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Abstract

This thesis investigates online optimization and its connections to modern neural architec-
tures through a control-theoretic approach.

In classical optimization, the goal is to minimize a fixed cost function. In the on/ine setting,
instead, the problem must be solved as the objective and constraints evolve over time. This
transforms the problem into a dynamic one, in which tools and principles from control the-
ory become relevant to ensure convergence of the optimization error. Rather than directly
applying standard control techniques, this work proposes new algorithms that reinterpret
control-theoretic ideas within the optimization framework and its associated challenges.

One of the most compelling areas of application is in modern deep learning, where re-
cent architectures such as Transformers and State Space Models exhibit in-context learning
abilities. These mechanisms can be formalized as online regression problems, offering a prin-
cipled way to analyze and improve such models.

In parallel, the second part of the thesis develops and studies brain-inspired neural archi-
tectures. Starting from neuroscience-motivated principles, we investigate properties of both
dynamical models of brain activity and artificial brain-inspired architectures, and we leverage
control-theoretic tools for their analysis and synthesis.

Opverall, the thesis advances a framework for online optimization and, in parallel, offers a
complementary investigation of modern neural architectures.
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Introduction

This thesis is structured in two main parts, each spanning a distinct but closely intercon-
nected area of research. These areas are strongly linked through both theoretical develop-
ment and practical relevance.

The first part focuses on online optimization, introducing novel methods and algorithms
designed for time-varying optimization problems. The second part investigates some of the
main challenges arising in the field of neural network architectures, and explores how new
design techniques can be used to address and improve upon these issues. Finally, we show
how concepts from online optimization naturally emerge in this domain, and how they can

be addressed using the framework introduced in the first part of the thesis.

1.1  PART I: ONLINE OPTIMIZATION

The first part of this thesis is devoted to the study of online optimization, a rapidly developing
area of research concerned with solving time-varying optimization problems in a sequential
and adaptive fashion. This framework is motivated by a wide range of applications, includ-
ing Model Predictive Control (MPC), signal processing, reinforcement learning, and more
recently, deep learning and sequence modeling.

A central focus of this part is the development and analysis of algorithms for solving on-
line optimization problems with quadratic cost functions and linear constraints in discrete

time. We begin by considering equality-constrained problems, and we propose an algorithm



that combines elements from control theory and optimization to track the time-varying min-
imizer as the objective and constraints evolve. We formally prove the convergence of the algo-
rithm under suitable regularity assumptions, and we highlight its structural simplicity and
computational efficiency, which make it suitable for real-time applications.

We then extend the methodology to handle inequality constraints. This requires introduc-
ing projection steps and adapting the algorithmic structure to ensure feasibility and stability
over time. The transition from equality to inequality constraints is addressed rigorously, and
we provide a theoretical convergence analysis in the continuos-time setting.

In the final part of this part, we consider a stochastic formulation of the problem, where
the objective functions are affected by additive noise and no explicit constraints are imposed.
We present an extension of the previous algorithms tailored to this setting and analyze its con-
vergence properties in expectation. This extension highlights the flexibility of the proposed
approach and its applicability in uncertain or data-driven environments.

Opverall, this part of the thesis introduces an innovative and modular framework for
addressing dynamic optimization problems, leveraging control-theoretic approaches to
improve algorithm design, and rigorously validating their performance through theoretical

analysis.

1.2 PARTII: NEURAL ARCHITECTURES

The second part of this thesis focuses on the study and design of novel Artificial Intelligence
(AI) neural architectures, drawing inspiration from both biological systems and recent ad-
vances in deep learning. In particular, this part explores different research directions that
highlight structural and functional properties relevant to multitask learning and dynamic
inference.

First, we investigate the structural properties of connectivity matrices in neural networks,
motivated by parallels with brain connectivity observed in neuroscience. This perspective
aims to uncover how specific patterns of connectivity can influence the functional capabil-
ities of artificial systems, potentially guiding the design of more efficient and interpretable
architectures.

Second, we propose a new class of multitask control architectures that extend beyond
traditional linear layers. By incorporating structured control mechanisms into the network
design, we aim to enhance the system’s ability to manage multiple tasks and maintain robust

performance over extended temporal horizons.



Overall, this part adopts a systems-oriented perspective on neural architecture design,
where ideas such as memory, structure, and adaptability through online regression resonate
with the principles developed in the first part of the thesis. The final aim is to develop

models and design principles that are both theoretically grounded and capable of addressing
a diverse set of learning and inference tasks.






Notation, definitions & conventions

This chapter collects the basic notation and the main definitions used throughout the thesis.
Unless otherwise stated, all vectors and matrices are real-valued. Bold lowercase letters (e.g.,
x) denote vectors, bold uppercase letters (e.g., X) denote matrices, and plain letters (e.g., x)
denote scalars. The sets N, Z, R, and C denote the natural, integer, real, and complex num-
bers, respectively. The identity matrix of order 7 is I, (the subscript is omitted when clear
from context). Transpose and conjugate—transpose are denoted by (-)" and (-)", respectively.

The (7, j)-entry of a matrix X is (X)

+j»and the 7-th entry of a vector x is x; or [x];.

OPERATORS, TRANSFORMS, SIGNALS AND PRINCIPLES. We begin by defining com-

monly used operations and operators.

Definition 1 (Kronecker and Hadamard products). For X € R”” and ¥ € R”Y, the
Kronecker product X ® ¥ € R"””1 is the block matrix whose (7, 7)-block equals x;;¥ . For
conformable matrices X, ¥ € R™, the Hadamard product X 0¥ €e R*”is (X O Y) ;=

X, z]J’ ij*

Definition 2 (Trace and diagonal operators). The trace is tr(X) = > (X),. We use
diag(X) € R” for the vector of diagonal entries of X, and diag(x) € R™ for the diago-

nal matrix with diagonal x.

Definition 3 (Convex function). Let f : R” — R be a scalar-valued function. We say that



fis convex if, forall », y € R” and forall § € [0, 1], it holds that

F(6x+(1-6)y) < 6F(x) + (1-6) F(y). (2.1)

We say that £ is strictly convex if

F(6x+ (1= 6)y) < 8F(x) + (1= 6) £(3). (2.2)

Definition 4 (€'-smooth function). Let f + R” — R be ascalar-valued function. We say
that f'is @'-smooth (or simply of class C (R™), or equivalently continuously differentiable)
if f'is differentiable on R” and its gradient V, f(x) is continuous on R”. For vector-valued

functions, the same definition applies component-wise.

Definition s (Gradient of a scalar function). For f : R* — R, the gradient is the column

vector

V.f(x) =

We now introduce the standard transforms for signals.

Definition 6 (Unilateral Z-transform). For a discrete-time sequence {x, }; with x;, € R, its

unilateral Z-transform is
Zlx] = Xxkz , ze€C.

For vector/matrix signals we adopt the hat convention, e.g., ¥(z) := Z [xk].

Definition 7 (Unilateral Laplace transform). For a continuous-time signal x : R,; — R,

its unilateral Laplace transform is

L[x(2)] := /0°° x(¢) e dt, s€C.

For vector/matrix signals we use the same convention, e.g., ¥(s) := £ [x (¢)].

In addition, in the depicted block diagrams, we label the systems blocks in the transform

domain, while input signals are denoted in the time domain, following a common control-
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theoretic convention. This notation emphasizes that the controller is an Linear Time Invari-
ant (LTT) system acting on the input sequences. Consequently, its outputs are obtained by
a linear combinations of the convolutions of the system impulse responses with the inputs.
Instead, concerning properties in the transform domain, we recall the following stability no-

tions.

Definition 8 (Schur stability). A monic polynomial p(z) = 2" +p, 2"~ +-+ py is Schursta-
ble if all its roots lie strictly inside the unit disk, i.e., |2;| < 1 for every root z;. It is marginally

stable if its roots lie in the closed unit disk.

Definition 9 (Hurwitz stability). A polynomial p(s) = 5" + pn_lsn_l + e+ po is Hurwitz
stable if all its roots lie strictly in the open left half-plane, i.e., Re(s;) < 0 for every root s;. It

is marginally stable if its roots lie in the closed left half—plane.

We next define fundamental concepts related to controllability and observability of LTT

systems. In particular, consider the LTT state—space system

x(z) = Ax(¢) + Bu(z),
y(t) = Cx(¢) + Du(z),

and assume that 4 is Hurwitz. The controllability and observability Gramians are the unique

positive—definite solutions of

AP + PA" + BB" =0,
A'Q+QA+C'C=0.

In the following we frequently use the notion of a Linear Matrix Inequality (LMI); thus

we recall it here.

Definition 1o (LMI). An LMI is an inequality of the form
p
Fy+ > 6F =0,
=1

where 8 € R? collects decision variables and the symmetric matrices F; are given. We write

> 0 (= 0) for (semi)definiteness.



For a symmetric block matrix, we write

W

> 0,
x C

T cC

«,.»
*

i.e., the symbol “x” denotes the transpose of the corresponding off—diagonal block.

In the end, we present a very important principle, relevant for the following derivations,
namely the Internal Model Principle (IMP). This principle is central in control theory and
can be described as follows. Suppose we consider the classical control scheme depicted in Fig-

ure 2.1. Here, 7, represents a reference signal with Z-transform 7(z) = #,(z)/d,(z), where

Yt e L e |

Y

Figure 2.1: General control scheme.
d,(z) is an unstable polynomial. The asymptotic tracking requirement

——)}/‘
Ye 7

is fulfilled if the series connection ¢(2)p(z) contains the polynomial 4,.(z) as denominator.

For this reason, one usually chooses ¢(z) = 7,(z)/d,(z) and designs 7,(z) so as to keep the

Z-transform of the error

d (2)n,(z
b

4,4, () + 7, @, (2)

stable by designing 7,(z) such that the polynomial d, (z)dp (%) +m, (z)np (2) is stable. Surpris-
ingly, é(z) does not contain the poles of d,.(z); this is due to a pole—zero cancellation ensured
by choosing ¢(z) = 7,(z)/d,(2), that is, with d,.(2) as denominator polynomial.

In essence, these steps encode the IMP: the name comes from the fact that setting ¢(z) =
n.(z) [ d,.(2) is equivalent to embedding the model of the reference, described by 4,.(z), inside

the controller action, hence the term internal model principle. The IMP is equally valid in

continuous time as well.



NORMS, SINGULAR VALUES, GAINS, AND CONDITION NUMBER. For vectors, |x|, =
\/ﬂ and [|x]|, = > |%;|. For matrices, the induced (spectral) 2-normis | X |, = 7., (X),
where 7, (X) and 7, (X) denote the largest and smallest singular values, and the Frobe-
nius norm is | X = m . The (matrix) condition number in the 2-norm is

max(

min

x (X) = || X], HX_I H2 .
For symmetric positive definite X, x (X) = j*—EXX;, where 4, (X) and 4, (X) denote the

largest and smallest eigenvalues.

Regarding system norms, let G be a stable LTT transfer matrix. In continuous time, i.e.

G € R"™"[s],

IGT; = 5= [ w(6(e)G(@) doy 16l 1= sup 7, (6(72))

weR

and in discrete time, i.e. G € R [z],

|61, = (G(&)).

max

2w
1 / « (G G(e®)) dw, |G| = sup o

27 Jo we[0,27)

Let # — y be the input—output map of a stable system with zero initial condition. The

system has a finite (,-gain or finite L,-gain y € R, from input # to output y if

Iyl < ¥ lleel,,

for all admissible inputs #. For LTT systems, the smallest such y equals the #,, norm of the

transfer matrix G.

To conclude, we introduce a few concepts from probability and statistics. We de-
note expectation by E[-]. Random vectors are in bold (e.g., w), and their covariance is
E[(w-E[w]) (w-E[«])]

Definition 11. A random vector x € R” is Gaussian with mean m € R” and covariance
S € R””, denoted x ~ N (m, S). If § > 0, x admits the density

1
(27)"12 det(S)

P(x) = 172 SXP (—%(x—m)TS_l(x—m)), x e R”.



As a special case, forn = 1, x ~ N'(m, 0‘2) has density

P(x) = 1 exp(—(x_m) ), x €R.

27a? 272
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Part 1

Models for online optimization

II






The online optimization is an emerging and increasingly relevant field at the intersection
of mathematics, optimization, and control theory. Optimization is a well-established area in
mathematics, and many concepts from control theory have been successfully applied to it.

However, much of the existing literature focuses on the static setting, where the optimiza-
tion problem remains fixed across the iterations of the algorithm. Control-theoretic ideas
have been leveraged to design such algorithms in several works, for instance, in distributed
optimization; see [117, 23, 114]. In contrast, this part of the thesis is primarily concerned
with a different, yet increasingly important, class of problems: time-varying formulations.
This shift in focus is motivated not only by innovative and practically relevant applications,
such as MPC [75, 90], feedback optimization [21], signal processing [63, 50, 85], and ma-
chine learning [100, 43, 35, 118, 66], but also by the observation that tools from dynamical
systems and control theory are naturally suited to address the challenges posed by this setting.

Indeed, time-varying problems evolve over time, and as such, benefit from algorithmic
designs that account for temporal dynamics. In this context, expertise from control theory
can be successfully adapted to improve performance guarantees and convergence properties
of online optimization algorithms. The class of algorithms considered in this thesis builds
upon first-order methods [25], that is, methods that rely on access to first-order information

on the cost function from an oracle, such as gradients, Lagrangian gradients, and related

quantities.
Static optimization Online optimization
X, optimum estimate X, optimum estimate
Optimization algorithm Online optimization algorithm
w 172]
Q o) (9]
& c = =
3 @ 3 o
7 & S 5
g % g 2
Optimization oracle Optimization oracle
objective function - fixed with £ objective function - varying with &

Figure 2.2: General framework for static optimization (left) and online optimization (right).
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The scheme depicted in the right part of Figure 2.2 highlights the conceptual connection
between control and optimization. The key insight is that the fundamental components
in the figure mirror those in a feedback control loop. The first block, labeled online op-
timization algorithm, receives real-time information from the oracle at time £ and returns
an estimate &;, of the current optimal variable x;. In a control-theoretic setting, this algo-
rithm can be interpreted as a Multi-Input Multi-Output (MIMO) discrete-time controller.
Conversely, the oracle, which supplies problem data via one or more queries (e.g., gradient
evaluations), acts as the plant to be controlled.

From this perspective, the goal of the optimization algorithm becomes analogous to that
of a controller: driving the optimization error (or the gradient) to zero. Consequently, tech-
niques from control theory can be tailored and leveraged to synthesize online optimization al-
gorithms, using the same design principles and performance specifications typically adopted
in control applications.

In this thesis, we adopt this viewpoint and develop a family of online optimization al-
gorithms by leveraging the analogy between control and optimization. The algorithms are
tailored to different problem formulations, determined by the structure and information
pattern of the oracle, and are designed to meet distinct performance objectives.

Part I is mostly based on the following works:

[OO1] Casti, U, Bastianello, N., Carli, R., & Zampieri, S. (2024). A control theoretical
approach to online constrained optimization. Automatica.

[OO2] Casti, U., & Zampieri, S. (2025). Anti-windup design for internal model online
constrained optimization. In zozys 64th IEEE Conference on Decision and Control

(CDC).

[OO3] Casti, U., & Zampieri, S. (2024). Stochastic models for online optimization. In
2025 European Control Conference (ECC).
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Introduction

Recent advances in modern technology have made online optimization problems increas-
ingly relevant in a wide range of dynamic applications, including control [75, 90], signal pro-
cessing [63, 50, 85], and machine learning [100, 43, 35]. These problems are characterized
by objective functions and constraints that evolve over time due to external disturbances,
underlying dynamics, or streaming data. As a result, solving a single static problem is in-
sufficient, and the focus shifts to solving a sequence of optimization problems in an online
fashion commonly in real time.

A classical strategy to address general online optimization problems is to extend static op-
timization techniques such as gradient descent, projected gradient descent, or primal-dual
gradient descent, to the dynamic setting. These unstructured methods treat each time in-
stance of the objective function independently and do not account for temporal coupling
in the evolution of cost functions and constraints [100, 63, 98, 29, 124, 78]. While simple
and broadly applicable, unstructured methods generally provide limited tracking accuracy,
especially in rapidly changing or non-stationary environments [103].

To overcome these limitations, recent works have explored structured algorithms that in-
corporate prior knowledge or assumptions about the temporal evolution of the problem.
These include prediction-correction schemes [102, 12], interior-point methods [48], and
virtual queue-based algorithms [30]. Structured approaches often assume some regularity
in the optimum trajectory, such as bounded time derivatives, and generally offer improved

performance over unstructured methods. Nevertheless, most structured approaches do not
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tully exploit a precise model of the dynamics governing the evolution of the problem.

In contrast, model-based approaches explicitly embed the time variation of the cost func-
tion within a control-theoretic framework. Notably, [13] proposes a deterministic algo-
rithm based on the Internal Model Principle (IMP), reformulating the optimization task
as a tracking problem for a linear dynamical system. More recently, control-theoretic tools
have been employed to design structured algorithms in both deterministic and stochastic
settings [32, 33, 104, 39, 105]. These contributions rely on techniques such as Kalman filter-
ing [104], robust #(, control [33], and contraction theory [39] to enhance the robustness
and performance of online optimization methods.

This thesis builds upon and unifies these ideas, advancing the control-theoretic approach
to constrained and stochastic online optimization. The central idea is to reinterpret the on-
line optimization problem, illustrated in Figure 2.2, as a control problem. More specifically,
the time-varying objective function is viewed as the plant to be controlled, for which we pos-
sess either a deterministic or a stochastic model. Leveraging robust control techniques such
as the IMP, Anti-Windup (AW) mechanisms, Kalman filtering, optimal control, and robust
. control, we develop novel online optimization algorithms that achieve strong theoretical
guarantees and practical effectiveness in tracking performance. This perspective aligns with
a growing body of work that applies control-theoretic analysis and synthesis to the design of

optimization algorithms [20, 73, 97, 39].
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Preliminaries

We are interested in online optimization problems with equality and inequality constraints

of the form
x; =argmin  f,(x)
x e R”
subjectto b (x)

(4.1)

0,
0

IN

(%)

where £ € N, £, : R” x N — R is a convex objective function, b, : R* xN — R’ collects
equality constraints, and g; : R” x N — R” the inequality constraints. All these mappings

are assumed to be continuously differentiable as stated in the preliminaries 2.

In the central analysis of this thesis, we study problems with the following structure:

folx) = %xTAx +bx+ d, (4.2a)
b,(x) := Hx — b, (4.2b)
g.(x) = Gx—-g, (4.2¢)

where 4 = A” > 0 € R, H € R, and G € R”* are fixed but unknown matrices and
[H i GT]T is full row rank, while &, € R”, b, € R/, and g, € R? are generated by known

deterministic or stochastic LTT systems, and d, is a general time-varying term.

17



Remark 1. We highlight that the objective function (4.2a) can be equivalently written as

Jelx) = % (x - C/e)TA (¥ —¢) +4dp (4.3)

with ¢, == —A b, and d, = a,’; - (1/2) b, Ay, While this form makes the optimizer
¢, explicit, in online optimization one typically does not know the full objective function: the
algorithm assumes structural properties (e.g., quadratic, convex) but the exact parameters
(4,8, d;) or (A, ¢, dy) are unknown and can only be inferred through oracle queries, such
as gradient evaluations. For this reason, studying Problem (4.1) with objective (4.2a) or with
its equivalent representation (4.3) is equally meaningful. In what follows, and throughout
the thesis, we leverage this equivalence to clarify the problem structure and inform algorithm

design.

4.1 BACKGROUND ON OPTIMIZATION

Here we summarize essential results on static optimization; see, e.g., the standard text-

books [25, 86]. We consider the static equivalent problem of Problem (4.1), that is

x" =argmin  f(x)
xeR”
(4.4)

where, as before, / : R” x N — R is a convex objective function, b : R* x N — R’ collects
equality constraints,and g : R” x N — R” the inequality constraints”. All these mappings
are assumed to be continuously differentiable as stated in the preliminaries 2.

We begin by recalling the Lagrangian function.

Definition 12 (Lagrangian function). The Lagrangian associated with Problem (4.4) is the
mapping £ : R” x R’/ x R? — R defined as

L(x, 7, 7) = f(x) +7"h(x) + 7 g(x), (45)

wherey € R and y € R? are the vectors of Lagrange multipliers associated with the equality

and inequality constraints, respectively.

"We called feasible set all the points ¥ € R” such that the constraints are satisfied.
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In the remainder of this subsection we present standard first-order optimality conditions

for the static case.

Theorem 1 (KKT conditions). Suppose that x* is a solution to (4.4) and that a standard
constraint qualification bolds at x™ (for example, the Linear Independence Constraint Quali-
fication (LICQ), see [86, Definition 12.4]), or when b and g are linear affine functions with
linearly independent rows). Then there exist Lagrange multipliers y* € R and ¥ e R? such
that the following conditions are satisfied at (x*, ", *):

stationarity: Vx[,(x*, 7 7/*) =0, (4.6a)
primal feasibility (7): bh(x*) =0, (4.6b)
primal feasibility (71): 2(x") <0, (4.6¢)
dual feasibiliry: Y =0, (4.6d)
complementary slackness: Yy og(x)=0. (4.6¢)

The proof of Theorem 1 can be found in classical references; see, e.g., [86, Theorem 12.1].
We now briefly explain the meaning of each of the conditions (4.6). The relations in (4.6)
play the following roles:

* Stationarity (4.6a): the optimizer x™ is a critical point of the Lagrangian with respect
to X.

* Primal feasibility (4.6b)&(4.6¢): the constraints are satisfied at x*.
* Dual feasibility (4.6d): the multipliers of the inequality constraints are nonnegative.

* Complementary slackness (4.6¢): an inequality constraint is either active at x™ (in
which case the corresponding multiplier may be positive) or inactive (in which case
the corresponding multiplier is zero).

We say that an inequality constraint is active at x™ if it holds with equality, and znactive if it
holds with strict inequality. The Karush-Kuhn-Tucker (KKT) conditions are, in general,
necessary for local optimality under mild constraint qualifications (e.g., LICQ, Mangasarian—

Fromovitz Constraint Qualification (MFCQ), or Slater’s condition). In the setting of this
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thesis, namely, with

Flx) = % (x—) A (x—c)+d (4.72)
b(x):=Hx - b, (4.7b)
g(x) =Gx-g, (4.7¢)

where 4 = A™ > 0 € R””, H € R””, and G € R”” and [H i GT]T is full row rank, while
ceR” beRand g € R?,and d € R, they are also sufficient.

Theorem 2 (Sufficiency in the convex quadratic/afhine case). Consider Problem (4.4) with
[ strictly convex as in (4.7a) and affine constraints as in (4.7b)—(4.7¢). If (x", 9", ¥") satis-
fies (4.6), that is,

AXx —c)+H'y" +G'y =0,
Hx"—bh=0,
Gx"-g<0,

y; = 0 if i-th constraint is active and y; > 0 if i-th constraint is inactive,
then x™ is the unigue global minimizer of (4.4).

EQUALITY-CONSTRAINED CASE ONLY. If only equality constraints are present (i.e., p =
0), conditions (4.6¢)—(4.6¢) disappear, and the KKT system reduces to

VxL(x’V)] _ [A(x— ¢) +HT’7] _ 0o (4.8)

V,if,(x, %) Hx-b

That is, the gradient of the Lagrangian must vanish on R” x R’. Moreover, it can be shown
that any such point is a saddle point of the original Lagrangian .£. This characterization
will be used later to establish convergence of the equality-constrained online method (see

Chapter 7).

UNCONSTRAINED CASE.
V.f(x) =0, (4.9)

which is well known to be necessary and sufficient for optimality when f is strictly convex.
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While the structure specified in Problem (4.1) and (4.2) is central to the synthesis and
analysis of the proposed algorithms, we also assess the methods in broader settings through
numerical simulations, including cases with non-quadratic objective functions f£,(x) and
time-varying matrix 4.

The imposed structure plays a similar role to that of linearization in control theory: it
simplifies analysis and algorithm design, while still offering useful insights into more complex
systems. If the algorithm is well designed, the optimizer can remain close to the true solution,
even when the actual problem deviates from the linearized regime. Motivated by this analogy
with control theory, we develop our optimization strategies based on the proposed case, and

validate their robustness and effectiveness in more general scenarios.

Remark 2. The time-varying form of the objective function (4.2a) can be interpreted, and ex-
tended, to a broader class of problems. Indeed, it can be seen as a local quadratic approximation

of a more general time-varying cost function of the form

fe(x)=f (x - ck) +d, (4.10)

where [+ R" — R is a fixed, smooth, strongly convex function with a unique minimum at
x = 0, and where ¢, € R”, d, € R are time-varying.

A second-order Taylor expansion of f(x) around its minimizer x = 0 yields

Flx) = %xTAx 1 £(0),

where A is the Hessian of f(x) evaluated at x = 0. The linear term vanishes because f attains
its minimum at the origin. Consequently, f(x,) is well approximated by (4.2a), provided that
x;, remains close to ¢,

This construction mirrors the classical control strategy of linearizing a nonlinear system
around a reference trajectory, which is valid only if the control action keeps the system state
sufficiently close to that tragectory.

