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Abstract
In this note, we show existence and regularity of periodic
tilings of the Euclidean space into equal cells containing
a ball of fixed radius, which minimize either the clas-
sical or the fractional perimeter. We also discuss some
qualitative properties of minimizers in dimensions 3
and 4.
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1 INTRODUCTION

An important question, which has been considered since ancient times, is finding a partition of
ℝ2 into cells of equal area and with minimal perimeter, see [23]. This problem was eventually
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solved by Hales in [15], who proved that the hexagonal honeycomb is the unique minimizer. The
analogous problem in dimension𝑁 ⩾ 3 is commonly known as Kelvin problem; the name comes
from a famous conjecture due to Lord Kelvin [29], who claimed that in a tiling of ℝ3 with cells of
unit volume, the region with minimal surface area is given by a slightly modified truncated octa-
hedron, also called Kelvin cell or tetrakaidecahedron. This conjecture was recently disproved by
Weaire and Phelan, see in [30] and the discussion in Subsection 5.1. The Kelvin problem remains
open for every 𝑁 ⩾ 3, even if one restricts to lattice tilings, that is, to periodic partitions where
all the cells are equal and given by a fundamental domain of a lattice. The counterexample by
Weaire and Phelan does not apply to this case, so that the Kelvin foam could be a minimizer
in ℝ3.
We notice that the lattice periodic Kelvin problem and, more generally, the isoperimetric prob-

lem for fundamental domains of a closed manifold, has been considered in the literature, starting
from the paper [13], see also [21]. The concentration compactness argument for infinite partitions
has been exploited in [12, 25, 26], whereas general perimeter functionals of local and nonlocal type
have been considered in [10–12], see also [24] for a variant without periodicity.
In this note, we consider an isoperimetric problemwhich is related to the lattice periodic Kelvin

problem. In particular, we fix a perimeter functional, which is either the classical perimeter or
the fractional perimeter, and we show existence of periodic partitions of ℝ𝑁 in equals cells with
minimal perimeter, under the constraint that each cell contains a ball of fixed radius. We prove
that this problem admits always a solution, by combining a concentration compactness argument
(see [1, 19]), and a compactness theorem for lattices due to Mahler, see [20]. We provide also some
basic regularity property for the minimizers, based on the observation that the partition of the
space generated by a minimal cell is locally (almost) minimizing the perimeter, up to compact
sufficiently small perturbations, see Section 4.
The problem we study in this note has been considered in the literature, only in dimension

𝑁 = 3 and restricting the class of admissible cells to parallelohedra, that is, adding a convexity
constraint, see [3, 4, 17]. The identification of the shape of the solution is still open, but in this direc-
tion Bezdek, see [3–5] stated the Rhombic Dodecahedral Conjecture: the perimeter of Voronoi cells
associated to a lattice packing of spheres of radius 1 in ℝ3 is at least that of a rhombic dodecahedron.
Recall that the rhombic dodecahedron is the Voronoi cell of the face-centered cubic lattice.
A proof of this conjecture is still missing, though in [5] it is shown that the rhombic dodeca-

hedron is a local minimizer for this problem, up to local perturbations of the face-centered cubic
lattice. Moreover Hales showed in [15] that the perimeter of Voronoi cell associated to a packing of
spheres of radius 1 in ℝ3 is always bigger than the perimeter of the regular dodecahedron, which
however is not a parallelohedron (so it is not a Voronoi cell).
Nonetheless the rhombic dodecahedron cannot be a solution of our isoperimetric problem, as

it does not satisfy the necessary Plateau’s conditions for local minimality, see Proposition 5.1. So,
apart from the dimension 𝑁 = 2, the problem of identifying the shape of the minimizer remains
open, even if onemay formulate some conjectures, at least in dimension𝑁 = 3, 4 (see Subsections
5.1 and 5.2).
Eventually we mention a natural extension of our problem, dropping the periodicity condi-

tion, which is briefly discussed in [4, p. 25], where the author poses the following question: if the
Euclidean 3-space is partitioned into cells each containing a unit ball, how should the shapes of the
cells be designed to minimize the average surface area of the cells?
He also observes that the regular rhombic dodecahedron is not a solution of this general

problem (see the discussion in Subsection 5.1).
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The paper is organized as follows. In Section 2, we recall the basic definitions and properties of
lattices in ℝ𝑁 and we provide some important examples. Section 3 contains the main result of the
paper, that is the existence of the solution of the isoperimetric problem, whereas in Section 4 we
provide some regularity properties of the solution. Finally, Subsections 5.1 and 5.2 are devoted to
a discussion of the case of dimensions 𝑁 = 3 and 𝑁 = 4, respectively.

