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Abstract

This paper is devoted to the study of Mean-field Games (MFG) systems in the mass critical exponent
case. We firstly establish the optimal Gagliardo-Nirenberg type inequality associated with the potential-free
MFG system. Then, under some mild assumptions on the potential function, we show that there exists a
critical mass M∗ such that the MFG system admits a least energy solution if and only if the total mass of
population density M satisfies M < M∗. Moreover, the blow-up behavior of energy minimizers are captured
as M ↗ M∗. In particular, given the precise asymptotic expansions of the potential, we establish the refined
blow-up behavior of ground states as M ↗ M∗. While studying the existence of least energy solutions, we
establish new local W2,p estimates of solutions to Hamilton-Jacobi equations with superlinear gradient terms.
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1 Introduction
A very important topic in the fields of economics, finance and management is how participants in the
market maximize their utilities and minimize costs. Whereas, in various economical and financial problems,
researchers have to consider a huge number of players, which brings many challenges to numerical and
theoretical studies since they are forced to tackle numerous coupled equations from the analytic perspective.
More specifically, it is very difficult to determine the value function of each player one by one. In this
situation, it is necessary to propose some simplified model that can be investigated qualitatively by using
mathematical tools. Motivated by this, scholars borrowed ideas from statistical physics and developed the
theory of Mean-field games (MFG) [28, 29, 34, 35].

1.1 Mean-field Games Theory and Systems
As mentioned above, MFG models proposed by Lasry et al. [35] and Huang et al. [32] independently in
2007, are well-used to describe complex decision processes involving a huge number of homogeneous agents,
which are a class of backward-forward parabolic equations consisting of Hamilton-Jacobi equations and
Fokker-Planck equations. In the setting described below, their mathematical form reads as

ut = −∆u + H(∇u) − V[x] − f (m), x ∈ Rn, t > 0,
mt = ∆m + ∇ · (∇H(∇u)m), x ∈ Rn, t > 0,
u|t=T = uT ,m|t=0 = m0, x ∈ Rn,

(1.1)

where m represents the population density and u denotes the value function of a typical player. Here m0 is
the initial data of density and uT is the terminal data of value function u. In particular, H : Rn → R is the
so-called Hamiltonian and V(x) denotes a potential function.

To illustrate the MFG theory, we assume that for i = 1, · · · ,N, the dynamics of the i-th participant is
governed by the following controlled stochastic differential equation (SDE):

dXi
t = −γ

i
tdt +

√
2dBi

t, Xi
0 = xi ∈ Rn, (1.2)

where xi are the initial states, γi
t represent the control terms and Bi

t are independent Brownian motions. For
simplification, we assume that all agents are indistinguishable and follow the same game process, then drop
“i” in (1.2). The goal of each player is to minimize the following average cost :

J(γt) := E
∫ T

0
[L(γt) + V(Xt) + f (m(Xt))]dt + uT (XT ), (1.3)

where L is the so-called Lagrangian, which is the Legendre transform of H satisfying H(p) = supγ∈Rn(pγ −
L(γ)). Lasry et al. applied the dynamic programming principle to study (1.3) and formulated the time-
dependent system (1.1).

One popular research topic in the study of (1.1) is the global well-posedness and long-time dynamics of
(1.1), see [7, 9, 10, 15, 23–25]. Numerical techniques including the finite difference method are also useful
on the analysis of solutions to the backward-forward system (1.1) and we refer the readers to [1, 2, 8, 11].
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We next consider the stationary problem of (1.1), which serves as a paradigm to describe the distribution
of Nash equilibria of infinite-horizon differential games among numerous players. The mathematical form of
the stationary problem of (1.1) is

−∆u + H(∇u) + λ = f (m) + V(x), x ∈ Rn,

∆m + ∇ · (m∇H(∇u)) = 0, x ∈ Rn,∫
RN mdx = M > 0,

(1.4)

where λ ∈ R is the Lagrange multiplier. Here a triple (m, u, λ) is defined as the solution to (1.4) and constant
M > 0 is the total mass of population. System (1.4) models in the market, the long time collective behavior
of a huge number of homogeneous agents whose goals are to minimize a cost that depends on the population
distribution m. One can understand the solution to (1.4) as follows: firstly, the optimal control of a typical
agent is inputted into the Fokker-Planck equation in (1.4), yielding m. In the long-time regime, this has
to coincide with the population density. Then, the optimal control is outputted via the HJB equation. In
particular, the Nash equilibrium is attained when the input coincides with the output.

We would like to point out that Hamiltonian H is convex, and we assume that it has the following typical
form:

H := CH |p|r
′

, ∃r′ > 1, CH > 0. (1.5)

By using the definition, the corresponding Lagrangian is given by

L = CL|γ|
r, r =

r′

r′ − 1
> 1, CL =

1
r

(r′CH)
1

1−r′ > 0, (1.6)

where r is the conjugate number of r′.
Focusing on the stationary problem (1.4), some works appeared in the last few years [12, 14, 22, 26, 39].

It is worthy mentioning that if the interaction between agents is assumed to be of congestion type, i.e.
the cost is monotone increasing, then the uniqueness of the stationary solution can be proved [22, 26, 35].
However, if the cost is monotone decreasing, (1.4) may admit many solutions, and the analysis of existence
becomes more challenging if the cost is also unbounded. Motivated by this, Cesaroni and the first author [12]
employed the variational structure possessed by (1.4) and showed the existence and concentration behaviors
of ground states via the direct method under some assumptions on f , V and H.

Before stating the technical conditions on the functions f , V and H, we discuss the strong relationship
between (1.4) and nonlinear Schrödinger equations. In fact, whenever it is possible to trivialize the Fokker-
Planck equation in (1.4) as

∇m + mCH |∇u|r
′−2∇u = 0 a.e., x ∈ Rn, (1.7)

then setting v := m
1
r , one finds from the u-equation in (1.4) that{

−µ∆rv + [ f (vr) + V(x) − λ]vr−1 = 0, x ∈ Rn,∫
Rn vr dx = M, v > 0, µ =

( r
CH

)r−1,
(1.8)

where ∆r is the r-Laplacian and given by ∆rv = ∇ · (|∇v|r−2∇v). The v-equation is the famous Schrödinger
equation with the mass constraint and there are rich literatures [30, 31] on the study of stationary problem
(1.8) via the following useful variational structures:

F (v) :=
∫
Rn

[
µ

r
|∇v|r + F(v) +

1
r

V(x)vr
]

dx, (1.9)

where F(v) denotes the anti-derivative of f (vr)vr−1. We would like to mention that when r = 2 and f (vr) =
−vrα in (1.8), the properties of the ground states to (1.8) associated with (1.9) are well-understood. As
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shown in [33], it is well-known that under the subcritical Sobolev exponent case, the solution to (1.8) is
radially symmetric, unique up to scaling and translation, has the exponential decay property if λ < 0, etc. It
is necessary to point out that (1.7) is not expected to hold in general [13], but it is true for instance in the
quadratic case r′ = 2 or if one considers radial solutions. This strong connection when r′ = 2 is seen also at
the variational level: the ground states to (1.4) and (1.8) are the same under some general assumptions on
f (m) and V given in (1.4), see the detailed discussion in Appendix A.

Inspired by the discussion above, Cirant et al. [12] proved the existence of least energy solutions to (1.4)
via the variational method with some technical assumptions imposed on H, V and f . In detail, Hamiltonian
H is assumed to satisfy H ∈ C2(Rn\{0}); moreover, there exist CH > 0, K > 0 and r′ > 1 such that

CH |p|r
′

− K ≤ H ≤ CH |p|r
′

, (1.10)

and

∇H(p) · p − H(p) ≥ K−1|p|γ − K and |∇H(p)| ≤ K|p|γ−1. (1.11)

In addition, they suppose that the potential V is locally Hölder continuous and satisfy

C−1
V (max{|x| −CV , 0})b ≤ V(x) ≤ CV (1 + |x|)b, ∃b,CV > 0. (1.12)

On the other hand, the local coupling f : [0,+∞)→ R is imposed to be locally Lipschitz continuous, which
satisfies

−C f mα − K ≤ f (m) ≤ −C f mα + K, ∃C f ,K, α > 0. (1.13)

In particular, the author were concerned with the mass subcritical exponent case, which is

0 < α <
r
n
. (1.14)

To illustrate (1.14), we firstly state the following energy functional associated with (1.4):

E(m,w) :=
∫
Rn

[
mL

(
−

w
m

)
+ V(x)m + F(m)

]
dx, (1.15)

where F(m) :=
∫ m

0 f (s)ds for m ≥ 0 and F(m) = 0 for m ≤ 0. As shown in [12], Lagrangian L is defined by

L
(
−

w
m

)
:=


supp∈Rn

(
−

pw
m − H(p)

)
, m > 0,

0, (m,w) = (0, 0),
+∞, otherwise,

(1.16)

and mL
(
− w

m
)

is the Legendre transform of mH(p). In addition, the admissible set KM is defined as

KM :=
{
(m,w) ∈ (L1(Rn) ∩W1,q̂(Rn)) × L1(Rn)

s. t.
∫
Rn
∇m · ∇φ dx =

∫
Rn

w · ∇φ dx,∀φ ∈ C∞c (Rn),∫
Rn

V(x)m dx < +∞,
∫
Rn

m dx = M > 0, m ≥ 0 a.e.
}
, (1.17)

where q̂ is given by

q̂ :=


n

n−r+1 if r < n,
∈

(
2n

n+2 , n
)

if r = n,

r if r > n.

(1.18)
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With these preliminaries, to find the ground states of (1.4) associated with energy (1.15), we consider the
following problem:

eα,M := inf
(m,w)∈KM

E(m,w). (1.19)

We would like to remark that eα,M < +∞. To show this, one sets (ms,ws) =
(
ce−|x|,− xe−|x|

|x|

)
with

c determined by
∫
Rn m dx = M and ws = ∇ms, then can straightforward check (ms,ws) ∈ Kα,M and

E(ms,ws) < +∞. With the upper bound of eα,M, we claim that (1.14) is the necessary condition to guarantee
that E(m,w) is bounded from below for all M > 0. In this case, eα,M given in (1.19) is well-defined. Indeed,
if α > r

n , for any (m̄, w̄) ∈ Kα,M,

E(m̄δ, w̄δ)→ −∞,

as δ → 0, in which (m̄δ, w̄δ) := (δ−nm̄(δ−1x), δ−(n+1)w̄(δ−1x)) ∈ Kα,M since δ−n
∫
Rn m̄(δ−1x) dx ≡ M. It

follows that eα,M is not well-defined when α > r
n . As a consequence, Cirant et al. [12] discussed the ground

states to (1.4) associated with energy (1.15) under condition (1.14). In particular, the authors [12] assumed
H, V and f satisfy (1.10), (1.11), (1.12) and (1.13), respectively. Moreover, they showed the ground states to
(1.4) are in fact classical solutions by applying the regularization techniques and standard elliptic estimates.
The concentration behaviors of the ground states were also established in the vanishing viscosity limit sense
under the mass subcritical exponent case (1.14) in [12].

In this paper, we shall investigate the qualitative behaviors of ground states to (1.4) with n ≥ 2 and focus
on the mass critical exponent case α = α∗ := r

n . More specifically, we aim to discuss the existence and
asymptotic profiles of ground states to (1.15). This critical case is much more delicate than the subcritical
one, and many arguments used in [12] break down. It is worthy mentioning that there exists the other critical
exponent α = r

n−r arising from Sobolev embedding on analyzing the regularity of m-component to (1.4).
Recently, some results in the mass supercritical case up to the Sobolev critical exponent were completed
by the first author and his collaborators [38], in which the domain is assumed to be bounded and Neumann
boundary conditions are imposed on (m, u). More specifically, it is shown that energy (1.15) admits local
minimizers with the mass supercritical exponent.

Now, we state our main results in the following subsection.

1.2 Main results
This paper extends the results in [12] to the mass critical case, and allows for much more general potentials
V . In detail, we consider α = α∗ := r

n , H is given by (1.5), f (m) := −mα and locally Hölder continuous
potential V satisfies some of the following conditions

(V1). inf
x∈Rn

V(x) = 0 ≤ V(x) ∈ L∞loc(Rn).

(V2). there exist constants C1,C2,K > 0 and b, δ > 0 such that

C1(1 + |x|b) ≤ V(x) ≤ C2eδ|x|, |x| ≥ K; (1.20a)

0 < C1 ≤
V(x + y)

V(x)
≤ C2, for all |x| ≥ K with |y| < 2; (1.20b)

sup
ν∈[0,1]

V(νx) ≤ C2V(x) for |x| ≥ K. (1.20c)

(V3). |Z| = 0 withZ := {x ∈ Rn | V(x) = 0}.

Then, we are able to classify the ground states to (1.4) by using the variational method and introducing
some critical mass threshold M∗. A vital step here is to study the regularity of the solution after the minimizer
is obtained. In fact, the regularity of solutions to the Fokker-Planck equation is well understood [6] and some

5



useful results are stated in Section 3. Whereas, focusing on the Hamilton-Jacobi equation, the quasi-linear
structure may cause difficulties. There are some references on the regularity of the Hamilton-Jacobi equation
that deserve discussion. Consider the following equation:

−∆u + |∇u|r
′

= f , (1.21)

where r′ > 1. A natural question is the W2,p regularity of the solution to (1.21) provided that f ∈ Lp for some
p > 1. P.-L. Lions conjectured that for all p > n

r , the Lp estimate should hold for the D2u of (1.21) when f is
assumed to satisfy f ∈ Lp. This conjecture is confirmed when the periodic boundary condition is imposed on
equation (1.21) [16]. For the case of 1 < r′ ≤ 2, the global estimates were discussed in [5, 20, 21, 27] with
Dirichlet or Neumann boundary conditions. There are a few results on the local Lp estimates for D2u; these
have been obtained by the first author [17] and Verzini, in the superquadratic case r′ > 2. However, the local
Lp regularity in the case of r′ ≤ 2 is open to our knowledge. It turns out that in our analysis of the MFG
system in the mass critical case, the local maximal regularity estimate plays a crucial role. Motivated by this,
we obtain the following result:

Theorem 1.1. Let p > n
r , r′ ≥ n

n−1 , f ∈ Lp(Ω) and assume u ∈ W2,p(Ω) solves

−∆u +CH |∇u|r
′

= f in Ω,

in the strong sense. Then for each M > 0 and Ω′ ⊂⊂ Ω, we have

∥∇u∥Lp(Ω′) + ∥D2u∥Lp(Ω′) ≤ C,

where ∥ f ∥Lp(Ω) ≤ M and the constant C = C(M, dist(Ω′, ∂Ω), n, p,CH , r) > 0.

Theorem 1.1 is an analogue of Calderón-Zygmund regularity for the linear second order elliptic equation.
We would like to remark that the Lipschitz gradient estimate of the solution can be obtained [37] when p > n,
see also [] for previous results. For the proof of Theorem 1.1, we shall perform a blow-up analysis which is
inspired by the strategy shown in [17], but tailored to Morrey spaces rather than Hölder spaces.

Next, we come back to the MFG system, and focus on the existence of ground states under the critical
mass exponent case. To begin with, we consider the following constrained minimization problem:

eα∗,M = inf
(m,w)∈KM

E(m,w), α∗ :=
r
n
, (1.22)

where the energy E(m,w) is given by

E(m,w) = CL

∫
Rn

∣∣∣∣wm ∣∣∣∣rm dx +
∫
Rn

V(x)m dx −
n

n + r

∫
Rn

m1+ r
n dx, (1.23)

and KM is given in (1.17). Before studying the existence of minimizers to (1.22), one must establish the
optimal Gagliardo-Nirenberg type inequality subject to the mass critical exponent involving the Lagrangian
term in energy (1.15). This is in fact crucial to understand whether the infimum in (1.22) is finite or not.
More precisely, we focus on the following minimization problem:

Γα := inf
(m,w)∈A

(
CL

∫
Rn m

∣∣∣w
m

∣∣∣r dx
) nα

r
( ∫
Rn m dx

) (α+1)r−nα
r∫

Rn mα+1 dx
, α ∈

(
0,

r
n

]
, (1.24)

where

A :=
{
(m,w) ∈ (L1(Rn) ∩W1,q̂(Rn)) × L1(Rn)

s. t.
∫
Rn
∇m · ∇φ dx =

∫
Rn

w · ∇φ dx,∀φ ∈ C∞c (Rn),
∫
Rn
|x|bm dx < +∞, m ≥,. 0 a.e.

}
, (1.25)
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with q̂ defined as (1.18) and b > 0. We would like to remark that problem (1.24) is scaling invariant under
the scaling (tβm(tx), tβ+1w(tx)) for any t > 0 and β > 0. As a consequence, it is easy to see that (1.24) is
equivalent to the following minimization problem

Γα = inf
(m,w)∈AM

(
CL

∫
Rn m

∣∣∣w
m

∣∣∣r dx
) nα

r
( ∫
Rn m dx

) (α+1)r−nα
r∫

Rn mα+1 dx
, α ∈

(
0,

r
n

]
, (1.26)

where

AM :=
{
(m,w) ∈ A,

∫
Rn

m dx = M > 0
}
. (1.27)

We first prove there exist minimizers to (1.26) for any α ∈ (0, r
n ) thanks to Theorem 1.3 in [12]. Then,

using an approximation argument, we show that Γα can be also attained when α = r
n , provided that M = M∗

is suitably chosen. The result is is summarized as

Theorem 1.2. For any r > 1, assume that α = α∗ := r
n in (1.24), then we have Γα∗ is finite and attained by

some minimizer (mα∗ ,wα∗) ∈ A. Correspondingly, there exists a solution
(
mα∗ , uα∗

)
∈ W1,p(Rn) × C2(Rn),

∀p > 1, to the following potential-free MFG systems:
−∆u +CH |∇u|r

′

− r
nM∗ = −mα∗ , x ∈ Rn,

∆m +CHr′∇ · (m|∇u|r
′−2∇u) = 0, x ∈ Rn,

w = −CHr′m
∣∣∣∇u

∣∣∣r′−2
∇u,

∫
Rn m dx = M∗,

(1.28)

where

M∗ := [Γα∗(α∗ + 1)]
1
α∗ . (1.29)

In particular, there exists some positive constants c1 and c2 such that 0 < mα∗(x) ≤ c1e−c2 |x|.

Note that working on the whole Euclidean space here involves non trivial compactness issues. These
were solved in [12] by a concentration-compactness argument; here we follow a different strategy based on
Pohozaev type identities. With the aid of Theorem 1.2, we analyze the boundedness of eα∗,M from below and
obtain the sharp existence of minimizers for (1.22), which is shown in the following theorem:

Theorem 1.3. Assume that V satisfies (V1)-(V2) and M∗ is defined by (1.29), then the following alternatives
hold:

(i). If 0 < M < M∗, problem (1.22) admits at least one minimizer (mM,wM) ∈ W1,p(Rn) × Lp(Rn) ∀p > 1,
which satisfies for some λM ∈ R,

−∆uM +CH |∇uM |
r′ + λM = V(x) − m

r
n
M,

∆mM +CHr′∇ · (mM |∇uM |
r′−2∇uM) = 0,

wM = −CHr′mM |∇uM |
r′−2∇uM,

∫
Rn mM dx = M < M∗.

(1.30)

(ii). If M > M∗, there is no minimizer of problem (1.22).

(iii). If M = M∗, when 1 < r ≤ n and potential V satisfies also (V3), or when r > n, then problem (1.22) has
no minimizer.

It is worthy mentioning that while discussing the case of M < M∗ in Theorem 1.3, we need to apply the
maximal regularity shown in Theorem 1.1 to obtain the uniformly boundedness of m-component in L∞ and
the detailed discussion is shown in Section 5. Theorem 1.3 implies that in the mass critical exponent case,
the existence of minimizers to (1.22) depends on the total mass of population density m and there exists a
mass threshold M∗ explicitly given by (1.29). In particular, when M = M∗, the constrained problem (1.22) is
not attained.

To further understand the delicate case M = M∗, we explore the blow-up behaviors of minimizers as
M ↗ M∗ and obtain that
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Theorem 1.4. Assume that V(x) satisfies either (V1) − (V3) for 1 < r ≤ n, or (V1) − (V2) for r ≥ n. Let
(mM,wM) be the minimizer of eα∗,M obtained in Theorem 1.3 with 0 < M < M∗ andZ := {x ∈ Rn | V(x) = 0}
with |Z| = 0. Then, we have

(i).

εM = ε :=
(
CL

∫
Rn

∣∣∣∣∣wM

mM

∣∣∣∣∣rmM dx
)− 1

r
→ 0 as M ↗ M∗. (1.31)

(ii). Let {xε} be one of the global minimum points of uM, then dist(xε,Z) → 0 as M ↗ M∗, where
Z = {x ∈ Rn | V(x) = 0}. Moreover,

uε := ε
2−r′
r′−1 uM(εx + xε), mε := εnmM(εx + xε), wε := εn+1wM(εx + xε), (1.32)

satisfies up to a subsequence,

uε → u0 in C2
loc(Rn), mε → m0 in Lp(Rn) ∀ p ∈ [1, q̂∗), and wε ⇀ w0 in Lq̂(Rn), (1.33)

where (m0,w0) is a minimizer of (1.24), and (u0,m0,w0) satisfies (1.28). In particular, when V satisfies
(1.12), let x̄ε be any one of global maximum points of mM, then

lim sup
ε→0

|x̄ε − xε|
ε

< +∞. (1.34)

With mild assumptions imposed on potential V , Theorem 1.4 exhibits the basic blow-up behaviors of
ground states as M ↗ M∗. The reader may observe that when r ≤ n we need stronger information on V .
Moreover, by imposing some more specific local asymptotics on the potential V(x), we can get the refined
blow-up behaviors of ground states, which is

Theorem 1.5. Suppose all conditions shown in Theorem 1.4 hold. Assume that V has l ∈ N+ distinct zeros
given by {P1, · · · , Pl} and ∃ ai > 0, qi > 0 and d > 0 such that

V(x) = ai|x − Pi|
qi + O

(
|x − Pi|

qi+1), 0 < |x − Pi| ≤ d, i = 1, · · · , l.

Denote
Z := {Pi | qi = q, i = 1, · · · , l} and Z0 := {Pi | qi ∈ Z and µi = µ, i = 1, · · · , l},

where q := max{q1, · · · , ql} and µ := min{µi | Pi ∈ Z, i = 1, · · · , l} with

µi := min
y∈Rn

Hi(y), Hi(y) :=
∫
Rn

ai|x + y|qim0(x) dx i = 1, · · · , l.