Analogously, the cost function in (4.2a) can be interpreted as a local approximation of a
generic time-varying, smooth, strongly convex function f,(x), under the assumption that the

Hessian at its minimizer ¢, is constant or slowly varying over time.

In addition to these hypotheses, we align ourselves with the existing literature on the on-
line optimization framework by not assuming an exact knowledge of the optimization prob-

lem. This aspect is central to our derivation: the variables and parameters in (4.2) are par-
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tially unknown, subject to uncertainty, or exact computation may be infeasible in real time.
For this reason, we relax our derivation by not assuming full knowledge of the optimization
problem and instead consider different levels of prior information.

In particular, we formalize a hierarchy of assumptions, ranging from minimal to more
restrictive, that reflect increasing knowledge about the problem structure and its temporal

evolution. These assumptions will be used throughout the subsequent analysis.

Assumption 1.1 (Known eigenvalues). The matrix A is symmetric positive definite and has

known eigenvalues A, fori = 1,...,n.

This assumption is commonly used as a starting point. In practice, full knowledge of the
matrix A4, especially its eigenvectors or exact structure, is often unrealistic. Hence, assuming

only the eigenvalues are known provides a more general framework.

Assumption 1.2 (Known eigenvalue distribution). The matrix A is symmetric positive def-
inite, and its eigenvalues are not known individually, but are assumed to be drawn from a

known probability density function $(-).

Even knowledge of individual eigenvalues may be too strong in many practical scenarios.
A more reasonable and application-driven assumption is to know the statistical distribution
of the eigenvalues. For instance, in the case of high dimensional regression problems, the

eigenvalue distribution may be characterized by the Marchenko—Pastur law [81].

Assumption 1.3 (Known bounds on eigenvalues). The matrix A is symmetric positive def-

inite and unknown, but its eigenvalues A; lie within known bounds 0 < A, < A, such that

A € [inins Amax) for all z.

min max’

max

This is the least restrictive assumption and is widely adopted in the literature. It is equiv-
alent to assuming that the cost function (4.3) (or (4.2a)) is A,;, -strongly convex and 4, -
smooth for every £ € N [13].

Similarly to the case of the matrix A4, the information available about the constraints is
also incomplete. We formalize the oracle knowledge about the constraints with the following

assumption.

Assumption 1.4 (Known bounds on singular values). The matrix [H N GT]T is unknown,

but its singular values o, lie within known bounds0 < 7, < o o

foralli.

min max’ J”Cb thﬂt 0; € [a'rnin’ max]

22



Regarding the online nature of the optimization problem, we assume that the time-
varying components are driven by an underlying model. In particular, we make a fundamen-
tal assumption on the evolution of the parameters ¢, g;, and b, in (4.2), which are assumed

to follow specific dynamics described in the next assumption:

Assumption 1.5 (Models of ¢, by, and g;). The sequences {c, } LN {b,} 7 {g:.} v A€
generated by the following LTI models:

Za =(1,®F)z,

w,, = ®F)uw,

Y1 = (Ip ®F)J’/e’ (4.11)
¢ = (In ®H) 2, '
b, =(I,® H)w,

& = (Ip ®H))’/e-

where F € R™™ and H € RY™ are known, have marginally Schur-stable poles, and the
initial states Zy, wy, and y, are unknown. The signals generated by (4.11) admit rational

Z-transforms:

2 (2) = Zle ] = e (2) iaa
¢(2) = Z[ /e] ) (z) > (4.122)
) . _ by (z) .

h(z) = Z[bk] " @) (4.12b)
g(2) = Z[gk] = iN((;), (4.12¢)

where, consistent with (4.11), the denominator p (z) = 2" + Z::)l p7 = det(zl — F) is
known, while the numerators ¢y (z) € R"[z], by(z) € R'[2], and 2n(z) € R?[z] are un-

known.

Remark 3. The requirements in (4.11) and (4.12) are equivalent. In particular, (4.12) states
that all three models can be expressed as transfer functions with a common polynomial denom-
inator. This is not reductive but simplify the following analysis, and can be always guaran-
teed as it is always possible taking the least common denominator among (4.12a), (4.12b),

and (4.12¢). The resulting rational representations describe the same time-domain signals.

In the stochastic setting, the same model structure given in (4.12) applies. However, in
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this case, the signals ¢, b, and g;, in (4.2) should be interpreted as the outputs of stochastic

LTT systems (4.1 1) with transfer matrices defined in (4.12), driven by white Gaussian noise.

Remark 4. We maintain the general problem structure defined in (4.1), and then specialize
the objective function and constraints as in (4.2) to preserve a decoupled formulation. The algo-
rithms and synthesis methods proposed in this work are developed specifically for the structure
given in (4.2), and consequently, the convergence analysis is formally valid only under these
assumptions.

Nevertheless, this modeling approach is common in control theory. For instance, classical
controllers such as PID controllers are typically designed under simplifying assumptions (e.g.,
linear dynamics), while in practice, the controlled system may exbibit significant nonlinearities.
If the controller is sufficiently robust, it often performs well even outside its nominal design
conditions.

The same philosophy applies bere: while the algorithms and most convergence results are de-
rived under the assumption that the objective and constraint functions conform to the model
structure in (4.2) and (4.12), we also evaluate the algorithms numerically in more complex
scenarios. These simulations demonstrate that the proposed methods exhibit good convergence

properties even in settings that deviate from the assumed model.

Table 4.1 summarizes the attacked problems by mapping problem classes (unconstrained,
equality-, and inequality-constrained) against deterministic and stochastic settings, instead

topics not treated are explicitly marked as out of scope.

Deterministic Stochastic

Unconstrained (Chap. 5) (Chap. 9)

Inequality constraints Chap. 6 (OUT OF SCOPE)

projected methods ( )
Equality constraints (Chap. 7) (OuT OF SCOPE)
( )

Inequality constraints Chap. 8 (OUT OF SCOPE)

primal/dual methods

Table 4.1: Summary of the problem classes and methods covered in this thesis.
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Deterministic models for unconstrained

online optimization

In this chapter, we consider the first entry of Table 4.1. For completeness, and because it
serves as the foundation for all later developments, we summarize the results reported in [13].
Specifically, the authors of [13] study and design an algorithm for Problem (4.1) with objec-
tive (4.3), under Assumption 1.5 with the time-varying term ¢, as in (4.12a), and without
equality or inequality constraints (i.e., p = / = 0in (4.1)). The additive term d,, is omitted,

as it does not affect the minimizer. We thus focus on the following optimization problem:

X, = arg min ! (x—ck)TA(x—ck).

" 2 (s.1)
xeR e

Following [13], we adopt an algorithmic design that assumes access to an oracle (Figure 2.2),
which provides the gradient V£, (x) of the cost function f,(x) evaluated at the estimated
optimum x. The design assumes knowledge of bounds on the eigenvalues of A4, i.c., As-

sumption 1.3, and on the model driving the time-varying term ¢,

Remark s. The solution to Problem s.1 is trivially x,: = ¢, and it can be computed in closed
form from the oracle evaluation at each kas ¢, = x,—~ A~V £,(%,). The fundamental difficulty
is that A may be unknown (e.g., due to noisy gradient measurements or estimation procedures),

or computing/applying A~ may be probibitively expensive in high-dimensional settings for
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real-time operation. For these reasons, iterative optimization methods that estimate the opti-

mum ¢, from gradient information are preferable.

One of the most widely used algorithms to solve Problem s.1 is the Online Gradient De-
scent (OGD), namely:

Xpv1 = X — €, (5.2)

where
¢ = Vi(x)=4(x-q). (5.3)

However, when ¢, is time-varying, algorithm (5.2) generally does not converge to the true
optimum. In contrast, in this chapter we present a control-inspired algorithm based on the
IMP that guarantees

lim ka - x,:H =0. (5.4)

k—+o0

5.1 ALGORITHM

In this section, we provide a control-inspired algorithm achieving (5.4). This result is ob-
tained by leveraging control-theoretic ideas, specifically, by merging robust control, opti-
mization, and the IMP. In particular, by adopting the control scheme illustrated in Fig-
ure 5.1, which refines the general structure in Figure 2.2 for this specific problem, with the
oracle providing the gradient of the objective function and the online optimization algo-

rithm implemented as a linear filter, we achieve this goal.

€ X
E e (2) k

Y

Vie () —

Figure s.1: Proposed control scheme for the solution of Problem (s.1).

The objective, from a control perspective, is to synthesize a controller C(z) € R"(z)
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such that (5.4) is satisfied, or equivalently (see Equation (4.9)), that

¢ — 0. (s-5)

k—o0

5.1.1 INTERNAL MODEL

Specifically, let us define the following Z-transforms:

x(2) = Z[x], (5.6a)
€(z) = Zlel, (5.6b)
¢(z) = Zle, (5.6¢)

that always exist given ¢(z) as in Equation (4.12a). Then, the control relation among the

relevant signals in Figure 5.1 is equivalently expressed by the matrix equation

%(z) = C(2) e(z). (5-7)
From (5.3), we also have
é(z) = A (%(z) - ¢(2)) (5-8)
Let, )
b(z) = —Aé(z) = PN(S) (5.9)
where by (z) := —Acy(z). In this way we obtain®
é(z) = [I - AC(2)] " b(2). (s.10)

Observe that, by Assumption 1.5, €(2) is rational and hence l;(z) and é(z) are rational as well.
Therefore, if we prove that their poles are stable (Definition 8), namely inside the unit circle,

then we can conclude that the signal ¢, converges to zero; i.e., (5.5) holds.
To this objective, we apply the well-known IMP [27]. The first step is to choose the con-

troller C(2) so as to cancel the marginally stable poles of I;(z), i.e., the zeros of p(z) intro-

duced in Assumption 1.5, which are not directly influenced by the feedback loop in (5.10).

*The matrix is invertible for values of z different from the poles of the transfer function.
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Since we assume that all the roots of p(z) are marginally stable, it is sufhicient to choose

_ CN(Z)
2(2)

C(z) , (5.11)

where C(z) € R""[z] is a polynomial matrix. Indeed, this choice yields

é(2) = [p () T - ACy ()] by (2). (5.12)

Hence the poles of é(z) coincide with the poles of [p (2) I —ACy (z)] _1, and the goal is now
to determine Cy () such that all the poles of [p (2) I —ACy (z)]_1 are stable.

5.1.2 LTI CONTROLLER

In general, to achieve (5.4) we can exploit the degrees of freedom afforded by the MIMO
controller C(z) € R"(z). However, we must account for the lack of knowledge of 4. For
this reason, we fix

Cn () = (o) T, (5.13)
1

where ¢(z) = 37

7=0
ness of the controller transfer matrix. This choice permits useful simplifications and makes

2" € R[z] is ascalar polynomial of degree 7 — 1 ensuring strict proper-

the control design (the algorithm design) more tractable and suitable for a robust approach.
With this choice,

-1

[p () I- AC\(2)] " = [p ) I-c(x) 4] = [p (&) I-c(2) VaV]

. (5-14)
=V[p(z)I—c(z)/1] V',

where we leveraged the diagonalizability of A via the eigendecomposition 4 = VAV due
to its symmetry. Hence, the poles of [p (z) I - ACy (z)]_1 coincide with those of the di-
agonal rational matrix [p (2) I -c(2) /1]_1. Denoting by A, the diagonal entries of /A, we

conclude that the set of poles is the union of the zeros of the polynomials

?(2) —c(2) 4 (s.15)

for7 = 1,..., n. Atthis point, depending on Assumptions 1.1, 1.2, or 1.3, one can derive dif-
ferent controllers ¢(z) based on the prior knowledge about uncertainty. We consider the least

restrictive Assumption 1.3, which allows us to derive the most general and robust controller.
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To achieve this, we employ a robust-control technique to obtain stabilizing controllers
for uncertain systems. We rely on the results of [41], which use a LMI approach. Fixing the
controller denominator in (5.11) to p(2) by the IMP, we parametrize the controller in the

state-space form:

_ ; 0
0 1,0 0 :
F= 0|, c=|:,
O v, 0 1 ; (5.16)
0
| po ........... pm—l_ »1—
K = [ Gor e Cm—1]

In this sense, the stabilization problem in (5.15) is equivalent to finding the output matrix
K that stabilizes the polynomial (5.15), i.c., to stabilizing F (1) := F + ACK with 1 €
[Ainin> A
in the unknown parameter 4, the feasibility conditions of the following LMIs (evaluated at

]. This problem is addressed in [41]. In particular, if E (1) is a convex polytope

max

the vertices of the polytope) are sufficient to guarantee stability of the closed-loop matrix
A
F (1) forms a convex polytope, applying Theorem 15, specified from [41, Theorem 3], in

and provide a stabilizing choice for K. Since

E (%) over the unknown domain [2 max)

the Appendix A yields the following result, which provides K:

Corollary 1 (Stabilizing controller design). The eigenvalues of F. (1) lie strictly inside the
unit circle forany A € [, e
Q € R™™, and a row vector R € RY™ such that

P__ > 0,amatrix

if there exist symmetric matrices P, , P

min’

Pmin FQ + lminCR )
* Q + QT - Pmin ’
p, . FQ+21,CR o0
s Q+Q' =P |

A stabilizing controller is then K = RQ_l.

Finally, we remark that the computational complexity of solving these LMIs depends also
on the degree of p(z). However, the LMIs are solved only once, offline before deployment

of the algorithm; thus, their complexity does not affect real-time operation.
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5.1.3 THE ONLINE ALGORITHM

The actual implementation of the scheme in Figure 2.2 involves translating the relationships
between the signals ¢, and x;, from the Z-domain to the time domain. The relation in the
c(2)

% (2) = (m’) é(2). (5.17)

The algorithm recursion is then expressed by directly deriving a realization of the controller

Z-domain is

transfer matrix, following standard control-theoretic practice. A state-space realization is

Z,=L,®F)z,+(I,®C)e, (5.182)

Online Optimization algorithm bl ( ) ¢ ( ) ¢
% = (I, ® K) 2, (5.18b)
Online optimization oracle e, = V. f, (x,e), (5.18¢)

where the matrices F, C, and K are defined in (5.16), and 2, € R" is the controller state

vector. Hence, equations (5.18) describe the online algorithm in the scheme of Figure s.1.

Remark 6. We highlight that the structure of the MIMO controller in (5.18) follows from
choosing C\(2) asin (5.13), t.e., a scalar controller times the identity. This MIMO extension
does not require any knowledge of the eigenvectors of A. However, the Kronecker-product struc-
ture in (5.18) can be refined if information on eigenvector/eigenvalue pairs is available. For
example, if the eigenvectors can be partitioned into two known subspaces with different eigen-
value bounds than [l A

subspaces, improving the performance of the optimization algorithm.

, one can design two different controllers acting on the respective

min? max]

5.2 CONVERGENCE

In this section, we prove convergence of (5.18) for the optimization problem (5.1). Conver-
gence is established by the following proposition, which employs classical arguments based

on Z-transforms.

Proposition 1 (Convergence of algorithm 5.18). Consider the optimization problem (s.1),
with {¢,} e modeled as in (4.12a). Choose the controller (5.13). Let ¢(z) be such that F (1),
defined in (5.16), is Schur stable forall X € [, Ao Let {3} eny be the output of the online
algorithm (5.18). Then

lim %, — ;| = 0.

k—oo
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Proof. Choosing a controller that stabilizes F (1) forall 1 € [2 A
poles of é(z) (cf. (5.10)) are Schur-stable. Therefore, e, is asymptotically driven to zero as
in (5.5), which establishes the thesis. ]

implies that the

min? max]

5.3 DiscussioN

In this chapter, we presented the fundamental steps and rationale underlying the rest of
Part I. We completed the first case, the simplest one in Table 4.1. However, the core steps

that drive our subsequent developments are all embedded here. These are:

1. decoupled analysis of the original problem, moving from a robust-control MIMO
problem to a SISO robust problem (e.g., exploiting eigenvector/eigenvalue decompo-
sitions in Chapters s, 9, and Section 6.4 or the Schur decomposition in Section 7);

2. exploitation of the IMP to track the model driving the time-varying part of the original
optimization problem (in the deterministic setting in Chapters s, 7, 8, and 6, and in
the stochastic one in Chapter 9);

3. leveraging robust-control techniques to deal with incomplete knowledge of the op-
timization problem structure (LMI-based approach generally, and Kalman filtering,
optimal control and robust 3, control in Chapter 9).

In this chapter, we do not present numerical results nor a full experimental analysis; these
can be found in [13]. However, in the remaining part of the thesis we address most of the

cases left open in Table 4.1, providing an exhaustive numerical evaluation.
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Deterministic models for constrained
online optimization: projected methods for

inequality constraints

In the case of constrained optimization problems with inequality constraints, one can adopt
a different strategy to derive an algorithm: the projected gradient method, an alternative to

the primal—dual approach that we will introduce in Chapter 8.

In this chapter, we propose a new optimization algorithm applicable to problems of the
form )
X, = argmin 5 (x—ck)TA (x—ck),
rek RS (6.1)

subjectto g (x) <0,

where ¢, follows the evolution described in Assumption 1.5 and g, (x) is defined as in (4.1).

Defining the feasible set as
G, = {x eR": g (x) < 0}, (6.2)

and the corresponding projection operator as proj G R” — G, the general structure of the
/3

proposed algorithm is depicted in Figure 6.1. This scheme can be viewed as an instance of
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the general framework in Figure 2.2, where the optimization algorithm is described by the
transfer matrices Cxp(z), G,y (2), Cy (z),and G, (2). Equivalently, the online optimization
algorithm acts as a linear filter that maps the input signals x;, and y, to the outputs p, and
4> mirroring the viewpoint adopted in Chapter 5. Relative to that chapter, in addition to
the gradient-evaluation block V f,(-), the present scheme explicitly includes the nonlinear
projection operator projgk ()

The rationale is as follows. The signals p, and ¢, constitute two queries (see Figure 2.2)
to an oracle, which returns (i) x;, by projecting the pre-projection optimal estimate p, onto
the feasible set G, and (ii) the gradient evaluation y, at the query point ¢,. In this sense, the
oracle operates in two distinct steps, projection and gradient evaluation, thereby providing

a general mechanism to extend the unconstrained algorithm to the constrained setting.

A

proj,, ()

Xk

y 42

Y
®
—~

&y
~

Cyp(2)

Cyq ()

N/ V£ () 9k

Figure 6.1: General optimization scheme derived in this section, represented in the style of Figure 2.2.
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6.1 ALGORITHM

In this section, we propose an algorithm to address problems of the form (6.1). Our design
follows the standard rationale of extending the results from the previous chapter to the set-

ting in (6.1). Hence, we consider the case in which ; lies in the interior of G, that is,
x, € {x e R": g,(x) <0}
% &k :
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Under this condition, and assuming that the algorithm’s estimate remains sufficiently close
to the true optimum x;, the projection in Figure 6.1 acts effectively as the identity operator.
Hence, the projection step can be removed from the scheme, as illustrated in Figure 6.2. This
is equivalent to closing the feedback loop around the gradient-evaluation block only and

designing the controller C(z) € R™(z2) as in the previous chapter. In the resulting scheme

\
®
<
—~
N
~

Cyp (2)
Cy q (2)

N/ V£ () 9

Figure 6.2: Scheme of Figure 6.1 with inactive projection (identity projection operator).

\
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]
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A

of Figure 6.3, our objective is to study and derive a control design that operates effectively in

this regime.

=q, =X
Ve C(2) Pr=q = %

Y

A

Vi ()

Figure 6.3: Diagram of Figure 6.2 with qu(z) = C(z).
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INTERNALMODEL.  Such an algorithm was already derived in Chapter 5. More specifically,

as in Chapter s, we set

_ CN(Z)
CE@) =N (63)
with
Cn (2) = c(2) 1, (6.4)

where ¢(z) = ZZ;I ¢2' € R[2] isascalar polynomial of degree 7 — 1 ensuring strict proper-
ness of the controller transfer matrix. In this way, C(z) is chosen to satisty the IMP. Using
the state-space realization given by the triplet (F, C, K), the remaining design freedom, cap-
tured by the polynomial ¢(z) (equivalently, by the gain K in state space), is selected following

exactly the same steps as in Subsection 5.1.2.

IMPOSING A FEASIBILITY SOLUTION. With the previous derived controller, we already
know that the scheme in Figure 6.3 guarantees algorithmic convergence in the unconstrained
case, i.e., when proj (x/: ) =X,
gk * *
However, when proj G, (xk) # x,, the algorithm in Figure 6.3 does not ensure feasibility.

To enforce feasibility, we insert a projection step in the feedback loop, namely:

Pr

Y

C(z)

Y

projgk (-) - X,

N/

A

V()

Figure 6.4: Diagram of Figure 6.3 modified to ensure the feasibility of the solution.

Although the algorithm in Figure 6.4 maintains feasibility, empirical evidence shows poor
performance due to the windup effect [70]. To mitigate this issue, we introduce a static AW
mechanism T" € R™”, known as back-calculation [5], and propose the algorithm Projected
Internal Model Anti-Windup (PIMAW) represented by the scheme in Figure 6.5.

Example 1 (Projected Gradient Descent). With the choice

C(z) = 1, (6.5)




PIMAW algorithm

\d
2
V]
~
\
;e
=
2
>
—~
~
\4
2

Figure 6.5: PIMAW architecture with AW mechanism.

in the scheme of Figure 6.4, it is immediate to obtain the following algorithm:

DPri1 =P =2
Y =Vi(x)
%, = projg (pe)-

By adding an AW mechanism as in Figure 6.5, we obtain

e =P~ a(Vhilx) +Tp - Tx,),
X, = projgk (p,e).

SettingT = 1] a, we recover exactly the Online Projected Gradient Descent (OPGD) algorithm:
Xpr1 = projgk (x/e - “vf/;(xk)) 5 (6'6)
where a > 0 is a chosen step size.
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6.1.1 THE ONLINE ALGORITHM

A state-space representation of the proposed algorithm is:

Z=(L,®F)z,+ (I, ® C)u, (6.72)
Online optimization algorithm Pr = (I” ® K) k> (6.7b)
w, = 3, +T (%, = py); (6.7¢)

AW

X = projgk (P/e)’ (6.7d)
Optimization oracle
= Vi(x). (6.7¢)

6.2 NUMERICAL RESULTS

In this subsection, we illustrate the results of a numerical experiment designed to assess the
performance of the proposed algorithm and to highlight the effects induced by the satura-
tion element in the control loop (6.7). Specifically, we randomly generate an orthogonal
matrix ¥ with dimension # = 2 and select random eigenvalues in the range [10, 50]. We
then construct the matrix 4 = V. AV". The signal ¢, is generated as a triangular wave with

the same shape as in Figure 6.6. Finally, we constrain only the second coordinate (just for

Triangular wave

1_
=
2 07
<
=
+~
_1- T T T T T T T T T T T T T T T T T T T T T T T
0 5 T 3 27
2
t

Figure 6.6: The graph of triang (¢) := 4 |ﬁ - = +3/4] + 1/4| -1,teR.

simplicity), enforcing G, = {x tx €R, x>/ }
We apply OPGD and the algorithm in (6.7), both with and without the AW mechanism,

and compare their performance in time and in state space (hence the choice z = 2).
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Figure 6.7: Comparison among OPGD (6.6), the control-based projected algorithm without anti-windup
(Control-based) of Figure 6.4, and the same algorithm with anti-windup compensation (Control-based & An-
tiWindup) PIMAW of Figure 6.5. Top: trajectories in the (x;, x,) plane showing the iterates and the corre-
sponding unconstrained solution. Bottom: semilogarithmic plot of the tracking error versus .

From the bottom panel of Figure 6.7, the proposed algorithm with AW compensation
achieves the lowest tracking error, outperforming both OPGD and the same control-based
algorithm without AW. The “space” plot (top panel) further clarifies the contribution of
the AW mechanism: it counteracts the degradation caused by the activation of the inequal-
ity constraint, producing trajectories that remain closer to the constrained optimizer. Note
also that the benefit of AW compensation is most pronounced during intervals in which the

constraint is active, where the improvement is substantial.

6.3 DiscussioN

We introduced a heuristic algorithm that naturally extends the ideas of Chapter s to the
constrained problem (6.1) by leveraging projected gradient methods. Although we do not
provide an explicit convergence proof in discrete time, the algorithm, motivated by the pre-
vious section, performs well empirically (see Section 6.2). While convergence guarantees for
this discrete-time, nonlinear setting remain elusive, we will show that favorable performance
properties can be established for the continuous-time counterpart of (6.1). The next section

develops this continuous-time extension.
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6.4 CONTINOUS TIME

In this section, we derive a continuous-time version of algorithm (6.7), motivated by the
richer set of techniques available in continuous time for analyzing saturated systems and AW
schemes. To prove convergence of the previous method, we reformulate both the problem
and the algorithmic derivation in continuous time, which streamlines the analysis. Accord-

ingly, we introduce the continuous-time extension of Problem (6.1), namely

*"(¢) = arg min % (x = c(t)) 4 (x - ¢(2),
x eR”

subjectto  g,(x) <0,

(6.8)

where the objective function is the continuous-time counterpart of (4.3),and g, : R” — R?,
with ¢ € R, denotes a possibly time-varying constraint. In particular, 4 = 4" > 0 satisfies

Assumption 1.3, and ¢(¢) is generated by the continuous-time counterpart of model (4.12a),

that is,
z(t) =(I,®F)z(z), (69)
c(r) = (In ® H) z(¢),
with
M (2)
z(2) = : e R™, (6.10)
2" (1)

and where each component 2 (¢) is the state of the following Single-Input Single-Output
(SISO) LTT system:
20 = F2(),

‘ (6.11)
[c(r)], =Hz" (),

with F € R™"" marginally stable and known, H € RY” known, and unknown initial state
2(0) € R™. In addition, for the remainder of this section we simplify the analysis by fixing
g, (x) = —x, which translates into a nonnegativity constraint on the decision variable x. We
adopt this choice for simplicity, noting that the following analysis remains valid for more
general constraints.