2 LATTICES

A lattice is a discrete subgroup 𝐺 of (ℝ𝑁,+) of rank 𝑁. The elements of 𝐺 can be expressed as∑
𝑘𝑖𝑣𝑖 , for a given basis (𝑣1, … , 𝑣𝑁) of ℝ𝑁 , with coefficients 𝑘𝑖 ∈ ℤ. Any two bases for a lattice 𝐺

are related by a matrix with integer coefficients and determinant equal to ±1. Equivalently, every
lattice can be viewed as a discrete group of isometries of ℝ𝑁 .
The absolute value of the determinant of the matrix of any set of generators 𝑣𝑖 of a lattice is

uniquely determined and it is equal to 𝑑(𝐺) ∈ (0, +∞), which we call volume of the lattice 𝐺.
Equivalently, if we interpret 𝐺 as a discrete group of isometries, 𝑑(𝐺) coincides with the volume
of the quotient torus ℝ𝑁∕𝐺.
We recall this characterization of lattices, see [10, 12].

Lemma 2.1. A closed subgroup 𝐺 of (ℝ𝑁,+) is discrete if and only if it does not contain a line.

We let 𝜆(𝐺) > 0 be the minimal norm of the nonzero elements of 𝐺. In particular, for every
𝑝, 𝑞 ∈ 𝐺, there holds that |𝑝 − 𝑞| ⩾ 𝜆(𝐺). Other important values associated to a lattice 𝐺 are its
inradius 𝜌𝐺 and its covering radius 𝑟𝐺 defined as

𝜌𝐺 ∶= sup{𝑟 ∶ ∀𝑥 ≠ 𝑦 ∈ 𝐺, 𝐵𝑟(𝑥) ∩ 𝐵𝑟(𝑦) = ∅} =
𝜆(𝐺)

2

𝑟𝐺 ∶= inf {𝑟 ∶ 𝐺 + 𝐵𝑟 = ℝ𝑁}.

The inradius is related to the problem of optimal packing of spheres, which can be stated as
follows: find the arrangement of non-overlapping identical spheres (of radius 𝑟) in ℝ𝑁 which
maximizes the packing density, that is the proportion of space filled by the spheres. A lattice
arrangement is an arrangement of spheres centered at the points of the lattice and with radius
given by the inradius. The covering radius is related to the dual problem of the optimal packing,
that is finding themost economical way to cover the spaceℝ𝑁 with overlapping spheres (of radius
𝑟). For more details on such problems we refer to the monograph [14, chapters 1 and 2]. We recall
that in dimension 2 the arrangement of spheres which solves all these problems is the regular
hexagonal lattice arrangement (see Remark 2.8).
A lattice 𝐺 is symmetric if it has a basis (𝑣1, … , 𝑣𝑁) of ℝ𝑁 of generators such that |𝑣𝑖| = 𝜆(𝐺).

It is clear that there exist non symmetric lattices, nonetheless it is always possible to choose a
reduced set of generators for lattices (see [20, Theorem 1]) as follows:

Lemma 2.2. There exists a dimensional constant 𝐶𝑁 such that every lattice 𝐺 admits a set of
generators 𝑣1, … , 𝑣𝑛 withΠ𝑁

𝑖=1
|𝑣𝑖| ⩽ 𝐶𝑁𝑑(𝐺).

In the following, we present some examples of well-known lattices (which are all symmetric).
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Remark 2.3 (Root lattice and dual). The root lattice𝐴𝑁 is a𝑁 dimensional lattice which lies in the
hypersurface

∑𝑁+1
𝑖=1 𝑥1 = 0 of ℝ𝑁+1 It is defined as

𝐴𝑁 =

{
𝑧 ∈ ℤ𝑁+1,

∑
𝑖

𝑧𝑖 = 0

}
.

Theminimal vectors are permutations of (1, −1, 0… , 0) and the norm is
√
2, so the inradius 𝜌𝐴𝑁

=√
2

2
.
The dual of the root lattice is 𝐴∗

𝑁
defined as 𝐴∗

𝑁
= ∪𝑁

𝑖=0
𝐴𝑁 + [𝑖], where [𝑖] ∈ ℝ𝑛+1 has the first

𝑁 + 1 − 𝑖 components equal to 𝑖

𝑁+1
and the last 𝑖 components equal to 𝑖

𝑁+1
− 1. The inradius of

this lattice is 𝜌𝐴∗
𝑁
= 1

2

√
𝑁

𝑁+1
.

Remark 2.4 (Checkboard lattice). The checkboard lattice 𝐷𝑁 is given by {𝑧 ∈ ℤ𝑁,
∑

𝑖 𝑧𝑖 is even}.

It’s inradius is 𝜌𝐷𝑁
=

√
2

2
. The covering radius is 𝑟𝐷𝑁

=

√
𝑁

2
for 𝑁 ⩾ 4.

When𝑁 = 8 the covering radius equal theminimumdistance between two points of the lattice,
and it is possible to add another copy of the lattice, so for 𝑁 ⩾ 8 we define

𝐷+
𝑁
= 𝐷𝑁 ∪

(
𝐷𝑁 +

(
1

2
, … ,

1

2

))
.

For 𝑁 = 8, this lattice is denoted by 𝐸8. The inradius is given by 𝜌𝐷+
𝑁
=

√
2

2
.

