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Abstract

This thesis focuses on exploring a new p-adic uniformization of abelian vari-
eties with semistable reduction, called conjugate uniformization. While the case
of good reduction has been previously addressed by Iovita–Morrow–Zaharescu
through Fontaine integration, we extend their work by introducing a logarithmic
version of Fontaine integration, building upon their approach. Under a mild con-
dition, we generalize their main results to abelian varieties with semistable reduc-
tion, adapting the techniques employed by Iovita and colleagues. Furthermore,
we investigate Raynaud uniformization, identifying a class of abelian varieties
that meet the necessary conditions, leading to the uniformization established by
Iovita–Morrow–Zaharescu.
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Introduction

0.1 Uniformization of abelian varieties over complex
numbers

Consider an abelian variety A over C. The group A(C) is a compact complex
Lie group. A celebrated theorem of Riemann asserts that A(C) has the form of
a torus (cf. [1]).

Theorem 0.1.1 (Complex uniformization of abelian varieties). Let A be a g-
dimensional abelian variety over C. Then there exists a full-rank lattice Λ inside
Cg such that A(C) ∼= Cg/Λ as Lie groups.

Riemann’s theorem is grounded in a theory of integration over complex vari-
eties, originating from Abel’s work in the 19th century. Specifically, let H1(A(C),Z)

denote the first homology group of the complex variety A(C), and H0(A,Ω1
A)

represent the space of Kähler differential forms on A. Integrating a form ω ∈
H0(A,Ω1

A) along a class γ ∈ H1(A(C),Z) establishes a perfect pairing, as de-
tailed in [1].

∫︂
: H1(A(C),Z)×H0(A,Ω1

A)→ C

(γ, ω) ↦→
∫︂
γ
ω

Note that the dual of H0(A,Ω1
A) is the Lie algebra Lie(A(C)) of A(C). The

pairing gives rise to a morphism

ϕ : H1(A(C),Z)→ Lie A(C)

γ ↦→
(︄
ω ↦→

∫︂
γ
ω

)︄

It turns out that the map ϕ is injective, with its cokernel precisely being A(C).

xi
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Consequently, we achieve the complex uniformization of the abelian variety A.

A(C) ∼=
Lie A(C)

ϕ(H1(A(C),Z))
∼= Cg/Λ (1)

The converse of the Riemann theorem is true for 1-dimensional case; that is, every
C/Λ corresponds to some elliptic curve. This insight has been instrumental in
constructing the classification space, or moduli space, of elliptic curves, which
plays a pivotal role in various fields, including the theory of modular forms.

Utilizing Riemann’s theorem, we can investigate the rational points of a com-
plex abelian variety. Through the isomorphisms Cg ∼= R2g and Λ ∼= Z2g, we can
regard A as a real torus (R/Z)2g. The set of torsion points of A corresponds
to (Q/Z)2g. To elaborate, suppose λ1, . . . , λ2g form a Z-basis for Λ. A torsion
point P ∈ A is then associated with a class modulo Λ of a vector

r1λ1 + · · ·+ r2gλ2g ∈ R2g

Here, ri are rational numbers. Assume we fix the expression, if P has an ex-
act order N , then each ri has the common denominator N . This observation
serves as a foundation in various developments concerning arithmetic questions
about abelian varieties, as seen in [2]. Another noteworthy application of the
uniformization of complex elliptic curves is the construction of Heegner points,
as discussed in [3]. These points played a pivotal role in proving the Birch and
Swinnerton-Dyer conjecture for rank 1, as demonstrated in [4].

0.2 Uniformization of abelian varieties over p-adic num-
bers

Originally introduced by the German school in algebraic number theory to explore
the approximation of integers modulo a specific prime, p-adic numbers have since
found applications across various mathematical disciplines. To gain insights about
a scheme over Z, it is often more approachable to complete it at a prime number
p. The underlying philosophy is that by understanding enough information for a
range of primes p, we can grasp the global structure of the object in question.
This perspective prompts us to consider the uniformization of abelian varieties
over a p-adic field.

In this section, consider A as an abelian variety over a finite extension K of
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Qp, and let Vp(A) denote the rational Tate module associated with A.

0.2.1 The Raynaud uniformization

The initial solution to the uniformization question was provided by Tate in his
seminal work [5]. He introduced a theory over p-adic fields akin to complex ana-
lytic spaces, termed rigid analytic spaces. In this groundbreaking research, Tate
demonstrated that an elliptic curve with multiplicative reduction can be uni-
formized as the rigid analytic space C∗

p/qZ, where Cp serves as the p-adic coun-
terpart of C and q ∈ Cp with a valuation vp(q) > 1. It resembles the classical
case because we can view the torus C2/Z2 as C∗/qZ. Tate developed a the-
ory of analytic spaces over fields equipped with a complete non-Archimedean
valuation, drawing inspiration from Grothendieck’s ideas. In this framework, the
quotient C∗

p/qZ is well-defined. The research field was later expanded and refined
by contributions from mathematicians like Grauert, Remmert, Kiehl, Raynaud,
and others (see [6]).

In 1970, Raynaud proposed a program addressing the uniformization of abelian
varieties, as documented in [7]. Instead of the uniformizing space Cg, Raynaud
introduced an extension G of an abelian variety B (with good reduction) by a
split affine torus T . The abelian variety A is then represented as a rigid geometric
quotient G/Λ, where Λ is a lattice in G of rank equal to dimT , determined by the
semi-abelian reduction of A. A key element in Raynaud’s proof is Grothendieck’s
semi-stable reduction theorem, as outlined in [8]. This work spurred the devel-
opment of an extensive theory of analytic spaces over p-adic fields, providing a
natural interpretation for the quotient G/Λ.

An important application of the Raynaud uniformization is the Coleman–
Iovita monodromy theorem [9]. More precisely, the Raynaud uniformization gives
rise to the following two exact sequences of Tate modules of T,G,B,A

0→ Vp(T )→ Vp(G)→ Vp(B)→ 0 (2)

and

0→ Vp(G)→ Vp(A)→ Λ⊗Qp → 0 (3)

Denote by N : Dst(Vp(A))→ Dst(Vp(A)) the monodromy operator of DstVp(A).
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Then the Coleman–Iovita monodromy theorem states that

kerN = Dcris(Vp(G)) = Dcris(Vp(A))

Consequently, A has good reduction if and only if kerN = 0 if and only if Vp(A)
is crystalline.

0.2.2 The Iovita–Morrow–Zaharescu uniformization

Fontaine introduced a strategy to reconstruct the Cp points of A using only the
torsion points of A(K), as detailed in [10]. Specifically, let Lie(A) denote the Lie
algebra of A. The logarithm yields the following commutative diagram with exact
rows

0 Ator(K) A(K) Lie(A)(K) 0

0 Ator(Cp) A(Cp) Lie(A)(Cp) 0

logA

logA

here Ator(K) and Ator(Cp) represent the torsion subgroups of A(K) and A(Cp),
respectively. We can further decompose the torsion subgroup into p-power torsion,
denoted as Ap-tors(K), and the prime-to-p torsion, denoted as Ap′-tors(K).

Ator(K) = Ap-tors(K)⊕Ap′-tors(K)

Fontaine constructed a GK-equivariant section

s : A(Cp)→ Ap′-tors(K)

of the natural inclusion Ap′-tors(K) ⊂ A(Cp) defined as follows. There exists an
OK-lattice Λ in Lie(A)(K) and a map

expΛ : OCp ⊗OK
Λ→ A(Cp)

such that logA(expΛ(x)) = x for x ∈ OCp ⊗OK
Λ. For x ∈ A(Cp), for sufficiently

large n we have pn logA(x) ∈ OCp ⊗OK
Λ and we define

s(x) := p−nπ

(︄
xp

n

expΛ(p
n logA(x))

)︄
,
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where π : Ator(K) → Ap′-tors(K) is the canonical projection. We denote the
kernel of s by A(p)(Cp). We then have the decomposition

A(Cp) = A(p)(Cp)⊕Ap′-tors(K)

Let A(p)(K) := A(p)(Cp) ∩A(K), we also get

A(K) = A(p)(K)⊕Ap′-tors(K)

Fontaine claims that we can recover A(p)(K), and so also A(p)(Cp) from the
knowledge of Ap-tors(K) (see [10, Proposition 8.6]).

Recently, Iovita, Morrow, and Zaharescu [11] investigated the Fontaine inte-
gration [12] to obtain a new form of p-adic uniformization for abelian varieties
with good reduction, resembling the classical complex uniformization. More pre-
cisely, let Tp(A) denote the Tate module associated to A, Fontaine defined a
GK-equivariant map called Fontaine integration

φA : Tp(A)→ Lie(A)(K)⊗K Cp(1)

Assuming that the abelian variety possesses good reduction and Tp(A)IK = 0,
where IK is the inertial subgroup of GK , Iovita et al. demonstrated the injectivity
of the Fontaine integration.

Moreover, the authors extended Fontaine integration to a broader space known
as the p-adic universal cover of A, denoted by BA. We have Tp(A) ⊂ BA, and
the cokernel is precisely A(K). This leads to the fundamental exact sequence of
GK-modules:

0→ Tp(A)→ BA → A(K)→ 0 (4)

Under the same aforementioned assumptions, they were able to identify the
kernel of the extended Fontaine integration, which manifests as the prime-to-p
torsion points of A(K). We encapsulate the aforementioned discussion through
the following commutative diagram
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kerφA Ap′−tor(K)

0 Tp(A) BA A(K) 0

0 Tp(A) Lie(A)(K)⊗K Cp(1) Lie(A)(K)⊗K Cp(1)/φA(Tp(A)) 0

φA

φA

It follows that we obtain an inclusion called Iovita–Morrow–Zaharescu’s uni-
formization map (see [11, Theorem A])

ιA : A(p)(K) := A(K)/ Ap’-tors(K) ↪→ Lie(A)⊗K Cp(1)
φA(Tp A)

Moreover, one can recover A(p)(K) from the triple (see [11, Theorem B])

(Tp(A), Lie(A)(K)⊗K Cp(1), φA : Tp(A)→ Lie(A)(K)⊗K Cp(1))

Through the uniformization map, we can effectively correlate the p-divisible
points on both ends, represented by

ιA(A(K)[p∞]) =
Lie(A)(K)⊗K Cp(1)

φA(Tp(A))
[p∞]

This perspective unveils a new insight into the exploration of non-torsion points
within A(K), which are projected onto a specific category of good elements within
Lie(A)(K)⊗KCp(1)

φA(Tp(A))
.

0.2.3 Main results

This thesis studies the p-adic uniformization of abelian varieties akin to the ap-
proach of Iovita–Morrow–Zaharescu but with a focus on the semi-stable reduction
scenario. The primary objective of our research is to establish a framework that
extends the method employed in cases of good reduction. We introduce the con-
cept of logarithmic Fontaine integration, which can be viewed as an extension
of Fontaine integration tailored for semi-stable reduction cases, following the ap-
proach of Iovita et al.

Theorem A (cf. 5.1.16). Let A be a semi-stable abelian variety over K. There
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exists a GK-equivariant morphism called logarithmic Fontaine integration

φA : BA → Lie(A)(K)⊗K Cp(1)

Under the hypothesis Tp(A)IK = 0, the kernel of the logarithmic Fontaine inte-
gration is the prime-to-p torsion points of A(K), denoted by Ap′-tors(K).

Central to our approach is the theory of logarithmic abelian varieties, as
developed by Kato et al. ([13], [14], [15], [16]). Our proof of the aforementioned
theorem follows the methodology outlined in [11].

The primary application of our thesis lies in achieving p-adic uniformization
for abelian varieties with semi-stable reduction. It is the generalization of theorem
B in [11].

Theorem B (cf. 6.3.6). Let K be a finite extension of Qp. Let A be an abelian
variety over K with semi-stable reduction. Assume that Tp(A)IK = 0, we obtain
an inclusion called p-adic uniformization map

ιA : A(p)(K) := A(K)/ Ap′-tors(K) ↪→ Lie(A)(K)⊗K Cp(1)
φA(Tp A)

The image of ιA corresponds to semi-stable elements in Lie(A)(K)⊗KCp(1)
φA(Tp A) .

Moreover, one can recover A(p)(K) from the triple

(Tp(A), Lie(A)(K)⊗K Cp(1), φA : Tp(A)→ Lie(A)(K)⊗K Cp(1))

In addition, we derive a result concerning the hypothesis Tp(A)IK = 0. For
elliptic curves with good reduction, this condition is equivalent to the absence of
complex multiplication for E. In this thesis, we employ p-adic Hodge theory to
identify conditions under which this assumption holds. We introduce the following
definition.

Definition 0.2.1. Given a non-split exact sequence of IK-modules

0→M → N → P → 0

We say the sequence is IK strongly non-split if for any IK-submodule P ′ of P ,
the pull-back sequence

0→M → N ′ → P ′ → 0
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is also non-split, where N ′ := N ×P P ′.

We obtain the following result.

Theorem C (cf. 6.2.11). If T ̸= 0 and assuming further that 0 → Tp(T ) →
Tp(G)→ Tp(B)→ 0 is IK strongly non-split, then Tp(A)IK = 0.

Our argument relies on the monodromy theorem à la Coleman–Iovita.

0.3 Outline of the construction
The first main ingredient of our process is the logarithmic Fontaine differential
forms developed by Mazzari in [17]. More precisely, they are logarithmic differ-
ential forms Ωlog := Ω(O

K
,M)/(OK ,N) where M and N are certain logarithmic

structures considered in section 3.1. A notable property of these logarithmic dif-
ferential forms is that their Tate modules naturally contain the log derivatives of
the generators of the Tate module of certain Tate curves (see Proposition 3.2.2).

Proposition 0.3.1. Let denote ΩO
K

/OK
by Ω. We have a natural inclusion Vp(Ω) ↪→

Vp(Ωlog) which uniquely splits as a homomorphism of Cp-representations of GK .

As a motivating example, we provide the p-adic uniformization of multiplica-
tive groups and Tate curves in a very explicit way.

The second crucial input of our construction is the notion of logarithmic
abelian variety introduced and developed by Kato et al (see [13], [14], [15],
[16], [18]). They are sheaves of abelian groups on (fs/S), the category of fine
and saturated logarithmic schemes over the standard logarithmic trait S :=
(SpecOK , (1 ↦→ π)a) with étale topology (see section 4.3 for more details). In
the context of semi-stable reduction, they serve as substitutes for Néron mod-
els. More precisely, there is an equivalence between the category of log abelian
varieties over OK with the standard log structure to the category of semi-stable
abelian varieties over K.

From now on, for any abelian variety A over K, we denote its corresponding
logarithmic abelian variety over OK as A. It follows that

A(K) = lim−→
L/Kfinite

A(L) = lim−→
L/Kfinite

A(OL, (1 ↦→ πL)
a)

Hence, for any x ∈ A(K), there exists a finite field extension L of K such
that x ∈ A(OL, (1 ↦→ πL)

a). We then have the following commutative diagram
of morphisms of sheaves on (fs/S) (see 5.1)



0.3 Outline of the construction xix

x : (SpecOL, (1 ↦→ πL)
a) A

S.

We can define the pull-back of x locally on a certain subcategory of (fs/S) (see
5.1.4)

x∗ : ωA/S → x∗ωDL/S

where ωA/S is the sheaf of differential forms of A (see 4.6.8 for the definition).
Then for any x ∈ A(K), we have a perfect pairing

A(K)×H0(A, ωA/S)→ Ωlog

(x, ω) ↦→ x∗ω

where H0(A, ωA/S) is the global sections of ωA/S . The pairing is compatible with
the multiplication by p, we hence obtain the logarithmic version of the Fontaine
integration (see 5.1.8)

(, )log
A : BA ×H0(A, ωA/S)→ Vp(Ωlog)

((xn)n, ω) ↦→ (x∗
nω)n

We can prove that H0(A, ωA/S) = H0(A, ωA/K) and the dual of H0(A, ωA/K)

is Lie(A)(K). Thus we get the Fontaine integration in the following form (see
5.1.16).

Proposition 0.3.2. Let A be an abelian variety over K. We have a GK-equivariant
map

φlog
A : BA → Lie(A)(K)⊗K Vp(Ωlog)

The splitting Vp(Ωlog)→ Vp(Ω) ∼= Cp(1) yields BA → Lie(A)(K)⊗K Cp(1).

BA Lie(A)(K)⊗K Vp(Ωlog)

Lie(A)(K)⊗K Cp(1)
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0.4 Other constructions
In [19], Howe, Morrow and Wear employ the p-divisible group associated to a 1-
motive to define the conjugate p-adic uniformization to p-adic formal semi-abelian
schemes or p-divisible groups over the ring of integers of a p-adic field. For semi-
stable curves, Katz and Litt [20] develop the theory of p-adic iterated integrals
by using the unipotent log rigid fundamental group. This approach unifies several
earlier constructions by Coleman, Berkovich, and Vologodsky.

0.5 What lies ahead?
While the realm of p-adic uniformization has been extensively investigated in
specific areas, there are still many avenues that remain largely unexplored. As a
result, numerous intriguing questions have surfaced that await answers.

The primary question at hand is whether we can remove the condition Tp(A)IK =

0 or demonstrate the injectivity of the Fontaine integration without depending on
this condition. For example, in the context of Tate elliptic curves, we can directly
establish this result.

Secondly, can we broaden the scope of the current construction to encompass
semi-abelian varieties beyond formal semi-abelian varieties? Investigating p-adic
uniformization of Shimura varieties could offer valuable insights. Such uniformiza-
tion could have promising applications in arithmetic.

Lastly, the uniformization map may induce a functor from a particular sub-
category of Galois modules to a category characterized by triples

(Tp(A), Lie(A)(K)⊗K Cp(1), φA : Tp(A)→ Lie(A)(K)⊗K Cp(1))

A pivotal question here is whether this functor is fully faithful. This aligns with
the significant results established in [21, Theorem B] and [22, Theorem 0.1].



Structure of the thesis

In Chapter 1, we revisit the classical construction of Fontaine integration and
its extended version as developed by Iovita–Morrow–Zaharescu. Additionally, we
explore an alternative construction using 1-motives introduced by Howe–Morrow–
Wear.

In Chapter 2, we present the fundamental concepts of logarithmic geometry.
Specifically, we provide explicit computations of certain logarithmic structures
that will be instrumental in subsequent chapters.

In Chapter 3, we introduce the module of logarithmic Fontaine differential
forms Ω(O

K
,M)/(OK ,N), where M and N are specific logarithmic structures in-

troduced in Chapter 2. As an illustrative application, we offer the p-adic uni-
formization of multiplicative groups and Tate curves, following the approach of
Iovita–Morrow–Zaharescu.

In Chapter 4, we recall the theory of logarithmic abelian varieties, as in-
troduced by Kajiwara–Kato–Nakayama. This theory plays a pivotal role in the
subsequent construction of logarithmic Fontaine integration in Chapter 5.

In Chapter 5, we construct the logarithmic version of Fontaine integration,
extending the foundational work of Iovita et al.

In Chapter 6, we identify a class of abelian varieties that meet the cri-
terion Tp(A)IK = 0. Then we employ the methodology outlined by Iovita–
Morrow–Zaharescu to establish the p-adic uniformization of abelian varieties with
semistable reduction, subject to a mild condition. All results of this chapter are
original.
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Convention

Throughout this thesis, we will adhere to the following notations, unless stated
otherwise.

1. For simplicity, we fix a rational prime p > 2 and a finite extension K of Qp.
Denote by OK the ring of integers of K, by π a uniformizer of OK and by
k = OK/π its residue field. Let K be a fixed algebraic closure of K and
OK be the ring of integers of K. Let Cp =

ˆ︂K be the completion of K with
respect to the unique extension of the normalized p-adic valuation on Qp.

