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ABSTRACT

Topology optimization provides a rigorous framework for determining optimal flow-path designs in fluid mechanics. A popular technique is
the density-based approach, which treats fluid–solid interfaces by considering the solid phase as a porous medium with low permeability.
Mathematically, such a problem is governed by the Navier–Stokes equations combined with the Brinkman penalization. To consistently solve
the optimization problem, this study examines the theoretical foundations of the method, focusing on dimensionless parameters such as the
Reynolds number and a specific Darcy number, Da�. Through dimensional analysis, we derive scaling guidelines for the Brinkman penaliza-
tion in relation to fluid properties and domain geometry. Numerical simulations show that incorrect scaling can yield nonphysical results,
including excessive fluid penetration into solid regions, undermining the optimization. Our findings demonstrate that the invariance of the
solution can be maintained by appropriately scaling Da� with the relative velocity in the porous region, ensuring accurate and reliable results
in different scenarios. This work provides a systematic framework for parameter selection in fluid topology optimization, addressing key
modeling and computational challenges. By emphasizing the importance of dimensional analysis, it contributes to a broader understanding
of topology optimization, paving the way for its more robust and consistent application in fluid mechanics.

VC 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (https://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0280584

I. INTRODUCTION

Several applications in fluid mechanics require the optimal design
of flow paths or, more broadly, fluid domains. In recent years, methodo-
logical advances and increased computational power have significantly
expanded the scope of optimization techniques, reshaping engineering
design across a wide range of fluid-related fields. These include aero-
space engineering, biomedical applications, and even modeling biologi-
cal systems and naturally occurring optimization processes.1 In some
cases, optimization involves modifying a preexisting geometric shape.2

However, in other cases, the solution is not constrained by the initial
configuration and requires significant modifications to the initial
domain. In such situations, topology optimization plays a crucial role in
determining the optimal distribution of fluid–solid phases within the
domain. This problem involves two key aspects: (i) the physical-
mathematical formulation of the governing equations and (ii) the
numerical solution, which relies on different techniques to evolve the
topology of the initial domain.3 One of the most widely used approaches

is density-based topology optimization, originally introduced by
Bendsøe and Kikuchi.4 This method solves the Navier–Stokes equations
with Brinkman penalization, as proposed in the seminal works of
Borrvall and Petersson,5 Gersborg-Hansen et al.,6 and Olesen et al.7

In this framework, the fluid domain is partitioned as
X ¼ XF [ XS, where XF denotes the fluid phase and XS the solid
phase, modeled as a porous medium with low permeability. This
approach offers a physics-based perspective for solving optimization
problems. However, the accuracy of the results strongly depends on
the appropriate choice of model parameters, particularly the solid-
phase permeability.8 On the one hand, sufficiently low permeability is
needed to represent solid regions accurately; on the other hand, exces-
sively low values can cause numerical instabilities and slow conver-
gence. Striking a balance between these effects is essential for reliable
and efficient computations.

The awareness of this issue is steadily growing in the literature
and initial attempts to address it have begun to emerge,8,9 suggesting a
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gradual maturation of the topic. However, a systematic solution is still
lacking. As noted by Alexandersen and Andreasen,10 the application of
topology optimization in fluid mechanics remains largely confined to
idealized configurations. Even fewer studies have investigated the
transport of solutes or heat convection under realistic conditions.11,12

In such cases, the model parameters are often chosen empirically and
without a clear physics-based rationale. This empirical approach limits
the predictive power of optimization results and their applicability to
complex engineering problems. In particular, the physics-based selec-
tion of permeability values in the solid phase continues to represent a
major obstacle to the wider adoption of topology optimization in fluid
systems, in contrast to its success in solid mechanics.

A physically consistent selection of porous-medium parameters
would significantly enhance the robustness and reliability of optimized
designs. In biomedical engineering, for instance, it could support the
development of patient-specific stent grafts by building on the founda-
tional work of Quarteroni and Rozza13 and capturing realistic blood
flow features under pathological conditions.14 In microfluidics, it
would allow the design of more efficient chemical reactors,15 Venturi
diodes,16 and microfluidic mixers and separators17 such as microfluidic
chips.18 Similarly, in thermal management, it would strengthen the
design of high-performance heat sinks and heat exchangers.19 These
examples illustrate the importance of advancing topology optimization
modeling practices to achieve advanced high-performance fluid sys-
tems in diverse industries.

