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Abstract
Through the use of sub-Riemannian metrics we provide quantitative estimates
for the maximal tight neighbourhood of a Reeb orbit on a three-dimensional
contact manifold. Under appropriate geometric conditions we show how to
construct closed curves which are boundaries of overtwisted disks. We intro-
duce the concept of contact Jacobi curve, and prove lower bounds of the
so-called tightness radius (from a Reeb orbit) in terms of Schwarzian deriv-
ative bounds. We compare these results with the corresponding ones from
Etnyre et al (2012 Invent. Math. 188 621–57; 2016 Trans. Am. Math. Soc.
368 7845–81), and we show that our estimates are sharp for classical model
structures. We also prove similar, but non-sharp, estimates in terms of sub-
Riemannian canonical curvature bounds. We apply our results to K-contact
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sub-Riemannian manifolds. In this setting, we prove a contact analogue of the
celebrated Cartan–Hadamard theorem.
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1. Introduction

A (co-oriented) contact structure ξ on a 3-manifold M is a totally non-integrable plane field,
i.e. ξ = kerω for some one-form ω satisfying the non-integrability condition ω ∧ dω 6= 0. A
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contact manifold is called overtwisted if it contains an embedded disk such that ξ is tangent
to the disk in a unique interior point and along the boundary (see definition 2.4). A contact
manifold is called tight if it is not overtwisted.

The two categories defined by the tight/overtwisted dichotomy have demonstrated surpris-
ingly different properties. Even though overtwisted contact structures on 3-manifolds have
been classified [Eli89] and tight contact structures have been extensively studied, it is not easy
to determine whether a given contact structure is tight or overtwisted.

The well-known Darboux theorem states that contact structures can be locally normalised:
any point in a contact manifold has a neighbourhood diffeomorphic to the standard contact
structure (R3,ωst), where ωst = dz+ 1

2 (xdy− ydx). It is well-known that the latter structure
is tight [Ben83]. Combining this fact and Darboux theorem we deduce that every contact
structure is locally tight. If we endow the contact manifold with a metric structure, then it
makes sense to ask the following question: what is the size of the maximal tight neighbour-
hood of a given point? In [EKM12, EKM16] the authors estimated the answer in the context
of Riemannian geometry, unveiling surprising connections between different notions of con-
vexity, Riemannian curvature, and tightness.

In this paper, instead, we investigate tightness criteria and geometric detection of over-
twisted disks via sub-Riemannian geometry. The fact that the sub-Riemannian geodesics are
tangent to ξmakes this framework natural and well-adapted to contact geometry. In this regard,
recent works [BBC22, BB23] have linked sub-Riemannian geometry to contact topology.

In order to introduce our results, we anticipate some definitions. A (three-dimensional)
contact sub-Riemannian manifold (M,ω,g) is a co-oriented contact manifold (M, ξ), with ξ =
kerω, endowed with a bundle metric g on ξ. Any positive rescaling of ω defines the same
contact structure. We always normalise ω via the sub-Riemannian metric, see (11), so that ω
is uniquely determined by g and ξ. This choice, in turn, yields a canonical complement of ξ:
the so-called Reeb field, denoted by f 0, is defined by the following equations

ω ( f0) = 1, dω ( f0, ·) = 0.

To every (M,ω,g) there is an associated sub-Riemannian distance d. For any p,q ∈M, d(p,q)
is defined as the infimum of the lengths of the curves tangent to ξ and joining the two points.
Thanks to the contact condition, (M, d) is a metric space with the same topology ofM. In con-
tact sub-Riemannian manifolds, geodesics (i.e. locally length-minimising curves parametrised
by constant speed) are projections of solutions of a Hamiltonian system on T∗M. To introduce
it, we define the sub-Riemannian Hamiltonian H : T∗M→ R as

H(λ) :=max

{
〈λ,v〉− 1

2
‖v‖2g

∣∣∣v ∈ ξπ(λ)} , λ ∈ T∗M,

which is a smooth and fibre-wise non-negative quadratic form (albeit degenerate and with
non-compact level sets). We denote with H⃗ the vector field on T∗M defined as the symplectic
gradient of H. Sub-Riemannian geodesics on a contact structure are precisely the projections
of integral curves of H⃗. In the following, we tacitly assume that (M, d) is a complete metric
space, in which case H⃗ is a complete vector field.

1.1. Tightness radius from a Reeb orbit

Let Γ⊂M be an embedded piece of Reeb orbit, i.e. a connected one-dimensional submanifold
of M, tangent to the Reeb vector field (see section 3 for details). The annihilator bundle of
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Γ is

AΓ := {λ ∈ T∗M | π (λ) ∈ Γ, 〈λ, f0〉= 0} .

Given r> 0 we also define the following bundles:

A<rΓ := AΓ∩
{√

2H< r
}
, A1Γ := AΓ∩

{√
2H= 1

}
.

AΓ (resp. A1Γ) plays the same role of the normal bundle (resp. unit normal bundle) in
Riemannian geometry. The injectivity radius of Γ is defined as

rinj (Γ) = sup
{
r> 0 | E : A<rΓ→M is a diffeomorphism onto its image

}
,

whereE is the tubular neighbourhoodmap, namely the restriction toAΓ of the sub-Riemannian
Hamiltonian flow:

E : AΓ→M, E(λ) := π ◦ eH⃗ (λ) .

It turns out that, for λ ∈ A<rΓ, and r= rinj(Γ), we have d(Γ,E(λ)) =
√

2H(λ) so that sub-
Riemannian geodesic involved in this construction realise the distance from Γ. We are inter-
ested in the size of the largest such neighbourhood on which the contact structure is tight.

Definition (Tightness radius). Let (M,ω,g) be a three-dimensional contact sub-Riemannian
manifold and let Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. The tightness
radius is

rtight (Γ) := sup
{
0< r< rinj (Γ) |

(
A<rΓ,kerE∗ω

)
is tight

}
.

If Γ is a (whole) Reeb orbit with rinj(Γ)> 0, then letting Br(Γ) the set of points at sub-
Riemannian distance from Γ smaller than r, it holds E(A<rΓ) = Br(Γ) for all 0< r< rinj(Γ).
Therefore the tightness radius can be expressed (for whole orbits) as

rtight (Γ) = sup
{
0< r< rinj (Γ) |

(
Br (Γ) ,kerω|Br(Γ)

)
is tight

}
. (1)

See remarks 3.8 and 4.2 for details.

1.2. Contact Jacobi curves

The main tool that we introduce to study the tightness radius is the contact Jacobi curve.
These are inspired by Jacobi curves in (sub-)Riemannian geometry and geometric control the-
ory, which are curves in the Lagrange Grassmannian whose dynamics is intertwined with the
presence of conjugate points and curvature (see [AG97, AZ02a, AZ02b, ABR18] and refer-
ences within). The dynamics of contact Jacobi curves, instead, is related with the presence of
overtwisted disks.

Definition (Contact Jacobi curve). Let (M,ω,g) be a complete three-dimensional contact
sub-Riemannian manifold, and let Γ be an embedded piece of a Reeb orbit. Consider the fol-
lowing one-parameter family of one-forms on A1Γ:

ωr :=
(
(π ◦ erH⃗)∗ω

)∣∣∣
A1Γ

, r ∈ [0,+∞).
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The contact Jacobi curve at λ ∈ A1Γ is the projectivisation of ωr|λ:

Ωλ : [0,+∞)→ P(T∗λA
1Γ)'RP1, Ωλ(r) := P(ωr|λ) .

The first singular radius of the contact Jacobi curve is

ro (λ) := inf{r> 0 | Ωλ (r) = Ωλ (0)} .

A first key result is a structural theorem for the contact Jacobi curve, namely theorem 5.13,
where we also prove that the definition above is well-posed for all r ∈ R. Theorem 5.13 is
technical, and for this reason it is omitted from this introduction.

The first singular time of contact Jacobi curves detects the presence of overtwisted disks.
This is our first main result, corresponding to theorem 5.19 in the body of the paper.

Theorem A (Geometric tightness radius estimates). Let (M,ω,g) be a complete three-
dimensional contact sub-Riemannian manifold and let Γ be an embedded piece of Reeb orbit
with rinj(Γ)> 0. Then, letting

r−o (Γ) := inf
{
ro (λ) | λ ∈ A1Γ

}
, r+o (Γ) := sup

{
ro (λ) | λ ∈ A1Γ

}
,

the following estimates hold:

min
{
rinj (Γ) ,r

−
o (Γ)

}
⩽ rtight (Γ)⩽min

{
rinj (Γ) ,r

+
o (Γ)

}
.

Moreover, if r+o (Γ)< rinj(Γ), then for any q ∈ Γ, the set

Dq :=
{
E(rλ) | λ ∈ A1

qΓ, r⩽ ro (λ)
}

is an overtwisted disk, and thus (M,ω) is an overtwisted contact manifold.

1.3. Tightness radius estimates

We apply theorem A by estimating the first singular radius in two conceptually different
ways. The first method assumes a control on the Schwarzian derivative of the contact Jacobi
curve, while the second method requires bounds on the so-called sub-Riemannian canonical
curvature. In the next two sections, we state the results obtained with either method. Then,
we compare our tightness radius estimates with the corresponding ones obtained in [EKM12,
EKM16] under Riemannian curvature bounds.

1.3.1. Tightness radius estimates via Schwarzian derivative. This first method, natural in
view of the definition of the contact Jacobi curve as curve in RP1, is based on the concept
of Schwarzian derivative (see section 5.1). This yields a sharp comparison theorem for the
tightness radius, corresponding to theorem 5.20.

Theorem B (Tightness radius estimates with Schwarzian derivative bounded above). Let
(M,ω,g) be a complete three-dimensional contact sub-Riemannian manifold and let Γ be an
embedded piece of Reeb orbit with rinj(Γ)> 0. Assume that there exist k1,k2 ∈ R such that the
Schwarzian derivative of the contact Jacobi curves are bounded above by:

1
2
S(Ωλ)(r)⩽− 3

4r2
+ k1r+ k2r

2, ∀r ∈ (0,rinj(Γ)], ∀λ ∈ A1Γ. (2)
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Then for the tightness radius of Γ it holds

rtight (Γ)⩾min{r∗ (k1,k2) ,rinj (Γ)} ,

where

r∗ (k1,k2) :=



−k1+
√

8π k3/2
2 +k21

2k2
, if k1,k2 > 0,

√
2π

k1/4
2

, if k1 ⩽ 0, k2 > 0,(
3j2/3

2

)2/3
1

k1/3
1

, if k1 > 0, k2 ⩽ 0,

+∞ if k1,k2 ⩽ 0,

(3)

and j2/3 ∼ 3.37 is the first positive root of the Bessel function of first kind J2/3.

The upper bound (2) is motivated by the structure of contact Jacobi curves, i.e. theorem
5.13. All three terms in the r.h.s. of (2) are needed in order to get sharp and general results. We
note that the upper bound in (2) is always verified for a given λ if rinj(Γ)<+∞ (e.g. when
M is compact). We refer to remarks 5.21 and 5.23 for details. Furthermore theorem B is sharp
for the standard sub-Riemannian contact structure (resp. overtwisted structure) of example 2.9
(resp. example 2.10), and all left-invariant K-contact structures. See remark 5.22.

1.3.2. Tightness radius estimates via canonical curvature. A second way to estimate
the singular radius of a contact Jacobi curve, and thus the tightness radius from a Reeb
orbit, is via curvature-type invariants. Our result if formulated in terms of the so-called
canonical curvatures. The canonical curvature plays the role of sectional curvature in sub-
Riemannian comparison geometry. Historically, it was introduced in [AG97, AZ02a], form-
alised in [ZL09], and further studied and developed in [LZ11, LLZ16, AL14, AL15, ABR18,
ABR17, BR16, BR20, BR17]. See section 5.6 for details. In the contact case, there are only
two such curvatures, associated to a given sub-Riemannian geodesic γλ : [0,T]→M, with ini-
tial covector λ ∈ T∗M, and are denoted by Rλ

a ,R
λ
c : [0,T]→ R. The next result corresponds to

theorem 5.28.

Theorem C (Tightness radius estimates with curvature bounded above). Let (M,ω,g) be
a complete three-dimensional contact sub-Riemannian manifold and let Γ be an embedded
piece of Reeb orbit with rinj(Γ)> 0. Assume that there exist A,C> 0 such that√

1+Rλ
a (r)

2 ⩽ A,
√

1+Rλ
c (r)

2 ⩽ C, ∀r ∈ [0,rinj (Γ)] , ∀λ ∈ A1Γ,

where Rλ
a (r),R

λ
c (r) are the canonical curvatures at λ. Then for the tightness radius of Γ it

holds

rtight (Γ)⩾min{τ (A,C) ,rinj (Γ)} ,

where

τ (A,C) :=
ˆ ∞

0

1
Au2 +Cu+ 1

du. (4)

Theorem C links tightness with sub-Riemannian curvature, for general three-dimensional
contact structures. As it will be clear from the proof, theorem C is non-sharp, even for the
standard contact structure.
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1.4. Cartan–Hadamard theorem for K-contact structures

A contact sub-Riemannian manifold (M,ω,g) is called K-contact if the Reeb flow acts on M
by isometries.

Denote with κ the Gaussian curvature of the surface obtained by locally quotienting M
under the action of the Reeb flow, see remark 2.8. It is a well-defined function on M, con-
stant along the Reeb orbits. We prove a contact analogue of the celebrated Cartan–Hadamard
theorem, corresponding to theorem 6.7.

Theorem D (Contact Cartan–Hadamard). Let (M,ω,g) be a complete three-dimensional
simply connected K-contact sub-Riemannian manifold. If κ⩽ 0 then (M,kerω) is contacto-
morphic to the standard contact structure on R3 (see example 2.2).

It follows from [Ruk95, NP09] that every K-contact structure is tight (see [EKM16, remark
1.3]). Under the non-positive curvature and simply connectedness assumptions, theorem D
tells us, in addition, that these structures are contactomorphic to the standard one. The proof
of theorem D has the following consequence, corresponding to corollary 6.9.

Corollary E. Let (M,ω,g) be a complete three-dimensional K-contact sub-Riemannian man-
ifold. If κ⩽ 0 then any periodic orbit of the Reeb field is the generator of an infinite cyclic
subgroup of the fundamental group π1(M).

In section 6.1 we apply theoremD to the contact structures coming from the Boothby–Wang
construction. Such a construction yields K-contact structures on principal circle bundles over
a Riemannian surface (B,η) with prescribed curvature κη (see theorem 6.10). We show that
any such contact manifold, provided that κη ⩽ 0, has tight universal cover.

In section 6.2 we show that, analogously to the classical Cartan–Hadamard theorem, the
assumption of non-positive κ in theorems D and E can be weakened. In particular, we show
an example of K-contact sub-Riemannian manifold with κ> 0 and for which the proofs of
theorems D and E and their thesis holds unchanged.

1.5. Comparison with the state of the art

We compare theorems B and C with corresponding results from [EKM16]. Let ξ be a
contact distribution on a three-dimensional manifold M. In [EKM16, definition 2.7] the
authors define a notion of Riemannian metric compatible with ξ (see section 7). For such
Riemannian structures, given a (whole) Reeb orbit Γ⊂M the authors estimate the radius of
the maximal tight embedded Riemannian tube around Γ. More precisely, let ER : AΓ→M
denote the Riemannian tubular neighbourhood map and let rRinj(Γ) denote the corresponding
(Riemannian) injectivity radius. Let also

BR
r (Γ) := {q ∈M | dR (q,Γ)< r} ,

where dR(·,Γ) denotes the Riemannian distance from Γ. The Riemannian tightness radius of
Γ is the Riemannian counterpart of (1), namely:

rRtight (Γ) := sup
{
0< r< rRinj (Γ) |

(
BR
r (Γ) , ξ|BR

r (Γ)

)
is tight

}
. (5)

Theorem 1.1 ([EKM16, theorem 1.8]). Let (M, ξ) be a three-dimensional contact manifold and
g a complete Riemannian metric that is compatible with ξ. Let Γ be a Reeb orbit with positive
injectivity radius, then the following estimate holds

rRtight (Γ)⩾min

{
rRinj (Γ) ,

inj(g)
2

,
π

2
√
K
,

2√
2a+ b2 + b

}
, (6)
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where rRinj(Γ) is the Riemannian injectivity radius from Γ, inj(g) is the Riemannian injectivity
radius of (M, g), and

a=
4
3
|sec(g) |, b=

θ ′

2
+

√
(θ ′)

2

4
− 1

2
min
q∈M

Ricq ( f0), (7)

where Ric is the Ricci tensor, f0 is the Reeb field, θ ′ is the rotation speed of the compatible
metric (see section 7), |sec(g)| is the maximum value of the sectional curvature, and K is any
positive upper bound for it.

Remark 1.2. The statement of [EKM16, theorem 1.8] assumes the Reeb orbit to be periodic.
However, the statement holds for any Reeb orbit, provided that the corresponding tube is
embedded. In other words, one has to include rRinj(Γ) in the minimum in the right hand side of
[EKM16, equation (1.2)], resulting in the lower bound (6).

Given a contact sub-Riemannian manifold (M,ω,g), one can obtain a Riemannian metric
compatible with the contact distribution in the sense of [EKM16, definition 2.7] by declaring
the Reeb field to be an orthonormal complement of ξ = kerω. We call the resulting metric the
Riemannian extension of the sub-Riemannian one, and we denote it with the same symbol g.
Conversely, if (M, ξ) is a contact manifold and g is a Riemannian metric compatible with it
in the sense of [EKM16, definition 2.7], then there exists a unique (normalised) contact form
ω such that ξ = kerω and (M,ω,g) is a contact sub-Riemannian manifold. The estimate in
[EKM16, theorem 1.8] is formulated in terms of the Riemannian distance, rather than the sub-
Riemannian one, compare (5) with (1). So, while a Riemannian tightness radius lower bound
always implies an identical sub-Riemannian one (just because dR ⩽ d), the converse is not
true. However, the following observation allows to compare the corresponding estimates (see
lemma 7.2).

Lemma 1.3. Let (M,ω,g) be a complete three-dimensional contact sub-Riemannian mani-
fold, and let Γ be an embedded Reeb orbit. Assume that the sub-Riemannian distance from Γ
coincides with the one determined by the Riemannian extension, then

rSRtight (Γ) = rRtight (Γ) .

We examine model structures of particular importance in which lemma 1.3 applies, so that
one can compare theorem 1.1 with theorems B and C. To this purpose, we denote the right
hand side of the corresponding tightness radii estimates as follows:

ρThm.B (Γ) :=min{rinj (Γ) ,r∗ (k1,k2)} , (8)

ρThm.C (Γ) :=min{rinj (Γ) , τ (A,C)} , (9)

ρEKM (Γ) :=min

{
rRinj (Γ) ,

inj(g)
2

,
π

2
√
K
,

2√
2a+ b2 + b

}
, (10)

where r∗(k1,k2) is defined in (3), τ(A,C) is defined in (4), and a,b,K are defined in (7). The
next result, corresponding to proposition 7.3, compares the aforementioned lower bounds.

Proposition 1.4 (Comparison with [EKM16], I). Let (M,ω,g) be a simply connected three-
dimensional K-contact left-invariant sub-Riemannian structure, and let Γ be an embedded
Reeb orbit. Then, the Riemannian and sub-Riemannian distances from Γ coincide. Up to a
constant rescaling of the contact form and the sub-Riemannian metric, we have the following
three cases:

8
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(i) (M,ω,g) is the left-invariant sub-Riemannian structure on the Heisenberg group (see
example 6.13). Moreover

ρThm.B (Γ) = rtight (Γ) = +∞, ρThm.C (Γ) =
2π

3
√
3
≈ 1.02, ρEKM (Γ)⩽ 1,

(ii) (M,ω,g) is the left-invariant sub-Riemannian structure on SU(2) (see example 6.14).
Moreover

ρThm.B (Γ) = rtight (Γ) = π, ρThm.C (Γ)≈ 1.05, ρEKM (Γ)⩽ 1.38,

(iii) (M,ω,g) is the left-invariant sub-Riemannian structure on S̃L(2) (see example 6.15).
Moreover

ρThm.B (Γ) = rtight (Γ) = +∞, ρThm.C (Γ)≈ 1.05, ρEKM (Γ)⩽ 0.74.

Finally, in the next result, corresponding to proposition 7.5, we compare theorem B with
[EKM16, theorem 1.8], in the standard sub-Riemannian overtwisted contact structure. Since
in this case the curvature is not bounded, ρEKM(Γ) = 0. We can still use theorem 1.1 (i.e.
[EKM16, theorem 1.8]) to obtain a non-trivial bound, by replacing ρEKM(Γ) with an adapted
version of the latter, that we call ρ̃EKM(Γ), as explained in remark 7.4.