As a first step, we present the standard online optimization algorithm* used to solve this

*Strictly speaking, “flow” would be more appropriate in continuous time; however, we slightly abuse ter-
minology and keep using “algorithm” for consistency.
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class of problems. The algorithm is the Continuous-Time Online Projected Gradient De-
scent (CT-OPGD), the natural continuous-time extension of the discrete-time OPGD in-

troduced in (6.6); see also [55]:

q(t) = —q(t) + projzo(p(t)) ,

6.12
200 = 406) - 2 V£ (4(0). (612)

where ¢ > 0 is the stepsize, and proj_(-) denotes the projection onto the nonnegative or-
thant.

In the context of constrained optimization, demanding exact convergence of the algorith-
mic state to the true (time-varying) optimum, as in (5.4), is difficult to guarantee: activation
and deactivation of inequality constraints generally induce unavoidable transients, e.g. Fig-
ure 6.7. For this reason, we adopt a different, control-inspired performance metric closely

related to the satisfaction of the KKT conditions introduced in Theorem 1.

6.4.1 ALGORITHM

The proposed algorithm follows the general control scheme in Figure 6.1, here reported for
completeness and adapted to continuous time in Figure 6.8. Moreover, similarly to waht
was done before, we pursue a two-step synthesis procedure aligned with the widely adopted
unified framework of [70], based on the paradigm: design a linear controller while ignor-
ing input nonlinearities, then add Anti-Windup/Bumpless-Transfer (AWBT) compensation
to mitigate the adverse effects of those nonlinearities on closed-loop performance.

To this end, by introducing the rational transfer matrix C(s) € R™"(s) and the static
AW mechanism T € R™”, we propose the following Continuous-Time Projected In-
ternal Model Anti-Windup (CT-PIMAW) scheme, presented in Figure 6.9, which is the
continuous-time counterpart of the scheme shown in Figure 6.5.

This reproduces the discrete-time structure in Figure 6.5: a standard AW system with an
LTT controller C(s) and a static AW element 7T'.

DECOUPLING ANALYSIS

Similarly to what is done in the previous chapters and sections, we restrict the structures

of C(s) and T in Figure 6.9 to C(s) = %] and T' = pl, where ¢(s),d(s) € R[s] are
polynomials of degree 7 — 1 and m, respectively, and p € R. By standard block-diagram

manipulations, mirroring the algebraic steps used for the unconstrained case in Section 5.1.2,
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Figure 6.8: General CT-OPGD scheme rendered in the style of Figure 2.2.

A

CT-PIMAW algorithm

Figure 6.9: CT-PIMAW scheme proposed in this section.

the diagram in Figure 6.9 is equivalent to Figure 6.10. Noting that in Figure 6.9 we have
u(t) = y(¢) + v(¢), we obtain

u(r) = A (x(¢) —c(2)) +v(z) = (Ax(2) + v(2)) + — Ac(2), (6.13)
=b(¢)
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where b(#) has the same evolution as ¢(¢), i.e., it is generated by the same model (6.9); hence

b(¢) and ¢(z) share the same modes and poles.

b (2)
(i.o@. 2@) I P proj_, () ~x(2)
:)ﬂ JOIn <—=T:w(t)
Iy(t)

y

Figure 6.10: Equivalent block diagram of Figure 6.9 after the substitutions (6.13), C(s) = %1 ,and T = pl.

Exploiting the symmetry of A, as done in the unconstrained case (Section 5.1.2), write
A = VAV, with V orthogonal and A diagonal (eigenvalues of 4 on the diagonal). The

scheme in Figure 6.10 can then be rewritten as in Figure 6.11.

b(z) o : x(z)
—-o—> V -~ %ln TprOJ>O () N VT ‘| >

4
1 V'« AL ‘—T

n w(t)

A <

Figure 6.11: Intermediate equivalent block diagram of Figure 6.10, obtained via the eigendecomposition 4 =
VAV, The transformed signals x(z), b(¢), and w(¢) are defined in (6.15).

Using the controller/AW structure, we can move ¥ after the controller block %I and V7'
before the AW block pI. Introducing the nonlinear mapping ¢ : R* — R”, defined for all

n e R” as

¢(u) = V" proj_, (Vu), (6.14)
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and defining the transformed signals

x(2) = V'x(2), (6.152)
b(t) = V'b(z), (6.15b)
w(t) =V 'w(z), (6.15¢)

b(z)

IR ON

Figure 6.12: Final “decoupled” block diagram, equivalent to Figures 6.10-6.11, in the transformed coordi-
nates x(¢), b(¢), and w(z).
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The scheme in Fig. 6.12 differs fundamentally from the unconstrained decomposition in
Equation (5.14). In the unconstrained case, the system becomes fully decoupled in an Input-
Output (IO) sense. Here, all blocks are diagonal/decoupled excepr for the nonlinearity ¢(:),
which cannot be simplified further, cf. (6.14). Nevertheless, Figure 6.12 is particularly well-
suited to the analysis developed next; importantly, the controller and the AW synthesis can

be carried out in two separate, sequential steps.

6.4.2 STABILIZING CONTROLLER - UNCONSTRAINED CASE

We now recall the first step of the unified framework in [70], in which the nonlinearity is

removed by assuming
p(u) = n. (6.16)
The block ¢(-) is precisely the part of the algorithm that enforces feasibility of the inequality

constraints. Designing the controller under (6.16) amounts to guaranteeing good perfor-
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mance when constraints are 7zactive, i.e., in the unconstrained regime (equivalently, when
x"(¢#) > 0). In this regime, continuous-time arguments mirror the discrete-time ones in
Chapter s: for the quadratic objective (4.3), the condition V£ (x(z)) — Oasz — +oois
sufficient to ensure x(¢) — x"(¢).

Accordingly, we apply the same design developed for the unconstrained case to obtain a
controller that guarantees the desired performance when constraints are inactive. In par-
ticular, we set d(s) = p(s) (as in (5.11)) to satisty the IMP in continuous time, and we
choose ¢(s), as in the previous sections, so that ¢(s) /d(s) admits a state-space realization of
the form (5.16). Thus, the triplet (F, C, K) incorporates the internal model of (6.11) via F
and C, whereas K is obtained by robust stabilization under the unknowledge due to Assump-
tion 1.3. Several classical synthesis methods apply; in this work we adopt the continuous-

time LMI-based procedure of [95], which generalizes the discrete-time Theorem 15.

6.4.3 THE ONLINE ALGORITHM

The implementation of the online algorithm mirrors exactly that described in Subsec-
tion 6.1.1, translated to continuous time, and is encoded by the following state-space

representation:

z(t) = (In ®F) 2(r) + (In ® C) u(t), (6.172)
Online Optimization algorithm p(t) = (I” ® K ) (1), (6.17b)
u(t) =y(t) + p (p(t) - x(t)), (6.17¢)
AW
S {x(t) = proj_, (p(t)) , (6.17d)
Optimization oracle
() = Vf(x(2)). (6.17¢)

where 2(¢) € R™ is the controller state, p(z) € R” is the output of the linear controller

C(s),and p € R is the AW parameter, whose selection will be discussed below.

6.4.4 THEORETICAL ANALYSIS & AW SYNTHESIS

In this subsection, we jointly prove performance guarantees for the algorithmin (6.17) under
a suitable choice of the AW parameter p. In particular, we focus on the actual nonlinear

control system of Figure 6.12 in the constrained case, i.c., when ¢(u) # .

45



First, we clarify the performance objective. In the unconstrained case, objective (5.4) is
achieved by proving convergence to zero of the gradient V £;(x(#)). In the constrained setting
of Problem (6.8), this is no longer sufficient: if the optimum activates the constraints, then
x*(¢) is such that Vﬁ(x(t)*) # 0.

However, itis known from Theorem 1 that the optimal solution to Problem (6.8) satisfies
the KKT conditions (4.6); that is, for any fixed # > 0, x™(¢) € R” is optimal if there exists
7" (¢) € R” such that

stationarity (4.6a): V£ (x"(2)) —"(¢) =0, (6.18a)
primal feasibility (ii) (4.6¢): x*(¢) 20 (6.18b)
dual feasibility (4.6d): y'(¢) 20, (6.18¢)
complementary slackness (4.6¢): Y (r) o x™(z) = 0, (6.18d)

in both the constrained and unconstrained settings. In particular, the complementary slack-
ness condition (6.18d), together with (6.18b) and (6.18¢), implies that for each component
Zeitherx; = 0and %" > 0, orx; > 0and %" = 0. Simultaneous positivity of both x and y;"
is not admissible forany 7 = 1,..., z.

Remarkably, the chosen controller structure defined in Figure 6.9 implicitly inherits and
imposes these properties on the algorithm output x(z). Specifically, for each 7, the quantities

—w,(¢) and x,(¢) are mutually exclusive:
* If the constraint is inactive, then
xz‘(t) = Projzo (pl(t)) = Pz'(t) > 0:
and thus —w;(z) = x,(z) — p,(¢) = 0;
* If the constraint is active (i.e., p,(¢) < 0), then x,(z) = 0 and
—w,(t) = x,(¢) — p,(¢) > 0.
Hence, the algorithm in Figure 6.9 structurally enforces conditions (6.18b)—(6.18d) at all
times, provided that —w(z) is interpreted as the vector of Lagrange multipliers y(¢) associated

with the nonnegativity constraint in Problem (6.8).

Under this interpretation, we define the performance output as

e(r) = V/i(x(2) - (-w(2)), (6.19)
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which measures the deviation from the stationarity condition (6.18a). Consequently, mini-
mizing the norm of e(¢) (or its integral over time) is a natural and meaningful performance
objective, analogous to requiring (s5.5) in the unconstrained case.

To this end, we first categorize the nonlinearity (6.14) within the standard nonlinear

framework introduced in [70]. Hence, we introduce the following definition from [58].

Definition 13. A function ¢ : R” — R”" is said to belong ro @y if:

2. ¢ islocally Lipschitz continuous;

3. ¢ satisfies ;
(g—i(u)) (1,1 - 3—z(u)) >0 (6.20)

for almost all # € R”, where a_z (#) denotes the Jacobian of ¢ evaluated at #."

Remark 7. Definition 13 introduces an incremental sector condition, which is useful to show
that a nonlinearity satisfies a standard sector condition. Sector conditions are classical tools in
nonlinear control to characterize static nonlinearities lying in a prescribed sector, and play a

central role in the analysis of Lur'e-type systems, see, e.g., [68].

The next proposition establishes that the nonlinearity defined in (6.14) satisfies Defini-
tion 13. This alignment ensures that our analysis is compatible with the hypotheses intro-

duced in [58], enabling application of the same theoretical framework.
Proposition 2. The function ¢(u) defined in (6.14) satisfies Definition 13.

Proof. Condition 1 is immediate. Condition 2 holds because proj_ (-) corresponds to the
element-wise application of the ReLU function [45], which is Lipschitz continuous, and
compositions of Lipschitz functions are Lipschitz [47].

For Condition 3, compute the Jacobian of ¢ at #:

a¢ _ Taprojzo(Vu)_ T
E(u)—VT—VXV,

*Fora nonsymmetric matrix 4, the symbol 4 > 0 means 4 + A" = 0.

47



where X = diag(%,(v;), ..., X,((v,)) and v := V', with X (-) denoting the nonnegative

indicator function. Evaluating the left-hand side of (6.20) gives

VXV -V'XV)=V (X -X'X)V
=02x0,

since X is diagonal with entries in {0, 1}. Thus, Condition 3 holds. O]

At this point, we can leverage the results of [58] to establish that the block scheme in

Figure 6.12 guarantees a guadratic performance level y for all ¢ belonging to &.

Definition 14. Given y > 0, the system described in Fig. 6.12 and Equations (6.172)-
(6.17b) achieves a guadratic performance of level y for all ¢ € @y if there exist a scalare > 0
and a quadratic Lyapunov function V' (z(¢)) = z'(¢)Pz(¢) such that the time derivative
V(2(z)) along the dynamics induced by Figure 6.12 and (6.17a)—-(6.17b) satisfies

2T (2)e(z)

max

V(2(1)) < —ea” ()2(0) - ~¢"(1)e(r) + 72
Y (6.21)

V(2(2), c(£)) € R*™ x R”,

where e € R” is defined in (6.19); this term quantifies the approximation accuracy of x(¢)

to x™(¢), and ¢() represents the exogenous input (6.9).”

Verifying inequality (6.21) is sufficient to ensure stability and to certify a finite £, gain y
from the exogenous input ¢ to the performance output 2, for all nonlinearities ¢ € &y [58].

We are now in a position to provide a formal result for computing the AW gain p.

Proposition 3. Given a desired performance level y > 0, suppose there exist a matrix Q =
Q" > 0, ascalard > 0, and £ # 0 such that the following LMIs hold for A = )., and 2._,,.:

QF()' +F(Q)Q H((-3)+QK' H QK')
* -29 0 2(1-2_, (6.22)
* * -y 1 )

* * * —7/

*Imposing (6.21) using z, ¢ or their decoupled counterparts 2 := V'z = A (x —¢) + wand ¢ := V'cis
equivalent due to the orthogonality of V.
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where F(1) := F + AHK. Then, the algorithm in Figure 6.12 with p = £ [0 satisfies Defini-

tion 14.

Proof- DeﬁneP(l, Q, 2, f) as the block matrix in (6.22), viewed as a function of 1, Q, d,and
£. By assumption, P(lmin; Q, J, f) < 0and P(Zmax; Q, 2, f) < 0.

It is well known that, for fixed Q, d, and £, the set of A such that P(l, Q, 2, f) < 0is
convex [34]. Consequently, P(2; Q,9, &) < 0 holds for any 1 € [A,;.,A,...] and hence for
all (unknown) values 1 = 4, where 4, are the 7 eigenvalues of /.

We now apply [58, Proposition 1]. The LMI in [58, Proposition 1], when applied to
the system of Figure 6.12 with the controller given by (6.17a2)—(6.17b), admits the solution
Q = I, ® Q, since this LMI is equivalent to the 7 independent LMIs P(1,5 Q,9,£) < 0 for
eachi=1,...,xn.

<A <2

min 7 max’

the

system in Figure 6.12 with dynamics (6.17a)—(6.17b) satisfies the performance condition of

Since, by the previous argument, these LMIs are satisfied for all

Definition 14, as guaranteed by [58, Proposition 1]. ]

Thus, the online optimization algorithm in (6.17), with the anti-windup gain p computed
via Proposition 3, ensures that the closed-loop algorithm of Figure 6.12 satisfies the perfor-

mance criterion of Definition 14, as desired.

6.4.5 NUMERICAL EXPERIMENTS

In this section, we compare the performance of three methods applied to Problem (6.8):
the standard CT-OPGD algorithm (6.12) with stepsize = 1/,
counterpart of the heuristic PIMAW proposed in (6.7), with p = 1; and the CT-PIMAW
introduced in this section in Fig. 6.9, with p chosen through Section 6.4.4.

the continuous-time

For both PIMAW algorithms, the robust controller is designed according to Subsec-
tion 6.4.2, leveraging the result in [95, Theorem 4 with & = 0.54, ¢ = 1]. The parameter p
is computed via Proposition 3 with y = 10.

In the first simulation, shown in Figure 6.13, we consider Problem (6.8) with » = 10 and
A = VAV', where A is diagonal with eigenvalues randomly sampled from the uniform
distribution over [1, 10], and ¥V is a random orthogonal matrix. The signal ¢(z) is generated
as the triangular wave of Figure 6.6, with angular frequency @ = 0.25 rad/s, thus inducing
several activations and deactivations of the constraints and allowing us to appreciate the anti-

windup behavior.
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The internal model adopted for the design is associated with the polynomial

p(s) =5, (6.23)

and the pair (F, H) is assumed in controllable canonical form with F having characteristic
polynomial p(s), corresponding to a linear ramp evolution.

The resulting tracking error ||x(z) — x*(¢)|| is plotted over a 45 s time window. As ex-
pected, the triangular wave introduces unavoidable transients due to constraint switching
and only partial satisfaction of the IMP. Nonetheless, the improved performance of the pro-

posed CT-PIMAW is evident, particularly during switching events generating windup ef-

fects.
10' F ‘ ]
I |- OP-GD ]
.| ~* non-optimized P-IMAW \ )l
Lo° P-IMAW |
= 107 1
- 1
| |

lx(2)

10—4 | | | | | I I I
0 S 10 15 20 25 30 35 40 45

N

Figure 6.13: Tracking error | x(¢) — x™(¢)|| under triangular-wave evolution of ¢() and internal model (6.23).

In Figure 6.14, we report a second simulation under similar conditions. The objective-
function matrix 4 and the algorithm design are the same as in the previous experiment. This

time, the signal ¢(#) is generated according to (6.11), with H and F as before but with

pls) = (52 + wz) 5 (6.24)
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which corresponds to a sinusoidal signal with angular frequency @ = 0.25rad/s and an
added constant component.
In this case, the improved tracking performance of CT-PIMAW is even more evident, es-

pecially during transients triggered by constraint activation/deactivation.

10° ]
107"}

*R )
11072 F g
= | s | z
Rad L L\ ]
10_3 i »\ﬂMb
- |- OP-GD ]
| | -* non-optimized P-IMAW ]
3 P-IMAW 1

10—4 | | | | | | | |
0 5 10 15 20 25 30 35 40 45

N

Figure 6.14: Tracking error ||x(z) — 2™ (¢)|| with b(z) following a sinusoidal-plus-constant evolution.

6.4.6 DiscUSSION

In this section, we complete the work introduced in Section 6. We provide a continuous-time
version of the algorithm proposed in (6.7), together with a selection criterion for the AW
gain and stability/performance guarantees. Extensions of this work include translating the
performance guarantees of CT-PIMAW to its discrete-time counterpart PIMAW, integrating
the same concepts into the primal-dual heuristic algorithm proposed in (8.7) and testing
the proposed algorithm in less structure scenarios, for example scenarios with an objective

function subjects to nonlienar exogenous system with known linearization.
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Deterministic models for constrained
online optimization: primal—dual methods

for equality constraints

We consider the third case in Table 4.1, namely online optimization with equality constraints.
In particular, we study Problem (4.1) with objective function specified in (4.3) and equality

constraints as in (4.2b). Specifically, we focus on the specific problem:

X, = arg min % (x - c,e)T A(x-¢),
rek 5 (7.1)

subjectto  Hx — by, = 0.

Adopting the design philosophy of Chapter s for the unconstrained case, we derive an al-
gorithmic procedure to compute the optimizer of (7.1). Unlike the previous chapter, the
formulation (7.1) includes an equality-constraint term, which is assumed to satisfy Assump-
tion 1.4 and to evolve according to (4.12b). As in Chapter s, the objective function satisfies

Assumption 1.3 and evolves according to (4.12a).

Therefore, we develop an online optimization algorithm of the form in Figure 2.2, where

the algorithm remains a linear filter while the optimization oracle evaluates the Lagrangian
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associated with the constrained problem, namely £, : R” x R/ — R,

Ly (x,9) = fi(x) + 7' (Hx - hk) , keN, (7.2)

in which € R’ is the vector of Lagrange multipliers (see Definition 12). A standard ap-
proach to such constrained convex problems is the primal-dual gradient method [19], which

evaluates the gradient of the Lagrangian. Its natural online extension [18, 29] is the Online
Primal-Dual Gradient Descent (OPDGD)

Xpv1 = X — €,
Tiv1 = T+ B

where £ € N and 2, 8 > 0 are step sizes, and

[e/k] _ [VxL/e(xk’ ’7/«)] _ [A (% — ) +HT’7/1 ,

) VLl (% ) Hx, - b,
are the gradients associated to the Lagrangian function.

As in Chapter s, the iteration above does not, in general, guarantee asymptotic conver-
gence. We therefore derive an alternative algorithm that ensures the standard performance
property

lim |x, — x| =o0. (7-5)

f—>400

7.1 ALGORITHM

In this section, we propose a new optimization algorithm for Problem (7.1), assuming ac-
cess to an oracle for the Lagrangian gradient (7.4). Moving to the primal—dual formulation,
described in Section 4.1, renders (7.1) an unconstrained problem. One might therefore ask
whether the analysis of Chapter s applies directly in the Lagrangian setting. Unfortunately,
additional work is required before a functioning online algorithm can be derived. The main
difficulty arises because, although the objectives in the unconstrained case and here are sim-

ilar, both seek critical points at which the gradients of the quadratic functions f,(x) and
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L, (x, %) vanish (see Equations (4.8) and (4.9)),

Chapter s Chapter 7

V(%) =0 VL(x.7)=0

they are not equivalent.

Although both problems are Quadratic Programs (QPs) with a linear, time-varying term
governed by Assumption 1.5, they differ fundamentally: in f,e(xk) the quadratic form is in-
duced by a symmetric positive definite matrix, whereas in £ (%, ;) the saddle-point struc-
ture renders the quadratic form indefinite, because stationarity is enforced with respect to
both x;, and #,. This indefiniteness introduces additional technical challenges, which we

address below.

We aim to design an online optimization algorithm of the form illustrated in Figure 2.2,
where the oracle provides the gradients discussed above and the algorithm is represented by

a transfer matrix C(z) € R0 () e,

Cn(z) CIZ(Z)

R(n+l)x(n+l) 2), 6
Gy (2) sz(z)] ) ) 70

C(z):l

of larger dimension than in Chapter s to interface with the Lagrangian oracle then the 7
decision variables and the / equality constraints. The objective is to enforce the optimality

condition for the constrained problem (7.1) as stated in (4.8), namely

A
k

To visualize the control structure, the complete scheme is depicted in Figure 7.1. From
a control perspective, it is similar to Figure 5.1, except for the additional signals associated

with the gradient of the Lagrangian with respect to the Lagrange multipliers.
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T |CR)|

V.C, ()
. VV’Ck ( b) ) <
Figure 7.1: Control scheme proposed for solving Problem (7.1).
7.1.1 INTERNAL MODEL
Let us define the Z-transforms
x(z) = Z[x], (7.8a)
7(2) = Z[y; (7.8b)
€(z) = Zle, (7.8¢)
Sf(2) = Z[f]. (7.8d)

These are the transforms associated with the primal problem, i.e., (7.8a) and (7.8¢), plus those
for the dual variables, i.e., (7.8b) and (7.8d).

From the scheme in Figure 7.1, we obtain

OIS
Solewlia) (9

Thanks to simple algebraic manipulation we obtain

éA(Z) _ |4 (x(z) - ¢(2)) A’rHT’?(z)
(2) H x(z) — b(z) .
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If we define b(z) := —Ac(z), we obtain

=B A (7.10)

236@4?@ ) aa]

)] |-h(x)]|

where B € R"*0*0)  Hence,
¢@|_ 1y powrt] 2@ N
A(z)] = [ - BC ()] [—1; (z)]. (7.11)

Compared with the unconstrained counterpart (s.10), the key difference is that the un-
known matrix B, the analogue of A in (5.10), is a saddle matrix [16, 17], i.e., an indefinite
matrix. This makes a direct application of previous results nontrivial. As in the previous

chapter, we fix the poles of the controller C(z) (of the form (5.11)) to be p(2) so as to satisty

the IMP, yielding
e (2) _ : -1 | by (2) 12
[f(z)] = [p (2) I - BC\(2)] [_hN(z)] . (7.12)

Consequently, ensuring (7.7) reduces to selecting Cy(2) such that all poles of

[2(2)I - BCy(2)]”

lie strictly inside the unit disk.

7.1.2 LTT CONTROLLER

We now derive a controller that stabilizes the unstable poles arising from (7.12). As before,
we impose a specific structure on the controller to (i) deal with the lack of knowledge of 4
and H and (ii) render the matrix B in (7.12) with real positive eigenvalues, thereby enabling

the previous reasoning in this setting. The chosen structure is

Cy (2) = c(2) [g —(;I] ) (7.13)
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where ¢(z) = ZZ;I ¢2' € R[z2] isascalar polynomial of degree 7 — 1 ensuring strict proper-
ness of the controller transfer matrix, and 7 is a positive parameter. We highlight the differ-
ence with (5.13), where the additional factor —zZ does not appear. At this point, as in the

previous chapter, we can reduce the MIMO control design to a SISO problem.

With this choice we have

@ I-BCy(:)] " = [pI-c(2)B()] . (7.14)
where
_ I 0 A -7H'
B@zBL 4J:L’ 0]. (7.15)

We will see that robust-control arguments are simpler if B (7) has real positive eigenvalues,

since the robust stability condition mirrors that of Corollary 1.