This study aims to clarify the role of modeling parameters in the
density-based formulation by analyzing flow behavior in both fluid
and porous regions, following a methodology akin to the numerical
approach introduced by Guest and Pr�evost.20 We first identify the key
dimensionless groups that govern the optimization problem, namely,
the characteristic Reynolds and Darcy numbers, and then validate the
proposed formulation through numerical simulations. Based on these
results, we propose criteria to reinforce the density-based method,
focusing on the consistency of the optimal solution and its sensitivity
to the computational mesh resolution.

II. DEFINITION OF THE DENSITY-BASED APPROACH

The partial differential equations (PDEs) governing the flow in a
domain composed of a fluid bounded by a solid phase, treated as a
medium with small permeability, are the Navier–Stokes equations
with Brinkman penalization, namely,

q
du
dt

� lr2uþrp ¼ �aðcÞu; (1a)

r � u ¼ 0; (1b)

where q and l are the density and viscosity of the fluid, respectively,
while aðcÞ is the Brinkman penalization term, which depends on the
domain indicator function cðxÞ and accounts for the flow resistance
within the porous medium surrounding the fluid. The latter function,
which identifies the points belonging to the solid domain XS, and thus
the Brinkman penalization term, read

cðxÞ ¼ 0 x 2 XF

1 x 2 XS
; aðcðxÞÞ ¼ amin � 0 x 2 XF ;

amax � 1 x 2 XS;

��
(2)

with amin and amax denote the lower and upper bounds of the flow
resistance, respectively.

The topology optimization problem consists of minimizing the
fluid energy dissipation under a maximum fluid volume constraint. It
can be formulated as follows:

minc Jðu; cÞ ¼
ð
X
aðcÞjuj2dXþ 1

2
l
ð
X
jruþruT j2dX;

subject to:

jXF j � Vr � jXj;
cðxÞ 2 0; 1f g8x 2 X;

8>>>>>><
>>>>>>:

(3)

where u satisfies the governing equations (1), Jðu; cÞ is the objective
functional, and Vr is the target volume to be occupied by the fluid
phase. The operator j � j indicates the Euclidean norm when applied to
vectors, the Frobenius norm when applied to matrices, and the volume
when applied toX;XF orXS.

The numerical treatment of the topology optimization problem
Eq. (3) is iterative with each step consisting of solving the governing
equations followed by an update of the distribution of c based on the
objective functional and its derivatives. In this numerical context, the
fluid and solid phases are typically modeled assuming cðxÞ 2 ½0; 1�
continuous across the domain, X, with the corresponding penalization
factor defined as the convex function

aðcÞ ¼ amin þ ðamax � aminÞ uc
uþ 1� c

; (4)

where the parameter u controls the sharpness of the numerical
approximation of Eq. (2). As demonstrated by Borrvall and Petersson5

and Olesen et al.,7 this formulation ensures an optimal solution that
automatically partitions the domain into XF and XS with a continuous
formulation of cðxÞ that mimics a smoothed Heaviside function.21,22

III. THE MISINTERPRETATION OF THE BRINKMAN
PENALIZATION FACTOR

The penalization factor, a, governs the optimal design of flow
paths within a fluid domain bounded by a modifiable solid phase, aim-
ing to minimize the expenditure of fluid energy while respecting a
maximum volume of fluid. More precisely, the penalization factor can
be expressed as a ¼ l=k, where k is the permeability of the porous
medium surrogating the solid phase. Although this relation is standard
in groundwater flows, issues arise when the Brinkman model is used in
topology optimization. In Ref. 5, a is described as an “inverse perme-
ability,” seemingly neglecting the role of fluid viscosity. However, their
formulation consistently scales a with l. Despite this, interpreting a as
an inverse permeability remains common in the literature with some
exceptions (e.g., Okkels et al.,23 Shin et al.,24 Jensen25). While the inter-
pretation of the penalization factor as the inverse of permeability is
valid when the fluid viscosity remains constant, it can lead to errone-
ous optimal flow-path shapes in cases where the analysis is applied to
systems involving fluids with different properties (viz., density and
viscosity).