Proposition 1.5 (Comparison with [EKM16], II). Let (R3,ωot,got) be the standard sub-
Riemannian overtwisted structure (see example 2.10). Let Γ be the Reeb orbit

Γ = {(0,0,z) | z ∈ R} .
Then the Riemannian and sub-Riemannian distances from Γ coincide. It holds

ρThm.B (Γ) = rtight (Γ) =
√
2π, ρ̃EKM (Γ)⩽ 3

√
2.

We conclude that for the classes of structures covered by theorems 1.4 and 1.5 the tight-
ness radius estimate from theorem B are sharp, while the ones of theorems C and 1.1 are
not. While it is difficult to compare all these results in general (lacking a direct formula link-
ing the Schwarzian derivative of a contact Jacobi curve with Riemannian or sub-Riemannian
curvatures), it emerges from this analysis that the contact Jacobi curves are a better tool to
detect overtwisted disks with respect to other curvature-based methods.

Remark 1.6. In an earlier paper [EKM12], the authors estimate the radius of the maximal tight
embedded Riemannian ball, instead of a tube around a Reeb orbit. Under suitable assump-
tions, one can compare theorem B also with [EKM12, theorem 1.1]. The former improves and
sharpens the latter for the models of propositions 1.4 and 1.5. Details can be found in [Bel24].

1.6. Structure of the paper

In section 2 we review some preliminaries in contact sub-Riemannian geometry. In section 3
we introduce special coordinates on the annihilator of a Reeb orbit, instrumental for our
proofs. The tightness radius is defined in section 4, and it is computed for a class of models
(section 4.1). In the same section we study the relation between the tightness radius and the
so-called singular locus of a Reeb orbit (section 4.2). The core of the paper is section 5, where
we introduce contact Jacobi curves, and we prove theorems A–C. Finally, in section 6 we focus
on K-contact structures, proving theorems D and E. The core examples, namely the standard

9
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contact structure (resp. the standard overtwisted structure) onR3, are presented throughout the
paper, in examples 2.2, 2.9 and corollary 4.4 (resp. examples 2.3 and 2.10 and corollary 4.5).
In section 7 we prove propositions 1.4 and 1.5.

2. Preliminaries

2.1. Three-dimensional contact manifolds

We review some preliminaries on contact manifolds. We refer e.g. to [Mas14, Gei08] for more
details. A three-dimensional contact manifold (M, ξ) is a smooth, connected 3-manifold M
endowed with a contact distribution, i.e. a plane field ξ ⊂ TM satisfying the non-integrability
condition ξ+ [ξ,ξ] = TM. The latter equation is called the contact condition. We say that two
contact manifolds (M, ξ) and (M ′, ξ ′) are contactomorphic if there exists a diffeomorphism
ψ :M→M ′ such that ψ∗ξ = ξ ′.

In the present paper we assume contact manifolds to be co-orientable, i.e. we assume the
existence of a smooth one-form ω such that ξ = kerω. Such a differential form is called a
contact form. Any positive rescaling of ω determines the same contact structure. The contact
condition can be expressed in terms of the contact form:

ξ+ [ξ,ξ] = TM ⇐⇒ ω ∧ dω is a volume form ⇐⇒ dω|ξ is symplectic.

The geometric meaning of such condition is that the plane field ξ twists monotonically along
horizontal foliations, i.e. foliations by curves which are tangent to ξ. This prevents ξ from
having any integral surface. A fundamental notion in the study of contact structures is that of
a characteristic foliation.

Definition 2.1. Let (M, ξ) be a contact manifold, and Σ⊂M be an embedded surface. The
characteristic foliation is the singular line field ξ ∩TΣ i.e. a rank 1 distribution with singular-
ities. We say that q ∈ Σ is singular if

ξq = TqΣ.

Let us introduce some important examples, which are needed in the following.

Example 2.2 (Standard contact structure). The standard contact structure on R3 is defined,
in cylindrical coordinates x= rcosθ, y= rsinθ, z, by the contact form

ωst := dz+
r2

2
dθ, ξst := kerωst.

Let Σ= {z= 0}. Its characteristic foliation ξst ∩TΣ consists of radial lines and has a unique
singularity at the origin. The distribution twists monotonically along radial lines: the angle
between ξst and Σ is the monotone function

ϕst (r) := arctan

(
r2

2

)
,

which reaches π/2 asymptotically as r→∞, namely:

lim
r→∞

ϕst (r) =
π

2
.

10
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Example 2.3 (Standard overtwisted structure). The standard overtwisted structure on R3 is
defined, in cylindrical coordinates x= rcosθ, y= rsinθ, z, by the contact form

ωot := cos

(
r2

2

)
dz+ sin

(
r2

2

)
dθ, ξot := kerωot.

Let Σ := {z= 0}. Its characteristic foliation ξst ∩TΣ consists of radial lines and the singu-
larities are the origin and the circles Ck := {(x,y,0) | x2 + y2 = 2kπ}, k ∈ N. The distribution
twists monotonically along radial lines: the angle between ξot and Σ is the monotone function

ϕot (r) :=
r2

2
,

which rotates infinitely many times as r→∞, namely:

lim
r→∞

ϕst (r) = +∞.

The disk delimited by the first singular circle,

Dot :=
{
(x,y,0) | x2 + y2 ⩽ 2π

}
,

together with its characteristic foliation, is called the standard overtwisted disk.

Definition 2.4. A three-dimensional contact manifold (M, ξ) is overtwisted if it contains an
overtwisted disk. Namely, there exists an embedded disk D⊂M and a diffeomorphism ψ :
D→ Dot, such that

ψ∗ (ξ ∩TD) = (ξot ∩TDot) .

A contact manifold is called tight if it is not overtwisted.

Remark 2.5. Definition 2.4 is equivalent to the existence of neighbourhoods U⊂ R3 of Dot,
V⊂M, and a diffeomorphism Ψ : V→ U such that Ψ(D) = Dot and Ψ∗ξ = ξot. See [Mas14,
lemma 13 and exercise p 48].

Remark 2.6 (universal tightness). Given a three-dimensional contact manifold (M, ξ) with
universal cover p : M̃→M, there is a natural way to endow M̃ with a contact structure, which
at each q ∈ M̃ is determined by the equation p∗ξ̃q = ξp(q). If (M̃, ξ̃) is tight then (M, ξ) is called
universally tight. If (M, ξ) is overtwisted, then any overtwisted disk can be lifted to the uni-
versal cover. Therefore universal tightness implies tightness.

The standard overtwisted structure is overtwisted, while the standard contact structure ξst, as
proven by Bennequin [Ben83], is tight. Awell-known property of contact structures is that they
can be locally normalised: according to the Darboux theorem every contact structure is locally
contactomorphic to the standard one (R3, ξst). Therefore every contact structure is locally tight.
If a contact manifold is endowed with a metric structure, it makes sense to ask what is the size
of the maximal tight neighbourhood of a point. In this work the selected metric structure is a
sub-Riemannian one. This choice is natural in view of the fact that length-minimising curves
are horizontal and the distribution twists monotonically along them, so that we can expect to
detect overtwisted disks in terms of the sub-Riemannian distance.

11
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2.2. Contact sub-Riemannian geometry

A three-dimensional contact sub-Riemannian manifold (M,ω,g) is a co-orientable contact
manifold (M, ξ), with ξ = kerω, endowed with a bundle metric g on ξ, called sub-Riemannian
metric. Note that as a consequence of the definition, M is oriented by the non-vanishing top-
form ω ∧ dω. The Reeb field f 0 is the vector field transverse to ξ defined by the conditions

ω ( f0) = 1, dω ( f0, ·) = 0.

We extend the sub-Riemannianmetric g to a Riemannian one by declaring f 0 to be orthonormal
to ξ. We say that ω is normalised (with respect to the given sub-Riemannian metric) if

ω ∧ dω = Volg, (11)

where Volg is the volume form induced by the extended metric on the oriented manifold M.
Note that for any contact sub-Riemannian manifold (M,ω,g) one can multiply ω by a

suitable positive function f :M→ R so that the normalisation condition (11) is satisfied for
(M, fω,g). For this reason, in the following, we always assume that (11) is satisfied.

The sub-Riemannian structure induces an almost-complex structure, i.e. a smooth bundle
morphism J : ξ→ ξ such that J2 =−1, which is defined by

dω (X,JY) = g(X,Y) , ∀X,Y ∈ ξp, ∀p ∈M. (12)

Let f0, f1, f2 be a local oriented orthonormal frame (in particular f1, f2 are horizontal). Let
ν0,ν1,ν2 the corresponding dual co-frame. Then ω = ν0 and (11) and (12) read

dν0 = ν1 ∧ ν2, J f1 = f2, J f2 =−f1.

The structural coefficients of the frame f1, f2, f0 are the locally defined functions

ckij := g([fi, fj] , fk) , i, j,k= 0,1,2,

or equivalently

dθk =−
∑

0⩽i<j=2

ckijνi ∧ νj, k= 0,1,2.

The next result is taken from [ABB20, chapter 17] where a different convention is used for the
sign of structure coefficient.

Proposition 2.7. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold. Let
f0 be its Reeb vector field, and let f0, f1, f2 be a local oriented orthonormal frame, then

[f1, f2] = c112f1 + c212f2 − f0,

[f1, f0] = c110f1 + c210f2,

[f2, f0] = c120f1 + c220f2.

Moreover, it holds

c101 + c202 = 0.

12
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Furthermore, the following quantities

χ :=

√(
c101
)2

+
1
4

(
c201 + c102

)2
,

κ := f1
(
c212
)
− f2

(
c112
)
−
(
c112
)2 − (c212)2 + c102 − c201

2
,

do not depend on the choice of f1, f2 and therefore are globally defined functions χ,κ :M→ R.

Remark 2.8. The functions χ and κ are invariant under the action of smooth sub-Riemannian
isometries of (M,ω,g) (diffeomorphisms that preserve the sub-Riemannian distribution and
its metric). The invariant χ vanishes if and only if the flow of the Reeb flow acts by sub-
Riemannian isometries. The invariant κ has a less obvious geometric interpretation. If χ= 0,
then κ is the Gaussian curvature of the surface obtained by locally quotienting M under the
action of the Reeb flow. More precisely, in this case κ is constant along the Reeb orbits and,
if N=M/f0, i.e. the quotient of M by the Reeb flow, is a smooth surface, then it inherits a
Riemannian structure with Gaussian curvature κ. More generally letU⊂M be an open subset.
Then (U,ω|U,g|U), is a smooth sub-Riemannian manifold. If the quotient manifold U/( f0|U)
is well-defined (which is the case when U is sufficiently small), then U/( f0|U) has the natural
structure of Riemannian surface with Gaussian curvature κ. For more details see [ABB20,
chapter 17].

Example 2.9 (Standard sub-Riemannian contact structure). Let (R3,ωst) be the standard
contact structure of example 2.2. We define a sub-Riemannian metric gst on ξst = kerωst such
that the following global vector fields are orthonormal:

f1 := ∂x+
y
2
∂z, f2 := ∂y−

x
2
∂z.

The normalised contact form and the Reeb vector field are, respectively

ωst = dz+
1
2
(xdy− ydx) , f0 = ∂z.

The contact sub-Riemannian manifold (R3,ωst,gst) is called the Heisenberg group, and its
metric invariants vanish: χ = κ= 0.

We introduce in this paper a sub-Riemannian metric on the standard overtwisted structure,
which will turn out to be natural for tightness radius estimates.

Example 2.10 (The standard sub-Riemannian overtwisted structure). Let (R3,ωot) be the
standard overtwisted structure of example 2.3. We define a sub-Riemannian metric got on ξot =
kerωot such that the following vector fields (in cylindrical coordinates) are orthonormal:

f1 := ∂r, f2 :=
1
r
cos

(
r2

2

)
∂θ −

1
r
sin

(
r2

2

)
∂z.

The normalised contact form and the Reeb vector field are, respectively

ωot = cos

(
r2

2

)
dz+ sin

(
r2

2

)
dθ, f0 = cos

(
r2

2

)
∂z+ sin

(
r2

2

)
∂θ.

The metric invariants of (R3,ωot,got) are χ = r
2 and κ= r2

2 .

13
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Remark 2.11. Note that f1, f2 of example 2.10 are defined only out of the z axis, however, the
corresponding sub-Riemannian metric is globally well-defined and smooth.

The sub-Riemannian metric induces a length structure on horizontal curves; given T > 0
and absolutely continuous γ : [0,T]→M, with γ̇(t) ∈ ξγ(t) for a.e. t ∈ [0,T], we denote

ℓ(γ) :=

ˆ T

0
‖γ̇ (t)‖g dt,

where ‖ · ‖g is the norm induced on ξ by g. We define the sub-Riemannian distance as

d(q,p) := inf{ℓ(γ) | γ is horizontal, γ (0) = q, γ (T) = p} .

The next result justifies the above definition, and it is a consequence of the Rashevskii–Chow
theorem, see e.g. [ABB20, chapter 3].

Theorem 2.12. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold, then
(M, d) is a metric space and the metric topology coincides with the manifold topology.

A sub-Riemannian geodesic is a horizontal curve γ : [0,T]→M, parametrised with constant
speed ‖γ̇(t)‖g = C such that d(γ(t),γ(s)) = C|t− s| for all t,s ∈ [0,T]. It is well-known that,
for contact structures, sub-Riemannian geodesics are smooth and are projections of solutions
of a Hamiltonian system on T∗M, which we now describe.

Let f1, f2 be a local orthonormal frame for the sub-Riemannian structure, f 0 be the Reeb
field and let h0,h1,h2 : T∗M→ R be the associated hamiltonian functions

hi (λ) := 〈λ, fi 〉, λ ∈ T∗M, i = 0,1,2. (13)

If ckij are the structural coefficients of the frame f0, f1, f2, i.e. [fi, fj] = ckijfk, then the Poisson
brackets {·, ·} : C∞(T∗M)×C∞(T∗M)→ C∞(T∗M) satisfy

{hi,hj}=
2∑

k=0

ckijhk.

For any smooth function h : T∗M→ R recall that the symplectic gradient is defined as the
unique smooth vector field h⃗ ∈ Γ(T∗M) such that dh= σ(·, h⃗), where σ is the canonical
symplectic form on T∗M. Equivalently, h⃗(·) = {h, ·}. The sub-Riemannian Hamiltonian H :
T∗M→ R is

H :=
1
2

(
h21 + h22

)
. (14)

The right hand side of (14) is independent of the choice of f1, f2 and thus yields a well-defined
smooth function on T∗M. The corresponding Hamiltonian vector field satisfies

H⃗= h1h⃗1 + h2h⃗2. (15)

Every sub-Riemannian geodesic γ : [0,T]→M is the projection of an integral curve of H⃗,
namely there exists λ ∈ T∗M such that

γ (t) = π ◦ etH⃗ (λ) , ∀t ∈ [0,T] ,

and conversely, any sufficiently short segment of such projections is a sub-Riemannian
geodesic. The following rescaling property holds, as a consequence of the homogeneity of
the Hamiltonian:

eH⃗ (αλ) = αeαH⃗ (λ) , ∀α > 0, λ ∈ T∗M. (16)

14
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We recall the following sub-Riemannian version of the Hopf–Rinow theorem, see e.g.
[ABB20].

Theorem 2.13. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold, then
(M, d) is a complete metric space if and only there exists q ∈M such that the restriction of the
Hamiltonian flow etH⃗|T∗qM : T∗qM→ T∗M is well-defined for all t ∈ R.

As a consequence the following definition is well-posed.

Definition 2.14. Let (M,ω,g) be a complete three-dimensional contact sub-Riemannian man-
ifold. For q ∈M, we define the exponential map expq : T

∗
qM→M as

expq (λ) := π ◦ eH⃗ (λ) ,

where π : T∗M→M is the bundle projection.

3. Exponential coordinates

We describe the contact structure in a special coordinate neighbourhood of a Reeb orbit. For
the following, let (M,ω,g) a contact sub-Riemannian manifold. Let Γ⊂M be an embedded
piece of Reeb orbit, which we always assume to be connected, without boundary, and non-
trivial. Maximal integral lines of the Reeb field are simply called Reeb orbits. We can have
two cases: either Γ is diffeomorphic to an open interval or to a circle.

3.1. Cylindrical coordinates on the annihilator bundle

We first study the annihilator bundle of Γ.

Definition 3.1. The annihilator bundle of Γ is

AΓ := {λ ∈ T∗M | π (λ) ∈ Γ, 〈λ, f0〉= 0} .

Given r> 0 we also define the following bundles:

A<rΓ := AΓ∩
{√

2H< r
}
, A1Γ := AΓ∩

{√
2H= 1

}
.

Remark 3.2. The restriction 2H|AΓ : AΓ→ R is a fibre-wise positive definite quadratic form.
In particular AΓ is an Euclidean bundle.

The following property is crucial for the construction of coordinates on AΓ.

Lemma 3.3. The restriction ξ|Γ is a trivial vector bundle over Γ. In other words there exist a
horizontal orthonormal frame f1, f2 defined in a neighbourhood of Γ.

Proof. If Γ is diffeomorphic to an interval, then there is nothing to prove. Assume then that Γ
is diffeomorphic to a circle. This means that we can find τ > 0 and q ∈ Γ such that the curve
γ : [0, τ ]→M given by

γ (z) = ezf0 (q) ,

satisfies γ(0) = γ(τ) and Γ = γ([0, τ ]). Let X0,Y0 be a basis for ξq. Then

Xz := ezf0∗ X0, Yz := ezf0∗ Y0, z ∈ [0, τ ] ,

15
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is a basis for ξγ(z), since the Reeb flow preserves ω. Notice that eτ f0∗ : ξq → ξq is an orientation
preserving endomorphism, the orientation being the one induced on ξq by dω. In particular
eτ f0∗ is homotopic to the identity: there exists a smooth curve G : [0, τ ]→ GL(2) such that

G0 = Id,

(
Xτ

Yτ

)
= Gτ

(
X0

Y0

)
.

We obtain a smooth trivialising frame for X̄, Ȳ for ξ|Γ by setting(
X̄z
Ȳz

)
= G−1

z

(
Xz
Yz

)
, ∀z ∈ [0, τ ] .

We can extend X̄ and Ȳ to an horizontal frame in a neighbourhood of Γ, which in turn yields a
orthonormal horizontal frame f1, f2 by Gram–Schmidt.

Let Γ⊂M be an embedded piece of Reeb orbit. We recall that either Γ is diffeomorphic to
an open interval or to a circle. Fix q ∈ Γ and let γ : I→ Γ be the diffeomorphism

γ (z) = ezf0 (q) , ∀z ∈ I,

where I is either an open interval or I= R/τN' S1 for some τ > 0 (the period of the orbit).
Since ξ|Γ is a trivial bundle over Γ, there exists an oriented orthonormal frame f0, f1, f2 on

Γ and a corresponding dual frame ν0 = ω,ν1,ν2, which we fix for the next proposition.

Proposition 3.4. The map Ψ : I×R2 → AΓ defined by

Ψ(z,x,y) := (xν1 + yν2) |γ(z), (17)

is an isomorphism of Euclidean bundles satisfying

2H ◦Ψ = ‖ · ‖2R2 .

In particular, all the bundles of definition 3.1 are trivial, with

AΓ' I×R2, A<rΓ' I×Br, A1Γ' I× ∂B1,

where Br is the two-dimensional Euclidean open ball of radius r> 0.

Proof. Any covector λ ∈ T∗M|Γ on Γ can be written as

λ=
2∑

i=0

〈λ, fi〉νi =
2∑

i=0

hi (λ)νi,

where the hi : T∗M→ R are defined in (13). Notice that

AΓ = {λ ∈ T∗M | π (λ) ∈ Γ, h0 (λ) = 0} ,

thus any λ ∈ AΓ can be written in a unique way as λ= xν1 + yν2, with x,y ∈ R2. It fol-
lows that (17) is a bundle isomorphism Since 2H= h21 + h22, then it holds 2H ◦Ψ = ‖ · ‖2R2

as claimed.
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Proposition 3.4 yields a global set of coordinates on AΓ. The corresponding cyl-
indrical coordinates (z,r,θ) ∈ I× (0,+∞)× [0,2π) defined outside of the zero section of AΓ,
given by

x= rcosθ, y= rsinθ, z,

will be instrumental in our analysis, and referred to as cylindrical coordinates on AΓ.

3.2. Tubular neighbourhood of a Reeb orbit

We define the tubular neighbourhood map.

Definition 3.5. The tubular neighbourhood map is defined as

E : AΓ→M, E(λ) = π ◦ exp(λ) . (18)

The tubular neighbourhood map at Γ yields coordinates in a neighbourhood of Γ such that
the sub-Riemannian distance δ :M→ R from Γ, given by

δ (q) := inf
p∈Γ

d(p,q) , ∀q ∈M,

has a simple expression. The next theorem is a particular case of a sub-Riemannian version
of the tubular neighbourhood theorem which holds for general non-characteristic embedded
submanifolds, see e.g. [BRR24, theorem 3.1]. See also [ACEAG98, section 2.4] for an earlier
version for three-dimensional contact structures.