Remark 2.5 (Leech lattice). The Leech lattice Λ24 is a lattice in ℝ24, see [14, chapter 4] for
the precise construction. Its inradius is 1. It is the lattice which optimizes the sphere packing
problem.

We recall the definition of fundamental domain of a lattice.

Definition 2.6 (Fundamental domain). A fundamental domain for the action of 𝐺 is a set which
contains almost all representatives for the orbits of 𝐺 and such that the points whose orbit has
more than one representative has measure zero, that is, a measurable set 𝐷 ⊆ ℝ𝑁 such that |(𝐷 +

g) ∩ 𝐷| = 0 for every g ∈ 𝐺 with g ≠ 𝑖𝑑, and |ℝ𝑁 ⧵ (𝐷 + 𝐺)| = 0.
We will denote by𝐺 the set of all fundamental domains of 𝐺.

If we fix a group 𝐺 and consider convex fundamental domains associated to 𝐺, we obtain the
class of parallelohedra, which are centrally symmetric polyhedra tiling the space by translations
(see [22]), with at most 2(2𝑁 − 1) facets. A special parallelohedron associated to the lattice 𝐺 is its
Voronoi cell, which is defined as

𝑉𝐺 ∶= {𝑥 ∈ ℝ𝑁 ∶ |𝑥| ⩽ |𝑥 − g| ∀g ∈ 𝐺, g ≠ 0}.

The distance between the center and every facet of the Voronoi cell associated to a lattice is at least
equal to 𝜌𝐺 , so in particular the Voronoi cell contains a ball of radius 𝜌𝐺 . In a symmetric lattice
the facets of the Voronoi cell are all the same distance from the origin.
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Observe that not every parallelohedron is a Voronoi cell. In dimension 2, two-dimensional par-
allelohedra (parallelograms and centrally symmetric hexagons) are Voronoi cells if and only if
they are inscribed in a circle.

Remark 2.7. The permutahedron 𝑃𝑁 in ℝ𝑁+1 is a 𝑁-dimensional polytope given by the convex
envelope of the (𝑁 + 1)! points obtained by permutations of the coordinates of the point(

−
𝑁

2
,−

𝑁

2
+ 1,… ,

𝑁

2

)
.

It is contained in the hypersurface (1, … , 1)⟂, it is the Voronoi cell of the lattice𝐴∗
𝑁
, and has exactly

2(2𝑁 − 1) facets.

Remark 2.8 (Hexagonal lattice in ℝ2). The lattice 𝐴2 is equivalent to the hexagonal lattice, whose
Voronoi cell is the regular hexagon. The hexagonal lattice is generated by the vectors (1,0) and
(−1∕2,

√
3∕2). In this form, the determinant is

√
3∕2 and the norm is 1. So the inradius is 1∕2,

whereas the covering radius is 1∕
√
3.

Remark 2.9 (FCC and BCC lattices in ℝ3). The checkboard lattice 𝐷3 is called FCC (face- centered
cubic) lattice, a family of generators is (−1, −1, 0), (1, −1, 0), (0, 1, −1). The volume is 2, the norm is√
2, and so the inradius is 1∕

√
2 and the covering radius is 1. The Voronoi cell of the FCC lattice is

the rhombic dodecahedron. If centered at the origin it has six vertices (±1, 0, 0) and eight vertices
(±1∕2, ±1∕2, ±1∕2).
The dual of the root lattice 𝐴∗

3
is the BCC (body-centered cubic) lattice, a family of generators

is (2, 0, 0), (0, 2, 0), (1, 1, 1). The volume is 4, the norm is
√
3 and so the inradius is

√
3∕2 and

the covering radius is
√
5∕2. The Voronoi cell of the BCC lattice is the truncated octahedron. If

centered at the origin it has 24 vertices (±1, ±1∕2, 0).

We introduce a notion of convergence of lattices (see [9, 20]). Note that, if 𝐺 is a lattice, then
for every compact subset 𝐾 ⊂ ℝ𝑁 , the set 𝐺 ∩ 𝐾 is finite.

Definition 2.10. A sequence of lattices𝐺𝑘 converges to𝐺 if there exists for all 𝑘 a set of generators
g 𝑖
𝑘
of 𝐺𝑘 such that g 𝑖𝑘 → g 𝑖 , and g 𝑖 is a set of generators of the lattice 𝐺.
A sequence of lattice 𝐺𝑘 converges in the Kuratowski sense to 𝐺, if

𝐺 =

{
g ∈ ℝ𝑁 | lim sup

𝑘→+∞
𝑑(g , 𝐺𝑘) = 0

}
.

Note that𝐺 is a closed subgroup of (ℝ𝑁,+). Actually, the two notion of convergence are equivalent
(see [9, section V.3, Theorem 1]).

We recall the following compactness theorem for lattices due to Mahler [20, Theorem 2] (see
also [9, chapter V]).

