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Abstract

Particulate-laden flow refers to a two-phase fluid flow in which one phase is
continuous (referred to as the carrier phase) and the other phase consists of
fine, insoluble, and typically dilute particles (known as the dispersed or par-
ticulate phase). An example of particulate flow is the transport of fine aerosol
particles in air, where aerosols represent the dispersed phase and air serves
as the carrier phase. Two-phase flow modeling has a wide range of appli-
cations in both engineering and scientific disciplines, including atmospheric
pollution dispersion, fluidization in combustion processes, and aerosol depo-
sition in pharmaceutical sprays. Accurately predicting the behavior of these
flows is essential for optimizing engineering applications and understanding
environmental phenomena. This understanding can be achieved through ex-
perimental studies and numerical simulations. However, numerical simulations
are often hindered by the complexity of turbulent interactions between the
carrier phase and the dispersed particles. In this context, the present paper
focuses on the development of a novel numerical approach that combines a
semi-stochastic model based on the Langevin equation with drift correction
and the Wall Modelling Large Eddy Simulation (WM-LES) framework for sim-
ulating particle-laden turbulent channel flows in one-way coupling conditions.
A comprehensive description of the theoretical framework and its numerical
implementation is provided. The paper presents various statistical velocity
properties of both the carrier and dispersed phases. The results demonstrate
that the proposed method accurately reproduces particle dynamics across a
range of Reynolds and Stokes numbers, in comparison with reference data
obtained from direct numerical simulations. The model effectively captures
key aspects of particle behavior, including velocity fluctuations, the accuracy
of particle velocities near the wall, and the expected logarithmic distribution
of axial velocities in the logarithmic region. Additionally, the method suc-
cessfully replicates particle concentration trends both near the fluid wall and
within the bulk flow region. The author believes that these findings underscore
the potential of the semi-stochastic WM-LES framework to enhance the accu-
racy and efficiency of particle-laden flow simulations, offering valuable insights
into turbulent particle dynamics.
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CHAPTER 1

Introduction

Particle-laden, turbulent multiphase flows are fundamental to a wide range
of natural and industrial processes, including atmospheric transport of
aerosols [3], sediment transport [22, 4], and pollutant dispersion [11, 10].
Accurately predicting the behavior of these flows is crucial for optimizing engi-
neering applications and understanding environmental phenomena. However,
the complexity of turbulent interactions between the carrier phase and the dis-
persed particles poses significant modeling challenges. Large-Eddy Simulation
(LES) provides a powerful tool to capture turbulence dynamics by resolving
large-scale structures while modeling the effects of smaller, unresolved scales,
thus reducing the computational cost of such simulations. However, when
applied to wall-bounded flows, standard LES requires extremely fine grids
near solid boundaries, making computations still prohibitively expensive in
many cases of practical interest. Wall-modeled LES (WM-LES) offers a more
feasible alternative by incorporating wall models to approximate near-wall
turbulence, significantly reducing computational costs.

In the context of particle-laden flows, the accuracy of WM-LES depends
not only on the turbulence model for the carrier phase but also on the rep-
resentation of subgrid-scale velocity fluctuations sampled by the particles and
the reconstruction of near-wall turbulence. Developing reliable modeling ap-
proaches within the WM-LES framework is essential to capturing key phenom-
ena such as turbophoresis, preferential concentration, and particle deposition.
In this context, this study aims to advance the modeling of particle-laden tur-
bulent flows in WM-LES by addressing the challenges associated with near-wall
turbulence reconstruction and its impact on particle dynamics.

In the context of particle-laden turbulent flows, modeling the transport
and dispersion of the dispersed phase requires an appropriate formulation of
the forces acting on the particles. These forces depend on the relative motion
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between the carrier phase velocity at the particle location and the particle
velocity itself. However, no exact formulation exists for these forces in a tur-
bulent flow. A widely used reference is the expression derived by Maxey and
Riley [12] for an isolated, small particle in a Stokes flow, which has become
the standard approach in deterministic Direct Numerical Simulation (DNS)
studies. In such cases, the entire turbulent velocity field of the carrier phase
is fully resolved, and various interpolation schemes are employed to determine
the gas velocity at particle locations. However, in the context of LES, the
velocity field is only partially resolved, meaning that evaluating the particle
forces based solely on the resolved flow field would neglect the effects of un-
resolved velocity fluctuations on particle motion. To address this limitation,
additional modeling strategies are required to account for subgrid-scale tur-
bulence effects on the particle dynamics. Additional complexity arises in the
frame of WM-LES, where the entire velocity field in the near-wall region should
be modeled.

In the last decades, many researchers have contributed to the advancement
of both Wall-Resolved Large-Eddy Simulation (WR-LES) and WM-LES for
particle-laden turbulent flows. These efforts have focused on improving the
accuracy of particle behavior predictions, particularly in challenging regions
such as the near-wall area, where traditional methods often struggle due to
high particle concentrations and complex turbulence structures. In the simu-
lation of two-phase flows at low Reynolds numbers, WR-LES combined with
the Lagrangian point-force method has demonstrated the ability to produce
results that align well with DNS and experimental observations [2, 14, 20, 6].
Different models have been designed to account for subgrid-scale turbulence.
Broadly speaking, two types of models have been developed to account for
missing subgrid-scales in the particle equation of motion. The first type in-
volves stochastic models, either by adding broadband stochastic noise to the
Navier-Stokes equation for the continuous phase [8], or by introducing an ad-
ditional velocity term in the particle equation of motion [15]. The second type
uses approximate deconvolution of the filtered fluid velocity to estimate the
unfiltered velocity, which is then applied in the particle equation of motion [9].

Bini and Jones [2] developed a stochastic model for subgrid-scale fluid ve-
locity contributions, capturing the non-Gaussian behavior of particle acceler-
ation observed in experiments and DNS. They achieved this using a nonlinear
stochastic differential equation for the particle-fluid relative velocity. Later,
they applied this approach to a droplet-laden spatially developing mixing layer.

Pozorski and Apte [14] studied the impact of using the filtered velocity
field in particle motion equations within homogeneous isotropic turbulence.
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They focused on the changes in preferential concentration patterns of particles
and proposed a stochastic Langevin model for the subgrid contributions to
fluid velocity. This model, based on subgrid-scale turbulence kinetic energy,
successfully reconstructs the particle turbulence kinetic energy.

More recenly, Wu et al. [20] propose a machine-learned subgrid-scale model
applied to LES of heavy particles in isotropic turbulence, with a particular
focus on particles with varying Stokes numbers. The model, based on the gene
expression programming method, is tested for the first time in multiphase
problems. The results show that the proposed model significantly improves
predictions of particle statistics, including particle acceleration, velocity, and
clustering, compared to traditional models.

Hausmann et al. [6] developed a modeling framework for LES of particle-
laden turbulent flows that captures the interactions between the particle and
fluid phases on both the resolved and subgrid-scales. Unlike most existing
subgrid-scale models, the proposed framework accounts for the influence of
subgrid-scale velocities on particle acceleration and also considers the impact
of particles on the turbulent fluid flow. Even if subgrid-scale plays a role in
the modeling of turbulent, particle-laden flows, there are different conditions
under which the latter can be neglected. When the particle relaxation time is
much larger than the typical turbulent flow time scales and the smallest time
scales resolved in the LES, the subgrid scales of the fluid velocity have been
shown to have a minimal influence on particle motion [16, 19, 21]. In such
cases, the effects of unresolved turbulence on particle dynamics are negligi-
ble, and a subgrid model for the particle equation of motion is unnecessary.
Armenio et al. [1] showed through both a priori and a posteriori studies that
subgrid scales had little effect on particle motion, particularly in cases where
the particle relaxation time is significantly larger than the turbulence time
scales. Moreover, Wang and Dalla Barba [17] assessed the reliability of LES
neglecting the subgrid-scale fluctuations for different LES resolutions of turbu-
lent sprays laden with droplets demonstrating that, in many cases, these can
be successfully neglected, at least for what concerns the reproducibly of mean
droplet motion and evaporation.

In turbulent flows bounded by walls, the gradient in turbulence intensity
along the wall-normal direction causes inertial particles to migrate toward the
wall, leading to increased particle concentrations in the near-wall region. Ac-
curately capturing this effect poses a challenge for WM-LES, as the small-scale
structures and sharp gradients characteristic of the viscous sublayer and buffer
region are not explicitly resolved in this modeling approach. As a result, WM-
LES is often viewed as less suitable for predicting turbophoresis compared to
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more detailed methods. Compared to WR-LES, the literature on WM-LES for
particle-laden flows is relatively limited, reflecting the additional complexities
involved in modeling subgrid-scale particle dynamics near the wall. To the
best of the authors knowledge, the first effort to develop an advanced model
for WM-LES of particle-laden flows was presented by Johnson et al. [7], who
specifically addressed these challenges in the context of turbophoresis. In par-
ticular, using a DNS-tuned interpolation kernel below the first grid point has
been shown to improve the prediction of particle concentration profiles within
the WM-LES framework. Recently, Fazeli et al. [5] assess the performance
of WM-LES using an algebraic equilibrium wall model for internal turbulent
flows, with and without particles, in 90° bent pipes. They compare the re-
sults with experimental data, DNS, and other numerical approaches, including
standard LES and Reynolds-averaged Navier-Stokes (RANS) with a Reynolds
stress model (RSM). Their findings indicate that, despite the limitations of
equilibrium wall models in nonequilibrium flows, WM-LES accurately predicts
particle deposition efficiency for Stokes numbers greater than 0.5 but performs
less accurately for smaller Stokes numbers.

Finally, Wang et al. [18] presented a new wall model for LES of particle-
laden flow over an erodible bed. The model incorporates conserved momentum
flux and Prandtls mixing length for turbulent viscosity, alongside empirical
expressions for particle mass flux, saltating height, and a correction coefficient.
The models performance is tested against WR-LES with Lagrangian particle
tracking, showing superior predictions of particle statistics compared to other
methods.

In this context, WM-LES for particle-laden turbulent flows requires fur-
ther development to enhance the reliability and universality of the models.
This work aims to address the gap in the literature by proposing a more gen-
eral modeling approach to tackle the problem. The carrier phase is described
by the three-dimensional, incompressible Navier-Stokes equations, solved us-
ing implicit filtering along with a Wall Adapting Local Eddy (WALE) vis-
cosity subgrid-scale model [13] and an equilibrium wall model to reconstruct
near-wall stresses. Particle dynamics are modeled with the classical point-
particle approach, while a semi-stochastic model is employed to reconstruct
the carrier-phase velocity fluctuations sampled by the discrete phase in the
near-wall region, where LES resolution is limited. This model is based on
Langevin equations with drift correction for the streamwise and spanwise ve-
locity components, while the wall-normal velocity is reconstructed separately
similarly to what has been proposed in Johnson et al. [7].
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CHAPTER 2

State of the art

This chapter provides an overview of the theoretical aspects and modeling
techniques used in studying turbulent flows, including Direct Numerical Sim-
ulation (DNS), Reynolds-Averaged Navier-Stokes (RANS), and Large Eddy
Simulation (LES). It also discusses the modeling of particle-laden turbulent
flows and how these simulation methods are applied to such systems. Further-
more, the section explores the development of stochastic models, particularly
focusing on the use of Langevin equations in turbulence simulations to account
for random fluctuations, providing a comprehensive understanding of current

advancements in turbulence and particle interaction modeling.

2.1 Turbulent flows: theoretical aspects and

modeling

2.1.1 Theoretical aspects

Turbulence, in fluid mechanics, refers to a type of fluid motion characterized by
chaotic variations in pressure and velocity, in contrast to laminar flow [97]. The
majority of fluid motions occurring both in nature and engineering applications
are turbulent [143]. In natural environments, turbulence dominates the trans-
port of particles in multiphase flows and is associated with various environmen-
tal issues, such as sandstorms, smog pollution, riverbed and coastal erosion, as
well as the suspension and deposition of sediments [103, 115, 121, 53, 50]. In en-
gineering, turbulence-induced vibrations pose structural safety concerns [125],
leading to phenomena such as aircraft turbulence, severe oscillations in large
bridges, and tall buildings. Turbulence increases frictional resistance and en-

ergy loss, which in turn limits the range of aircraft and reduces the efficiency of

11
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crude oil pipelines [133]. Additionally, turbulence plays a crucial role in affect-
ing both mixing and combustion efficiencies [86]. In the medical field, the wall
shear stress caused by turbulence is closely linked to physiological changes,
offering valuable insights for disease diagnosis [23]. Moreover, the enhanced
diffusivity associated with turbulence can elevate the risk of viral transmission,
particularly in crowded environments [149, 15]. Given these diverse impacts,
understanding and predicting turbulence is of significant practical importance.

The issue of turbulence, due to its significance in physics, has always at-
tracted considerable attention. As early as the 15th century, Leonardo da
Vinci made observations and accumulated empirical knowledge about turbu-
lent phenomena [85]. In the late 19th century, Reynolds, in his two classic pa-
pers, initiated the scientific study of turbulence through pipe flow experiments
and Reynolds decomposition [116, 117]. Since then, turbulence research has
drawn contributions from numerous renowned scientists and Nobel laureates,
including Rayleigh, Heisenberg, Onsager, Landau, Feynman, Chandrasekhar,
Lee Tsung-Dao, Alvin, Magoshi, and Parisi. The strong nonlinearity, spa-
tiotemporal multiscale coupling, non-local characteristics, and the coexistence
of randomness and order make turbulence the last unsolved problem in classical
physics [41].

Mathematically, the Navier-Stokes equations, as the governing equations
for the evolution of turbulence, present a major challenge to the development
of mathematical science, particularly regarding the solvability and the behav-
ior of its solutions, which is unlikely to be resolved in the short term [141].
Turbulence, in physical terms, involves both momentum transport in physical
space and the cascading of energy across different scales. The study of these
nonequilibrium, complex systems has led to profound shifts in scientific un-
derstanding. From a physical standpoint, there are still two major unresolved
mysteries in turbulence. The first concerns the origin of turbulence, partic-
ularly the critical Reynolds number that marks the transition from laminar
flow to turbulence, as well as the underlying mechanism behind this transi-
tion. Heisenberg [52] and Lin Jiagiao [77] proved the instability of parabolic
velocity profiles, and recently, Wei Dongyi [151] confirmed that the transition
phenomenon depends on both the Reynolds number and initial conditions,
further validating the Trefethen conjecture [144]. The second is the statistical
theory of developed turbulence — the universality of statistical moments of all
orders i.e., all moments together uniquely determine all the information about
turbulence, which has recently been listed as one of the 125 frontier scientific
problems [120].

Turbulence arises when excessive kinetic energy within a fluid flow over-
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comes the damping effects of the fluid’s viscosity. As a result, turbulence is
more likely to occur in fluids with low viscosity. Generally, in turbulence, un-
steady vortices of varying sizes emerge, interacting with one another, which
increases the resistance generated by frictional effects. As a result, more en-
ergy is needed to pump fluid through pipes. The onset of turbulence can be
predicted using the dimensionless Reynolds number. The Reynolds number is
defined as: Re = %,Where U and L represent the characteristic flow velocity
and length scale, respectively, and v is the kinematic viscosity of the fluid [128].

Tennekes and Lumley [142] outlined several key characteristics of turbu-
lence in their book A First Course in Turbulence, including irregularity, diffu-
sivity, high Reynolds numbers, three-dimensional vorticity fluctuations, dissi-
pation, continuity, and the fact that turbulence is a property of the flow rather
than the fluid itself. One of the most notable features of turbulence is its ir-
regularity or randomness, and it is very difficult to describe turbulence using
completely deterministic methods. As shown in Fig. 2.1, the velocity measured
by a probe in the turbulent field exhibits random characteristics. Typically,
turbulence is characterized through statistical or time-averaged approaches,
such as Reynolds averaging or spectral analysis, which provide a stationary
description of the flow rather than its instantaneous dynamics. While such ap-
proaches are effective for describing the mean features of turbulent flows, they
may obscure the dynamic interactions and transient behaviors that are cru-
cial in multiphase or particle-laden turbulence. Although turbulence is always
chaotic and disordered, not all chaotic flows can be classified as turbulence.
For instance, while magma flow may display chaotic behavior, it does not nec-
essarily qualify as turbulence. A defining feature of turbulence is its diffusivity,
which enables fluids to mix rapidly and enhances the transfer of momentum,
heat, and mass. Although turbulence may appear random at first glance, a
flow cannot be considered truly turbulent unless its velocity fluctuations are
accompanied by diffusion. Turbulent flows are inherently dissipative, with ki-
netic energy converted into heat through viscous shear stress; without external
energy input, they decay rapidly. They typically arise under high Reynolds
number conditions, driven by the complex interplay between viscous forces
and convection. Turbulence also exhibits rotational behavior, as indicated by
nonzero vorticity, with processes such as the stretching of three-dimensional
vortices playing a central role. Moreover, turbulence is a continuous phe-
nomenon, since even its smallest vortices remain much larger than molecular
scales. Importantly, turbulence is a property of fluid flow rather than of the
fluid itself. Whether in liquids or gases, flows at high Reynolds numbers display

similar dynamic characteristics.
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Figure 2.1: Velocity time history at probe location in turbulent flow [122]

The most widely accepted turbulence theory is based on the "energy cas-
cade” concept proposed by Kolmogorov [64, 63],as shown in Fig. 2.2,. The
energy cascade describes the transfer of energy from large-scale motions to
small-scale motions (referred to as the forward energy cascade). This energy
transfer between different scales can only occur in nonlinear systems. Strictly
speaking, energy transfer in the cascade happens locally, only between scales
that are very close to each other. According to this theory, turbulence con-
sists of vortices of different sizes, each with a certain amount of energy, which
depends on its size. Larger vortices break down into smaller vortices, and this
process occurs in a chain-like manner. Newly formed smaller vortices undergo
similar breakdown processes, transferring their energy to even smaller vortices.
This chain-like breakdown continues until the smallest possible vortices scale is
reached. At this scale, the molecular viscosity can effectively dissipate turbu-
lent kinetic energy as heat (dissipation is the process through which mechanical
energy is converted into thermal energy via friction).