Theorem 3.6 (Tubular neighbourhood). There exists a neighbourhood U⊂ AΓ of the zero
section of AΓ such that the restriction of the tubular neighbourhood map E|U : U→M is a
diffeomorphism onto its image, and for the distance δ from Γ it holds

δ ◦E|U =
√
2H|U. (19)

If Γ has compact closure, then we can choose U= A<rΓ for some r> 0. Furthermore if q ∈M
and σ : [0,T]→M is a geodesic realising the distance between q andΓ, i.e. σ(0) ∈ Γ, σ(T) = q
and δ(q) = ℓ(σ) = T, then there exists λ ∈ A1Γ such that

σ (t) = E(tλ) , ∀ t ∈ [0,T] .

In the following, givenU⊂ AΓ, we will denote the restriction of the tubular neighbourhood
map to U with E : U→M instead of E|U : U→M.

Definition 3.7. Let Γ be an embedded piece of Reeb orbit. The injectivity radius of Γ is

rinj (Γ) := sup
{
r> 0 | E : A<rΓ→M is a diffeomorphism onto its image

}
,

with the understanding that rinj(Γ) = 0 if the above set is empty.

Remark 3.8. Let Γ be a (whole) Reeb orbit with rinj(Γ)> 0. Theorem 3.6 implies that

E
(
A<rΓ

)
= Br (Γ) := {q ∈M | d(q,Γ)< r} , ∀r< rinj (Γ) .
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4. The tightness radius from a Reeb orbit

In this section we introduce the tightness radius and prove our first estimates for it.

Definition 4.1. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold and let
Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. The tightness radius is

rtight (Γ) := sup
{
0< r< rinj (Γ) |

(
A<rΓ,kerE∗ω

)
is tight

}
.

Remark 4.2. It follows from remark 3.8 that, if Γ is a (whole) Reeb orbit with rinj(Γ)> 0,
then

rtight (Γ) = sup
{
0< r< rinj (Γ) |

(
Br (Γ) ,kerω|Br(Γ)

)
is tight

}
, (20)

where Br(Γ) is the set of points at sub-Riemannian distance from Γ smaller than r.

4.1. A class of models and their tightness radius

We compute the tightness radius for a class of examples. For the next statement we say that
a smooth function α : R3 → R is radial if, in cylindrical coordinates (r,θ,z) it holds ∂θα=
∂zα= 0.

Theorem 4.3. Let ω be a contact form on R3, such that in cylindrical coordinates on R3

ω = αdz+βdθ,

for some smooth radial functions α,β. Let γ := α∂rβ−β∂rα. Then

g :=

(
dr⊗ dr+

γ2

α2 +β2
(dθ⊗ dθ+ dz⊗ dz)

)∣∣∣∣
kerω

is a sub-Riemannian metric, and ω is normalised. Thus (R3,ω,g) is a contact sub-Riemannian
structure. The curve

Γ =
{
(0,0,z) ∈ R3 | z ∈ R

}
is the orbit of the Reeb field passing through the origin. In cylindrical coordinates on AΓ of
section 3.1 the map E : AΓ→ R3 is the identity:

E(z,rcosθ,rsinθ) = (rcosθ,rsinθ,z) ,

and in particular the distance δ : R3 → R from Γ is

δ (rcosθ,rsinθ,z) = r.

Moreover, the frame {f0,N,JN} is orthonormal and oriented, where

f0 =
∂rβ

γ
∂z−

∂rα

γ
∂θ, N= ∂r, JN=

α

γ
∂θ −

β

γ
∂z. (21)

Finally, the tightness and injectivity radii are:

rinj (Γ) = +∞, rtight (Γ) = inf{r> 0 | β (r) = 0} .
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Proof. Since α,β ∈ C∞(R3) are smooth radial functions, the maps

R 3 r 7→ α(rcosθ,rsinθ,z) , β (rcosθ,rsinθ,z) ,

are smooth as functions of one variable and furthermore ∂2j+1
r α(0,z) = ∂2j+1

r β(0,z) = 0 for all
j ∈ N and z ∈ R, where here and in the following we employ the shorthand (0,z) = (0,0,z) ∈
R3. The fact that ω is a smooth contact form poses some additional constraints. First, notice
that

ω = αdz+
β

r2
(xdy− ydx) .

Therefore β(0,z) = 0 and β/r2 must be a smooth function. Furthermore, ω is a contact form
and thus it cannot vanish: from ω|r=0 = α(0,z)dz, we deduce that the radial functionα satisfies
α0 := α(0,z) = α(0,0) 6= 0. Additionally by the contact condition

ω ∧ dω =
γ

r
dx∧ dy∧ dz ⇒ γ

r
is smooth and never vanishing. (22)

Combining (22) with the fact that β/r2 is smooth we deduce

lim
r→0

γ

r
= lim

r→0

α∂rβ−β∂rα

r
= lim

r→0

α∂rβ

r
= α0 lim

r→0

∂rβ

r
6= 0. (23)

One can check that the vector fields N,JN of (21) are orthonormal for g. Moreover

ω ( f0) = 1, dω ( f0, ·) = 0, dω (N,JN) = 1.

Thus g is a sub-Riemannian metric, ω is normalised, and f 0 is the Reeb field of ω.
Using (22) and (23) we obtain that

lim
r→0

f0 = lim
r→0

∂rβ/r
γ/r

∂z− lim
r→0

∂rα/r
γ/r

∂θ =
1
α0
∂z.

In particular Γ = {(0,0,z) | z ∈ R} is the orbit of f 0 passing through the origin.
The Hamiltonian functions of the vector fields (21) are

hN = pr, hJN =
α

γ
pθ −

β

γ
pz, h0 =

∂rβ

γ
pz−

∂rα

γ
pθ,

where the p’s are the canonical momenta associated to (r,θ,z). Observe that

AΓ =
{
λ ∈ T∗R3 | π (λ) ∈ Γ, pz (λ) = 0

}
=
{
λ ∈ T∗R3 | λ= (pxdx+ pydy) |(0,0,z)

}
.

Therefore, the sub-Riemannian Hamiltonian satisfies

2H= p2r + h2JN = p2r +

(
α

γ
pθ −

β

γ
pz

)2

.

Hamilton’s equation in coordinates are then
ṗr =−hJN∂rhJN,
ṗθ = 0,

ṗz = 0,


ṙ= pr,

θ̇ = hJN∂pθhJN,

ż= hJN∂pzhJN.
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Since hJN|pθ,pz=0 = 0, then for each px,py,z ∈ R the curve

R 3 t 7→ (tpx, tpy,z,px,py,0) ∈ T∗R3,

is an integral curve of H⃗ with initial condition (0,0,z,px,py,0) ∈ AΓ. Recall that EAΓ→ R3 is

given by E= π ◦ eH⃗|AΓ. Therefore in cylindrical coordinates on AΓ (see section 3.1) we have

E(z,rcosθ,rsinθ) = (rcosθ,rsinθ,z) ,

as claimed.It follows that rinj(Γ) = +∞.
To conclude, we compute the tightness radius. For R> 0 we denote with CR = {(x,y,x) ∈

R3 | x2 + y2 < R2} the sub-Riemannian cylinder around Γ of radius R. Let us denote

R0 = inf{r> 0 | β (r) = 0} .

If R> R0 then, according to definition 2.4, for each z ∈ R the disk

D0 =
{
(rcosθ,rsinθ,z) ∈ R3 | r⩽ R0, θ ∈ [0,2π)

}
,

is diffeomorphic to the standard overtwisted disk, thus rtight(Γ)⩽ R0. To prove the opposite
inequality, we will build a diffeomorphism φ : CR0 → CR0 such that φ∗ξst = ξ, where ξst is the
standard contact structure of example 2.2, which is tight.

Tomotivate the construction, note that for any such diffeomorphism there is a non-vanishing
function f ∈ C∞(CR0) such that

φ∗ ( fω) = ωst, on CR0 ,

where ωst = dz+ r2

2 dθ. In particular, φ maps orbits of the Reeb field of ωst to orbits of the
Reeb field of ω̄ := fω. Since the Reeb field of ωst, which is ∂z, does not have periodic orbits,
we select f in such a way that the Reeb field f̄0 of ω̄ has none either, and use it to build the
claimed diffeomorphism.

We now proceed with the construction of φ. By definition of R0, the smooth function β/r2

is non-vanishing for r ∈ [0,R0), thus we set

ω̄ :=

(
r2

2β

)
ω = ᾱdz+ β̄dθ, where ᾱ :=

r2

2
α

β
, β̄ :=

r2

2
.

For the contact form ω̄ all previous computation holds, replacing α,β and γ with their barred
counterparts, and in particular from (21) the Reeb field is

f̄0 =
∂rβ̄

γ̄
∂z−

∂rᾱ

γ̄
∂θ.

In particular, using (22), we observe that

dz
(̄
f0
)
=
∂rβ̄

γ̄
=
( γ̄
r

)−1

is non-vanishing,

so that f̄0 has no periodic orbits. Notice that f̄0 is a vector field tangent to the cylinders CR and
its components are radial functions, hence it is complete.We claim that the map φ : CR0 → CR0

φ(x,y,z) := ez̄fo (x,y,0) ,
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is a diffeomorphism such that φ∗ω̄ = ωst. We prove that latter property first, in fact:

φ∗ω̄ = ω̄ (φ∗∂r)dr+ ω̄ (φ∗∂θ)dθ+ ω̄ (φ∗∂z)dz

= ω̄
(
ez̄f0∗ ∂r

)
dr+ ω̄

(
ez̄f0∗ ∂θ

)
dθ+ ω̄

(̄
f0
)
dz

= ω̄ (∂r)dr+ ω̄ (∂θ)dθ+ dz= dz+
r2

2
dθ = ωst.

In particular φ is an immersion, since it sends a contact form to a contact form. Moreover φ is
injective: since dz(̄f0)> 0, then the equality φ(x,y,z) = φ(x ′,y ′,z ′) implies z= z ′, which in
turns implies x= x ′, y= y ′. The map is also surjective since the integral curves of f̄0 foliate
the cylinders CR, R ∈ (0,R0). This concludes the proof of the claim.

As a corollary of theorem 4.3 we compute the tightness radius for examples 2.9 and 2.10.

Corollary 4.4. The curve Γ = {(0,0,z) | z ∈ R} is an orbit of the Reeb field for the standard
sub-Riemannian contact structure of example 2.9. In cylindrical coordinates:

E∗ωst = dz+
r2

2
dθ.

It holds:

rinj (Γ) = +∞, rtight (Γ) = +∞.

Corollary 4.5. The curve Γ = {(0,0,z) | z ∈ R} is an orbit of the Reeb field for the standard
sub-Riemannian overtwisted structure of example 2.10. In cylindrical coordinates:

E∗ωot = cos

(
r2

2

)
dz+ sin

(
r2

2

)
dθ.

It holds:

rinj (Γ) = +∞, rtight (Γ) =
√
2π.

4.2. Tightness radius and singular locus

The tightness radius can be estimated studying the characteristic foliation of the fibres of the
annihilator bundle.

Definition 4.6 (Singular locus of Reeb orbits). Let (M,ω,g) be a three-dimensional contact
sub-Riemannian manifold and let Γ be an embedded piece of Reeb orbit with ρ := rinj(Γ)> 0.
Consider, for every q ∈ Γ, the embedded surfaces

Σq :=
{
E(λ) | λ ∈ A<ρΓ, π (λ) = q, λ 6= 0

}
.

The singular locus ofΓ is the union, for q ∈ Γ, of the singularities of the characteristic foliations
of Σq in the contact manifold (M, ξ = kerω), namely

Sing(Γ) :=
⋃
q∈Γ

{
p ∈ Σq

∣∣∣TpΣq = ξp

}
.
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Theorem 4.7. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold and let
Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. Then Sing(Γ)⊂M is an embedded
surface and

rtight (Γ)⩾min{d(Γ,Sing(Γ)) ,rinj (Γ)} , (24)

with the understanding that, if Sing(Γ) = ∅ then rtight(Γ) = rinj(Γ).
The equality holds in (24) for the models of theorem 4.3, and in particular of the standard

sub-Riemannian overtwisted structure of example 2.10.

Proof. Let ρ= rinj(Γ), and recall that E : A<ρΓ→M is a diffeomorphism onto its image. On
AΓ we fix a set of cylindrical coordinates (rcosθ,rsinθ,z) as defined in section 3.1.

Since E∗∂r = π∗H⃗ is horizontal, there exist ϕ,N ∈ C∞(A<ρΓ), with N> 0, such that

E∗ω = N(cosϕdz+ sinϕdθ) .

Combining theorem 3.6 and proposition 3.4 it holds

δ (E(rcosθ,rsinθ,z)) = r, ∀r< ρ. (25)

Furthermore, if q= E(0,0,z), then in these coordinates

E−1(Σq) = {(rcosθ,rsinθ,z) | r ∈ (0,ρ), θ ∈ [0,2π)} .

Hence, singularities of the characteristic foliation are characterised by E∗ω ∝ dz, and

E−1 (Sing(Γ)) = ϕ−1 (πN) . (26)

Computing the contact condition E∗(ω ∧ dω)> 0 in cylindrical coordinates yields

E∗ (ω ∧ dω) =
N2∂rϕ

r
rdr∧ dθ∧ dz.

It follows that f := ∂rϕ/r is smooth and positive onA<ρΓ. In particularϕ : A<ρΓ→ R is mono-
tone increasing along radial lines r 7→ (rcosθ,rsinθ,z). Therefore, from equality (26), we
deduce that Sing(Γ) is an embedded surface. Moreover, by (25), we deduce that

d(Γ,Sing(Γ)) = inf
{
r> 0 | (rcosθ,rsinθ,z) ∈ A<ρΓ, ϕ(rcosθ,rsinθ,z) = π

}
. (27)

To conclude, observe that

ϕ

H
=

2ϕ
r2

=
2
r2

ˆ r

0
sf(scosθ,ssinθ,z) ds= 2

ˆ 1

0
sf(rscosθ,rssinθ,z) ds.

It follows that the function ϕ/H is well-defined on A<ρΓ, smooth and positive. Using this fact,
define the smooth function φ : A<ρΓ→ R3

φ(x,y,z) =

(√
ϕ

H
x,

√
ϕ

H
y,z

)
.
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By the monotonicity of ϕwe have that φ is injective. Furthermore, letting ωot = cos(r2/2)dz+
sin(r2/2)dθ be the standard contact overtwisted form of example 2.3, we have

φ∗ωot = cosϕdz+ sinϕdθ =
E∗ω

N
. (28)

It follows that φ is an immersion, and hence a diffeomorphism onto its image. Denoting R :=
min{d(Γ,Sing(Γ)),ρ}, by equation (27), monotonicity of the angle ϕ and the second equality
of (28), the image of the restricted map

φ : A<RΓ→ R3

is contained in the cylinder C√
2π = {(x,y,z) ∈ R3 | x2 + y2 < 2π} ⊂ R3, which, by corollary

4.5 is a tight contact manifold when endowed with the restriction of kerωot. Thus in view
of (28) the contact manifold (A<RΓ,kerE∗ω) contains no overtwisted disks. The inequal-
ity (24) is proven in the case in which Γ is not a periodic orbit.

IfΓ is periodic, let us denote withN := E(A<ρΓ) its tubular neighbourhood and consider the
universal cover, Ñ. The latter inherits the natural structure of a contact sub-Riemannian mani-
fold locally isometric to (A<ρΓ,E∗ω,E∗g). According to proposition 3.4, N' Γ×Bρ, there-
fore Ñ= Γ̃×Bρ ' R×Bρ, where Γ̃ is the unique lift of Γ going through the point (0,0,0),
i.e. Γ̃ = {(z,0,0) ∈ Ñ | z ∈ R}. Since Γ̃ is not periodic, the already proved part of the theorem
applies, i.e.

rtight
(
Γ̃
)
⩾ d̃

(
Γ̃,Sing

(
Γ̃
))

.

Let p : Ñ→ N be the canonical projection. Observe that, for any q ∈ Γ̃, A<ρ
q Γ̃ has neighbour-

hood U such that the map p : U→ p(U) is a sub-Riemannian isometry. By definition 4.6 of
the singular locus, it follows that

d̃
(
Γ̃,Sing

(
Γ̃
))

= d(Γ,Sing(Γ)) .

Moreover, remark 2.6 implies that rtight(Γ)⩾ rtight
(
Γ̃
)
. Therefore

rtight (Γ)⩾ rtight
(
Γ̃
)
⩾ d̃

(
Γ̃,Sing

(
Γ̃
))

= d(Γ,Sing(Γ)) ,

concluding the proof.

5. Contact Jacobi curves and quantitative tightness

In (sub-)Riemannian geometry and geometric control theory, Jacobi curves are curves in the
Lagrange Grassmannian whose dynamics is intertwined with the presence of conjugate points
and curvature (see [AG97, AZ02a, AZ02b, ABR18] and references within). Inspired by that
approach, we introduce the concept of contact Jacobi curves, whose dynamics is related with
the presence of overtwisted disks. As a preparation, in section 5.1 we recall the concept of
Schwarzian derivative and some comparison results adapted to our setting.
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5.1. The Schwarzian derivative

Definition 5.1. Let I⊂ R be an open interval and let φ : I→RP1 be a smooth immersion,
which in homogeneous coordinates reads

φ(t) = [φ1 (t) : φ2 (t)] .

The Schwarzian derivative of φ, denoted S(φ) : I→ R, is defined as

S (φ) :=

...
v

v̇
− 3

2

(
v̈
v̇

)2

, where v=
φ1

φ2
, or

φ2

φ1
. (29)

The Schwarzian derivative is independent of the choice of the homogeneous coordinate v. In
particular if A : P1 → P1 is any projective transformation then S(A ◦φ) = S(φ).

Proposition 5.2. Consider the second order linear ODE on an open interval I⊂ R

ü(t)+ q(t)u(t) = 0, (⋆)

where q ∈ C(I). There is a one-to-one correspondence between pairs of linearly independ-
ent solutions of (⋆) (up to constant rescaling) and smooth immersions φ : I→RP1 with
Schwarzian derivative S(φ) = 2q.

Proof. The space of solutions of (⋆) is a vector space of dimension 2. Choose two linearly
independent solutions u1,u2. Their Wronskian is

W(u1,u2) := det

(
u1 u2
u̇1 u̇2

)
= u1u̇2 − u2u̇1.

From (⋆) it follows that W(u1,u2) is a non-zero constant. In particular, u1,u2 cannot vanish
simultaneously on I. Thus, the smooth curve φ : I→RP1 given by

φ(t) = [u1 (t) : u2 (t)] ,

is well-defined. One can check that it is an immersion and that 2q= S(φ).
We show that this correspondence is injective. Let ũ1, ũ2 be another choice of linearly inde-

pendent solutions of (⋆) yielding the same curve in RP1. Then there is a(t) 6= 0 such that
ũi(t) = a(t)ui(t) for all t ∈ I and i = 1,2. It follows that a : I→ R is smooth (since solutions
cannot vanish simultaneously) and by (⋆) that

ä(t)ui (t)+ 2ȧ(t) u̇i (t) = 0, i = 1,2.

Multiply the first equation by u2(t), the second one by u1(t), and take the difference. We get

ȧ(t)W(u1,u2) = 0 =⇒ ȧ(t) = 0,

so that a(t) = a must be a non-zero constant. Thus (ũ1, ũ2) = a(u1,u2).
We show that the correspondence is surjective. Let φ : I→RP1 be an immersion, with

φ(t) = [φ1 (t) : φ2 (t)] ,

for some smooth φi : I→ R. The immersion condition implies that the function

β : I→ R, β (t) :=

(
1

|φ̇1 (t)φ2 (t)− φ̇2 (t)φ1 (t) |

)1/2

,

is well-defined. We note that ui := βφi : I→ R satisfy

u̇1u2 − u̇2u1 =±1.
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Therefore, the ui are linearly independent solutions of (⋆), for some q : I→ R. By the first part
of the proof, since φ(t) = [u1(t) : u2(t)] for t ∈ I, we necessarily have 2q= S(φ).

We will apply the characterisation of proposition 5.2 to contact Jacobi curves. An important
fact is that the contact Jacobi curves always have singular Schwarzian derivative at the initial
time. The corresponding ODE (⋆) is singular, and so are their solutions. Suitable assumptions
on the singularity are then necessary. More precisely, we assume that 2q= S( f) satisfies

q=− 3
4t2

+ regular part, t ∈ (0,T) .

This assumption is used for the following asymptotic properties of solutions at the singularity.