2. For a tower of extensions K ⊂ L ⊂ K, we denote by GK and GL the
absolute Galois groups of K and L respectively.

3. For any Zp-module V with GK-action, we set V (n) = V ⊗Zp Zp(1)⊗n, the
n-th Tate twist of V .

4. For any abelian group M , we define

TpM = lim←−
x↦→px

M [pn] = HomZ(Z[1/p]/Z,M)

here the inverse limit is over Z-modules each kill by some power of p. We
also set

Vp(M) = lim←−
x↦→px

M = HomZ(Z[1/p],M)

5. Let A be an abelian variety over K and Tp(A) = Tp(A(K)) (resp. Vp(A) =
Vp(A(K))) be the Tate module (resp. rational Tate module) associated to
A.
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Chapter 1

Fontaine integration and p-adic
uniformization of abelian varieties

In his seminal paper [12], Jean-Marc Fontaine introduced a morphism, now known
as Fontaine integration, to establish the Hodge-Tate decomposition theorem for
abelian varieties. Building on this, Iovita, Morrow, and Zaharescu explored the
integration in [11] and discovered a new form of p-adic uniformization for abelian
varieties over p-adic fields, resembling classical complex uniformization called
conjugate uniformization. In this section, we revisit the construction of Fontaine
integration and study the contributions of Iovita, Morrow, and Zaharescu. Ad-
ditionally, we discuss an alternative approach presented by Howe, Morrow, and
Wear in [19].

1.1 Fontaine integration
Consider an abelian variety A over a p-adic field K, with LieA representing the
Lie algebra of A. The p-adic Tate module associated with A is denoted by Tp(A).
Fontaine introduced a GK-equivariant map

φ : Tp(A)→ LieA(K)⊗K Cp(1)

The construction is as follows. Let A be a proper model of A, i.e. a proper scheme
A → Spec(OK) such that A×Spec(OK ) Spec(K) is isomorphic to A.

A A

SpecK SpecOK

g

1



2 Chapter 1. Fontaine integration and p-adic uniformization of abelian varieties

Let u ∈ A(K) = A(OK), where the equality stems from the properness of
A. Then, u corresponds to a morphism of schemes over OK .

Spec(OK) A

Spec(OK)

u

For any ω ∈ H0(A,ΩA) where ΩA := ΩA/OK
, the pull-back u∗(ω) ∈ Ω :=

ΩO
K

/OK
. Consequently, this defines a pairing known as the Fontaine pairing.

⟨, ⟩ : H0(A,ΩA)×A(OK)→ Ω

(ω, u) ↦→ u∗ω

The Fontaine pairing ⟨, ⟩ is OK-linear with respect to ω and GK-equivariant with
respect to u.

Lemma 1.1.1. We have

H0(A,ΩA) ∼= K ⊗OK
H0(A,ΩA)

Proof. The lemma would follow simply from [23, Chap. III, Prop.9.3]. We can give
a slightly different proof as follows. Denote by g : A→ A is the morphism given
by the base extension, we have that H0(A,ΩA) ∼= g∗H0(A,ΩA) [23, Proposition
8.1]. For every affine open U = SpecR of A, we have V = U ×Spec OK

SpecK =

Spec(R⊗OK
K) is an affine open of A. It follows that

H0(V,ΩA) = H0(V,ΩV ) = ΩR⊗K/K = H0(U,ΩA)⊗OK
K

here we used the compatibility of tensor product and differentials. Since it holds
for every affine open and the glueing is unique, we have H0(A,ΩA) ∼= K ⊗OK

H0(A,ΩA)

The pairing is Z-linear with respect to u ∈ A(OK), up to a p-power, as
follows.

Proposition 1.1.2 ([12], Proposition 3). 1. We can identify H0(A,ΩA) with K⊗OK

H0(A,ΩA) via the map ω ↦→ 1⊗ ω. Furthermore, there exists an integer
r ≥ 0 such that the restriction of the map to prH0(A,ΩA) is injective.
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2. Given the integer r in (1), the Fontaine pairing is Z-linear in u, i.e., for
ω ∈ prH0(A,ΩA) and u1, u2 ∈ A(OK) we have

⟨ω, u1 + u2⟩ = ⟨ω, u1⟩+ ⟨ω, u2⟩

Therefore, we can define a pairing, also denoted by ⟨, ⟩

⟨, ⟩ : pr ·H0(A,ΩA)×A(OK)→ Ω

(ω, u) ↦→ u∗(ω)

The pairing is OK-linear with respect to ω and Z[GK ]-linear with respect to
u. Now, let u = (un)n∈N ∈ Tp(A) and ω ∈ pr ·H0(A,ΩA), then the sequence
(u∗
n(ω))n≥0 is a sequence of differentials in Ω satisfying pu∗

n+1(ω) = u∗
n(ω), that

is

(u∗
n(ω))n≥0 ∈ lim←−

(︃
Ω

[p]← Ω
[p]← · · ·Ω [p]← · · ·

)︃
∼= Vp(Ω) ∼= Cp(1)

The latter isomorphism is obtained by the following theorem

Proposition 1.1.3 ([12], Corollaire 1). The OK-module Ω is torsion and p-divisible,
with semi-linear action of GK . The canonical derivation d : OK → Ω is surjec-
tive. Furthermore, we have

Vp(Ω) ∼= Cp(1)

Hence we get the Fontaine integration

φ : Tp(A)→ Lie(A)(K)⊗K Cp(1)

u = (un)n≥0 ↦→ (ω ↦→ (u∗
n(ω))n≥0)

explicitly given in coordinates by

φ(u) =
∑︂

ω∨
i (u

∗
n(ωi))

where (ωi)i∈I is an OK-basis of prH0(A,ΩA) and (ωi)∨
i∈I the associated dual

basis of Lie(A)(K).
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1.2 p-adic uniformization of abelian varieties with good
reduction

Assuming that A has good reduction, we can choose A to be the Néron model of
A, which is an abelian scheme over OK . Note that the Néron model A exists for
any abelian variety but it is proper if and only if A has good reduction.

We can extend the definition of the Fontaine integration to the universal
covering space of A(K).

Definition 1.2.1. Let A be an abelian variety with good reduction and let A be its
Néron model. We define the universal covering space of A(K) to be

BA := lim←−
(︃
A(K)

[p]← A(K)
[p]← · · ·A(K)

[p]← · · ·
)︃

= lim←−
(︃
A(O) [p]← A(O) [p]← · · ·A(O) [p]← · · ·

)︃

here we write O for OK .

The morphism α : BA → A(K) sending (un)n∈Z≥0 to u0 gives the following
fundamental exact sequence of GK-modules

0→ Tp(A)→ BA
α→ A(K)→ 0

Remark 1.2.2. The construction of Fontaine integration cannot be straightfor-
wardly extended to BA using any arbitrary proper model. This limitation arises
because the universal covering space BA is not torsion-free, unlike Tp(A). Specif-
ically, BA contains p-power torsion points. For instance, if x ̸= 0 is a p-torsion
point, the Fontaine pairing results in ⟨ω, x⟩ = 0 for any ω ∈ pr ·H0(A,ΩA). In
this case, the Néron model, which naturally possesses a group structure, can be
employed to define the generalized Fontaine integration.

Recall from the previous section that we have the Fontaine pairing with the
Néron model A

⟨, ⟩ : H0(A,ΩA)×A(OK)→ Ω

(ω, u) ↦→ u∗ω

Now it is OK-linear with respect to ω and Z[GK ]-equivariant with respect to u. It
follows that, for any u = (un)n∈N ∈ BA and ω ∈ H0(A,ΩA), then the sequence
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(u∗
n(ω))n≥0 is a sequence of differentials in Ω satisfying pu∗

n+1(ω) = u∗
n(ω), that

is

(u∗
n(ω))n≥0 ∈ lim←−

(︃
Ω

[p]← Ω
[p]← · · ·Ω [p]← · · ·

)︃
= Vp(Ω) ∼= Cp(1)

Taking duality of H0(A,ΩA) yields the Fontaine integration

φ : BA → Lie(A)(K)⊗Qp Cp(1)

(un)n≥0 ↦→ (ω ↦→ (u∗
n(ω))n≥0)

The first crucial result in [11] is about the kernel of Fontaine integration,
which equals to the periodic subgroup of BA defined as follows.

Definition 1.2.3. The periodic subgroup of BA is

Per(BA) = {(un)n∈N ∈ BA : ∃k ∈ Z>0, un = un+k}

= {(u0, [p
k−1]u0, ..., [p]u0, u0, ...) : u0 ∈ A(K)}

Theorem 1.2.4 ([11], Theorem A). Let A be an abelian variety over K with good
reduction. Assume further that Tp(A)IK = 0 then we have

kerφ = Per(BA) = Ap′−tor(K)

where Ap′−tor(K) is the prime-to-p torsion points of A(K).

Thus we obtain the following commutative diagram of GK-modules

Per(BA) Ap′−tor(K)

0 Tp(A) BA A(K) 0

0 Tp(A) Lie(A)(K)⊗Cp(1) (Lie(A)(K)⊗K Cp(1)) /φ(Tp(A)) 0

This leads to an injective morphism, known as the p-adic uniformization map
of A:

ιA : A(K)/Ap′−tor(K) ↪→ (Lie(A)(K)⊗K Cp(1)) /φ(Tp(A))

We will describe the image of ιA, which can be viewed as the p-adic uniformization
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of A. To precisely state the result, we introduce some definitions related to the
Galois representations associated with A.

Consider T as a free Zp-module of rank 2g, equipped with a continuous GK-
action, and V as a free OK-module of rank g, where GK acts trivially on V .
Assume there exists an injective Zp-linear GK-equivariant map

φ : T ↪→ V ⊗OK
Cp(n)

with n ∈ Z, n ̸= 0.

Definition 1.2.5. Let x ∈ (V ⊗OK
Cp(n))/φ(T ). We say x is algebraic if the orbit

GK · x ⊂ (V ⊗OK
Cp(n))/φ(T ) is finite. If such an x is algebraic, then there is

L ⊂ K, [L : K] finite such that x ∈ (V ⊗OK
Cp(n))/φ(T ))GL

We consider the good class of algebraic elements

Definition 1.2.6. Let x ∈ (V ⊗OK
Cp(n))/φ(T ) be an algebraic element. We say

that x is crystalline if one of the following happens

1. x is a torsion element, or

2. x is non-torsion, and for every L with [L : K] finite such that x ∈ (V ⊗OK

Cp(n))/φ(T ))GL we have α−1(xZp)⊗Zp Qp is a crystalline GL-representation,
where α : BA → A(K) maps (un)n≥0 to u0.

The main result in [11] is the following.

Theorem 1.2.7 ([11], Theorem B). We have that an element x ∈ (Lie(A)(K)⊗K Cp(1)) /φ(Tp(A))
belongs to the image of ιA if and only if x is crystalline. In particular, one can
recover A(p)(K) := A(K)/Ap′−tor(K) from the triple

(Tp(A),Lie(A)(K)⊗K Cp(1), φ : Tp(A) ↪→ Lie(A)(K)⊗K Cp(1))

1.3 The conjugate uniformization
In this section, we provide a brief overview of a recent work by Howe, Morrow,
and Wear, which offers an alternative construction of Fontaine integration for
p-divisible groups (or p-adic formal semi-abelian schemes). Let G be a p-divisible
group (or p-adic formal semi-abelian scheme) over OK . We recall the functorial
Hodge-Tate exact sequence, as introduced in [24].

0→ LieG⊗OK
Cp(1)→ Tp(G)⊗Zp Cp → ωG[p∞]∧ ⊗OK

Cp → 0



1.3 The conjugate uniformization 7

Remark 1.3.1. While it is not necessary for k to be perfect to establish the Hodge-
Tate filtration (as shown in [25]), we require perfectness to ensure the exact se-
quence splits, as illustrated by a counter-example in [26].

Recall that a 1-motive over OK is a map

φ : M → G

where G is a semi-abelian scheme over R and M is a locally constant sheaf which
is étale locally a finite rank free abelian group. We attach to x ∈ G(OK) a 1-
motive [φ : Z→ G, 1 ↦→ x], this gives rise to a push-out Gx in which we adjoint
p-power roots of x

Z G

Z[1/p] Gx.

−φ

The universal cover of G is the functor on p-adically complete R-algebras given
by

S ↦→ homZ(Z[1/p], G(S))

We denote it by BG, then it fits into the following fundamental exact sequence

0→ Tp(G)→ BG → G(OK)→ 0

Then we consider the fiber product of the following diagram

BG

G(OK) G(OCp)

We construct an integration map à la Howe–Morrow–Wear (cf. [19, subsection
6.2])

IG : BG ×G(OCp )
G(OK)→ Tp(Gx)→ LieG⊗OK

Cp(1)

as follows. Let x ∈ G(OK) we have a canonical compatible system of p-power
roots of −x denoted by −xcan˜ ∈ BGx(OK) as follows. The map Z[1/p] → Gx

provides us with a canonical system of p-power roots of −x in Gx(OK) via the
images of 1/pn. Let x̃ ∈ BG be a compatible system of p-power roots of x, the
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element x̃+−xcan˜ belongs to Tp(Gx) = Tp(Gx[p∞]), and under the canonical
splitting of the Hodge-Tate filtration for Tp(Gx[p∞]) that is

Tp(Gx[p
∞])→ Lie(Gx)⊗OK

Cp(1) = LieG⊗OK
Cp(1)

Thus, we obtain the desired integration map

IG : BG ×G(OCp )
G(OK)→ Tp(Gx)→ LieG⊗OK

Cp(1)

Remark 1.3.2. The integration map above is a lifting of the following map (cf.
[19, p. 5.1])

Ĩ : G(OK)→ (LieG⊗OK
Cp(1)) /Tp(G)

constructed as the composition of the following two maps.

1. The homomorphism

G(OK)→ Ext(Qp/Zp, G[p
∞]), x ↦→ Ex[p∞]

where Ex : 0→ G→ Gx → Qp/Zp → 0 is the extension attached to

[Z→ G : 1 ↦→ x]

2. The homomorphism

Ext(Qp/Zp, G[p
∞])→ (LieG⊗OK

Cp(1))/Tp(G)

sending 0→ G[p∞]→ H → Qp/Zp → 0 to the image of 1 ∈ Zp under the
following diagram

0 Tp(G) Tp(H) Zp 0

LieG⊗OK
Cp(1) LieG⊗OK

Cp(1) (LieG⊗OK
Cp(1)) /Tp(G)

The integration I described above aligns with the Fontaine integration à la
Iovita–Morrow–Zaharescu, as stated in the following theorem.

Theorem 1.3.3 ([19], Theorem 6.1). Let C be the full subcategory of group-valued
functors on NilpOK

consisting of functors represented by p-divisible groups over



1.3 The conjugate uniformization 9

OK or by p-adic formal abelian schemes over OK . The natural transformation of
functors from C to abelian groups

G ↦→ IG : BG ×G(OC ) G(OK)→ LieG⊗OK
Cp(1)

is the unique natural transformation that is Galois equivariant and agrees with
the canonical splitting of the Hodge-Tate filtration on

Tp(G) ↪→ BG ×G(Op
G(OK)
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Chapter 2

Logarithmic geometry

Logarithmic (log for brevity) geometry was pioneered in the 1980s by Fontaine
and Illusie. It was further developed by Kato and others with the aim of examining
p-adic varieties exhibiting bad reduction. Broadly speaking, by introducing an
appropriate log structure, a variety with bad reduction can be transformed into
one with good properties. In this chapter, we revisit the fundamental concepts of
logarithmic geometry that will be employed later on. The primary references for
this chapter are [27] and [28].

2.1 Logarithmic rings

In this section, we will present the foundational theory of logarithmic rings, which
play the role of "affine log schemes" in log geometry. We will explicitly showcase
several essential log structures.

Definition 2.1.1. A monoid is a set M equipped with an associative, commutative
binary operation (denoted by +), and a distinguished element 0 ∈M which is an
identity element, i.e. m+ 0 = m for all m ∈M .

A morphism of monoids is a map f : M → N between two monoids such that
f(m1) + f(m2) = f(m1 +m2) for all m1,m2 ∈M and f(0) = 0.

Example 2.1.2. In this section, we mainly consider the following monoids

1. Trivial monoid: {0}.

2. Natural numbers: (N,+).

3. Non-negative rational numbers with p-power denominator: (N[1/p],+).

11
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Remark 2.1.3. For any monoid M , denote by Mgp the associated group given by

Mgp := M ⊕M/ ∼

where (a, b) ∼ (c, d) if there exists an m ∈M such that a+ d+m = b+ c+m.

Definition 2.1.4. A pre-logarithmic ring (R,M,α) consists of a ring R, a monoid
M and a morphism α : M → R of monoids. We call (R,M,α) a logarithmic
ring if α induces an isomorphism α−1(R∗) ∼= R∗. A morphism of (pre)-log rings
(R,M,α)→ (R′, N, β) satisfies the following commutative diagram

M R

N R′

α

h f

β

where h is a morphism of monoids and f is a ring homomorphism.

Remark 2.1.5. For simplicity, we will refer to the prelog structure α : M → R as
M , leaving the map α and the ring R implicit. A (pre)log ring is a ring with a
(pre)log structure.

Remark 2.1.6. Given a pre-log structure α : M → R, we can form an associated
log structure Ma → R as follows. Take Ma := R∗ ⊕α−1RM to be the pushout of
the following diagram

α−1R∗ M

R∗ Ma

α

in the category of monoids. More precisely, Ma =
R∗ ⊕M
∼

where (x, y) ∼ (x′, y′)

iff there exists z, z′ ∈ α−1(R∗) such that xα(z) = x′α(z′) and yα(z) = y′α(z).

Example 2.1.7. For any ring, the trivial monoid M = 1 and the prelog structure
{1} ↪→ R has the associated log structure Ma = (Ma)gp = R∗.

Example 2.1.8 (Canonical log structure). Let L be a finite extension of K and
OL be its ring of integers. Consider the canonical log structure associated to the
following pre-log structure

N→ OL
1 ↦→ πL

where πL is a uniformizer of OL. We denote by (1 ↦→ πL) this pre-log structure.
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We can compute the canonical log structure as follows.

Lemma 2.1.9. Let L be an extension of K (possibly infinite). The canonical log
structure associated to the monoid

α : N→ OL, 1 ↦→ πL

where πL is an element in the maximal ideal of OL, is given by

(1 ↦→ πL)
a = {u · πnL : u ∈ O∗

L, n ∈N}

Proof. By definition, we have

(1 ↦→ πL)
a =
O∗
L ⊕ πN

L

∼

where (x, y) ∼ (x′, y′) if and only if there exist z, z′ ∈ α−1(O∗
L) such that xα(z) =

x′α(z′) and yα(z) = y′α(z′). Note that α−1(O∗
L) = 1 because πL /∈ O∗

L. Hence,
we get

(1 ↦→ πL)
a ∼= {u · πnL : u ∈ O∗

L, n ∈N}

Remark 2.1.10. If OL is a discrete valuation ring (DVR for short), and πL is
a uniformizer of OL then every element in OL \ {0} can be written as the form
x = u · πnL for some n ∈N, where u ∈ O∗

L. It follows that

(1 ↦→ πL)
a = OL \ {0} and ((1 ↦→ πL)

a)gp = L∗

In the case OL is not DVR (e.g L = K) then (1 ↦→ πL)
ais not OL.

We define a refinement of the canonical log structure as follows.

Example 2.1.11. Let L be an extension of K. Let πL be a non-zero element in
the maximal ideal of OL. For every fixed n ∈N, assume there exists an nth-root
of πL, denoted by π1/n

L . For every n ∈ N, we fix a compatible sequence of such
π1/n
L . Consider the following pre-log structure

N→ OL
1 ↦→ π1/n

L
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Let denote by (1 ↦→ π1/n
L ) this pre-log structure

For every n ∈N and a ∈N we denote by πa/n
L := (π1/n

L )a. We can compute
its associated log structure as follows.

Lemma 2.1.12. The log structure associated to (1 ↦→ π1/n
L ) is

(︂
1 ↦→ π1/n

L

)︂a
= {u · πa/n

L |u ∈ O∗
L, a ∈N}

Proof. We have
(︂
1 ↦→ π1/n

L

)︂a
=
O∗
L ⊕ π

1
n N

L

∼
where (x, y) ∼ (x′, y′) iff there exists

z, z′ ∈ α−1(O∗
L) such that xα(z) = x′α(z′) and yα(z) = y′α(z′). Again, we see

that α−1(O∗
L) = 1 because πL /∈ O∗

L. Hence,

(︂
1 ↦→ π1/n

L

)︂a
= {u · πa/n

L |u ∈ O∗
L, a ∈N}

We also introduce several examples that will be used later.