In turbulence, the largest vortices contain the most kinetic energy, while en-
ergy dissipation primarily occurs in the smallest vortices, driven by the fluid’s
viscosity. Kolmogorov hypothesized that at sufficiently high Reynolds num-
bers, the large separation between the energy-containing and dissipative scales
gives rise to an intermediate range — the inertial subrange — within which the
turbulent fluctuations exhibit statistically isotropic behavior. In this region,
the equilibrium characteristics of the flow depend solely on the rate of energy
dissipation at the smallest scales. This dissipation rate can be expressed in
terms of the strain rate fluctuations in turbulence and the kinematic viscosity
of the fluid. At equilibrium, the rate of turbulent kinetic energy generation at
the large scales equals the rate of energy dissipation at the small scales.

The energy spectrum of turbulence, E(k), depends on the turbulent kinetic
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Figure 2.2: Energy cascade. Source: Wikipedia https://en.wikipedia.org/
wiki/Energy_cascade

energy per unit mass of fluid [109]:

1

! () = /OOO E(k) dk. (21)

Here, u; represents the velocity component of the fluctuations, with the over-
line indicating the ensemble average. The expression is summed over 7. k is
the wavenumber. Therefore, the energy spectrum F/(k) represents the turbu-
lent kinetic energy located between the wavenumber intervals £ and k + dk.
Larger vortices correspond to lower wavenumbers, while smaller vortices have
higher wavenumbers. Because diffusion is the Laplacian of velocity, the rate

of dissipation can be expressed as an energy spectrum:
€= 2u/ K*E(k) dk. (2.2)
0

Here, v is the kinematic viscosity of the fluid. From this equation, it can
be observed that although the kinetic energy is primarily present in the low-
wavenumber motions (large vortices), the dissipation mainly occurs in the
high-wavenumber motions (small vortices).

The energy transfer from low wavenumbers to high wavenumbers is called
energy cascade. It transfers turbulent energy from large-scale motions to
small-scale motions, which is eventually dissipated by viscosity. The range
of scales between these, known as the inertial subrange, can be derived from
Kolmogorov’s hypothesis to yield the universal form of the energy spectrum:

E(k) = 3513, (2.3)
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A large body of experimental evidence under a variety of conditions sup-
ports this conclusion. The values measured in the experiments were C' =
1.5 [109]. The smallest turbulent vortices are characterized by Kolmogorov’s

micro-length scale (1) and time scale (¢,), which are defined as:

n= (V;)M (2.4)
t) = <5)1/2 (2.5)

3

Additionally, the size of the largest vortices, also known as the integral length
scale, is defined as proportional to the size of the geometry under consideration.

Navier-Stokes equations are a set of partial differential equations that de-
scribe the motion of fluid. The equations are named after the French physi-
cist Claude-Louis Navier and the Irish physicist George Stokes. The Navier-
Stokes equations describe the momentum and mass conservation properties
that a Newtonian fluid must satisfy during motion. In some applications of
the Navier-Stokes equations, they are listed alongside the equation of state
to illustrate the relationship between fluid pressure, temperature, and density.
By solving the Navier-Stokes equations, one can obtain the full spatiotempo-
ral turbulence spectrum involved in the flow field. The flow of non-reacting,
isentropic Newtonian fluids is governed by the NavierStokes equations in con-
junction with the mass conservation equation [40].

Du; 10 0?u; 1 0 0u,
u:a@-:fi—— P 1% Y + = ﬂ (26)
Dt 14 8Iz aajj&xj 3 8x, 8Ij
Dp Ou,
— — =0 2.7
Where D% denotes the Lagrangian (or total or material) derivative, w; is the
fluid velocity, a; is the fluid acceleration, f; is the forcing term, % is the
pressure gradient, p is the fluid density, v is the fluid kinematic viscosity,

82u; ouj
sz 8$j 82]'

acceleration is the Lagrangian derivative of the velocity:

is the velocity Laplacian, and is the velocity divergence. The fluid

P = = — ;— 2.
“=Dr ot Yo, (2:8)

, making it inherently a Lagrangian quantity. This means it can only be
directly measured using Lagrangian measurement techniques.

Nevertheless, it can be decomposed into two components: the local acceler-
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ation (the partial time derivative of velocity) and the advective acceleration (or
transport terms, i.e., the partial spatial derivatives of the velocity multiplied
by the transport velocity; see Equation 2.8).

For turbulence simulation, based on the concept of energy cascade, the
direct numerical solution of the Navier-Stokes equations requires very small
time and spatial steps to resolve all the spatiotemporal turbulence scales. This
computationally intensive method is referred to as Direct Numerical Simulation
(DNS) in the literature. To reduce this immense computational cost, statistical
analysis methods can be employed to simplify the solution of turbulence. The
time-dependence of turbulence and its broad range of timescales suggest that
statistical averaging methods can be used to approximate the treatment of
random fluctuations. However, time averaging introduces previously unknown
correlations, which arise due to the nonlinear terms in the governing equations.
The simulation of these correlations constitutes the classical closure problem
in turbulence modeling.

Based on this statistical approach, the Large eddy simulation (LES)
method [76, 119] can directly simulate the large-scale turbulence structures,
while the small-scale turbulence is modeled using subgrid models. The
advantage of this method lies in its ability to directly resolve high-energy
large vortices (anisotropic turbulence) while simplifying the simulation of
smaller vortices. It is feasible to accurately simulate these vortices using this
approach because the smaller-scale turbulence can be considered isotropic
and independent of flow conditions and boundary effects. With advancements
in computer technology in recent years, the use of the LES method to solve
industrial problems has gained increasing acceptance.

Another method that utilizes statistical averaging in time is known as the
Reynolds-Averaged Navier-Stokes (RANS) equations [117]. The key to this
method is to decompose the low components into time-averaged components
and fluctuating components, and then substitute them into the original equa-
tions, followed by time-averaging the resulting equations. Currently, the RANS
method is the most popular approach for addressing turbulence problems in

industrial applications.

2.1.2 Simulation: DNS, RANS and LES

Among all the numerical techniques and models available today, DNS, LES,
and RANS simulation represent the three main approaches, and they stand as
the three historical pillars of turbulence numerical simulation.

In DNS, all the significant turbulence scales are directly resolved without
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the need for any modeling. As a result, DNS can predict turbulence with
an accuracy comparable to laboratory experiments, and is often referred to
as a numerical experiment. However, the separation between large-scale and
small-scale turbulence dictates the computational effort required, limiting the
application of DNS to low Reynolds numbers and simplified flow regions, thus
confining it to academic research.

In contrast, in RANS simulations, the entire turbulence spectrum is mod-
eled by estimating the effect of turbulent motions on the mean field through
turbulence models, significantly reducing the computational workload required
for turbulence simulations even in high Reynolds number and complex flow
domains. However, the uncertainty introduced by turbulence models requires
careful preliminary evaluation when used in new applications, and very accu-
rate predictions of turbulence can generally only be achieved after fine-tuning
model coefficients.

LES offers a compromise between accuracy and computational cost by in-
troducing filtering techniques to simulate only the computationally intensive
small-scale part of the turbulence spectrum, known as the subgrid model, while
explicitly calculating the largest scales. LES is considered a high-fidelity tur-
bulence simulation technique, capable of providing accurate results for a wide
range of flows without the need for the fine-tuning of closure models as in
RANS.

Figure 2.3 presents a visual comparison of DNS, LES, and RANS simu-
lations for a turbulent jet, showing the corresponding velocity fields. Clear
differences and similarities can be observed among the three approaches. The
DNS result provides the highest level of flow detail, accurately resolving the full
range of turbulent scales. The LES result captures the dominant large-scale
structures but filters out the smallest eddies due to limited grid resolution. In
contrast, the RANS result represents only the mean velocity distribution de-
rived from ensemble averaging, without resolving any instantaneous turbulent
motions. This comparison highlights the trade-off between computational cost
and physical fidelity, with RANS being the most economical but least detailed,
and DNS offering the most complete turbulence representation at the highest
computational expense.

Fig. 2.4 presents the velocity history at a point downstream of the turbu-
lent separation region in the turbulent jet flow, as provided by LES and RANS
techniques, in a conceptual manner. Starting with the raw DNS signal, as ex-
pected, it contains a wide range of turbulence frequencies, from low-frequency
modulations associated with large-scale structure motion to high-frequency
oscillations generated by the transfer of energy from large-scale to small-scale
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Figure 2.3: Velocity distribution for a turbulent jet using RANS (LHS), LES
(middle), and DNS (RHS) [118]
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Figure 2.4: A comparison of RANS, LES, and DNS instantaneous velocities
[118]

disturbances. The corresponding LES signal is obtained by spatially averaging
the raw DNS profile, accurately representing the low-frequency modulations
while filtering out most of the high-frequency oscillations. On the other hand,
within the RANS framework, only the average value of the DNS signal can be
estimated.

Direct Numerical Simulations (DNS)

In 1972, Orszag and Patterson [102] conducted the first DNS of homogeneous
isotropic turbulence, which is considered a pioneering study in the field of
turbulence. Later, Kim et al. [60] used DNS to study wall-bounded turbu-
lence, focusing on wall-bounded turbulence at a friction Reynolds number of
Re, = 180. They reported particle tracking flow visualization results, revealing
the structure and dynamics of near-wall turbulence. Following this, Moser et
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al. [98] expanded their work by increasing the friction Reynolds number Re, to
590 and reported the quasi-asymptotic behavior of turbulence statistics, sug-
gesting that wall-bounded turbulence exhibits universal behavior at sufficiently
high Reynolds numbers. Subsequently, Lee and Moser [75] extended Re, to
5200, providing reliable data for high-Reynolds-number wall-bounded turbu-
lence. The resolution of the simulations met or exceeded current standards,
with minimal statistical error and agreement with DNS and experimental data
for Re, < 2000. At high Reynolds numbers, the flow displayed a distinct loga-
rithmic region, and the von Karman constant x was found to be 0.384 4+0.004,
clearly confirming the existence of this logarithmic profile for the first time.

Chong et al. [25] explored the topological characteristics of vortex motions
in the flow, focusing on the turbulence structures associated with the attached
vortex model. Their study provided direct evidence for the role of vortex
structures in the turbulent boundary layer and demonstrated the potential of
DNS data to validate the attached vortex hypothesis. Philippe et al. [132]
used DNS to investigate empirical scaling laws for wall-bounded turbulence,
exploring the relationship between Reynolds stress and wall distance (y*) and
friction Reynolds number (Re,) for different flow types (such as channel flow,
Couette flow, and pipe flow). The study emphasized the normalized turbu-
lence characteristics and proposed several empirical formulas to describe these
features. Their work provided strong support for empirical scaling laws for
wall-bounded turbulence through DNS data while also emphasizing the need
for further research, particularly in three-dimensional flows and under different
pressure gradient conditions.

DNS has also been widely applied to other types of classical flows to study
the similarity and asymptotic behavior of wall-bounded turbulence under sim-
ple shear flow conditions. Spalart et al. [131] employed DNS to simulate the
turbulent boundary layer of a flat plate with zero pressure gradient, investigat-
ing the turbulent behavior across a Reynolds number range from Rey = 225
to Rey = 1410. The results showed that at higher Reynolds numbers, the
turbulence statistics and models exhibited significant Reynolds number de-
pendence, while the effects at lower Reynolds numbers were relatively weak.
The detailed turbulence data provided by DNS is crucial for validating and
improving existing turbulence models, particularly at high Reynolds numbers.

Wu et al. [152] simulated the flat plate boundary layer with nominal zero
pressure gradient to explore the process of transition from laminar to turbulent
flow. The Reynolds number range for the simulation was from 80 to 940, with
the transition occurring at approximately Rey = 750, and local disturbances
from the free stream were introduced during the simulation, triggering the for-
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mation of turbulence. The study showed that the hairpin vortex structure in
the turbulent boundary layer played a critical role in the generation of turbu-
lence, and this finding provides important reference value for future turbulence
models and theoretical studies.

Eggels et al. [34] compared DNS results with experimental data to inves-
tigate the characteristics of fully developed turbulent pipe flow, especially the
turbulence statistics differences between different geometries (axisymmetric
pipe flow and planar channel flow). The study found significant differences
in turbulence statistics between axisymmetric pipe flow and planar channel
flow, particularly in terms of the uniform flow profile and turbulence fluctua-
tion statistics. The "wall laws” for pipe flow exhibited more complex behavior
compared to those for planar channel flow. Differences between pipe and chan-
nel flow were particularly evident in higher-order statistics (such as skewness
and kurtosis), especially in the skewness and kurtosis of normal velocity fluctu-
ations. The study indicated that the influence of axisymmetric pipe geometry
on flow is more complex than that of planar channel geometry. Although
higher-order statistics are difficult to obtain accurately, numerical simulations
and experimental results showed high consistency in lower-order statistics and
energy budget analysis, demonstrating the effectiveness of numerical simula-
tions in capturing turbulence behavior.

Pirozzoli et al. [106] used DNS to study the characteristics of pipe flow at
a friction Reynolds number Re, ~ 6000. The DNS data supported the classi-
cal logarithmic layer theory, particularly at higher friction Reynolds numbers,
where the velocity distribution and friction factor closely matched the theoret-
ical values. The study showed that the centerline velocity and friction velocity
of the pipe flow converge at high Reynolds numbers, supporting the notion
that pipe flow tends to approach a fully developed flow state. The findings
challenge traditional balance assumptions, highlighting the imbalance between
turbulence production and dissipation in the outer layer, and indicating that
pipe flow at high Reynolds numbers exhibits complex turbulent features.

Large-Eddy Simulations (LES)

In 1963, Smagorinsky [126] first applied spatial filtering to the fluid flow equa-
tions. Subsequently, Deardorff [28] used this spatial filtering technique to study
three-dimensional turbulent plane Poiseuille flow under high Reynolds num-
ber conditions, simulating the subgrid-scale effects in turbulence and modeling
them with a vortex coefficient proportional to local velocity deformation. By

calculating turbulence statistics and comparing them with experimental data,
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the study examined the different vortex structures in turbulence and their
characteristics, focusing on the calculated vortex shapes, turbulence energy
balance, and variations of longitudinal and transverse vortices.

In 1982, Moin and Kim [96] conducted a numerical study on turbulent
channel flow, with a focus on simulating large-scale turbulence. Based on a
Reynolds number of Re = 13800, the study was the first to apply LES meth-
ods, performing numerical integration of the three-dimensional time-dependent
Navier-Stokes equations to simulate the statistical characteristics of the flow
and its time dependence. The results indicated that LES could effectively
simulate turbulent channel flow and provide a valuable supplement to exper-
imental data, particularly in capturing the flow characteristics near the wall.
The paper also discussed models for small-scale turbulence and calculated the
analytical components of the Reynolds stress equations, highlighting the sig-
nificance of these results for the development of phenomenological turbulence
models for complex flows.

The LES filter can be applied to both spatial and temporal fields, ¢(z, 1),
performing spatial filtering, temporal filtering, or both simultaneously. The
filtered field is denoted by vertical bars, as defined in [109]:

aEBEi/:/iﬁ&mﬂﬂx—nt—ﬂMdr (2.9)

Here G is the filter convolution kernel and the above equation can also be

written as:
¢ =G x*¢. (2.10)

The filter kernel G has a characteristic cutoff length scale A and a cutoff
time scale 7., below which quantities ¢’ are eliminated. Therefore, ¢ can be

expressed as:

P 2.11)
For incompressible flows, the continuity equation is filtered to obtain the fil-

tered incompressible continuity equation:

du;
89@-

—0 (2.12)

The momentum equation is filtered to obtain the filtered incompressible mo-
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mentum equation:
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Where D is the filtered pressure field, 5;; is the strain rate tensor calculated

using the filtered velocity, and (w;u;) is the nonlinear filtered convective term,
which is the most critical term in LES. Leonard [76] decomposed (w;u;) into

two terms, namely:
WU = Tij + U U (2.14)

where 7;; is the residual stress tensor. Thus, the filtered incompressible mo-

mentum equation can be expressed as:
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Leonard again decomposes 7;; into three terms:
Tij = Lij + Cz‘j + Rij (216)

Where L;; is the Leonard tensor, representing the interactions between large
scales; R;; = (u;u;) represents the interactions at the subgrid scale; and Cj; =

(u;uf) + (uju;) is the Clark tensor, representing the cross-scale interactions

between large and small scales.
The filtering equation for the passive scalar ¢ can be expressed as follows:
? A (1;6) = oy 01y (2.17)
t  Ox; Or;  Ox;
Where J, = D¢g—i represents the diffusion flux of ¢, and ¢; = au_J — ¢_uj
represents the sub-filter flux of ¢.

The Smagorinsky model is a turbulence closure scheme introduced to repre-
sent the effects of unresolved, sub-grid scale motions in numerical simulations
of the atmospheric general circulation. It parameterizes the eddy viscosity and
diffusivity as proportional to the square of a characteristic length scale (related
to grid spacing) and the magnitude of the local strain rate of the resolved flow.
In this way, regions with strong velocity shear produce larger diffusion, mim-
icking the cascade of energy from large to small scales and preventing the
artificial buildup of energy at the grid scale. This approach provided one of
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the first effective means of incorporating small-scale turbulent processes into
primitive equation models and later became a foundational method for large
eddy simulation (LES) in fluid dynamics. The Smagorinsky model [126] has
the following limitations: excessive dissipation, inaccurate asymptotic behav-
ior in the near-wall region, and a strong dependence of the model constants
on the specific problem. Germano et al. [44] proposed a new dynamic subgrid-
scale eddy viscosity model to address the shortcomings of existing subgrid-scale
stress models in rotational flows, shear flows, near solid boundaries, and transi-
tional regions. The coefficients of this model are dynamically computed rather
than preset. Specifically, the model is based on an algebraic relationship be-
tween the subgrid-scale stress and the stress at two different filtering levels.
It can reduce the subgrid-scale stress to zero in laminar flow and near solid
boundaries and exhibit correct asymptotic behavior in the near-wall region of
turbulent boundary layers. Through testing the model on transitional flows
and turbulent channel flow using LES, the results showed good agreement with
the data from DNS. In comparisons, the new dynamic model demonstrates su-
perior performance over the traditional Smagorinsky model and other models
with damping functions, especially in the cases of transitional flows and fully
developed turbulence.

