliberative, slow, and logical
reasoning—remains a significant challenge. Large language models fail to understand and
apply abstract reasoning in novel situations genuinely [17], and can generate plausible but
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fundamentally shallow or incorrect answers when faced with complex reasoning tasks [18].
Thus, as the impressive capabilities of deep learning systems reach their peak and start

to show their limitations, a general consensus is forming on the need for novel approaches to
overcome the limitations of both the formal reasoning-based paradigm and the learning-based
paradigm while preserving their strengths.

1.2 Towards machines that can learn to reason

Human beings, from a relatively early age, develop the remarkable ability to engage in
abstract thinking, a cognitive capability that plays a critical role in navigating complex en-
vironments. Abstract thinking can be understood temporally, as thoughts that relate to
long-term goals or to events in the past or future: for example, if someone wanted to reach
a goal in the future (e.g., ‘buy a car’), they could think of steps to accomplish this goal or
to past actions that led the person to set this goal (e.g., ‘getting a driving licence’). Al-
ternatively, it can be understood relationally, as thoughts that emphasize the relationships
between abstract representations of real-world entities rather than merely responding to im-
mediate stimuli, like humans who were trained in mathematics can do to solve problems
using numbers and mathematical operations [19, 20]. Some aspects of abstract thinking are
visible, at least superficially, in contemporary AI systems, such as large language models
exhibiting sophisticated linguistic abilities and simulating aspects of reasoning, or advanced
reinforcement learning (RL) systems discovering complex, long-term strategies [21]. How-
ever, a central component of abstract thinking is the use of symbols, which allows humans
to learn and manipulate representations of both real-world and imaginary entities to solve
both practical and highly formalized problems. This capability is arguably still out of reach
for current AI systems: indeed, how we could build artificial systems capable of learning
to interact with formal symbolic representations systematically, i.e., with a high degree of
regularity and predictability, remains an open question.

While deep learning has been considered the most promising AI technology in recent
years, whether connectionist systems can process symbolic structure is a long-standing ques-
tion in cognitive science and AI, rooted in the debate over compositionality [22]. Some
linguists and cognitive scientists have argued that, because language exhibits compositional
properties, and it can be understood by thought, then thought must also be compositional
[23]. From this perspective, achieving human-like symbol processing in AI requires systems
capable of handling compositional structures and, consequently, capable of compositional
reasoning. Nowadays, several competing views are debated among researchers and scholars
on how to create systems that can reliably learn to manipulate symbolic systems and apply
systematic reasoning procedures.

An approach proposed to achieve this goal focuses on the role of symbols and the emer-
gence of meaning through interactions [24]. Since symbols are a fundamental aspect of
abstract thinking, this line of research posits that the development of intelligent systems
must involve the ability to learn, manipulate, and even invent symbolic representations, al-
lowing for a richer and more meaningful engagement with both real-world and conceptual
problems [25].

Proponents of the autoregressive foundational models and large language models (LLMs)
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argue that these architectures offer a promising path to human-like and even super-human
reasoning [26, 27]. They claim that LLMs exhibit surprising capabilities which emerge as
a consequence of training on vast and diverse datasets. As these models are scaled up and
further refined, supporters argue, their ability to simulate human-like reasoning will grow
more robust. In particular, they point to emergent behaviors in LLMs, such as few-shot
learning and the ability to generate coherent and contextually appropriate responses in novel
situations, as evidence that these models could eventually reach System 2-like thinking.

Other researchers are skeptical regarding the possibilities of current autoregressive models
and advocate for a paradigm shift to bridge the gap between current AI capabilities and
System 2 reasoning [28, 29]. This line of research is less concerned with directly building
reasoning capabilities in AI systems but is instead more focused on creating agents that can
perform tasks that, to this date, animals can accomplish but machines cannot. The approach
proposes to do so by constructing world models and hierarchical representations, drawing
inspiration from neuroscience and the natural world [30]. This would lead to the creation of
artificial systems that have animal- and human-like learning biases that could be the basis
for the development of flexible reasoning in the real world.

Finally, a third approach seeks to integrate symbolic methods from classical AI with the
strengths of modern neural systems [31–33]. This hybrid model aims to combine the robust,
rule-based reasoning typical of symbolic AI with the flexibility and learning capabilities of
neural networks. Proponents of the neuro-symbolic approach argue that this integration
is necessary because purely neural and symbolic models have opposite and complementary
strengths and weaknesses. While classical AI and symbolic methods based on logic and
reasoning can provide strong generalization guarantees, neural networks enable adaptation
and pattern recognition. Therefore, building systems that integrate the two approaches in
various ways could be a viable pathway toward achieving a form of human-like reasoning.

1.3 Statement of contributions

This thesis is informed by the interdisciplinary literature in cognitive science and AI on
compositional reasoning and systematic generalization. Drawing from this rich background
and considering the research directions described above, we offer several contributions which
are organized in the thesis as follows.

Chapter 2 provides a broad overview of the concept of compositionality, a foundational
idea in cognitive science and AI that refers to the way complex structures can be built
from simpler components. Throughout the thesis, we will consider reasoning problems that
can be solved using highly systematic and reliable symbol manipulation procedures, such as
simplifying nested mathematical formulas. The concept of compositionality is key to describe
both the properties of the symbolic inputs that will be under study and the information
processing systems that manipulate them.

The chapter begins with a historical background, tracing the origins of the debate on
compositionality in connectionist architectures. Following this, the discussion shifts to recent
research on compositionality within modern neural architectures, focusing on novel theoret-
ical frameworks, benchmarks and models, and providing relevant technical background for
our contributions. We then consider the related research area of learning algorithms with
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neural networks, giving a detailed account of recent efforts in this direction. Finally, the
chapter considers the technical developments that lead to current large-language models and
examines the available evidence on their compositional and algorithmic reasoning abilities.

As we have mentioned in Section 1.1, large language models are regarded as the most
successful and widely deployed AI technology developed to date. They have gained attention
for their language manipulation capabilities, which have shown remarkable effectiveness in a
wide range of tasks in various domains. Furthermore, as we described in Section 1.2, some
researchers consider them to be the most promising paradigm for learning robust systematic
reasoning procedures. In this area of research, it has been argued that such skills emerge
from the proper combination of prompting methods and the scale of the models themselves
[34]. To critically evaluate these claims, this thesis addresses three key research questions:

1. Does the capability to reason systematically emerge as the model scale increases?

2. Can this capability be reliably elicited through careful prompting?

3. Overall, can we say that LLMs genuinely learn to reason systematically?

To answer these questions, in Chapter 3, we present a series of experiments that bench-
mark various large language models from the GPT and Llama families on the simplification
of mathematical formulas, a type of task that requires reliable systematic reasoning, as we
mentioned earlier. The results of this analysis provide novel evidence on whether large lan-
guage models develop reasoning capabilities and of what kind these might be. Specifically,
we find that both scaling and fine-tuning models in the Llama 2 family improve their per-
formance only on relatively simple problems and do not make reliable systematic reasoning
capabilities emerge in these models. Similarly, we find that specialized prompting methods
designed to improve reasoning capabilities, while improving overall performance of GPT
models on the tasks we consider, cannot elicit in these models reasoning capabilities with
algorithmic-like generalization properties. We also consider the Neural Data Router, which
we consider as a representative of small-scale neural models specialized to solve algorithmic
reasoning tasks, aiming to understand the limitations of these architectures.

Additionally, this thesis offers a contribution to research efforts focused on the devel-
opment of novel artificial intelligence systems that can learn to reason systematically. The
contribution in this direction closely aligns with two research areas: on the one hand, it
is related to the research direction proposing to integrate symbolic and neural information
processing to leverage the strengths of both paradigms. On the other hand, our proposal can
be inserted in the stream of research that aims to develop learning-based AI systems that
exhibit systematic generalization similar to those possessed by classical algorithms, where
consistent and reliable performance is observed not just on problems seen during training
but also on novel, more complex problems that possess specific structural characteristics (for
an overview of this research area, we address the reader to Section 2.3).

In Chapter 4, we present a novel framework to learn algorithms in the class of convergent
term rewriting systems with a hybrid neuro-symbolic architecture. The problems this class
of algorithms can solve include the ones considered in the previous chapter. In this chapter,
we thus describe the class of problems more formally and explore several critical research
questions that guided the development of a specialized hybrid neuro-symbolic system:
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1. How can a hybrid neuro-symbolic architecture be designed specifically for the class of
problems we consider?

2. What is the impact of different design elements on the system’s performance?

3. What is the impact of these design choices on efficiency, measured in terms of training
time, inference time, and memory consumption?

To answer the first question, we thoroughly analyze the class of algorithms implemented
by convergent term rewriting systems and propose a formalization of the problems that can
be solved with those. Based on this formalization, we derive the proposed neuro-symbolic
framework which serves as an architectural blueprint that can be potentially implemented in
neuro-symbolic systems in different ways. Two specific implementations of this framework
are then described in detail: the Neural Rewriting System (NRS) and the Fast Neural
Rewriting System (FastNRS), which differ in design choices made on key modules of the
architecture. Importantly, we demonstrate that both systems can be trained in a multi-
domain setting where the same architecture learns to solve problems in different domains
without requiring ad-hoc architectural modifications, thereby effectively learning multiple
convergent term rewriting systems at once.

We present empirical evidence on the performance of both systems on four datasets of
nested mathematical formulas from diverse domains. We compare the performance of the
models trained on problems from a single domain with the Neural Data Router, a neural
baseline that represents the area of research on small-scale architectures specialized on solving
systematic reasoning problems. We also benchmark the proposed systems trained in a multi-
domain setting against OpenAI’s GPT-4 and o1-preview, a general-purpose large language
model and a recently proposed LLM-based architecture designed to solve complex reasoning
tasks, respectively. The systems we propose consistently outperformed both the Neural Data
Router when trained in a single-domain setting, and GPT-4 in their multi-domain version.
While OpenAI’s o1-preview demonstrated surprising capabilities in the solution of even non-
trivial problems, the Neural Rewriting System consistently outperformed the model on the
hardest problems we considered.

We then critically analyse the benchmarking results together with a detailed error analysis
to answer the second research question, thereby assessing the impact of our design choices
on the system performance. Finally, to address the third research question, we compare the
time and space efficiency of the two systems and provide empirical evidence on the impact
of our design choices on efficiency in terms of memory consumption, training and inference
time.

In Chapter 5 we reconsider the questions posed in the beginning of the thesis and draw
conclusions based on the pieces of evidence and arguments exposed in the previous chapters.

1.4 Publications

The contributions presented in this thesis appeared, in part or in total, in conference and
workshop proceedings, whose peer-reviewed publication process has contributed to shaping
the ideas we present here. Specifically,
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• The evaluation framework and experimental results we propose to assess the impact of
model scale and fine-tuning on large-language models capability to generalize system-
atically, which are presented in Chapter 3, were previously described in Petruzzellis,
F., Testolin, A., Sperduti, A. (2024). Assessing the Emergent Symbolic Reasoning
Abilities of Llama Large Language Models. In: Wand, M., Malinovská, K., Schmidhu-
ber, J., Tetko, I.V. (eds) Artificial Neural Networks and Machine Learning – ICANN
2024. ICANN 2024. Lecture Notes in Computer Science, vol 15020. Springer, Cham.
[35]

• The evaluation framework and experimental results on the impact of different special-
ized prompting methods for reasoning tasks on systematic reasoning capabilities of
GPT models, which are presented in Chapter 3, previously appeared in Petruzzellis,
F., Testolin, A., Sperduti, A. (2024). Benchmarking GPT-4 on Algorithmic Prob-
lems: A Systematic Evaluation of Prompting Strategies. In Proceedings of the 2024
Joint International Conference on Computational Linguistics, Language Resources and
Evaluation (LREC-COLING 2024) [36]

• A simple architecture incorporating some of the key concepts in the neuro-symbolic
framework we propose in Chapter 4 was presented in Petruzzellis, F., Testolin, A.,
Sperduti, A. (2024). A Hybrid System for Systematic Generalization in Simple Arith-
metic Problems. In CEUR Workshop Proceedings of NeSy 2023, 17th International
Workshop on Neural-Symbolic Learning and Reasoning, Certosa di Pontignano, Siena,
Italy [37]

• The Neural Rewriting System, one of the two implementations of the neuro-symbolic
framework to learn convergent term rewriting systems we present in Chapter 4 and
some of the related experimental results, were first described in Petruzzellis, F., Testolin,
A., Sperduti, A. (2024). A Neural Rewriting System to Solve Algorithmic Problems.
To appear in: Proceedings of the 27th European Conference on Artificial Intelligence
(ECAI 2024) [38]

• The Fast Neural Rewriting System, the second implementation of the neuro-symbolic
framework we present in Chapter 4, the experimental results on multi-domain train-
ing and the analysis on efficiency, are also described in Petruzzellis, F., Testolin, A.,
Sperduti, A. (2024). Learning Neuro-Symbolic Convergent Term Rewriting Systems.
Unpublished manuscript in preparation.
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Chapter 2

Background

The purpose of this chapter is to provide both historical and contemporary context for var-
ious approaches that contribute to the overall goal of designing neural and neuro-symbolic
architectures capable of System-2 level reasoning. The concept of compositionality has been
central to debates about the nature of cognition, learning, and reasoning, shaping both
historical and contemporary research in artificial intelligence and cognitive science. This
chapter explores the evolution of this debate, beginning with the classical dispute between
connectionists and symbolic cognitivists, who diverged on whether the compositional nature
of thought and language should be implemented in artificial systems in a purely symbolic
or subsymbolic fashion. The discussion then shifts to recent advances in compositionality,
presenting a theoretical framework, key benchmarks, and models that aim to capture this
property in neural networks. Further, the chapter addresses the intersection of composi-
tionality and learning algorithms, highlighting how formal languages embody compositional
principles, thus linking this research area with that focused on compositionality. Finally, the
chapter concludes by examining compositional reasoning and algorithmic learning through
the lens of large language models, which have prompted the re-evaluation and exploration
of these concepts in new ways.

2.1 An historical debate

2.1.1 The concept of compositionality

Among the aspects that have been considered foundational to human intelligence is com-
positionality. The concept is usually illustrated with the following sentence: “the meaning
of a whole is a function of the meanings of the parts and of the way they are syntactically
combined.” One immediately sees that the concept concerns the formation of meaning and
its expression with some kind of language. The sentence suggests that the interpretation
of complex expressions is systematically determined by the interpretation of their simpler
constituents and the rules used to combine them.

Compositionality is a property that can be identified in both natural and formal lan-
guages. Hierarchy is highlighted through the lenses of compositionality as a key common
property of natural and formal languages. It refers to how parts are organized into struc-
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tured layers, where smaller units (such as words or symbols) are nested within larger ones
(such as sentences or formulas), each contributing to the overall meaning.

In natural languages, compositionality is manifest in the way words combine into phrases,
phrases into clauses, and clauses into sentences, following syntactic rules. The hierarchical
structure of natural language is most easily seen in syntax trees, where each level of the
tree corresponds to a different unit of meaning. Natural language hierarchy also allows
for recursion, where elements can be nested within other elements, such as embedding a
clause within a clause: “The cat, which was very tired, sat on the mat.” This recursive
property is a hallmark of the hierarchy in natural languages, and it supports the infinite
generativity of language—enabling speakers to construct and understand an endless variety
of new sentences.

However, despite the hierarchical nature of natural language, there are differences in the
way compositionality functions compared to formal languages. Natural languages can be
more flexible, context-dependent, and ambiguous. For example, idiomatic expressions like
“break a leg” are non-compositional in that the meaning of the whole phrase does not directly
derive from the meanings of the individual words. Additionally, context plays a significant
role in resolving ambiguity, as a word or phrase may take on different meanings depending
on its environment.

In formal languages, such as mathematical logic or programming languages, every symbol
has a fixed meaning, and the rules governing how symbols can be combined to form new
meanings are strict and unambiguous. For example, in propositional logic, a well-formed
formula like P ∧ Q is composed of two propositions, P and Q, combined using the logical
operator ∧ (AND). The meaning of the formula as a whole is a function of the truth values
of P and Q and the operator that connects them.

2.1.2 Two perspectives on human thinking

The concept of compositionality, particularly in the domain of linguistics, is closely tied to the
work of Noam Chomsky. Chomsky’s theory of generative grammar introduced the idea that
the structure of language could be described through formal rules, enabling the generation
of an infinite number of grammatically correct sentences from a finite set of components [39,
40]. This framework rested heavily on the principle that the meaning of complex expressions,
such as sentences, arises from the meanings of their parts—words—and the way those parts
are combined according to syntactic rules. However, while Chomsky’s theories provided a
strong foundation for linguistics, the rise of connectionist models in the 1980s challenged
the dominance of symbolic representations and the explicit rule-based systems he proposed.
This led to significant debates in cognitive science about the nature of language and how it
is represented in the mind.

In the late 1980s, connectionist models gained attention as an alternative to symbolic
approaches in modeling cognitive processes, including language [41, 42]. Unlike Chomsky’s
rule-based frameworks, connectionist models relied on distributed representations and pat-
terns of activation across networks of simple, neuron-like units. These models aimed to
explain cognitive processes, including language comprehension, by learning from data and
adjusting the weights between units, instead of using predefined rules or structures.

This shift sparked a heated debate in cognitive science, particularly between Fodor and
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Pylyshyn, who were critics of connectionism, and the proponents of neural network models.
Fodor and Pylyshyn argued that connectionist models lacked the capacity to explain human-
like compositional reasoning. Their central critique was that connectionist systems struggled
to represent the structured, rule-governed nature of language and thought, which is inherently
compositional. According to Fodor and Pylyshyn, symbolic systems are necessary to capture
how humans can effortlessly combine familiar parts in novel ways, as required for both
language and general reasoning.

The core of the debate between Fodor and Pylyshyn and the connectionists rests on the
assumption that there is a fundamental overlap between thought and language. If language
can be shown to follow compositional principles, and if human beings understand language
through their cognitive processes, it stands to reason that human thought must also be
inherently compositional. This view aligns with Fodor’s Language of Thought Hypothesis
(LOTH), which posits that thought itself has a language-like structure [23]. According
to LOTH, mental representations are built from basic symbols that combine according to
syntactic rules to form complex thoughts. These representations are compositional: just
as the meaning of a sentence depends on the meaning of its individual words and their
arrangement, the content of a thought depends on the structure of its components. Fodor
and Pylyshyn maintained that without this compositional structure, it would be impossible
for humans to reason about complex ideas, understand novel situations, or generalize from
known experiences.

The connectionists, on the other hand, challenged the notion that human cognition
needed to rely on such strict compositional rules. They argued that the mind might operate
through more flexible, distributed processes, which do not require the explicit manipulation
of symbols or the kind of syntactic structure Fodor and Pylyshyn assumed.

The debate about compositionality and the nature of thought, rooted in linguistics and
sparked by connectionist models of language, significantly influenced the research directions
of the connectionist community, especially in the study of how structure and symbols could
be represented and processed within neural networks. As connectionists aimed to challenge
the symbolic view of cognition, they proposed connectionist models that could process sym-
bolic and structured information still using distributed representations. Notable works were
BoltzCONS [43], a connectionist model developed to represent structures like trees or lists by
incorporating mechanisms in the network to represent structured data in a distributed man-
ner; Hinton’s work on representing hierarchical structures and part-whole relationships in
neural networks [44]; Smolensky’s Tensor Product Representation, a mechanism for encoding
variable bindings in connectionist systems by using tensor products [45].

2.2 New interest in compositionality

In recent years, there has been a resurgence of interest in the compositional reasoning capa-
bilities of deep learning models, particularly in the context of small-scale neural networks.
While the connectionist systems presented in the 1990s incorporated some aspects of compo-
sitionality by introducing ad-hoc architectural elements, modern research has also aimed to
investigate whether contemporary general-purpose deep learning models, especially recurrent
and transformer-based architectures, can learn to generalize compositionally.
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2.2.1 Five properties of compositionality

In a comprehensive work on compositionality in deep learning systems, Dieuwke Hupkes and
colleagues provided a valuable systematization of the different aspects of compositionality
[46]. They outlined five key aspects that are important for understanding and testing the
compositional abilities of neural models: systematicity, productivity, substitutivity, localism,
and overgeneralization. These aspects help clarify which specific characteristics are being
tested in neural networks, moving beyond the simple question of whether models are “com-
positional” or not. As we mentioned in the Introduction, the type of reasoning problems we
consider in this thesis have strong compositional properties. This categorization can thus be
useful to further characterize the problems we consider, as we will describe more thoroughly
in Section 3.1, and to better define the capabilities of the models we test on them.