Example 2.1.13. There is a pre-log structure introduced in [17, section 2.1]

Q := {πm/ps

,m ∈N, s ∈N} = πN[1/p] ↪→ OK

Example 2.1.14. To consider all n-th roots of π, we consider the monoid P = Q>0

and we define the pre-log structure

P → OK
u

v
↦→ πu/v

We note that, the valuation of K is isomorphic to Q and Q ∼= (Q>0)gp. Then we
have

(P a)gp = K
∗

2.2 Logarithmic schemes

In this section, we outline key definitions of log schemes as presented in [27]. For
a more detailed exposition, we refer the reader to [28].
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Definition 2.2.1. A pre-log structure on a scheme X is a sheaf of monoids M on
the étale site Xét together with a homomorphism of sheaves of monoids

α : M → OX

It is further called a log structure if the induced morphism

α : α−1O∗
X → O∗

X

is an isomorphism.

Remark 2.2.2. Similar to the log ring situation, for a pre-log structure (M,α) on
X, we define its associated log structure Ma to be the push-out of

α−1(O∗
X) M

O∗
X Ma

in the category of étale sheaves of monoids on X, endowed with

Ma → OX
(a, b) ↦→ α(a)b

where a ∈M, b ∈ O∗
X .

The definition of a morphism between log schemes is the following.

Definition 2.2.3. Let X and Y be schemes endowed with log structures MX and
MY respectively. A morphism of log schemes is a morphism f : X → Y of the
underlying schemes together with a homomorphism f † : MY → f∗(MX) such that
the following diagram

MY f∗(MX)

OY f∗(OX)

commutes.

We can define the direct image and inverse image of a log structure as follows.

Definition 2.2.4. Let f : X → Y be a morphism of schemes. For a log structure
M on X, we define the log structure on Y called the direct image of M , to be the
fiber product of sheaves
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f∗(M)

OY f∗(OX)

Definition 2.2.5. For a log structure M on Y , we define the log structure on X

called the inverse image of M and denoted by f∗(M), to be the log structure
associated to the pre-log structure f−1(M) endowed with the composite map

f−1(M)→ f−1(OY )→ OX

We will consider various kinds of log schemes.

Definition 2.2.6. A log structure M on a scheme X is called quasi-coherent (resp.
coherent) if étale locally on X, there exists a monoid (resp. finitely generated
monoid) P and a homomorphism PX → OX whose associated lo structure is
isomorphic to M , where PX is the constant sheaf of value P .

Most of the time we will focus on fine and saturated log schemes.

Definition 2.2.7. 1. A monoid is called integral if the following condition holds

ab = ac⇒ b = c

A log structure M on a scheme X is called integral if M is a sheaf of integral
monoids.

2. An integral monoid is saturated if, for any p ∈ P gp with np ∈ P , we have
p ∈ P . A log structure M on a scheme X is called saturated if M is a sheaf
of saturated monoids.

3. We call a log structure fine if it is coherent and integral.

Example 2.2.8. The log ring given by the monoid N→ OK : 1 ↦→ π gives rise to
a log scheme, denoted by S := (SpecOK , (1 ↦→ π)a). It is fine and saturated

Similar for
(︂
SpecOK , (1 ↦→ π1/n)a

)︂
.

A fine log scheme can be covered by an "atlas" in the following sense.

Definition 2.2.9. For a scheme X with a fine log structure M , a chart of M is a
homomorphism PX →M for a finitely generated integral monoid P which induces
(PX)

a ∼= M , where PX is the constant sheaf of value P .
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We will mainly consider strict and étale morphisms defined as follows.

Definition 2.2.10. Given any morphism between log schemes (X,MX)→ (Y,MY )

with the morphism of the underlying schemes is f . We say the morphism is strict
if the induced morphism f∗MY →MX is an isomorphism.

Definition 2.2.11. A morphism f : (X,M) → (Y,N) of schemes with fine log
structure is called étale if the underlying morphism X → Y is locally of finite
presentation and if for any commutative diagram

(T ′, L′) (X,M)

(T, L) (Y,N)

s

i f

t

where i is a closed immersion, there exists a unique morphism

g : (T, L)→ (X,M)

such that gi = s and fg = t.



18



Chapter 3

Logarithmic differential forms and
applications

In this section, we will extend the Fontaine integration [12, section 3] by incorpo-
rating logarithmic differential forms, which encompass a richer set of "periods".
As illustrative examples, we explicitly demonstrate the p-adic uniformization of
multiplicative groups and Tate curves in this section. Our methodology relies on
computing the Tate module of log differential forms, a subject previously explored
in [17], and the application of Sen-Tate theory.

3.1 Logarithmic Fontaine differential forms
We revisit the definition of logarithmic differential forms as presented in [27].

Definition 3.1.1. Given a morphism of pre-logarithmic rings (A,M,α)→ (B,N, β)

we define the B-module of log differentials Ω(B/N)/(A,N) to be the quotient of the
module

ΩB/A ⊕ (B ⊗Z coker(Mgp → Ngp))

by the submodule generated by the elements of the form (dβ(n), 0)− (0, β(n)⊗n)
for n ∈ N . Here d : B → ΩB/A is the canonical differential map.

Remark 3.1.2. There are two natural maps d : B → Ω(B/N)/(A,M) the usual
Kähler differential and dlogN : N → Ω(B,N)/(A,M) the log differential so that we
have the relation

β(n) dlogN (n) = dβ(n)

19
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for all n ∈ N .

Example 3.1.3. Now take A = OK , B = OK and log structures M and N to be
trivial. The classical result of Fontaine showed that [12, Corollaire 1]

Vp
(︂

Ω(O
K
,triv)/(OK ,triv)

)︂ ∼= Cp(1).

Example 3.1.4. For an element q in the maximal ideal of OK , recall the pre-log
structure introduced in [17, Section 2.1]

Q := {qm/ps

,m ∈N, s ∈N} = qN[1/p] ↪→ OK .

We get

Vp
(︂

Ω(O
K
,Q)/(OK ,triv)

)︂ ∼= Cp ⊗ Vp(Eq)

where Eq is the Tate curve associated to q.

Recall from Chapter 2 that we consider the monoid P as in 2.1.14 and we
define the pre-log structure

P → OK
u

v
↦→ pu/v

We now want to compare the Tate modules of logarithmic differential forms with
A = OK , B = OK and log structures P and Q. Denote by triv the trivial pre-log
structure {1} ↪→ OK .

Proposition 3.1.5. Keep the notation as above. We have the following isomor-
phism as GK-representations

Tp
(︂

Ω(O
K
,P )/(OK ,triv)

)︂ ∼= Tp
(︂

Ω(O
K
,Q)/(OK ,triv)

)︂
Proof. By definition we have

ΩP := Ω(O
K
,P )/(OK ,triv) =

Ω⊕ (OK ⊗Z πQ)

∼
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and

ΩQ := Ω(O
K
,Q)/(OK ,triv) =

Ω⊕ (OK ⊗Z πZ[1/p])

∼

where Z[1/p] = {m/ps : m ∈ Z, s ∈N}. We can compute the difference between
ΩQ and ΩP as follows

0→ ΩQ → ΩP → Q/Z[1/p]→ 0

Consider the multiplication by pn

0 ΩQ ΩP Q/Z[1/p] 0

0 ΩQ ΩP Q/Z[1/p] 0

·pn ·pn ·pn

Note that Q/Z[1/p] is p-torsion-free, then ker (pn : Q/Z[1/p]→ Q/Z[1/p]) =
0, by the Snake lemma we obtain

ΩQ[p
n] ∼= ΩP [p

n]

Taking the inverse limit, we obtain

Tp(ΩQ) ∼= Tp(ΩP )

Proposition 3.1.6. Keep the notation as above. We have the following inclusion
as GK-representations

Tp
(︂

Ω(O
K
,P )/(OK ,triv)

)︂
⊂ Tp

(︂
Ω(O

K
,P )/(OK ,(1 ↦→π))

)︂
Proof. By definition we have

Ωtriv := Ω(O
K
,P )/(OK ,triv) =

Ω⊕ (OK ⊗Z πQ)

∼

and

Ωcan := Ω(O
K
,P )/(OK ,(1 ↦→π)) =

Ω⊕ (OK ⊗Z coker(πZ → πQ)

∼

=
Ω⊕ (OK ⊗Z πQ/Z)

∼



22 Chapter 3. Logarithmic differential forms and applications

Hence we have

0→ Z→ Ωtriv → Ωcan → 0

Consider the multiplication by pn

0 Z Ωtriv Ωcan 0

0 Z Ωtriv Ωcan 0

·pn ·pn ·pn

Note that ker(pn : Z → Z) = 0, using the Snake lemma and taking the inverse
limit, we obtain

Tp(Ωtriv) ⊂ Tp(Ωcan)

3.2 The Fontaine integration on multiplicative group

Now, we construct the Fontaine integration for the multiplicative group. Let us
consider the following logarithmic differential forms, as discussed in the previous
section. Set

Ωq := Ω(O
K
,Q)/(OK ,triv)

and

Ωlog := Ω(O
K
,P )/(OK ,(1 ↦→π))

then by previous calculations, we obtain

Vp (Ωq) ∼= Cp ⊗ Vp(Eq) ⊂ Vp(Ωlog)

Remark 3.2.1. The logarithmic derivation induces a group GK-equivariant mor-
phism

dlog : K∗ → Ωq

defined as follows. If x ∈ OK , then x = u · pa/n with u ∈ O∗
K

, so that dlog(x) =
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dlog(u) + a dlog(p1/n) with dlog(u) =
du

u
∈ Ω and dlog(p1/n) ∈ Ωq. If x ∈

K
∗ \OK , then dlog(x) := − dlog(x−1).

For any xn ∈ OK such that x = (xn)p
n then

x−1 (x · dlog(xn)) = x−1
(︄
x

pn
dlog(xp

n

n )

)︄

= x−1
(︄
x

pn
dlog(x)

)︄
=

1
pn
· dx
x
∈ K ⊗Ω

This clarifies the observation in [11, section 3]. We will use this observation to
explicitly construct the Fontaine integration map for both the multiplicative groups
and Tate curves.

There is a relation between these two Tate modules due to the Sen-Tate
theory (cf. [24] or [29, Theorem 2.2.7]).

Proposition 3.2.2. There is a short exact sequence of Cp-representations of GK

0→ Vp(Ω)→ Vp(Ωq)→ Cp → 0

that uniquely splits as GK-representations. Explicitly, there exists a unique γq ∈
Cp \K and a restriction ρ : Vp(Ωq)→ Vp(Ω) such that ρ(dlog(q)) = γq dlog(ϵ).
Moreover, there is also a unique split of the composition of inclusions

Vp(Ω) ↪→ Vp(Ωq) ↪→ Vp(Ωlog).

Proof. Recall that we have the following exact sequence of GK-modules

0→ Zp(1)→ Tp(Eq)→ Zp → 0

Tensor with Cp we obtain the desired exact sequence. The splitting follows from
H1(GK ,Cp(1)) = 0 (cf. [24][Theorem 1]) and the uniqueness follows fromH0(GK ,Cp(1)) =
Cp(1)GK = 0. The splitting of the inclusion Vp(Ω) ↪→ Vp(Ωlog) is certainly sim-
ilar.

To define the Fontaine integration, we recall the following definition of uni-
versal cover in [11, section 2]

Definition 3.2.3. Let G be a group scheme over K. The universal covering space
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of G(K) is defined by

BG := lim←−
(︂
G(K)

·p← G(K)
·p← · · ·

)︂
Remark 3.2.4. It yields the Fontaine construction in a broader sense induced by
dlog

φGm : BGm → Vp(Ωq)
ρ→ Vp(Ω) ∼= Cp(1)

(xn) ↦→ (dlog(xn))n ↦→ ρ(dlog(xn))n

By the above construction, we then have the uniformization for the multiplicative
group as in [11, section 3].

3.3 p-adic uniformization of Tate curve

We can take advantage of the previous parts to construct Fontaine integration
for Tate curves explicitly as follows. Firstly, note that two elements x, y ∈ K

∗

give the same point of Eq(K) if and only if x = yqm for some m ∈ Z. In this
case, we have

dlog(x) = dlog(y) +m dlog(q)

Note that q dlog(q) = dq = 0 for all q ∈ OK , hence the differentials q dlog(x)
only depends on the class of x modulo qZ. Define

φq : BEq → Vp(Ωq)

(xn)n ↦→
1
q
· (q dlog(xn))n

We see that φq is well-defined. Indeed, let x = (xn)n ∈ BA then xn/xpn+1 = qm

for some m ∈ Z. It follows that

q dlog(xn) = q dlog(xpn+1q
m) = pq dlog(xn+1)

hence (q dlog(xn))n ∈ Vp(Ωq). Then the Fontaine integration is given by the
composition

φEq := ρ ◦ φq : BEq → Vp(Ωq)→ Vp(Ω)
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We have the fundamental exact sequence

0→ Tp(Eq)→ BEq → Eq(K)→ 0

Lemma 3.3.1. The Fontaine integration φEq restricting on Tp(Eq) is injective.

Proof. Let (ϵn)n be the sequence of p-power roots of unity, denote by τ =

(dlog(ϵn))n ∈ Tp(Ω) and by ẽ, q̃ the generators of Tp(Eq). By Sen-Tate the-
ory, Tp(Eq) splits uniquely after tensor with Cp but not with K. Let γq ∈ Cp \K
be the unique element such that 1 ↦→ γq ẽ is a GK-semi-linear section of the
projection

Tp(Eq)⊗Cp → Cp

aϵ̃+ bq̃ ↦→ b

Then φ(ϵ̃) = τ and φ(q̃) = γτ , the injectivity follows.

Remark 3.3.2. Above we provided a direct proof of injectivity of φEq when we
restrict to Tp(Eq), which is different from proofs in [11]. Note that we also have
Tp(Eq)IK = 0 but we do not use this fact.

We claim that periodic paths correspond to prime-to-p torsion points of Eq.

Lemma 3.3.3. Let (un)n≥0 ∈ BEq be a periodic path in BEq . Then there is an
bijection between Per(BEq) and prime-to-p torsion point of Eq(K)

Per(BEq)→ Eq(K)p′−tor

(un)n≥0 ↦→ u0

Proof. Injectivity: Let u and u′ be periodic paths such that u0 = u′
0. It follows

that u − u′ ∈ Tp(Eq). We have φEq(u − u′) = 0, hence u − u′ = 0 by the
injectivity of φEq on Tp(Eq).

Surjectivity: Now, take u0 ∈ Eq(K)[m] with (m, p) = 1. It follows from
Euler theorem that m | pψ(m) − 1 where ψ is Euler totient function. Therefore
we have [pψ(m) − 1]u0 = 0. Set u = (u0, [pψ(m)−1]u0, ..., [p]u0, u0, ...), then u ∈
Per(BEq).

We need the following technical result.

Lemma 3.3.4. Let u ∈ BEq such that u0 ∈ Eq(L), for L/K a finite extension in
K. If φEq(u) = 0, then u ∈ (BEq)

GL.
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Proof. Since x0 ∈ Eq(L) = Eq(K)GL , then g · x− x ∈ Tp(Eq) for all g ∈ GL.
Moreover we have φEq(g · x) = gφEq(x) = 0, so φEq(g · x − x) = 0. By the
injectivity of φEq on Tp(Eq) we have g · x = x.

The main theorem of this subsection is as follows. We adapt the method in
[11].

Proposition 3.3.5. The kernel of φEq : BEq → Cp(1) is Per(BEq).

Proof. The inclusion Per(BEq) ⊆ ker(φEq) comes from the fact that Vp(Ω) is
torsion-free. Indeed, let u ∈ Per(BEq , then [pk]u = u for some k ∈ N. It follows
that pkφ(u) = φ(u) implies φ(u) = 0. We claim that ker(φEq) ⊆ Per(BEq). Now
consider three cases

1. Let u ∈ ker(φEq) such that u0 ∈ Eq(K)[n] for n ≥ 1 with (n, p) = 1. Then
by the lemma 6.3.2 we have u ∈ Per(E⨿A)

2. Let u ∈ ker(φEq) with u0 ∈ Eq(K) such that u0 is a torsion point of
A of order a power of p, say u0 ∈ Eq(K)[pa] for some a ∈ Z>0. Then
pau ∈ Tp(Eq) and φEq(p

au) = paφEq(u) = 0. As φEq|Tp(Eq) is injecitve, we
obtain that pau = 0 in BEq which is p-torsion free, i,e., BEq [p] = 0, we get
u = 0.

3. Let u ∈ ker(φEq) with u0 ∈ Eq(K) not a torsion point of Eq(K). Denote
α : BEq ↠ Eq(K). Note that α⊗ 1Q(u⊗ 1Qp) = u0 ⊗ 1 ̸= 0. We have a
natural exact sequence of Qp-vector spaces, with continuous GK-action

0→ Tp(Eq)⊗Qp := Vp(Eq)→ BEq ⊗Z Q→ Eq(O)⊗Z Q→ 0

Assume that u0 ∈ Eq(L) for some finite extension L of K in K. Consider
the fiber product of GL-modules

BEq,L Eq(L)

BEq Eq(K)

αL

α

We get that BEq,L ⊂ BEq . On the other hand we have BGL
Eq
⊂ BEq,L. Hence

(BEq,L ⊗Q)GL = (BEq ⊗Z Q)GL .
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Consider the exact sequence of finite Qp-vector space with continuous GL-
action

0→ Vp(Eq)→ BEq,L ⊗Q→ Eq(L)⊗Z Q→ 0

Taking cohomology yields that

(BEq ⊗Q)GL → (Eq(L)⊗Z Q)
∂→ H1(GL, Vp(Eq))

By[30] and [9], we have that ∂ is injective, so αL ⊗ 1
(︂
(BEq ⊗Q)GL

)︂
= 0.

Therefore u is not GL-invariant. It contradicts with the lemma 6.3.3

We have the following commutative diagram

Per(BEq) EQ(K)p′−tor

0 Tp(Eq) BEq Ewq (K) 0

0 Tp(Eq) Cp(1) Cp(1)/φ(Tp(Eq)) 0

Therefore we have injective, continuous and GK-equivariant map

ιEq : Eq(K)(p) := Eq(K)/Eq(K)p′−tor ↪→ Cp(1)/φEq(Tp(Eq))

We are now ready to describe the image of the uniformization map ι which
turns out to be the semi-stable class of algebraic elements as follows.

Definition 3.3.6. Let x ∈ (V ⊗OK
Cp(n))/φ(T ) be an algebraic element. We say

that x is semi-stable if one of the following happens

1. x is a torsion element, or

2. x is non-torsion, and α−1(xZp)⊗Zp Qp is a semi-stable GL-representation,
for every L with [L : F ] finite such that x ∈ (V ⊗OK

Cp(n))/φ(T ))GL

Theorem 3.3.7. We have that an element x ∈ Cp(1)/Tp(Eq) belongs to the image
if ιEq if and only if x is semi-stable.
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Proof. Note that Cp(1) is a divisible group and the torsion subgroup of Cp(1)/φ(Tp(Eq))
is Qp(1)/φ(Tp(A)). We have the following isomorphisms of Zp and GF -modules

Cp(1)/Tp(Eq)[pn] ∼=
(︄

1
pn
φ(Tp(Eq))/φ(Tp(Eq))

)︄

∼= φ

(︄
(

1
pn
Tp(Eq))/Tp(Eq)

)︄
∼= ι(Eq(K)[pn])

Therefore ιEq induces a GK-isomorphism between the p-power torsion of two
modules. It follows that we can deduce to consider the map induced by ιEq on
the quotients of domain and target by the torsion subgroup.

Suppose x ∈ Cp(1)/Tp(Eq) algebraic. Consider the exact sequence of p-adic
GL-representations

0 Vp(Eq) BEq ⊗Z Q K
∗/qZ ⊗Z Q 0

0 φ(Vp(Eq)) Cp(1) Cp(1)/φ(Vp(Eq)) 0

Taking GL-continous cohomology yeilds that

0 L×/qZ ⊗Z Q H1(GL, Vp(Eq))

0 Cp(1)/φ(Vp(Eq)) H1(GL, Vp(Eq))

δEq

ιEq =

By Kummer theory the image of δEq isH1
f (GK , Vp(Eq)) and by [9] it isH1

st(L, Vp(Eq)).
Therefore an element x ∈ Cp(1)/Tp(Eq) belongs to the image of ιEq if and only
if x is semi-stable
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Logarithmic abelian varieties

In this section, we introduce the theory of log abelian varieties following the ap-
proach of Kajiwara-Kato-Nakayama (cf. [13]). These objects represent a specific
type of degeneration of abelian varieties. Unlike the usual geometry, where de-
generations of abelian varieties exhibit singularities and lack group laws, in the
refined context of logarithmic geometry, Kato and his collaborators have success-
fully constructed a category of proper and smooth group objects known as log
abelian varieties.