Let (mε,wε, uε) be the convergent subsequence, (m0,w0, u0) be the corresponding limit and xε be the global
minimum point of each uM chosen in Theorem 1.4. Then xε → Pi ∈ Z0. Moreover, as M ↗ M∗,

eα∗,M
q+r

q

(qµ
r

) r
r+1

[
1 −

(
M
M∗

) r
n
] q

r+q
→ 1,

and
ε[

r
qµ

[
1 −

( M
M∗

) r
n
]] 1

r+q

→ 1, as M ↗ M∗, (1.35)

where eα∗,M and ε = εM are defined in (1.22) and (1.31), respectively. In addition, up to a subsequence,

xε − Pi

εM
→ y0 with Pi ∈ Z0 and Hi(y0) = inf

y∈Rn
Hi(y) = µ. (1.36)
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Theorem 1.5 captures the precise blow-up behaviors of ground states arising from problem (1.22), in
which the flattest minima of V are selected.

The rest of this article is organized as follows: In Section 2, we establish maximal regularities of
Hamilton-Jacobi equations with subquadratic gradient terms. Section 3 is devoted to some preliminaries for
the proof of the existence of ground states. In Section 4, we formulate the optimal Gagliardo-Nirenberg type
inequality, which is Theorem 1.2. Then in Section 5, we applied this essential inequality to derive the critical
mass phenomenon shown in Theorem 1.3 under the mass critical exponent case. Finally, in Section 6, we
investigate the blow-up behaviors of ground states obtained in Theorem 1.3 and finish the proof of Theorem
1.4 and 1.5. Without of confusion, we define constant C > 0 is generic, which may change line to line.

2 Local Maximal Regularity of Hamilton-Jacobi Equations
In this section, we focus on the following elliptic PDEs involving gradient terms:

−∆u +CH |∇u|r
′

= f in Ω, (2.1)

where r′ > 1, CH > 0 are constants and Ω ⊂ Rn is a bounded Lipschitz domain. Our goal is to study the
W2,p regularities of solutions to (2.1) if we assume that f ∈ Lp(Ω) with p > n

r . To begin with, we give some
preliminary notations and results.

2.1 Preliminaries
The Morrey space Lr′,s(Rn) with r′ ∈ [1,∞) and s ∈ [0, n] is defined as a functional space consisting of all
measurable functions u : Rn → R satisfying

∥u∥r
′

Lr′ ,s(Rn) := sup
R>0;x∈Rn

Rs
?

BR(x)
|u|r

′

dy < +∞, (2.2)

where ?
BR(x)
|u|r

′

dy :=
1

|BR(x)|

∫
BR(x)
|u|r

′

dy.

We have facts that when s = n, the Morrey space Lr′,n(Rn) coincides with the Lebesgue space Lr′(Rn) and
the Morrey space Lr′,0(Rn) coincides with L∞(Rn). Correspondingly, if Ω is a bounded domain, we define
u ∈ Lr′,s(Ω) as the space of u : Ω→ R satisfying

∥u∥r
′

Lr′ ,s(Ω) := sup
0<R<diamΩ;x∈Ω

Rs
?

BR(x)∩Ω
|u|r

′

dy < +∞.

With the definition of Morrey spaces, we recall the following improved Gagliardo-Nirenberg inequality
involving Morrey’s norm in the whole space Rn:

Lemma 2.1. Let 1 ≤ p < n, 1 ≤ r′ < p∗ := np
n−p , and q = r′( n

p − 1). Then there exists a constant C > 0
depending on n and p such that for any p

p∗ ≤ θ < 1,

∥u∥Lp∗ (Rn) ≤ C∥∇u∥θLp(Rn)∥u∥
1−θ
Lr′ ,q(Rn)

for all u ∈ W1,p(Rn).

Proof. See the proof of Theorem 2 in [41]. □

With the aid of Lemma 2.1, we next formulate the Gagliardo-Nirenberg’s inequality involving Morrey
norms in the ball BR. To this end, we recall the following extension Theorem and interpolation inequalities.
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Lemma 2.2 (C.f. Lemma 1.5 in [36] ). Let Ω be a Lipschitz bounded domain and assume f ∈ W1,p(Ω) with
some 1 ≤ p ≤ +∞. Then there exists a bounded linear extension T : W1,p(Ω)→ W1,p(Rn) such that

∥T f ∥W1,p(Rn) ≤ C∥ f ∥W1,p(Ω), ∀ f ∈ W1,p(Ω),

where C is a constant depending on n, p and Ω.

Lemma 2.3 (C.f. Lemma 2.1 in [36]). Let Ω be a bounded Lipschitz domain and u ∈ W1,s(Ω), 1 ≤ s < +∞.
Then for any ϵ > 0, p ≥ 1 with

n
p
>

n
s
− 1, q > 1,

there exists a constant C depending on n, q, r, ϵ, Ω such that

∥u∥Lp(Ω) ≤ ϵ∥∇u∥Ls(Ω) +C∥u∥Lq(Ω).

Now, we are ready to establish the improved Gagliardo-Nirenberg inequality in the bounded domain,
which is

Lemma 2.4. Let p, q, r and θ satisfy the assumptions of Lemma 2.1. Assume u ∈ W1,p(BR) ∩ Lr′,q(BR) with
R > 0, then there exists a constant C > 0 depending on n and p such that,

∥u∥Lp∗ (BR) ≤ C∥∇u∥θLp(BR)∥u∥
1−θ
Lr′ ,q(BR)

+C∥u∥Lr′ ,q(BR). (2.3)

Proof. We consider the case of R = 1. By using Lemma 2.2, we extend u to Tu ∈ W1,p(Rn) ∩ Lr′,q(Rn) for
u ∈ W1,p(B1). Then we invoke Lemma 2.1 to get

∥u∥Lp∗ (B1) ≤∥Tu∥Lp∗ (Rn) ≤ C∥∇Tu∥1−θLp(Rn)∥Tu∥θ
Lr′ ,q(Rn)

≤C
[
∥u∥Lp(B1) + ∥∇u∥Lp(B1)

]1−θ
∥u∥θ

Lr′ ,q(B1)
,

(2.4)

where we have used the fact that ∥Tu∥Lr′ ,q(Rn) ≤ C∥u∥Lr′ ,q(B1). Moreover, from the definition of Morrey space,
one can easily deduce that ∥u∥Lr′ (B1) ≤ C∥u∥Lr′ ,q(B1), it then follows from Lemma 2.3 that

∥u∥Lp(B1) ≤ ϵ∥∇u∥Lp(B1) +C∥u∥Lr′ ,q(B1).

This together with (2.4) gives that

∥u∥Lp∗ (B1) ≤C
[
ϵ∥∇u∥Lp(B1) +C∥u∥Lr′ ,q(B1) + ∥∇u∥Lp(B1)

]1−θ
∥u∥θ

Lr′ ,q(B1)

≤C∥∇u∥1−θLp(B1)∥u∥
θ
Lr′ ,q(B1)

+C∥u∥Lr′ ,q(B1),

where C > 0 is some constant depending on p. Finally, we perform the scaling argument to obtain the desired
estimate (2.3). □

A vital ingredient in the proof of Theorem 1.1 is the following Harnack type’s inequality:

Lemma 2.5. LetΩ be a bounded Lipschitz domain and f ∈ Lp
loc(Ω) for some p ≥ 1. Assume that u ∈ W1,r′

loc (Ω)
is a solution of the following equation in the sense of distributions:

−∆u + |∇u|r
′

≤ f , in Ω ⊂ Rn, (2.5)

where r′ > 1. Then for BR ⊂ Ω, we have ∫
BR/2

|∇u|r
′

dx ≤ KRn−r̂,

where r̂ := max
{ n

p , r
}

and constant K depends on r′, p, n, and ∥ f ∥Lp(BR).
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Proof. We refer the readers to Lemma 2.3 in [19].
□

It is necessary to establish the following improved Poincaré inequality.

Lemma 2.6. Let R ≥ 1 and γ > 1, then for any v ∈ W1,γ(BR) satisfying?
B1

v dx = 0, (2.6)

there exists constant C = C(R) > 0 such that,

∥v∥Lγ(BR) ≤ C∥∇v∥Lγ(BR). (2.7)

Proof. First of all, by using the standard Poincaré inequality, one obtains

∥v∥Lγ(B1) ≤ C∥∇v∥Lγ(B1), (2.8)

where C is a constant depending on γ. Then for some R1 > 1 which will be chosen later on, we find there
exists some C > 0 independent of R1 such that

∥v∥Lγ(BR1 ) ≤

∥∥∥∥∥v −
?

BR1

v dx
∥∥∥∥∥

Lγ(BR1 )
+

∣∣∣∣∣ ?
BR1

v dx
∣∣∣∣∣|BR1 |

1
γ

≤CR1∥∇v∥Lγ(BR1 ) +

∣∣∣∣∣ ?
BR1

v dx −
?

B1

v dx
∣∣∣∣∣|BR1 |

1
γ +

∣∣∣∣∣ ?
B1

v dx
∣∣∣∣∣|BR1 |

1
γ

=CR1∥∇v∥Lγ(BR1 ) +

∣∣∣∣∣ ?
BR1

v dx −
?

B1

v dx
∣∣∣∣∣|BR1 |

1
γ ,

where we have used the condition (2.6). On the other hand , one gets

|BR1 |
1
γ

∣∣∣∣∣ ?
BR1

v dx −
?

B1

v dx
∣∣∣∣∣

=|BR1 |
1
γ

∣∣∣∣∣ 1
|BR1 |

∫
BR1

v dx −
1
|BR1 |

∫
B1

v dx +
1
|BR1 |

∫
B1

v dx −
1
|B1|

∫
B1

v dx
∣∣∣∣∣

≤
1

|BR1 |
1
γ′

∥v∥Lγ(BR1 )|BR1\B1|
1
γ′ +

∣∣∣∣∣ 1
|BR1 |

−
1
|B1|

∣∣∣∣∣∥v∥Lγ(B1)|BR1 |

≤
(1
2

) 1
γ′
∥v∥Lγ(BR1 ) +

2
|B1|
|BR1 |∥v∥Lγ(B1),

where R1 is chosen as R1 = 2
1
n such that

Rn
1 − 1
Rn

1
≤

1
2
.

Thus, we further obtain from (2.8) that

∥v∥Lγ(BR1 ) ≤CR1∥∇v∥Lγ(BR1 ) +
(1
2

) 1
γ′
∥v∥Lγ(BR1 ) +

2
|B1|
|BR1 |∥v∥Lγ(B1)

≤CR1∥∇v∥Lγ(BR1 ) +
(1
2

) 1
γ′
∥v∥Lγ(BR1 ) +C|BR1 |∥∇v∥Lγ(B1).

Let C(R1) :=
C max{R1,|BR1 |}

1−( 1
2 )

1
γ′

, then it follows that

∥v∥Lγ(BR1 ) ≤C(R1)∥∇v∥Lγ(BR1 ). (2.9)
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Next, we let R2 > R1 which will be chosen later on such that

∥v∥Lγ(BR2 ) ≤

∥∥∥∥∥v −
?

BR2

v dx
∥∥∥∥∥

Lγ(BR2 )
+

∥∥∥∥∥ ?
BR2

v dx
∥∥∥∥∥

Lγ(BR2 )

≤CR2∥∇v∥Lγ(BR2 ) +

∣∣∣∣∣ ?
BR2

v dx
∣∣∣∣∣|BR2 |

1
γ

≤CR2∥∇v∥Lγ(BR2 ) +

∣∣∣∣∣ ?
BR2

v dx −
?

BR1

v dx +
?

BR1

v dx
∣∣∣∣∣|BR2 |

1
γ

≤CR2∥∇v∥Lγ(BR2 ) +

∣∣∣∣∣ ?
BR2

v dx −
?

BR1

v dx
∣∣∣∣∣|BR2 |

1
γ +

∣∣∣∣∣ ?
BR1

v dx
∣∣∣∣∣|BR2 |

1
γ , (2.10)

where C > 0 is independent of R1 and R2. In light of (2.9) and Hölder’s inequality, one finds

∣∣∣∣∣ ?
BR1

v dx
∣∣∣∣∣|BR2 |

1
γ ≤
|BR2 |

1
γ

|BR1 |
|BR1 |

1
γ′ ∥v∥Lγ(BR1 ) ≤

|BR2 |

|BR1 |
∥v∥Lγ(BR1 ). (2.11)

Similarly, we have∣∣∣∣∣ ?
BR2

v dx −
?

BR1

v dx
∣∣∣∣∣|BR2 |

1
γ

=

∣∣∣∣∣ 1
|BR2 |

∫
BR2

v dx −
1
|BR2 |

∫
BR1

v dx +
1
|BR2 |

∫
BR1

v dx −
1
|BR1 |

∫
BR1

v dx
∣∣∣∣∣|BR2 |

1
γ

=

∣∣∣∣∣ 1

|BR2 |
1
γ′

∫
BR2\BR1

v dx
∣∣∣∣∣ + ∣∣∣∣∣ 1
|BR2 |

−
1
|BR1 |

∣∣∣∣∣∣∣∣∣∣ ∫
BR1

v dx
∣∣∣∣∣|BR2 |

1
γ

≤∥v∥Lγ(BR2 )
|BR2\BR1 |

1
γ′

|BR2 |
1
γ′

+ ∥v∥Lγ(BR1 )
2|BR2 |

|BR1 |
. (2.12)

Choosing R2 such that Rn
2 = 2Rn

1, Then
Rn

2−Rn
1

Rn
2
≤ 1

2 , and it follows from (2.11) and (2.12) that∣∣∣∣∣ ?
BR2

v dx −
?

BR1

v dx
∣∣∣∣∣|BR2 |

1
γ +

∣∣∣∣∣ ?
BR1

v dx
∣∣∣∣∣|BR2 |

1
γ ≤

(1
2

) 1
γ′
∥v∥Lγ(BR2 ) + 6∥v∥Lγ(BR1 ).

This combines with (2.9) and (2.10) indicate that, there exists C(R2) > 0 such that

∥v∥Lγ(BR2 ) ≤C(R2)∥∇v∥Lγ(BR2 ).

By performing the iteration argument, one can obtain for any R > 0, the conclusion (2.7) holds. □

We collect the following Calderón-Zygmund estimates for linear second order elliptic equations:

Lemma 2.7 (C.f. [18]). Define Ω as a bounded domain. Assume u ∈ W2,p
loc (Ω) ∩ Lp(Ω) with 1 < p < ∞ be a

strong solution of
−∆u = g in Ω.

Then we have for each BR ⊂⊂ Ω with R ≤ δ and every σ ∈ (0, 1),

∥D2u∥Lp(BσR) ≤
C

(1 − σ)2R2 (R2∥g∥Lp(BR) + ∥u∥Lp(BR)),

where constants δ > 0 and C = C(n, p, δ).
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2.2 Weighted Morrey Norm Estimates and W2,p Theories
This subsection is devoted to the local gradient estimates and W2,p regularity of solutions to (2.1). It is worthy
mentioning that for the superquadratic case, i.e. r′ > 2, the local Hölder and maximal regularities were
established in [17]. We follow the ideas shown in [17] to study the case of 1 < r′ ≤ 2. More precisely, our
strategy is to perform the blow-up analysis and apply the Liouville type’s results to derive the contradiction,
now through the analysis of weighted Morrey estimates. In general, by using Lemma 2.5, we can obtain that
the solution u of equation (2.1) satisfies ∇u ∈ Lr′,r(Ω) provided that p > n

r . If r′ > 2, i.e. r′ > r, one further
has u ∈ C0,α

loc (Ω) for α = 2 − r by Morrey’s Lemma. However, if 1 < r′ ≤ 2, we need to argue in (weighted)
Morrey spaces. To this end, we first establish the following key lemma:

Lemma 2.8. Let R > 0, r′ ≥ n
n−1 , g ∈ Lp(B2R) with n > p > n

r and v ∈ W2,p(B2R) satisfy

|∆v| ≤ CH |∇v|r
′

+ |g|, a.e. in B2R, (2.13)

where CH > 0 is a constant. Then if

∥g∥Lp(B2R) + ∥∇v∥Lr′ ,q(B2R) ≤ K,

where q = r′( n
p − 1), there exists C > 0 depending on K and R such that

∥D2v∥Lp(BR) ≤ C.

Proof. For any 0 < ρ < 2R, we let ṽ = v −
>

Bρ
v dx. Then we have from (2.13) that

|∆ṽ| ≤ CH |∇ṽ|r
′

+ |g|, a.e. in B2R.

By employing the Poincaré inequality and Hölder’s inequality, we obtain

∥ṽ∥Lp(Bρ) ≤Cρ∥∇ṽ∥Lp(Bρ) ≤ Cρ2∥∇ṽ∥Lp∗ (Bρ), (2.14)

where C > 0 is independent of ρ > 0.
Since ṽ ∈ W2,p(B2R), we apply Gagliardo-Nirenberg inequality (2.3) to get

∥∇ṽ∥Lp∗ (Bρ) ≤ C∥D2ṽ∥θLp(Bρ)∥∇ṽ∥1−θ
Lr′ ,q(Bρ)

+ ∥∇ṽ∥Lr′ ,q(Bρ) for any
p
p∗
≤ θ < 1, (2.15)

where q = r′( n
p − 1) and C > 0 is independent of ρ. From (2.14) and (2.15), we see that there exists

C = C(K) > 0 independent of ρ such that

∥ṽ∥Lp(Bρ) ≤Cρ2∥D2ṽ∥θLp(B2ρ)∥∇ṽ∥1−θ
Lr′ ,q(Bρ)

+ ρ2∥∇ṽ∥Lr′ ,q(Bρ)

≤Cρ2∥D2ṽ∥θr
′

Lp(Bρ) +Cρ2,

and

∥∇ṽ∥r
′

Lp∗ (Bρ) ≤C∥D2ṽ∥θr
′

Lp(Bρ)∥∇v∥(1−θ)r
′

Lr′ ,q(Bρ)
+C∥∇ṽ∥r

′

Lr′ ,q(Bρ)

≤C(∥D2ṽ∥θr
′

Lp(Bρ) + 1),

where we have used ∥∇ṽ∥Lr′ ,q(Bρ) ≤ K.
We next fix R < ρ < 2R and apply Lemma 2.7 on equation (2.13) to obtain

∥D2ṽ∥Lp(Bσρ) ≤
C

(1 − σ)2R2

(
R2∥|∇ṽ|r

′

+ g∥Lp(Bρ) + ∥ṽ∥Lp(Bρ)

)
≤

C
(1 − σ)2

(
Rr′− n

p (r′−1)
∥∇ṽ∥r

′

Lp∗ (Bρ) +
1

R2 ∥ṽ∥Lp(Bρ) + 1
)

≤
C

(1 − σ)2

(
Rr′− n

p (r′−1)
∥D2ṽ∥θr

′

Lp(Bρ) + Rr′− n
p (r′−1)

+ ∥D2ṽ∥θr
′

Lp(Bρ) + 1
)

≤
C

(1 − σ)2

(
max{1,Rr′− n

p (r′−1)
}∥D2ṽ∥θr

′

Lp(Bρ) + 1 + Rr′− n
p (r′−1)

)
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where σ ∈ (0, 1), and θ is chosen such that 0 < θr′ < 1. Noting that D2ṽ = D2v, we have

∥D2v∥Lp(Bσρ) ≤
C

(1 − σ)2

(
max{1,Rr′− n

p (r′−1)
}∥D2v∥θr

′

Lp(Bρ) + 1 + Rr′− n
p (r′−1)

)
.

Now, we find if R satisfies

Rr′− n
p (r′−1)

∥D2v∥θr
′

Lp(Bρ) ≤ 1 + Rr′− n
p (r′−1),

we complete the proof of our desired conclusion. Otherwise, we arrive at

∥D2v∥Lp(Bσρ) ≤
E

(1 − σ)2 ∥D
2v∥θr

′

Lp(Bρ),

where 0 < θr′ < 1 and E is defined as

E := C max{1,Rr′− n
p (r′−1)

}, r′ −
n
p

(r′ − 1) > 0.

Then we follow the argument below (3.6) in Proposition [17] and perform the iteration argument to complete
the proof.

□

Remark 2.1. We would like to point out that the condition r′ ≥ n
n−1 in Lemma 2.8 is imposed to guarantee

that q ≤ n, which satisfies the range of s given in the definition of Morrey space (2.2). When r′ < n
n−1 , the

Morrey scale is not anymore natural, and we expect ∇u to be controlled in some Hölder space. We are not
going to investigate here this kind of analysis.

On the other hand, we require the following Liouville type results:

Lemma 2.9. Assume w ∈ W2,p
loc (Rn) with p > n

r solves the following equation:

−∆w + h|∇w|r
′

= 0 in Rn, (2.16)

where h ≥ 0 is a constant. If w satisfies

∇w ∈ Lr′,q(Rn), with some q ∈ (0, n], (2.17)

then we have w ≡ C with C ∈ R being some constant.

Proof. If h > 0, the conclusion is stated in Lemma 2.5 of [17]. We remark that by the standard bootstrap
argument, one has w ∈ C3(Rn) when h > 0 since p > n

r . Next, we consider h = 0 and simplify equation
(2.16) as

∆w = 0 in Rn.

Next, we estimate ∇w(x0) for arbitrary x0 ∈ R
n. To this end, define w̃(x) := w(x)−w(x0), then w̃ satisfies

∆w̃ = 0 in Rn and
?

BR(x0)
w̃ dx = w̃(x0) = 0 for any R > 0.

By using the gradient estimates for harmonic functions, we find from Hölder’s inequality, Poincaré’s
inequality and (2.17) that

|∇w(x0)| = |∇w̃(x0)| ≤
C

Rn+1 ∥w̃∥L1(BR(x0)) ≤
C

Rn+1 ∥w̃∥Lr′ (BR(x0))R
n
r

≤
C

Rn+1 R∥∇w̃∥Lr′ (BR(x0))R
n
r ≤

C

Rn− n
r

( 1
Rq−n

) 1
r′

=
C

R
q
r′
,

where C > 0 is a constant independent of R. In light of the definition of q in (2.17), one obtain |∇w(x0)| = 0
by letting R → +∞ in the above estimate. Thus, we have w ≡ C for some constant C ∈ R since x0 is
arbitrary. □
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We are ready to show the weighted Morrey estimates satisfied by solutions of (2.1), which is

Theorem 2.1. Let p > n
r and assume u ∈ W2,p(Ω) solves

−∆u +CH |∇u|r
′

= f in Ω ⊂ Rn,

in the strong sense, where r′ ≥ n
n−1 and there exists a constant M > 0 such that ∥ f ∥Lp(Ω) ≤ M. Then

sup
B2R(x̂)⊂Ω

Rq
?

BR(x̂)
|∇u|r

′

dx (dist(BR(x̂), ∂Ω))r−q ≤ C,

where C = C(M, n, p, r′,Ω) is a positive constant. In particular, if p < n, q = r′( n
p − 1); otherwise if p ≥ n, q

is any number satisfying q ∈ (0, r).

Proof. To prove this theorem, we argue by contradiction and assume sequences ( fk)k ⊂ Lq(Ω) and (uk)k ⊂

W2,p(Ω) satisfying for every n,

−∆uk +CH |∇uk|
r′ = fk, x ∈ Ω, (2.18)

and supk ∥ fk∥Lp(Ω) ≤ M. Moreover,

sup
B2R(x̂)⊂Ω

Rq
?