Lemma 5.3. Consider the ODE (⋆), and assume that

q(t) =− 3
4t2

+ q̃(t) , ∀ t ∈ (0,T) ,

where q̃ ∈ C([0,T)). Then (⋆) has linearly independent solutions g1,g2 : (0,T)→ R such that

g1 (t) = t3/2g̃1 (t) ,

g2 (t) = t−1/2g̃2 (t) ,

where g̃j ∈ C0([0,T)), g̃j(0) = 1 for j = 1,2.

Proof. If q̃(t) is analytic the result is well-known from the theory second order ODEs with
regular singularities, see e.g. [CL55, chapter 5]. The case under investigation is treated (in
greater generality) in [LV11, theorem 2.1], where it is attributed to M. Bôcher.

Proposition 5.4. Let f : [0,T)→RP1 be a continuous curve, such that its restriction to (0,T)
is a smooth immersion. Consider the ODE (⋆) with 2q= S( f). Assume that

q(t) =− 3
4t2

+ q̃(t) , ∀ t ∈ (0,T) ,

where q̃ ∈ C([0,T)). Let t∗ ∈ (0,T) such that the curve f has a self-intersection: f(0) = f(t∗).
Then there exists a non-trivial solution u : (0,T)→ R of (⋆) such that

u(0) := lim
t→0

u(t) = u(t∗) = 0.

Proof. By proposition 5.2 there are two independent solutions u1,u2 of (⋆) such that f(t) =
[u1(t) : u2(t)] for t ∈ (0,T). Since f(0) = f(t∗) we can assume without loss of generality that
the following limits exist and are finite

α := lim
t→0

u1 (t)
u2 (t)

= lim
t→t∗

u1 (t)
u2 (t)

. (30)

In particular since u1,u2 cannot vanish simultaneously on (0,T) we must have u2(t∗) 6= 0. We
let then u := u1 −αu2. By construction, u(t∗) = 0. To show that u(0) = 0 we use lemma 5.3.
There exist a,b,c,d ∈ R with ad− bc 6= 0 such that

u1 = ag1 − bg2,

u2 = cg1 − dg2,
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where g1,g2 are independent solutions. By (30) we have

α= lim
t→0

at3/2 − bt−1/2

ct3/2 − dt−1/2
= lim

t→0

at2 − b
ct2 − d

.

By the existence of the limit and since b,d cannot vanish at the same time, we see that d 6= 0
and α= b/d. It follows that

u= u1 −αu2 = ag1 −
b
d
cg1 =

ad− bc
d

g1.

Since g1(t) = t3/2g̃1(t), with g̃1(0) = 1 we have that limt→0 u(t) = 0.

We have the following version of the Sturm–Picone comparison theorem with singularities.

Proposition 5.5. Let u, ū : (0,T)→ R be non-trivial solutions of

ü(t)+ q(t)u(t) = 0, (31)
¨̄u(t)+ q̄(t) ū(t) = 0, (32)

where q : (0,T)→ R satisfies q(t)⩽ q̄(t) for t ∈ (0,T). Then between any two consecutive zer-
oes t1 < t2 ∈ [0,T) of u there exists at least one zero of ū, unless q≡ q̄ on (t1, t2).

Proof. Assume without loss of generality that u> 0 on (t1, t2). We claim that there exists a
sequence εn → 0 such that u̇(t1 + εn)> 0. In fact, if for all small enough ε> 0 we had u̇⩽ 0
on (0,ε), then using that u is continuous on [t1,T) with u(t1) = 0 we have

u(t) =
ˆ t

t1

u̇(τ) dτ ⩽ 0, ∀t ∈ (t1, t1 + ε) ,

which is a contradiction. Similarly one shows that u̇(t2)< 0.
Assume by contradiction that ū> 0 on (t1, t2). Therefore by multiplying (31) and (32) by

ū,u, respectively, subtracting, and integrating on (t1 + εn, t2), we obtain[
u̇ū− u ˙̄u

]t2
t1+εn

=

ˆ t2

t1+εn

(q̄(t)− q(t))u(t) ū(t) dt.

Now we take the limit of the above for εn → 0. By the properties u̇(t1 + εn)> 0 and u̇(t2)< 0,
the limit of the left hand side exists and is non-positive. On the other hand, observe that the
limit of the right hand side exists (possibly +∞) since it is a non-decreasing sequence, and it
must be⩾ 0. Furthermore the limit is zero if and only if q̄≡ q on (t1, t2). If this is not the case
then we reach a contradiction, so that ū must have a zero in the interval (t1, t2).

Theorem 5.6. Let f : [0,T)→RP1 be a continuous curve, such that its restriction to (0,T) is
a smooth immersion. Assume that its Schwarzian derivative 2q= S( f) satisfies

q(t)+
3
4t2

∈ C([0,T)). (33)

Assume also that there exists q̄ ∈ C((0,T)) such that
q⩽ q̄, on (0,T) .

Let t∗ ∈ (0,T) such that f(0) = f(t∗). Let ū be a non-trivial solution of ¨̄u+ q̄ū= 0. Then

t∗ ⩾ sup
ū

inf{t> 0 | ū(t) = 0} , (34)
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where the sup is over all non-trivial solutions of ¨̄u+ q̄ū= 0.
If all solutions of ¨̄u+ q̄ū= 0 on (0,T) have a (possibly infinite) limit at t= 0, and there are

solutions with ū(0) = 0 then the sup is attained on this set.

Remark 5.7. In particular, when q̄ has the form of lemma 5.3, then all solutions have (possibly
infinite) limit at t= 0, and there is only one solution (up to rescaling) with ū(0) = 0. Then such
a solution yields the optimal estimate in (34). This is the case in which we use theorem 5.6.

Proof. By proposition 5.4 there is a non-trivial solution u : (0,T)→ R of ü+ qu= 0 such that

u(0) := lim
t→0

u(t) = u(t∗) = 0.

By proposition 5.5, the non-trivial solution ū : (0,T)→ R of ¨̄u+ q̄ū= 0 must have a zero in
(0, t∗). Optimising over all possible solutions we obtain (34).

To prove the final part of the statement, it is sufficient to show that under the additional
assumptions the separation theorem holds: if ū, v̄ : (0,T)→ R are linearly-independent solu-
tion, with v̄(0) = limt→0 v(t) 6= 0, and 0= t1 < t2 < T are consecutive zeroes of ū, then v̄ has
exactly one zero in (t1, t2). To prove this claim, assume by contradiction that v̄ has no zeroes
on (t1, t2). It follows that v̄ is non-vanishing on [t1, t2]. In fact, if t1, t2 > 0 this is true since ū, v̄
are linearly independent, while v̄(t1) = v̄(0) 6= 0 by assumption. Then the function

ψ (t) :=
ū(t)
v̄(t)

, t ∈ [t1, t2] ,

is continuous on [t1, t2], ψ̇ exists on (t1, t2) and ψ(t1) = ψ(t2) = 0. By Rolle’s theorem there is
c ∈ (t1, t2) with ψ ′(c) = 0. Hence, the Wronskian of ū, v̄ is zero at c which is a contradiction.

5.2. Contact Jacobi curves

We introduce the contact Jacobi curve, and study its properties. Without further mention, in
this section we assume that the sub-Riemannian manifold (M,ω,g) is complete, so that the
Hamiltonian flow is well-defined for all times.

Definition 5.8. Let (M,ω,g) be a three-dimensional complete contact sub-Riemannian man-
ifold, and let Γ be an embedded piece of Reeb orbit. Consider the following one-parameter
family of one-forms on A1Γ:

ωr :=
(
(π ◦ erH⃗)∗ω

)∣∣∣
A1Γ

, r ∈ [0,+∞). (35)

The contact Jacobi curve at λ ∈ A1Γ is the projectivisation of ωr|λ:

Ωλ : [0,+∞)→ P(T∗λA
1Γ)'RP1, Ωλ(r) := P(ωr|λ) . (36)

The first singular radius of the contact Jacobi curve is

ro (λ) := inf{r> 0 | Ωλ (r) = Ωλ (0)} .

Remark 5.9. The contact Jacobi curve Ωλ is defined for any λ ∈ T∗M such that 〈λ, f0〉= 0
and 2H(λ) = 1. In fact, the definition does not depend the choice of Γ: if Γ ′ is any other piece
of Reeb orbit containing π(λ), then Tλ(A1Γ) = Tλ(A1Γ ′), yielding the same contact Jacobi
curve Ωλ. The same observation holds for definition 5.11.
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Proposition 5.10. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold,
and let Γ be an embedded piece of Reeb orbit. Let E : AΓ→M be the tubular neighbourhood
map (18) and let ωr be the form defined in (35), then

(E∗ω) |rλ = ωr|λ ∀λ ∈ A1Γ, ∀r⩾ 0.

In particular, denoting with (rcosθ,rsinθ,z) the cylindrical coordinates on AΓ introduced in
section 3.1, we have

(E∗ω) |rλ = ωr (∂z|λ)dz+ωr (∂θ|λ)dθ, ∀λ ∈ A1Γ, ∀r⩾ 0. (37)

Furthermore, the contact Jacobi curve at λ ∈ A1Γ has the following expression

Ωλ : [0,+∞)→RP1, Ωλ(r) = [E∗ω(∂θ|rλ) : E∗ω(∂z|rλ)]. (38)

Proof. Let (rcosθ,rsinθ,z) be cylindrical coordinates on AΓ as in section 3.1. Note that, out
of the zero section, it holds

Tλ
(
A1Γ

)
' span{∂θ|λ,∂z|λ} .

Writing E∗ω in these coordinates, we obtain

(E∗ω) |rλ = ω (E∗∂r|rλ)dr+ω (E∗∂θ|rλ)dθ+ω (E∗∂z|rλ)dz

= ω
(
π∗H⃗|eH⃗(rλ)

)
dr+ω

((
π ◦ erH⃗

)
∗
∂θ|λ

)
dθ+ω

((
π ◦ erH⃗

)
∗
∂z|λ

)
dz

= ωr (∂θ|λ)dθ+ωr (∂z|λ)dz= ωr|λ,

where in the second line we used that fact that π∗H⃗|λ is horizontal, and we also used the
homogeneity property of the Hamiltonian (16). Equation (38) follows combining equation (37)
with the fact that dθ,dz is a basis for T∗λA

1Γ.

Definition 5.11. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold, and
let Γ be an embedded piece of Reeb orbit. A real number r> 0 is called a focal radius for
λ ∈ A1Γ if

drλE : Trλ
(
A1Γ

)
→ TE(rλ)M is not an isomorphism.

Remark 5.12. Note that rfoc(λ)> 0 since all points on the zero section of AΓ are regular points
for E. Furthermore, by definition of rinj(Γ) (see definition 3.7), it holds rfoc(λ)⩾ rinj(Γ).

The next result is a crucial structure theorem for the contact Jacobi curve. In particular
it is well-defined, is an immersion outside of focal radii (which is a discrete set of points),
and its Schwarzian satisfies the assumptions for the general comparison theory developed in
section 5.1.

Theorem 5.13. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold, and
let Γ be an embedded piece of Reeb orbit. Let λ ∈ A1Γ.

(i) The set of focal radii for λ is discrete, separated from zero;
(ii) The contact Jacobi curve Ωλ : [0,+∞)→RP1 is well-defined and smooth;
(iii) The contact Jacobi curve is an immersion outside of zero and the focal radius;
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(iv) For any focal radius r̄> 0, the following asymptotic formula for the Schwarzian derivative
holds: there exists k= k(r̄) ∈ {0,1,2,3,4} such that

S (Ωλ)(r) =− k(k+ 2)

2(r− r̄)2
+ kO

(
1

r− r̄

)
+O(1) ; (39)

(v) The following asymptotic formula for the Schwarzian derivative holds at r= 0:

S (Ωλ)(r) =− 3
2r2

+O(r) . (40)

The term O(r) denotes a smooth remainder. Namely there exist ε> 0 and a smooth function
f : (−ε,ε)→ R, both depending on λ, such that O(r) = rf(r) for all r ∈ (−ε,ε).

Remark 5.14. A case-by-case analysis shows that only the values k= 0,1,2 can occur in (39),
see [Bel24]. This also shows that the contact Jacobi curve can be an immersion at focal radii,
in which case k= 0. As it will be clear from the proof, it is never an immersion at t= 0.

Proof. Let (rcosθ,rsinθ,z) be cylindrical coordinates on AΓ as in section 3.1. Making use of
proposition 5.10, and in particular of equation (37), we compute the form E∗(ω ∧ dω)

E∗ (ω ∧ dω) |rλ =
ωr ∧ ω̇r (∂θ|λ,∂z|λ)

r
rdr∧ dθ∧ dz, (41)

where the dot denotes the derivative w.r.t. parameter r.
To proceed, we need the following claims: for any λ ∈ A1Γ and r̄⩾ 0 the one-parameter

family of one-forms ωr, evaluated at λ, has finite order at r̄, namely there existsm ∈ {0,1,2,3}
and a non-zero one-form β on A1Γ such that

ωr|λ = (r− r̄)mβ|λ +O
(
(r− r̄)m+1

)
, (42)

where O((r− r̄)m+1) denotes a smooth remainder. Furthermore, the one-parameter family of
two-forms has a similar property: there exist n ∈ {0,1,2,3,4} (depending on λ, r̄), and a non-
zero two-form α on A1Γ such that

ωr ∧ ω̇r|λ = (r− r̄)nα|λ +O
(
(r− r̄)n+1

)
. (43)

The proof of (42) and (43) is postponed to appendix A (see lemma A.2).
In the following we will often omit the evaluation of forms at the fixed λ ∈ A1Γ, for brevity.

Proof of (i). By (41), and since ω ∧ dω is a volume form on M, we note that r̄> 0 is a focal
radius if and only if ωr̄ ∧ ω̇r̄ = 0. In particular it follows from (43) that the set of focal radii is
discrete. Furthermore, by definition, r= 0 cannot be a focal time since E is always a diffeo-
morphism in a neighbourhood of the zero section of AΓ.
Proof of (ii) and (iii). If r> 0 is non-focal, ωr ∧ ω̇r 6= 0. In particular ωr 6= 0. It follows that
the contact Jacobi curve

Ωλ (r) = P(ωr|λ)' [ωr (∂θ) : ωr (∂z)] ,

is well-defined and smooth in a neighbourhood of r. Furthermore, assuming ωr(∂z) 6= 0 we
have

v̇(r) =−ωr ∧ ω̇r (∂θ,∂z)
ωr (∂z)

2 6= 0,
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and similarly if ωr(∂θ|λ) 6= 0. It follows that the contact Jacobi curve is an immersion at all
non-focal radii r> 0. Note that by (41), since rdr∧ dθ∧ dz 6= 0 and smooth at r= 0, we must
have ω0 ∧ ω̇0 = 0 so that at r= 0 the contact Jacobi curve is not an immersion.

We now prove how the contact Jacobi curve is well-defined and smooth also in a neighbour-
hood of the focal radii. Let r̄> 0 be a focal radius. By (42) it follows that in a neighbourhood
of r̄ the one-parameter family of one-forms on A1Γ

ω̄r :=
ωr

(r− r̄)m
, (44)

is smooth as a function of r and non-zero (when evaluated at λ). Thus, for all r 6= r̄ in a neigh-
bourhood of r̄, it holds

Ωλ (r) = P(ωr|λ) = P(ω̄r|λ)' [ω̄r (∂θ) : ω̄r (∂z)] ,

and so the contact Jacobi curve extends smoothly through r̄.

Proof of (iv). Let r̄> 0 be a focal radius. Let ω̄r be the one-parameter family of one-form
in (44), which is smooth and non-zero in a neighbourhood of r̄. Assume without loss of gener-
ality that ω̄r̄(∂z) 6= 0. Then υ(r) := ω̄r(∂θ)/ω̄r(∂z) defines a smooth coordinate for the contact
Jacobi curve in a neighbourhood of r̄, and furthermore for all r 6= r̄ in a neighbourhood of r̄ it
holds

υ̇ (r) =
d
dr
ω̄r (∂θ)

ω̄r (∂z)
=

d
dr
ωr (∂θ)

ωr (∂z)
=−ωr ∧ ω̇r (∂θ,∂z)

ωr (∂z)
2 . (45)

By (43) and the last term of (45) it follows that there exists k ∈ N and c 6= 0 such that

υ̇ (r) = c(r− r̄)k+O(r− r̄)k+1
. (46)

On one hand, k⩾ 0 since from the first equality of (45) υ̇ is smooth around r̄. On the other
hand k⩽ 4 by (43). By plugging (46) in the formula for the Schwarzian derivative (29), we
obtain the following asymptotic expansion as r→ r̄:

S (Ωλ)(r) =
...
υ

υ̇
− 3

2

(
ϋ

υ̇

)2

=
k(k− 1)

(r− r̄)2
− 3k2

2(r− r̄)2
+ kO

(
1

r− r̄

)
+O(1)

=− k(k+ 2)

2(r− r̄)2
+ kO

(
1

r− r̄

)
+O(1) ,

concluding the proof of (39).
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Proof of (v). The proof of (40) is similar, but we can exploit more precise computations at r= 0.
Assume without loss of generality that ω0(∂z) 6= 0. Consider the smooth coordinate v(r) =
ωr(∂θ)/ωr(∂z), in a neighbourhood of r= 0. We have:

v̇(r) =−ωr ∧ ω̇r (∂θ,∂z)
ωr (∂z)

2 =−ωr (∂θ) ω̇r (∂z)−ωr (∂z) ω̇r (∂θ)

ωr (∂z)
2 . (47)

Routine computations, which are presented in appendix A (see lemma A.2), show that

ω0 (∂θ) = 0, ω̈0 (∂θ) = 1, ω0 (∂z) = 1,

ω̇0 (∂θ) = 0,
...
ω0 (∂θ) = 0, ω̇0 (∂z) = 0.

We deduce then from (47) that v̇(r) = r+ r3f(r), for some f ∈ C∞([0,ε)). From the definition
of Schwarzian derivative (29) and elementary computation we obtain

S (Ωλ)(r) =− 3
2r2

+ 3ḟ(0)r+O
(
r2
)
, (48)

which corresponds to (40).

We continue the discussion on the standard contact (resp. overtwisted) structure of examples
2.9 and 2.10, computing their contact Jacobi curve and Schwarzian derivative.

Example 5.15 (Contact Jacobi curve for the standard contact structure). Let Γ =
{(0,0,z) | z ∈ R}, which is an embedded Reeb orbit of the standard sub-Riemannian contact
structure on R3 (see corollary 4.4). Combining corollary 4.4 with equation (38) we deduce
that, for all λ ∈ A1Γ the contact Jacobi curve is

Ωλ (r) =

[
r2

2
: 1

]
, ∀r ∈ R.

A homogeneous coordinate is v= r2/2 and the Schwarzian derivative is

S (Ωλ)(r) =− 3
2r2

.

Let f,g : R→ R be smooth functions. In the following corollary we exploit the following
useful formulas for the Schwarzian derivative

S ( f ◦ g) = (S ( f) ◦ g)(g ′)
2
+S (g) .

Example 5.16 (Contact Jacobi curve for the standard overtwisted structure). Let Γ =
{(0,0,z) | z ∈ R}, which is an embedded Reeb orbit of the standard sub-Riemannian contact
structure on R3 (see corollary 4.5). Combining corollary 4.5 with equation (38) we deduce
that, for all λ ∈ A1Γ the contact Jacobi curve is

Ωλ (r) =

[
sin

(
r2

2

)
: cos

(
r2

2

)]
, ∀r ∈ R.
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A homogeneous coordinate is v= tan(r2/2). Since S(tan(r)) = 2, the Schwarzian
derivative is

S (Ωλ)(r) =− 3
2r2

+ 2r2.

5.3. A formula for the Schwarzian derivative of a contact Jacobi curve

We provide a formula relating the Schwarzian derivative of a contact Jacobi curve to the sub-
Riemannian distance from Γ. For the proof we refer to appendix B.

Let (M,ω,g) be a contact sub-Riemannian manifold and let Γ⊂M be an embedded piece
of Reeb orbit. We assume here that ρ= rinj(Γ)> 0, which is always the case if Γ has compact
closure by theorem 3.6, and δ (the distance function from Γ) is smooth on E(A<ρΓ) \Γ. There,
its horizontal gradient is well-defined, as the unique horizontal vector field ∇δ satisfying

dδ (Y) = g(∇δ,Y) , ∀Y ∈ ξ,

which is also called the horizontal normal to Γ, and hence denoted by N=∇δ.

Definition 5.17. LetN=∇δ be the horizontal normal, and let J : ξ → ξ be the almost-complex
structure (12). The ordered triple {f0,N,JN}, which is an oriented orthonormal frame defined
on E(A<ρΓ) \Γ, is called adapted frame associated to Γ.