Convention

We will follow the standard notations in [13]. We denote by S := (SpecOK , (1 ↦→
π)a) the standard log point, where (1 ↦→ π)a is the canonical log structure defined
in chapter 2. Let (fs/S) denote the category of fine saturated log schemes over
S. We regard (fs/S) as a site endowed with the étale topology, i.e., a covering
(Ui → U)i of an object U ∈ (fs/S) means a covering of the underlying scheme
of U by étale schemes Ui over U which are endowed with the inverse images of
the log structure of U . We mainly consider the logarithmic schemes coming from
finite extension L of K (e.g. (SpecL, triv) and (SpecOL, (1 ↦→ πL)

a)).

4.1 Various logarithmic multiplicative groups accord-
ing to Kajiwara–Kato–Nakayama

Before introducing the concept of log abelian varieties, let us consider various
multiplicative groups from a functorial perspective. Classically, the multiplicative

29
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group Gm := SpecK[x, y]/(xy− 1) represents the following functor

Gm : (Scheme /K)→ (Groups)

T ↦→ O∗
T (T ) = Γ(T,O∗

T )

where (Groups) is the category of groups. For every log scheme T , denote by MT

its log structure, consider a naive log multiplicative group Gm,log

Gm,log : (fs/S)→ (Groups)

T ↦→ Γ(T,Mgp
T )

Example 4.1.1. Let T = S, we have

Gm,log(S) = ((1 ↦→ π)a)gp = {u · πn : u ∈ O∗
K , n ∈ Z} = K∗

We have that Gm,log is not representable, as noted in [31, Section 2.2.7]. Let
q be an element in the maximal ideal of OK . We will examine the sub-functor
G

(q)
m,log of Gm,log.

G
(q)
m,log : (fs/S)→ (Groups)

T ↦→ {x ∈ Γ(T,Mgp
T )|∃m,n : qm|x|qn}

Here a|b means that a−1b ∈MT .
For a deeper exploration of these diverse log multiplicative groups, readers

are encouraged to consult the insightful survey [32]. Next, we will compute points
on these log multiplicative groups.

Proposition 4.1.2. Let L be a finite extension K with a uniformizer πL /∈ K. We
have

G
(πL)
m,log(SpecOL, (1 ↦→ πL)

a) = ((1 ↦→ πL)
a)gp = Gm,log(SpecOL, (1 ↦→ πL)

a) = L∗

Proof. We have ((1 ↦→ πL)
a)
gp = {u · πnL|u ∈ O∗

L, n ∈ Z} (see 2.1.9). For any
x = u · πnL, choose m ∈ Z such that mm < n, then u · πnL · πmL ∈ (1 ↦→ πL)

a. By
definition, we have πmL |x. Thus we obtain

G
(πL)
m,log(SpecOL, (1 ↦→ πL)

a) = {x ∈ ((1 ↦→ πL)
a)gp|∃m,n : πmL |x|πnL}

= ((1 ↦→ πL)
a)gp
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Since OL is DVR then ((1 ↦→ πL)
a)gp = L∗.

Let us consider the monoid P = Q>0 and its associated log structure as in
2.1.14

P = Q>0 → OK
u

v
↦→ πu/v

Proposition 4.1.3. For any finite extension K of Qp with a uniformizor π we
have

G
(π)
m,log(SpecOK , P

a) := lim−→
n

G
(π)
m,log(SpecOK , (1 ↦→ π1/n)a) = K

∗

Proof. We have
(︂(︂

1 ↦→ π1/n
)︂a)︂gp

= {u · πa/n | u ∈ O∗
K
, a ∈ Z}2.1.12. For any

x = u · πa/n, we choose m ∈ Z such that a−mn > 0, we have πm|x. Hence

G
(π)
m,log(SpecOK , (1 ↦→ π1/n)a) =

(︂(︂
1 ↦→ π1/n

)︂a)︂gp
Because the valuation group of K is Q, every element of K can be written as
u · pa/n with a ∈ Z, n ∈N we obtain

G
(π)
m,log(SpecOK , P

a) := lim−→
n

G
(π)
m,log(SpecOK , (1 ↦→ π1/n)a) = K

∗

Remark 4.1.4. Keep the notation as in the above proposition, since G
(π)
m,log(SpecOK , (1 ↦→

π1/n)a) =
(︂(︂

1 ↦→ π1/n
)︂a)︂gp

= Gm,log(SpecOK , (1 ↦→ π1/n)a) we also have

Gm,log(SpecOK , P
a) := lim−→

n
Gm,log(SpecOK , (1 ↦→ π1/n)a) = K

∗

4.2 Logarithmic 1-motives
We recall briefly the theory of log 1-motive defined in [13, Section 2] which is
crucial for the construction of the log abelian varieties. Let G be a commutative
group scheme over the underlying scheme of S which is an extension of an abelian
scheme B by a torus T

1→ T → G→ B → 1
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Here we identify G with a sheaf of abelian groups on the site (fs/S): For an fs
log scheme U over S, G(U) is defined by forgetting the log structure of U .

Denote the hom sheaf in (fs/S) by Hom, and denote by X := Hom(T,Gm)

the character group sheaf of T , which is a locally constant sheaf of finitely gener-
ated free Z-modules on (fs/S). Let Tlog := Hom(X,Gm,log). Recall that for any
fs log scheme U , in particular the log structure of U is integral, over S we have

Gm(U) = Γ(U,O×
U ) ⊂ Gm,log(U) = Γ(U,Mgp

U )

by the universal property of integral log structure (see [28, p. I.1.3]). Hence we
have a canonical embedding T ↪→ Tlog. We define Glog as the pushout of the
following diagram in the category of sheaves of abelian groups on (fs/S)

T G

Tlog Glog

Then we have an exact sequence

1→ Tlog → Glog → B → 1

Example 4.2.1. If G = T = Gm then X = Hom(Gm,Gm) = Z, it follows that

Glog = Tlog = Hom(Hom(Gm,Gm),Gm,log) = Hom(Z,Gm,log) ∼= Gm,log

Definition 4.2.2. A log 1-motive M over S consists of the following data

1. A locally constant sheaf Y of finitely generated free Z-modules on (fs/S).

2. A commutative group scheme G over the underlying scheme of S which is
an extension of an abelian scheme B by a torus.

3. A homomorphism Y → Glog

Example 4.2.3. Let X = Y = Z and let q ∈ mK the maximal ideal of OK . In
[13], the authors define log Tate curves via the following log 1-motive

M = [Z→ Gm,log : 1 ↦→ q]

We denote M by [Y → Glog] seen as a complex of sheaves of abelian groups
with Y of degree −1 and with Glog of degree 0.
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Y

1 Tlog Glog B 1

Definition 4.2.4. Let M = [u : Y → Glog] and M ′ = [u′ : Y ′ → G′
log] be log

1-motives over S. A morphism h : M →M ′ is a homomorphism of complexes

Y Glog

Y ′ G′
log

u

h−1 h0

u′

We also need to define the dual of a log 1-motive M∗ = [X → G∗
log] as

follows. Recall that X := Hom(T,Gm) and let B∗ be the dual abelian scheme of
B, and T ∗ := Hom(Y,Gm). Denote by (F, h) an extension F of B by Gm over
a fs log scheme U and a homomorphism h : Y → F such that the composition
Y → F → B coincides with Y → Glog → B. We define G∗ as the sheafification
of the presheaf

(fs/S)→ (AbGroups)

U ↦→ {pairs(F, h)}/ ∼=

Then G∗ is representable by an fs log scheme over S. There is a natural exact
sequence of sheaves

1→ T ∗ → G∗ → B∗ → 1

Similarly, we can have the sheaf of commutative groups G∗
log associated to G∗

as follows. Denote by (Flog, hlog) an extension F of B by Gm over an fs log
scheme U and a homomorphism hlog : Y → Flog such that the composition
Y → Flog → Blog = B coincides with Y → Glog → Blog = B. Then G∗

log is
defined to be the sheafification of the presheaf

(fs/S)→ (AbGroups)

U ↦→ {pairs(Flog, hlog)}/ ∼=

The homomorphism X → G∗
log is defined as follows. For a section x of X, let F

be the extension of B by Gm obtained as the pushout of 1 → T → G→ B → 1
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with respect to x : T → Gm. Let h be the composition

Y → Glog → Flog

Then the desired homomorphism X → G∗
log is defined by associating to x the

class of (Flog, hlog). We can now define polarization on a log 1-motive.

Definition 4.2.5. Let M = [Y → Glog] be a log 1-motive over S. A polarization
on M is a homomorphism

h : M →M∗ = [X → G∗
log]

of log 1-motives satisfying the following conditions

1. The induced homomorphism B → B∗ is a polarization on B.

2. The induced homomorphism ϕ : Y → X is injective and each stalk of its
cokernel is finite.

3. For any s ∈ S and any nontrivial y ∈ Ys, the element ⟨ϕ(y), y⟩s of Mgp
S,s/O∗

S,s

is nontrivial and belongs to MS,s/O∗
S,s. Here

⟨, ⟩ : X × Y →Mgp
S /O∗

S

is the canonical pairing induced by

Y → Glog → Glog/G ∼= Tlog/T ∼= Hom(X,Gm,log/Gm)

4. The homomorphism Tlog → T ∗
log induced by Glog → G∗

log coincides with the
one induced by ϕ.

M is called pointwise polarizable if the pullback of M to fs/s admits a polarization
for every s ∈ S.

Remark 4.2.6. The existence of a polarization implies that Y → Glog/G is injec-
tive.

Example 4.2.7. Let X = Y = Z and let q be a locally nipotent element in the
maximal ideal of OK . Then the log 1-motive

M = [Y = Z→ Gm,log : 1 ↦→ q]
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have the dual log 1-motive given by

M∗ = [X = Z→ Gm,log : 1 ↦→ q]

and the identity map M →M∗ is a polarization on M .

Definition 4.2.8. Define a subgroup sheaf Hom(X,Gm,log/Gm)(Y ) of Hom(X,Gm,log/Gm)

by

(fs/S)→ (AbGroups)

U ↦→ {φ : for any x ∈ X, locally ∃y1, y2 ∈ Y

such that ⟨x, y1⟩ |φ(x)| < x.y2 >}

Here, for a, b ∈Mgp
U /O∗

U , we say that a|b if a−1b ∈MU/O∗
U .

Define a subgroup sheafG(Y )
log ofGlog as the inverse image of Hom(X,Gm,log/Gm)(Y )

by the canonical homomorphism

Glog → Glog/G ∼= Hom(X,Gm,log/Gm)

4.3 Logarithmic abellian varieties
We are now set to define the initial type of log abelian varieties, as presented in
[13, Section 3].

Definition 4.3.1. A log abelian variety with constant degeneration over S is a sheaf
of abelian groups on (fs/S) which is ismorphic to the quotient sheaf G(Y )

log /Y for
a pointwise polarisable log 1-motive [u : Y → Glog] over S.

Example 4.3.2. Consider X = Y = Z and q ∈ Γ(S,MS) \ k×, log 1-motives M
and M∗ as above. The log Tate curve associated to q is given by the quotient

Eq := Hom(Z,Gm,log)
(Z)/Z

Here the subsheaf Hom(Z,Gm,log)
(Z) of Hom(Z,Gm,log) ∼= Gm,log is identified

with
G

(q)
m,log := {x ∈ Gm,log|∃m,n ∈ Z : qm|x|qn}

Theorem 4.3.3. [13, Theorem 3.4] The functor

[u : Y → Glog] ↦→ G
(Y )
log /Y
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induces an equivalence from the category of pointwise polarization log 1-motive
over S to that of log abelian varieties with constant degeneration over S.

Remark 4.3.4. For any s ∈ S, let s be the spectrum of a separable closure of the
residue field of s endowed with the pullback log structure from S. The category
(fs/s) is the category of fs log schemes V ×S s where V ∈ (fs/S). Hence we can
consider the pullback of a sheaf on (fs/S) to (fs/s).

We need a notion of diagonal morphism to be finite for the definition of log
abelian varieties.

Definition 4.3.5. Let f : F1 → F2 be a morphism of contravariant functors from
(fs/S) to the category of sets. We say f is represented by finite morphisms if for
any object U of (fs/S) and any a : U → F2 (i.e. a ∈ F2(U) ), the fiber product
U ×F2 F1 in the category of fiber product of presheaves defined by a is represented
by an fs log scheme over U whose underlying scheme is finite over that of U .

We can provide the definition of log abelian varieties as follows (cf. [13, Section
4]).

Definition 4.3.6. A log abelian variety over an fs log scheme S is a sheaf A of
abelian groups on (fs/S) satisfying the following three conditions

1. For any s ∈ S, let s be the spectrum of a separable closure of the residue
field of s endowed with the pullback log structure from S. Then there is a
polarizable log 1-motive [Y → Glog] over s such that the pullback of A to
(fs/s) is isomorphic to G(Y )

log /Y .

2. Étale locally on S, there are a semiabelian group scheme G over S, finitely
generated free Z-modules X and Y , an admissible pairing ⟨, ⟩ : X × Y →
Mgp
S /O∗

S, and an exact sequence

0→ G→ A→ Hom(X,Gm,log/Gm)
(Y )/Y → 0

of sheaves of abelian groups, where Y is the image of Y inHom(X,Gm,log/Gm)(Y ).

3. The diagonal morphism A → A×S A is represented by finite morphisms.

Remark 4.3.7 ([13], Section 4.2). Let V be an fs log scheme over S. Then the
diagonal MorS(, V )→ MorS(, V )×MorS(, V ) is represented by finite morphisms
if and only if the underlying scheme of V is separated over that of S.
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The semi-abelian scheme G in fact exists globally on S and is uniquely de-
termined by A. We call G the semi-abelian part of A. Denote by Ã := G

(Y )
log , we

can summarize our definition in the following diagram

0 0

Y Y

0 G Ã Hom(X, (Gm,log/Gm))(Y ) 0

0 G A Hom(X, (Gm,log/Gm))(Y )/Y 0

0 0

=

=

Lastly, we briefly mention a particular subsheaf A(
∑︁

) of A, referred to as a
model of A (cf. [14, Section 2]).

Theorem 4.3.8. [14, Theorem 8.1] If A is a general log abelian variety over S.
Assume that there exist an exact sequence

0→ G→ A→ Hom(X,Gm,log/Gm)
(Y )/Y → 0

with a homomorphism S →MS/O∗
S, and an admissible pairing X × Y → Sgp as

in [14, Section 2.4, 2.5]. Let C ⊂ hom(S,N)× hom(X,Z) be as in [14, Section
2.2], and let ∑︁ be a fan in C. If ∑︁ is stable under the action of Y , then there
is a model A(

∑︁
) of A which is an algebraic space over S, i.e an algebraic space

over the underlying scheme of S endowed with an fs log structure over S.

Theorem 4.3.9. [14, Corollary 4.2] Assume the conditions as the above theorem.
If A is a log abelian variety with constant degeneration over S then there is a
model A(

∑︁
) of A which is a proper scheme over S.

4.4 Weak logarithmic abellian varieties

In this section, we introduce a generalization of logarithmic abellian varieties
known as weak logarithmic abellian varieties, as presented in [14, Section 1]. To
start, we define a face of a monoid.
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Definition 4.4.1. Let M be a monoid. A face of a monoid is a submonoid F such
that whenever n+m ∈ F , we have both n and m are in F .

Let X and Y be finitely generated free Z-modules, let M be an fs monoid,
and let

⟨.⟩ : X × Y →Mgp

be a Z-bilinear form. For a face σ of M , define Mσ to be the subgroup of M
consisting of all elements x of X such that ⟨x, Y ⟩ is contained in σgp.

Definition 4.4.2. We say that ⟨.⟩ is admissible (precisely, M-admissible) if the
following condition is satisfied: for any face σ of M and any homomorphism

N : M → R≥0

if we write the face σ ∩N−1(0) of M as τ , then the pairing of R-linear spaces
induced by N

(Xσ/Xτ )R × (Yσ/Yτ )R → R

is nondegenerate.

Remark 4.4.3. Equivalently, it is admissible if the following condition holds. For
any face σ of S and any homomorphism N : σ → R≥0, the induced pairing of
R-linear spaces by N

(Xσ/Xτ )R × (Yσ/Yτ )R → R

iw nondegenerate, where τ is the face N−1(0) of σ.

Definition 4.4.4. Let X and Y be finitely generated free Z-modules, and let

⟨, ⟩ : X × Y → (Gm,log/Gm)

be a Z-bilinear form. We say that ⟨, ⟩ is admissible if, for any s ∈ S, the induced
pairing

X × Y → (Mgp
S /O∗

S)s

is (MS/O∗
S)s-admissible.

Definition 4.4.5. We say a log 1-motive

[Y → Glog]
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over S admissible (resp. nondegenerate) if the canonical pairing

X × Y → Gm,log/Gm

is admissible (resp. nondegenerate [13, p. 4.11.2]), where X = Hom(T,Gm).

The admissible pairing gives a homomorphism

Y → Hom(X,Gm,log/Gm)

We denote the subsheaf of groups Hom(X,Gm,log/Gm)(Y ) by Q. Recall that
G

(Y )
log ⊂ Glog is the inverse image ofQ underGlog → Glog/G = Hom(X,Gm,log/Gm).

Definition 4.4.6. A weak log abelian variety over an fs log scheme S is a sheaf of
abelian groups A on (fs/S) satisfying the following three conditions

1. For any s ∈ S, the pullback of A to (fs/s) is isomorphic to G(Y )
log /Y for an

admissible and nodegenerate log 1-motive [Y → Glog].

2. Étale locally on S, there are a semiabelian scheme G over S, finitely gen-
erated free Z-modules X and Y , an admissible pairing

⟨, ⟩ : X × Y → (Gm,log/Gm)S

on (fs/S), and an exact sequence

0→ G→ A→ Q/Y → 0

where Y denotes the image of Y in Q.

3. The diagonal morphism A → A×A is represented by finite morphisms.

Remark 4.4.7. If we substitute "admissible and nondegenerate" in condition 1
with "polarizable", we arrive at the definition of a log abelian variety. Given that
polarizability implies admissibility and nondegeneracy, a log abelian variety is
indeed a weak log abelian variety.
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4.5 Weak log abelian varieties over complete discrete
valuation rings

We fix an fs log structure N on Spec(K), and let M be its direct image log
structure on Spec(OK).

Remark 4.5.1. If N is trivial, then M is the standard log structure on S :=
Spec(OK). Otherwise M is not an fs log structure, M is the filtered union of fs
log structure contained in M whose restriction on S is N .

We define the following categories following [14, Section 3] and [18, p. C.2]
for corrections.

1. Let C0 be the category of weak log abelian varieties over OK endowed
with the log structure M , which is defined to be the inductive limit of the
categories of weak log abelian varieties for fs log structures Mi.

2. Let C1 be the category of admissible log 1-motives over OK with respect to
the log structure M , which is defined similarly as above, i.e., the inductive
limit of the categories of weak log abelian varieties for fs log structure Mi,
where (Mi)i is fs log structures contained in M whose restriction on S is
N .

3. Let (WLAV/K) be the category of weak log abelian varieties over K with
respect to the log structure N .

4. Let C2 be the full subcategory of (WLAV/K) consisting of objects have the
following property: if [Y → Glog] denotes the corresponding log 1-motive
over K and 0 → T → G → B → 0 denotes the exact sequence with T a
torus and B an abelian variety, then Y and T are unramified and B is of
semistable reduction.

5. Define C [pol]
1 be the following subcategory of C1. Let [Y1 → Glog] be an

object of C1. Let Y(1) be the kernel of the cannonical homomorphism Y1 →
Y2, where Y2 is the stalk of Y 1 at the generic point. Let T2 ⊂ T be the torus
corresponding to the stalk X2 of X1 at the generic point, where T is the
torus part of G. Let G(1) = G/T2. The composition

Y(1) → Y1 → Glog → G(1),log
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is an admissible log 1-motive. Then, [Y1 → Glog] belongs to C
[pol]
1 if and

only if this log 1-motive [Y(1) → G(1),log] is formally polarizable.

