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Abstract

This paper is devoted to the study of Mean-field Games (MFG) systems in the mass critical exponent
case. We firstly establish the optimal Gagliardo-Nirenberg type inequality associated with the potential-free
MFG system. Then, under some mild assumptions on the potential function, we show that there exists a
critical mass M* such that the MFG system admits a least energy solution if and only if the total mass of
population density M satisfies M < M*. Moreover, the blow-up behavior of energy minimizers are captured
as M /' M*. In particular, given the precise asymptotic expansions of the potential, we establish the refined
blow-up behavior of ground states as M~ M*. While studying the existence of least energy solutions, we
establish new local W2” estimates of solutions to Hamilton-Jacobi equations with superlinear gradient terms.
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1 Introduction

A very important topic in the fields of economics, finance and management is how participants in the
market maximize their utilities and minimize costs. Whereas, in various economical and financial problems,
researchers have to consider a huge number of players, which brings many challenges to numerical and
theoretical studies since they are forced to tackle numerous coupled equations from the analytic perspective.
More specifically, it is very difficult to determine the value function of each player one by one. In this
situation, it is necessary to propose some simplified model that can be investigated qualitatively by using
mathematical tools. Motivated by this, scholars borrowed ideas from statistical physics and developed the
theory of Mean-field games (MFG) [28, 29, 34, 35].

1.1 Mean-field Games Theory and Systems

As mentioned above, MFG models proposed by Lasry et al. [35] and Huang et al. [32] independently in
2007, are well-used to describe complex decision processes involving a huge number of homogeneous agents,
which are a class of backward-forward parabolic equations consisting of Hamilton-Jacobi equations and
Fokker-Planck equations. In the setting described below, their mathematical form reads as

m; =Am+V - (VH(Vu)m), xeR" >0, (1.1)
ule=r = ur,mli=o = mo, xeR",

{ uy = —Au+ HVu) - Vix] - f(m), xeR"t>0,

where m represents the population density and u denotes the value function of a typical player. Here my is
the initial data of density and uy is the terminal data of value function u. In particular, H : R” — R is the
so-called Hamiltonian and V(x) denotes a potential function.

To illustrate the MFG theory, we assume that for i = 1,--- , N, the dynamics of the i-th participant is
governed by the following controlled stochastic differential equation (SDE):

de = —yﬁdt + \/dei, X6 =x' e R, (1.2)

where x are the initial states, y' represent the control terms and B! are independent Brownian motions. For
simplification, we assume that all agents are indistinguishable and follow the same game process, then drop

[T

i in (1.2). The goal of each player is to minimize the following average cost :

T
Jy) :=E j; [L(y) + V(Xp) + f(m(X)]dt + ur(X7), (1.3)

where L is the so-called Lagrangian, which is the Legendre transform of H satisfying H(p) = sup,cga(py —
L(y)). Lasry et al. applied the dynamic programming principle to study (1.3) and formulated the time-
dependent system (1.1).

One popular research topic in the study of (1.1) is the global well-posedness and long-time dynamics of
(1.1),see [7, 9, 10, 15, 23-25]. Numerical techniques including the finite difference method are also useful
on the analysis of solutions to the backward-forward system (1.1) and we refer the readers to [1, 2, 8, 11].
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We next consider the stationary problem of (1.1), which serves as a paradigm to describe the distribution
of Nash equilibria of infinite-horizon differential games among numerous players. The mathematical form of
the stationary problem of (1.1) is

—Au+ HVu) + 1= f(m) + V(x), xeR",
Am +V - (mVH(Vu)) = 0, x eR", (1.4)
fRN mdx =M > 0,

where A € R is the Lagrange multiplier. Here a triple (m, u, A) is defined as the solution to (1.4) and constant
M > 0 is the total mass of population. System (1.4) models in the market, the long time collective behavior
of a huge number of homogeneous agents whose goals are to minimize a cost that depends on the population
distribution m. One can understand the solution to (1.4) as follows: firstly, the optimal control of a typical
agent is inputted into the Fokker-Planck equation in (1.4), yielding m. In the long-time regime, this has
to coincide with the population density. Then, the optimal control is outputted via the HIB equation. In
particular, the Nash equilibrium is attained when the input coincides with the output.

We would like to point out that Hamiltonian H is convex, and we assume that it has the following typical
form:

H:=Cylpl”, 3F > 1, Cy > 0. (1.5)

By using the definition, the corresponding Lagrangian is given by

r 1 I
L=Cihyl', r=+ 1 >1, CL=—-('Cy)=7 >0, (1.6)
r— r
where r is the conjugate number of r’.
Focusing on the stationary problem (1.4), some works appeared in the last few years [12, 14, 22, 26, 39].
It is worthy mentioning that if the interaction between agents is assumed to be of congestion type, i.e.
the cost is monotone increasing, then the uniqueness of the stationary solution can be proved [22, 26, 35].

However, if the cost is monotone decreasing, (1.4) may admit many solutions, and the analysis of existence
becomes more challenging if the cost is also unbounded. Motivated by this, Cesaroni and the first author [12]
employed the variational structure possessed by (1.4) and showed the existence and concentration behaviors
of ground states via the direct method under some assumptions on f, V and H.

Before stating the technical conditions on the functions f, V and H, we discuss the strong relationship
between (1.4) and nonlinear Schrodinger equations. In fact, whenever it is possible to trivialize the Fokker-
Planck equation in (1.4) as

Vm +mCy|Vul” *Vu =0 ae., x €R", (1.7

then setting v := m%, one finds from the u-equation in (1.4) that

_ r _ r—1 _ n
{ AV + [f(V) + V(x) =AW =0, xeR", (1.8)

r r—1
fan’dx:M,v>0,,u:(C—H) ,
where A, is the r-Laplacian and given by A,v = V - (|Vy|"~2Vv). The v-equation is the famous Schrodinger

equation with the mass constraint and there are rich literatures [30, 31] on the study of stationary problem
(1.8) via the following useful variational structures:

Fv) = f n [’;‘W +FW) + %V(x)v’ dx, (1.9)

where F(v) denotes the anti-derivative of f(v")»"~!. We would like to mention that when r = 2 and f(v") =
—v"® in (1.8), the properties of the ground states to (1.8) associated with (1.9) are well-understood. As



shown in [33], it is well-known that under the subcritical Sobolev exponent case, the solution to (1.8) is
radially symmetric, unique up to scaling and translation, has the exponential decay property if 4 < 0, etc. It
is necessary to point out that (1.7) is not expected to hold in general [13], but it is true for instance in the
quadratic case ' = 2 or if one considers radial solutions. This strong connection when r’ = 2 is seen also at
the variational level: the ground states to (1.4) and (1.8) are the same under some general assumptions on
f(m) and V given in (1.4), see the detailed discussion in Appendix A.

Inspired by the discussion above, Cirant et al. [12] proved the existence of least energy solutions to (1.4)
via the variational method with some technical assumptions imposed on H, V and f. In detail, Hamiltonian
H is assumed to satisfy H € C2(R™\{0}); moreover, there exist Cyy > 0, K > 0 and r’ > 1 such that

Culpl” =K < H < Cylpl”, (1.10)
and
VH(p)-p~H(p) > K~'|pl" - K and [VH(p)| < K|p["™". (1.11)
In addition, they suppose that the potential V is locally Holder continuous and satisfy
Cy (max{]x] = Cy, 01" < V(x) < Cy(1 +|x))*, 3b,Cy > 0. (1.12)

On the other hand, the local coupling f : [0, +c0) — R is imposed to be locally Lipschitz continuous, which
satisfies

-Crm” — K < f(m) < -Cym® + K, ACy, K,a > 0. (1.13)
In particular, the author were concerned with the mass subcritical exponent case, which is

O<a<’l (1.14)
n

To illustrate (1.14), we firstly state the following energy functional associated with (1.4):
E(m,w) = f [mL( - K) + V(x)m+ F(m)| dx, (1.15)
n m
where F(m) = fom f(s)ds for m > 0 and F(m) = 0 for m < 0. As shown in [12], Lagrangian L is defined by

" SUp pepn (= 25 — H(p)), m >0,
L( - —) =< 0, (m,w) = (0,0), (1.16)
s otherwise,

and mL( — ) is the Legendre transform of mH(p). In addition, the admissible set K}y is defined as
Ko = {(m, w) € (L'®R") n WHRY) x L' (R")

S. t.fVm-chdx:fw-Vgodx,VwECff’(R"),

f V(xmdx < +co, | mdx=M>0, m20ae.}, (1.17)
n R}‘l
where ¢ is given by
n—;z+1 ifr<n,
g:={e(Z.n) ifr=n, (1.18)
r ifr>n.



With these preliminaries, to find the ground states of (1.4) associated with energy (1.15), we consider the
following problem:

eom = Inf  E(m,w). (1.19)

(mw)eKy
We would like to remark that e,y < +o0. To show this, one sets (m, w;) = (ce‘|x|, —%) with
¢ determined by &n mdx = M and w; = Vmy, then can straightforward check (mg, ws) € Ky p and
E(mg, wy) < +oo. With the upper bound of e, js, we claim that (1.14) is the necessary condition to guarantee
that E(m, w) is bounded from below for all M > 0. In this case, e, » given in (1.19) is well-defined. Indeed,
if @ > ﬁ, for any (m, w) € Ky.m,

E(mg, ws) — —o0,

as 6 — 0, in which (5, W5) := (67"m(5™'x), 661 x)) € Ko since 67 [, m(~'x)dx = M. It
follows that e, p is not well-defined when o > ﬁ As a consequence, Cirant et al. [12] discussed the ground
states to (1.4) associated with energy (1.15) under condition (1.14). In particular, the authors [12] assumed
H,V and f satisfy (1.10), (1.11), (1.12) and (1.13), respectively. Moreover, they showed the ground states to
(1.4) are in fact classical solutions by applying the regularization techniques and standard elliptic estimates.
The concentration behaviors of the ground states were also established in the vanishing viscosity limit sense
under the mass subcritical exponent case (1.14) in [12].

In this paper, we shall investigate the qualitative behaviors of ground states to (1.4) with n > 2 and focus
on the mass critical exponent case @ = a* := +.. More specifically, we aim to discuss the existence and
asymptotic profiles of ground states to (1.15). This critical case is much more delicate than the subcritical
one, and many arguments used in [12] break down. It is worthy mentioning that there exists the other critical
exponent @ = = arising from Sobolev embedding on analyzing the regularity of m-component to (1.4).
Recently, some results in the mass supercritical case up to the Sobolev critical exponent were completed
by the first author and his collaborators [38], in which the domain is assumed to be bounded and Neumann
boundary conditions are imposed on (m, #). More specifically, it is shown that energy (1.15) admits local
minimizers with the mass supercritical exponent.

Now, we state our main results in the following subsection.

1.2 Main results

This paper extends the results in [12] to the mass critical case, and allows for much more general potentials
V. In detail, we consider @ = o* := 1, H is given by (1.5), f(m) := —m® and locally H6lder continuous
potential V satisfies some of the following conditions
(VD). inf V(x) =0<V(x) € LY (R").

x€R”

loc

(V2). there exist constants Cq,C,, K > 0 and b, 6 > 0 such that

Ci(1 + x”) < V(x) < CeM, x| = K; (1.20a)
1%
0<C < % < Cy, forall |x| > K with [y| < 2; (1.20b)
X
sup V(vx) < C,V(x) for x| > K. (1.20¢)
vel0,1]

(V3). |ZI =0with Z :={xeR"|V(x) =0}.

Then, we are able to classify the ground states to (1.4) by using the variational method and introducing
some critical mass threshold M*. A vital step here is to study the regularity of the solution after the minimizer
is obtained. In fact, the regularity of solutions to the Fokker-Planck equation is well understood [6] and some



useful results are stated in Section 3. Whereas, focusing on the Hamilton-Jacobi equation, the quasi-linear
structure may cause difficulties. There are some references on the regularity of the Hamilton-Jacobi equation
that deserve discussion. Consider the following equation:

—Au+|Vul” = f, (1.21)

where 7/ > 1. A natural question is the W regularity of the solution to (1.21) provided that f € L” for some
p > 1. P-L. Lions conjectured that for all p > 2, the L? estimate should hold for the D?u of (1.21) when f is
assumed to satisfy f € L”. This conjecture is confirmed when the periodic boundary condition is imposed on
equation (1.21) [16]. For the case of 1 < r" < 2, the global estimates were discussed in [5, 20, 21, 27] with
Dirichlet or Neumann boundary conditions. There are a few results on the local L? estimates for D?u; these
have been obtained by the first author [17] and Verzini, in the superquadratic case ’ > 2. However, the local
L? regularity in the case of ' < 2 is open to our knowledge. It turns out that in our analysis of the MFG
system in the mass critical case, the local maximal regularity estimate plays a crucial role. Motivated by this,
we obtain the following result:

Theorem 1.1. Let p > %, ¥ > 25, f € LP(Q) and assume u € W2P(Q) solves
—Au+ Cy|Vul” = finQ,
in the strong sense. Then for each M > 0 and Q' cC Q, we have
Vi) + 1D ullr@y < C,
where || fllLr) < M and the constant C = C(M, dist(QY’, 0Q),n, p, Cy, r) > 0.

Theorem 1.1 is an analogue of Calderén-Zygmund regularity for the linear second order elliptic equation.
We would like to remark that the Lipschitz gradient estimate of the solution can be obtained [37] when p > n,
see also [] for previous results. For the proof of Theorem 1.1, we shall perform a blow-up analysis which is
inspired by the strategy shown in [17], but tailored to Morrey spaces rather than Holder spaces.

Next, we come back to the MFG system, and focus on the existence of ground states under the critical

mass exponent case. To begin with, we consider the following constrained minimization problem:

oy = inf  Emw), o =, (1.22)
n

(mw)eKy

where the energy &E(m, w) is given by

E(m,w) = CLf
Rf’l

and Ky is given in (1.17). Before studying the existence of minimizers to (1.22), one must establish the
optimal Gagliardo-Nirenberg type inequality subject to the mass critical exponent involving the Lagrangian
term in energy (1.15). This is in fact crucial to understand whether the infimum in (1.22) is finite or not.
More precisely, we focus on the following minimization problem:

wir 142
—| mdx + V(x)ymdx — m "ndx, (1.23)
m n n

n+r

(a+1)r—na

g L (™
(m,w)eA jﬂgn metl dx

(1.24)

where
A= {(m,w) € (L'®R") N WHERN) x L' (R")

S. t. f Vm-Vedx = f w-Vodx,Yp € CC(R"), f IxIPmdx < +00, m >, % 0 ae. }, (1.25)
n n er



with ¢ defined as (1.18) and b > 0. We would like to remark that problem (1.24) is scaling invariant under
the scaling (Am(tx), #+1w(tx)) for any t > 0 and 8 > 0. As a consequence, it is easy to see that (1.24) is
equivalent to the following minimization problem

(a+Dr—na

e Gkl ) (foma)
o= Inf
(mw)eAy jj‘%" me+l dx

Cae (o, 5], (1.26)

where
Ay = {(m,w) e A, | mdx=M >0} (1.27)
Rn
We first prove there exist minimizers to (1.26) for any a € (0, ﬁ) thanks to Theorem 1.3 in [12]. Then,

using an approximation argument, we show that I', can be also attained when a = +, provided that M = M*
is suitably chosen. The result is is summarized as

Theorem 1.2. For any r > 1, assume that @ = @™ := ﬁ in (1.24), then we have Iy~ is finite and attained by
some minimizer (Mg, W) € A. Correspondingly, there exists a solution (mg», Ug) € WLP(R?) x CHRM),
Vp > 1, to the following potential-free MFG systems:

~Au+ Cy|Vul” — L = —mw*, x € R",

Am + Cyr'V - (leul’ 2Vu) = xeR", (1.28)

w=-Cpgr’ m|Vu| Vu, fandx: M*,

where

= [T (@ + 1) (1.29)

In particular, there exists some positive constants ¢ and ¢ such that 0 < mg-(x) < cre~2M,

Note that working on the whole Euclidean space here involves non trivial compactness issues. These
were solved in [12] by a concentration-compactness argument; here we follow a different strategy based on
Pohozaev type identities. With the aid of Theorem 1.2, we analyze the boundedness of e,- )/ from below and
obtain the sharp existence of minimizers for (1.22), which is shown in the following theorem:

Theorem 1.3. Assume that V satisfies (VI)-(V2) and M* is defined by (1.29), then the following alternatives
hold:

(i). If0 < M < M*, problem (1.22) admits at least one minimizer (my;, wyy) € WHP(R™) x LP(R") Vp > 1,
which satisfies for some Ay € R,

—Auyg + CalVuyl” + Ay = V(x) —mb,
Amys + Cyr’'V - (mpyg|Vupl” ~2Vuyy) = 0, (1.30)
Wy = —CHI"’livuMV,_ZVMM, jl‘v mydx=M < M".

(ii). If M > M*, there is no minimizer of problem (1.22).

(iii). If M = M*, when 1 < r < n and potential V satisfies also (V3), or when r > n, then problem (1.22) has
no minimizer.

It is worthy mentioning that while discussing the case of M < M* in Theorem 1.3, we need to apply the
maximal regularity shown in Theorem 1.1 to obtain the uniformly boundedness of m-component in L™ and
the detailed discussion is shown in Section 5. Theorem 1.3 implies that in the mass critical exponent case,
the existence of minimizers to (1.22) depends on the total mass of population density m and there exists a
mass threshold M* explicitly given by (1.29). In particular, when M = M*, the constrained problem (1.22) is
not attained.