Remark 8. One might ask whether the matrix structure in (7.13) can be leveraged to enhance
performance. A straightforward approach is to introduce a new scalar parameter into the de-
sign, resulting in

Cx (@) = (2 [(f y I],

with a, f > 0. Nevertheless, this controller can be rewritten as

I 0
CN(z)=c(z)a[ e
o 10 2l

o

Since ¢ (2) is a design polynomial, the extra degree of freedom introduced by o can be absorbed
into it. Consequently, addressing (7.13) entails no loss of generality. In addition, we impose
that the controller bas the structure of a scalar transfer function times the identity matrix, since
we only bave partial knowledge of the matrix A. Other controller structures could in principle
be adopted, but the subsequent mode-decomposition analysis would no longer be valid if the
controller bad different transfer functions for each entry of the matrix.

The matrix B (7) in (7.15) admits real positive eigenvalues (for suitable 7 shown below),
but it is generally not diagonalizable, so (5.14) does not hold in general. Replacing the eigen-

decomposition with the Schur decomposition B(7) = QUQ', where Q is unitary and U is
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upper triangular, yields

1

PI-cB@] =Q@I-c(:U]" Q" (7.16)

Hence, the poles of [p (2) I —BCy (z)]_1 coincide with those of [p (2) I —c(2) U]_l. The
(7, 7) entry of this matrix has the form

(adj [p () I -c(2) U])l,j
det [p (2) I -c(2) U] .

(7.17)

([p () I -c(2) U]_l)ij =

Therefore, the poles are zeros of det [p ) I-c(z)U ] Since U is triangular, these zeros

coincide with the union of the zeros of the polynomials

?(2) = (2) ;s (7.18)

where u;,7 = 1, ..., n, are the eigenvalues of B (7). Asin Subsection 5.1.2, we reuse the LMIs

of Corollary 1 upon replacing 1 € [, 2. With ¢ € [0, #umax)> thereby obtaining the

min> “*max

same state-space controller triplet (F, C, K) asin (5.16). The bounds g, and g ,,, can be

A

derived from the oracle quantities 1 and further tightened via the design

min’ “"max’ Jmin’ Jmax

parameter 7.
This degree of freedom and the resulting bounds on the eigenvalues of B (7) are formal-

ized in Corollary 2, a corollary of Lemma 1 in the Appendix A.

Corollary 2 (Bounds on the eigenvalues of B(7)). Given B(7) asin (7.15), if T is such that

2
O<r<rl, =20 (7.19)

est 2
4a'max

then the eigenvalues of B(7) are real and belong to the interval

2
[r;min , lm“} : (7.20)

max

Proof. The statement follows immediately from Lemma 1 and the bounds on the eigenval-
uesof HA'H":

O-minz (H) =17 -1 gy7 Jmaxz (H)
m S/‘lmin(HA H ) S/‘lmax(HA H ) < m
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Corollary 2 provides values of 7 for which B (7) has real positive eigenvalues and bounds

them within (7.20). For the control specification, 7 is not yet fixed; it is an additional design

*

parameter that we set to 7.

The rationale is that the smaller the ratio between the upper
and lower bounds in (7.20), the easier it is to satisfy the LMIs of Theorem 15 and obtain a
robust stabilizing controller with the desired optimization performance. Thus the natural
choice, ensuring positivity of the eigenvalues and minimizing this ratio, is 7 = 7. In that

case, the eigenvalues of B (7) licin

22 ' 2 '
min&min , )'max )
4/1maxlu%naX

7.1.3 THE ONLINE ALGORITHM

The online algorithm mirrors Subsection 5.1.3, except that together with the dynamics

in (5.17) for the primal variable we include the dual dynamics

7(z) =-7 (;((—z))l)f(z) . (7.21)

As before, the complete algorithm in state space is

wen=(L®F) 5+ (LoC)e (o)

. L . w,, =G ®F)w,+ (I, ®C) f, (7.22b)
Online optimization algorithm

%, = (I, ® K) 2, (7.22¢)

7= -7 (L ® K) w, (7.22d)

€, = V. Ly (% ) (7.22¢)
Optimization oracle
S = vij/e(x/e’ ) (7.22f)

where the matrices F, C and K are defined in Subsection 7.1.2, and 2, € R*", w), € R are

the controller state vectors.
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7.2 CONVERGENCE

As in Section 5.2, we prove convergence of (7.22). The proof, omitted here as it mirrors
Proposition 1, relies on the convergence to zero of the Lagrangian gradient (7.2) thanks to
the IMP.

Proposition 4 (Convergence of algorithm 7.22). Consider the optimization Problem (7.1),
with {¢,},en and {by} e modeled as in (4.122) and (4.12b). Choose the controller (7.13) as
described in Subsection 7.1.2 and let {x,} . be the output of the online algorithm (7.22). Then
it holds

lim [ — x| = 0.

Remark 9. Ifthe cost includes a time-varying matrix A or is non-quadratic,” convergence of
the tracking error to zero is no longer guaranteed. This limitation arises because our approach
reformulates Problem (7.1) as a linear control problem; in more general cases, the resulting
formulation is nonlinear.

10 analyze performance under these conditions, one may resort to the small-gain theorem.
However, this typically leads to conservative estimates and tends to overestimate the tracking
error. An alternative would be to design the online algorithm based on a nonlinear version of
the IMP.

In any case, in the next subsection we present (promising) numerical evaluations of the pro-

posed algorithm applied to more general problem instances.

7.3  NUMERICAL RESULTS

We now compare the performance of the proposed algorithms on Problem (7.1). In addition
to the baseline setting, we provide numerical examples showing that the algorithm performs
well even when the matrices 4 and H are time-varying and in more general non-quadratic

Cascs.

7.3.1  COST WITH FIXED A

First, consider Problem (7.1) with x € R”, where » = 10. The matrix 4 is defined as
A =VAVT, where V is a randomly generated orthogonal matrix, and A is diagonal with

elements in [1, 10]. The matrix H € R*” is randomly generated with orthogonal rows.

* A . . . . . . . .
Similarly, if the constraints involve a time-varying matrix H or are non-linear.
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For the linear terms {c, } pen 20nd {b,} seny We use the following models:

1. Triangular wave (Figure 6.6): ¢, = —triang (wk) A7'1, by, = triang (wk) 1 with w =
107*7;

2. Sine: ¢, = —sin (wk) A1, by, = sin (wk) 1 withw = 10™*7.

In Figure 7.2, we compare our control-based algorithm, designed with p (z) = -

2 cos (w) z+ 1 for thesineand p (2) = (2 — 1)2 for the triangular wave, to the OPDGD (7.3).
From a control perspective, the classical OPDGD can be interpreted as a controller with
p (2) = (2 — 1) asits internal model. Consequently, for the two waves, the OPDGD fails to
ensure perfect tracking because it does not satisfy the IMP. By contrast, the control-based
design with the correct internal model guarantees perfect tracking. For the triangular
wave, the IMP is verified piecewise: tracking is guaranteed except at slope changes, where a

transient is required for the controller to re-track the reference.

Sine Triangular wave
10! 4 —8— primal-dual algorithm
100 4 —— Control-based algorithm
10-2 4
10—3 .
-
2 S
T 10¢ U
=Y0]
=
'MU L 1078 .
E 10
=
—11
1072 4 10
1015 ] 10-14
0 200 400 0 200 400

Time |[s] Time [s]

Figure 7.2: Comparison between the primal-dual and the control-based algorithm (semilogarithmic scale) for
sinusoidal and triangular-wave signals.

We conclude this part with a simulation in which the model is “slightly” misspecified.

Specifically, we assume that ¢, and A, follow the “Sine” evolution of Figure 7.2, and we
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o=l _ 4% 8% 12% 16% 20%

@w

OPDGD 373 - - - -
control-based algorithm 0.20 0.41 0.61 0.82 1.02

Table 7.1: Asymptotic errors of the OPDGD compared to the control-based algorithm when ¢, follows
model 2 (the “Sine” model) as described in Section 7.3.1 with p(z) = 2% — 2 cos(w)z + 1. The control-based
algorithm in (7.22) is designed with p(z) = p(z) := 25 —2cos(@)z + 1 where & = 0.96w, 0.92w, 0.88w, 0.84,
0.8w. The OPDGD yields a single error value since its design is independent of the oscillation frequency of ¢;.

measure the asymptotic error when the algorithm is designed with an incorrect oscillation
frequency @ (while the true frequency is ). The results, reported in Table 7.1, show that al-
though perfect tracking is lost, the control-based algorithm outperforms the OPDGD even
when the design frequency deviates by up to 20%.

7.3.2 TIME-VARYING QUADRATIC TERM AND CONSTRAINT

Following [13], we assess performance in more complex scenarios by experimental validation
with z = 10 and / = 2. We consider a time-varying quadratic term A4, = A, + sin (wk) 4,,
where A, is symmetric positive definite with eigenvalues in [1, 10], and A, is a symmetric
sparse matrix of ones with ten percent nonzero entries. We also consider time-varying con-
straints, setting Hy, = H, +sin (wk) H,, where H is a random rectangular matrix with singu-
lar values in [1, 3], and H, is sparse with ten percent ones. The sinusoidal term usesw = 1/2.
The remaining terms are held constant, namely ¢, = ¢ € R"* and b, = heR’

To implement (7.22) we require an internal model that captures the dynamics of f,(x).

Given the periodic evolution, reasonable choices are

p(2) = (z—l)ﬁ[zz—Zcos(/w)z+1], LeN. (7.23)
7=1

Since f;(x) is nonlinear, the internal model is only approximate. Using (7.23), we aim to
capture the minimum periodicity and fast variations.

The results are shown in Figure 7.3. Algorithm (77.22) exhibits better tracking than the
OPDGD. Increasing the internal-model complexity improves asymptotic tracking at the cost
of slower convergence, an expected trade-off of the IMP, as the controller requires more time
to reach steady state with more complex internal models. Since our primary interest is asymp-

totic performance, this trade-off is acceptable.
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The proposed algorithm performs well in time-varying (and in the non-quadratic case of
Section 7.3.3). However, as highlighted in Remark 9, we have not formally proved conver-
gence in these settings because the linear-control reduction no longer holds. It may still be

possible to bound the error via small-gain arguments similar to [13].

102_? —&— Primal-dual
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Figure 7.3: Comparison between the OPDGD and the control-based algorithm with models (7.23) (L =
1,2,3,6) in the time-varying case.

7.3.3 NON-QUADRATIC COST

We now consider a setting with a non-quadratic objective, using the function from [106]
filx) = %xTAx — ¢" Ax + sin (wk) log [1 + exp (6" x)],

subject to the constraint Hx = b,. We takew = 1/2, 7 = 10, b,¢ € R” with ||5|| = 1. The
matrices A € R”” and H € R, with [ = 2, are generated as in Section 7.3.1, and by, is as in
case 2. Figure 7.4 reports the tracking performance of the OPDGD alongside three control-
based variants implementing (7.23). The control-based method achieves superior tracking,

albeit with slower convergence.
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Figure 7.4: Comparison between the OPDGD and the control-based algorithm with models (7.23) (L =
1,2,3) in the non-quadratic case.

7.4 DiscussioN

We derived an online optimization algorithm based on the scheme in Figure 2.2 that asymp-
totically converges to the solution of Problem (7.1) under minimal assumptions on the ob-
jective (4.3) and the equality constraints (4.2b).

As in the previous chapter, where we presented the natural model time-varying extension
of the OGD algorithm, here we derived the natural extension of the classical OPDGD to
the model time-varying evolution, incorporating a structured model for the dynamics of the
problem data. Although new complications arise, most notably that B (7) isno longer pos-
itive definite, we still obtain an algorithm with exact convergence guarantees in the nominal
case and strong empirical performance more broadly.

In the next section, we adopt a similar approach to develop a heuristic version of (7.22)
for optimization problems (4.1) with quadratic objective (4.3), equality constraints (4.2b),

and inequality constraints (4.2c).

65



66



Deterministic models for constrained
online optimization: primal-dual methods

for equality and inequality constraints

In this section we focus on the fourth case of Table 4.1, and we develop a different algorithm-
design procedure to derive an online optimization algorithm for problems of the form (4.1)
with objective function (4.3), and both equality (4.2b) and inequality (4.2¢) constraints,

with all time-varying terms described in Assumption 1.s5. That is:

X, =arg min %(x—ck)TA (x-¢),
xeR”
Silx)

subjectto Hx — b, = 0,

Gx-g,<0.

We derive an algorithm to solve Problem (8.1) following the approach of Section 7 and
Chapter 5. Unfortunately, in this section we are not able to prove the convergence of the
proposed algorithm, for reasons clarified below. Nevertheless, we propose a heuristic algo-

rithmic procedure that mirrors what is done in Section 7.

As in the equality-only case, we adopt a primal-dual approach. In particular, the on-
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line oracle in Figure 2.2 evaluates the gradient of the Lagrangian associated with the general

QP (8.1), namely

Ly(x7,7) = filx) + 4" (Hx - b)) +y" (Gx-g), k€N, (8.2)

where 7 € R’ is the vector of Lagrange multipliers associated with the equality constraints,
and y € R? is the vector of Lagrange multipliers associated with the inequality constraints.
A commonly employed approach to address this online optimization problem is the natu-
ral online extension of the primal-dual algorithm [29], which yields the Online Projected
Primal-Dual Gradient Descent (OPPDGD) algorithm:

X1 = 2, — aVi Ly (% 74> 21)
Terr = T + BV, Lo (% wy, 7), (8.3)
Yer1 = Proj,, (}’/e + 7V, Ly (% w, 2’/e)) >

where £ € N and &, 3, ¥ > 0 are step sizes. The fundamental difference with respect to
OPDGD (7.3) is the presence of the projection (saturation) nonlinearity on the Lagrange
multipliers associated with the inequality constraints, which is related to satisfaction of the
dual feasibility condition (4.6d) of the KKT conditions (4.6).

8.1 ALGORITHM

The nonlinearity introduced in (8.3) makes a significant difference with respect to the algo-
rithm developed in the previous section. Because of this projection step, the online optimiza-
tion algorithm in Figure 2.2 is no longer a linear filter. Therefore, the linear convergence anal-
ysis and the linear robust-design approach based on linear control analysis used previously

are no longer applicable here.

Following the same reasoning as before, we provide a new online optimization algorithm
that implements the control scheme in Figure 8.1. This scheme recasts the one for the
equality-only case in Figure 7.1 of the previous section, but it includes a projection step
(required to enforce the KKT conditions at the optimizer) and a control-inspired AW

mechanism designed to improve performance in the presence of the nonlinear projection.
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Figure 8.1: Control scheme proposed for solving Problem (8.1).

As in Subsection 7.1, the algorithm leverages the same transfer matrix block

C1(z) C,(2) C13(Z)
C(2) = |G (2) Cp(2) Cyle)| € RUIPCD(g), (8.4)
Gi(z) Ciu(z) Cis(2)

which is larger than in the previous case, as we must also account for the p inequality con-
straints. These constraints are temporarily treated as equalities; the inequality-constraint
behavior is enforced by the saturation nonlinearity proj_ () (i.e., projection onto the non-
negative orthant) acting on the associated Lagrange multipliers. The derivation of the con-
troller C(z) proceeds exactly as in the previous section thus fixing a first structure to satisfy
the IMP:

Cn(2)

€)= 2 (5:5)

where Cy(z) € R [2] is a polynomial matrix fixed by treating the inequality constraints as

equality constraints, so that

I 0 0
Cn()=c(@)|0 oI 0 |, (8.6)
0o 0 -

with ¢(z) = ZZBI ¢z’ € R[z] ascalar polynomial of degree 7 — 1 ensuring strict properness

of the controller transfer matrix, and 7 > 0 derived as in Subsection 7.1.2.
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8.1.1 THE ONLINE ALGORITHM

The online algorithm is then implemented exactly as in Subsection 7.1.3, adding the
inequality-constraint variables as if they were equality constraints. The complete state-space

representation of the algorithm is:

2y = (In®F)z,e+(In®C) e, (8.7a)
Wy = ([ @ F)w, + (1, ® C) f, (8.7b)
S = (I, ® F) 5+ (I, ® C) m, (8.7¢)
%, = (I, ®K) 2, (8.7d)
Online optimization algorithm 7= -7 (I ® K) w, (8.7¢)
pe=-7(L,®K)s, (8.7f)
% = Projq (pe)s (8.78)
w, =Y+ (1= Pe)> (8.7h)
AW
e, = V.Ly (%, 715 %) (8.71)
Optimization oracle { fi = VL (% > 74) (8.7))
e = Vi Ly (X 7> 7). (8.7k)

Here, the matrices F, C and K are the same as defined in Subsection 7.1.2, and 2, € R™,

w, € R and s, € R?™ are the controller state vectors.

Algorithm in Equation (8.7) introduces two main differences with respect to (7.22). First,
the projection step in (8.7g) yields a nonlinear behavior in the feedback loop, which repre-
sents the principal challenge. Second, we include the AW scheme in (8.7h). The AW term
(% — p) mitigates transient effects occurring when the inequality constraints in Prob-
lem (8.1) switch between active and inactive. Because of the projection operator in (8.7g),
these transitions resemble the effects arising when a control system with input saturation
enters/exits the saturation region. It is well known that such scenarios can lead to undesir-
able dynamics, AW is introduced precisely to mitigate them. By analogy, we include the
same scheme in our optimization architecture and validate its performance in the next sec-
tion, highlighting the emergence of these adverse effects and how AW mitigates them in the

optimization context.
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However, analyzing the tracking error of (8.7) for inequality constraints, with and with-
out anti-windup, is not straightforward. In particular, the transient phenomena that oc-
cur whenever inequality constraints switch from active to inactive preclude exact tracking
without additional (restrictive) assumptions. A theoretical analysis is therefore particularly
challenging; nonetheless, we illustrate the effectiveness of the proposed approach through

numerical simulations.

8.2 NUMERICAL RESULTS

In this section we evaluate the performance of algorithm in Equation (8.7) in the presence
of only inequality constraints, since the equality-only case is treated extensively, both theo-
retically and numerically, in Chapter 7.

For the simulations we set z = 10 and p = 2, generate a random orthogonal matrix ¥ and
a diagonal matrix /1 with diagonal entries in the range [1, 10] such that 4 = VAV, and
generate G as a random matrix with orthogonal rows. The signals ¢, and g, are sinusoidal
waves with angular frequency @ = 10™*7, with corresponding internal model p (z) = P
2 cos(w) z + 1. In addition, let x/:’UNC be the optimal solution of the unconstrained version
of (8.1), i.e., xBNC)k = argmin__p, f;(x). The simulation is set up so that, periodically,

X, =x, and x) # x7
% UNC,k % UNG,k*

10" q

10724

10754

10784

Tracking error

1“711 4
—8— Projected primal-dual algorithm
Control-based

—14 ]
10 —%¥— Control-based & AntiWindup

| | =
¥ T} = T} unc

0 200 100 600 500 1000
Time [s]

Figure 8.2: Comparison among OPPDGD (8.3), the algorithm in (8.7) without anti-windup, and the com-
plete algorithm (8.7) with anti-windup compensation, in a semilogarithmic plot where ¢, and gj, are sine waves.

We compare three algorithms:
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* OPPDGD (8.3).
* Algorithm (8.7) including the projection block but without anti-windup (e = 0).

* Algorithm (8.7) with anti-windup compensation and p = 1.

Figure 8.2 depicts the tracking errors of these algorithms, with shaded intervals highlighting
the times when x; = x{;\c -

First, similarly to the equality-constrained case in Figure 7.2, OPPDGD is outperformed
by both proposed algorithms, in the sense that they attain much smaller tracking errors. In
particular, the algorithms based on (8.7) converge towards the optimal trajectory during in-
tervals when x; = x{JNC’ , and when x; # x{JNC, 4» While OPPDGD only reaches a bounded
neighborhood of the trajectory. This again highlights the effectiveness of a control-theoretic
algorithm design.

Comparing the control-based algorithms, we notice that both exhibit transients” when the
optimization problem switches between the modes x;, = xBNC’ yandx # xBNC, ;- However,
the algorithms differ significantly in the duration and magnitude of these transients: the AW

mechanism ensures much shorter transients and smaller tracking errors.

The main issue when switching between x; = x{j\ ¢, and ¥, # %, is that the dual
variable y, becomes saturated. In such cases, the algorithm keeps integrating the error f/;' and
increases the internal states associated with the integral actions. Ideally, when saturation is
active we are within the bounds of the inequality constraints, and the optimization should
behave as an unconstrained problem. Consequently, integrating #; becomes not only redun-
dant but also detrimental: the integral actions retain memory of past errors and adversely af-
fect performance even outside the saturation region. The anti-windup mechanism reduces
these integral actions when unnecessary, directly compensating the input #,,.

Finally, whenever x; = x{j\cy the algorithms based on (8.7) yield , = 0 owing to
complementary slackness (4.6¢). However, when the problem switches to x; # xLNC’k
(and vice versa), a transient occurs. This implies that, as long as the constraints are acti-
vated/deactivated throughout the online optimization, exact convergence to the optimal so-

lution cannot be guaranteed.

"We remark that the transients of “Control-based” in Figure 8.2 at times 400 and 800 are present but
hidden by the other trajectory.
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8.3 DiscussioN

We proposed a new online optimization algorithm based on classical control principles. The
algorithm in this section is a natural extension of the primal-dual optimization scheme
presented in Section 7. The new scheme introduces a significant challenge compared to
previous ones: the projection step acts as a nonlinearity in the closed loop. For this reason,
we are not able to prove convergence (i.c., (7.5) and (5.4)) or performance guarantees for
the primal-dual algorithm in (8.7). However, in the next sections we present another
constrained-optimization algorithm based on different principles, projection methods
rather than primal-dual. In that context, we are also able to prove favorable properties of

the algorithm in continuous time case.
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Stochastic models for unconstrained online

optimization

The previous results derived in the first part of this thesis are obtained in the deterministic
setting. In this section, we change perspective and derive a new design procedure that is
valid in stochastic and non-deterministic settings. The earlier results leverage knowledge of
a model that drives the evolution of the objective function to be optimized. Here we relax
Assumption 1.5 and, in particular, generalize the results presented in the unconstrained case
to a noisy environment in which stochastic disturbances affect the models determining the
optimum of the objective function. We draw the reader’s attention to the fact that these
disturbances include both measurement noise, additive terms corrupting the output in the
feedback loop, and process noise, uncertainties that capture partial lack of knowledge about
the model. We account for these undesirable effects and propose control-inspired algorithms
that seek to improve the optimizer’s performance in a mean squared error sense.

This analysis points toward extending and applying these concepts to practical scenarios.
In particular, this line of work is especially relevant in the context of modern deep learn-
ing architectures, where an online optimization problem, cast as online regression, has been
identified as a mechanism for in-context learning [44]. For this reason, we conclude by pre-
senting experiments that evaluate the performance of our algorithms in high-dimensional
linear regression settings.

In this setting, we propose three classes of algorithms, each inspired by a distinct control
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concept: a Kalman inspired algorithm, an optimized control inspired algorithm, and a robust
., control inspired algorithm. The three algorithms are derived under different priors on
the knowledge of the matrix A, following Assumptions 1.1, 1.2, and 1.3. Each algorithm
is suitable for different applications and purposes. In particular, the Kalman inspired algo-
rithm is typically the easiest to implement and ofters a favorable compromise between imple-
mentation simplicity and performance; the optimized control inspired algorithm is generally
the most performance oriented solution and is often the preferred choice. However, these
two algorithms can be sensitive to uncertainty in the eigenvalues of the matrix 4. In such
cases, a more robust alternative is the robust 3, control inspired algorithm. We substantiate
these claims through numerical experiments in representative practical scenarios.

These algorithms are obtained by extending the ideas proposed in [13] and discussed in

the previous sections.

9.1 STOCHASTIC FORMULATION

We now particularize the optimization problem of interest. Specifically, we focus on solving
Problem (4.1) in the unconstrained case, under the same setup as in (4.2), with the objective
function (4.3).

To introduce stochasticity into the problem, we extend the deterministic model in As-

sumption 1.5 as follows.

Assumption 1.6 (Model of ¢;). The sequence {c,e } pen 3 generated according to the following
stochastic LTI model:

{ %= (L, ® F) 7, + (1,8 G) n, (9.1)

= (I, ® H)z, + (I, ® o) my,

where F € R™" has known marginally Schur-stable poles, H € RY G € R™, and
0 € R are known, while the initial states %, is unknown, and n, ~ N (O, a'ZIn) is a Gaussian

white noise.

Equivalently, Equation (9.1) describes the time evolution of each component (¢, ), of the vector
(o

(@)
zk+1

le], = Hzls") +o[ny];,

= Fz(i) + G[”/e]z’a
¢ (9:2)
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where

with z/ill) e R” forall i.

This assumption generalizes the framework described in Assumption 1.5 used in the pre-
vious chapters. In particular, when o = 0, the model reduces to a deterministic evolu-
tion of (4.3), equivalent to the one considered in Chapter 5. The stochastic extension in
Assumption 1.6 allows us to capture unmodeled dynamics. Specifically, the process-noise
term G [#,];in (9.2) accounts for unknown stochastic dynamics or environmental variations
affecting the state propagation, while the measurement-noise term o[#,], introduces an ad-

ditive perturbation in the evolution of ¢;.