Theorem 2.11. Let 𝐺𝑖 , 𝑖 ∈ ℕ, be a sequence of lattices and assume that there exist two constants
𝑚, 𝛿 > 0 such that 𝜆(𝐺𝑖) ⩾ 𝛿 > 0 for all 𝑖 and 𝑑(𝐺𝑖) = |ℝ𝑁∕𝐺𝑖| ⩽ 𝑚 for all 𝑖. Then there exists a
subsequence 𝐺𝑖𝑛

and a lattice 𝐺 such that 𝐺𝑖𝑛
→ 𝐺, and 𝜆(𝐺) ⩾ 𝛿, 𝑑(𝐺) ⩽ 𝑚.
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As a byproduct on this compactness theorem in [12, Lemma 3.7], see also [10, Theorem 2.10], it
has been proved the following result.

Theorem 2.12. Let 𝐺ℎ be a sequence of lattices with 𝑑(𝐺ℎ) ⩽ 𝑚 for every ℎ and for some 𝑚 ∈

(0,+∞). Then, up to subsequences, 𝐺ℎ → 𝐺 in the Kuratowski sense, where 𝐺 is either a lattice with
𝑑(𝐺) ⩽ 𝑚 or a closed group which contains a line. In the second case, every sequence 𝐷ℎ of funda-
mental domains for 𝐺ℎ converges to ∅ locally in measure (that is the characteristic functions 𝜒𝐷ℎ

converge in 𝐿1
loc
(ℝ𝑁) to 0).

3 EXISTENCE OFMINIMIZERS

We fix a general class of perimeter functionals Per(𝐸) defined on measurable sets 𝐸 ⊆ ℝ𝑁 , and
their local version Per(𝐸, 𝐴) for 𝐴 open set, which are of two possible types.

∙ Classical perimeter: For every measurable set 𝐸 ⊆ ℝ𝑁 , and every open set 𝐴 ⊆ ℝ𝑁 , we define

Per(𝐸, 𝐴) = ∫𝜕∗𝐸∩𝐴 𝑑𝐻𝑛−1(𝑥) (1)

where 𝜕∗𝐸 is the reduced boundary of 𝐸 and 𝜈(𝑥) is the (measure theoretic) exterior normal at
𝐸 in 𝑥 (see [19]).

∙ Fractional perimeter: Let 𝑠 ∈ (0, 1) and for every measurable set 𝐸 ⊆ ℝ𝑁 , and every open set
𝐴 ⊆ ℝ𝑁 we define

Per(𝐸, 𝐴) = ∫𝐸∩𝐴 ∫ℝ𝑁⧵𝐸

1|𝑥 − 𝑦|𝑁+𝑠
𝑑𝑥𝑑𝑦 + ∫𝐸⧵𝐴 ∫𝐴⧵𝐸

1|𝑥 − 𝑦|𝑁+𝑠
𝑑𝑥𝑑𝑦. (2)

For 𝐴 = ℝ𝑁 , we denote Per(𝐸, ℝ𝑁) = Per(𝐸).
We fix a constant𝑚 > 0 and we introduce the following class of lattices

𝑚 = {𝐺 lattice in ℝ𝑁, such that 𝜌𝐺 = 𝑚} (3)

and moreover for a given lattice 𝐺 ∈ 𝑚 we consider the class of fundamental domains which
contain a ball of radius𝑚:

𝑚
𝐺
= {𝐷 ∈ 𝐺, such that ∃𝑥 ∈ 𝐷, |𝐵𝑚(𝑥) ⧵ 𝐷| = 0} (4)

Note that this class is always not empty, as the Voronoi cell associated to a lattice𝐺 ∈ 𝑚 is in𝑚
𝐺
.

First of all we observe that, for every fixed group 𝐺, every fundamental domain which mini-
mizes the classical perimeter in (1) is indecomposable, that is, it is not decomposable. Following
[2], we say that𝐸 is decomposable if there exists a partition𝐴, 𝐵 of𝐸, that is𝐸 = 𝐴 ∪ 𝐵,𝐴 ∩ 𝐵 = ∅,
such that Per(𝐸) = Per(𝐴) + Per(𝐵) with |𝐴|, |𝐵| > 0.

Lemma 3.1. Let 𝐺 be a lattice and 𝐸 ∈ 𝐺 be a solution to the isoperimetric problem

inf
𝐷∈𝐺

Per(𝐷),

where Per is the classical perimeter. Then 𝐸 is indecomposable.
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Proof. Let 𝐸 = ∪𝑖𝐸
𝑖 where 𝐸𝑖 are the indecomposable components of 𝐸 (see [2]), and assume by

contradiction that there exists 𝑖 such that |𝐸𝑖| ≠ 0 and |𝐹| ≠ 0 where 𝐹 ∶= ∪𝑗≠𝑖𝐸𝑗 .
Then for every g ∈ 𝐺,𝑁−1(𝜕∗𝐸𝑖 ∩ 𝜕∗(𝐹 + g)) = 0, where 𝜕∗ denotes the reduced boundary of

a set (see [19]): if it were not the case for some g ∈ 𝐺, then 𝐸𝑖 ∪ (𝐹 + g) would be a fundamental
domain with Per(𝐸𝑖 ∪ (𝐹 + g)) < Per(𝐸). Let us consider the measurable sets 𝐸𝑖 + 𝐺 = ∪g∈𝐺𝐸