To further understand the delicate case M = M*, we explore the blow-up behaviors of minimizers as
M /' M* and obtain that



Theorem 1.4. Assume that V(x) satisfies either (V1) — (V3) for 1 <r < n, or (V1) —(V2) for r > n. Let
(mpr, war) be the minimizer of eq pr obtained in Theorem 1.3 withQ < M < M* and Z := {x e R* | V(x) = 0}
with |Z| = 0. Then, we have

(i).

r 1

my dx)_7 —0asM / M*. (1.31)

8M=82=(CLf Ym
Rn

mpuy

(ii). Let {x.;} be one of the global minimum points of uy, then dist(x.,Z) — 0as M ,/ M*, where
Z ={xeR"| V(x) = 0}. Moreover,

Us 1= 7 Tup(eX + Xg), Mg 1= & mpy(ex + xg), we := & M wiyex + xp), (1.32)

satisfies up to a subsequence,

ug — uy in C2 (R"), mg — mg in LPR™ Y p € [1,§%), and we — wo in LIR™), (1.33)

loc

where (mg, wg) is a minimizer of (1.24), and (uy, mg, wo) satisfies (1.28). In particular, when V satisfies
(1.12), let X be any one of global maximum points of my;, then

. |Xe — Xl
lim sup
e—0 €

< +oo. (1.34)

With mild assumptions imposed on potential V, Theorem 1.4 exhibits the basic blow-up behaviors of
ground states as M, M*. The reader may observe that when r < n we need stronger information on V.
Moreover, by imposing some more specific local asymptotics on the potential V(x), we can get the refined
blow-up behaviors of ground states, which is

Theorem 1.5. Suppose all conditions shown in Theorem 1.4 hold. Assume that V has | € N, distinct zeros
given by {Py,--- ,P;}and A a; > 0, g; > 0 and d > 0 such that

V(x) = ajlx — Pi% + O(lx - P|7*), O<|x-Pil<d, i=1,---,L

Denote
Z:={Pilgi=q,i=1,--- 1} and Zy :={Pi|lqi € Zand y; = p,i=1,--- 1},

where q == max{qy, - ,q;}and yu :=min{y; | P; € Z,i=1,--- 1} with

n

Hi = m]%{nHi(Y), H;(y) = f ailx +yl%mo(x)dxi=1,--- 1
yeR®

Let (mg, wg, ug) be the convergent subsequence, (mg, wo, ug) be the corresponding limit and x. be the global
minimum point of each uy; chosen in Theorem 1.4. Then x, — P; € Zy. Moreover, as M /* M*,

Ca*.M

and

——1l,asM /M, (1.35)
r M ;1]

|5 [1 =GR ][™

where e ) and € = gy are defined in (1.22) and (1.31), respectively. In addition, up to a subsequence,

— P
e L — yo with P; € Zy and Hi(yo) = inf Hy(y) = pu. (1.36)
EM yeR?




Theorem 1.5 captures the precise blow-up behaviors of ground states arising from problem (1.22), in
which the flattest minima of V are selected.

The rest of this article is organized as follows: In Section 2, we establish maximal regularities of
Hamilton-Jacobi equations with subquadratic gradient terms. Section 3 is devoted to some preliminaries for
the proof of the existence of ground states. In Section 4, we formulate the optimal Gagliardo-Nirenberg type
inequality, which is Theorem 1.2. Then in Section 5, we applied this essential inequality to derive the critical
mass phenomenon shown in Theorem 1.3 under the mass critical exponent case. Finally, in Section 6, we
investigate the blow-up behaviors of ground states obtained in Theorem 1.3 and finish the proof of Theorem
1.4 and 1.5. Without of confusion, we define constant C > 0 is generic, which may change line to line.

2 Local Maximal Regularity of Hamilton-Jacobi Equations
In this section, we focus on the following elliptic PDEs involving gradient terms:
—Au+CylVul” = fin Q, (2.1)

where ¥’ > 1, Cy > 0 are constants and Q C R” is a bounded Lipschitz domain. Our goal is to study the
w2 regularities of solutions to (2.1) if we assume that f € LP(Q) with p > % To begin with, we give some
preliminary notations and results.

2.1 Preliminaries
The Morrey space L”*(R") with 7 € [1, c) and s € [0, n] is defined as a functional space consisting of all

measurable functions u : R* — R satisfying

Il gy = SUD R f ul” dy < +oo, 2.2)
R>0;xeR” Br(x)

where

, 1 /
lul” dy := lul” dy.
fBR(x) |BR(x)| Br(x)

We have facts that when s = n, the Morrey space L "(R") coincides with the Lebesgue space L” (R") and
the Morrey space L”°(R") coincides with L®(R"). Correspondingly, if Q is a bounded domain, we define
u € L"(Q) as the space of u : Q — R satisfying

”u“;:r’,s(g) = sup RSJC |u|r' dy < +oo.
0<R<diamQ;xeQ Br(x)NQ

With the definition of Morrey spaces, we recall the following improved Gagliardo-Nirenberg inequality
involving Morrey’s norm in the whole space R":

Lemma2.1. Let 1 <p<n 1 </ < p*:= % and q = r'(% = 1). Then there exists a constant C > 0

depending on n and p such that for any 1% <0<,

el oy < CUVaG oyl ) for all w € WHPRT),

Proof. See the proof of Theorem 2 in [41]. O

With the aid of Lemma 2.1, we next formulate the Gagliardo-Nirenberg’s inequality involving Morrey
norms in the ball Bg. To this end, we recall the following extension Theorem and interpolation inequalities.
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Lemma 2.2 (C.f. Lemma 1.5 in [36] ). Let Q be a Lipschitz bounded domain and assume f € WHP(Q) with
some 1 < p < +co. Then there exists a bounded linear extension T : W'"P(Q) — W'P(R") such that

IT fllwiony < Clflwiogy, YF € W),
where C is a constant depending on n, p and Q.

Lemma 2.3 (C.f. Lemma 2.1 in [36]). Let Q be a bounded Lipschitz domain and u € W'-5(Q), 1 < s < +oo.
Then for any € > 0, p > 1 with
nn
p s
there exists a constant C depending on n, q, r, €, Q such that

-1, g>1,

llullzr) < €llVullps) + Cllullza)-

Now, we are ready to establish the improved Gagliardo-Nirenberg inequality in the bounded domain,
which is

Lemma 2.4. Let p, q, r and 0 satisfy the assumptions of Lemma 2.1. Assume u € W'"P(Bg) N L”*4(Bg) with
R > 0, then there exists a constant C > 0 depending on n and p such that,

1-
il gy < IV gl + Clllras 2.3)

Proof. We consider the case of R = 1. By using Lemma 2.2, we extend u to Tu € WhP(R") N L7 4(R") for
u € WP(B)). Then we invoke Lemma 2.1 to get

lellp g,y <SUTwllp gy < CUVT ey 1T 1
. (2.4

1-6
<Cllullrqsy + Vullirsy) Nl

where we have used the fact that ||7u|| ra@n < Cllullp» q(p,)- Moreover, from the definition of Morrey space,
one can easily deduce that ||u]| ey <C [ul| L7 9(B) it then follows from Lemma 2.3 that

lillzo e,y < €lVallrg,) + Cliull s, -

This together with (2.4) gives that

0

1-0
llll 5,y <ClellVullry) + Cllullyacp,y + IVl Ml

1-6 [
<CIVul g )+ Clllrags s

where C > 0 is some constant depending on p. Finally, we perform the scaling argument to obtain the desired
estimate (2.3). O

A vital ingredient in the proof of Theorem 1.1 is the following Harnack type’s inequality:

Lemma 2.5. Let Q be a bounded Lipschitz domain and f € Lfo Q) for some p > 1. Assume that u € Wllo’:,,(ﬂ)
is a solution of the following equation in the sense of distributions:

—Au+|Vul” < f, inQ CR", (2.5)

where r’ > 1. Then for Bg C Q, we have

f Vu|” dx < KR",
Bgr)>

where 7 := max {% r} and constant K depends on v’, p, n, and || f1|rr(Bg)-
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Proof. We refer the readers to Lemma 2.3 in [19].

It is necessary to establish the following improved Poincaré inequality.

Lemma 2.6. Let R > 1 and y > 1, then for any v € W'Y(Bg) satisfying

JC vdx =0,
B

IVllzyBg)y < ClIVVIILy(B)-

there exists constant C = C(R) > 0 such that,

Proof. First of all, by using the standard Poincaré inequality, one obtains

IVlly ) < ClIVVIILy 8y

(2.6)

Q2.7)

(2.8)

where C is a constant depending on y. Then for some R; > 1 which will be chosen later on, we find there

exists some C > 0 independent of R; such that

v—f vdx
Bp,

1
IVllLy B,y < + IBR, [Y

f vdx
Bg,

L¥(Br))

1 1
SCRlllVVIIU(BRl) + JC vdx — JC vdx||Bg,|" + JE vdx||Bg,|”
BRI By B
1
=CR1||VV||L7(BR1) + JC vdx — JC vdx||Bg,|7,
Bg, B
where we have used the condition (2.6). On the other hand , one gets
|Bg, |7 JC vdx—JC vdx
BR B
1 1
=| R1| vdx — vdx + — vdx — — vdx
|BR1| Bg, |BR1| B |Br,| JB, |B1]
1
< IVl By, )IBR, \Bl| B, IVllzy (8| Br, |
|Bg, |y [Br,|  1Bil
1,3 2
s(z)y W) + BVl -
where R is chosen as R = 27 such that
RI-1 1
< -
R 2
Thus, we further obtain from (2.8) that
1\ 2
WML, SCRUVVIL ) +(5)” M) + T

1
<CRillVVllr g +(5)" IV Be,) + CIBR IVl (8)).-
! 2

C max(Ry |Bg, |
1

Let C(Ry) := }, then it follows that

1-(5H”

IVllr (e, ) SCROIVVIILy(Bg,)-

11

2.9)



Next, we let R, > R; which will be chosen later on such that

A

IVl (Bgy) <

v—f vdx
B,

<CRolIVVIILy By, +

L¥(Bg,)

+ ‘

JC vdx
Br

2

1
|Bg,|”

LY(Bry)

JC vdx

B,

JC vdx—f vdx+JC vdx
B, Bg, Bg,

JC vdx—f vdxlBR2|;+‘J{: vdx
B, Bg, B,

where C > 0 is independent of R; and R;. In light of (2.9) and Holder’s inequality, one finds

JC vdx
Br

1

1
<CRolIVVIILy (g, + |Bg, |7

1
<CR:IVVIlzr(Bgy) + |Br, |7,

(2.10)

|BR2|

1

1 |Bg,|”
Bl <
|Bg, |

< 2.11
|BR, | @11

1
|Br, | IVllzy(Bg, ) <

VIl (B, )-

Similarly, we have

JE vdx—J[ vdx
Bg, Bg,

1
= vdx vdx +

|BR2| BR2 |BR2| BRI

1 1 1
= - f vdx
|BR2|7’ Bry \Bg,

|BR2| |BR1|
1
|Br,\Bg,|”
1
|BR2|7,

1
|BR2 | Y

1
|BR2|7

1
+ |Bg,|”

1
f vdx — —— vdx
|BR2| BR1 |BR1| BRl
2|Bg, |

f vdx
Br,
+ VIl Be) 5

. 2.12
1Br,| (12)

<IVll Bk,

2R’1’, Then RRy

Choosing R, such that R} = ot < % and it follows from (2.11) and (2.12) that
2

JC vdx — vdx J{: vdx
Bg, Bg, Br,

This combines with (2.9) and (2.10) indicate that, there exists C(R,) > 0 such that

1 1 \E
|Bg,|” + 1Br,l <(5)” WL, + VLo, -

Vllzr(Bgy) SCRIIVVIILy(Bg,)-
By performing the iteration argument, one can obtain for any R > 0, the conclusion (2.7) holds. ]

We collect the following Calderén-Zygmund estimates for linear second order elliptic equations:

Lemma 2.7 (C.f. [18]). Define Q as a bounded domain. Assume u € leo’f Q)N LP(Q) with1 < p < o0 be a
strong solution of
—Au =g in Q.

Then we have for each Bg cC Q with R < 6 and every o € (0, 1),

1D ull Lo B,z < (RlIgllzr(Br) + Nl Lo Br)),

(1 - 0)2R2

where constants 6 > 0 and C = C(n, p, 9).
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2.2 Weighted Morrey Norm Estimates and W>? Theories

This subsection is devoted to the local gradient estimates and W regularity of solutions to (2.1). It is worthy
mentioning that for the superquadratic case, i.e. ' > 2, the local Holder and maximal regularities were
established in [17]. We follow the ideas shown in [17] to study the case of 1 < ' < 2. More precisely, our
strategy is to perform the blow-up analysis and apply the Liouville type’s results to derive the contradiction,
now through the analysis of weighted Morrey estimates. In general, by using Lemma 2.5, we can obtain that
the solution u of equation (2.1) satisfies Vu € L'"(Q) provided that p > % If ¥ > 2,i.e. ¥ > r, one further

has u € C]O(;‘C’(Q) for = 2 — r by Morrey’s Lemma. However, if 1 < 7’ <2, we need to argue in (weighted)
Morrey spaces. To this end, we first establish the following key lemma:

Lemma 2.8. LetR >0, 1" > %5, g € LP(Byg) withn > p > " and v € W?P(Bag) satisfy
IAV] < CulVV|” + g, a.e. in Bog, (2.13)
where Cy > 0 is a constant. Then if
”g”LP(BZR) + ”VVHU'#(BZR) <K,
where q = r’(% — 1), there exists C > 0 depending on K and R such that
ID*Vlr(e) < C.

Proof. Forany 0 <p <2R,weletV =v — J% vdx. Then we have from (2.13) that
0

IAT| < CylVH|” +|gl, a.e. in Bag.
By employing the Poincaré inequality and Holder’s inequality, we obtain
19llLe(8,) <COIVILrB,) < CO*IIVHl (B,) (2.14)
where C > 0 is independent of p > 0.

Since ¥ € W>P(B,g), we apply Gagliardo-Nirenberg inequality (2.3) to get

i P
V5l 5, < CID* ] IVFIYE o+ 195l gg,) for any o<l (2.15)

L"4(B,)
where g = r’(% — 1) and C > 0 is independent of p. From (2.14) and (2.15), we see that there exists
C = C(K) > 0 independent of p such that
Pllrs,) <COND> Py 5, ) IVT 5 )+ 0PIVl g,
<Co? DIy s, + Cp.
and

IV e, SCUDZHG, 5 IIVVICTT" + CIVH,

LP"(B,) S L7 4(B,) L"4(By)

<C(||D2V||Lp(3 y T D),

where we have used ||V\7||Lw,q(3p) <K.
We next fix R < p < 2R and apply Lemma 2.7 on equation (2.13) to obtain

1D lurcs,,) < RIS + gllas,) + P, |

= 2)2132(

C _n 1
S—(l — O—)Z(Rr (r I)IIV ”LP B, ) 2||V||L/7(Bp) + 1)

r—f(r 1) 2~ (r 1) 2~
sm(ze D5+ R 5D D20+ 1)

Sm(max{l,R il 1)}“D2~”LP(B : F AR e _1))
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where o € (0, 1), and 6 is chosen such that 0 < 67" < 1. Noting that D>V = D?v, we have

C J_ N songa_
1D*Vlrcs <—o_)2(max{1,R’ FOONDA G, + 1+ RTED),

a'p) —(1 _
Now, we find if R satisfies
Rr—f(r 1)||D2 ”LP(B)S 1 +Rr—7(r 1)

we complete the proof of our desired conclusion. Otherwise, we arrive at

ID*Vr(,,) < ~———ID* W75,

E
(1-0)?
where 0 < 6r' < 1 and E is defined as

E:=Cmax{l,R" "), v~ 2o~ 1)>o0.
p

Then we follow the argument below (3.6) in Proposition [17] and perform the iteration argument to complete
the proof.
]

Remark 2.1. We would like to point out that the condition r’ > ”1 in Lemma 2.8 is imposed to guamntee
that g < n, which satisfies the range of s given in the definition of Morrey space (2.2). When r’ < -2, the

n— 1’
Morrey scale is not anymore natural, and we expect Vu to be controlled in some Holder space. We are not

going to investigate here this kind of analysis.
On the other hand, we require the following Liouville type results:

Lemma 2.9. Assume w € le()’f (R™) with p > = solves the following equation:
~Aw + h[Vw|” = 0inR", (2.16)
where h > 0 is a constant. If w satisfies
Vw € L UR™), with some q € (0,n], 2.17)
then we have w = C with C € R being some constant.

Proof. If h > 0, the conclusion is stated in Lemma 2.5 of [17]. We remark that by the standard bootstrap
argument, one has w € C*(R") when i > 0 since p > “. Next, we consider 2 = 0 and simplify equation
(2.16) as

Aw =0 in R".