Remark 1o. Assumption 1.6 is equivalent to requiring the existence of a scalar rational trans-
fer function b(z) such that ¢, is the output of a MIMO discrete-time system with transfer ma-
trix h(z)1,, driven by Gaussian white noise my, where h(z) := H(zl — F )G +o.

9.2 ALGORITHMS

We propose a set of algorithms to address the online optimization problem described in (4.1),
in the unconstrained case and with the objective function (4.3). As anticipated in the intro-
duction, the design of these algorithms is driven by different assumptions on the available
knowledge of the cost function, in particular on the eigenvalues structure of the matrix 4.
Specifically, we focus on the three assumptions introduced in Assumptions 1.1-1.3, and
we develop three distinct algorithmic design procedures. The proposed methods fall into
two main families, depending on the prior knowledge about the optimization problem at

hand:

* The first two algorithms assume increasingly relaxed yet informative knowledge about
the spectrum of A4, either exact eigenvalues (Assumption 1.1) or a known distribution
(Assumption 1.2). These approaches are performance-oriented and aim to improve
the tracking accuracy of the optimizer.

* The third algorithm is designed under minimal assumptions (Assumption 1.3 ), where
only bounds on the eigenvalues are known. It follows a robust control approach based
on robust #,, control design. While more conservative, this method is preferable in
scenarios with significant uncertainty in the spectrum of 4.
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We now introduce the general setup within which the proposed optimization algorithms
are developed, following the previous derivations. Specifically, our objective is to design a
controller with transfer matrix C(z) € R"”(z), as in Chapter s, operating under the same
control scheme depicted in Figure 5.1, with the only difference that the online oracle now
provides a stochastic gradient V£, (-).

For the same reasons motivating the analogous choice in the preceding sections, we restrict
C(2) to the form C(z) = %In, where ¢(z), d(z) € R[s] are polynomials of degree 7 — 1
and m, respectively.

From

e = Vfi (%) =4 (v -q) (9.3)
e

where 7, is the estimation error, the control scheme in Figure 5.1 in the stochastic setting

simplifies to that shown in Figure 9.1.

n;, % € | . X

— )

Figure 9.1: Control scheme of Figure 5.1 when C(z) = 2@

I, and condition (9.3) holds.

Under Assumption 1.6, the optimizer ¢, is driven by white noise. Consequently, in this
stochastic setting the estimation error 7, = X, — ¢, cannot converge to zero as required in
the deterministic case (see, e.g., (5.4)). As a result, a purely asymptotic convergence analysis
is not meaningful, and we instead assess the algorithm’s performance through an alternative

metric: the asymptotic expected value of the quadratic norm of the estimation error:
= lim E|#n'n]. .
J = lim 7' n] (9-4)

Remark 11. In this thesis we define different performance metrics that represent what the
algorithm seeks to minimize or optimize in an online manner. The indices (5.s), and (7.7)
linear deterministic setting, (6.21) for the nonlinear deterministic setting, and (9.4) for the
stochastic setting are all measures of algorithmic quality. When we require satisfaction or op-
timization of one of these performance criteria, we first solve the corresponding problem offline.
This yields a fixed algorithm that is then implemented in an online fashion to address the on-

line optimization problem. The rationale is that, while optimizing the performance index may
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be computationally expensive, it is performed once; the resulting algorithm can then be deployed
without incurring the same computational cost repeatedly. This mirrors the distinction between
training and inference in machine learning. A key difference bere is that the minimization of
the loss is not based on empirical samples alone, but leverages the relationship between the cost

and a principled model of the data-generation process.

Our objective in designing an online optimization algorithm is to determine a controller
C(z) that minimizes the cost (9.4). To this end, it is convenient to use the eigendecomposi-

tion A = VAV and perform the change of variables

ﬁ/e = VTn/e, E/e = VTC/e,

7=V'n, %:=Vx, 5:5)
Under this transformation,
J = kl_i)ngooIE [r/';r;e] = lim ]E[i;eTVVTi,;]
(9.6)
kl—1>r-1+—loo]E [’/'e ’/'e] = kl—lg—looE [[’/'e] ] ’

since V" is orthogonal. Moreover,

Using the identity ¢, = h(z)n,, the error dynamics in the transformed coordinates are

- @ N\
- - (In - m/1) b(2) iy (9:7)

=H,,(2)

Since the transfer matrix H,, (z) is diagonal, each component [’_/%]l- is affected solely by [fak]i
and depends only on the corresponding eigenvalue 4, (and not on any A y for o # 7).

This decoupling, illustrated in Figure 9.2, applied to (9.6) yields the decomposition

7=, = Y 7 [Ha@), ], = > T 0. (59)
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where
2

T () = 7| [H, (2] o)

1-2,c(2)/d(2)

2
2
=g
2

(9.9)

i

bl
2
and where we use the classical relationship between the #(, norm and the asymptotic value

of the output covariance.

%],
—— h(z) =+ by o

Y

Figure 9.2: Block representation of the Z-th transfer function [Hnr(z)]”, in (9.7).

In the following section we propose various algorithms characterized by different levels of

complexity and performance. We start from the simplest one, based on Kalman filtering.

9.2.1 KALMAN FILTERING INSPIRED ALGORITHM

Consider the stochastic system of the form (9.1) with input #, and output ¢,, where , =
["k]z and g, = [  forageneric. Itis wellknown that the system with input ¢, and output 7,

which minimizes the #{, norm of their interconnection is given by the Kalman filter, namely

£k+1 =F£k +I-((HZA/€ —Ck),

n=Hz —q,

where 2, € R™, F and H are the same matrices as in (9.2), and K is the steady-state Kalman

filter gain [113, Theorem 8.5.3], given by
K = - (FPH™ + Go*}) (HPH™ + ), (9.10)
where P is the solution of the algebraic Riccati equation
P = FPF' + *GG" - (FPH' + Go%j) (HPH' + ) (FPH" + Go*j)'.
Suppose now that we perturb the optimal gain K by scaling it with a factor y € R, so that
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the filter becomes )
'ék+1 = FzAk + 7K(HzA/e - C/e)’

}’/'e =Hﬁk—ck.

In general, the $(, norm of the interconnection is no longer minimized, except when y =
1. We will see that this perturbation is unavoidable, since in general we do not know the
tull structure of 4 and therefore we must apply the same transfer function to all modes.
As a consequence, the closed-loop responses coincide with those in the previous equation
with ¥ = 1 only if all eigenvalues are identical; in all other cases, we must account for the
perturbation introduced by y.

We denote this 3£, norm by J (7).

This observation motivates the construction of a suboptimal controller ¢(z) /d(z) with
state space realization (5.16), where the gain is chosen as K = aK with 2 € R a scalar
parameter to be determined. This approach greatly simplifies the controller synthesis, since
it reduces the design to tuning a single scalar parameter. With this choice, the overall cost

becomes

Z J(a,).

Note that JJ () is finite if and only if the transfer function from 7, to 7, is stable, which is
equivalent to requiring that the matrix E(y) := F+yKH is stable. This condition can be ver-
ified following the same steps as in Corollary 1; this time we leverage Theorem 15 from [41].

In particular, F() is stable for all € [y, ¥max] if the following corollary holds.

Corollary 3. The cigenvalues of Ey) lie strictly inside the unit circle for any y € [¥pins ¥mas)

if there exitst symmetric matrices P, P . > 0, and a matrix L such that

min?

T T
[Pmin ‘E (7min)L ] N O,
« L+L -P,_.

T T
|:Pmax E (7max)L ] N O
x L+L -P_

Proof: The matrix F(y) can be written as
E(;/) =F+yKH = (1- a)(F + 7minKH) + a(F + ;/maxK'H), (9.11)
for some « € [0,1] such that y = (1 = @) ¥pin + @V max- Hence (9.11) describes a convex
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polytope with vertices ; = E()/min) and E = E(;/max). The result then follows by direct
application of Theorem 14. [l

Using Corollary 3, we can find 0 < .. < ..., such that E(;/) is stable, and hence J(y)
A if and

min’ “*max

is finite for all ¥ € [¥,i0> Ymax)- Notice that ad € [y, Vimax] forall A € [4

onlyifa € [a,;,, 4,,,], where
7min }/max
aA. . = P a X = —
min lmln ma: lmn
This interval is non-empty if and only if
A
Vmax  Zmax (9.12)
7min min

Thus, when the ratio 1

/2

when (9.12) holds, the optimization problem reduces to

max/ Amin 1S too large, the method becomes infeasible. Otherwise,

n ~

min Z J(al;). (9.13)

ac|a, ;. ,a T
[ min>®maxl 7

If the eigenvalues 4; are known (Assumption 1.1), this can be solved by a simple line search.

An even simpler approximation is obtained by expanding J (y) around its minimizer y =

1 via a second-order Taylor expansion:

i)~ Fm s 2 ooy B ooy
T =T+ G| =0+ GE| - (5.14)
o :

where the linear term vanishes by optimality of ¥ = 1. This approximation is accurate when

y is close to 1. Assuming all y; := 4, are close to 1, we obtain
Z j(all.) ~ Z B(al; = 1)* + const.
=1 =1

=p (42 i 22 —2a i ll.) + const.,
=1 =1
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which is quadratic in 2. Minimizing (9.15) yields

* Zf:] /11'
= 7 /12,

i=1""

a

provided that 4" € [a,,,, 4

min? max]'

The value 4" can be computed when the eigenvalues of 4 are known. If instead only a

probeability distribution ¢ (1) of the eigenvalues is available (Assumption 1.2), one can use

._ J(D) 4
a = W (917)

Finally, if it is only known that A, € [A,,;,, 4. (Assumption 1.3), we may assume they are

min?

uniformly distributed in this interval. In that case, (9.17) gives

*_é lmax-i_;lmin ( 8)
CT2R s 2 o

max’“min min

In all cases, the resulting controller is

. .. . . ’%/e+1 = (In®F)'é/e+(I;1®K) €, (9193)
Online Optimization algorithm

X = (In ®H) 2> (9-I9b)

Online optimization oracle €, = V£, (x;,), (9.19¢)

and with K = 4"K and K given by (9.10).

9.2.2 OPTIMIZED FILTER

The method proposed in the previous section yields the controller (9.19) with a gain K that
is not optimal. In fact, the choice of this gain can be refined through an optimization proce-
dure. Indeed, the problem of optimizing the cost (9.8) with respect to K has already been
investigated in the literature (see [89]). Here, we propose a tailored first-order optimization

algorithm based on gradient descent.
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From (9.8) we observe that the gradient of the cost decomposes as

0T (K) & 0T (1, K)

K Zl K (5:20)
where each term JJ (1, K) is defined in (9.9) and corresponds to the $, norm associated
with the 7-th scalar subsystem relative to eigenvalue 1,. Notice that, since the gradient is
taken with respect to K, the dependence of J (1) on K is made explicit. Following [82], a
closed-form expression for each component of the gradient is

K 20 (-2, KPP G0 - (F+ AKH)PHT),  (5:21)

where, for each 7 = 1,..., 7, the matrices P, and Q, are the solutions of the discrete-time

Lyapunov equations

P =(F+),KH) P (F+,KH)+RR],

(9.22)
Q,=(F+2,KH)Q,(F+),,KH) + H H,
and R, is defined as
R, =0 (G + 1,0K) .
The resulting first-order algorithm for gain optimization is
o (K)
K(t+1) — K(t) —a , 9.23

()K K=K® ( )

where 2 > 0 is a step size selected at each iteration by a line search. The procedure is as

follows:

1. Initialize the gain K ) using the method presented in Chapter s, which guarantees
stability.

2. Ateach iteration ¢, starting from a stabilizing K (t), perform:

aJ(K)‘

(a) compute the gradient ~5

_ ) using (9.20), (9.21), and (9.22);

(b) using Corollary 4, determine the maximum admissible step size «,,,, > 0 such
that for any 2 € [0,,,,] the updated gain K D) () preserves stability of

[H,, (z)]l,l, for all 7;

max
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(c) select 2 € [0, «,,,,] that minimizes the cost </, and use this value in (9.23) to
update the gain K"V ();

(d) repeat until a stopping criterion is satisfied.

Note that the stability of [H”"(z)]z'i for a given gain K is equivalent to the stability of
E(1;, a) = F + 1,K (2) H. The line search in step (c) thus requires computing the largest
admissible step size «,,, that ensures stability, as determined in step (b). To this end, we

leverage the same LMI results used in Corollary 3, and stated in the following corollary.

Corollary 4. The eigenvalues of E(A, ), where K(a) := K + aK, lie strictly inside the unit
circle for any A € [y, ;| and for any a € [a,, a,| if there exist four positive definite matrices
z]’ 7,7 € {1,2}, and a matrix L such that

P. (F+2K(a)H)'L
KGR o2

« L+L -P,

Proof. First, we note that the matrix F.(4, «) forms a convex polytope in 1 € [2.1, 2.2] and
a € [al, az]. This is a consequence of Proposition 5, withx = A,y = o, F, = F, E = K;H,
and K5 = —K, H. The claim then follows by direct application of Theorem 14. O

Assumption 1.1, which requires exact knowledge of the eigenvalues 4; of A4, is restrictive
and often impractical. In real applications, computing the spectrum of A is rarely feasible, es-
pecially when the dimension 7 is large. In such cases, evaluating the exact gradient expression
in (9.21) becomes computationally prohibitive, and an alternative approach is necessary.

A more realistic assumption is that the eigenvalues of 4 follow a known probability dis-
tribution, as in Assumption 1.2. For instance, when A represents a random covariance ma-
trix [11], the empirical spectral distribution of A4 converges to the Marchenko—-Pastur distri-
bution, which provides a statistical description of the eigenvalue distribution.

Under this assumption, the cost (9.8) is naturally modified by replacing the discrete sum

over eigenvalues with an expectation with respect to the density ¢(4), yielding

J=E[J / T () da, (9.25)

where ¢(4) denotes the probability density of the eigenvalues 4.
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This reformulation ensures the well-posedness of the gain optimization problem and al-
lows the same gradient-based algorithm to be applied. The gradient of the modified cost

with respect to K is

% - [w %gﬂl) d. (9:26)

The controller in (9.19) can then be implemented using a gain K computed by the same
gradient descent procedure asin (9.23), but with the gradient evaluated according to (9.26)."
This provides a practical method for designing the controller when the exact spectrum of 4

is unknown but its distribution is known.

9.2.3 ROBUST #,, CONTROL INSPIRED ALGORITHM

In case we are in the least restrictive case, corresponding to Assumption 1.3, one potential
approach could be to use the previous methods assuming that the distribution of the eigen-

A

Here we propose an alternative a control-theoretic strategy based on a robustness-

values is uniform distribution in [4 max)-

'min?
performance trade-off. In particular, we formulate a new algorithm design using robust #(,
control theory. While our original objective is to minimize the cost (9.8), the steady-state
covariance error trace, a known fact states that the $(, norm provides an upper bound on
the 3¢, norm [40]

1H,, (), < |1H,, (2)]...

The $, norm is defined as
Hop @ i= sup s (E () (9.27)
which simplifies to
b 0
|H,,(2)|| , = max sup (;c()e,-g) )

i=1,..,n _
Ge[-m7) | 1 )’z' )

= _I_naxn ” [Hnr (Z)]ﬁ”oo .

T dseens

A

, a robust design

Since the eigenvalues 4, are unknown but known to lie in [1 )

'min?

“The integral (9.26) can be computed numerically given ¢(1) and the expression of J glI;,K) . The former is

assumed to be known, while the latter can be computed for any A and K using (9.21) and (9.22).
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must account for the worst-case scenario over this interval. This leads us to the following

cost function

9
J = sup su hle C(Zm)

A Phnins ) Sl=77) | 1 = A5
b
= su —LZ(Z) (9~28)
ZE ["lmin’/‘lmax] 1 - )'Wz)

The optimization problem thus becomes finding a controller % that minimizes j ,ac-
counting for parametric uncertainty in 1.”

This formulation is a standard robust $(,, control problem, typically addressed via u-
synthesis [125, Section 10]. While we do not detail the complete g-synthesis algorithm here
(see [125, Section 10.4]), we now explain how our problem setup maps into the robust con-
trol framework.

When F in (9.2) is stable, g#-synthesis can be directly applied. However, when F is only
marginally stable, a two-step design procedure is required. This is because the unstable poles
of h(z) become uncontrollable in the closed-loop system (as in Figure 9.2), thereby violating

the assumptions of classical robust 3, control theory [125, Sections 14.7-14.8].

A

4

Nz

Wy
— P()
X

c(2) €
d(z)

Figure 9.3: General framework for u-synthesis.

To address this, we align our setup with the general y-synthesis architecture described

A

,and

*Solved via bisection on y > 0: test whether a controller % satisfies (9.28) forall A € [1 max)

select the largest feasible y.

min>
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in [125]. We reshape the scheme of Figure 9.2 to fit the general robust control framework

depicted in Figure 9.4.

Y4 Wy
7;1 }; —> lﬂ > d +l e— C(z)
— h(2) —»o—I—+ +o—»T yIE)

Figure 9.4: Reshaped version for a generic 7 of Figure 9.2 compatible with the g-synthesis framework in Fig-
ure 9.3.

=1

Here, 4 € [-1,1] represents the uncertainty block, and w), and y, are auxiliary signals
capturing the uncertainty structure [96, Section 3.4]. We define

lmax - )'min _ lmax + lmin
lm = B T 2’4 G (9'29)

sothat A = A, + 1,4. The entries of the interconnection matrix P(z) are then derived from

the scheme in Figure 9.4.

Since the uncontrollable poles of /(z) violate robust #{, control conditions, we

1. introduce a fixed precompensator to move the uncontrollable poles of 4 (z) inside the
control loop;

2. perform robust #(,, control design on the precompensated system.

For the first step, we factorize h(z) as

__ n(z)
h(z) = 1(2)d.()’ (9:30)

where d,,(z) collects the unstable poles, and d,(z) the stable ones. We then impose the fol-

lowing structure on the controller

@) _ n()
d(Z) - du(Z) C(Z), (931)

—_—
precompensator

where 7(2) is a stable polynomial of the same degree as d,(z) and ¢(z) is a striclty proper

transfer function. This leads to the equivalent scheme shown in Figure 9.5. In this setup,
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Figure 9.5: Equivalent control scheme for % parametrized as in (9.31).

all uncontrollable poles are stable, enabling us to apply standard g-synthesis to design ¢(z),
which is taken to be strictly proper to avoid algebraic loops. Subsequently, the final con-
troller is implemented using a state-space realization of the controller C(z) = %In, asdone
in (9.19).

Finally, we note that the choice of 7,(z) in (9.31) introduces a degree of freedom. For

simplicity, we set . = g”," where 7, is the degree of d_(z).
plicity:; s u g u

9.3 NUMERICAL RESULTS

In this section, we compare the proposed algorithms under various scenarios and conduct
a detailed performance evaluation. We begin by highlighting that our proposed methods
are compared against standard baselines, including the classical OGD algorithm (s.2), and
the algorithm (5.18), optimized for fast convergence in deterministic settings. Note, how-
ever, that in our experimental setup, the OGD algorithm yields an infinite cost oJ as defined
in (9.4), and thus its results are not displayed in subsequent plots.

We consider a simulation scenario inspired by practical applications such as online sen-
sor calibration or portfolio return tracking [74]. Specifically, we analyze the following least-

squares problem:

2
2 (9.32)

1
* .
x, = arg mm; ||ZTx,€ -
xeR”
JImpi=
where Z = [zl, s P] € R”?, with p = n,is a random matrix with entries sampled i.i.d.
from a Gaussian distribution N (0, a'i/lp). With probability one, such a matrix is full row

rank. The cost function can be rewritten as:

Imp = (x/e _)'/;)TA (x/e _J’/;) + d, (9.33)

“This choice is motivated by the empirical observation that different choices of 7, (z) have negligible impact
on the closed-loop performance.
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where 4 = ZZ" [p, y, = (ZZT)_1 Zy,, and d, is a scalar term independent of ;.
A key property of this setup is that the matrix A4 is a random matrix whose eigenvalues, in
the asymptotic regime #, p — +cowithz/p — » € (0, 1), follow the Marchenko-Pastur

distribution [81]. Its probability density function is given by

1 \/(/‘lmax - l) (/‘l - )’min)
) ; (9:34)

$(2) =

2
27Z’G'MP

A

max)» Where

supported on the interval [

;lmin = a.i/IP (1 - ‘/;)23 /‘lmax = Ji/[P (1 + ‘/7_/)2 .

Assuming a known evolution of y,; asin (9.2), we apply the optimization algorithms from
subsections 9.2.1, 9.2.2, and 9.2.3 to this setting.

We first consider the case in which the vector y,; follows a noisy sinusoidal evolution with
frequency 1/12, perturbed by Gaussian noise. This allows us to evaluate algorithm per-
formance under realistic online regression dynamics. We vary the distribution parameter
v € [0.02, 0.055], while fixing the parameters to z = 500, ¢ = 0.1, and opp = 0.7.

From Figure 9.6, we observe that the proposed methods outperform the OIMGD base-
line (5.18), with the algorithm derived in Section 9.2.2, where ¢() is set according to (9.3 4),
achieving the lowest cost. The Kalman-inspired method also performs well and, due to its
simplicity, may be preferable for practical implementation despite its slightly lower perfor-
mance.

We now evaluate the robustness of the algorithms from Sections 9.2.2 and 9.2.1 with re-
spect to model mismatch in the eigenvalue distribution, and compare them to the robust
. approach from Section 9.2..3.

In Figure 9.7, we compare:

1. The algorithm from Section 9.2.2 using the true Marchenko-Pastur distribu-
tion (9.34);

A

2. The same algorithm assuming a uniform eigenvalue distribution in [4

min? max] b

3. The robust 3, control algorithm from Section 9.2..3.

We observe that while the algorithm from Section 9.2.2 achieves the best performance

when the prior is accurate, its performance degrades under model mismatch. In such cases,
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- Kalman-inspired
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v

l l
0.02 0.025 0.03

Figure 9.6: Root mean square cost (9.4) for the problem in (9.32) under sinusoidal evolution of y,, compar-
ing three algorithms: the Online Internal Model Gradient Descent (OIMGD) algorithm (s5.18), the Kalman-
inspired algorithm from Section 9.2.1, and the algorithm from Section 9.2.2 derived setting ¢(-) to (9.34).

the robust #{, control approach offers superior robustness and is preferable when the spec-
tral distribution of A4 is uncertain.

Finally, we compare the Kalman-inspired and robust #{, control algorithms. For these
tests we set y/; as a noisy linear ramp, introducing unbounded growth. Parameters are set as
n =500, = 0.1,and oyp = 0.7.

In Figure 9.8, we include:
1. the Kalman-inspired algorithm with the true (9.3 4) prior;
2. the same algorithm assuming the eigenvalues uniformly distributed;
3. the robust ¥, control algorithm.
Results show that the Kalman-inspired method performs well when the spectral prior is
accurate. However, in the presence of prior mismatch or model uncertainty, the robust $,,

control algorithm maintains better performance, making it a reliable default choice in prac-

tice.
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Figure 9.7: Robustness analysis for the algorithms from Section 9.2.2 (with correct and misspecified prior
#(-)) and Section 9.2.3, tested on the problem (9.32) with » = 2000, ¢ = 0.5, opp = 0.7, and sinusoidal
evolution of y,;.

9.4 DiscussioN

In this section, we extended the deterministic framework introduced in Chapter s to stochas-
tic environments and developed several online optimization algorithms, each inspired by a
distinct control-theoretic principle and tailored to different application scenarios. Through
numerical experiments, we show the effectiveness of the proposed methods in challenging,
uncertain settings. In this way, we further robustify the approaches introduced in the previ-
ous chapters to deal with increased uncertainties.

Promising research directions include extending the methodology to time-varying and
nonquadratic objective functions, as well as integrating system-identification techniques to
estimate unknown model parameters during on/ine execution.

In addition, similarly to what has been done in the previous sections, we would like to

extend the results derived here to the constrained case as well.
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Figure 9.8: Performance comparison of the Kalman-inspired algorithm (Section 9.2.1) with and without cor-
rect prior, and the robust ¢, algorithm (Section 9.2.3), under noisy linear ramp evolution of y,.
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Part 11

Neural architectures
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The objective of Part IT is to develop principles for neural network design that are inspired
by neuroscience and gounded in dynamical system theory. We begin from biologically mo-
tivated structures and interaction rules, formalize these ideas in a mathematical framework,
and connect them to contemporary machine learning. With this ordering, we extract mech-
anisms and constraints relevant to computational neuroscience and identity those that are
transferable to artificial systems.

From biological networks to formal models, we first examine properties of neural cir-
cuits as described in contemporary neurobiology and biomedicine. Using experimentally
informed descriptions of connectivity and dynamics, we build mathematical models that
capture essential organizational principles while accepting the necessary simplifications and
possible misspecification. The primary aim at this stage is to identify working principles that
plausibly underlie network dynamics and behavior in the brain. A secondary aim is to expose
parameterizations and structural constraints that can later inform artificial neural architec-
tures.