6. For i = 0, 1, 2, let Cptpoli be the full subcategory of Ci consisting of formally
polarizable objects, and let Cpoli be the full subcategory of Ci consisting
of polarizable objects. In particular, Cptpol0 is the category of log abelian
varieties over OK .

We also define the following functors αi : C0 → Ci for i = 1, 2.

1. For any weak log abelian variety over OK with respect to M , then for each
n ≥ 1, we have a weak log abelian variety over OK/mn

K , and the corre-
sponding admissible log 1-motive over OK/mn

K , where mK is the maximal
ideal of OK . This family of admissible log 1-motives for n ≥ 1 defines an
admissible log 1-motive over OK , hence a functor α1 : C0 → C1

2. The functor α2 is the evident functor.

Remark 4.5.2. For i = 0, 1, 2, we have

Cpoli ⊂ Cptpoli ⊂ Ci

and, for i = 1, 2 the functor αi sends Cpol0 (resp., Cptpol0 ) into Cpoli (resp., Cptpoli ).

C1 ⊃ C
[pol]
1 ⊃ Cpol1

C0 ⊃ Cptpol0 = Cpol0

C2 ⊃ Cptpol2 = Cpol2

α1

α2

and C
[pol]
1
∼= C2.

Using this diagram the authors can prove the following remarkable result (see
[16, Section 3] and [18, p. C.2] for corrections).

Theorem 4.5.3. We have an equivalence from the category of log abelian varieties
over OK with the standard log structure to the category of abelian varieties over
K with semi-stable reduction.
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Remark 4.5.4. Given a semi-stable abelian variety A over K, let A over (OK , (1 ↦→
π)a) be its corresponding log abelian variety. For any finite extension L/K,
we have A(L) = A(OL, (1 ↦→ πL)

a). Indeed, it is shown that A(L, triv) =

A(OL, (1 ↦→ πL)
a) where the log structure triv is the trivial log structure ( cf.

[14, Theorem 17.1]). The equivalence yields

A(L) = A(L, triv) = A(OL, (1 ↦→ πL)
a)

.

4.6 Differential forms of log abellian varieties
In this section, we detail the construction of the sheaf of differential forms for a
log abelian variety. To begin, we revisit the definition of the sheaf of differential
forms for log schemes as outlined in [27].

Definition 4.6.1. Let α : M → OX and β : N → OY be pre-log structures, and f :
(X,M) → (Y,N) be a morphism. Then, we define the OX-module ω(X,M)/(Y,N)

to be the quotient of
ωX/Y ⊕ (OX ⊗Z Mgp)

where ωX/Y is the usual relative differential module, divided by the OX-submodule
generated locally by local sections of the following forms

1. (dα(a), 0)− (0, α(a)⊗ a) with a ∈M

2. (0, 1⊗ a) with a ∈ im(f−1(N)→M).

If the following commutative diagram of log schemes is cartesian

(X ′,M ′) (X,M)

(Y ′, N ′) (S,N)

f

then we have an isomorphism

f∗ω(X,M)/(S,N)
∼= ω(X ′,M ′)/(Y ′,N ′)

Let A be a log abelian variety over an fs log scheme S. To define the sheaf of
differential forms on log abelian varieties we need to introduce several categories.
Firstly, we recall the category (fs/A) from [15, Section 2.1].
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Definition 4.6.2. The étale site (fs/A) consists of pairs (U, α), where U is an fs
log scheme over S and α is an element of A(U). A covering ((Ui, αi)→ (U, α))i

of an object U ∈ (fs/A) is a covering in (fs/S) such that αi maps to α.

Secondly, we introduce the site composed of log étale objects. Let us begin
by revisiting various types of morphisms of log schemes.

Definition 4.6.3. Let S be an fs log scheme. A log algebraic space F over S in the
first sense is an algebraic space over the underlying scheme of S endowed with an
fs log structure over S [14, Section 10.1]. We say that F is log étale over S if, for
any fs log scheme T which is strictly étale over F , the composite T → F → S is
log étale.

We take the following definitions from [18, Section 3.9].

Definition 4.6.4. The small site (lét/A) is the full subcategory of (fs/A) consist-
ing of all log étale objects. An object (V → A) in (fs/A), (by definition, an fs log
scheme over S with a point in A(V )) is called log étale if for any fs log scheme
W and any morphism W → A → S, the fiber product W ×A V is a log étale log
algebraic space over W .

Here W,A, V are sheaves on (fs/S). The fiber product concerned is the one
defined in the category of the sheaves on (fs/S).

Remark 4.6.5. As noted in [18, Section 3.10], a set of topological generators of
(lét/A) comprises log étale fs log schemes over models of weak log abelian varieties
that are isogenous to A.

Definition 4.6.6. The site (fslét/A) consists of pairs (U, V ) where U is an object
of (fs/S) and (V ) is an object of (lét/AU ), where AU := A×S U . Morphisms
from (U ′, V ′) to (U, V ) is a compatible pair of morphisms (U ′ → U) and (V ′ →
V ). Coverings are the ((Ui, Vi) → (U, V ))i such that every Ui → U is strictly
étale and that (Vi → V )i is a strict étale covering.

We can summarize the definition in the following diagram, seen as a diagram
of sheaves over (fs/S).

V

AU U

A S
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Remark 4.6.7. As noted in [18, Section 3.10], a set of generators for (fslét/A)
can be provided, consisting of pairs (U, V ) where U is an fs log scheme over S,
and V is a log étale fs log scheme over a model of a weak log abelian variety that
is isogenous to AU . Consequently, we can define ωV /U as the standard sheaf of
log differential forms.

We have the following definition of differential forms.

Definition 4.6.8. Let A be a log abelian variety over an fs log scheme S. Let OA

be the sheaf on (fslét/A), defined locally on pairs (U, V ), by

OA((U, V )) = Γ(V,OV )

(Note that OV is nothing but the usual structure sheaf of a scheme V ). Define a
sheaf of OA-modules ωA/S by

ωA/S((U, V )) = Γ(V, ωV /U )

where ωV /U is the sheaf of relative differential forms of log schemes.

Definition 4.6.9. Let S be an fs log scheme. For a group sheaf G on (fs/S), we
define the Lie sheaf Lie(G) on (fs/S) by

Lie(G)(U) = ker
(︂
G
(︂
U [ϵ]/(ϵ2)

)︂
→ G(U)

)︂
where U [ϵ]/(ϵ2) denotes the fs log scheme whose underlying space is that of U ,
whose structure sheaf is OU [ϵ]/(ϵ2) and whose log structure is the pullback of that
of U .

Example 4.6.10 ([18], Section 3.1). We have

Lie(Gm,log) = Lie(Gm)

Indeed it comes from the definition of a morphism of log schemes. Indeed, let T be
an fs scheme with the associated log structure α : MT → OT and f : T [ϵ]/ϵ2 → T .
We have the following commutative diagram

f∗(MT ) MT

f∗(OT ) OT
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It follows that

Lie(Gm,log)(T ) = ker(f∗(MT ))
gp(T )→ (MT )

gp(T ))

= ker(O∗
T [ϵ]/ϵ2(T )→ O

∗
T (T )) = Lie(Gm)

Remark 4.6.11. We naturally define an action of OS on Lie(G) as follows: for
a ∈ OS(U), the action of a on Lie(G)(U) is determined by the morphism induced
by ϵ ↦→ aϵ. In general, this action represents the action of OS as a multiplicative
monoid. However, in many instances—such as when G is represented by an fs
log scheme over S or G is a log abelian variety—Lie(G) becomes an OS-module
through this action.

Assume that Lie(G) is an OS-module, define

coLie(G) := HomOS
(Lie(G),OS)
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Chapter 5

Logarithmic Fontaine integration for
semi-stable abelian varieties

In this chapter, we construct a logarithmic version of the Fontaine integration for
abelian varieties with semi-stable reduction. The construction in this part is new
and original.

5.1 Construction

Let A be an abelian variety over K, then

A(K) = lim−→
L/Kfinite

A(L)

here the colimit runs over finite extensions L ⊂ L′ of K inside K. Recall that we
denote by (1 ↦→ πL)

a the canonical log structure on OL for any finite extension
L of K

N→ OL
1 ↦→ πL

Lemma 5.1.1. Given a semi-stable abelian variety A over K, let A over (OK , (1 ↦→
π)a) be its corresponding log abelian variety (4.5.3). Then we have

A(K) = lim−→
L/Kfinite

A(OL, (1 ↦→ πL))

where the colimit runs over (OL, (1 ↦→ πL)
a) → (OL′ , (1 ↦→ πL′)a) is induced by

47
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the inclusion OL ⊂ OL′ maps πL ∈ OL to itself and induces a morphism of log
structures, i.e., we obtain the following commutative diagram

(1 ↦→ πL)
a = OL \ {0} OL

(1 ↦→ πL′)a = OL′ \ {0} OL′

⊂

Proof. By 2.1.10, the log structure (1 ↦→ πL)
a on OL can be identified with the

inclusion OL \ {0} ↪→ OL for any finite extension L/K. It follows that we can
consider the colimit running over (OL, (1 ↦→ πL)

a) → (OL′ , (1 ↦→ πL′)a) defined
as above for L ⊂ L′ being finite extensions of K inside K. In addition, it was
shown in 4.5.4 that

A(L) = A(OL, (1 ↦→ πL)
a)

for all finite extension L of K inside K. Hence

A(K) = lim−→
L/Kfinite

A(L) = lim−→
L/Kfinite

A(OL, (1 ↦→ πL)
a)

This implies that for any x ∈ A(K), there exists a finite field extension L of
K such that x ∈ A(OL, (1 ↦→ πL)

a).
Next, we construct the pull-back map for the log abelian variety. We recall the

sheaf of differential forms for the log abelian variety A over S := (SpecOK , (1 ↦→
π)a) ( see 4.6.8). Locally, on a pair (U, V ) from a basis of (fslét/A), it is given
by

ωA/S : (fslét/A)→ (OA −modules) : (U, V ) ↦→ Γ(V, ωV /U )

here we can assume that U and V are log schemes over S, ωV /U is the usual sheaf
of differential form of log schemes.

Remark 5.1.2. For any finite extension L of K, let DL = (SpecOL, (1 ↦→ πL)
a).

A morphism x : DL → A of sheaves on (fs/S) and the universal property of the
fibre product gives us a morphism DL,U := DL ×S U → AU
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DL,U

AU U

DL A Sx

It follows that if (U, V ) ∈ (fslét/A), define VDL
:= V ×U DL,U , then (U, VDL

) is
also in the site (fslét/A)

VDL

AU U

A S

Definition 5.1.3. For any x ∈ A(K), let L be a finite extension of K such that
x ∈ A(OL, (1 ↦→ πL)

a) (i.e. a morphism x : DL → A). Define a sheaf x∗ωDL/S

x∗ωDL/S : (fslét/A)→ (OA −modules)

locally at a pair (U, V ) in the basis of (fslét/A) given by

x∗ωDL/S(U, V ) := ωA/S((U, VDL
)) = Γ(VDL

, ωVDL
/U )

The morphism x : DL → A fit into the following commutative diagram of
sheaves on (fs/S)

x : (SpecOL, (1 ↦→ πL)
a) A

S = (SpecOK , (1 ↦→ π)a)

Then we have the pull-back morphism as follows.

Lemma 5.1.4. For any x ∈ A(K), let L be a finite extension of K such that
x ∈ A(DL). We define the pull-back

x∗ : ωA/S → x∗ωDL/S

locally on basis pair (U, V ) in the site (fslét/A) given by the morphism

x∗(U, V ) : ωA/S(U, V )→ x∗ωDL/S(U, VDL
)
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coming from the functoriality of differential forms of log schemes.

Proof. Recall VDL
:= V ×U DL,U and (U, VDL

) is also in the site (fslét/A)

VDL
V

DL A AU

S U

x

Thus the morphism x∗(U, V ) : ωA/S(U, V ) → x∗ωDL/S(U, VDL
) comes from the

usual morphism of log differential forms of log schemes ωV /U → ωVL/U

VDL
V

U

It is compatible with any morphism of pairs (U, V )→ (U ′, V ′)

ωA/S(U, V ) x∗ωDL/S(U, VDL
)

ωA/S(U
′, V ′) x∗ωDL/S(U

′, V ′
DL

)

We recall the following definition from [16, Sections 3.9 and 3.10].

Definition 5.1.5. Let A be a log abelian variety. Define Hq(A,−) to be the q-th
derived functor of the direct image functor

(fslét/A)→ (fs/S) : F ↦→ (U ↦→ lim←−
V /AU

F ((U, V ))

Hence we can define the global sections of H0(A, ωA/S) and H0(A, x∗ωDL/S)

for any x ∈ A(K) to be Γ(S,H0(A, ωA/S)) := H0(A, ωA/S) and Γ(S,H0(A, x∗ωDL/S)) :=
H0(DL, x∗ωDL/S), respectively.

Remark 5.1.6. We owe Prof. Heer Zhao the following observation. The global
sections H0(A, ωA/S) (resp. H0(DL, x∗ωDL/S)) can be computed as the global
section of its restriction to the small Zariski site of S: for any Zariski open U of
S, it is (U ↦→ lim←−V /AU

Γ(V, ω1
V /U ) (resp. (U ↦→ lim←−V /AU

Γ(VDL
, ω1

VDL
/U )). Note

that, with U = S, the model AU is a log algebraic space in the first sense.
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We now can define the pull-back map associated to x ∈ A(K) as classical
construction as follows.

Proposition 5.1.7. Let A be an abelian variety over K, and let A be its associated
log abelian variety over OK , Then for any x ∈ A(K), we have the pull-back
pairing

(, )log
A : A(K)×H0(A, ωA/S)→ Ω(Spec O

K
,Pa)/(OK ,(1↦→π)a)

(x, ω) ↦→ x∗ω

where P is the pre-log structure P = Q>0 → OK as in 2.1.14.

Proof. Denote by Ωlog := Ω(O
K
,P )/(OK ,(1 ↦→π)a) with P as above. Taking the

global section, the above lemma yields

x∗ : H0(A, ωA/S)→H0(DL, x∗ωDL/S)

= Ω(Spec OL,(1 ↦→πL))/(Spec OK ,(1 ↦→π))

→ Ω(Spec O
K
,(1 ↦→πL))/(Spec OK ,(1↦→π))

where the last morphism is induced by OL → OK . Now we show by definition
that there is a morphism

Ω(Spec O
K
,(1↦→πL))/(Spec OK ,(1 ↦→π)) → Ωlog

Indeed, by 2.1.10 we have

Ω(Spec O
K
,(1 ↦→πL))/(Spec OK ,(1↦→π)) =

ΩO
K

/OK
⊕ (OK ⊗ coker(((1 ↦→ π)a)gp → (1 ↦→ πL)

gp)

∼

=
ΩO

K
/OK
⊕ (OK ⊗L

∗/K∗)

∼

On the other hand, we see the group associated to the log structure P is K∗, so
that

Ωlog =
ΩO

K
/OK
⊕ (OK ⊗ coker(((1 ↦→ π)a)gp → P gp)

∼

=
ΩO

K
/OK
⊕ (OK ⊗K

∗/K∗)

∼

Hence the morphism L∗/K∗ → K
∗/K yields the morphism of differential
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forms
Ω(Spec O

K
,(1 ↦→πL))/(Spec OK ,(1↦→π)) → Ωlog

Proposition 5.1.8. Let A be an abelian variety over K, and let A be its associated
log abelian variety over OK . Denote by BA the universal cover of A. We obtain
the logarithmic Fontaine pairing on BA, also denoted by (, )log

A , given by

(, )log
A : BA ×H0(A, ωA/S)→ Vp(Ω(Spec O

K
,P )/S)

(x, ω) ↦→ (x∗
nω)n

Proof. From the pairing

A(K)×H0(A, ωA/S)→ Ω(Spec O
K
,P )/S

(x, ω) ↦→ x∗ω

we can obtain the logarithmic Fontaine pairing as follows. Let x = (xn)n∈N ∈ BA.
For a fixed n ∈N, we can choose a finite extension L/K such that both xn and
xn+1 belong to A(L) = A(OL, (1 ↦→ πL)

a) ⊂ A(OK , (1 ↦→ πL)
a)

DL := (SpecOK , (1 ↦→ πL)
a)

A A

xnxn+1

p

Let ω ∈ H0(A, ωA/S), the pull-back x∗
n(ω) ∈ Ω(Spec O

K
,P )/S for any n ∈ N.

Moreover, by the construction of the pull-back, we have the following commuta-
tive diagram (locally at any basis pair U, V of (fslét/A))

VDL
V

DL A AU

S U

x

where AU := A×S U and VDL
:= V ×U DL,U . Note that the multiplication by p

induces the morphism p× id : AU → AU . We see that
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VDL

AU AU U

xn+1
xn

p×id

By construction of the pull-back, we find that

ωA/S(U, V ) = ωV /U x∗ωDL/S(U, VDL
) = ωVDL

/U

x∗ωDL/S(U, VDL
) = ωVDL

/U

x∗
n+1

xn
p

Hence taking the global section we have px∗
n+1(ω) = x∗

n(ω) for all ω ∈ H0(A, ωA/S).
Thus we obtain the logarithmic Fontaine pairing

(, )log
A : BA ×H0(A, ωA/S)→ Vp(Ω(Spec O

K
,P )/S)

(x, ω) ↦→ (x∗
nω)n

Now we are ready to obtain the Fontaine integration. We need the following
property of log abelian variety to reduce our base S to a log scheme which is
finite type over Z.

Proposition 5.1.9. [18, Proposition 2.6] Let (Sλ)λ be a filtered projective system of
quasicompact and quasiseparated fs log schemes whose transition morphisms are
affine and strict. Let S := lim←−Sλ. For a principally polarized log abelian variety
A over S, there are an index λ and a principally polarized log abelian variety Aλ
over Sλ whose pullback to S is isomorphic to A.

A Aλ

S Sλ

In particular, we have

H0(A, ωA/S) = H0(Aλ, ωAλ/Sλ
)⊗OK and coLie(A)(S) = coLie(Aλ)(Sλ)⊗OK

The following property plays an important role in the theory of Lie algebra
of log abelian varieties.
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Proposition 5.1.10. [18, Proposition 3.12] Let Sλ be an fs log scheme which is
of finite type over Z. Let Aλ be principally log abelian variety over Sλ. Then we
have

H0(Aλ, ωAλ/Sλ
) ∼= coLie(Aλ)(Sλ)

To reach our purpose, we need the following property called absolute Noethe-
rian approximation.

Proposition 5.1.11. [33, 01Z1] Let S be a quasi-compact and quasi-separated
scheme. There exists a directed set I and an inverse system of schemes Si, fii′
over I such that

1. the transition morphisms fii′ are affine

2. each Si is of finite type over Z

3. S = lim←−i Si

Example 5.1.12. Let R be any commutative ring, we denote by I the set of finite
subsets of R ordered by inclusion. Let J be the set of Z-algebras Z[S] generated
by S ∈ I, ordered by inclusion; they form a directed system over I. Taking the
colimit in J we obtain

R ∼= lim−→
S∈I

(Z[S])

It follows that SpecR = lim←−S∈I Spec(Z[S]).

For inverse limit in the category of log schemes, we take the following defini-
tion from [27, Definition 1.6]

Definition 5.1.13. Let (Xλ,Mλ) be an inverse system, the inverse limit is (X,M)

where X is the inverse limit of the system of schemes Xλ, and M is given as fol-
lows. Let pλ : X → Xλ be the projection, take the inductive limit M ′ of the induc-
tive system of sheaves of monoids p−1

λ (Mλ), and then let M be the log structure
associated to the pre-log structure M ′ → OX .