BR(x̂)
|∇uk|

r′ dx (dist(BR(x̂), ∂Ω))r−q := Lk → +∞ as k → +∞. (2.19)

Consequently, there exist xk and Rk, k = 1, 2, · · · , such that

Lk

2
≤ dist(BRk (xk), ∂Ω)r−qRq

k

?
BRk (xk)

|∇uk|
r′ dx ≤ Lk,

where B2Rk (xk) ⊂ Ω. Define

wk(y) :=
Rq/r′

k

RkM1/r′
k

uk(xk + Rky), (2.20)

where

y ∈
Ω − xk

Rk
:= Ωk, Mk := Rq

k

?
BRk (xk)

|∇uk|
r′ dx.

In light of p > n
r , we obtain from Lemma 2.5 that

Rr
k

?
BRk (xk)

|∇uk|
r′ dx ≤ C (2.21)

for some constant C > 0 independent of k. Moreover, thanks to (2.19), we obtain[dist(BRk (xk), ∂Ω)
Rk

]r−q
≥

1
2

Lk

Rr
k

>
BRk (xk) |∇uk|

r′ dx
→ +∞. (2.22)

As a consequence, we see that Rk → 0 and Mk → +∞.

We next claim that for any s > 0 and ŷ ∈ Rn, the following estimate holds for k large enough:

lim sup
k

sq
?

Bs(ŷ)
|∇wk(y)|r

′

dy ≤ C < ∞, (2.23)
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where the constant C > 0 independent of k, s and ŷ. To begin with, one can see from (2.22) that Ωk → R
n

as k → +∞, hence ŷ ∈ Ωk for k large enough. Noting that BRk (xk) ⊂ Ω, we further find from (2.22) that
BRk s(xk + Rkŷ) ⊂ Ω, then apply the triangle inequality to get

dist(BRk s(xk + Rkŷ), ∂Ω) ≥ dist(BRk (xk), ∂Ω) − (|ŷ| + s − 1)Rk.

By using (2.22) again, we deduce that for k large enough,

sq
?

Bs(ŷ)
|∇wk(y)|r

′

dy =
(Rks)q

Mk

?
BRk s(xk+Rk ŷ)

|∇uk(x)|r
′

dx ≤
Lk

Mk[dist(BRk s(xk + Rkŷ), ∂Ω)]r−q

≤2
( dist(BRk (xk), ∂Ω)
dist(BRk s(xk + Rkŷ), ∂Ω)

)r−q
≤ 2

( dist(BRk (xk), ∂Ω)
dist(BRk (xk), ∂Ω) − (|ŷ| + s − 1)Rk

)r−q k
→ 2,

which finishes the proof of claim (2.23).
On the other hand, invoking (2.20), we have?

B1(0)
|∇wk(y)|r

′

dy = 1. (2.24)

Moreover, one obtains from (2.18) that wk satisfy

−∆wk +
M1/r

k

Rq/r−1
m

|∇wk|
r′ =

Rq/r′+1
k

M1/r′
k

fk(xk + Rky) := f̂k, (2.25)

where ( M1/r
k

Rq/r−1
k

)r

=
Mk

Rq−r
k

= Rr
k

?
BRk (xk)

|∇uk|
r′ dx ≤ C < ∞ (2.26)

by (2.21), and it follows from the boundness of f in Lp(Ω) and q
r′ −

n
p + 1 = 0 that

∥ f̂k∥Lp(Ωk) =

∥∥∥∥∥Rq/r′+1
k

M1/r′
k

fk(xk + Rky)
∥∥∥∥∥

Lp(Ωk)

=
Rq/r′+1

k

M1/r′
k

( ∫
| fk(xk + Rky)|p dy

) 1
p
=

Rq/r′+1
k

M1/r′
k

1

R
n
p

k

∥ fk∥Lp(Ω)

=
R

q/r′− n
p+1

k

M1/r′
k

∥ fk∥Lp(Ω) =
1

M1/r′
k

∥ fk∥Lp(Ω) → 0 as k → +∞. (2.27)

In light of (2.25), we obtain for any R > 0,

|∆wk| ≤
M

1
r
k

R
q
r −1
k

|∇wk|
r′ +

R
q
r′ +1
k

M
1
r′

k

| fk|, in B2R. (2.28)

Using (2.23), (2.26) and (2.27), one can invoke Lemma 2.8 to get

∥D2wk∥Lp(BR) ≤ C(R) < ∞

for some C(R) > 0 independent of k. Moreover, we can deduce from Lemma 2.4 and (2.23) that

∥∇wk∥Lp(BR) ≤ C∥∇wk∥Lp∗ (BR) ≤ C∥D2wk∥
θ
Lp(BR)∥∇wk∥

1−θ
Lr′ ,q(BR)

+C∥∇wk∥Lr′ ,q(BR) ≤ C(R) < ∞. (2.29)
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Without loss of generality, we may fix
>

B1(0) wk dx = 0, and then obtain from Lemma 2.6 that

∥wk∥Lr′ (BR) ≤ C∥∇wk∥Lr′ (BR) ≤ C(R) < ∞. (2.30)

Therefore, by using a standard diagonal argument, we can obtain from (2.28), (2.29) and (2.30) that

wk ⇀ w∞ in W2,p
loc (Rn).

Thus |∇wk|⇀ |∇w∞| in W1,p
loc (Rn) ↪→↪→ Ls

loc(Rn) for all s ∈ [p, p∗). Noting that r′p ∈ (p, p∗) by p > n
r , we

thus deduce that

CH |∇wk|
r′ → h∞|∇w∞|r

′

in Lp
loc(Rn) for some h∞ ≥ 0,

where (2.26) is used.
In summary, one arrives at the following limiting problem

−∆w∞ + h∞|∇w∞|r
′

= 0 in Rn,

where w∞ ∈ W2,p
loc (Rn) with p > n

r , and in particular, |∇w∞| ∈ Lr′,q(Rn) followed by (2.23). By invoking
Lemma 2.9, we find w∞ is a constant and thus ∇w∞ ≡ 0, which contradicts (2.24). This completes the proof
of our theorem. □

With the aid of Theorem 2.1, we can prove Theorem 1.1, which is

Proof of Theorem 1.1:

Proof. The argument is similar as the proof of Theorem 1.3 in [17] and we give the sketch of proof here for
the completeness.

We first consider the case for n
r < p < n. Choosing Ω′′ such that Ω′ ⊂⊂ Ω′′ ⊂⊂ Ω, by invoking Theorem

2.1, one has
∥∇u∥Lr′ ,q(Ω′′) ≤ C, q = r′

(n
p
− 1

)
.

where C = C(M, dist(Ω′′, ∂Ω), n, p,CH , r) > 0 and q < r. In addition, for Ω̄′, we have there exists a finite
cover {BR(xk)}k such that Ω̄′ ⊂ ∪kBR(xk) and B2R(xk) ⊂ Ω′′ for any k. With the aid of Lemma 2.8, one
obtains

∥D2u∥Lp(Ω′) ≤ C,

where C = C(M, dist(Ω′, ∂Ω′′), n, p,CH , r) > 0 is some constant depends on . Moreover, thanks to Lemma
2.4, we can get the gradient estimate of u. By fixing the average of u, one finally gets the desired conclusion.

If p ≥ n, we pick up some n
r < q < n at first, then follow the discussion shown above to arrive at

∥D2u∥Lq(Ω′) ≤ C,

where C > 0 is some constant. Next, we perform the bootstrap argument and complete the proof of this
theorem since q > n

r . □

Remark 2.2. We remark that our results of Lp estimates shown in Theorem 1.1 also hold for r′ > 2, which
covers the results of Theorem 1.3 in [17]. Indeed, we find when r′ ≥ 2, solution u still satisfies ∇u ∈ Lr′,r

loc (Ω)
provided with p > n

r . By establishing the key Lemma 2.5 and performing the blow-up argument, we show
that ∇u ∈ Lr′,q

loc (Ω) with q < r given in Theorem 2.1, which is a higher regularity compared to the conclusion
shown in Theorem 1.2 of [17]. In addition, we give a unified argument to prove the Lp maximal regularity of
the solution to (2.1) for the case of n

n−1 ≤ r′ ≤ 2 and r′ > 2.

Next, we focus on the existence and asymptotic behaviors of least energy solutions to (1.4) under with
critical mass exponent.

17



3 Existence and Regularities: Hamliton-Jacobi and Fokker-
Planck equations
In this section, we shall state some key lemmas and important properties satisfied by the solutions to (1.4).
First of all, we collect existence and regularity results of Hamilton-Jacobi-Bellman (HJB) equations and
Fokker-Planck equations, which are summarized in Subsection 3.1 and 3.2, respectively.

3.1 Hamilton-Jacobi Equations
Consider the following form of Hamilton-Jacobi equations:

−∆uk +CH |∇uk|
r′ + λk = Vk(x) + fk(x), x ∈ Rn, (3.1)

where r′ > 1 is fixed, CH is a given positive constant independent of k and (uk, λk) denote the solutions to
(3.1). Focusing on the regularities of uk, one has

Lemma 3.1. Suppose that fk ∈ L∞(Rn) satisfies ∥ fk∥L∞ ≤ C f , |λk| ≤ λ, and the potential functions
Vk(x) ∈ C0,θ

loc(Rn) with θ ∈ (0, 1) satisfy 0 ≤ Vk(x) → +∞ as |x| → +∞, and ∃ R > 0 sufficiently large such
that

0 < C1 ≤
Vk(x + y)

Vk(x)
≤ C2, for all k and all |x| ≥ R with |y| < 2, (3.2)

where the positive constants C f , λ, R, C1 and C2 are independent of k. Let (uk, λk) ∈ C2(Rn) × R be a
sequence of solutions to (3.1). Then, for all k,

|∇uk(x)| ≤ C(1 + Vk(x))
1
r′ , for all x ∈ Rn, (3.3)

where constant C depends on CH , C1, C2, λ, r, n and C f .

In particular, if there exist b ≥ 0 and CF > 0 independent of k, such that following conditions hold on Vk

C−1
F (max{|x| −CF , 0})b ≤ Vk(x) ≤ CF(1 + |x|)b, for all k and x ∈ Rn, (3.4)

then we have

|∇uk| ≤ C(1 + |x|)
b
r′ , for all k and x ∈ Rn, (3.5)

where constant C depends on CH , CF , b, λ, r, n and C f .

Proof. The approach what we shall employ is based on Theorem 2.5 in [12]. Indeed, when Vk satisfy (3.4),
(3.5) hold and the arguments are stated in [12].

Next, we focus on the proof of (3.3) for the more general Vk satisfying (3.2). It is shown in (2-6) of [12]
that if

| − ∆v + |∇v|r
′

| ≤ K in B2(0) with positive constant K,

then

∥∇v∥Lγ(B1(0) ≤ C̃, ∀γ ∈ [1,∞], (3.6)

where positive constant C̃ depends on K, r, n and CH . For any fixed x0 ∈ R
n, let δ = (1 + Vn(x0))−

1
r and

define
vk(y) = δ

2−r′
r′−1 uk(x0 + δy),
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then we have vk solves

−∆vk +CH |∇vk|
r′ = δr[Vk(x0 + δy) − fk(x0 + δy) − λk].

Since δ > 0 is sufficiently small and |x0| > R, one finds from (3.2) that

δr |Vk(x0 + δy) − fk(x0 + δy) − λk| ≤
C̄Vk(x0 + δy) +C f + λ

1 + Vk(x0)
≤ Ĉ for |y| ≤ 2,

where the positive constants C̄ and Ĉ are independent of k. Then it follows from (3.6) that

∥∇vk(y)∥L∞(B1(0)) ≤ C̃

for some C̃ > 0. In particular, choosing y = 0, we arrive at

|∇uk(x0)| = δ−
1

r′−1 |∇vk(0)| ≤ C̃(1 + Vk(x0))
1
r′ ,

which gives the desired estimate (3.3). In addition, noting that uk ∈ C2(Rn), we further obtain the desired
conclusion (3.3). □

Besides the gradient estimates of uk, we also have the following results for the lower bounds of uk:

Lemma 3.2. Suppose all conditions in Lemma 3.1 holds. Let uk be a family of C2 solutions and assume that
uk(x) are bounded from below uniformly. Then there exist positive constants C3 and C4 independent of k
such that

uk(x) ≥ C3V
1
r′

k (x) −C4, ∀x ∈ Rn, for all k. (3.7)

In particular, if the following conditions hold on Vk

C−1
F (max{|x| −CF , 0})b ≤ Vk(x) ≤ CF(1 + |x|)b, for all k and x ∈ Rn, (3.8)

where constants b > 0 and CF are independent of k, then we have

uk(x) ≥ C3|x|1+
b
r′ −C4, for all k, x ∈ Rn. (3.9)

If b = 0 in (3.8) and there exist R > 0 and δ̂ > 0 independent of k such that

fk + Vk − λk > δ̂ > 0 for all |x| > R, (3.10)

then (3.9) also holds.

Proof. When Vk is assumed to satisfy (3.8) or (3.10) holds with b = 0, the proofs are the same as in [12],
Theorem 2.6.

Next, we focus on the case of general potential Vk satisfying (3.2). Since uk are bounded from below
uniformly, we assume that uk(x) ≥ 0. Note that we only need to prove the conclusion for |x| large since it can
be shown straightforward if there exists R0 > 0 independent of k such that |x| < R0. When |x| is sufficiently
large, we argue by contradiction and assume up to a subsequence, there exists |xl| → +∞ such that

lim
l→+∞

ukl(xl)

V
1
r′

kl
(xl)
= 0. (3.11)

Let
vl(x) :=

1
µl

ukl(xl + x), where µl := V
1
r′

kl
(xl)→ +∞.
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Then, we have from (3.1) that vl(x) solves

−µ1−r′
l ∆vl(x) +CH |∇vl(x)|r

′

= µ−r′
l [ fkl(xl + x) + Vkl(xl + x) − λkl].

Note that

µ−r′
l | fkl(x + xl) − λkl + Vkl(xl + x)| ≥

Vkl(x + xl) −C f − λ

Vkl(xl)
≥ δ > 0, for |x| < 2,

where we have used (3.2) and δ > 0 independent of k. On the other hand, Lemma 3.1 implies

|∇ukl(x)| ≤ C
[
1 + V

1
r′

kl
(x)

]
.

Moreover, vl satisfies

|∇vl(x)| =
1

V
1
r′

kl
(xl)
|∇ukl(xl + x)| ≤

C[1 + Vkl(xl + x)]

V
1
r′

kl
(xl)

≤ δ2, for any |x| < 2, (3.12)

where C > 0 and δ2 > 0 are constants independent of k. In particular, (3.11) implies vl(0) =
ukl (xl)
µl
→ 0, and

thus, vl(x) ≤ 3δ2, ∀|x| < 2. Letting l → ∞ and invoking (3.12) one applies Arzelà-Ascoli theorem to get
vl → v ≥ 0 uniformly in B2(0). Thus, v is a solution to

|∇v|r
′

≥ δ > 0 in B2(0), v ≥ 0,

in a viscosity sense. Noting that h(x) = δ
1
r′ (2 − |x|) is a viscosity solution to |∇h|r

′

= δ in B2(0) with h(x) = 0
on ∂B2(0). By comparison,

v(x) ≥ h(x), for any x ∈ B2(0).

As a consequence, v(0) ≥ 2δ
1
r′ > 0 which reaches a contradiction to vl(0) → v(0) = 0 as l → ∞. This

completes the proof of (3.7). □

For the existence of the classical solution to (3.1), we have the following results:

Lemma 3.3. Suppose Vk + fk are locally Hölder continuous and bounded from below uniformly in k. Define

λ̄k := sup{λ ∈ R | (3.1) has a solution uk ∈ C2(Rn)}. (3.13)

Then

(i). λ̄k are finite for every k and (3.1) admits a solution (uk, λk) ∈ C2(Rn) × R with λk = λ̄k and uk(x) being
bounded from below (may not uniform in k). Moreover,

λ̄k = sup{λ ∈ R | (3.1) has a subsolution uk ∈ C2(Rn)}.

(ii). If Vk satisfies (3.4) with b > 0, then uk is unique up to constants for fixed k and there exists a positive
constant C independent of k such that

uk(x) ≥ C|x|
b
r′ +1 −C,∀x ∈ Rn. (3.14)

In particular, if Vk ≡ 0, b = 0 in (1.12) and there exists σ > 0 independent of k such that

fk − λk ≥ σ > 0, for |x| > K2, (3.15)

where K2 > 0 is a large constant independent of k, then (3.14) also holds.

(iii). If Vk satisfies (1.20b) with V replaced by Vk and positive constants C1, C2 and δ independent of k, then
there exist uniformly bounded from below classical solutions uk to problem (3.1) satisfying estimate (3.7).

Proof. The proof is the same as Theorem 2.7 shown in [12]. □

It is worthy mentioning that if locally Hölder continuous potential functions Vk satisfies C1eδ|x| ≤ Vk ≤

C2eδ|x| for some C1, C2 > 0 independent of k, (1.20) with V replaced by Vk also holds for Vk. With a-priori
estimates and existence results of solutions to HJ equations given by (3.1), we next discuss the regularities of
solutions to Fokker-Planck equations, which is exhibited in Subsection 3.2.
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3.2 Fokker-Planck Equations
Before stating the gradient estimates satisfied by solutions to Fokker-Planck equations, we recall the following
key lemma for any function m ∈ Lp(Rn):

Lemma 3.4. Suppose p > 1 and m ∈ Lp(Rn) such that∣∣∣∣ ∫
Rn

m∆φ dx
∣∣∣∣ ≤ N∥∇φ∥Lp′ (Rn) for all φ ∈ C∞c (Rn),

where N > 0 is a positive constant. Then we have m ∈ W1,p(Rn) and

∥∇m∥Lp(Rn) ≤ CpN,

where Cp is a positive constant depending only on p.

Proof. See Proposition 2.4 in [12]. □

Now, we are concerned with the following Fokker-Planck equations:

−∆m + ∇ · w = 0, x ∈ Rn, (3.16)

where w is given and m denotes the solution. By invoking Lemma 3.4, we can obtain the crucial a-priori
estimates satisfied by m. To begin with, we recall that q̂ is defined as (1.18), and set q̂∗ = nq̂

n−q̂ if q̂ < n, and
q̂∗ = +∞ if ≥̂n. Choose β ∈ [q̂, q̂∗] such that

1
q̂
=

1
r
+

1
r′β

. (3.17)

Then one can deduce from (1.18) that

β =


q̂∗, if r < n,
∈ (q̂, q̂∗) if r = n,
∞, if r > n.

(3.18)

Set

0 < S−1
q̂,r := inf

m∈W1,q̂(Rn)

∥∇m∥θ
Lq̂(Rn)

∥∇m∥1−θ
Lq̂(Rn)

∥m∥Lβ(Rn)
< ∞, where θ ∈ [0, 1] satisfying

1
β
= θ(

1
q̂
−

1
n

)+ 1− θ. (3.19)

Then we have the following lemma which addresses the regularity of solutions for equation (3.16).

Lemma 3.5. Assume (m,w) ∈
(
L1(Rn) ∩W1,q̂(Rn)

)
× L1(Rn) is a solution to (3.16) and

Λr :=
∫
Rn
|m|

∣∣∣∣wm ∣∣∣∣r dx < ∞.

Then, we have w ∈ L1(Rn) ∩ Lq̂(Rn) and there exists constant C = C(Λr, ∥m∥L1(Rn)) > 0 such that

∥m∥W1,q̂(Rn), ∥w∥L1(Rn), ∥w∥Lq̂(Rn) ≤ C.

More precisely, we have

∥∇m∥Lq̂(Rn) ≤ S
1

r′−θ
q̂,r

(
Cq̂Λ

1
r
r

) r′
r′−θ
∥m∥

1−θ
r′−θ
L1(Rn)

, ∥m∥Lq̂(Rn) ≤ S
1

r′−θ
q̂,r

(
Cq̂Λ

1
r
r

) θ
r′−θ
∥m∥

1−θ
r′−θ+

1
r

L1(Rn)
. (3.20)
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and

∥w∥L1(Rn) ≤ Λ
1
r
r ∥m∥

r−1
r

L1(Rn)
, ∥w∥Lq̂(Rn) ≤ Λ

1
r
r

(
Sq̂,r

) 1
r′−θ

(
Cq̂Λ

1
r
r

) θ
r′−θ
∥m∥

1−θ
r′−θ
L1(Rn)

, (3.21)

where

θ =
nr(q̂ − 1)

(r − 1)(nq − n + q)
=


1, if r < n,

n2(q̂−1)
(n−1)(nq̂−n+q̂) if r = n,

nr
nr−n+r , if r > n.

(3.22)

Proof. We refer the readers to Lemma 2.8 in [12] and Proposition 2.5 in [38]. For the sake of completeness,
we give the proof of this lemma as follows:

Let β ∈ [q̂, q̂∗] satisfy (3.17) and (3.18). Then we deduce from (3.16) that∣∣∣∣ ∫
Rn
∇m · ∇φdx

∣∣∣∣ = ∣∣∣∣ ∫
Rn

w · ∇φdx
∣∣∣∣ ≤ Λ 1

r
r ∥m∥

1
r′

Lβ(Rn)
∥∇φ∥Lq̂′ (Rn) for all φ ∈ C∞c (Rn). (3.23)

In view of Lemma 3.4, one has there exists Cq̂ > 0 such that

∥∇m∥Lq̂(Rn) ≤ Cq̂Λ
1
r
r ∥m∥

1
r′

Lβ(Rn)
. (3.24)

Moreover, we apply (3.19) to get

∥m∥Lβ(Rn) ≤ Sq̂,r∥∇m∥θLq̂(Rn)∥m∥
1−θ
L1(Rn) where

1
β
= θ(

1
q̂
−

1
n

) + 1 − θ. (3.25)

In light of (3.17), one obtains

θ =
nr(q̂ − 1)

(r − 1)(nq − n + q)
(3.26)

Invoking (3.24) and (3.25), we find the following inequalities hold:

∥m∥Lβ(Rn) ≤
(
Sq̂,r

) r′
r′−θ

(
Sq̂,rCq̂Λ

1
r
r

) r′θ
r′−θ
∥m∥

(1−θ)r′

r′−θ
L1(Rn)

(3.27)

and

∥∇m∥Lq̂(Rn) ≤ S
1

r′−θ
q̂,r

(
Cq̂Λ

1
r
r

) r′
r′−θ
∥m∥

1−θ
r′−θ
L1(Rn)

. (3.28)

Then letting τ :=
1− 1

q̂

1− 1
β

= 1
r′ since (3.17) holds, we apply Hölder’s inequality to obtain

∥m∥Lq̂(Rn) ≤ ∥m∥
τ
Lβ(Rn)∥m∥

1−τ
L1(Rn) ≤ S

1
r′−θ
q̂,r

(
Cq̂Λ

1
r
r

) θ
r′−θ
∥m∥

1−θ
r′−θ+

1
r

L1(Rn)
. (3.29)

Moreover, using (1.18) and (3.26) again, we obtain (3.22)
From (3.28) and (3.29) we obtain (3.20).
Now, we focus on the estimates of w. Noting that for any ν ∈ [1, q̂], we have r

ν >
r
q̂ > 1. Then, by

Hölder’s inequality,∫
Rn
|w|νdx =

∫
Rn
|w|ν|m|−

(r−1)ν
r |m|

(r−1)ν
r dx ≤

(∫
Rn
|m|

∣∣∣∣wm ∣∣∣∣r dx
) ν

r
(∫
Rn
|m|

r−1
r−ν νdx

) r−ν
r

,

which implies

∥w∥Lν(Rn) ≤ Λ
1
r
r ∥m∥

r−1
r

L
r−1
r−ν ν(Rn)

for all ν ∈ [1, q̂]. (3.30)

Choosing ν = q̂, it follows from (3.17) and (3.27) that

∥w∥Lq̂(Rn) ≤ Λ
1
r
r ∥m∥

r−1
r

Lβ(Rn)
≤ Λ

1
r
r

(
Sq̂,r

) 1
r′−θ

(
Cq̂Λ

1
r
r

) θ
r′−θ
∥m∥

1−θ
r′−θ
L1(Rn)

. (3.31)

Taking ν = 1 in (3.30), together with (3.31), we obtain (3.21). We complete the proof of this lemma.
□
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By the same arguments of (3.17), (3.23) and (3.24), we have the following corollary:

Corollary 1. Assume that (m,w) ∈ (L1(Rn) ∩ L1+α(Rn) ∩W1,q(Rn)) × L1(Rn) be the solution to (3.16) with

1
q
=

1
r
+

1
r′(1 + α)

.