𝑖 +

g and 𝐹 + 𝐺 = ∪g∈𝐺𝐹 + g . We have that |(𝐸𝑖 + 𝐺) ∩ (𝐹 + 𝐺)| = 0, |ℝ𝑁 ⧵ ((𝐸𝑖 + 𝐺) ∪ (𝐹 + 𝐺))| =
0, |𝐸𝑖 + 𝐺|, |𝐹 + 𝐺| > 0 and𝐻𝑁−1(𝜕∗(𝐸𝑖 + 𝐺) ∩ 𝜕∗(𝐹 + 𝐺)) = 0, which is not possible. □

We now prove the following existence result.

Theorem 3.2. Let Per be a perimeter functional as in (1), (2). Then there exists a solution of the
isoperimetric problem

inf
𝐺∈𝑚 inf

𝐷∈𝑚
𝐺

Per(𝐷). (5)

Proof. The argument is divided in three steps.
Step 1: First of all we consider a fixed 𝐺 ∈ 𝑚, as defined in (3) and we show that there exists

𝐸 ∈ 𝐺 such that

Per(𝐸) = inf
𝐷∈𝑚

𝐺

Per(𝐷).

Observe that as 𝐺 ∈ 𝑚, 𝑑(𝐺) = 𝑑𝑚 > 0. The existence of a fundamental domain of minimal
perimeter for a fixed lattice has been obtained in [12, Theorem 3.2], with a concentration compact-
ness argument dating back to Almgren and by lower semicontinuity of the perimeter functional
(see [1] and the monograph [19]).
In particular, given a minimizing sequence of fundamental domains𝐷𝑘 ∈ 𝑚

𝐺
, then there exist

g 𝑖
𝑘
∈ 𝐺, for 𝑖 ∈ 𝐼 ⊆ ℕ, and 𝐸𝑖 ⊆ ℝ𝑁 such that |g 𝑖

𝑘
− g

𝑗

𝑘
| → +∞ if 𝑗 ≠ 𝑖 as 𝑘 → +∞, and 𝐷𝑘 +

g 𝑖
𝑘
→ 𝐸𝑖 locally in 𝐿1 as 𝑘 → +∞. Moreover, ∪𝑖𝐸𝑖 ∈ 𝐺 : so | ∪𝑖 𝐸

𝑖| = |𝐷𝑘| = 𝑑𝑚 and Per(∪𝑖𝐸𝑖) =∑
𝑖 Per(𝐸𝑖) = inf𝐷∈𝑚

𝐺
Per(𝐷).

Step 2: We prove that 𝐸 ∶= ∪𝑖𝐸𝑖 ∈ 𝑚
𝐺
(so it contains a ball of radius𝑚).

If the perimeter functional is the fractional perimeter (2), then there exists a unique 𝑖 such that|𝐸𝑖| ≠ 0. This is an immediate consequence of the fact that Per(∪𝑖𝐸
𝑖) <

∑
𝑖 Per(𝐸

𝑖) if there are
at least two elements |𝐸𝑖|, |𝐸𝑗| ≠ 0, and on the other hand by Step 1 we have that Per(∪𝑖𝐸

𝑖) =∑
𝑖 Per(𝐸

𝑖) (see [12, Remark 3.6]). As 𝐷𝑘 → 𝐸𝑖 locally in 𝐿1 and |𝐷𝑘| = |𝐸𝑖|, we conclude that
actually the convergence is in 𝐿1(ℝ𝑁), which implies that 𝐸𝑖 ∈ 𝑚

𝐺
.

If the perimeter functional is the local perimeter (1), by Lemma 3.1 ∪𝑖𝐸𝑖 is indecomposable. So
𝐷𝑘 → ∪𝑖𝐸𝑖 in 𝐿1(ℝ𝑁), and we conclude as above.
Step 3: We minimize among all possible lattices 𝐺 ∈ 𝑚.
Let us fix a minimizing sequence, that is a sequence of lattices 𝐺𝑛 ∈ 𝑚 and a sequence of

fundamental domains 𝐷𝑛 ∈ 𝑚
𝐺𝑛
. So Per(𝐷𝑛) ⩽ inf𝐺∈𝑚 inf𝐷∈𝑚

𝐺
Per(𝐷) + 1 ∶= 𝐶, and by the

isoperimetric inequality this implies |𝐷𝑛| ⩽ 𝐾, and so 𝑑(𝐺𝑛) ⩽ 𝐾 for every 𝑛. Moreover, by the
constraint |𝐷𝑛| ⩾ |𝐵𝑚| = 𝑚𝑁𝜔𝑁 .
By Theorem 2.12, up to subsequences either 𝐺𝑛 → 𝐺 where 𝑑(𝐺) ⩽ 𝐾, or 𝐷𝑛 → ∅ in 𝐿1

loc
.