Systematicity refers to a model’s ability to generalize across familiar parts in new ways.
For instance, if a model understands phrases like “black cat” and “brown dog,” it should also
understand the novel combination “black dog.” This capability reflects the idea that, rather
than memorizing entire sentences, models should store the parts (like “black,” “dog”) and
apply rules to combine them in new configurations, leading to new meanings. Systematicity
is considered a hallmark of compositional reasoning because it shows how knowledge of
individual components can be flexibly recombined.

Productivity describes the generative power of language and compositional systems
noted by Chomsky, which allows a finite set of rules and elements to create an infinite number
of combinations. As often described by the phrase “making infinite use of finite means,” this
aspect emphasizes that compositional systems, such as language, are not limited to the
specific combinations they have encountered before. Therefore, models should be able to
apply rules of combination to generate and understand infinitely long or complex structures.

Substitutivity is based on the principle that the meaning of a complex expression
is determined by the rules used to combine its parts and the meaning of the individual
components. This implies that substituting one part of a structure with another that has
the same meaning should not change the overall meaning. For example, replacing “cat”
with “feline” in the phrase “the black cat” should preserve the meaning. This aspect tests
whether models can maintain compositional meaning when parts are replaced, focusing on
the interchangeability of equivalent components.

While compositionality suggests that meaning is derived from combining parts accord-
ing to rules, it does not specify how those rules should operate. Localism is a property
of a symbolic system in which composition rulesare local, and therefore the meaning of a
compound depends only on nearby elements. It contrasts with globalism, where context or
broader structure may influence meaning. In language, both localist and globalist composi-
tion mechanisms co-exist. Testing for localism evaluates whether models apply composition
rules that are applied strictly within a narrow scope, or if composition instead are influenced
by the broader context.

Overgeneralization involves applying learned rules too broadly, including to excep-
tional cases where the rule does not actually apply. This is often seen in language learning,
such as when children overapply rules for creating the past tense of verbs, leading to forms
like “goed” or “breaked” instead of “went” or “broke.” Overgeneralization is viewed as evidence
of rule-based reasoning, as it demonstrates that the learner has internalized a rule but has
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not yet learned its exceptions.

2.2.2 Benchmarking compositionality

To rigorously evaluate the compositional abilities of deep learning models, researchers have
developed several benchmarks designed to test models’ ability to handle compositional tasks.
These benchmarks often focus on tasks where models need to generalize beyond the data
they are trained on by combining learned components in novel ways.

The five principles of compositionality identified by Hupkes et al. [46] have also been
embedded in the PCFG dataset [46], designed to test these capabilities in neural models. This
dataset consists of syntactically generated sentences based on a probabilistic context-free
grammar, with data splits specifically constructed to evaluate models’ abilities to generalize
compositionally across varying linguistic structures.

SCAN (Simple Compositional Arithmetic for Navigation) [47] is designed to test a model’s
ability to understand and execute instructions composed of simple actions. In this task,
a model is trained to map commands (such as “walk twice and jump”) to sequences of
actions (e.g., [“WALK”, “WALK”, “JUMP”]). SCAN requires a model to translate unseen
combinations of actions during testing. For example, while the model may have seen the
command “walk twice” and “jump,” it may not have seen them combined as “walk twice and
jump.” COGS (Compositional Generalization in Syntax) [48] is focused on the syntactic
generalization capabilities of neural networks. COGS presents models with a variety of
syntactic structures, such as subject-verb-object constructions, and tests whether they can
generalize to unseen syntactic forms during evaluation. For example, a model trained on
sentences like “The boy sees the dog” must generalize to more complex sentences like “The
dog that the boy sees runs.”

The Lookup Table Composition task [49], focuses on evaluating a model’s ability to
perform compositional mapping based on table lookup operations. In this benchmark, a
model must learn mappings from input symbols to output symbols, with the challenge being
that the model has to generalize to unseen combinations of inputs and outputs.

The CFQ (Compositional Freebase Questions) benchmark [50] was designed to evaluate
compositional generalization in natural language understanding. CFQ is based on a dataset
of natural language questions paired with structured queries (SPARQL) over a knowledge
base. The key challenge of CFQ lies in its careful control of the compositional complexity of
the questions, ensuring that while individual components of the queries (entities, relations)
are familiar to the model, their combinations are novel at test time. Inspired by observations
of the failures on CFQ, Csordás, Irie, and Schmidhuber [51] proposed CTL++, a variant of
the Lookup Table Composition (CTL) benchmark, designed to test neural networks’ ability
to generalize systematically to unseen compositions of symbolic functions. While the original
CTL focused on evaluating length generalization or productivity, CTL++ is specifically
crafted to assess systematicity. The task involves compositions of unary symbolic functions,
where functions are grouped, and the model is tested on novel compositions that were not
encountered during training.
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breakthroughs in neural machine translation, particularly the introduction of the attention
mechanism by Bahdanau, Cho, and Bengio [53]. The attention mechanism allowed neural
networks to dynamically focus on different parts of the input sequence, addressing limitations
in long-range dependencies. As attention’s importance grew, the Transformer leveraged this
mechanism fully by introducing the self-attention block, where each element of the input
sequence attends to every other element.

We will now describe the main elements of the architecture in greater detail. Given
a sequence of input tokens, these are first converted into a continuous vectors using an
embedding layer, which maps discrete tokens to dense vectors of size dmodel. Since the
transformer lacks any recurrence or convolution, positional encodings are added to the input
embeddings to provide information about the position of tokens in a sequence. The original
transformer uses sinusoidal positional encodings:

PE(pos,2i) = sin
( pos

100002i/dmodel

)

(2.1)

PE(pos,2i+1) = cos
( pos

100002i/dmodel

)

(2.2)

where pos is the position of the token in the sequence, i is the dimension index, and dmodel

is the dimensionality of the model.
Once the input tokens are embedded, the model computes Q (query), K (key), and V

(value) vectors by linearly projecting the embedded tokens into three different subspaces
using learned weight matrices. For each token embedding xi, the projections are:

Qi = xiW
Q, Ki = xiW

K , Vi = xiW
V (2.3)

where xi is the embedded representation of the i-th token, WQ ∈ R
dmodel×dk , WK ∈ R

dmodel×dk ,
and W V ∈ R

dmodel×dv are learned projection matrices, dmodel is the dimension of the input
embedding, and dk, dv are the dimensions of the projected spaces for queries, keys, and
values respectively. The query, key and value row vectors are then stacked to obtain three
matrices: Q ∈ R

n×dk , K ∈ R
n×dk and V ∈ R

n×dv .
The core component of the transformer is the scaled dot-product attention, which com-

putes a weighted sum of values V using queries Q and keys K. Formally, it is computed as
follows:

Attention(Q,K, V ) = softmax

(

QK⊤
√
dk

)

V (2.4)

where Q ∈ R
nq×dk is the query matrix, K ∈ R

nk×dk is the key matrix, V ∈ R
nk×dv is the

value matrix, dk is the dimensionality of the key vectors, and nq and nk are the number of
queries and keys respectively. The scaling factor 1√

dk
ensures that the dot products have

suitable magnitudes, avoiding extremely large gradients.
To allow the model to jointly attend to information from different representation sub-

spaces, several scaled-dot product attention mechanisms with different learned projections
are applied in parallel, forming the multi-head attention block. For h heads, the output is
computed as:

MultiHead(Q,K, V ) = Concat(head1, . . . , headh)W
O (2.5)
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where each head is:

headi = Attention(QWQ
i , KWK

i , V W V
i ) (2.6)

with learned weight matrices WQ
i ∈ R

dmodel×dk , WK
i ∈ R

dmodel×dk , W V
i ∈ R

dmodel×dv , WO ∈ R
h·dv×dmodel .

After the attention mechanism, each position in the sequence is passed through a position-
wise feed-forward network (FFN), which is applied independently to each token. This consists
of two linear transformations with a ReLU activation in between:

FFN(x) = max(0, xW1 + b1)W2 + b2 (2.7)

where W1 ∈ R
dmodel×dff , W2 ∈ R

dff×dmodel , b1 ∈ R
dff , and b2 ∈ R

dmodel .
The transformer architecture follows a multi-layer encoder-decoder structure (see Figure

2.1). The encoder consists of multiple layers, each composed of a multi-head self-attention
mechanism followed by a position-wise feed-forward network. The decoder also has multiple
layers, each containing three main blocks. First, the decoder applies masked multi-head
self-attention, where a causal mask is used to ensure that each position can only attend
to earlier positions in the sequence. This masking prevents the model from “seeing” future
tokens, thereby enforcing the autoregressive property where each token is predicted based
on previously generated tokens. Formally, the attention weights are set to zero for future
positions, ensuring that token ti can only attend to tokens t1, t2, ..., ti. Next, the decoder
applies multi-head encoder-decoder attention, where the decoder attends to the full output
sequence of the encoder. This allows the decoder to incorporate contextual information
from the input sequence, enabling it to generate tokens conditioned on the input. Finally,
the decoder passes the output through a position-wise feed-forward network (FFN), similar
to the encoder. Both the encoder and decoder layers are followed by layer normalization
and residual connections. Unlike recurrent networks that process sequences iteratively, the
Transformer processes input sequences in parallel through its self-attention block. This
parallelism allows the architecture to take full advantage of modern GPU-based hardware,
making it highly scalable. This is a key reason the Transformer has become the most widely
used architecture in very-large-scale deep learning systems, such as large-language models
(LLMs) and vision-language models (VLMs).

Despite its scalability, the Transformer’s self-attention mechanism comes with high com-
putational complexity, particularly scaling quadratically with respect to input length O(n2).
This quadratic scaling poses challenges as input sequences grow longer. Recent develop-
ments have proposed mechanisms for improving self-attention efficiency, including low-rank
approximation [54] and sparse self-attention patterns.

Sparse Self-Attention Mechanisms In the standard self-attention mechanism, each
token in the input sequence attends to every other token. Mathematically, this is captured
by a self-attention matrix A, where each element Aij represents the attention score between
token i and token j. The matrix A is computed from the dot products of query (Q) and key
(K) vectors as follows:

Aij = softmax

(

Qi ·KT
j√

dk

)

(2.8)
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which corresponds to the first term in the right-hand side of Equation 2.4.
Here, dk is the dimension of the key vectors, and the softmax ensures that the attention

weights sum to 1 for each token i. In the case of dense self-attention, A is an n× n matrix
where n is the sequence length, resulting in quadratic complexity O(n2), as we previously
described.

Sparse self-attention mechanisms have been proposed as a method to reduce the compu-
tational complexity of the self-attention block in Transformers. In this type of self-attention,
certain elements of the attention matrix are masked, meaning that not all tokens attend
to each other. For a given token i, only a subset of tokens (its immediate neighbors) are
attended to, and all other tokens are masked out. This is achieved by setting the masked
elements to a very large negative value, typically −∞, before applying the softmax, which
effectively nullifies their contribution to the attention weights:

Aij =

{

softmax
(

Qi·KT
j√

dk

)

, if j ∈ N (i)

−∞, if j /∈ N (i)
(2.9)

where, N (i) represents the set of tokens that token i is allowed to attend to. By masking
tokens outside this neighborhood, we reduce the number of attention calculations for each
token.

Various sparsity patterns have been explored in the literature. Fixed patterns maintain
a constant structure across all inputs, such as attending only to neighboring tokens within a
defined window. This approach can be seen in models like the Longformer [55], which utilizes
a sliding window attention mechanism. In this pattern, each token i is allowed to attend to a
fixed number w of neighboring tokens, N (i) = {i−w/2, . . . , i+w/2}, where w is the window
size. This significantly reduces the number of attended tokens from n to w, where w ≪ n.
For each token i, instead of computing attention with every other token in the sequence,
the computation is restricted to only w tokens within the sliding window around i. This
masking results in a sparse self-attention matrix where most of the off-diagonal elements
are masked. The sliding window mechanism reduces the computational complexity of self-
attention: specifically, the complexity of computing attention for a single token is reduced
from O(n) to O(w), as the token only attends to w tokens within its window. Therefore,
the total complexity for the entire sequence becomes O(n · w) where n is the length of the
sequence and w is the fixed window size. Since w is typically much smaller than n, this results
in linear scaling with respect to the input length. Notice that the sliding window still allows
for a gradual propagation of information across the sequence through successive layers, as
each layer enables attention to neighboring tokens, effectively increasing the receptive field
without requiring direct long-range attention in a single layer.

The benefits of sparse self-attention mechanisms extend beyond just computational effi-
ciency: they can improve memory efficiency, by reducing the amount of memory required to
store attention weights. By focusing on a limited set of relevant tokens, sparse self-attention
can enhance model performance on specific tasks by minimizing noise from irrelevant to-
kens. Further, sparse attention patterns may provide better interpretability, as they highlight
which tokens the model considers most important for its predictions.

Positional Encoding Schemes In Transformer architectures, positional encodings are
crucial for providing information about the order of tokens in a sequence. However, tradi-
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tional sinusoidal positional encodings can limit generalization to longer sequences than those
seen during training. To address this limitation, several approaches have been proposed. One
thing some of these methods have in common is their ability to express positional information
in a relative manner, allowing the model to capture the relationships between tokens based
on their relative distances or ordering, rather than relying on their absolute positions. For
example, in Rotary Positional Encodings (RoPE) [56] each token’s positional information is
represented by a pair of angles that correspond to the token’s position in the sequence. The
self-attention mechanism is modified such that the input embeddings of tokens are rotated
in the complex plane according to their positional encodings, facilitating the representation
of relative positions.

Instead of using fixed positional encodings, AliBi [57] adds learnable linear biases to the
attention weights computed during the self-attention mechanism. The biases are defined
based on the relative distances between tokens, enabling the model to effectively modulate
the influence of distant tokens dynamically. Randomized or Label-based Positional Encod-
ings [58, 59], which we adopt in our architectures and describe in greater detail in Section
4.3.1, introduce variability in the representation of token positions by utilizing randomiza-
tion techniques to generate positional information. Instead of adhering to fixed sinusoidal
patterns or predefined positional encodings, this approach assigns each token a unique, ran-
domly generated encoding that can vary across different training instances, allowing the
model to explore a wider range of positional relationships during training.

Architectural elements and training strategies

A significant body of research has been dedicated to understanding how architectural el-
ements and training strategies affect the compositional generalization abilities of existing
neural models. This line of work typically focuses on analyzing known architectures, such as
recurrent neural networks (RNNs) and transformers, to identify the factors that enable or
hinder compositional reasoning. In general, these studies aim to uncover how architecture
components, particularly positional encodings, but also attention mechanisms or memory
units, and training techniques, such as curriculum learning, impact a model’s ability to
generalize systematically.

Newman et al. [60] investigate the impact of training LSTM and transformer language
models with or without an End of Sequence (EOS) token on their ability to generalize to
sequences of different lengths. In an oracle setting, where models are forced to generate
sequences of a specific length during testing, the authors compare models trained with EOS
and without EOS. Their findings reveal that the absence of EOS tokens leads to significantly
better length-extrapolative performance, achieving up to 40% improvement over in the SCAN
benchmark.

Csordás, Irie, and Schmidhuber [61] explore how revisiting simple model configurations
can significantly enhance the systematic generalization capabilities of Transformer models
(both vanilla and Universal [62] variant). By making adjustments to basic elements such as
embedding scaling, early stopping, the use of relative positional embeddings, they achieve
substantial performance improvements across multiple benchmarks, including SCAN, CFQ,
PCFG and COGS.

Li and McClelland [59, 63] investigate the performance of causal transformers (also called
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decoder-only transformers) on a set of algorithmic tasks, such as copying, sorting, and hi-
erarchical compositions of these operations. They focus on improving the model’s ability
to generalize to sequences longer than those encountered during training. By replacing the
standard positional encoding in transformers with a novel approach that uses arbitrary labels
paired with items in the sequence, they achieve strong generalization to longer sequences.
Ruoss et al. [58] identify in positional encodings a primary cause of poor generalization, even
in models using relative positional encodings [64]. To overcome this, they introduce a new
family of randomized positional encodings that simulate longer sequences by randomly se-
lecting an ordered subset of positions that fit the sequence length. In a large-scale evaluation
across 15 algorithmic reasoning tasks, their method improves Transformer models’ ability to
handle unseen sequence lengths, resulting in an average 12.0% increase in test accuracy.

Using a reasoning task based on Sudoku, Nam et al. [65] demonstrate that successful
out-of-distribution generalization is achievable if the training set includes examples sampled
from the entire distribution of simpler tasks. Furthermore, they find that models trained
with absolute positional encodings struggle to generalize unless positional alignment is care-
fully managed. However, they show that suppressing sensitivity to absolute positions helps
overcome these limitations, allowing the model to better generalize out-of-distribution.

Compared to our investigations presented in Chapter 4, this body of work is focused on
finding more general solutions that can be applied to problems of various kinds, including
some of those we mentioned in Section 2.2.2, while we focus on a more specific class of
problems. However, this body of research contributed significantly to the design of Neural
Rewriting Systems, for example, motivating the choice of positional encodings that we make
in our models.

Novel architectures

As the reader will discover in Chapter 4, some of the architectures developed in the following
body of work are similar in some aspects to the Neural Rewriting System: the use of recursive
or iterative mechanisms in output generation, the design of ad-hoc architectural elements to
address specific characteristics of the problems at hand, and the use of the symbolic form
of the input as a key element to rely on for the solution of the problem are all traits that
our work shares with some of the ones presented here. However, reflecting the variety of
this research area, there are also relevant differences between these works and ours: some
are distant in scope and motivation, such as those that take a perspective closer to cognitive
science, while some others propose models that rely on fundamentally different assumptions,
such as the Neural Data Router, which we will consider in greater detail and also take as a
baseline for our experiments.

Lake and Baroni [66] provide evidence that neural networks can achieve human-like sys-
tematicity when optimized for compositional skills by introducing the metalearning for com-
positionality (MLC) approach. This method involves training neural networks through a
dynamic stream of compositional tasks, guiding the models to balance systematicity and
flexibility. The MLC method enhances compositional skills in several systematic general-
ization benchmarks such as SCAN and COGS. The results highlight how a standard neural
network architecture, when optimized through MLC, can replicate human-like generalization
capabilities in compositional reasoning.
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Another group of architectures aims to achieve compositionality by incorporating it-
eration or recursion mechanisms, which enable models to handle complex structures and
relationships by processing sequences or hierarchical data in a way that mimics iterative or
recursive cognitive processes. Ontañón et al. [67] introduce iterative decoding as a novel
approach to enhance transformer compositional generalization. This method serves as an
alternative to traditional sequence-to-sequence (seq2seq) models, demonstrating improve-
ments in compositional generalization on benchmarks such as the PCFG and Cartesian
product datasets. Their findings reveal that seq2seq transformers often fail to learn effective
iterations unless these iterations are explicitly modeled. Iterative decoding addresses this by
breaking training examples into a series of intermediate steps that the transformer learns to
handle iteratively. During inference, the model feeds the intermediate outputs back into the
transformer as inputs, continuing this process until an end-of-iteration token is predicted,
thus facilitating better handling of complex compositional structures.

Setzler, Howland, and Phillips [68] explore decode-side generalization using gSCAN, a
synthetic benchmark for compositional generalization in grounded language understand-
ing. They introduce Recursive Decoding (RD), a novel approach for training and utilizing
sequence-to-sequence (seq2seq) models that targets this form of generalization. Instead of
generating an entire output sequence in a single pass, RD trains models to predict one token
at a time. During inference, the model’s predictions are used to incrementally update the
inputs (i.e., the external gSCAN environment), which are then re-encoded for subsequent
decoding steps. This process breaks down complex, out-of-distribution sequence generation
tasks into a series of incremental predictions, allowing the model to handle each step as if it
were encountering familiar training examples, thereby improving generalization.