This aspect is illustrated in Fig. 1, which considers a rectangular
two-dimensional (2D) domain of height H ¼ 6 cm and length
L ¼ 9 cm with two inlets and two outlets on opposite sides of width
D ¼ 1 cm [Fig. 1(a)]. A parabolic inflow profile with peak velocity
UM ¼ 1:5 cm/s is prescribed at both inlets, while zero pressure is
imposed at the outlets. The optimal channel layout is tested using
three different fluids, all with the same maximum penalization
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amax ¼ 103 Pa � s=m2 and a fixed Reynolds number
Re ¼ qUD=l ¼ 1, where U is the average inlet velocity (see Table I).

Neglecting the effect of a change in viscosity alters the fluid
motion within the porous medium. In cases A and B, the optimal
design features two nearly straight channels [Figs. 1(b) and 1(c)],
unlike case C, which yields a central channel with a confluence from
the inlets and a bifurcation toward the outlets [Fig. 1(d)]. A similar
configuration is also observed by Guest and Pr�evost,20 although it was
obtained using a different set of parameters. The present example
highlights the importance of adopting a physics-based criterion for set-
ting the Brinkman penalization, as proposed through dimensional
analysis in Sec. IV.

IV. DIMENSIONAL ANALYSIS OF THE BRINKMAN
EQUATION FOR FLUID TOPOLOGY OPTIMIZATION

The dimensional analysis of the optimization problem is made by
introducing the characteristic length scale, ‘0, and the velocity scale,
u0, to properly weight the various terms in Eq. (1a). These scales attain
significantly different values in the fluid and porous phases. In the fluid
region, the hydrodynamic scales are determined by the characteristic
width D and velocity U of the channelized patterns (i.e., ‘0 ¼ D and
u0 ¼ U). In the fluid domain, XF , the dimensionless form of Eq. (1a)
thus becomes

d~u

d~t
� 1
Re

~r2
~u þ ~r~p ¼ � aminD2

l
1
Re

~u ¼ 0; (5)

where~t ¼ t u0=‘0, ~x ¼ x=‘0, ~u ¼ u=u0, ~p ¼ p=ðq u20Þ, and amin ! 0.
However, in the region occupied by the porous medium, the flow

described by the Brinkman approach occurs through irregular micro
channels whose size d is determined by the pores of the medium. The
velocity within these channels is represented through an equivalent fil-
tration velocity, V, defined as

V ¼ lim
dk!0

dq
dk

; (6)

with dq being the specific flow rate through a small segment of length
dk. Due to the small spatial scale d, the flow in the XS region is
expected to be dominated by viscosity. Setting ‘0 ¼ d, u0 ¼ V , and
scaling the pressure as p / lV=d, the dimensionless form of Eq. (1a)
reads

d~u

d~t
� 1
ReS

~r2
~u þ 1

ReS
~r~p ¼ � amax d2

l
1
ReS

~u; (7)

where ReS ¼ qVd=l is the characteristic Reynolds number inXS.
The ratios of the scaling variables establish the connection

between the subdomains XF and XS. Specifically, we introduce the
velocity ratio, ru ¼ V=U , which links the characteristic velocities of
the two subdomains, and the size ratio, r‘ ¼ d=D, which relates the
characteristic lengths. These scaling ratios parameters are critical to
consistently model the dynamics within the fluid and the porous
regions. In particular, ReS depends on Re through the relation
ReS ¼ r‘ ru Re.

In the present application of hydrodynamic optimization, both
the velocity and size ratios are assumed to be small enough to ensure
that ReS 	 1 and, consequently, the flow in XS is of creeping type.
Equation (7) can thus be simplified as

~r2
~u þ ~r~p ¼ � 1

Da
~u; (8)

where Da ¼ kmin=d2 is the Darcy number, kmin ¼ l=amax being the
lowest value of the permeability. The Darcy number is thus the key
parameter that controls the fluid dynamics inXS. In addition, ensuring
the invariance of the topology optimization solution requires main-
taining constant ratios between the terms that makeup the objective

FIG. 1. Optimal solution for three double-
inlet-outlet case studies reported in Table I.
(a) Boundary conditions and velocity field
(Re ¼ 1) at the first iteration, when
XF ¼ X. (b)–(d) Results of the topology
optimization obtained for Vr ¼ 0:334,
u ¼ 0:1, and amax ¼ 103 Pa � s=m2 after
300 iterations for cases A, B, and C,
respectively. Streamlines originating from
the inlets are also shown, colored accord-
ing to the relative velocity magnitude.