Next, we estimate Vw(xg) for arbitrary xo € R". To this end, define Ww(x) := w(x) — w(xgp), then W satisfies
Aw =0 in R" and JC wdx = w(xp) = 0 for any R > 0.
Br(xo)

By using the gradient estimates for harmonic functions, we find from Holder’s inequality, Poincaré’s
inequality and (2.17) that

_ c ) )
Vo)l = 90 <€ 2 i) < g ¥l g R

cC(1y_<¢C
(R‘I ") TRy
where C > 0 is a constant independent of R. In light of the definition of ¢ in (2.17), one obtain |[Vw(xp)| = 0

by letting R — +oo in the above estimate. Thus, we have w = C for some constant C € R since xp is
arbitrary. O

c .
< o RIVAL o R <

TR
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We are ready to show the weighted Morrey estimates satisfied by solutions of (2.1), which is

Theorem 2.1. Let p > ';’ and assume u € W»P(Q) solves

—Au+ Cy|Vul” = finQcR",

in the strong sense, where r’ > n"—l and there exists a constant M > 0 such that || fllzr) < M. Then

sup R? J[ |Vu|’/ dx (dist(Bg(®),0Q)) 1 < C,
Bar(2)cQ Br(%)

where C = C(M, n, p,r’,Q) is a positive constant. In particular, if p < n, g = r'(% —1); otherwise if p > n, q
is any number satisfying q € (0, r).

Proof. To prove this theorem, we argue by contradiction and assume sequences (fi)r C L9(€Q) and (ug)x C
W2P(Q) satisfying for every n,

—Aug + CylVur|” = fi, x€Q, (2.18)

and supy || fkllzr@) < M. Moreover,
sup R”’JC IVaur|” dx (dist(Bg(R), Q) ™ := Ly — +00 as k — +oo. (2.19)

BzR()AC)CQ BR(X)

Consequently, there exist x; and Ry, k = 1,2, - - -, such that

L ,
2 < dist(Bg, (x1), Q)R] J[ IVurl” dx < Ly,
2 Br, (x0)

where Bag, (xr) C Q. Define

R‘]/r,
Wi(y) 1= —ug (e + i), (2.20)
ReM,
where
Q - ’
ye€ g Qr, My = RZJ[ |Vu|” dx.
Ry B, (xk)

In light of p > %, we obtain from Lemma 2.5 that
R, JC Vay|” dx < C (2.21)
B, (xx)

for some constant C > 0 independent of k. Moreover, thanks to (2.19), we obtain

dist(Bg, (xx), 0Q)
Ry

g L
] 25— k —5 +oo. (2.22)

. Jg?;ek(xk) [Vue|” dx

As a consequence, we see that Ry — 0 and My — +oo.
We next claim that for any s > 0 and § € R”, the following estimate holds for k large enough:

lim sup 57 f Vw3 dy < C < oo, (2.23)
k Bs(®)
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where the constant C > 0 independent of &, s and §. To begin with, one can see from (2.22) that ; — R”
as k — +oo, hence y € Q for k large enough. Noting that Bg, (xx) C €, we further find from (2.22) that
Br s(xx + Riy) C Q, then apply the triangle inequality to get

dist(Bg, s(xx + RiD), 0Q) > dist(Bg, (xx), 02) — (|9 + s — 1)Ry.

By using (2.22) again, we deduce that for k large enough,

, (Rks)q 4 Ly
£ Ol dy - Vol dx < —— :
B(5) M JBg (xi+Ris) M [dist(Bg,s(xx + Ri$), 0Q)]"~4
i r-q 1 r—q
32( . dist(Bg, (xz), (B‘AQ) ) < 2( . dist(Bg, (xx), Aaﬂ) ) I 2.
dist(Bg,s(xx + Ri9), 02) dist(Bg, (xx), 0) — (19| + s — DRy
which finishes the proof of claim (2.23).
On the other hand, invoking (2.20), we have
f VweO)|” dy = 1. (2.24)
B1(0)
Moreover, one obtains from (2.18) that wy satisfy
1/r Rq/r’+l
—Awg + — =Vl = e fiCa + Rey) = s (2.25)
R M
where
Ml/r r M )
( /kr—l) = q—f, = R,ZJC [Vuy|” dx < C < (2.26)
R} R, Br, (xi)

by (2.21), and it follows from the boundness of f in LP(2) and % - % + 1 =0 that

q/r’'+1
W fellzrp = ‘ kf/r,fk(ﬁ% + Riy) ’
Mk LP(Qy)
q/r’+1 1 q/r' +1 1
P
:kT/r,(fUCk(xk + Ryl d)’) = kT/r,—ﬂkaHLP(Q)
M, M," Rr
k
q/r'—2+1
! 1
__k —
—Wﬂfkllu’(g) = /fillr@) — 0 as k — +co. (2.27)
k k
In light of (2.25), we obtain for any R > 0,
1 4 +1
Awil < —<IVwil” + =i, in Bag. (2.28)
R/ My

Using (2.23), (2.26) and (2.27), one can invoke Lemma 2.8 to get
ID*wllLo(gy) < C(R) < 00

for some C(R) > 0 independent of k. Moreover, we can deduce from Lemma 2.4 and (2.23) that

1-6

VWil < CIVWRll sy < CID*Willz g VWil 5

+ CHVWkHU’,q(BR) < C(R) < 0. (2.29)
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Without loss of generality, we may fix 355’1 (0 Wk dx = 0, and then obtain from Lemma 2.6 that

||Wk||Lr’(BR) < C”VWk”Lr’(BR) < C(R) < oo. (2.30)
Therefore, by using a standard diagonal argument, we can obtain from (2.28), (2.29) and (2.30) that
Wi = Weo in WoP(RY).

Thus |[Vwi| = |VWel in Wltcp(R”) —— L} (R") forall s € [p, p*). Noting that ¥’p € (p, p*) by p > %, we
thus deduce that

CulVwil” = heo|Vweo|” in LT (R™) for some he, > 0,

where (2.26) is used.
In summary, one arrives at the following limiting problem

~AWeo + heo|VWeo|” = 0in R”,

where we, € leoé’ (R") with p > %, and in particular, [Vwe| € L" "4(R") followed by (2.23). By invoking
Lemma 2.9, we find we, is a constant and thus Vw,, = 0, which contradicts (2.24). This completes the proof
of our theorem. O

With the aid of Theorem 2.1, we can prove Theorem 1.1, which is

Proof of Theorem 1.1:

Proof. The argument is similar as the proof of Theorem 1.3 in [17] and we give the sketch of proof here for
the completeness.

We first consider the case for 7 < p < n. Choosing Q" such that Q" cc Q" cc €, by invoking Theorem
2.1, one has

n
IVl ooy < € g = r/(]_; - 1).

where C = C(M, dist(Q”,0Q), n, p,Cy,r) > 0 and ¢ < r. In addition, for ', we have there exists a finite
cover {Bgr(x;)}x such that Q' c U;Bg(x;) and Bog(x;) C Q" for any k. With the aid of Lemma 2.8, one
obtains

ID*ullr@ry < C,

where C = C(M, dist(QY’, 0Q""), n, p, Cy, r) > 0 is some constant depends on . Moreover, thanks to Lemma
2.4, we can get the gradient estimate of u. By fixing the average of u, one finally gets the desired conclusion.
If p > n, we pick up some % < g < n at first, then follow the discussion shown above to arrive at

1D ull 9oy < C,

where C > 0 is some constant. Next, we perform the bootstrap argument and complete the proof of this
theorem since g > *. O

Remark 2.2. We remark that our results of LP estimates shown in Theorem 1.1 also hold for v’ > 2, which
covers the results of Theorem 1.3 in [17]. Indeed, we find when v’ > 2, solution u still satisfies Vu € Ler’Cr(Q)

provided with p > *.. By establishing the key Lemma 2.5 and performing the blow-up argument, we show

that Vu € L;{;’Cq(Q) with g < r given in Theorem 2.1, which is a higher regularity compared to the conclusion
shown in Theorem 1.2 of [17]. In addition, we give a unified argument to prove the LP maximal regularity of
the solution to (2.1) for the case of ;"5 <r' <2 andr’ > 2.

Next, we focus on the existence and asymptotic behaviors of least energy solutions to (1.4) under with
critical mass exponent.
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3 Existence and Regularities: Hamliton-Jacobi and Fokker-
Planck equations

In this section, we shall state some key lemmas and important properties satisfied by the solutions to (1.4).
First of all, we collect existence and regularity results of Hamilton-Jacobi-Bellman (HJB) equations and
Fokker-Planck equations, which are summarized in Subsection 3.1 and 3.2, respectively.

3.1 Hamilton-Jacobi Equations

Consider the following form of Hamilton-Jacobi equations:
~Aug + CulVurl” + A = Vi(x) + filx), x € R, 3.1)

where ' > 1 is fixed, Cy is a given positive constant independent of k and (uy, A;) denote the solutions to
(3.1). Focusing on the regularities of u;, one has

Lemma 3.1. Suppose that fi € L*¥R") satisfies ||filli= < Cy, || < A, and the potential functions
Vi(x) € C?(;S(R”) with 8 € (0, 1) satisfy 0 < Vi(x) = +o0 as |x| = +oo, and A R > 0 sufficiently large such
that

< Vi(x +y)

0<C _
AT

< Cy, forall k and all |x| = R with |y| < 2, 3.2)

where the positive constants Cy, A, R, Cy and C, are independent of k. Let (uy, A;) € C*(R") xR be a
sequence of solutions to (3.1). Then, for all k,

[Vur(x) < C(1 + Vk(x))ri’, for all x € R", 3.3)

where constant C depends on Cy, Cy, C3, A, r, nand Cy.
In particular, if there exist b > 0 and Cr > 0 independent of k, such that following conditions hold on V;

Cyl(max{|x| — Cr, 01" < Vi(x) < Cr(1 + |x|)?, forall k and x € R", (3.4)
then we have
[Vur| < C(1 + |x|)rﬁ’, for all k and x € R", 3.5
where constant C depends on Cy, Cr, b, A, r, nand Cy.

Proof. The approach what we shall employ is based on Theorem 2.5 in [12]. Indeed, when V; satisty (3.4),
(3.5) hold and the arguments are stated in [12].

Next, we focus on the proof of (3.3) for the more general V satisfying (3.2). It is shown in (2-6) of [12]
that if

| —Av+ |Vv|r/| < K in B,(0) with positive constant K,

then

IVVllLr g0y < C, Yy € [1, 0], (3.6)

where positive constant c depends on K, r, n and Cg. For any fixed xo € R*, let 6 = (1 + Vn(X()))_% and
define

ﬂ
vi(y) = 67 Tur(xo + 0y),
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then we have v, solves
—Avi + Cul Vil = 8" [Vilxo + 6y) — fi(xo + 6y) — A4l
Since ¢ > 0 is sufficiently small and |xg| > R, one finds from (3.2) that

CVk(XQ +5y) + Cf +A4
1+ Vk(xo)

8" |Vi(xo + 6y) — fu(xo + 6y) — Al < < Cforlyl <2,

where the positive constants C and C are independent of k. Then it follows from (3.6) that

Vvl a0y < €

for some C > 0. In particular, choosing y = 0, we arrive at

1 ~ 1
[Vug(xo)l = 6~ 7TV (0)] < C(1 + Vi(x0)) 7,

which gives the desired estimate (3.3). In addition, noting that u;, € C2%(R"), we further obtain the desired
conclusion (3.3). O

Besides the gradient estimates of uy, we also have the following results for the lower bounds of u:

Lemma 3.2. Suppose all conditions in Lemma 3.1 holds. Let uy be a family of C? solutions and assume that
ui(x) are bounded from below uniformly. Then there exist positive constants C3 and Cy4 independent of k
such that

up(x) > C3Vk'% (x) = C4, Yx € R", for all k. 3.7
In particular, if the following conditions hold on Vy
Cl(max{|x| — Cr, 00’ < Vi(x) < Cr(1 + |x))?, forall k and x € R", (3.8)
where constants b > 0 and Cr are independent of k, then we have
up(x) > C3|x|1+r£’ — Cy, forall k,x e R". 3.9
Ifb = 0in (3.8) and there exist R > 0 and § > 0 independent of k such that
fi+ Vie— >8>0 forall|x| >R, (3.10)
then (3.9) also holds.

Proof. When V is assumed to satisfy (3.8) or (3.10) holds with b = 0, the proofs are the same as in [12],
Theorem 2.6.

Next, we focus on the case of general potential Vj satisfying (3.2). Since u; are bounded from below
uniformly, we assume that u(x) > 0. Note that we only need to prove the conclusion for | x| large since it can
be shown straightforward if there exists Ry > 0 independent of k such that |x| < Ry. When |x]| is sufficiently
large, we argue by contradiction and assume up to a subsequence, there exists |x;] — +oco such that

ug (X))
LA

V,Z (x7)

lim

[—+00

0. 3.11)

Let ! ]
vi(x) := —u,(x; + x), where y; := Vk’j(xl) — 400,
Hi
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Then, we have from (3.1) that v;(x) solves
—p " Avi(x) + CalViOl = 1" Ui (51 + ) + Vi (s + %) = Ay,

Note that

Vk,(x+x1) —Cf -1
Vi (x1)

where we have used (3.2) and ¢ > 0 independent of k. On the other hand, Lemma 3.1 implies

u[’/ | fi, (x + x1) = Ag, + Vi (x1 + 1) > >0 >0, for |x] < 2,

1
Vg, ()] < C[l + vy (x)].
Moreover, v; satisfies

(9] = CIL+ Vit + )]

Vg, (o + )| < T
Vi () Vi ()

< 8y, for any |x| < 2, (3.12)

where C > 0 and 6, > 0 are constants independent of k. In particular, (3.11) implies v;(0) = %}m — 0, and
thus, vi(x) < 36>, V|x| < 2. Letting / — oo and invoking (3.12) one applies Arzela-Ascoli theorem to get
v; — v > 0 uniformly in B»(0). Thus, v is a solution to

Vv > 6 > 0in By(0), v>0,
in a viscosity sense. Noting that i(x) = ¢ ” (2 — |x]) s a viscosity solution to VA" = 6 in B»(0) with h(x) = 0

on 0B;(0). By comparison,
v(x) > h(x), for any x € B,(0).

As a consequence, v(0) > 267 > 0 which reaches a contradiction to vi(0) —» v(0) = 0 as [ — oo. This
completes the proof of (3.7). O

For the existence of the classical solution to (3.1), we have the following results:
Lemma 3.3. Suppose Vi + fi are locally Holder continuous and bounded from below uniformly in k. Define
A == sup{d € R | (3.1) has a solution u;, € CZ(R")}. 3.13)
Then

(i). Ay are finite for every k and (3.1) admits a solution (ug, Ax) € C2(R") X R with Ay = A and ui(x) being
bounded from below (may not uniform in k). Moreover,

Ax = sup{A € R| (3.1) has a subsolution u;, € C*(R™)).

(ii). If Vi satisfies (3.4) with b > 0, then uy, is unique up to constants for fixed k and there exists a positive
constant C independent of k such that

up(x) = Clxl7 ™! = C,Vx € R™. (3.14)
In particular, if Vy, =0, b = 0in (1.12) and there exists o > 0 independent of k such that

fi— A =0 >0, for|x| > K, (3.15)
where K, > 0 is a large constant independent of k, then (3.14) also holds.

(iii). If Vi satisfies (1.20b) with V replaced by Vi and positive constants C, C, and 6 independent of k, then
there exist uniformly bounded from below classical solutions uy to problem (3.1) satisfying estimate (3.7).

Proof. The proof is the same as Theorem 2.7 shown in [12]. O

It is worthy mentioning that if locally Holder continuous potential functions Vj satisfies C1e%¥ < V; <
C»e%M for some Cy, C» > 0 independent of k, (1.20) with V replaced by Vj also holds for V. With a-priori
estimates and existence results of solutions to HJ equations given by (3.1), we next discuss the regularities of
solutions to Fokker-Planck equations, which is exhibited in Subsection 3.2.
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3.2 Fokker-Planck Equations

Before stating the gradient estimates satisfied by solutions to Fokker-Planck equations, we recall the following
key lemma for any function m € LP(R"):

Lemma 3.4. Suppose p > 1 and m € LP(R") such that
|f mAg dx’ < NIIVoll gy for all ¢ € CZ(R™),

where N > 0 is a positive constant. Then we have m € WLP(R™) and
IVml|p@rny < CpN,
where C), is a positive constant depending only on p.
Proof. See Proposition 2.4 in [12]. O
Now, we are concerned with the following Fokker-Planck equations:
-Am+V-w=0, xeR", (3.16)

where w is given and m denotes the solution. By invoking Lemma 3.4, we can obtain the crucial a-priori
estimates satisfied by m. To begin with, we recall that g is defined as (1.18), and set §* = n"qu] if g < n, and

AA*

§* = +o0 if 2n. Choose 8 € [§, §*] such that

1
—-—= -4 —. 3.17
AR (3.17)
Then one can deduce from (1.18) that
g* if r <n,
B=1€(@q.q") ifr=n, (3.18)
00, if r > n.
Set
IVmll?, " Vml|}>6 " 1 1 1
0<S;li= inf LENT T H®) o where 8 € [0, 1] satisfying = = 6(= — ) + 1 — 6. (3.19)
T meWla(Rn) 172l 1 oy B qg n

Then we have the following lemma which addresses the regularity of solutions for equation (3.16).

Lemma 3.5. Assume (m,w) € (LI(R") N Wl"?(R”)) x LY(R") is a solution to (3.16) and

w|r
A ::f |m||—| dx < o0,
n m

Then, we have w € LY (R") N L4(R") and there exists constant C = C(A,, |ml| Li®n)) > 0 such that

||m||W1,é(Rn), ”WHL‘(R”)a ||W”L@(R") <C.

More precisely, we have

r’

+1

9
Wl < 87,7 (Cars )™ Wl Tliaceny < ST, (Cond )l 700r. 3:20)
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and

0
1 A ) 1-6
ilseny < A7l Ilien) < AT (Sa)7 "(C A') Il (3.21)
where
G- 1) 1, ifr<n,
nrg — _ n*(g-1) o

T (r-Dng-n+q) | @-D0G-n+d ifr=n, (3:22)

nrfrrz+r’ ifr > n.