Deshpande, Chen, and Lee [69] address the challenge of enabling neural models to per-
form mathematical reasoning by proposing a strongly supervised recursive framework for
traditional transformer architectures. Previous methods have struggled with generalizing to
complex problems because they require models to derive final answers in a single step. Their
approach overcomes these limitations by breaking down each problem into a sequence of
intermediate steps, which are teacher-forced during training. During inference, the autore-
gressive model generates each intermediate step recursively, progressively building towards
the final solution.

Csordás, Irie, and Schmidhuber [70] address the challenge of systematic generalization in
Transformers, particularly in algorithmic tasks where these models often struggle to direct
information effectively within the grid structure represented by Transformer columns. To
improve the learning of useful control flow, they introduce key modifications to the Trans-
former architecture, including the copy gate and geometric attention. These enhancements
are incorporated into their novel framework, the Neural Data Router (NDR). The NDR
demonstrates 100% accuracy in length generalization on the Compositional Table Lookup
[49] task, and achieves near-perfect accuracy on a simple arithmetic task and a new variant
of ListOps [71] that tests generalization across computational depths. Considering the effec-
tiveness of this architecture on the benchmarks on which it was evaluated, we have chosen to
adopt it as a baseline representative of specialized small-scale neural models for algorithmic
reasoning. In order to provide the reader with the necessary background information on this
system, we describe it in greater detail in the following section.
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The Neural Data Router

The purpose of the NDR is to model structured tasks that demand multi-step reasoning,
such as algorithmic or symbolic tasks. NDR is designed to support hierarchical processing,
ensuring that at each layer of the network, the necessary computations can be carried out,
while preserving the results of prior steps when needed.

To achieve this, several design choices and architectural elements have been introduced in
the architecture. First, in the NDR, weights are shared between layers, allowing all learned
operations to be available at every layer of the architecture. This design ensures that each
layer can perform any operation needed for the task at hand, regardless of its depth. Second,
the architecture is designed with a number of layers that matches or exceeds the number
of computational steps required for the problem. This ensures that the model can perform
the required transformations in a sequential manner, where each layer or block of layers
contributes to one step in the overall reasoning process. Third, to allow processing longer
sequence than seen during training, the model employs relative positional encondings [64],
optionally gating them with absolute ones, to let the model choose the most appropriate
encoding during training. Fourth, the NDR incorporates a copy gate mechanism that allows
information to pass unchanged between layers when necessary. This feature is particularly
useful for ensuring that intermediate results, which do not need to be altered at a particular
computation step, are preserved and passed forward to the next layer without distortion. To
achieve this, the model modifies the transformer encoder block to allow skipping it entirely.
Seeing the input of each transformer layer as a matrix of column vectors, the column i in
layer t can be denoted as h(i,t) = Ht,i ∈ R

d where d is the state size, and Ht ∈ R
N×d denotes

the states of all N columns in layer t. Using the copy gate, each column i in layer (t + 1)
processes the input Ht similarly to regular Transformers, using the standard multi-head
attention operation:

a(i,t+1) = LayerNorm(MultiHeadAttention(h(i,t), Ht, Ht) + h(i,t)) (2.10)

u(i,t+1) = LayerNorm(FFNdata(a(i,t+1))). (2.11)

However, the output is gated as:

h(i,t+1) = g(i,t+1) ⊙ u(i,t+1) + (1− g(i,t+1))⊙ h(i,t) (2.12)

g(i,t+1) = σ(FFNgate(a(i,t+1))) (2.13)

where g(i,t+1) ∈ R
d and FFNdata and FFNgate are implemented as two-layer feedforward

blocks.
When the gate is closed i.e. g(i,t+1) = 0 in Eq. 2.12, the entire transformation is skipped

and the input is copied over to the next layer h(i,t+1) = h(i,t). The gate (Eq. 2.13) is parame-
terized as a function of the output of the self-attention (Eq. 2.10), such that the decision to
copy or transform the input for each column depends on the states of all columns.

Fifth, the NDR introduces a modified attention mechanism dubbed geometric attention.
The mechanism is designed to focus attention patterns on localized regions. By controlling
the scope of attention, the model can focus on specific parts of the input or intermediate
results, allowing for more targeted and precise information processing. Like in regular self-
attention, given an input sequence, each input embedding x(i) ∈ R

d is projected to key
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k(i) ∈ R
dk , value v(i) ∈ R

dv , query q(i) ∈ R
dk vectors, and the dot product is computed for

each key-query pair, as described in Eq. 2.8. In geometric attention, the dot product is
followed by a sigmoid function to obtain a score between 0 and 1:

Pi,j = σ(k(j)⊤q(i)) (2.14)

which is treated as a probability of the key at position j matching the query at position i.
These probabilities are finally converted to the attention scores Ai,j:

Ai,j = Pi,j

∏

k∈Si,j

(1− Pi,k) (2.15)

where Si,j denotes the set of all indices which are closer to i than j is to i, and when two
indices have the same distance to i, the one which is to the right of i (i.e., greater than i) is
considered to be closer, i.e.,

Si,j =

{

k ∈ {1, ..., N} \ {i, j} : |i− k| < |i− j|, if i < j

k ∈ {1, ..., N} \ {i, j} : |i− k| ≤ |i− j|, if j < i
(2.16)

In addition, the diagonal elements are zeroed-out by setting Ai,i = 0 for all i = 1, ..., N .
Finally, a directional encoding is added to the self-attention product in Eq. 2.14. The

encoding carries information about the relative position of each key-query token pair in a
scalar value:

Di,j =

{

WLRh
(i) + bLR, if i ≤ j

WRLh
(i) + bRL, if i > j

(2.17)

where h(i) ∈ R
d denotes the state at position i and WLR,WRL ∈ R

1×d, bLR, bRL ∈ R are
trainable parameters.

This directional information is integrated into the score computation of Eq. 2.14 as fol-
lows:

Pi,j = σ
(

α
(

Wqh
(i) + bq

)⊤
Wk,Eh

(j) + βDi,j + γ
)

(2.18)

where the matrix Wq ∈ R
dk×d maps the states to queries, bq ∈ R

dk is a bias for queries,
Wk,E ∈ R

dk×d maps states to keys, and α, β, γ ∈ R are learned scaling coefficients and bias.

Neuro-symbolic architectures

Finally, a body of work has focused on addressing compositional generalization challenges
through neuro-symbolic architectures, which combine the strengths of neural networks with
symbolic reasoning. These approaches aim to bridge the gap between the flexible, data-driven
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learning capabilities of neural networks and the rigorous, rule-based reasoning of symbolic
systems. Within the broader area of research on neuro-symbolic integration, we focus here
specifically on works that address compositional generalization problems.

Nye et al. [72] introduce a neuro-symbolic model designed to learn complete rule systems
from a small set of examples. Rather than predicting outputs directly from inputs, their
model is trained to induce the explicit rules governing a given set of examples, utilizing tech-
niques from neural program synthesis. The authors demonstrate that their rule-synthesis
method significantly outperforms traditional neural meta-learning techniques across three
domains: an artificial instruction-learning domain that evaluates human-like learning, the
SCAN challenge datasets, and the task of translating number words into integers across
various human languages. Liu et al. [73] present a novel approach to compositional general-
ization by integrating memory-augmented neural models with symbolic functions, inspired by
cognitive theories that suggest compositionality can be represented using variable slots and
symbolic expressions. Their model features two complementary neural modules: Composer
and Solver. The Composer handles the creation of symbolic expressions, while the Solver
interprets and processes these expressions, reflecting the cognitive argument that composi-
tionality involves structured symbolic reasoning. This setup allows the model to be trained
end-to-end using a hierarchical reinforcement learning algorithm. Their experiments on the
SCAN benchmark reveal that their model excels in compositional generalization, achieving
100% accuracy on all tasks previously tackled by other methods. Chen et al. [74] introduce
the Neural-Symbolic Stack Machine (NeSS), a hybrid architecture where a neural network
generates traces, which are then processed by a symbolic stack machine equipped with se-
quence manipulation capabilities. NeSS achieves 100% generalization performance across
four distinct domains without requiring training supervision on execution traces. These do-
mains include the SCAN benchmark for language-driven navigation tasks, few-shot learning
of compositional instructions, compositional machine translation, and context-free grammar
parsing tasks.

2.3 Learning Algorithms

Several of the works discussed earlier also evaluated their models on so-called algorithmic
tasks like copying, sorting sequences, and mathematical reasoning in addition to compo-
sitional reasoning (see, for example, the tasks considered by Li and McClelland [63], the
Mathematics dataset [75] in Csordás, Irie, and Schmidhuber [61], or the arithmetic task in
Deshpande, Chen, and Lee [69]). Both research areas explore how neural networks can go be-
yond pattern recognition to handle more structured tasks that require systematic processing
of data, whether it’s in linguistic composition or solving algorithmic problems.

This connection between compositionality and learning algorithms is natural, as com-
positionality is a feature of both natural and formal languages. As previously noted, the
key aspects of systematicity, productivity, substitutivity, and localism apply well to formal
languages, just as they do to natural language. The principle of systematicity in formal
languages ensures that if a model can solve one problem, it can systematically solve related
problems by applying similar rules. Productivity allows for the generation of an infinite
number of expressions from a finite set of rules, and substitutivity ensures that parts of a
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structure can be replaced while preserving the overall meaning. In the case of local, rather
than global, mechanisms for the formation of meaning, the interpretation of an expression
can be derived by applying the mechanism to small, localized groups of elements.

One key difference, however, is that while compositional generalization research often
focuses on benchmarks with inherently compositional samples with hierarchical structures,
this is not always the case in algorithmic tasks. Studies on sequences of random vectors, for
instance, do not necessarily involve hierarchical compositions [63, 76]. Yet, despite these dif-
ferences, both research areas share a central concern with productivity. Just as compositional
generalization emphasizes the ability to process hierarchies independently of their depth or
complexity, algorithmic capabilities emphasize the importance of handling data structures
of indefinite size. The ability to generalize beyond the length and size of the training ex-
amples—whether in language tasks or algorithmic reasoning—is a prominent common trait
that links both lines of research.

2.3.1 Architectures

Memory-augmented neural networks

Early research on neural networks for learning algorithmic tasks concentrated on design-
ing new architectures and mechanisms that could enable the networks to learn and execute
systematic procedures. A major focus was on the use of external memories, which were
introduced to help networks handle tasks requiring multiple steps and the retention of infor-
mation across different stages of computation. These efforts aimed to imbue neural models
with the ability to follow structured procedures, akin to the way algorithms are executed in
traditional computer science. To evaluate whether these models could learn such systematic
capabilities, they were often tested on relatively simple datasets, especially when compared
to the more complex compositionality benchmarks we previously discussed. These tasks,
closely aligned with the computer science tradition, included challenges such as copying
sequences, sorting, and recalling items from memory.

In 2014, Graves, Wayne, and Danihelka introduced the Neural Turing Machine (NTM)
[76]. Their work was among the first in the deep learning era to revisit the problem of learning
algorithms with neural networks and proposed an influential solution. Their architecture
combines neural networks with external memory resources and enables interaction through
attentional mechanisms. This design mirrors the functionality of a Turing Machine or Von
Neumann architecture, but with the added benefit of being differentiable end-to-end, allowing
for efficient training via gradient descent. The authors demonstrate that this system can infer
simple algorithms, such as copying, sorting, and associative recall, based solely on input-
output examples. Notably, the model showed strong generalization to longer sequences of
random vectors than those seen during training, although the memory size emerged as the
primary limitation.

This architecture sparked a wave of follow-up research, where several works explored
different ways of improving or extending the NTM model to address its limitations and en-
hance its algorithmic capabilities. The Differentiable Neural Computer (DNC), introduced
by Graves et al. [77], builds on the NTM by coupling a neural network with an external
memory matrix that functions similarly to the random-access memory in conventional com-
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puters. The DNC can read from and write to this memory, enabling it to solve complex tasks
like finding the shortest path between points and inferring missing links in graphs. Impor-
tantly, it demonstrated generalization to specific structures, such as transport networks and
family trees, but there was limited evidence for out-of-distribution generalization in these
experiments. The Dynamic Neural Turing Machine (D-NTM) [78] further enhanced the orig-
inal NTM by introducing learnable memory addresses, making memory access more flexible.
This architecture was tested on tasks like associative recall and copying, but the authors
did not demonstrate the model’s ability to generalize beyond the distribution of training
data. Another development came from Csordás and Schmidhuber [79], who focused on im-
proving the NTM’s performance on both an arithmetic task and a question answering task
through a series of architectural modifications. Their work sought to enhance the precision
and efficiency of the NTM for these structured tasks. Finally, Zaremba and Sutskever [80]
proposed a method for extending the NTM with generic external resources, incorporating
discrete interfaces for input, memory, and output, which the model could interact with via
reinforcement learning. They tested their model on algorithmic tasks such as copy, repeat
copy, and reverse, and showed that the model could generalize to longer sequences on the
copy task.

In addition to architectures designed for algorithmic learning, several memory-augmented
models have been proposed for other tasks. Memory Networks [81] were introduced for ques-
tion answering (QA), where long-term memory acts as a dynamic knowledge base to gener-
ate textual responses. The End-to-End Memory Network [82] refined this idea by training
the memory system end-to-end, which increased flexibility and allowed its application to
language modeling, other than QA. The Kanerva Machine [83] was inspired by Kanerva’s
sparse distributed memory and designed as a conditional generative model that could adapt
quickly to new data through a robust distributed reading and writing mechanism. Finally,
Sparse Access Memory (SAM) [84] tackled the scalability issues in memory-augmented neu-
ral networks, demonstrating faster operations and more efficient use of physical memory
while handling tasks requiring extensive time steps and memory capacity.

Other architectures

A number of other architectures have been developed to achieve systematic reasoning capa-
bilities on mathematical and algorithmic problems, aiming to achieve strong generalization
beyond the training data. The ones we consider here are focused on learning to solve math-
ematical problems. Indeed, the research on learning mathematics with neural networks
intersects significantly with the work on learning algorithms, as both fields often explore sys-
tematic problem-solving abilities. Within the broader area of learning mathematics, some
studies emphasize the development of models capable of solving tasks systematically, re-
sembling algorithmic learning, while others focus on broader mathematical problem-solving
without necessarily enforcing systematic procedures [85].

NeuralGPUs [86] address the limitations of Neural Turing Machines (NTMs) by be-
ing parallel and easier to train. They excel in tasks like long addition and multiplication,
demonstrating the ability to generalize from short training instances to much longer ones.
PointerNetworks [87] are designed for tasks where the output sequence elements correspond
to positions in the input sequence, such as sorting and combinatorial optimization. Using
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attention mechanisms, these models can generalize to variable-length inputs and have been
tested on problems like the Travelling Salesman Problem.

NALUs (Neural Arithmetic Logic Units) [88] enhance networks by incorporating primitive
arithmetic operations controlled by learned gates. They improve numerical generalization
across various tasks, including time tracking, arithmetic over images, and translating numer-
ical language into real values. Neural Arithmetic Units (NAUs and NMUs) [89] introduce
components capable of exact addition, subtraction, and multiplication. The NMU, in partic-
ular, is notable for being able to learn to multiply vector elements, providing new capabilities
in performing arithmetic tasks.

2.3.2 Neural Algorithmic Reasoning

Finally, a recently emerged research area on learning algorithms is Neural Algorithmic Rea-
soning [90]. This stream of research, first opened by Petar Veličković and collaborators, aims
to train neural networks, specifically Graph Neural Networks (GNNs), to learn and execute
classical algorithms on graph-structured data. The goal is to create models capable of rea-
soning systematically over data structures like graphs, generalizing well to new instances and
achieving algorithm-like precision in tasks such as shortest path finding, graph traversal, and
sorting [91].

Neural Algorithmic Reasoning leverages Graph Neural Networks (GNNs) due to a key
advantage: their structure can be aligned with the computational steps of many common
algorithms, a property referred to in the literature as “algorithmic alignment” [92]. This
alignment makes GNNs particularly suitable for learning dynamic programming algorithms,
which often operate over structured, graph-like representations of data [93]. One critical
inductive bias in GNNs is their permutation invariance [94], which enables the model to learn
algorithms where the input order does not affect the output—a property vital for certain
algorithmic tasks. However, recent research has also begun exploring alternative inductive
biases better suited for learning algorithms that involve sequential inputs, thus expanding
the range of algorithmic tasks that GNNs can effectively solve [95]. Furthermore, when
paired with Transformer-based large language models (LLMs), GNNs have demonstrated to
improve their out-of-distribution generalization capabilities [96].

2.4 Compositional and algorithmic reasoning in LLMs

Large Language Models (LLMs) have represented a paradigm shift in Natural Language
Processing and Artificial Intelligence more generally. We start by describing the key tech-
nical elements that allowed this paradigm shift, including the architectural innovation in-
troduced by the transformer, training paradigm and scaling paradigm such as unsupervised
pre-training and in-context learning through prompting.

2.4.1 The development of Large Language Models

The development of Large Language Models has been enabled most importantly by the trans-
former architecture and its core self-attention mechanics, which we described extensively in
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Section 2.2.3. The transformer represented a breakthrough by enabling models to process
entire sequences of data in parallel, unlike recurrent networks which process inputs sequen-
tially. This shift allowed transformers to fully leverage GPU-based hardware, which excels at
parallel computation, unlocking unprecedented scalability for training on large datasets. The
self-attention mechanism within transformers, particularly the multi-head attention mech-
anism, empowered models to capture long-range dependencies in data more effectively, a
crucial capability for natural language understanding tasks.

Scaling LLMs also relied heavily on innovations in computational strategies. Model
parallelism and data parallelism became essential to distribute the immense computational
workload of training larger models across multiple GPUs or TPUs. Additionally, the use of
lower precision or mixed precision training reduced memory requirements without sacrificing
model performance. This enabled more efficient training and allowed for scaling models to
billions of parameters.

Another critical development was the shift from training specialist models in a super-
vised manner on domain-specific datasets to training generalist models on vast, multi-domain
datasets [97]. Unsupervised pretraining paradigms, such as autoregressive language model-
ing, popularized by models like BERT [7] and GPT-2 [98], became a dominant approach.
These models were pretrained on massive corpora of diverse text, allowing them to learn
generalized language patterns without the need for manually labeled data. Following pre-
training, these models could be fine-tuned on specific tasks using smaller, labeled datasets,
a process known as transfer learning. This strategy vastly improved the ability to adapt
models to various tasks, eliminating the need to train each model from scratch for every new
task.

The presentation of scaling laws for language models, as articulated by Kaplan et al.
[99], provided empirical evidence for the benefits of larger models, showing that model per-
formance improves predictably with increases in data size, model parameters, and computa-
tional resources. This insight guided research towards scaling models as a primary avenue
for advancing capabilities, leading to the creation of models like GPT-3 [13].

A final shift in the development of LLMs has been the movement towards few-shot and
zero-shot learning through prompting techniques. Instead of requiring task-specific fine-
tuning, models like GPT-3 demonstrated the ability to generalize across a wide range of tasks
with minimal task-specific data, often simply by providing a few examples or instructions in
the form of text prompts. A further advancement in the evolution of Large Language Models
came with instruction fine-tuning, as introduced by Ouyang et al. [100]. This method involves
fine-tuning through Reinforcement Learning through Human Feedback (RLHF), a technique
explicitly designed to shift the distribution of models outputs towards those preferred by
humans, making them more aligned with user expectations and capable of responding more
effectively to a wide range of natural language prompts.

Thanks to these technical advancements, LLMs have achieved impressive results across
numerous areas of natural language processing and opened up new avenues of exploration
across various domains. As a result, many of the research interests previously discussed,
from compositionality to algorithm execution and broader reasoning tasks, have increasingly
involved LLMs. Notably, due to the fundamentally different nature of these models compared
to small-scale deep learning models, it is not possible to evaluate these models in truly out-
of-distribution scenarios (often, the training distribution is unknown or cannot be precisely
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described). What is thus commonly done to evaluate their systematic reasoning capabilities
is benchmarking how robust their performance is to increase in problem complexity, as
defined depending on the type of problem considered. We now consider several results in
this area, including specialized prompting techniques to improve reasoning in LLMs, as well
as studies on their compositionality and algorithmic reasoning capabilities.