Remark 5.1.14. Consider the log scheme S := (SpecOK , (1 ↦→ π)a). Then, as
a scheme, S we can be written as lim←−λ∈N

Sλ with Sλ = SpecRλ satisfying the
properties of Noetherian approximation lemma. Regarding log structure, consider
pλ : S → Sλ be the projection, it corresponds to a morphism of rings qλ : Rλ →
OK , we endow each Rλ with the log structure given by the inverse image of the
canonical log structure on OK , denoted by q∗

λ(((1 ↦→ π)a)
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q∗
λ(((1 ↦→ π)a) Rλ

(1 ↦→ π)a OK

qλ qλ

Proposition 5.1.15. Let A be an abelian variety over K, and let A be its associated
log abelian variety over OK . We have

H0(A, ωA/K) = K ⊗H0(A, ωA/S)

Proof. Since every abelian variety is isogenous to a principally polarized abelian
variety [1, Corollary 1 on page 234] and isogeny preserves Lie algebras, we assume
that A is a principally polarized abelian variety, and so is A. By the proposition
5.1.9, there exist λ and a principally polarized log abelian variety Aλ over Sλ such
that

H0(A, ωA/S) = H0(Aλ, ωAλ/Sλ
)⊗OK and coLie(A)(S) = coLie(Aλ)(Sλ)⊗OK

Note that Sλ is finite type over Z, by 5.1.10 we have

H0(Aλ, ωAλ/Sλ
) = coLie(Aλ)(Sλ)

It implies H0(A, ωA/S) = coLie(A)(S). The fibre product functor A ↦→ A yields

H0(A, ωA/K) ∼= coLie(A)(K) ∼= coLie(A)(S)⊗K ∼= H0(A, ωA/S)⊗K

Proposition 5.1.16. Let A be an abelian variety over K, and let A be its associated
log abelian variety over OK . Denote by BA the universal cover of A. we obtain
the following Fontaine integration induced by (, )log

A

φlog
A : BA → Lie(A)(K)⊗ Vp(Ω(Spec O

K
,P )/S)

Proof. By the proposition, we can take the dual ofH0(A, ωA/K) which is Lie(A)(K).
Thus we have the Fontaine integration in the following form

φlog
A : BA → Lie(A)(K)⊗ Vp(Ω(Spec O

K
,P )/S)
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5.2 Example: Fontaine integration for Tate curves

We can construct Fontaine integration for Tate curve Eq from the functorial point
of view. Now consider the logarithmic Tate curve Eq as in [13]. Note that the log
Tate curve is a constant degeneration log abelian variety. Let (fs/S)′ be the full
subcategory of (fs/S) consisting of objects on which mK is locally nilpotent. The
logarithmic Tate curve on (fs/S)′ is G

(q)
m,log/qZ. It is shown that for any finite

extension L of K we get

Eq(L) = Eq(OL)

With the log structure we defined above we also have (with q = π)

lim−→
n

G
(q)
m,log(OK , (1 ↦→ π1/n)a/qZ =

K
∗

qZ
= Eq(K)

There is a canonical way to construct Eq as follows. Let X = Y = Z, then
T = G = Gm, Tlog = Glog = Hom(Z,Gm,log) = Gm,log. Let q ∈ Γ(s,Ms) \K∗,
consider the log 1-motif

M = [Z→ Gm,log : 1 ↦→ q]

The dual log 1-motif of M is itself M∗ = [Z→ Gm,log : 1 ↦→ q] with the identity
map M → M∗ is a polarization on M . The subsheaf G

(q)
m,log of Gm,log is the

inverse image of G
(Z)
m,log ⊂ Gm,log/Gm under the canonical morphism Gm,log →

Gm,log/Gm. Note that we have

Lie(Gm,log) = Lie(Gm) = Ga

Where Ga is the additive group scheme. It follows that

Lie(Gm,log) = Lie(G(π)
m,log) = Lie(Gm)

Hence

H0(Eq,ΩEq) = H0(Gm,ΩGm) = H0(G
(q)
m,log,ΩG

(q)
m,log

) = H0(Eq,ΩEq)

For any xn ∈ K
∗/qZ = Eq(K) and ω ∈ H0(Eq,ΩEq). The pullback gives us
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the Fontaine integration as the composition

φlog
Eq

: BEq → Lie(Eq)⊗ Vp(Ωlog)→ Lie(Eq)⊗ Vp(Ω)
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Chapter 6

P-adic conjugate uniformization of
abelian variety with semi-stable
reduction

In this section, we provide a condition so that the Galois invariant Tp(A)IK is
trivial. It follows that we can obtain Iovita-Morrow-Zaharesu’s p-adic uniformiza-
tion of a certain class of abelian varieties. Our approach is based on Raynaud’s
p-adic uniformization theory [6]. The main ingredient of our argument is Coleman-
Iovita’s monodromy theorem.

6.1 Some preliminaries

6.1.1 p-adic Hodge theory

In [12], Fontaine constructed a ring B+
dR, the de Rham period ring, which contains

all periods of p-adic abelian varieties. It is a complete discrete valuation ring with
residue field Cp. There is a uniformizer of B+

dR, denoted by t, that is a p-adic
analog of 2πi. The Galois group GK acts on B+

dR via the cyclotomic character:
σ(t) = χ(σ)t for σ ∈ GK . Furthermore, B+

dR is equipped with a descending
filtration by the powers of t

B+
dR ⊃ FnB+

dR := (tn)

59
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Let BdR := B+
dR[1/t]. Fontaine also defined other refined period rings (see [34]):

Bcris ⊂ Bst ⊂ BdR

where Bcris is the crystalline period ring and Bst is the semi-stable period ring.
They have the following properties:

1. The ring Bcris is equipped with GK-action and Frobenius operator φ.

2. The ring Bst moreover has an action of a Bcris-linear monodromy operator
N that commutes with the action of GK and satisfies Nφ = pφN .

Definition 6.1.1. For a p-adic representation V , let DdR(V ) :=
(︂
BdR ⊗Qp V

)︂GK ,

Dcris(V ) :=
(︂
Bcris ⊗Qp V

)︂GK and Dst(V ) :=
(︂
Bst ⊗Qp V

)︂GK .

A p-adic representation V is said to be de Rham if dimK DdR(V ) = dimQp V .
We have that DdR(V ) is a K-vector space with a decreasing filtration

DdR(V )
i =

(︂
F iB+

dR ⊗ V
)︂GK

(i ∈ Z)

A p-adic representation V is semi-stable (resp. crystalline) if dimK0 Dst(V ) =

dimQp V (resp. dimK0 Dcris(V ) = dimQp V ) where K0 is the maximal unrami-
fied extension of Qp contained in K. On Dcris(V ) (resp. Dst(V )) we have the
corresponding Frobenius operator φ (resp. Fobenius operator φ and monodromy
operator N) induced from Bcris (resp. Bst). These maps commute with the action
of GK and satisfy Nφ = pφN .

Example 6.1.2 (Fontaine, Coleman-Iovita [9], Breuil). Let A be an abelian variety
over K. Then Vp(A) is de Rham. Moreover, A has good reduction (resp. semi-
stable reduction) if and only if Vp(A) is crystalline (resp. semi-stable).

We have that semi-stable implies crystalline implies de Rham.

Proposition 6.1.3. A representation V is crystalline if and only if V is semi-stable
and N = 0 on Dst(V ).

We recall some definitions and properties from [30].

Definition 6.1.4. Define
⎧⎪⎪⎪⎨⎪⎪⎪⎩
H1
e (K,V ) = Ker

(︂
H1(K,V )→ H1

(︂
K,Bφ=1

cris ⊗ V
)︂)︂

H1
f (K,V ) = Ker

(︂
H1(K,V )→ H1 (K,Bcris ⊗ V )

)︂
H1
g (K,V ) = Ker

(︂
H1(K,V )→ H1 (K,BdR ⊗ V )

)︂
.
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Proposition 6.1.5 ([30],Corollary 3.8.4). We have

dimQp H
1
f (K,V ) = dimQp

(︂
DdR(V )/DdR(V )

0
)︂
+ dimQp H

0(K,V )

and

H1
f (K,V )/H

1
e (K,V )

∼= Dcris(V )/(1− φ)Dcris(V ).

There is a fundamental exact sequence

0→ Qp → Bφ=1
cris → BdR/B+

dR → 0

Tensoring with V and taking the invariants under the action of GK we get
the Bloch-Kato exponential map to be the connecting homomorphism

expV : DdR(V )/DdR(V )
0 → H1

e (K,V )

It is surjective with kernel Dcris(V )φ=1/H0(K,V ).

Proposition 6.1.6. Let A be an abelian variety over K. We have

Vp(A)
GK = 0

Proof. By the crystalline Weil conjecture [35], 1 is not the eigenvalue of the
Frobenius on Dcris(Vp(A)). Thus, expV is an isomorphism and

DdR(Vp(A))/DdR(Vp(A))
0 ∼= H1

e (K,Vp(A))
∼= H1

f (K,Vp(A))

From this, we obtain dimQp H
0(K,Vp(A)) = 0.

6.1.2 Coleman-Iovita monodromy theorem

To start, we revisit the Raynaud uniformization of semi-stable abelian varieties,
with a more in-depth discussion provided in Appendix B. For any semi-stable
abelian variety A over K, its Néron model N is a smooth group scheme over OK .
We denote by Nk its special fiber. We consider the identity component N ◦ of N ,
the identity component N ◦

k fits into a canonical short exact sequence of algebraic
groups over k

0→ Tk → N ◦
k → Bk → 0 (6.1)
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where Tk is a torus and Bk is an abelian variety. We take Ã to be the formal
completion of N 0 along its special fibre N 0

k . Then the tori Tk lifts uniquely to a
formal torus T̃ ⊂ Ã. We set B to be the quotient of Ã by T̃ .

Assume further that T̃ = (G̃m)d is split, we enlarged the formal Raynaud
extension to an extension of B by the full affine torus T = (Gm)d associated to
T̃

0 T̃ Ã B 0

0 T G B 0

The formal abelian schemeB is in fact algebraizable, so is the second row. We refer
to both rows of the diagram as the Raynaud extension associated to the abelian
variety A, the rigid analytic group G serves as a uniformizing space for A. The
closed immersion T̃ → Ã extends uniquely to a rigid analytic group morphism
pT : T → A and, thus, the open immersion Ã → A extends uniquely to a rigid
analytic group morphism p : G→ A. The kernel of p is a lattice in G whose rank
equals the dimension of the torus part T of G. Denote by Γ this lattice, then the
analytic group morphism G/Γ→ A induced by p is an isomorphism.

Proposition 6.1.7. We have

Vp(G)
GK = 0

Proof. It is known that Vp(T ), Vp(B), Vp(G) are crystalline GK-representations.
Hence, we obtain the following exact sequence:

0→ Dcris(Vp(T ))→ Dcris(Vp(G))→ Dcris(Vp(B))→ 0

Denote by φT , φG, φB the linearized Frobenius on Dcris(Vp(T ),Dcris(Vp(G),Dcris(Vp(B),
respectively. We prove Vp(G)GK = 0 by using Frobenius eigenvalues. If q =

|k| = pf the cardinality of the residue field, then we have φT (x) =
1
q
x ∀x ∈

Dcris(Vp(T )). On Dcris(Vp(B), by crystalline Weil conjecture [35] the eigenval-

ues of φB have complex absolute value q
−

1
2 . It follows that the eigenvalues of

φG have complex absolute values 1
q

or 1
√
q

. Now let 0 ̸= α ∈ Vp(G)GK so that

α⊗ 1 ∈ Dcris(Vp(G)), then φG(α⊗ 1) = α⊗ 1, i.e 1 is an eigenvalue of φG, a
contradiction.
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Let Vp(T ), Vp(G), Vp(B), Vp(A) be the corresponding Tate modules of T , G,
B, A, respectively. We have the following exact sequence

0→ Dst(Vp(G))→ Dst(Vp(A))→ Γ⊗K0 → 0

Additionally, there exists an inclusion map

Dst(Vp(T ))→ Dst(Vp(G))

The monodromy operatorN : Dst(Vp(A))→ Dst(Vp(A)) can be factored through
the following map

N ′ : Γ⊗K0 → Dst(Vp(T )) = Dcris(Vp(T ))

Let a ∈ Dst(Vp(A)), Coleman and Iovita provide an explicit definition for
N(a) ∈ Dst(Vp(T )) [9, Part II, Section4]. Hence, they define the Fontaine mon-
odromy operator

N : Dst(Vp(A))→ Dst(Vp(A))

The following is Coleman-Iovita’s monodromy theorem (see [9, Corollary
4.6]).

Theorem 6.1.8. The rank the monodromy operator N is rankK0 N = dimT =

rankZ Γ

In this paper, we will use the following corollary.

Corollary 6.1.9. Let N be the monodromy operator as above. Then we have

kerN = Dcris(Vp(A)) = Dcris(Vp(G))

6.1.3 Basics on Galois cohomology

Let us recall some basic facts on Galois cohomology.

Lemma 6.1.10. Let F be a field with discrete topology, and G be a group with
finite dimensional F -representation M . Then H1(G,M) classifies G-extensions
of F by M . More precisely, denote by ρ : G→ GLF (M) the representation. Given
a cohomology class [c] ∈ H1(G,M) represented by cocycle g ↦→ cg ∈ M , then it
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defines a representation of G on Ec := M ⊕ F

g ↦→

⎛⎝ρ(g) cg

0 1

⎞⎠
If (cg)g∈G and (c′′g)g∈G define the same cohomology class, the representations Ec
and Ec′′ are isomorphic.

Furthermore, by definition there exists an exact sequence

0→M → Ec → F → 0

then δ(1) = [c] where δ is the connecting homomorphism

δ : FG = F → H1(G,M)

Proof. The cocycle condition gives us cg + ρ(g)ch = cgh, hence
⎛⎝ρ(g) cg

0 1

⎞⎠ ·
⎛⎝ρ(g) ch

0 1

⎞⎠ =

⎛⎝ρ(gh) cgh

0 1

⎞⎠
It follows that the cohomology class [c] defines a representation Ec of G.

Assume that (cg)g∈G and (c′g)g∈G define the same cohomology class, then
there exists m ∈M such that cg = c′g + gm−m for all g ∈ G. It follows that

⎛⎝ρ(g) cg

0 1

⎞⎠ =

⎛⎝1 −m
0 1

⎞⎠ ·
⎛⎝ρ(g) c′g

0 1

⎞⎠ ·
⎛⎝1 m

0 1

⎞⎠

Now let 1 ∈ F , we lift it to column vector
⎛⎝0

1

⎞⎠ ∈ Ec, the image δ(1) is defined

by

g

⎛⎝0
1

⎞⎠−
⎛⎝0

1

⎞⎠ =

⎛⎝cg
1

⎞⎠−
⎛⎝0

1

⎞⎠ = cg ∈M

Lemma 6.1.11. Given a non-split exact sequence of finite dimension Qp-representations
of GK

0→M → N → Qp → 0 (6.2)
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Assume further that M IK = 0, then it is non-split as IK-modules.

Proof. We have the inflation-restriction sequence [36]

0→ H1(GK/IK ,M IK )→ H1(GK ,M)→ H1(IK ,M)GK /IK →

→ H2(GK/HK ,M
IK )→ H2(GK ,M)

It follows that H1(GK ,M) ∼= H1(IK ,M)GK /IK ↪→ H1(IK ,M), every non-split
exact sequence of GK-modules gives rise to a non-split one as IK-modules.

The following lemma is well-known.

Lemma 6.1.12. Denote the maximal unramified extension of K by L, we have

H1(IK ,Qp(1)) = lim←−
n

(︃
L×/L×pn)︃

⊗Qp

In particular, if T is a split torus of dimension r we obtain

H1(IK , Vp(T ) = H1(IK ,Qp(1)r) = lim←−
n

(︃
L×/L×pn)︃r

⊗Qp

Proof. Consider the following exact sequence

1→ µpn → K
× pn

−→ K
× → 1

Note that µIK
pn = 1 because the Kur contains only order the prime-to-p roots

of unity. By Hilber 90 theorem we have H1(IK , K
×
) = 1. Taking IK galois

cohomology we obtain

1→ (Kur)× pn

−→ (Kur)× → H1(IK , µpn)→ 1

We obtain the usual Kummer isomorphism L×/L×pn

. Taking the projective limit
gives us the desired result.

6.2 Galois invariants of Tate modules

6.2.1 Examples

Example 6.2.1. Let A be a Tate curve, then G = T in the Raynaud uniformiza-
tion. Its Tate module Vp(A) is the extension of Qp by Qp(1) as IK-modules, i.e.,
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there is an exact sequence of IK-modules

0→ Qp(1)→ Vp(A)→ Qp → 0 (6.3)

It is known that (6.3) is IK-non split. Since Qp is 1-dimensional representation of
IK , it is easy to check that (6.3) is also strongly non-split. Note that Qp(1)IK = 0
as the cyclotomic action is ramified, we thus have

0→ Vp(A)
IK → QIK

p = Qp
δ→ H1(IK ,Qp(1))→ · · ·

Using Kummer theory we see that H1(IK ,Qp(1)) = Q2
p and the connecting map

δ is injective. Thus Vp(A)IK = 0.

Remark 6.2.2. More generally, the same method applies to abelian varieties with
totally generated reduction (see [37]).

In the case of an elliptic curve with good reduction, Vp(A)IK ̸= 0 is equivalent
to the fact that A has no complex multiplication (see [38, A.2.4] or [39]). Thanks
to this, we can also provide a higher-dimensional example as follows.

Example 6.2.3. Let X be a Tate curve over K and let E be an elliptic curve with
good reduction having complex multiplication over K. Then A := X × E is a
semi-stable abelian variety with Tate module Vp(A) = Vp(X)× Vp(E). It follows
that Vp(A)IK = Vp(E)IK ̸= 0.

6.2.2 Proof of the main theorem

We can reduce the triviality of Vp(A)IK to Vp(G)IK as follows.

Proposition 6.2.4. Let A be an Abelian variety over K with semi-stable reduction
and let G be its corresponding semi-Abelian variety in Raynaud’s uniformization.
We have

Vp(A)
IK = 0 if and only if Vp(G)IK = 0.

Proof. The forward implication is trivial by the short exact sequence (3) from
Chapter 0. We claim the converse. Firstly, note that every semi-stable represen-
tation as GK-modules is also semi-stable as IK-modules. Assume that there is
an element 0 ̸= x ∈ (Vp(A))

IK , set W = Qpx ⊆ Vp(A). We notice that W is a
crystalline subrepresentation of Vp(A) and W ∩ Vp(G) = 0. It follows that W +
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Vp(G) = W ⊕ Vp(G) is also a crystalline subrepresentation of Vp(A), (using the
short exact sequence (3) to see that Vp(G) ⊂ Vp(A)). Hence N|Dcris(W⊕Vp(G)) = 0
contradicts to the Coleman-Iovita theorem kerN = Dcris(Vp(G)).

Corollary 6.2.5. Let A be an Abelian variety over K with semi-stable reduction
and let B be its corresponding Abelian variety with good reduction in Raynaud’s
uniformization. If Vp(B)IK = 0 then Vp(A)IK = 0. In particular, Abelian vari-
eties with totally degenerate reduction satisfy the hypothesis.

From now on, we will consider the case

Vp(B)
IK ̸= 0.

We can give a condition so that the Galois invariant Vp(A)IK is trivial as follows.

Definition 6.2.6. Let G be a group. Given an exact sequence of G-modules

0→M → N → P → 0.

We say the sequence is G strongly non-split if for any G-submodule P ′ of P , the
following sequence is also non-split

0→M → N ′ → P ′ → 0

where N ′ := N ×P P ′.

Remark 6.2.7. Let V be a submodule of Vp(B) stable under the action of IK .
Consider the following short exact sequence

0→ Vp(T )→ E → V → 0

where E := Vp(G)×Vp(B) V . We do not have this short sequence to be non-split
in general.

Remark 6.2.8. Let G be a group. Given the following short exact sequence of
G-modules

0→M → N → P → 0.

Assume that the sequence is split and denote by s : P → N the splitting section,
then we have s(PG) ⊂ NG. It follows that if PG ̸= 0 then NG ̸= 0.



68
Chapter 6. P-adic conjugate uniformization of abelian variety with semi-stable

reduction

Lemma 6.2.9. 1. If Vp(B)IK ̸= 0 and Vp(G)IK = 0 then the short exact se-
quence (2) from Chapter 0

0→ Vp(T )→ Vp(G)→ Vp(B)→ 0

is non-split as IK-modules.

2. If Γ ̸= 0 then the short exact sequence of GK-modules (3) from Chapter 0

0→ Vp(G)→ Vp(A)→ Γ⊗Qp → 0.

is non-split as GK-modules.

Proof. 1. It follows by the remark (6.2.8) above.

2. If Γ ̸= 0, we see that (Γ⊗Qp)
GK = Γ⊗Qp ̸= 0 but Vp(A)GK = 0, hence

the exact sequence is non-split as remark (6.2.8).