We then develop neuro-inspired mechanisms for artificial design. Rather than viewing
the brain as a purely neuronal network, we leverage recent evidence on the functional role of
glia, and astrocytes in particular, as modulators that provide slow, context-sensitive control
over neuronal populations. We encode key ingredients suggested by this literature (astro-
cytes slow dynamics, deep interconnection with neuronal circuits, and nonlinear neuronal
responses) into a dynamical module that can steer a network toward task-appropriate operat-
ing points. The resulting construction naturally supports multi-task behavior via contextual
guidance, offering a principled alternative to conventional machine-learning schemes.

The connection to modern deep learning is made after the biological and mathematical
analyses. In the concluding part of the following chapters, we interpret the proposed neuro-
inspired mechanisms through the lens of sequence modeling. Among current architectures,
State Space Models (SSMs) are particularly well aligned with this approach: they are intrinsi-
cally dynamical, amenable to control-theoretic analysis, and combine efficient training with
fast streaming inference. They were proposed as an alternative to Transformers [116] and
have performed strongly in this direction. Very recent results [122, 118, 66] also indicate that
online optimization mechanisms can be embedded in modern networks to enable in-context
(i.e., prompt-driven, online) learning [87]. Building on these insights, we outline how the
neuro-inspired modules developed here can interface with SSMs at the macroscale, with the
goal of producing architectures that are both theory-grounded and empirically competitive.

The scope and organization of Part IT are as follows. The first chapter distills neuroscience-
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informed parametrizations for brain connectivity, casting them into a tractable dynamical
formalism. The second chapter introduces an artificial module that couples neuronal dynam-
ics with astrocyte-like contextual control, analyzes its properties as a dynamical system, and
illustrates how multi-task behavior can emerge from these principles. A concluding bridge
then makes the late-stage connection to machine learning by showing how the above mod-
ules can be integrated with SSMs and, more broadly, with modern sequence models that
implement online adaptation via embedded optimization.

In summary, Part II pursues a bidirectional program: from biology to mathematics (to
clarify principles) and from mathematics to machine learning (to inform design).

Part IT is mostly based on the following works:

[NAs1] Casti, U., Zampieri, S., & Pasqualetti, F. (2025). Selection mechanisms for se-
quence modeling using linear state space models. arXiv:2505.17932.

[NAs2] Casti, U., Baggio, G., Zampieri, S., & Pasqualetti, F. (2024). Controllable neural
architectures for multi-task control. In 2025 European Control Conference (ECC).

[NAs3] Casti, U., Baggio, G., Benozzo, D., Zampieri, S., Bertoldo, A., & Chiuso, A. (2023).
Dynamic brain networks with prescribed functional connectivity. In 2023 62nd
1EEE Conference on Decision and Control (CDC) (pp. 709-714).
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Brain connectivity

Various network models have been proposed in neuroscience to describe brain organization
and activity [26, s2]. A commonly used representation is Structural Connectivity (SC),
which is grounded in brain anatomy. SC builds a graph whose nodes are brain regions (i.c.,
populations of strongly interconnected neurons) and whose edges encode anatomical con-
nections between them. While SC has proved extremely useful, its interpretive power is lim-
ited by its inherently static nature.

Modern noninvasive imaging techniques such as Functional Magnetic Resonance Imag-
ing (fMRI), Electro-Encephalo-Graphy (EEG), and Magneto-Encephalo-Graphy (MEG)
produce time series that quantify the activity of brain regions [24]. Empirically, some
regions exhibit correlated activity; this motivates a second type of connectivity, Functional
Connectivity (FC), obtained by linking regions that exhibits statistical dependence. Because
these correlations vary with task and context, much work has focused on Resting-State
Functional Connectivity (rsFC), computed from measurements acquired in the absence of
external stimuli [22]. The degree of correlation between regions can be mathematically spec-
ified in different ways. One simple and natural way is by means of the statistical correlation
between the brain activity signals. In whatever way it is obtained, the FC matrix is always
symmetric and hence unable to capture the causal relationship between brain regions.

A third type of connectivity, the Effective Connectivity (EC), explicitly aims to uncover
causal interactions. EC is generative: it specifies a dynamical model that, in principle, repro-

duces the observed signals. Several model classes can be used, an important and tractable
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example is the linear stochastic model known as (linear) Dynamic Causal Modeling (DCM)
[53]. In this setting, estimating EC amounts to identifying the linear system that best ex-
plains the data, a standard system identification problem, see [51, 93, 56].

The starting point of our analysis is a parametrization of the state matrix 4 (the EC) of a
linear stochastic system in terms of a positive definite matrix P > 0, representing its steady-
state covariance (the FC), and a skew-symmetric matrix § = —S'. This parametrization
arises from decomposing the EC into a symmetric component, determined by the FC and
capturing undirected correlation structure among brain areas, and a skew-symmetric com-
ponent § that encodes directionality in the EC. We then examine how the “size” of § influ-
ences key dynamical properties of the system. Specifically, we show, through analytical and
numerical results, that as § increases: (i) the stability margin of the system, as measure by the
modulus of the largest real aprt of the eigenvalues of 4, grows; (ii) the transient amplifica-
tion (excitability), quantified by the numerical abscissa of 4, increases; and (iii) the spectral
energy shifts from low to high frequencies. Altogether, these findings suggest that § plays a
crucial role in shaping brain dynamics.

A few works in neuroscience tried to extract, interpret, and analyze information from EC
that goes beyond functional relationships between brain regions. In particular, in [54] the
authors use the skew-symmetric part of the EC matrix to build a hierarchy between brain
regions. More closely related to our work are [76, 37], which propose the Differential Co-
variance (DC) as a tool to infer directionality of interactions between brain regions. The DC
is a matrix whose entries describe the correlation between the activity of a brain area and the
variation of the activity occurring in another one. As it will be clear later, the DC matrix is

strongly related to the matrix § investigated in this chapter.

10.1 PROBLEM FORMULATION

We consider the continuous-time linear time-invariant stochastic system
x(t) = Ax(¢) + w(z), (ro.1)

where x € R” is the vector containing the states of the network nodes, 4 € R”* is the state
interaction matrix, and w is a zero-mean white noise vector with positive definite covariance
matrix R :=E [w(z‘)wT (t)] >0."

"Rigorosuly speaking, the equation (10.1) should be intended in the differential form dx = Axdz + dw,
where dw is a Wiener process, i.c., a process with stationary orthogonal increments, e.g. see [6, Chap. 3, Sec.
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When modeling resting-state brain activity, (10.1) is referred to as linear DCM [53], in
which x contains the states of brain regions, 4 is the EC matrix encoding causal relationships
between brain regions, and R = I, 7 € R. The DCM model also contains an output

equation of the form
y(2) = [bxx] (2) +0(2),

where y € R” is the Blood-Oxygen-Level-Dependent (BOLD) signal, b : R” — R” is the
hemodynamic function mapping brain activity to the BOLD signal, the symbol * stands for

convolution, and v is white measurement noise.

In this chapter, 4 is assumed to be Hurwitz stable. This ensures the existence of a positive

definite steady state or stationary state covariance matrix:
P=limE [x()x" ()] > 0,
which can be computed as the solution of the algebraic Lyapunov equation [6, Thm. 6.1]:

AP + PA" + R = 0. (10.2)

In linear DCM, P can be seen as a measure of functional strength between brain regions
since it is related to the steady-state covariance of the output which (up to a normalization)

coincides with the FC. Therefore, P can be thought of as a proxy of the FC.

10.1.1 PARAMETRIZING SYSTEMS WITH PRESCRIBED P

Consider the system (10.1) and define the sets

A = {A4 € R”™ : A Hurwitz stable},
P:={PecR™ : P=P" >0}, (10.3)
S={§eR”™ :85=-8"}.

Our first result provides a parametrization of Hurwitz stable state matrices 4 in terms of a

pair of matrices, namely a positive definite matrix and a skew-symmetric one.
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Theorem 3. Parametrization of Hurwitz stable A’s Consider the system (10.1) and the sets
defined in (10.3). Forany P € P and § € S,

A= (—%R ' s) Pled, (10.4)
and P solves (10.2). Further, the map
f: PxSE— A,

(P,S) > 4 = (—%R vs)p (105)

is a bijection.

Proof. By construction, the matrices P and A in (10.4) satisfy the Lyapunov equation (10.2).
Since P > 0and R > 0, it follows that 4 € ¢4 [64, Thm. 8.2]. To prove that (10.5) is a
bijection observe that, for any 4 € cA, there exists a unique P € P satistying (10.2) [64,
Thm. 8.2]. Further, it holds

— 1 T 1 T
AP = 5 (AP + PA") + 5 (AP - PA") (10.6)
= —%R+S, (10.7)

where § = 1 (4P - PA") € S. Thus, forany A4 € cA there exists (P,S) € P x S
such that (10.4) holds, that is, (10.5) is surjective. Finally, consider 4;, 4, € <A and let
P, P, € P be the corresponding solutions to (10.2) and 8, := 3 (4, P, - PA",), S, =
3 (4P, - P,A",). If A, = A,, then P, = P, by the uniqueness of the solution to (10.2)
and, from (10.7), 4\ P, = A,P, implies §; = S,. This proves injectivity of (10.5) and
concludes the proof. O

As a consequence of the previous result, all state matrices of (10.1) generating a fixed
steady state covariance P > 0 are parametrized by the skew-symmetric matrix § of Equa-
tion (10.4). Further, for a fixed 4 € <A in (10.1) it is possible to obtain the corresponding

parameters P and § as follows: P corresponds to the (unique) solution to (10.2) and § to
the skew-symmetric part of AP, ie., S = % (AP - PAT).

Remark 12 (Statistical interpretation of ). The skew-symmetric matrix § in (10.5) can be
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Figure 1o.1: The figure shows the norm of § in the parametrization (10.4) for mice ECs matrices and ran-
domly generated Hurwitz stable matrices. The entries of the random matrices are drawn independently from
a standard normal distribution. To enable a fair comparison with the mice ECs, these matrices are shifted and
rescaled so that they possess the same maximum real part (stablity margin) and imaginary part of the eigenval-
ues of mice ECs (averaged over the /N subjects). The box plot shows the results obtained for 20 realizations of
the random ensemble and 20 mice subjects with R = 1.

also characterized from a statistical viewpoint. In fact, it can be shown that

|
}%JE [x(t)x (t)] = AP = _ER + .S,

The latter equation yields

1 . .
S = ER + tlglgo E [%(2)x"(2)] .
In [76] the matrixlim,_, E [x(t) x! (t)] is termed Differential Covariance (DC). Note in par-
ticular that when R is diagonal (as in the DCM model) the off-diagonal entries of S coincide
with those of the DC.

Example 2 (Matrices § in EC mice data). We consider the experimental EC matrices em-
ployed in [15] which are estimated from BOLD recordings in mice. In Fig. 10.1, we plot
the norm of the 8 matrix constructed from the parametrization in Eq. (10.4) for a sample of
N = 20 subjects, and compare it with an S extracted from randomly generated stable matrices
(see the caption of Fig. 10.1 for details). The mice ECs exhibit a norm of S substantially larger
than that of the random case. In the next sections, we elucidate the role played by a “large” S

on some relevant dynamic properties of the system. A

10.2 ROLE OF § IN THE STABILITY OF LINEAR DCM

We consider the effect of large perturbations on the skew-symmetric term § in (10.4) on the

stability of 4. We first note that, for §' = 0, the eigenvalues of A are real since RP 'issimilar
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to a symmetric matrix. Further, the average of the eigenvalues is independent of §, namely
1 1 .,
—tr[d] = -5 u[RP'],

since SP ! is similar toa skew-symmetric matrix and therefore has trace equal to zero. When
the entries of § increase, the eigenvalues of 4 become complex and their real part tend to get
closer to the average —% tr (RP_I), which means that the system becomes more stable, i.e.,
the largest real part of the eigenvalues of 4 becomes more negative. This is clearly seen in the

2-dimensional case, as discussed below.

Example 3 (2-dimensional system). Consider the parametrization of A € R> given in The-

0 1
S=u ,a=>0.
-1 0

We fix R = oI and we take P~ = diag(d,, d,) withd, > d, > 0. Then

orem 3 and let

2

A = 2

The eigenvalues of A are the roots of its characteristic polynomial

2 4
p) =27+ ‘%(az1 +dy)d+ (JZ + az) dyd,.

1t follows that the eigenvalues are real if 0 < a < (d, — d,) [\/d\d,, and complex conjugate
with identical real part —%2 (dy + d,), otherwise. The behavior of the eigenvalues as a function

of a > 0 is illustrated in Fig. 10.2. A

The next result provides asymptotic formulas for the eigenvalues of 4 when the entries

of § grow, in the general #-dimensional case.

Theorem 4 (Behavior of eigenvalues of A for large §). Consider the parametrization of A
given in Theorem 3 and let 8§ = aS, wherea € Rand S € S, 8 # 0. Ler {4}, be the

eigenvalues of A and p,, u, be the (imaginary) eigenvalues and the (normalized) eigenvectors
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Im[2]

» Re[l]

A

Figure 10.2: Behavior of the eigenvalues of A for the system in Example 3 and increasing values of 2 > 0.

of PY2SP72. Assume that the eigenvalues of P> SP™1* are simple. Then, asa — o,
1
Re[,] — —zu:P_l/ZRP_l/Zul-, (10.8)
“_llm[li] - Im[luz]

Proof. Observe that A is similar to the matrix

A/ — _%I)—I/ZRP—I/Z +05P_1/2SP_1/2
= l (_fp—l/zRP—l/z +P_1/ZS'P_1/2)
e\ 2 ’

with ¢ := 27!, Consider the matrix —%I’_I/ZRP_I/2 + PY28P712 and let {u;(¢)} and
{u,;()} be its eigenvalues and corresponding eigenvectors. The latter eigenvalues and eigen-
vectors are analytic functions of ¢ in a neighbourhood of ¢ = 0, since the eigenvalues of
P28 P12 are simple by assumption [79], and we can consider their Taylor expansion

around ¢ = 0:

pi(e) = o+ pget+ e, ue) =g tupet
where u; ) = u; is imaginary. Then,

(—%p—l/sz”l + PSP (e + )

= (@0 + a6+ ) (g0 + ;16 + ).
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By equating the terms of the same order in the previous expression, we obtain

P_I/ZS_'P_I/Zui,O = {“z‘,Oui,O’
_ 1
~12&p-1/2 ~1/2 p p-1/2
P / sP / uz',l_ip / RP / uz’,O :luz',luz',0+{ui,0%z',1'
The first equation is equivalent to uZOP_l/ 2gp~1/2 = i 0%; 0> Which substituted in the sec-

ond one (premultiplied by #; ) yields —%uzop_l/ 2RpP7Y 1y = i1 g%, o- The latter iden-

tity in turn implies

. uj PTPRP Ty,
i I

1
= —zuZOP_I/ZRP_I/ZuZ-’O e R. (10.9)
Consider now the matrix %(—%P_I/ZRP_I/2 +P7V28P712) Ase — 0the eigenvalues of

this matrix satisfy Lx;(e) — %(#;‘,o +epg) = gt %ﬂz‘,o- Then,
o Im[2,] — Im[y; o] = Im[g,].

Moreover, since y;  is purely imaginary, as ¢ — 0, from (10.9) we have

1 1
Re [;#5(5)] — Re [;(#l’,o + 5;“1',1)] =M1

1
= —zuZOP_I/ZRP_l/ZuZ-,O.
The thesis follows by noting that ¢ — 0 is equivalent to @ — coand {#, o} coincide with the
(normalized) eigenvectors of pl2gp1/2, ]

Theorem 4 states that while the real parts of the eigenvalues of A4 tends to a constant as
the size of § grows, their imaginary part diverge to infinity with rate given by the eigenvalues
of P28 P12, Tt can also be shown that the limiting values of the real parts of the eigen-
values of A lie within the interval spanned by the minimum and maximum eigenvalues of
—%P_l/ 2RP7V2 that is, the spectrum of 4 when 2 = 0 so with a matrix § of “size” zero.
Consequently, the real parts of the eigenvalues of .4 remain confined within the bounds
determined by the eigenvalues of the matrix associated with @ = 0. Moreover, numerical

simulations suggest that the real parts of the eigenvalues of 4 tend to concentrate around
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the mean as « increases (see also Figure 10.3 for a 4-dimensional example). This observa-
tion typically implies that, as « increases, the stability margin of 4 improves (equivalently,

—max; Rel,(4) increases).

2F : ' '
o A fora=0
1t — N fora>0
=<
= ok-- >
é 0 @
1r
_2 = 1 1 |
-1 -0.8 -0.6 -04
Re[\]

Figure 10.3: Behavior of the eigenvalues of A4 for increasing values of « > 0 for a 4-dimensional system the
asymptotic branches corresponds to the limit values of Re [ll-] of Equation (10.8).

10.3 ROLE OF § IN THE EXCITABILITY OF LINEAR DCM

While the previous analysis is strictly linked to the asymptotic behavior of the system (10.1),
in this section we will focus on a different metric that characterizes the transient evolution
of the system. This metric is the numerical abscissa of 4, defined as:

w(A) = A (A%AT) .

The numerical abscissa quantifies the initial growth rate of the trajectories generated by

(r0.1). Precisely, it holds [112]:

dfle”|
ds

= w(A). (ro.10)

t=0

In view of (10.10), we say that a system is excitable when w(A4) > 0, and non-excitable

otherwise. Excitability has been shown to be beneficial for information transmission and
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Figure 10.4: Behavior of w(A) for increasing values of @ > 0 for the system in Example 4. The dashed lines
are the lower and upper bound in Theorem s.

controllability of linear dynamical systems [10, 9].

The following example provides insights into the relationship between the numerical ab-

scissa of A and the size of S.

Example 4 (2-dimensional system, cont'd). Consider the system of Example 3. The numerical

abscissa w(A) can be expressed in closed form as:

2 Vot + 242

w(d) = =T (dy + dy) + T (dy — ).

When d, = d, the system is non-excitable for all a. When d, # d, it is excitable for a >

Vdid . . . . .
o Y22, Further, as a increases, the numerical abscissa grows unbounded as a linear function
1 2
_d-d,
of a, namely w(A) = 5% A

The following theorem generalizes the results of the previous example to the -

dimensional case.

Theorem s (Relation between w(A) and size of ). Consider the parametrization of A given
in Theorem 3 and let 8§ = aS, wherea €, 8 € 8, 8 # 0. It holds

/‘imin(N) + “lmax(M) < (")(A) < /‘lmax(N) + “;lmax(M)’ (IO'II)
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where

N::—l

7 (RPT' +PT'R), M:= % (SP~' -P7'S).

Proof. First, note that N and M are symmetric, and

A+ A"

5 =N +aM.

The bounds in (10.11) now follows by Weyl’s inequality [65, Thm 4.3.1], which states that
X+Y)=22,, (X)+2 .. ¥), A, X+Y) <A  (X)+
Y). H

for symmetric matrices X, Y, 1

A

max max max

max (

From the bounds in Theorem s, it follows that @ (A4) grows linearly with the size of S,
(M) > 0. The latter condition is satisfied if and
only if M # 0. In fact, the skew-symmetry of § yields tr (M) = 0, which implies that A is

as quantified by the parameter 2, if A,
either the zero matrix or has at least a strictly positive eigenvalue. Fig. 10.4 shows the behavior
of w (A) together with the bounds in Theorem s as a function of « for the 2-dimensional
system of Example 4.

To conclude, we note that the lower bound in Theorem s yields a sufficient condition on
S to guarantee excitability. Namely, if M # Oanda > =4, (P) [, (M), thenw (4) > 0

min max

and the system is excitable.

10.4 & AND FREQUENCY-DOMAIN BEHAVIOR OF LINEAR DCM

In this section, we examine the effect of § on the frequency-domain properties of (ro.1).
Specifically, we analyze how the size of § affects the energy distribution of the system across

different frequencies, as determined by its power spectral density [77, Chap. 10]:
D (1w) = (ol — A)_IR (wIl —A)"", weR.

We first observe that § has no effect on the overall energy of the system since it holds [6, Chap.
5, Sec. 2]

1 +00
pP= 7 [00 D (1) dw, (10.12)
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and the steady-state covariance of the system P is unaftected by §. However, § can in prin-
ciple redistribute the energy across different frequency bands. This is indeed the case for
two-dimensional systems, where § shifts the energy from low to high frequencies, as we il-

lustrate in the next example.

Example s (2-dimensional system, cont'd). Consider the system of Example 3. The trace of
the power spectral density of the system is given by

20% + £ ()
[ - dyds2(a2)]" + 2% (dy + dy)?

tr [@ ()] = o* (ro0.13)

with £(a%) = & + ¢* | 4 From (10.13), it follows that for any fixed & € R, tr [@ (1w)] — 0
as a — oo, which means that as a grows, the energy of the system moves from low to bigh fre-
quencies. 1o better understand how a modifies the shape of tr [® (1w)], we note that (10.13)
can be viewed as the modulus of the frequency response of a fictitious second-order scalar system
featuring a zero at —‘/[(T)/Z. As standard practice, we can investigate the emergence of reso-
nance phenomena in the system by neglecting the effect of the zero. That is, we can approximate

(10.13) as

2
g

r é y249) = . 10.1
tr (2] [0? — dydo0(22)]” + 2?5 (dy + dy)? (1014

Fig. 10.5 shows a comparison between (10.13) and (10.14). Using the approximation in (10.14)

and restricting the analysis to nonnegative frequencies, it can be shown, after some calculations,
that fora > a,, = az,ldf +d3 | (2 2d, a’z), tr (D (1w)] exhibits a resonance peak at frequency
w, = ‘/Sdldzaz — ot (d>+ d2)/ (2\/5) We conclude that as a (that s, the size of S) increases
the system tends to amplify input signals at one particular frequency, and this frequency grows

linearly with a. A
The observations made in the previous example can be generalized as follows.

Theorem 6 (High-pass filtering eftect of §). Consider the parametrization of A given in
Theorem 3, with S = aS, €, S €S, 8 # 0. Let

D (w,a) = (za)I—A)_lR (twd — A)" .

The following hold:

1. 30>0s.t tr [@ (10,0)] > tr [@ (1w, )], Yo, |@| <a;
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100 . % < ?]
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3 Yy
=
1010+ / :

oa=oq — 0.1
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0 2 104

10
w

Figure 10.5: Plotin alogarithmic scale of the trace of the frequency response for the tr [@(zw)] and its approx-
imate version tr [é(zw)] for different values of @, in particular « = &, — 0.1, 10,100, and d; > d, > 0 have
been generated random between 0 and 10. «,, denotes the threshold at which the system exhibits resonance.

2. If 8 is full rank, tr [@ (10, 2)] — 0asa — oo, Ywe R.

Proof. Letusdefine F(iw, ) = (1l — A) R (ol - A,)sothat @ (1w, a) = F (1w, a)7t
Then, it holds

P'RPT
F(iw,a) = T+F(zw,a), (ro.1%)
where

F (w,a) = "R + waz (R_IAS-'P_1 + P_I.S-'R_l) +a*P'STRISP!. (r0.16)
By setting w = 0, (10.15) becomes

P 'RP™!

F(0,2) = 4

+a’PT'S"TR'SP!, (ro.17)

Note that P'S" RSP > 0since R, P > 0. This implies that, forall @ > 0, F (0,2) =
F (0,0) > 0, or, equivalently, F (0, 0)_1 > F (0, zz)_1 > 0. In addition, if « > 0, there is at
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least one eigenvalue of F (0, 0)_1 that is not an eigenvalue of F (0, a)_l.* Therefore, for all
a>0,tr [F (0, O)_l] > tr [F (0, a)_l] . Point 1) now follows from the latter inequality and

the continuity of @ (zw, &) with respect to w.

To prove point 2, we introduce the following notation:

X,

= din (PT'RP™Y) b= 2 (RTY),
Amin (P'STRT'SP™Y) ,d = | PT'SR™!

'min

c:

bl

where 4, é, G d > 0 from the the positive definiteness of P, R, and the full rank condition of
S. The following hold:

P'RP = I, (10.18)
R'» 0l (ro0.19)
P'STR'SP = I (10.20)

It remains to bound the term waz (R_IAS_’P_1 + P_ISR_I) in (10.16). First, we see that
RSP +P'SR'is skew-symmetric so that z (R_ILS-'P_1 + P_IS_'R_I) is an Hermitian

matrix. So it holds
? (R_IS'P_1 + P_IS_'R_I) < 2dI. (ro.21)

We also know that the eigenvalues of (R_IS_'P_1 + P_ISR_I) are symmetric with respect
to zero. Thus, (10.21) yields the bounds —2dI < 1 (R_IAS-'P_1 + P_IS_'R_I) < 241, which
in turn implies

w1 (R_IS_'P_1 +P_1§R_1) > —2|a)|d~I. (10.22)

By applying (10.19), (10.20) and (10.22) to F (1w, @) in (10.15), we obtain

F (10,5) = [wzé —2|w|ad + 0525]1

= [w2—2|a)|a%+a2 ]I. (10.23)

NSRS

=:f (1w,et)

“Indeed, assume by contradiction that F (0, 0)_1 and F (0, a)_l have the same eigenvalues. This implies
that F (0, 0) and F (0, «) have the same eigenvalues, and therefore the same trace. However, from (10.17), if
a > 0,tr[F (0,)] > tr[F (0,0)] since § # 0.
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Let ¢ := ¢/b, d := d/b and fix any @ > 0. Then, forall |w| < @wanda > « = 4do/c

we have that:

f(w,a) = o® = 2|w|ad + d*c

> —2|a)|ad+azc= o [6—2%4 > o [c— —] S

where the last inequality follows from |w| /2 < @/a = ¢/(4d). From the latter bound and

(10.23),

F (w,a) = éazgl. (10.24)

By substituting (10.24) and (10.18) in (10.15) we get

24 Mﬁ]z if || < 6.

F (ww,2) = % 5

Point 2) now follows from the latter inequality and the fact that @ can be chosen arbitrarily.