2.4.2 Eliciting reasoning via prompting

In recent years, several prompting methods have been developed to enhance the reasoning
capabilities of large language models. “Reasoning,” in the context of language modeling,
often refers to question-answering tasks that require models to apply either commonsense
knowledge or more specialized knowledge such as mathematical reasoning to derive accurate
answers. These reasoning abilities have been assessed using large-scale benchmarks such as
Winogrande [101] and HellaSwag [102] for commonsense reasoning, as well as more special-
ized tasks like Abstract Algebra from the MMLU dataset [103] and DM Math from The Pile
[104]. Despite the impressive scale of recent models, scaling alone has proven insufficient
to significantly improve reasoning performance [105]. Therefore, researchers have focused
on developing specific prompting techniques aimed at improving the models’ ability to rea-
son. Below, we review some of the most impactful prompting methods designed to enhance
reasoning performance in large language models.

One of the most well-known prompting methods for improving reasoning in large lan-
guage models is Chain-of-Thought (CoT) prompting, introduced by Wei et al. [106]. This
method involves providing examples of reasoning chains in context, prompting the model
to generate intermediate reasoning steps before arriving at a final answer. This step-by-
step approach mimics human problem-solving and has been shown to significantly enhance
performance on tasks requiring multi-step reasoning, such as math word and commonsense
reasoning problems. Building on this, Zero-shot Chain-of-Thought prompting [107], adapts
the same idea but without providing any examples in context. Instead, the model is simply
asked to reason “step-by-step” to solve the given problem, in a zero-shot fashion. Remark-
ably, this approach enables models to generate reasoning chains similar to those obtained
with CoT prompting and improve performance on reasoning tasks without needing any prior
task-specific examples. Yet another influential prompting method is Tree of Thoughts [108].
Unlike Chain-of-Thought, which follows a linear reasoning path, Tree of Thoughts expands
the reasoning process by allowing the model to explore multiple reasoning paths at each
step, effectively creating a tree structure. The model then evaluates and selects the most
promising paths at each branch. This approach enables a more flexible and robust reason-
ing process, particularly for complex tasks that require considering multiple solutions or
strategies simultaneously, enhancing performance across a variety of reasoning tasks.

Another notable general-purpose method is Self-consistency prompting [109]. This tech-
nique further improves reasoning by generating multiple reasoning paths for the same ques-
tion and selecting the most consistent answer across these paths. By relying on the idea that
reasoning consistency can lead to more accurate solutions, this method reduces the risk of
errors introduced by relying on a single reasoning chain, leading to more reliable results.
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2.4.3 Compositionality in LLMs

When investigating the compositional capabilities of large language models (LLMs), the
term “compositionality” is interpreted in two distinct ways within the research community.
One interpretation focuses on the ability of LLMs to integrate multiple pieces of informa-
tion, processing them in several reasoning steps before producing an output. This type of
compositionality is often benchmarked through multi-hop or complex question answering
tasks, where models must handle intricate logic and layered reasoning. The second inter-
pretation, rooted in cognitive science and AI, aligns more closely with systematic reasoning,
where compositionality is akin to formal, rule-based human reasoning. To evaluate this, syn-
thetic benchmarks with controlled characteristics are typically used, offering a more precise
measure of systematic generalization.

Among those that investigate compositionality as a broader “reasoning capabilities” in
complex question answering problems, Press et al. [110] introduce the concept of a “composi-
tionality gap,” which measures how often models can answer sub-problems correctly but fail
to generate the overall solution. They find that as model size increases in the GPT-3 family,
the single-hop performance improves faster than multi-hop reasoning, indicating that larger
models are better at recalling facts but not at composing them. They also demonstrate that
techniques like chain-of-thought (CoT) prompting help narrow this gap by enabling more
explicit reasoning.

Given the widespread adoption of LLMs in many fields of application, several methods
also attempt to improve the compositional reasoning capabilities of language models. Zhang
et al. [111] tackle LLMs’ compositional generalization issues in complex question-answering
tasks with cumulative errors. They propose a human-guided tool manipulation (HTM)
framework to generate and integrate subtools for specific subquestions, enhancing overall
performance. Wang et al. [112] introduce the LOIRE framework, which aims to improve
LLM performance by generating inferential rules that serve as scaffolding for reasoning tasks.
The challenge of scaling inferential rule generation is addressed by leveraging symbolic logic,
allowing the model to better handle complex reasoning scenarios. Li et al. [113] examine
compositional reasoning failures in LLMs, finding many errors arise from generated implicit
reasoning. They introduce CREME, a method for editing multi-head self-attention (MHSA)
modules to correct errors and enhance reasoning performance.

In line with the second interpretation of compositionality, which aligns with the cognitive
science and AI traditions, several works have also explored the systematic reasoning capabili-
ties of LLMs on more formal, controlled benchmarks. Dhar and Sogaard [114] investigate the
impact of model scaling and instruction tuning on compositional learning, using grammar-
based benchmarks inspired by Hupkes’ analysis [46]. They find that while scaling LLMs
enhances their compositional reasoning abilities, instruction tuning can have the opposite
effect, potentially hindering systematic reasoning. Dziri et al. [115] assessed transformer
LLMs on tasks requiring structured, algorithmic reasoning, including multi-digit multiplica-
tion, logic grid puzzles, and dynamic programming. The authors reveal that, rather than
developing true systematic problem-solving abilities, LLMs tend to reduce complex multi-
step tasks into simpler linear subgraph matching, which limits their capacity for deeper
compositional reasoning. Chen et al. [116] propose a prompting method, SKiC (skills-in-
context), which presents foundational skills and compositional examples within the same
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prompt. Benchmarks include tasks such as last-letter concatenation, arithmetic, and dy-
namic programming. The method significantly improves the LLM’s ability to systematically
generalize, even with minimal examples.

2.4.4 Algorithmic Reasoning in LLMs

Several works have explored the application of large language models to algorithmic tasks,
focusing on their ability to process formal inputs and execute structured procedures. These
studies target tasks in domains like computer science, mathematics, and logic, where models
are required to follow explicit rules or computations. This line of research aims both to
evaluate, understand and enhance LLMs’ performance on these tasks.

Zhou et al. [117] propose a framework to understand the length generalization capabilities
of transformers in algorithmic tasks. They introduce the RASP-Generalization Conjecture,
which posits that transformers generalize better if a task can be solved by a short RASP
program [118] that works for all input lengths. They demonstrate that tasks like parity and
addition, which fall outside this group, are harder for transformers to generalize, but their
insights lead to improved generalization performance on these tasks. Anil et al. [119] ex-
plore the performance of transformer-based language models on length generalization tasks
such as parity and boolean variable assignment. The authors find that finetuning alone is
insufficient for generalization across different input lengths. However, combining pretrained
models with in-context learning and using scratchpad prompting (where intermediate steps
are output before the final answer) significantly improves length generalization. Saparov
et al. [120] evaluate the ability of LLMs to generalize in formal deductive reasoning tasks.
Using a synthetic dataset that controls for deduction rules and proof complexity, they exam-
ine models’ depth, width, and compositional generalization. Although LLMs demonstrate
compositional generalization to more complex proofs from simpler ones, they struggle when
faced with significantly longer proofs, indicating limitations in their reasoning capabilities.

Prompting methods for algorithmic problems

In Least-to-Most prompting [121], the model is guided to solve complex problems by break-
ing them down into a sequence of simpler sub-problems, which are solved progressively from
least to most complex. This method has shown effectiveness in symbolic reasoning tasks like
last letter concatenation and the SCAN benchmark, enhancing systematic generalization.
Prompting with Scratchpads [122] requires the model to write out intermediate algorithms
execution steps in a specific format. Tested on tasks like addition, polynomial evaluation,
and executing Python programs, this method has demonstrated improved performance on
algorithmic reasoning by allowing the model to explicitly process formal reasoning steps.
Prompting with Self-Notes [123] encourages the model to take intermediate notes which,
unlike Chain-of-Thought and Scratchpads, are not part of the model output. This method
has been applied to symbolic reasoning tasks that involve evaluating short computer pro-
grams, improving the model’s ability to track logical steps and reasoning paths. Algorithmic
Prompting [124] focuses on teaching models to apply specific algorithms through in-context
learning. Tested on tasks like long parity, addition, multiplication, and subtraction, this
method structures prompts to teach models not only to learn individual algorithmic skills
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but also to combine and apply them in new contexts, resulting in significant performance
improvements on algorithmic reasoning tasks.
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Chapter 3

Testing for systematic reasoning in deep

architectures

In this chapter, we will present several original results that stem from the observations and re-
search trends discussed in the previous chapters. Drawing on insights from the literature, we
propose novel systematic generalization tasks focused on the simplification of nested math-
ematical formulas across various domains. These tasks are designed to probe the reasoning
capabilities of both small- and large-scale neural architectures, aligning with two major areas
of investigation outlined earlier: algorithmic reasoning with specialized small-scale models,
and the broader reasoning capabilities of large language models.

The motivation behind these investigations is grounded in key questions raised by prior
research. In particular, we aim to explore the limits of generalization for small-scale neural
architectures that have demonstrated promise in algorithmic reasoning. On the other hand,
large-scale language models, which have garnered much attention for their flexible reasoning
abilities, are examined with an eye toward systematic reasoning. We aim to answer the
following research questions: Do these models truly learn to reason systematically? Does
this capability improve as model scale increases? Moreover, How reliably can systematic
reasoning be elicited through prompting techniques?

The chapter is structured as follows: we will begin by introducing the novel problems we
designed to investigate these questions, followed by a presentation of the models selected for
analysis, their evaluation methodologies, and the results obtained. Finally, we will discuss
the findings, connecting them to the research questions outlined above, and offer conclusions
that shed light on the capabilities and limitations of current neural architectures in systematic
reasoning.

3.1 Mathematical formulas as reasoning benchmarks

In this chapter, we focus on benchmarking small- and large-scale neural networks on the sim-
plification of nested mathematical formulas. In these formulas, each operand can itself be
another formula, thus representing an example of hierarchichy, a central concept in composi-
tionality. This hierarchy implies that solving any given formula requires iterative reasoning
steps, where sub-formulas are systematically simplified and substituted back into the main
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expression. For example, the arithmetic expression (12+(3-(4+5))) can be solved by first
identifying a solvable sub-expression, i.e. (4+5), and then substituting the result obtained
by solving that sub-expression, namely 9, into the original expression, obtaining a simpler
expression, i.e. (12+(3-9)), which can be further simplified by iteratively applying the same
procedure.

This framework naturally embodies several core aspects of compositionality we described
in Section 2.2.1, based on the work of Hupkes et al. [46]: systematicity, as the simplification
procedure remains consistent across formulas of varying complexity. The same general rule
can be applied at any level of nesting, allowing for systematic generalization from simpler to
more complex structures. Productivity, since the recursive nature of the problem, where
operands can themselves be formulas, supports arbitrary nesting. Substitutivity, which
is inherent in the mechanism of reducing sub-expressions and replacing them within the
larger formula without altering the overall structure. Localism, as the local impact of the
substitutions on semantics is ensured by the strict interpretation rules of formal languages,
as we discussed in Section 2.1.1.

The benchmark we propose, centered on the simplification of nested symbolic formulas,
is highly relevant for evaluating both specialized small-scale models and Large Language
Models (LLMs). Its design draws from existing benchmarks in compositional reasoning, but
it extends them in ways that are valuable for testing the generalization capabilities of a
wide range of architectures. For small-scale models, this benchmark is aligned with several
established tasks that test neural networks’ ability to generalize compositionally, such as the
Compositional Table Lookup (CTL) [49], simple arithmetic tasks considered in [70], and the
well-known ListOps dataset [71], a variant of which we consider in this work. For Large
Language Models (LLMs), the proposed benchmark is equally relevant, as it captures the
essence of symbolic reasoning tasks commonly used to assess their reasoning capabilities.
Problems such as last letter concatenation or coin flip are often used in LLM research to
test whether these models can follow an algorithmic reasoning process that involves multiple
steps [107]. The nested formula simplification task aligns with these in spirit. Just like
last letter concatenation requires LLMs to extract specific parts of a string and recombine
them, the benchmark we propose requires models to simplify formulas by recursively ap-
plying a set of rules. Moreover, tasks that require algorithmic reasoning procedures, such
as simplifying a formula or solving a complex arithmetic expression, are considered some of
the hardest challenges for LLMs. The proposed benchmark offers a rigorous framework for
testing whether LLMs can discover and apply these procedures consistently to formulas of
varying complexity levels.

The problem framework allows for the generation of synthetic formulas across various do-
mains, characterized by two key parameters: Nesting (the maximum depth of any operation
within a formula) and Operands (the number of inputs each operation takes). By varying
the values of the Nesting and Operands parameters, we could define an arbitrary number of
data splits for each task, each featuring a different level of difficulty.

Since the complexity of formulas can be characterized in terms of two parameters, that is,
the nesting level and the number of operands involved, the reasoning abilities of the models
can be analyzed in a finer-grained way compared to other reasoning benchmarks. This
allowed us to compare the performance of models of different sizes on problems of varying
levels of difficulty and thus investigate symbolic reasoning abilities.
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2 Operands 3 Operands 4 Operands
Nesting 2 ((-21+47)*

(38*-69))
(-73-
(33*54)+55)

((-28+32)-(28-11+65)+(13+53)-
(-15*20))

Nesting 3 (57*((5+1)+
(-79+60)))

(((35-2+12)-
94+(62*-
30))+((-97*-
75)-(-10*-
53)+9)-74)

(((-6-41-91-80)-(-31*-22)-
(-54*84)-(0+77))+((-77-27)-77-
86-96)+(91+20+(-3+3-30)+(-41-
65+6+89))-((-83-23+50)+34-(-93+4-
15-8)-(35*-26)))

Nesting 4 (-35*(((27*
53)+(-43*-
51))+
((-19*81)+
(42*66))))

((((-86+25)-
(-87+76-8)-
(17-93+19))+
((-22-79-
17)+72+4)+
(-80-(-96*-15)-
64))-32-36)

(((-66+(-52*51)+43-(-62+69+81+38))-
((97*83)+86-41-85)-((91+8+89)+
(-15+33+99)+12+(-6-53+18))-
(-48-(64+77+36+69)+(-56+12-
80)-27))+(((-74+7)+(49+96-4)-
(20-1)-(72-5-78))-(16+69+(59-
61+80+9)+(78+60+3))-(46+(19+10-
48+14)+(61*-4)+(0+86+40-4))+
(-53-79+(31*-94)-68))+(-16+81+71+
(-55-41+(-12*-73)-32))+(84-74+((13-
27+17-90)-(15+75+93)+(54+37-
62)+(71-23+46-4))-((61+14)-(-32-
87)+(68-22-25)-(14*-7))))

Table 3.1: Examples of inputs of the arithmetic task for the nine data splits characterized
by parameters Nesting and Operands varying bewtween 2 to 4. The parameters regulate the
complexity of formulas.

In our experiments, we consider formulas from three domains with different levels of com-
plexity: expressions on lists of integers derived from the ListOps dataset [71], arithmetical
expressions [37] and simple algebraic expressions. We describe each domain in more detail
below.

3.1.1 ListOps

The ListOps dataset [71] was introduced as a simple benchmark to assess the capacity of
neural networks to evaluate nested expressions with parse trees of different depths. The
original dataset included formulas composed of four operations—minimum, maximum, me-
dian, and sum modulo 10—applied to lists of single-digit integers, where the final solu-
tion is always a single-digit integer. For example, one instance of the problem might be
[MIN[MAX2567][SM1293]13], drawn from a data split parameterized by (N = 2, O = 4),
with a unique solution of 1.

To adapt this dataset to the problem framework we propose, we made it possible to specify
both the number of operands appearing in each operation and the operations’ nesting depth.
We also simplified the task by using only three operations: minimum, maximum, and sum
modulo 10.
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3.1.2 Arithmetic

For the arithmetic task, we generated expressions involving sum, subtraction, and multipli-
cation operations between integers sampled from the range (-100, 100). The goal was to test
the ability of models to systematically execute a sequence of operations rather than their
mathematical competence with multi-digit numbers [125]. To maintain manageable prob-
lem complexity and focus on recursive solution steps, each intermediate value was computed
using modulo 100, following previous work on systematic generalization in transformers [70].

In Table 3.1 we report, as a reference, examples of formulas from the arithmetic task
that have been drawn from the nine data splits which result from taking the values in the
Cartesian product of the sets N = {2, 3, 4} and O = {2, 3, 4}, representing values of the
Nesting and Operands parameters, respectively.

3.1.3 Algebra

We finally adopted the general problem structure to the domain of symbolic mathematics,
considering a subset of algebraic expressions in which all formulas can be reduced to a
minimal form, i.e. either a single number, a monomial, or a binomial. We automatically
generate algebraic expressions consisting of sums and subtractions between monomials. Each
monomial can contain up to four variables and has a numerical coefficient in the range
(−100, 100). For example, the formula (((30xy+33xy)+(−80xy+62xy))−62xy) is sampled
from the data split parameterized by (N = 3, O = 2) and its simplified form is −17xy.

3.2 Systematic generalization in the Neural Data Router

Building on prior research highlighting the potential of small-scale networks in algorithmic
reasoning, we focus on the Neural Data Router as a representative model. We systematically
increase task complexity—by varying formula nesting depth and the number of operands—to
test its ability to generalize beyond simpler cases. Our experiments assess how the model’s
performance scales with complexity, measuring its effectiveness at different problem difficulty
levels and identifying the point at which generalization begins to falter.

3.2.1 Model

The Neural Data Router [70] has recently been proposed as a modification of the Encoder
module in the Transformer architecture [52] with the specific goal of solving problems where
applying the same resolution step iteratively (such as solving a sub-expression in a com-
plex formula) can lead to the final solution. For a detailed technical description of this
architecture, we address the reader to Section 2.2.3, where we first described the model.

The model was originally tested on three tasks: ListOps [71], Compositional Table
Lookup (CTL) [49], and arithmetic formulas with single-digit operands and intermediate
values taken modulo 10. In the original work, the final result could be collected in the first
or last position of the encoded sequence, since these problems always have single-digit in-
tegers as targets. This no longer holds in the algorithmic problems we consider which can
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ranges used in the hyperparameters search procedure are the same reported in the original
work.

We test the model on the same nine data splits for all three tasks, namely the ones
that result from taking the values in the Cartesian product of the sets N = {2, 3, 4} and
O = {2, 3, 4}, representing values of the Nesting and Operands parameters, respectively. It
should be noted that the scenarios in which we probed this model can be considered more
challenging than the ones considered in the original work. Indeed, we used a smaller training
set for the ListOps task (the original training set included formulas with nesting depth up to
5), and we considered more complex arithmetic expressions, as well as algebraic expressions
on which the model was never tested before.

3.2.3 Results

ListOps Arithmetic Algebra
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Figure 3.2: Global average
performance of the Neural
Data Router. Values repre-
sent output accuracy on the
test set in percentage.

Figure 3.3: Average performance of the Neural Data Router
by data split. Values represent output accuracy on the test set
in percentage: the performance clearly decreases on data splits
of higher complexity. Each data split contains 100 samples.

Figure 3.1 shows how accuracy and loss of the best Neural Data Router configuration
resulting from the hyperparameters search evolve during training. It is interesting to note
that while the performance on the in-distribution validation set grows steadily, reaching more
than 85% accuracy on all tasks, the performance on the out-of-distribution validation set
grows much more slowly, becoming almost constant when learning starts to converge on the
training set. The wide gap between the loss curves on the two validation sets shows that
the model overfits the in-distribution split on all tasks, failing to generalize to more difficult
samples.

Considering the detailed performance of the model represented in Figure 3.3, we ob-
serve that, in the case of Arithmetic and Algebra, the model generalizes better on formulas
with more operands than seen during training (data split (N = 2, O = 4)), rather than in
the case of more deeply nested formulas (data splits (N = 3, O = 2) and (N = 4, O = 2)).
Since the training set includes examples of a ‘base case’ and an ‘induction step’ for both pa-
rameters (respectively, (N = 1, O = 2) and (N = 2, O = 2) for Nesting, (N = 2, O = 2) and
(N = 2, O = 3) for Operands), this could indicate that it is easier to learn a generalization
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step when the complexity of a formula increases in terms of number of operands, rather than
in terms of nesting depth.