TABLE I. Physical parameters for the considered three test cases.

q (kg/m3) l (Pa s) U (m/s) D (m) Re

Case A 10 10�3 0.01 0.01 1
Case B 1 10�4 0.01 0.01 1
Case C 0.1 10�5 0.01 0.01 1
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functional J. In the considered formulation [see Eq. (3)], the functional
consists of the Brinkman penalization term, Ja, and the viscous dissipa-
tion term, Jru, which scale as

Ja ¼
ð
X
aðcÞ juj2 dX / amax V

2; (9a)

Jru ¼ 1
2
l
ð
X
jruþ ðruÞT j2 dX / lU2

D2
; (9b)

rJ ¼ Jru

Ja
/ r2‘

r2u
Da: (9c)

It follows that ru / ðDa�=rJÞ1=2, with Da� ¼ r2‘ Da a modified
Darcy number. Using the definitions of r‘ and Da then results

Da� ¼ jmin

D2
¼ l

amax D2
: (10)

We observe that, in solutions where the solid phase is accurately
modeled by insertion of the porous medium (i.e., with negligible veloc-
ities), the dissipative contribution associated with the Brinkman term
is typically small compared to the viscous dissipation within the fluid.26

As a result, it is reasonable to assume rJ 
 1, indicating that
ffiffiffiffiffiffiffiffi
Da�

p
provides an upper bound for ru.

FIG. 2. Dimensionless velocity field, juj=U, after 300 iterations for the case studies reported in Table I, obtained by varying amax from 101 to 105 Pa s/m2. Colored frames indi-
cate the value of Da� equal to 10�2 (green), 10�3 (yellow), and 10�4 (red), whose optimal design parameter distribution is reported in Fig. 1, for the three analyzed scenarios.
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The solution to the dimensionless optimization problem eventu-
ally depends on three parameters: Re, Da, and Da�. Since, by defini-
tion, Da and Da� are related together through the square of the length
ratio, r‘ is an implicit parameter ensuring that the invariance of Re
and Da� is a necessary and sufficient condition for obtaining a partic-
ular optimal solution. Note that both Re and Da� are defined in terms

of the characteristic scales of the fluid domain, which are the only
ones that need to be explicitly prescribed in the problem formulation
Eq. (3). The same relationship between a and the current definition of
Da� has recently been proposed in the literature.27–29 In those studies,
the criterion was derived through dimensional analysis, assuming the
same characteristic length and velocity scales in both the fluid and

FIG. 3. Optimal solutions for the pipe-bend problem with Vr ¼ 0:2, u ¼ 0:1, and initial condition XF ¼ X. (a) Boundary conditions and velocity field at the first iteration for
Re ¼ 10. (b)–(e) Superposition of regions with juj=U 
 0:01 (red) and optimal geometries (c � 0:01, in blue) after 200 iterations. Streamlines originating from the inlet are
also shown. Results are provided for Re ¼ 0:1–100 and a constant value of Da� ¼ 10�4. (f) Distribution of the design variable, c, along the diagonal line shown in panel (e),
parametrized by s, for Re ¼ 100. The thicker portion corresponds to the fluid–solid interface, highlighted in black. The inset shows a zoom of this region.
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solid regions. As a result, Da� appears directly in the governing equa-
tion, while, in the present work, it emerges from the invariance of the
objective function. Therefore, according to our analysis, different defi-
nitions of Da� may arise depending on the specific functional J used
in the problem.

A. Estimate of the fluid–solid interface thickness

Coupled modeling of fluid-porous media using Darcy’s equations
typically leads to a velocity discontinuity at the interface.30 In contrast,
the Brinkman penalization approach ensures a smooth velocity transi-
tion between XF and XF .

31 Although this continuity is beneficial for
modeling free-flow/porous-medium interfaces,32 it poses a limitation
in density-based topology optimization, where the porous medium is
used to surrogate the solid phase.