Proof. We refer the readers to Lemma 2.8 in [12] and Proposition 2.5 in [38]. For the sake of completeness,
we give the proof of this lemma as follows:
Let B8 € [g, "] satisfy (3.17) and (3.18). Then we deduce from (3.16) that

| f Vm-Vgodx|=| f W-VgodxlSAf||m||;(Rn)IIV¢IILq/(R,L) for all ¢ € C2(R"). (3.23)

In view of Lemma 3.4, one has there exists C3 > 0 such that

11
(IVmllpagny < C@Ar’llmlll’ﬁ(Rn). (3.24)
Moreover, we apply (3.19) to get
1 1 1
lmllzpgny < Sqr||Vm||Lq(Rn ||m||Ll(Rn where ,E = 9(21 - ;) +1-6. (3.25)
In light of (3.17), one obtains
nr(g—1)
= (3.26)
(r—=D(ng—n+q)
Invoking (3.24) and (3.25), we find the following inequalities hold:
,riiy 1 r’,’—gg a-or
Illsceny < (Sa)” (SarCast )™ ol 7 (3.27)
and )
Vmll ey < S 7 (c Ar) m ||L](Rn (3.28)
1=1
Then letting 7 := —f = l since (3.17) holds, we apply Holder’s inequality to obtain
B
1-6 1
iy < Wl iy < 77 (Cahs ) Il (3.29)
Moreover, using (1.18) and (3.26) again, we obtain (3.22)
From (3.28) and (3.29) we obtain (3.20).
Now, we focus on the estimates of w. Noting that for any v € [1, 4], we have | > g > 1. Then, by
Holder’s inequality,
|W|de = f |W|V|m|_@|m|(’_r])vdx < (f |m||K|rdx) (f |m|:’ivdx) ,
R7 Rn R m n
which implies
1o
Wllzrny < Afllmll ", forall v € [1,4]. (3.30)
L=V (R")
Choosing v = g, it follows from (3.17) and (3.27) that
1o 1
Illcery < Al < A (S0)7 (€ Ar) Il (331)
Taking v = 1 in (3.30), together with (3.31), we obtain (3.21). We complete the proof of this lemma.
O
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By the same arguments of (3.17), (3.23) and (3.24), we have the following corollary:
Corollary 1. Assume that (m,w) € (L'(R") N L'**(R") n WH4(R™)) x L1(R") be the solution to (3.16) with
1 1 1

= -+ —
q r r(l+a

Then for a € (0, 1], there exists a positive constant C depending only on n and « such that

1
r

W\t :
IVl < Clm| =] d) il (332)
Moreover, there exists a positive constant C only depending on r, n and «a such that
(a+1)r—na na
Imi+e <ol | max) m|K "dx) (3.33)
L“’"(R”) — . - m . .

Next, we turn our attention to system (1.4), a coupled system consisting of a HJ equation and a Fokker-
Planck Equation. Indeed, with some assumptions imposed on population density m and Lagrange multiplier
A, we have the following lemma for the decay property of m:

Lemma 3.6 ( C.f. Proposition 5.3 in [12] ). Assume that (u, A, m) € C2(R") x R x (W'"P(R") N L'(R™)) with
u bounded from below, p > n and A < 0 is the solution of the following potential-free problem

—Au+ CylVul” + A= —m®, x R, (3.34)
Am+ Cyr'V - (m|Vul”""2Vu) =0, xeR™ ‘
Then, there exist k1, k> > 0 such that
m(x) < kre ™M forall x € R". (3.35)

Proof. Since p > n, we see that m € W'"P(R") — C%Y(R") for some 6 € (0, 1), which indicates m — 0 as
|x| = +oc0. In addition, noting —4 > 0, we obtain

2
liminf(-m® ~2) = =3 > 0, (3.36)

|x]—>00
which satisfies (3.15). Now, we fix u(0) = 0 < u(x) for x € R" and deduce from (3.5) with b = 0 that

[Vu(x)| < C;, x€R" forsome C; > 0. (3.37)

To show (3.35), we consider the Lyapunov function ®(x) = ¢ with 0 < k < —%. By using the u-equation in
(3.34) we obtain from (3.36) and(3.5) that, 4 R > 0 large enough such that for |x| > R,

—AD + Cyr’ |Vu|” 2Vu - VO = k(Cy(r' — DIVu|” = A — k|Vul> — m*)D

2
> k(= — KVuf® = m®)d > —qux

Then by using (3.37), as shown in [12], we finish the proof of (3.35). O
We next collect the Pohozaev identities satisfied by the solution to (3.34) in the following lemma:

Lemma 3.7 (C.f. Proposition 3.1 in [14]). Let (u, A, m) satisfy the assumptions of Lemma 3.6 and denote
w = —Cyr’m|Vul” ~2Vu. Then the following identities hold:

(a+1)r

/lﬁR mdx = —(“H)’_mf m** dx
{ G o Cf el g o ; (3.38)
Cr fo m| 2| dx = 2%, [ m™ dx = (¢ = 1)Cy fo, mIVul” dx.
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Proof. From Lemma 3.6 we see that m < ;e 2 is exponential decay. In addition, one can obtain from
(3.37) that there exists R > 0 such that |u| < C|x| for [x] > R. It is necessary to mention that if 1 < r’ < 2, the
Fokker-Planck equation holds in the weak sense. In this case, we take the approximation argument and let

H(p) := Cy(e+| plz)% to approximate H given by (1.5). After performing the computations on m,, we take

the limit € — O to obtain our desired conclusion.
We test the u-equation in (3.34) against m and integrate it by parts to obtain

fVu-de)hLCH IVulr’mdx+/lf mdxz—f m®*! dx.
n Rn n n

Similarly, multiplying the m-equation in (4.4) by u, we integrate it to find

f Vu-Vmdx = -Cyr’ f m|Vul” dx.

Subtracting (3.39) from (3.40), we arrive at

(1 —r’)CHf m|Vu|" dx+/lf mdx = _f ma+1 dx.
n n Rn
We next prove that

—n/lf mdx — — fm‘”ldx—kCHn—_rfleulr,dx:O,
n a+1 R” r—1 R?

Multiply the u-equation in (3.34) by Vm - x and integrate it by parts to get

(=m® = )Vm - xdx = — f Au(Vm - x)dx + Cyg \Vul” (Vm - x) dx
n Rn
I

R}'l

=f Vu-V(Vm - x)dx _CHf V. (IVulr/x)mdx.

Test the m-equation in (3.34) against Vu - x, then we use the integration by parts to obtain

—Cy f V(Vul") - xmdx = f Vm-V(Vu - x)dx + Cyr’ f \Vul” mdx,

n

where we have used

CuV(Vul") - x = Cyr' IVul” Pyt x; = Cor’[Vul” 2Vu - V(Vu - x) = ' CylVul” .

For I, we have from the integration by parts that

fVu-V(Vm-x)dx:f uximx,.xjxjdx+f Vu-Vmdx

:—f My Uy, Xjdx + (1 —n) Vu-Vmdx
n R)‘l

=—f Vm-V(Vu-x)dx+ (2 —-n) Vu-Vmdx,
n R’l

Combining (3.43), (3.44) and (3.45), one finds

L

f (—m® = DVm - xdx = CH(r' - n)f Vul” mdx + (2 - n)f Vu-Vmdsx.
n Rn Rn
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For I, we integrate by parts again to find

1 +1
A =”fRn(a+ lm“ +/lm)dx. (3.47)

By using (3.46) and (3.47), we have shown

—n/lf mdx — L m®* ! dx + CH(r' - n)f IVul mdx + (2 - n) Vu-Vmdx =0,
n a+1 R” n R®

This together with (3.40) indicates (3.42). Since w = —Cyr’m|Vul” 2Vu and Cy, = %(r’CH)ﬁ, one gets

CLf I”I’l‘K
n m

Finally, (3.38) follows directly from (3.41), (3.42) and (3.48).

dx = Cr(Cur’) f m|Vul” dx = (¥ = 1)Cy f m|Vul” dx. (3.48)

n

O

Now, we are ready to show Theorem 1.2, the attainability of problem (1.24). We would like to recall that
minimization problem (1.24) is equivalent to (1.26).

4 Gagliardo-Nirenberg Type Inequality: Potential-free MFGs

This section is devoted to the existence of minimizers to problem (1.26). Before studying the mass critical
case, we consider the case of a € (0, ©) and recall that with this condition, Cirant et al. [12] in Theorem 1.3
showed for any M > 0, the following minimization problem is attained by pair (74 p, Wo,m),

oo
eoem = inf  Eo(m,w) where Eo(m,w) = f (CLm Ll —m‘”l)dx. 4.1)
(mw)eAy n m a+1
Moreover, iy € W'P(R") Y p > 1 satisfies
0 < fitg.m < c1.e” M for some ¢y 7, cap > 0. (4.2)
and
ity € CA(R") bounded from below s. t. wa.us = —Crir’ it p|Viig ml” > Vitg.u. (4.3)

In addition, (74 a1, e pr) solves the following equation with some Ay 3 < 0

—Au + CH|Vu|r, +A=-m", x € R,
Am + Cgr'V - (m|Vu|” 2Vu) =0, xeR”, (4.4)
fR" mdx =M

and from Lemma 3.7 we have the following Pohozaev identities

= (a+Dr—na — a+1
e m“dew_ <a+1>r Jeo 7230 . : (4.5)
CL fou Mo m| 72| dx = G2 fR,, ! W dx = (' = D)Cx [, e m|Vita ml” dx.

We next show that (714, a1, We ar), the minimizer of (4.1), is also a minimizer of problem (1.26).

Lemma 4.1. For any fixed a € (0, %) and M > 0, problem (1.24) is attained by (7iq p, Wa,m) With €oo.m =
Eo(MMy.pm, Wa,m). Moreover, we have

(a+Dr—na r—na

na(—egam) = M- 7 (r—na\T
r,= . 4.
r(l +a) ( na ) (4.6)
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Proof. For simplicity, we denote

ne (a+1)r—na
Gy (CL f]R” m|ﬁ| dx) (fnmdx) ’ @
jl‘@n me+!l dx

and because of (1.26), we rewrite minimization problem (4.1) as

I',= inf Gy(m,w). 4.3)

(mw)eEAy
To show (4.8) is attained by (71,31, We,m), We first analyze the lower bound of &y defined by (4.1). For
this purpose, we first note that Ey(m, w) = G,(m, w) = oo provided that fRn m’%r dx = +o0. Therefore, we
just need to consider the case that (m, w) € Ay, satisfying fR,, m|%|r dx < co. We define (my(x), w,(x)) =
(W m(ux), " 'w(ux)) for u € R*\{0}, then substitute the pair into & to obtain

r na
dx— 2 f m'* dx
a+1 R”

P w
Eolmy, W) = fR Cum|=

[ — 1 = =
> —(@) [r "“]( f m‘”ldx) (ch | rdx) , 4.9)
r ne Na+1 Jgn Rrr lm
where the equality holds if and only if
_ na fRn m®*! dx :|r—lml
(@+1Cy [, m%| dx
Recall the definition of e o ps := inf  Eo(m, w), then we find from (4.9) that
(mw)eAy
T (1 — 1 = =T
_(@) (r na)( f m®*! dx) (CLf m|K rdx) > eo.a.M>
r ne Na+1 Jgn R M
which implies
(CL fRn m’%‘rdx)m .
/M= (r — na
— > (—egam) () (—) (4.10)
1 il pr r na
I fRn metl dx
By using the definition G, given in (4.7), one obtains from (4.10) that
( ‘ER |w |r )Lu/( ‘ER )(aﬂrl)rfnar
CL n m w dx ' n m dx ' H a+)r—na
Go(m, w) = " > ol et @.11)
jﬁn ma/+l dx a + 1
where
na s (T — R\ T
f mdx = M, Hou = " (-eoqmn) T (%) (4.12)
n r na
Recall that (7724 p1, Wopr) 1s @ minimizer of problem (4.1), then we apply (4.5) to get
_ _ H M (et Dr—na
Gy, Wam) = — " (4.13)

a+1

Combining (4.11) with (4.13), one can see that (4.8) is attained by (771, a1, Wo,ar). Moreover, noting that H,,
is defined by (4.12), we have (4.6) holds. O
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With the aid of Lemma 4.1, one can use (4.5) to establish the relationship between Lagrange multiplier A
and I', defined by (4.1). Indeed, invoking (4.5) and (4.6), we get that

na-—r

=——IM, 4.14

€0.0.M (a+ Dr—na ( )

and
r (+Dr—-na 4 1 _
(a+ Dr- na/(na)r—na M r=na
M=-S, y——————— , = 4.15
«M na r «M 1+l ( )

Lemma 4.1 demonstrates that for all M > 0, Gagliardo-Nirenberg type inequalities given by (1.26) can be
attained under the mass subcritical exponent case a € (0, ). In addition, 4, I', and M satisfy (4.15). Next,
we shall investigate the mass critical exponent case and prove Theorem 1.2. To begin with, we show that I,
defined in (1.26) is uniformly bounded as @ fl

Lemma 4.2. There exist positive constants Cy and Cy independent of a such that, for all a € (1 — €, ] with
€ > 0 small,

0<Ci Ty (. (4.16)

Proof. To establish the upper bound uniformly in a, we set 7iz = e™™ with W = V. Noting that (7, w) € A
for any a € (0, 1), one has

(a+1Dr—na
W

(CL \LI‘Q" ﬁl m

"ax) " ( fo, )
‘EM e+l dy

Iy <G, w) =

< Cy(Cp, 1) < +00. 4.17)

It is left to establish the lower bound satisfied by I', uniformly in @. To this end, we argue by contradiction
and assume

liminfl'y = 0. (4.18)

a/y

Because of Lemma 4.1, we denote (m,, w,) € A as a minimizer of problem (1.24). Since (1.24) is invariant
under the scaling s(#"m(tx), " w(tx)) for any s > 0 and ¢ > 0, we normalize m, to get

fmadxzfmg“dxsl. (4.19)

Then it follows from (4.18) and (1.24) that as @ ﬁ,

we |
me|—| dx — 0. 4.20)
n My
We claim that there exists ag € (0, %) such that
r % r
Goy <1+ - and g, > 1+ -. “4.21)
n n
where g, and g, with @ > 0 are defined by
1 1 1 Ma_ <n,
— = -4 and ¢ = " TN (4.22)
Gu r (1+ar +00, gq = n.
To prove our claim, we choose @ = @™ := - and compute g, = %I < 1+ ~. Moreover, one finds if g, < n,

then g}. = % > 1 + £; otherwise if g+ > n, then ¢. = +co > 1 + L. Hence, by the continuity of ¢, and

q,, with respect to @, we finish the proof of claim (4.21).
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With this claim, we invoke Corollary 1 and choose @ = a in (3.32) to get

1 1

dx)’ lImall7.., &0’ (4.23)

W(Z

9l < Canl [
Rn

(02

Noting thatas @ /7 #, 1 <1+ a9 < | + . By Holder’s inequality and (4.19), we have

lim sup ||ma||L1+ao(Rn) < C, where C > 0 does not depend on «. 4.24)
a

Invoking Gagliardo-Nirenberg’s inequality, we obtain from (4.20), (4.23) and (4.24) that

r g r
dx) -0, as a  —,
n

Wa

‘ 0 1-6 A Wa
15y <ColI Vel 1l 7 < Con fR e

where 6 € (0, 1) and C 2, > 0 are independent of @. Recall (4.19) and thanks to Holder’s inequality, one has

1-6, Oo

O
L (Rn)”ma“Ll*%(]R”)

= Hma“L“%(R”)

,
lmall o1 ey < |lmgll -0, as a / -

where constants 6, — 1, which reaches a contradiction to (4.19). Thus, there exists C; > 0 independent of «
such that

0<C <T,. (4.25)
Combining (4.25) with (4.17), we complete the proof of (4.16). O

With the uniform boundedness of I',,, we next establish the uniform L* bound of m, as @ ﬁ, which is

Lemma 4.3. Let (g, Ay, my) € C2(R") x R X WIP(RY), Vp > 1 be the solution of

—Au+ Cy|Vul” + 2 = —m?, x eR”,
—Am — Cyr'V - (leulr’_2Vu) =0, xeR", (4.26)
fR" mdx = M,.

Define wy = —Cgr'mg|Vug|" "“2Vu,,. Assume that each uy, is bounded from below and there exists a constant
C > 0 independent of a, such that

lim supf mg|Vugl” dx < C, lim medx = lim M, < C, limsup|d,| < C, 4.27)
a 't n o/ JRe a/ 't

then there exists C1 > 0 independent of a such that

lim sup [[mg|| =@ < C1. (4.28)
/s

Proof. Motivated by the argument of [12, Theorem 4.1], to prove (4.28), we argue by contradiction and
suppose that up to a subsequence,

_1 r
Ho = Imall 2y = 0 as@ /' (429)

Since u, is bounded from below, we fix 0 = u,(0) = ian u,(x) without loss of generality. Define
xeR"

’

[N

Uy = ,U(';_] ua(ﬂ(xx) +1, my = ,ugma(ﬂax) and Wo = ﬂg+lw(z(ll<yx)v (4.30)
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then we have from (4.27) and (4.29) that up to a subsequence,

f madx=f Mo dx = My, f o+l dx:ug"f m*dx -0 asa /L, 4.31)
n Rn n R n

and
f mQIVﬁQI’, dx =u(’lf maqualr/ dx—> 0 asa / I. 4.32)
n n n

Noting the definition of w,, (1.6) and (4.30), we have

e r
ch Yol i dx = (' — 1)CHf g|Viig|” dx — 0, asa /' . (4.33)
R | My R n
In light of (4.29), we obtain from (4.30) that
I ll = = 1. (4.34)

This together with (4.31) indicates that for any g > 1 + a,
_ _1 _ g-a—1 r
f i dx < ( fR bt dx il - Oasa /L (4.35)
On the other hand, by using (4.30), we have from (4.26) that

~Ayily + CylViitg|” + dgptl, = —7"m2* !, x € R,
_Axﬁ'la - CHr,Vx : (ﬁlwlvxﬁalr,_zvxﬁa) = O, X € Rn, (436)
fRn My dx = M,,.