3.3 Do bigger LLMs reason more systematically?

In this section, we explore the performance of large-scale language models on the tasks
described in Section 3.1, focusing mainly on the impact of scaling models. This directly
addresses the research questions: Do these models learn to reason systematically, and does
this capability improve with scale? Furthermore, we take into account the impact of fine-
tuning on the models’ systematic reasoning capabilities.

We evaluate models from the Llama family, including the vanilla Llama-2 Chat (or,
Instruct) and two variants fine-tuned on mathematical tasks. For all models, we compare
three different sizes, allowing us to assess how both scaling and fine-tuning affect reasoning
performance.

3.3.1 Models

We evaluated the symbolic reasoning abilities of three models: Llama 2 Chat [126], and two
fine-tuned versions, MAmmoTH [127] and MetaMath [128]. For all of them, we considered
three model sizes with 7B, 13B, and 70B parameters.

The Llama 2 Chat model is a large language model optimized for dialogue use cases,
trained on a mix of publicly available data. It generally performs better than existing open-
source models, approaching some of the most powerful closed-source models on a series of
safety benchmarks, and it achieves high performance on a variety of tasks ranging from
common sense reasoning to world knowledge, reading comprehension, and mathematical
problem solving [126].

We also chose to test two recently proposed fine-tuned versions of Llama 2, MetaMath
and MAmmoTH, that were designed to improve the mathematical reasoning abilities of
the base model using different fine-tuning strategies. MetaMath has been fine-tuned on
MetaMathQA, a companion dataset created by bootstrapping samples in the GSM8K and
MATH datasets by rephrasing both questions and answers with the aim of increasing variety
in the training samples [128]. MAmmoTH was created with the aim of generalizing to
many different mathematical and reasoning domains, hence it has been fine-tuned on eight
different popular benchmarks and evaluated on both in-domain and out-of-domain problems
from different datasets [127].

3.3.2 Data

We benchmark the LLMs in the Llama family on ListOps and the Arithmetic formulas only.
We do not include Algebraic formulas in our analysis because we have observed very low
performance on these problems which would not allow to draw meaningful conclusions from
the comparison of performance on data splits of varying complexity.

We also slightly modified the original format of the ListOps formulas by using a more
explicit functional notation since it has been observed that the notation used to represent
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symbolic formulas can strongly influence the performance of transformers on arithmetic tasks
[129]. For example, the formula [MAX 3 9 1] was rewritten in the new format as MAX(3,

9, 1), since this notation is more likely to be observed in other mathematical datasets used
for training and fine-tuning of the LLMs considered here. We evaluated models on ListOps
formulas drawn from the data split parameterized by (N = 4, O = 4), i.e., that had two to
four operands and one to four nesting levels. As regards arithmetic, we considered formulas
with one to four nesting levels and two operands, drawn from the split parameterized by
(N = 4, O = 2). We do not include formulas with more operands since we observed that the
nesting level of the formulas has the most significant impact on performance. Indeed, we
present results on ListOps formulas aggregating across the number of operands.

3.3.3 Prompting methods

In order to elicit the emergence of reasoning abilities in Llama 2 Chat, we have initially
tested zero-shot chain-of-thought prompting, a recently proposed prompting method that
was shown to achieve similar performance as chain-of-thought prompting without the need
to craft exemplars [36, 107]. However, we observed that Llama 2 Chat already produced
reasoning steps in the output using zero-shot prompting, presumably as the result of fine-
tuning with reinforcement learning through human feedback [100], and that zero-shot chain-
of-thought prompting did not further improve the model’s performance. Therefore, we opted
for a simpler zero-shot prompting strategy, in which we briefly describe the task and then
directly ask the model to solve it. In the case of the ListOps dataset, we also briefly describe
the semantics of the operators that appear in the expression. For example, a Llama 2 prompt
to solve a ListOps formula could be the following: MIN, MAX and SM are operators on lists of
single-digit integers which have the semantics of minimum, maximum and sum modulo 10,
respectively. Solve the following expression involving these operators: MAX(3, 9, 1). Give
the final answer stating ‘The final answer is: <NUMBER>’.

In the case of MAmmoTH and MetaMath, we instead used the official prompting strategy
used by the authors of the model during fine-tuning. The prompt formats for the two models
are similar: they both include an initial sentence introducing a generic task to the model
followed by task-dependent instructions and a request to produce a response. In our case, we
used the Llama 2 zero-shot prompt as a description of the task to be solved and we inserted
it in the official prompt format. The MetaMath prompt contained an explicit request to
solve the problem step-by-step, while this was not required with MAmmoTH models since
they have been fine-tuned with reasoning problems solved via chain-of-thought prompting,
and thus produce a sequence of reasoning steps by default. For example, a MetaMath
prompt to solve an arithmetic formula could be the following: Below is an instruction that
describes a task. Write a response that appropriately completes the request. Instruction:
Solve the following arithmetic expression: ((86+51)+(-74-35)). Take the modulo 100 of
intermediate values, i.e. keep the last two digits of the number with the sign. Give the final
answer stating ‘The final answer is: <NUMBER>’. Response: Let’s think step by step.

To extract the final answer from the model response we used regular expressions to match
integers and take the last one appearing in the text. We measured the performance of all
models using sequence accuracy, which means that an output was considered correct only if
it exactly matched the target.
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the effect of the modulo operation in simple arithmetic formulas with just one nesting level.
Overall, these results suggest that the emergent symbolic reasoning abilities observed

in the largest models do not yet allow for compositional generalization [46], being mostly
effective on relatively simple formulas. This holds even for fine-tuned models, since their
accuracy on the most challenging problems (four nested formulas) is comparable to that
achieved by the base Llama 2 models.

Analysis of errors on simple formulas

In order to solve the symbolic reasoning problems considered in the experiments, the models
should be able to solve both atomic operations, such as summing two numbers or finding
the maximum in a list, and apply the correct sequence of solution steps in nested formulas.
Since we generally observed that performance mostly improved on simpler problems, in the
following analysis we focus on studying the capacity of the models to solve the simplest
arithmetic and ListOps formulas. To this aim, we isolated and analyzed the errors on data
splits with a single nesting level.

In Fig. 3.6, we show the number of errors committed by the models on ListOps formulas
with a single nesting. We observe that for Llama 2, the scale of the model allows to signifi-
cantly improve its ability to solve min and max operations (almost to perfection), while the
sum modulo 10 becomes the most difficult operation in the largest model, with a surprising
deterioration in performance compared to smaller-scale models. The trend is different for
fine-tuned models, which have presumably observed the sum modulo 10 operation more fre-
quently during training and can thus solve it better than the base model, with the largest

57



model versions reaching almost perfect accuracy on all atomic operations.
In Fig. 3.7, we show the mistakes made by the models on arithmetic formulas with a

single nesting level. We group input samples based on the type of operation appearing
in the formulas and on the sign of the result, as we hypothesize that operations involving
negative operands could be more difficult than those on positive ones. We then measure the
incidence of errors in each group, i.e. the fraction of formulas in each group that the model
does not solve correctly. We observe that both fine-tuning and reasoning abilities emerging
with scale mainly improve the models’ accuracy on formulas that have a positive result. By
looking at the reasoning steps produced by the models, we noticed that the vast majority
of these errors are due to an incorrect calculation of the modulo operation, which indeed
proves to be more difficult for all models when it involves negative operands. This could be
due to the fact that training samples with modulo operations involving positive integers are
significantly more frequent than those involving negative ones, leading the model to develop
a bias towards the former.

3.4 Can prompting elicit systematic reasoning?

In this section, we investigate the impact of various prompting methods on the systematic
reasoning capabilities of large language models, and specifically on nested formula simpli-
fication. This exploration addresses the research question: How reliably can systematic
reasoning be elicited through prompting techniques?

Given the positive impact of scale observed in previous analyses, we now focus on very
large-scale models – indeed, even much larger than models in the Llama 2 family. We thus
benchmark GPT-3.5 and GPT-4, comparing multiple prompting methods—both general-
purpose ones and methods recently proposed specifically for reasoning tasks. We aim to
determine whether prompting methods can enable the models to exhibit systematic, algo-
rithmic behavior and to what extent they improve performance on structured tasks of varying
difficulty.

3.4.1 Models and data

We benchmarked two large language models in the GPT family, namely GPT-3.5 and GPT-4
[131]. We prompt the models to solve formulas drawn from the same nine data splits used
to test the Neural Data Router, namely the ones parameterized by values in the Cartesian
product of the sets N = {2, 3, 4} and O = {2, 3, 4}.

3.4.2 Prompting methods

In the following, we present the prompting techniques involved in this study. Some of these
methods have been mentioned in Section 2.4 Examples of each prompting technique on the
three tasks are reported in paragraph A.2 in the Appendix.
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Zero-shot

This prompting technique simply consists in giving the problem description as input to the
model and directly asking for the result. The question is formatted in such a way that the
output of the model will be constrained to the desired format and can thus be easily parsed.

Few-shot

One of the abilities that had a big impact on the popularization of LLMs is their capacity to
learn from examples at inference time, a technique called ‘few-shot’ or ‘in-context’ learning
[13]. In this case, we prompt the models by providing a list of three examples of solved
formulas before asking to solve the actual problem. The formulas are sampled from three
data splits described by the following values of the Nesting and Operands parameters: (N =
1, O = 2), (N = 2, O = 2) and (N = 2, O = 3). In the examples, the formulas are solved
directly, i.e. without showing intermediate solution steps to the model.

Chain-of-Thought

One of the most general and effective techniques that have been recently proposed to elicit
reasoning in Large Language Models is Chain-of-Thought (CoT) prompting [106]. When
prompted following this method, the model receives a set of examples showcasing the solu-
tion of a given reasoning problem, where each example explicitly includes the intermediate
solution steps required to get to the final answer.

In our case, we experiment with two different kinds of CoT prompting: in the first one,
named ‘Symbolic Chain-of-Thought’, we provide the solution examples to the model exclu-
sively in a symbolic form, that is, as a chain of equalities. In the second case, named ‘Verbal
Chain-of-Thought’, each intermediate step is also described with English text, suggesting
the model a motivation for taking that simplification step and encouraging it to mimic the
same verbalization behavior when producing the answer to the actual problem.

Role assignment

We also experiment with a variant of the Zero-shot prompting technique in which we assign
a role to the agent. Following recent findings [132] which suggest that specifying the agent’s
field of expertise could improve the accuracy of its answers, we input the sentence “You are
a brilliant mathematician” before giving the model the actual problem description.

Zero-shot Chain-of-Thought

Zero-shot Chain-of-Thought prompting [107] is a technique which has been proposed to
obtain similar results as the ones obtained with Chain-of-Thought prompting, without the
need to carefully engineer prompts with examples demonstrating the solution steps. The
model is prompted directly with the problem it needs to solve, as well as with the first
words of the answer: “Let’s think step-by-step”. The output generated by the model is then
collected and used to prompt the model a second time to get the final answer in the correct
format, now eliciting the output with the usual formula: “So, the final answer is:”.
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ListOps Arithmetic Algebra
GPT-3.5

Zero-shot CoT 0.44 0.32 0.19
Self consistency 0.56 0.35 0.26

GPT-4
Zero-shot 0.33 0.04 0.10
Zero-shot role 0.42 0.06 0.18
Few-shot 0.46 0.08 0.19
Symbolic CoT 0.48 0.14 0.24
Verbal CoT 0.58 0.29 0.25
Zero-shot CoT 0.71 0.49 0.39
Self-consistency 0.79 0.58 0.52

Table 3.2: Average performance of GPT-3.5 and GPT-4 with different prompting methods
on both in-distribution and out-of-distribution test splits, measured in terms of percentage
accuracy. “Zero-shot role” refers to the Zero-shot prompting method where the agent was
assigned a role. The best performance for each task is highlighted in bold.

Self-consistency

Reasoning problems are different from other problems that can be tackled with generative
models, in that they always have a unique solution (at least semantically, i.e. not taking
into account the different ways in which a solution can be written, for example in the case
of algebraic expressions). Nevertheless, there could be multiple reasoning paths that lead to
the correct solution, varying not only formally, but also substantially – as in, for example,
theorem proving. Starting from this premise, [109] advocate for self-consistency in Large
Language Models’ outputs when solving reasoning tasks. The basic idea is that the per-
formance of the model might improve if we prompt the model several times, and consider
the answer that was generated more frequently and therefore, one might say, with more
confidence.

We apply the self-consistency prompting method in combination with Zero-shot CoT
prompting. To limit the consumption of credits to query the OpenAI API, we prompted
the model only 5 times for each input, rather than 40 times as done in the original work.
We note, therefore, that the models performance might further improve raising the number
of prompts per input, and thus the confidence in the selected answer. However, even with
such a small number of outputs, we can already observe the effectiveness of this prompting
technique.

3.4.3 Results

Prompting methods and tasks

As reported in Table 3.2, on all tasks the best performance was achieved by GPT-4 using
the Self-consistency prompting method. More generally, prompting techniques that require
(or encourage) GPT-4 to reason explicitly were more effective: in all cases, the best perfor-
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Figure 3.9: Performance gain measured as percentage accuracy resulting from each prompt-
ing method on GPT-4 compared to Zero-shot baseline. The accuracy gains from the best
prompting methods are concentrated in simpler data splits, especially on Arithmetic.

Table 3.2 (see also paragraph A.1 in the Appendix).
Overall, this suggests that prompting methods in the Chain-of-Thought family, by letting

the model produce explicit reasoning steps, do improve the performance of GPT-4 on the
problems at hand to some degree on simple problem instances, but they do not trigger
the emergence of a reasoning mechanism that can lead to systematic generalization that is
independent of the problem difficulty.

3.5 Conclusions

In this chapter, we investigated the systematic reasoning capabilities of both small-scale
models and large-scale language models (LLMs) on a novel formula simplification task, de-
signed to reflect core aspects of compositionality as outlined by Hupkes et al. [46]. The task
allowed for an analysis of model performance across varying levels of formula complexity,
enabling a detailed exploration of the key research questions we outlined previously.

The results demonstrate that the Neural Data Router, which we take as a representative
of small-scale neural architectures specialized on systematic reasoning tasks, performs well on
simpler instances but faces significant challenges as task complexity increases. This points
to a bottleneck in its ability to handle increasing complexity, suggesting that specialized
architectures may struggle to extrapolate on more complex tasks than the ones for which
they were designed.

The findings for LLMs present a more nuanced picture. Scale proves to have an impact
on performance: larger models generally outperform smaller ones in solving mathematical
formulas, especially for simpler cases. However, the gains are not uniform across all task
complexities. For more deeply nested formulas and tasks involving higher degrees of compo-
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sitionality, LLMs still exhibit gaps in systematic reasoning. These results suggest that while
LLMs demonstrate emergent symbolic reasoning at larger scales, the capacity to apply this
reasoning reliably to complex, multi-layered structures remains incomplete.

Prompting techniques have shown some potential to elicit systematic reasoning in LLMs,
particularly when prompts explicitly articulate intermediate reasoning steps. However, this
method did not lead to consistent generalization across all tasks, especially when the com-
plexity of the formulas increased. While prompting can guide LLMs toward more structured
reasoning, it does not fully close the performance gap on more challenging problems. This
highlights that although prompts can improve the elicitation of reasoning, they are not a
comprehensive solution for ensuring systematicity, especially at higher levels of compositional
complexity.

Overall, these findings align with broader research in the field, suggesting that, although
progress has been made, significant challenges remain in achieving reliable systematic gen-
eralization in both small- and large-scale neural networks.
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Chapter 4

Learning neuro-symbolic

convergent term rewriting systems

A fundamental challenge in artificial intelligence is designing systems that can learn to rea-
son effectively. By ‘learning to reason,’ we refer to the ability to apply learned information
processing mechanisms to unseen and potentially more complex inputs, especially of struc-
tured kind, in a systematic and reliable way. However, achieving this requires addressing
several core difficulties in how current systems, particularly those based on neural networks,
learn and process information. As we have seen in the previous chapter, despite a consis-
tent amount of research on systematic and compositional generalization in both small-scale
and large-scale neural networks, both kinds of systems struggle to generalize learned rea-
soning patterns to out-of-distribution samples or highly complex problems. This limitation
severely hampers their ability to tackle structured tasks like those commonly solved with
classical algorithms. In this chapter, we consider this issue focusing on a specific class of
reasoning problems that can be formalized as convergent term rewriting systems [133]. We
propose a neuro-symbolic framework that can be implemented in systems with strong gen-
eralization capabilities on the class of problems at hand. These capabilities are achieved
by leveraging both background knowledge on the properties of the problems and their ideal
solution process, and out-of-distribution capabilities of transformers with key architectural
modifications.

4.1 Introduction

Classical algorithms in computer science – such as sorting or graph traversal algorithms –
can map inputs to outputs independently of the data distribution from which the input was
drawn, with well-studied time and space scaling laws. On the other hand, from a statistical
perspective inputs to deep learning models are almost always assumed to belong to the same
data distribution of training samples, making it challenging to design learning architectures
that can handle out-of-distribution (OOD) test data [134, 135]. At the same time, however,
the design and implementation of classical algorithms requires a significant amount of human
labor: the programmer needs to formalize each problem class using specific data structures
and engineer explicit algorithms that can solve the problems at hand. Given the immense
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wealth of digital data that is now available to organizations and the value they can bring
if processed by computer programs, new lines of research propose to reduce the need for
humans in the automation loop exploiting machine learning. In this context, information is
represented in vectors and is processed by manipulating these representations rather than
with classical algorithms and data structures [42]. For example, graph neural networks have
recently been used to learn graph algorithms, combining deep learning’s strong real-world
data handling capabilities with classical algorithms’ theoretical guarantees [90, 136].

Here we consider a class of problems from the tradition of artificial intelligence and com-
puter science that can be formalized as convergent term rewriting systems [133]. Generally
speaking, rewriting systems are composed of a set of elements and a set of rules that de-
scribe how to transform those elements. Elements can be several different mathematical
objects, including strings, graphs or terms of a formula. When combined with an appropri-
ate algorithm, rewriting systems become programs that can execute the transformation of a
sequence of objects into another one by the subsequent application of the given rules. We
consider here term rewriting systems in which the elements are mathematical expressions
represented as sequences of symbols, and the rules define their semantically equivalent forms.
Specifically, in a convergent term rewriting system, rewrite rules applied sequentially always
transform the input into the same final output, independently of the order of application,
and sequences of rewrite rules never form loops.

In this chapter, we aim to address several related research questions about the design and
implementation of a neuro-symbolic system capable to learn the problems described above.
The research questions we address are the following: How can a hybrid neuro-symbolic
architecture be designed specifically for the class of problems we consider? What is the
impact of different design elements on the system’s performance? And, finally, what is the
impact of these design choices on efficiency, measured in terms of training time, inference
time, and memory consumption?

To address the first question, we present here in detail two related neuro-symbolic archi-
tectures designed to learn convergent term rewriting systems: the Neural Rewriting System
(NRS) and the Fast Neural Rewriting System (FastNRS). Both models are built upon a
shared architectural blueprint inspired by rewriting algorithms. They both exhibit strong
generalization capabilities, akin to those of traditional term rewriting systems, but their
processing dynamics emerges through learning from data rather than manual design. The
models can be trained on a limited subset of formulas and effectively generalize to more
complex ones, eliminating the need for exhaustive training on all possible formulas. Such
capability for out-of-distribution generalization is enabled by a modular approach informed
by the rewrite mechanism and by architectural modifications to the transformer block.

Additionally, we show that both models can function in a multi-domain scenario, a setting
where a single model is trained on multiple datasets simultaneously without task-specific
architectural adjustments. This results in a “multi-potent” system capable of solving a variety
of problem instances within the considered class. Unlike the more conventional multi-task
setting in machine learning [137], where a shared backbone architecture is typically combined
with task-specific outputs, our architecture’s algorithmic-inspired design allows the same
components to be effectively applied to learn multiple term rewriting systems, enabling
robust generalization without task-specific modifications.

To address the second two research questions and understand the impact of model de-
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sign choices on the functioning of the models, we provide a comparative analysis of their
performance and efficiency on the four different domains of logic, lists, integer arithmetic,
and simple algebra, describing the benefits and trade-offs associated with each system.