As a first approximation, the length scale of this transition zone,
d, has been defined by Neale and Nader31 considering a one-
dimensional parallel flow in a channel with a permeable wall. The
closed form solution of this problem shows that the velocity module
decay exponentially from the mean channel flow velocity U to the lim-
iting value V in the porous region. This latter limiting value reads

V ’ 3U
2ð1þ rÞ

1þ ð1þ rÞ2
 !2

; (11)

with r ¼ 1=
ffiffiffiffiffiffiffiffi
Da�

p
(see Subsection 1 of Appendix A for details).

For density-based topology optimization purposes, the transition
zone can be identified as the layer in which the velocity decreases from
juj � U to juj � Vd ¼ rVdU , with rVd being the sufficiently small ratio
between the velocity at the fluid–solid interface and the characteristic

velocity in the fluid domain. In this context, although the transition layer
thickness formula by Neale and Nader31 was originally expressed in
terms of a multiple of V, here d is instead expressed in terms of a fraction
ofU (i.e., rVd ), leading to (see Subsection 2 of Appendix A for details)

d
D
¼ � 1

r
ln

2ð1þ rÞ
r2 � 2

rVd

3
1þ ð1þ rÞ2
2ð1þ rÞ

 !2

� 1

2
4

3
5

8<
:

9=
;: (12)

Within the transition region, the velocity is higher than Vd, there-
fore, aðcÞ will be slightly lower than amax (i.e., c� 1) to counteract the
increase in dissipation in the porous medium.

Consequently, appropriately treating the fluid–solid inter-
face is crucial and requires choosing the characteristic mesh size,
h, to ensure that at least one element lies within the transition
zone, i.e., h � d. According to the relation linking ru and Da�, set-
ting rVd ¼

ffiffiffiffiffiffiffiffi
Da�

p
in Eq. (12) could be a reasonable criterion to

determine h. Since it must hold that ru � rVd , to obtain a velocity
in the porous medium at least two orders of magnitude smaller
than U, as proposed by Alexandersen,26 it can be chosen
Da� � 10�4.

V. NUMERICAL ASSESSMENT OF THEORETICAL
PREDICTIONS

We assessed the validity of the dimensional analysis by compar-
ing the results of the three case studies in Table I, varying the parame-
ter amax . The governing equations (1) were solved numerically using
the finite element method (FEM). The domain was discretized with a
triangular mesh, totalling 384 000 elements. Functional derivatives
with respect to c were computed using the continuous adjoint
method.33 The domain design was iteratively updated via the method
of moving asymptotes (MMA, Svanberg34) with convergence defined
by a relative change of the design parameter c below 10�5. Figure 2
shows the velocity magnitude in regions where it exceeds 1% of the
mean inlet velocity, U. Unlike the design parameter distribution—
which yields an optimal geometry similar to those in Fig. 1 (see Fig. 5
in Appendix B)—the velocity field analysis offers an additional, physi-
cally meaningful criterion for evaluating the correctness of the solu-
tion. Too low values of amax (i.e., too high Da�) result in a fluid–solid
interface that remains permeable, producing a heterogeneous velocity
field with proto-channels and extended regions of low but non-zero
velocity (see cases A and B with amax ¼ 102 and 101 Pa � s=m2, respec-
tively, in Fig. 2). Although physically consistent, these results poorly
represent optimal flow topologies. As amax increases, the interface
sharpens. In accordance with the dimensional analysis, identical values
of Da� produce the same optimal configurations in the various cases
(Fig. 2). This confirms also the findings of Abdelhamid and
Czekanski9 about the density-independence of Brinkman penalization
at low Re. The values of Da� � 10�3 (yellow/red box in Fig. 2) suffi-
ciently slow the flow in XS, allowing well-defined channels to form in
XF . In particular, Da� ¼ 10�4 (red boxes) yields near-optimal geome-
tries with filtration velocity in XS approximately two orders of magni-
tude lower than in XF , consistent with ru �

ffiffiffiffiffiffiffiffi
Da�

p
and the results

from Kreissl et al.,35 However, values of Da� � 10�6 may lead to non-
convergent solutions due to numerical instabilities.36

To illustrate in detail the behavior of the fluid–solid interface
obtained by using the strategy discussed in Sec. IVA, we considered
the “pipe-bend” problem. In this application, we investigated a square