]

Loosely speaking, Theorem 6 says that when ' is large the system attenuates inputs at low
frequencies. In particular, if § has full rank and sufficiently large 2, low-frequency inputs are
completely blocked by the system. Moreover, since the overall spectral energy is preserved as
8§ varies (ct. Eq. (10.12)), Theorem 6 implies that as .§ grows the spectral energy of the system

moves from low to high frequencies.

10.5 DiscussioN

In this chapter, we analyze the properties of stochastic linear systems with a prescribed steady-
state covariance. These systems are used to model dynamic brain networks that generate a
fixed rsFC. We show that the state matrix of these systems can be parametrized by a skew-
symmetric matrix S, and we study the role of § in the stability, excitability, and frequency-
domain behavior of the system. Through theoretical and numerical results, we find that, as
the entries of § grow, the system becomes more stable, more excitable, and more similar to
a high-pass filter.

There are several promising directions for future research. In particular, it would be in-
teresting to examine in depth the statistical interpretation of § in Remark 12 and to analyze

how § aftects other system properties (e.g., controllability). In addition, there is a strong
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connection with modern ideas from the machine-learning community, which we discuss

next.

CONNECTIONS TO MACHINE LEARNING AND SSMs.  We highlight a particularly relevant
link to modern deep-learning architectures, namely SSMs. SSMs are sequence models that
operate with a hidden state and are widely used for language modeling, time—series forecast-
ing, and other sequential tasks. A convenient continuous—time formulation is the Recurrent
Neural Network (RNN)

x(t) = f,(x(2), u(z), 1),

(ro.25)
2(0) = g (x(2), w(0), 1), ’

where f: R” xR” xR, —» R"and g : R” x R” xR, — R? are parametric mappings,
w e R and w' € R" denote trainable weights, #(¢) € R is the input, x(¢) € R" is the
hidden state, and y(#) € R? is the output signal. In deep learning, one secks w, ' so that
the induced input—output map # +— y models the target sequence distribution. Training
such models is challenging, especially when long-range dependencies are present.

Notably, SSMs, that are special cases of RNNG, are in principle less expressive than fully
nonlinear recurrences, yet they substantially simplify the training pipeline and often yield
models that outperform standard RNNs and, in some settings, even Transformer-based ar-
chitectures [116]. This underscores a key property of these models: they are simple yet suf-
ficiently expressive, and, crucially for our purposes, the SSM formalism aligns exactly with
our mathematical model of brain dynamics (10.1), making our analysis directly applicable
to these architectures. Although RNNS are typically implemented in discrete time, several
modern SSMs are first developed in continuous time and subsequently discretized; this dis-
cretization is not merely a technicality but an explicit mechanism to embed selectivity (e.g.,
via input-dependent or time-varying updates, as in Mamba [59]). This perspective is closely
aligned with the framework proposed in this chapter.

Beyond their neuroscientific interest, our parametrization (10.4) provides principled ini-
tializations for the SSM state-transition matrix. Prior work (e.g., [60]) showed that SSM
performance is sensitive to careful initialization (High-order Polynomial Projection Opera-
tors (HiPPO)), motivated by an online function-approximation objective that preserves past
information efhiciently. Complementarily, brain connectivity suggests three qualitatively
different parameterizations for the transition operator: structural connectivity (SC), func-
tional connectivity (FC), and effective connectivity (EC). SC is typically asymmetric and

anatomically grounded but does not encode mutual influence; FC captures correlations yet
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loses causal directionality due to symmetry; EC is sensitive to causal effects and, under our
parametrization (see (10.4)), inherits the desirable dynamical properties established in this
chapter.

These observations point to initialization schemes that emphasize larger § in (10.1),
thereby promoting system properties associated with strong (and possibly nonnormal)
transient amplification. In particular, initializations inducing high nonnormality [r11],
close to Jordan-block structures, support eidetic (long-lived) memory [122], whereas smaller
values of § bias the dynamics toward fading memory with predominantly real modes and
trajectories nearer the stability boundary. Such connectivity-informed initializations offer a
neuroscience-grounded way to tune SSM training: since these models are exactly described
by (10.1), the resulting initialization is natural within our framework and integrates easily

with modern SSM implementations.
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Multi-task architectures

This chapter concerns the study of neuro-inspired models for multi-task approximation,
a relevant problem in machine learning. Recent advances have highlighted the benefits
of transferring knowledge across tasks to accelerate training and reduce computational
resources [80, 107, 121, 42], while also enhancing the ability of neural networks to solve
broad, multidisciplinary problems. We investigate how to embed neuroscience concepts to
improve adaptability. Whereas natural systems seamlessly adapt across tasks and transfer
learned skills to novel contexts, machine-learning pipelines are often trained for a single
dataset and objective and typically require costly retraining to accommodate changes in data
or task specifications [14, 31]. In neuroscience, for instance, astrocytes are believed to bias
neuronal function, enabling contextual modulation without altering synaptic wiring [57].
Motivated by this discrepancy between biological and artificial intelligence, multi-task learn-
ing methods have demonstrated that a single artificial architecture can learn to solve multiple
tasks [80, 121]; nevertheless, broadly applicable methods with theoretical guarantees remain
limited.

We propose a nonlinear, dynamic, brain-inspired multi-task approximator tailored to
dynamical tasks that integrates these principles from neuroscience and machine learning.
Specifically, we introduce a recurrent neural architecture, inspired by [119], equipped with
a (smooth) ReLU activation and a shared state-connectivity matrix trained once at design
time. Task adaptation is achieved via a finite collection of bias vectors (astrocyte-like mod-

ulation), each trained offline and selected online according to the task or context (possibly
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integrating an online optimization procedure presented in Part I). This design mirrors bio-
logical contextual modulation and enables rapid task switching without retraining the core
architecture. Accordingly, we formulate task approximation for the unified architecture
as a dynamical-systems response-approximation problem: each linearized dynamics of the
RNN encodes a task’s behavior. We expose the control-theoretic structure and ground the
analysis in established control and dynamical-systems metrics.

The literature on multi-task learning in the context of control is relatively scarce. Clas-
sical design methods, such as Linear Quadratic Regulation (LQR) and Model Predictive
Control (MPC) [2, 71], are tailored to a single dynamical system and require a complete
redesign when the system changes. Adaptive control techniques [7] allow a controller to ad-
just to a changing plant; however, the controller is typically tuned for one plant at a time,
and plant variations are usually assumed to occur smoothly and gradually. Similarly, robust
control methods [126] guarantee applicability over a family of systems, but these families are
generally restricted to sufficiently similar dynamics; moreover, broader applicability often
comes at the expense of optimality for any particular system [1]. Recent studies on multi-
task control include [120, 36], which focus on system identification with multiple datasets,
and [123, 62], which address transfer and imitation control. By contrast, this chapter consid-
ers a setting in which the target systems may be unrelated and can span arbitrarily different
domains; to the best of our knowledge, no existing results address this case.

In machine learning, multi-task methods enable a single Artificial Neural Network
(ANN) to solve different problems. For example, [8o] employs masking to select the subnet-
work that solves a desired task. A well-known challenge is cazastrophic forgetting, whereby
the network forgets previously learned tasks when exposed to new data [94, 88]. While the
literature on multi-task learning is extensive [80, 107, 121, 42], most approaches emphasize
mechanisms that are effectively szatic from a control viewpoint and do not leverage control-
and systems-theoretic tools for dynamic task adaptation.

The work closest to ours is [67], which studies the simultaneous approximation of multi-
ple systems using a single approximating model. In contrast, this chapter allows for multiple
approximating systems that are coupled through the nonlinear RNN structure and may have
dimensions different from those of the target systems. Because the implemented approxima-
tions cannot be selected independently, the LMI methods developed in [67] do not apply
directly to our setting.

Finally, the neuroscience inspiration behind this chapter is closely related to the integra-

tion of astrocytic and neuronal functions in the human brain [61, 110, 84]. Although the
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functional roles of astrocytes are still being elucidated, compelling theories suggest that astro-
cytes bias neuronal activity and enable the seamless adaptation of a mostly static neuronal
network (on relevant time scales) to different contexts and tasks [57]. In our architecture,

the bias vector plays an analogous role by providing contextual adaptation capabilities.

11.1 PROBLEM FORMULATION & ARCHITECTURE STRUCTURE

Consider the following multi-task neural architecture:

., {;&(t) = —x(1) + @ (Wx(1) + d) + Bu(1), (11.1)

where x € RV, d € RY, u € R, and yE€ R? are the state, a free parameter, the input, and
the output of the network, respectively; W e RYN B e RV € € R”Y, and the vector

d are the trainable parameters.
The activation function @ : RY — % applies, elementwise, the scalar nonlinearity

¢ : R — R, here chosen as the softplus
#(x) =In(1+¢%),

a smooth approximation of ReLU.”

When # = 0, the equilibria of (11.1) satisfy

Xey =@ (Wx,+d), (11.2)

and, locally, obey the linearized dynamics

Sto|-1+ diag (¢d(erq +d)) W,B,C|, (11.3)
D

where @ : RN — (0, 1)V applies elementwise the derivative

d
bul) = 5-p(x) = 1o

*Alternative activation functions could be used; here we select the softplus activation for its connections
to computational neuroscience [46].
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Theorem 7 (Parametrization via d). Forany matrix W € RN and any vectord € (0,1)N,

there exist Xeq and d that satisfy (11.2) and @d(erq +d)=d.

Proof. The function ¢ is strictly increasing and hence injective, so its inverse is well defined.
Let

X =@ (D]'(d), d=0](d)-w (] (d).
Then, using (11.2),

Xy =@ (W@ (0 (d)) + @, (d) - W & (' (d))) = @ (D] (d)) = %,

and

@, (W (0] (d))+ 0] (d)-W @ (D] (d))) =d.

Theorem 7 shows that there exist a vector & and an equilibrium x., that realize any desired
matrix D in (11.3). Hence, in what follows, we derive conditions and algorithms for the
matrix D, with the understanding that such a matrix can ultimately be realized by choosing
the vector d.

We are now ready to formalize the structure of the proposed multi-task neural architecture.
In particular, assume a set of M distinct, stable, controllable, and observable LT systems (the

desired task solvers), considered given,
ZZ-D :(4,, B, C)), i=1,..,M, (11.4)

with 4, € R™, B, € R””, and C; € R””. The goal of the multi-task neural architecture
is to combine the knowledge of different task solvers within a single efficient approximating

model. We formalize this objective via

it 2

rnini%lize Z HZZ.D - Zl.L 5

w,{D}_.,B,C =1 (11.5)
J

where 5 denotes the -t linearized dynamics in (11.3) with diagonal matrix D;, and |-||,
is the #C, norm. In (11.5), the optimization variables determine how the multi-task neural
architecture (11.1) approximates the desired task solvers (11.4) locally around its equilibrium

points.
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Remark 13. 4 point worth emphasizing is that the multi-task neural architecture is intended,
in principle, as a memory-efficient mechanism to store and combine the capabilities of the task
solvers (11.4). Storing M distinct task solvers (11.4) requires M (ﬂz +n (m + p)) parameters
to specify the matrices A, B,, and C,. In contrast, the multi-task neural architecture (11.1)
uses only MIN + N 24N (m + p) parameters, making it increasingly efficient as M grows,
provided N < n (l’l +m +p).

Remark 14. Although Problem (11.5) is presented under the simplifying assumption that all
systems in (11.4) share the same state dimension n, this choice is primarily for notational conve-
nience. The theoretical developments, including the gradient expressions in Section 11.2,extend
straightforwardly to heterogeneous collections with state dimensions n,, after adjusting block

sizes accordingly.

The approximation error in (11.5) depends in a nontrivial way on several factors, includ-
ing the dimension N of the multi-task architecture, the number A1 of task solvers, and the
diversity among the systems to be merged. In the next sections we derive a closed-form ex-
pression for the gradient required to implement an efhicient gradient-descent solver for (11.5)
(Section 11.2). Because theloss in (11.5) is nonstandard, the analytical gradient substantially
accelerates training. We also develop a theoretical analysis of fundamental limitations and

achievable performance for the resulting multi-task neural architecture.

11.2 NUMERICAL ANALYSIS

This section derives analytical expressions for the gradient of the objective (11.5) with respect
to the parameters of the multi-task neural architecture, and evaluates the approximation ca-

pabilities of the proposed model through numerical experiments.

The resulting gradients are used for efficient numerical optimization. Direct (closed-
form) gradients significantly improve accuracy and speed compared to gradient approxima-

tion methods. To this end, define the error system and its block matrices as

Zvérr : (Aérr’ Bl‘ Cl‘

err’ err)’

i=1,...,.M, (11.6)
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with

l’ |:Al O ] l’ |:Bl]
Aerr = ’ Berr = ’
0 -I+DW B
Cérr = I:Q _C] ’

and let Q" and P’ denote the observability and controllability Gramians of 2, , partitioned

as

-]

(11.7)

¢ &l |0
QZIZ QZZZ 1)112 1)212

Theorem 8 (Analytical gradient of (11.5)). The gradients of the objective oJ defined in (11.5)

with respect to the parameters of (11.1) are

0 U
oW 2 sz D; (Qu P, + szpzz) )
g A l‘
E:Z ( 12 Bz+QZZB):
" (11.8)
oJ M ; .
S =22 (<GP, +CB),
¢ i=1
oJ ST oo i )
0 (DZ_)M =2 (le p, + szpzz) w )hb , h=1,..,N.
Proof. See Appendix B. B

The analytical gradients in Theorem 8 enable first-order methods (e.g., gradient descent)

to solve the minimization problem (11.5) efficiently.

Example 6. We illustrate the approximation performance on a control-oriented test. Consider

M = 4 plants, and let the tasks be infinite-horizon (I/0) LQR regulation problems with iden-
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y=Cx

x=-x+DPWx+d)+ Bu

Figure 11.1: Schematic of the multi-task approximator considered in this chapter. A library of LTT systems
{ZZ-D}?;II is integrated by a single RNN architecture 2'in (11.1).

tity state and input weights for the plants in Figure 11.1, whose simplified dynamics are

0 o] [0
2y : ) ) 0 1 )
Aircraft »0 Ol »§‘| [ ])
[0 1] [o
ZPendulum: mgl 0 o1 :[1 011,
A 1L
0o 1] [o
Zpendu[um+frz}:t.: mgl r°f1 ,[1 0] 5
VARV B VA
r 1 [ Dy,
0 1 [,—]0
ZBz'cche: m_gh 0 > mvgb]’[l 0])
L J U
Let g = 9.8 and use the parameters (cf. [8]):
yA m 1 y J r D vy M b b ]
0.006 0.2 0.3 0.01 0.0475 25 48 25 8

(11.9)

Given the plants, we compute the LQRs (the task solvers) and embed them in the multi-task

neural architecture (11.1). The task solvers ZZ-D (1 = 1,...,4) have order n = 2. Figure 11.2

shows the closed-loop impulse responses of the desired task solvers ZZ.D and of the multi-task neural

approximations 5 obtained by training with the gradient in Theorem 8. While this gradient-
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Figure 11.2: Impulse responses of the feedback interconnections between the desired controllers ZiD (blue)
and their implementations via the multi-task neural architecture (11.1) (red), for the plants in Figure 11.1.
The “approximating controllers” are obtained by linearizing the backbone around the selected equilibria.

based procedure does not a priori guarantee stability or performance (see Section 11.3 for theoret-

ical limitations), the results are promising and illustrate the viability of the proposed approach.

Thanks to the explicit gradient computation, we can conduct a series of experiments that
highlight the performance of the proposed architecture. For example, in Figure 11.3 we con-
sider M = 5 randomly generated SISO task solvers (z = 2) and report the value of the
cost (11.5) as the state dimension N of the multi-task approximator increases. Notably, even
for small IV, the architecture exhibits strong approximation capability, with the median error

decreasing approximately linearly (on a logarithmic scale) as NV grows.

0 |
00 E — I
= 5 - ]
- = B3 ==

10_37 | | | | | | | + i
1 2 3 4 5 6 7 8

Figure 11.3: Box plot of the final cost (11.5) across 17 simulations with distinct sets (M = 5) of randomly
generated task solvers Z}D, as the architecture dimension NN increases from 1 to 8. The red line denotes the
median; box edges mark the 25 and 75 percentiles; whiskers cover approximately 99.3% of the data.

Similarly, in Figure 11.4 we show how the cost (11.5) varies as the number of tasks A4
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increases, using randomly generated SISO task solvers (z = 2) and a multi-task neural archi-

tecture with fixed dimension N = 4.

e oooot

10—2 L
1074 — i

Figure 11.4: Box plot (formatted as in Figure 11.3) of the final cost (11.5) across 100 simulations for 100
randomly selected sets of task solvers ZP . We evaluate the cost while increasing the number of systems A from
3 to 10.

I1.3 THEORETICAL ANALYSIS

In this section we analyze the approximation capabilities of the multi-task neural architecture
proposed in (11.1). Our aim is twofold: (i) to identify classes of task solvers that can (or
cannot) be approximated by the architecture, and (ii) to quantify the achievable performance

through upper and lower bounds as a function of the architecture dimension.

I11.3.1 FUNDAMENTAL LIMITATIONS

We begin by clarifying when a single network of the form (11.1) can exactly reproduce a
collection of task solvers. Although, in some instances, perfect approximation is possible,
this is not guaranteed in general and increasing the dimension of the multi-task architecture

does not always guarantee perfect approximation.

Theorem 9 (Fundamental limitations of (11.5)). Using the notation in (11.3) and (11.4), if
2
C.B; # C.B, forsomei,j = 1,..., M with i # j then 31" such that ||ZlL -0 , # 0.

2
Proof. By contradiction. Suppose ”215 -3D I , = Oforeveryw = 1,..., M. Then >t and

Zul? have the same I/O behavior and hence the same impulse response:
C;-eA"tBl- = CIPM)IR v >, (11.10)

and also
Ce'B; = CATPT)IB v, (11.11)
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Evaluating (11.10)-(11.11) at £ = O yields B, = CB = C,B;, a contradiction. [

This result holds because the impulse response at # = 0 depends only on B and C, not
on the state-transition matrix. Consequently, the degrees of freedom provided by D, cannot
eliminate this error simultaneously for all 7 = 1, ..., M. Notably, this limitation does not
depend on the dimension /N of the multi-task neural architecture.

Therefore, a perfect multi-task approximation is typically impossible. However, if we relax
the objective and seek only arbitrarily small error, perfect approximation is achievable under
mild assumptions. In particular, when N > 71, the architecture can approach the desired

behaviors arbitrarily well.

11.3.2 CASEN = nM

We next show that, in a specific setting, the approximation error can be made arbitrarily small.
We focus on the boundary case N = nA, where it is already possible to design a multi-task

approximator that drives the cost o/ in (11.5) as low as desired. Specifically:

Theorem 10 (Arbitrarily accurate approximation). Using the notation in (11.3) and (11.4),
and assuming each ) (i = 1, ..., M) bas A, with eigenvalues strictly less than —1, consider a

multi-task neural architecture 3™ of dimension N = nM with

I+4, B,

C:[Cl CM] (r1.12)

1
D, = ediag 1, -, }—/I oo Iy =1,..., M

—
i-th position

andy > 1, ¢ € (0,1). Then, for fixed y,
M
Sl -t (11.13)
i=1 7/

where K > 0 depends on the desired systems ZZ.D.

Proof. See Appendix B. ]
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The choice (11.12) realizes (up to the —I drift and the diagonal scaling via D;) a parallel
connection of the desired systems. The matrix D; acts as a selector for the active subsystem.
The assumption that the eigenvalues of A4, are strictly less than —1 accounts for the presence
of —I in 3} and ensures Hurwitz stability of the relevant blocks of . The term —1 is in-
herited from the original nonlinear architecture (11.1); from a neuroscience perspective, it
enforces a leakage term. If, for instance, one premultiplies the drift by a parameter 7 < 1 (i.e.,
—7x(¢)), a minor modification of Theorem 10 yields the same conclusion for task solvers

with A, < =71 in place of A, < —1.

11.3.3 CASEN <nM

The architecture is intended to economically store and reuse task solvers. The almost-perfect
regime with N = 7 essentially memorizes all tasks “in parallel,” without exploiting simi-
larities among them. This is visible in (11.12): the result in Theorem 10 achieves recovery
from a fully stored block-diagonal model rather than from a compressed representation.
Hence, we focus on theoretical performance limits for the best compressed (i.e. N < nM)
approximator obtained by solving (11.5). The optimization is highly nonconvex and solved
numerically using the gradients in (11.8). Since the optimizer depends on the numerical pro-
cedure and is unknown 4 priori, we derive bounds that (i) provide interpretable performance
guarantees, (ii) suggest informative initializations, and (iii) guide the design choice of N by

indicating when the induced approximation is acceptable.

Remark 15. Although the focus is on the case N < nM, the bounds we will establish in the

next Theorems 11, 12, and 13 are applicable also when N > nM.

UPPER BOUNDS

We present two upper bounds on (11.5). The first is broadly applicable but potentially con-
servative; the second applies to SISO problems with real-diagonalizable 4, and exploits ad-
ditional structure.

The first bound rests on the observation that the error in (11.5) with distinct D, is no
larger than the error obtained when all D, are constrained to be equal. Equivalently, an upper

bound arises from approximating all task solvers with a single “average” solver. Consider

M 2
Wi 215, (1119
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which yields an upper bound on the optimal value of (11.5). Problem (11.14) resembles

model reduction for a family of systems.

Introduce the stacked system

Z ext : (A B Cext)’

ext? 7 ext?

with

ext

ext

and let

ZB :(AB BB CB

ext ext? 7 ext? ext)

be a balanced minimal realization [109], partitioned as

B B B

B _ ext11 Aextlz BB _ Bext1

ext AB AB 5 = 5
ext21 ext22

cs. =k, .|

ext ext] ext)

Let R be the state dimension of 22, and let N denote the dimension of 4

The controllability and observability Gramians of (11.16) satisfy

S
Pfxt:QEXt:[ ! SZ]>0:

(r1.15%)

(11.16)

(r1.17)

whenR > N.”

(11.18)

with 8 = diag (a3, ..., o), 8, = diag (Giy, 5> % )> and {:}X | the Hankel singular values

of (11.16) [4].

Theorem 11 (Upper bound for (11.5)). Let {Z;L}lﬂfl and {ZZ.D}?;II be the LTI systems defined

‘IFR< Nweset A = A> B =B ,andC® =C?

ext11> 7 ext extp> & ext ext]*
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in (11.3) and (11.4), respectively. If R > N, then

2
v i, 312, = (07 b, )

IfR < N, then

W,f;}}f} M,ZIIZD SHE < g l4cl,

where, using the notation in (11.1 7),"

JB = \/tr (ngtz Sngxtz) +2N ”ZauX”‘”’

with>, = (A>,B,,,C

ext? T aux? aux )7

0
B = , C.=0 4% 81|,
aux |:S2A?Xt21] [ ext]12 ]
and
I
1|7 B
AC=\by, = 77| [Ip Ip] Cour:
1,

Proof. We consider the cases R > N and R < N separately.

(11.19)

(11.20)

Case R > N. Use (11.14) as an upper bound for (11.5), and choose W, D, and B in

B B 1
(11.14)sothat—1 + DW = A5 B = B5 ,and C = % [I

ext11’ ext]

2

ext

M 2
2N =2 = 2 -
- 7 2 ex

where
(0f
L _ B B .
Zext - (Aextn’Bextl’ : )
C
CL

ext

"We use || - ||z and || - || to denote the Frobenius and the #,, norms.

] ext]*

"The dimensions of C and C®_ differ, which prevents the direct use of balanced truncation to

ext]

solve (11.14); we therefore employ the averaged output as a best Frobenius norm surrogate.
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Letzextl = (Agxtll’ B(}?xtl’ C]c?xtl) andzerr = (A]:xtll’ B]esxtl’ AC) Wlth AC = C]:xtl - ngt' BY
the triangle inequality,
H‘Zext - ):’%xt 2 < HZext - Zextl ‘2 + Hzerr”l
Using the standard balanced truncation bound [4] gives |y, = Zeye,|l, < I, while
|2l = o (8$,4C°4C) < o|ACI7.
Combining these yields (11.19).
Case R < N. The balanced realization already has order at most V. Choose
Agxt 0 Ext 1 B
—I+DW=[ . —1]’ B=[ : ] C=|nlr - 1¢C o
Then the first term in the previous triangle inequality vanishes, leading to (11.20). ]

Some comments are in order: (i) The case R > N arises when the multi-task neural ar-
chitecture state dimension is smaller than the number of distinct balanced modes of the
stacked system (11.15); conversely, R < N when the multi-task neural architecture is suf-
ficiently large to capture all modes.” (ii) The term J B depends on the “discarded” Hankel
singular values (entries of S, in (11.18)) and vanishes when R < NN (cf. (11.20)); this is the
same phenomenon underpinning balanced truncation error bounds [4]. (iii) The term 4C
captures the mismatch between the stacked output matrix and the averaged output matrix
implementable by a single averaged task solver; taking the row-wise average minimizes this
discrepancy in Frobenius norm. If the task solvers share identical (or very similar) balanced
outputs, this term is small. Overall, Theorem 11 shows that the merging error depends on
(i) how many modes can be captured through J® (the differences among the systems) and
(ii) the similarity of the task solvers’ output matrices through 4C.