The dynamic model has a certain level of complexity, and to address this
issue, researchers have proposed alternative models. Yoshizawa [154] trans-
formed the Smagorinsky model into an subgrid-scale (SGS) model that consid-
ers both convective and transport effects by using the subgrid energy equation.
This model improves upon the traditional Smagorinsky model by introducing
a variable Smagorinsky coefficient, addressing the limitations of the standard
model in handling different types of turbulence, such as the inability of fixed
constants to adapt to various flow conditions. Nicoud and Ducros [99] intro-
duced a new subgrid-scale stress model (the WALE model), which is based
on the square of the velocity gradient tensor. Compared with the classical
Smagorinsky model, it has several advantages:

1. Local strain and rotation rate: The new model identifies all tur-
bulence structures related to kinetic energy dissipation by incorporating
local strain and rotation rate.

2. Turbulent viscosity near the wall: The model naturally drives tur-
bulent viscosity to zero near the wall, eliminating the need for dynamic
constant adjustments or damping functions to compute wall-bounded

flow.
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3. Pure shear flow: In pure shear cases, the model generates zero turbu-
lent viscosity, enabling it to simulate the laminar-to-turbulent transition
induced by linear instability modes.

The model was validated through two typical turbulent flow cases: free-
decaying isotropic turbulence and turbulent pipe flow. The experimental
results showed that the WALE model could accurately reproduce the desired
characteristics (such as turbulence transition and scaling near the wall), with
its computational results closely matching experimental data, demonstrating
the model’s potential in complex flows. Overall, the WALE model has shown
great applicability and efficiency in LES for wall-bounded turbulence, flow
transitions, and complex geometries, providing a more practical alternative to
the dynamic Smagorinsky model, particularly in situations where multiscale
filtering is unnecessary.

Tabor et al. [139] categorized the methods for generating LES inlet con-
ditions into two types. The first is the Precursor Simulation Method, which
involves conducting a separate, pre-calculated turbulence simulation to gener-
ate a database of turbulence data, which is then used as the inlet condition for
the main simulation. This method uses actual turbulence data, ensuring the
physical realism of the inlet conditions. The second is the Synthesis Method,
which constructs a random field to simulate the characteristics of turbulence
without directly simulating the turbulence itself. It uses mathematical tech-
niques, such as Fourier transforms, wavelet transforms, or other stochastic
processes, to generate turbulence-like fluctuations.

In LES, fully resolving the small-scale turbulent structures in the near-wall
region remains computationally expensive, which significantly limits the ap-
plication of LES in complex industrial geometries and high Reynolds number
flows. By introducing wall models, the computational cost of LES simulations
can be significantly reduced, as wall models are used to represent the internal
region of the turbulent boundary layer, which is typically the most computa-
tionally demanding part [105]. Choi and Moin [24] re-estimated the number of
grid points required for LES, particularly for high Reynolds number boundary
layer flows. The authors corrected Chapman’s grid point estimation method
from 1979 using high-precision formulas, providing more accurate results. The
study found that for LES with wall modeling, the required grid points follow
a power-law relationship with Reynolds number Nym ~ Re*7L,. indicating
a closer relationship between the grid points and the flow direction length L,
and Reynolds number Re. For DNS, the required grid points follow the rela-
tionship Npns ~ Re*/' L, which indicates that the computational demand
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for DNS is much higher than for LES, especially under high Reynolds number
conditions. The study emphasized the practical importance of wall modeling
in high Reynolds number flows, noting that wall modeling can significantly
reduce computational costs, with a reduction of several orders of magnitude
compared to fully resolving the wall in LES.

Goc et al. [47] used the equilibrium wall model, assuming the boundary
layer to be in a state of equilibrium, which is suitable for high Reynolds num-
ber flows. In this model, the turbulent structures in the wall region are assumed
to be in local equilibrium, simplifying the direct resolution of complex vortices.
When dealing with high Reynolds number aircraft flows, directly resolving wall
vortices requires extremely fine grids, which not only increases computational
costs but may also lead to numerical instability. WMLES, through wall model-
ing techniques, effectively reduces the required grid resolution while maintain-
ing high-accuracy simulation of large-scale vortices. Their study successfully
achieved high-precision predictions of complex high-lift configuration aircraft
flows using WMLES, particularly showing significant advantages in simulating
large-scale separation and wind tunnel effects. The paper also demonstrates
the feasibility of WMLES in aerospace engineering, especially in providing fast
and accurate simulation predictions during the design cycle, offering a new di-

rection for high-performance aerodynamic simulations in aircraft design.

Reynolds-Averaged Navier-Stokes Simulations (RANS)

Since the 1970s, researchers have begun conducting numerical simulations of
turbulence based on the Reynolds-averaged Navier-Stokes equations. In 1972,
Hanjali and Launder [51] proposed a new turbulence model aimed at achieving
closure of the turbulence equations through approximate transport equations
for the Reynolds stress tensor and the turbulence energy dissipation rate. Ini-
tially, the model used seven transport equations to describe turbulent quanti-
ties, but in practical applications, it was simplified to six constants and solved
through experiments. The core of the model is the improved approximation
of the pressure-strain rate correlation term, which successfully predicted the
level of stress components in plane homogeneous turbulence, particularly the
anisotropy in the transverse normal stress components.

In 1974, Launder and Spalding [72] proposed a two-equation model based
on turbulence kinetic energy k and turbulence energy dissipation rate e, fo-
cusing on the model’s effectiveness in practical applications, especially in flows
near solid walls. This model effectively provides accurate predictions in various

turbulent flow situations, particularly in capturing the turbulent characteris-
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tics in the near-wall region.
As shown below, the Reynolds-Averaged NavierStokes (RANS) equations
capture the time-averaged dynamics of fluid flow.

oU;

oz (2.18)
9 10P 02U, P
8_xj (U,;U;) = —;axi Vaxjaxj — a—% (Rij) (2.19)

P and Uj; represent the mean pressure and mean velocity of the fluid, respec-
tively. R;; = u;u; is the Reynolds stress tensor. In general, the time-averaged
transport equation for a scalar is:

0 0?P 0
P = ——(f; 2.2

In this context, ® represents the mean scalar field, and f; = u]_@ denotes the
vector of turbulent scalar fluxes.

R;; is a newly introduced unknown quantity that requires closure. Prandtl
proposed the first closure model:
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In this context, v, represents the eddy viscosity, and k = %m denotes the
turbulent kinetic energy, where u; denotes the fluctuating component of the
velocity field, and the overbar U represents an ensemble average.

Subsequently, a series of turbulence models were proposed by researchers.
Spalart and Allmaras [130] introduced a one-equation turbulence model for
aerodynamic flows, known as the SpalartAllmaras model. This model was
constructed through empirical methods and dimensional analysis, based on a
transport equation for turbulence viscosity, and includes a destruction term
that depends on the distance from the wall. Unlike earlier one-equation mod-
els, this model is local (i.e., the solution at a given point does not depend on
the solutions at other points), making it compatible with arbitrary grid struc-
tures and applicable to both two-dimensional and three-dimensional Navier-
Stokes solvers. The model is robust with respect to wall modeling and numer-
ical stability, achieves rapid convergence, and facilitates a smooth laminar-to-
turbulent transition, especially in boundary layers subject to large pressure
gradients.
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Launder and Spalding [72] proposed the two-equation model, the k — ¢
model. This model calculates turbulent flow by solving two transport equa-
tions: one for turbulent kinetic energy k, and the other for turbulent dissipation
rate €. This approach enables the model to simulate various turbulent flow
conditions with relatively low computational cost. The k£ — ¢ turbulence model
is one of the most widely used models today. Its balanced approach between
computational efficiency and physical realism makes it widely applicable to
various engineering problems.

Wilcox introduced the k — w two-equation model, where k still represents
turbulent kinetic energy, and w is the specific dissipation rate, which repre-
sents the rate of turbulent kinetic energy dissipation per unit time. The k — ¢
model is generally less accurate when predicting turbulent boundary layers
under adverse pressure gradients, especially in cases involving compressible
flows, separated flows, surface roughness, or mass injection. In contrast, the
k —w model shows superior predictive capabilities in boundary layers with ad-
verse pressure gradients, compressible boundary layers, and free shear flows.
The model uses more suitable closure coefficients and can directly integrate
through the viscous sublayer without relying on wall functions. However, fur-
ther improvements in the model’s constitutive relationships are still needed,
particularly in addressing anisotropy, stream curvature, and boundary layer
separation effects.

The models mentioned above are based on the Boussinesq hypothesis,
which uses eddy viscosity to calculate the Reynolds stress tensor, and are
therefore referred to as Eddy Viscosity Models (EVM). However, these models
may lead to significant errors in flows where turbulence stress anisotropy plays
a prominent role. This is due to the linear relationship between the Reynolds
stress tensor and the mean strain rate assumed in the Boussinesq hypothesis,
which fails to accurately predict vortex flows [89, 79]. The quadratic Speziale-
Sarkar-Gatski (SSG) model proposed by Speziale et al. [134] introduces nonlin-
earities in the anisotropic tensor, which are only of a quadratic form. Through
calibration against existing experimental data, the SSG model performs better
than the Launder-Reece-Rodi (LRR) model, especially in complex turbulent
flows such as rotating shear flows. However, some defects in the SSG model
still exist in rotating shear flows, which are related to the model’s structure
and cannot be overcome by adding more complex nonlinear terms.

The Reynolds Stress Model (RSM) proposed by Launder et al. [73] primar-
ily focuses on the closure of Reynolds stresses in turbulent flows, aiming to
provide a more accurate turbulence model for complex flow situations. By im-
proving the pressure-strain correlation, handling secondary strain terms, and
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modifying the turbulence energy dissipation equation, the RSM can effectively
simulate complex turbulent flows. It shows strong predictive capabilities under
various flow conditions, particularly when dealing with inhomogeneous turbu-
lence and complex strain fields. However, the model constants still require
further optimization, and the assumptions regarding energy dissipation pro-
cesses need to be refined to enhance its applicability in a broader range of
applications.

2.2 Particle-laden Turbulent Flows

Particle-laden turbulent flows refer to the phenomenon in which a large num-
ber of solid particles or droplets are suspended in a turbulent flow. This
flow represents a typical two-phase system, in which the continuous (carrier)
phase transports the dispersed particles or droplets. Since the particles or
droplets are generally small and can move with the fluid, they are influenced
by the turbulence, resulting in a highly complex and variable flow state. The
behavior of particle-laden turbulent flows is characterized by significant diver-
sity and complexity, primarily due to the differences between the particle and
fluid properties, the multiple couplings between the dispersed and continuous
phases, and the large scale differences. These factors introduce numerous con-
trol parameters, making particle-laden turbulent flows a major challenge in
numerical modeling [16].

The interaction between particles and the fluid primarily involves two im-

portant mechanisms:

1. Particle-fluid interaction: Particles are influenced by the turbulence in
the flow, which is manifested in phenomena such as particle acceleration,
rotation, and collisions.

2. The effect of turbulence enhancement: The presence of particles alters
the turbulence motion, which in turn affects the flow structure and the
distribution of turbulence energy.

The main forces acting on particles in turbulent flows include drag forces,
viscous forces, gravity, buoyancy, and inter-particle collision forces. The mo-
tion of particles depends on the velocity of the fluid, the intensity of the turbu-
lence, and the physical properties of the particles themselves (such as density,
size, and shape).

When the mass fraction of the dispersed phase is low, it is reasonable to
assume a unidirectional coupling between the phases, meaning the dynamics
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of the particle phase are influenced by the carrier phase, but the dynamics
of the carrier phase are not affected by the particle phase. However, when
the mass fraction of the dispersed phase is high, the dynamic interaction be-
tween the phases becomes significant, and bidirectional coupling effects must
be considered.

When using the Lagrangian method to model the dispersed phase, a very
large computational capacity may be required to track a sufficiently large par-
ticle sample for statistical convergence when the particle number is very high.
Moreover, if the particle mass is relatively light, their motion behaves more
like that of a second fluid. In such cases, it is more appropriate to use the
Eulerian method to model the dispersed phase.

Fig. 2.5 illustrates the different dynamical regimes describing the transport
process of spherical particles in turbulence, presented in a three-dimensional
space. The phase space of this figure is defined by three main parameters:
particle size, the density ratio between the particle and the fluid, and the
solid-phase volume fraction. These parameters reflect the varying motion
characteristics of particles within turbulent flows. The diagram is based on
the three parameters: %, Z—’;, and ®y . Here, % represents the ratio of parti-
cle size to turbulent scale, where D, is the diameter of the spherical particles
and 7 is the Kolmogorov scale. The ratio of particle size to turbulent scale
influences the dynamic response of the particles. Smaller particles closely fol-
low the fluid flow, whereas larger particles are more strongly influenced by
turbulence structures, which modify their trajectories. Z—; is the density ratio
between the particle and the fluid, where p, is the particle density and p; is
the fluid density. This ratio describes the settling behavior of the particles and
their interactions with the fluid. When the density ratio is large, the particles
settle faster; when the density ratio is close to 1, the interaction between the
particles and the fluid becomes more complex, particularly in the presence of
gravity. ®y represents the solid-phase volume fraction. An increase in par-
ticle concentration significantly affects the behavior of turbulence, leading to
various fluid dynamic phenomena, such as interactions between particles and
their impact on the turbulent flow. These parameters describe how particle
behavior changes across different turbulent regimes. The figure displays sev-
eral distinct regions in the phase space, each representing a different dynamical
regime based on particle size, density ratio, and volume fraction.

Fig. 2.5 divides the dynamic regimes into multiple categories based on the

combination of different parameters, which include the following:

1. Imnertial Clustering: For particles with inertia, they tend to cluster in
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Figure 2.5: The three-dimensional view of different fluid dynamics regimes for
the transport of spherical particles in turbulence. [16]

specific regions due to factors such as strain rates in the fluid turbulence.
Smaller particles (with a smaller Stokes number) are especially prone
to exhibit this clustering phenomenon, particularly in regions of weak
turbulence or low vorticity. The inertial characteristics of the particles,
such as the Stokes number, determine the strength and extent of the

clustering.

2. Preferential Sampling: Preferential sampling refers to the tendency
of particles to concentrate in specific regions of turbulence. For example,
particles are more likely to be found in regions with higher strain rates
and less likely in the centers of vortices. This phenomenon helps explain
the spatial distribution of particles.

3. One-way Coupling: In one-way coupling, the motion of the particles
does not significantly affect the turbulence. This regime typically occurs
when particle concentration is low, and the particles have minimal in-
fluence on the turbulent characteristics of the fluid. In such cases, the
particles act as small tracers within the fluid.

4. Geometric Effects: For larger particles, the local deformation of the
fluid (such as vortex structures in turbulence) has a more pronounced
effect on the particle motion. These geometric effects become more sig-
nificant as the particle size increases, especially when the particle size ap-
proaches or exceeds the microscopic scales of turbulence. In such cases,
particles begin to induce geometric deformation in the fluid, impacting
the turbulence structure and dynamics.
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5. Particle-induced Stresses: When the particle concentration is high,
interactions between particles lead to stresses that are exerted on the
fluid. As the particle concentration increases, these particle-induced
stresses become stronger, affecting the regulation of turbulence and fluid

dynamics.

2.2.1 DNS for particle-laden turbulent flows

Maxey [87] provides a comprehensive review of particle-laden flow simulation
methods, including Resolved Simulations, Immersed Boundary Method, Point
Particle Methods, Meshless Methods, and Lattice Boltzmann Method. The
Resolved Simulations method solves the fluid dynamics equations directly, ac-
curately describing the motion of solid particles in the fluid, using the Navier-
Stokes equation with particles. In this method, the particle motion is driven
by fluid forces, and the interactions between particles can also be considered.
One of the most significant recent advances is the rapid adoption of Parti-
cle Resolved Direct Numerical Simulation (PR-DNS) methods [16]. PR-DNS
combines traditional DNS with particle dynamics simulation, precisely ad-
dressing particle behavior in turbulence. Unlike conventional DNS, PR-DNS
not only simulates the fluid motion but also explicitly accounts for the mo-
tion and interactions of each particle. Each particle in the simulation has
a defined position and trajectory, capturing the precise interactions between
particles and the fluid. This method solves the Navier-Stokes equations of
the fluid directly, without the need for turbulence models, enabling highly ac-
curate descriptions of fluid details. PR-DNS simulates the motion, collision,
settling, and aggregation of particles through their interaction with the fluid.
During the simulation, the motion of the particles affects the fluid flow, while
the fluid flow also alters the particle trajectories. Since each particle requires
precise simulation, PR-DNS generally demands significant computational re-
sources, especially when the particle number is large or the fluid conditions are
complex. The Immersed Boundary Method addresses complex fluid-particle
interaction problems by handling the boundaries between fluid and particles.
Uhlmann [145] proposed a direct forcing immersed boundary method for sim-
ulating freely suspended particles. By treating the particles as point particles
and estimating the fluid forces acting on them, this method is typically used
in low-concentration particle suspension systems and is particularly effective
for small particles. The Lagrangian method can describe fluid motion at dif-
ferent levels of detail. If, in addition to detailed flow around each particle, the
method also resolves all scales from the fluid motion to the Kolmogorov scale,
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it is referred to as Point Particle Direct Numerical Simulation (PP-DNS) [80].
Meshless Methods, such as Smoothed Particle Hydrodynamics (SPH), do not
rely on traditional grids and are suited for more complex particle shapes and
fluid interactions, providing better simulation of non-homogeneous flows and
high-concentration suspensions. The Lattice Boltzmann Method is a weakly
compressible fluid simulation technique based on gas molecular dynamics, ca-
pable of efficiently simulating particle-laden flows. This method has advantages
such as a simple structure and ease of parallel computation, making it partic-
ularly suitable for simulating particles in low Reynolds number flows. Each
of these methods has its own characteristics, and the choice of an appropriate
simulation method depends on factors such as particle size, concentration, and
the Reynolds number of the flow.

For simulations involving a large number of particles, the Point Particle
Method is a standard approach [80]. When the particle size is smaller than
the Kolmogorov scale, it can be treated as a point particle, with equations
solved for each individual particle. One important parameter in this method
is the relaxation time, which represents the time constant for the exponential
decay of the particle velocity due to drag forces. A very short relaxation time
for a particle indicates that its velocity is approximately equal to the local
instantaneous fluid velocity, allowing the particle to be treated as a tracer.
On the other hand, if a particle has a long relaxation time, it means that the
particle’s velocity lags behind the fluid velocity, and its velocity must be solved
using Newton’s second law.