We will prove that if the exact sequence (2) is IK-strongly non-slit then
Vp(G)IK = 0. Firstly, we claim that in many cases the exact sequence (2) is
non-split as IK-modules.

Proposition 6.2.10. If the short exact sequence (3)

0→ Vp(T )→ Vp(G)→ Vp(B)→ 0.

is non-split as GK-modules then it is non-split as IK-modules.

Proof. We apply the the inflation-restriction sequence [Was97] to the exact se-
quence of GK-modules 0→ Vp(T )→ Vp(G)→ Vp(B)→ 0. We have

0→ H1(GK/IK , Vp(T )IK )→ H1(GK , Vp(T ))→ H1(IK , Vp(T ))
GK /IK →

→ H2(GK/IK , Vp(T )IK )→ H2(GK , Vp(T )).

Note that Vp(T )IK = 0 since the p-adic cyclotomic action is ramified. It follows
thatH1(GK , Vp(T )) ∼= H1(IK , Vp(T ))

GK /IK . Moreover, we see thatH1(IK , Vp(T ))
GK /IK ↪→

H1(IK , Vp(T )), i.e., every non-trivial exact sequence of GK-modules gives rise to
a non-split one as IK-modules.

We then have an important application.
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Corollary 6.2.11. If T ̸= 0 and assume further that 0 → Vp(T ) → Vp(G) →
Vp(B)→ 0 is IK-strongly non-split, then Vp(G)IK = 0.

Proof. Suppose that there exists 0 ̸= x ∈ Vp(B)IK (otherwise Vp(G)IK = 0
directly). Then Qpx ⊆ Vp(B) is a trivial representation of IK . We can choose a
basis {x1, . . . , xi} of Vp(B)IK . Define Exi to be the pull-back of a basis element
xi under the map Vp(G)→ Vp(B). With this, we have the following commutative
diagram

0 Vp(T ) Exi Qp 0

0 Vp(T ) Vp(G) Vp(B) 0.

The right vertical arrow takes 1 → xi. The action of IK on Exi is given by the
cohomology class [xi] = δ(1) ∈ H1(IK , Vp(T )), where δ : Qp → H1(IK , Vp(T ))

is the connecting homomorphism. Since the top arrow is non-split as IK-modules,
we obtain that [xi] ̸= 0. Taking cohomology, we obtain EIK

xi
= 0 for all i, and so

is Vp(G)IK .

Remark 6.2.12. If we tensor the Tate module Vp(T ) with Cp we then H1(IK , Vp(T )⊗
Cp) = 0 by Sen–Tate theory (see [24]). It follows that we obtain a unique split
exact sequence of IK-modules.

0→ Vp(T )⊗Cp → Vp(G)⊗Cp → Vp(B)⊗Cp → 0.

The long exact sequence of Galois cohomology gives us H1(IK , Vp(G)⊗Cp) = 0.
Hence the following exact sequence is also split.

0→ Vp(G)⊗Cp → Vp(A)⊗Cp → Γ⊗Cp → 0.

6.3 P-adic conjugate uniformization of abelian vari-
eties with semi-stable reduction

Set Ω := ΩO
K

/OK
and Ωlog := Ω(O

K
,P )/(OK ,(1 ↦→π)a) defined in chapter 3. Using

Sen-Tate theory (cf. (3.2.2)), the short exact sequence of Cp-representations of
GK

0→ Vp(Ω)→ Vp(Ωlog)→ Cp → 0
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uniquely splits as GK-representations. The construction of log Fontaine integra-
tion yields the following GK-equivariant morphism

φlog : BA → Lie(A)⊗K Vp(Ωlog)

The splitting Vp(Ωlog)→ Vp(Ω) ∼= Cp(1) yields

BA LieA⊗K VpΩlog

LieA⊗K Cp(1)

φlog

We will also denote by φlog the resulting map.
Restricting the map to Tp(A) and tensoring with Cp we get theGK-equivariant

morphism

φlog ⊗K Cp : Tp(A)⊗K Cp → LieA⊗K Cp(1)

By Hodge-Tate decomposition, the map is surjective and ker(φlog ⊗K Cp) = Cg
p

for some g. The first two main results of this section are about the kernel of log
Fontaine integration by adapting the method in [11, Appendix].

Theorem 6.3.1. Let A be an abelian variety with semi-stable reduction. Assume
further that Tp(A)IK = 0, then the log Fontaine integration restricted to Tp(A)

is injective.

Proof. Set S := ker(φlog⊗K Qp). As Vp(A) is a semi-stable representation of GK
as well as IK-representation, so is S. Recall that S ⊗K Cp ⊂ Cg

p for some g, we
have the following commutative diagram with the first and last row exact

0 S Vp(A) Lie(A)⊗K Cp(1)

0 S ⊗K Cp Vp(A)⊗K Cp Lie(A)⊗K Cp(1)

0 (Cp)g Vp(A)⊗K Cp Lie(A)⊗K Cp(1) 0

⊂

φlog

⊂ =

⊂

φlog

= =

φlog

Then from Sen-Tate theory, Hodge-Tate weights of S is 0. It follows that the
image of the Galois extension ρS : IK → EndQp(S) is finite. This implies that S
is unramified ([40] proposition 9.7). Therefore we obtain S = SIK ⊂ Vp(A)IK =

0.
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Lemma 6.3.2. Let (un) ∈ BA be a periodic path in BA. Then there is a bijection
between Per(BA) and prime-to-p torsion point of A(K)

Per(BA)→ A(K)

(un)n≥0 ↦→ u0

Proof. Let u and u′ be periodic paths such that u0 = u′
0. It follows that u− u′ ∈

TpA. We have φlog(u− u′) = 0 by periodity, hence u− u′ = 0 by the injectivity
of φlog on Tp(A).

Now, take u0 ∈ A(K)[m] with (m, p) = 1. It follows from the Euler theorem
that m | pψ(m) − 1 where ψ is the Euler totient function. Therefore we have
[pψ(m) − 1]u0 = 0. Set u = (u0, [pψ(m)−1]u0, ..., [p]u0, u0, ...), then u ∈ Per(BA).

Lemma 6.3.3. Let u ∈ BA such that u0 ∈ A(L), for L/K a finite extension in
K. If φlog(u) = 0, then u ∈ (BA)GL.

Proof. Since u0 ∈ A(L) = A(K)GL , then g · u − u ∈ Tp(A) for all g ∈ GL.
Moreover we have φlog(g · u) = gφlog(u) = 0, so φlog(g · u− u) = 0. By the
injectivity of φlog on TpA we have g · u = u.

Theorem 6.3.4. We have

Per(BA) = ker(φlog) (6.4)

Proof. The inclusion Per(BA) ⊆ ker(φlog) since Vp(Ω) is torsion-free. Indeed,
let u ∈ Per(BA), then [pk]u = u. It follows that pkφlog(u) = φlog(u) implies
φlog(u) = 0. We claim that ker(φlog) ⊆ Per(BA). Now consider three cases:

1. Let u ∈ ker(φlog) such that u0 ∈ A(K)[n] for n ≥ 1 with (n, p) = 1. Then
by the lemma (6.3.2) we have u ∈ Per(BA).

2. Let u ∈ ker(φlog) with u0 ∈ A(K) such that u0 is a torsion point of A of
order a power of p, say u0 ∈ A(K)[pa] for some a ∈ Z>0. Then pau ∈ Tp(A)
and φlog(p

au) = paφlog(u) = 0. As φlog |TpA is injecitve, we obtain that
pau = 0 in BA which is p-torsion free, i,e., BA[p] = 0, we get u = 0.

3. Let u ∈ ker(φlog) with u0 ∈ N (O) not a torsion point of N (O). Denote
α : BA ↠ A(K).
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Note that α⊗K 1Q(u⊗K 1Qp) = u0 ⊗K 1 ̸= 0. We have a natural exact
sequence of Qp-vector spaces, with continuous GK-action

0→ Tp(A)⊗K Qp := Vp(A)→ BA ⊗Z Q→ A(K)⊗Z Q→ 0

Assume that u0 ∈ A(L) for some finite extension L of K in K. Consider
the fiber product of GL-modules

BN ,L A(L)

BA A(K)

αL

α

We get that BA,L ⊂ BA. On the other hand we have BGL
A ⊂ BA,L. Hence

(BA,L ⊗K Q)GL = (BA ⊗Z Q)GL .

Consider the exact sequence of finite Qp-vector spaces with continuous GL-
action

0→ Vp(A)→ BA,L ⊗Z Q→ A(L)⊗Z Q→ 0

Taking cohomology yields that

(BA ⊗Z Q)GL → (A(L)⊗Z Q)
∂→ H1(GL, Vp(A))

By Bloch-Kato [30, Example 3.11] we have that this Kummer map ∂ is
injective, so αL ⊗ 1

(︂
(BA ⊗Z Q)GL

)︂
= 0. Therefore u is not GL-invariant.

It contradicts with the lemma (6.3.3).

We consider the semi-stable class of algebraic elements [11, Definition 3.6].
For later use, we will consider the following convention: T be a free Zp-module
of rank m ≥ 1 with a continuous GF -action, V a free OF -module of rank s ≥ 1,
where GF acts trivially on V , and an injective Zp-linear, GF -equivariant map
φ : T ↪→ V ⊗OF

Cp(n), with n ∈ Z, n ̸= 0. We remark that the existence of φ
implies TGK = 0.

Definition 6.3.5. Let x ∈ (V ⊗OK
Cp(n))/φ(T ) be an algebraic element. Recall

that α : BA → A(K) is the map in the fundamental exact sequence (4) in Chapter
0. We say that x is semi-stable if one of the following happens
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1. x is a torsion element, or

2. x is non-torsion, and α−1(xZp)⊗Zp Qp is a semi-stable GL-representation,
for every L with [L : F ] finite such that x ∈ (V ⊗OK

Cp(n))/φ(T ))GL.

We have

Per(BA) Ap′−tor(K)

0 Tp(A) BA A(K) 0

0 Tp(A) Lie(A)⊗K Cp(1) (Lie(A)⊗K Cp(1)) /φlog(Tp(A)) 0

Therefore we have ιA : A(K)/Ap′−tor(K) ↪→ (Lie(A)⊗K Cp(1)) /φlog(Tp(A)).

Theorem 6.3.6. We have that an element x ∈ Lie(A) ⊗K Cp(1)/φlog(Tp(A))

belongs to the image of ιA if and only if x is semi-stable.

Proof. Firstly, we have

Lie(A)⊗K Cp(1)/φlog(TpA)[p
∞] = ιA(A(K)[p∞]

Hence every torsion point of Lie(A)⊗K Cp(1)/φlog(TpA) is algebraic and thus
is semi-stable.

Now we consider non-torsion point x. Set B(p)A (K) = BA/ Per(BA). Using
the same argument as in [11, Theorem 6.3] we have the following diagram

0 Vp(A) B(p)A (K)⊗Z Q A(p)(K)⊗Z Q 0

0 (φlog ⊗ 1)(Vp(A)) Lie(A)⊗K Cp(1)
Lie(A)⊗K Cp(1)
(φlog ⊗ 1)(Vp(A))

0

0 (φlog ⊗ 1)(Vp(A)) α−1(xQp) xQp 0

=

Taking GK-continuous cohomology yields that
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0 A(p)(K)⊗Z Q H1(K,Vp(A)) · · ·

0
(︄

Lie(A)⊗K Cp(1)
Vp(A)

)︄GK

H1(K,Vp(A)) 0

0 xQp H1(K,Vp(A)) · · ·

δ

ιA =

=

=

By Bloch-Kato theory (see [6, Example 3.11 and Proposition 5.4]) the image
of δ is H1

st(L, Vp(A)) := ker
(︂
H1(L, Vp(A))→ H1(L,Bst ⊗Z Vp(A))

)︂
. Therefore

an element x ∈ Lie(A)⊗K Cp(1)/φlog(Tp(A)) belongs to the image of ιA if and
only if x is semi-stable.



Appendix A

Abelian varieties

This appendix will provide foundation knowledge of abelian varieties used in the
thesis.

A.1 Basic facts
We shall recall the basic definitions of abelian varieties, the main references are
[1] and [41].

Definition A.1.1. A group is a triple (G,m, i, e) where G is a set together with
maps m : G×G→ G, i : G→ G, and a distiguished element e ∈ G sucht that:

1. m ◦ (m× IdG) = m ◦ (IdG×m) : G×G×G→ G

2. m ◦ (e× IdG) = {e} ×G
∼→ G

m ◦ (IdG×e) : G× {e} ∼→ G

3. Let π : G → {e} and ∆G : G × G → G the diagonal map, we obtain
e ◦ π = m ◦ (IdG×i) ◦ ∆G = m ◦ (i× IdG) ◦ ∆G

Let K be a field, we mean a variety over K is a separated K-scheme of finite
type which is geometrically integral.

Definition A.1.2. A group variety over K is a K-variety X together with K-
morphisms m : X ×X ×X → X, i : X → X, and a K-rational point e ∈ X(K)

such that these morphisms satisfy group axioms

1. m ◦ (m× Id) = m ◦ (Id×m) : X ×X ×X → X

2. m ◦ (e× Id) = Spec(K)×X ∼→ X and m ◦ (Id×e) : X × Spec(K)
∼→ X

75
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3. Let π : X → Spec(K) the structure morphism and ∆X/K : X ×K X → X

the diagonal morphism, we obtain

e ◦ π = m ◦ (Id×i) ◦ ∆X/K = m ◦ (i× Id) ◦ ∆X/K

Remark A.1.3. We can generalize the notion above to group schemes (see [1,
Section III]).

Proposition A.1.4. ([1, Page 95] ) Let X be a group variety over a field K. Then
X is smooth over K.

If X is a group variety then the set X(K) of K-rational points naturally
inherits the structure of a group.

Remark A.1.5. Let G be a variety over a field K. Then giving the structure of
an K-group variety on G is equivalent to giving a group structure on the sets
G(T ) := HomK(T,G), functorial for T in the category of K-schemes.

Definition A.1.6. An abelian variety is a group variety which, as a variety, is
proper.

The first crucial concept of this section is the notion of Lie algebra associated
to an abelian variety which turns out to be (as a set) the tangent space of the
abelian variety at the identity.

Definition A.1.7. Let X be a scheme. For any point x ∈ X, we define the Zariski
tangent space Tx to X at x to be the dual of K(x)-vector space mx/m2

x.

Let X be a group variety and ΩX the sheaf of Kahler differentials on X over
K. By a vector field D on X we mean an element in HomOX

(ΩX ,OX). D is said
to be left invariant if the following diagram commutes

OX OX

OX×X OX×X

D

m∗ m∗

1⊗D

where the vertical maps being the pull-back morphisms induced by the multi-
plication morphism m : X ×X → X. We denote the set of left-invariant vector
fields by LieX.
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Proposition A.1.8. ([1, Page 94]) Let X be a group variety over a field K and
let TX,e be the tangent space at the identity element. The map

LieX → TX,e

D ↦→ D(f) mod m2
e

is an isomorphism.

Given any two vector fields D1, D2 on X, considering them as endomorphism
of OX we see that

[D1, D2] := D1D2 −D2D1

is again a vector field on X. Moreover, if D1 and D2 are left-invariant vector
fields, then is [D1, D2].

Definition A.1.9. The Lie algebra of a group scheme is the K-vector space of
left-invariant vector fields together with the operation [·, ·].

The following proposition called rigidity lemma is important in the theory of
abelian variety.

Proposition A.1.10. Let X, Y and Z be algebraic varieties over a field K. Suppose
that X is proper.

If f : X × Y → Z is a morphism with the property that, for some y ∈ Y (k),
the fibre X × {y} is mapped to a point z ∈ Z(k) then f factors through the
projection prY : X × Y → Y .

Proof. We may assume that K = k. Choose a point x0 ∈ X(k), and define a
morphism

g : Y → Z

y ↦→ f(x0, y)

Claim: f = g ◦ prY . As X × Y is reduced, it suffices to prove this on K-rational
points.

Let U ⊂ Z be an affine open neighbourhood of z. Since X is complete, the
projection prY : X × Y → Y is a closed map (definition). It follows that V :=
prY (f−1(Z −U)) is closed in Y . By construction, if P /∈ V then f(X × {P}) ⊂
U .
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The rigidity lemma shows that up to a translation, every morphism is a
homomorphism.

Definition A.1.11. Let X be a group variety over a field K, and let x ∈ X(K) be
a K-rational point. We define the right translation tx : X → X

tx = (X ≃ X ×K Spec(K)
IdX ×x−→ X ×K X

m→ X)

the left translation tx : X → X

tx = (X ≃ Spec(K)×K X
x×IdX−→ X ×K X

m→ X

Proposition A.1.12. ([1, Page 41]) Let X and Y be abelian varieties and let
f : X → Y be a morphism. Then f us the composition f = tf(eX ) ◦ h of a
homomorphism h : X → Y and a translation tf(eX ) over f(eX) on Y .

Corollary A.1.13. 1. If X is a variety over a field K and e ∈ X(k) then there
is at most one structure of an abelian variety on X for which e is the identity
element.

2. If X is an abelian variety then the group structure on X is commutative.

A.2 Isogeny
The notion of isogeny which plays an essential role in the theory of abelian variety
is given by the following conditions (see [41, Section 5]).

Theorem A.2.1. Let f : X → Y be a homomorphism of abelian varieties. Then
the following are equivalent

1. f is surjective and dim(X) = dim(Y )

2. ker(f) is a finite group scheme and dim(X) = dim(Y )

3. f is finite, flat and surjective morphism.

Definition A.2.2. A homomorphism f : X → Y of abelian varieties is called an
isogeny if f satisfies the three equivalent conditions above.

Lemma A.2.3. Let f : W → X and h : Y → Z be isogenies of abelian varieties
over K. If g1, g2 : X → Y are homomorphisms such that h ◦ g1 ◦ f = h ◦ g2 ◦ f
then g1 = g2
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We consider several properties of isogeny (see [41, Section 5.1]).

Theorem A.2.4. Let f : X → Y be an isogeny. The following are equivalent

1. The funtion field K(X) is a separable field extension of K(Y ).

2. f is an étale morphism.

3. ker(f) is an étale group scheme.

Definition A.2.5. An isogeny f : X → Y is called separable if it satisfies the three
equivalent conditions above.

Theorem A.2.6. Let f : X → Y be an isogeny. The following are equivalent

1. The funtion field K(X) is a purely inseparable field extension of K(Y ).

2. f is a purely inseparable morphism.

3. ker(f) is an connected group scheme.

Definition A.2.7. An isogeny f : X → Y is called purely inseparable if it satisfies
the three equivalent conditions above.

Proposition A.2.8. Every isogeny f : X → Y can be factorized as f = h ◦ g,
where g : X → Z is an inseparable isogeny and h : Z → Y is a separable isogeny.

This factorization is unique up to isomorphism, in the sense that if f =

h′ ◦ g′ : X → Z ′ → Y is a second such factorization then there is an isomorphism
α : Z ∼→ Z ′ with g′ = α ◦ g and h = h′ ◦ α

The most important type of isogeny is the following.

Proposition A.2.9. ([41, Proposition 5.9]) For n ̸= 0, the morphism [n]X is
an isogeny. If g = dim(X), we have deg([n]X) = n2g. If (char(K), n) = 1
then [n]X is separable. Denote by X [n] := ker([n]X) kernel of the multiplication
[n]X : X → X.

Corollary A.2.10. 1. If X is an abelian variety over an algebraically closed
field K then X(K) is a divisible group. That is, for every P ∈ X(K) and
n ∈ Z \ {0} there exists a point Q ∈ X(K) such that n ·Q = P

2. If (char(K), n) = 1 then X [n](Ks) = X [n](K) = (Z/nZ)2g

https://Stacks.math.columbia.edu/tag/02GHf
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Proposition A.2.11. If f : X → Y is an isogeny of degree d then there exists an
isogeny g : Y → X with g ◦ f = [d]X and f ◦ g = [d]Y .

The relation

X ∼K Y := there exists an isogeny f : X → Y

is an equivalence relation on the set of abelian varieties over K

Definition A.2.12. Let A be an abelian variety over a field K of characteristic 0,
and let p a prime number. Then we define the Tate-p-module, denoted by TpA, to
be the projective limit of the system {A[pn](K)}n∈Z≥0 with respect to the transi-
tion maps

p : A[pn+1](K)→ A[pn](K)

A.3 Neron model

Following [42, Section 1.2] we shall introduce the fundamental concept of the
Néron model. In this part, we work over a base scheme S = SpecR where R is a
Dedekind domain with the field of fractions K. For example, R can be Z or Zp.
We say S is of the local case if it is the spectrum of a discrete valuation ring or
a field; the general case will be referred to as the global case.