As additional baselines that could exhibit a systematic behavior similar to the execution
of convergent term rewriting systems, we consider three architectures in two independent
but related streams of research: the Neural Data Router [70], a recently proposed variant
of transformer designed to achieve strong systematic generalization capabilities, as a rep-
resentative of small-scale neural architectures specialized on single tasks; OpenAI’s GPT-4
[138], one of the best performing general-purpose LLMs currently available, whose reason-
ing capabilities have been recently studied and improved via specialized prompting methods
like Chain-of-Thought prompting [106]; and, OpenAI’s o1-preview [139], a recently proposed
large-language model based on GPT-4 and designed to significantly improve performance on
complex reasoning tasks by optimizing the production of very long reasoning chains.

4.2 Formula simplification problems: a formal description

Convergent term rewriting systems are typically used to simplify mathematical formulas.
Here, rules describe how expressions involving two or more operands can be rewritten into
atomic elements that are semantically equivalent and represent their values. For example, in
arithmetic formulas, the expression (15 + 5) can be transformed into the equivalent atomic
element 20. We call these problems “formula simplification problems.” We will now formally
characterize these problems and then use this formalization to describe how convergent term
rewriting systems for this class of problems can be formed, i.e., how rewriting rules can be
written and what algorithm is implemented by such a rewriting system.

In formula simplification problems, we can see formulas f ∈ F as entities that are com-
posed of two semantically distinct elements: operators o ∈ O and arguments a ∈ A. Ar-
guments can be either atomic elements e ∈ E, such as integers, which are also the final
values of any formula, or other formulas. Furthermore, since these problems can be solved
by convergent term rewriting systems and thus always have exactly one final value, the
following equality holds for any formula: f = o(a1, ..., an) = e, where o ∈ O, e ∈ E and
aj ∈ F ∪ E, ∀j ∈ [1, n]. Finally, we can define leaf formulas FL ⊂ F as the subset of formu-
las whose arguments are all atomic elements: fL = o(a1, ..., an) s.t. ak ∈ E, ∀k ∈ [1, n].

For any problem, we can define a set of rewriting rules r ∈ R which map leaf formulas to
their values: r : FL → E, ∀r ∈ R. This set defines a convergent term rewriting system for
any formula simplification problem. Indeed, iteratively applying the rewriting rules described
above in any order, the initial formula can be simplified to an atomic final element e. The
algorithm implemented by the rewriting system thus consists of the execution of four steps,
which are repeated until the formula becomes an atomic value: 1. pick any valid rewriting
rule from the set;1 2. find in the input formula all the elements that match the left-hand
side of the rewriting rule; 3. apply the rewriting rule to the elements found and compute the
substitution; 4. replace the elements with the computed values. This algorithm serves as a

1In step 1., a rewriting rule that can be applied to the current formula should be chosen, i.e., one whose

left-hand side appears in the formula.
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(LLMs) and specialized neural architectures for compositional reasoning, our system balances
generality and reliability. Indeed, while LLMs can tackle a wide range of tasks, they lack
the specialized focus needed to provide strong guarantees in solving structured problems like
those that can be addressed by term rewriting. On the other hand, small-scale transformer-
based architectures designed for compositional reasoning tend to provide stronger guarantees
of generalization, but the spectrum of tasks they can handle is limited, if at all defined [117].
Our neuro-symbolic system is more specialized than LLMs yet more versatile than narrowly
specialized architectures, offering a structured and more reliable solution for solving formula
simplification problems across different domains.

The algorithm for resolving mathematical formulas we described in Section 4.2 can be
implemented in a neuro-symbolic architecture in various ways, depending on design choices
and priorities. We present here two neuro-symbolic implementations of this algorithmic
blueprint: the Neural Rewriting System (NRS) and the Fast Neural Rewriting System (Fast-
NRS). Both these architectures are composed of three modules, the Selector, the Solver and
the Combiner, which handle steps 1. and 2., 3. and 4. of the algorithm, respectively. Note
that in a neural implementation, picking a valid rule can coincide with identifying a part of
the input that can be simplified, as it will be clear from our implementation of the Solver.
These designs, represented schematically in Figures 4.1a and 4.1b, primarily differ in how
the Selector module is implemented, corresponding to steps 1. and 2. of the algorithm—the
identification of matching elements for rule application. In the Neural Rewriting System,
only one element matching the left-hand side of a rewriting rule is selected at a time. On
the other hand, the Fast Neural Rewriting System selects and replaces multiple elements in
parallel by framing the problem as a text segmentation task, allowing for a more efficient
implementation at the expense of some accuracy.

Algorithm 1 Pseudo-code of the NRS execution. The model executes the Selector, Solver
and Combiner in a pipeline. Algorithm 2 describes the execution of the Selector.

1: function NRS(f)
2: while True do

3: fL, c(fL), a(fL, f)← Selector(f)
4: if a(fL, f) 6= 1 then

5: return ∅

6: end if

7: e← Solver(fL)
8: if e = ω then

9: return f
10: end if

11: f ← Combiner(f, fL, e)
12: end while

13: end function
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4.3.1 The Neural Rewriting System (NRS)

The general functioning of the architecture can be described as the iterative execution of the
Selector, Solver and Combiner modules in a pipeline. A formal description in pseudo-code
of the NRS execution is given in Algorithms 1 and 2.

Algorithm 2 Pseudo-code of the NRS Selector execution. The Trfm function represents the
transformer. The model conditionally applies Dynamic Windowing (lines 9-13) depending
on the input length.
Require: parameters M,T
1: function Selector(f)
2: L← [ ]
3: for i = 1→M do

4: if |f | < T then

5: f̂L, c(f̂L)← Trfm(f)

6: a(f̂L, f)← max CNN
f̂L

(f)

|f̂L|
7: Append 〈f̂L, c(f̂L), a(f̂L, f)〉 to L
8: else

9: k ← floor(|f | · i mod 20
20

)
10: fw ← w(f, k)
11: f̂L, c(f̂L)← Trfm(fw)

12: a(f̂L, fw)←
max CNN

f̂L
(fw)

|f̂L|
13: Append 〈f̂L, c(f̂L), a(f̂L, fw)〉 to L
14: end if

15: end for

16: Sort L by a(f̂L, f) and c(f̂L)
17: return L[0]
18: end function

The Selector module

The Selector module in the Neural Rewriting System is responsible for identifying an element
in the input formula that matches the left-hand side of a rewriting rule. As mentioned earlier,
it is designed to solve a sequence-to-sequence task. Formally, it implements the sel : F → FL

function, i.e. it is trained to map a formula, which we assume to always be syntactically
correct, to a leaf formula appearing therein. In analogy to what happens in humans when
they deploy object-based attention to locate algebraic sub-expressions that can be simplified
[140], the Selector is trained to identify the last leaf formula occurring in the input formula
on which a rewriting rule can be applied. For example, given the arithmetic expression
(12+(3-(4+5))) the Selector’s task is to correctly identify the solvable leaf formula (4+5).

We use a variant of the transformer encoder-decoder [52] to implement the core of the
NRS Selector. In order to achieve strong length generalization capabilities, we make two
modifications to the vanilla transformer. First, we follow recent evidence showing that
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length generalization in transformers can be influenced by the choice of positional encodings,
especially when, at test time, these fall out of the range observed during training [58, 61,
141]. We thus use Label-based Positional Encodings [63] to enable the Selector to identify
leaf formulas in very long sequences. The positional information of an input sequence of
L tokens is thus encoded in the following way: given a sequence of N sinusoidal positional
encodings, where N is a large number that represents the maximum expected length of an
input, L integers are sampled in the interval [0, N−1] and then sorted. The encodings found
in the positions corresponding to the sampled integers are then summed to the embeddings
of the tokens in the input sequence before the forward pass. Notice that the sampling
and sorting mechanisms are applied internally in the transformer, similar to the pooling
operations in convolutional networks. Furthermore, this type of positional encoding operates
as a sort of data augmentation mechanism and thus is not learned and is not involved in the
backpropagation of the errors.

As a second modification, we constrain the receptive field of the self-attention layer of
the encoder, inspired by sparse self-attention patterns proposed in the literature [55]. This
choice can also be intuitively motivated for our tasks. Indeed, the Selector more likely learns
a function with good length generalization properties in a smaller search space that contains
functions with minimal dependencies on parts of the sequence that do not correspond to leaf
formulas. Furthermore, identifying leaf formulas is a local problem in any part of the input
sequence, i.e., it can be solved without integrating information carried by tokens located
in distant parts of the input sequence. Therefore, we mask all entries in the self-attention
matrix of the encoder but the ones around the main diagonal (i.e., we make them −inf).
The active values in the self-attention matrix are thus located in a diagonal window that
is 2k + 1 tokens wide, where k is a hyperparameter. Preliminary experiments showed that
models with a vanilla self-attention achieved worse out-of-distribution generalization, and
hyperparameter selection demonstrated that the strongest generalization can be achieved
with a narrow diagonal window.

Other than these architectural modifications, the NRS Selector includes two specialized
mechanisms – the multi-output generation and the dynamic windowing – that enhance ac-
curacy and reliability, ensuring higher resilience to noise and errors in the neural network’s
outputs. The multi-output generation mechanism was introduced after we observed experi-
mentally that it can be useful to repeat the auto-regressive generation of transformer outputs.
After sampling several output sequences from the probability distribution derived from the
decoder’s outputs, we choose the best one considering both a measure of confidence of the
Selector and a measure of input-output agreement computed by the Combiner.

Given the specialized purpose of the Selector, we can see each output of the module
as a candidate leaf formula f̂L. We generate any token f̂L

i in an output sequence f̂L by
sampling from the probability distribution obtained applying the softmax function to the
logits produced by the final fully-connected layer of the decoder. We do not use any temper-
ature parameter when sampling the output tokens. For any input formula f , we repeat the
stochastic generation process M times, thus generating a sequence of candidate leaf formu-
las F̂L = 〈f̂L,1, ..., f̂L,M〉.s We define the confidence of the Selector on any f̂L,j, 1 ≤ j ≤ M
as the joint probability of sampling its tokens: c(f̂L,j) =

∏N
i=1 p

j
i , where N is the number

of tokens in f̂L,j, and pji is the probability to sample token f̂L
i in f̂L,j. We also define an
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agreement score a(f̂L,j, f) ∈ [0, 1] which gives information about the fraction of f̂L,j which
is exactly present in the input formula f . This measure is computed by the Combiner
and thus it is formally defined in Section 4.3.1. We then select the final output fL of the
Selector as the one with the highest confidence which has an agreement score equal to 1
— that is, it matches the input sequence exactly. More formally, fL = f̂L,j ∈ F̂L s.t.
c(f̂L,j) ≥ c(f̂L,k) ∀j, k ∈ [1,M ] ∧ a(f̂L,j, f) = 1.

We also implement a dynamic windowing mechanism on longer input sequences that
allows us to increase the model’s generalization capacity on complex problem instances. The
core idea behind this mechanism is to repeat the process of selecting a leaf formula several
times, changing each time the window of the input formula that the Selector observes, and
then relying on the confidence c(f̂L) to pick the best output. We apply this mechanism on
top of multi-output generation by modifying its behavior for sequences longer than a given
threshold T . Given an input formula f , if |f | < T the computation is executed as described
before. Otherwise, we generate M copies of the input 〈f (1), ..., f (M)〉, whose lengths will be
reduced by applying a window function w. Considering any input f as a sequence f1, ..., fN
of N tokens, we define the window function w(f, k) = fk+1, ..., fN which reduces the length
of the input by giving as output its last k tokens. Since the Selector is trained to output
the last leaf formula appearing in the input, the window function reduces the input length
starting from the first tokens. We divide the sequence of copies of the input 〈f (1), ..., f (M)〉
into 20 groups F (1), ..., F (20) of equal size. Intuitively, in each group the length of the input
is reduced by a different percentage of tokens. More formally, the window function will be
parameterized by k = floor(|f (i)| · j

20
) ∀f (i) ∈ F (j), ∀j ∈ [1, 20]. We then pick the final leaf

formula using the confidence and agreement scores, as described in the previous paragraph.
This ensures that the model can observe the whole input sequence and select a leaf expression
in the part of the input where it can identify one with more confidence.

The Solver module

The Solver is a central component of our system. Indeed, as we described in Section 4.1,
classic rewriting systems are composed of a set of elements and a set of rules, which are
then used in the algorithm to transform sequences. In our neuro-symbolic architecture, both
elements and rewriting rules are represented sub-symbolically in the Solver, which rewrites
relevant parts of the input.

Given a leaf formula fL by the Selector, the Solver is trained to produce the equivalent
reduction e according to the corresponding rewriting rule. Therefore, valid elements and
rewriting rules are stored implicitly in the network weights via optimization. For example,
given the leaf formula (4+5), the Selector produces its value, 9. The Solver also learns to
recognize the termination state of the computation, signaling when such a state is reached.
Given atomic elements representing the final value of a formula, such as the number 9 for
an arithmetic formula, it is trained to map them to the special symbol ω, indicating the
end of computation. During training, the Solver only observes well-formed leaf formulas and
atomic values.

We frame the Solver task as a sequence-to-sequence problem. We implement it as a
transformer encoder-decoder without any modification since it learns input-output mappings
corresponding to the rules.

72



The Combiner module

The last module in the architecture is the Combiner, a neural implementation of the function
com : F × FL × E → F . Its purpose is thus to produce a simplified version of the original
formula, given the formula itself f , the leaf formula fL identified by the Selector, and its
reduction e computed by the Solver.

In order to carry out its task, the first operation that the Combiner must perform is
finding the position in f where the leaf formula fL appears. We notice that the convolution is
a suitable operation to detect which portion of an input sequence has the highest match with
another sequence used as a filter, so we implement this operation using a 2D Convolutional
Neural Network (CNN) whose filters are set dynamically at execution time using the output
of the Selector, rather than being learned with backpropagation. For example, if we have the
arithmetic expression (12+(3-(4+5))) as input, using the leaf formula (4+5) as the filter of
a 2D CNN we can obtain a signal of correspondence between the leaf formula and the input
expression, and therefore identify if the leaf formula is present in the input and where it is
located.

More precisely, we represent both the input sequence f and the leaf formula fL as se-
quences of 1-hot vectors over the same vocabulary. Since the leaf formulas found for different
sequences in a batch can have different lengths, we pad each one with zeros to prevent the
padding to match in the input. Then, we set the filter of the 2D CNN to the 1-hot repre-
sentation of fL. We refer to the CNN parameterized in this way as CNNfL . Doing so allows
us to obtain from the output of the convolution both information on the location of the best
match of fL in f and on the number of tokens in fL that match f exactly in some point.
Indeed, we can compute the location of the best match as pos(fL, f) = argmax CNNfL(f).

Furthermore, we can compute the agreement score a(fL, f) =
max CNN

fL
(f)

|fL| , where |fL| is the

number of tokens in fL. Dividing by |fL| makes the score normalized, which allows us to
compare the agreement scores of leaf formulas with different lengths. Indeed, as described in
Section 4.3.1, the Selector uses this score for multi-output generation to discard the outputs
that do not have an exact match in the input formula. Notice that in this case the CNN is
parameterized using candidate leaf formulas f̂L

j whose accuracy scores with f are compared.

If there is no Selector output such that a(f̂L
j , f) = 1, the computation on the input sequence

f is stopped, and this is considered a failure of the model.
After finding the position of the leaf expression in f , the Combiner replaces fL with e

in f , to compute the simplified version of the formula f ′. We implement this operation as a
deterministic operator with input f , fL, e, and pos(fL, f).

4.3.2 The Fast Neural Rewriting System (FastNRS)

The general functioning of the architecture can be described as the iterative execution of the
Selector, the Solver and a deterministic cond_repl function in a pipeline. A pseudo-code
description of the FastNRS execution is shown in Algorithm 3.
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Algorithm 3 Pseudo-code of the FastNRS execution. The model iterates through the leaf
formulas extracted by the Selector and conditionally replaces them in the main formula.

1: function FastNRS(f)
2: while True do

3: mask← Selector(f)
4: 〈fL

1 , ..., f
L
n 〉 ← Extract(mask, f)

5: replaced← False
6: for fL

k in 〈fL
1 , ..., f

L
n 〉 do

7: ek, cek ← Solver(fL
k )

8: if ek = ω then

9: return f
10: end if

11: f, replaced← cond_repl(fL
k , ek, f, cek)

12: end for

13: if replaced = False then

14: return ∅

15: end if

16: end while

17: end function

The Selector module

Unlike the NRS, the FastNRS Selector is implemented using only a transformer encoder.
This module shares the same core architecture as the transformer encoder used in the Neu-
ral Rewriting System. Specifically, we use Label-based Positional Encodings to enable the
Selector to identify leaf formulas within very long sequences, and we constrain the receptive
field of the self-attention layer to obtain localized attention on the close neighbors of each
token. In the FastNRS, the Selector is designed to solve a text-segmentation task. The use of
an encoder and the formalization of the selection problem as a text-segmentation one allows
the parallelization of a core step of the algorithm to solve formula simplification problems.
Formally, the Selector implements the function multisel : F → FLn

where FLn
represents

the n-ary cartesian product of the set of leaf formulas FL. The function maps a formula to
one or more leaf formulas within it, corresponding to the left-hand sides of applicable rewrite
rules.

In this implementation, given a sequence of tokens, the transformer performs a binary
classification task on each token independently. A positive label indicates that a token is
part of a leaf formula and will be selected for rewriting, while a negative label marks tokens
that will not be selected. Given an input formula f , the Selector produces a mask over the
input in which all parts of the formula that cannot be rewritten are masked. Using these
masks, leaf formulas are extracted from the input, and a sequence of strings is obtained.
Each string should correspond to the left-hand sides of some rewriting rule, and thus, it is
given as input to the Solver, which computes the substitution according to the corresponding
rule.
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The Solver module

The Solver module in FastNRS shares the same architecture as the Solver module in the
NRS and is designed to solve the same problem: applying the appropriate rewriting rule to
compute the required substitutions. Also in this case, if the Solver outputs the ω symbol
signaling the end of computation, the algorithm stops. Additionally, in FastNRS, we measure
the confidence of the Solver’s outputs, which plays a critical role in guiding the execution
of the FastNRS Combiner module. This confidence measure helps ensure that only high-
confidence outputs are used in the subsequent steps, enhancing the reliability of the overall
system. We define the confidence of the Solver on any output e as the joint log-probability of
sampling the output tokens from the distribution obtained by applying the softmax function
to the logits produced by the final fully-connected layer of the decoder. Formally, ce =
∑N

i=1 log(pi), where N is the number of tokens in e, and pi is the probability to sample token
ei in e.

The Combiner module

In contrast to the Neural Rewriting System (NRS), the Combiner module in FastNRS is not
implemented using a neural architecture. Specifically, we do not use a convolutional neural
network (CNN) to extract the position signal of the leaf formula identified by the Selector.
Thanks to the text-segmentation implementation of the Selector, we can directly trace back
the position of the identified leaf formula(s) within the input.

As a result, the Combiner module is implemented as a deterministic function, cond_repl,
which takes the original formula f , the identified leaf formula fL, its replacement sol(fL)
computed by the Solver, and the measure of the Solver’s confidence cek as inputs. This
confidence measure handles cases where the Solver output may contain errors. Indeed,
despite the strong length generalization properties guaranteed by the modifications made
to the Selector, minor defects in the segmentation of out-of-distribution sequences can still
occur. Such defects could cause the extraction of corrupt parts of the input formula that
do not correspond to the left-hand side of any rewriting rule, thus leading to meaningless
substitutions computed by the Solver. Any fL will thus be replaced with sol(fL) in f
only if the corresponding measure of confidence of the Solver output cek is sufficiently high.
Intuitively, the measure cek reflects the distance of the input from the training distribution
of true left-hand sides of rewriting rules, and thus, it allows the identification of parts of the
input that are not valid left-hand sides with sufficient degree of accuracy. In our experiments,
we set the value of the confidence score threshold depending on the distribution of this
quantity on the training samples, as detailed in Section 4.5.