The Maxey-Riley-Gatignol (MRG) equation of motion forms the basis of
the Point Particle Method. This equation describes the forces acting on a
spherical particle moving in an unsteady, homogeneous, and viscous fluid. The
equation of motion is not applied when particles are considered passive tracers.

The equation of motion is given by:

dt

— v, (2.22)

where x; denotes the position of the ith particle and v; denotes the velocity
of the ith particle.
For passive particles, their equations of motion are expressed as:

mi— _ZFZ' (2.23)

v; = u(x;(t),t) (2.24)
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where m; denotes the mass of the ith particle, w(x;(t),t) denotes the velocity
of the fluid, and F'; denotes all the forces on the particle.
MRG equation of motion is expressed as:

T

=Fp+ Fpg+ Fay+ Fp+ Frig (2.25)

In this equation, F'g represents the buoyancy force, F pg denotes the force due
to the undisturbed velocity field, also known as the pressure gradient force,
F 4); refers to the added mass force, F'p is the drag force, and F'j;s represents
the Basset history force. The validity of the MRG equation of motion requires
that the particle size is much smaller than the Kolmogorov length scale. For
particles with larger sizes, Faxen correction terms can be applied to account
for the size effects. The study by Homann and Bec [55] illustrates the influence
of these correction terms on larger particles.

Buoyancy force is expressed as:

Fp=(pi—ps)Vig (2.26)

where p; denotes the density of the ith particle, p; denotes the density of the
fluid, V; denotes the volume of the ith particle, and g denotes the acceleration
of gravity.

The force by the undisturbed velocity field is expressed as:

D’U,Z‘

Fpg = My (2.27)
The added mass force is expressed as:
F Aoy = =piV; — 2.2
= yorvi (e - 220) (225)
The drag force is expressed as:
% t 7t - Us
Fpp = m, EOD 700 () g5penos) (2.29)

T;

where 7; denotes the particle relaxation time of the i-th particle, which char-
acterizes the response of the particle velocity to the local fluid velocity fluc-
tuations. For low particle Reynolds numbers, 7; can be approximated by the
Stokes relaxation time,
ppd?;
Ti = Tg
18u
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where p,, is the particle density, d,, is the particle diameter, and p is the dynamic
viscosity of the fluid. Re; denotes the number of particle Reynolds of the ith
particle, and the expressions of these two parameters will be described in detail
in the next section.

The Basset history force is expressed as:

3 1/2 22 /t d 1
F, 6 =° 2 [ =2 (7)) — v, (7)) ————— 2.
hist 2 (Wpf/,b) dz 0 dr (’U,Z(T) ’1)1(7')) (t . 7_)1/2 dr ( 30)

Some of these forces can be simplified or neglected depending on the char-
acteristics of the particles. For instance, the study by Armenio and Fiorotto [4]
found that for small and heavy particles (i.e. p; > p; ), the pressure gradient
force, added mass force, and Basset history force are relatively small compared
to the drag force and can be ignored. Similarly, research by Ling et al. [78]
indicated that for small and heavy particles, gravity and drag forces dominate.
Due to the high computational cost of the Basset history force, it is typically
neglected; however, studies [27, 101] have shown that it significantly influences
particle kinematics and clustering. Prasath et al. [113] proposed a new nu-
merical method that accurately solves the Maxey-Riley equation including the
Basset history force, without increasing storage costs. This method is suit-
able for numerical simulations of smooth flows and is particularly effective for
analyzing particle behavior in complex flows.

The Lagrangian particle tracking (LPT) method can be classified into one-
way coupling, two-way coupling, and four-way coupling. One-way coupling
refers to a scenario where, at low particle volume fractions, the effect of par-
ticles on turbulence is negligible. In this case, particle motion is influenced
by turbulence, but the turbulence characteristics are not significantly altered
by the presence of particles. Two-way coupling occurs when the particle vol-
ume fraction increases, and particles start to influence the turbulence, thereby
altering its structure. In this regime, the interaction between particles and
turbulence becomes more complex, with particle motion being influenced by
turbulence, while particle motion also affects the turbulence characteristics.
Four-way coupling refers to the situation where, at sufficiently high particle
volume fractions, there are not only two-way effects between particles and
turbulence but also collisions between particles (i.e., particle-particle inter-
actions), further complicating the turbulence dynamics. Four-way coupling
represents the intricate interactions between particles, turbulence, and parti-
cles.

Elghobashi [37] provided a classification diagram for the different stages
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Figure 2.6: Map of regimes of interaction between particles and turbulence. [37]

of particle-turbulence interaction in particle-laden turbulent flows,as shown in
Fig. 2.6. The diagram plots particle concentration (volume fraction) against
particle response time ratio on the vertical and horizontal axes, respectively,
to delineate the various coupling regimes. When particle concentration is very
low (e.g.®y < 1079), the effect of particles on turbulence is negligible, and
this is considered the ”unidirectional coupling” regime. As particle concentra-
tion increases, the influence of particles on turbulence becomes more signifi-
cant, eventually transitioning into the ”two-way coupling” or ”four-way cou-
pling” regimes. Particle size (i.e., particle response time) and concentration
not only affect the turbulence dissipation (energy loss) and turbulence energy
production but also influence the structure of turbulence and particle disper-
sion behavior. For example, smaller particles (with shorter response times)
may enhance turbulence energy and lead to greater turbulence dissipation,
while larger particles may promote vortex formation and increase turbulence

production.

One-way coupling

In 1974, Riley and Patterson [104] studied the diffusion behavior of scalar
particles (such as tracer particles) in isotropic turbulence using numerical in-
tegration methods. This may be the first study to apply the point particle
method in this context. By injecting a large number of passive tracer parti-
cles into a stable three-dimensional turbulent velocity field, they successfully

reproduced the entire process of particle transport from initial advection with
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the flow to the later stages exhibiting normal diffusion.

In 1988, Yeung and Pope [153] systematically established a particle track-
ing framework for extracting Lagrangian information from DNS results, and
comprehensively evaluated interpolation accuracy, time step size, and sta-
tistical errors. This development contributed to the extension of turbulent
flow numerical simulations from an Eulerian to a Lagrangian perspective. In
1989, McLaughlin applied the Maxey-Riley equation (including Stokes drag
and Saffman lift) to simulate particle motion. The particles were rigid spheres
with initial velocities matching the local fluid velocities, neglecting interac-
tions between particles and electrostatic effects. The study validated the iner-
tial mechanism of particle deposition, highlighted the role of shear lift in the
viscous sublayer, and found that particle deposition was related to the initial
distance from the wall, relaxation time, and particle density.

Bernard et al. [9] conducted a DNS of particle paths in turbulent chan-
nel flow, providing a detailed analysis of the origin of Reynolds stresses and
their relationship with fluid particle motion. The simulation, conducted for
a Reynolds number R, = 173.2, involved two observation planes (y* = 15.8
and y* = 37.5) and tracked 3204 particle paths (including both forward and
backward). A second-order Runge-Kutta method and three-dimensional lin-
ear interpolation were used to compute the paths, and the particle paths were
graphically displayed along with Lagrangian statistical analysis (e.g., correla-
tion function Ruv). The study revealed that Reynolds stress cannot be fully
explained by gradient transport alone, as a small fraction of particle paths (ap-
proximately 2 — 3%) contributed more than 30% of the total Reynolds stress.
These paths exhibited spiral or arc-shaped motion closely associated with the
traditional sweep-ejection structure and displayed strong nonlinear and three-
dimensional vortical dynamics. The Lagrangian particle tracking method pro-
vided a powerful tool for understanding turbulent momentum transport and
may offer insights for improving future turbulence models.

Kontomaris et al. [65] introduced a particle tracking algorithm that made
significant breakthroughs in both accuracy and computational efficiency, pro-
viding a robust numerical tool for studying complex turbulent fields using
Lagrangian methods. This is particularly useful for research on channel flow
and turbulence near wall regions and has important implications for studies of
aerosol diffusion and pollutant transport.

In the study of particles in turbulent channel flow, Marchioli et al. [81]
carried out benchmark tests on particle diffusion in low Reynolds number wall-
bounded turbulent flows through an international multi-institution collabora-
tion. The research used DNS and LPT methods, comparing results obtained
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with different numerical schemes. They established the first particle diffusion
database that includes both DNS and LPT steady-state simulations, filling a
long-standing gap in such data. The study found that, despite using identical
physical settings and initial conditions, differences in numerical methods, in-
terpolation strategies, and time step sizes still led to notable discrepancies in
particle concentration and velocity statistics, particularly in predicting particle
concentration peaks near the wall. However, the overall trends were consistent,
indicating that the reliability of the data was acceptable. For key statistics
such as mean velocity, velocity fluctuations, and Reynolds stresses, the results
from multiple groups showed good consistency. For Gaussian Stokes number
particles (St = 25), the predictions from different groups were more consistent,
indicating that larger particle inertia reduced simulation uncertainty.

Marchioli et al. [83] also investigated the behavior of particles in non-
rotating pipe flow. Their study revealed that in vertical pipe turbulence, par-
ticle wall migration is constrained by the instantaneous effects of turbulent
structures (sweeping and ejection). Particles with different inertial proper-
ties exhibited distinct deposition mechanisms, with accumulation occurring in
the near-wall region. The presence of lift forces weakened particle deposition,
especially for smaller particles.

Esch and Kuerten [147] examined the motion of particles in rotating pipe
flow, focusing on the impact of rotation on particle separation efficiency, par-
ticularly under different flow conditions (laminar, turbulent, and unsteady
laminar flows). The study showed that in rotating pipe flows, turbulence pri-
marily affects the collection efficiency for larger particles, with a reduction
in their capture capability. In contrast, the collection efficiency for smaller
particles was almost unaffected by turbulence.

In recent years, research on particle motion in homogeneous isotropic tur-
bulence has been steadily advancing. Squires and Eaton [135] employed DNS
to investigate the influence of turbulence structure in forced homogeneous
isotropic turbulence on particle concentration distribution and analyze the
modulation effects of particles on turbulence energy and structure under vary-
ing mass loadings. Their study found that particle distribution exhibits struc-
tural selectivity. In homogeneous isotropic turbulence, moderately inertial
light particles tend to accumulate in regions of low vorticity and high strain
rate, while extremely light or heavy particles tend to distribute uniformly.
Particles not only modulate turbulence energy, but as mass loading increases,
turbulence energy and viscous dissipation decrease significantly, with parti-
cles acting as an additional dissipation source for turbulence. Eaton and
Fessler [136] studied the non-uniform distribution of particles under the influ-
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ence of forced homogeneous isotropic turbulence. Their research demonstrated
that preferential enrichment is a common phenomenon that depends on the
structure of the turbulence, and it is observed in almost all particle-turbulence
interaction systems. The presence of this phenomenon depends on the vortex
structure rather than random disturbances. The Stokes number is critical in
predicting particle behavior. When the Stokes number is between 0.1 and 1,
the interaction between particles and turbulence is most pronounced, making
it easier to form enrichment regions. Particle distribution also has a feedback
effect on the flow field itself. At certain particle concentrations (e.g., when the
mass ratio reaches 1), particles can modulate the turbulence structure, alter-
ing its scale and intensity. Elghobashi and Truesdell [36] studied the diffusion
characteristics of particles in decaying homogeneous isotropic turbulence, re-
vealing differences in the movement behavior of particles and fluid points and
surrounding fluid in turbulence, and explored the effects of inertia and gravity
on the statistical properties of particle diffusion. The particle dynamics model
considered factors such as Stokes drag, Basset force, added mass force, and
buoyancy.

Extensive research has also been conducted on the dynamics of particles
in wall-bounded turbulent flows. Reeks [114] studied the statistical behavior
of discrete particles in non-uniform turbulence and proposed a new transport
equation. It was found that turbulence migration shares a similar physical
mechanism with thermophoresis, where particles are driven by local "energy
gradients” (turbulence intensity or velocity variance), causing migration that
reflects thermodynamic properties. Marchioli and Soldati [82] studied the mi-
gration and separation mechanisms of heavy particles in the turbulence bound-
ary layer, focusing on the particle aggregation phenomena in the near-wall re-
gion and their relationship with the turbulence structure. The study revealed
that particle migration and separation in the turbulence boundary layer are
highly dependent on the near-wall coherent structures, and the peak parti-
cle concentration mainly results from the long-term retention and turbulent
diffusion effects in the low-speed regions. Understanding the interaction mech-
anism between turbulence structures and particles is crucial for improving the
control of particle deposition, resuspension, and mixing efficiency in industrial
processes.

Two-way coupling

As shown in Fig. 2.6, Elghobashi [37] stated that when ®y exceeds 1079,

the system can be considered as two-way coupling. Extensive studies have
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been conducted on bidirectional coupling. Eaton [33] combined DNS and LES
methods to simulate the gas-particle flow under varying particle concentra-
tions, particle sizes, and turbulence conditions. The motion of the particles
is influenced by the drag force from the gas flow, and the feedback effects of
the particles on the turbulence are also incorporated into the simulation. The
study found that the presence of particles in the airflow significantly alters
the turbulence characteristics, particularly when the particle size is close to
the small scale of the turbulence, where the attenuation effect of particles on
turbulence becomes more pronounced. Particles not only affect the energy
distribution of turbulence but may also enhance energy in the small-scale tur-
bulence. Capecelatro and Desjardins [22] proposed a numerical method based
on an Euler-Lagrange strategy for simulating particle-carrier fluid flow. This
method first derived a volume-filtered equation for the carrier phase suitable
for variable-density flow and discussed in detail the unresolved terms, partic-
ularly the interaction terms between the fluid and particle phases, ensuring
these terms correctly converge during grid refinement. To handle particle col-
lisions, a modified soft-sphere model was used, and parallel computation was
optimized to improve computational efficiency. Gualtieri et al. [49] proposed a
new method, the Exact Regularized Point Particle (ERPP) method, to simu-
late the momentum exchange between phases in multiphase flow. The method
captures the interaction between particles and fluid by studying the unstable
Stokes flow around small rigid spheres, thus avoiding singularity problems in
particle models. The ERPP method uses regularization techniques to local-
ize the disturbance caused by the particles to the fluid, effectively avoiding
the computational complexity caused by a large number of particles in tradi-
tional methods. Horwitz and Mani [57] argued that under two-way coupling,
the presence of particles alters the fluid velocity, leading to lower drag force
predictions based on traditional Stokes drag calculations. Therefore, they pro-
posed a correction method to calculate the undisturbed fluid velocity, instead
of directly using the disturbed velocity obtained from calculations. Numerical
experiments showed that the proposed correction method significantly reduced
the calculation error for particle settling in stagnant fluids and agreed with
the analytical solution. Ireland and Desjardins [58] introduced the volume-
filtered Euler-Lagrange method to resolve fluid disturbances at the particle
scale and avoid grid dependency issues. The proposed drag force correction
method significantly improved the prediction accuracy of particle settling ve-
locity, particularly at low particle Reynolds numbers. The correction method
demonstrated good adaptability in the choice of filter size and resolution, with
the best results achieved when the filter size-to-particle diameter ratio reached
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2. Balachandar et al. [5] proposed a self-induced velocity correction method
to improve the estimation of drag force in Euler-Lagrange point particle simu-
lations. The paper applied steady and unsteady models for different Reynolds
and Stokes numbers and verified that the unsteady model could accurately
predict self-induced velocity disturbances in various scenarios. The unsteady
model is more suitable for rapidly changing fluids and feedback forces. The
proposed self-induced velocity correction model does not rely on a specific
drag force expression and can be widely applied in various EL point particle
simulations, including rigid particles, droplets, and bubbles.

Four-way coupling

According to Elghobashi [37], when ®y exceeds 1073, four-way coupling must
be considered. Zhao et al. [155] studied the behavior of non-spherical particles
in turbulent channel flows, focusing particularly on the effects of particle shape
and Stokes number on the flow. A four-way coupled Lagrangian point particle
method was used, with the fluid phase at low Reynolds number (Re, = 150)
modeled using DNS, while the particles were tracked individually. The study
revealed the complex behavior of non-spherical particles in turbulent channel
flows and clarified the influence of particle shape and Stokes number on the tur-
bulence structure of the fluid. Particle collisions are typically simulated using
nearest-neighbor list methods and stochastic collision models [80]. Hoomans
et al. [56] studied the formation of bubbles and waves in a gas fluidized bed
using discrete particle simulations, employing a hard-sphere method to model
the motion of individual spherical particles in a two-dimensional fluidized bed,
considering particle collisions and friction. The discrete particle model directly
calculated the two-dimensional motion of each particle and simulated the in-
teraction between the particles and the gas phase. The collision process in the
model was based on the conservation of momentum and involved two empiri-
cal parameters: the restitution coefficient and the friction coefficient. Particle
collisions were processed sequentially, simulating the fluid dynamics of the gas-
solid two-phase flow. Verman [148] investigated the turbulence characteristics
in gas-solid pipeline flow. The study mainly involved simulating the gas phase
flow using DNS while modeling solid particles using the Lagrangian method,
considering the effects of particle collisions. Notably, the paper discussed the
impact of wall roughness on the simulation of turbulence characteristics, show-
ing that wall roughness is crucial for fitting experimental data. Oesterle and
Petitjean [100] proposed a new Lagrangian simulation method for modeling

particle collisions in gas-solid flows. The core of their approach is to com-
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pute the trajectory of individual particles and introduce simulated particle
collisions during the calculation. The probability of collision occurrence was
predicted through an iterative process, with the probability depending on lo-
cal concentration and particle velocity. Unlike traditional dilute-phase flow
simulations, this method does not require computing the simultaneous tra-
jectories of multiple particles, thereby avoiding high computational costs and
making it suitable for moderate concentration gas-solid flows. Sundaram and
Collins [137] used DNS to study the collision frequency of particles in turbu-
lence, simulating heavy particles suspended in turbulence and examining how
turbulence parameters and particle properties affect collision rates. The parti-
cle volume fraction was kept within a small range (around 10™*) to ensure the
system remained in the dilute limit. A pseudo-spectral algorithm was used to
update the fluid velocity, and the forces on the particles were approximated
using Stokes drag. The simulation considered the finite volume of particles,
requiring the inclusion of particle collisions. Wang et al. [150] studied the
statistical mechanics description and modeling of inertial particle collisions in
turbulence, focusing on the particle collision rate in turbulent gas flows and
proposing contributions from turbulent transport effects and accumulation ef-
fects to the collision rate. They quantified the effects of turbulent transport
and accumulation on particle collision rates. Turbulent transport effects are
mainly related to the particle’s inertial response time and the integral time
scale of the flow field, while accumulation effects arise from the dissipative
flow structures in turbulent regions, causing inhomogeneous local particle con-
centration distributions. Berlemont et al. [8] explored two Lagrangian methods
for modeling particle collisions: a multi-particle tracking method and a single-
particle method based on stochastic processes, emphasizing the key role of
particle-particle velocity correlation in the collision process. Sommerfeld [129]
used a stochastic Lagrangian model to simulate particle collisions and evalu-
ated the model’s effectiveness by comparing it with experimental data. The
results indicated that the stochastic Lagrangian model showed good accuracy
in simulating particle collisions in turbulence, effectively capturing the collision

process and agreeing with existing experimental data.