Proposition 5.18. Given λ ∈ A1Γ and r ∈ (0,rinj(Γ)) the Schwarzian derivative of the contact
Jacobi curve (36) can be expressed in terms of the adapted frame of definition 5.17 as

1
2
S (Ωλ)(r) = g([N, f0] ,JN)−

1
2
Ng([N,JN] ,JN)− 1

4
g([N,JN] ,JN)2 ,

where the right hand side is evaluated at E(rλ).

5.4. A sharp tightness radius estimate via contact Jacobi curves

The first singular radius of a contact Jacobi curve detects the presence of overtwisted disks.

Theorem 5.19. Let (M,ω,g) be a complete three-dimensional contact sub-Riemannian man-
ifold and let Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. Then, letting

r−o (Γ) := inf
{
ro (λ) | λ ∈ A1Γ

}
, r+o (Γ) := sup

{
ro (λ) | λ ∈ A1Γ

}
,

the following estimates hold:

min
{
rinj (Γ) ,r

−
o (Γ)

}
⩽ rtight (Γ)⩽min

{
rinj (Γ) ,r

+
o (Γ)

}
. (49)

Moreover, if r+o (Γ)< rinj(Γ), then for any q ∈ Γ, the set

Dq :=
{
E(rλ) | λ ∈ A1

qΓ, r⩽ ro (λ)
}

(50)

is an overtwisted disk, and thus (M,ω) is an overtwisted contact manifold.
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Proof. We first prove the lower bound in (49). We characterise the singular locus of the Reeb
orbit and employ theorem 4.7. Let ρ= rinj(Γ), and recall that E : A<ρΓ→M is a diffeomorph-
ism onto its image by theorem 3.6. Let (rcosθ,rsinθ,z) be cylindrical coordinates on AΓ as
explained in section 3.1. By the same computation in the proof of theorem 5.13 we have

E∗ω|rλ = ωr (∂θ|λ)dθ+ωr (∂z|λ)dz, (51)

for all (r,λ) ∈ (0,+∞)×A1Γ. By definition of singular locus (see definition 4.6) we see that

Sing(Γ) = E
({
rλ ∈ AΓ | (r,λ) ∈ (0,rinj (Γ))×A1Γ, ωr (∂θ|λ) = 0

})
.

Note that ω0(∂θ) = ω(π∗∂θ) = 0 by construction. For all (r,λ) ∈ (0,rinj(Γ))×A1Γ we have
then the following characterisation in terms of the contact Jacobi curve Ωλ(·):

E(rλ) ∈ Sing(Γ) ⇐⇒ Ωλ (r) = Ωλ (0) . (52)

Using characterisation (52) we obtain that, for all λ ∈ A1Γ, it holds

r0 (λ) = inf{r> 0 | Ωλ (r) = Ωλ (0)}
⩽ inf{0< r< rinj (Γ) | Ωλ (r) = Ωλ (0)}
= inf{δ (E(rλ)) | E(rλ) ∈ Sing(Γ)} , (53)

where δ is the sub-Riemannian distance from Γ.
Assume now that Sing(Γ) 6= ∅. This means that there exists (r,λ) ∈ (0,rinj(Γ))×A1Γ such

that Ωλ(r) = Ωλ(0) and thus inequality (53) is actually an equality. Therefore, taking the
infimum over all λ ∈ A1Γ we obtain

r−0 (Γ) = d(Γ,Sing(Γ))⩽ rtight (Γ) ,

where the last inequality is theorem 4.7. If Sing(Γ) = ∅ then again by theorem 4.7 we have
that rtight(Γ) = rinj(Γ). Combining both cases we obtain the left inequality of (49).

We now prove the upper bound in (49). By definition rtight(Γ)⩽ rinj(Γ), so we proceed
under the assumption r+o (Γ)< rinj(Γ). It is sufficient to show that the sets (50) are overtwisted
disks.

As explained in the proof of theorem 4.7 there exist smooth functions ϕ,N ∈ C∞(A<ρΓ),
with N> 0, such that

E∗ω = N(sinϕdθ+ cosϕdz) . (54)

Comparing (54) with (51) yields, for all (r,λ) ∈ (0,rinj(Γ))×A1Γ

N(rλ)sinϕ(rλ) = ωr (∂θ|λ) , N(rλ)cosϕ(rλ) = ωr (∂z|λ) .

Since ω0(∂θ|λ) = 0, it follows that ro(λ) is solution to the equation

ϕ(ro (λ)λ) = π.
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Since any positive value of ϕ is a regular one (see the proof of theorem 4.7), ro : A1Γ→ R is
smooth. It follows that, for q ∈ Γ, the set Dq ⊂M of (50) is a smooth embedded disk. Recall
the map φ : A<ρΓ→ R3

φ(x,y,z) =

(√
ϕ

H
x,

√
ϕ

H
y,z

)
.

As we already observed in the proof of theorem 4.7, φ is a diffeomorphism on the image, and

φ∗ωot = sinϕdθ+ cosϕdz=
1
N
E∗ω.

It follows that on the tubular neighbourhood E(A<ρΓ)⊂M it holds (φ ◦E−1)∗ξ = ξot.
Furthermore it is easy to check (recalling that r 7→ ϕ(rλ) is monotone increasing for r ∈
(0,rinj(Γ)) and λ ∈ A1Γ) that, if q= E(0,0,z), then

φ ◦E−1 (Dq) =
{
(x,y,z) ∈ R3 | x2 + y2 ⩽ 2π

}
,

which is (up to a translation along the z axis) the standard overtwisted disk of (R3, ξot). It
follows that Dq is a overtwisted disk.

5.5. Comparison theorems under Schwarzian derivative bounds

We can apply theorem 5.6 to contact Jacobi curves, to estimate their singular radius. Combined
with theorem 5.19, we obtain a comparison theorem for the tightness radius.

Theorem 5.20. Let (M,ω,g) be a complete three-dimensional contact sub-Riemannian man-
ifold and let Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. Assume that there exist
k1,k2 ∈ R such that the Schwarzian derivative of the contact Jacobi curves are bounded above
by:

1
2
S(Ωλ)(r)⩽− 3

4r2
+ k1r+ k2r

2, ∀r ∈ (0,rinj(Γ)], ∀λ ∈ A1Γ. (55)

Then for the tightness radius of Γ it holds

rtight (Γ)⩾min{r∗ (k1,k2) ,rinj (Γ)} , (56)

where

r∗ (k1,k2) :=



−k1+
√

8π k3/2
2 +k21

2k2
, if k1,k2 > 0,

√
2π

k1/4
2

, if k1 ⩽ 0, k2 > 0,(
3j2/3

2

)2/3
1

k1/3
1

, if k1 > 0, k2 ⩽ 0,

+∞ if k1,k2 ⩽ 0,

and j2/3 ∼ 3.37 is the first positive root of the Bessel function of first kind J2/3.
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Remark 5.21. Fix λ ∈ A1Γ. At r= 0 and at focal radii r̄, the following asymptotics hold

1
2
S (Ωλ)(r) =− 3

4r2
+O(r) ,

1
2
S (Ωλ)(r) =− k(k+ 2)

4(r− r̄)2
+ kO

(
1

r− r̄

)
+O(1) ,

(57)

with smooth remainders, and k ∈ {0,1,2,3,4} (see (iv) and (v) of theorem 5.13). In particular
the Schwarzian derivative remains bounded from above in a neighbourhood of focal radii.
Since focal radii are discrete, one can see that for any λ ∈ A1Γ there is a smooth function
Rλ : [0,+∞)→ R such that

1
2
S (Ωλ)(r)⩽− 3

4r2
+Rλ (r) , ∀r ∈ (0,+∞) .

It follows that for any bounded interval I the bound (55) holds on that interval, for some k1,k2 ∈
R, depending on λ, I. In particular the upper bound in (55) is always verified for a given λ if
rinj(Γ)<+∞ (e.g. when M is compact). The uniformity of this bound w.r.t. λ ∈ A1Γ is more
delicate because the remainder terms at focal radii in (57), albeit smooth w.r.t. r, may not be
upper semi-continuous w.r.t. λ.

Remark 5.22 (Sharpness). The tightness radius estimate is sharp for the standard sub-
Riemannian contact structure (resp. overtwisted structure) of example 2.9 (resp. example 2.10).
More precisely, for any embedded piece of Reeb orbit Γ we have rinj(Γ) = +∞, (see corol-
laries 4.4 and 4.5) and as computed in examples 5.15 and 5.16, for all λ ∈ A1Γ it holds

1
2
S (Ωλ)(r) =− 3

4r2
+ k2r

2, ∀r ∈ (0,+∞) ,

with k2 = 0 (resp. k2 = 1). For these structures, rtight(Γ) = +∞ (resp. rtight(Γ) =
√
2π).

theorem 5.20 is also sharp for left-invariant K-contact structures, see section 6.3,
proposition 6.17.

Remark 5.23 (On the necessity of k1). The fact that k1 = 0 in the models of remark 5.22 is no
coincidence. Indeed, for any radial model of theorem 4.3 the Schwarzian derivative satisfies

1
2
S (Ωλ (r)) =− 3

4r2
+O

(
r2
)
. (58)

This follows from (48) and the fact that, for smoothness reasons, the homogeneous coordinate
v̇(r) is always an odd function of r. However (58) does not necessarily hold in less symmetric
structures, as we illustrate with an example.

Let ε> 0 and let fε : R3 → R3 be the following smooth function

fε (rcosθ,rsinθ,z) = fε,θ (r) :=
r2

2
+ ε

r5 cosθ
1+ r2

,

where r2 = x2 + y2. For ε> 0 small enough the form

ω = sin
(
fε,θ (r)

)
dθ+ cos

(
fε,θ (r)

)
dz,

defines a smooth contact structure on R3, and the symmetric form

g=

(
dr⊗ dr+

(
∂fε,θ
∂r

)2

(dθ⊗ dθ+ dz⊗ dz)

)∣∣∣∣∣
kerω

,
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defines a smooth sub-Riemannian metric, and ω is normalised with respect to it. Arguing as
in theorem 4.3 one can show that Γ = {(0,0,z) | z ∈ R} is the orbit of the Reeb field through
the origin, and that, in the sense of theorem 4.3, E : AΓ∼= R3 → R3 is the identity. It follows
that for all λ ∈ A1Γ

Ωλ (r) =
[
sin
(
fε,θ (r)

)
: cos

(
fε,θ (r)

)]
, ∀r ∈ R.

Therefore, setting υε,θ(r) = tan
(
fε,θ(r)

)
, elementary computations show that

S (Ωλ)(r) =
...
υ ε,θ

υ̇ε,θ
− 3

2

(
ϋε,θ
υ̇ε,θ

)2

=− 3
2r2

+ 15εcos(θ)r+O
(
r2
)
.

In this case, k1 6= 0 is necessary in order to apply theorem 5.20.

Remark 5.24. If assumption (55) is verified only for r ∈ (0,T], then the estimates hold only
up to distance T. More precisely (56) holds by adding T to the arguments of the minimum.

Proof. By theorem 5.19, it is sufficient to prove that, for any λ ∈ A1Γ with ro(λ)< rinj(Γ), it
holds ro(λ)⩾ r∗(k1,k2). Fix then such a λ.

By definition 5.8, ro(λ) is the first self-intersection time of the contact Jacobi curve
Ωλ : [0,+∞)→RP1, which we can restrict under our working assumption to the interval
[0,rinj(Γ)), where (55) holds. We intend to apply theorem 5.6 with q= 2S(Ωλ) and a suit-
able model q̄ for comparison, given by the right hand side of (55). We note that the regularity
assumption (33) is verified thanks to item (v) of theorem 5.13.
1. Case k1,k2 > 0. In this general case, the solutions of the model ODE

¨̄u(r)+

(
− 3

4r2
+ k1r+ k2r

2

)
ū(r) = 0

cannot be expressed in terms of elementary functions. We choose then a larger q̄, which has
the advantage of having elementary solution. Let then

q̄(r) :=− 3

4
(
r+ k1

2k2

)2 + k2

(
r+

k1
2k2

)2

, r ∈ (0,+∞) .

Observe that (55) and elementary estimates (with k1,k2 > 0) imply

1
2
S (Ωλ)(r)⩽ q̄(r) , ∀r ∈ (0,rinj (Γ)) .

Furthermore, the solution of ¨̄u+ q̄ū= 0, such that ū(0) = 0 (see remark 5.7), is

ū(r) =
sin
(√

k2
2 r(r+ 2w)

)
√
r+w

, w :=
k1
2k2

, r ∈ (0,+∞) .

Its first positive root is the non-zero solution of
√
k2r(r+ 2w) = 2π. By theorem 5.6 we obtain

ro (λ)⩾ inf{r> 0 | ū(r) = 0}=
−k1 +

√
8π k3/22 + k21
2k2

.
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2. Case k1 ⩽ 0, k2 > 0. By (55) we have

1
2
S (Ωλ)(r)⩽− 3

4r2
+ k1r+ k2r

2 ⩽− 3
4r2

+ k2r
2, ∀r ∈ (0,rinj (Γ)) .

Hence this case can be seen as a special case of the above case, by setting k1 = 0.
3. Case k1 > 0 and k2 ⩽ 0. By (55) we have

1
2
S (Ωλ)(r)⩽− 3

4r2
+ k1r := q̄(r) , ∀r ∈ (0,rinj (Γ)) .

In this case the non-trivial solutions of ¨̄u+ q̄ū= 0 is most easily obtained by the replacement
ū(t) = r1/2ζ(2

√
k1/3r3/2), where ζ is a solution of the Bessel equation:

z2ζ̈ (z)+ zζ̇ (z)+
(
z2 − 4/9

)
ζ (z) = 0.

Therefore we get that a solution of ¨̄u+ q̄ū= 0 with ū(0) = 0 (see remark 5.7) is

ū(r) = r1/2J2/3

(
2
√
κ1r

3/2

3

)
, r ∈ (0,+∞) ,

where Jn is the Bessel function of first kind. Therefore applying theorem 5.6 we obtain

ro (λ)⩾ inf{r> 0 | ū(r) = 0}=
(
3j2/3
2

)2/3 1

k1/31

,

where j2/3 ∼ 3.37 is the first positive zero of the Bessel function J2/3.
3. Case k1,k2 ⩽ 0. By (55) we have

1
2
S (Ωλ)(r)⩽− 3

4r2
:= q̄(r) , ∀r ∈ (0,rinj (Γ)) .

A non-trivial solution of ¨̄u+ q̄ū= 0 with ū(0) = 0 (see remark 5.7) is

ū(r) = t3/2, r ∈ (0,+∞) .

Therefore by theorem 5.6 we obtain ro(λ)⩾ inf{r> 0 | ū(r) = 0}=+∞.

5.6. Comparison theorems under canonical curvature bounds

In this section we develop a different type of tightness radius estimate, assuming a control
on the so-called canonical curvature, rather than on the Schwarzian derivative of the contact
Jacobi curve. The canonical curvature plays the role of sectional curvature in sub-Riemannian
comparison geometry. Historically, it was introduced in [AG97, AZ02a] for the study of curves
in the Lagrange Grassmannians. The concept of canonical curvature (and the related canonical
frame) was then formalised in full generality in [ZL09], and was further studied and developed
in [LZ11, LLZ16, AL14, AL15, ABR18, ABR17, BR16, BR20, BR17] in sub-Riemannian
geometry and its comparison theory. We follow here the presentation that can be found in
[ABR18].
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Definition 5.25. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold. Let
λ ∈ T∗M \ {H= 0}. The canonical frame is a one-parameter family of moving frames for
Tλ(T∗M), denoted by {Ei(t),Fi(t)}i=a,b,c, which is determined up to sign by the following
properties:

• It is a one-parameter family of Darboux frames:

σ (Ei (t) ,Ej (t)) = σ (Fi (t) ,Fj (t)) = σ (Ei (t) ,Fj (t))− δij = 0, ∀ t ∈ R;

• the ‘E’ part of the frame satisfies:

kerπ∗ = etH⃗∗ span{Ea (t) ,Eb (t) ,Ec (t)} , ∀ t ∈ R;

• It satisfies the structural equations:

Ėa (t) =−Fa (t) , Ḟa (t) = Rλ
a (t)Ea (t)−Fc (t) ,

Ėb (t) =−Fb (t) , Ḟb (t) = 0,

Ėc (t) = Ea (t) , Ḟc (t) = Rλ
c (t)Ec (t) ,

where the dot denotes the derivative with respect to t, and Rλ
a (t),R

λ
c (t) are smooth functions

called canonical curvatures at λ.

On three-dimensional contact sub-Riemannian manifolds, the canonical frame can be com-
puted explicitly. Let us recall some notation. Let f0, f1, f2 be a local oriented orthonormal frame
and ν0 = ω,ν1,ν2 be the corresponding dual frame. Let h0,h1,h2 : T∗M→ R be the linear-on-
fibres functions defined in (13). Note that, for any q ∈M such that f1, f2 are defined, the map
(h0,h1,h2) : T∗qM→ R3 induces coordinates on the fibre T∗qM and, in turn, vertical4 vector
fields ∂h0 ,∂h1 ,∂h2 locally defined on T∗M. They are characterised by the following property in
terms of the symplectic form

σ (∂hi , ·) = (π∗νi)(·) , i = 0,1,2.

Correspondingly, we define the vertical vector fields

∂θ = h1∂h2 − h2∂h1 , e= h1∂h1 + h2∂h2 + h0∂h0 .

Both vector fields are globally well-defined on T∗M independently on the choice of the f0, f1, f2.
Furthermore e is the Euler vector field, the generator of fibre-wise dilations, namely

e(lnα)e (λ) = αλ, ∀α > 0, λ ∈ T∗M.

Finally, let also introduce the following globally-defined smooth vector field:

H⃗ ′ :=
[
∂θ, H⃗

]
= h2h⃗1 − h1h⃗2 −

 2∑
j=1

cj12∂θhj

∂θ +
 2∑

i,j=1

hic
j
i0∂θhj

∂h0 . (59)

4 We call a vector (or a vector field) on T∗M vertical if π∗V= 0.
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In terms of the above ingredients, the canonical frame has the following expression (see
[ABR18, section 7.5], to which we refer to for a proof and more details):

Ec (t) =
1√
2H

e−tH⃗
∗ ∂h0 , Fc (t) =

1√
2H

e−tH⃗
∗

(
−
[
H⃗, H⃗ ′

]
+Rλ

a (t)∂θ
)
, (60)

Ea (t) =
1√
2H

e−tH⃗
∗ ∂θ, Fa (t) =

1√
2H

e−tH⃗
∗ H⃗ ′, (61)

Eb (t) =
1√
2H

e−tH⃗
∗ e, Fb (t) =

1√
2H

e−tH⃗
∗ H⃗. (62)

We have the following expressions for the canonical curvatures:

Rλa (t) =
1
2H

σλ(t)

([
H⃗,H⃗ ′

]
,H⃗ ′
)
, (63)

Rλc (t) =
1
2H

σλ(t)

([
H⃗,
[
H⃗,H⃗ ′

]]
,
[
H⃗,H⃗ ′

])
− 1

(2H)2
σλ(t)

([
H⃗,H⃗ ′

]
,H⃗ ′
)2

, (64)

where the right hand sides of (63) and (64) are evaluated at λ(t) = etH⃗(λ). (In [ABR18, propos-
ition 7.13], from which the expressions (63) and (64) are taken, there is a typo in the formulas
for the curvatures, where Rbb should be instead Rcc.)

Remark 5.26. There is a relation between Rλ
a (t),R

λ
c (t) and the invariants χ,κ of proposition

2.7. The relation is quite involved as also the derivatives of χ appear. Such relation can be
found in [AL14, theorem 6.3] with a different notation, and we do not report it here.

The next statement links the canonical frame with the contact Jacobi curve.

Lemma 5.27. Let (M,ω,g) be a three-dimensional contact sub-Riemannian manifold, and λ ∈
T∗M \ {H(0)}. Let {Ei(r),Fi(r)}i=a,b,c be the canonical frame and let {Ei(r),F i(r)}i=a,b,c be
its dual. Then

F c (r) =−
√
2H
(
π ◦ erH⃗

)∗
ω, ∀r ∈ R,

where both sides are evaluated at the given λ.

Proof. For simplicity, assume 2H(λ) = 1 It is sufficient to show that for i = a,b,c it holds

〈
(
π ◦ erH⃗

)∗
ω, Fi (r)〉=−δic, 〈

(
π ◦ erH⃗

)∗
ω, Ei (r)〉= 0.

We begin with Ei. It holds:

〈
(
π ◦ erH⃗

)∗
ω,Ei (r)〉= 〈π∗ω, erH⃗∗Ei (r)〉= 0.