If the input mask is drastically corrupted, and no ek has a sufficiently high confidence
score cek , the computation is interrupted and this is considered an error of the model.
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Listops

The ListOps dataset [71] was designed to assess neural networks’ ability to construct parse
trees for nested formulas. Initially, the dataset featured formulas with operations on integer
lists, such as minimum, maximum, median, and sum modulo 10. We adapted the ListOps
dataset to ensure that each nesting level had exactly two nesting points and allowed for
specifying the number of arguments at any level. Focusing on the system’s ability to gen-
eralize on deeply nested formulas rather than mastering specific operations, we limited the
operations to minimum, maximum, and sum modulo 10.

Arithmetic

We created formulas using sum, subtraction, and multiplication operations between two
integers sampled from the interval [−99, 99]. Since this study does not explore the ability to
generalize to numbers with more digits than those encountered during training, we applied
modulo 100 to the intermediate results obtained throughout the solution process.

Algebra

We focused on a subset of algebraic formulas that can always be deterministically simplified
to a minimal form. These formulas consist of sums and subtractions between two monomials,
with the final value always being a monomial. The numerical coefficients of the monomi-
als were sampled from the interval [−99, 99], and each monomial could include up to four
literal variables chosen from {a, b, x, y}. All monomials in a given formula shared the same
literal variables. Similar to the Arithmetic problem, all intermediate numerical values were
computed modulo 100 when determining the formula’s final value.

4.4.2 Models

Neural Rewriting Systems

We describe here how we built the training and validation sets for the Selector and Solver
modules for both the NRS and the FastNRS. A visual representation of the solution pro-
cess of samples from the training and test distributions is shown in Figure 4.2. Further
methodological details can be found in Appendix B.1 and B.2.

In the training set of the Selector module, we included formulas with nesting levels of
1, 2, and 3 for all problems, along with atomic elements representing the final value of the
initial formula. Simplifying formulas iteratively by reducing leaf formulas generates several
intermediate simplifications of the original formula. To demonstrate the full solution process
to the Selector, we also included these intermediate formulas as steps in the training set.

We created a separate in-distribution validation set with samples mirroring the structural
characteristics of those in the training set. Unlike typical machine learning tasks, where
models are tested on the same data distribution they were trained on, we aim for the Selector
to demonstrate out-of-distribution (OOD) generalization abilities, identifying leaf formulas
even in longer inputs than those encountered during training. Therefore, we also developed a
distinct OOD validation set featuring formulas with higher structural complexity, using this
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set for model selection. For all problems, we included in this set samples with nesting levels
of 4, 5, and 6. To choose the most capable model throughout the iterative resolution process,
we also added formulas representing examples of intermediate resolution steps. To manage
the structural complexity of the formulas, we balanced the OOD validation sets across the
nesting levels of the leaf expressions.

The training and validation sets for the Solver contained two types of samples: leaf
formulas, which were mapped to their equivalent atomic elements, and atomic elements,
which were mapped to the end-of-computation special symbol ω. To prevent bias toward
solving leaf formulas, we generated training batches that included both types of samples
with equal probability.

For the Selector, we adopted a problem-dependent tokenizer whose vocabulary contains
atomic values, operators and parentheses for any problem. For example, the vocabulary for
the arithmetic problem contains one token for each single- or double-digit integer, tokens for
the sum, subtraction and multiplication operators and tokens for open and closed parenthe-
ses. In preliminary experiments, we also tried using a character-level tokenizer but observed
worse out-of-distribution generalization capabilities of the Selector in some domains. For the
Solver, we used a simple character-level tokenizer for all problems.

Both the NRS and the FastNRS behavior can be modulated by choosing the value of some
hyperparameters at inference time. As described in Section 4.3.1, the Dynamic Windowing
mechanism in the NRS Selector is regulated by a threshold T, which is used to determine
on which formulas the mechanism should be applied. For both the NRS and the FastNRS,
we define these thresholds as 150 for ListOps and algebraic formulas, and 125 for arithmetic
formulas, while we do not employ the mechanism on formulas in the Logic domain. We select
these thresholds by examining the average Selector confidence score for inputs of the same
length, and choose the value corresponding to a decrease in average Selector confidence. We
notice that this is always considerably higher than the maximum length of formulas observed
during training. We measure the average Selector confidence on several formulas of different
lengths and nesting levels drawn from both the in-distribution and out-of-distribution vali-
dation sets. We report a representation of the average confidence score values in Appendix
C.2.

The conditional replacement of leaf formulas in the FastNRS operated by the cond_repl

function is regulated by a threshold on Solver confidence. For both the single- and multi-
domain versions of the FastNRS, we determined these thresholds based on the distribution of
these scores on training samples, as mentioned in Section 4.3.2. Specifically, the thresholds
used were -6 for ListOps, -2 for Arithmetic, -3 for Algebra, and -0.005 for Logic. The dis-
tributions of Solver confidence scores on training samples, which informed these thresholds,
are provided in Appendix C.1.

Neural Data Router

The Neural Data Router (NDR) [70] is a modified transformer encoder designed to tackle
algorithmic problems with robust out-of-distribution generalization capabilities. We refer
the reader to Section 2.2.3 for a detailed technical description of the architecture.

This model has been previously tested on relatively simple algorithmic benchmarks, such
as solving formulas in the original ListOps dataset and handling basic arithmetic formulas
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with single-digit integers, which closely resemble the problems we address. However, the
key difference in our Arithmetic and Algebra problems is the increased complexity of the
operands. Additionally, we employ significantly fewer and less complex samples during
training, as the NDR was initially trained on arithmetic and ListOps formulas containing
up to 5 nested operations.

We made a minor modification to the architecture to adapt the model to our specific
problems. In the original work, the problems always resulted in a single-digit integer, which
the model was trained to output as the first token in the sequence generated by the encoder.
Since this is not generally applicable to our problems, we read the final answer from the first
k positions of the sequence produced by the encoder, where k is the maximum length of a
problem’s targets. As done with the Selector, we employ a problem-dependent tokenizer at
the atomic value level when training the Neural Data Router. Therefore, k equals 3 in the
case of Algebra, 2 for Arithmetic and 1 for ListOps and Logic problems.

We constructed all development sets for the NDR using the same top-level formulas
included in the analogous sets for the Selector. Following the original experimental protocol,
we ensured that the training set was balanced across nesting levels. Similar to the Selector
module training, we created both in-distribution and out-of-distribution validation sets, using
the latter to optimize hyperparameters through a Bayesian search using the Weights & Biases
platform in the same hyperparameters intervals described in the original work. The final
hyperparameter values for each task are detailed in Appendix D.

OpenAI GPT-4

The most effective method found by researchers and practitioners to improve the reasoning
capabilities in large language models is to use specialized prompts. Specifically, Chain-of-
Thought (CoT) prompting has been found to enhance the performance of large language
models on reasoning tasks by facilitating step-by-step solution procedures. We opted to
prompt GPT-4 using a combination of self-consistency prompting [109] and zero-shot Chain-
of-Thought (CoT) [107]. Zero-shot CoT is a simpler alternative to traditional CoT prompt-
ing, achieving comparable performance on reasoning benchmarks without the need to engi-
neer exemplars for few-shot reasoning. This is done by simply initiating the model’s response
with the sentence: “Let’s think step-by-step.” Once the model generates a response, it is
prompted again to produce a well-formatted output. Self-consistency prompting leverages
the idea that reasoning problems can have multiple valid paths leading to the same conclu-
sion. Thus, we generate 10 outputs for each input and select the most consistently produced
one. This approach enhances confidence in the model’s output and significantly improves
accuracy, leading to a marked improvement in performance.

The zero-shot CoT prompt was designed by providing the model with a brief description
of the problem and then asking it to solve it. For instance, the zero-shot CoT prompt for
the ListOps input sample [MIN[SM54][MIN39]] is: “MIN, MAX, and SM are operators on lists
of single-digit integers, representing minimum, maximum, and sum modulo 10, respectively.
Solve the following expression using these operators: [MIN [SM 5 4] [MIN 3 9]].” Follow-
ing this initial prompt, the model was subsequently prompted a second time to provide a
well-formatted final answer.
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OpenAI o1-preview

The OpenAI o1 model is a recently developed model designed to significantly enhance com-
plex reasoning tasks. It builds on previous models like GPT-4 but focuses on spending more
time “thinking” before responding. This makes it particularly suitable for domains such as
mathematics, coding, and reasoning problems. The o1 series introduces several new features,
including “reasoning tokens,” which are assumed to represent the model’s internal thought
process. These proved to be especially useful for tasks where critical thinking and reasoning
are required. There are currently two versions of the model available: the o1-preview and
a smaller, faster, and more cost-effective version called o1-mini. While o1-mini is designed
for efficiency in coding and math tasks, the o1-preview model excels in broader knowledge
areas and complex reasoning challenges.

4.5 Results

In this section, we present the evaluation of the Neural Rewriting System and the Fast
Neural Rewriting System, focusing on performance and efficiency, both in single-domain and
multi-domain scenarios. Since the final target of any formula corresponds to an atomic value,
we measure the performance of the models on all tasks using Sequence Accuracy, i.e. the
exact match between model output and target sequence. The test sets on which all models
are evaluated are composed of 100 formulas per nesting level. We observed non-significative
variance across runs, which we therefore do not report.

4.5.1 Learning domain-specific convergent term rewriting systems

In this section, we evaluate the performance of both models across all four datasets — Logic,
ListOps, Arithmetic, and Algebra — in a single-domain scenario. We compare the NRS and
the FastNRS to another neural baseline the Neural Data Router (NDR), which has also been
trained on individual tasks separately.

The performance of the models on all domains is represented in Figure 4.3. Across
all datasets, the models show similar performance on in-distribution samples, with NDR
generally performing the worst. However, on out-of-distribution samples, the baseline models
exhibit a much sharper decline in performance compared to both the NRS and the FastNRS.

Interestingly, the FastNRS is more accurate than the NRS on deeply nested arithmetic
formulas. Therefore, in this case, the design choices in the FastNRS yield a significant
improvement in terms of performance other than efficiency. By examining the type of errors
committed by both systems on arithmetic formulas in Section 4.5.4, we will clearly see
how the superior performance of the FastNRS depends on the greater robustness in the
identification of leaf formulas, guaranteed by the text segmentation-based implementation
of the Selector module.

4.5.2 Learning multi-domain convergent term rewriting systems

As detailed in Section 4, the architectures and execution dynamics of both the NRS and the
FastNRS are specifically designed to support learning algorithms within the class of conver-
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analysis in stacked barplots. We consider three error cases: the one in which leaf formulas
identified by the Selector are not present in the input formula (missing), the case in which
they are present but they are not valid formulas (malformed), and the case in which they
are solved incorrectly (solver).

We start by observing that there are no errors in the missing class in the case of FastNRS,
which is expected given that we use a segmentation-based approach to the Selector task. On
the other hand, this type of error represents the majority of those committed by the Selector
in the NRS, while errors in the malformed class are quite rare for both the NRS and the
FastNRS. Therefore, we can conclude that when Selector modules in both architectures
identify leaf formulas that are present in the input, these tend to be well-formed.

The multi-domain setting reveals interesting positive effects, but also introduces chal-
lenges for both the NRS and FastNRS. In the case of NRS, multi-domain training seems to
mostly have a neutral or positive effect across all tasks, significantly improving performance
on algebraic and arithmetic formulas and reducing the amount of missing errors on the
latter (see Figure 4.5). It seems that by training the Selector on multiple tasks, the NRS
becomes more adept at identifying valid leaf formulas, reducing the number of this type of
error.

The effects of multi-domain training on FastNRS are more heterogeneous and depend
on the specific task. In the ListOps and algebra domains, the multi-domain model shows
consistent improvements, with a marked reduction in Solver errors. Interestingly, FastNRS
performance worsens in the multi-domain setting on arithmetic formulas, where Solver errors
increase. This could reflect the fact that arithmetic formulas, involving operations between
double-digit integers, are the hardest type of operation for the Solver.

Notably, in both single- and multi-domain scenarios, FastNRS never fails to find at least
one valid leaf in any iteration, indicating robustness in the Selector module.

4.5.5 Out-of-distribution generalization in the FastNRS Selector

As we described in Section 4.3.2, the Selector module is a transformer encoder with two
main architectural modifications: Label-based Positional Encodings and a strong limitation
of the self-attention’s receptive field. Furthermore, we described how designing the Selector
as a text segmentation module allowed us to simplify and improve the efficiency of the whole
architecture.

The plots in Figure 4.7 show how a Selector with the abovementioned architectural mod-
ifications, trained to segment input formulas, exhibits almost indistinguishable convergence
trends on in- and out-of-distribution instances in all problems. Carefully tuned Selector
modules can thus segment an input formula several tens of tokens longer than formulas ob-
served during training, with very limited or zero error rate. Additional results about the
impact of the width of the Selector’s self-attention window and the number of layers in the
model are reported in Appendix B.2.1.

We also notice that the Selector is particularly sample efficient, as it requires only 5, 000
iterations to converge to almost perfect accuracy, while the best NRS Selector modules,
chosen after hyperparameters tuning, could be trained for up to 30, 000 iterations, depending
on the task (see Appendix B.3). We also noticed that in all domains except ListOps, FastNRS
Selector modules are several thousands of parameters smaller than their NRS counterparts
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4.7 Conclusions

In this chapter, we addressed the three primary research questions guiding our investigation
into neuro-symbolic architectures for convergent term rewriting systems. First, we proposed
a hybrid neuro-symbolic framework specifically designed for this class of problems. We iden-
tify two key elements in the design of the framework: first, an algorithmic blueprint for a
modular architecture that mirrors the structure of the rewriting algorithm itself; second,
employing neural architectures that achieve strong out-of-distribution generalization capa-
bilities to enable algorithmic-like behavior in modules that should process arbitrarily long
inputs, such as the Selector in the Neural Rewriting Systems.

We introduced two implementations of the framework we propose: the Neural Rewriting
System (NRS) and the Fast Neural Rewriting System (FastNRS). Both models were built
to address the core question of how to design a system that can learn and generalize across
the class of problems solvable by convergent term rewriting systems.

We have compared the Neural Rewriting Systems trained in a single-domain scenario with
the Neural Data Router as a representative of small-scale neural architectures specialized to
learn single reasoning tasks. Our systems clearly outperformed the baseline, especially on
out-of-distribution samples. We further compared both systems trained in a multi-domain
scenario against two general-purpose Large Language Models: OpenAI’s GPT-4 and the
recently presented o1-preview model designed to solve complex reasoning tasks. Although
the performance of our models on the most complex formulas consistently surpassed that
of GPT-4 on the same problems, o1-preview showed surprising capabilities of solving even
very complex formulas with a relatively high degree of accuracy. While o1-preview outper-
formed the Neural Rewriting Systems on groups out-of-distribution of formulas of interme-
diate complexity in some tasks, the models we propose consistently achieved an equal or
higher accuracy on the hardest formulas in all tasks, demonstrating a significant generaliza-
tion capability. The drop in performance of o1-preview on complex problems might suggest
a fundamental lack of systematic reasoning capabilities and understanding of mathematical
concepts still persistent in this new class of models, as also noted in recent work by Mirzadeh
et al. [142].

These results show that both systems are capable to solve multiple types of problems
within a unified framework, particularly when trained in multi-domain settings. Considering
these results, we can thus address the second research question guiding our investigation
regarding the impact of design choices on performance. The superior performance of the
Neural Rewriting System on the most complex formulas and tasks demonstrated the effec-
tiveness of the specialized error-correction mechanisms employed in the architecture. At the
same time, the design choices introduced in the FastNRS to improve the efficiency of the
system proved not to hinder performance significantly.

We presented an empirical analysis of the memory and time efficiency of both systems,
providing evidence of the impact of the design choices on these aspects, thus addressing our
third research question. The analysis showed that the specialized mechanisms in the Neural
Rewriting System significantly impact time efficiency. At the same time, the key modifica-
tions introduced in the FastNRS—specifically the text-segmentation-based implementation
of the Selector module—proved critical in improving memory efficiency, training time, and
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inference speed, without sacrificing performance.
The strengths of our architecture can be traced back to its modular design, which is

informed by the rewrite algorithm, and to the architectural modifications to the transformer,
which have proven effective in enabling strong out-of-distribution generalization. However,
these design choices also limit the scope of applicability of our system to sequence-based
problems solvable by convergent term rewriting systems with local substitution rules. Future
research could be dedicated to expanding the system to handle rules that could act on
patterns across different parts of the sequence. This would involve rethinking the Selector,
where it would be necessary to design a neural circuit that is capable of generalizing on
the selection of non-local patterns as consistently as the current circuit does with local
ones. Furthermore, the substitution mechanism should be designed to be capable of reliably
replacing the global patterns, potentially maintaining a level of flexibility to noise and errors
in the Selector output.

As we previously noticed, the algorithmic-informed design of our systems, which guar-
antees robustness, is defined a priori rather than being learned from data, and thus limits
their scope of applicability. Designing an end-to-end learned system where the algorithmic
blueprint of the problem at hand is inferred directly from data could prove to be a challeng-
ing and interesting venue for future research. While defining the algorithmic blueprint for
a specific class of problems in advance imposes on the system a strong inductive bias that
is aligned to the class itself, a general-purpose framework for algorithmic learning would
involve designing a learning bias that allows the system to dynamically align to the specific
class of problems under consideration.
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Chapter 5

Conclusions

In this thesis, we offered several contributions to the research areas concerned with learning
systematic reasoning procedures from data. We now shortly reconsider the motivation for this
work. Then, we return to the research questions that guided our investigation and provide
answers based on the evidence presented in the previous chapters. Finally, we acknowledge
some existing limitations of our findings and remaining open challenges.

5.1 Scope and motivation

The field of AI has historically been divided into two dominant paradigms: learning-based
AI, represented by machine learning and deep learning systems, and reasoning-based AI,
including rule-based and formal reasoning systems. The former has excelled at tasks like
image recognition and language modeling, where vast amounts of data allow systems to
learn patterns and generalize to new inputs. However, despite its successes, learning-based AI
struggles with tasks that require structured, logical reasoning—especially in situations where
training data is limited or where generalization beyond surface-level patterns is required. In
contrast, classical reasoning-based AI, which emerged from the symbolic AI tradition, focused
on explicit rule-based systems capable of reasoning abstractly. These systems were designed
to manipulate symbols and rules in well-defined domains, excelling in tasks that required
logical inference, such as mathematical theorem proving or expert systems. However, they
lacked the ability to scale to more complex, data-rich environments or adapt to new tasks
without significant manual intervention.

A central challenge in modern AI is to combine the strengths of both approaches: creating
systems that can learn reasoning patterns from data, thus ideally keeping both the flexibility
and effectiveness of learning-based systems, and the reliability of reasoning-based systems.
This would allow for AI systems that can reason abstractly in unfamiliar situations, solve
problems in unseen domains, and adapt to new tasks.

5.2 Addressed research questions and contributions

In this thesis, building on the tradition of cognitive science and artificial intelligence and
aligning with a recent body of research presented in Chapter 2, we considered the concept
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of compositionality as a foundational concept that can be used to assess the systematic
reasoning capabilities of learning-based neural AI systems.

Specifically, we focused on the problem of simplifying nested mathematical formulas,
which possess clear hierarchical features, a key property of compositionality, identified by
scholars in both reasoning processes and languages, both formal and natural. Such a problem
was a common thread in our investigations, serving both as a testbed to assess the reason-
ing and generalization capabilities of existing architectures and as a class of problems on
which we focused our efforts in designing learning-based neuro-symbolic systems with strong
generalization capabilities.

We critically considered one of the prevailing perspectives in current machine learning
and artificial intelligence research, that looks at auto-regressive large-language models as
a promising paradigm to achieve reliable systematic reasoning. Specifically, we took into
account claims according to which reasoning capabilities in large-language models emerge
as a result of model scale and specialized prompting methods. Based on the experimental
evidence and analyses presented in Chapter 3, we could thus answer the three research
questions posed at the beginning of this thesis:

1. Does the capability to reason systematically emerge as the model scale increases?

We find that both scaling and fine-tuning models in the Llama 2 family do improve
their average performance on ListOps and arithmetic formulas. However, breaking down
the analysis on groups of formulas of equal complexity, scaling the model only improved
performance on relatively simple problems for both vanilla and fine-tuned models. Therefore,
we cannot consider either scaling or fine-tuning reliable ways to make systematic reasoning
capabilities emerge in Llama 2 models.