Then for α ∈ (0, r
n
]
, there exists a positive constant C depending only on n and α such that

∥∇m∥Lq(Rn) ≤ C
(
m
∣∣∣∣wm ∣∣∣∣r dx

) 1
r
∥m∥

1
r′

L1+α . (3.32)

Moreover, there exists a positive constant C only depending on r, n and α such that

∥m∥1+αL1+α(Rn) ≤ C
( ∫
Rn

m dx
) (α+1)r−nα

r
( ∫
Rn

m
∣∣∣∣wm ∣∣∣∣r dx

) nα
r
. (3.33)

Next, we turn our attention to system (1.4), a coupled system consisting of a HJ equation and a Fokker-
Planck Equation. Indeed, with some assumptions imposed on population density m and Lagrange multiplier
λ, we have the following lemma for the decay property of m:

Lemma 3.6 ( C.f. Proposition 5.3 in [12] ). Assume that (u, λ,m) ∈ C2(Rn) × R ×
(
W1,p(Rn) ∩ L1(Rn)

)
with

u bounded from below, p > n and λ < 0 is the solution of the following potential-free problem{
−∆u +CH |∇u|r

′

+ λ = −mα, x ∈ Rn,

∆m +CHr′∇ · (m|∇u|r
′−2∇u) = 0, x ∈ Rn.

(3.34)

Then, there exist κ1, κ2 > 0 such that

m(x) ≤ κ1e−κ2 |x| for all x ∈ Rn. (3.35)

Proof. Since p > n, we see that m ∈ W1,p(Rn) ↪→ C0,θ(Rn) for some θ ∈ (0, 1), which indicates m → 0 as
|x| → +∞. In addition, noting −λ > 0, we obtain

lim inf
|x|→∞

(−mα − λ) ≥ −
λ

2
> 0, (3.36)

which satisfies (3.15). Now, we fix u(0) = 0 ≤ u(x) for x ∈ Rn and deduce from (3.5) with b = 0 that

|∇u(x)| ≤ C1, x ∈ Rn for some C1 > 0. (3.37)

To show (3.35), we consider the Lyapunov function Φ(x) = eκu with 0 < κ < −λ4 . By using the u-equation in
(3.34) we obtain from (3.36) and(3.5) that, ∃ R > 0 large enough such that for |x| > R,

−∆Φ +CHr′|∇u|r
′−2∇u · ∇Φ = κ(CH(r′ − 1)|∇u|r

′

− λ − κ|∇u|2 − mα)Φ

≥ κ(−λ − κ|∇u|2 − mα)Φ ≥ −
κλ

4
Φ.

Then by using (3.37), as shown in [12], we finish the proof of (3.35). □

We next collect the Pohozaev identities satisfied by the solution to (3.34) in the following lemma:

Lemma 3.7 (C.f. Proposition 3.1 in [14]). Let (u, λ,m) satisfy the assumptions of Lemma 3.6 and denote
w = −CHr′m|∇u|r

′−2∇u. Then the following identities hold: λ
∫
Rn m dx = − (α+1)r−nα

(α+1)r

∫
Rn mα+1 dx,

CL
∫
Rn m

∣∣∣w
m

∣∣∣r dx = nα
(α+1)r

∫
Rn mα+1 dx = (r′ − 1)CH

∫
Rn m|∇u|r

′

dx.
(3.38)
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Proof. From Lemma 3.6 we see that m ≤ κ1e−κ2 |x| is exponential decay. In addition, one can obtain from
(3.37) that there exists R > 0 such that |u| ≤ C|x| for |x| > R. It is necessary to mention that if 1 < r′ < 2, the
Fokker-Planck equation holds in the weak sense. In this case, we take the approximation argument and let
Hϵ(p) := CH(ϵ + |p|2)

r′
2 to approximate H given by (1.5). After performing the computations on mϵ , we take

the limit ϵ → 0 to obtain our desired conclusion.
We test the u-equation in (3.34) against m and integrate it by parts to obtain∫

Rn
∇u · ∇m dx +CH

∫
Rn
|∇u|r

′

m dx + λ
∫
Rn

m dx = −
∫
Rn

mα+1 dx. (3.39)

Similarly, multiplying the m-equation in (4.4) by u, we integrate it to find∫
Rn
∇u · ∇m dx = −CHr′

∫
Rn

m|∇u|r
′

dx. (3.40)

Subtracting (3.39) from (3.40), we arrive at

(1 − r′)CH

∫
Rn

m|∇u|r
′

dx + λ
∫
Rn

m dx = −
∫
Rn

mα+1 dx. (3.41)

We next prove that

−nλ
∫
Rn

m dx −
n

α + 1

∫
Rn

mα+1 dx +CH
n − r
r − 1

∫
Rn

m|∇u|r
′

dx = 0, (3.42)

Multiply the u-equation in (3.34) by ∇m · x and integrate it by parts to get∫
Rn

(−mα − λ)∇m · x dx = −
∫
Rn
∆u(∇m · x) dx +CH

∫
Rn
|∇u|r

′

(∇m · x) dx

=

I1︷                     ︸︸                     ︷∫
Rn
∇u · ∇(∇m · x) dx−CH

∫
Rn
∇ · (|∇u|r

′

x)m dx. (3.43)

Test the m-equation in (3.34) against ∇u · x, then we use the integration by parts to obtain

−CH

∫
Rn
∇(|∇u|r

′

) · xm dx =
∫
Rn
∇m · ∇(∇u · x) dx +CHr′

∫
Rn
|∇u|r

′

m dx, (3.44)

where we have used

CH∇(|∇u|r
′

) · x = CHr′|∇u|r
′−2uxiuxi x j x j = CHr′|∇u|r

′−2∇u · ∇(∇u · x) − r′CH |∇u|r
′

.

For I1, we have from the integration by parts that∫
Rn
∇u · ∇(∇m · x) dx =

∫
Rn

uximxi x j x j dx +
∫
Rn
∇u · ∇m dx

= −

∫
Rn

mxiuxi x j x j dx + (1 − n)
∫
Rn
∇u · ∇m dx

= −

∫
Rn
∇m · ∇(∇u · x) dx + (2 − n)

∫
Rn
∇u · ∇m dx, (3.45)

Combining (3.43), (3.44) and (3.45), one finds

I2︷                        ︸︸                        ︷∫
Rn

(−mα − λ)∇m · x dx = CH
(
r′ − n

) ∫
Rn
|∇u|r

′

m dx + (2 − n)
∫
Rn
∇u · ∇m dx. (3.46)
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For I2, we integrate by parts again to find

I2 = n
∫
Rn

( 1
α + 1

mα+1 + λm
)

dx. (3.47)

By using (3.46) and (3.47), we have shown

−nλ
∫
Rn

m dx −
n

α + 1

∫
Rn

mα+1 dx +CH
(
r′ − n

) ∫
Rn
|∇u|r

′

m dx + (2 − n)
∫
Rn
∇u · ∇m dx = 0,

This together with (3.40) indicates (3.42). Since w = −CHr′m|∇u|r
′−2∇u and CL =

1
r (r′CH)

1
1−r′ , one gets

CL

∫
Rn

m
∣∣∣∣∣wm

∣∣∣∣∣r dx = CL(CHr′)r
∫
Rn

m|∇u|r
′

dx = (r′ − 1)CH

∫
Rn

m|∇u|r
′

dx. (3.48)

Finally, (3.38) follows directly from (3.41), (3.42) and (3.48).
□

Now, we are ready to show Theorem 1.2, the attainability of problem (1.24). We would like to recall that
minimization problem (1.24) is equivalent to (1.26).

4 Gagliardo-Nirenberg Type Inequality: Potential-free MFGs
This section is devoted to the existence of minimizers to problem (1.26). Before studying the mass critical
case, we consider the case of α ∈ (0, r

n ) and recall that with this condition, Cirant et al. [12] in Theorem 1.3
showed for any M > 0, the following minimization problem is attained by pair (m̄α,M, w̄α,M),

e0,α,M := inf
(m,w)∈AM

E0(m,w) where E0(m,w) =
∫
Rn

(
CLm

∣∣∣∣∣wm
∣∣∣∣∣r − 1

α + 1
mα+1

)
dx. (4.1)

Moreover, m̄α,M ∈ W1,p(Rn) ∀ p ≥ 1 satisfies

0 < m̄α,M < c1,Me−c2,M |x| for some c1,M, c2,M > 0. (4.2)

and
∃ ūα,M ∈ C2(Rn) bounded from below s. t. w̄α,M = −CHr′m̄α,M |∇ūα,M |r

′−2∇ūα,M. (4.3)

In addition, (m̄α,M, ūα,M) solves the following equation with some λα,M < 0
−∆u +CH |∇u|r

′

+ λ = −mα, x ∈ Rn,

∆m +CHr′∇ · (m|∇u|r
′−2∇u) = 0, x ∈ Rn,∫

Rn m dx = M,
(4.4)

and from Lemma 3.7 we have the following Pohozaev identities λ
∫
Rn m̄α,M dx = − (α+1)r−nα

(α+1)r

∫
Rn m̄α+1

α,M dx,
CL

∫
Rn m̄α,M

∣∣∣ w̄α,M
m̄α,M

∣∣∣r dx = nα
(α+1)r

∫
Rn m̄α+1

α,M dx = (r′ − 1)CH
∫
Rn m̄α,M |∇ūα,M |r

′

dx.
(4.5)

We next show that (m̄α,M, w̄α,M), the minimizer of (4.1), is also a minimizer of problem (1.26).

Lemma 4.1. For any fixed α ∈
(
0, r

n
)

and M > 0, problem (1.24) is attained by (m̄α,M, w̄α,M) with e0,α,M =

E0(m̄α,M, w̄α,M). Moreover, we have

Γα =
nα(−e0,α,M)

nα−r
r M

(α+1)r−nα
r

r(1 + α)

(r − nα
nα

) r−nα
r
. (4.6)
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Proof. For simplicity, we denote

Gα(m,w) :=

(
CL

∫
Rn m

∣∣∣w
m

∣∣∣r dx
) nα

r
( ∫
Rn m dx

) (α+1)r−nα
r∫

Rn mα+1 dx
, (4.7)

and because of (1.26), we rewrite minimization problem (4.1) as

Γα = inf
(m,w)∈AM

Gα(m,w). (4.8)

To show (4.8) is attained by (m̄α,M, w̄α,M), we first analyze the lower bound of E0 defined by (4.1). For
this purpose, we first note that E0(m,w) = Gα(m,w) = ∞ provided that

∫
Rn m

∣∣∣w
m

∣∣∣r dx = +∞. Therefore, we
just need to consider the case that (m,w) ∈ AM satisfying

∫
Rn m

∣∣∣w
m

∣∣∣r dx < ∞. We define (mµ(x),wµ(x)) =
(µnm(µx), µn+1w(µx)) for µ ∈ R+\{0}, then substitute the pair into E0 to obtain

E0(mµ,wµ) =µr
∫
Rn

CLm
∣∣∣∣wm ∣∣∣∣r dx −

µnα

α + 1

∫
Rn

m1+α dx

≥ −

(nα
r

) r
r−nα

[r − nα
nα

]( 1
α + 1

∫
Rn

mα+1 dx
) r

r−nα
(
CL

∫
Rn

m
∣∣∣∣wm ∣∣∣∣r dx

)− nα
r−nα

, (4.9)

where the equality holds if and only if

µ =

[ nα
∫
Rn mα+1 dx

(α + 1)CL
∫
Rn m

∣∣∣w
m

∣∣∣r dx

] 1
r−nα

.

Recall the definition of e0,α,M := inf
(m,w)∈AM

E0(m,w), then we find from (4.9) that

−

(nα
r

) r
r−nα

(r − nα
nα

)( 1
α + 1

∫
Rn

mα+1 dx
) r

r−nα
(
CL

∫
Rn

m
∣∣∣∣wm ∣∣∣∣r dx

)− nα
r−nα
≥ e0,α,M,

which implies (
CL

∫
Rn m

∣∣∣∣w
m

∣∣∣∣r dx
) nα

r−nα

(
1
α+1

∫
Rn mα+1 dx

) r
r−nα
≥ (−e0,α,M)−1

(nα
r

) r
r−nα

(r − nα
nα

)
. (4.10)

By using the definition Gα given in (4.7), one obtains from (4.10) that

Gα(m,w) =

(
CL

∫
Rn m

∣∣∣w
m

∣∣∣r dx
) nα

r
( ∫
Rn m dx

) (α+1)r−nα
r∫

Rn mα+1 dx
≥

Hα,M

α + 1
M

(α+1)r−nα
r , (4.11)

where ∫
Rn

m dx = M, Hα,M :=
nα
r

(−e0,α,M)
nα−r

r

(r − nα
nα

) r−nα
r
. (4.12)

Recall that (m̄α,M, w̄α,M) is a minimizer of problem (4.1), then we apply (4.5) to get

Gα(m̄α,M, w̄α,M) =
Hα,M

α + 1
M

(α+1)r−nα
r . (4.13)

Combining (4.11) with (4.13), one can see that (4.8) is attained by (m̄α,M, w̄α,M). Moreover, noting that Hα,M

is defined by (4.12), we have (4.6) holds. □
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With the aid of Lemma 4.1, one can use (4.5) to establish the relationship between Lagrange multiplier λ
and Γα defined by (4.1). Indeed, invoking (4.5) and (4.6), we get that

e0,α,M =
nα − r

(α + 1)r − nα
λM, (4.14)

and

λM = −S α,M
(α + 1)r − nα

nα

(nα
r

) r
r−nα

, S α,M :=
[

M
(α+1)r−nα

r

(1 + α)Γα

] r
r−nα

. (4.15)

Lemma 4.1 demonstrates that for all M > 0, Gagliardo-Nirenberg type inequalities given by (1.26) can be
attained under the mass subcritical exponent case α ∈

(
0, r

n
)
. In addition, λ, Γα and M satisfy (4.15). Next,

we shall investigate the mass critical exponent case and prove Theorem 1.2. To begin with, we show that Γα
defined in (1.26) is uniformly bounded as α↗ r

n .

Lemma 4.2. There exist positive constants C1 and C2 independent of α such that, for all α ∈ ( r
n − ϵ,

r
n ] with

ϵ > 0 small,

0 < C1 ≤ Γα ≤ C2. (4.16)

Proof. To establish the upper bound uniformly in α, we set m̃ = e−|x| with w̃ = ∇m̃. Noting that (m̃, w̃) ∈ A
for any α ∈ (0, r

n ), one has

Γα ≤ Gα(m̃, w̃) =

(
CL

∫
Rn m̃

∣∣∣∣ w̃
m̃

∣∣∣∣r dx
) nα

r
( ∫
Rn m̃ dx

) (α+1)r−nα
r∫

Rn m̃α+1 dx
≤ C2(CL, r) < +∞. (4.17)

It is left to establish the lower bound satisfied by Γα uniformly in α. To this end, we argue by contradiction
and assume

lim inf
α↗ r

n

Γα = 0. (4.18)

Because of Lemma 4.1, we denote (mα,wα) ∈ A as a minimizer of problem (1.24). Since (1.24) is invariant
under the scaling s(tnm(tx), tn+1w(tx)) for any s > 0 and t > 0, we normalize mα to get∫

Rn
mα dx =

∫
Rn

mα+1
α dx ≡ 1. (4.19)

Then it follows from (4.18) and (1.24) that as α↗ r
n ,∫

Rn
mα

∣∣∣∣∣wα

mα

∣∣∣∣∣r dx→ 0. (4.20)

We claim that there exists α0 ∈
(
0, r

n
)

such that

qα0 < 1 +
r
n

and q∗α0
> 1 +

r
n
. (4.21)

where qα and q∗α with α > 0 are defined by

1
qα

:=
1
r
+

1
(1 + α)r′

and q∗α :=
{ nqα

n−qα
, qα < n,

+∞, qα ≥ n.
(4.22)

To prove our claim, we choose α = α∗ := r
n and compute qα∗ = n+r

n+1 < 1 + r
n . Moreover, one finds if qα∗ < n,

then q∗α∗ =
n(n+r)
n2−r > 1 + r

n ; otherwise if qα∗ ≥ n, then q∗α∗ = +∞ > 1 + r
n . Hence, by the continuity of qα and

q∗α with respect to α, we finish the proof of claim (4.21).
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With this claim, we invoke Corollary 1 and choose α = α0 in (3.32) to get

∥∇mα∥Lqα0 (Rn) ≤ C̄α0

( ∫
Rn

mα

∣∣∣∣wα

mα

∣∣∣∣r dx
) 1

r
∥mα∥

1
r′

L1+α0 (Rn)
. (4.23)

Noting that as α↗ r
n , 1 < 1 + α0 < 1 + α. By Hölder’s inequality and (4.19), we have

lim sup
α↗ r

n

∥mα∥L1+α0 (Rn) ≤ C, where C > 0 does not depend on α. (4.24)

Invoking Gagliardo-Nirenberg’s inequality, we obtain from (4.20), (4.23) and (4.24) that

∥mα∥L1+ r
n (Rn) ≤Cα0∥∇mα∥

θ
Lqα0 (Rn)∥mα∥

1−θ
L1(Rn) ≤ C̃α0

( ∫
Rn

mα

∣∣∣∣wα

mα

∣∣∣∣r dx
) θ

r
→ 0, as α↗

r
n
,

where θ ∈ (0, 1) and C̃α0 > 0 are independent of α. Recall (4.19) and thanks to Hölder’s inequality, one has

∥mα∥Lα+1(Rn) ≤ ∥mα∥
1−θα
L1(Rn)

∥mα∥
θα

L1+ r
n (Rn)

= ∥mα∥
θα

L1+ r
n (Rn)

→ 0, as α↗
r
n
,

where constants θα → 1, which reaches a contradiction to (4.19). Thus, there exists C1 > 0 independent of α
such that

0 < C1 ≤ Γα. (4.25)

Combining (4.25) with (4.17), we complete the proof of (4.16). □

With the uniform boundedness of Γα, we next establish the uniform L∞ bound of mα as α↗ r
n , which is

Lemma 4.3. Let (uα, λα,mα) ∈ C2(Rn) × R ×W1,p(Rn), ∀p > 1 be the solution of
−∆u +CH |∇u|r

′

+ λ = −mα, x ∈ Rn,

−∆m −CHr′∇ · (m|∇u|r
′−2∇u) = 0, x ∈ Rn,∫

Rn m dx = Mα.

(4.26)

Define wα = −CHr′mα|∇uα|r
′−2∇uα. Assume that each uα is bounded from below and there exists a constant

C > 0 independent of α, such that

lim sup
α↗ r

n

∫
Rn

mα|∇uα|r
′

dx ≤ C, lim
α↗ r

n

∫
Rn

mα dx = lim
α↗ r

n

Mα ≤ C, lim sup
α↗ r

n

|λα| ≤ C, (4.27)

then there exists C1 > 0 independent of α such that

lim sup
α↗ r

n

∥mα∥L∞(Rn) ≤ C1. (4.28)

Proof. Motivated by the argument of [12, Theorem 4.1], to prove (4.28), we argue by contradiction and
suppose that up to a subsequence,

µα := ∥mα∥
− 1

n
L∞(Rn) → 0 as α↗

r
n
. (4.29)

Since uα is bounded from below, we fix 0 = uα(0) = inf
x∈Rn

uα(x) without loss of generality. Define

ūα := µ
2−r′
r′−1
α uα(µαx) + 1, m̄α := µn

αmα(µαx) and w̄α := µn+1
α wα(µαx), (4.30)
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then we have from (4.27) and (4.29) that up to a subsequence,∫
Rn

m̄α dx =
∫
Rn

mα dx = Mα,

∫
Rn

m̄α+1
α dx = µαn

α

∫
Rn

mα+1
α dx→ 0 as α↗

r
n
, (4.31)

and ∫
Rn

m̄α|∇ūα|r
′

dx = µr
α

∫
Rn

mα|∇uα|r
′

dx→ 0 as α↗
r
n
. (4.32)

Noting the definition of wα, (1.6) and (4.30), we have

CL

∫
Rn

∣∣∣∣∣ w̄α

m̄α

∣∣∣∣∣rm̄α dx = (r′ − 1)CH

∫
Rn

m̄α|∇ūα|r
′

dx→ 0, as α↗
r
n
. (4.33)

In light of (4.29), we obtain from (4.30) that

∥m̄α∥L∞ ≡ 1. (4.34)

This together with (4.31) indicates that for any q > 1 + α,∫
Rn

m̄q
α dx ≤

( ∫
Rn

m̄1+α
α dx

)
∥m̄α∥

q−α−1
L∞(Rn) → 0 as α↗

r
n
. (4.35)

On the other hand, by using (4.30), we have from (4.26) that
−∆xūα +CH |∇xūα|r

′

+ λαµ
r
α = −µ

r−nα
α m̄α+1

α , x ∈ Rn,

−∆xm̄α −CHr′∇x · (m̄α|∇xūα|r
′−2∇xūα) = 0, x ∈ Rn,∫

Rn m̄α dx = Mα.

(4.36)

In light of (4.27) and (4.29), one finds λαµr
α → 0 as α↗ r

n . In addition, thanks to the fact r ≥ nα, we obtain

0 ≤ µr−nα
α ∥m̄1+α

α ∥L∞(Rn) ≤ ∥m̄α∥
α+1
L∞(Rn) ≤ 1.