In light of (4.27) and (4.29), one finds A,u;, — 0 asa £ In addition, thanks to the fact r > na, we obtain

—nay = 1 _ 1
0 < py "Iy Nz @ny < Ml gy < 1.

Thus, one applies Lemma 3.1 on the #,-equation in (4.36) to arrive at

lim sup || Vgl (e < C < co. (4.37)
a/

Since wy = —Cyr’ifg|Vity|” ~2Vii,, we deduce from (4.37) that

lim sup ||Wa||Lw(Rn) < C < oo, (4.38)
a/

Now, we focus on Holder estimates of 772,. By using (4.33) and Holder’s inequality , we getas a /7,

1 1
1-r  r=1 T 4
Waldx = [ walmg” my des( [ walimal ™ dx) ( f i dx)” = 0. 439)
Rﬂ R” Rn n

Combining (4.38) with (4.39), one has
ol dx — 0 asa /' —, V1< p < +oo. (4.40)
R” n

For any g > n, by using the 7n,-equation in (4.36), we obtain as @ /" 7,

|—f maA¢dx|=|f wa.vgodx|s(f |wa|qu)5||v¢||m, 0, YgeCO[RM. (4.41)
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With (4.40) and (4.41), one applies Lemma 3.5 to get [[Vinngllze — 0 as « /7 . Combine this with (4.35) we
obtain that, || lly1ewy — 0 asa 2 Thanks to Sobolev embedding theorem, one further has for some
g €(0,1),

_ r
||ma’||C0*9,(R") -0 asa / ; (442)

Let x, be a maximum point of 71y, i.e., My (Xe) = |[Mellz® = 1. Then we obtain from (4.42) that there

exists R} > 0 independent of « such that |, (x)| > %, Vx € Bg,(xq). It follows that

1\!'*% 1+2 1+2
(—) |BR1|sf g " dxsf iy, " dx,
2 Br, (xa) "

which is contradicted to (4.35). This completes the proof of (4.28). O

Now, we are ready to show Theorem 1.2 by using the approximation argument, which is stated as follows:

Proof of Theorem 1.2:

Proof. Recall that (4 1, Wo M, Ada.m) denotes the minimizer of problem (4.8) for any M > 0, which satisfies
system (4.4) and estimates (4.2) and (4.3).
Choosing

r—na

M = M, := e@rm (@ + 1)[, | @
in (4.4), one can get from (4.15) that

M (a+1 ).rfna .
S = =e.
oMo =\ T+ )T, ¢
Then as @ /' -, we find up to a subsequence,
M(a+l)r7noz 1
My~ latDrona 1 (4.43)
(a+ DI, r n

Without confusing the readers, rewrite (/g p, Wo,M, Ada.m) @S (Ma.M,> Wa .M, » Ada.m,) Since M = M, depends
on a. We also recall from (4.4) that (mq pm,, o.M, > Wa,M,,» Ada,M,) Satisfies

—Au + CHIVMI’, + Ade.m, = —m?, x € R",
Am + Cyr’V - (m|Vu|” ~2Vu) = 0, x € R", (4.44)
w = —Cyr’m|Vul” 2Vu, fR" mdx = M,.

By using Lemma 4.2, one can see that as @ 4, up to a subsequence, I, — [y = lim/ infI', > 0. Moreover,
a L

n

(4.43) implies M, — M, := M*, where

M= (1 + f)fa*] L@t =L (4.45)
n n

In addition, by using (4.15), we obtain as @ ' ~, up to a subsequence,

r

— 4.46
VTS (4.46)

/la,M(, - /la* =

and it follows from (4.5) that

Wa,m, |

dx — 1. (4.47)

_ _ r _
f m(](,Ma, dx = Ma - M* > 0’ f mg-;&(y dx - 1 + n’ CL f mQ,Ma
n n ? n R» ma’ Ma/
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According to Lemma 4.3, we obtain from (4.46) and (4.47) that

lim sup [|mg a1, ||eoRry < 0. (4.48)
a/

We then deduce from (3.5) with b = 0 that

lim sup [|Viig pm, |l < oo. (4.49)
a

Noting from the definition of w, s , one further has

a’

lim sup [[Wo,pm, |l < 0. (4.50)
a

Similar to the argument of (4.42), we can use (4.47)-(4.50) to get that

lim sup ||7124,pm, [lw1a@gry < +00 ¥ g >n, and limsup IIMQ,MQIICO,Q(RH) < oo for some 6 € (0, 1). 4.51)
a/ L a/ 't

since each iy m, € C%(R") is bounded from below, we may assume that iig a7, (0) = 0 = inf yepn Ug pm, (X).
We then deduce from u-equation of (4.44) that m(, M, (0) = —A4,m,,. which together with (4.47) and (4.46)
implies that there exist 61, R > 0 independent of « such that,

0
g, (X) > 31 > 0, for |x| < R. 4.52)
We rewrite the u-equation of (4.44) as
=Nl p, = —Cp|Vitaum,|” + ha(x) With ho(x) := =Agu, — M2y,  x €R" (4.53)

In light of (4.49), we deduce that |it,, pr, (x)| < C(|x] + 1) with C > 0 independent of a. We then derive from
the classical WP estimate to derive from (4.48) and (4.49) that, for any R > 0and p > n,

et 1, w2,y < C (I, rBoz0)) + WrallLocsogon) + Vit as, | lrspon) < Cp < o0,

where the constant C, z > 0 is independent of . It then follows from the Sobolev embedding theorem that
it a1, Il o101 (Bgo, (0) < Cy, & < oo for some 6; € (0, ). This combines with (4.51) gives

|||ﬁa’Ma|r ||C0‘62(BR+1(0)) + ||ha/||c0,92(BR+l(o)) S CGz,R < o0 fOI‘ some 02 € (O, 1)
Then by using Schauder’s estimates, we have from (4.53) that
||ﬁ(’7Ma”C2’83(BR(O)) < CG},R < o0, for some 93 € (O, 1) (454)

Now, letting R — oo and proceeding the standard diagonalization procedure, we can apply Arzela-Ascoli
theorem to get from (4.51) and(4.54) that there exists (i, Ug+) € WUP(R™) x C?(R") such that

MaM, — Mg+ N WlP(R"), and g, M, = U 1N CIZOC(R”), asa / L (4.55)
n

This together with (4.44) and (4.46) implies that (mq:, uy) € W'P(R") x C2(R") satisfies

—Au + Cy|Vul” - o= —mn, xeR”",
—Am =¥ CyV - (m|Vul" 2Vu) =0, xeR", (4.56)

w = —Cur'm|Vul|” ~2Vu.
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Thanks to (4.52) and Fatou’s lemma, one finds that
f Mg+ dx = a € (0, M*]. 4.57)

Moreover, we deduce from Lemma 3.6 that there exists some «, C > 0 such that m,-(x) < C e~ In addition,
from (4.49) we have ||Vu,+||z~ < co. Then, by applying Lemma 3.7, Pohozaev identities, one has

-
L f Yo} e dx = —2 f m' T dx. (4.58)
n | Mgs n+rJgn @
Next, we discuss the relationship between '+ := hm/ inf [, and ['y+ with o +. We claim that
(04 -
[y = Fg. (4.59)
To show this, we first note from Lemma 4.1 that
(a+)r—na
WaMa r _ E+1
_ _ _ _ (CL jl‘gn m(l M = dx) (jl‘gn m(l M dx) jlé" a M“,
I, = Ga(mrx,MQ, W(y,MQ) :Gﬁ (m(l,Mav WQ,MQ) a+1 d
(Co oo, mZZZ )L, ) e 4
na (a+Dr—na ,
(CL Jon 0, m‘;xz dx) ' (ﬁ%n Ma,M, dx) ' jé 7 EH dx 4:60)
=t L a/+1 : '
(Co st 22| ) o ) e 7,
Invoking (4.47), we deduce that as @ g,
P r na (a+Dr—na
(€0 Loz a9 (B 0™ L
1.
z = a+l
(CL& Ma.m, ::"ZZ dx)( fR" Ma.m, dx)" ﬁr{ oy, @
Then one takes the limit in (4.60) to get
[, :=1liminfT, > Fr 4.61)

a/

To finish the proof of our claim, it is left to show that the “=" holds in (4.61). On the contrary, if Fﬁ < Ty,
then by the definition of Fi, one finds there exists (1, w) € A given in (1.24) such that

G:r(m,W) <Tr+6<T:r+25< | (4.62)

where ¢ > 0 is sufficiently small. On the other hand, from the definition of I, we find

(a+)r—na

(CL m’ ‘ dx fR,,mdx) ' jl’%n At dy
(CL fRn rhl%| dx fRnnﬁdx)ﬁ j;%n met dx

G (i, W) =Go(iir, W)

(a+)r—na

(CL ﬁgn ﬁ1|%|rdx)%(ﬁwﬁ1dx) ' . fRn e+ gy
(o fofif ax)( foma) ot

(4.63)

Since

(CL fRn ﬁl‘%’rdx)%(&nﬁzdx)w k{n PSS

(CL [ ﬁ1|%|rdx)( o mdx)i Jon ¥t dix

’
-1 asa /-,
n
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we take the limit in (4.62) and (4.63) to obtain

=liminfT, < F» +0< Fr +26 < hmlanm

a/‘E Q//E

which reaches a contradiction. Now, one has (4.59), i.e., T, = Fs holds.

Next, we prove (mg+, wo+) € A. Since (my+, wo+) solves (4.56) and my- € Co(R™) with 6 € (0, 1), we
conclude from (4.55) and Lemma 3.1 that u,- € C'(R"). Then by standard elliptic estimates, the boundedness
of ||Vu,-+||~ and the exponentially decaying property of m,-, one can prove that (mgy+, wy+) € A.

On the other hand, we have from (4.47) and (4.61) that

lim 1nf I,
oL

(4.64)
where M* is given in (4.45). Then with (mg-, we+) € A, it follows from (4.57), (4.58) and (4.64) that

Cy |, wdx| |, mer dx . .
s= (M) < o Uk ) =L ai < )i, @465)
" n+r fRn "dx n+r n+r

r

which indicates (my+, we+) € A is an minimizer of I': as well as
n

. _ ) r
f mg-dx = M* and gy, — Mo+ in L'RYasa / -.
n ' n

This together with (4.56) indicates (1.28). The proof of Theorem 1.2 is finished.
]

With the proof of Theorem 1.2, we have studied the existence of ground states for potential-free MFG
systems and established Gagliardo-Nirenberg type inequality under the mass critical exponent case. In
Section 5, 6 and 6.2, we shall apply the inequality to investigate the blow-up behaviors of ground states to
problem (1.22) as M ,/ M* when a = .

5 Existence of Minimizers: Critical Mass Phenomenon

This section is devoted to the proof of Theorem 1.3. More precisely, we intend to prove that the minimization
problem (1.22) with energy &(m, w) being given by (1.23) has a minimizer (m,w) € Ky if and only if
M < M*, where K, is defined by (1.17). In addition, we show that there exists (u, 2) € C%(R"™) x R such that
(m,u, 1) € WHP(R™) x C*(R"™) X R is a solution to (1.30) when V is assumed to satisfy (1.20) when r > 1.
Recall from the definition of I'y- given in (1.24) that

fnm“; dx < CEI(VII*-; )(f |—| )(f ma’x);, Y(m,w) € A, (5.1

where A is given by (1.25).

We would like to mention that there exists a threshold of » while proving the existence of minimizers to
problem (1.22). Indeed, as shown in Lemma 3.5, if » > n, one can show the uniform boundedness of m
in L*(R") and C%(R") for some 6 € (0, 1) if (my, wy) is a minimizing sequence. However, when r < n, we
must follow the procedure shown in [12] to perform the regularization on (1.23) due to the worse regularity
of m.

When r < n, we let 17 > 0 be the standard mollifier satisfying

f nNedx =1, suppne € Be(0),
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where € > 0 is sufficiently small, then consider the following auxiliary minimization problem:

ey = inf  E(m,w), (5.2)

(mw)eAy

where Ay, is given by (1.27) and

Ee(m,w) = CLf
RVI

With the approximation energy (5.3), we are able to study the existence of minimizers for (1.22) when r < n
by taking the limit. However, as discussed in [12], it is necessary to study the uniformly boundedness of m,
in L® when we assume (m., we) as a minimizer for (5.3).

Following the strategies shown above, we can prove Conclusion (i) stated in Theorem 1.3 under the
case M < M*. We would like to remark that with (1.20b), the assumption (V2) imposed on potential V,
the condition fRn |x|?m dx < +c0 in (1.27) must be satisfied for any minimizer. Next, we state some crucial
propositions and lemmas, which will be used in the proof of Theorem 1.3, as follows:

1
1+
n

K|rm dx + f V(x)mdx — f (1 * m)" 7 dx. (5.3)
m R R

Lemma 5.1. Let p* = -£ if 1 < p <nand p* = o if p > n. Assume that 0 < V(x) € L> (R") satisfies

n—p loc
liminf V(x) = oo and define

|x|—>00

W,y = {m| me WY ®R") N L' (R") and f V(x)lm| dx < oo}.

Then, the embedding W,y — L4(R") is compact for any 1 < g < p*.

Proof. We refer the readers to [42, Theorem XIII.67] or [3, Theorem 2.1] for the detailed discussions. O

When r < n, we have the following lemma for the uniformly boundedness of ||m||z~ :

Lemma 5.2. Suppose that V(x) is locally Holder continuous and satisfies (1.20). Let (ug, Ak, my) € C%(R™) x
R x (L'(R™) N L' (R")) be solutions to the following systems

—Aug + C|Vug|” + 4 = V — gelmy], x€R”,
Amy + Cyr'V - (mg|Vug|” ~2Vug) = 0, x € R™, (5.4)
ﬁRﬂ mydx = M,

where a* = 2 with1 <r<n, g : L"\(R") — LYR") with 0 € (0, 1) satisfies for all m € LP(R"), p € [1, o]
and k € N,

lgxlmllzrn < K(um"*nL,,(Rn) + 1) for some K > 0, (5.5)
and
gkl llr sy < K(llm“*lle(BZR(xO)) + 1) forany R > 0 and xo € R". (5.6)
Assume that
sup [lmgll1rry < 00, sup [lmgll 1o gny < 00, supf Vi dx < oo, sup|Ag| < oo, 5.7
k k k n k

and for all k, uy, is bounded from below uniformly. Then we have

lim sup ||my|e@ny < o0. (5.8)

k—o0

34



Proof. We first establish the local uniformly estimates of my. To begin with, one finds from (5.7) and (5.5)
that

ekl 1ox < Kl 1) <o, 59)

(R?)