2. Can this capability be reliably elicited through careful prompting?

We find that specialized prompting methods designed to improve reasoning capabilities,
and, specifically, Chain-of-Thought-like prompting, improve the overall performance of GPT
models on ListOps, arithmetic and algebraic formulas. However, by analyzing the improve-
ment brought by the methods on formulas of the same complexity, we observed that even the
most effective methods mostly improved performance on simple data formulas, and could
therefore not elicit in these models reasoning procedures with algorithmic-like generalization
properties.

3. Overall, can we say that LLMs genuinely learn to reason systematically?

Scaling, fine-tuning and in-context learning through prompting are considered the most
effective ways to improve performance of LLMs on some task. Given the evidence considered
above, and the conclusions drawn from it, we can say there is currently no evidence that
LLMs learn to reason systematically in a consistent and reliable way.

The second part of this thesis contributes to the research area involved with the design
and implementation of artificial intelligence systems that can learn to reason. Our proposal is
made from a perspective that is closely aligned both with research on neuro-symbolic artificial
intelligence systems, described in Section 1.1, and with research on neural networks that can
learn algorithms from data, overviewed in Section 2.3. In Chapter 4, we formalize the problem
of solving nested mathematical formulas, showing it can be solved by class of algorithms
implemented by convergent term rewriting systems. Starting from this formalization, we
address the first research question posed in Chapter 1:
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1. How can a hybrid neuro-symbolic architecture be designed specifically for the class of
problems we consider?

We propose a neuro-symbolic framework with two key design elements: first, its modular
design is aligned with the steps of the rewriting algorithms that should be learned by the
system; second, the Selector, a neural module that should process arbitrarily long inputs,
should possess strong out-of-distribution capabilities. These elements allow the framework
to be implemented in actual systems that possess strong generalization properties on the
class of problems solved by convergent term rewriting systems.

2. What is the impact of different design elements on the system’s performance?

We implement the proposed neuro-symbolic framework in two different systems: the
Neural Rewriting System (NRS) and the Fast Neural Rewriting System (FastNRS). The
two mainly differ in the implementation of the Selector module, which contains specialized
mechanisms to improve accuracy in the case of NRS, and has a text segmentation-based
implementation in the case of FastNRS. Both systems could be trained to solve formulas in
a single domain, or in multiple domains (four, in our experiments) at the same time. We
present empirical evidence on the performance of two systems, benchmarking them against
the Neural Data Router, OpenAI’s GPT-4 and o1-preview models.

Based on this evidence, we conclude that the design choices introducing specialized error-
correction mechanisms in the Neural Rewriting System were effective in achieving high accu-
racy on the solution of the most complex formulas and tasks, on which our model consistently
outperformed the baselines. At the same time, we note that the text segmentation-based im-
plementation of the FastNRS Selector did not affect significantly its performance on complex
formulas.

3. What is the impact of these design choices on efficiency, measured in terms of training
time, inference time, and memory consumption?

An analysis of the time and space efficiency of both systems showed that the specialized
error correction mechanisms in the Neural Rewriting System significantly increase inference
time. At the same time, the text segmentation-based implementation of the FastNRS Selec-
tor proved particularly effective in improving memory efficiency, training time, and inference
speed.

5.3 Limitations and open challenges

The experiments, analyses, and arguments presented in this thesis are not without limita-
tions. Our findings suggest that large language models lack consistent systematic reasoning
capabilities. However, these results are constrained to the specific models and prompting
techniques we evaluated, in a rapidly evolving field where new models and methods are
introduced almost daily. In particular, while we cannot claim that OpenAI’s o1-preview
demonstrates reasoning abilities on par with classical algorithms in tasks like mathematical
formula simplification, it remains difficult to draw definitive conclusions about the potential
of the new training paradigm introduced by o1. The continuous development in this area
will surely leave the space of investigation on the reasoning capabilities of these models open
for future research.
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As discussed in Chapter 4, the neuro-symbolic framework we propose also has limita-
tions. First, its application is restricted to sequence-based problems that can be solved
using convergent term rewriting systems with local substitution rules. Second, the algorith-
mic design of our system is predetermined rather than learned from data, which narrows
its applicability to problems that fit this predefined structure. More generally, our results
indicate that achieving generalization in learning-based systems requires precise problem
characterization—meaning the problem must be formalizable and reflected in the system’s
architecture.

Despite these constraints, our findings are promising. They suggest that designing spe-
cialized systems capable of learning systematic reasoning from data is a feasible approach
for a potentially large class of problems. Developing a neural or neuro-symbolic framework
where the algorithm itself is learned from data remains an intriguing direction for future
research, towards the greater goal of artificial intelligent systems that can learn reliable
systematic reasoning from experience.
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Appendix A

Additional GPT benchmarking results

A.1 Other models and prompting methods
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A.2 Examples of prompts

A.2.1 ListOps

Prompt
type

Example

Zero-shot Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MAX[MIN68]8][MAX[SM23]6]].
A: The final result is (arabic numeral):

Zero-shot
role

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MAX[MIN68]8][MAX[SM23]6]].
A: The final result is (arabic numeral):

Few-shot Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN37].
A: [MIN37]=3.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MAX[MIN41]2].
A: [MAX[MIN41]2]=2.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [SM[SM794][SM498]7].
A: [SM[SM794][SM498]7]=8.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MAX[MIN68]8][MAX[SM23]6]].
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Symbolic
CoT

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [SM73].
A: [SM73]= 0.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [SM[SM86]1].
A: [SM[SM86]1]= [SM41]= 5.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MAX243]4[MAX937]].
A: [MIN[MAX243]4[MAX937]]= [MIN[MAX243]49]= [MIN449]=
4.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators:
[MAX[SM[SM85][MIN84]][SM3[MIN40]]].
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Verbal CoT Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN82].
A: Let’s solve the following expression: [MIN82]. Simplifying the
expression, we get to the final result: 2

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[SM56][MAX87]].
A: Let’s solve the following expression: [MIN[SM56][MAX87]].
Simplifying an expression without nested parentheses, we get:
[MIN[SM56]8]. Simplifying the expression, it becomes: [MIN18]
Taking an immediate solution step, we get to the final result: 1.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MIN326]0[SM851]].
A: Let us recall the expression to be solved:
[MIN[MIN326]0[SM851]]. By solving a simple expression, we
obtain: [MIN[MIN326]04]. Solving a expression within a single
pair of brackets, we get: [MIN204]. Taking an immediate
solution step, we get to the final result: 0.

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MAX[MIN68]8][MAX[SM23]6]].

Zero-shot
CoT

Q: MIN, MAX and SM are operators on lists of single-digit
integers which have the semantics of minimum, maximum and
sum modulo 10, respectively. Solve the following expression
involving these operators: [MIN[MAX[MIN68]8][MAX[SM23]6]].
A: Let’s think step-by-step.

A.2.2 Arithmetic

Prompt
type

Example
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Zero-shot Q: Solve the following arithmetic expression computing the
modulo 100 of each intermediate value if it’s positive, and the
modulo -100 if it’s negative: (-66-(-84*(-34+0))).
A: The final result is (arabic numerals):

Zero-shot
role

Q: Solve the following arithmetic expression computing the
modulo 100 of each intermediate value if it’s positive, and the
modulo -100 if it’s negative: (-66-(-84*(-34+0))).
A: The final result is (arabic numerals):

Few-shot Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (51*39).
A: (51*39)=89.

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: ((28*-53)*(-76*90)).
A: ((28*-53)*(-76*90))=60.

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (40-54-(-33–97+-19)).
A: (40-54-(-33–97+-19))=-59.

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (-66-(-84*(-34+0))).
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Symbolic
CoT

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (-16*-37).
A: (-16*-37)= 92.

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: ((87*-51)-(47*-6)).
A: ((87*-51)-(47*-6))= ((87*-51)–82)= (-37–82)= 45.

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: ((-12–28-74)+-21+(76+-32+-87)).
A: ((-12–28-74)+-21+(76+-32+-87))= ((-12–28-74)+-21+-43)=
(-58+-21+-43)= -22.

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (((-33-39)*(67*65))-22).
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Verbal CoT Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (-14*88).
A: Let us recall the expression to be solved: (-14*88).
Simplifying the expression, we get to the final result: -32

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: ((92*26)*(-35*59)).
A: Let us recall the expression to be solved: ((92*26)*(-35*59)).
Simplifying the expression, it becomes: ((92*26)*-65) Solving a
expression within a single pair of brackets, we get: (92*-65).
Simplifying the expression, we get to the final result: -80

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (83-(46+-5-54)-25).
A: We need to solve the following expression: (83-(46+-5-54)-25).
Taking an immediate solution step, we obtain: (83–13-25). As
this expression is in a simple form, we can get to the final result:
71

Q: Solve the following arithmetic expression taking each
intermediate value modulo 100 if it’s positive, and modulo -100 if
it’s negative: (-66-(-84*(-34+0))).

Zero-shot
CoT

Q: Solve the following arithmetic expression computing the
modulo 100 of each intermediate value if it’s positive, and the
modulo -100 if it’s negative: (((-33-39)*(67*65))-22).
A: Let’s think step-by-step.

A.2.3 Algebra

Prompt
type

Example

Zero-shot Q: Simplify the following algebraic expression, computing the
modulo 100 of the numerical coefficient of each intermediate
value if it’s positive, and the modulo -100 if it’s negative:
((-78*b*x*y+(+50*b*x*y+-22*b*x*y))+((-b*x+-57*b*x)+(-
38*b*x+-99*b*x))). If possible, factor by grouping the final
result.
A: The final result is (algebraic expression):
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Zero-shot
role

Q: Simplify the following algebraic expression, computing the
modulo 100 of the numerical coefficient of each intermediate
value if it’s positive, and the modulo -100 if it’s negative:
(-85*a*y+((-98*a*x*y+2*a*x*y)+0*x*y*a)). If possible, factor
by grouping the final result.
A: The final result is (algebraic expression):

Few-shot Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: (-55*b*x*y+-8*b*x). If
possible, factor by grouping the final result.
A: (-55*b*x*y+-8*b*x)=-b*x*(55*y+8).

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative:
((-54*x*y+-68*x*y)+(-99*x*y++62*x*y)). If possible, factor by
grouping the final result.
A: ((-54*x*y+-68*x*y)+(-99*x*y++62*x*y))=-59*x*y.

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: ((+12*x*y+-
59*x*y++58*x*y)+(+36*x*y++13*x*y++93*x*y)+(+96*x*y+-
55*x*y++73*x*y)). If possible, factor by grouping the final
result.
A: ((+12*x*y+-
59*x*y++58*x*y)+(+36*x*y++13*x*y++93*x*y)+(+96*x*y+-
55*x*y++73*x*y))=+67*x*y.

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative:
(-85*a*y+((-98*a*x*y+2*a*x*y)+0*x*y*a)). If possible, factor
by grouping the final result.
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Symbolic
CoT

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: (+39*a*b*y++15*a*b*x*y). If
possible, factor by grouping the final result.
A: (+39*a*b*y++15*a*b*x*y)= +3*a*b*y*(5*x+13).

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: (+21*x*y+(-26*x*y+-92*x*y)).
If possible, factor by grouping the final result.
A: (+21*x*y+(-26*x*y+-92*x*y))= (+21*x*y+-18*x*y)=
+3*x*y.

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative:
((+45*b*x++22*b*x+-47*b*x)+-62*b*x*y). If possible, factor
by grouping the final result.
A: ((+45*b*x++22*b*x+-47*b*x)+-62*b*x*y)=
(+20*b*x+-62*b*x*y)= -2*b*x*(31*y-10).

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: ((-78*b*x*y+(+50*b*x*y+-
22*b*x*y))+((-b*x+-57*b*x)+(-38*b*x+-99*b*x))). If possible,
factor by grouping the final result.
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Verbal CoT Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: (+10*a*b*x*y+-23*a*b*x). If
possible, factor by grouping the final result.
A: The expression we need to solve is:
(+10*a*b*x*y+-23*a*b*x). Simplifying the expression and
factoring by grouping, we get to the final result:
+a*b*x*(10*y-23)

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: (-8*a*x*y+(-38*a*x+-70*a*x)).
If possible, factor by grouping the final result.
A: Let us recall the expression to be solved:
(-8*a*x*y+(-38*a*x+-70*a*x)). By solving a simple expression,
we obtain: (-8*a*x*y+-8*a*x). As this expression is in a simple
form, we can get to the final result factoring by grouping:
-8*a*x*(y+1)

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative:
(+31*a*b*y+(-50*a*b*x+-64*a*b*x+-46*a*b*x)). If possible,
factor by grouping the final result.
A: We need to solve the following expression:
(+31*a*b*y+(-50*a*b*x+-64*a*b*x+-46*a*b*x)). Taking an
immediate solution step, we obtain: (+31*a*b*y+-60*a*b*x).
Taking an immediate solution step and factoring by grouping, we
get to the final result: -a*b*(60*x-31*y).

Q: Solve the following algebraic expression taking the numerical
coefficient of each intermediate value modulo 100 if it’s positive,
and modulo -100 if it’s negative: ((-78*b*x*y+(+50*b*x*y+-
22*b*x*y))+((-b*x+-57*b*x)+(-38*b*x+-99*b*x))). If possible,
factor by grouping the final result.

Zero-shot
CoT

Q: Simplify the following algebraic expression, computing the
modulo 100 of the numerical coefficient of each intermediate
value if it’s positive, and the modulo -100 if it’s negative:
(-85*a*y+((-98*a*x*y+2*a*x*y)+0*x*y*a)). If possible, factor
by grouping the final result.
A: Let’s think step-by-step.
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Appendix B

Neural Rewriting Systems training

details

B.1 Dataset statistics

As described in Section 4.4.2, the development sets for the Neural Rewriting System (NRS)
across the four datasets—logic, listops, arithmetic, and algebra—were constructed to capture
a diverse range of formula complexities. Each development set is composed of multiple
subsets with varying nesting levels, alongside intermediate formulas generated during the
resolution process of the main ones. By design, the number of unique formulas available
in splits with simpler formulas is smaller than in splits with more complex ones, due to
the combinatorial nature of the problem. Despite these differences in the number of unique
formulas per split, during training, samples are drawn from each split with equal probability.
This ensures balanced exposure across the splits, allowing the model to generalize across
different formula complexities. Refer to Tables B.1 and B.2 for the exact number of samples
in each development split for the four tasks. We report in Table B.3 the number of (unique)
samples in the test sets of the four tasks used across all experiments.

Task Training set In-distribution val. set Out-of-distribution val. set
Logic 238436 710 900
ListOps 840209 2332 900
Arithmetic 399218 180 60
Algebra 323787 900 300

Table B.1: No. of unique samples in the NRS and FastNRS development sets.

B.2 Fast Neural Rewriting System

Selector In all models, we used four attention heads and a hidden state in the feed-forward
layers that was four times larger than the embedding size. We trained the models using the
Adam optimizer with default parameters, a batch size of 512, a dropout probability of 10%
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Task Training set In-distribution val. set
Logic 155 45
ListOps 22158 5541
Arithmetic 30510 7628
Algebra 18992 4749

Table B.2: Number of unique samples in the NRS and FastNRS Solver development sets.

Task Num. samples
Logic 1200
ListOps 600
Arithmetic 600
Algebra 600

Table B.3: Number of unique samples in the test sets

and a cosine annealing schedule of the learning rate with 1000 linear warm-up iterations. We
tuned the embedding size, the number of encoder layers, the width of the diagonal window
applied to the self-attention matrix and the learning rate using a random search. For all
tasks, we searched hyperparameters values in the following ranges: {128, 256, 512} for the
embedding size, [1, 9] for the number of encoder layers and [1e-6, 6e-6] for the learning rate.
All models were trained using the Adam optimizer for 5,000 iterations, apart from the multi-
domain model which was trained for 7,000 iterations. The final values chosen after tuning
each hyperparameter are reported in Table B.4.

Solver We tuned the hyperparameters of the Solver using a random search on the em-
bedding size, the number of encoder and decoder layers, the dropout rate, and the learning
rate. In all models, we used four attention heads and a hidden state in the feed-forward
layers that was four times larger than the embedding size. We trained the models using the
Adam optimizer with default parameters, a batch size of 512 and a cosine annealing schedule
of the learning rate. The models were trained for 10,000 iterations in the case of Logic and
ListOps tasks and for 40,000 and 100,000 iterations in the case of Algebra and Arithmetic
tasks, respectively. For all tasks, we searched hyperparameters values in the following ranges:
{64, 128, 256} for the embedding size, [1, 4] for the number of encoder and decoder layers,
[0.1, 0.4] for the dropout probability, [1e-5, 1e-4] for the learning rate and [1000, 2000] for
the number of warmup iterations. The final values chosen after tuning each hyperparameter
are reported in Table B.5.

B.2.1 Analysis on Width of the Self-Attention Window and Model
Depth

Figures B.1 and B.2 illustrate the impact of both the width of the self-attention diagonal
window and the number of layers in the FastNRS Selector model on sequence accuracy,
measured on an out-of-distribution set of samples during training. We report the mean and
standard deviation of a group of three runs with different random seeds. As shown in the
plots, there is a clear inverse relationship between the width of the self-attention window
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Appendix C

Confidence scores in Neural Rewriting

Systems

The inference-time behavior of both the FastNRS and the NRS can be regulated by the value
of some hyperparameters, as explained in Sections 4.3.1 and 4.3.2. In both cases, the values
of these hyperparameters can be meaningfully chosen taking into account the distribution
of the confidence of some module in the architecture (the Selector, in the case of the NRS,
and the Solver, in the case of the FastNRS). To justify our choice of hyperparameters and
give more context to the reader, we provide here a visual representation of the distribution
of these values.

C.1 Distribution of FastNRS Solver confidence scores
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Figure C.1: Distribution of Solver confidence scores on training samples (y-axis in log scale).

The conditional replacement of leaf formulas in the FastNRS operated by the cond_repl

function is regulated by a threshold on Solver confidence. For both the single- and multi-
domain versions of the FastNRS, we determined these thresholds based on the distribution of
these scores on training samples, as mentioned in Section 4.3.2. Specifically, the thresholds
used were -6 for ListOps, -2 for Arithmetic, -3 for Algebra, and -0.005 for Logic. The distri-
butions of Solver confidence scores on training samples, which informed these thresholds, are
represented in Figure C.1. The plots can provide insight into how frequently high-confidence
predictions occur.
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C.2 NRS Selector confidence scores
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Figure C.2: Average single-domain NRS Se-
lector confidence scores by input length. The
vertical line represents the maximum length
of training formulas.
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Figure C.3: Average multi-domain NRS Se-
lector confidence scores by input length. The
vertical line represents the maximum length
of training formulas.

As described in Section 4.3.1, the Dynamic Windowing mechanism in the NRS Selector
is regulated by a threshold T, which is used to determine on which formulas the mech-
anism should be applied. We select these thresholds by examining the average Selector
confidence score for inputs of the same length, and choose the value corresponding to a
decrease in average Selector confidence. We measure the average Selector confidence on sev-
eral formulas of different lengths and nesting levels drawn from both the in-distribution and
out-of-distribution validation sets. The distribution of these values is represented in Figures
C.2 and C.3.
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Appendix D

Neural Data Router training details

Logic ListOps Arithmetic Algebra
Num. Enc. Layers 19 5 11 17
Embedding size 256 512 512 512
Attention heads 8 16 8 16
FF size 1024 1024 2048 2048
Learning rate 2.33e-04 4.13e-04 7.64e-04 9.59e-04
Dropout 0.45 0.09 0.05 0.40
Attention dropout 0.38 0.49 0.06 0.18
Weight decay 0.02 0.09 0.08 0.03

Table D.1: NDR tuned hyperparameters values for each task.

Here we report the hyperparameters of the best Neural Data Router configuration we
selected for each problem. We searched hyperparameters values in the same ranges used in
the original paper. Models were trained using the AdamW optimizer for 5,000 iterations
in the case of Logic, 30,000 iterations in the case of ListOps, and 100,000 iterations in the
case of Arithmetic and Algebra. We used a batch size of 512 for all task except Algebra, for
which it was 256. The final values chosen after tuning are reported in Table D.1.
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