By the same argument of concentration compactness recalled in Step 1, see [12, Lemma 3.4],
as 𝐷𝑛 are measurable sets with |𝐷𝑛| ⩾ 𝑚𝑁𝜔𝑁 and Per(𝐷𝑛) ⩽ 𝐶, up to passing to a subsequence,
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there exist 𝑧𝑖
ℎ
∈ ℤ𝑁 (𝑖 ∈ ℕ, ℎ ∈ ℕ), with |𝑧𝑖

ℎ
− 𝑧

𝑗

ℎ
| → +∞ as ℎ → +∞ for 𝑖 ≠ 𝑗, and a family (𝐷𝑖)

of measurable sets in ℝ𝑁 such that 𝐷ℎ − 𝑧𝑖
ℎ
→ 𝐷𝑖 in 𝐿1

loc
(ℝ𝑁) and

∑
𝑖 |𝐷𝑖| = 𝑚. This implies that

it is not possible that 𝐷𝑛 → ∅ locally in 𝐿1, and so, up to a subsequence, 𝐺𝑛 → 𝐺 where 𝐺 is a
lattice.
Then we proceed with a similar proof as in Step 1, see the details in [10, Lemma 3.1, Theorem

1.2]. □

For a fundamental domain 𝐷 associated to a lattice we can introduce the ratio

(𝐷) =
Per𝐷

𝜌2
𝐷

where 𝜌𝐷 = sup{𝑟 ⩾ 0 ∶ ∃𝑥 ∈ 𝐷, |𝐵𝑟(𝑥) ⧵ 𝐷| = 0}.

Note that problem (5) is equivalent to the following minimum problem:

min
𝐺 lattice in ℝ3

min
𝐷∈𝐺

(𝐷). (6)

Remark 3.3. The same result as Theorem 3.2 holds under a more general class of constraints.
Let us fix a nonnegative functional  defined on measurable sets, a constant 𝑚 > 0 and the

following class

𝑚 = {𝐺 lattice in ℝ𝑁, such that ∃𝐷 ∈ 𝐺,(𝐷) = 𝑚}.

The isoperimetric problem reads:

inf
𝐺∈𝑚 inf

𝐷∈𝐺,(𝐷)=𝑚
Per(𝐷). (7)

The same argument as in the proof of Theorem 3.2 gives the existence of a solution to (7) f we
assume that  satisfies the following conditions:

∙  is continuous in 𝐿1, that is if 𝐸𝑖 → 𝐸 in measure (that is 𝜒𝐸𝑖
→ 𝜒𝐸 in 𝐿1), then(𝐸𝑖) → (𝐸);

∙  is nondegenerate in the sense that for any 𝐶 > 0 there exists a constant 𝑘(𝐶) = 𝑘 > 0 such
that if (𝐸) ⩾ 𝐶 for 𝐸 ∈ , then |𝐸| ⩾ 𝑘.

The case of the inradius is obtained by considering

(𝐸) = sup{𝑟 > 0, such that |𝐵𝑟(𝑥) ⧵ 𝐸| = 0 for some 𝑥 ∈ 𝐸}.

Another possible functional satisfying the previous assumptions is the Riesz energy (see [18]):

(𝐸) ∶= ∫𝐸 ∫𝐸
1|𝑥 − 𝑦|𝑁−𝛼

𝑑𝑥𝑑𝑦, for some 𝛼 ∈ (0,𝑁).

4 REGULARITY

To study the regularity of theminimal fundamental domain we introduce the notion of partitions.
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Definition 4.1. A partition of ℝ𝑁 is a collection of measurable subsets {𝐸𝑘}𝑘∈𝕀, where 𝕀 is either
a finite or a countable set of ordered indices, such that

(1) |𝐸𝑘| > 0 for all 𝑘,
(2) |𝐸𝑘 ∩ 𝐸𝑗| = 0 for all 𝑘 ≠ 𝑗,
(3) |ℝ𝑁 ⧵ ∪𝑘𝐸𝑘| = 0.

A fundamental domain 𝐷 of a lattice 𝐺 naturally induces the 𝐺-periodic partition {𝐸g }g∈𝐺 ,
where 𝐸g = g + 𝐷. Moreover, if 𝐷 is bounded, then the associated partition is locally finite.

Definition 4.2. We say that a partition {𝐸𝑘}𝑘 isΛ-minimal in an open set𝐴 ⊂ ℝ𝑁 , for someΛ ⩾ 0,
if
∑

𝑘 Per(𝐸𝑘, 𝐴) < +∞ and∑
𝑘

Per(𝐸𝑘, 𝐴) ⩽
∑
𝑘

[Per(𝐹𝑘, 𝐴) + Λ𝜇(𝐸𝑘Δ𝐹𝑘)],

for every partition {𝐹𝑘}𝑘 of 𝑋 such that 𝐸𝑘Δ𝐹𝑘 ⋐ 𝐴 for all 𝑘.
We say that the partition is (Λ, 𝑟)-minimal (see [19]) for someΛ ⩾ 0 and 𝑟 > 0, if it isΛ-minimal

in 𝐵𝑟(𝑥) for all 𝑥 ∈ ℝ𝑁 .