As noted at the start of this subsection, the bound in Theorem 11 is broadly applicable
but does not exploit the degrees of freedom afforded by distinct D,. To reduce conservatism
in the SISO setting, we derive a second upper bound that leverages diagonal structure.

Let W and all D; be diagonal. Then each —1+D,W is diagonal, and for each  the positive

diagonal scalings can assign the real eigenvalues of D, while preserving the inertia’ of W.

"IfR > N, then necessarily N < M.
"Number of negative, zero and positive eigenvalues of a symmetric matrix.
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Theorem 12 (Upper bound, diagonal W). Let {5/, and {PYY, be controllable and
observable SISO systems as in (11.3)—(11.4), with each A; diagonalizable with real eigenvalues.
Fix W and {Dl-}?fl in (11.3) to be diagonal. Then

Z”ZD ZL” < R/R,,, (r1.21)

where R | R,, denotes the Schur complement of

_ Rll RlZ]
R11—2 R22

with

M
Qu’ R,, = szlza

lMi

M
Ry = ZBz'TanBz'» Ry, =
=1

and where the blocks Q}, Q',, Qb are asin (11.7).

Proof. We compute the optimal value on the right-hand side while W and {D,} are fixed and
diagonal. Since restricting ¥ to be diagonal reduces the feasible set of (11.5), the resulting

optimum provides an upper bound, i.e.,

M
o in, < min> |2 - (11.22)
B.C =1

Because each 4, is diagonalizable with real spectrum, we may work in diagonal canonical
form (see, e.g., [108]), so that 4, is diagonal with entries {42}2:1 and (without loss of gen-
erality) C; can be chosen so that diag(C;) = I. In this case, the Gramians of the error sys-
tems (11.6) take a Cauchy-like form [49]:

Qn 1), Qllz = Tllz diag(C), szz = —diag(C) Tzlz diag(C),
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where the Cauchy matrices are

i o 1
[]111]]6’1 T d/i + d;j 1< /6,[ <n,

1 1
[Tn]k,;::W, 1<k<n 1</<N,
[]121.2]/6’1 ::; 1<k/<N,

i _ i,
Ek 1+dlwl

and dli’ wj are the diagonal entries of D; and W, respectively . Hence the cost can be written
as, leaveraging the relations (11.6), (11.7) and the known relationship between the #C, norm

of a system and its observability grammian,

Mk

J: (B/Qi,B; +2B] diag(C)T},X - X'T,X) . (11.23)

~.
Il
—_

where X := diag(C)B and setting C to the all-ones vector (w.L.o.g.), so that the right-hand

side of (11.22) becomes miny o/ with

M
aJ ZZ(TH diag(C;)B; - Tzlz )

N

Setting the derivative to zero yields

M 1w
- (; Qf;_z) (; QizTBz‘) : (11.24)
Substituting X~ into (11.23) gives
J =Ry -Ry, Rgzl R}, = R/R,,,
which proves (11.21). O

Remark 16. Theorem 12 is valid for any fixed choices of W and {DZ-}ZII, and it works as an
upper bound thanks to the inequality (11.22): minimizing only over B and C yields an objective
no smaller than minimizing jointly over W, {Dl-}fl, B, and C. While the theorem does not

M
prescribe how to pick W and {Dl-}i= @ useful beuristic is to choose them so that the eigenvalues
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of =1 + D;W match those of A,. In Figure 11.5 we plot the bounds from Theorems 11 and 12;
for the latter, we set the eigenvalues of —I + D;W to those of A,.

Upper bounds

—
(=]
—

T T T T T 1T

TTTTT

—— Computed solution (11.5)
~®- Upper bound (11.19)
—#- Upper bound (11.21)

3 4 5 6 7 8 9 10
M

Figure 11.5: Comparison between the minimum of the cost (11.5) obtained via gradient descent using the
explicit gradient of Section 11.2, the upper bound (11.19) and the upper bound (11.21). Results are generated

M
random with a set of task solvers {ZiD }l,_ , of dimension 7z = 2 and a multi-task neural architecture of dimension
N =2.

The two bounds above correspond to specific structural choices for the trainable matrices
M . .
W,B,C,and {Dz'},-: .- They provide complementary performance guarantees for different

classes of task solvers.

LOWER BOUNDS

Deriving lower bounds for optimization problems in system norms is notoriously chal-
lenging; see, e.g., [4]. Even for classical 9, model reduction, globally optimal solutions
remain elusive. Inspired by that literature, we consider alternative norms that admit ana-
lytical treatment, while retaining the gradient-based #, numerical procedure derived in
Section 11.2.However, from an analytical standpoint the approximation problem in (11.5)
remains difficult.

We first present an example that illustrates the challenges and then provide a lower bound

tightly connected to the fundamental limitation in Section 11.3.1.
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Example 7. Let us consider the scalar case, and consider 5P = (a;, b, ¢;) satisfying a; < 0
andr, = b, > 0 forall i = 1,..., M. Assume also thatr, < r, < ... < ryy. In this case if 5©
in(11.3) bas N = 1 and defining

A, 1)=§—Q(—ln(ﬁ/rj) +1),

j 7 W, (_1/26)

forany 1l < j < I < M, where W_,(-) denotes the Lambert W function on the negative

branch [3 8], we can lower bound the approximation cost

M
minimize E || >b_ L
W.Dy...Dy, &= ‘

1)
Dy (rr.2s)
Ji
where ||||, denotes the 1-norm, with the following bound.:
. : . N
W,lel,..f.,DMJl > min {A (/, Z) , —A (Z, ]) ,—ﬂ—j}. (11.26)
B,C

In particular when M = 2, the bound in (11.26) holds with equality, providing the optimal
merging cost for (11.25). In this case, the optimum requires the multi-task neural architecture
to satisfy HZID - ZlL || L= 0or ||ZZD - ZZL || = 0, 7., match one of the two systems exactly. For
M > 2, the bound is obtained by restricting to two systems; it can be sharpened by maximizing
over the pair (j,1).

Foranyl<j<[l<M,
i ;

—_—m —_———
: : D _ sL D _ sL
W,Dllr,l..f.,DMJ1 ZW}SEDI “Z] ZjH1+ HZ! Zl ”1 (11.27)
B,C

B,C jl

Since N = 1, define the scalars r = BC, x; = =1 + D)W, and X = -1+ DJ-W. Noting

that (11.27) is equivalent to minimizing over r, x;, and x;, we show that the optimal value on
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the right-hand side is realized by:

Case 1 Case 2z Case 3

r oo

7
Y , (11.28)
x| % (;;) a a

where each case corresponds to one term in the minimum in (11.26), with

2 (r)

a,=—~— ifr>r
x; (r) = 751 fr> (11.29)
4 ifr=7
PREARERY S
x (r) = P gren ) (11.30)
a  ifren
and
, -1
¥; (r)=In (r/;;) [1 + W, (—1/26)] (r1.31)
¥ () =In(p/r) " [L+ W, (-1/20)]. (11.32)

The detailed derivation of (11.28) is deferred to Appendix B.

Example 7 highlights the intrinsic difficulty of lower-bounding approximation problems
defined via system norms. Consequently, a lower bound for the original objective remains
out of reach. Nevertheless, we provide a lower bound aligned with the limitation in Theo-
rem 9, quantifying the irreducible mismatch that arises even when the approximator’s state-
transition matrix is left unconstrained while keeping the input/output matrices fixed for all

7 =1,..., M. Denote these relaxed approximants by

Sl (X, B, C).

Theorem 13 (Lower bound on impulse responses). Using the notation in (11.3) and (11.4),
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we have

2
M E:i:, (;li'_'(E:i:,(;lL)/lmlu
min 2 sup || C;ﬁ‘AitBl- — Ce\-I+DW): g || > £
W.Dy...Dy, 4= 10 2 min {p, m}
5
(11.33)
Proof. We first observe that
M
s s 9 L= 12

W,an,TDM,JZ ® x.. %o B.C ;Stfg) |Cic**B; ~ CXB],, (11:34)

%,

with X, € RN for 7 = 1,..., M. This relaxation yields a lower bound because the vari-
ables in (11.34) include those of (11.5). Setting CB = (Zfl CZ-BZ-) | M, we obtain (11.33).
Indeed,

M
= Zsup ”Cl.eA"tBl. - CeX"tBH2 (11.35)
-1 t=0

M M

2

> |CB; - CBI, = \/ S ICB, - CBI;
i=1

i=1
M 2
S Z,‘:l ”qu - CB”F
- min {p, m} ’

where the last inequality uses || X ||, > | X - [Vd with d < min{p, m} (see [91]). Minimizing
the rightmost term in (11.35) over CB yields (11.33). [

Theorem 13 bounds the objective in (11.33) by replacing the supremum over time with
the error at time zero, as in Theorem 9, so the bound depends only on the input and out-
put matrices. The minimum is attained by choosing the multi-task neural architecture in-

put/output product CB as the average of the task solvers’ input/output products.

11.4 DiscussioN

This chapter developed a control-theoretic framework for multi-task learning via a multi-

task neural architecture inspired by the coordination of neurons and astrocytes in the brain.
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The backbone is a neuroscience-inspired recurrent module with a leaky drift and softplus
nonlinearity; task selection is effected by a context-driven vector d that, through equilib-
ria and linearization, parameterizes diagonal gains D, and thereby modulates the local state
transition —1 + D;W. This viewpoint recasts multi-task learning as a dynamical response
approximation problem: a single nonlinear backbone is trained so that its task-conditioned

M
linearizations match a collection of target LTT task solvers {le}iz .

On the algorithmic side, we derived closed-form expressions for the exact gradients of the
nonstandard loss, enabling efficient first-order optimization without numerical differenti-
ation. On the analytical side, we established fundamental limitations, provided an almost-
perfect approximation design in the regime N > #A{ (via a block-structured construction),
and obtained performance guarantees for compressed regimes N < nM through two com-
plementary upper bounds: one general and one tailored to diagonalizable SISO settings. We
also presented lower bounds that quantify irreducible error grounded in input/output in-
compatibilities, thereby clarifying how approximation quality depends on architectural di-

mension, task diversity, and the alignment of C;B,.

CONNECTIONS TO MACHINE LEARNING AND SSMs. This chapter interfaces directly
with modern multi-task learning, where transferring knowledge across tasks accelerates
training and reduces computation time [80, 107, 121, 42]. A prominent line of work aggre-
gates specialized components within a single model via Mixtures-of-Experts (MoE) [92, 3].
For comparison, a classical (static) MoE [83] comprises experts { ﬁ}fl and a gating rule

{wi(u(t))}{.lf1 acting pointwise on the input at time ¢, and mixes outputs as

M

S(w(2)) = ) wu(2))f;(u(z)), (11.36)

i=1
often with pretrained experts (upcycling/fine-tuning) able to solve specific tasks [69, 28, 99,
72]. In contrast, many application domains (language, time series, and control) are inher-
ently dynamical, suggesting that expert selection and mixing should themselves be dyrnamic.

Our construction makes this shift explicit. The experts are M pretrained SSMs {ZP},
that process the entire input signal, while a single nonlinear RNN (11.1) implements dy-
namic routing and mixing. The context-driven vector d selects equilibria that induce diago-
nal gains D;, thereby modulating the local state transition —I + D,W; training of the RNN
proceeds by mixing already trained SSMs while minimizing the objective (11.5) in the #,
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sense, rather than performing a per-expert, task-specific optimization. Thus, mixing occurs
through the backbone dynamics rather than through a per-time-step combination (11.36).
Theorem 7 provides the bridge between the nonlinear backbone and the linear SSM experts,
ensuring that any desired diagonal matrix D can be realized by a suitable choice of d, so that
local linearizations of (11.1) faithfully emulate the desired systems (11.4).

From an implementation standpoint, adopting continuous-time notation is standard and
not restrictive: discrete-time realizations are obtained by standard discretization steps that
typically preserve the intended behavior and are integral to recent SSM architectures [ 59, 60].
Finally, the mapping from context to d (the gating mechanism) is intentionally modular and
separate from the mixing architecture: it can be instantiated, for example, via online opti-
mization or input/output—dependent switching (see Part I). Viewed through thislens, (11.1)
furnishes a principled, control-grounded dynamic MoE: experts are SSMs, routing is effected
by d, and mixing is achieved by the shared dynamics, with (11.5) quantifying multi-task ap-

proximation quality.
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Conclusions

This chapter concludes the thesis. The work is organized around two main themes: Part I,
which focuses on mathematical aspects of online optimization, and Part II, which addresses
modern neural architectures from a control-theoretic perspective.

Although distinct, both parts share a common goal: exploiting control and systems theory
to analyze, design, and investigate modern scenarios in a variety of research domains.

The first part introduces a control-theoretic framework for studying time-varying opti-
mization problems. Here, control emerges as a natural analytical tool to establish guarantees
and to design algorithms. The thesis presents a unified and schematic methodology to ad-
dress such problems, highlighting that the results obtained so far cover only a subset of the
potential applications. Future research directions include extending these techniques to new
settings, such as primal-dual algorithms under stochastic models, establishing performance
guarantees for nonlinear problems directly in discrete time, and exploring higher-order opti-
mization methods (e.g., zero-, second-, or even higher-order approaches). Another promis-
ing line of work lies in bridging theory with practice by validating these algorithms on real-
world problems, where the structure of the oracle and the available information may strongly
influence the choice of the method.

The Part II, investigates neural architecture design from the perspective of systems and
control theory. The thesis provides theoretical insights that reveal how principles of con-
trol can naturally motivate and support modern architectures design. This work is primarily

theoretical in nature, aiming to establish the mathematical foundations of such designs. Nev-
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ertheless, an important future step is to translate these principles into concrete architectures,
with a stronger emphasis on empirical validation and experimental performance.

Finally, an especially compelling future direction is to connect the two parts of this thesis:
the development of brain-inspired, control-based neural architectures that embed online op-
timization mechanisms as a core tool for in-context learning. This integration, which lies at
the intersection of optimization, control, and machine learning, remains in part unexplored
but holds great promise for advancing both theoretical understanding and practical applica-

tions.
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Online optimization

Theorem 14 ([41, Theorem 2]). Consider the convex polytope

If there exist symmetric matrices P and a matrix L (of compatible dimensions) such that

P E'L
[ ! i=1,..,N, (A.2)

! >0,
N L+LT—B]
then all F($) € F are Schur-stable.

Theorem 15 ([41, Theorem 3]). Ler F € R™™ and consider the convex polytope

N N
Q= { :C(Y)=> G > x=11420G eR’"} (A3)

=1 =1

If there exist symmetric matrices P, and matrices Q and R (of compatible dimensions) such

that
[p FQ +CR

* Q+Q'-P
then, for all C(y) € @, the matrix F + C(y)K is Schur-stable. Moreover, a stabilizing gain

] 0, i=1,..,N, (A.4)
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isK:=RQ™

Lemma 1 (Eigenvalues of B(7)). Given B(z) asin (7.15), if T is such that

Amin ()
< min , A
0<T< O _(HAH) ()
then the eigenvalues of B(7) arc real and belong to the following interval
[ e (HATH) , 20 (A)] - (A.6)

Proof. As proved in [17, Corollary 2.7] it A, (4) = 471 HA'H T), then B(7) has
all real eigenvalues, which implies inequality (A.s) and this implies that B(7) has all real

max (

eigenvalues. Moreover, thanks to the fact that H is full row rank and using [17, Proposition
2.12] and [101, Theorem 2.1] we know that the eigenvalues of B(7) belongs to the inter-
val [min {lmin (A),7) . (HA'H T)} Ay (A )] Observe finally that, using (A.s) we can

min (

argue that
_ A (A) _
. HA lHT < min . HA lHT
P TR VR SR ) (A7)
4k (HALHT) ~ “min
which yields (A.6). O

Proposition s. Let F, F, and E be vectors in a vector space, and define
e {Fl +xE + xyF : x € [x, %], ¥ € [y, )/2]}.

Then & is a convex polytope. In particular,

where
V= v xb sy b, ijeila),

denote the four vertices of S.
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Proof. Define

8§ = {,Z 2;Vij+a; 20, Zzaij = 1}.

,j=1,2 i, =1,

We prove the claim by showing both inclusions: § € Sand § 2 8.
For the first inclusion, take any s € &. Then there exist x € [x;, x,] and y € [y;, 3] such
that
s=F +xE + xyE,.

Letx = (1 - a)x; + ax, and y = (1 = 8)y; + By, with 2, 8 € [0, 1]. Then
s=F + ((1-a)x; + ax,)) B + (1 - 2)x; + ax,) (1 = B)y, + B1,) B

Using the identities

F=(1-0)(1-§)+(1-2)f+(1-fa+af)F,
((1-8) +B)E,

[38)

we obtain
s =apViy +apVip + Vg + a5V,
where 2;; > 0 and Zl.j a;; = 1. Thuss € S,and hence $ ¢ &.
For the reverse inclusion, note that each vertex Kj belongs to & by definition. Therefore,

" on

it suffices to show that S is convex. Take s’ = F, + x'E, + x'y'E and 5" = F, + x"F, + x"y"E,

in&. For « € [0, 1], consider
s=(1-a)s +as" = F +xE + xyE,

where

) B 1_ / /+ nn
x=(1-a)x +ax, y=( a)xi; =
By construction, x € [x;, x,]. Moreover, f(a) := y satisfies £(0) = y and f(1) = y". A
direct analysis of the second derivative of f(«) shows that f(«) is monotone on [0, 1], and

thus y € [y, ,]. Therefore 5 € S, proving that § is convex. Hence § < S. O
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Neural architectures

Proof of Theorem 8. Let oJ, = ||ZZ.D —ZZLHz = |2 ||§ From [115],

err

o2
0, _ 1%l

2 it
: —= =20Q'P".
o, od, 2
Using the chain rule [91],
acz _ N+n N+n aCZ 5(142”)1@'
a%l k=1 j=1 a(“42rr)/ej N/Vhl (B I)
0, (AL (mii)(ni) Py .
T oA oW, = 20 (QP') ey

(Aee) () (n40) b

where, for1 < b,/ < N,

0 ey [(D)y if (kef) = (n+byn+ 1),

oW, 0, otherwise.
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Writing (B.1) in matrix form and summing over 7 yields the first identity in (11.8). Similarly,

oAy {I/I/,o’(j_n), ifk=n+handn<j<n+N,

(D), 0, otherwise,

and hence, for each 7,

=2

Qipl'

0 0
0o W’ ’
(n+h) (n+h)

which gives the last identity in (11.8).

For B and C, recall

1= )2 = tr(cf PC! T) - tr(B" "0'B! )

err err err err err

Since B 2Q'B;,,, we have

i pt

: - ; =2 Berr >
a(Bl )/ej aB/ol a(Bérr)(n#a)l (Q )(n+b)l

err

0T, NZ no9g OBudy AT,

0By, k=1 j=1

or, in compact form,

69; i T 7

B 2 (le B; + szB) : (B.2)
Similarly,

&J 4 7

¢ = 2(-CP,+CP). (B3)

Summing (B.2)-(B.3) over 7 = 1, ..., M yields the remaining two identities in (11.8). [

Proof of Theorem ro. With the previous parametrization (11.12) of ST theerror term (11.5)

becomes X

S et (rey(rea)) 8] . (5.0

2
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which, using the triangular inequality and the properties of the #, norm, leads to:

M M M
ZHZD S, <> > e (BrQB) || (BjQB) + > e (BlQ:B)|,
=1 j=1,j#i k=1,k#j

(B.s)
where Qj is the observability grammian of (—I +y (I + A j) , Cj) We will show that the
right-hand side of (B.s5) can be bounded by a sum of nonnegative terms multiplied by the
scalar 1/y, leading to (11.13). First, we show that Q > 0. This can be deduced directly from
the observability of (—I +y (I + A j) s C}) Indeed, given a state matrix F and an output

matrix H:

1. if (F, H) is observable then (+Z + F, H) is observable;

2. if (F, H) is observable then (;/F , H ) is observable.

The first point 1 is a direct consequence of the PBH test for observability. For the second
point, if we denote by Q the observability grammian of (F, H) and by Q" the observability
grammian of (7F H ) the solution of the Lyapunov equation:

(vF) Q +Q (yF)=-H'H

fory > 1is Q" = Q /v and nonsingular if Q is nonsingular, thus proving that the pair
(7F CH ) is observable. Combining the two points 1, 2 with the stability of I + 4 |, itis possi-
ble to prove that Q > 0. Denoting by Q; the observability grammian of (7/ (I + A j) , CJ),

we can write the following two Lyapunov equations:

(e (rea)) Qg (-rey(1+4))--¢c
Hrea)Q v @rliea) --gc

Subtracting these two equations, we obtain:
r(1+4) (Q-0)+(Q-2)r(r+4) -0,

Since Q > Oandy (I + A j) is stable, by the Lyapunov stability criteria, there exists a unique
positive definite matrix that solves this equation, implying that Q ;< Qj* and, in particular
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tr (QJ) <tr (QJ*) Therefore, from (B.s), it is possible to obtain:

M M

Bs)=> > \/tr(QJBBT)

i=1 j=1,j#i

> feless]

j _]#z

<> S fule])ulsm)

i=1 j=1,j#i

Ve Q/eB/eB

felemg)+ S [rlenm)

k=1,kz;

Jrle)elBa)+ > |fule)w (]

k=1,kzj

ME

\/tr (QJB BT +

k=1,

T~

#/

<

'ME

Il
—_

4

At this point, we use the fact that Q; =Q; |y where Q ;s the observability grammian associ-

ated to the pair (I + A s CJ) and is constant with respect to y. We then conclude our chain

of inequalities:
M M M K
> > (@) (B8)) | (@) (B8) + > er(Q))er(BiB])| = 2
i=1 j=1,j#i k=1,kzj
where
M M - - M —
K= > (@) (BB]) e (Q) e (BB)) + > \ur (Q) e (BeB)).
=1 j=1,j#i k=1,k#j
From this, we directly have (11.13). ]

Computation of Example 7. To prove (11.28), first fix 7; < 7 < 7 and minimize over x;(7)
and x;(7); then optimize over 7. (The cases » < % and 7 > 7 follow by analogous arguments.)

If x; > a;and x; < 4, one shows the minimum of J, (For fixed 7) is approached as x; — a;

and %, — a;. Hence assume x; < 4;and x; > 4. When x; < ;and x; > 4, the impulse

responses of 2}L and Z}D (and of 2; L and ZZD) intersect once. With the changes of variables

Vs (—oo, dj) — (-0, =1), x> i

Y (4 0) — (=,0), x5+
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we obtain jl = A} + A with

, (Zey/ In(r/5) _ 1)

Glpr) =~ (B.6)
In(z/r) _
e
Setting %A} (y-, r) = 0 yields
210 (r/r) 0 1) — 2 15) 1y = g, (B.7)

whose unique negative solution on the relevant branch is given by (11.31) via the Lambert
W function W_,(-); similarly for (11.32). These are indeed minima for Ipdi € (=o0,0).
For (B.6), distinguish:

r yJ* € (_°°> _1) ifr < 7}5_[1+W1(_1/2€)];

2. »y] ¢ (—OO, _1) lf}" > 7}6_[1+VK1(—1/25)].

[1+774(-1/29)] (e are in Scenario 1; one shows that J; (forr, < r < pwithx; = xj* ()

and x; = x/(r) as in (11.29)—(11.30)) has no interior minimum in . By the Weierstrass

Ifn <re

extreme value theorem, the minimum over » € [;}, %] is attained at the endpoints, i.e.,

min {4'(;()7) 4;(; (). 7)) = ,inf s (B.3)

Xj X T

which corresponds to Cases 1 and 2 in (11.28).

In Scenario 2, for ;}e—[HW-l(_l/ 2¢)] < r < 7, monotonicity gives

A. (xj,r) —_— b = i%fA;. (xj,r).

J xj—>—oo a

~.

Since this infimum is independent of x; and 7,

7
inf Jl > _a_+ mfAl (2, 7),

xx,
J

=0

which yields Case 3 in (11.28).
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For r<r< ;;-e_[“W*(_l/ze)], the same reasoning gives

} - (B.9)

\.§ |\\

w,

. 5 . 5 . "Z( *( ) )
= > A A -
let}clfr(.jl 1]r)1£Dl J; = min {A x\7i)>7)
B,C

Combining (B.8)and (B.9) yields (11.26), with A (x; (}}) , ;9) =-4 (l,j) andA;.(x]’f (%) » ;?) =

A(j,1).
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