Note that H⃗ pointwise projects to an horizontal vector, namely

π∗H⃗|λ = h1 (λ) f1|π(λ) + h2 (λ) f2|π(λ). (65)

Therefore, using (62) and (65) it holds

〈
(
π ◦ erH⃗

)∗
ω,Fb (r)〉= 〈π∗ω, H⃗〉= 0.
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Similarly, for H⃗ ′ it follows from equation (59) that

π∗H⃗
′|λ = h2 (λ) f1|π(λ) − h1 (λ) f2|π(λ). (66)

Therefore

〈
(
π ◦ erH⃗

)∗
ω,Fa (r)〉= 〈π∗ω, H⃗ ′〉= 0.

Finally, using (60) we obtain

〈
(
π ◦ erH⃗

)∗
ω,Fc (r)〉= 〈π∗ω,

[
H⃗ ′, H⃗

]
〉

= H⃗ ′
(
π∗ω

(
H⃗
))

− H⃗
(
π∗ω

(
H⃗ ′
))

− dω
(
π∗H⃗

′,π∗H⃗
)

= ν1 ∧ ν2 (h1f1 + h2f2,h2f1 − h1f2) =−1,

where we used π∗ω(H⃗) = π∗ω(H⃗ ′) = 0, dω = ν1 ∧ ν2 and (65) and (66).

We now prove our comparison theorem for tightness radius under canonical curvature
bounds. As it will be clear from the techniques in the proof, the result is non-sharp (see remark
5.29). However, it provides a connection between tightness and sub-Riemannian curvature
invariants.

Theorem 5.28. Let (M,ω,g) be a complete three-dimensional contact sub-Riemannian man-
ifold and let Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. Assume that there exist
A,C> 0 such that√

1+Rλ
a (r)

2 ⩽ A,
√

1+Rλ
c (r)

2 ⩽ C, ∀r ∈ [0,rinj (Γ)] , ∀λ ∈ A1Γ,

where Rλ
a (r),R

λ
c (r) are the canonical curvatures at λ. Then for the tightness radius of Γ it

holds

rtight (Γ)⩾min{τ (A,C) ,rinj (Γ)} ,

where

τ (A,C) :=
ˆ ∞

0

1
Au2 +Cu+ 1

du. (67)

Proof. By theorem 5.19, we have to prove that, for all λ ∈ A1Γ with ro(λ)< rinj(Γ), it holds

ro (λ)>
ˆ ∞

0

1
Au2 +Cu+ 1

du.

Fix then such a λ. Recall that, by definition 5.8, the first singular radius is

ro (λ) = inf{r> 0 | Ωλ (r) = Ωλ (0)}
= inf{r> 0 | kerωr|λ = kerω0|λ} ,

where ωr = (π ◦ erH⃗)∗ω|A1Γ is the one-form (35). Observe that

kerω0|λ = kerπ∗ω ∩Tλ
(
A1Γ

)
= span{∂θ}= {Ea (0)} ,
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where we used (61).Using lemma 5.27 and we can write ro(λ) as

ro (λ) = inf{r> 0 | 〈F c (r) ,Ea (0)〉= 0} .

From definition 5.25 we deduce the structural equation for the dual of the canonical frame:

Ḟ a = Ea, Ėa =−RaF a−Ec,

Ḟ c = F a, Ėc =−RcF c,

where we omit the dependence on r and λ. It follows that x0(r) := 〈F c(r),Ea(0)〉 satisfies the
following Cauchy problem:{

d
dr (

...
x 0 +Raẋ0)−Rcx0 = 0,

x0 (0) = 0, ẋ0 (0) = 0, ẍ0 (0) = 1,
...
x 0 (0) = 0.

(68)

We rewrite it as a first-order Cauchy problem by defining x := (x0,x1,x2,x3) with

x1 := x(1), x2 := x(2), x3 := x(3) +Rax
(1),

so that (68) rewrites as

ẋ0 = x1,

ẋ1 = x2,

ẋ2 = x3 −Rax1,

ẋ3 = Rcx0,

x(0) = (0,0,1,0) .

Therefore we have ro(λ) = inf{r> 0 | x0(r) = 0}. Notice that, since

x0 (r) =
ˆ r

0

(ˆ t

0
x2 (s) ds

)
dt, x2 (0) = 1,

then ro(λ)> τ := inf{r> 0 | x2(r) = 0}.We define then

v :=

x0/x2x1/x2
x3/x2

 , M= (0,Ra,−1) · v1+

 0 1 0
0 0 0
Rc 0 0

 , w :=

0
1
0

 ,
where 1 is the identity matrix and · denotes the scalar product. We find that v is the solution
of the following Cauchy problem{

v̇=Mv+w,

v(0) = 0.

Thus, letting u := |v| we have the inequality

u̇(r)⩽
√

1+R2
a(t)u(r)

2 +
√

1+R2
c(t)u(r)+ 1⩽ Au(t)2 +Cu(r)+ 1, ∀r ∈ [0, τ).

We deduce that ro(λ) must be greater than the first blow-up time of the Cauchy problem{
u̇= Au2 +Cu+ 1,

u(0) = 0,

which is given by (67). It follows that ro(λ)> τ ⩾ τ(A,C).
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Remark 5.29. In the proof of theorem 5.28 it is shown that, for any λ ∈ A1Γ it holds ro(λ)>
τ(A,C), where x0(·) is the solution to the ODE (68). According to theorem 5.19 we have

rtight (Γ)⩾min

{
inf

λ∈A1Γ
ro (λ) ,rinj (Γ)

}
.

Therefore, if rtight(Γ)⩽ rinj(Γ) then the estimate in theorem 5.28 is not sharp.

6. K-contact sub-Riemannian manifolds

A three-dimensional contact sub-Riemannian manifold (M,ω,g) is called K-contact if the
associated Reeb field f 0 is a Killing vector field for the Riemannian extension g, or, equi-
valently, if the Reeb flow acts on M by sub-Riemannian isometries.

Remember the two metric invariants χ,κ :M→ R introduced in section 2.2. The first one
can be given in terms of an orthonormal frame f0, f1, f2 and its structural coefficients by:

χ =

√(
c101
)2

+
1
4

(
c201 + c102

)2
.

The next result is well-known, see [ABB20, corollary 17.10].

Proposition 6.1. A three-dimensional contact sub-Riemannian manifold (M,ω,g) is K-
contact if and only χ= 0.

The second metric invariant is given by the formula:

κ= f1
(
c212
)
− f2

(
c112
)
−
(
c112
)2 − (c212)2 + c102 − c201

2
. (69)

We recall that, in K-contact case, κ is the Gaussian curvature of the surface obtained by locally
quotienting M under the action of the Reeb flow, see remark 2.8.

Remark 6.2. Let (M,ω,g) be a contact sub-Riemannian manifold (not necessarily K-contact).
Let HR : T∗M→ R be the Hamiltonian of the Riemannian extension, i.e. the Riemannian met-
ric obtained from the sub-Riemannian one, promoting the Reeb field to a unit normal to kerω.
Then the Riemannian tubular neighbourhood map reads

ER : AΓ→M, ER (λ) = π ◦ eH⃗R (λ) .

In general ER 6= E. However in the K-contact case the two maps coincide. Indeed

HR = H+
1
2
h20 ⇒ H⃗R = H⃗+ h0h⃗0,

whereH : T∗M→ R is the sub-Riemannian Hamiltonian. Since [H⃗, h⃗0] = 0 and h0|AΓ = 0, then
H⃗R|AΓ = H⃗|AΓ and both are tangent to AΓ. It follows that

ER (λ) = π ◦ eH⃗R (λ) = π ◦ eH⃗ (λ) = E(λ) , ∀λ ∈ AΓ.

Lemma 6.3. Let (M,ω,g) be a complete three-dimensional K-contact sub-Riemannian mani-
fold. Let Γ be an embedded piece of a Reeb orbit diffeomorphic to an interval, then there exists
a set of cylindrical coordinates (r,θ,z) on AΓ (see section 3.1) such that

E∗ω = dz+ωr (∂θ)dθ,

where ωr is defined in definition 5.8.
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Proof. Let q ∈ Γ and let f1(q), f2(q) ∈ TqM be an orthonormal basis for ξq. Since Γ is diffeo-
morphic to an interval, there exist a point q ∈ Γ and an interval I such that the map γ : I→M
defined by γ(z) = ezf0(q) is an embedding. Since M is K-contact, the frame

fi (γ (z)) = ezf0∗ fi (q) , i = 1,2,

is an orthonormal frame for the sub-Riemannian metric, along Γ = γ(I). Consequently the
dual frame ν1,ν2 satisfies

ez⃗h0 (νi|q) =
(
e−zf0

)∗
(νi|q) = νi|γ(z).

Let (rcosθ,rsinθ,z) be cylindrical coordinates on AΓ as in section 3.1 built with the frame
f0, f1, f2, so that any λ ∈ A1Γ can be written as

λ= (cosθν1 + sinθν2) |γ(z) =: νθ,z.

Since M is K-contact, then {H,h0}= 0, or equivalently [H⃗, h⃗0] = 0. It follows that

π ◦ erH⃗ (νθ,z) = π ◦ erH⃗ ◦ ez⃗h0 (νθ,0) = π ◦ ez⃗h0 ◦ erH⃗ (νθ,0) ,

so that for ∂z ∈ TA1Γ it holds ωr(∂z) = ω(π∗ ◦ erH⃗∗ ∂z) = ω( f0) = 1 (cf definition 5.8). The res-
ult then follows from equality (37) of proposition 5.10.

ForK-contact structures, the next results shows that there cannot be overtwisted diskswithin
the injectivity radius from a Reeb orbit.

Theorem 6.4. Let (M,ω,g) be a complete three-dimensional K-contact sub-Riemannian man-
ifold and let Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. Then

rtight (Γ) = rinj (Γ) . (70)

Proof. Let λ ∈ A1Γ. Combining proposition 5.10 and lemma 6.3 we deduce that the contact
Jacobi curve has the following expression

Ωλ : [0,+∞)→RP1, Ωλ(r) = [ωr(∂θ|λ) : 1].

We see that the contact Jacobi curve is not surjective. By theorem 5.13, the contact Jacobi
curve is an immersion when restricted to the interval (0,rfoc(λ)). A non-surjective immersion
of an interval inRP1 is necessarily injective, therefore ro(λ)> rfoc(λ). Since rfoc(λ)⩾ rinj(Γ),
using theorem 5.19 we obtain (70).

We need the following comparison theorem for focal radii from the Reeb orbit.

Lemma 6.5. Let (M,ω,g) be a complete three-dimensional K-contact sub-Riemannian man-
ifold and let Γ be an embedded piece of Reeb orbit with rinj(Γ)> 0. Assume that the sub-
Riemannian metric invariant κ⩽ κ+ for some κ+ ∈ R. Then for all λ ∈ A1Γ it holds

rfoc (λ)⩾
{

π√
κ+

κ+ > 0,

+∞ κ+ ⩽ 0.

Similarly, with reversed inequality, if κ⩾ κ− for some κ− ∈ R.
In particular, if κ⩽ 0, then the tubular neighbourhood map E : AΓ→M is an immersion.
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Proof. By remark 6.2, the sub-Riemannian Hamiltonian flow from AΓ coincides with the one
of the Riemannian extension. In other words, E : AΓ→M coincides with the Riemannian
tubular neighbourhood map from Γ, by identifying the normal bundle NΓ with AΓ through
the Riemannian metric. With these identifications, E∗∂z = f0. Consider then the geodesic
t 7→ E(tλ). It follows that r is a focal radius for λ ∈ A1Γ if and only if r is a conjugate radius
for the Riemannian exponential map for the Riemannian manifold obtained by taking the quo-
tient by the Reeb flow of a small neighbourhood of the geodesic t 7→ E(tλ). Such a quotient
has Gauss curvature equal to the sub-Riemannian invariant κ (see remark 2.8). By classical
comparison theory for conjugate points (see e.g. [dC92, proposition 2.4]) it follows that if
κ− ⩽ κ⩽ κ+ we have

π
√
κ+

⩽ rfoc (λ)⩽
π

√
κ−

,

with the convention that the bounds are +∞ if κ± ⩽ 0.

Before proving the main theorem of this section, we state the following generalisation of
classical Riemannian Hopf–Rinow theorem.

Theorem 6.6 (Hopf–Rinow from a submanifold). Let M be a Riemannian manifold, with
distance function dR. Let S⊂M be an embedded submanifold (without boundary) and assume
that (S,dR|S) is a complete metric space. Then the following are equivalent:

• (M,dR) is complete;
• The Riemannian tubular neighbourhood map ER : AS→M is well-defined.

The classical Hopf–Rinow corresponds to the case S= {pt}. The proof of theorem 6.6
is analogous to the standard one [dC92, theorem 2.8 and section 7.2], replacing the normal
neighbourhood of a point with a normal tubular neighbourhood around S.

We can now prove the main result of this section: a Hadamard-type theorem for K-
structures.

Theorem 6.7. Let (M,ω,g) be a three-dimensional complete and simply connected K-contact
sub-Riemannian manifold. If κ⩽ 0 then (M,kerω) is contactomorphic to the standard contact
structure on R3 (see example 2.2).

Proof. Our first claim is that the Reeb field f 0 is complete. Let q ∈M and γ : I→M, γ(z) =
ezf0(q), be the maximal integral curve of f 0 going through q. If every Reeb orbit is periodic
then there is nothing to prove. Assume by contradiction that I⊊R is an open interval and
that γ : I→M is not periodic. Without loss of generality assume I= (0,2). Then z ∈ I can be
written as z= k+ δ, with k ∈ {0,1} and δ ∈ (0,1). By the triangle inequality and the fact that
the Reeb flow is an isometry we have for all z ∈ I:

d(q,γ (z))⩽ d
(
q,ekf0 (q)

)
+ d
(
ekf0 (q) ,e(k+δ)f0 (q)

)
= d

(
q,ef0 (q)

)
+ d
(
q,eδf0 (q)

)
⩽ 2 max

|τ |⩽1
d
(
q,eτ f0 (q)

)
.

Since d is complete, the trajectory I 3 z 7→ ezf0(q) is contained in a pre-compact set and thus
γ can be extended on an interval larger than I, proving the completeness of f 0.
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Fix then a maximal piece of Reeb orbit Γ (either Γ' S1 or Γ' R). Since κ⩽ 0, according
to lemma 6.5, E : AΓ→M is an immersion, thus the triple

(AΓ,E∗ω,E∗g) (71)

is a K-contact sub-Riemannian manifold. Let g̃ denote the Riemannian extension of the sub-
Riemannian metric g, i.e. the one obtained by promoting f 0 to a unit normal to kerω. We claim
that (AΓ,E∗g̃), is a complete Riemannian manifold. Let dR : AΓ×AΓ→ R be the Riemannian
distance function of (AΓ,E∗g̃). Observe that the zero sectionΓ0 ⊂ AΓ is an embedded subman-
ifold. Moreover (Γ0,dR|Γ0) has transitive isometry group, namely the restriction of the flow
of the Reeb field of (71). Thus (Γ0,dR|Γ0) is a locally compact metric space with transitive
isometry group and hence it is complete.

Since the curves r 7→ E(rλ) for λ ∈ A1Γ are sub-Riemannian geodesics from Γ⊂M, then
radial lines r 7→ rλ on AΓ are sub-Riemannian geodesics from Γ0 ⊂ AΓ. Then according to
remark 6.2, they are also Riemannian geodesics normal to Γ0. It follows that the Riemannian
tubular neighbourhood map of (71) from Γ0 is well-defined. Theorem 6.6 then implies that
(AΓ,dR) is a complete Riemannian manifold. Moreover denoting with dAΓ : AΓ×AΓ→ R the
sub-Riemannian distance of (71), we have dR ⩽ dAΓ. Therefore (AΓ,dAΓ) is a complete metric
space as well. Consequently, according to theorem 2.13, the sub-Riemannian exponential map
expAΓ : T∗(AΓ)→ AΓ is well-defined.

Being a local isometry, E : AΓ→M sends geodesics to geodesics. Thus for a fixed λ ∈ AΓ
we have the equality

E ◦ expAΓλ ◦E∗ = expE(λ) .

Since (M,ω,g) is a complete sub-Riemannian manifold and there are no non-trivial abnormal
length-minimisers the exponential map is surjective [ABB20, proposition 8.38]). We deduce
thatE : AΓ→M is surjective as well.We have proved that (AΓ,E∗g̃) is a complete Riemannian
manifold and that the map

E : (AΓ,E∗g̃)→ (M, g̃)

is a surjective local isometry of Riemannian manifolds. We recall the following Riemannian
result from [dC92, lemma 3.3 and chapter 7].

Lemma 6.8. Let M and N be Riemannian manifolds. Let f :M→ N be a surjective local dif-
feomorphism satisfying ‖f∗v‖⩾ ‖v‖, ∀v ∈ TM. If M is complete, then f is a covering map.

Applying lemma 6.8 we deduce that E : AΓ→M is a covering map. Since M is simply
connected, E is a actually a diffeomorphism. Thus rinj(Γ) = +∞ and according to theorem
6.4 also rtight(Γ) = +∞. Notice that, since AΓ' Γ×R2 and E : AΓ→M is a diffeomorphism,
Γ cannot be periodic, otherwise M would not be simply connected. Therefore we can apply
lemma 6.3, obtaining

E∗ω = dz+ωr (∂θ)dθ.

We deduce that the map Φ : R3 →M, defined by

Φ(z,x,y) := E

(√
2ωr (∂θ)
r

x,

√
2ωr (∂θ)
r

y,z

)
,

is a diffeomorphism, satisfying Φ∗ω = ωst.
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Corollary 6.9. Let (M,ω,g) be a complete three-dimensional K-contact sub-Riemannianman-
ifold. If κ⩽ 0 then any periodic orbit of the Reeb field is the generator of an infinite cyclic
subgroup of the fundamental group π1(M).

Proof. Let γ : S1 →M be a periodic orbit of the Reeb field. Then, according to the proof
of theorem 6.7, the map E : AΓ' S1 ×R2 →M is a covering which maps the generator of
π1(AΓ), which is [z 7→ (z,0,0)] ∈ π1(AΓ), to [γ] ∈ π1(M).

6.1. Examples with prescribed non-positive curvature

Next we would like to show that there are indeed many examples of sub-Riemannian mani-
folds with vanishing χ and non positive curvature κ, to which theorem 6.7 can be applied, see
corollary 6.12.

Theorem 6.10. Let (B,η) be an orientable Riemannian surface of curvature κη. Assume that
the area form Ω of g defines an integral cohomology class (which can always be achieved
by constant rescaling of the metric). Then there exists a principal circle bundle π :M→ B,
with connection ω ∈ Ω1(M), dω = π∗Ω. Moreover the triple (M,ω,g= π∗η+ω⊗ω) defines
a sub-Riemannian structure having invariants χ = 0,κ= π∗κη.

Proof. We make use of the following result from [Kob56], as stated in [BW58, theorem 3].

Theorem 6.11. Let (B,Ω) be a two-dimensional symplectic manifold and assume that [Ω] ∈
H2(B,Z). Then there is a principal circle bundleπ :M→ B over Bwith connectionω satisfying
dω = π∗Ω. In particular ω determines a contact structure and its Reeb field f0 generates the
right translations of the bundle by S1.

Let π : (M,ω)→ B be the principal S1-bundle with contact connection ω, obtained apply-
ing theorem 6.11 to the symplectic manifold (B,Ω). Observe that the quadratic form g=
π∗η+ω⊗ω is positive definite overM, therefore the triple (M,ω,g) defines a sub-Riemannian
structure. By construction f 0 generates a one-parameter group of isometries so that χ= 0. The
corresponding orbit space is isometric to (B,η), thus κ= π∗κη by remark 2.8.

It follows from [Ruk95, NP09] that K-contact structures are tight, see [EKM16, remark
1.3]. By applying theorem 6.7 to the universal cover of (M,ω,g) equipped with the pull-back
sub-Riemannian structure, we obtain an alternative proof for this class of structures.

Corollary 6.12. The contact structures in theorem 6.10, with κη ⩽ 0, are universally tight.

6.2. Examples with positive curvature

In the proof of theorem 6.7, the assumption κ⩽ 0 can be replaced by asking that E : AΓ→M
has no critical points (this fact is implied by κ⩽ 0 through theorem 6.4). Arguing as in the
proof of the latter, it is sufficient that there exists a Reeb orbit ezf0(q) such that the Riemannian
manifold obtained by taking the quotient by the action of the Reeb flow (locally along any
sub-Riemannian geodesic E : AΓ→M) has no conjugate points along (Riemannian) geodesics
starting from the corresponding point in the quotient. The curvature of the quotient, in this case,
can also be positive.