Then by maximal regularities shown in Theorem 1.1 and the uniformly local Holder continuity of V, we have

supIIIVukl’ I vk < (5.10)
YR

loc

which implies

1
sup |||Vuk|r || (1 Lo < oo with (1 + —*)r > n. (5.11)
k (RM) a

loc

Focusing on Fokker-Planck equations, one applies Theorem 1.6.5 in [6] to obtain that

sup [Imygllre @y < oo, (5.12)
k

which is local uniformly estimates satisfied by m.
Next, we claim that

a*
M

=0. (5.13)
L®(R"\Bg(0))

lim sup
R—+00

To show (5.13), we argue by contradiction and assume there exist € > 0, |x;| — +oo and k; — +o0 such that

%(m > e (5.14)
Then we define
Vi) = @) ug, (g + ), p(x) = almy (X + aix), (5.15)

where a; will be determined later. Upon substituting (5.15) into (5.4), one obtains

—Av; + CylVy|” + az/lkl =q V(Xz +aix) —a,gila; ), xeR”, (5.16)
A+ Cyr’V - (Vv 2 V) = x € R, ‘
Choosing a; = ﬁ one finds from (1.20a) that
7 1 0 (5.17)
a, = — 0, .
LV
where |x;| — oo. In light of the assumption (1.20b), we have
llay Vi, (x1 + aix)|lz= 8,0y < Ca. (5.18)
In addition, we combine (5.5) with (5.6) to obtain for / large,
Ilalgz[uzal I LY B,0) —alllgz[uzal I L B0
<a/K o K +1 5.19
<@ Kl @ Ny o+ D<Kl (5.19)

35



On the other hand, from (5.7) and (5.17), one has the fact that

* l+%
||,Ll;z ”L1+aai*(B = a;Hmkl”LH(I*(BZal(xl)) — 0asl — +oo. (520)

2(0)

We combine (5.18), (5.19) with (5.20) and similarly use the maximal regularities shown in [16] to get

" ! < C, for [ large,
Vvl ”LH?*(BI/Z(O)) g

where constant C > 0 independent of /. Then focusing on the second equation of (5.16), we similarly apply
the standard elliptic regularity estimates (See Theorem 1.6.5 in [6]) to obtain ; € C%?(B; /4(0)) with 6 € (0, 1)
independent of /. With the local Holder’s continuity of y;, we have from (5.14) that

a*

* * k
i (0) = my (xpa; = 7’()61) > g,
which implies there exists ¢ > 0 such that
w2 6 in Br(0),

where R > 0 is independent of /. Then it follows that if R is small,
_r ) n
my,V dx 26a, Vxi+y)dy = 54 V(xD)|Bgr(0)| = C6V(x;) — +oo,
n Byr(0)

where C > ( is some constant. This is contradicted to (5.7) then finishes the proof of claim (5.13).
With the aid of (5.13), we find there exists constant C > 0 such that

|V — grlmy]l < C(V + 1). (5.21)
Proceeding the same argument shown in the proof of Lemma 3.1, one obtains
Vil < C(1+V7), (5.22)

where C > 0 is some constant.
Finally, we establish the global uniformly estimate of m in L™, i.e. prove (5.8). To this end, we set ¢y = uf
for p > 1 and show ¢ are Lyapunov functions. Indeed, since u; solve HJ equations, we have

—Adi + Cur' Vil Vg - Vo = pul ™ Gy(),
where G¢(x) are defined by

Vi |

Uk

Gi(x) == —(p—1) — CulVurl” + Cur' IVl = A + V = gilmy]. (5.23)

To estimate (5.23), we use (5.21) and (5.13) to find

Cu(r =1 Vg [>~"
(p-1 Uy

where C > 0 and R > 0 independent of k. Similarly as results obtained in [40], one gets

Gi(x) > (p - 1)|Vuk|”( ) L+ CV > 1forall x| > R,

supf m|V|P dx < +oo, and supf mi|Vug|P dx < +oo, (5.24)
kK Jre K Jre
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for large p > 1. Next, we perform the global estimates of my, in L? with any ¢ > 1. In fact, we claim that

supf mZ dx < Cy < +oo, Vg > 1, (5.25)
k n

where C, > 0 is some constant. Thanks to (5.13) and (5.12), one has for any &, Ry > 0 such that
mi(x) < Cg, V7, Vx| > Ro, (5.26)

where Cg, > 0 is some constant. Moreover, (5.26) together with (5.24) gives us

f mde:f
B B

where Cg, , is some positive constant. Moreover, it follows from (5.12) that

mem™" dx < 77! v dr<C 5.27
‘ -mmydx < Cp mV'e™ dx < Cpry g, (5.27)
Ro Ry

f ml dx < Il g, 0y 1Bro(O] < Crog (5.28)
By (0) 0

where C Ro,g 18 some positive constant. Hence, claim (5.25) holds by invoking (5.27) and (5.28). We next
prove for any ¢ € C;°(R") and g > 1 that

f mVurl” "2 VgV dx

< Cq”V‘p”Lq'(Rn), (5.29)
where C, > 0 is some constant. Indeed, for any fixed g > 1, we use Holder’s inequality to get that
’ L/ 1 ’
f m|Vug|” |Vl dx = f m! m! V|~ V| dx
n RI’L
s 1 , 1 ;L
<( f m/ dx)’* - ( f mil Vi "7 dx)” - (| Vel dx)”, (5.30)
n n Rn

where p and s are chosen such that p > max{q, rf]T1} and s > p’ with

1 1 1 1
—+—-=-, —+
N

Ll oy (5.31)
p 4q p

1
p
We combine (5.24) with (5.25) and obtain from (5.30) that (5.29) holds. On the other hand, we apply the
integration by parts on Fokker-Planck equations to get

f mAgdx = Cyr’ f miVugl” ~>Vuy - Vo dx. (5.32)
Combining (5.32) with (5.29), we use Lemma 3.4 to obtain

sup [Vimgllyran < Cq < +o0, Yg > 1. (5.33)
k

(5.33) together with (5.25) implies

Sup “mk”wl,q(Rn) S Cq < 400, (534)
k

By choosing g > n and using the Sobolev embedding theorem, we find (5.8) holds. O
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We remark that the conclusion stated in Lemma 5.2 also holds if a* is replaced by «a and satisfies
0 < @ < +. Furthermore, it is worthy mentioning that our approach employed in the proof of Lemma 5.2 is
distinct from the blow-up analysis shown in [12, Theorem 4.1]. With our novel arguments, we are able to
relax the polynomial growth assumption on V and analyze the existence and blow-up behaviors of minimizers
under a class of V satisfying (1.20) when r < n.

We next focus on the case of r > n and give some preliminary results for the proof of Theorem 1.3. First
of all, if problem (1.22) is attained by a minimizer (m, w), then we have

Proposition 5.1. Assume that V satisfies (V1) and (V2) stated in Subsection 1.2. Let (m,w) € Ky be a
minimizer to problem (1.22). Then there exists a solution (u, m, ) to (1.30), which satisfies

Vu(x)| < C(1 + V%'(x)), u(x) > CV7 (x)— C x e R", (5.35)
for some constant C > 0.

Proof. The proof is similar as shown in [12, Proposition 3.4]. Define the test function space

V()|

lim sup —;
[xl—e0 V¥ (X) x|—00

B = {¢ e CXRY < 400, limsup 1Ayl < +oo}. (5.36)

(x)

By using the condition (1.20c), one can obtain from (5.36) that
vl _

lim sup +00. (5.37)
[xl—eo | x|V
We claim that
—f mAYy dx = f w- Vi dx, forally e B. (5.38)

Similarly as in [12, Proposition 3.4], we consider a radial smooth cutoff function y satisfying y(x) = 1
if x € B1(0), and x(x) = 0 if x € B5(0). Define yr(x) := x(%), then we have [Vyr(x)| < CR™!" and
Axr(x)] < CR™? for some C > 0. Noting that Am = V - w in the weak sense, we test the equation against Yy
with ¢ € 8 and integrate it by parts to get

- f mOyrAY + 2V - Vyg + YAyg) dx = f w - (xgrVY + Y Vxg) dx. (5.39)
R B

2R

Since (m, w) € Ky, is a minimizer of (1.22), we obtain fR” Vmdx < oo and

Wi r r

—| mdx) (f dex) < 00,
m R

WV dx < cf W|V7 dx < oo, f mlAW| dx < Cf mV dx < co.
Rn n n Rﬂ

Moreover, it follows from (5.36) and (5.37) that

1 Z1 11
w|V7 dx = wim™ " m7” V7 dx < (f
R’l Rn n

We thus get from (5.36) that

C R— o0
f mlwllA)(Rldx,f m|Vy||Vyr|dx < —f mVrl’ dx — 0,
R<|x|<2R Rn R Jr<pi<ar
and
R—

C
f WlwIIVyrldx < = f WV x| dx < 2C f WV dx —5 0.
" R Jr<in<or R<|x|<2R

Upon collecting the above two estimates, we take the limit in (5.39) to prove our claim.
With the claim (5.38), we can follow the subsequent arguments shown in [ 12, Proposition 3.4] to complete
the proof of this proposition and the detailed argument is omitted. O
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With the aid of Proposition 5.1, we study the regularity of m when r > n, which is
Proposition 5.2. Let (m, w, u, 1) be the solution given in Proposition 5.1, then m € W“P(R") for all p > 1.

Proof. The proof is based on the argument shown in [ 12, Proposition 3.6]. In light of (5.35), we may assume
that u(x) > 1 and set ¢ = u” for p > 1. Since u solves the HJ equation, we have

—A¢ + Cyr'|Vul”™>Vu - Vo = pu’'G(x), (5.40)
where G(x) is defined by
|Vul? y R .
G(x) = —(p— )—— = CylVul” + Cur'|Vul” =2+ V —mn. (5.41)
u

Noting that m € WH4(R?) < L®(R") for r > n, we find

Cu(r = 1) _|Vu>"
(p-1) u

G(x) > (p - l)IVulr,( )— C+V>1forall x| >R. (5.42)

In view of the results obtained in [40], we use (5.35) to get fRn m|V|P? dx < +oco for all p > 1. Then one finds
w = —Cgr'm|Vul” —2Vu € LP(R") for all p > 1 by using (5.35) and the fact m € L*(R"). Finally, it follows
from Lemma 3.4 that m € W' for all p > 1. O

With the preliminary results shown above, we are ready to prove Theorem 1.3.

Proof of Theorem 1.3:

Proof. Firstly, we shall show Conclusion (ii) in Theorem 1.3. Recall that (m4+, o, ue+) given in Theorem 1.2
is a minimizer of problem (1.24) with & = a* = . For the simplicity of notations, we rewrite (nq+, Wo+, Ug*)
as (m., wy, u,), then define

M M
" m (i = x0), 7

(', wh) = ( P (1(x — xo))) € Ky, V>0, xo € R". (5.43)

where the constraint set Ky, and M* > 0 are defined by (1.17) and (1.29), respectively. Recall that
u, € C2(R™) and m, decays exponentially as stated in Theorem 1.2, then we employ Lemma 3.7 to get

chW

*
m.

m, dx = " f miﬁ dx. (5.44)

Invoking (5.44), we substitute (5.43) into (1.23) to obtain that if M > M*,

M s M 1+ r
(CLtrf rm* dx + f V(x)m, dx) - - ( ) f mi+n dx
M* R” n 1+ n M* R”

M M % tr 1+£
—-(:7) ]1+§fan" dx + MV(x0) + 0,(1)

— —00 ast — +oo, (5.45)

Wi

N

ear m < E(ml,wh) =

It immediately follows that e, s = —co for M > M™, there is no minimizer to problem (1.22).

To prove Conclusion (i) in Theorem 1.3, we divide the argument into two cases: r < n and r > n. For
the former case, we first consider the auxiliary problem (5.2), with E.(m, w) being given by (5.3). By using
Young’s inequality for convolution, we have the fact that

=

f midx> | (mxno)'thdx =5 m'* dx for any m € L'*7(R"). (5.46)
n Rn Rn
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Then, one finds from (5.1) that

* r

M*\t n r
no_ 1 1+E . 4
) ]n = fRn m' T dx + f V(x)mdx (5.47)

Next, we show that there exist minimizers to problem (5.2). Let (mcx, wex) € Ky be a minimizing
sequence of (5.2). Noting that if we take

Ec(m,w) = E(m,w) = [(

(m,w

) . ||€—|x| ||L] (Rn) e_|x| ”e_lxl”Ll (Rn) ie_|x|
M ’ M |x|

]GWM,

then,
wIr
eem < CLf |7| rhdx+f V(x)irdx < +oo,
n M n
which implies that there exists C > 0 independent of € such that

klim Ec(Mej, Weg) = eey < C < +00. (5.48)

Since M < M*, one concludes from (5.1), (5.47) and (5.48) that

sup f mr,j dx < C < 400, sup f (|W6’k |rm6,k + V(x)ms,k) dx < C < +oo, (5.49)
keN+t JRn 7 keN+ JR? \ Mek

where C > 0 is independent of €. The subsequent argument for proving Conclusion (i) is similar as discussed
in [12], for the sake of completeness, we give the proof briefly. Indeed, with the aid of the key Lemma 3.5,
we obtain from (5.49) that

sup |Imexllwragn < C < +o0 and  sup ||wellr@ny < C < 400, forany p € [1,4], (5.50)
keN+ keN+

where ¢ is given in (1.18) and C > 0 is some constant independent of €. As a consequence, there exists
(me, we) € WH(R™) x LA(R™) such that

(Mt Wer) — (meswe) in WHR) x LIR™), (5.51)

In light of the assumption (V1), | llim V(x) = 400, given in Subsection 1.2, one can deduce from Lemma 5.1
xX|— 00

that
Mey > me in L'R") 0 L5 R™), (5.52)

Therefore, up to a subsequence,

(e * me) ¥ dx 5 | (e » mo)*5 ax. (5.53)
Rn Rn

In addition, thanks to the convexity of fR,, §|rm dx, by letting k — oo in (5.49), we see that there exists

C > 0 independent of € > 0 such that

L

It then follows that

Pek | ey dx + f V(X)mepdx < C < +oco.  (5.54)
Rn

Me k

We

Me

rme dx + f V(x)medx < lim inff |

k—+00

medx) (f Vmedx) <C < oo, (5.55)
R}’l

We |"

Me

f |WE|VrL’ dx < (f
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and
We

me

f wel dx < (f rmedx) (f medx) < C < . (5.56)
n Rn n

From (5.51), (5.52) and (5.56) we deduce that (m, w.) € K. Moreover, it follows from (5.53) and (5.54)
that

€eM = lim SE(mE,ks We,k) > ae(me, WE) = €eM>
k—o0

which indicates (m,, we) € Ky is a minimizer of problem (5.2). Finally, similarly as the proof of Proposition
3.4 in [12] and the arguments shown in Proposition 5.1 and Proposition 5.2, we apply Lemma 3.3 to obtain
that there exists u. € C2(R") bounded from below (depending on €) and A, € R such that

—Aue + C|Vue|” + Ae = V(x) — (e * me)7n * 1,
Ame + Cyr’'V - (me|Vuel” >Vue) = 0, (5.57)
we = =Cr’ me|Vuel” ~2Vu,, fRn medx =M < M*.

For each fixed € > 0, we deduce from Lemma 3.1 that, there exists C¢ > 0 depends on € such that
[Vuc(x)] < Ce(1 + V(x))rl’. Since u, € C*(R") satisfies the first equation of (5.57) in classical sense and
e * me)§ * e € L (R™), we deduce that |[Au.(x)| < Cc(1 + V(x)). We claim that

|1¢| < C < o0, with C > 0 independent of € > 0. (5.58)

By using the m-equation of (5.57), we have from (5.55) that

f mAu, dx = f We - Vuedx = —Cyr’ f me|Vue|” Vue dx.

In addition, we test the u-equation of (5.57) against m. and integrate to get

AM=-(1 - r')CHf me|Vuel” dx + f Vimedx — | (e« me)'*7 dx
- ! o (5.59)
dx + f Vmedx— | (e * m)'™*n dx
n Rn

€

w
= CLf Mme
n

me

where we have used the fact that C; = %(r'CH)ﬁ in the second equality. Finally, we collect (5.54), (5.55)
and (5.59) to find (5.58) holds.

Next, we let € — 0 and shall find the minimizer (my, wys) to problem (1.22). Noting (m,, ue, A¢) satisfies
(5.7) with k replaced by €. We apply Young’s inequality to get

su )Y x < sup ||m® < o0
kp”(nk k) 77k||L1+ai*(Rn) - kp” k ”LH-(YL*(R”) B

and

su ek m)® el <sup|lm®|| . 1 < oo, for any xy € R” and R large.
kp||(77 ) 7 ”LH"* (Br(x0)) kp” k HLH”* (B2r(x0)) X0 g

Then, with the aid of (5.54) and (5.58), we can invoke Lemma 5.2 to derive that

lim sup |[me|[ge@®ny < oo. (5.60)
e—0*
Then, by using Lemma 3.1, we find
[Vue(x) < C(1 + V(x))ri', where C > 0 is independent of €. (5.61)
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Since u, is bounded from below, without loss of generality, we assume that u.(0) = 0. Thanks to (3.7),
one finds that u.(x) > CEVrL/(x) — C¢ = +00 as |x| = +oo, which indicates each uc(x) € C2(R") admits
its minimum at some finite point x.. using (5.58), (5.60) and the coercivity of V, we can deduce from the
u-equation of (5.57) that x, is uniformly bounded with respect to €. It then follows from u.(0) = 0 and (5.61)
that there exists C > 0 independent of € such that

—C < u(x) < Clx|(1 + V(x))rl’ for all x e R",

where we have used (1.20c) in the second inequality. Since u, are bounded from below uniformly, one can
employ Lemma 3.2 to get that u.(x) > C Vri/(x) — C with C > 0 independent of €. In summary, under the
assumptions (1.20), we get that,

C1V7 (x) = C1 < ue < Calxl(1 + V(x))7, for all x € R™. (5.62)

where C1, C; > 0 are independent of e.
In light of (5.60) and (5.61), we find for any R > 1 and p > 1,

IwellerBor) = Car’ ImelVuel” ™ lirBywoy < Cpr < 0, (5.63)

where the constant Cj, g > 0 depends only on p, R and is independent of €. By applying Lemma 3.4,
we obtain from (5.63) that ||melly1.p 40y < Cp.r < . Taking p > n large enough, we employ Sobolev
embedding theorem to get

Imellcoey g0y < Coy.r < o0 for some 6 € (0, 1). (5.64)
To estimate u, we rewrite the u-equation of (5.57) as
~Aute = ~CpylVuel” + fo(x) with fe(x) 1= =2e + V() = (7 * me) * e, (5.65)
By using (5.60), (5.61) and the fact that V is locally Holder continuous, we obtain that for any p > 1,
1 £llzr (Barcy) + IV utel” NLrBapoy) < Cpr < oo.
Then by W?? estimates, one gets from (5.65) and (5.62) that
letcllwzig.yy < Cpr (ltellron + Ifellr@amoy + Vel lr@gon) < Cor <00, (5.66)
Taking p > n large enough, we obtain that
||u5||C1_az(BRH(O)) < Cg, g < oo, for some 6, € (0, 1). (5.67)
Combining (5.64) with (5.67), one finds
etel” llcos . oy + ILfellcoss g0y < Conk < 0, for some 65 € (0, 1)
Then by using Schauder’s estimates, we have from (5.65) that
””E”CW(BR(O)) < Cg, g < oo, for some 0, € (0, 1). (5.68)

Now, letting R — oo and proceeding the standard diagonalization procedure, we can apply Arzela-Ascoli
theorem to get that there exists uy; € C%(R™) such that

Ue <0 Uy in Clzo’fs (R™) for some 65 € (0, 1). (5.69)
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On the other hand, it follows from Lemma 3.5 and (5.54) that, there exists (myz, wyr) € WH(R") x (L'(R™) N
LI(R™)) such that

e—0"

-0 P b
me — my ae. inR"”, and (me, we) N (mp, wy) in WH(R™) x LIR™). (5.70)

Moreover, with the help of Lemma 5.1, we have

m. =3 my in LR 0 L5 R, (5.71)

Letting € — 0" in (5.57), we then conclude from (5.58) and (5.69)-(5.71) that there exists Ay, € R such
that (myy, upr, wyy) satisfies (1.30). In particular, we obtain from (5.61) and (5.62) that

Viup ()] < C( + V(x)7, il 7 = Cy < ups < Calx|'*# + Cy, forall x € R”. (5.72)

Recall that m, — my; a.e. as € —» 0% in R”, it follows from (5.60) that my, € L*(R"). Then, proceeding the
same argument as shown in the proof of Proposition 5.2, one can further obtain from (1.30) and (5.72) that

war = —Cpr'my|\Vupl” " 2Vuy € LP(R”) and my; € WP(R™) for all p > 1. (5.73)

We finally prove that (mps, way) € Ky is a minimizer of ey+ 3. To this end, we claim that for M < M,
the following conclusion holds:
lim €M = €a* M, (574)

e—0*

where e,+ ) 1s given in (1.22). Indeed, in view of (5.46), one can easily find that lirg eeM = eqr m. On the
e—0t

other hand, for any § > 0, we choose (m, w) € Ky such that E(m, w) < eq pr + g. Then by using (5.46), we
deduce that for € > 0 small enough, E.(m, w) < E(m, w) + g. Hence,

0
eem < Ec(m,w) < E(m,w) + 3 < eq M+ 0.