Theorem 4.3. Let 𝐷 be a solution to (5) with 𝜌𝐺 = 1 and 𝐵 ⊂ 𝐷 is the ball of radius 1. Then the
partition 𝐷 + 𝐺 is (Λ, 𝑟)-minimal in ℝ𝑁 ⧵ (𝐵 + 𝐺) for every 𝑟 ⩽ 𝑟0 < 1 = 𝜌𝐺 , with Λ = 0 in the case
of the local perimeter, andΛ =

𝜔𝑁

𝑠(2−2𝑟0)
𝑠 = ∫|ℎ|>2−2𝑟0 |ℎ|−𝑠−𝑁𝑑ℎ, in the case of the nonlocal perimeter.

Then, there exists a closed singular setΣ ≠ ∅with𝑁−1(Σ) = 0, such that 𝜕𝐷 ⧵ Σ is a𝐶1, 1+𝑠
2 hyper-

surface, where 𝑠 ∈ (0, 1) is the order of the fractional perimeter in the case (2) and 𝑠 = 1 in the case
of local perimeter (1).

Proof. The first part of the statement follows the same argument of the proof of (Λ, 𝑟)-
minimality in ℝ𝑁 of partitions associated to fundamental domains with minimal perimeter
(without assuming the constraint on the inradius), given in [12, Proposition 4.1].
As for the regularity of the boundary of 𝐷, we may refer to classical regularity results about

(local) minimal surfaces with obstacles [7, 16], whereas for nonlocal minimal surfaces with
obstacle we refer to [8, Theorem 1.2]. □

5 COMPARISONWITH OTHER TILINGS

5.1 The rhombic dodecahedral honeycomb and the Kelvin foam in ℝ𝟑

In this section, we consider the isoperimetric problem (5) for the classical perimeter in dimension
𝑁 = 3. A restricted version of this isoperimetric problem has been already discussed in the liter-
ature, by considering as admissible competitors only convex fundamental domains containing a
ball of given radius. In particular, in [4, 5] (see also [17]) it has been posed the problem of finding
the parallelohedron with minimal perimeter containing a ball of radius 1, stating the following
conjecture:
Rhombic Dodecahedral Conjecture: The perimeter of any parallelohedron containing a ball of

radius 1 is at least that of a regular rhombic dodecahedron.
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Going back to our problem, the first observation is that the regular rhombic dodecahedron
cannot be a solution.

Proposition 5.1. The regular rhombic dodecahedron is not a solution to (5) in dimension 𝑁 = 3

with the standard perimeter.

Proof. Let𝐷 be a solution of the isoperimetric problem (5) for the standard perimeter and inradius
1 in dimension 𝑁 = 3. Let us fix 𝑥 ∈ ℝ𝑁 and 𝑟 < 1 = 𝜌𝐺 and consider the partition 𝐷 + 𝐺 inside
a ball 𝐵𝑟(𝑥). By Theorem 4.3, this partition inside the ball is locally minimal for the perimeter
and so either it is empty or a minimal cone inℝ3. The complete classification of minimal singular
cones is available in dimensions 3 (see [28]): three half-hyperplanes meeting at 120◦ or the cone
over the 1-skeleton of a tetrahedron. So, every minimal cone either is an hyperplane or has to
coincide with one of the previous singular cones: these necessary conditions for minimality are
called Plateau’s conditions.
Regular rhombic dodecahedron has two types of vertices which are threefold and fourfold. If

we look at the partition generated by a regular rhombic dodecahedron inside a ball 𝐵𝑟(𝑥) with
𝑟 < 1 and 𝑥 ∈ ℝ𝑁 one of the fourfold vertices, we obtain a cone with more than 4 chambers, so
it cannot coincide with any of the previous configurations. On the other hand, if 𝑥 is one of the
threefold vertices, we obtain the cone over the 1-skeleton of a cube, which again is not minimal.
So, regular rhombic dodecahedron cannot be minimal. □

Remark 5.2. The same argument as in Proposition 5.1 shows that the solution to (5) cannot be a
parallelohedron, as parallelohedra never satisfy Plateau’s conditions at vertices and edges.