We give an example. Let (N, h) be a complete, orientable, non-compact Riemannian surface.
There exists α ∈ Λ1N such that dα= volh is the volume form of N. Let thenM= N×R, with
projection p(q,z) = q. Define

ω := dz+ p∗α, g= p∗h+ω⊗ω.
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One can check that ω ∧ dω = volg so that (M,ω,g) is a contact sub-Riemannian manifold. The
Reeb vector field is f0 = ∂z, which is clearly a generator of isometries for (M,ω,g). Thus, the
sub-Riemannian invariants are

χ = 0, κ= p∗κh,

where κh is the Riemann curvature of (N,η). Assume now that (N,η) has a pole, namely, there
exists a point q such that any geodesic emanating from q has no conjugate points along it.
Let Γ be the Reeb orbit passing through from (q,0) ∈M. Then the construction in the proof of
theorem 6.4 shows that themapE : AΓ→M is an immersion and thus also the proof of theorem
6.7 proceeds unchanged. As an example, one can choose as (N, h) the Riemannian surface given
by N= {(x,y,w) ∈ R3 | w= x2 + y2} with the induced metric from R3. The origin is a pole in
the above sense, and the curvature κh is positive.

6.3. Left-invariant K-contact structures

A K-contact sub-Riemannian structure (M,ω,g) is called left-invariant if M is a Lie group,
and both the contact form ω and the sub-Riemannian metric g are left-invariant.

Example 6.13 (Left-invariant sub-Riemannian structure on the Heisenberg group). The
sub-Riemannian structure (R3,ωst,gst) defined in example 2.9 is left-invariant with respect to
the Heisenberg group multiplication, defined by

(x,y,z) ⋆ (x ′,y ′,z ′) :=

(
x+ x ′,y+ y ′,z+ z ′ +

1
2
(xy ′ − x ′y)

)
.

Example 6.14 (Left-invariant sub-Riemannian structure on SU(2)). The Lie algebra of
SU(2) is the algebra of anti-hermitian traceless 2× 2 complex matrices:

su(2) :=

{(
iα β
−β̄ −iᾱ

)
∈Mat(2,C)

∣∣ α ∈ R, β ∈ C
}
.

A basis of su(2) is {f1, f2, f0}, where

f1 =
1
2

(
0 i
i 0

)
, f2 =

1
2

(
0 1
−1 0

)
, f0 =

1
2

(
i 0
0 −i

)
.

Setting ξ = span{f1, f2}, and declaring f1, f2 an oriented orthonormal frame, we obtain a left-
invariant sub-Riemannian structure on SU(2) with Reeb field f 0. See [ABB20, section 13.6].

Example 6.15 (Left-invariant sub-Riemannian structure on S̃L(2)). The Lie algebra of
S̃L(2), i.e. the universal cover of SL(2), is the algebra of 2× 2 traceless real matrices:

sl(2) := {A ∈Mat(2,R) | trace(A) = 0} .
A basis for sl(2) is {f1, f2, f0}, where

f1 =
1
2

(
1 0
0 −1

)
, f2 =

1
2

(
0 1
1 0

)
, f0 =

1
2

(
0 −1
1 0

)
.

Setting ξ = span{f1, f2}, and declaring f1, f2 an oriented orthonormal frame, we obtain a left-
invariant sub-Riemannian structure on S̃L(2)with Reeb field f 0. See [ABB20, section 17.5.4].

The three examples above actually compose an exhaustive list of the simply connected K-
contact left-invariant sub-Riemannian structures.

Theorem 6.16 ([ABB20, corollary 17.31]). Let (M,ω,g) be a three-dimensional simply con-
nected, K-contact, left-invariant sub-Riemannian manifold. The metric invariant κ :M→ R
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defined in (69) is constant. Up to a constant rescaling of the contact form and the sub-
Riemannian metric, we have the following three cases:

(i) κ= 0 and (M,ω,g) is isometric to the left-invariant sub-Riemannian structure on the
Heisenberg group, i.e. example 6.13;

(ii) κ= 1 and (M,ω,g) is isometric to the left-invariant sub-Riemannian structure on SU(2),
i.e, example 6.14;

(iii) κ=−1 and (M,ω,g) is isometric to the left-invariant sub-Riemannian structure on
S̃L(2), i.e, example 6.15.

We compute the tightness radius estimate of theorems B and C for examples 6.13–6.15. For
a Reeb orbit Γ, we denote with ρThm.B(Γ) and ρThm.C(Γ) the estimates produced by theorems
B and C, respectively:

ρThm.B (Γ) :=min{rinj (Γ) ,r∗ (k1,k2)} ,
ρThm.C (Γ) :=min{rinj (Γ) , τ (A,C)} ,

where r∗(k1,k2) is defined in (3) and τ(A,C) is defined in (4).

Proposition 6.17. Let (M,ω,g) be one of the K-contact left-invariant structures of examples
6.13–6.15, and let Γ be a Reeb orbit. We have the following cases:

(i) (M,ω,g) is the left-invariant structure on the Heisenberg group, and

ρThm.B (Γ) = rtight (Γ) = +∞, ρThm.C (Γ) =
2π

3
√
3
≈ 1.02;

(ii) (M,ω,g) is the left-invariant structure on SU(2), and
ρThm.B (Γ) = rtight (Γ) = π, ρThm.C (Γ)≈ 1.05,

(iii) (M,ω,g) is the left-invariant structure on SL(2), and
ρThm.B (Γ) = rtight (Γ) = +∞, ρThm.C (Γ)≈ 1.05.

Proof. We begin with the computation of ρThm.B(Γ). We need the following lemma.

Lemma 6.18. Let (M,ω,g) be a three-dimensional K-contact, left-invariant sub-Riemannian
structure with metric invariant κ ∈ R. Let Γ be an embedded piece of Reeb orbit. Then, for
any λ ∈ A1Γ and r ∈ (0,+∞), the Schwarzian derivative of the contact Jacobi curve satisfies

1
2
S (Ωλ)(r) =


κ
4

(
1− 3

sin2 (
√
κr)

)
κ > 0,

− 3
4r2 κ= 0,

κ
4

(
1+ 3

sinh2 (
√
−κr)

)
κ < 0.

Proof. Recall that the contact Jacobi curve at λ ∈ A1Γ is the projectivisation

Ωλ(r) = P(ωr|λ) , ∀r ∈ [0,+∞).

where ωr is defined in (35), see definition 5.8. We explicitly compute ωr|λ which, we recall,
is a one-parameter family of one-forms in the fixed space T∗

λ(A
1Γ). By [ABB20, proposition

17.17], there exists an orthonormal frame {f0, f1, f2} satisfying

[f2, f1] = f0, [f1, f0] = κf2 [f2, f0] =−κf1. (72)
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Let h1,h2,h0 : T∗M→ R be the associated Hamiltonian functions, i.e. hi(λ) = 〈λ, fi〉. Observe
that, denoting λ(r) = erH⃗(λ), the functions hi(r) := hi(λ(r)), satisfy the following equations

ḣ0 (r) = {H,h0}= 0,

ḣ1 (r) = {H,h1}= h2 (r)h0 (r) ,

ḣ2 (r) = {H,h2}=−h1 (r)h0 (r) .

Since λ ∈ A1Γ we have initial conditions h0(0) = 0 and h1(0)2 + h2(0)2 = 1. Then

h0 (r) = 0, h1 (r) = h1 (0) , h2 (r) = h2 (0) , ∀r ∈ R.

In the following we omit the evaluation at λ and denote

ω̇r =
d
dr
ωr, ω̈r =

d2

dr2
ωr.

We exploit the general computations in appendix A. Substituting the structural coefficients of
the frame (72) in (79), and exploiting the fact that h0,h1,h2 are constant along λ(r), we obtain

{
ω̈r =−κωr+ dθ,

ω0 = dz, ω̇0 = 0.
(73)

Note that here (rcosθ,rsinθ,z) denote the cylindrical coordinates on AΓ of section 3.1, and
the initial conditions in (73) are obtained from lemma A.1. The solution to (73) is

ωr = cos
(√
κr
)
dz− 2

κ
sin2

(√
κr
2

)
dθ.

Therefore the contact Jacobi curve can be computed explicitly:

Ωλ(r) =

[
cos(

√
κr) :− 2

κ
sin2

(√
κr
2

)]
, ∀λ ∈ A1Γ, ∀r ∈ [0,+∞).

Taking the Schwarzian derivative yields the result.

Lemma 6.18 shows that for all κ ∈ R we have 1
2S(Ωλ)(r)⩽− 3

4r2 . It follows that we can
choose k1 = k2 = 0 in theorem B, obtaining r∗(k1,k2) = +∞. Therefore, for all κ ∈ R, we
have

ρThm.B (Γ) =min{rinj (Γ) ,r∗ (k1,k2)}= rinj (Γ) .

Since rinj(Γ)⩾ rtight(Γ)⩾ ρThm.B(Γ) = rinj(Γ), we also obtain rtight(Γ) = rinj(Γ), which we
had already proved for K-contact manifolds in theorem 6.4.

It remains to compute rinj(Γ) in the three cases. We make use of the following fact.

Lemma 6.19. Let (M,ω,g) be a three-dimensional K-contact, left-invariant sub-Riemannian
structure. Then, for each n ∈ T1M, the sectional curvature (with respect to the Riemannian
extension) of the plane n⊥ is given by

sec
(
n⊥
)
= ω (n)2 (κ− 1)+

1
4
, Ric( f0) =

1
2
. (74)

Proof. Substituting the structural coefficients of the frame (72) into the formulae of [Mil76,
theorem 4.3], we obtain the result.
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Substitutingκ= 1 in (74)we deduce that SU(2)with the Riemannian extension has constant
sectional curvature, equal to 1/4. Therefore, SU(2)with the Riemannian extension is isometric
to the round 3−sphere of radius 2 (or Riemannian diameter 2π). One can check that the orbits
of the Reeb field are Riemannian geodesics. Thus Γ is a great circle. According to remark 6.2
the Riemannian and sub-Riemannian tubular neighbourhood maps coincide in the K-contact
case. It follows that rinj(Γ) = π ifκ= 1. If κ⩽ 0, then according to theorem 6.7, rinj(Γ) = +∞.
Summing up, we obtained

rinj (Γ) =

{
π if κ= 1,

+∞ if κ⩽ 0.
(75)

This concludes the computation of ρThm.B(Γ).
Next, we compute ρThm.C(Γ). The canonical curvatures of K-contact structures have been

computed for example in [AL14, theorem 6.7], from which, recalling that λ ∈ A1Γ and hence
h0(λ) = 0 and 2H(λ) = 1, we deduce

Rλ
a (r) = κ, Rλ

c (r) = 0, ∀λ ∈ A1Γ, ∀r> 0.

Therefore in theorem C we can take A=
√
2, C= 1 if κ ∈ {−1,1}, while A= C= 1, if κ= 0.

Replacing in (4) we obtain the following values for ρThm.C(Γ):

ρThm.C =min{rinj (Γ) , τ (A,C)} ≈

{
1.05 if κ ∈ {−1,1} ,
1.02 if κ= 0,

where we have used also (75).

7. Comparison with the state of the art

Let ξ denote a contact distribution on a 3-manifold M. Following [EKM16, definition 2.7], a
Riemannian metric g is compatible with ξ if there exist a contact form ω, an almost-complex
structure J : ξ→ ξ, and a positive constant θ ′, such that

1
θ ′

dω (X,JY) = g(X,Y) , ∀X,Y ∈ ξp, ∀p ∈M,

and the Reeb field is the oriented unit normal to ξ. The constant θ ′ is called the rotation speed.
Given a co-orientable contact manifold (M, ξ), there is a one-to-one correspondence

between Riemannian metrics which are compatible with ξ and normalised sub-Riemannian
contact structures. Indeed, a choice of sub-Riemannian metric on ξ induces a normalised con-
tact form ω as described in section 2.2. Promoting the Reeb field to a unit normal to ξ we
obtain a Riemannian metric, which we call the Riemannian extension of the sub-Riemannian
metric. Equation (12) shows that the Riemannian extension is compatible with ξ and has rota-
tion speed θ ′ = 1. Conversely, given a Riemannian metric which is compatible with ξ, we can
restrict it to the contact distribution to obtain a sub-Riemannian metric which, in turn, induces
a unique contact form ω that is normalised, i.e. satisfies (11).

Remark 7.1 (Notation). By the above discussion, we work below with two different met-
ric structures: the Riemannian one or the corresponding sub-Riemannian one. The symbol
g denotes either the Riemannian or sub-Riemannian metric, depending on the context, no con-
fusion will arise. Of course the corresponding metric structures are different. Thus, all quant-
ities with superscript or subscript R, such as dR, BR

r (Γ), r
R
tight, r

R
inj(Γ), …, are defined w.r.t. the

Riemannian structure, while the corresponding quantities without affix or suffix denote the
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corresponding sub-Riemannian ones, in agreement with the rest of the paper. An exception
is the injectivity radius of a Riemannian manifold inj(g), because it has no sub-Riemannian
counterpart.

7.1. Estimates of the maximal tight Riemannian tube around a Reeb orbit

Let (M,ω,g) be a contact sub-Riemannian manifold and Γ be an embedded Reeb orbit. Let
ER : AΓ→M denote the Riemannian tubular neighbourhood map and let rRinj(Γ) denote the
corresponding Riemannian injectivity radius. Let BR

r (Γ) be the Riemannian tube of radius r
around Γ

BR
r (Γ) := {q ∈M | dR (q,Γ)< r} ,

where dR(·,Γ) denotes the Riemannian distance fromΓ. TheRiemannian tightness radius from
Γ is defined as

rRtight (Γ) := sup
{
0< r< rRinj (Γ) |

(
BR
r (Γ) , ξ|BR

r (Γ)

)
is tight

}
.

Lemma 7.2. Let (M,ω,g) be a three-dimensional complete contact sub-Riemannian manifold,
and let Γ be an embedded Reeb orbit. Assume that the sub-Riemannian distance from Γ coin-
cides with the one determined by the Riemannian extension, then

rtight (Γ) = rRtight (Γ) .

Proof. By definition, the sub-Riemannian metric g is the restriction of the Riemannian exten-
sion to the contact distribution. In particular the length of horizontal curves is the same, whether
is measured with the Riemannian or sub-Riemannian metric. This implies that the Riemannian
geodesics realising the distance from Γ are horizontal and coincide with the sub-Riemannian
ones, and the tubular neighbourhood maps coincide. As a consequence rRinj(Γ) = rinj(Γ) and
BR
r (Γ) = Br(Γ) for all r⩾ 0. Since Γ is an embedded Reeb orbit, we can make use of defini-

tion (20) of the sub-Riemannian tightness radius, therefore

rtight (Γ) = sup
{
0< r< rinj (Γ) |

(
Br (Γ) ,ω|Br(Γ)

)
is tight

}
= sup

{
0< r< rRinj (Γ) |

(
BR
r (Γ) ,ω|BR

r (Γ)

)
is tight

}
= rRtight (Γ) .

In this section we compare theorems B and C with theorem 1.1 (corresponding to [EKM16,
theorem 1.8]).We start by proving theorem 1.4, of whichwe recall the statement. The constants
ρThm.B(Γ), ρThm.C(Γ) and ρEKM(Γ) are defined in (8)–(10), respectively.

Proposition 7.3. Let (M,ω,g) be a three-dimensional simply connected K-contact left-
invariant sub-Riemannian structure, and let Γ be an embedded Reeb orbit. Then, the
Riemannian and sub-Riemannian distances from Γ coincide. Up to a constant rescaling of
the contact form and the sub-Riemannian metric, we have the following three cases:

(i) (M,ω,g) is the left-invariant sub-Riemannian structure on the Heisenberg group (see
example 6.13). Moreover

ρThm.B (Γ) = rtight (Γ) = +∞, ρThm.C (Γ) =
2π

3
√
3
≈ 1.02, ρEKM (Γ)⩽ 1,
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(ii) (M,ω,g) is the left-invariant sub-Riemannian structure on SU(2) (see example 6.14).
Moreover

ρThm.B (Γ) = rtight (Γ) = π, ρThm.C (Γ)≈ 1.05, ρEKM (Γ)⩽ 1.38,

(iii) (M,ω,g) is the left-invariant sub-Riemannian structure on S̃L(2) (see example 6.15).
Moreover

ρThm.B (Γ) = rtight (Γ) = +∞, ρThm.C (Γ)≈ 1.05, ρEKM (Γ)⩽ 0.74.

Proof. By remark 6.2 for any embedded Reeb orbit Γ, in the K-contact case, the sub-
Riemannian and Riemannian distances from Γ coincide. By theorem 6.16, up to a constant res-
caling, (M,ω,g) is one of the model structures of items (i)-(ii)-(iii). For each case, ρThm.B(Γ)
and ρThm.C(Γ) are computed in proposition 6.17. We now compute ρEKM(Γ). Furthermore,
lemma 6.19 yields the sectional curvature of the corresponding models, from which we obtain
the constants a,b,K involved in (10). Thus we have:

(i) κ= 0, then a= 1, b= 1
2 , K= 1

4 , θ
′ = 1. Therefore, according to (10) we have

ρEKM (Γ) =min

{
rinj (Γ) ,

inj(g)
2

,π,1

}
⩽ 1,

(ii) κ=+1, then a= 1
3 , b=

1
2 , K= 1

4 , θ
′ = 1. Therefore, according to (10) we have

ρEKM (Γ) =min

{
rinj (Γ) ,

inj(g)
2

,π,
4

1+
√

11/3

}
⩽ 1.38,

(iii) κ=−1, then a= 7
3 , b=

1
2 , K= 1

4 , θ
′ = 1. Therefore, according to (10) we have

ρEKM (Γ) =min

rinj (Γ) , inj(g)2
,π,

2√
59
12 +

1
2

⩽ 0.74,

concluding the proof.

Remark 7.4. If one among a,b and K in the statement of theorem 1.1 is infinite, then the latter
yields the trivial estimate rRtight(Γ)⩾ 0. However, if these quantities are bounded on the tube
BR
s (Γ) of radius s> 0 for each s> 0 (e.g. if Γ is compact), one can still apply theorem 1.1 on
BR
s (Γ), obtaining that there are no overtwisted disks in BR

s (Γ) provided that s is smaller than
the right hand side of (6), computed on BR

s (Γ). In other words:

rtight (Γ)⩾ ρ̃EKM (Γ) := sup
s>0

min{s,ρsEKM (Γ)} , (76)

where ρsEKM(Γ) is the right hand side of (6) with all relevant bounds computed on Bs(Γ),
namely

ρsEKM (Γ) :=min

{
rRinj (Γ) ,

inj(g)
2

,
π

2
√
Ks
,

2√
2as+ b2s + bs

}
, (77)
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where Ks is an upper bound on the absolute value of the sectional curvature on BR
s (Γ), while

as :=
4
3

∣∣sec(g|BR
s (Γ)

)∣∣ , bs :=
1
2
+

√
1
4
− 1

2
min

q∈BR
s (Γ)

Ric( f0).

In contrast with (10), the number provided by (76) is positive.

We conclude by proving theorem 1.5, of which we recall the statement.

Proposition 7.5. Let (R3,ωot,got) be the standard sub-Riemannian overtwisted structure (see
example 2.10). Let Γ be the Reeb orbit

Γ = {(0,0,z) | z ∈ R} .

Then the Riemannian and sub-Riemannian distances from Γ coincide. Moreover

ρThm.B (Γ) = rtight (Γ) =
√
2π, ρ̃EKM (Γ)⩽ 3

√
2.

Proof. According to example 2.10 the Riemannian extension of got is determined by the
orthonormal frame

f1 = ∂r, f2 =
1
r
cos

(
r2

2

)
∂θ −

1
r
sin

(
r2

2

)
∂z, f0 = cos

(
r2

2

)
∂z+ sin

(
r2

2

)
∂θ.

Thus, for such Riemannian structure, the integral curves of f 1 are arc-length parametrised
geodesics realising the distance from Γ. It then follows from theorem 4.3 that the Riemannian
and sub-Riemannian distances from Γ coincide. The fact that ρThm.B(Γ) =

√
2π = rtight(Γ)

was observed in remark 5.22.
A computation shows that the Ricci curvature of got is unbounded below on R3, thus we

adopt the definition of ρ̃EKM(Γ) for structures of unbounded curvature, namely (76). A standard
computation yields that, at the point q= (rcosθ,rsinθ,z), it holds

Ric( f0) =
1
2

(
1− r4

)
, sec(span{f2, f0}) =

1
4

(
r2 − 1

)2
,

and consequently

as ⩾
1
3

(
s2 − 1

)2
bs =

1
2

(
s2 + 1

)
.

Then, according to (77), we have

ρsEKM (Γ)⩽ 2√
2as+ b2s + bs

⩽ 2

(√
2
3
(s2 − 1)2 +

1
4
(s2 + 1)2 +

1
2

(
s2 + 1

))−1

⩽ 4

(√
(s2 − 1)2 +(s2 + 1)2 +

(
s2 + 1

))−1

⩽ 2
s2
.