Letting € — 0* and then 6 — 0%, one has lir(r)l eem < eqs y. Now, we finish the proof of (5.74).
e—0"

We collect (5.70), (5.71), (5.74) and the convexity of fRn

-

E| mdx to get

m

Co* M = lim €eM = lim ‘Ss(ms’ We) 2 8(""ZM, W) = €a* M>
e—0* e—0*

which implies (mys, war) € Ky is a minimizer of e« ps. This completes the proof of Conclusion (i) for the
case of r < n.

Now, we consider the case of r > n. Compared to the former case of r < n, since now WH4(R") —
C%Y(R™) for some 6 € (0, 1), we can avoid discussing the auxiliary problem (5.2) and consider the minimiza-
tion problem (1.22) directly. Let (my, wy) € Ky be a minimizing sequence of (1.19). Since M < M*, we
similarly obtain from (5.47) that

1+ Wik r
sup f m, "dx < C <400, sup f (|—| my + V(x)mk) dx < C < +00.
keN+ JR? keN+ JRr \ Mg

Then we use Lemma 3.5 and Lemma 5.1 to conclude that there exists (my, wy) € WH(R?) x (LY(R") N
Li(R™)) such that

k k ~ o
my — my ae. in R, (my, wi) — (myg, wag) in WH(R™) x LYR™Y),
and

k r
my — myy in L'@R™) N LY (R™).
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Thus,
ea' M = klim E(my, w) = E(my, wyr) = eq* M
—00

which indicates that (s, wy) € Kjy is a minimizer of e,- ». Moreover, by using Proposition 5.1 and
Proposition 5.2, one finds there exists uy; € C2(R™) such that (myy, upg, Apr) € WHP(R™) x C2(R") X R is a
solution to (1.30).

It remains to study the critical case M = M* and show Conclusion (iii). To this end, we first prove that
up to a subsequence,

lim ey p = eq .y =0, (5.75)
M/ M*

where infcpr V(x) = 0 was used, which is stated in (1.20a). By the definition of e, + given in (1.22), for
any 0 > 0, d(m, w) € Ay~ such that

eqr . < Em,w) < eg ppr + 0. (5.76)
Noting that %(m, w) € Ay, we have
M M
€a* .M < 8(%1’)’1, ﬁW) (577)
M r M 1+§ r
:S(m,w)+( —1)[CLf K’ mdx+f V(x)mdx]+i[l —( ) ]f m'*n dx.
M* rRe'in R® n+r M* n

By straightforward computation, one has as M ,” M*,

(AA;k - 1)[CL jl;n %’rmdx+ Ln V(X)mdx] + n’lr[l - (%)“1 L\n m'* dx — 0. (5.78)

We collect (5.76), (5.77) and (5.78) to find
limsupey: p < €qr < + 6, Yo > 0. (5.79)

MM

Letting 6 — 0, we obtain from (5.79) that
lim sup e+ pm < € pr+- (5.80)

M,/ M*

On the other hand, let (M p, Wo+ ) € Ay be a minimizer of ey pr = inf(y wyeq,, E(m, w) for any fixed
M € (0, M*). Then we have 2 (ing+ a1, Wor i) € Ay and

Co* M* Sa(g (ﬁ’la*,Ms wa/*,M))
—M*[Cf W"*’Mrm dx+f V()i m d —(M*)5(1+f)f ny: , dal
VA T Y7 1) Jo MM O
< A/;S(ﬁia*,M,Wa*,M) = *ea*,M, YM < M.

M
It follows that

*

eqr M+ < ljln}%llf i oM = Mh/nﬂl/[ ea M- (5.81)
Combining (5.80) with (5.81), one has
lim ey p = eq = 0. (5.82)
MM+
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By using assumptions (V1) and (V2) shown in Subsection 1.2 for potential V, we set M = M* in (5.45) to get
ear - < E(mL, W) = M*V(xg) + 0,(1) — 0, if V(xp) = 0 and ¢ — +oo.

Hence ey p+ < 0, which together with (5.82) implies (5.75).
Now, we argue by contradiction to show Conclusion (iii). Assume that e,+ y« has a minimizer (i1, W) €
A, then one applies (5.75) to obtain

o:a(m,m:f cL|¥
R® m

r 1 .
vdx — rfﬁzl+ndx+f V(x)mdx > 0,

1+
n

which together with (5.1) implies

w
CL |7
nlm

As a consequence, we obtain suppV(x) N supp 7z = (. However, as exhibited in (1.20c), if r < n, one has
suppV = R”, which indicates m = 0 a.e.. Otherwise if » > n, we have facts that (1, ) is a minimizer of
eo.m+ and m € W (R?) — C%Y(R") for some 6 € (0, 1) by Lemma 3.5. Moreover, in light of Lemma 3.3,
one finds there exists a bounded from below solution & € C2(R") and A € R such that

1 ,
"pdx = f M5 dx and f V(xydx = 0. (5.83)
1+ R? R”

S~

—AD+ CylVa|” + 2= V(x) -, x€eR,
—Aim = Cyr'V - (m|Val” 2Via) =0, xeR",
m>0inR", [, mdx=M >0.

By standard elliptic estimates, one gets from the Holder continuity of V that &t € C]ZO’S‘ (R™) for some
01 € (0, 1). Then, we apply the maximum principle as shown in [4] to find 7z > 0 in R"” when r > n. This
indicates fRn V(x)idx > 0, which however contradicts (5.83). This completes the proof of Conclusion
(iii). O

Theorem 1.3 demonstrates that under some technical assumptions on potential V, there exists the critical
mass phenomenon to problem (1.22), where @ = +. In detail, there exists M* > 0 such that when M < M*,
there exists at least one minimizer; otherwise if M > M*, problem (1.22) has no minimzer. A natural question
is the asymptotic behaviors of minimizers to (1.22) as M ,” M* and we investigate this in Section 6.

6 Blow-up Behaviors of Ground States as M " M*

In this section, we discuss the asymptotic profiles of least energy solutions to (1.4) as M ,” M*. More
precisely, we shall prove Theorem 1.4 and Theorem 1.5. We would like emphasize that the results are parallel
to Theorem 1.2 in [12] but they only consider the subcritical mass exponent case.

6.1 Basic Asymptotic Profiles of Ground States
This subsection is devoted to the proof of Theorem 1.4 and the investigation of the rough asymptotics.

Proof of Theorem 1.4:
Proof. To show Conclusion (i), we argue by contradiction and assume that

: w
lim sup f
M/'M* n

mmy

-
my dx < +oo.
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By using Lemma 3.5, one further obtains

lim sup lmallyagass 1im sup wallyages,s Tim sup lwagllsges) < +oo (6.1)
M,/ M* M,/ M* M,/ M*

It follows that there exists (m, w) € W4(R") x L4(R") such that as M /~ M*,
my — min WH(R"Y), and wy — win LIR"). (6.2)

We next prove that (m, w) € Ky defined by (1.17). Firstly, in light of (6.1), we have the fact that

limsupf V(x)myr dx < +oo. (6.3)
M/‘M* n

Noting that potential V satisfies (V1), (V2) and (V3) given in Subsection 1.2, we combine (6.2) with (6.3) to
obtain from Lemma 5.1 that

my — min L'\R") N L' 5 (RY), as M 7 M?, (6.4)

which indicates fRn mdx = M”*. In addition, we apply (6.2) to get Am = V - w weakly. Then, similarly
as in (3.21), we have w € L'(R"). By summarizing the argument above, we find (m,w) € Ky and
lj{/[n} }Sf E(mpyr, wyr) = E(m, w) thanks to (6.2) and (6.4). Furthermore, we obtain from (5.75) that

o M+ 2 E(m, w) 2 eqs p+-

Thus, (m,w) is a minimizer of e, j+, which is a contradiction to Conclusion (iii) in Theorem 1.3. This
finishes the proof of Conclusion (i).

(ii1). Recall that &7, which will be denoted as e for simplicity, is defined as (1.31). As stated in
Conclusion (i) of Theorem 1.3, we have the facts that each uy € C*(R") is bounded from below and
satisfies | |lim up(x) = +oo. Hence, there exists x, € R” such that uy(x;) = ian up(x), which implies

X|—+00 xeR”?
0=u.0) = ian u-(x) thanks to the definition given in (1.32).
xe n
From (1.30) and (1.32) we see that (i, m., w,) satisfies
—Aug + CHIVugl" + Ay = —mé +&"'V(iex + xg),
—Amg — Cyr'V - (mg|Vug|" >Vug) = —Am, + V - w, = 0, (6.5)
fR" medx = M.

By (1.31), (5.1) and (5.75), we have

.
CLf mgdxzs_’CLf
R)l n

and
f Viex + x.)mg dx = f Vix)mydx - 0asM / M*. 6.7)

We

Mg

wy |” 1+L _ 14 r+n
— | mydx =1, m, "dx=¢g&" my, " dx — , (6.6)
mM n n

Similar to (5.59), we deduce from (6.5) and (6.6) that

r 1+Z r 1+Z
An = -— "dx =o(1) - ’ "d
MAy = E(mpg, wyy) n+rf m,, " dx = o(1) n+r8 fnmg X,

n

which implies

Aye” — _ML* as M / M*. (6.8)
n
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In light of the u-equation in (6.5), we apply the maximum principle to obtain
Aye” > —m2(0) + £ V(x,) > —m2 (0), (6.9)
which implies
m:(0) = —Aye’ = C >0, (6.10)

where and in the arguments below, C > 0 denotes a constant independent of &, which may change line to line.
We next claim that there exists some constant C > 0 such that

gV(xg) <C. (6.11)

If not, we can find some subsequence & — 0 such that & V(x,,) — +co. By using (6.9), one has

7O
& Vixg)
where C > 0 is some constant independent of &;. Similarly, let
vi(x) = @ 2uax), wx) = amax), a= L
! ’ ! ’ eVixg)
then we have
1
a; = -0, djg]V(xg) = 1.
1 8;V(Xg[) 1€l &l
In light of (1.20b), one finds
Viagex + x¢))
A’ eEV(agx + xg) = ——2 < Cs,
1€ Ve &) Vi) 2
where C, > 0 is some constant independent of /. Noting that
a* 1+(,L* r
||M1 | "t = alllms,llpm*(gu ) Oas/— +oo,
L7a" (B (0)) !

we apply the maximal regularity shown in Theorem 1.1 to obtain

J
V| <C
IVl ||L1+{117(B”2) ,

where C > 0 is some constant, which implies y; € C%(B, 14(0)) with 6 € (0, 1).
since u;(0) = a;my(0), one finds

m® (0
l() >C>6>0.

a* (O) — r >
Hi g V(xg)

By using the Holder’s continuity of y;, we obtain
ui(x) =6 > 0in Br(0),
where R € (0, %) is some constant independent of /. We have
f V(eix + xg)mg,(x) dx

1)
:f V(giag,x + xg)p dx > 6f V(giaix + xg) dx > — — +o0.
4 Bg(0) €
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However, as € — 0,
f V(ex + xg)mg(x)dx — 0,

which is a contradiction. This completes the proof of our claim (6.11).
On the other hand, noting that V satisfies (1.20b), one further finds for R > 0 large enough,

g'V(ex + x:) < Cr < +oo, for all |x| < 4R, (6.12)

where positive constant Cr depends on R but is independent of ¢.
Similarly as shown in the proof of Theorem 1.3, we estimate Vu, and rewrite the u-equation of (6.5) as

r

—Au, = —Cy|Vu.|” + g:(x) with go(x) := —Aye" + &' V(x, +&x) —m2. (6.13)

Noting that m® € L1+;7(R"), we have from the maximal regularity shown in Theorem 1.1 that [Vu|” €
£ / L) C .

L110+C"* RY), ie. |Vu|" ™' € Ll(ol:" ) (R™), which implies m € Cﬁ;z(R”) for some 6 € (0, 1) by using the

m-equation in (6.5). Thanks to Lemma 3.1, we further obtain
[Vug| < Cr < 400, VY|x| < 2R,
which implies
IVitel” 2 (Bap0y) + lIgellLrBor@) < Cpr < +00.

Then, similarly as the derivation of (5.64) and (5.68), we can obtain that for some 6 € (0, 1),

llmellcospygoy < C < 0, (6.14)
and

lletell 200y < € < 0. (6.15)

In light of (6.10), one has from (6.14) that there exists a constant Ry € (0, 1) such that

mg(x) > C >0, Y|x| <Ryp. (6.16)

Now, we claim that up to a subsequence,

lin(l) Xg = xo9 with V(xg) = 0. (6.17)
£—

If not, one has either |x¢| — +o0 or x, — x¢ with V(xp) > 0. In the two cases, we both get limO Viex+x,) =2 A

Xg—

a.e. in R” for some A > 0. Hence, it follows from (6.16) that

A
lim V(ex + xo)mgdx > ) f

AC
mg(x)dx > 7|BR0(0)|,
£=0 Jgn Br, (0)

which reaches a contradiction to (6.7). Therefore (6.17) is proved.
In light of (6.6), there exists (mg, wp) € WH(R") x (L'(R") N L4(R™)) such that

(Mg, we) = (mg, wo) in WH(R™Y) x LI(R™), as e — 0, (6.18)

where mg % 0 by (6.16) and g is given by (1.18). Furthermore, thanks to (6.15), we find u. — ugp in ClZOC(R”).
Moreover, it follows from (6.5) and (6.8) that (mq, ug) satisfies

—Aug + Cy|Vug|” — 55 = —my,
—Amgy = —Cyr'V - (mg|Vug|” ~*Vug) = —Vwy, (6.19)

0< [, modx <M*, wy=—Crmo|Vuol” ~2Vu,
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where similarly as in Section 4 (see the proof of (4.65)), we have used Pohozaev identities given in Lemma
3.7 to obtain that (mg, wg) is a minimizer of (1.24) and fRn mgydx = M*. We thus see that (i, mg, w) satisfies
(1.28) by recalling (6.19). In addition, we find m, — mq in L'(R"), and then by (6.18), we obtain that

mg —> mg in LPR"), ¥ pe[1,§") ase — 0,

which inidicates (1.33).
It is left to prove (1.34) when V satisfies (1.12). To this end, we argue by contradiction and assume that,
up to a subsequence,

liminf 22 =% _ oo, (6.20)
E

-0
Define

mg(x) := &'my(ex + X5) = ms(x " %)

Wa(X) 1= & I wy(ex + %) = we(x + Z2), 6.21)

o(x) := e up(ex + xg) = ug(x + —XE;XS).
We claim that there exist constants Ry > 0 and C > 0 independent of & such that
mg(x) = C >0, VY |x| <Rp. (6.22)

In light of (6.21), one finds (6.22) is equivalent to

me(x) > C >0, V |x LT x€| <Ry (6.23)
Noting (6.10), we have the fact that
me(0) = |Ime|lLo@ny = [Imello@n > C > 0. (6.24)

To show (6.22) or (6.23), we divide our discussions into two cases, r < n and r > n. Focusing on the case
r < n, we impose (1.12) on the potential V. Noting the first equation in (6.5), one finds i, satisfies

“Aiiy + CylViel” = 8o(x) := —Aye —m! + & V(ex + %). (6.25)

Similarly as the argument shown in [12, Theorem 4.1], we consider the following two cases:
Case 1: Assume that there exists some constant C > 0 independent of & such that X, satisfies

limsup &' V(%) < C < 400,
-0

Then by using (6.24), one can proceed the same argument shown as (6.13)-(6.14) and (6.16) to obtain the
claim (6.22).
Case 2: Assume that x, satisfies

lim inf &' V(%) = +oo. (6.26)
£—
We define
m(x) = e"my(ex) = mg(x - E), ii(x) = S%MM(SX), w(x) = & wy(ex), (6.27)
&
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then find from (6.5) that (771, i, w) satisfies

_AG+ CylVal” + Aye” = & V(ex) — ml, xR,
_ A~ Cyr'V - (RIVE "2Vi) = 0, XeR", (6.28)
fou rcdx =M /M, Vo, = —Cyr’m|Vii|” 2 Vil.