Definition A.3.1. Let XK be a K-scheme, we say an S-scheme X is an S-model
of XK if the generic fiber of X is isomorphic to XK

XK X

Spec(K) S = Spec(R)

Definition A.3.2. Let XK be a smooth and separated K-scheme of finite type. A
Néron model of XK is an S-model X which is smooth, separated, and of finite
type, and which satisfies the following universal property, called Néron mapping
property:

For each smooth S-scheme Y and each K-morphism uK : YK → XK there is
a unique S-morphism u : Y → X extending uK , i.e.,

HomK(YK ,XK) = HomS(Y ,X )
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Proposition A.3.3. ([42, Proposition 2]) Let X be a Néron model of its generic
fibre XK . Then

1. X is uniquely determined by XK , up to canonical isomorphism

2. The formation of Néron models commutes with etale base change.

Theorem A.3.4. ([42, Proposition 8]) Let A be an abelian scheme over S. Then
A is a Néron model of its generic fibre AK .

In the local case, we have the existence of Néron model (see [42, Section 1.3]).

Theorem A.3.5. Let AK be an abelian variety over the fraction field K of a
discrete valuation R. Then AK admits a Néron model over R.

We give a definition of good and bad reduction as follows (see [42, Section
7.4])

Definition A.3.6. Let AK be an abelian variety over the fraction field K of a
discrete valuation R with residue field k. Let Ak := A⊗R k the reduction of the
Néron model A. Then we say

1. AK has good reduction if the identity component of A0
k is an abelian variety;

equivalently the Néron model A is an abelian scheme.

2. AK has semistable reduction if the identity component of A0
k is a semiabelian

variety.

The following is the main theorem in [42, Section 7.4].

Theorem A.3.7. For each abelian variety AK over the fraction field K of a discrete
valuation ring, there exists a finite Galois extension L of K such that AL :=
A×K SpecL has semistable reduction.
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Appendix B

Raynaud uniformization

This section will outline the theory of Raynaud uniformization following [6]. For
the foundation of rigid geometries and up-to-date treatment of the Raynaud the-
ory, we refer to a book of Lütkebohmert [43].

B.1 Introduction

Let us review the main steps of the proof. Consider an abelian variety A over K
as a rigid analytic group which is proper over K because there is a correspondence
between schemes of finite type over K and proper rigid analytic spaces over K.

Theorem B.1.1. [6, Theorem 1.1] There exists a finite separable extension K ′ of
K such that, if we extend the valuation from K to K ′, replace R by its integral
closure in K ′, and apply the base change K → K ′ to A, then there is a unique
open subgroup Ã ⊂ A, which has the structure of a formal group scheme over R
and which is an extension of a formal abelian scheme B by a formal torus T̃

0→ T̃ → Ã→ B → 0

We then have the Raynaud uniformization as follows.

Theorem B.1.2. [6, Theorem 1.2]

1. The closed immersion T̃ → Ã extends uniquely to a rigid analytic group
morphism pT : T → A and, thus, the open immersion Ã → A extends
uniquely to a rigid analytic group morphism p : E → A.

2. The kernel of p is a lattice in E whose rank equals the dimension of the torus
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part T of E. Denote by M this lattice, then the analytic group morphism
E/M → A induced by p is an isomorphism.

3. H1(E,Z) = 0. Furthermore, any rigid morphism X → A where H1(X,Z) =

0 factors through p : E → A.

B.2 Overview of formal and rigid geometry
Let K/Qp be a finite extension, and denote by OK its ring of integers. Let
k = OK/m the residue field. We will define categories and functors between
them in the following diagram

{Schemes over Spec(OK))} {Schemes over Spec(K)}

{Formal schemes over Spf(OK)} {Rigid spaces over Spm(OK)}

Generic fiber

Formal completion Analytification
Rigid generic fiber

Remark B.2.1. The diagram is not commutative.

B.2.1 Formal geometry

Definition B.2.2. Let R be a topological ring. We say R is an adic ring if the
topology on R is I-adic for some finitely generated ideal I and R is I-adically
complete and separated, that is

R ∼= lim←−
n
R/In

We call I an ideal of definition.

Given an adic ring R with ideal of definition I, we define the underlying
topological space

Spf R := SpecR/I

The topology of Spf R is generated by

D(f) = {p ∈ SpecR : f /∈ p, popen in R}

for any f ∈ R. The structure sheaf on that basis is given by

OSpf R(D(f)) := lim←−
n
(R/In)f = R

⟨︂
f−1

⟩︂
= lim←−

n
(R/In)[T ]/(fT − 1)
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Definition B.2.3. A formal scheme is a locally topologically ring space (X,OX)
such that for any x ∈ X, there exists an open neighborhood U of x satisfying
(U,OX|U ) is isomorphic to (Spf R,OSpf R) for some adic ring R.

Let X be a locally Noetherian scheme and let ι : Z ↪→ X be a closed immer-
sion. We associate Z with a sheaf of ideals IZ in OX as follows. By definition,
for any affine open subset U = SpecR of X, there is an ideal I ⊂ R such that
ι−1(U) = SpecR/I. Define the presheaf I by

I(U) = I

It turns out that this presheaf is a sheaf. Then, we can define the formal comple-
tion X of X along Z to the formal scheme (X ,OX = (Z, lim←−nOX/In).

B.2.2 Rigid analytic geometry

Definition B.2.4. The n-variable Tate algebra over K is

The Tate algebra K ⟨T1, ..., Tn⟩ is equipped with the so-called Gauss norm

|| := max{|ai| : i ∈ Zn≥0}

It turns out the Tate algebra is a Banach K-algebra. Moreover, it is a UFD.

Definition B.2.5. A topological K-algebra R is called an affinoid algebra over K
if there exists n ∈ Zn≥0 and a surjective K-algebra homomorphism

K ⟨T1, ..., Tn⟩ → R

Given an affinoid algebra R, we define

SpmR := {m ⊂ Rmaximal ideals}

For ant x ∈ SpmR, we write mx for the corresponding maximal ideal in R. The
residue field kX := R/mx is a finite extension of K, hence we can define

|f(x)| := the norm of the image of f in Kx

Similar as in the theory of schemes, we would like to define a class of ‘distinguished
open subsets’ that generates the topology on SpmR as follows. For any f ∈ R
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and any ϵ ∈ R>0

D(f, ϵ) := {x ∈ mx ∈ SpmR : |f(x)| ≤ ϵ}

Definition B.2.6. Let R be an affinoid algebra over K

1. An open subset U ⊂ SpmR is admissible if there exists a topological covering
U = ∪i∈IUi by affinoid subdomains such that for any morphisms of affinoid
spaces

f : SpmS → SpmR

with image in U , the cover f−1(Ui) of SpmS admits a finite refinement by
affinoid subdomains.

2. The site of admissible opens (SpmR)adm consists of admissible open sub-
sets of SpmR with morphisms given by inclusions. A family of morphisms
{Ui ↪→ U}i∈I in (SpmR)adm is a admissible cover if U = ∪i∈IUi and for
any morphism of affinoid spaces

f : SpmS → SpmR

with image in U , the cover f−1(Ui) of SpmS admits a finite refinement by
affinoid subdomains.

Definition B.2.7. A locally ringed G-space (X,OX) is a rigid analytic space over
K if X admits a covering {Ui}i∈I in Xadm such that, for each I ∈ I, (Ui,OX|Ui

)

is isomorphic to an affinoid space over K.

Definition B.2.8. Let X be an algebraic variety over K. A rigid analytification
of X is a rigid analytic space Xrig together with a morphism of locally ringed
G− spaces

ρ : Xrig → X

such that for any rigid analytic space Y over K together with a morphism of
locally ringed G-spaces f : Y → X, there exists a unique morphism of rigid
analytic spaces g : Y → Xrig such that the diagram
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Xrig X

Y

is commutative.

The process of the rigid analytification is obtained as follows. Let X =

SpecK[T1, .., Tn]/a be an affine variety over K, we get a sequence of morphisms
of K-algebras

K[T1, .., Tn]/a→ · · · → K ⟨pmT1, ..., pmTn⟩/a→

→ K
⟨︂
pm−1T1, ..., pm−1Tn

⟩︂
/a→ · · · → K ⟨T1, ..., Tn⟩/a

which induces a sequence of inclusions on the corresponding sets of maximal ideals

SpmK ⟨T1, ..., Tn⟩/a ⊂ · · · ⊂ SpmK
⟨︂
pm−1T1, ..., pm−1Tn

⟩︂
/a ⊂

⊂ SpmK ⟨pmT1, ..., pmTn⟩/a ⊂ · · · ⊂ Spec MaxK[T1, .., Tn]/a

As sets, we see that

Spec MaxK[T1, .., Tn]/a = ∪+m ∈ Z≥0 SpmK ⟨pmT1, ..., pmTn⟩/a

We then define the rigid analytification of affine space X = SpecK[T1, .., Tn]/a
defined as

Xrig := ∪m∈Z≥0 SpmK ⟨pmT1, ..., pmTn⟩/a

The general situation can be done by glueing affine pieces.

Theorem B.2.9. Let X be an algebraic variety over K. Then, the rigid analytifi-
cation Xrig exists uniquely.

B.2.3 Rigid generic fiber of admissible formal schemes

Definition B.2.10. Let R be a topological OK-algebra

1. We say R is topologically of finite type if R is isomorphic to OK ⟨T1, ..., Tn⟩/a
with respect to the p-adic topology

2. We say R is topologically of finite presentation if R is topologically of finite
type and the ideal a is finitely generated.
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3. We say R is admissible if R is topologically of finite presentation and is flat
over OK .

Let X = Spf R is an admissible affine formal scheme, thenR = OK ⟨T1, .., Tn⟩/a
for some finitely generated a and R is flat over OK . We define

(Spf R)rig := SpmK ⟨T1, .., Tn⟩/a

For a general admissible formal scheme X over OK with an affine covering
X = ∪i∈I Spf Ri, we can define the rigid generic fibre of X , denoted by X rig, as
the rigid analytic space over K, obtained by gluing (Spf Ri)rig’s along (Spf Ri ∩
Spf Rj)rig’s.

Theorem B.2.11. [43, Theorem 3.3.3] The functor

rig : {Admissible FormalOK − schemes} → {Rigid Analytic K-spaces}

gives rise to an equivalence of categories between

1. the category of quasi-compact, quasi-separated admissible formal OK-schemes,
localized by admissible formal blowing-ups, and

2. the category of rigid analytic K-spaces which are quasi-compact and quasi-
separated.

B.3 Raynaud uniformization
We now can ready explain the proof of the Raynaud uniformization.

Theorem B.3.1. [6, Theorem 1.1] There exists a finite separable extension K ′ of
K such that, if we extend the valuation from K to K ′, replace R by its integral
closure in K ′, and apply the base change K → K ′ to A, then there is a unique
open subgroup Ã ⊂ A, which has the structure of a formal group scheme over R
and which is an extension of a formal abelian scheme B by a formal torus T̃

0→ T̃ → Ã→ B → 0

Assume that the valuation of K is discrete, we can consider the identity
component A0 of the Neron model of A, and take for Ã the formal completion
of A0 along its special fibre. The semi-stable reduction theorem of Grothendieck
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says that, after a finite separable extension of K, we may assume the special fibre
of A0 to be an extension of an abelian variety over k by a torus over k

0→ Tk → A0
k → Bk → 0

Then the tori Tk lifts uniquely to a formal torus T̃ ⊂ Ã. We set B to be the
quotient of Ã by T̃ .

Assume further that T̃ = (G̃m)d is split, we enlarged the formal Raynaud
extension to an extension of B by the full affine torus T = (Gm)d associated to
T̃

0 T̃ Ã B 0

0 T E B 0

The formal abelian scheme B is in fact algebraizable, so is the second row. We
refer to both rows of the diagram as the Raynaud extension associated to the
abelian variety A, the rigid analytic group E serves as a uniformizing space for
A.

Remark B.3.2. The formal Raynaud extension is locally trivial over B if T̃ is
split, i.e., there is a formal covering {Ui} of B and sections si : Ui → Ã such
that, composed with the group law on Ã, they give rise to open immmersions
Ui × T̃ ↪→ Ã in the sense of formal rigid spaces.

Note that the logarithm gives a group homomorphism

T (K) ∼= (K×)d → Rd

sending (x!, .., xd) to (− log |x1|, ...,− log |xd|). We can extend this map to E(K)

as follows. Locally, it is the map

T (K)× Vi(K)→ T (K)→ Rd

We can glue the local maps together to get a group homomorphism σ : E(K)→
Rd as desired. Note that kerσ = Ã. We call a closed analytic subgroup M ⊂
E a lattice if it is a constant group space whose K-valued points are mapped
bijectively under σ onto a lattice in Rd.

Theorem B.3.3. [6, Theorem 1.2]
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1. The closed immersion T̃ → Ã extends uniquely to a rigid analytic group
morphism pT : T → A and, thus, the open immersion Ã → A extends
uniquely to a rigid analytic group morphism p : E → A.

2. The kernel of p is a lattice in E whose rank equals the dimension of the torus
part T of E. Denote by M this lattice, then the analytic group morphism
E/M → A induced by p is an isomorphism.

3. H1(E,Z) = 0. Furthermore, any rigid morphism X → A where H1(X,Z) =

0 factors through p : E → A.

Since the formal Raynaud extension is locally trivial, there exists a formal
open covering {Ui} of B such that we can use {Ui × T̃} as formal charts for Ã
and {Ui× T} as charts for E. Hence the morphisms T → A and Ã→ A give rise
to a morphism p : E → A. The uniqueness of p follows from the uniqueness of
T → A.

Since M = ker p is a closed 0-dimensional analytic subset of E, σ(M(K)) is
a lattice in Rd whose rank is bounded by d. Now consider d points m1, ..,md ∈
T (K) generating a lattice of rank d in T . Their image in A extend to R-valued
points of the Neron modelA of A. SinceA is of finite type, its special fibre consists
of only finitely many connected components. Hence, we may raise m1, ..,md to
a suitable power and thereby assume that their images in A extend to A0 and
then Ã = kerσ. Then, we can obtain d elements in ker p by multiplying mi with
its inverse image in Ã, which generate a lattice of full rank in E. It follows that
p : E → A induces an open immersion E/ ker p ↪→ A between proper rigid
analytic spaces, which is an isomorphism since A is connected.



Appendix C

Comparision theorem

Let X be a smooth and projective algebraic variety over the rational numbers
Q. For any integer number n ≥ 0, denote by Hn (X(C),C) the singular homol-
ogy with complex coefficients of the topological space X(C) and Hn

dR(XC) the
algebraic de Rham cohomology of XC (cf. [44]):

Hn
dR(XC) := Hn(XC,OXC

→ Ω1
XC
→ Ω2

XC
→ · · · )

The classical de Rham theorem states that there exists a nondegenerate pairing

Hn
dR(XC)×Hn(X(C),C)→ C

(ω, γ) ↦→
∫︂
γ
ω

The values obtained are often called periods. Equivalently, a period can be seen
as an entry of the matrix (in rational bases) of the de Rham isomorphism

C⊗Q Hr
n(X(C),Q) ∼= C⊗K Hr

dR(X) (C.1)

for an algebraic variety X defined over a number field K.

Example C.0.1. Let γ be the unit circle in the complex plane. We have
∫︂
γ

dz

z
= 2πi

To put this integral in our context, take X = Gm,Q = A1
Q \ {0} the punctured

affine space, γ ∈ H1(X(C),C), ω =
dz

z
∈ H1

dR(XC).

Now let us pass to the local setting, that is, X will be a variety over a finite
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extension K of Qp. The initial motivation of p-adic Hodge theory is the will to
design a relevant p-adic analogue of the notion of periods. To this end, our first
need is to find a suitable p-adic generalization of the de Rham isomorphism. In
the p-adic setting, the singular cohomology is no longer relevant; it has to be
replaced by the étale cohomology. Thus, what we need is a ring B allowing for a
canonical isomorphism as GK-modules:

B ⊗Qp Hr
et(XK ,Qp) ∼= B ⊗K Hr

dR(X) (C.2)

when K is now a finite extension of Qp.

We remark that it was observed by Tate that B cannot be Cp because the lat-
ter does not contain a p-adic analog (2πi)p of 2πi. Indeed, (2πi)p should be a pe-
riod of Gm,Qp

and under the Galois action, we must get σ((2πi)p) = χ(σ)(2πi)p
for all σ ∈ GK where χ : GK → Z∗

p is the cyclotomic character. On the other
hands, we have

{x ∈ Cp : σ(x) = χ(σ)x, ∀σ ∈ GK} = 0

which is a special case of a fundamental theorem of Tate (cf. [24]).

Theorem C.0.2. (de Rham comparison theorem, Faltings, [45]). Let X be a proper
and smooth variety over K. There exists a period of isomorphism

BdR ⊗Qp Hr
et(XK ,Qp) ∼= BdR ⊗K Hr

dR(X)

compatible with the Galois action and filtration, where the Hodge filtration on de
Rham cohomology is defined by

F iHn
dR(X) := ℑ(Hn(X,Ω≥i

X )→ Hn
dR(X)), i ≥ 0

As corollary, we obtain the Hodge-Tate decomposition.

Theorem C.0.3. We have a Galois equivariant Hodge-Tate decomposition

Hn
et(XK ,Qp)⊗Qp Cp

∼=
⨁︂
i≥0

Hn−i(X,Ωi
X/K)⊗K Cp(−i)

Fontaine (cf. [12, Section 3]) used his integration to prove the Hodge-Tate



93

decomposition for abelian varieties as follows. Recall we have the Fontaine pairing

⟨, ⟩ : pr ·H0(A,ΩA)×A(OK)→ Ω

(ω, u) ↦→ u∗(ω)

which is OK-linear with respect to ω and Z[GK ]-linear with respect to u. It
yields a OK-linear homomorphism

pr ·H0(A,ΩA)→ HomZ[GK ](A(K),Ω)

On the other hand, since A(K) is p-divisible, the functor Vp(−) provides a mor-
phism

HomZ[GK ](A(K),Ω) ↪→ HomZ[GK ](VpA, VpΩ)

It induces a homomorphism of GK-modules

ρ : H0(A,ΩA/K) = K⊗pr ·H0(A,ΩA)→ HomZ[GK ](VpA, VpΩ)→ HomZ[GK ](TpA, VpΩ)

where the latter map is given by the inclusion TpA ↪→ VpA.

Theorem C.0.4. ([12, Theorem 2]) The morphism ρ is an isomorphism. It induces
a canonical isomorphism of GK-modules

ρ′ : H1(A,OA)→ HomZ[GK ](TpA,Cp)

The comparison theorem yields that there exists a canonical GK-equivariant
isomorphism

H1
et(A,Qp)⊗Cp

∼= H0(A,Ω1
A/K)⊗K C(−1)⊕H1(A,A)⊗K Cp

Thus, we obtain a canonical GK-equivariant isomorphism

TpA⊗Cp
∼= (LieA∨)∗ ⊗K Cp)⊕ (LieA⊗K Cp(1))

Furthermore, Fontaine defined other refined period rings (cf. [34]):

Bcris ⊂ Bst ⊂ BdR

where Bcris is the crystalline period ring and Bst is the semistable period ring.
They have the following properties
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1. The ring Bcris is equipped with GK-action and Frobenius operator φ

2. The ring Bst moreover has an action of a Bcris-linear monodromy operator
N that commutes with the action of GK and satisfies Nφ = pφN .

The Fontaine rings characterize the reduction of algebraic varieties over p-adic
field in the following form.

Theorem C.0.5. (Semistable comparison theorem, Tsuji, [46]). Let X be a variety
over K. There exists a period isomorphism

αst : Hn
HK(XK)⊗Kur Bst ∼= Hn

et(XK ,Qp)⊗Qp Bst, n ≥ 0

where Hn
HK(XK) is the Hyodo-Kato cohomology (cf. [47]). The isomorphism is

compatible with the Galois action, Frobenius, monodromy, and with the de Rham
period isomorphism, i.e., αst ⊗BdR ∼= αdR.
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