Finally, we can estimate

ρEKM (Γ) = sup
s>0

min{s,ρsEKM (Γ)} ≤ sup
s>0

min

{
s,

2
s2

}
=

3
√
2,

concluding the proof.
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Appendix A. Lie derivatives of contact Jacobi curves

We prove here some technical facts needed in the proof of theorem 5.13.

Lemma A.1. Let ωr be as in definition 5.8, and let (rcosθ,rsinθ,z) be cylindrical coordinates
on AΓ of section 3.1. Then the following hold:

ω0 (∂θ) = 0, ω̈0 (∂θ) = 1, ω0 (∂z) = 1,

ω̇0 (∂θ) = 0,
...
ω0 (∂θ) = 0, ω̇0 (∂z) = 0.

Proof. Remember that ωr = π ◦ erH⃗|A1Γ. We denote with the same symbol the un-restricted
form on T∗M. To prove the statement we compute Lie derivatives of π∗ω. Note that

LH⃗ (π
∗ω) =

(
iH⃗ ◦ d+ d ◦ iH⃗

)
(π∗ω) =

(
iH⃗ ◦ d

)
(π∗ω) .

Let f0, f1, f2 be a local orthonormal frame, with dual frame ν0 = ω,ν1,ν2. Let also h0,h1,h2 :
T∗M→ R the linear-on-fibre functions corresponding to the vector fields f0, f1, f2. We adopt the
following convention: free latin indices are understood to range from 1 to 2, while greek ones
from 0 to 2. Repeated indices are summed over their range. For example, [fα, fβ ] = cγαβ fγ ,
where cγαβ ∈ C∞(M) are the structure coefficients (see section 2.2).

Recall that since 2H= hi hi then H⃗= hi h⃗i. Furthermore H⃗(hµ) = {H,hµ}= hℓcαℓµhα. We
start with a few preliminary and straightforward computations:

LH⃗ω = LH⃗ν0 = hℓc
0
ℓjνj,

LH⃗νj = dhj+ hi c
j
iανα,

LH⃗ (dhj) = hℓc
α
jℓdhα + hαc

α
jℓdhℓ + hℓhαdc

α
jℓ, (78)

where the pull-back of forms is omitted from the notation, for brevity. More precisely, we
adopted the shorthand π∗να = να and similarly df = dπ∗f for f ∈ C∞(M), so that the above
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formulas are understood as identities between forms on T∗M. For the second derivative we
have

L 2
H⃗
ω = LH⃗

(
hi c

0
i jνj
)

= H⃗
(
hi c

0
i j

)
νj+ hi c

0
i j

(
LH⃗νj

)
= H⃗

(
hi c

0
i j

)
νj+ hi c

0
i j

(
dhj+ hℓc

j
ℓανα

)
= H⃗

(
hi c

0
i j

)
νj+ hi c

0
i jdhj+ hi hℓc

0
i j c

j
ℓανα. (79)

For the third Lie derivative we take one Lie derivative of (79) and apply Leibniz rule:

L 3
H⃗
ω = H⃗

(
hi c

0
i j

)(
LH⃗νj

)
+ H⃗

(
hi c

0
i j

)
dhj+ hi c

0
i j

(
LH⃗dhj

)
+ hi hℓc

0
i j c

j
ℓα

(
LH⃗να

)
+X

= H⃗
(
hi c

0
i j

)
dhj+ H⃗

(
hi c

0
i j

)
dhj+ hi c

0
i j

(
hℓc

α
jℓdhα + hαc

α
jℓdhℓ

)
+ hi hℓc

0
i j c

j
ℓkdhk+X

= 2H⃗
(
hi c

0
i j

)
dhj+ hi c

0
i j

(
hℓc

α
jℓdhα + hαc

α
jℓdhℓ + hℓc

j
ℓkdhk

)
+X

= 2H⃗
(
hi c

0
i j

)
dhj− 2Hdh0 + hi c

0
i j

(
hℓc

k
jℓdhk+ hαc

α
jℓdhℓ + hℓc

j
ℓkdhk

)
+X. (80)

Here, X denotes a linear combination of να = π∗να and df = π∗df for f ∈ C∞(M), since these
terms will give no contribution for the relevant computations.

Now consider the vector fields ∂z,∂θ on AΓ, in terms of the cylindrical coordinates of
section 3.1. In the notation of this appendix, one can see that

π∗∂θ = 0, π∗∂z = f0. (81)

We also note that, in the notation of this appendix

∂θ = h1∂h2 − h2∂h1 = hi c
0
ij∂hj . (82)

Recall that ωr = π ◦ erH⃗|A1Γ. Using (81) one obtains

ω0 (∂θ) = 0, ω0 (∂z) = 1.

Furthermore, using (78) and (81) we obtain

ω̇0 (∂θ) = 0, ω̇0 (∂z) = 0.

Finally, using (79), (81) and (82) one obtains

ω̈0 (∂θ) = hi c
0
ijdhj

(
hℓc

0
ℓk∂hk

)
= hi hℓc

0
ijc

0
ℓj = 2H,

where we used the fact that c0ijc
0
ℓj = δiℓ. In particular ω̈0(∂θ) = 1 when compute at λ ∈ A1Γ.

We now compute the last term we need,
...
ω0(∂θ). We use (80)–(82). We obtain

...
ω0 (∂θ) = 2H⃗

(
hi c

0
i j

)
hℓc

0
ℓj+ hi c

0
i j

(XXXXXhℓc
k
jℓhsc

0
sk+ hαc

α
j khℓc

0
ℓk+

XXXXXhℓc
j
ℓkhsc

0
sk

)
= H⃗

(
hi c

0
ijhℓc

0
ℓj

)
+(((((((((hhhhhhhhhhα

(
hi c

0
i j

)(
hℓc

0
ℓk

)
cαj k = H⃗(2H) = 0.

This concludes the proof of the lemma.

Lemma A.2. The one-forms ωr and two-forms ωr ∧ ω̇r on A1Γ (see definition 5.8) have finite
order at all r. More precisely, for any λ ∈ A1Γ and r̄⩾ 0 the following hold:
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(i) there exists m ∈ {0,1,2,3}, and a non-zero one-form β on A1Γ such that

ωr|λ = (r− r̄)mβ|λ +O
(
(r− r̄)m+1

)
, (83)

(ii) there exist n ∈ {0,1,2,3,4}, and a non-zero two-form α on A1Γ such that

ωr ∧ ω̇r|λ = (r− r̄)nα|λ +O
(
(r− r̄)n+1

)
,

where O(r− r̄) denote smooth remainders.

Proof. We first show that L n
H⃗
(π∗ω), for n= 0,1,2,3, the tautological one-form τ , and dH,

are a basis of one-forms on T∗M (out of the zero section), namely for any λ with H(λ) 6= 0 it
holds

span
{
τ, dH,L (n)

H⃗
(π∗ω) | n= 0,1,2,3

}
= T∗λ (T

∗M) . (84)

We check (84) by inspection of the computations already done in the proof of lemma A.1. Set
(Jh)i = hℓc0ℓi, and note that Jh and h are independent. We rewrite (78) as

LH⃗ (π
∗ω) = (Jh)ℓ νℓ.

Since τ = hiπ∗νi + h0π∗ν0, and ω = ν0, the above implies

span
{
π∗ω,LH⃗ (π

∗ω) , τ
}
= span{π∗ν0,π

∗ν1,π
∗ν2} .

Furthermore we rewrite (79) as

L 2
H⃗
(π∗ω) = (Jh)j dhj+ span{π∗ν0,π

∗ν1,π
∗ν2} .

Since dH= hjdhj, the above implies

span
{
π∗ω,LH⃗ (π

∗ω) ,L 2
H⃗
(π∗ω) , τ,dH

}
= span{π∗ν0,π

∗ν1,π
∗ν2,dh1,dh2} .

Finally, we rewrite (80) as

L 3
H⃗
(π∗ω) = 2Hdh0 + span{π∗ν0,π

∗ν1,π
∗ν2,dh1,dh2} .

Since {π∗να,dhα}3α=0 is a basis of one-forms on T∗M, (84) follows.
Note that the sub-bundle of one-forms generated by dH, τ is stable under the action of the

Hamiltonian flow. More precisely, since LH⃗(dH) = 0, LH⃗(τ) = dH, it holds

erH⃗∗dH= dH, erH⃗∗τ = τ + rdH. (85)

Proof of (i). Recall that ωr = erH⃗∗ ◦π∗ω|A1Γ (see definition 5.8). Taking the pull-back with
erH⃗∗ of (84), using the stability of span{dH, τ}, taking the restriction on A1Γ, and noting that
τ |A1Γ = dH|A1Γ = 0. We conclude that

span{ωr, ω̇r, ω̈r,
...
ωr}|λ = T∗

λ

(
A1Γ

)
, ∀λ ∈ A1Γ, ∀r ∈ R. (86)

In particular, at least one (actually, two) of the generators in (86) is non-zero, and (83) follows.

Proof of (ii). Let B= {λ ∈ T∗M | H(λ) 6= 0} and E be the rank 4 vector bundle over B:

E= ker{dH, τ}|B.
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It follows from (85) that erH⃗∗E= E. It is convenient to introduce the following one-parameter
family of one-forms:

χr := erH⃗∗ (π∗ω) , r ∈ R,

to distinguish them from the restriction ωr = χr|A1Γ. We are interested in the evolution of the
following one-parameter family of two-forms

αr := χr ∧ χ̇r, r ∈ R,

which (when restricted to E) is a global section of Λ2E∗. Let σ denote the restriction of the
symplectic form of T∗M to E. Using (78) in the proof of lemma A.2 one sees that α0 ∧σ = 0.
Consider the following vector bundle over B:

L=
{
η ∈ Λ2E∗ | η ∧σ = 0

}
.

Since σ is non-degenerate on E, and since E has rank 4, the condition η ∧σ = 0 is one non-
trivial linear equation. Thus L has rank 5. It follows from erH⃗∗E= E and erH⃗∗σ = σ that
erH⃗∗L= L. Consequently, since α0 ∈ L, then αr = erH⃗∗α0 ∈ L for all r ∈ R. It follows that

α(i)
r :=

di

dri
αr ∈ Γ∞ (L) , ∀r ∈ R, i ∈ N.

We claim that α(i)
r , for i = 0, . . . ,4, are linearly independent sections of L. To see this, by

elementary computations using the Leibniz property of the Lie derivative one can show that:
αr

α
(1)
r

α
(2)
r

α
(3)
r

α
(4)
r

=


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 1 0 0
∗ ∗ ∗ 0 2 0
∗ ∗ ∗ ∗ ∗ 2




χr ∧ χ̇r
χr ∧ χ̈r
χr ∧

...
χr

χ̇r ∧ χ̈r
χ̇r ∧

...
χr

χ̈r ∧
...
χr

 , (87)

where ∗ denotes a possibly non-zero entry. By (84), for any r ∈ R, the one-forms {χ(i)
r }3i=0 are

independent and, using also (85), when restricted toE yield a trivialisation ofE∗. Therefore, for
any r ∈ R, the two forms {χ(i)

r ∧χ( j)
r }0⩽i<j⩽3 are independent sections of Λ2E∗. The matrix

in (87) has rank 5, and the claim follows.
As a consequence, since L has rank 5, for any r ∈ R, the forms {α(k)

r }4k=0 constitute a trivi-
alising basis for L. It follows that, for any r ∈ R and ε ∈ R

αε ∈ span
{
α(k)
r

∣∣∣k= 0, . . . ,4
}
. (88)

Note that, since dH|A1Γ = τ |A1Γ = 0, T(A1Γ)⊂ E. Therefore one can take the restriction of (88)
to A1Γ. Recalling that, by definition, αε|A1Γ = ωε ∧ ω̇ε, we obtain:

ωε ∧ ω̇ε ∈ span

{
dk

drk
ωr ∧ ω̇r

∣∣∣k= 0, . . . ,4

}
, ∀r ∈ R.

We recall that by the contact condition (41), the left hand side of the above equation is non-
zero for sufficiently small ε> 0, then at least one of the generators of the right hand side is
non-zero. This concludes the proof.
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Appendix B. A formula for the Schwarzian derivative of contact Jacobi curves

Let (M,ω,g) be a contact sub-Riemannian manifold and let Γ⊂M be an embedded piece of
Reeb orbit. We assume here that ρ= rinj(Γ)> 0, which is always the case if Γ has compact
closure by theorem 3.6, and δ (the distance function from Γ) is smooth on E(A<ρΓ) \Γ. There,
its horizontal gradient is well-defined, as the unique horizontal vector field ∇δ satisfying

dδ (Y) = g(∇δ,Y) , ∀Y ∈ ξ,

which is also called the horizontal normal to Γ, and hence denoted by N=∇δ.

Definition B.1. Let N=∇δ be the horizontal normal, and let J : ξ → ξ be the almost-complex
structure (12). The ordered triple {f0,N,JN}, which is an oriented orthonormal frame defined
on E(AρΓ) \Γ, is called adapted frame associated to Γ.

The next proposition shows that the Schwarzian derivative of contact Jacobi curves can be
expressed in terms of the adapted frame and the Riemannian extension.

Proposition B.2. Given λ ∈ A1Γ and r ∈ (0,rinj(Γ)) the Schwarzian derivative of the contact
Jacobi curve (36) can be expressed in terms of the adapted frame definition B.1 as

1
2
S (Ωλ)(r) = g([N, f0] ,JN)−

1
2
Ng([N,JN] ,JN)− 1

4
g([N,JN] ,JN)2 , (89)

where the right hand side is evaluated at E(rλ).

To prove proposition B.2 we write the adapted frame in cylindrical coordinates.

Proposition B.3. Let (M,ω,g) be a complete three-dimensional contact sub-Riemannian
structure. Let Γ⊂M be an embedded piece of Reeb orbit, with ρ= rinj(Γ)> 0. Let E :
A<ρΓ→M be the tubular neighbourhood map. Let ωr be the following smooth 1-parameter
family of one-forms on A1Γ:

ωr :=
(
π ◦ erH⃗

)∗
ω|A1Γ, r ∈ R. (90)

The adapted frame {f0,N,JN} is oriented and orthonormal, and in cylindrical coordinates at
λ= (z,rcosθ,rsinθ) it holds

E−1
∗ N= ∂r, (91)

E−1
∗ JN=

1
a
(ωr (∂z)∂θ −ωr (∂θ)∂z) , (92)

E−1
∗ f0 =

1
a
(ω̇r (∂θ)∂z− ω̇r (∂z)∂θ + dωr (∂θ,∂z)∂r) , (93)

where a := ωr ∧ ω̇r(∂z,∂θ), the dot denoting the derivative w.r.t. r.

Remark B.4. Since ωr is a one-parameter family of one-forms on A1Γ one must be careful in
evaluation of equations (91)–(93). For clarity, e.g. (92) evaluated at a point rλ ∈ AΓ for some
λ ∈ A1Γ, it corresponds to

E−1
∗ JN|rλ =

1
a
(ωr (∂z|λ)∂θ|rλ −ωr (∂θ|λ)∂z|rλ) , a= ωr ∧ ω̇r (∂z|λ,∂θ|λ) .
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Proof. The fact that the frame {f0,N,JN} is smooth, orthonormal and oriented on E(AρΓ) \Γ
follows immediately from the definitions. Thus we only have to compute it in a set of cyl-
indrical coordinates. It follows from the homogeneity property (16) that in cylindrical coordin-
ates

E(rcosθ,rsinθ,z) = π ◦ erH⃗ (cosθν1 + sinθν2) |γ(z).

Let rλ ∈ AΓ for some λ= (z,cosθ,sinθ) ∈ A1Γ. Let λr = erH⃗(λ). As explained in [ACEAG98,
lemma 2.3], it follows from the Pontryagin maximum principle that

〈λr,E∗∂θ〉= 〈λr,E∗∂z〉= 0, 〈λr,E∗∂r〉= 1,

and thus E∗λr = dr.
The vector field E∗∂r = π∗H⃗ is horizontal and has norm one, hence E∗∂r,JE∗∂r is an hori-

zontal oriented orthonormal frame. Therefore using this frame in (15) we obtain

E∗∂r = π∗H⃗= 〈λr,E∗∂r〉E∗∂r+ 〈λr,JE∗∂r〉JE∗∂r.

It follows that 〈λr,JE∗∂r〉= 0.
We compute the pull-back of the contact form. Using the definition (90) of ωr we obtain

(E∗ω) |rλ = ω (E∗∂r|rλ)dr+ω (E∗∂θ|rλ)dθ+ω (E∗∂z|rλ)dz

= ω
(
π∗H⃗|eH⃗(rλ)

)
dr+ω

((
π ◦ erH⃗

)
∗
∂θ|λ

)
dθ+ω

((
π ◦ erH⃗

)
∗
∂z|λ

)
dz

= ωr (∂θ|λ)dθ+ωr (∂z|λ)dz. (94)

Thus, the equalities E∗λr = dr, 〈λr,JE∗∂r〉= 0 and ω(JE∗∂r) = 0 together imply

J̃∂r := E−1
∗ JE∗∂r ∝ ωr (∂z)∂θ −ωr (∂θ)∂z.

The factor of proportionality is found imposing E∗dω(∂r, J̃∂r) = 1, and since

E∗dω|rλ = dr∧ (ω̇r (∂θ|λ)dθ+ ω̇r (∂z|λ)dz)+ dωr (∂θ|λ,∂z|λ)dθ∧ dz, (95)

we find ι∂rE
∗dω = ω̇r(∂θ)dθ+ ω̇r(∂z)dz (we omit evaluations for brevity) and consequently

J̃∂r =
1
a
(ωr (∂z)∂θ −ωr (∂θ)∂z) .

To prove that N=∇δ satisfies N= E∗∂r, observe that according to (19) we have

δ (E(rcosθ,rsinθ,z)) = r.

Thus for any horizontal vector field Y, since 〈dr, J̃∂r〉= 0, we have

Y(δ) = 〈dr,
(
g(Y,E∗∂r)∂r+ g(Y,JE∗∂r) J̃∂r

)
〉= g(Y,E∗∂r) .

This yields (91) and (92). Finally from the coordinate presentations (94) for E∗ω and (95)
for E∗dω, one can check that the expression of f 0 appearing in equation (93) satisfies the
characterising equations ω( f0) = 1, dω( f0, ·) = 0.
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Proof of proposition B.2. To lighten notation, let us set

A= g([N,JN] ,JN) , Ȧ= N(A) , B= g([N, f0] ,JN) .

An elementary computation exploiting the expressions (91)–(93) shows

A=
1
a
ωr ∧ ω̈r (∂θ,∂z) , B=−1

a
ω̇r ∧ ω̈r (∂θ,∂z) ,

where a= ω̇r ∧ωr(∂θ,∂z). We want to prove formula (89), which is

S (Ωλ) = S := B− Ȧ
2
− A2

4
.

Let f : (0,ρ)→ (0,+∞) be a positive function, define ω̄r = fωr as well as the corresponding
barred quantities

Ā=
1
ā
ω̄r ∧ ¨̄ωr (∂θ,∂z) , B̄=−1

ā
˙̄ωr ∧ ¨̄ωr (∂θ,∂z) ,

where ā= ˙̄ωr ∧ ω̄r(∂θ,∂z). We claim that S̄= S. Indeed, computing shows the relations

Ā= A− 2
ḟ
f
, B̄= B− ḟ

f
Ā− f̈

f
.

Therefore we can compute

S̄= B̄−
˙̄A
2
− Ā2

4
=

(
B− ḟ

f
Ā− f̈

f

)
− 1

2
d
dr

(
A− 2

ḟ
f

)
− 1

4

(
A− 2

ḟ
f

)2

= S−

(
ḟ
f
Ā+

f̈
f

)
+

d
dr
ḟ
f
−

( ḟ
f

)2

−A
ḟ
f


= S− ḟ

f
Ā− 2

(
ḟ
f

)2

+A
ḟ
f
= S.

If we choose f = 1/ωr(∂θ), then, denoting v= ωr(∂z)/ωr(∂θ), we have

ω̄r = vdz+ dθ, ˙̄ωr = v̇dz, ¨̄ωr = v̈dz,

consequently

˙̄ωr ∧ ω̄r =−v̇dθ∧ dz, ω̄r ∧ ¨̄ωr = v̈dθ∧ dz ˙̄ωr ∧ ¨̄ωr = 0.

We deduce that Ā=−v̈/v̇ and B̄= 0, therefore

S= S̄=−
˙̄A
2
− Ā2

4
=

1
2

( ...
v

v̇
−
(
v̈
v̇

)2
)
− 1

4

(
v̈
v̇

)2

=
1
2

( ...
v

v̇
− 3

2

(
v̈
v̇

)2
)

=
1
2
S (Ωλ) .

Formula (89) is thus proved.
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