Thus, one applies Lemma 3.1 on the ūα-equation in (4.36) to arrive at

lim sup
α↗ r

n

∥∇ūα∥L∞(Rn) ≤ C < ∞. (4.37)

Since w̄α = −CHr′m̄α|∇ūα|r
′−2∇ūα, we deduce from (4.37) that

lim sup
α↗ r

n

∥w̄α∥L∞(Rn) ≤ C < ∞. (4.38)

Now, we focus on Hölder estimates of m̄α. By using (4.33) and Hölder’s inequality , we get as α↗ r
n ,∫

Rn
|w̄α| dx =

∫
Rn
|w̄α|m̄

1−r
r
α m̄

r−1
r
α dx ≤

( ∫
Rn
|w̄α|

r |m̄α|
1−r dx

) 1
r
( ∫
Rn

m̄α dx
) 1

r′

→ 0. (4.39)

Combining (4.38) with (4.39), one has∫
Rn
|w̄α|

p dx→ 0 as α↗
r
n
, ∀1 < p < +∞. (4.40)

For any q > n, by using the m̄α-equation in (4.36), we obtain as α↗ r
n ,∣∣∣∣ − ∫

Rn
m̄α∆φ dx

∣∣∣∣ = ∣∣∣∣ ∫
Rn

w̄α · ∇φ dx
∣∣∣∣ ≤ ( ∫

Rn
|w̄α|

q dx
) 1

q
∥∇φ∥Lq′ → 0, ∀φ ∈ C∞c (Rn). (4.41)
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With (4.40) and (4.41), one applies Lemma 3.5 to get ∥∇m̄α∥Lq → 0 as α↗ r
n . Combine this with (4.35) we

obtain that, ∥m̄α∥W1,q(Rn) → 0 as α↗ r
n . Thanks to Sobolev embedding theorem, one further has for some

θ′ ∈ (0, 1),

∥m̄α∥C0,θ′ (Rn) → 0 as α↗
r
n
. (4.42)

Let xα be a maximum point of m̄α, i.e., m̄α(xα) = ∥m̄α∥L∞(Rn) = 1. Then we obtain from (4.42) that there
exists R1 > 0 independent of α such that |m̄α(x)| ≥ 1

2 ,∀x ∈ BR1(xα). It follows that(1
2

)1+ r
n
|BR1 | ≤

∫
BR1 (xα)

m̄
1+ r

n
α dx ≤

∫
Rn

m̄
1+ r

n
α dx,

which is contradicted to (4.35). This completes the proof of (4.28). □

Now, we are ready to show Theorem 1.2 by using the approximation argument, which is stated as follows:

Proof of Theorem 1.2:

Proof. Recall that (m̄α,M, w̄α,M, λα,M) denotes the minimizer of problem (4.8) for any M > 0, which satisfies
system (4.4) and estimates (4.2) and (4.3).

Choosing
M = Mα := e

r−nα
(α+1)r−nα

[
(α + 1)Γα

] r
(α+1)r−nα

in (4.4), one can get from (4.15) that

S α,Mα :=
[

M
(α+1)r−nα

r
α

(1 + α)Γα

] r
r−nα

≡ e.

Then as α↗ r
n , we find up to a subsequence,

M
(α+1)r−nα

r
α

(α + 1)Γα
→ 1,

(α + 1)r − nα
r

→
r
n
. (4.43)

Without confusing the readers, rewrite (m̄α,M, w̄α,M, λα,M) as (m̄α,Mα , w̄α,Mα , λα,Mα) since M = Mα depends
on α. We also recall from (4.4) that (m̄α,Mα , ūα,Mα , w̄α,Mα , λα,Mα) satisfies

−∆u +CH |∇u|r
′

+ λα,Mα = −mα, x ∈ Rn,

∆m +CHr′∇ · (m|∇u|r
′−2∇u) = 0, x ∈ Rn,

w = −CHr′m|∇u|r
′−2∇u,

∫
Rn m dx = Mα.

(4.44)

By using Lemma 4.2, one can see that as α↗ r
n , up to a subsequence, Γα → Γ̄α∗ := lim inf

α↗ r
n

Γα > 0. Moreover,

(4.43) implies Mα → Mα∗ := M∗, where

M∗ =
[(

1 +
r
n

)
Γ̄α∗

] n
r

, α∗ =
r
n
. (4.45)

In addition, by using (4.15), we obtain as α↗ r
n , up to a subsequence,

λα,Mα → λα∗ := −
r

nM∗
, (4.46)

and it follows from (4.5) that∫
Rn

m̄α,Mα dx = Mα → M∗ > 0,
∫
Rn

m̄α+1
α,Mα

dx→ 1 +
r
n
, CL

∫
Rn

m̄α,Mα

∣∣∣∣∣ w̄α,Mα

m̄α,Mα

∣∣∣∣∣r dx→ 1. (4.47)
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According to Lemma 4.3, we obtain from (4.46) and (4.47) that

lim sup
α↗ r

n

∥m̄α,Mα∥L∞(Rn) < ∞. (4.48)

We then deduce from (3.5) with b = 0 that

lim sup
α↗ r

n

∥∇ūα,Mα∥L∞ < ∞. (4.49)

Noting from the definition of w̄α,Mα , one further has

lim sup
α↗ r

n

∥w̄α,Mα∥L∞ < ∞. (4.50)

Similar to the argument of (4.42), we can use (4.47)-(4.50) to get that

lim sup
α↗ r

n

∥m̄α,Mα∥W1,q(Rn) < +∞ ∀ q > n, and lim sup
α↗ r

n

∥m̄α,Mα∥C0,θ̃(Rn) < ∞ for some θ̃ ∈ (0, 1). (4.51)

since each ūα,Mα ∈ C2(Rn) is bounded from below, we may assume that ūα,Mα(0) = 0 = infx∈Rn ūα,Mα(x).
We then deduce from u-equation of (4.44) that m̄α

α,Mα
(0) ≥ −λα,Mα , which together with (4.47) and (4.46)

implies that there exist δ1,R > 0 independent of α such that,

m̄α,Mα(x) >
δ1

2
> 0, for |x| < R. (4.52)

We rewrite the u-equation of (4.44) as

−∆ūα,Mα = −CH |∇ūα,Mα |
r′ + hα(x) with hα(x) := −λα,Mα − m̄α

α,Mα
, x ∈ Rn (4.53)

In light of (4.49), we deduce that |ūα,Mα(x)| ≤ C(|x| + 1) with C > 0 independent of α. We then derive from
the classical W2,p estimate to derive from (4.48) and (4.49) that, for any R̄ > 0 and p > n,

∥ūα,Mα∥W2,p(BR̄+1) ≤ C
(
∥ūα,Mα∥Lp(B2R̄(0)) + ∥hα∥Lp(B2R̄(0)) + ∥|∇ūα,Mα |

r′∥Lp(B2R̄(0))
)
≤ Cp,R̄ < ∞,

where the constant Cp,R̄ > 0 is independent of α. It then follows from the Sobolev embedding theorem that
∥ūα,Mα∥C1,θ1 (BR̄+1(0)) ≤ Cθ1,R̄ < ∞ for some θ1 ∈ (0, 1). This combines with (4.51) gives

∥|ūα,Mα |
r′∥C0,θ2 (BR̄+1(0)) + ∥hα∥C0,θ2 (BR̄+1(0)) ≤ Cθ2,R̄ < ∞ for some θ2 ∈ (0, 1)..

Then by using Schauder’s estimates, we have from (4.53) that

∥ūα,Mα∥C2,θ3 (BR(0)) ≤ Cθ3,R̄ < ∞, for some θ3 ∈ (0, 1). (4.54)

Now, letting R̄→ ∞ and proceeding the standard diagonalization procedure, we can apply Arzelà-Ascoli
theorem to get from (4.51) and(4.54) that there exists (mα∗ , uα∗) ∈ W1,p(Rn) ×C2(Rn) such that

m̄α,Mα ⇀ mα∗ in W1,p(Rn), and ūα,Mα → uα∗ in C2
loc(Rn), as α↗

r
n
. (4.55)

This together with (4.44) and (4.46) implies that (mα∗ , uα∗) ∈ W1,p(Rn) ×C2(Rn) satisfies
−∆u +CH |∇u|r

′

− r
nM∗ = −m

r
n , x ∈ Rn,

−∆m − r′CH∇ · (m|∇u|r
′−2∇u) = 0, x ∈ Rn,

w = −CHr′m|∇u|r
′−2∇u.

(4.56)
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Thanks to (4.52) and Fatou’s lemma, one finds that∫
Rn

mα∗ dx = a ∈ (0,M∗]. (4.57)

Moreover, we deduce from Lemma 3.6 that there exists some κ,C > 0 such that mα∗(x) < Ce−κ|x|. In addition,
from (4.49) we have ∥∇uα∗∥L∞ < ∞. Then, by applying Lemma 3.7, Pohozaev identities, one has

CL

∫
Rn

∣∣∣∣∣∣wα∗

mα∗

∣∣∣∣∣∣rmα∗ dx =
n

n + r

∫
Rn

m
1+ r

n
α∗ dx. (4.58)

Next, we discuss the relationship between Γ̄α∗ := lim inf
α↗ r

n

Γα and Γα∗ with α∗ = r
n . We claim that

Γ̄α∗ = Γ r
n
. (4.59)

To show this, we first note from Lemma 4.1 that

Γα = Gα(m̄α,Mα , w̄α,Mα) =G r
n
(m̄α,Mα , w̄α,Mα)

(
CL

∫
Rn m̄α,Mα

∣∣∣∣ w̄α,Mα
m̄α,Mα

∣∣∣∣r dx
) nα

r
( ∫
Rn m̄α,Mα dx

) (α+1)r−nα
r(

CL
∫
Rn m̄α,Mα

∣∣∣∣ w̄α,Mα
m̄α,Mα

∣∣∣∣r dx
)( ∫
Rn m̄α,Mα dx

) r
n

·

∫
Rn m̄

r
n+1
α,Mα

dx∫
Rn m̄α+1

α,Mα
dx

≥Γ r
n

(
CL

∫
Rn m̄α,Mα

∣∣∣∣ w̄α,Mα
m̄α,Mα

∣∣∣∣r dx
) nα

r
( ∫
Rn m̄α,Mα dx

) (α+1)r−nα
r(

CL
∫
Rn m̄α,Mα

∣∣∣∣ w̄α,Mα
m̄α,Mα

∣∣∣∣r dx
)( ∫
Rn m̄α,Mα dx

) r
n

·

∫
Rn m̄

r
n+1
α,Mα

dx∫
Rn m̄α+1

α,Mα
dx
. (4.60)

Invoking (4.47), we deduce that as α↗ r
n ,(

CL
∫
Rn m̄α,Mα

∣∣∣∣ w̄α,Mα
m̄α,Mα

∣∣∣∣r dx
) nα

r
( ∫
Rn m̄α,Mα dx

) (α+1)r−nα
r(

CL
∫
Rn m̄α,Mα

∣∣∣∣ w̄α,Mα
m̄α,Mα

∣∣∣∣r dx
)( ∫
Rn m̄α,Mα dx

) r
n

·

∫
Rn m̄

r
n+1
α,Mα

dx∫
Rn m̄α+1

α,Mα
dx
→ 1.

Then one takes the limit in (4.60) to get

Γ̄α∗ := lim inf
α↗ r

n

Γα ≥ Γ r
n
. (4.61)

To finish the proof of our claim, it is left to show that the “=” holds in (4.61). On the contrary, if Γ r
n
< Γ̄α∗ ,

then by the definition of Γ r
n
, one finds there exists (m̂, ŵ) ∈ A given in (1.24) such that

G r
n
(m̂, ŵ) ≤ Γ r

n
+ δ < Γ r

n
+ 2δ < Γ̄α∗ , (4.62)

where δ > 0 is sufficiently small. On the other hand, from the definition of Γα, we find

G r
n
(m̂, ŵ) =Gα(m̂, ŵ)

(
CL

∫
Rn m̂

∣∣∣∣ ŵ
m̂

∣∣∣∣r dx
) nα

r
( ∫
Rn m̂ dx

) (α+1)r−nα
r(

CL
∫
Rn m̂

∣∣∣∣ ŵ
m̂

∣∣∣∣r dx
)( ∫
Rn m̂ dx

) r
n

·

∫
Rn m̂

r
n+1 dx∫

Rn m̂α+1 dx

≥Γα

(
CL

∫
Rn m̂

∣∣∣∣ ŵ
m̂

∣∣∣∣r dx
) nα

r
( ∫
Rn m̂ dx

) (α+1)r−nα
r(

CL
∫
Rn m̂

∣∣∣∣ ŵ
m̂

∣∣∣∣r dx
)( ∫
Rn m̂ dx

) r
n

·

∫
Rn m̂

r
n+1 dx∫

Rn m̂α+1 dx
. (4.63)

Since (
CL

∫
Rn m̂

∣∣∣∣ ŵ
m̂

∣∣∣∣r dx
) nα

r
( ∫
Rn m̂ dx

) (α+1)r−nα
r(

CL
∫
Rn m̂

∣∣∣∣ ŵ
m̂

∣∣∣∣r dx
)( ∫
Rn m̂ dx

) r
n

·

∫
Rn m̂

r
n+1 dx∫

Rn m̂α+1 dx
→ 1 as α↗

r
n
,
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we take the limit in (4.62) and (4.63) to obtain

Γ̄α∗ = lim inf
α↗ r

n

Γα ≤ Γ r
n
+ δ < Γ r

n
+ 2δ ≤ lim inf

α↗ r
n

Γα,

which reaches a contradiction. Now, one has (4.59), i.e., Γ̄α∗ = Γ r
n

holds.
Next, we prove (mα∗ ,wα∗) ∈ A. Since (mα∗ ,wα∗) solves (4.56) and mα∗ ∈ C0,θ(Rn) with θ ∈ (0, 1), we

conclude from (4.55) and Lemma 3.1 that uα∗ ∈ C1(Rn). Then by standard elliptic estimates, the boundedness
of ∥∇uα∗∥L∞ and the exponentially decaying property of mα∗ , one can prove that (mα∗ ,wα∗) ∈ A.

On the other hand, we have from (4.47) and (4.61) that

lim inf
α↗ r

n

Γα =
n

n + r
(
M∗

) r
n = Γ r

n
, (4.64)

where M∗ is given in (4.45). Then with (mα∗ ,wα∗) ∈ A, it follows from (4.57), (4.58) and (4.64) that

Γ r
n
=

n
n + r

(
M∗

) r
n ≤

CL
∫
Rn

∣∣∣∣wα∗

mα∗

∣∣∣∣rmα∗ dx
( ∫
Rn mα∗ dx

) r
n∫

Rn m
1+ r

n
α∗ dx

=
n

n + r
a

r
n ≤

n
n + r

(
M∗

) r
n , (4.65)

which indicates (mα∗ ,wα∗) ∈ A is an minimizer of Γ r
n

as well as∫
Rn

mα∗ dx = M∗ and m̄α,Mα → mα∗ in L1(Rn) as α↗
r
n
.

This together with (4.56) indicates (1.28). The proof of Theorem 1.2 is finished.
□

With the proof of Theorem 1.2, we have studied the existence of ground states for potential-free MFG
systems and established Gagliardo-Nirenberg type inequality under the mass critical exponent case. In
Section 5, 6 and 6.2, we shall apply the inequality to investigate the blow-up behaviors of ground states to
problem (1.22) as M ↗ M∗ when α = r

n .

5 Existence of Minimizers: Critical Mass Phenomenon
This section is devoted to the proof of Theorem 1.3. More precisely, we intend to prove that the minimization
problem (1.22) with energy E(m,w) being given by (1.23) has a minimizer (m,w) ∈ KM if and only if
M < M∗, where KM is defined by (1.17). In addition, we show that there exists (u, λ) ∈ C2(Rn)×R such that
(m, u, λ) ∈ W1,p(Rn) × C2(Rn) × R is a solution to (1.30) when V is assumed to satisfy (1.20) when r > 1.
Recall from the definition of Γα∗ given in (1.24) that∫

Rn
m1+ r

n dx ≤
CL

(
1 + r

n
)

(M∗)
r
n

( ∫
Rn

∣∣∣w
m

∣∣∣rm dx
)( ∫

Rn
m dx

) r
n
, ∀(m,w) ∈ A, (5.1)

whereA is given by (1.25).
We would like to mention that there exists a threshold of r while proving the existence of minimizers to

problem (1.22). Indeed, as shown in Lemma 3.5, if r > n, one can show the uniform boundedness of mk

in L∞(Rn) and C0,θ(Rn) for some θ ∈ (0, 1) if (mk,wk) is a minimizing sequence. However, when r ≤ n, we
must follow the procedure shown in [12] to perform the regularization on (1.23) due to the worse regularity
of m.

When r ≤ n, we let ηϵ ≥ 0 be the standard mollifier satisfying∫
Rn
ηϵ dx = 1, suppηϵ ∈ Bϵ(0),
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where ϵ > 0 is sufficiently small, then consider the following auxiliary minimization problem:

eϵ,M := inf
(m,w)∈AM

Eϵ(m,w), (5.2)

whereAM is given by (1.27) and

Eϵ(m,w) := CL

∫
Rn

∣∣∣∣wm ∣∣∣∣rm dx +
∫
Rn

V(x)m dx −
1

1 + r
n

∫
Rn

(ηϵ ∗ m)1+ r
n dx. (5.3)

With the approximation energy (5.3), we are able to study the existence of minimizers for (1.22) when r ≤ n
by taking the limit. However, as discussed in [12], it is necessary to study the uniformly boundedness of mϵ

in L∞ when we assume (mϵ ,wϵ) as a minimizer for (5.3).
Following the strategies shown above, we can prove Conclusion (i) stated in Theorem 1.3 under the

case M < M∗. We would like to remark that with (1.20b), the assumption (V2) imposed on potential V ,
the condition

∫
Rn |x|bm dx < +∞ in (1.27) must be satisfied for any minimizer. Next, we state some crucial

propositions and lemmas, which will be used in the proof of Theorem 1.3, as follows:

Lemma 5.1. Let p∗ = np
n−p if 1 ≤ p < n and p∗ = ∞ if p ≥ n. Assume that 0 ≤ V(x) ∈ L∞loc(Rn) satisfies

lim inf
|x|→∞

V(x) = ∞ and define

Wp,V :=
{
m
∣∣∣ m ∈ W1,p(Rn) ∩ L1(Rn) and

∫
Rn

V(x)|m| dx < ∞
}
.

Then, the embeddingWp,V ↪→ Lq(Rn) is compact for any 1 ≤ q < p∗.

Proof. We refer the readers to [42, Theorem XIII.67] or [3, Theorem 2.1] for the detailed discussions. □

When r ≤ n, we have the following lemma for the uniformly boundedness of ∥mϵ∥L∞ :

Lemma 5.2. Suppose that V(x) is locally Hölder continuous and satisfies (1.20). Let (uk, λk,mk) ∈ C2(Rn)×
R × (L1(Rn) ∩ L1+α∗(Rn)) be solutions to the following systems

−∆uk +CH |∇uk|
r′ + λk = V − gk[mk], x ∈ Rn,

∆mk +CHr′∇ · (mk|∇uk|
r′−2∇uk) = 0, x ∈ Rn,∫

Rn mk dx = M,
(5.4)

where α∗ = r
n with 1 < r ≤ n, gk : L1(Rn) 7→ L1(Rn) with θ ∈ (0, 1) satisfies for all m ∈ Lp(Rn), p ∈ [1,∞]

and k ∈ N,

∥gk[m]∥Lp(Rn) ≤ K
(
∥mα∗∥Lp(Rn) + 1

)
for some K > 0, (5.5)

and

∥gk[m]∥Lp(BR(x0)) ≤ K
(
∥mα∗∥Lp(B2R(x0)) + 1

)
for any R > 0 and x0 ∈ R

n. (5.6)

Assume that

sup
k
∥mk∥L1(Rn) < ∞, sup

k
∥mk∥L1+α∗ (Rn) < ∞, sup

k

∫
Rn

Vmk dx < ∞, sup
k
|λk| < ∞, (5.7)

and for all k, uk is bounded from below uniformly. Then we have

lim sup
k→∞

∥mk∥L∞(Rn) < ∞. (5.8)
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Proof. We first establish the local uniformly estimates of mk. To begin with, one finds from (5.7) and (5.5)
that

∥gk[m]∥
L1+ 1

α∗ (Rn)
≤ K

(
∥mα∗∥

L1+ 1
α∗ (Rn)

+ 1
)
< ∞. (5.9)

Then by maximal regularities shown in Theorem 1.1 and the uniformly local Hölder continuity of V , we have

sup
k
∥|∇uk|

r′∥
L

1+ 1
α

loc (Rn)
< ∞, (5.10)

which implies

sup
k
∥|∇uk|

r′−1∥
L

(1+ 1
α∗

)r

loc (Rn)
< ∞ with

(
1 +

1
α∗

)
r > n. (5.11)

Focusing on Fokker-Planck equations, one applies Theorem 1.6.5 in [6] to obtain that

sup
k
∥mk∥L∞loc(Rn) < ∞, (5.12)

which is local uniformly estimates satisfied by mk.
Next, we claim that

lim
R→+∞

sup
k

∥∥∥∥∥mα∗

k

V

∥∥∥∥∥
L∞(Rn\BR(0))

= 0. (5.13)

To show (5.13), we argue by contradiction and assume there exist ε > 0, |xl| → +∞ and kl → +∞ such that

mα∗

kl

V
(xl) ≥ ε. (5.14)

Then we define

vl(x) = ar−2
l ukl(xl + alx), µl(x) = an

l mkl(xl + alx), (5.15)

where al will be determined later. Upon substituting (5.15) into (5.4), one obtains{
−∆vl +CH |∇vl|

r′ + ar
lλkl = ar

l V(xl + alx) − ar
l gl[a

−r/α∗

l µl], x ∈ Rn,

∆µl +CHr′∇ · (|∇vl|
r′−2∇vlµl) = 0, x ∈ Rn.