2.2.2 RANS for particle-laden turbulent flows

Similar to single-phase flows, fluid flow can also be statistically described us-
ing the RANS equations. This significantly reduces the computational effort
required for statistically steady turbulence, as only the average flow quantities
need to be computed once, while the solution of the particle motion equa-
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tions can be completed in the post-processing stage [80]. In this approach,
a stochastic turbulence dispersion model is required to describe the impact
of turbulence on particle motion. There are two types of stochastic turbu-
lence dispersion models: one uses information from the RANS solution, such
as Reynolds stress or turbulence kinetic energy, while the other is based on the
probability density function (PDF) method.

Burry and Bergeles [20] introduced a particle simulation model combining
the Lagrangian particle tracking method with the RANS method by incorpo-
rating the anisotropic characteristics of turbulence. The RANS method is used
to simulate fluid turbulence and solve the averaged flow equations for the con-
tinuous phase. The Reynolds stress model (RSM) describes the irregular fluc-
tuations and pressures in turbulence, allowing for a more accurate prediction of
particle motion in anisotropic turbulence. Graham and James [48] studied the
predictive ability of the vortex interaction model for particle diffusion under
homogeneous isotropic stable turbulence (HIST) conditions. The core of the
study was to analyze the motion and diffusion characteristics of non-fluid parti-
cles in turbulence using the vortex interaction model. The model assumes that
particles interact with vortices in turbulence, and the velocity, length, and life-
time of the vortices are treated as random variables. Pozorski and Minier [112]
used the PDF framework to analyze dispersed-phase turbulent flow. The PDF
framework combines the variables of both the fluid and particles, providing
a statistical modeling method at an intermediate level. By deriving the par-
ticle dynamics equations, the stochastic differential equation (SDE) method
was employed, which helps describe particle motion in turbulence and clari-
fies the interaction between particle and fluid velocities. To address the effect
of fluid velocity on particles, the paper proposed a Langevin equation model
that considers the relationship between fluid velocity and particle motion. A.
Tanire and Arcen [140] introduced the Generalized Langevin Model (GLM),
which is mathematically consistent with the Reynolds stress transport equa-
tions, avoiding inconsistencies in standardized models and making it suitable
for low-inertia particle conditions.

Minier et al. [93] proposed a set of standards and guidelines for the La-
grangian stochastic model applied to both single-phase and dispersed two-
phase flows. The fluid dynamics background analysis mainly focuses on how
to use the RANS equations to describe turbulent flow, particularly in the
context of the Lagrangian stochastic model framework, and how to capture
the characteristics of fluid turbulence. The authors combined the Lagrangian
stochastic model with the RANS equations to describe the motion of fluid par-
ticles in turbulence, especially within complex flow structures. In this model,
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the motion of fluid particles is influenced not only by the macroscopic flow
field (such as the average velocity field) but also by the microscopic random
fluctuations induced by turbulence. These fluctuations, which are typically
not captured directly by the RANS equations due to the complexity of tur-
bulence, are addressed by introducing a random force term in the Lagrangian
stochastic model. In two-phase flows, particle motion is influenced not only
by fluid turbulence but can also feedback and affect the turbulence structure.
For example, in particle suspension flows or droplet-gas flows, the presence
of particles alters the fluid dynamics, impacting the energy distribution and
transport of turbulence. Therefore, the Lagrangian stochastic model is capa-
ble of capturing these complex fluid-particle interactions and provides a more
detailed turbulence description than traditional RANS methods.

2.2.3 LES for particle-laden turbulent flows

In LES for point particles, similar to single-phase flow, the filtered fluid velocity
can be used. In such simulations, the fluid velocity at the particle’s location
is not precisely known but only a filtered velocity is available. In certain
applications, the unresolved scales of the fluid velocity have a significant impact
on particle motion. Therefore, in addition to introducing subgrid models into
the governing fluid equations, the influence of subgrid models must also be
considered in the particle motion equations [80]. When the particle relaxation
time is significantly larger than both the characteristic time scales of turbulence
and the smallest time scale resolved in LES, the effect of the subgrid scales on
particle motion can be neglected. In this case, there is no need to introduce a
subgrid model into the particle motion equations [146]. However, if the particle
relaxation time is close to the Kolmogorov time scale, neglecting subgrid scales
significantly affects vortex migration in turbulent channel flows with particles,
thereby impacting the accuracy of LES [69].

To account for the effects of subgrid scales, two different models have been
proposed. The first model applies a random model by introducing broadband
random noise into the Navier-Stokes equations for the continuous phase or by
adding extra velocity terms in the particle motion equations. The second model
approximates the deconvolved filtered fluid velocity to obtain the unfiltered
fluid velocity and applies it in the particle motion equations [80].

Amiri et al. [2]used three stochastic models to simulate the effect of subgrid
scale velocity fluctuations on particle motion. Model 1 is for isotropic flow
without SGS temporal correlation, where SGS velocity is assumed to follow
a Gaussian distribution and is randomly sampled. This model is suitable for



CHAPTER 2. STATE OF THE ART 45

cases where the particle response time is much larger than the SGS vortex
time scale (i.e., when particle inertia is high). Model 2 is for isotropic flow
with SGS temporal correlation, considering the Lagrangian time correlation
of SGS velocity along the particle trajectory. This model is suitable for small
particles or cases where the time step is close to the SGS time scale. Model 3 is
for anisotropic flow with SGS temporal correlation, which builds on Model 2 by
introducing an anisotropic adjustment factor for SGS turbulence. This model
significantly outperforms the other two models in predicting the turbulence
intensity of small particles near the wall.

Pascal and Olivier [39] studied the impact of subgrid-scale fluid turbulence
on the collision statistics of heavy particles. First, DNS was used to compute
the fluid velocity field, and combined with particle trajectory simulations, the
small-scale fluid fluctuations in particle motion were analyzed. Subsequently,
particle trajectories were calculated using filtered fluid velocity fields, and the
effects of subgrid fluid turbulence on particle statistical characteristics, includ-
ing turbulence diffusion, kinetic energy, particle aggregation efficiency, relative
particle velocity, and collision frequency, were evaluated. The study showed
that particle inertia has a minimal effect on subgrid fluid turbulence, especially
in terms of subgrid Lagrangian integration time scales. In extreme cases, the
impact of particle inertia on subgrid fluid becomes negligible. The particle dif-
fusion coefficient is less influenced by subgrid turbulence, primarily dominated
by turbulence vortices with high energy content. For particles with a large
subgrid Stokes number (long particle response time), subgrid turbulence has
little effect on particle aggregation and collision frequency. For particles with a
smaller Stokes number (shorter response time), the effect of subgrid turbulence
vortices is more significant, particularly in particle aggregation and collision
frequency. For particles with a large subgrid Stokes number, the LES method
can accurately simulate gas-solid turbulent flow without the need for addi-
tional subgrid fluid turbulence modeling. For particles with a smaller Stokes
number, subgrid turbulence needs to be modeled using stochastic force models,
such as the Langevin equation. This study provides an important theoretical
foundation for applying LES methods in gas-solid turbulent flows, particularly
in simulating particle motion and collisions while accounting for subgrid fluid
turbulence effects.

Bini and Jones [12] proposed a model based on SDE to describe the La-
grangian velocity increments of particles, especially in cases where only low-
frequency turbulence field data are available. Since traditional Langevin equa-
tions do not adequately capture the non-Gaussian statistical features observed
in experiments, a nonlinear drift and diffusion SDE model was introduced and
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compared with experimental data. This nonlinear model better describes the
statistical characteristics of particle acceleration in turbulence, including the
commonly observed heavy tail and non-Gaussian distributions in experiments.
Furthermore, a class of nonlinear SDE models with different parameters was
proposed, which can match experimental results by adjusting the parameters,
providing a more precise description. This improved nonlinear model not only
applies to experimental data but also has broad potential for use in particle
diffusion modeling in LES.

Pozorski and Apte [111] studied the numerical simulation of particle mo-
tion in isotropic turbulence and proposed a stochastic modeling method for
SGS particle diffusion. The study focused on the impact of spatial filter-
ing on particle motion, particularly in filtering methods commonly used in
LES, as well as the influence of subgrid-scale turbulence on particle statis-
tical properties, including preferential concentration. Through a preliminary
analysis of particle-laden forced isotropic turbulence using DNS, the effects of
subgrid-scale motion on particles with different inertias were investigated, and
a scheme for reconstructing the residual flow field using a stochastic Langevin
model was proposed. The study found that neglecting subgrid-scale fluctua-
tions significantly affects the preferential concentration of particles. The pro-
posed stochastic Langevin model can accurately recover the turbulence kinetic
energy of particles, and for larger inertial particles, the subgrid-scale filter-
ing effect can be well simulated using this model. However, for smaller inertial
particles, the model struggles to recover the small-scale patterns of the particle
distribution.

In 2004, Kuerten and Vreman [69] first introduced the inverse filtering
model to correct the subgrid effects in LES and explored how to predict vortex
effects (i.e., vortex clustering) in turbulent particle motion using LES. The
study found that by introducing inverse filtering, LES could significantly im-
prove the prediction accuracy of vortex clustering, bringing the LES results
closer to the DNS results, especially in the diffusion-impaction regime. The
inverse filtering method not only improved the prediction of vortex clustering
but also enhanced the diffusion characteristics of particles.

Shotorban and Mashayek [124] used an approximate deconvolution method
to simulate the effects of SGS turbulence on particles in LES. The approxi-
mate deconvolution method reconstructs the instantaneous velocity of the fluid
phase through deconvolution, compensating for the subgrid-scale effects on
particles that are filtered out in LES. By applying the deconvolved velocity
to the particle momentum equation, the fluid velocity is reconstructed. The
study used homogeneous shear turbulence as a test scenario and compared the
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effects of different levels of approximate deconvolution (N=0, 1, 2) on particle
statistics. Two testing methods were used to evaluate the model: A priori test-
ing, where the effectiveness of the approximate deconvolution was evaluated by
filtering the velocity from DNS results, and A posteriori testing, where the ap-
proximate deconvolution was applied in LES and compared with DNS results.
The study found that reconstructing the fluid phase velocity through approxi-
mate deconvolution significantly improves the prediction of particle statistics,
especially when the particle time constant is small. The approximate deconvo-
lution method effectively improves the accuracy of LES predictions for particle
number density and turbulence kinetic energy (TKE). In the A priori test, af-
ter reconstructing the fluid velocity using deconvolution, the LES predictions
closely matched the DNS results, while LES without accounting for subgrid
effects performed poorly. In the A posteriori test, the approximate decon-
volution method successfully recovered the turbulence diffusion of particles,
especially in the earlier stages of simulation.

Marchioli et al. [84] studied two candidate models: one based on fractal
interpolation and the other based on approximate deconvolution, aiming to im-
prove particle dynamics modeling in turbulent dispersion flows, particularly by
incorporating SGS effects in the Lagrangian equations of particle motion. The
velocity field reconstructed by fractal interpolation better matches DNS data,
particularly for fluctuations in the wall-normal component, thereby improving
the accuracy of LES in predicting turbulence-driven particle clustering effects.
The approximate deconvolution model improves fluid and particle velocity fluc-
tuations by recovering SGS turbulence kinetic energy, but in coarse-grid LES,
the deconvolution leads to an overestimation of velocity fluctuations, which
affects the prediction of particle velocity fluctuations.

Gobert [45] analyzed three SGS models for particle-fluid flow in LES and
proposed an analytical method based on statistical moments (such as the mean
and variance of particle velocity and position) for evaluation. These mod-
els include the approximate deconvolution method (ADM) and two stochastic
models based on the Langevin equation. The study found that for large Stokes
numbers, the ADM model performs better, while for small Stokes numbers,
the Langevin-based models perform better. Later, Gobert and Manhart [46]
introduced the Spectrally Optimized Interpolation (SOI) model. This model
optimizes the interpolation kernel function to make the fluid velocity spectrum
perceived by the particle as close as possible to the target spectrum, improv-
ing the traditional ADM model. The core idea is to use particle interpolation
errors to construct a particle-LES model and correct the fluid spectrum per-
ceived by the particle through interpolation optimization. Compared to the
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traditional ADM model, the SOI model more accurately captures the impact of
unresolved scales on particle dynamics. The study validated the SOI model’s
effectiveness through DNS and LES simulations in homogeneous isotropic tur-
bulence. The SOI model showed significantly higher accuracy in particle-LES
simulations compared to the ADM model, especially in coarse-grid cases. SOI
not only provides a more precise description of particle motion but also has a
computational cost similar to that of fourth-order interpolation.

Bianco et al. [11] studied the inherent errors introduced by filtering oper-
ations in LPT during LES. The focus was on the filtering errors in particle
motion, with a comparison to the results from DNS, using DNS as the ref-
erence standard. Various filter types and widths (such as cutoff and top-hat
filters) were applied, and statistical analysis was performed on the filtering
errors with respect to particle inertia and different wall distances. Three dif-
ferent Stokes numbers (St = 1, 5, 25) were used, with a focus on the influence
of filter width on error distribution. The study found that filtering errors are
random and exhibit clear non-Gaussian characteristics, particularly near the
wall. The filtering errors depend not only on particle inertia but also on filter
width. As the filter width increases, the variance of the errors grows, and
the non-Gaussian characteristics become more pronounced. The influence of
particle inertia on filtering errors is significant. In some cases (e.g., St = 5),
inertial particles exhibit the strongest response to filtering errors, with larger
error peaks. In the flow, inertial particles respond differently to turbulence
structures of various scales, which amplifies the error magnitude. Near the
wall, the peaks of filtering errors are more prominent, especially in the ”buffer
layer” of the flow, where the errors show significant negative values, indicating
an overestimation of fluid drag. The error distribution is highly skewed with
sharp peaks, suggesting that error fluctuations have intermittent characteris-
tics. The PDF shows significant non-Gaussianity in filtering errors at different
wall positions, particularly near the wall. As the filter width increases, the
PDF tail broadens, showing stronger skewness and peakness.

Michaek et al. [91] proposed a Hybrid Stochastic-Deconvolution Model,
which combines the deconvolution model with a stochastic subgrid-scale model
to describe particle motion in unresolved flows. The model combines the ADM
with a stochastic model for subgrid scales. The primary method is based on
prior results from DNS for particle transport, particularly applied in channel
flow at Re, = 950. The coefficients of the stochastic part of the model (such
as RMS values and Lagrangian correlation time ) are based on DNS results,
while the basic part of the model is based on LES resolved flow. The study
showed that the Hybrid Stochastic-Deconvolution Model significantly improves
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accuracy in LES particle motion simulations, especially in predicting particle
concentration near walls and turbulent particle clustering.

2.3 Stochastic Modeling in Turbulence Simu-

lations

2.3.1 Development of stochastic models

Foundations and early development of probability theory

The foundations of stochastic methods can be traced back to the early 20th cen-
tury. In 1933, Russian mathematician Andrey Kolmogorov published his book
Foundations of the Theory of Probability [62], which introduced the axiomatic
foundation of modern probability theory. In this work, he provided a rigorous
mathematical framework for probability theory, establishing an axiomatic sys-
tem for probability spaces and laying the groundwork for the study of stochas-
tic processes. Kolmogorov’s axiomatic definition provided strict mathematical
tools for random events and processes, allowing researchers to analyze and
derive the laws of random phenomena in a systematic way. The core idea of
Kolmogorov’s axiomatic probability theory is that by defining a probability
space (including the sample space, events, and probability measures), random
phenomena can be effectively described, and through numerical methods of
probability, the foundation of modern statistics was gradually formed. This
theory provided a solid mathematical foundation for later studies in turbu-
lence, treating it as a random process.

In 1941, Kolmogorov proposed the statistical theory of turbulence [64],
which centers around using structure functions and energy spectra to describe
the statistical characteristics of turbulence. The basic idea of this theory is that
the energy transfer across different scales in turbulent flow can be described by
statistical laws, and under certain conditions, these laws exhibit self-similarity,
meaning their statistical properties remain unchanged across different scales.
In 1941, Kolmogorov introduced the concept of the energy cascade process
in turbulence, where the energy in turbulent flow progressively transfers from
large scales to small scales and ultimately dissipates as thermal energy through
viscous dissipation. This theory provided a clear framework for the statisti-
cal description of turbulence. Specifically, his proposed ”structure function”
as a method of describing turbulence, highlighted how velocity differences in
turbulence change with distance, and how these differences can be quantita-
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tively described using statistical measures like the root-mean-square velocity
difference.

In Kolmogorov’s theory, turbulence is viewed as a nearly stationary, ho-
mogeneous random process. While this theory has been successful in many
applications, it also faces some limitations, such as its inability to fully explain
complex phenomena like two-dimensional turbulence or intermittency. To ad-
dress issues such as scalar transport, two-dimensional turbulence, and other
turbulence-related problems, researchers have developed results in random dy-
namical systems, the ergodic theory of stochastic differential equations (SDE),
Langevin dynamics, and Malliavin calculus [110].

The introduction of the stochastic Burgers equation

The Burgers equation, as a simplified form of the Navier-Stokes equations, has
been widely applied in turbulence research. Originally proposed by Bateman
in 1915 and further developed by Burgers in 1948, the Burgers equation has
played an important role in fluid dynamics and the stochastic modeling of
turbulence [110]. By introducing the Burgers equation, researchers are able to
study fluctuations and dissipation phenomena in fluid dynamics and turbulence
using a more simplified model. Although the Burgers equation is similar in
form to the Navier-Stokes equations, it is a simplified nonlinear equation with
fewer variables and a simpler structure, making it an important tool in the
study of turbulence and stochastic modeling.