Noting that V satisfies (1.12), we employ Lemma 3.1 to get
1
Vit < C(1+o? 7)), op:= &P (6.29)

Denote y, := x—; and y, := %, which are the minimum and maximum points of #&.(x) and m.(x), respectively.
Thanks to (6.17), we obtain |y,| < Ce~!. Then, it follows from (6.29) that

. . - _ R _
lii=(0)] < |ite(ye)l + |yel sup Vi)l < 1+ Ce™ + Ce™' ol Iyel” <1+ Ce™!. (6.30)
[YI<Iyel

As a consequence,

1
fip(x) < (0 + x| sup [Vus(x)| < 1+ Ce™ + o7 [x|7 . (6.31)

Invoking (6.26), (6.30) and (6.31), we proceed the same argument shown in [12, Theorem 4.1] to get
mg € CO’G(BR(%)) with 6 € (0, 1) and R > 0 independent of &. Noting that y, is maximum point of 7.(x),
we thus obtain from (6.24) and (6.27) that m.(¥.) = C > 0. Hence, one finds there exists some Ry > 0
independent of & such that

C
mg(x) > 0} >0,V |x — | < Rp.

Since y, = %, the above estimate together with (6.27) indicates that (6.23) holds.

When r > n, with the assumptions (1.20) imposed on potential V, using (6.6) and noting that WH(R") —
C%(R™) for some 6 € (0, 1), we deduce from Lemma 3.5 that m, is uniformly bounded in C%(R™). Then
claim (6.22) follows drectly by noting (6.24).

In summary, if V satisfies (1.12) when r < n or (1.20) when r > n, we obtain (6.22) and (6.23)
hold. However, (6.23) together with (6.20) contradicts the fact that m. converges strongly to mg in LY(RM).
Therefore, (1.34) is proved and we complete the proof of Theorem 1.4.

O

Theorem 1.4 indicates that as M ,”* M*, the ground states (s, wys) to problem (1.22) form some profile
with the striking structure, where the leading stone is given by (mg, wg), the minimizer to problem (1.26). In
fact, with the precise local expansion of potential V, we are able to capture the asymptotic of scaling factor
and the location of concentrated profile, which will be shown in Subsection 6.2.

6.2 Refined Asymptotic Profiles of Ground States

In this subsection, we shall discuss the refined blow-up behaviors of the rescaled minimizer (im., wg). As
shown in Section 6, (mz, wg, uz) converges to (mg, wo, tp) wWith

me — mo in LP(R) Y p € [1,§7), we — wo LYR") and us — ug in Cp, (R").

where (mg, wo) is a minimizer of I',» and (ug, mg, wo) satisfies (1.28). In addition, we deduce from Lemmas
3.6 and 3.7 that there exist 6; > 0 and Cs, > 0O such that,

mo(x) < Cs,C~1M, (6.32)
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and

p
modx =

1=C, f =0 - f my' " dx. (6.33)
n L n+r n

Before proving Theorem 1.5, we recall the following assumptions on potential V:
Suppose V(x) has [ € N distinct zeros defined by {Py,--- , P;} ¢ R"; moreover, da; > 0, g; > 0,d > 0
such that

V(x) = ailx — Pi% + O(|x — P9*Y), if |x - P;| < d. (6.34)
Define ¢ = max{qi,--- ,q;}and Z ={P; | q; = q,i = 1,--- , 1}, then we denote

p=minfy; |P;€Zi=1,--- 1} with y; = mﬂi{n H(y), Hi(y) = f ailx + y|%mo(x) dx, (6.35)
YE n R”

and define set Zy = {P; | P; € Zand y; = u,i = 1,--- , [}, which consists of all weighted flattest zeros of V(x).
With the notations, we establish the precise upper bound of ey« 3 as M 7~ M*, which is

Lemma 6.1. As M /" M*, eq y given in (1.22) satisfies

+ H M \i17a
cor <[1+ o(l)]u(@) "[1 - ( ) ] " (6.36)
q r M
Proof. Choose some P; € Zy and let y; € R” satisfy
p=p; = inf Hi(y) = Hi(y;). (6.37)
yeR"
Define y v
me = —71"mp[t(x - Vi P)] and w; = —7"wo[r(x - i P;)] for 7> 0.
X T M* T
Then we find
X+yi
M . M Vi— + P;
f Vm(dx =7 fR n v(* J;y Lt Py)mo(x) dx = [l — f n %u + yil9mg(x) dx. (6.38)

T

Next, we establish the desired estimate for the last equality in (6.38). To begin with, from (1.20a), we see
that 3K > |P;| such that

V(x) < CoeM™ for |x| > K, (6.39)
Define
V(@ <+ P,’)
. |9i
11 : T lx + yil"'mo,

T

then we decompose the estimates of /7 into the following three cases:
Case 1: When 0 < Ix%y’l < d, we use (6.34) to get

V(3 + )
T

x+y; |
—

|11 = |x + yil%mgy < 2a;my. (6.40)

Case 2: Whend < < 2K, one has from K > |P;| that

X+yi
pe

04 pi| < 2K + |Pf < 3K, which implies

1] < d“”'[ sup V(x)|mo(x). (6.41)

|x|<3K
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X+y; X+y;
T

T

— |
-

Case 3: When > 2K holds, we find | =2 + P,-| >2K - |Pi| > K and |%| > > K provided

7 > 0 large enough. As a consequence, we obtain from (6.39) that

Vi

X4yi )
V(T—-’-.E)M-i‘yﬂqi =Tqiv(x - g

qi

x+y; .
. 7+P-| . X
+ P,') < Cortiedl = il < Oyt as T — 400,
X+yi

T

which together with (6.32) gives that for 7 sufficiently large,
. 5 5 51 5 5
|| SCngqu"e%l?le*&‘lx‘ < C(squ"[Tllxl < C(squ"effllxlefflTK < C(;IETIM. (6.42)

Upon collecting (6.40), (6.41) and (6.42), we arrive at

2aimo(x), =] < d,
1) < p(x) := { d7%| supjyasp V) |mo(o),  d <[] < 2K,
o o
C6|e 4|x|, |Tyl| > 2K.

In addition, by using (6.34), one has the fact that lim I/ = a;|x + y;|%mo(x) a.e. in R". Hence, we employ

T—+00

the Lebesgue dominated convergence theorem to obtain that

T—+00

M
lim |77 f V(x)m(x)dx = a f ailx + yil"mo(x) dx = p,
n Rn

where we have used the definition of u given by (6.37). From the definition of (m., w;) and (6.33) we have
r 1 r Mt M \n
CLf Wr medx — ’f m;+"dx: il 1_(M*) ]

m_T 1+ M*
&
elrT=— — 00 as , and note that g; = ¢, we thén deduce 1rom th€ above wo estimates
Let i M /" M*, and note that g; = g, we then deduce from the above t timat

n

1

r1-(A)7)
that
M M \i _ _ +r - M \ilma
v 1= G e oo 52 -G o,
which completes the proof of the lemma. O

With the upper bound of e, js given in Lemma 6.1, we shall prove Theorem 1.5, which is

Proof of Theorem 1.5:

Proof. As shown in Theorem 1.4, one has x, — P; for some 1 < i < [. Moreover, since (m,s, wys) denotes
the minimizer of (1.22), we obtain

r —r .
ear = E(mpyr, wiy) :s”CLf We mgdx — & . f mg; dx + f Viex + xo)mg(x)dx
Rr | Mg 1+ n n n

>g"[(%*)£ - 1] n f m1+£ dx + f V(ex + xg)mg(x) dx (6.43)

- M n+r Jan © 0 erre ' ’

We have the facts that
Vv - P; 4
f V(ex + xo)me(x) dx = % f (X + %) |x G el |q me(x) dx, (6.44)
n R” |8x + x‘g - Pllql E
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and in view of x; — P;,

. V(ex+ x . ajlex + xo — Pil% + O(lex + x — Pi|9*! ,
lim ( ) = lim i = i ( - i) =a;, ae. inR" (6.45)
-0 |lex + xz — Pl -0 lex + xo — Pil4i

Now, we claim that

-Py. .
| is uniformly bounded. (6.46)

gi = q = max{qi,--- ,¢;} and 11rnsup|

&e—0

If not, we have either ¢g; < g or up to a subsequence, lim._, |%P'| = +o0. With the help of (1.33), (6.44)
and (6.45), we apply Fatou’s lemma to get for any constant § > 1 large enough,

\%4 + — P;ai
lim £~ f V(ex + xe)me dx = lim %~ (&x + ) | e ’|q medx > > 1.

&e—0 >0 rr l€X + xo — Pjl9i

As a consequence, we obtain from (6.6) and (6.43) that

r *

oz () 1l [ et =000 (G

)ﬁ - 1]3_’ + pe?

>(1+ 08(1)) (qf)w [(ﬁ)i - 1]%, where > 1.

This contradicts to Lemma 6.1, Wthh finishes the proof of our claim (6.46).
In view of (6.46), we find dyy € R" such that up to a subsequence,

. xg— P
lim = yp.
-0 £
We next show yj satisfies (1.36). Since ¢g; = g, it follows from (6.34), (6.35), (1.33) and Fatou’s lemma that
V(e(x + 2Ly + P, _ P
lim g™ f V(ex + xg)mg dx = lim ( £ l) |x A |qm8 dx
-0 n -0 R~ |8(x + XP%P')VI E
> f ailx + yol?mo dx > u, (6.47)

where the last two equalities hold if and only if (1.36) holds. As a consequence, we obtain
M
earar 2&”|(55)" = 1|0 +0(1) + (1 + (1))

>(1 + o(1))2 s r(q;u)’”’ [(Aﬁf)f - 1]é

r x (6.48)
quN 7 M i (Mt
-G T G
=1+ oI ()1 ()]
where the “=""holds in the second inequality 1f and only if
1
gz[i 1—(%)2”Hq(1+0(1)) (6.49)

We collect the lower bound (6.48) and the upper bound (6.36) to find all equalities in (6.48) must hold. It
follows that all “=""1in (6.47) and (6.49) also hold. Therefore, we obtain (1.35) and (1.36), which finishes the
proof of Theorem 1.5. O

Theorem 1.5 demonstrates that when potential V admits typical local expansions e.g. power asymptotic
function and the nonlinearity exponent in system (1.4) is critical, there exist ground states to problem (1.22)
for M < M*, which concentrate at the location where the potential V is weighted flattest as M ,~ M™.
Moreover, we have captured the asymptotics of scaling factor &.
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7 Discussion

First of all, we have analyzed the W regularity of the solution to the HJ equation (2.1) with subquadratic
gradient terms by performing blow-up analysis. With the aid of the regularity results, we have employed the
variational method to study the existence of least energy solutions to system (1.4) with the decreasing cost
and some technical assumptions imposed on potential V when the nonlinearity exponent in the power local
coupling is mass critical. Based on the seminal work of Cirant et al. [12], we have classified the ground states
to the associated energy (1.15) in terms of the total mass of population density m when the coupling exponent
a = . More precisely, we have obtained there exists a critical mass M* such that if the total mass of density
denoted by M satisfying M < M*, problem (1.22) admits minimizers; otherwise, there is no minimizer to
(1.22) by using the assumptions (V3) imposed on potential V when the exponent in the local coupling is mass
critical. Furthermore, we have showed there exists the concentration phenomenon as M ,”* M* and captured
the asymptotic behaviors of minimizers. In particular, while proving our main results, Gagliardo-Nirenberg
type’s inequality corresponding to the ground states for the potential-free MFG system has been established.
In our argument, some innovation ideas what we have proposed is the application of Pohozaev identities on
proving strongly L!(R") convergence of population density, which avoids the discussion of concentration
compactness as shown in [12]. On the other hand, while studying the existence of least energy solutions, we
relax the |x|” restriction on potential V by applying maximal regularities shown in Theorem 1.1 and [17].

We would like to point out that there are also some interesting questions that deserve investigations in
the future. While establishing the optimal inequality in Section 4, we imposed some technical assumption
on m, which is the boundedness of fR" mlx|? dx for sufficiently small b > 0. We believe that this condition
is unnecessary since our techniques arise from the continuity method but the existence of minimizers to
problem (1.24) in the mass subcritical exponent case must be established with this technical assumption on
m due to the approaches taken in [12]. To remove this assumption, we must propose some new ideas and
it seems significant to understand the properties of principal part in & given by (1.15) more clearly. Other
interesting question is the properties, such as radially symmetry, uniqueness and positivity of ground states,
when system (1.4) is potential-free. Since the potential-free system is also coupled, it seems need other
ideas rather than moving plane methods to show the symmetry of solutions. One of interesting directions is
the extension of the potential functions V. We impose some mild assumptions (1.20) on V, which does not
include the super exponential growth case and the logarithmic potential. It seems a challenge to remove the
technical assumptions due to the lower bound estimates of the value function u.

Appendix A Ground States of Schrodinger equations and MFGs
withr’' =2
This Appendix is devoted to the relationship between the ground states to (1.4) and (1.8), which is

Proposition A.1. Assume r = v’ = 2, H is given by (1.5), f(m) = —=Cym® with a € (0, ©) and V satisfies
(1.12) in system (1.4). Let (myg, wyr) be minimizers to problem (1.19). Correspondingly, (mys, upr, Apr) €
WLP(R") x C2(R") x R solves (1.4) for any fixed M > 0. In addition, let vy; be minimizers to problem

min F(v) (A.1)
veH'R"), [, v2 dx=M

with F (v) defined by (1.9). Then we have that on one hand, vy := +/my give rise to minimizers of the
problem (A.1); on the other hand, (myr, wyy) 1= (szvl’ 2vyVvyy) give rise to minimizers of problem (1.19).

Proof. First of all, we show that V 4/my; € L2(R"). To this end, by applying Theorem 3.1 in [40], one obtains

Vi .
f | Zj‘:' dx<C f mag Vi dx. (A2)
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where ¢ > 0 is some constant. As shown in [12], when potential V satisfies (1.12), uys at most grows
algebraically but m,; has the exponential decay property. It follows from (A.2) that

Vimagl?

R” mM

dx<C f my|Vuyl? dx < +oo, (A.3)

which indicates V v/my; € L2(R").
On the other hand, since (myz, wyr) € WHP(R™) x LP(R™) for any p > 1, are minimizers to (1.19) [12], we
find for any fixed M > 0,

Vi + gul?
I = f Wrmm + gul” ;. (A4)
n mM
exists with wy; = Vmys + gy and V - g5y = 0 weakly. In addition, invoking (A.3) we have the facts that

f Sl 1 and f lewP dx are well-defined. Then, it follows that for any R — +o0
R" - my R my ’ ’ ’

Vi + gyl
lim Vi + gul

dx =11} < +o00. (A.5)
R—+00 Br(0) my

Noting that m > 0 for any x € R”, by straightforward computation, one has

Vmpyl? Y 2
I = lim [f [Vl dx+2f ﬂ-gMdHf 8] dx]. (A.6)
Ro+oo L Jpp0)y MM Br(0) MM Br(0) MM

V log my, is well-defined. Now, we claim that there exists a sequence Ry — +o00 as k — +0o0

where Y2 —
iy

such that

f (Vlogmy) - gy dx — O. (A7)
B, (0)

Since gy € L*(Bg(0)) and V log my; € L*(Bg(0)) for any large but fixed R > 0, we apply the integration by
parts to get

f (Vlogmy) - gy dx = f logmpsgar - vdS, (A.8)
B, (0) 9Br, (0)

where we have used V - g3y = 0 weakly. Next, we shall show that
f |logmpyl - |gmldS — 0, as k — oo. (A9)
3B, (0)
Indeed, if the following fact holds:
|log my| - lgm| dx < +o0, (A.10)

Rn

then we obtain the desired conclusion (A.9) since we have the fact that

+00
f|logmM|-|gM|dx=f (f [logmy - lgul S ) dR
R2 0 dBR(0)

To prove (A.10), we apply Holder’s inequality to get

2 2
(f |10gmM|-|gM|dx) s(f liloglizdx)-(f @dx). (A.11)
R2 n n My
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To estimate the first term in Right Hand Side of (A.11), we use the fact m| log my|* < C(mlzu + +/myy) with
my > 0 and positive constant C to obtain

meuogmMFdxsc(f mfv,dx+f Vi dx). (A.12)

Since my; € L>*(R™) and 0 < my < ¢ % for some ¢ > 0, we have \my € L'(R™), which completes the
proof of (A.9). In view of (A.8), one finds as k — +oo, the claim (A.7) holds. Focusing on (A.6), we have
gm = 0 to guarantee (myy, wyy) are minimizers to problem (1.19), which implies the energy (1.15) satisfied
by (mu, wy) is exactly reduced to (1.9) by using the transform m = v>. Now, we have the fact that the infima
of problem (1.19) and problem (A.1) are the same.

Conversely, for any minimizer vy, to problem (A.1), it is straightforward to verify that (7, wyy) :=
(vﬁ,l, 2vpVvyr) € Ky given by (1.17), which is a minimizer to problem (1.19). It completes the proof of our
proposition. O
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