(5.16)

Choosing ar
l =

1
V(xl)

, one finds from (1.20a) that

ar
l =

1
V(xl)

→ 0, (5.17)

where |xl| → ∞. In light of the assumption (1.20b), we have

∥ar
l Vkl(xl + alx)∥L∞(B1(0)) ≤ C2. (5.18)

In addition, we combine (5.5) with (5.6) to obtain for l large,

∥ar
l gl[µla

−r/α∗

l ]∥
L1+ 1

α∗ (B1(0))
=ar

l ∥gl[µla
−r/α∗

l ]∥
L1+ 1

α∗ (B1(0))

≤ar
l K(∥µα

∗

l a−r
l ∥L1+ 1

α∗ (B2(0))
+ 1) ≤ K∥µα

∗

l ∥L1+ 1
α∗ (B2(0))

+ 1. (5.19)
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On the other hand, from (5.7) and (5.17), one has the fact that

∥µα
∗

l ∥
1+ 1

α∗

L1+ 1
α∗ (B2(0))

= ar
l ∥mkl∥L1+α∗ (B2al (xl)) → 0 as l→ +∞. (5.20)

We combine (5.18), (5.19) with (5.20) and similarly use the maximal regularities shown in [16] to get

∥|∇vl|
r′∥

L1+ 1
α∗ (B1/2(0))

≤ C, for l large,

where constant C > 0 independent of l. Then focusing on the second equation of (5.16), we similarly apply
the standard elliptic regularity estimates (See Theorem 1.6.5 in [6]) to obtain µl ∈ C0,θ(B1/4(0)) with θ ∈ (0, 1)
independent of l. With the local Hölder’s continuity of µl, we have from (5.14) that

µα
∗

l (0) = mα∗

kl
(xl)ar

l =
mα∗

kl

V
(xl) ≥ ε,

which implies there exists δ > 0 such that

µl ≥ δ in BR(0),

where R > 0 is independent of l. Then it follows that if R is small,∫
Rn

mklV dx ≥δa
− r
α∗

l

∫
BalR(0)

V(xl + y) dy ≥
δ

2
a−n

l V(xl)|BalR(0)| ≥ CδV(xl)→ +∞,

where C > 0 is some constant. This is contradicted to (5.7) then finishes the proof of claim (5.13).
With the aid of (5.13), we find there exists constant C > 0 such that

|V − gk[mk]| ≤ C(V + 1). (5.21)

Proceeding the same argument shown in the proof of Lemma 3.1, one obtains

|∇uk| ≤ C(1 + V
1
r′ ), (5.22)

where C > 0 is some constant.
Finally, we establish the global uniformly estimate of m in L∞, i.e. prove (5.8). To this end, we set ϕk = up

k
for p > 1 and show ϕk are Lyapunov functions. Indeed, since uk solve HJ equations, we have

−∆ϕk +CHr′|∇uk|
r′−2∇uk · ∇ϕk = pup−1

k Gk(x),

where Gk(x) are defined by

Gk(x) := −(p − 1)
|∇uk|

2

uk
−CH |∇uk|

r′ +CHr′|∇uk|
r′ − λk + V − gk[mk]. (5.23)

To estimate (5.23), we use (5.21) and (5.13) to find

Gk(x) ≥ (p − 1)|∇uk|
r′
(CH(r′ − 1)

(p − 1)
−
|∇uk|

2−r′

uk

)
− λk +CV ≥ 1 for all |x| > R,

where C > 0 and R > 0 independent of k. Similarly as results obtained in [40], one gets

sup
k

∫
Rn

mk|V |p dx < +∞, and sup
k

∫
Rn

mk|∇uk|
p dx < +∞, (5.24)
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for large p > 1. Next, we perform the global estimates of mk in Lq with any q > 1. In fact, we claim that

sup
k

∫
Rn

mq
k dx ≤ Cq < +∞, ∀q > 1, (5.25)

where Cq > 0 is some constant. Thanks to (5.13) and (5.12), one has for any k, ∃R0 > 0 such that

mk(x) ≤ CR0V
1
α∗ , ∀|x| > R0, (5.26)

where CR0 > 0 is some constant. Moreover, (5.26) together with (5.24) gives us∫
Bc

R0

mq
k dx =

∫
Bc

R0

mkmq−1
k dx ≤ Cq−1

R0

∫
Rn

mkV
q−1
α∗ dx ≤ CR0,q, (5.27)

where CR0,q is some positive constant. Moreover, it follows from (5.12) that∫
BR0 (0)

mq
k dx ≤ ∥mk∥

q
L∞(BR0 (0))|BR0(0)| ≤ C̃R0,q, (5.28)

where C̃R0,q is some positive constant. Hence, claim (5.25) holds by invoking (5.27) and (5.28). We next
prove for any φ ∈ C∞c (Rn) and q > 1 that∣∣∣∣∣ ∫

Rn
mk|∇uk|

r′−2∇uk∇φ dx
∣∣∣∣∣ ≤ Cq∥∇φ∥Lq′ (Rn), (5.29)

where Cq > 0 is some constant. Indeed, for any fixed q > 1, we use Hölder’s inequality to get that∫
Rn

mk|∇uk|
r′−1|∇φ| dx =

∫
Rn

m
1
p′

k m
1
p

k |∇uk|
r′−1|∇φ| dx

≤
( ∫
Rn

m
s

p′

k dx
) 1

s
·
( ∫
Rn

mk|∇uk|
(r′−1)p dx

) 1
p
·
( ∫
Rn
|∇φ|q

′

dx
) 1

q′ , (5.30)

where p and s are chosen such that p > max{q, 1
r′−1 } and s > p′ with

1
s
+

1
p
=

1
q
,

1
p′
+

1
p
= 1. (5.31)

We combine (5.24) with (5.25) and obtain from (5.30) that (5.29) holds. On the other hand, we apply the
integration by parts on Fokker-Planck equations to get∫

Rn
mk∆φ dx = CHr′

∫
Rn

mk|∇uk|
r′−2∇uk · ∇φ dx. (5.32)

Combining (5.32) with (5.29), we use Lemma 3.4 to obtain

sup
k
∥∇mk∥W1,q(Rn) ≤ Cq < +∞, ∀q > 1. (5.33)

(5.33) together with (5.25) implies

sup
k
∥mk∥W1,q(Rn) ≤ Cq < +∞. (5.34)

By choosing q > n and using the Sobolev embedding theorem, we find (5.8) holds. □
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We remark that the conclusion stated in Lemma 5.2 also holds if α∗ is replaced by α and satisfies
0 < α < r

n . Furthermore, it is worthy mentioning that our approach employed in the proof of Lemma 5.2 is
distinct from the blow-up analysis shown in [12, Theorem 4.1]. With our novel arguments, we are able to
relax the polynomial growth assumption on V and analyze the existence and blow-up behaviors of minimizers
under a class of V satisfying (1.20) when r ≤ n.

We next focus on the case of r > n and give some preliminary results for the proof of Theorem 1.3. First
of all, if problem (1.22) is attained by a minimizer (m,w), then we have

Proposition 5.1. Assume that V satisfies (V1) and (V2) stated in Subsection 1.2. Let (m,w) ∈ KM be a
minimizer to problem (1.22). Then there exists a solution (u,m, λ) to (1.30), which satisfies

|∇u(x)| ≤ C
(
1 + V

1
r′ (x)

)
, u(x) ≥ CV

1
r′ (x) −C−1, x ∈ Rn, (5.35)

for some constant C > 0.

Proof. The proof is similar as shown in [12, Proposition 3.4]. Define the test function space

B :=
{
ψ ∈ C2(Rn)

∣∣∣∣∣ lim sup
|x|→∞

|∇ψ(x)|

V
1
r′ (x)

< +∞, lim sup
|x|→∞

|∆ψ(x)|
V(x)

< +∞
}
. (5.36)

By using the condition (1.20c), one can obtain from (5.36) that

lim sup
|x|→∞

|ψ(x)|

|x|V
1
r′
< +∞. (5.37)

We claim that

−

∫
Rn

m∆ψ dx =
∫
Rn

w · ∇ψ dx, for all ψ ∈ B. (5.38)

Similarly as in [12, Proposition 3.4], we consider a radial smooth cutoff function χ satisfying χ(x) = 1
if x ∈ B1(0), and χ(x) = 0 if x ∈ Bc

2(0). Define χR(x) := χ
( x

R
)
, then we have |∇χR(x)| ≤ CR−1 and

∆χR(x)| ≤ CR−2 for some C > 0. Noting that ∆m = ∇ ·w in the weak sense, we test the equation against ψχR

with ψ ∈ B and integrate it by parts to get

−

∫
Rn

m(χR∆ψ + 2∇ψ · ∇χR + ψ∆χR) dx =
∫

B2R

w · (χR∇ψ + ψ∇χR) dx. (5.39)

Since (m,w) ∈ KM is a minimizer of (1.22), we obtain
∫
Rn Vm dx < ∞ and∫

Rn
|w|V

1
r′ dx =

∫
Rn
|w|m−

1
r′ m

1
r′ V

1
r′ dx ≤

(∫
Rn

∣∣∣∣wm ∣∣∣∣rm dx
)r (∫

Rn
mV dx

)r′

< ∞.

We thus get from (5.36) that∫
Rn
|w∇ψ| dx ≤ C

∫
Rn
|w|V

1
r′ dx < ∞,

∫
Rn

m|∆ψ| dx ≤ C
∫
Rn

mV dx < ∞.

Moreover, it follows from (5.36) and (5.37) that∫
R≤|x|≤2R

m|ψ||∆χR| dx,
∫
Rn

m|∇ψ||∇χR| dx ≤
C
R

∫
R≤|x|≤2R

mV
1
r′ dx

R→∞
−→ 0,

and ∫
Rn
|w||ψ||∇χR| dx ≤

C
R

∫
R≤|x|≤2R

|w|V
1
r′ |x| dx ≤ 2C

∫
R≤|x|≤2R

wV
1
r′ dx

R→∞
−→ 0.

Upon collecting the above two estimates, we take the limit in (5.39) to prove our claim.
With the claim (5.38), we can follow the subsequent arguments shown in [12, Proposition 3.4] to complete

the proof of this proposition and the detailed argument is omitted. □
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With the aid of Proposition 5.1, we study the regularity of m when r > n, which is

Proposition 5.2. Let (m,w, u, λ) be the solution given in Proposition 5.1, then m ∈ W1,p(Rn) for all p > 1.

Proof. The proof is based on the argument shown in [12, Proposition 3.6]. In light of (5.35), we may assume
that u(x) ≥ 1 and set ϕ = up for p > 1. Since u solves the HJ equation, we have

−∆ϕ +CHr′|∇u|r
′−2∇u · ∇ϕ = pup−1G(x), (5.40)

where G(x) is defined by

G(x) := −(p − 1)
|∇u|2

u
−CH |∇u|r

′

+CHr′|∇u|r
′

− λ + V − m
r
n . (5.41)

Noting that m ∈ W1,q̂(Rn) ↪→ L∞(Rn) for r > n, we find

G(x) ≥ (p − 1)|∇u|r
′
(CH(r′ − 1)

(p − 1)
−
|∇u|2−r′

u

)
−C + V ≥ 1 for all |x| > R. (5.42)

In view of the results obtained in [40], we use (5.35) to get
∫
Rn m|V |p dx < +∞ for all p > 1. Then one finds

w = −CHr′m|∇u|r
′−2∇u ∈ Lp(Rn) for all p > 1 by using (5.35) and the fact m ∈ L∞(Rn). Finally, it follows

from Lemma 3.4 that m ∈ W1,p for all p > 1. □

With the preliminary results shown above, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3:

Proof. Firstly, we shall show Conclusion (ii) in Theorem 1.3. Recall that
(
mα∗ ,wα∗ , uα∗

)
given in Theorem 1.2

is a minimizer of problem (1.24) with α = α∗ = r
n . For the simplicity of notations, we rewrite (mα∗ ,wα∗ , uα∗)

as (m∗,w∗, u∗), then define

(mt
∗,w

t
∗) =

( M
M∗

tnm∗(t(x − x0)),
M
M∗

tn+1w∗(t(x − x0))
)
∈ KM, ∀t > 0, x0 ∈ R

n. (5.43)

where the constraint set KM and M∗ > 0 are defined by (1.17) and (1.29), respectively. Recall that
u∗ ∈ C2(Rn) and m∗ decays exponentially as stated in Theorem 1.2, then we employ Lemma 3.7 to get

CL

∫
Rn

∣∣∣∣∣w∗m∗

∣∣∣∣∣rm∗ dx =
n

n + r

∫
Rn

m
1+ r

n
∗ dx. (5.44)

Invoking (5.44), we substitute (5.43) into (1.23) to obtain that if M > M∗,

eα∗,M ≤ E(mt
∗,w

t
∗) =

M
M∗

(
CLtr

∫
Rn

∣∣∣∣w∗m∗

∣∣∣∣rm∗ dx +
∫
Rn

V(x)m∗ dx
)
−

tr

1 + r
n

( M
M∗

)1+ r
n
∫
Rn

m
1+ r

n
∗ dx

=
M
M∗

[
1 −

( M
M∗

) r
n ] tr

1 + r
n

∫
Rn

m
1+ r

n
∗ dx + MV(x0) + ot(1)

→ −∞ as t → +∞. (5.45)

It immediately follows that eα∗,M = −∞ for M > M∗, there is no minimizer to problem (1.22).

To prove Conclusion (i) in Theorem 1.3, we divide the argument into two cases: r ≤ n and r > n. For
the former case, we first consider the auxiliary problem (5.2), with Eϵ(m,w) being given by (5.3). By using
Young’s inequality for convolution, we have the fact that∫

Rn
m1+ r

n dx ≥
∫
Rn

(m ∗ ηϵ)1+ r
n dx

ϵ→0+
−→

∫
Rn

m1+ r
n dx for any m ∈ L1+ r

n (Rn). (5.46)
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Then, one finds from (5.1) that

Eϵ(m,w) ≥ E(m,w) ≥
[( M∗

M

) r
n
− 1

] n
n + r

∫
Rn

m1+ r
n dx +

∫
Rn

V(x)m dx. (5.47)

Next, we show that there exist minimizers to problem (5.2). Let (mϵ,k,wϵ,k) ∈ KM be a minimizing
sequence of (5.2). Noting that if we take

(m̂, ŵ) :=

∥e−|x|∥L1(Rn)

M
e−|x|,

∥e−|x|∥L1(Rn)

M
x
|x|

e−|x|
 ∈ KM,

then,

eϵ,M ≤ CL

∫
Rn

∣∣∣∣ ŵm̂ ∣∣∣∣rm̂ dx +
∫
Rn

V(x)m̂ dx < +∞,

which implies that there exists C > 0 independent of ϵ such that

lim
k→∞
Eϵ(mϵ,k,wϵ,k) = eϵ,M < C < +∞. (5.48)

Since M < M∗, one concludes from (5.1), (5.47) and (5.48) that

sup
k∈N+

∫
Rn

m
1+ r

n
ϵ,k dx ≤ C < +∞, sup

k∈N+

∫
Rn

(∣∣∣wϵ,k

mϵ,k

∣∣∣rmϵ,k + V(x)mϵ,k

)
dx ≤ C < +∞, (5.49)

where C > 0 is independent of ϵ. The subsequent argument for proving Conclusion (i) is similar as discussed
in [12], for the sake of completeness, we give the proof briefly. Indeed, with the aid of the key Lemma 3.5,
we obtain from (5.49) that

sup
k∈N+
∥mϵ,k∥W1,q̂(Rn) ≤ C < +∞ and sup

k∈N+
∥wϵ,k∥Lp(Rn) ≤ C < +∞, for any p ∈ [1, q̂], (5.50)

where q̂ is given in (1.18) and C > 0 is some constant independent of ϵ. As a consequence, there exists
(mϵ ,wϵ) ∈ W1,q̂(Rn) × Lq̂(Rn) such that

(mϵ,k,wϵ,k)
k
⇀ (mϵ ,wϵ) in W1,q̂(Rn) × Lq̂(Rn). (5.51)

In light of the assumption (V1), lim
|x|→∞

V(x) = +∞, given in Subsection 1.2, one can deduce from Lemma 5.1

that

mϵ,k
k
→ mϵ in L1(Rn) ∩ L1+ r

n (Rn). (5.52)

Therefore, up to a subsequence,∫
Rn

(ηϵ ∗ mϵ,k)1+ r
n dx

k
→

∫
Rn

(ηϵ ∗ mϵ)1+ r
n dx. (5.53)

In addition, thanks to the convexity of
∫
Rn

∣∣∣w
m

∣∣∣rm dx, by letting k → ∞ in (5.49), we see that there exists
C > 0 independent of ϵ > 0 such that∫

Rn

∣∣∣∣wϵ

mϵ

∣∣∣∣rmϵ dx +
∫
Rn

V(x)mϵ dx ≤ lim inf
k→+∞

∫
Rn

∣∣∣wϵ,k

mϵ,k

∣∣∣rmϵ,k dx +
∫
Rn

V(x)mϵ,k dx ≤ C < +∞. (5.54)

It then follows that ∫
Rn
|wϵ |V

1
r′ dx ≤

(∫
Rn

∣∣∣∣wϵ

mϵ

∣∣∣∣rmϵ dx
)r (∫

Rn
Vmϵ dx

)r′

≤ C < ∞. (5.55)
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and ∫
Rn
|wϵ | dx ≤

(∫
Rn

∣∣∣∣wϵ

mϵ

∣∣∣∣rmϵ dx
)r (∫

Rn
mϵ dx

)r′

≤ C < ∞. (5.56)

From (5.51), (5.52) and (5.56) we deduce that (mϵ ,wϵ) ∈ KM. Moreover, it follows from (5.53) and (5.54)
that

eϵ,M = lim
k→∞
Eϵ(mϵ,k,wϵ,k) ≥ Eϵ(mϵ ,wϵ) ≥ eϵ,M,

which indicates (mϵ ,wϵ) ∈ KM is a minimizer of problem (5.2). Finally, similarly as the proof of Proposition
3.4 in [12] and the arguments shown in Proposition 5.1 and Proposition 5.2, we apply Lemma 3.3 to obtain
that there exists uϵ ∈ C2(Rn) bounded from below (depending on ϵ) and λϵ ∈ R such that

−∆uϵ +CH |∇uϵ |r
′

+ λϵ = V(x) − (ηϵ ∗ mϵ)
r
n ∗ ηϵ ,

∆mϵ +CHr′∇ · (mϵ |∇uϵ |r
′−2∇uϵ) = 0,

wϵ = −CHr′mϵ |∇uϵ |r
′−2∇uϵ ,

∫
Rn mϵ dx = M < M∗.

(5.57)

For each fixed ϵ > 0, we deduce from Lemma 3.1 that, there exists Cϵ > 0 depends on ϵ such that
|∇uϵ(x)| ≤ Cϵ(1 + V(x))

1
r′ . Since uϵ ∈ C2(Rn) satisfies the first equation of (5.57) in classical sense and

(ηϵ ∗ mϵ)
r
n ∗ ηϵ ∈ L∞(Rn), we deduce that |∆uϵ(x)| ≤ Cϵ(1 + V(x)). We claim that

|λϵ | ≤ C < ∞, with C > 0 independent of ϵ > 0. (5.58)

By using the m-equation of (5.57), we have from (5.55) that∫
Rn

m∆uϵ dx =
∫
Rn

wϵ · ∇uϵ dx = −CHr′
∫
Rn

mϵ |∇uϵ |r
′

∇uϵ dx.

In addition, we test the u-equation of (5.57) against mϵ and integrate to get

λϵM = −(1 − r′)CH

∫
Rn

mϵ |∇uϵ |r
′

dx +
∫
Rn

Vmϵ dx −
∫
Rn

(ηϵ ∗ mϵ)1+ r
n dx

= CL

∫
Rn

mϵ

∣∣∣∣∣wϵ

mϵ

∣∣∣∣∣r dx +
∫
Rn

Vmϵ dx −
∫
Rn

(ηϵ ∗ mϵ)1+ r
n dx

(5.59)

where we have used the fact that CL =
1
r (r′CH)

1
1−r′ in the second equality. Finally, we collect (5.54), (5.55)

and (5.59) to find (5.58) holds.
Next, we let ϵ → 0 and shall find the minimizer (mM,wM) to problem (1.22). Noting (mϵ , uϵ , λϵ) satisfies

(5.7) with k replaced by ϵ. We apply Young’s inequality to get

sup
k
∥(ηk ∗ mk)α

∗

∗ ηk∥
L1+ 1

α∗ (Rn)
≤ sup

k
∥mα∗

k ∥L1+ 1
α∗ (Rn)

< ∞,

and

sup
k
∥(ηk ∗ mk)α

∗

∗ ηk∥
L1+ 1

α∗ (BR(x0))
≤ sup

k
∥mα∗

k ∥L1+ 1
α∗ (B2R(x0))

< ∞, for any x0 ∈ R
n and R large.

Then, with the aid of (5.54) and (5.58), we can invoke Lemma 5.2 to derive that

lim sup
ϵ→0+

∥mϵ∥L∞(Rn) < ∞. (5.60)

Then, by using Lemma 3.1, we find

|∇uϵ(x)| ≤ C(1 + V(x))
1
r′ , where C > 0 is independent of ϵ. (5.61)
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Since uϵ is bounded from below, without loss of generality, we assume that uϵ(0) = 0. Thanks to (3.7),
one finds that uϵ(x) ≥ CϵV

1
r′ (x) − Cϵ → +∞ as |x| → +∞, which indicates each uϵ(x) ∈ C2(Rn) admits

its minimum at some finite point xϵ . using (5.58), (5.60) and the coercivity of V , we can deduce from the
u-equation of (5.57) that xϵ is uniformly bounded with respect to ϵ. It then follows from uϵ(0) = 0 and (5.61)
that there exists C > 0 independent of ϵ such that

−C ≤ uϵ(x) ≤ C|x|(1 + V(x))
1
r′ for all x ∈ Rn,

where we have used (1.20c) in the second inequality. Since uϵ are bounded from below uniformly, one can
employ Lemma 3.2 to get that uϵ(x) ≥ CV

1
r′ (x) − C with C > 0 independent of ϵ. In summary, under the

assumptions (1.20), we get that,

C1V
1
r′ (x) −C1 ≤ uϵ ≤ C2|x|(1 + V(x))

1
r′ , for all x ∈ Rn. (5.62)

where C1,C2 > 0 are independent of ϵ.
In light of (5.60) and (5.61), we find for any R > 1 and p > 1,

∥wϵ∥Lp(B2R(0)) = CHr′∥mϵ |∇uϵ |r
′−1∥Lp(B2R(0)) ≤ Cp,R < ∞, (5.63)

where the constant Cp,R > 0 depends only on p, R and is independent of ϵ. By applying Lemma 3.4,
we obtain from (5.63) that ∥mϵ∥W1,p(B2R(0)) ≤ Cp,R < ∞. Taking p > n large enough, we employ Sobolev
embedding theorem to get

∥mϵ∥C0,θ1 (B2R(0)) ≤ Cθ1,R < ∞ for some θ1 ∈ (0, 1). (5.64)

To estimate uϵ , we rewrite the u-equation of (5.57) as

−∆uϵ = −CH |∇uϵ |r
′

+ fϵ(x) with fϵ(x) := −λϵ + V(x) − (ηϵ ∗ mϵ)
r
n ∗ ηϵ , (5.65)

By using (5.60), (5.61) and the fact that V is locally Hölder continuous, we obtain that for any p > 1,

∥ fϵ∥Lp(B2R(0)) + ∥|∇uϵ |r
′

∥Lp(B2R(0)) ≤ Cp,R < ∞.