The Burgers equation is expressed as:

2
% + u% = 1/% (2.31)
In the Burgers equation, u(z,t) represents the fluid velocity, and v is the vis-
cosity coefficient (or diffusion coefficient), which represents the fluid’s viscous
effects. The equation combines the advection term ug—z and the diffusion term
y%, describing the changes in the fluid velocity.

The Burgers equation essentially models the fluctuations in fluid flow, and
is particularly significant in the study of incompressible fluids or approximately
incompressible fluids. It can also be considered one of the fundamental equa-
tions for describing energy transport, dissipation, and turbulence generation
in turbulent phenomena.

The classic version of the Burgers equation is a deterministic equation,
but turbulence is inherently stochastic and lacks the complexity needed to de-
scribe the features of incompressible turbulence [13]. As a result, researchers
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gradually introduced stochastic differential equations (SDE) to describe ran-
dom disturbances in turbulence. This extension allows the Burgers equation
to better simulate the random fluctuations, anomalies, and unpredictability in
turbulence.

The stochastic version of the Burgers equation typically includes a random
disturbance term, such as using a Wiener process (white noise) to model ex-
ternal random disturbances [88, 10, 59, 10]. This random disturbance term
is typically expressed by introducing a stochastic source term (such as noise),
allowing the equation to not only account for viscous and nonlinear effects
but also capture the irregular fluctuations induced by random disturbances in
turbulence.

The typical form of the stochastic Burgers equation is:

2
%u + u%u = V%u +f (2.32)
where f(x,t)dt =), fu(x)dWy(t) is an additive noise and Wj(.) are indepen-
dent Wiener process. This randomised version of the Burgers’ equation allows
researchers to take into account more complex stochastic and non-linear be-
haviours in the modelling of turbulence and thus better simulate real phenom-
ena in turbulent flows.

Introduction of the stochastic Navier-Stokes equation

The unpressurised Navier-Stokes equations in the presence of random external
forces or noise are the core model for describing real turbulence [110]:

ou 9
o T (0 V)u=—Vp+rViu+ Zk:gdek (2.33)
V-u=0 (2.34)

In this equation, u is the velocity field, p is the pressure field, v is the viscosity
coefficient, g is the noise coefficient, and dW), represents the Wiener process
(random noise). By introducing the noise term gxdW} , the equation incorpo-
rates randomness into fluid motion, simulating random external disturbances
in turbulence. This equation is a SDE, and the existence and uniqueness
of its solution depend on the intensity of the random disturbance and the
boundary conditions. Under certain conditions, solutions to the stochastic
Navier-Stokes equation exist, particularly in Sobolev spaces. For both two-
dimensional and three-dimensional Navier-Stokes equations, the existence and
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uniqueness of local strong solutions have been proven; however, the existence
of a global solution for the three-dimensional case remains an open problem.
The issue of ergodicity has also been addressed for stochastic Navier-Stokes
equations. Under certain conditions, the solution of the system tends to a
steady state, with ergodic theory indicating that the solution will approach a
stationary random process. The pioneering work of Bensoussan-Temam laid
the foundation for local/global strong solutions in the two-dimensional case,
and the results were later extended to three dimensions by Brzeniak-Peszat,
Kim, and others [7, 19, 61, 92, 32]. The existence of Markov solutions in
the weak (martingale) sense and the unique invariant measure is discussed
in subsequent studies by Da Prato-Zabczyk [42, 95, 26, 1]. Additionally, the
forward-backward SDE systems based on variational principles provide paths

for numerical algorithms.

Kraichnan stochastic low model

The passive scalar advection model proposed by Kraichnan in 1968 uses a
time white noise velocity field, making it one of the few analytically solvable
turbulence models [67]. Its anomalous scaling can be systematically explained
through renormalization group and operator product expansion [3]. The model
reveals phenomena such as inverse energy cascade in two-dimensional turbu-
lence, with classic references including Kraichnan’s own analysis of the inertial
range in 2D turbulence [66] and Tabeling’s experimental review [138].

The core assumption of the Kraichnan model is that the velocity field has
white noise properties in time, meaning the components of the velocity field are
independent in time and exhibit homogeneity and isotropy. This assumption
simplifies the complex motion in real fluids, making the model an idealized
description in turbulence research.

In this model, the autocorrelation function of the velocity field satisfies the

following conditions:
(u;(t, x)u(t',2")) = 6(t — ') Dyj(z, 2") (2.35)

where D;;(x, ") = D;;(Jx—2'|).Here, u;(t, z) represents the velocity component
of the fluid at position x and time ¢, and D;;(z, 2’) is the spatial autocorrelation
function, typically a uniform function in one or two dimensions.

The Kraichnan model uses the Lagrangian method to track the motion of
particles in the fluid. In the Lagrangian method, each fluid particle is treated as

an independent tracking object, and its trajectory is determined by the action
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of the velocity field. For each fluid particle, its motion follows the following
equation:

dR(t; to, wo) = u(t, R(t))dt (2.36)

In this equation, R(t;to,zo) represents the particle’s position, xq is the parti-
cle’s initial position, and u(t, R(t)) is the velocity field. The equation is based
on the assumption that the velocity field is white noise in time, leading to
the typical randomness of particle motion. By introducing the autocorrela-
tion function and time independence, the Kraichnan model further simplifies
the random motion of particles and, by calculating their statistical properties,
investigates transport phenomena and instabilities in turbulence.

The equation that the Kraichnan model uses to describe the scalar trans-
port process is typically a reaction-diffusion equation, in the form of:

0P 9

o + (u-V)® =DV + S(x,t,P) (2.37)
In this equation, ® is the scalar field (such as temperature or concentration),
D is the diffusion coefficient, and S(z, ¢, ®) is the source or consumption term.
This equation is used to simulate the diffusion and transport processes of scalar
quantities in turbulence.

To further simplify and analyze, the Kraichnan model assumes that the
velocity field is white noise in time, and that the autocorrelation function of

the velocity takes the following form:
Djj(x,a) = 6(x — ') (2.38)

Through this assumption, the Kraichnan model obtains a relatively simple
analytical solution, making it an important theoretical tool in turbulence re-
search.

One of the main contributions of the Kraichnan model is its description of
the statistical properties and transport phenomena in turbulence. By studying
the structure function of the scalar field ®, the model reveals the characteristics
of material transport in turbulence. The form of the structure function is:

Su(Az,t) ~ (|B(z + Az, t) — D(z,t)|") (2.39)

where Ax is the scale of the space and n is the order of the structure func-
tion.An important property of the Krechnan model is that under this model,
the structure function has different power law behaviours at different scales,
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exhibiting typical turbulence characteristics.

Overall, the Kraichnan model not only provides a simplified framework
for theoretical research but has also been widely applied in turbulence sim-
ulation and prediction. The model’s simplified nature makes it widely used
in numerical simulations of high-dimensional turbulence problems, especially
in the study of two-dimensional turbulence. By using the Kraichnan model,
researchers are able to more accurately predict the statistical behavior of tur-
bulence, laying the foundation for further studies.

Langevin / path integral stochastic modelling

The Langevin/path integral stochastic model combines the Langevin equation
with the path integral method to describe dynamic systems under random
disturbances. The Langevin equation is typically used to describe the motion of
particles under the influence of external random forces, while the path integral
method provides a global perspective on the system’s trajectory, particularly
suited for the statistical analysis of random processes.

By converting the two-dimensional Euler equation or quasi-geostrophic
fluid system into stochastic Langevin dynamics and applying the Martin-
Siggia-Rose path integral framework, it becomes possible to study large devia-
tions, instantons, and nonequilibrium statistical mechanics. Bouchet, Laurie,
and Zaboronski provided a comprehensive discussion and application of this
method [14].

A detailed description of the Langevin equation will be provided in the
next section.

Overall, the introduction and development of stochastic methods represent
a significant breakthrough in turbulence research. From Kolmogorov’s prob-
ability theory to modern stochastic differential equations, and the Langevin
equation, stochastic methods have enabled researchers to gain a deeper un-
derstanding and simulation of the complex dynamic behavior of turbulence
from the perspective of statistical physics. With the improvement of com-
putational capabilities and continuous advancements in stochastic numerical
methods, significant progress has also been made in the numerical simulation

and experimental research of turbulence.

2.3.2 Langevin equations in turbulence simulations

The developments in thermodynamics at the end of the 19th century and the
beginning of the 20th century established the connection between the macro-
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scopic world and the atomic world. Einstein [35] and Smoluchowski [127]
independently proposed the theory of Brownian motion in 1905 and 1906,
explaining that the random motion of measurable particles in a fluid is a man-
ifestation of atomic motion. In 1908, Langevin [71] introduced the Langevin
equation, further linking thermal fluctuations with macroscopic fluid dynam-
ics. He proposed a new random force model to describe the motion of particles
subjected to random disturbances, particularly when influenced by collisions
and drag forces in a fluid.

The Langevin equation was written by Langevin (for one Cartesian com-
ponent of velocity and Langevin force) as follows:

M% — _V+ X(1) (2.40)
where V' is the particle’s velocity, ( is the viscous drag coefficient, typically rep-
resenting the resistance of the fluid to the particle’s motion. X (¢) is the random
noise term, typically modeled using the Wiener process (Brownian motion),
representing the random collisions and disturbances of the fluid molecules on
the particle.

The Langevin equation divides the force acting on a Brownian particle into
two parts: one is the drag related to the viscous fluid (Stokes drag), and the
other is the random force X (t) associated with random collisions in the atomic
world. The random force has zero mean and is independent of the particle’s
velocity.

The original form of the Langevin equation is linear. Kolmogorov [123]
extended it to a nonlinear equation without violating the reversibility con-
straints:

M% — V(1) = VD + X (1) (2.41)
where V (t) = %. This is equivalent to adding a force on the right-hand side of
the Langevin equation, which is the negative gradient of the potential ®(r) at
the position r of the Brownian particle. This extended equation can explain
the observed anomalous Brownian motion.

In the standard Brownian motion of a mesoscopic-sized sphere in a fluid,
the mass density of the sphere and the surrounding fluid are of the same order
of magnitude. In this case, the viscous force can no longer be replaced by the
standard Stokes expression, and the dependence of the frictional force on his-

tory must be considered [107]. This is achieved by replacing the instantaneous
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friction in the Langevin equation with a convolution term:

t
M% _ /0 4 T(t = YV () + X(8) (2.42)
where the kernal I'(¢) is to be derived by solving Stokes’ equation.

The Langevin equation was initially used to explain Brownian motion,
describing how particles suspended in a liquid are affected by random colli-
sions with surrounding molecules, leading to irregular random motion. Over
time, the Langevin equation has gradually been introduced into turbulence
research, becoming an important tool for analyzing the microscopic dynamics
and stochastic fluctuations in turbulence. The Langevin equation allows for
the introduction of random disturbance terms when describing the microscopic
motion in fluids, thus providing an effective method for stochastic modeling in
turbulence research. In particular, the Langevin equation has shown its unique
advantages in simulating irregular fluctuations, random vortices, and energy
dissipation in turbulence.

Turbulence is a highly complex, nonlinear flow phenomenon with multi-
scale characteristics. In turbulence, fluid motion is not only characterized by
macroscopic velocity field changes but also involves numerous small-scale vor-
tices, random fluctuations, and irregularities. While traditional Navier-Stokes
equations can describe the macroscopic behavior of turbulence, they often fall
short in capturing the microscopic stochastic fluctuations and unpredictability
within turbulence. The Langevin equation, by introducing random noise terms,
provides a more detailed mathematical framework for the microscopic dynam-
ics of turbulence. Small-scale vortices and the motion of fluid particles in
turbulence are often influenced by external disturbances, and the randomness
and noise terms in the Langevin equation are used to simulate these stochastic
fluctuations. Through the Langevin equation, researchers can account for the
effects of random disturbances on the microscopic behavior of fluids during
turbulence simulations, allowing for a more accurate description of irregular
fluctuations, energy dissipation, and other phenomena in turbulence.

Krasnoff and Peskin [68] discussed the Langevin model for turbulent dif-
fusion and proposed an improved method to describe particle motion in tur-
bulence. The model considers the interaction between pressure and viscous
stress and analyzes single-particle and two-particle diffusion in turbulence. The
model derives the Lagrangian time micro-scale and integral scale in turbulence
and relates them to the properties of the Eulerian field. The study shows that
the Langevin model effectively describes the relative velocity and diffusion
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behavior of two particles in turbulence, providing reasonable approximations
even at lower Reynolds numbers. In Pope’s research [108], the Langevin equa-
tion was successfully applied to velocity modeling in homogeneous turbulence.
The Langevin equation was used to simulate the velocity evolution of parti-
cles in turbulence, particularly under homogeneous turbulence conditions. By
numerically solving the Langevin equation, the velocity time series of fluid
particles were obtained, allowing for the analysis of velocity distribution and
turbulence intensity in turbulence. The Langevin equation was further ex-
tended to propose a model for turbulence frequency (or turbulence dissipation
rate) and used to describe the frequency variations of turbulent particles. The
extension of the Langevin equation enables a more comprehensive description
of various physical quantities in turbulence, including the coupling of velocity
and frequency.

Heppe and Burkhard [54] proposed a new stochastic model for relative
turbulent diffusion based on the generalized Langevin equation, considering
different turbulence scales, including viscous scale, inertial scale, and integral
scale. The authors used a nonlinear projection method to derive the gen-
eralized Langevin equation from the Navier-Stokes equations, describing the
velocity difference between two fluid particles. This equation captures the in-
stantaneous non-Gaussian characteristics of turbulence and the effects of the
viscous range.

Mito et al. [94] introduced spatially varying Lagrangian time scales and
joint Gaussian random forcing functions into the Langevin equation to adapt
to the non-homogeneous turbulent flow field. These modifications allow the
equation to more accurately describe particle diffusion in non-homogeneous
turbulence, especially in regions with significant variations in the flow field.
Laval et al. [74] proposed a turbulence simulation method aimed at describing
turbulence behavior using a sub-filter model in LES. By modeling the turbu-
lent force (represented by the turbulence Lamb vector) as two contribution
terms, one part determined by classical eddy viscosity, and the other part
derived dynamically using a generalized (stochastic) Langevin equation, the
LES-Langevin model provides a more accurate description of energy transfer,
energy decay, and inter-scale energy transport than traditional eddy viscosity-
based LES models under similar computational conditions.

Dehbi [29] proposed a particle diffusion prediction method based on the
Lagrangian continuous random walk (CRW) model, specifically for turbulent
particle diffusion in complex wall-bounded geometries. The study combined
CFD simulations with Eulerian statistical data provided by DNS and used
a standardized Langevin equation to describe the effect of turbulence inho-
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mogeneity on particle motion. The model included drift velocity corrections,
making it particularly suitable for considering particle inertia, and avoided
the non-physical issues common in traditional random walk models. Later,
Dehbi [30] introduced a model based on the stochastic Langevin equation to
describe particle diffusion in turbulent flows, especially considering the effects
of thermal diffusion on particle behavior. In this model, particle motion is in-
fluenced by three main forces: drag force, gravity, and thermal diffusion force.
The model effectively captures the influence of turbulence and thermal diffu-
sion on particle diffusion, enabling accurate predictions of particle deposition
behavior by considering turbulence fluctuations and thermal diffusion.

Brouwers [17] studied the random motion of fluid particles in turbulence in-
duced by wall surfaces, particularly using the Langevin equation for modeling.
By modeling the random motion of fluid particles with the Langevin equation,
the study analyzed the relationship between particle acceleration and small-
scale turbulence and found that the Langevin equation is applicable to high
Reynolds number turbulence. The study showed that the damping term in
the traditional Langevin equation lacks uniqueness in anisotropic turbulence
and proposed a solution based on the Onsager symmetry, further deriving the
specific form of the damping term for wall-induced turbulence. Experiments
confirmed that the asymmetry of the damping term had negligible statistical
effects on particle displacement.

Kuerten and Brouwers [70] applied the Langevin equation to describe parti-
cle motion in turbulence, especially for calculating Lagrangian statistical quan-
tities. By introducing colored noise corrections and considering finite viscosity
effects, and comparing extensively with DNS results, the Langevin model was
shown to accurately describe the particle motion characteristics in turbulence,
particularly in regions far from the wall.

Brouwers [18] employed Lagrangian Kolmogorov K-41 theory to mathe-
matically model turbulence, proposing the Langevin equation to describe the
statistical velocity characteristics of fluid particles. Using the C-10 expansion
method, they derived the diffusion equation describing turbulence transport
processes. The equation describes the statistical velocity of fluid particles in
turbulence under high Reynolds number conditions, considering the particle
velocity attenuation function and Gaussian white noise excitation terms, with
all coefficients derived from the C-10 expansion. Based on the Langevin equa-
tion, the authors derived the diffusion equation for the position diffusion of
tagged fluid particles and validated its consistency with DNS results.

Dhariwal et al. [31] used DNS and PDF-based Langevin simulations to ana-
lyze the relative velocity and position between particle pairs. They evolved the
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relative velocity and separation of particle pairs using the Langevin equation
and simulated the relative motion of multiple particle pairs. Three forms of
diffusion rates were considered in the simulations: CF1, CF2, and CF3. CF1:
The Eulerian correlation function of the two-time fluid relative velocity based
on DNS-calculated data. CF1 is the most accurate model as it relies entirely on
DNS data without further approximations. CF2: A diffusion rate derived from
analytical assumptions, assuming the variation in relative velocity is primarily
caused by the convective effects of large-scale vortices. CF2 has the advantage
of being analytically derived, but may introduce bias for small Gaussian num-
bers. CF3: An improved model of CF2, considering the response of particle
pair centroids, aiming to better capture the effects of large-scale vortices in
turbulence.

Callaham et al. [21] proposed a new framework to ensure the statistical con-
sistency of the model through forward and adjoint Fokker-Planck equations,
addressing the challenges presented by time-dependent forcing forces (such
as vortices and turbulence) in traditional methods. The Langevin regression,
combined with sparse regression and optimization of the Fokker-Planck equa-
tion, can identify nonlinear dynamical features of the system, even when the
system’s random disturbances do not adhere to the classical Gaussian white
noise assumption.