Besides the regular rhombic dodecahedral honeycomb there is another important structure
arising in the Kelvin problem, which is the variational problem corresponding to the surface
minimizing partition into cells of equal volume [29].
The construction of Lord Kelvin in [29] produces a partition of the space which is a critical

point for the Kelvin problem. As describes in detail in [30, section 7], Lord Kelvin first considered
the partition generated by the regular rhombic dodecahedron, which as shown in Proposition 5.1
cannot be a local minimizer. The idea was then to substitute the partition locally around any
fourfold vertex with the Plateau minimal partition with boundary given by the 1-skeleton of a
cube. This introduces a new flat facet with four curved edges, which may be directed along any
of the three cubic axes (and one may choose the same cubic axis for all of them). So, he was
attaching many copies of Plateau’s wire cube together, edge to edge and in the rhombohedral cell
a square face is introduced at the top and bottom and new horizontal edges appear at the four
fourfold vertices that lie on the equator. These are the edges of square faces belonging to adjacent
cells. The resulting cell, that we may call anisotropic Kelvin cell, is a candidate structure which
satisfies Plateau’s conditions and is a fundamental domain for the FCC lattice, like the regular
rhombic dodecahedron.
As this cell is not isotropic, Lord Kelvin further modified it by changing the ratio between the

axis in the Plateau’s wire cube, taking as a boundary to construct the minimal surface a paral-
lelepiped and not a cube. By varying this ratio from 1 to 1∕

√
2 he obtained an isotropic cell, that

we call Kelvin cell 𝐾 . This cell actually is space filling when centered at the points of the BCC lat-
tice, even if it is not the Voronoi cell of such lattice (which is the regular truncated octahedron):
in particular, it is a fundamental domain of the BCC lattice and it contains a ball of radius less or
equal to the ball contained in the regular truncated octahedron of the same volume. Indeed it can



MINIMAL PERIODIC FOAMSWITH FIXED INRADIUS 11 of 13

be also obtained as a small deformation of the faces of the regular truncated octahedron, see [27]
for a description of this construction, and it has six planar quadrilateral faces and eight nonplanar
hexagons of zero curvature. If we denote with  the truncated octahedron, we get that

𝜌𝐾 ⩽ 𝜌

and so

(𝐾) ⩾ ( )
Per(𝐾)
Per( )

∼ 0.998 ( ), (8)

by using the computation of the ratio between the perimeter of the Kelvin cell and of the regular
truncated octahedron obtained in [27].

Proposition 5.3. The Kelvin cell 𝐾 is not a solution to (5).
Proof. To show the result, it is sufficient to show that (𝐾) > (), where  is the regular
rhombic dodecahedron.
We have that the perimeter of the regular rhombic dodecahedron  of inradius 1 is given by

12
√
2, see [3, 15], so in particular

() = 12
√
2 ∼ 16.97.

On the other hand, the inradius of the regular truncated octahedron  of volume 1 is given by
𝜌 =

√
3

2
5
3

(see [14, chapter 2] and its perimeter 6
√
3+3

2
4
3

(see [27]). So,

( ) =
6
√
3 + 3

2
4
3

2
10
3

3
= 4(2

√
3 + 1) = 17.856,

hence by (8) we conclude

(𝐾) ⩾ 0.998 ⋅ 17.856 ∼ 17.82 > (). □

It remains open the problem of identify a solution to problem (5) inℝ3. As the Kelvin cell is not
a solution, and in view of the Strong Dodecahedral Theorem proved by Hales, one might be led
to state the following:
FCC Conjecture: The optimal lattice for problem (5) is FCC.

5.2 The 24-cell honeycomb in ℝ𝟒

In dimension 𝑁 = 4, there exists a well-known regular tessellation, which is the 24-cell honey-
comb. The 24-cell is the convex hull of its vertices which can be described as the 24 coordinate
permutations of (±1, ±1, 0, 0). In this frame of reference the 24-cell has inradius

√
2

2
. Up to a

rescaling, the 24-cell is the Voronoi cell of the 𝐷4 lattice.
If a sphere is inscribed in each 24 cell of the 24-cell honeycomb, the resulting arrangement is

the densest known regular sphere packing in four dimensions, with kissing number 24, even if
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the sphere packing problem is still unsolved in dimension 4. This suggests that the 24-cell could
be a solution to problem (5).
In this direction, we observe that the 24-cell honeycomb satisfies the following local mini-

mality property, which is a necessary condition for being a solution to problem (5), as stated in
Theorem 4.3.

Proposition 5.4. The 24-cell honeycomb is a minimizer for the perimeter in every ball 𝐵𝑟(𝑥), with

𝑥 ∈ ℝ4 and 0 < 𝑟 <

√
2

2
. In particular, it is a critical point of problem (5).

Proof. The thesis follows from the fact that inside a ball 𝐵𝑟(𝑥) with 𝑟 smaller than the inradius,
the 24-cell honeycomb is either empty or coincides, up to a translation, with one of the following
cones in ℝ4: a hyperplane, three half-hyperplanes meeting at 120◦, the cone over the 1-skeleton
of a tetrahedron times ℝ, the cone over the 2-skeleton of a hypercube. Thanks to the results by
Taylor [28] and Brakke [6] it is known that such cones define partitions of ℝ4 which are minimal
for the perimeter under compact perturbations. □

Due to the properties of the 24-cell, in analogy with the rhombic dodecahedron conjecture in
ℝ3, we may state the following conjecture:
24-cell Conjecture: The perimeter of any fundamental domain of a lattice in ℝ4, containing a

ball of radius 1, is at least that of a 24-cell of inradius 1.
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