Then by W2,p estimates, one gets from (5.65) and (5.62) that

∥uϵ∥W2,p(BR+1) ≤ Cp,R
(
∥uϵ∥Lp(B2R(0)) + ∥ fϵ∥Lp(B2R(0)) + ∥|∇uϵ |r

′

∥Lp(B2R(0))
)
≤ C̃p,R < ∞. (5.66)

Taking p > n large enough, we obtain that

∥uϵ∥C1,θ2 (BR+1(0)) ≤ Cθ2,R < ∞, for some θ2 ∈ (0, 1). (5.67)

Combining (5.64) with (5.67), one finds

∥|∇uϵ |r
′

∥C0,θ3 (BR+1(0)) + ∥ fϵ∥C0,θ3 (BR+1(0)) ≤ Cθ3,R < ∞, for some θ3 ∈ (0, 1).

Then by using Schauder’s estimates, we have from (5.65) that

∥uϵ∥C2,θ4 (BR(0)) ≤ Cθ4,R < ∞, for some θ4 ∈ (0, 1). (5.68)

Now, letting R→ ∞ and proceeding the standard diagonalization procedure, we can apply Arzelà-Ascoli
theorem to get that there exists uM ∈ C2(Rn) such that

uϵ
ϵ→0+
−→ uM in C2,θ5

loc (Rn) for some θ5 ∈ (0, 1). (5.69)
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On the other hand, it follows from Lemma 3.5 and (5.54) that, there exists (mM,wM) ∈ W1,q̂(Rn)×
(
L1(Rn)∩

Lq̂(Rn)
)

such that

mϵ
ϵ→0+
→ mM a.e. in Rn, and (mϵ ,wϵ)

ϵ→0+
⇀ (mM,wM) in W1,q̂(Rn) × Lq̂(Rn). (5.70)

Moreover, with the help of Lemma 5.1, we have

mϵ
ϵ→0+
→ mM in L1(Rn) ∩ L1+ r

n (Rn). (5.71)

Letting ϵ → 0+ in (5.57), we then conclude from (5.58) and (5.69)-(5.71) that there exists λM ∈ R such
that (mM, uM,wM) satisfies (1.30). In particular, we obtain from (5.61) and (5.62) that

|∇uM(x)| ≤ C(1 + V(x))
1
r′ ,C1|x|1+

b
r′ −C1 ≤ uM ≤ C2|x|1+

b
r′ +C2, for all x ∈ Rn. (5.72)

Recall that mϵ → mM a.e. as ϵ → 0+ in Rn, it follows from (5.60) that mM ∈ L∞(Rn). Then, proceeding the
same argument as shown in the proof of Proposition 5.2, one can further obtain from (1.30) and (5.72) that

wM = −CHr′mM |∇uM |
r′−2∇uM ∈ Lp(Rn) and mM ∈ W1,p(Rn) for all p > 1. (5.73)

We finally prove that (mM,wM) ∈ KM is a minimizer of eα∗,M. To this end, we claim that for M < M∗,
the following conclusion holds:

lim
ϵ→0+

eϵ,M = eα∗,M, (5.74)

where eα∗,M is given in (1.22). Indeed, in view of (5.46), one can easily find that lim
ϵ→0+

eϵ,M ≥ eα∗,M. On the

other hand, for any δ > 0, we choose (m,w) ∈ KM such that E(m,w) ≤ eα∗,M + δ
2 . Then by using (5.46), we

deduce that for ϵ > 0 small enough, Eϵ(m,w) ≤ E(m,w) + δ
2 . Hence,

eϵ,M ≤ Eϵ(m,w) ≤ E(m,w) +
δ

2
≤ eα∗,M + δ.

Letting ϵ → 0+ and then δ→ 0+, one has lim
ϵ→0+

eϵ,M ≤ eα∗,M. Now, we finish the proof of (5.74).

We collect (5.70), (5.71), (5.74) and the convexity of
∫
Rn

∣∣∣w
m

∣∣∣rm dx to get

eα∗,M = lim
ϵ→0+

eϵ,M = lim
ϵ→0+
Eϵ(mϵ ,wϵ) ≥ E(mM,wM) ≥ eα∗,M,

which implies (mM,wM) ∈ KM is a minimizer of eα∗,M. This completes the proof of Conclusion (i) for the
case of r ≤ n.

Now, we consider the case of r > n. Compared to the former case of r ≤ n, since now W1,q̂(Rn) ↪→
C0,θ(Rn) for some θ ∈ (0, 1), we can avoid discussing the auxiliary problem (5.2) and consider the minimiza-
tion problem (1.22) directly. Let (mk,wk) ∈ KM be a minimizing sequence of (1.19). Since M < M∗, we
similarly obtain from (5.47) that

sup
k∈N+

∫
Rn

m
1+ r

n
k dx ≤ C < +∞, sup

k∈N+

∫
Rn

(∣∣∣wk

mk

∣∣∣rmk + V(x)mk

)
dx ≤ C < +∞.

Then we use Lemma 3.5 and Lemma 5.1 to conclude that there exists (mM,wM) ∈ W1,q̂(Rn) ×
(
L1(Rn) ∩

Lq̂(Rn)
)

such that

mk
k
→ mM a.e. in Rn, (mk,wk)

k
⇀ (mM,wM) in W1,q̂(Rn) × Lq̂(Rn),

and

mk
k
→ mM in L1(Rn) ∩ L1+ r

n (Rn).
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Thus,
eα∗,M = lim

k→∞
E(mk,wk) ≥ E(mM,wM) ≥ eα∗,M,

which indicates that (mM,wM) ∈ KM is a minimizer of eα∗,M. Moreover, by using Proposition 5.1 and
Proposition 5.2, one finds there exists uM ∈ C2(Rn) such that (mM, uM, λM) ∈ W1,p(Rn) × C2(Rn) × R is a
solution to (1.30).

It remains to study the critical case M = M∗ and show Conclusion (iii). To this end, we first prove that
up to a subsequence,

lim
M↗M∗

eα∗,M = eα∗,M∗ = 0, (5.75)

where infx∈Rn V(x) = 0 was used, which is stated in (1.20a). By the definition of eα∗,M∗ given in (1.22), for
any δ > 0, ∃(m,w) ∈ AM∗ such that

eα∗,M∗ ≤ E(m,w) ≤ eα∗,M∗ + δ. (5.76)

Noting that M
M∗ (m,w) ∈ AM, we have

eα∗,M ≤ E
( M

M∗
m,

M
M∗

w
)

(5.77)

=E(m,w) +
( M

M∗
− 1

)[
CL

∫
Rn

∣∣∣∣wm ∣∣∣∣rm dx +
∫
Rn

V(x)m dx
]
+

n
n + r

[
1 −

( M
M∗

)1+ r
n
] ∫
Rn

m1+ r
n dx.

By straightforward computation, one has as M ↗ M∗,( M
M∗
− 1

)[
CL

∫
Rn

∣∣∣∣∣wm
∣∣∣∣∣rm dx +

∫
Rn

V(x)m dx
]
+

n
n + r

[
1 −

( M
M∗

)1+ r
n
] ∫
Rn

m1+ r
n dx→ 0. (5.78)

We collect (5.76), (5.77) and (5.78) to find

lim sup
M↗M∗

eα∗,M ≤ eα∗,M∗ + δ, ∀δ > 0. (5.79)

Letting δ→ 0, we obtain from (5.79) that

lim sup
M↗M∗

eα∗,M ≤ eα∗,M∗ . (5.80)

On the other hand, let (m̄α∗,M, w̄α∗,M) ∈ AM be a minimizer of eα∗,M = inf(m,w)∈AM E(m,w) for any fixed
M ∈ (0,M∗). Then we have M∗

M (m̄α∗,M, w̄α∗,M) ∈ AM∗ and

eα∗,M∗ ≤E
( M∗

M
(m̄α∗,M, w̄α∗,M)

)
=

M∗

M

[
CL

∫
Rn

∣∣∣∣ w̄α∗,M

m̄α∗,M

∣∣∣∣rm̄α∗,M dx +
∫
Rn

V(x)m̄α∗,M dx −
( M∗

M

) r
n
(
1 +

r
n

) ∫
Rn

m̄
1+ r

n
α∗,M dx

]
≤

M∗

M
E(m̄α∗,M, w̄α∗,M) =

M∗

M
eα∗,M, ∀M < M∗.

It follows that

eα∗,M∗ ≤ lim inf
M↗M∗

M∗

M
eα∗,M = lim

M↗M∗
eα∗,M. (5.81)

Combining (5.80) with (5.81), one has

lim
M↗M∗

eα∗,M = eα∗,M∗ ≥ 0. (5.82)
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By using assumptions (V1) and (V2) shown in Subsection 1.2 for potential V , we set M = M∗ in (5.45) to get

eα∗,M∗ ≤ E(mt
∗,w

t
∗) = M∗V(x0) + ot(1)→ 0, if V(x0) = 0 and t → +∞.

Hence eα∗,M∗ ≤ 0, which together with (5.82) implies (5.75).
Now, we argue by contradiction to show Conclusion (iii). Assume that eα∗,M∗ has a minimizer (m̂, ŵ) ∈

AM∗ , then one applies (5.75) to obtain

0 = E(m̂, ŵ) =
∫
Rn

CL

∣∣∣∣ ŵm̂ ∣∣∣∣rm̂ dx −
1

1 + r
n

∫
Rn

m̂1+ r
n dx +

∫
Rn

V(x)m̂ dx ≥ 0,

which together with (5.1) implies

CL

∫
Rn

∣∣∣∣ ŵm̂ ∣∣∣∣rm̂ dx =
1

1 + r
n

∫
Rn

m̂1+ r
n dx and

∫
Rn

V(x)m̂ dx = 0. (5.83)

As a consequence, we obtain suppV(x) ∩ supp m̂ = ∅. However, as exhibited in (1.20c), if r ≤ n, one has
suppV = Rn, which indicates m̂ = 0 a.e.. Otherwise if r > n, we have facts that (m̂, ŵ) is a minimizer of
eα∗,M∗ and m̂ ∈ W1,r(Rn) ↪→ C0,θ(Rn) for some θ ∈ (0, 1) by Lemma 3.5. Moreover, in light of Lemma 3.3,
one finds there exists a bounded from below solution û ∈ C2(Rn) and λ ∈ R such that

−∆û +CH |∇û|r
′

+ λ = V(x) − m̂
r
n , x ∈ Rn,

−∆m̂ −CHr′∇ · (m|∇û|r
′−2∇û) = 0, x ∈ Rn,

m̂ ≥ 0 in Rn,
∫
Rn m̂ dx = M∗ > 0.

By standard elliptic estimates, one gets from the Hölder continuity of V that û ∈ C2,θ1
loc (Rn) for some

θ1 ∈ (0, 1). Then, we apply the maximum principle as shown in [4] to find m̂ > 0 in Rn when r > n. This
indicates

∫
Rn V(x)m̂ dx > 0, which however contradicts (5.83). This completes the proof of Conclusion

(iii). □

Theorem 1.3 demonstrates that under some technical assumptions on potential V , there exists the critical
mass phenomenon to problem (1.22), where α = r

n . In detail, there exists M∗ > 0 such that when M < M∗,
there exists at least one minimizer; otherwise if M ≥ M∗, problem (1.22) has no minimzer. A natural question
is the asymptotic behaviors of minimizers to (1.22) as M ↗ M∗ and we investigate this in Section 6.

6 Blow-up Behaviors of Ground States as M ↗ M∗

In this section, we discuss the asymptotic profiles of least energy solutions to (1.4) as M ↗ M∗. More
precisely, we shall prove Theorem 1.4 and Theorem 1.5. We would like emphasize that the results are parallel
to Theorem 1.2 in [12] but they only consider the subcritical mass exponent case.

6.1 Basic Asymptotic Profiles of Ground States
This subsection is devoted to the proof of Theorem 1.4 and the investigation of the rough asymptotics.

Proof of Theorem 1.4:

Proof. To show Conclusion (i), we argue by contradiction and assume that

lim sup
M↗M∗

∫
Rn

∣∣∣∣∣wM

mM

∣∣∣∣∣rmM dx < +∞.
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By using Lemma 3.5, one further obtains

lim sup
M↗M∗

∥mM∥W1,q̂(Rn), lim sup
M↗M∗

∥wM∥Lq̂(Rn), lim sup
M↗M∗

∥wM∥L1(Rn) < +∞ (6.1)

It follows that there exists (m,w) ∈ W1,q̂(Rn) × Lq̂(Rn) such that as M ↗ M∗,

mM ⇀ m in W1,q̂(Rn), and wM ⇀ w in Lq̂(Rn). (6.2)

We next prove that (m,w) ∈ KM∗ defined by (1.17). Firstly, in light of (6.1), we have the fact that

lim sup
M↗M∗

∫
Rn

V(x)mM dx < +∞. (6.3)

Noting that potential V satisfies (V1), (V2) and (V3) given in Subsection 1.2, we combine (6.2) with (6.3) to
obtain from Lemma 5.1 that

mM → m in L1(Rn) ∩ L1+ r
n (Rn), as M ↗ M∗, (6.4)

which indicates
∫
Rn m dx = M∗. In addition, we apply (6.2) to get ∆m = ∇ · w weakly. Then, similarly

as in (3.21), we have w ∈ L1(Rn). By summarizing the argument above, we find (m,w) ∈ KM∗ and
lim inf
M↗M∗

E(mM,wM) ≥ E(m,w) thanks to (6.2) and (6.4). Furthermore, we obtain from (5.75) that

eα∗,M∗ ≥ E(m,w) ≥ eα∗,M∗ .

Thus, (m,w) is a minimizer of eα∗,M∗ , which is a contradiction to Conclusion (iii) in Theorem 1.3. This
finishes the proof of Conclusion (i).

(ii). Recall that εM, which will be denoted as ε for simplicity, is defined as (1.31). As stated in
Conclusion (i) of Theorem 1.3, we have the facts that each uM ∈ C2(Rn) is bounded from below and
satisfies lim

|x|→+∞
uM(x) = +∞. Hence, there exists xε ∈ Rn such that uM(xε) = inf

x∈Rn
uM(x), which implies

0 = uε(0) = inf
x∈Rn

uε(x) thanks to the definition given in (1.32).

From (1.30) and (1.32) we see that (uε,mε,wε) satisfies
−∆uε +CH |∇uε|r

′

+ λMε
r = −m

r
n
ε + ε

rV(εx + xε),
−∆mε −CHr′∇ · (mε|∇uε|r

′−2∇uε) = −∆mε + ∇ · wε = 0,∫
Rn mε dx = M.

(6.5)

By (1.31), (5.1) and (5.75), we have

CL

∫
Rn

∣∣∣∣∣wε

mε

∣∣∣∣∣rmε dx = ε−rCL

∫
Rn

∣∣∣∣∣wM

mM

∣∣∣∣∣rmM dx ≡ 1,
∫
Rn

m
1+ r

n
ε dx = ε−r

∫
Rn

m
1+ r

n
M dx→

r + n
n

, (6.6)

and ∫
Rn

V(εx + xε)mε dx =
∫
Rn

V(x)mM dx→ 0 as M ↗ M∗. (6.7)

Similar to (5.59), we deduce from (6.5) and (6.6) that

MλM = E(mM,wM) −
r

n + r

∫
Rn

m
1+ r

n
M dx = o(1) −

r
n + r

εr
∫
Rn

m
1+ r

n
ε dx,

which implies

λMε
r → −

r
M∗n

as M ↗ M∗. (6.8)
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In light of the u-equation in (6.5), we apply the maximum principle to obtain

λMε
r ≥ −m

r
n
ε (0) + εrV(xε) ≥ −m

r
n
ε (0), (6.9)

which implies

m
r
n
ε (0) ≥ −λMε

r ≥ C > 0, (6.10)

where and in the arguments below, C > 0 denotes a constant independent of ε, which may change line to line.
We next claim that there exists some constant C > 0 such that

εrV(xε) ≤ C. (6.11)

If not, we can find some subsequence εl → 0 such that εr
l V(xεl)→ +∞. By using (6.9), one has

mα∗
εl

(0)
εr

l V(xεl)
≥ C,

where C > 0 is some constant independent of εl. Similarly, let

vl(x) = ar−2
l ul(alx), µl(x) = an

l ml(alx), al =
1

εr
l V(xεl)

,

then we have

ar
l =

1
εr

l V(xεl)
→ 0, ar

lε
r
l V(xεl) = 1.

In light of (1.20b), one finds

ar
lε

r
l V(alεlx + xεl) =

V(aεlεlx + xεl)
V(xεl)

≤ C2,

where C2 > 0 is some constant independent of l. Noting that

∥µα
∗

l ∥
1+ 1

α∗

L1+ 1
α∗ (B1(0))

= ar
l ∥mεl∥L1+α∗ (Bal (xl)) → 0 as l→ +∞,

we apply the maximal regularity shown in Theorem 1.1 to obtain

∥|∇vl|
r′∥

L1+ 1
α∗ (B1/2)

≤ C,

where C > 0 is some constant, which implies µl ∈ C0,θ(B1/4(0)) with θ ∈ (0, 1).
since µl(0) = an

l ml(0), one finds

µα
∗

l (0) =
mα∗

l (0)

εr
l V(xεl)

≥ C > δ > 0.

By using the Hölder’s continuity of µl, we obtain

µl(x) ≥ δ > 0 in BR(0),

where R ∈ (0, 1
4 ) is some constant independent of l. We have∫

Rn
V(εlx + xεl)mεl(x) dx

=

∫
Rn

V(εlaεl x + xεl)µl dx ≥ δ
∫

BR(0)
V(εlalx + xεl) dx ≥

δ

εr
l
→ +∞.
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However, as ε→ 0, ∫
Rn

V(εx + xε)mε(x) dx→ 0,

which is a contradiction. This completes the proof of our claim (6.11).
On the other hand, noting that V satisfies (1.20b), one further finds for R > 0 large enough,

εrV(εx + xε) ≤ CR < +∞, for all |x| ≤ 4R, (6.12)

where positive constant CR depends on R but is independent of ε.
Similarly as shown in the proof of Theorem 1.3, we estimate ∇uε and rewrite the u-equation of (6.5) as

−∆uε = −CH |∇uε|r
′

+ gε(x) with gε(x) := −λMε
r + εrV(xε + εx) − m

r
n
ε . (6.13)

Noting that mα∗ ∈ L1+ 1
α∗ (Rn), we have from the maximal regularity shown in Theorem 1.1 that |∇u|r

′

∈

L
1+ 1

α∗

loc (Rn), i.e. |∇u|r
′−1 ∈ L

(
1+ 1

α∗

)
r′

loc (Rn), which implies m ∈ C0,θ
loc(Rn) for some θ ∈ (0, 1) by using the

m-equation in (6.5). Thanks to Lemma 3.1, we further obtain

|∇uε| ≤ CR < +∞, ∀|x| < 2R,

which implies

∥|∇uε|r
′

∥Lp(B2R(0)) + ∥gε∥Lp(B2R(0) ≤ Cp,R < +∞.

Then, similarly as the derivation of (5.64) and (5.68), we can obtain that for some θ ∈ (0, 1),

∥mε∥C0,θ(B2R(0)) ≤ C < ∞, (6.14)

and

∥uε∥C2,θ(BR(0)) ≤ C < ∞. (6.15)

In light of (6.10), one has from (6.14) that there exists a constant R0 ∈ (0, 1) such that

mε(x) ≥ C > 0, ∀|x| < R0. (6.16)

Now, we claim that up to a subsequence,

lim
ε→0

xε = x0 with V(x0) = 0. (6.17)

If not, one has either |xε| → +∞ or xε → x0 with V(x0) > 0. In the two cases, we both get lim
xε→0

V(εx+ xε) ≥ A

a.e. in Rn for some A > 0. Hence, it follows from (6.16) that

lim
ε→0

∫
Rn

V(εx + xε)mε dx ≥
A
2

∫
BR0 (0)

mε(x) dx ≥
AC
2
|BR0(0)|,

which reaches a contradiction to (6.7). Therefore (6.17) is proved.
In light of (6.6), there exists (m0,w0) ∈ W1,q̂(Rn) ×

(
L1(Rn) ∩ Lq̂(Rn)

)
such that

(mε,wε) ⇀ (m0,w0) in W1,q̂(Rn) × Lq̂(Rn), as ε→ 0, (6.18)

where m0 . 0 by (6.16) and q̂ is given by (1.18). Furthermore, thanks to (6.15), we find uε → u0 in C2
loc(Rn).

Moreover, it follows from (6.5) and (6.8) that (m0, u0) satisfies
−∆u0 +CH |∇u0|

r′ − r
M∗n = −m

r
n
0 ,

−∆m0 = −CHr′∇ · (m0|∇u0|
r′−2∇u0) = −∇w0,

0 <
∫
Rn m0 dx ≤ M∗, w0 = −CHm0|∇u0|

r′−2∇u0,

(6.19)
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where similarly as in Section 4 (see the proof of (4.65)), we have used Pohozaev identities given in Lemma
3.7 to obtain that (m0,w0) is a minimizer of (1.24) and

∫
Rn m0 dx = M∗. We thus see that (u0,m0,w0) satisfies

(1.28) by recalling (6.19). In addition, we find mε → m0 in L1(Rn), and then by (6.18), we obtain that

mε → m0 in Lp(Rn), ∀ p ∈ [1, q̂∗) as ε→ 0,

which inidicates (1.33).
It is left to prove (1.34) when V satisfies (1.12). To this end, we argue by contradiction and assume that,

up to a subsequence,

lim inf
ε→0

|x̄ε − xε|
ε

= +∞. (6.20)

Define 
m̄ε(x) := εnmM(εx + x̄ε) = mε

(
x + x̄ε−xε

ε

)
,

w̄ε(x) := εn+1wM(εx + x̄ε) = wε

(
x + x̄ε−xε

ε

)
,

ūε(x) := ε
2−r′
r′−1 uM(εx + x̄ε) = uε

(
x + x̄ε−xε

ε

)
.

(6.21)

We claim that there exist constants R0 > 0 and C > 0 independent of ε such that

m̄ε(x) ≥ C > 0, ∀ |x| < R0. (6.22)

In light of (6.21), one finds (6.22) is equivalent to

mε(x) ≥ C > 0, ∀
∣∣∣∣x − x̄ε − xε

ε

∣∣∣∣ < R0. (6.23)

Noting (6.10), we have the fact that

m̄ε(0) = ∥m̄ε∥L∞(Rn) = ∥mε∥L∞(Rn) > C > 0. (6.24)

To show (6.22) or (6.23), we divide our discussions into two cases, r ≤ n and r > n. Focusing on the case
r ≤ n, we impose (1.12) on the potential V. Noting the first equation in (6.5), one finds ūε satisfies

−∆ūε +CH |∇ūε|r
′

= ḡε(x) := −λMε
r − m̄

r
n
ε + ε

rV(εx + x̄ε). (6.25)

Similarly as the argument shown in [12, Theorem 4.1], we consider the following two cases:
Case 1: Assume that there exists some constant C > 0 independent of ε such that x̄ε satisfies

lim sup
ε→0

εrV(x̄ε) ≤ C < +∞.