Gallo et al. [43] introduced a coupled lattice model (CML) based on the
Langevin equation to study the velocity distribution function (VDF) of tur-
bulent flows at different spatial scales. The study showed that the probability
density function (PDF) of velocity fluctuations in turbulence could be well
fitted by the k-distribution, and there was a significant relationship between
the k-parameter, spatial scale k, and turbulence intensity (represented by the
Reynolds number Re).

Benella et al. [6] studied dynamical scale turbulence in weakly collisional
plasmas, particularly at the sub-ion scale. The researchers proposed a frame-
work where turbulence energy transfer is viewed as a scale-dependent Langevin
process, linking the drift term in the Langevin equation to the scale characteris-
tics of fluctuations, explaining global scale invariance at the sub-ion scale. The
study showed that fluctuations exhibit a uniform energy distribution within
this scale range, and the drift term directly relates to the most probable Hlder
exponent.

Farndell et al. [38] used Langevin dynamics simulations to study polymer
conformations in high shear flows and turbulent flows, particularly for their
application in nuclear waste treatment. The study investigated the behavior
of polymers in turbulent shear flows by varying shear rates to find the optimal
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shear rate for promoting flocculation. The research employed Langevin dy-
namics based on the FENE model and DNS methods to simulate the dynamics
of polymer chains, and validated the results by comparing with experimental
data, analyzing polymer homogeneity and extensibility.

Michael et al. [90] proposed a new method based on the generalized
Langevin equation (GLE) to simulate Brownian motion with hydrodynamic
memory effects and to apply it in a continuous framework. This method does
not rely on molecular dynamics to determine the hydrodynamic memory kernel
but optimizes the kernel in real-time through a multiphase DNS framework.
This allows simulations over a wide range of particle-fluid density ratios, from
1 to 1000, and accurately captures particle diffusion characteristics in various
environments.

The introduction of the Langevin equation provides an effective stochastic
modeling tool for turbulence research. By incorporating random noise terms,
the Langevin equation can simulate irregular fluctuations, random vortices,
and energy dissipation processes in turbulence, aiding researchers in analyz-
ing the microscopic dynamics of turbulence. Despite some challenges, the
advantages of the Langevin equation in multi-scale modeling, stochastic mod-
eling, and numerical simulations make it an indispensable tool in turbulence

research.
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CHAPTER 3

Numerical Methods and Models

3.1 Governing Equations for the Carrier
Phase

The mechanics of the carrier phase is described by the three-dimensional, in-
compressible formulation of the Navier-Stokes equations,

<

=0 (3.1)
R/ .
Vu = — + V- (na(Va+ Va')) (3.2)
f

=3}

+

SIS

where w is the filtered fluid velocity field, p the hydrodynamic pressure and p;
the density of the fluid; implicit filtering is employed. The total viscosity v
is given by the sum of the molecular, kinematic viscosity, vy, and turbulent
viscosity, v, v = vy + 1. The equations are solved within a rectangular
prism, discretized using a fixed, uniform, and equispaced Cartesian grid. Pres-
sure field is stored at the cell centers, while velocities are stored at the center
of cell faces to prevent odd-even decoupling between pressure and velocity [1].
Boundary conditions are imposed on the sides of the Eulerian domain using
ghost nodes. A Wall-Adapting Local Eddy (WALE) viscosity model [8] is used
for the sub-grid scale fluid fluctuations. WALE model efficiently imposes a van-
ishing eddy viscosity close to the wall without the need of dumping functions.

In Einstein index notation 4 is given by [8]:

(Gi ;G )%?
(5:,35i5)%% + (Gi ;G )%

v = (CuA)? (3.3)

75
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where the model constant is assumed to be C,, = 0.565 [8] whereas,

1
Gij = SikSk; + Qiplli; — g@',j (SmnSmn = QLmnSlmn) (3.4)
with,
| (05 o,
| (05 o,
Hi =g <axj - axi> ‘ (30

The local, equivalent grid size, A, is assumed to be A = (AzAyAz)'/3,

A wall-model (WM) is used near to the wall by modifying the total viscosity,
Viot- The WM is based on an algebraic equilibrium model that is able to
impose no-penetration and no-slip conditions together with the proper wall
stress [2]. The WM provides an estimate of the local wall stress, 7, based
on the local filtered LES velocity, u;, at an interface located at around two
or three Eulerian points away from the wall in order to minimize the log-layer
mismatch effect and improve the accuracy of the WM-LES, see e.g., De Vanna
et al. [2]. The Reichardt’s wall law is used for velocity extrapolation and stress
reconstruction [9]:

0, 1 R s
U_i = Elog (14 kYY) + Cy (1 —e T — 1—11€§> ) (3.7)
Yiur
v =21 (3.8)
vy

The non-linear, algebraic Eq. 3.7-3.8 are solved via a Newton-Raphson algo-
rithm in order to find u,, given the filtered velocity U; at the distance Y7 from
the wall. Then, the correct wall stress is computed as:

Tw = PyU. (3.9)

The numerical velocity gradient at the wall, g—z ,» 18 computed and the kine-
matic viscosity at the wall is corrected as:

(3.10)

It should be noted that the velocity gradient at the wall, g—z‘w, is computed
using wall tangential velocity component evaluated at the first grid point away
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from the wall and ghost nodes. Finally, the ghost nodes of viscosity field are
modified in order to impose the correct wall-viscosity, V., and correct the
stress distribution on the wall.

The numerical algorithms employed in this work have been build upon the
opens-source code CaNS by Costa [1]. Eq. 3.1-3.2 are numerically integrated
in time by means of a low-storage, third-order Runge-Kutta algorithm using a
pressure-correction scheme. Second-order finite difference stencils are used to
discretize differential operator in space, thus guaranteeing an overall second-
order temporal and spatial accuracy [1]. Finally, it is worth noting that, the
pressure Poisson equation is solved with the method of eigenfunction expan-
sions. This approach allows for very efficient FFT-based solvers in problems
with different combinations of homogeneous pressure boundary conditions [1].
In the following the symbol At will refer to the finite time-step from time
t" to t"*! whereas the notation At, will be used to refer to the r* Runge-
Kutta sub-time-steps. The coefficients of the Runge-Kutta algorithm are:

arx = {8/15,5/12,3/4}, Bric = {0, ~17/60, =5/12} and vrx = arx + Brx.

3.2 Modeling of the Dispersed Phase

The point-particle equations are employed to describe the dispersed phase

dynamics in a one-way coupling regime:

dv,, U, — v

— = f(Re ) P p, (3.11)
dt b Tp

dx

d_tp = ’Up, (312)

where v, is the particle velocity, x, is the particle position, u, the fluid velocity
field evaluated at the particle position, x,, and 7, is the particle relaxation
time:

2
Py dp

= —=— 3.13
T (3.13)

Tp
with p, the particle density and d, the particle diameter. To account for
particle finite inertia it is adopted the factor f(Re,) = 1 + 0.15Re) %" based
on the Schiller-Naumann relation [7], with Re, = |v, — u,|d,/v; the particle
Reynolds number.

The main problem in Eq. 3.11 is that the fluid velocity at particle position
u,, is not fully known. To calculate the fluid velocity sampled by the particle,



CHAPTER 3. NUMERICAL METHODS AND MODELS 78

OUTER WALL-MODEL LAYER
+
Y LH

+
YL

INTERFACE WALL-MODEL LAYER |y*;

WALL

Figure 3.1: Schematics of domain decomposition near the walls as a function
of the distance from the wall.

we split the domain into three different regions as sketched in Fig. 3.1. In
viscous units, an inner layer where y* < yjfL, an interface layer where yjfL <
y* < yiy and an outer layer where y* > y"y. The interface separating the
outer and inner layer is considered to be located in the middle of the interface
layer at y;. In turn, the interface layer is defined by the boundaries located
at yy, =y, — A7 /2 and y y = y; + A7 /2, with A} the interface thickness
expressed in internal units. The different distances from the wall that define
the different layers will be discussed in chapter 4, whereas, in Appendix A, it
will be shown that the final model is quite insensitive from the chosen values.

Away from the wall, i.e., y* > y;fH, the filtered fluid velocity, u,, can be
extracted at particle position from the Eulerian flow dynamics. On the other
hand, in the inner layer, i.e., y* < yIfL, where the equilibrium wall model is
employed, only an estimate of the mean velocity is known, u,. Hence, we can
write the fluid velocity at particle position as a function of the particle distance
from the wall, 3

u, + u,, Y < y;fL
up = § Vau, + (1 - Va)u, + V1 — au, YiL <Yy <Ylpg- (3.14)
up + Uy’ Yy > ?J;FH

According to Wang and Dalla Barba [10], in the present work we assume
negligible the sub-grid contribution w,” in the outer region; we compute the
filtered fluid velocity at particle position from the Eulerian flow dynamics by
using trilinear interpolation. On the contrary, we use a semi-stochastic model
for the velocity fluctuation u;, in the inner layer. Finally, in the interface layer,
the fluid velocity sampled at the particle position is computed as a combination
of the velocity in the inner and outer layer by means of the parameter «, which
goes smoothly form zero to unity going from the inner to outer layer. It is
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worth noting that, this specific relation employed to combined the velocity
fluctuations ensure a continuity in the standard deviation of the fluctuation
fields moving away from the wall. To ensure a smooth transition the parameter

« is computed as in the following:

0, Yy =YL
a=q3a®-2a°, yi, <yl <ylg: (3.15)
1, Y =Yy

where the parameter a varies linearly from zero to one within the interface
layer.

In the inner layer, we assume that the fluid velocity fluctuations, u;, can
be estimated by using the following stochastic model by Dehbi [3] along the
flow and span-wise directions, respectively:

u! ul \ dt /2 D dt
dl{L)=—-(-2)= —d == 1
<‘7m) (%:) TL+ TI §$+Sp0x1+5tk’ (3.16)

! "\ dt 2
d (%) __ (%) Sy S (3.17)
z x L L

where u is the component of w;, along the flow direction and w;, that along
the span-wise direction. The symbols o, and o, refer the root-mean-square
of velocity fluctuation components along the flow and span-wise directions,
respectively. The variables d¢, and d§, are modeled as a series of uncorrelated
Gaussian random numbers with zero mean and variance equal to the time
increment, dt. The parameter s, is defined to be equal to one and positive
for the lower wall and negative for the upper wall of the channel. The Stokes
number, Stk, is defined as:

Stk =2, (3.18)

TL

with the Lagrangian fluid time scale 7, computed as a function of the La-
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grangian integral scale, T, [6, 11, 3]:

—0.4(1+o.01)TL;
TL:%< —(1—5)(1+;—f;) ) (3.19)

T = T;Z—J;, (3.20)

10y <5

T =
P 71224 05731y — 0.00120y5, 5 <y < 200

(3.21)

where T is the fluid Eulerian integral time scale and 8 = T}, /Tg. In this work
the value of § is taken to be 8 = 0.356, as given by Wang and Stock [11],
and is used to compute Tg from Ty. Finally, the particle drift is corrected
according to the drift correction term, represented by the last terms on the
right-hand-side of Eq. 3.16, D,:

! a4/
B 8upvp

D, = —8y 7 (3.22)

where v}, is the component of w;, along the wall-normal direction.

We tried to use a corresponding stochastic model along the wall-normal
direction to describe velocity fluctuations. However, it leads to the arising of
a spurious preferential concentration of particles in correspondence of the in-
terface layer (not shown). This spurious behavior was observed independently
from the thickness of the interface layer. We attribute the issue to the inter-
action of inertial memory of particle velocity and the different regions of the
model that increase the resident time near the interface. Indeed, if a particle
exits the interface layer towards the outer one experiencing a positive fluctu-
ation, it can be immediately forced back into the interface layer by ”random”
negative fluctuations induced by the carrier in the outer layer. On the con-
trary if a particle resident in the inner layer experiences negative fluctuations,
these will force the particle to maintain its position for longer times. To avoid
these issues, inspired by the model proposed in Johnson et al. [5], we consider
along the wall-normal direction velocity fluctuations sampled by the particles
as modulated by the fluctuations of the carrier phase, v, 1, located above the

particle at the interface location, y; :

dfy)| At
/o + +
/Up - f(yp )va + Spkf(yp ) dy+ y; 1 4 Stk + N7 (323>
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where we considered the following modulating function:

__ 4 Cs
4(16 ?J+CQ )
y-‘r

fly) = - (3.24)

C3
T 102
4(1—e I )
+
\ vi

1076 -2 -1 0 1 2 3
10 10 10 10 10 10

Figure 3.2: Representation of the modulating function provided by Eq. 3.24
as a function of the distance from the wall in internal units, y*, assuming
+

function allows us to preserve a quadratic scaling of the root-mean-square of
velocity fluctuations near the wall as sketched in Fig. 3.2 and assumes unity
value at the interface location, y;. Eq. 3.23 mimics the form of Eq. 3.16
and includes a drift correction term with a proportionality constant k, which
has been empirically set to be £k = 100. In addition, a random Gaussian
noise, N, of zero mean and variance proportional to u,/25 is added to the
right-hand-side of Eq. 3.23. It is worth noting that, the intensity of k, which
was set empirically, does not affect significantly the model but ensure a more
correct turbophoretic behavior of particles near the walls. In addition, since
the model without the noise /V is deterministic in this direction, this stochastic
noise mimics the randomness of small scale fluid motions.

Eq. 3.11-3.12 are evolved in time using the same Runge-Kutta scheme
adopted for the carrier phase. On the other hand, an implicit Euler algo-
rithm is used to advance in time Eq. 3.16-3.17 across each of the sub-steps of
the main Runge-Kutta algorithm for the time increment At,. The Lagrangian
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time scale, 77, is evaluated according to Eq. 3.19, whereas the variables d¢&,
and d¢, are modeled as a series of uncorrelated Gaussian random numbers
with zero mean and variance equal to the finite time increment At,. It is
also worth remarking that the finite time increment in the right-hand-side of
Eq. 3.16-3.17-3.23 is set to be equal to the sub-time-step At,. In addition,
when a particle transits from the outer layer to the interface one the velocity
fluctuations are initialized as the local velocity fluctuations sampled from the
Eulerian carrier phase. Finally, lookup tables are used together with linear

25 - 3 =<
—— Re; =550 ’._,'/ —— Re, =550 N

201 === Re; =950 ===+ Re, = 950 NG
—:—  Re,; = 2000 9| —— Re, = 2000 7 :\ .

10— 10" 10! 102 10° 107! 10" 10! 102 10°

y* v
(a) (b)
L5 — Re, =350 NN 000F _— T
-—== Re, = 950 NN —=== Re, = 950
—_ > L S N\ BY=
Lo Re; = 2000 R N —0.25} == Re, =2000
Lk N
: NS 0.0
05
—0.75
==
Pt 10 10! 10? 10° 101 100

Figure 3.3: Statistics of velocity field of a turbulent channel flow from the DNS
by Hoyas and Jiménez [4]. (a) Mean axial velocity profile. (b) Mean axial ve-
locity fluctuations. (c) Mean span-wise velocity fluctuations. (d) Reynolds
stresses. Each quantity is expressed in viscous units as a function of the dis-
tance from the wall. The statistics refer to three different friction Reynolds
numbers, Re, = 550, Re, = 950 and Re, = 2000, where Re, = u,0 /vy, being
0 the channel semi-height.

interpolation for what concerns the estimation of the drift coefficient given by
Eq. 3.22, the root-mean-square of particle fluctuations appearing in Eq. 3.16-
3.17, 0, and 0., and the axial component of the mean velocity, #,. In the
present work, data for lookup tables have been obtained at different friction
Reynolds numbers from the Direct Numerical Simulation (DNS) of turbulent
channel flow by Hoyas and Jiménez [4] and are provided in Fig. 3.3.
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CHAPTER 4

Model Validation and Results Analysis

4.1 Computational Domain and Simulation

Setup

In this chapter, the numerical results from three different semi-stochastic, Wall-
Modeled Large Eddy Simulations (WM-LESs) of a turbulent channel flow laden
with solid particles at varying friction Reynolds numbers, Re, = 500, Re, =
1000 and Re, = 2000 will be presented. In each case, the computational
domain is a prism of dimensions L, x L, x L, = 6J x 26 x 30 along the
streamwise, wall-normal, and spanwise directions, respectively, where ¢ is the
channel semi-height. The domain is discretized using a uniform Cartesian grid
with N, x N, x N, = 48 x 48 x 48 nodes. The grid resolution is deliberately
kept low to challenge the proposed model at its limits. Periodic boundary
conditions are applied in the streamwise and spanwise directions, while no-slip
and no-penetration boundary conditions are enforced on the upper and lower
boundaries of the domain. A bulk Reynolds number, Re, = Uy26/v¢, where U,
is the streamwise bulk velocity, is maintained by applying a pressure gradient to
ensure a constant volumetric flow rate. A sketch of the computational domain
is presented in Fig. 4.1.  As previously stated, three different simulations
are considered at varying friction Reynolds numbers, as reported in Tab. 4.1.
In each of the three simulations, the flow is laden with N, = 150000 point
particles, a number chosen to minimize computational cost while ensuring a
sufficiently large sample for statistical analysis. More specifically, for each
simulations, three subsets of 50000 particles with different Stokes number,
Stk™ = 7,/t., are examined. The latter is based on the viscous time scale,
tr = l;/u,, where I, = vy/u, is the viscous length, u, = \/ﬂu—/pf the friction

velocity, and 7, the mean wall stress. The density ratio is fixed to p,/p; =

84
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Axial velocity
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Figure 4.1: Sketch of the computational domain.

Simulation | Re, | Re, | d,/(26) | df | Stk*
Sim 1 18100 | 500 | 8.164-107° | 0.0816 | 1

2.582-107% | 0.2582 | 10

8.165-107* | 0.8165 | 100

Sim 2 40000 | 1000 | 4.083-107° | 0.0816 | 1
1.291-107* | 0.2582 | 10
4.083-107* | 0.8165 | 100
Sim 3 87100 | 2000 | 2.041-107° | 0.0816 | 1
6.455 - 107 | 0.2582 | 10
2.041-107* | 0.8165 | 100

Table 4.1: Summary of simulation parameters, including Reynolds numbers,
Re, = Uy20 /vy, Re; = u,0 /vy, and particle properties. The particle diameter,

d,, is scaled by the channel height, 24, whereas the particle diameter d;; =

dy/l;, with [, the viscous length. The Stokes number is defined as Stkt =
7,/tr, with ¢, the viscous time scale.