FIG. 4. Comparison between the theoretical and computed values of the velocity
scales ratio, respectively rue and ruc , for different Reynolds numbers (Re ¼ 0.1, 1,
10, 100) and modified Darcy numbers (Da� ¼ 10�3; 10�4; 10�5) in the pipe-bend
problem. The bar chart represents the percentage of the objective functional associ-
ated with viscous dissipation.
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domain of side L ¼ 6 cm with an inlet and an outlet of width
D ¼ 1 cm located near the beginning and the end of two adjacent sides
[Fig. 3(a)]. Optimal configurations and non-negligible velocity regions
are shown in Figs. 3(b) and 3(e) for Re from 10�1 to 102 and a fixed
value of Da� ¼ 10�4. The computational mesh size has been chosen
according to Eq. (12) with rVd ¼

ffiffiffiffiffiffiffiffi
Da�

p ¼ 10�2.
The results show that while the channel bend curvature increases

with Re, the thickness of the interface remains constant, covering about
1–2 elements [see inset in panel (d)] and a small portion of the domain
size (Fig. 3). This finding confirms the validity of the estimate for the
thickness of the fluid–solid interface provided by Eq. (12). The reliabil-
ity of the filtration velocity estimate is assessed by comparing the theo-
retical estimate of ru obtained from the relation (9c), i.e., setting
rue ¼ ðDa�=rJÞ1=2, with the average numerical value of the velocity
scale ratio across Xopt

S ¼ xjcðxÞ > 0:01
� �

ruc ¼ 1

jXopt
S j

ð
Xopt
S

j u
U
j2dX

 !1=2

: (13)

The relationship between rue and ruc is illustrated in Fig. 4 for the
pipe-bend problem, with Da� now also varying from 10�5 to 10�3.
The representative points fall below the perfect alignment line, sugges-
ting that the theoretically estimated values (rue) tend to slightly overes-
timate the average velocity numerically computed in Xopt

S . In addition,
these latter points are organized almost parallel to the diagonal, indi-
cating a linear dependence between ru and ðDa�=rJÞ1=2. The clustering
of points with identical Da� further supports the theoretical prediction
that the Reynolds number in the fluid domain (at least for the laminar
conditions here considered) has little influence on the velocity within
the porous medium, as experimentally demonstrated by Choi and
Waller37 and Goharzadeh et al.38 The histogram in the inset of Fig. 4
shows the percentage of objective functional associated with viscous
dissipation, Jru=J . As Da� decreases, the solid phase is represented
more accurately and the thickness of the fluid–solid interface is
reduced. Consequently, the percentage of objective functional related
to the Brinkman penalization, Ja=J , decreases, leading to a functional
evaluation that more closely approximates the actual value in the opti-
mal geometry.

VI. CONCLUSIONS

In this work, we have formulated and analyzed the dimen-
sionless parameters that govern the behavior of the Navier–
Stokes–Brinkman equation, commonly implemented in density-
based schemes for topology optimization problems in domains
with fluid–solid interfaces. We have demonstrated that the invari-
ance of the optimal solution generally depends on the Reynolds
number, Re, and on a modified Darcy number, Da�. The latter
parameter controls the dissipation within the porous media—used
to represent the solid region—and the transition at its interface
with the fluid domain. Our analysis shows that the ratio between
the limiting velocity in the porous region, V, and the characteristic
velocity of the fluid domain, U, is upper-bounded by a linear func-
tion of

ffiffiffiffiffiffiffiffi
Da�

p
. This relation allows for a proper selection of the

mesh size in the interface region by means of Eq. (12), setting
rVd ¼

ffiffiffiffiffiffiffiffi
Da�

p ¼ 10�2. Since Da� mirrors the penalization parameter
a, these findings have significant implications for configuring
density-based models in fluid dynamics beyond the standard cases

studied in the literature. This could encourage broader adoption of
the technique in real-world applications.
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APPENDIX A: FLUID–SOLID INTERFACE THICKNESS