Then by using (6.24), one can proceed the same argument shown as (6.13)-(6.14) and (6.16) to obtain the
claim (6.22).

Case 2: Assume that x̄ε satisfies

lim inf
ε→0

εrV(x̄ε) = +∞. (6.26)

We define

m̃(x) = εnmM(εx) = mε

(
x −

xε
ε

)
, ũ(x) = ε

2−r′
r′−1 uM(εx), w̃(x) = εn+1wM(εx), (6.27)
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then find from (6.5) that (m̃, ũ, w̃) satisfies
−∆ũ +CH |∇ũ|r

′

+ λMε
r = εrV(εx) − m̃

r
n
ε , x ∈ Rn,

−∆m̃ −CHr′∇ · (m̃|∇ũ|r
′−2∇ũ) = 0, x ∈ Rn,∫

Rn m̃ε dx = M ↗ M∗, w̃ε = −CHr′m̃|∇ũ|r
′−2∇ũ.

(6.28)

Noting that V satisfies (1.12), we employ Lemma 3.1 to get

|∇ũε| ≤ C
(
1 + σ

1
r′
ε |x|

b
r′
)
, σε := εr+b. (6.29)

Denote yε := xε
ε and ȳε := x̄ε

ε , which are the minimum and maximum points of ũε(x) and m̃ε(x), respectively.
Thanks to (6.17), we obtain |yε| ≤ Cε−1. Then, it follows from (6.29) that

|ũε(0)| ≤ |ũε(yε)| + |yε| sup
|y|≤|yε |

|∇ũε(y)| ≤ 1 +Cε−1 +Cε−1σ
1
r′
ε |yε|

b
r′ ≤ 1 +Cε−1. (6.30)

As a consequence,

ũε(x) ≤ ũε(0) + |x| sup |∇uε(x)| ≤ 1 +Cε−1 + σ
1
r′
ε |x|

b
r′ +1. (6.31)

Invoking (6.26), (6.30) and (6.31), we proceed the same argument shown in [12, Theorem 4.1] to get
m̃ε ∈ C0,θ(BR(ȳε)) with θ ∈ (0, 1) and R > 0 independent of ε. Noting that ȳε is maximum point of m̃ε(x),
we thus obtain from (6.24) and (6.27) that m̃ε(ȳε) ≥ C > 0. Hence, one finds there exists some R0 > 0
independent of ε such that

m̃ε(x) >
C
2
> 0,∀ |x − ȳε| < R0.

Since ȳε =
x̄ε
ε , the above estimate together with (6.27) indicates that (6.23) holds.

When r > n, with the assumptions (1.20) imposed on potential V , using (6.6) and noting that W1,q̂(Rn) ↪→
C0,θ(Rn) for some θ ∈ (0, 1), we deduce from Lemma 3.5 that mε is uniformly bounded in C0,θ(Rn). Then
claim (6.22) follows drectly by noting (6.24).

In summary, if V satisfies (1.12) when r ≤ n or (1.20) when r > n, we obtain (6.22) and (6.23)
hold. However, (6.23) together with (6.20) contradicts the fact that mε converges strongly to m0 in L1(Rn).
Therefore, (1.34) is proved and we complete the proof of Theorem 1.4.

□

Theorem 1.4 indicates that as M ↗ M∗, the ground states (mM,wM) to problem (1.22) form some profile
with the striking structure, where the leading stone is given by (m0,w0), the minimizer to problem (1.26). In
fact, with the precise local expansion of potential V , we are able to capture the asymptotic of scaling factor
and the location of concentrated profile, which will be shown in Subsection 6.2.

6.2 Refined Asymptotic Profiles of Ground States
In this subsection, we shall discuss the refined blow-up behaviors of the rescaled minimizer (mε,wε). As
shown in Section 6, (mε,wε, uε) converges to (m0,w0, u0) with

mε → m0 in Lp(Rn) ∀ p ∈ [1, q̂∗), wε ⇀ w0 Lq̂(Rn) and uε → u0 in C2
loc(Rn).

where (m0,w0) is a minimizer of Γα∗ and (u0,m0,w0) satisfies (1.28). In addition, we deduce from Lemmas
3.6 and 3.7 that there exist δ1 > 0 and Cδ1 > 0 such that,

m0(x) ≤ Cδ1C
−δ1 |x|, (6.32)
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and

1 = CL

∫
Rn

∣∣∣∣w0

m0

∣∣∣∣rm0 dx =
n

n + r

∫
Rn

m
1+ r

n
0 dx. (6.33)

Before proving Theorem 1.5, we recall the following assumptions on potential V:
Suppose V(x) has l ∈ N distinct zeros defined by {P1, · · · , Pl} ⊂ R

n; moreover, ∃ai > 0, qi > 0, d > 0
such that

V(x) = ai|x − Pi|
qi + O(|x − Pi|

qi+1), if |x − Pi| ≤ d. (6.34)

Define q = max{q1, · · · , ql} and Z = {Pi | qi = q, i = 1, · · · , l}, then we denote

µ = min{µi | Pi ∈ Z, i = 1, · · · , l} with µi = min
y∈Rn

Hi(y), Hi(y) =
∫
Rn

ai|x + y|qim0(x) dx, (6.35)

and define set Z0 = {Pi | Pi ∈ Z and µi = µ, i = 1, · · · , l}, which consists of all weighted flattest zeros of V(x).
With the notations, we establish the precise upper bound of eα∗,M as M ↗ M∗, which is

Lemma 6.1. As M ↗ M∗, eα∗,M given in (1.22) satisfies

eα∗,M ≤ [1 + o(1)]
q + r

q

(qµ
r

) r
r+q

[
1 −

( M
M∗

) r
n
] q

r+q
. (6.36)

Proof. Choose some Pi ∈ Z0 and let yi ∈ R
n satisfy

µ = µi = inf
y∈Rn

Hi(y) = Hi(yi). (6.37)

Define
mτ =

M
M∗

τnm0
[
τ
(
x −

yi

τ
− Pi

)]
and wτ =

M
M∗

τn+1w0
[
τ
(
x −

yi

τ
− Pi

)]
for τ > 0.

Then we find∫
Rn

V(x)mτ(x) dx =
M
M∗

∫
Rn

V
( x + yi

τ
+ Pi

)
m0(x) dx = |τ|qi

M
M∗

∫
Rn

V
(

x+yi
τ + Pi

)∣∣∣∣ x+yi
τ

∣∣∣∣qi
|x + yi|

qim0(x) dx. (6.38)

Next, we establish the desired estimate for the last equality in (6.38). To begin with, from (1.20a), we see
that ∃K̃ > |Pi| such that

V(x) < C2eδ|x|, for |x| > K̃, (6.39)

Define

II :=
V
(

x+yi
τ + Pi

)∣∣∣∣ x+yi
τ

∣∣∣∣qi
|x + yi|

qim0,

then we decompose the estimates of II into the following three cases:
Case 1: When 0 ≤ |x+yi |

τ < d, we use (6.34) to get

|II| =
V
(

x+yi
τ + Pi

)∣∣∣∣ x+yi
τ

∣∣∣∣qi
|x + yi|

qim0 ≤ 2aim0. (6.40)

Case 2: When d ≤
∣∣∣∣ x+yi
τ

∣∣∣∣ ≤ 2K̃, one has from K̃ > |Pi| that
∣∣∣∣ x+yi
τ + Pi

∣∣∣∣ ≤ 2K̃ + |Pi| ≤ 3K̃, which implies

|II| ≤ d−qi

[
sup
|x|<3K̃

V(x)
]
m0(x). (6.41)
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Case 3: When
∣∣∣∣ x+yi
τ

∣∣∣∣ ≥ 2K̃ holds, we find
∣∣∣∣ x+yi
τ + Pi

∣∣∣∣ ≥ 2K̃ − |Pi| ≥ K̃ and
∣∣∣∣ x
τ

∣∣∣∣ ≥ ∣∣∣∣ x+yi
τ

∣∣∣∣ − ∣∣∣∣ yi
τ

∣∣∣∣ ≥ K̃ provided
τ > 0 large enough. As a consequence, we obtain from (6.39) that

V
(

x+yi
τ + Pi

)∣∣∣∣ x+yi
τ

∣∣∣∣qi
|x + yi|

qi = τqiV
( x + yi

τ
+ Pi

)
≤ C2τ

qieδ
∣∣∣ x+yi

τ +Pi

∣∣∣
≤ C2τ

qie3δ| xτ |, as τ→ +∞,

which together with (6.32) gives that for τ sufficiently large,

|II| ≤C2Cδ1τ
qie3δ| xτ |e−δ1 |x| ≤ Cδ1τ

qie−
δ1
2 |x| ≤ Cδ1τ

qie−
δ1
4 |x|e−

δ1
4 τK̃ ≤ Cδ1e−

δ1
4 |x|. (6.42)

Upon collecting (6.40), (6.41) and (6.42), we arrive at

|II| ≤ φ(x) :=


2aim0(x),

∣∣∣ x+yi
τ

∣∣∣ < d,
d−qi

[
sup|x|<3K̃ V(x)

]
m0(x), d <

∣∣∣ x+yi
τ

∣∣∣ < 2K̃,

Cδ1e−
δ3
4 |x|,

∣∣∣ x+yi
τ

∣∣∣ > 2K̃.

In addition, by using (6.34), one has the fact that lim
τ→+∞

II = ai|x + yi|
qim0(x) a.e. in Rn. Hence, we employ

the Lebesgue dominated convergence theorem to obtain that

lim
τ→+∞

|τ|−qi

∫
Rn

V(x)mτ(x) dx =
M
M∗

∫
Rn

ai|x + yi|
qim0(x) dx = µ,

where we have used the definition of µ given by (6.37). From the definition of (mτ,wτ) and (6.33) we have

CL

∫
Rn

∣∣∣∣∣wτ

mτ

∣∣∣∣∣rmτ dx −
1

1 + r
n

∫
Rn

m
1+ r

n
τ dx =

Mτr

M∗

[
1 −

( M
M∗

) r
n
]
.

Let τ =
(

qµ
r[1−( M

M∗ )
r
n ]

) 1
r+q

→ ∞ as M ↗ M∗, and note that qi = q, we then deduce from the above two estimates

that

E(mτ,wτ) =
M
M∗

[(
1 −

( M
M∗

) r
n
)
τr + µτ−q

]
+ o(τ−q) =

q + r
q

(qµ
r

) r
r+q

[
1 −

( M
M∗

) r
n
] q

r+q
(1 + o(1)),

which completes the proof of the lemma. □

With the upper bound of eα∗,M given in Lemma 6.1, we shall prove Theorem 1.5, which is

Proof of Theorem 1.5:

Proof. As shown in Theorem 1.4, one has xε → Pi for some 1 ≤ i ≤ l. Moreover, since (mM,wM) denotes
the minimizer of (1.22), we obtain

eα∗,M = E(mM,wM) =ε−rCL

∫
Rn

∣∣∣∣∣wε

mε

∣∣∣∣∣rmε dx −
ε−r

1 + r
n

∫
Rn

m
1+ r

n
ε dx +

∫
Rn

V(εx + xε)mε(x) dx

≥ε−r
[( M∗

M

) r
n
− 1

] n
n + r

∫
Rn

m
1+ r

n
ε dx +

∫
Rn

V(εx + xε)mε(x) dx. (6.43)

We have the facts that∫
Rn

V(εx + xε)mε(x) dx = εqi

∫
Rn

V(εx + xε)
|εx + xε − Pi|

qi

∣∣∣∣x + xε − Pi

ε

∣∣∣∣qi
mε(x) dx, (6.44)
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and in view of xε → Pi,

lim
ε→0

V(εx + xε)
|εx + xε − Pi|

qi
= lim

ε→0

ai|εx + xε − Pi|
qi + O(|εx + xε − Pi|

qi+1)
|εx + xε − Pi|

qi
= ai, a.e. in Rn. (6.45)

Now, we claim that

qi = q = max{q1, · · · , ql} and lim sup
ε→0

∣∣∣∣ xε − Pi

ε

∣∣∣∣ is uniformly bounded. (6.46)

If not, we have either qi < q or up to a subsequence, limε→0
∣∣∣ xε−Pi

ε

∣∣∣ = +∞. With the help of (1.33), (6.44)
and (6.45), we apply Fatou’s lemma to get for any constant β ≫ 1 large enough,

lim
ε→0

ε−q
∫
Rn

V(εx + xε)mε dx = lim
ε→0

εqi−q
∫
Rn

V(εx + xε)
|εx + xε − Pi|

qi

∣∣∣∣x + xε − Pi

ε

∣∣∣∣qi
mε dx ≥ β ≫ 1.

As a consequence, we obtain from (6.6) and (6.43) that

eα∗,M ≥ε−r
[( M∗

M

) r
n
− 1

] 1
1 + r

n

∫
Rn

m
1+ r

n
ε dx + βεq = [1 + oε(1)]

[( M∗

M

) r
n
− 1

]
ε−r + βεq

≥(1 + oε(1))
q + r

q

(qβ
r

) r
r+q [( M∗

M

) r
n
− 1

] q
r+q , where β ≫ 1.

This contradicts to Lemma 6.1, which finishes the proof of our claim (6.46).
In view of (6.46), we find ∃y0 ∈ R

n such that up to a subsequence,

lim
ε→0

xε − Pi

ε
= y0.

We next show y0 satisfies (1.36). Since qi = q, it follows from (6.34), (6.35), (1.33) and Fatou’s lemma that

lim
ε→0

ε−q
∫
Rn

V(εx + xε)mε dx = lim
ε→0

∫
Rn

V
(
ε
(
x + xε−Pi

ε

)
+ Pi

)
|ε
(
x + xε−Pi

ε

)
|q

∣∣∣x + xε − Pi

ε

∣∣∣qmε dx

≥

∫
Rn

ai|x + y0|
qm0 dx ≥ µ, (6.47)

where the last two equalities hold if and only if (1.36) holds. As a consequence, we obtain

eα∗,M ≥ε−r
[( M∗

M

) r
n
− 1

]
(1 + o(1)) + εqµ(1 + o(1))

≥(1 + o(1))
q + r

q

(qµ
r

) r
r+q

[( M∗

M

) r
n
− 1

] q
r−q

=(1 + o(1))
q + r

q

(qµ
r

) r
r+q

[
1 −

( M
M∗

) r
n
] q

r−q
( M∗

M

) rq
n(r−q)

=(1 + o(1))
q + r

q

(qµ
r

) r
r+1

[
1 −

( M
M∗

) r
n
] q

r−q ,

(6.48)

where the “=” holds in the second inequality if and only if

ε =

[
r

qµ

[
1 −

( M
M∗

) r
n

]] 1
r+q

(1 + o(1)). (6.49)

We collect the lower bound (6.48) and the upper bound (6.36) to find all equalities in (6.48) must hold. It
follows that all “=” in (6.47) and (6.49) also hold. Therefore, we obtain (1.35) and (1.36), which finishes the
proof of Theorem 1.5. □

Theorem 1.5 demonstrates that when potential V admits typical local expansions e.g. power asymptotic
function and the nonlinearity exponent in system (1.4) is critical, there exist ground states to problem (1.22)
for M < M∗, which concentrate at the location where the potential V is weighted flattest as M ↗ M∗.
Moreover, we have captured the asymptotics of scaling factor ε.
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7 Discussion
First of all, we have analyzed the W2,p regularity of the solution to the HJ equation (2.1) with subquadratic
gradient terms by performing blow-up analysis. With the aid of the regularity results, we have employed the
variational method to study the existence of least energy solutions to system (1.4) with the decreasing cost
and some technical assumptions imposed on potential V when the nonlinearity exponent in the power local
coupling is mass critical. Based on the seminal work of Cirant et al. [12], we have classified the ground states
to the associated energy (1.15) in terms of the total mass of population density m when the coupling exponent
α = r

n . More precisely, we have obtained there exists a critical mass M∗ such that if the total mass of density
denoted by M satisfying M < M∗, problem (1.22) admits minimizers; otherwise, there is no minimizer to
(1.22) by using the assumptions (V3) imposed on potential V when the exponent in the local coupling is mass
critical. Furthermore, we have showed there exists the concentration phenomenon as M ↗ M∗ and captured
the asymptotic behaviors of minimizers. In particular, while proving our main results, Gagliardo-Nirenberg
type’s inequality corresponding to the ground states for the potential-free MFG system has been established.
In our argument, some innovation ideas what we have proposed is the application of Pohozaev identities on
proving strongly L1(Rn) convergence of population density, which avoids the discussion of concentration
compactness as shown in [12]. On the other hand, while studying the existence of least energy solutions, we
relax the |x|b restriction on potential V by applying maximal regularities shown in Theorem 1.1 and [17].

We would like to point out that there are also some interesting questions that deserve investigations in
the future. While establishing the optimal inequality in Section 4, we imposed some technical assumption
on m, which is the boundedness of

∫
Rn m|x|b dx for sufficiently small b > 0. We believe that this condition

is unnecessary since our techniques arise from the continuity method but the existence of minimizers to
problem (1.24) in the mass subcritical exponent case must be established with this technical assumption on
m due to the approaches taken in [12]. To remove this assumption, we must propose some new ideas and
it seems significant to understand the properties of principal part in E given by (1.15) more clearly. Other
interesting question is the properties, such as radially symmetry, uniqueness and positivity of ground states,
when system (1.4) is potential-free. Since the potential-free system is also coupled, it seems need other
ideas rather than moving plane methods to show the symmetry of solutions. One of interesting directions is
the extension of the potential functions V . We impose some mild assumptions (1.20) on V , which does not
include the super exponential growth case and the logarithmic potential. It seems a challenge to remove the
technical assumptions due to the lower bound estimates of the value function u.

Appendix A Ground States of Schrödinger equations and MFGs
with r′ = 2
This Appendix is devoted to the relationship between the ground states to (1.4) and (1.8), which is

Proposition A.1. Assume r = r′ = 2, H is given by (1.5), f (m) = −C f mα with α ∈
(
0, r

n
)

and V satisfies
(1.12) in system (1.4). Let (mM,wM) be minimizers to problem (1.19). Correspondingly, (mM, uM, λM) ∈
W1,p(Rn) ×C2(Rn) × R solves (1.4) for any fixed M > 0. In addition, let vM be minimizers to problem

min
v∈H1(Rn),

∫
Rn v2 dx=M

F (v) (A.1)

with F (v) defined by (1.9). Then we have that on one hand, v̄M :=
√

mM give rise to minimizers of the
problem (A.1); on the other hand, (m̄M, w̄M) := (v2

M, 2vM∇vM) give rise to minimizers of problem (1.19).

Proof. First of all, we show that ∇
√

mM ∈ L2(Rn). To this end, by applying Theorem 3.1 in [40], one obtains∫
Rn

|∇mM |
2

mM
dx ≤ Ĉ

∫
Rn

mM |∇uM |
2 dx, (A.2)
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where Ĉ > 0 is some constant. As shown in [12], when potential V satisfies (1.12), uM at most grows
algebraically but mM has the exponential decay property. It follows from (A.2) that∫

Rn

|∇mM |
2

mM
dx ≤ Ĉ

∫
Rn

mM |∇uM |
2 dx < +∞, (A.3)

which indicates ∇
√

mM ∈ L2(Rn).
On the other hand, since (mM,wM) ∈ W1,p(Rn)× Lp(Rn) for any p > 1, are minimizers to (1.19) [12], we

find for any fixed M > 0,

II1 :=
∫
Rn

|∇mM + gM |
2

mM
dx (A.4)

exists with wM = ∇mM + gM and ∇ · gM = 0 weakly. In addition, invoking (A.3) we have the facts that∫
Rn
|∇mM |

2

mM
dx and

∫
Rn
|gM |

2

mM
dx are well-defined. Then, it follows that for any R→ +∞,

lim
R→+∞

∫
BR(0)

|∇mM + gM |
2

mM
dx = II1 < +∞. (A.5)

Noting that m > 0 for any x ∈ Rn, by straightforward computation, one has

II1 = lim
R→+∞

[ ∫
BR(0)

|∇mM |
2

mM
dx + 2

∫
BR(0)

∇mM

mM
· gM dx +

∫
BR(0)

|gM |
2

mM
dx

]
. (A.6)

where ∇mM
mM
= ∇ log mM is well-defined. Now, we claim that there exists a sequence Rk → +∞ as k → +∞

such that ∫
BRk (0)

(∇ log mM) · gM dx→ 0. (A.7)

Since gM ∈ L2(BR(0)) and ∇ log mM ∈ L2(BR(0)) for any large but fixed R > 0, we apply the integration by
parts to get ∫

BRk (0)
(∇ log mM) · gM dx =

∫
∂BRk (0)

log mMgM · ν dS , (A.8)

where we have used ∇ · gM = 0 weakly. Next, we shall show that∫
∂BRk (0)

| log mM | · |gM | dS → 0, as k → ∞. (A.9)

Indeed, if the following fact holds: ∫
Rn
| log mM | · |gM | dx < +∞, (A.10)

then we obtain the desired conclusion (A.9) since we have the fact that∫
Rn
| log mM | · |gM | dx =

∫ +∞

0

( ∫
∂BR(0)

| log mM | · |gM | dS
)

dR.

To prove (A.10), we apply Hölder’s inequality to get( ∫
Rn
| log mM | · |gM | dx

)2
≤

( ∫
Rn

mM | log mM |
2 dx

)
·

( ∫
Rn

|gM |
2

mM
dx

)
. (A.11)
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To estimate the first term in Right Hand Side of (A.11), we use the fact mM | log mM |
2 ≤ C

(
m2

M +
√

mM
)

with
mM ≥ 0 and positive constant C to obtain∫

Rn
mM | log mM |

2 dx ≤ C
( ∫
Rn

m2
M dx +

∫
Rn

√
mM dx

)
. (A.12)

Since mM ∈ L2(Rn) and 0 < mM < e−δ|x| for some δ > 0, we have
√

mM ∈ L1(Rn), which completes the
proof of (A.9). In view of (A.8), one finds as k → +∞, the claim (A.7) holds. Focusing on (A.6), we have
gM ≡ 0 to guarantee (mM,wM) are minimizers to problem (1.19), which implies the energy (1.15) satisfied
by (mM,wM) is exactly reduced to (1.9) by using the transform m = v2. Now, we have the fact that the infima
of problem (1.19) and problem (A.1) are the same.

Conversely, for any minimizer vM to problem (A.1), it is straightforward to verify that (m̄M, w̄M) :=
(v2

M, 2vM∇vM) ∈ KM given by (1.17), which is a minimizer to problem (1.19). It completes the proof of our
proposition. □

Acknowledgments
Cirant partially supported by the Gruppo Nazionale per l’Analisi Matematica, la Probabilità e le loro
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[17] M. Cirant and G. Verzini. Local Hölder and maximal regularity of solutions of elliptic equations with
superquadratic gradient terms. Adv. Math., 409:108700, 2022.

[18] D. Gilbarg and N. Trudinger. Elliptic partial differential equations of second order, volume 224.
Springer, 1977.
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