2700. Tab. 4.1 provides also the particle properties for each of the considered
cases.

Regarding the WM of the carrier phase, the velocity is extrapolated to
reconstruct the wall stresses starting from two Eulerian points away from the
wall, aiming to minimize the log-layer mismatch. The interface points where
the velocity is interpolated according to Eq.3.7 are Y;¥ ~ 40 for Re, = 500,
Y;" ~ 80 for Re, = 1000, and Y;" ~ 160 for Re, = 2000. Conversely, for
the dispersed phase, the interface is set according to Tab.4.2, unless otherwise
specified. It is worth noting that, the semi-stochastic WM for particles is
applied within the entire region where the WM for the carrier phase is active
(i.e. y© < Y;") and beyond, in order to avoid sampling of spurious velocity at
particle positions.



CHAPTER 4. MODEL VALIDATION AND RESULTS ANALYSIS 86

Re, y}tL Z/IH
500 | 40 50

1000 | 80 | 100
2000 | 160 | 200

Table 4.2: Interface values for different friction Reynolds numbers.

For two of the three cases considered in this work, we also performed DNS
as a reference. Specifically, we carried out DNSs of a turbulent channel flow
laden with point particles at Re, = 500 and Re, = 1000, using the same Stokes
numbers as in the LES cases. In the reference DNSs, the computational domain
extends over L, x L, x L, = 106 x 26 x 36 along the flow, wall-normal, and
spanwise directions, respectively, and is discretized using N, x N, x N, =
1216 x 512 x 640 nodes. The grid is stretched in the wall-normal direction
to ensure sufficient resolution of the viscous sublayer, with a minimum grid
spacing of Ayt. ~ 0.1 at the wall.

We begin by analyzing the velocity field statistics of the carrier phase, eval-
uating the consistency of mean profiles and fluctuations against reference data.
This comparison validates the accuracy of the adopted modeling approach and
characterizes the main turbulent properties of the flow. The analysis then shifts
to the statistics of the dispersed phase.

4.2 Statistics of the carrier phase — Validation
of the WM-LES implementation

Fig. 4.2, Fig. 4.3, and Fig. 4.4 show a comparison between the mean axial
velocity profiles and velocity fluctuations from the semi-stochastic WM-LES
and reference DNS data at Re, = 500, Re, = 1000, and Re, = 2000, re-
spectively.  The mean axial velocity from the WM-LES closely follows the
expected logarithmic profile, showing good agreement with the DNS data. A
minor deviation from the logarithmic law is observed in term of slope. Simi-
larly, the root mean square of the velocity fluctuations in all three directions is
consistent with the DNS results. However, some underestimation of the fluc-
tuations, especially in the wall-normal and spanwise directions, is observed.
These discrepancies can be attributed to the coarser grid resolution in the
semi-stochastic WM-LES. Despite this, the overall agreement confirms the ac-
curacy of the proposed approach in capturing the main turbulent features of
the flow. Although the lower grid resolution could be seen as a limitation, it

was intentionally chosen to test the models performance under such conditions.
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Figure 4.2: Statistics of velocity field (carrier phase) of the turbulent channel
flow from wall-modelled LES at Re, = 500, where Re, = u,0/vs, being ¢ the
channel semi-height. (a) Mean axial velocity profile. (b) Mean axial velocity
fluctuations. (¢) Mean wall-normal velocity fluctuations. (d) Mean span-wise
velocity fluctuations. The statistics are also compared with the reference data
from DNS.

The agreement in mean velocity profiles and velocity fluctuation statistics, de-
spite the discrepancies due to the low grid resolution, supports the ability of
the proposed modeling approach to capture the key turbulent characteristics
of the flow while keeping the computational costs low.

4.3 Statistics of the dispersed phase

In this section, we present the analysis of the statistics of the dispersed phase.
To compute the velocity statistics and concentration, the domain has been
discretized along the wall-normal direction by dividing it into a specified num-
ber of bins, N, = 100, distributed according to a hyperbolic tangent function.
The size of the j** bin, Ay; ;» starting from the wall, is given by the following
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Figure 4.3: Statistics of velocity field (carrier phase) of the turbulent channel
flow from wall-modelled LES at Re, = 1000, where Re, = u,0/vy, being § the
channel semi-height. (a) Mean axial velocity profile. (b) Mean axial velocity
fluctuations. (c) Mean wall-normal velocity fluctuations. (d) Mean span-wise
velocity fluctuations. The statistics are also compared with the reference data
from DNS.

relation:

" Re,

Ayy; = (4.1)

real(j real(j — 1

i (e ()~ ()
with the factor y = 1.5 and 1 < 5 < N, j € N. After splitting the domain
into bins, for each time step, each particle is assigned to a bin based on its
position, and the Lagrangian properties of the particles are associated with
the corresponding bin. Finally, the Lagrangian properties within each bin are
averaged based on the number of particles in that bin. The simulation is run
with a time step At/to = 5- 1072 for a total time of t/t; = 750. Statistical
data were collected from t/ty = 375 to the end of the simulation at intervals
of Atgars/to = 0.5, where the timescale ¢, is defined as ty = h/U,, with h the
channel height and U, the bulk velocity.

We begin the analysis of the dispersed phase statistics by examining the

mean axial velocity profiles, shown in Fig. 4.5, as a function of the distance
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Figure 4.4: Statistics of velocity field (carrier phase) of the turbulent channel
flow from wall-modelled LES at Re, = 2000, where Re, = u,0/vy, being § the
channel semi-height. (a) Mean axial velocity profile. (b) Mean axial velocity
fluctuations. (c) Mean wall-normal velocity fluctuations. (d) Mean span-wise
velocity fluctuations. The statistics are also compared with the data from the
DNS by Hoyas and Jiménez [1].

from the wall for Re, = 500, Re, = 1000, and Re, = 2000. As expected,
the velocity profiles exhibit a logarithmic trend in the logarithmic region, con-
firming consistency with the theoretical behavior of turbulent channel flows.

For the first two cases, the semi-stochastic model predictions align closely
with the DNS results across all Stokes numbers and over the entire range of
distances from the wall. This agreement demonstrates the models ability to
accurately capture the dynamics of the dispersed phase along the flow direc-
tion. It is worth noting that, in all cases, the velocity profiles show a minor
deviation from the Eulerian phase trend in correspondence with the interface
layer, before recovering in the near-wall region to match the DNS trend im-
posed by the semi-stochastic model. In particular, a small velocity overshoot
is barely noticeable within the interface region. The presence of such a feature
can be attributed to interpolation effects or numerical artifacts arising from

the interface treatment, but its negligible magnitude suggests that it does not
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Figure 4.5: Mean axial velocity profiles of particles computed using the bin-
ning described in Eq. 4.1. Symbols represent the WM-LES datasets, while
lines correspond to the reference DNS datasets, available for the first two
cases. Three Stokes numbers, Stk™, are considered: 1 (red circles and solid
red line), 10 (green squares and dashed green line), and 100 (blue triangles and
dash-dotted blue line). Different panels show the results for different friction
Reynolds numbers: (a) Re, = 500, (b) Re, = 1000, and (c¢) Re, = 2000.
All the quantities are expressed in viscous units. The light-grey, dashed curve
represents the corresponding statistics of the carrier phase.

compromise the reliability of the model’s predictions.

Next, we present in Fig. 4.6 the root mean square of axial velocity fluctu-
ations of particles as a function of the distance from the wall for Re, = 500,
Re, = 1000, and Re, = 2000. In each case, the statistical trends of the dis-
persed phase closely follow those of the carrier phase in the outer layer, where
the Eulerian statistics are used to drive the motion of the particles. Conversely,
in the inner region, particle velocity fluctuations progressively deviate from the
Eulerian trend and recover a behavior more similar to the DNS results, owing
to the action of the semi-stochastic model. The only notable exception occurs
in the near-wall behavior of the case with Stk = 100. In this scenario, the
DNS results exhibit a more pronounced deviation from the corresponding semi-
stochastic WM-LES predictions. Although we cannot provide direct evidence,
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Figure 4.6: Root mean square of axial velocity fluctuations of particles com-
puted using the binning described in Eq. 4.1. Symbols represent the WM-LES
datasets, while lines correspond to the reference DNS datasets, available for
the first two cases. Three Stokes numbers, Stk™, are considered: 1 (red cir-
cles and solid red line), 10 (green squares and dashed green line), and 100
(blue triangles and dash-dotted blue line). Different panels show the results
for different friction Reynolds numbers: (a) Re,. = 500, (b) Re, = 1000, and
(¢) Re, = 2000. The light-grey, dashed curve represents the corresponding
statistics of the carrier phase.

we hypothesize that this discrepancy is due to inertial effects captured by the
DNS but not fully reproduced by our model. A further possible source of the
discrepancy observed for Stk™ = 100 lies in the simplified wall-normal velocity
fluctuation model introduced in Eq. 3.23. This formulation assumes a linear
relaxation-type response of particles to the sampled wall-normal fluctuations,
which is adequate for low and moderate Stokes numbers. However, at high in-
ertia, particles respond more slowly to rapid wall-normal variations and exhibit
a more pronounced phase lag with respect to the fluid velocity. These nonlin-
ear and frequency-dependent effects are not explicitly represented in Eq. 3.23.
As a result, the model may underestimate wall-normal fluctuation intensities
in the near-wall region, thereby contributing to the mismatch with DNS for
Stk™ = 100. This suggests that future improvements may require extending
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Figure 4.7: Wall-normal root mean square velocity fluctuations of particles
computed using the binning described in Eq. 4.1. Symbols represent the WM-
LES datasets, while lines correspond to the reference DNS datasets, available
for the first two cases. Three Stokes numbers, Stk™, are considered: 1 (red
circles and solid red line), 10 (green squares and dashed green line), and 100
(blue triangles and dash-dotted blue line). Different panels show the results
for different friction Reynolds numbers: (a) Re, = 500, (b) Re, = 1000, and
(c) Re; = 2000. The light-grey, dashed curve represents the corresponding
statistics of the carrier phase.

Eq. 3.23 to incorporate inertia-dependent decorrelation or frequency-selective
response behavior. More specifically, in DNS, highly inertial particles migrat-
ing from the outer layer toward the wall retain higher-intensity fluctuations,
which, upon reaching the near-wall region, contribute to an increase in veloc-
ity fluctuation statistics. Our model, however, does not entirely capture this
mechanism, leading to a slight underprediction of fluctuations for this partic-
ular Stokes number. Despite this localized discrepancy, the model accurately
predicts the overall trend of axial velocity fluctuations across all considered
cases, capturing the key features of the dispersed phase dynamics.

Analogous considerations can be made for the wall-normal and spanwise
root mean square velocity fluctuations, reported in Fig.4.7 and Fig.4.8, re-
spectively. In these cases, the consistency between the considered cases and
the reference DNS data is even more evident. It is also worth noting that, as



CHAPTER 4. MODEL VALIDATION AND RESULTS ANALYSIS 93

10° 10! 102

Figure 4.8: Spanwise root mean square velocity fluctuations of particles com-
puted using the binning described in Eq. 4.1. Symbols represent the WM-LES
datasets, while lines correspond to the reference DNS datasets, available for
the first two cases. Three Stokes numbers, Stk™, are considered: 1 (red cir-
cles and solid red line), 10 (green squares and dashed green line), and 100
(blue triangles and dash-dotted blue line). Different panels show the results
for different friction Reynolds numbers: (a) Re, = 500, (b) Re, = 1000, and
(¢) Re, = 2000. The light-grey, dashed curve represents the corresponding
statistics of the carrier phase.

previously discussed, the low resolution employed in the semi-stochastic WM-
LES is responsible for the underestimation of velocity fluctuations in the outer
region, where the Eulerian statistics are used to force the point-particle dy-
namics. This underestimation of fluctuations, in turn, leads to a corresponding
underestimation of the velocity fluctuations of the Lagrangian phase in this re-
gion. On the other hand, near the wall, the semi-stochastic model allows for
an accurate representation of the Lagrangian dynamics of the particles. This
confirms that, considering the limitations due to grid resolution, the model ef-
fectively captures the key statistical features of the dispersed phase both along
the span-wise and wall-normal directions.

Finally, we present the results of particle distribution in terms of concentra-
tion over the binning of the domain described by Eq. 4.1. The concentration

profiles are normalized by the reference concentration, Cy, which corresponds
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to a random, uniform distribution of particles in space along all three direc-
tions. It is worth noting that, under this assumption, the normalized concen-
tration would be unity for tracers, i.e., particles with low Stokes numbers.
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Figure 4.9: Mean normalized concentration of particles computed using the
binning described in Eq. 4.1. Symbols represent the WM-LES datasets, while
lines correspond to the reference DNS datasets, available for the first two
cases. Three Stokes numbers, Stk™, are considered: 1 (red circles and solid
red line), 10 (green squares and dashed green line), and 100 (blue triangles and
dash-dotted blue line). Different panels show the results for different friction
Reynolds numbers: (a) Re, = 500, (b) Re, = 1000, and (c) Re, = 2000.

For all the Stokes and Reynolds numbers considered, turbophoresis leads
to an accumulation of particles near the wall, as expected. The model fully
captures the inertial effects on turbophoresis, with lighter particles exhibiting
lower accumulation and heavier ones showing a stronger concentration near the
wall. We observe that, for low Stokes numbers, i.e., Stk™ < 10, the particle
concentration profiles obtained from the semi-stochastic WM-LESs closely fol-
low the reference DNS data both in the near-wall region and in the bulk flow.
On the other hand, for higher Stokes numbers, some discrepancies appear in
the bulk region, while the near-wall behavior remains well-predicted. Even if
we cannot provide any evidence, we infer that, the reduction in accuracy of the
semi-stochastic WM-LES model for higher Stokes numbers in the bulk region
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could be attributed to the way particle dynamics are coupled with the Eulerian
flow field. For low Stokes numbers, particles behave almost like tracers, mean-
ing their motion is strongly influenced only by the local, instantaneous fluid
velocity. Since the semi-stochastic WM-LES approach captures the large-scale
structures and mean flow properties of the carrier phase in the bulk region, the
resulting particle concentration profiles remain consistent with the DNS data
across the entire channel in this case. However, for higher Stokes numbers,
inertial effects become more significant. In these cases, particles respond more
slowly to fluid velocity fluctuations and tend to maintain their momentum over
longer distances. This means that their distribution is influenced not only by
local turbulence but also by their prior history of motion, including their in-
teractions with coherent turbulent structures. In the bulk region, when the
resolution is lower and subgrid-scale fluctuations are not explicitly resolved,
the model might not fully capture the transport mechanisms responsible for
the redistribution of inertial particles. As a result, discrepancies arise between
the WM-LES and DNS data in this region. Despite this, the near-wall behavior
remains well-predicted because the semi-stochastic model correctly accounts
for the enhanced turbophoretic drift that dominates particle accumulation in
this area. Near the wall, turbulent fluctuations are weaker, and the dominant
effect is the progressive drift of particles toward the boundary, which is well
handled by the model.
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CHAPTER 5

Final remarks and future perspectives

This study investigates the integration of a semi-stochastic model, based on
the Langevin equation with drift-correction, into the Wall-Modeled Large-
Eddy Simulation (WM-LES) framework for simulating particle-laden turbu-
lent channel flows. For the carrier phase, the three-dimensional, incompressible
Navier-Stokes equations are solved using implicit filtering. A WALE model is
used to account for the effects of the sub-grid scales of the turbulent motion on
the resolved ones. An equilibrium wall model, based on algebraic equations,
is employed to correct the stress field near the walls. The motion of the dis-
persed phase is described using the classical point-particle approach, while a
semi-stochastic model, based on Langevin equations, reconstructs the velocity
fluctuations sampled by the particles in the near-wall region, where the Eule-
rian velocity field is affected by the low resolution of the LES and wall model-
ing. The results demonstrate that the proposed semi-stochastic WM-LES ap-
proach successfully and accurately reproduces particle velocity statistics across
a range of Reynolds and Stokes numbers. In particular, the model provides a
reliable approximation of particle dynamics in turbulent flow, capturing aver-
age velocity fluctuations, recovering the expected logarithmic profiles for the
axial velocity component in the logarithmic region, and accurately predicting
near-wall particle velocities. Additionally, the model efficiently reproduces the
trends in particle concentration both near the wall and in the bulk region of
the flow. While the model captures the key features of the particle motion and
concentration, some minor discrepancies are observed in particle concentra-
tion predictions for higher Stokes numbers. In particular, the model tends to
slightly underestimate particle concentration in the bulk region, a limitation
that may stem from the inability to fully account for inertial effects at high
Stokes numbers and the low resolution employed for the simulations. Despite
these limitations, the present study highlights the potential of this modeling
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approach for improving computational efficiency while maintaining accuracy
in predicting particle motion and concentration. In conclusion, the findings of
this study contribute valuable insights into the modeling of particulate flows
in turbulent systems. Future work should focus on refining the semi-stochastic
model to better capture inertial effects at high stokes numbers, and explor-
ing its potential in a wider range of flow configurations. This approach could
prove beneficial in industrial and environmental applications, such as sediment

transport, mixing, and pollutant dispersion.



APPENDIX A

Sensitivity of the semi-stochastic WM-LES

model from the interface parameters

In this appendix, a sensitivity analysis of the model proposed in this paper is
presented, focusing on the position of the model interface. To this end, three
different cases are considered, with the interface located at y = 70, y; = 90,
and y = 110, respectively. The interface thickness is fixed in all cases and
set to AIT™ = 20. The analysis is reported for the case with Re, = 1000
and two Stokes numbers, Stk™ = 1 and Stk™ = 100, as the results for other
configurations show similar trends. The outcomes of the sensitivity analysis
are illustrated in Fig. A.1. Overall, no significant differences are observed
across the considered interface positions. Only minor discrepancies appear
near the wall for the concentrations of lower Stokes number case, which are
not considered to have a meaningful impact on the overall accuracy of the
model.
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Figure A.1: Velocity statistics (panels a-d) and particle concentration (panel e)
at two different Stokes numbers for Re, = 1000: Stk*t =1 (dashed lines) and
Stk™ = 100 (solid lines). Red, green, and blue lines correspond to three dif-
ferent interface positions set at y; = 70, y; = 90, and y; = 110, respectively.
The interface thickness is fixed in all cases and set to ATt = 20.
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