1. Evaluation of the limiting velocity in the porous
media

According to Neale and Nader,31 the closed formula for the
velocity profile of a steady, incompressible laminar flow through a
two-dimensional parallel channel bounded by a porous medium,
governed by the Navier–Stokes equations with Brinkman penaliza-
tion, is

urðkÞ ¼
uFrðkÞ ¼ V1

r � cþ bkþ ak2½ � k 2 0; 1½ �;

uPrðkÞ ¼ V1
r � 1þ b

r
ekr

� �
k 2 �1; 0½ �;

8>><
>>: (A1)

where k is the transversal direction (k 2 ½0; 1� means pure fluid
domain, k 2 ½�1; 0� means porous domain), r ¼ 1=

ffiffiffiffiffiffiffiffi
Da�

p
, V1

r is
the limiting porous media velocity and a, b, c are defined as

a ¼ � 1
2
r2;

b ¼ r2 � 2
2ð1þ rÞ r;

c ¼ rðrþ 2Þ
2ð1þ rÞ ¼ b � rþ 2

r2 � 2
:

(A2)
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For the sake of applying them to density-based topology optimiza-
tion analysis, the velocity profile should be rewritten in terms of U
and not V1

r . Exploiting the parabolic profile of the velocity in the
fluid phase its maximum value reads

uFrmax
¼ V1

r � c� b2

4a

� �
¼ V1

r � b rþ 2
r2 � 2

þ r2 � 2
4rð1þ rÞ

" #

¼ V1
r � r4 þ 4r3 þ 8r2 þ 8rþ 4

8ð1þ rÞ2
" #

¼ V1
r

2
� 1þ ð1þ rÞ2

2ð1þ rÞ

" #2
:

Since the average velocity in the fluid phase can be expressed as
Ur ¼ 2

3u
F
rmax

, it holds

Ur ¼ V1
r

3
� 1þ ð1þ rÞ2

2ð1þ rÞ

" #2
;

that finally leads to

V1
r ¼ 3Ur � 2ð1þ rÞ

1þ ð1þ rÞ2
" #2

; (A3)

that is Eq. (11). It can also be observed that the limiting velocity
scales ratio reads

r1r ¼ V1
r

Ur
¼ 3 � 2ð1þ rÞ

1þ ð1þ rÞ2
" #2

:

2. Evaluation of the transition zone thickness

The ratio of the velocity with respect to Ur is defined as

rrðkÞ ¼ urðkÞ=Ur:

Substituting Eq. (A3) in Eq. (A1) yields

rrðkÞ ¼
rFrðkÞ ¼ r1r � cþ bkþ ak2½ � k 2 0; 1½ �;

rPrðkÞ ¼ r1r � 1þ b
r
expðkrÞ

� �
k 2 �1; 0 :½�

8>><
>>:

Therefore, chosen an acceptable velocity ratio in the porous phase
�r 2�r1r ; rrð0Þ½, the value of k in which this is attained can be
obtained by inverting the formula for rPrðkÞ ¼ �r , that leads to

jkj ¼ � 1
r
ln

2ð1þ rÞ
r2 � 2

�r
3
ð1þ ð1þ rÞ2

2ð1þ rÞ Þ2 � 1

" #( )
;

that is the formula used to estimate d=D in Eq. (12) setting �r ¼ rVd .

FIG. 5. Distribution of the design parame-
ter c after 300 iterations for the case stud-
ies reported in Fig. 2, obtained by varying
amax from 101 to 105 Pa s/m2. Colored
frames indicate the value of Da� equal to
10�2 (green), 10�3 (yellow), and 10�4

(red) for the three analyzed scenarios.
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APPENDIX B: DESIGN PARAMETER PLOT FOR CASE
STUDIES OF FIG. 2

Figure 2 illustrates how the velocity field effectively captures
the impact of the Brinkman resistance parameter used to model the
porous medium. Figure 5 shows the corresponding design variable
distribution, c. The panels with Da� ¼ 10�2; 10�3, and 10�4 match
the results shown for cases A, B, and C in Fig. 1, respectively. For
Da� < 10�2 (i.e., values above the green highlighted panels), the
optimization procedure fails to converge to a partitioned domain
due to the insufficient resistance at the porous/fluid interface. This
results in an inadequate penalization contribution within the cost
functional. In contrast, the panels corresponding to Da� > 10�4

reveal the occurrence of numerical instabilities discussed in Sec. V.
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